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Abstract

It is well known that the R-polynomial can be defined for the Hecke algebra of Coxeter groups, and
the Kazhdan-Lusztig theory can be developed to understand the representations of Hecke algebra.
There is also a generalization for the existence of R-polynomial and Kazhdan-Lusztig theory for
the Hecke algebra module of standard parabolic subgroups of Coxeter groups. In recent work of
Rains and Vazirani, a generalization of standard parabolic subgroups, called quasiparabolic sub-
groups, are introduced, and the corresponding Hecke algebra module is well-defined. However, the
existence of the analogous involution (Kazhdan-Lusztig bar operator) on the Hecke algebra module
of quasiparabolic subgroups is unknown in general. Assuming the existence of the bar-operator,
the corresponding R-polynomials and Kazhdan-Lusztig polynomials can be constructed. We prove
the existence of the bar operator for the corresponding Hecke algebra modules of quasiparabolic
subgroups in finite classical Coxeter groups with a case-by-case verification (Chapter 4). As prepa-
ration, we classify all quasiparabolic subgroups of finite classical Coxeter groups. The approach is
to first find all rotation subgroups of finite classical Coxeter groups (Chapter 2). Then we exclude

the non-quasiparabolic subgroups and confirm the quasiparabolic subgroups (Chapter 3).
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Chapter 1

Introduction

1.1 Background

Coxeter groups are a class of abstract groups generated by reflections. They are important in several
areas of algebra, geometry and combinatorics. The concept of quasiparabolic sets and subgroups
of Coxeter groups was introduced in recent work by Rains and Vazirani [14]. The first motivation
for considering quasiparabolic sets was to study certain conjectures of symmetric functions using
Hecke algebra techniques [1][13]. A motivating example of a quasiparabolic set is the conjugacy
class of fixed-point-free involutions in Sy,. Also, the standard parabolic subgroups are a class of
typical examples of quasiparabolic subgroups, and they are the origin of the name quasiparabolic
[14].

One problem is to classify the quasiparabolic subgroups in all finite Coxeter groups. We manage
to solve the problem for all finite classical Coxeter groups, and the quasiparabolic subgroups are
listed in Theorem 16 of Chapter 3. In the original paper of Rains and Vazirani [14], the authors
prove that all quasiparabolic subgroups are generated by rotations. Heading this direction, we first
classify the rotation subgroups of finite classical Coxeter groups. Compared with the classification
of reflection subgroups [6], the classification of rotation subgroups turn out to be much more compli-
cated, and the results are given by Theorem 3, 8, 9 and 10. Then we exclude the non-quasiparabolic
rotation subgroups, and confirm the quasiparabolic subgroups within the rotation subgroups. In
particular, we prove the quasiparabolicity of a previously conjectural class of subgroups which have
index 4 in the centralizer of the minimal fixed-point-free involutions of Dsy,.

The Hecke algebra is closely related to the study of Chevalley groups [8][9]. In order to study the
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representation of Hecke algebra, Kazhdan and Lusztig introduced the R-polynomial and Kazhdan-
Lusztig polynomial [10], and the coefficients of Kazhdan-Lusztig polynomials are closely related
to intersection cohomology of Schubert varieties [11]. Thanks to the work of Deodhar [4][5], the
Kazhdan-Lusztig theory can also generalized to the Hecke algebra module of standard parabolic
subgroups of Coxeter groups. Rains and Vazirani analogously defined the Hecke algebra module
of quasiparabolic subgroups. However, there is an obstruction for the existence of the Kazhdan-
Lusztig bar operator. Based on the absence of counterexamples, the existence of K-L bar operator
is conjectured in [14]. Assuming the existence of the K-L bar operator, Marberg has calculated the
form of R-polynomials and Kazhdan-Lusztig polynomials [12]. Marberg also proved the existence
of K-L bar operators for twisted involutions [12], which are a class of motivating examples of
quasiparabolic subgroups of Coxeter groups [14]. Based on the classification of finite classical
Coxeter groups, we are able to prove the existence of K-L bar operators for quasiparabolic subgroups

of finite classical Coxeter groups as in Theorem 18.

1.2 Outline of the thesis

In the following section of Chapter 1, we review the definitions and basic properties of Coxeter
groups and their quasiparabolic subgroups. In Chapter 2, we classify the rotation subgroups of
finite classical Coxeter groups (type A, B and D). Based on the results in Chapter 2, we give
the classification for quasiparabolic subgroups of finite classical Coxeter groups in Chapter 3. In
Chapter 4, we first review the previously known results of Hecke algebras of Coxeter groups, and the
Hecke algebra modules of quasiparabolic subgroups of Coxeter groups. Then from a case-by-case
discussion, we verify the existence of Kazhdan-Lusztig bar operator of Hecke algebra modules of

quasiparabolic subgroups of finite classical Coxeter groups.

1.3 Review of Coxeter groups and their quasiparabolic sub-
groups

We first review the concepts and properties of Coxeter groups, following [7] and [14], and set up

the notation.
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Definition 1. A Coxeter system is a pair (W, S) consisting of a group W and a set of generators
S Cc W, subject only to relations
(Ssl)m(s,s') -1

)

where m(s,s) = 1, m(s,s’) = m(s',s) > 2 for s # s in S. The elements s € S are called simple
reflections of W. In addition, the conjugates of simple reflections are called reflections in W,

and we denote this set by R(W). Also, the product of two reflections is called a rotation in W.

For each element w € W, we denote [(w) to be the length of w, being the least r expressing w
as product of simple reflections w = s; ... s,. The Bruhat order of W is the weakest partial order

of W generated by the relations w’ < w if w = w’t for some t € R(W) and I(w’) < l(w).

Definition 2. As for a W-set X, we define a height function ht : X — 7Z, and call the pair
(X, ht) a scaled W -set, if |ht(sx) — ht(x)| < 1 for all s € S. The W-set (X, ht) is even if for any
pairw € W, z € X s.t. wx = x, one has [(w) even. Otherwise, the W-set (X, ht) is odd. For a
scaled W-set X, an element x € X is W-minimal if hi(sx) > hi(z) for all s € S, and we make a

similar definition for W-mazimal elements.

For any subset I C S, the subgroup W; generated by s; € I is called a standard parabolic
subgroup of W. In [14], the authors introduce a generalization of standard parabolic subgroups,

called quasiparabolic subgroups.

Definition 3. A quasiparabolic W -set is a scaled W-set X satisfying the following properties:
e Forallr € R(W), x € X, if ht(rz) = hi(x), then rx = x.
o Forallr € R(W), se€ S, z € X, if ht(rz) > ht(x) and hi(srx) < hi(sx), then rx = sx.

If H is a subgroup of W, consider the scaled W-set W/H with height function

ht(wH) = vrg}r}[l(v).

Then H is a quasiparabolic subgroup of W, if W/H is a quasiparabolic W-set. H is an even
(or odd) quasiparabolic subgroup of W, if W/H is an even (or odd) quasiparabolic W -set.
For an odd subgroup H, its even subgroup H° is its subgroup containing all elements with even

lengths.



4

In particular, if X is a quasiparabolic W-set, then there is at most one maximal (or minimal)
element in each orbit [14]. In addition, if ¢ is the minimal element of an orbit O C X, then O can
be identified with the left coset W/H, where H is the stabilizer of z¢ in W.

Some motivating examples of quasiparabolic subgroups are standard parabolic subgroups and
fixed-point free involutions in Sa, [14]. Then we have the basic question: what are all the quasi-
parabolic subgroups in finite Coxeter groups?

Recall that the classification of indecomposable finite Coxeter group is given by: A,(n > 1);
B,(n > 2); Dy(n > 4); E,(n = 6,7,8); Fy; Hy(n = 3,4); Ia(m)(m > 5) [3]. In particular, the
product of Coxeter groups of type A, B and D are called classical Coxeter groups. We are
able to give the classification of quasiparabolic subgroups in finite classical Coxeter groups, and our

approach to attack the problem relies on case-by-case discussion.

Definition 4. Suppose Hy, H are subgroups of W. If H is generated by one reflection r € R(W)
and Hy, where |H| = 2|Hy|, then we call H is a double cover of Hy with r, and r is a double
cover reflection of Hy. In addition, if r € S is a simple reflection in W, then H is a simple

double cover of Hy with s, and s is a simple double cover reflection of Hy.
By [14], for odd quasiparabolic subgroup H C W, H must contain a simple reflection.

Theorem 1. [14] Suppose the quasiparabolic subgroup H C W contains an element of odd length.

Then it contains a simple reflection.

If H is a simple double cover of its even subgroup Hj, then the quasiparabolicity of H is

determined by Hy by the following theorem.

Theorem 2. [1}] If the subgroup H C W contains a simple reflection, then H is quasiparabolic if

and only if its even subgroup H N WP is quasiparabolic.

In addition, Rains and Vazirani proved that all even quasiparabolic subgroups are generated by

rotations.
Proposition 1. [14] All even quasiparabolic subgroups are generated by rotations.

We will start by classifying the rotation subgroups of finite subgroups in finite Coxeter groups

of type A.



Chapter 2

Classification of Rotation
Subgroups in Finite Classical
Coxeter Groups

2.1 Rotation subgroups in finite Coxeter group of type A

Suppose W = A,,_1 = Sy, a symmetric subgroup acting on symbols 1, ..., n. The simple reflections
si=(ii+1) wherei=1,...,n—1. Then the set of reflections R(W) isequal to {(i j) : 1 <i < j <
n}. So there are two types of rotations in S,: 3-cycles (a1 as a3) and 2-rotations (a; ag)(as ag).
Note that the two 2-rotations (a; as)(as a4) and (a1 as)(as a4) will generate a Klein-4-group on
symbols a1, as, asz,aq, we carry out the classification by whether or not the 3-cycles and Klein-4-

groups appear.

Proposition 2. The indecomposable double covers of subgroups generated by 3-cycles are symmetric

group Sy on k symbols.

Proof. Note that the alternating group Alty on k symbols and a 3-cycle with ¢ common symbol(s)
(¢ = 1,2) will generate the group Altii3—;. Then by induction on the number & of symbols will
give the result. O

Proposition 3. The indecomposable components H of double covers of subgroups generated by

Klein-4-groups without appearance of 3-cycles are one of the following:
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e By (k> 2), generated by (azi—1 a2;)(azj—1 az5), (a2i—1 azj—1)(az az;) (1 <i<j<k) and

the double cover reflection (a1 az);
e PGL(3,2), generated by BS on symbols {a1,...,as} and the 2-rotation (a1 as)(as ar);
o AGL(3,2), generated by B; on symbols {ai,...,as} and the 2-rotation (a1 as)(as az).

Proof. Suppose Hy, Hy are two Klein-4-groups acting on 4 symbols. If there are 1 or 3 common
symbols, a 3-cycle will be generated. So all distinct Klein-4-groups can only act on exactly 0 or 2
common symbols.

Now we consider the maximal k for a subgroup B} in H.

If £ > 5, then it is impossible to add a Klein-4-group acting some common symbols, and without
generating 3-cycles or By, ;.

If k = 4, then the only expansion for the subgroup will be AGL(3,2).

If k = 3, then the only expansion for the subgroup will be PGL(3,2). O

Proposition 4. The indecomposable components of double covers of subgroups H generated by

3-cycles and Klein-4-groups are given by Proposition 2 and 3.

Proof. Consider the subgroup Alty (k > 3) and a 2-rotation acting on some common symbols. They
will generate an alternating subgroup on the orbit containing the k symbols acted by Alty. Then
for the double cover of the whole subgroup H, if an orbit has a 3-cycle action, the action on this
orbit will be the whole symmetric group or its even subgroup, the alternating subgroup. Otherwise,
the action does not contain 3-cycles and, generated by Klein-4-groups, can be given by Proposition

3. O

Denote ASy, as the diagonal symmetric subgroup acting on 2k distinct symbols {a1, ..., a;} and
{b1,..., by}, generated by 2-rotations (a; a;)(b; b;) (1 < i < j < k). The Dily in S5 is the subgroup
acting on 5 symbols {a1,...,as}, generated by 2-rotations (a; az)(as a4) and (a1 as)(az as). The
twisted Alt; in Sg is the subgroup acting on 6 symbols {ai,...,as}, generated by 2-rotations
(a1 a2)(as a4), (a1 az)(as ag) and (a1 az)(az as). We now study the subgroups generated by

2-rotations without appearance of 3-cycles or Klein-4-groups.

Proposition 5. The indecomposable component of subgroups H generated by 2-rotations without

the appearance of 3-cycles and Klein-4-groups, is given as follows:



o ((z)22)*%)° (k>1);
o A(Sk) (k=3);

e Dilyy in Ss:

o Twisted Alts in Sg.

Proof. Consider two 2-rotations (a1 ag)(as aq) and (by b2)(bs bs). Define the intersection type of
these two 2-rotations are (c1,c2)(cs,ca), where ¢1 = |[{a1,a2} N {b1,b2}|, ca = [{a1,a2} N {bs,bs}|,
cs = {as,asa} N {b1,b2}|, ca = |{as,as} N {bs,bs}|. In order to avoid the appearance of 3-cycles
or Klein-4-groups, the only legitimate intersection type of two distinct 2-rotations are (2,0)(0,0),
(1,1)(1,0), (1,0)(0,1).

For the intersection type of (1,1)(1,0), it will generate a subgroup Dilig in Ss. If adding some
more 2-rotations, the only expansion without appearance of 3-cycles or Klein-4-groups is twisted
Alts in Sg.

For the intersection type of (2,0)(0,0), it will generate a subgroup ((Z/27)*3)°. In general,
the subgroup ((Z/2Z)**)° (k > 3) can be generated by repeatedly adding (a1 as)(c1 c2), where
c1,c2 are two new symbols. However, it is impossible to expand the group H; = ((Z/2Z)**)° in
another way when k£ > 4, without the new 2-rotation having exactly 1 common symbol with some
2-rotation in Hi, hence generating 3-cycles. While for the case k = 3, the only other expansion is
twisted Alts in Sg.

For the intersection type of (1,0)(0,1), it will generate a subgroup A(S3). Similar to the
discussion for ((Z/27Z)**)°, the only way to expand A(S3) is A(Sk) (k > 3) or twisted Alts in Se.
So Proposition 5 gives all subgroups generated by 2-rotations without appearance of 3-cycles or

Klein-4-groups. O

Now based on Proposition 4 and 5, we are able to give a full classification of rotation subgroups

and their double covers in symmetric groups.

Theorem 3. The indecomposable subgroups H generated by rotations in symmetric groups, or the
double covers of such H, are one of the following groups, or the even subgroup of the direct product

of some of these groups:

e S on k symbols, where k > 2;



e By on 2k symbols, where k > 2;
o AS; on 2k symbols, where k > 3;
e PGL(3,2) on 7 symbols;

e AGL(3,2) on 8 symbols;

e Dilyg on 5 symbols;

o Tuwisted Alts on 6 symbols;

o K4 x (ASs) on 7 symbols;

o Ky x (ASy) on 8 symbols.

Proof. Note that for one 2-rotation w = (a1 a2)(asz a4), and a 3-cycle or Klein-4-group Hy, the only
way adding w that will not generate a larger group generated by 3-cycles and Klein-4-groups, is
exactly when the two symbols in one 2-cycle of w fall in the symbols acted by Hy. Then the even
subgroups of direct product of Sy’s and By’s can be generated by those 3-cycles and Klein-4-groups.

For 3-cycles, all the expansions will give the local double cover (the indecomposable com-
ponent of double cover) as Si. For Klein-4-groups, if the local double cover is forbidden to have
3-cycles, then its local double cover is By acting on 2k symbols as Proposition 3. If & > 3, there
will be no other way to further enlarge the group. While when k = 2, the new 2-rotations may have
distinct common 2-cycles with the original Klein-4-group, generating K4 x (AS3) on 7 symbols or
K4 x (ASy) on 8 symbols, and there is no other possible expansion of these two groups without

generating 3-cycles. O

2.2 Rotation subgroups in finite Coxeter group of type B
and D

We view the Coxeter group W = B,, or D,, acting as signed permutations. Suppose W = B,, has
simple reflections S = {(1)_,(1 2),...,(n — 1 n)}, and the group W = D,, has simple reflections
S={(12),(12),...,(n—1n)}. (This is a non-standard convention, normally the simple reflections

are (n)_ and (n —1 7). We use (1)_ and (1 2) in order to simplify the description in induction
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method by double cosets in Section 3.2.2 and the length function (3.1) of elements in Dy, in Section
3.6.) Then the reflections of W = D,, has the form (a b) or (a b), and W = B,, has one additional
form (a)_ of reflection on one sign-change.

Then the rotations of B,, and D,, must have the following form.
Proposition 6. The rotations in W = D,, have the form
e 3-cycle (a b ¢), or (a b?);
e 2-rotations (two disjoint 2-cycles) (a b)(c d), (a b)(c d), or (a b)(c d);
e 2-sign-change (a)_(b)_.
If W = B,,, along with the above forms, the rotations can also have the following forms.
o 2-cycle and 1-sign-change in the 2-cycle symbol set (a b)_ = (a b)(b)—;

e 2-cycle and 1-sign-change out of the 2-cycle symbol set (a b)(c)_,

Our approach to classify the rotation subgroups H of W = B,, or W = D,, is similar to that
when W = A,,, and we will use some results about Coxeter groups of type A for the A-image of H

defined below, when W = B,, or W = D,,.

Definition 5. Suppose (W, S) and (W', S") are two Coxeter systems. A Coxeter homomorphism
¢ W — W' is a group homomorphism such that ¢(S) C S’ U {1}.

Consider the Cozeter homomorphisms
Bn — An—l X A1

(The simple reflection (i i + 1) is mapped to (i i + 1) in A,—1 and the simple reflection (1)_ is
mapped to the generator of A1), and
Dn — An—l

(The simple reflection (i i + 1) is mapped to (i i + 1) in A,_1 and the simple reflection (1)_ is
mapped to the identity 1). The images in the group A,_1 of the two maps above are called the
A-image of W = B, or W = D,,.
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We first need to find out subgroups generated by 3-cycles in W = B,, or W = D,,. There may
be more possible cases than in A,,, because the 3-cycles in B,, or D, may cause sign changes on

some symbols (i.e., some signed symbol a is mapped to —a by the rotation subgroup H).

2.2.1 The indecomposable groups generated by 3-cycles

If there is no sign change of symbols, the argument is exactly the same as for type A. We will
get the subgroups Altg(k > 3) generated by 3-cycles in S,, C W. For the case when the rotation
subgroup H causes sign changes on some symbols, there must exist some 3-cycle generators which
share at least two common symbols, and the common symbols may enable these signed symbols to
be in the same orbit of their negative signed symbols.

For the case when two 3-cycles have 3 common symbols, it can be reduced to the case of distinct

sign on 1 symbol. In this case, we claim the following

Proposition 7. Suppose H is an indecomposable group generated by 3-cycles, and there exist two
3-cycles in the generators, which have the same 8 symbols but with distinct signs on 1 symbol, for
example, (a b ¢) and (a b ). Then H is Fy~' x Alt,, the subgroup of B, with even permutations
on the symbol set {£ay,...,+a,} and even number of sign changes, acting on the whole n symbols

with signs.

Proof. Without loss of generality, suppose H contains (a b ¢) and (a b ¢), generating the subgroup
F2 x Alts of Bz, with even permutation on the symbol set {£ay,...,+a,}, and an even number
of sign changes acting on signed symbols {a, b, c}. Then it will generate a 2-sign-change (a)_(b)_.
Note that the A-image of action of H on these k symbols is the same as Alt,, where n > 3. In
addition, H can induce all even numbers of sign changes on the n symbols.

Thus, H = F;‘l X Alt,, the subgroup of B, with even permutation on the symbol set
{%a,...,*a,} and even sign changes. In addition, H can not be expanded to larger subgroup of

B,, by adding (positive) 3-cycles in B,. O

For the case that no two 3-cycles have 3 common symbols, H can also induce sign changes.
Apart from the cases when H is a subgroup of A,,, we only have the case that there are two 3-cycles
with 2 common symbols, where there is exactly one distinct sign on the two common symbols. We
first investigate the case of subgroups generated by only two 3-cycles, with 2 common symbols.

Without loss of generality, we may assume these two 3-cycles to be (a1 as a3) and (a1 @z ay).
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Example 1. The 3-cycles (a1 az a3) and (a1 @3 a4) generate a subgroup isomorphic to SL(2,3) of

order 2.

If we add one more 3-cycle not belonging to the copy of SL(2,3) above, we claim it must be

extended to Fy~* x Alt,,.

Lemma 1. If there are n > 5 symbols involved in an indecomposable subgroup H, which is generated

by 3-cycles, then H is Alt, or F5~1 x Alt,,.

Proof. If H is not Alt,,, then there are two 3-cycles which will cause sign changes on some symbols.
If they generate F5~! x Alty, then a 2-sign-change (a)_(b)_ is generated. The positive symbol
3-cycle is included in H, and all elements in the group Fg_l X Alt,, are included in H. In addition,
H is the subgroup of IE‘;*l X Alt,,. Thus H must be IF;*l X Alt,,, if the subgroup F’g*l X Alty, exists.

In fact, we will generate this group by getting the alternating subgroup Alt; on k symbols, and
a 2-sign-change on any two of the k symbols. From SL(2,3) generated by 3-cycles (a; as az) and
(a1 @3 a4), we know that any 3 symbols will have their 3-cycle in positive or negative signs. If the
new added 3-cycle does not have new symbols, it will be in the group SL(2,3), or it will enlarge
it to F3 x Alty. If the new added 3-cycle has some new symbols, then it will have exactly one
common symbol with some 3-cycle in SL(2,3). They will generate elements in Alt5. By adding
other 3-cycles in the original group SL(2,3), we will generate the group F’;fl X Alty, where k > 5.

The lemma is proved. O

By Example 1 and Lemma 1, we know all the indecomposable subgroups generated by 3-cycles

are listed as follows.

Theorem 4. All the indecomposable subgroups in B, and D,, generated by 3-cycles are
o Alternating subgroup Alty (k > 3) on k symbols;
o F5=1 5 Alty;

o SL(2,3).

2.2.2 The indecomposable groups generated by K,’s, with no 3-cycles

Next we will study the indecomposable groups generated by K,’s, with no 3-cycles.
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e Subgroups generated by two K,4’s

First we study all possible groups generated by two K4’s with some common symbols. Similar to

the argument in the group S,,, we have the following restrictions for two Kj’s.

Proposition 8. Two K4’s can only 0 or 2 or 4 common symbols, without generating 3-cycles.
e Indecomposable groups generated by K,’s

By the argument in the group W = S,,, the A-image can only be By, PGL(3,2), AGL(3,2).

For H = By, suppose the symbols are paired by {as;—1,a2;}. By adding possible sign changes,
it may become Fg_l X By, where ]Fg_l is generated by all two pairs of symbol sign changes
(agi—1)—(az;)—(azj—1)—(as;)—; F& x By, where F§ is generated by pairs of symbols in same block
sign changes (ag;—1)—(ag;)_; or ngfl x By, where ngfl is generated by arbitrary pairs of symbol
sign changes (ag;—1)— (az;)—.

For PGL(3,2), adding possible sign changes, then H = F3 x PGL(3,2), where F3 is gener-
ated by sign changes (a1)_(ag)_(a3)—(as)— which are generated by two K4’s on signed symbols
{a1,as,a3,a4}, and {a1,az,a3,a5}. Or H = F§ x PGL(3,2), where F§ is generated by all pairs of
symbol sign changes (a1)_(az)—.

For AGL(3,2), adding possible sign changes, H may become Fj x AGL(3,2), where Fj is
generated by sign changes (a1)—(a2)—(a3)—(a4)— which are generated by two K4’s on signed symbols
{a1,as,a3,a4}, and {ay, @z, as,as}. Or FL x AGL(3,2), where F§ is generated by all pairs of symbol
sign changes (a1)-(az2)—.

Summing up the results above, we have

Theorem 5. The indecomposable groups H generated by Klein-4-groups Ky in W = B, or W = D,,

are one of the following groups described as in the argument above:
e B} acting as permutations on 2k symbols;

° F’;fl X By acting as permutation on 2k symbols, where F’;fl s generated by sign changes on

four symbols of any two pairs of symbols;

e F5 x BY acting as permutation on 2k symbols, where F% is generated by sign changes on any

pair of symbols;
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o PGL(3,2)

F3 x PGL(3,2)
o F§ x PGL(3,2)
o AGL(3,2)

o Fix AGL(3,2)

e F] x AGL(3,2)

2.2.3 The indecomposable groups generated by 3-cycles and K,’s

e The case of one 3-cycle and one K4

Next we consider the indecomposable groups generated by 3-cycles and Ky’s.

Theorem 6. The indecomposable groups H generated by 3-cycles and K4’s are given by Theorem

4 and 5, along with

o [y x Alty with alternating group acting as permutations on 4 symbols, and allowing sign

changes (a1)—(az)—(az)—(aq)— on all four symbols.
Proof. We first study the cases when one 3-cycle and one K, have some common symbols.

Lemma 2. If one 3-cycle and one K, have some common symbols, they will generate Alty, (k =

4,5,6) or =1 st Alt), (k =4,5) or Fy x Alty.

Proof. o If the 3-cycle and K4 have three common symbols, they may have 0 or 1 distinct signs.

If they have 0 distinct signs, by the argument when W = S,,, they will generate the alternating
group Alty.

If they have 1 distinct sign, say (a1 a2 a3) and {a1, as,a3, a4}, then the 3-cycle (a; as az) will
be generated, and the whole group H is Fo x Alts. Here, H contains the alternating group
acting on 4 symbols, and allowing sign changes (a1)_(a2)_(a3)—(as)— on all four symbols. If

we add one more 3-cycle or K, into H, it will generate F’;_l X Alty (k=4,5,6,7).
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e If the 3-cycle and K, have exactly two common symbols, they may have 0 or 1 distinct signs.

If they have 0 distinct signs, by the argument when W = S,,, they will generate the alternating
group Alts.

If they have 1 distinct sign, say (a1 as as) and {a1,az, a4, as}, then the whole group H is
[F3 x Alts. Here, H contains the alternating group acting on 5 symbols, and allowing an even

number of sign changes.

e If the 3-cycle and K, have exactly one common symbol, then they can be embedded into Sg
as when W has type A. By the argument when W = S,,, they will generate the alternating
group Altg.

e Indecomposable groups generated by 3-cycles and Kj4’s

We know that if the indecomposable group contain both 3-cycles and Ky’s, it must be Alty or
F’;fl x Alt;. Which one it is depends on whether sign changes are generated. So no more kinds of

groups can be generated other than those in Theorem 6.

O

2.2.4 Determining the indecomposable groups containing no 3-cycles or
K4’S
e The case of two intersecting 2-rotations

Now we will figure out the indecomposable rotation subgroups H containing no 3-cycles or K4’s.
We first investigate the possible cases for two distinct intersecting 2-rotations. Suppose there is an
original 2-rotation (a; a2)(as a4), and denote by (21, 22)(23, z4) the intersection type of the A-image
of two 2-rotations.

After checking all possible intersection types, we know that only two 2-cycles with the inter-
secting types (2,0)(0,2), (1,1)(1,1), (1,1)(1,0), (2,0)(0,0), and (1,0)(0,1) can generate neither
3-cycles nor Ky’s. In addition, only types (2,0)(0,2), (1,1)(1,1), and (2,0)(0,0) can cause sign
changes on some symbols.

We next discuss all possible groups generated by two 2-rotations, without the appearance of

3-cycles or Ky's.
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The classification goes according to the intersecting types of the first two given 2-rotations.
e The intersection type (1,1)(1,1)

In this case, in order to avoid the appearance of K4, we can assume the two given 2-rotations
are (a1 az)(ag aq) and (a1 a3)(az ag). We will prove that H can only be expanded by adding

2-rotations, without the appearance of 3-cycles or Ky’s, as follows.

Proposition 9. There is only one expansion of Dilg generated by (a1 az2)(as aq) and (a1 @3)(az ag),

without the appearance of 3-cycles or Ky’s. This expansion is (Z/AZ)**=D x Symy, (k> 2).

Proof. We try to add a third 2-rotation to the original group Dilg. The group Dilg can not be
expanded only on the original four symbols, without the appearance of K,’s.

So there must be new symbols involved in the third 2-rotation.

If there is only 1 new symbol involved, then the intersecting type of the third 2-rotation and
the original two 2-rotations should be (1,1)(1,0), generating two copies of Diljg. However, some
3-cycle will be generated in this case, which is forbidden.

If there are exactly 2 new symbols involved, then the intersection types (2,0)(0,0) and (1,0)(0,1)
are allowed. If the third 2-rotation has intersection type (2, 0)(0, 0) with one of the given 2-rotation,
then it will have intersection type (1,1)(0,0) (or (1,0)(1,0)) with another 2-rotation, generating a
copy of K.

Thus only the intersection type (1,0)(0,1) is allowed. Without loss of generality, we may as-
sume the new 2-rotation is (a1 as)(asg ag). Then the group is generated by (a; a4)—(asz ag)_,
(a1 a4)—(as ag)—, (a1 a2)(as a3), (a1 @3)(as az), (a1 as)(as ag), and the whole subgroup is
(Z/AZ)*?) x Syms.

We can go on adding 2-rotations, with only the intersection type (1,0)(0,1), and this will
generate the subgroup ((Z/4Z)* =1 x Symy, for all k > 3. O

In the following arguments, we can forbid the appearance the type (1,1)(1,1).
e The intersection type (1,1)(1,0)

The argument in two 2-rotations implies that if the intersection type is (1,1)(1,0), they will
generate group Dilqg.
We now analyze indecomposable subgroups including intersection type (1,1)(1,0), without the

appearance of 3-cycles, K4’s and the intersection type (1,1)(1,1).
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Proposition 10. The indecomposable subgroups including intersection type (1,1)(1,0), without the
appearance of 3-cycles, Ky’s and the intersection type (1,1)(1,1), are one of the following groups:

1. The dihedral group Dilyg acting on 5 symbols;

2. The semi-direct product F3 x Dilyy, where Dilyg acts on 5 symbols, and sign changes on all

pairs of symbols are allowed;
3. Tuwisted Alts in Sg on 6 symbols;
4. Hs acting on 6 symbols with signs;

5. The semi-direct product T3 x Alts, where Alts is twisted Alts in Sg on 6 symbols, and sign

changes on all pairs of symbols are allowed.

Proof. By the argument when W = S,,, we know that the A-image can only be Dilyy or twisted
Altg in Sg.

The base case is that there are only two 2-rotations, with intersection type (1,1)(1,0), say
(a1 ag2)(as a4) and (ay as)(az as). They will generate Dily.

If we add the third generator and expand the group Dilig, it may not expand the A-image
permuting the 5 symbols, then sign changes on one or two 2-cycles in one 2-rotation in the Dilqg
will be added. and we will get the subgroup H = F§ x Dily.

If the third generator expand the group Dilyy on the A-image, then by the argument in the
group Sy, the A-image must be twisted Alts in Sg.

If no sign changes are induced, say, adding (a1 a2)(as ag), H will be twisted Alts in Sg.

Otherwise, if there exist some sign changes, then we can assume that the new 2-rotation is
(a1 az)(as ag). The A-image on 6 symbols will still be the twisted subgroup Alts in Sg, and sign
changes on all 6 symbols will be generated, so the group order is at least 120. In addition, this
group can be generated by (a1 az2)(as a4), (a1 as)(as as), and (a1 az)(as ag), which are generators
of Hs. Since H3 has 120 elements, this group is actually Hs.

If some more 2-rotations are introduced, note that the A-image on A,, can not be expanded, so
only 2-rotations causing sign changes can be introduced. Then sign changes on all pairs of symbols
can be generated, and the group is H = F3 x Alt;, where the A-image is twisted Alts in Sg, and

all pairs of sign changes are allowed. O
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In the following argument of this section, we can forbid the appearance of intersection type

(1,1)(1,0) too. Then only the intersection types (2,0)(0,0) and (1,0)(0, 1) are allowed.
e The intersection type (2,0)(0,0)

If only the intersection types (2,0)(0,0) and (1,0)(0,1) are allowed, by the argument when
W = S, the A-image of H can only be (S;*)° (k > 3). Suppose the A-image of the k 2-cycles
on the 2k unsigned-symbols are (ag;—1 ag;), where ¢ = 1,..., k. If we also consider the signs, then
only 2-cycles (ag;—1 ag;) and (ag;—1 a2;) are allowed.

Since all these 2-cycles commute, the group will be a direct product of groups constructed by an
even number of 2-cycles (az;—1 az;) or (az;j_1 @z;). So the group is ((Z/2Z)**1)° x---x ((Z/2Z)**1)°,
where the components ((Z/27)**=)° have no common 2-cycles, and the union of all 2-cycles covers

all 2k symbols.
e The intersection type (1,0)(0,1)

By the argument when W = S,,, for the type of (1,0)(0, 1), the A-image of the rotation subgroup
H is AS}.

Suppose the two orbits are {ai,...,a;} and {ag41,...,a2t}. On each orbit, the permutation
on the symbols generate the group Sy. If some sign changes happen, it must be generated by
2-rotations on same symbols, with distinct signs. Without loss of generality, we may assume they
are (a1 a2)(ak4+1 ag+2) and (a1 @2)(akt1 agt2), or (a1 az)(aks+1 art2) and (a1 @2)(ak4+1 Triz)-

For the case of (a1 as)(ag+1 ars2) and (a1 @z)(ar+1 axy2), all even sign changes on symbols
{a1,aq9,...,ar} are generated. The group H will be Fg_l X ASy.

If there are additional two 2-rotations that can generate sign changes (a;)—(a;)— (k+1<i<

2(k—1 .
2( ) % AS}, where even sign changes on

Jj < 2k) on symbols {ax41,...,a2;}, then H will be F
both symbol sets {a1,...,ar} and {ag41,...,a2r} are allowed.

For the case of adding (a1 @2)(ax+1 @r+z2), then all even sign changes that agree on the two
symbol sets {a1,...,ar} and {ag41,...,a2;} are generated. The group will be A(F’;*l X Sk)-

If some other sign changes (a;)_(a;)_ not in A(F5™! x Sy) can be generated, then the whole
group will be ]Fg(k_l) x ASy, where ]F’;_1 acts on both symbol sets {a1,...,ar} and {ak41,..., a2k}
as even number of sign changes.

From the arguments above in this section, we can classify all subgroups generated by 2-rotations

in B,,, without the appearance of 3-cycles or K,’s.
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Theorem 7. All subgroups not containing 3-cycles or K4’s in W = By, or W = D,,, generated by

2-rotations, are given as follows:

o The semi-direct product (Z/AZ)** =1 s Symy, (k > 2), where (Z/AZ)**=Y) is the zero sum-
mation subgroup of (Z/AZ)**, with each component corresponding to powers of (2i — 1 2i)_,

and Symy, corresponding to permutations among blocks {2i — 1,2i} (1 <i < k);
e The dihedral group Dilyg acting on 5 symbols;

e The semi-direct product F3 x Dilyo, where Dilyg acting on 5 symbols, and sign changes on all

pairs of symbols are allowed;
o Twisted Alts in Sg on 6 symbols;
e Hjs acting on 6 symbols with signs, where the A-image is twisted Alts in Sg;

o The semi-direct product F3 x Alts, where Alts is twisted Alts in Sg on 6 symbols, and F3 acts

by an even number of sign changes on the 6 symbols;

o

e The direct product (S5*)° x --- x (S5*¥)° where the components (Sy*™)° contain 2-cycles

in the form (agi—1 az;) or (azi—1 @2;), (1 <i < k) and the union of all 2-cycles covers all 2k

symbols {a,...,asx};
o ASy permuting 2k symbols;
° F’;‘l X ASy;
o A(FS™1 % Sy);

o F2F71 4 A

2.2.5 Determining the indecomposable groups having a given normal
subgroup generated by 3-cycles and K,’s, and containing no addi-
tional 3-cycles or K,’s

e The indecomposable groups with a normal subgroup with the appearance of 3-

cycles
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Now we extend to determine the indecomposable groups having a given normal subgroup as in
Theorem 4, and containing no additional 3-cycles or Kj’s. We first study the groups with the

appearance of 3-cycles.

Proposition 11. Suppose a group G is generated by 3-cycles, and we add 2-rotations which share
some common cycles with G, then they will generate the subgroup H of ([, Gi) x G’, where each

component G; is one of the following groups:
e Si permuting k symbols;

° Fgfl X Sk, where the A-image Sy permutes k symbols, and Ffjfl is the subgroup of even

number of sign changes;

o [y x Sy, where the A-image Sy permutes 4 symbols {a1, as,as,as}, and Fy is the subgroup of

sign changes (a1)—(az)—(as)—(as)— on all the 4 symbols.

and G' = Afj is a group generated by 2-cycles, with j relations that the parity of G; agrees with

the appearance of one corresponding 2-cycle in G'.

Proof. We first consider the group generated by one 3-cycle and one 2-rotation, which share some
common symbols. By the argument when W = §,,, if there is no sign change generated by the
3-cycle and 2-rotation, then the group will be Alty, (kK =4,5,6,7) or (S;xS2)° (I = 3,4). If there are
some sign changes generated by the 3-cycle and 2-rotation, then there is a 2-cycle in the 2-rotation,
which can generate sign changes along with the 3-cycle. Without loss of generality, we assume the
3-cycle is (a1 as as), and the 2-cycle is (a1 @z). The other 2-cycle of the 2-rotation may have 0 or
1 common symbols with the 3-cycle (a1 a2 as).

If there is 1 common symbol, say the 2-cycle is (a3 a4), then the 3-cycle (a1 a2 az) will be
generated. The whole group is the direct product of Fy and Alty, where Alty is the alternating
group on symbols {a1,as,as,a5}, and Fy corresponds the sign changes (a1)_(a2)_(as)—(as)— on
all 4 symbols.

If there are no common symbols, say the 2-cycle is (a4 as), then the sign changes on any
two symbols of {aj,as,as} can be generated. The whole group H will be the even subgroup of
(F3 x S3) x So.

Now, we can calculate the possible groups generated by more than 2 rotations. For the A-image

as Alty on k symbols, where k > 5, the appearance of sign changes on 4 symbols will generate
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subgroup of szfl for all sign changes on even number of symbols.
In addition, all subgroups containing 3-cycles will have A-image as Altj acting on all the symbols,
which are in the same orbit of the 3-cycle.

So we get our claim in the proposition. O

e The indecomposable groups generated by 2-rotations without the appearance of

3-cycles

We next study the groups generated by 2-rotations (including K,’s), without the appearance of
3-cycles. So for one K4 and one 2-rotation, they can only have 0 or 2 or 4 common symbols.

In addition, we can consider the largest subgroup generated by K,’s. When we add 2-rotations,
they will not generate a larger group which can be generated by only Ky’s.

So if one K4 and one 2-rotation have 4 common symbols, they may only generate 2 or 4 sign
changes, which can be obtained by two K4’s, too.

If one K, and one 2-rotation have no common symbols, they will commute, and we will have
similar properties as in the case when W = S,,.

So we only need to treat the case that one K4 and one 2-rotation have 2 common symbols. Note
that we require that there is no larger group generated by K,’s, after we add the 2-rotation. So
the two common symbols must lie in the same 2-cycle in the 2-rotation.

Note that from the argument with W in type A, if the A-image is larger than B} with k£ > 3,
then when we add some 2-cycles in the group, all these 2-cycles can be treated as adding one given
2-cycle.

So we will study the possibilities in adding 2-cycles to the groups generated by Ky's.

Proposition 12. Consider adding at least one 2-cycle in a group H generated by K,’s, and suppose
H permutes at least 4 symbols. If the appearance of 3-cycles or the group K4 x (AS3) on 7 symbols
is forbidden, then the group G must be a subgroup of (Z/27Z x Z/27)** x Symy,, where Symy
permutes k pairs {ba;—1,b2;} (1 <i < k) and keeps the A-image parity and signs of symbols, while
each (ui,v;) € ZJ27 x 7.)27 indicates the parity of 2-cycles (bai_1 bo;) and (by;_1 be;). All the
appearances of (ba;i_1 ba;) (1 <i < k) are equivalent, and so is (by;_1 ba;). In addition, G is listed

as follows:

1. By acting as permutation on 2k symbols, i.e., all v;’s are zero;
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2. (2/22)* k=1 x Symy,, where >, u; = 0 in Z/27Z, and Y, v; corresponds to the parity of
(b1 b); or where Y, v; =0 in Z/2Z, and Y, u; corresponds to the parity of (by be);

3. (2)22)* %) x Symy,, where 3, u; corresponds to the parity of (b1 bs), and 3", v; corresponds
to the parity of (by ba);

4. (Z)27)*(8) % Symy,, where Y, (u; + v;) corresponds to the parity of the sum of (by be) and
(b1 ba).

Proof. By Theorem 5, the groups generated by K4’s have A-image By, PGL(3,2), AGL(3,2), with
possible sign changes on all two pairs, or all pairs, or no symbols. For AGL(3,2) and PGL(3,2),
if we add a 2-rotation, then 3-cycles can be generated, and the group action is transitive on all
symbols, which follows as in Theorem 4. When the A-image of H is By, (k > 3), which is generated
by {a1,as,a2;_1,a2;}, (2 <i < k), then the 2-rotation can only be (2i — 1 2i) or (2i — 1 2i) in order
to avoid the appearance of 3-cycles. In addition, adding (ag;—1 as;) is equivalent to adding (a; ag),
adding (ag;—1 a@3;) is equivalent to adding (a; @z).

When the A-image of H is B3, if the appearance of group K4 x (AS3) is forbidden, then no new
2-cycles with A-image having exactly 1 common symbol with some 2-cycle in H can appear.

So for both cases, we just need to consider adding (a; az) or (a; @z).

e Suppose the original group is Bj. If only (a1 a2) is added, then the new group is By, where
all b;’s are zero.

If only (a; @) is added, then the new group is (Z/27)**=1) x Symy, where > ,a; =0in
Z/27, and ), b; corresponds to one A; component in G’ in Proposition 11 in relation with
(a1 @3).

If both (a; az) and (a; a3) are added, then the new group is (Z/27Z)*(?*) x Sym,, where
>_; a; corresponds to one A; component in G’ in relation with (a; ag), and ), b; corresponds
one A; component in G’ in relation with (a; @3).

e Suppose the original group is Fg_l x By, with sign changes on even pairs of symbols allowed.
If only (a; ap) is added, then the new group is (Z/27)* (=1 x Symy,, where 3. b; = 0 in
Z/27, and ), a; corresponds to the parity of (a1 az).

If only (a; @3) is added, then the new group is (Z/2Z)* ¥~V x Symy, where >, a; = 0 in
Z/2Z, and ), b; corresponds to the parity of (a; @2).
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If both (a; az) and (a; @3) are added, then the new group is (Z/27)*(?*) x Symy,, where
>, a; corresponds to the parity of appearance (a; a2), and ), b; corresponds to the parity of

(a1 a72)

e Suppose the original group is F5 x By, with sign changes on any pairs of symbols allowed,
then the new group is (Z/27)*(2*=1) x Symy, where Y, (a; + b;) corresponds to the parity of

the sum of (a1 a2) and (a1 a@3).
O

The cases for A-image as BS is more intricate. Suppose the A-image K, group acts on symbols

{a1,a9,as3,a4}. Then we may add 2-cycles (a1 az2), (a1 @3), (a1 as), (a1 @3), (a1 a4), or (a1 az).

Proposition 13. Suppose we add 2-rotations to the group H = Ky on symbols {a1, as,as,a4}, and
the appearance of Bs on 6 symbols is forbidden. If the group G is not generated by K4’s, and the
A-image of G has subgroup K4 x (AS3), then it must be one of the following groups:

o K4 x (AS3) acting on 7 symbols as when W has type A, with two orbits {a1,as,as,as} and

{115,%,&7};

o [y x (K4 x(AS3)), where the subgroup Fo generated by the sign changes (a1)—(az)—(as)—(aq)—

on all 4 symbols {a1,as,a3,a4};

o F2 x (K4 x (AS3)), where the subgroup F3 corresponds to even number of sign changes on

symbols of {as, ag,ar};

o 3 x (K4 x (AS3)), where the subgroup F3 corresponds to even number of sign changes on

symbols in {a1,as,as,a4};

o F3x(K4x(AS3)), where the subgroup F3 is generated by (a1)—(az)—(as)—(as)—, (a1)—(az)_(as)_(as)—,
and (az)-(as)—(as)—(ar)—;

o (FoxF3)x (K x(ASs)), where the subgroup Fy corresponds to sign changes (a1)—(az)_(az)_(as)—

on all 4 symbols {ay1,a2,a3,a4} and the subgroup F3 corresponds to even number of sign

changes on symbols in {as,as,ar};
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(F3 x F2) x (K4 % (AS3)), where the subgroup F3 corresponds to even number of changes on

symbols in {1,2,3,4} and the subgroup F3 corresponds to even number of changes on symbols

in {5’ 67 7}7‘

o Ky x (ASy) acting on 8 symbols as when W has type A, with two orbits {ay,as,as, a4}, and

{a/f)a g, A7, ag},'

o Fox(Ky4x(ASy)), where the subgroup Fy is generated by the sign changes (a1)—(a2)—(as)—(aq)—

on all 4 symbols {ay,as,as,a4},

o (FoxTFo)x(K4x(ASy)), where the firstFy is generated by the sign changes (a1)—(as2)_(a3)—(as)—
on all 4 symbols {a1, as, as,as}, and the second Fq is generated by the sign changes (as)—(ag)—(a7)—(as)—

on all 4 symbols {as, ag, az,as},

o (F3 x Fa) x (K4 x (ASy4)), where F3 corresponds to even number of sign changes on symbols
{a1,az,as3,a4}, andFy is generated by the sign changes (as)—(ag)—(a7)—(ag)— on all 4 symbols

{CL57 ag, @7, as}

o (F3 xFy) x (K4 x (ASy4)), generated by H and (a1 az2)(as ag), (a1 a3)(as az), (a1 @2)(az @1),

(a5 @s)(a7 @s), (a1 @2)(as @s);

o (F3 x F3) x (K4 x (ASy)), where the first F3 corresponds to even number of sign changes on
symbols {ay,az,as,as}, and the second Fs corresponds to even number of sign changes on

symbols {as, ag,ar,ag};
o (Fy x Ky4) xSy, by adding (a1 az)(as ag), (a2 as)(as az) and (a1 @z)(ay ag) into H;

Proof. We have K4 on symbols {a1, as, as, a4}, and add two 2-rotations sharing exactly one common
symbol in {a1,as,as,as}, then each of the 2-rotations must have exactly 2 common symbols with
K, on {1,2,3,4}, and the 2 common symbols must be in the same 2-cycle of the 2-rotations. In
addition, the remaining 2-cycles of the two 2-rotations also share exactly 1 common symbol. The
common 2-cycles may have 0 or 1 distinct signs with the K4 on {1,2,3,4}, Then there are three

cases.

e The two common 2-cycles with K4 in the two 2-rotations have same signs as K4. For example,
the 2-rotations are (a1 az2)(as ag) and (a1 as)(as a7). Then the two 2-rotations and the Ky

will generate the group Ky x (AS3).
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e For the two common 2-cycles with K4 in the two 2-rotations, one has the same signs as Ky,
and the other has 1 distinct sign from K. For example, the 2-rotations are (a1 a2)(as ag) and
(a1 @3)(as az). They will generate Fo x (K4 x(ASs)), where Ky acts on symbols {a1, a2,a3, a1},

and Fy is generated by sign changes (a1)-(az)—(as)—(aq4)—.

e Both of the two common 2-cycles with K4 in the two 2-rotations have 1 distinct sign from
K,. For example, the 2-rotations are (a; az)(as ag) and (a1 @3)(as a7). Then the 2-rotation
(a2 a3)(ag a7) will be generated. It is equivalent to add (a1 @z)(as ag) and (a2 a3)(ag ar) to

K, on symbols {a1,a9,as,as}. We can treat it exactly same as the second case.

When we add more 2-rotations to the groups above, If there are no new symbols acted on by G,
then only 2-rotations with all two 2-cycles having the same symbols as some 2-rotations in the
original group can be added. It is equivalent to add sign changes of all symbols in 1 or 2 2-cycles.

Then the sign changes on symbols {a1, as, as, a4} may be

e no sign changes, corresponding to trivial group; or

e sign changes on all 4 symbols, corresponding to Fo; or

e sign changes on an even number of symbols, corresponding to 3.
The sign changes on symbols {as, ag, a7} may be

e no sign changes, corresponding to trivial group; or

e sign changes on an even number of symbols, corresponding to F3.

Also, the sign changes can be F3, generated by (a1)_(a2)_(a3)_(as)_, (a1)—(az)_(as)_(ag)_, and
(a2)-(a3)—(ag)—(az)—. Thus we are able to get the groups with A-image of K4 x (AS3) in Propo-
sition 13, and actually all these groups contain a subgroup K, x (ASs) on 7 symbols.

If there are some new symbols introduced when we add new 2-rotations, we may assume we
already have the group K4 x (AS3) on 7 symbols {a1,as,as,aq, as, a6, a7} as before. There will
be only one new symbol ag can be introduced. Without loss of generality, we may assume the
2-rotation is (a1 ag)(a7 as) or (a1 az)(ay ag).

If we add (a1 a2)(a7 ag), the group Ky x (ASy) will be generated. By adding possible sign

changes on symbols in 1 or 2 2-cycles, we will have the following groups:



25

o K, x (ASy) acting on 8 symbols as when W has type A, with two orbits {a;, as, as, as}, and

{as, Gg, @7, as};

o Fox(Ky4x(ASys)), where the subgroup Fy is generated by the sign changes (a1)_(az2)—(as)—(as)—

on all 4 symbols {a1, az, a3, a4},

o (FaxFo)x(K4x(ASy4)), where the first Fo is generated by the sign changes (a1)—(a2)—(as)—(a4)—
on all 4 symbols {a1, as, a3, as}, and the second Fs is generated by the sign changes (a5)— (ag)—(ar)—(as) -

on all 4 symbols {as, ag, az,as},

o (F3 x Fa) x (K4 x (ASy)), where F3 corresponds to an even number of sign changes on the
symbols {a1, as,as, a4}, and Fa is generated by the sign changes (as5)—(ag)—(a7)—(ag)— on all

4 symbols {as, ag, az, as}

o (F3 x Fy) x (K4 x (ASy)), generated by H and (a; az)(as ag), (a1 az)(as az), (a1 az)(as az),

(a5 @g)(ar as), (a1 az)(as @s);

o (F3xTF3) x (K4 x(ASy)), where the first I3 corresponds to an even number of sign changes on
the symbols {a1, as, az, a4}, and the second F3 corresponds to an even number of sign changes

on the symbols {as, ag, ar, as};

If we add (a1 @3) (a7 as), the sign changes on all 4 symbols (a1)—(az2)—(a3z)—(a4)— in {a1,as, as, a4}
will be generated, and the group H is the semi-direct product (Fo x Kj4) x Sy.

If some more 2-rotations are added to H, they will generate (F3 x Fy) x (K4 x (ASy)) or
(F3 x F3) x (K4 x (AS4)), which are listed before when we add (a1 a2)(ar ag) into Ky x (AS3) on
{ai,...,a7}.

O

Now we are able to consider all the subgroups of W = B,, or W = D,,, which are generated by
A-rotations (2-rotations or 3-cycles). We will consider which groups are able to produce 2-cycles

(A-reflections) to having non-trivial relation with other groups.

Definition 6. Suppose W is a Cozeter group, and Hy is a rotation subgroup of W. A reflection
r € R(W) is called a double cover reflection of Hy, if the subgroup H, generated by Hy and r,
is a double cover of H, and there exists some other r' # r € R(W) such that rr’ € Hy. All such

reflections v’ € R(W) and r itself gives a double cover reflection class. (It is easy to see that
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double cover reflection class gives an equivalence relation.) If a double cover reflection class contains
a stmple reflection, it is a simple double cover reflection class. Suppose Hy and Hs are two
rotation subgroups acting on disjoint symbol sets, or Hi = Hs in W, r1 and o are respectively
double cover reflections of Hy and Hso, and suppose r1 # ro when Hy = Hy. Then the subgroup H
generated by Hy and Hy with rotation (rq r2), is called a double cover product of Hy and Hs
with rotation (r1 r9). If both 1 and ro are in some simple double cover reflection classes, then the
double cover of Hy x Hy with r1, is called a simple double cover product of Hy and Hy with

rotation (r1 T2).

Summing up all the results in this section, we will get all subgroups generated by A-rotations
(3-cycles or 2-rotations) in W = B,, or W = D,,, by adding 179 where 1 and rs are in distinct
double cover reflection class.

Summarizing the previous A-rotation subgroups, all the possible double cover reflection classes

come from the following groups:

Theorem 8. All the indecomposable A-rotation groups, which can not be written as the double

cover product of some smaller subgroups, are given as follows:

e Trivial group with one double cover reflection class (i j), or with one double cover reflection

class (i)_, or with two double cover reflection classes (i j) and (i j);
o Alty with one double cover reflection class (i j);
o FL1 < Alt; with two double cover reflection classes (i j) and (i)_;
o [y x Alty with one double cover reflection class (i j);
o B? in Sy; with one double cover reflection class (i j) where {i,j} are two symbols in one block;

K3

o (Z)27x 7./27)*k=1) ¢ Symy,, (k > 2) with two double cover reflection classes (i j) and (i 7),

where {i,j} are two symbols in one block;
o (2/AZ)* =1 x Symy, (k > 2), with no double cover reflection class;
e SL(2,3) generated by (a1 as az) and (a1 Gz a4), with no double cover reflection class;

e PGL(3,2), with no double cover reflection class;
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F3 x PGL(3,2), with no double cover reflection class;

F$ x PGL(3,2), with one double cover reflection class (i)_;

AGL(3,2), with no double cover reflection class;

F3 x AGL(3,2), with no double cover reflection class;

F% x AGL(3,2), with one double cover reflection class (i)_;

The dihedral group Dilyy acting on 5 symbols, with no double cover reflection class;
F3 x Dilyg, with one double cover reflection class (i)_;

Twisted Alts in Symg on 6 symbols, with no double cover reflection class;

H3 where the A-image is twisted Alts in Symg, with no double cover reflection class;
F5 % Alts, with one double cover reflection class (i)_;

ASy permuting 2k symbols, with no double cover reflection class;

Flej*l X ASy, with one double cover reflection class (i)—, where i is a symbol in the orbit where

the sign changes of IE"g*l act;
A(F2)**=1 % Sy, with no double cover reflection class;

Fg(kfl) X AS, with two double cover reflection classes (i)— and (j)—, where i and j are two

symbols in the two orbits of ASy respectively;
Ky x (ASs3), with no double cover reflection class;

Fo x (K4 x (AS3)), where the subgroup Fa corresponds to the sign changes on all 4 symbols

{a1,a2,a3,a4}, with no double cover reflection class;

F2 % (K4 % (ASs)), where the subgroup F3 acts on {as, ag, ar}, with one double cover reflection

class (as)—;

F3 x (K4 x (ASs3)), where the subgroup F3 acts on {a1,as,as,as}, with one double cover

reflection class (a1)—;
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F3x(K4x(AS3)), where the subgroup F3 is generated by (a1)_(az)_(as)_(as)—, (a1)—(az2)_(as)_(as)_,

and (az2)—(a3)—(ag)—(a7)—, with no double cover reflection class;

(FoxF3)x(K4x(AS3)), where the subgroup Fo corresponds to sign changes (a1)—(az)—(a3)—(a4)—
on all 4 symbols {ay,as,as,as4} and the subgroup F3 corresponds to an even number of sign

changes on symbols in {as, ag,ar}, with one double cover reflection class (as)—;

(F3 x F3) x (K4 x (AS3)), where the subgroup F3 acts on {ai,as,a3,a4} and F3 acts on

{as, a6, a7}, with two double cover reflection classes (a1)— and (as)—;
Ky x (ASy), with no double cover reflection class;

Fox (K4x(ASy)), where the subgroup Fy is generated by the sign changes (a1)—(a2)—(as)_(aq)—

on one orbit {a1,a2,as,as}, with no double cover reflection class;

(FaxF2)x(K4x(ASy)), where the first Fy is generated by the sign changes (a1)—(az)—(as)—(a4)—
on one orbit {ay, as, as,as}, and the second Fq is generated by the sign changes (as)—(ag)—(a7)—(ag)—

on the other orbit {as, as, ar,as}, with no double cover reflection class;

(F3 x Fy) x (K4 x (ASy4)), where F acts on one orbit {a1,as,as3,a4}, and Fy is generated
by the sign changes (as)—(ag)—(a7)—(asg)— on the other orbit {as,aq,ar,as}, with one cover

reflection class (a1)—;

(F3 x Fo) x (K4 x (ASy)), generated by Ky x Sz on two orbits {ay, az,as,as} and {as,as,ar},
and rotations (a1 az)(as az), (a5 as)(ar as), (a1 az)(as Gg), with no double cover reflection

class;

(F3 x F3) x (K4 x (ASy)), where the first F3 acts on one orbit {a1,as,as,as}, and the second

F3 acts on the other orbit {as,ae, ar,as}, with two double cover reflection classes (a1)_ and

(a5)—;

(Fy x K4) xSy, generated by K4 x Sz on two orbits {ai,as,as,a4} and {as,aq,ar}, and

rotations (a1 az)(ay ag).
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2.2.6 The indecomposable groups generated by D-rotations

D-rotations are A-rotations together with the 2-sign-changes (a)_(b)_. we will see if any other
types of rotation subgroup are generated in addition to the double cover products of groups listed

in Theorem 8.

Theorem 9. The indecomposable rotation subgroups H in W = D,, can be written as the double

cover product, with A-rotations or 2-sign-changes, of the following groups:
e The A-rotation groups listed in Theorem 8;

o The semi-direct product ((Z/4Z)* %=V x 7./27.) x Symy, (k > 2), where (Z/AZ)* 1) x 7./27.
is the subgroup {(a1,...,an) | 2(32,<;<,, ai) =0 € Z/AZL} of (ZJAZ)**, with each component
corresponding to (2i—1 2i)_, and Symy, corresponds to permutations among blocks {2i—1,2i}

(1 <i<k). It has no double cover reflection class;
o ABy = A(F x Sy), with no double cover reflection class.

Proof. If the added 2-sign-changes have their 2 symbols in the same orbit of the A-image, and if the
A-image is one of the groups Ay, PGL(3,2), AGL(3,2), Dilyg, AAg, K4 x (ASs), or Ky x (ASy).
Then all sign changes on an even number of symbols can be generated, and no new groups will be
obtained, this is because the A-image orbit with at least 2 symbols are 2-transitive,

If the A-image is By, with k pairs of symbols {ag2;—1, as; }, and the 2 symbols are in distinct pairs,
then all sign changes on an even number of symbols can be generated, which is a group already
listed in Theorem 8.

When the 2 symbols are in the same pair, if H has a subgroup By, the obtained group is already
listed in Theorem 8.

If H = (Z/AZ)*%*=Y x Symy (k > 2), we will have a new group by adding 2-sign-change
(a1)—(az)—, where a1, ay are in the same block of the A-image By.

The new group is the semi-direct product ((Z/4Z)**=1) x 7Z/27) x Symy, (k > 2), where
(Z/AZ)* =1 X Z,/2Z is the subgroup {(a1,...,an) | 203 <;<, @) = 0 € Z/AZ} of (Z/AZ)**, with
each component corresponding to (2i—1 2¢)_, and Symy, corresponds to permutations of {2:—1,2i}
(1<i<k).

If the added 2-sign-changes have their 2 symbols in distinct orbits, only when W = A Ay it can

generate ABj, which has no double cover reflection class.
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Otherwise, the new groups will be obtained as the double cover products of groups listed in

Theorem 9 with A-rotations and 2-sign-changes. O

2.2.7 The indecomposable groups generated by B-rotations

For B-rotations, apart from D-rotations (A-rotations and 2-sign-changes), we may also have the

composition of one 2-cycle and 1 sign change: (a b)(c)_, or (a b)(c)_.

Theorem 10. All the rotation subgroups in W = B, are obtained by double cover products of

groups in Theorem 8 and 9 with B-rotations, or
e Dilg in Bz generated by (a1 az2)(as)— and (a1 a3)(az)—, with no double cover reflection class;

e Dilyg in By generated by (a1 az)(as ag) and (a1 a3)(az)—, with no double cover reflection

class;

e Dils = ABsy in By generated by (a1 a2)(as)— and (a3 aq)(az)—, with no double cover reflection

class.

Proof. Suppose we add (a1 as)(ay)— or a 2-cycle-1-sign-change (a; az2)(a3)— into the rotation sub-
group H. The element (a; az)(a1)- with 3-cycles or 2-rotations or 2-sign-changes will only generate
subgroups as a double cover product of those in Theorem 9.

For the rotation (a1 as)(as)—, if it intersects some 3-cycle, and only shares 1 or 2 common
symbols, then only the double cover product of Alty (k > 3), F’;fl X Alty,, or the trivial group, can
be generated.

If they share 3 common symbols, there is only one new type of group Dilg generated by (a; as as)
and (a1 az)(as)—. If H is expanded by some other rotations, then the subgroup Fgfl x Alty, acting
on a set of symbols containing a1, as, and ag, will appear.

If the rotation (a; ag)(as)— intersects with some 2-rotations, there is only one new type of
group Dilyg, which is generated by (a1 as)(as)— and (a1 as)(ag a4). If H is expanded by some
other rotations, then IE‘IQP1 x Alty acting on the orbit containing aq, ..., a4 will be generated.

For the intersection of two 2-cycle-1-sign-changes, H will generate one new type of group A(Bs),
which is generated by (a1 a2)(as)— and (as a4)(a1)—. There are no other subgroups without the

appearance of ]F’;*1 X Alty, or Dilg and Dilig described above.
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In summary, all the rotation subgroups in W = B,, will be the double cover product of the

groups in Theorem 8, 9 and 10. O
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Chapter 3

Classification of Quasiparabolic
Subgroups in Finite Classical
Coxeter Groups

3.1 Quasiparabolic subgroups in finite Coxeter group of type
A

We consider the double cosets W;wH, where Wi is a standard parabolic subgroup of W, and
H < W is a subgroup of W. Our philosophy is to study the candidate quasiparabolic subgroups in
H among those in the standard parabolic subgroup W;, and go by induction on the set I of simple

reflections.

Proposition 14. [14] Suppose the transitive scaled W -set (X, ht) has a unique W-minimal element,
and the stabilizer of that element is a quasiparabolic subgroup. Then X is quasiparabolic. On the
other hand, if X is quasiparabolic, then the stabilizer of a minimal element of X is a quasiparabolic

subgroup of W.

If w is a minimal representative of the double coset WywH, and H is a quasiparabolic subgroup
of W, then the left cosets WrwH/H form a transitive quasiparabolic Wr-set, and by Proposition
14, the stabilizer H,, ; of the minimal element wH is a quasiparabolic subgroup of W;.

In the following examples, we may see a few standard parabolic subgroups Wi, and calculate

some subgroups H,, 1 of W; serving as stabilizers of minimal elements wH. (We regard W as
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Ap—1 =S8, on nsymbols [n] = {1,2,...,n}, with simple reflections s; = (i i + 1).)
Example 2. Let [ = {s;:1 <i<n—2}. The elements w satisfying that

w(i) = n, i =7

i—1, j+1<i<n,

where j is a mazximal symbol of an orbit of H, are minimal representatives of the double coset
WrwH. In particular, w is a minimal representative of the coset wH under the Wi action. Then

the stabilizer H; 1 = wStaby jw™' < W; of wH is obtained by relabeling the symbols as follows,
o Taking the stabilizer Stabg ; of symbol j in H;
o deleting the symbol j;
e moving the symbols from j+1 to n one smaller than before, so that the symbol lies in [n — 1].

Since WrwH/H is a quasiparabolic Wr-set, the stabilizer H; 1 of wH , is quasiparabolic in Wr.
Similarly, if j is a minimal symbol of an orbit of H, we can pick I = {s; : 2 <i<n—1}, and

obtain the stabilizer H; 1 by,
o taking the stabilizer Staby ; of symbol j in H;
o deleting the symbol j;

e moving the symbols from 1 to j — 1 one larger than before. (For convenience of induction,

we may translate the new symbols between 2 and n, to 1 to n — 1, so that the symbols lie in
[n-1].)

If H is a quasiparabolic subgroup of W, then Hj 1 is a quasiparabolic subgroup of Wry.

Now we will list a few subgroups H of .S,,, which are not quasiparabolic, and they will be helpful

in ruling out many subgroups which are not quasiparabolic.

Example 3. In the group W = Sy, the subgroup Hy = Alts generated by the 3-cycle (1 2 4), the
subgroup Hy = A(Z/2Z) generated by the 2-rotation (1 3)(2 4), and the subgroup Hs = A(Z/27)
generated by the 2-rotation (1 4)(2 3) are not quasiparabolic.
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In the group W = Ss, the subgroup Hy = A(Z/2Z) generated by the 2-rotation (1 3)(4 5),
the subgroup Hy = K4 acting on symbols 1,3,4,5, and the subgroup H3 = K, acting on symbols

1,2,4,5, are not quasiparabolic.

The examples suggest that the subgroups H, whose orbits are not on consecutive symbols, are
not quasiparabolic in W = §,,.
More precisely, for any two symbols i, j € [n] (i < j), if I3h € H, s.t., h(i) = j, then Vk satisfying

i<k<j, 3heH,st., h(i)=k. In this case, we say H has consecutive orbits.
Theorem 11. For any quasiparabolic subgroup H of Sy, H has consecutive orbits.

Proof. Suppose H is a quasiparabolic subgroup and has an orbit on non-consecutive symbols. We
will obtain a contradiction by the induction method in Example 2.

If H is an odd subgroup, the components will be given by Theorem 3. Now consider the
component with a non-consecutive orbit.

If the component is S, then a copy of Se with two non-consecutive symbols will be obtained, but
a quasiparabolic Sy should contain a simple reflection, forcing the orbit to contain two neighboring
symbols. So the original H is not quasiparabolic.

If the component is By, then a copy of By with four non-consecutive symbols will be obtained.
By taking their even subgroup Ky, by Example 3, the K, with non-consecutive four symbols will
not be quasiparabolic. So the original H is not quasiparabolic.

If the component Hj is the even subgroup of a direct products of Si’s and By’s, then we are
able to delete symbols as in Example 2 and claim H is not quasiparabolic. In particular, if some S}
has non-consecutive orbits, we will have symbols such that a < b < ¢ and a, ¢ is in the orbit, but b
is not. We are able to reduce Hy to be A(Z/27Z) and keep the symbols a, b, ¢, so the A(Z/27Z) has
non-consecutive orbits, and hence is not quasiparabolic. On the other hand, if some B} has non-
consecutive orbits, it can be reduced to K4 on non-consecutive orbit, hence is not quasiparabolic.
So H is not quasiparabolic in this case.

If the component is ASy, Dilyg, or twisted Alts in Sg, it can be reduced to A(Z/2Z) with
non-consecutive orbits. So the original H is not quasiparabolic.

If the component is PGL(3,2) or AGL(3,2), it can be reduced to BS with non-consecutive

orbits. So the original H is not quasiparabolic.
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If the component is Ky x (AS3) or K4 x (ASy), it can be reduced to (Bg x S3)° or AS;3 on
non-consecutive orbits. Hence the original H is not quasiparabolic.

From this discussion on all subgroups generated by rotations, or their double covers, H can
be reduced to one of the cases in Example 3, which are not quasiparabolic. So a quasiparabolic

subgroup H must have all its orbits acting on consecutive symbols. O

Example 4. Let I = {s;:i # n —2}. Consider the elements w satisfying that

i, 1<i<j—1
n—1, 1 =7;

w(i)=4q i—1, j+1<i<k-—1;
n, i =k;

1—2, k+1<i<mn,

where j < k are two symbols in [n], such that for any w' € H, w'(j) + w'(k) < j+ k. Then these
types of w are minimal representatives of the double coset WiywH . In particular, w is a minimal
representative of the coset wH under Wy action. Then the subgroup Hj 1 = wStabH7j7kw*1 < Wy

of wH, is obtained by,
o taking the subgroup Stabp jr = {w € H : {w(j),w(k)} = {j,k}} in H;

e moving symbols j, k correspondingly to n — 1, n, and keeping the order of the other symbols,

so that the element lies in W7.

Since WiwH/H is a quasiparabolic Wi-set, the subgroup H; 1 is quasiparabolic in Wi.
A similar operation can be done for the two smallest symbols in one orbit, and it will be omitted

here.

In the following examples, we will give a few quasiparabolic subgroups of \S,,, besides the standard

quasiparabolic subgroups.

Definition 7. Suppose W is a Coxzeter group. Denote W the semidirect product of W by the
group of permutations of S that induce Cozeter automorphisms of W. An involution 1 € W is

perfect if for allr € R(W), (r))* = 1.
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Example 5. [14] The W-action by conjugation on the perfect involutions I, with height function
(1(t)—n)/2, makes T a quasiparabolic W -set. One orbit of T is the set of fized-point-free involutions.
Then the stabilizer of the minimal (or mazimal) element, which is B,, with the n blocks as symbols

{1,2},...,{2n—1,2n} (or {1,2n},...,{n,n+1}), is a quasiparabolic subgroup.

By [14], the image and preimage of quasiparabolic subgroups under Coxeter homomorphism are

also quasiparaoblic.

Proposition 15. [14] Let ¢ : W — W' be a Coxeter homomorphism. If H C W is quasiparabolic,
then so is ¢(H); if H' C W' is quasiparabolic, then so is ¢~ 1(H').

Example 6. [14] The image of the Cozeter homomorphism
S .A» Sn X Sp = Sp, where m > 2n,

with the symbol i mapped to a; +i (or a1 + (n+1—14)) and ag + i (or az + (n+ 1 — 1)), where
0<a; <as—n < m-—2n, gives a subgroup H = AS,, in W = S,,,. Since H is the image of a

quasiparabolic subgroup of Sy, x S, under a Cozeter homomorphism, H is quasiparabolic in W .

Example 7. For the group AGL(3,2) in Ss, if the group AGL(3,2) in Sg is generated by Bj’s
with the two possible quasiparabolic case in Example 5, then it will be a quasiparabolic subgroup.

For the group PGL(3,2) in S7, if the group PGL(3,2) in S is generated by BS with blocks
{1,2},{3,4},{5,6} and B3 with blocks {2,7},{3,6},{4,5}, then it will be a quasiparabolic subgroup.

For the group K4 x (ASy) in Ss, if the group K4 x (ASy) in Ss is generated by K4 on symbols
{1,2,3,4} and {5,6,7,8}, and ASy in Example 6, then it is quasiparabolic. Also, if it is generated
by K4 on symbols {1,2,3,4} and {5,6,7,8}, and 2-rotations (1 2)(6 7) and (2 3)(5 6), then it is also
quasiparabolic. When we take the stabilizer of the symbol 8, we will get corresponding quasiparabolic
subgroup K4 x (AS3) of Sr.

For the group Alts in Sg, if the group Alts in Sg is generated by 2-rotations (1 2)(3 4), (1 2)(5 6)
and (2 3)(4 5), then it is quasiparabolic. When we take the stabilizer of the symbol 6, we will get a

corresponding quasiparabolic subgroup Dilig of Ss.

We will next show that there will not be more quasiparabolic subgroups than those in the

examples.
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Proposition 16. For the subgroup H = B in W = Sy, H is quasiparabolic if and only if H is

described in Example 5.

Proof. For the case n =2, B; = K, on 4 symbols, which is trivial.

For the case n > 3, consider the subgroup H; obtained by modifying H in Example 2 for the
symbol 1. Then we know the other symbol paired with symbol 1 in same block should be 2 or n,
otherwise the stabilizer H; of the symbol 1 will have non-consecutive symbols in one orbit, and H;
will not be quasiparabolic. This forces H non-quasiparabolic. Similarly, the symbol n should be

paired with the symbol 1 or n — 1. So we have two cases:
1. the symbol 1 is paired with the symbol 2, and the symbol n is paired with the symbol n — 1;
2. the symbol 1 is paired with the symbol n.

The two cases will give the two possible quasiparabolic H = B, subgroups in W = Sa,,.

e If the symbol 1 is paired with the symbol 2, and the symbol n is paired with the symbol n—1,
we claim H must have its n blocks as {2i —1,2i} (1 < i < n). Otherwise, suppose 2j —1 is the
smallest odd symbol that is not paired with 2j, then by deleting all symbols 1,2,...,25 — 2

with the operation from Example 2, we have H' = By .., < W' = Sy,_;1) on symbols
2j—1,24,...,2n, but the symbol 25 — 1 is not paired with the symbol 25 or symbol n, forcing

H’ to be non-quasiparabolic in W', so H is non-quasiparabolic, too.

e If the symbol 1 is paired with the symbol n, we claim H must have its n blocks as {i,2n+1—i}
(1 <i < n). Otherwise, suppose 1 < j < n is the smallest symbol that is not paired with
2n + 1 — j. Then by deleting all symbols 1,2,...,j — 2 with the operations from Example 2,
we have H' = By i1 < W' = Ss(n—j+1) on symbols j —1,7,...,2n — j 4 2, and the symbol
j—11is paired with 2n — j+ 2, while j is not paired with 2n—j+1. Now consider the subgroup
H" = B _; | x (ASy) of W" = Sy(;,_j) x Sa, obtained by modifying H’ as in Example 4.
Then H” will have an orbit consisting of symbols j' and 2n — j + 2, while j' < 2n—j+ 1. So
H" has an orbit with non-consecutive symbols, forcing H” to be non-quasiparabolic in W”.

Then H is non-quasiparabolic in W, too.

In summary, all quasiparabolic subgroups H = B; are described in Example 5. O
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Proposition 17. For the subgroup H = AS, in W = S,,,, where m > 2n, H is quasiparabolic in
W if and only if H is described in Example 6.

Proof. From Theorem 11, the two orbits of H = AS,, should be consecutive. We suppose the two
orbits are {a; + 1,...,a; + n} and {az + 1,...,a2 + n}, where 0 < a3 < as —n < m — 2n. By
the operation from Example 2, the symbol a; + 1 and the symbol a; + n should be paired with
the symbol as + 1 or as + n. By the operation from Example 4 inductively as in the case of B,
above, H is uniquely determined after we fix the symbol in the orbit {as + 1,...,as + n} pairing

to a1 + 1. O

Proposition 18. The quasiparabolic subgroups isomorphic to AGL(3,2), PGL(3,2), K4 x (ASs),
Ky x (ASy), Dilyg, and twisted Alts, are all given in Example 7 (up to an isomorphism of the
Cozeter diagram of Sy).

Proof. For the subgroup PGL(3,2) in S7, the stabilizer of the symbol 7 is BS, which should be
paired by {1,2}, {3,4}, {5,6} or {1,6}, {2,5}, {3,4}. Also the stabilizer of the symbol 1 is BS,
which should be paired by {2,3}, {4,5}, {6,7} or {2,7}, {3,6}, {4,5}. Since there are no two
Ky’s having exactly 3 common symbols in PGL(3,2), the quasiparabolic subgroup PGL(3,2) in
S7 should be described as in Example 7.

For the subgroup AGL(3,2) in Ss, the stabilizer of the symbol 1 or the symbol 8 is PGL(3,2),
which should be quasiparabolic as in Example 7. Then the only possibility is described in Example
7.

Consider the subgroup K4 x (ASs) in S7, with orbits {1,2,3,4} and {5, 6,7}, the stabilizer of
the symbol 1 is AS5. Then the simple reflections (2 3) and (3 4) should be paired with the simple
reflections (5 6) or (6 7), giving the two possible quasiparabolic subgroups in Example 7.

For the subgroup K4 x (ASy) in Sg, if the stabilizer of symbol 8 is K4 x (ASs3), then the simple
reflections (1 2) and (2 3) should be paired with the simple reflection (5 6) or (6 7), giving the two
possible quasiparabolic subgroups in Example 7.

For the subgroup Dilyg in S5, the stabilizer of the symbol 5 is ASs, which should be (1 2)(3 4).
Similarly, the quasiparabolic subgroup Dilyg should also have (2 3)(4 5).

For the subgroup twisted Alts in Sg, the stabilizer of symbol 1 or 6 is Dil;g, which has been
determined above. So the quasiparabolic subgroup twisted Alts should also be described as in

Example 7. O
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(Siy X ... xS, x Bj, x...x Bj,)° is the even subgroup of S;, x...x S;, x Bj, x...xBj,. So we
only need to find all possible quasiparabolic subgroup of the form S;, x ... x S;, x Bj, X ... X Bj,
in group S,.

In fact, all S;’s and B;’s need to have consecutive symbols, and B;’s should have symbols paired
as in Example 5. In particular, we need to rule out a case which is not treated before. For the
quasiparabolic subgroup Bs, we can not have the pairing on the symbols {1,3} and {2,4}, since
the stabilizer of symbol 4 is So on symbol 1 and 3, which is non-quasiparabolic.

When all the S;’s and B;’s are quasiparabolic, then their direct product is quasiparabolic. We

list these quasiparabolic subgroups in the following theorem.

Theorem 12. The subgroup (S;, X ... %X S;, x Bj, X ...x Bj,)° in S, is quasiparabolic if and only
if
1. All S;’s and B;’s acts on consecutive symbols AND

2. All B;’s have symbols paired as in one of the two cases in Example 5.

Combining Theorem 12 and Proposition 17 and 18, all even quasiparabolic subgroups of S,, are
given by the examples in Theorem 12, Example 6 and 7. Note that only the case in Theorem 12 can
serve as the even subgroup of some odd quasiparabolic subgroup, by adding one simple reflection
as a generator. Then we state the classification of all quasiparabolic subgroups at the end of this

part as a theorem.

Theorem 13. All quasiparabolic subgroups of W = S,, are the direct product of these groups acting

on consecutive symbols:
1. S;;
2. B;j on j pairs of symbols satisfying one of the cases in Example 5;
3. (Si, X ...x 8y, x Bj, x...x Bj))° as in Theorem 12;
4. AS; as in Example 6;
5. K4 x (AS3) acting on 7 symbols as in Example 7;

6. K4 x (ASy) acting on 8 symbols as in Example 7;
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7. PGL(3,2) acting on 7 symbols as in Example 7;
8. AGL(3,2) acting on 8 symbols as in Example 7;
9. Dilig acting on 5 symbols as in Example 7;

10. Twisted Alts in Sg as in Example 7.

3.2 Preparation work for quasiparabolic subgroups in finite

Coxeter groups of type B and D

3.2.1 Connection between quasiparabolic subgroups in B,, D, and those
in A,

In this part, we are going to use Coxeter homomorphism to get information about quasiparabolic
subgroups in finite Coxeter groups of type B and D from those in finite Coxeter groups of type A.
We present the Coxeter group W = B,, or D,, acting as signed permutations. Suppose W = B,, has
simple reflections S = {(1)_,(12),...,(n—1n)}. Denote s; = (n—in+1—1i) where 1 <i<n-—1,
and s, = (1)_. The group W = D,, has simple reflections S = {(1 2), (1 2),...,(n—1 n)}. Denote
si=(m—in+1—1i) where 1 <i<n-—1,and s, = (1 2).

For the Coxeter homomorphisms
Bn — An—l X Al;

and

Dn — An—l;
the A-image of quasiparabolic subgroup H of B, or D, should have their orbits on consecutive
symbols, similar to the case in A,,.

3.2.2 Induction method by double cosets

Similar to the method of classifying quasiparabolic subgroups in A,,, we may go through some

standard parabolic subgroups, and see the operation on subgroups H in B, and D,,.
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Example 8. Suppose W = B,, with the given simple reflections at the beginning of Section 2.2.
Let I = {(1)-,(1 2),...,(n—2n—1)} C S, and let W be the corresponding standard parabolic
subgroup. Suppose H is quasiparabolic in W, and j is a maximal symbol (including the sign) in an

orbit of H. If j > 0, we consider the element w € W satisfying that

w(i) = n, i=7;

i—1, j+1<i<n,
while if 7 <0, let w € W satisfy that

t—1, —j+1<i<n.

Then w is a minimal representative of the double coset WiwH . In particular, w is a minimal
representative of the coset wH under the W action. Denote Staby ; as the stabilizer of symbol j

in H. Then the stabilizer H; ; = wStaby jw™* < W; of wH, is obtained by,
o taking the stabilizer Staby ; of the symbol j in H;
e deleting the symbol j (and —j);

e moving the symbols from j + 1 to n one smaller than before (and symmetrically for —(j + 1)

to —n), so that the elements are acted on by Wr.

Since WrwH/H is a quasiparabolic Wr-set, the stabilizer H; 1 of wH , is quasiparabolic in Wr.
When W = D,,, still letting T = {(1 2),(12),...,(n—=2n—1)} C S, let W} be the correspond-
ing standard parabolic subgroup. Suppose H is quasiparabolic in W, and j is a mazimal symbol

(including the sign) in an orbit of H. If j > 0, we consider the element w € W satisfying that

i, 1<i<j-1;
w(i) = n, i =7

i—1, j+1<i<n,
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while if 7 <0, let w € W satisfy that

; i =1
2<i<—j—1;

i—1, —j+1<i<n.
Similar to the case of W = B,,, we will obtain the stabilizer H; 1, quasiparabolic in W by
o taking the stabilizer Staby ; of symbol j in H;
e deleting the symbol j (and —j);

e moving the symbols from j + 1 to n one smaller than before (and symmetrically for —(j + 1)
to —n). In addition, if j < 0, we need to add a negative sign for symbol 1, so that the element

lies in Wr.

Example 9. Suppose W = B,, with the given simple reflections at the beginning of Section 2.2.
Let I = {(1)—,(1 2),(2 3),...,(n=3n—2),(n—1n)} C S, and let W be the corresponding
standard parabolic subgroup. Let H be quasiparabolic in W, and let j < k be two signed symbols in
+[n] = {£1,...,£n}. Supposel € £[n], define
81 .+ 8n_i, >0
wy =
S1..-Sp—1SnSn—1---Snt+1-1, 1 <O.
If for all w' € H such that {w'(j),w'(k)} = {j,k}, w'(j) + w' (k) < j+ k, then the following
w = wjwi € W is a minimal representative element of the double coset WiwH.
In particular, w is a minimal representative of the coset wH under the Wy action. Denote by
Staby ; the stabilizer of symbol j in H. Then the stabilizer H; ; = wStaby jw™" < Wy of wH, is

obtained by,
o taking the stabilizer Staby ; of symbol j in H;

e moving the symbols j, k to n — 1, n and keeping the signs and order of other symbols, so that

the element are acted on by Wr.

Since WiwH/H is a quasiparabolic Wi-set, the stabilizer H; 1 of wH, is quasiparabolic in Wr.
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When W = D,,, still letting I = {(1 2),(1 2),(2 3),...,(n—=3n—2),(n—1n)} C S, Wy be
the corresponding standard parabolic subgroup, H be quasiparabolic in W, and j < k are two signed
symbols in +[n]. Suppose | € £[n], define
S1.+-Sn_i, >0
wp; =
S1..-Sp—28nSp—1---Snt+1-1, 1 <O.
If for all w' € H such that {w'(j),w'(k)} = {j,k}, w'(j) + w' (k) < j+ k, then the following
w = wjwi € W is a minimal representative element of the double coset WiwH.

Similar to the case of W = B,,, we will obtain the stabilizer H; 1, quasiparabolic in W by
o taking the stabilizer Staby ; of symbol j in H;

e moving the symbols from j,k to n — 1,n and keeping the signs and order of other symbols

(possibly changing the sign of the new symbol 1), so that the element lies in W7.

3.2.3 Orbits not including its negative symbols

Suppose H is quasiparabolic in W = B,, or W = D,,. In this part, we will show that those orbits of
H not including its negative symbols will include symbols with same signs for the case of W = B,,,
and either itself or its dual (by the nontrivial diagram automorphism switching 1 and -1) will have
the same signs as the case of W = D,,.

Similar to the method for the case when W has type A, we will list a few non-quasiparabolic
cases in small B,, or D,, and use the induction operation to rule out those non-quasiparabolic

subgroups in general B,, or D,,.

Example 10. Suppose W = By, then the subgroup Hy = Z/27 generated by (1 2) is not a quasi-
parabolic subgroup of W.

Suppose W = By x Ba, then the subgroups Hy = A(Z/2Z) generated by (1 2)(1' 2") and Hy =
A(Z/2Z) generated by (1 2)(1" 2), are not quasiparabolic in W .

Suppose W = Bs, then the subgroup Hy = Alts generated by (1 2 3) or (12 3) or (1 2 3) is not
a quasiparabolic subgroup of W.

Suppose W = By, then the subgroup Hy = A(Z/27Z) generated by (1 2)(3 4), the subgroup
Hy = A(Z/2Z) generated by (1 2)(3 4), the subgroup Hz = A(Z/27Z) generated by (1 2)(3 4),
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are not quasiparabolic subgroups of W. The subgroup Hy = K4 with an orbit on 4 signed-symbols
{1,(£)2, (£)3, ()4}, except when these 4 symbols have the same signs (i.e., at least one of symbols
2,8,/ has negative sign), is also not a quasiparabolic subgroup of W. From the non-quasiparabolicity
of Hs, the group Bs, whose even subgroup is BS = Ho = K4 on 4 signed-symbols not in same signs,

18 also mon-quasiparabolic.

Example 11. Suppose W = D3 (also the same as Az, but we let W act on 3 signed-symbols), the
subgroup Hy = 7./27 generated by (2 3), and the subgroup Hs = Alts generated by (1 2 3) (or the
dual generated by (1 2 3),) are not quasiparabolic subgroups of W.

Suppose W = D3 x Ds, the subgroup Hy = A(Z/2Z) generated by (2 3)(2' 3'), the subgroup
Hy = A(S3) generated by (1 2 3)(1' 2 3'), the subgroup Hz = A(S3) generated by (1 2 3)(1" 2" 3),
are not quasiparabolic subgroups of W.

Suppose W = Dy, the subgroup Hy = A(Z/27) generated by (1 2)(3 4), the subgroup Ho = K4
with an orbit of 4 signed-symbols {1,2, (£)3, (£)4}, when these 4 symbols do not have the same signs
(i.e., at least one of symbols 3,4 has negative sign), and the subgroup Hs = Alts generated by 3-cycle
on {2,(£)3, (£)4}, when these 3 symbols do not have the same signs (i.e., at least one of symbols
3,4 has megative sign), are not quasiparabolic subgroups of W. From the non-quasiparabolicity of
Hs, the group By, whose even subgroup is BS = Ho = K4 on 4 signed-symbols, where symbols 2,3,4
are not in the same signs, is also non-quasiparabolic in W.

Suppose W = Ds, then the subgroup Hy = A(Z/2Z) generated by (2 3)(4 5), and the subgroup
H, = K4 acting on /4 signed-symbols {2,—3,4,5}, are not quasiparabolic subgroups of W. By the
non-quasiparabolicity of Ha, the group Be whose even subgroup is By = Hy = K4 on signed-symbols

{2,-3,4,5} is also non-quasiparabolic in W.
Definition 8. A subgroup H of finite classical Cozeter group W has A form, if
o H = H,, where Hy is the A-image of H, and H,4 is quasiparabolic in the A-image of W.

e Each orbit of H should have symbols with same signs (excluding the symbol 1 when the direct
product component of W has type D).

With these small non-quasiparabolic cases, we are able to prove the following theorem that all

symbols in an orbit, which does not include a symbol and its negative, should have A form.
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Theorem 14. Suppose W is a finite classical Coxeter group, and H is a quasiparabolic subgroup
of W. If i is a symbol that is not in the same orbit as —i under the action of H, then H should

have A form.

Proof. Recall the classification of quasiparabolic subgroups in .S,, on consecutive symbols in Theo-

rem 13,

e K4 x S3 acting on 7 symbols;

e K4 x Sy acting on 8 symbols;

e PGL(3,2) acting on 7 symbols;
e AGL(3,2) acting on 8 symbols;
e Dilyy acting on 5 symbols;

o Twisted Alts in Symsg.

Each orbit O of the H-action not including a symbols and its negative must become one of the
orbits in the above subgroups. Suppose O has two symbols (not including the symbol 1 in the case
of W has type D) with distinct signs. We list the set of positive symbols O; = {i1,...,ix}, and
the set of negative symbols O_ = {—j1,...,—ji}, where i1 < ... < i and j; < ... < j;. By the
operation in Example 8 and 9, we can finally get the following subgroups on symbols of distinct

signs, which are non-quasiparabolic, forcing H to be non-quasiparabolic.

e When O is the orbit of S;, by the operation in Example 8, we may inductively delete the
symbols ix, ik—1,...,i2 and —j;, —ji—1,...,—j2. We will get Z/27Z on symbols (not including
symbol 1 when W has type D) with distinct signs, which is non-quasiparabolic.
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When O is the orbit of B;, we first conduct the operation in Example 8, so that O; and O_
are non-empty, and (at least) one of O or O_ (we may suppose it’s O, ) has 1 or 2 remaining
symbols. If both O and O_ have 1 or 2 remaining symbols, then Z/27Z or Bs on symbols
(not including symbol 1 when W has type D) on distinct signs will be obtained, which are

non-quasiparabolic.

Otherwise, when O, has 2 symbols i1, i3 remaining, if they are in the same pair, we are able
to delete all but two symbols in O_ to get By C S4in W = By or W = D4 where the symbols
2,3,4 does not have same signs, which are non-quasiparabolic by Example 10 and 11. If the
2 symbols remaining in O, are in distinct pairs, we are able to conduct the operation in

Example 8 to eliminate the symbol iy in O, and leave O, with exactly 1 symbol ;.

When O, has 1 symbol i1, suppose i; is paired with some —j; € O_. We conduct the
operation in Example 8, until —j;;1, or we have H = B; with 4 remaining symbols not
with the same signs. In this case we are able to show H is non-quasiparabolic by Example
10 and 11. Now the remaining symbols are i1, —j1, —jo,...,—Jj; with ¢ > 5, where i; and
—7; are in the same pair. We operate as in Example 9 for the symbols 7;_1,7;- Then we
will have a component K including the symbols 41, —j;_1, —j; not in same signs, which is

non-quasiparablic.

When O is the orbit of the S;’s component or the B;’s component of (S;, X ... x .S;, x Bj, X
... x Bj,)°, we follow a similar argument as when O is the orbit of the S; or Bj, to prove O

should have same signs.

When O is the orbit of AA;, by the operation in Example 8, we may inductively delete
the symbols ig,ix_1,...,92 and —j;, —Ji—1,..., —jo. We will get A(Z/27Z) with at least one
orbit on symbols (not including symbol 1 when W has type D) with distinct signs, which is

non-quasiparabolic.

When O is the orbit of the 3-symbol orbit of K4 x S3 in W = W7 x Wy, where W7 = Bg or
D3 (when W = D3, we require symbols 2,3 have distinct signs) or Dy (when W = Dy, we
require O on symbols 2,3,4) and Wy = Sy or By or Dy. we are able to reduce it to Alt3 on 3

symbols not with same signs (not including symbol 1), which is non-quasiparabolic.

When O is the orbit of the 4-symbol orbit of K4 x Ss, or K4 x Sy, or PGL(3,2), or AGL(3,2)
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we are able to reduce it to K4 on 4 symbols not with same signs (not including symbol 1),

which is non-quasiparabolic.

e When O is the orbit of Dilyg, or twisted Alts in Sg, we will get A(Z/2Z) with at least one
orbit on symbols (not including symbol 1 when W has type D) with distinct signs, which is

non-quasiparabolic.

In summary, if O is an orbit of a quasiparabolic subgroup H of W, and O does not contain a
symbol and its negative, then all symbols in O (excluding symbol 1 for the orbit acted by a type D

component of W) should have the same signs. O

3.3 Restriction on sign changes for quasiparabolic subgroups

We claim the sign changes on some orbits are forbidden if some smaller orbits do not have ‘enough’

sign changes.

Example 12. For W = Bs or W = Ds, the subgroup H1 = F» generated by (1)_(3)— or (2)—-(3)_,
and the subgroup Hy = BS are not quasiparabolic. For W = Bs, the subgroup H = 7./27 generated
by (1 2)(3)— or (1 2)(3)— or (1)_(2 3) is also not quasiparabolic.

From Example 12, if the subgroup H has some orbit with sign changes, and the sign changes
are independent with the sign changes on &k smaller symbols (i.e., symbols closer to 1), and those
smaller k symbols do not have F% of arbitrary sign changes on these k symbols as a subgroup, then
H can be reduced to Example 12 by repeating the operations in Example 8. So H will not be

quasiparabolic in W.
Example 13. For W = By or W = Dy, the subgroup H = A(FyxZ/27) generated by {(12)(3 4),(12)(34)}

or {(1 2)(3 4), (1 2)(3 4)}, is not quasiparabolic in W .

From Example 13, if a subgroup H can be reduced to A(Fs X Z/2Z) as in the example, it will
not be quasiparabolic. Next we will give some eligible sign changes for quasiparabolic subgroups

when W has components of type B or D.
Definition 9. A subgroup H of W = B,, has B form, if

o H =T x Hy, where F5' is the subgroup of arbitrary sign changes on symbols 1,...,m, and

H 4 is the A-image of H.
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e H 4 is quasiparabolic in S, .
e For orbits of H without sign changes, they should have symbols with the same signs.
When W has multiple components, a component W; of type B has B form under H if

o the subgroup F5* on arbitrary sign changes on symbols 1,...,m is included in H, and H does

not generate sign changes on other symbols m +1,...,n.
o HUW,; has quasiparabolic A-image in S, .
e The orbits of H in symbols m + 1,...,n have symbols with the same signs.
Definition 10. A subgroup H of W = B,, or W = D,, has D form if

e H = F;”_l X Hy, where Fgl_l is the subgroup of an even number of sign changes on the
symbols 1,...,m, and H, is the A-image of H. Or when W = B,,, H = (FJ* x H)°, where
F5 is the subgroup of arbitrary sign changes on symbols 1,...,m, and H4 is the A-image of

H.
e H, is quasiparabolic in S,,.
e The orbits of H without sign changes have symbols with the same signs.
When W has multiple components, a component W; of type B or type D has D form under H if

e the subgroup IFSPI on an even number of sign changes on the symbols 1,...,m are included

in H, and H does not generate sign changes on the other symbols m +1,....n.
o HUW,; has quasiparabolic A-image in S,.
e The orbits of H in symbols m +1,...,n have symbols with the same signs.
Definition 11. A subgroup H of W = D,, has D2 form if

o H=Dy x (Hy1)° x (Haz2)°. Here Hay and Ha o are odd quasiparabolic subgroups of Sp—2
on disjoint symbols sets in 3,...,n, without sign changes. Dy acts on the symbols 1,2, and

the simple reflections (1 2) and (1 2) correspond to the parity of Ha 1 and H 4 2, respectively.

For the case H4 = B,, or Hy = B;, H may also have special-D form or even-special-D form as

follows.
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Definition 12. A subgroup H of W = D,, has special-D form if

o H =T x Hy, where F3' is the subgroup of an even number of sign changes on the m blocks
{1,2},...,{2m — 1,2m}, or when m = 2, it can also have blocks {1,4},{2,3}. In addition,
H, is the A-image of H, equal to By, or B, in Son,, generated by (2i — 1 2i)(25 — 1 2j),

(20 — 1 20)(25 — 1 2§) and (20 — 1 25 — 1)(2i 2j) (1 < i < j < m), or its image under the

Coxeter automorphism.
e H, is quasiparabolic in S,,.
o The orbits of H without sign changes have symbols with the same signs.
Definition 13. A subgroup H of W = D,, has even-special-D form if

e H = IFQ”_l X H 4, where F?_l is the subgroup consisting of an even number of sign changes
on the m blocks {1,2},...,{2m—1,2m}, or when m = 2, it can also have blocks {1,4},{2, 3}.
In addition, H 4 is the A-image of H, equal to BY, or By, in Som, generated by (2i—1 2i)(25—
12j5), (20 —126)(25 —12j) and (2i — 1 25 —1)(2i 2j) (1 <i < j < m), orits image under
the Coxeter automorphism.

Also, H = T3 x PGL(3,2) by adding (1 3)(5 7) into the copy of F3 x By above, or H =
F3 x AGL(3,2) by adding (2 4)(6 8) into the copy of F3 x PGL(3,2) above.

e H, is quasiparabolic in S,,.
e The orbits of H without sign changes have symbols with the same signs.

There are also a few examples of even quasiparabolic subgroups, which can generate sign changes

on their orbits.

Example 14. For W = Bs, the subgroup H = Dilg generated by (1)_(2 3) and (2)—(1 3) is
quasiparabolic.

For W = By, the subgroup H = Dilyg generated by (1 2)(3 4) and (2 3)(1)— is quasiparabolic.

For W = Dy, the subgroup H = Fy x Alty generated by (1 2 3), (1 2 4) and (1 2)(3 4) is
quasiparabolic.

For W = Dg, the subgroup H = Hj generated by (1 2)(3 4), (2 3)(4 5) and (1 2)(5 6) is

quasiparabolic.
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3.4 Ruling out non-quasiparabolic subgroups of B, and D,

We will list out some examples of non-quasiparabolic subgroups generated by rotations.

Example 15. The subgroups generated by 3-cycles, when the orbit O is closed under negation, may
be ]F’;_1 X Alty, Fy x Alty or SL(2,3), but the SL(2,3) can not be quasiparabolic, by checking all
possibilities.

The group H = Fy x Alty generated by (1 2 3), (2 3 4) and (1 2)(3 4) is quasiparabolic in
W = Dy, but no other Fy X Alty is quasiparabolic in either W = By or W = Dy. (Except for

changing the sign of the symbol 1 in all the two 3-cycles).

Example 16. For subgroups H = Dilg < W generated by 2-rotations {(a1 az)(as a4), (a1 ag)(az az)}
on {£1,+2,+3, +4}, where W = By or W = Dy, the element w = (1)_(2)_(3)_(4)_ with sign
changes on all 4 symbols is in H. We may assume that the generators have the 2-cycle involving
the symbol 4 having 2 symbols with the same signs. There are 6 cases for W = By and 3 cases for
W = Dy, which are all non-quasiparabolic. (These cases have generators {(1 2)(3 4), (1 3)(24)}, or
[(13)2 4,1 2B}, or {(12)3 4, (1 D@I)}, or {(1 923), (1 DB}, or {(13)24), (1 D(23)},
or {(14)(2 3), (1 3)(2 1)}).

The subgroup H = (Z/AZ x Z/2Z) x Sa, which is obtained by adding (as)_(a4)— to the group
Dilg above, is also non-quasiparabolic in either W = By or W = Dy.

So the subgroups (Z/AZ)**=1 x Sy, (k > 2), and (Z/AZ)**F=D x ZJ27) x Sy (k > 2) are

non-quasiparabolic.

Example 17. For subgroups H = Fo x Ky < W, where W = By or W = Dy, and Fy corresponds
to sign changes on all 4 symbols. Then the subgroup must contain a subgroup K4, and all K4’s by
changing two signs of the 4 symbols of the original K4. So we may assume the original K4 having 0
or 1 symbols with negative signs. If the K4 has 1 negative symbol, then we may assume it is symbol
1, because we can freely change any two symbols’ signs simultaneously in the 2-cycle presentation
of 2-rotations. There are 2 possibilities of H generated by {(1 2)(3 4),(1 3)(2 4),(1 2)(3 4)}, or
{(12)(34),(13)(24),(12)(34)}. For the case W = By, all these 2 cases are not quasiparabolic.
While for the case W = Dy, these 2 cases are dual to each other, and they are quasiparabolic
subgroups of W = Dy. In fact, these two quasiparabolic subgroups are small cases of the conjectural

quasiparabolic subgroups in [14]. We will prove the quasiparabolicity of the general case in Section
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3.6. However, when we consider W = D5 and the subgroup H = Fo x K4 acts on symbols 2,3,4,5
(suppose (1 2) € S), then H is not a quasiparabolic subgroup of W .

Example 18. Let H = F% x Ky < W, where W = By or W = Dy. We take the stabilizer of the
symbol 4 under the operation in Example 8, then the stabilizer is Fo on sign changes of 2 symbols.
From Ezample 12, the groups Fy of sign changes on symbols {2,3} or {1, 3}, are not quasiparabolic.
So the symbol 4 should be paired with symbol 8 on the sign changes.

Then there are 2 cases of H = F3 x Ky, generated by {(1 2)(3 4), (1 3)(2 4),(1 2)(3 4)}, or
[T 2)(3 4), (T 3)(24), (1 2)(3 1)},

When W = By, then the H generated by {(1 2)(3 4),(1 3)(2 4), (1 2)(3 4)} is quasiparabolic.
In fact, it is the n = 2 case of the even subgroup of the centralizer of the minimal fized-point-
free involutions of Bay,, which is quasiparabolic by [14]. In contrast, the remaining case is not
quasiparabolic. When W = Dy, then the two cases of H are dual to each other, and both are
quasiparabolic. They are also the n = 2 case of the even subgroup of the centralizer of the minimal

fized-point-free involutions of Day,, which is quasiparabolic.

Example 19. From the classification of rotation subgroups, there are 3 possibilities for the sub-
groups H of W with A-image of quasiparabolic PGL(3,2). These are PGL(3,2), F§ x PGL(3,2)
with an even number of sign changes, and F3 x PGL(3,2) generated by sign-changes on 4 symbols
a,b,c,d with (ab)(cd) € H. From Ezample 17, when we fix the symbols 5,6,7, then the stabilizer is
Fy x Ky, which is not quasiparabolic in By. So F3x PGL(3,2) is not quasiparabolic in By. However,
if W = Dy, then the subgroup F3 x PGL(3,2) is quasiparabolic, if it is generated by (1 2)(3 4),
(12)(56), (13)(24), (35)(46), (13)(57) and (1 2)(3 4).

From the classification of rotation subgroups, there are 3 possibilities for the subgroup H of W
with A-image of quasiparabolic AGL(3,2). These are AGL(3,2), F5 x AGL(3,2) with an even
number of sign changes, and F3 x AGL(3,2) generated by sign-changes on 4 symbols a,b,c,d with
(ab)(cd) € H. From Ezample 17, when we fix the symbol 8, we will obtain F3 x PGL(3,2), which
is not quasiparabolic in By. So F3 x AGL(3,2) is not quasiparabolic in Bs. However, if W = Dy,
then the subgroup F3 x AGL(3,2) is quasiparabolic, if it is generated by the above quasiparabolic
F3 x PGL(3,2) in D7 C Ds, and the 2-rotation (5 6)(7 8).
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3.5 Quasiparabolic subgroups with A-image as indecompos-
able quasiparabolic subgroups

Example 20. For the case that the A-image of H is S;, when W = D,,, the only possibilities are
H=S5;, or H= Fé_l X S; with an even number of sign changes, or H = Fy x Sy with its even
subgroup Ty x Alty in Example 1. While W = B,,, there is one more possibility of H = F% x S; with
arbitrary sign changes, but H = Fo x Sy is no longer quasiparabolic in W = B,,. When H = 5;,
H= JFg_l x S; or H=TF% % S;, H is quasiparabolic in W if and only if W has B form or D form.

When H =Fy x Sy in W = D,,, H can only act on the symbols 1,2,3,4. (The Fy x Sy acting
on 2,3,4,5 is non-quasiparabolic, as is Fo X Sy acting on 1,2,3,4 except for the group with the even
subgroup Fo x Alty in Ezample 14 or its image under the Cozeter homomorphism.)

When H = Dilg or H = Dilyg in Theorem 10, the only possible quasiparabolic groups are given
by FExample 14. While if H = Dilg in Theorem 10, H is non-quasiparabolic in By.

Example 21. For the case that the A-image of H is B;, when W = D,,, the subgroups H = B; in
A form, or H = ng_l x Bj in D form, or H = IF% x Bj in special-D form, or H = F%_l X Bj in
even-special-D form, are quasiparabolic. While if W = B,,, the subgroup H = F%_l X Bj will not be
quasiparabolic, and there is one more quasiparabolic subgroup which is H = ]ng X Bj in B form.

For H = IE‘% x B (or H = ]Fé*1 x Bj), only the subgroup satisfying special-D form (or even-
special-D form) can be quasiparabolic. When j = 2, only the groups in special-D form (or even-
special-D form) can be quasiparabolic. So H must act on the symbols £1,..., +2j.

In addition, H should have pairing {2i — 1,2i} (1 < i < j). The other pairing {i,25 +1 — i}
can not generate a quasiparabolic subgroup, because after the operation in Example 8 for the symbol
24, the symbol 1 will be stabilized, and then we will have FL~' Bj_y (or F2 Bj_1) acting on
symbols {2,3...,2j — 1}, which is non-quasiparabolic.

In addition, H should contain the elements (20 — 1 2i + 1)(2i 2i +2) (i > 2 for W in type
D). Otherwise, since (2i —1)_(2¢)_(2i +1)_(2i + 2)_ € H, and H contains Ky acting on symbols
{£(20 = 1),...,£(2i + 2)}, then (2i — 1 2i)(2i + 1 2i +2) € H. After the operations in Evample
8 for symbols larger than 2i + 2, we will reduce the A-image of the group to B;y1 on symbols
1,...,2i + 2. Then by applying the operation in Example 9 for symbols 2i,2i + 2, and we will
have an orbit {2i — 1,—2i}, with symbols with distinct signs (i > 2 when W has type D). So H is

non-quasiparabolic. Thus the only quasiparabolic H = IF% x Bj (or H= Fé_l x Bj) should have
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special-D form (or even-special-D form) as in Definition 12 (or 13).

Example 22. For the case that the A-image of H is (A;, X ... x A;, X Bj, X...x By,)°, by Example
12, the quasiparabolic subgroups should be in the form of

o (A; x...xA; xBj, x...xBj)° in A form without sign changes, or

o F' ™' (A, X ... x Ay, X Bj, X ...x Bj)° in D form with an even number sign changes on

symbols 1,...,m, or in B form with arbitrary sign changes on symbols 1,...,m — 1.

® Dy x Hj  x Hj o in D2 form with Dy having simple reflections (1 2) and (1 2) corresponding
to the parity of Ha1 and Hao.

If H is not in the form above, then we may find

e some orbits without sign changes containing symbols with distinct signs, which forces H to

become non-quasiparabolic by Theorem 14, or
e H does not have sign changes in B form or D form, which is not quasiparabolic.

Example 23. For the case that the A-image Hy of H is ASk, a quasiparabolic subgroup should
have quasiparabolic A-image. In addition, suppose H generates sign changes on some orbits, then
one orbit should be 1,2, ...k, and the other orbit is l,l+1,...,l4+k—1. In addition, the symbol i
should be paired with | 4 i, otherwise, we will finally have IF% X (AZ/2Z) (j =1,2,3,4) on symbols
2,3,4,5, which is non-quastparabolic.

The quasiparabolic subgroups can be
e H=ASy,

o H = Fg_l X ASy in D form,

o H :IF’2C x AS; in B form,

o H= F%k_l X AS; in D form,

o H =TF2k x AS; in B form.

There are no other subgroups generated by rotations with A-image Hy = AS; when W is indecom-

posable.



54

If W = W1 x Wy has two direct product components W1, Wy, and the two orbits of H are acted
separately by W1 and Wy, except for the cases which H having A form, B form, or D form on Wi
and Wy, we still have the possibilities A(F x S) = A(By) or A(F5™! % Si) = A(Dy). A(By) is
quasiparabolic in By, X By,, and A(Dy) is quasiparabolic in D,,, X D,,, if A(Dy) is generated by
(ii+ 1)@ (i+1)) and (i i+ 1)@ (1 + 1)), and A(Bg) is generated by (i i + 1)(¢' (i + 1)) and
(0)—(")=, for1 <i <k, andi € {1,...,(k—1)"}, where Wy acts on symbols 1,...,ny1, and Wy

acts on symbols 1', ... nh. However, A(Dy) is non-quasiparabolic in W when W1 or Wy has type
B.

Other copies of A(Dy,) or A(By) may contain some elements (i i +1)(i' (i + 1)) (i > 2 if W;
has type D). First apply the operation in Ezample 8 for symbols i + 2,...,k, and get A(D;) or

A(Bj). Then by applying the operation in Example 9 for the symbols i, + 1, then we will have a

component A(Z/27) generated by (i i+ 1)(i’ (i 4+ 1)), containing an orbit of symbols with distinct
signs. Thus only the copies of A(Dy) or A(Byg) containing (i i+ 1)(¢' (i +1)") as in the paragraph

above can be quasiparabolic in W = W1 x Ws.

Example 24. For the case that the A-image Hy of H is K4 x (AS3), if W = B, then the

quasiparabolic subgroups are

o H=Kyx(AS;) in A form,

H =T% x (K4 x (AS3)) in D form,

H =T3 x (K4 x (AS3)) in B form,

H =T3 x (K4 x (AS3)) in D form,

H =T34 x (K4 x (AS3)) in B form,

o H =TS x (K4 x(AS3)) in D form,
o H=T7x (K4 (AS3)) in B form.

When W = D, only the above subgroups in A form or D form can remain as quasiparabolic
subgroups of W, also H = Fy x (K4 x (AS3)) in even-special-D form with sign changes on all
symbols {1,2,3,4} is quasiparabolic. Other subgroups generated by rotations are not quasiparabolic

mn W.
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Assume W = Wy x Wy has two direct product components. There are some other possible

quasiparabolic subgroups besides the previous ones.

o For H = (Fy x F3) x (K4 x (AS3)) generated by (1 2)(3 4), (1 3)(2 4), (12)(34), (12)(1"2),
(2 3)(2' 3') and (1 2)(1' 2'), H is quasiparabolic in W = Dy x Bz or W = Dy x Ds.

o For H = (F3 x F3) x1 (K4 x (AS3)), where the subgroup F3 acts on the symbols 1,2,3,4 and
F2 acts on symbols 1',2',3", H is quasiparabolic in W if Wy acting on the symbols 1,2,3,4
and Wy acting on 1',2',3" has type B or D, with two possible double cover reflection classes

(1)— when W1 has type B, and (1')_ when W2 has type B.

o For H=T3x (K4 x(AS3)), which is generated by K, x (ASs) acting on 1,2,3,4 and 1',2',3,
and the 2-rotation (1 2)(1" 2'), H is quasiparabolic in W = Dy x Dj.

Example 25. For the case that the A-image Ha of H is K4 x (ASy), if W = B,,, then the

quasiparabolic subgroups are
o H =K, x(AS,) in A form,
o H=T3x(Ky4x(ASy)) in D form,
o H=T4x(Ky4x(AS,)) in B form,
o H=T}x (K4 x(ASy)) in D form,
o H =T x (K4 x (ASy)) in B form.

When W = D,,, only the above subgroups in A form or D form are quasiparabolic subgroups of
W. In addition the subgroup H = Fy x (K4 x (ASy)) in even-special-D form with sign changes
on all symbols {1,2,3,4} is quasiparabolic in Dg. The copy of H = (Fy x Ky4) x Sy generated by
Ky %S5 0on1,2,3,4 and 5,6,7, and the 2-rotation (1 2)(7 8), is quasiparabolic in Dg. (Actually
this H = (Fg x K4) x Sy is the image of the subgroup F3 x (K4 x (AS3)) in Dy x D3 = Dy X Az in
Ezample 24 under the injective Cozeter homomorphism Dy x As — Dsg.) Other subgroups generated
by rotations are not quasiparabolic in W.

Assume W = Wy x Wy has two direct product components. There are some other possible

quasiparabolic subgroups besides the previous ones.
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o For H = (Fy xF3) x (K4 x (AS4)) generated by (1 2)(3 4), (1 3)(2 4), (12)(34), (12)(1"2),
(23)(2"3), (34)(3' 4") and (1 2)(1' 2'), H is quasiparabolic in W = Dyx By or W = Dy x Dy.

o For H = (Fy xFy) x (K4 x(ASy)) generated by Ky x (ASy) acting on 1,2,3,4 and 1',2',3", 4/,
and the 2-rotations (1 2)(3 4) and (1’ 2/)(3' 4), H is quasiparabolic in W = Dy x Dy.

o For H = (F3 x F3) x (K4 x (ASy)), where the subgroup F3 acts on symbols 1,2,3,4 and F3
acts on symbols 1',2',3',4', H is quasiparabolic in W if W1 acting on symbols 1,2,3,4 and
Wy acting on 1',2',3',4" has type B or D, with two possible double cover reflection classes

(1)— when W1 has type B, and (1')_ when Wa has type B.

o For H = F} x (K4 x (ASy)), which is generated by K, x (ASy) acting on 1,2,3,4 and
1,2/,3,4', and the 2-rotation (1 2)(1' 2/), H is quasiparabolic in W = Dy x Dy.

Example 26. Assume that the A-image Hy of H is PGL(3,2). If W = B, the quasiparabolic
subgroups are H = PGL(3,2) in A form, or H = F§x PGL(3,2) in D form, or H = F§x PGL(3,2)
in B form. When W = D,,, H = F§ x PGL(3,2) will not be a subgroup of W, while H = F3 x
PGL(3,2) in even-special-D form with sign changes on the symbols {1,...,7}, is a quasiparabolic
subgroup of W.

Example 27. Assume that the A-image Hy of H is AGL(3,2). If W = B, the quasiparabolic
subgroups are H = AGL(3,2) in A form, or H = F5x AGL(3,2) in D form, or H = F§ x AGL(3,2)
in B form. When W = D,,, H = F§ x AGL(3,2) will not be a subgroup of W, while H = F3 x
AGL(3,2) in even-special-D form with sign changes on the symbols {1,...,8}, is a quasiparabolic
subgroup of W.

Example 28. Assume that the A-image Hy of H is Dilyg. When W = B,, or W = D, the
quasiparabolic subgroups are H = Dilyy in A form, or H = F3x Dilyo in D form, or H = F3 x Dilyo

in B form.

Example 29. Assume that the A-image Ha of H is Alts in Symg. When W = B,, or W = D,
the quasiparabolic subgroups are H = Alts in A form, or H = F3x Alts in D form, or H = F§ x Alts

in B form.
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3.6 A class of quasiparabolic subgroups which have index 4

in the centralizer of the minimal fixed-point-free involu-
tions of Ds,

We denote by H= IE‘EFI X By, the centralizer of the minimal fixed-point-free involutions of Dsy,,
and by H = FS_Q x By an index 4 subgroup of H, generated by the B; on the n pairs of symbols,
and Ili'g’_2 by allowing sign changes on even pairs of symbols acted on by B, .

From Theorem 4.3 in [14], His a quasiparabolic subgroup of W = D, i.e., the left cosets of
H in W form a quasiparabolic W-set.

We will directly write down the standard minimal representative w of the left coset wH, and
wH, and find the relationship between the two W-sets W/H and W/H.

Recall that for any w € W = Da,,, the length of w is given by [2]

Ww) =[{(G7) : 1 <@ <j < 2n,w(i) > w4+ K@ 7)1 <i <j <20 —w(i) >wf)}. (3.1)
Note that given an element w in the left coset wH, w has n blocks (w(1),w(2)),..., (w(2n —

1),w(2n)). The following w’ € W still gives w'H = wH.

w(i)  ifi£25—1,25
o w' (i) = w(27) ifi=2j—1 by switching the two symbols within one block;
w(2j —1) ifi =25

w(i)  ifi#£2j—1,25,2k— 1,2k

w(2k — 1) ifi=2j-1
o w'(i) = w(2k) if i = 2j by switching two blocks;
w(2j — 1) if i =2k — 1
w(2)) if § = 2k

. w(i) ifi#2j—1,2j . . .
o w'(i) = by changing the signs of the two symbols in one block.
—w(i) ifi=2j-1,25

Now we may describe the standard form of a minimal representative w in a left coset wH.

Definition 14. For w € W = Day,, a block (w(2i — 1), w(2i)) is in unit-form if w(2i) > |w(2i —
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1)| > 0. If a block is not in unit-form, then their unit-form (Uw(2i — 1),Uw(2i)) is the image
(wa(2i — 1), wa(2i)), with the composition action under a € Ky, where K4 is a group generated
by reflections (2i — 1 2i) and (2i — 1 2i), and the two signed symbols wa(2i — 1), wa(2i) satisfying
wa(2i) > |wa(2i — 1)] > 0. A block (w(2i — 1), w(2i)) is smaller than (w(25 — 1), w(2j)) if and
only if the smaller signed symbol in the unit form of (w(2i — 1),w(2i)) is smaller than that of
(w(2j — 1),w(24)), i.e., min{Uw(2i — 1), Uw(2i)} < min{Uw(2j — 1),Uw(2j)}.

Proposition 19. Any left coset wH will contain a minimal representative in the following form.:

o In each block, w(2i — 1), w(2i) satisfies w(2i) > |w(2i — 1)| > 0, i.e., (w(2i — 1), w(2i)) is in

unit-form.
o The blocks are arranged so that w(l) < w(3) < ... <w(2n —1).

Proof. By (possibly) switching the two symbols within one block and changing the signs of the two
symbols within one block, we are able to assume w(2i) > |w(2i — 1)| > 0. By sorting the blocks,
we are able to assume w(1) < w(3) < ... < w(2n —1). So there exists an element w as described
in Proposition 19 in every left coset wH.

The remaining task is to show the elements in Proposition 19 are minimal representatives of
wH. In fact, from (3.1) for the length of w in W = Dy, w(i) > w(i+1) <= w > wsg,_;, where
Son—i = (i 9+ 1). So the minimal representative element w must satisfy w(2i) > w(2i — 1) for each
block. In addition, by allowing sign changes of the two symbols in one block (and possibly switching
the two elements within the block) we may force w(2i) > |w(2i — 1)| > 0 without increasing the
length. Also, for any two neighboring blocks w(2i — 1), w(2i) and w(2i+ 1), w(2i +2), if w(2i+2) >
|w(2i +1)] > 0 and w(2i + 1) > w(2i — 1), then switching these two blocks without changing
the signs and the order of two symbols within each block, will not decrease the length. Thus, for
any representative w’ € wH, if we arrange the n blocks so that w(1) < w(3) < ... < w(2n — 1),
and w(2i) > w(2i — 1) as in the form of Proposition 19, we will not increase the length of the

representative. Thus, wH contains such a minimal representative w. O

Next, we will describe the minimal representative wg in a left coset wH, which is obtained

similarly to that in wH.

Proposition 20. Any left coset wH will contain a minimal representative wq in the following form:
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o In each block, when i > 2, wo(2i — 1), wo(2i) satisfies wo(28) > |we(2i —1)| > 0, i.e., (wo(2i—
1), wo(24)) is in unit-form.

e The blocks are arranged so that max{min{wg(1),wo(2)}, min{—wo(1), —we(2)}} < wp(3) <
o <wo(2m —1).

Proof. The subgroups H allow all operations in H with some more restrictions:
e The number of operations that switch the two symbols within one block should be even.

e The number of operations that change the signs of the two symbols in one block should be

even.
For any element w in wH, when ¢ > 1, we may apply the operations as follows:
o If w(2i —1) > |w(2i)| > 0, then switch w(2i — 1), w(2¢) and also switch w(1), w(2);

o If —w(2i — 1) > |w(2i)] > 0, then switch w(2i — 1), w(2¢) and also switch w(1),w(2), and

change the signs of the four symbols;
o If —w(2) > |w(2i—1)| > 0, then change the signs of the four symbols w(2i—1), w(2i), w(1), w(2).

From (3.1), all these three operations will not increase the length of w. Similar to the case of wH ,
we will be able to arrange the blocks with w(2i) > |w(2i — 1)| > 0, for all > 2.

Similar to the case in Proposion 19, switching two neighboring blocks w(2i — 1), w(2¢) and
w(2i + 1), w(2i 4+ 2) will not increase the length, if each block has unit-form and w(2i — 1) >
w(2i + 1). Also, we can switch the first block and second block and set the second block in unit
form, without increasing the length, so that max{min{w(1),w(2)}, min{—w(1), —w(2)}} < w(3).
Thus any element w in wH can be switched to the given form in the proposition under the operations

above, without increasing its length. O

Now we are able to prove the quasiparabolicity of the subgroup H in W.
Theorem 15. The subgroup H is quasiparabolic in W = Day,,.

Proof. From the form of the minimal representatives of w; in wH, w; will have exactly one of the
four forms related to minimal representative wg in wH: wy, wo(1 2) = wosan_1, wo(l 2) = wosan,
or wo(1)-(2)- = wpS2n—182,. Denote the four forms above as the Ky-forms of w;. Which one of

the four forms is determined by the relation of w(1),w(2) in the first block:
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o If wy(2) > |wy(1)] > 0, then wy = wy;

o If wi(1) > |w1(2)] > 0, then wy = wpsap_1;

o If —wi(1) > |w1(2)] > 0, then w1 = wpsan;

o If —wy(2) > |wi(1)] > 0, then wy = wpSan—152n.

We will be able to write W/H = W/H x K4. For wH = (wH,a), where a € K; = {1,(1 2) =
Son—1,(12) = s2,, (1)—(2)— = S2_152n}, the height is given by ht(wH) = ht((wH,a)) = ht(wH)+

{(a). In addition, the action of the simple reflections s; € S is given as follows:

e When1<i<n-—1,s; = (2n—1i2n—i+1), if there exists some j s.t., {w(2j — 1), w(2j)} C
{x(2n —1i),£(2n —i+ 1)}, ie., s;wH = wH, then

- (wH, (1 2)a) if w(2j — 1) and w(2j) have the same sign;
siwH = s;(wH,a) = s
(wH,(12)a) if w(2j —1) and w(2j) have distinct signs.

While if s;wH # wH, then we may possibly switch two neighboring blocks, if their minimal
symbols are 4(2n — 4) and £(2n — i + 1) respectively. Then s;wH = s;(wH,a) = (s;wH, a).

e For the simple reflection so, = (1 2), if sonwH = wH, then

(wH,(12)a) if w(2j — 1) and w(2j) have the same sign;

SonwH = so,(wH, a) = R
(wH, (1 2)a) if w(2j —1) and w(25) have distinct signs.

While if sopwH #* wH , then the two symbols 1,2 must be minimal symbols in their blocks
(in unit-form), and these two blocks are neighbor to each other in the minimal representative
form. So we only need to possibly switch these two blocks and keep all but the smallest block

in unit-form, without changing the K4-form of w. Thus ss,wH = SQn(wH7 a) = (sznwﬁ, a).
From the action of the simple reflections, we will be able to write down the action of general reflection
t = (i j) on left cosets W/H = W/H x K. If twH = wH, then twH = t(wH,a) = (wH, ta), where

. (12)a  if (i, has same signs) xor (w=1(i),w~'(j) has distinct signs);
a =

(12)a if (4,7 has distinct signs) xor (w=1(i),w™1(j) has distinct signs);
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If twH # wH, when 4, j have the same signs (i < j), then

t=(17) = Son—j—152n—j—2 - - - S2n—it152n—iS2n—i41 - - - S2n—j—1-

Suppose b; is the signed symbol so that for some 1 < k; < n, {w(2k; — 1), w(2k;)} = {b;,4} or
{w(2k — 1),w(2k)} = {b;, —i}. (Similar definition for b;.) If |i| < |b;j| < |j|, then if w(2k; —
1), w(2k;) have the same signs, then the block {w(2k; — 1), w(2k;)} contributes a multiplication of
(1 2) in the K4 part; if w(2k; — 1), w(2k;) have distinct signs, then the block {w(2k; — 1), w(2k;)}
contributes a multiplication of (1 2) in the K4 part. A similar contribution is made by the block
{w(2k; — 1), w(2k;)} in the K, part.

When 4, j have distinct signs (|i] < |j]), then

t=(ij)=Som—i-1-.- S2n—182n—j—1---52n—252nS2n—2 - - - S2n—j—152n—1 - - - S2n—i—1-

Also denote b; and k; as before. If |b;| < |i| < |j], then the block {w(2k; — 1), w(2k;)} contributes
a multiplication of (1 2)(1 2) in the K4 part. A similar contribution is made by w(2k; — 1), w(2k;)
in the K part.

If |i] < |b;| < |j], then the block {w(2k; — 1), w(2k;)} contributes a multiplication of (1 2)
(or (1 2)) in the Ky part, if w(2k; — 1), w(2k;) have distinct signs (or the same sign). However,
the block {w(2k; — 1), w(2k;)} contributes a multiplication of (1 2) (or (1 2)) in the K4 part, if
w(2k; — 1), w(2k;) have the same sign (or distinct signs).

Now we are able to verify the quasiparabolic property of H, with the aid of the quasiparabolicity
of H.

First we prove a lemma

Lemma 3. Suppose t € T(W) is a reflection, H and H are as before. If twH > wH, then
twH > wH.

Proof. Let wH = (wH,a) € W/H x K. Suppose twH > wH and twH < wH. Then the difference
of the height of twH and wH from the K, part must be at least 2. Then the K, part of wH must
be the identity, and the K, part of twH must be (1 2)(1 2). From the argument above for the

action of ¢ on the K4 part, there are only the following possible cases:
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e t = (i j), where 4,j have the same sign. [i| < b;,b; < [j], and exactly one block {w(2k; —
1), w(2k;)} and {w(2k; — 1), w(2k;)} have the same sign.

If the block {w(2k; — 1), w(2k;)} have the same sign, then by Proposition 19, since wH has
unit-form in the Ky part, we may assume b; < 0, 0 < i < b; < j, k; < k;. However,
twH < wH in this case, which is impossible.

If the block {w(2k; — 1), w(2k;)} have the same sign, then by Proposition 19, since wH has
unit-form in the K, part, we may assume 0 < b;,b; < j, k; < k;, but ht(twH) —ht(wH) > 3,

forcing twH > wH. A contradiction is achieved.

e When t = (i j), |i| < |bi],]bj] < |j], and 0 or 2 blocks {w(2k; — 1), w(2k;)} and {w(2k; —
1),w(2k;)} have the same sign.
If 2 blocks have the same sign, by Proposition 19, we may have 0 < i < b;,b; < j and k; < kj,
then ht(twH) — ht(wH) > 3, forcing twH > wH, which is impossible.
If no blocks have the same sign, we may have k; < i < 0 < k; < j, and k; < k;. Then

ht(twH) < ht(wH), which is impossible.

e Assume ¢ = (i j), and one of |b;|, |b;| is smaller than |i|, and the other is larger than |j|. Then
twH = t'wH, where t' = (b; b;) or t = (b; b;), which we have discussed in the previous two

cases.
In sum, all the cases above are impossible. So when twH > wH, we must have twH > wH. O

In fact, W/H = W/H x K, is an even W-set, so we only need to verify QP2: If ht(rwH) >
ht(wH) and ht(srwH) < ht(swH), then rw = sw.
From the lemma, we are able to see that ht(rwH) > ht(wH) and ht(srwH) < ht(swH).

o If ht(rwf{) > ht(wf[), by the quasiparabolic property of H, we have ht(srwﬁ) < ht(swﬁ),
and rwH = swH. In addition, the K, part of swH is equal to that of wH. Suppose
s = (i i+ 1), then r switches the two symbols b;, b;11.

If b;, b;+1 have the same sign, then r = (b; b;11), and we will not change the K, part of wH.

If b;, b;+1 have distinct signs, then r = (b; b;11), and we will not change the K, part of wH,

too.
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o If ht(rwﬁ) = ht(wf{), then rwH = wH and srwH = swH. Note that the actions of 7 and s
on the K, part commute, and the action of s on the K, part for rwH and wH are the same.

So by rwH > wH, srwH < swH, we have rwH = swH.

The quasiparabolic property of H can thus be derived from the quasiparabolic property of H in
W = Day,. O

3.7 Quasiparabolic subgroups of products of finite Coxeter
groups

We have studied all the indecomposable quasiparabolic subgroups H in finite classical Coxeter
groups W. Since all quasiparabolic subgroups H are rotation subgroups or their simple double
covers, and by operations in Example 2 and 8, all components in the double cover product H
should be quasiparabolic, we see that any quasiparabolic subgroups will be double cover products
of these smaller quasiparabolic subgroups.

In addition, we will prove H will be a simple double cover product of the smaller quasiparabolic

subgroups.

Proposition 21. Suppose Hy and Hs are two quasiparabolic subgroups in a finite classical Cozeter
group W, and Hi and Hs act on disjoint symbol sets. If r1 and ro are representatives of double
cover reflection classes of Hy and Hy respectively, and at least one of them is in a simple double
cover reflection class, then the double cover product H of Hy and Hs with reflection rire is not

quasiparabolic.

Proof. If exactly one of r; and r, is in a simple double cover reflection class, then if H is quasi-
parabolic, the double cover H = H; x Hy of H with r (or identically with r3), is also quasiparabolic.
Then the double cover H 1 and I—jg of Hy and H> with reflections r; and r9 are quasiparabolic. How-
ever, one of H, and H, does not have simple reflections, so it is not quasiparabolic by Lemma 2.12
in [14]. By this contradiction, H is not quasiparabolic if exactly one of r1 and 75 is in a simple
double cover reflection class.

If none of r; and r9 is in a simple double cover reflection class, then if r; and ro are in distinct

direct product components of W, we are able to apply the operations in Example 2 and 8 to delete
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the symbols not acted by r1, and reduce r; to a simple reflection. This will be (1 2) if r; is in
component of type A; (1 2) or (1 2) if ry is in component of type D; (1 2) or (1)_ or (1 2) if ry is
in component of type B. If r| is operated to (1 2), we may assume (1 2) is in component B, then
(1 2) is equivalent to (2)_ in Bs, which can be operated to (1)_ by Example 8. As long as r; is
operated to a simple reflection, then by the same argument as in the paragraph above, we are able
to show the group obtained from H is non-quasiparabolic, thus H is also non-quasiparabolic.

If r1 and 7y are in the same direct product component of W, first by the consecutive property
of the orbit, we may assume that the two symbols a1, b; acted by r; are both smaller than the two
symbols as, by acted by ro. Then we may also apply the operations in Example 2 and 8 to delete
the symbols less than as, by other than aq,bq,, and transform r; to simple reflection, or delete all
symbols other than ay, b1, as, b, and get a non-quasiparabolic A(Z/2Z) generated by (1 2)(3 4) or
(12)(34) in By. So H can not be quasiparabolic.

In summary, if a double cover product of two quasiparabolic subgroup is still quasiparabolic, it

should be a simple double cover product. O
Now we list all indecomposable quasiparabolic subgroups in finite classical Coxeter groups W.

Theorem 16. All quasiparabolic subgroups H are the simple double cover products of the following
quasiparabolic subgroups, their images of the following inductive Cozxeter homomorphisms and the
even subgroups of their pre-images of following projective Coxeter homomorphisms.

The quasiparabolic subgroups are listed as follows:

e Trivial group in Ay, By or Do;

Altk mn Akfl,‘

By in Agi—1 generated by (20 — 1 24)(2j — 1 27) and (20 — 1 2§ — 1)(2i 2j), or generated by
(i2k+1—0)(j 2k +1—7) and (i )2k +1—i 2k +1—5);

FA=1 5 BY in Dy, generated by (2i—1 23)(2j —1 27), (2i—1 25 —1)(2i 25), and (2i—1 2i)(2j —
1.2j);

F5 % By in Bay, generated by (2i—1 2i)(25—125), (2i—1 2j—1)(2i 2j), and (2i—1 2i)(2j—1 2j);

Fy x Alty in Dy generated by (1 2 3), (2 3 4) and (1 2)(3 4);
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PGL(3,2) in Ag generated by quasiparabolic B in Sg generated by (2i —1 2¢)(25 — 1 25) and
(26 — 1 25 — 1)(2i 25), and 2-rotation (1 3)(5 7);

F3 x PGL(3,2) in Dy generated by quasiparabolic PGL(3,2) in S7, and 2-rotation (1 2)(3 4);

AGL(3,2) in A; generated by quasiparabolic By in Ss generated by (2i —1 2i)(2j — 1 25) and
(26 — 1 25 — 1)(2i 24), and 2-rotation (1 3)(5 7);

F3 x AGL(3,2) in Dg generated by quasiparabolic AGL(3,2) in Ss, and 2-rotation (1 2)(3 4);
Dilyg in Ay generated by (1 2)(3 4) and (2 3)(4 5);

Twisted Alts in As generated by (1 2)(3 4), (2 3)(4 5) and (3 4)(5 6);

Hj in Dg generated by (1 2)(3 4), (2 3)(4 5) and (1 2)(5 6);

Dilg in Bs generated by (1)-(2 3) and (2)_(1 3);

Dilyg in By generated by (1 2)(3 4) and (2 3)(1)—;

ASy in Ap_1 X Ag_1 generated by (i 5)(i' §');

ADjy, in Dy x Dy, generated by (i 7)(i' ') and (1 2)(1" 2);

ABy, in By X By generated by (i j)(i' j') and (1)_(1")_;

Ky % (AS3) in Az X Ag generated by quasiparabolic ASs in Ag x As, and 2-rotation (1 2)(3 4);

Fo x (K4 x (AS3)) in Dy x As generated by quasiparabolic K4 x (ASs) in Az X Ay, and
2-rotation (1 2)(3 4);

F3 x (K4 x (AS3)) in Dy x D3 generated by quasiparabolic Fo x (K4 x (AS3)) in Dy x Ay and
2-rotation (1 2)(1" 2');

Ky x(ASy) in Az x Az generated by quasiparabolic ASy in Az x As, and 2-rotation (1 2)(3 4);

Fy x (K4 x (ASy)) in Dy X Az generated by quasiparabolic Ky x (ASy) in Az x As, and
2-rotation (1 2)(3 4);

(F%) x (K4 x (ASy)) in Dy x Dy generated by quasiparabolic Fo x (K4 x (ASy)) in Dy x As,
and 2-rotation (1’ 2')(3' 4');
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o (F3) x (K4 x (ASy4)) in Dy x Dy generated by quasiparabolic (F3) x (K4 x (AS4)) in Dy x Dy,
and 2-rotation (1 2)(1' 2/);

The inductive Cozeter homomorphisms are listed as follows:

o Ay X W' — Ay x W';

B, xW' = By x W';
e Dy xW' — Dpyy x W5
o Ay, XA, xW' = Ay yn,r1 X W5
o By, X Ap, x W' = By in,t1 X W5
e Dy, X Apy, X W' = Dy ynpy1 X W
The projective Coxeter homomorphisms are listed as follows:
e B, xW' — A,_1 xW;

o D, xW = A,,_1 xW'.
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Chapter 4

The Kazhdan-Lusztig Theory of
Quasiparabolic Subgroups

4.1 Hecke algebra modules of quasiparabolic sets

In this section, we recall some basic results and notation about Hecke algebra modules of quasi-
parabolic sets. The Hecke algebra Hy (q) of a Coxeter system (W,S) is the Z[g]-algebra with

generators T'(s) for s € S with relations [10]

T ()T (w) =T (sw), if I(sw) > l(w);

T(s)> =(¢—1)T(s) + qT(1).

The Hecke algebra Hy (g) has a basis T(w) for w € W. We are able to define the Kazhdan-

Lusztig bar operator T(w) = (T(w™!))~!, and expand T'(w) as the linear combination of T'(x)

with x < w over Z[q,q~ '] with g = ¢~ [10].

T(w) = ewgy' Y €2Rew(@)T(x), (4.1)

rz<w
where R, ., € Z[q] is a polynomial of degree I(w) — I(z) in ¢, and R, . (q) = 1, €, = (=1)"*) and
qw = ¢"*). From the existence of the R-polynomial of Hyy (q), we are able to build Kazhdan-Lusztig

theory. See [7].
For a quasiparabolic W-set X, we are able to define Hy (g)-modules Hi: (q) with a basis 2 € X
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as follows:

Definition 15. [14] Let T(X) be the free Z[g]-module with basis T'(x) for x € X. For s € S, define
endomorphisms Ty (s) of T(X) by

T(sx) ht(sx) > hi(z);
Ty(s)T(z) = exT(x) hi(sxz) = hi(z); (4.2)
(g — DT (x) + qT(sx) hi(sx) < ht(x).

Here e = q and e— = —1 are the action of the generators T(s) of Hw(q) under the trivial
representation 1 and the sign representation 1_. Then the map T(s) — Ty(s) gives T(X) a
Hy (q)-module structure, denoted by Hx(q).

We are also curious about building the Kazhdan-Lusztig theory on H)i( (¢), however, the existence
of the R-polynomial is not known in general. Assuming the existence of the R-polynomial, an
analogue Kazhdan-Lusztig theory can be derived. See [12].

In fact, the existence of the R-polynomial is equivalent to the following conjecture.

Conjecture 1. [14] Let H C W be a quasiparabolic subgroup, and (W/H)~ denote the scaled
W-set (W/H,—ht). Then there is an isomorphism with coefficients in Z[q,q~!]

Hyy () = Hy - (@) (4.3)

of Hw (q)-modules in which T*(H) maps to T*(H).

Equivalently, this isomorphism exists iff the annihilator of T+(H) in Hwmy=(H) is mapped
into the annihilator of T*(H) in H oy myw(H) by the Hecke algebra bar operator in Hyw (q).

In other words, suppose wi and ws are both minimal representative of the left coset wH, then

T(w)) Ty (H) = T(ws) Ty (H), and T(wy)T-(H) = T(ws)T_ (H).

In [4] and [5], Deodhar studied the Hecke algebra module for standard parabolic subgroups W;
in W, and developed the analogues of R-polynomials and Kazhdan-Lusztig theory. Note that for

Twy, where w; € Wy, and w' is the unique

any w € W, there is a unique decomposition w = w
minimal representative of the left coset wWW;. So the existence of the bar operator of the Hecke
algebra module for a standard parabolic subgroup W7 is trivial. Another motivating example of a

quasiparabolic set is the set Z of perfect involutions in W7, where W7 is the semidirect product
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of W by the Coxeter automorphisms of W. In this case, the K-L bar operator for its Hecke algebra
module also exists [12].

Now we consider other quasiparabolic sets.

4.2 The existence of K-L bar operator for Hecke algebra
modules of quasiparabolic subgroups in finite classical
Coxeter groups

By Proposition 7.4 in [14], if a quasiparabolic W-set X and a W’-set X’ have K-L bar operators
on their Hecke algebra modules, then so does the quasiparabolic W x W'-set X x X'.

By Theorem 7.6 in [14], if H is a quasiparabolic subgroup of W;, and the Hecke algebra module
Hyy, /g has a K-L bar operator, then so does the Hecke algebra module Hyy /g, by the isomorphism

of the induced representation

H H
Hwymy+(q) ~ IndHf‘ES)H(WI/H)Jr(Q) ~ IndHfV(,g)Q)HwI/H)— (¢) =~ Howym-(q)

from

Hw, my+(2) =~ How, ymy- ()

Also, by Lemma 7.9 in [14], the annihilator Iy, g of T(H) in Hyy g (q) is generated by T'(w) —
T'(w'), where w and w’ are distinct minimal representatives of the left coset wH. In addition, Iy, g
can be generated by the elements T'((st)*/?w) and T'((ts)*/?w), where (st)*/?w and (ts)*/?w are
two distinct minimal representatives of (st)*/2wH. Here (st)*/?wH is the maximal point of the
(s, t)-orbit of wH, and wH is the minimal point of the (s, t)-orbit of wH.

Now we are able to prove that the quasiparabolic A(W) in W x W has a Kazhdan-Lusztig bar

operator in its Hecke algebra module.
Proposition 22. The Hecke algebra module H gy ww)/aw) has a Kazhdan-Lusztig bar operator.

Proof. Suppose the first W = W; has simple reflections S = {s1,...,s,}, and the second W = Wy

has simple reflections S’ = {s},...,s),}. Note that all left cosets wA(W) has minimal repre-

r n

sentatives w € Wi, and (W x W)/A(W) ~ W(= W;) as a W(= Wj)-set. For the generators
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T((st)*/?w) — T((ts)*/?w) in the annihilator of T(H), (H = A(W)) we may assume w € Wy. If s
or t is in Ws, then they commute with all w € W7, and thus we may move s or t to the right of
(st)*/2w and get so or to in Wy such that soA(W) = sA(W), toA(W) = tA(W).

Then T((st)*/2wH)—T((ts)*/2wH) = T(wy H)—T (wo H), where wy, ws € Wy, and (st)*/?wH =
w1 H, (ts)k/2wH = wo H. From the existence of the K-L bar operator in the W-set W, we know
T(wiH) —T(weH) = 0, thus T((st)k/2w) — T((ts)*/2w) also lies in the annihilator of T(H). So the

Hecke algebra module Hw «xw)/aw) has the Kazhdan-Lusztig bar operator. O

Besides, the following lemma may also be useful to reduce the number of generators in the

annihilator of T(H) we need to check, when we try to prove the existence of the K-L bar operator.

Lemma 4. Consider a Coxeter group W, and a subgroup H is quasiparabolic in W. Suppose Wy
is a standard parabolic subgroup of W, and Hy = WyNH. If |W/H| = |W;/H| < oo, then for any
w € Wy, if w is a minimal representative of wHy in Wi, then w is also a minimal representative
of wH in W. Thus the Hecke algebra modules Hyy, i, (q) and Hy,p(q) are isomorphic as Hyy, -

modules.

Proof. This follows directly from the deletion criterion of quasiparabolic subgroups (Corollary 2.8
in [14]). All minimal representatives w of wH; in W; will be automatically become minimal
representatives of wH in W. The condition |W/H| = |W;/Hr| < oo ensures that no more left
cosets exist in W/ H other than those in W/ Hj. O

Now we are able to prove if the Hecke algebra module of a quasiparabolic subgroup H in W has
a K-L bar operator, then so does the Hecke algebra module for the pre-image ¢~1(H) of H under

a projective Coxeter homomorphism ¢, if W is a subgroup of its pre-image ¢~(W).

Proposition 23. Suppose ¢ : W1 — Wy is a projective Cozeter homomorphism, and the short
exact sequence

1 — ker(¢) > Wy — Wy — 1

splits. Let Ho be quasiparabolic in W, and let Hy = ¢~ *(Hs) be the pre-image of Hy. Suppose the
Hyy,(q)-Hecke algebra module Hyy,,m,(q) has a K-L bar operator. Then the Hy, (q)-Hecke algebra
module Hyy, /i, (q) has a K-L bar operator.
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Proof. The Wy-sets Wo/Hy and W1 /H; are isomorphic. Since W5 can be viewed as a subgroup of
W1, then for any generators T'((st)*/?wH,) —T((ts)*/?wH,) of the annihilator of T'(H,) is Hy, /-

The elements s,t,w can be projected to W5 and

T((st)*/?wHy] = T|(ts)*>wH)]| = T((¢(s)$(t))*/2p(w) Ha] — T[(4(t)d(s))*/2d(w) Ho],

where ¢(s), d(t), p(w) € Wa, and (¢(s)p(t))*/2d(w)Ha = (¢(t)$(s))*/?¢(w)Hy. By the existence of
the K-L bar operator of Hyy,,p,,

T((¢(s)d(t))*/2d(w) Ha] — T[(¢(t)$(5))*/*¢(w) Ha] = 0.

So Hyw, /u, also has a K-L bar operator. O

In [12], Marberg proved that a quasiparabolic (X, ht) admits a K-L bar operator if and only
if its even double cover (X,ht) admits a bar operator. Using a similar idea, we will show that a
quasiparabolic (W/H, ht) admits a K-L bar operator if and only if its double simple cover (W/H, ht)

admits a K-L bar operator.

Theorem 17. Suppose H is quasiparabolic in W and Hisa simple double cover of H with simple
reflection t. Then a quasiparabolic (W/H, ht) admits a K-L bar operator if and only if (W/H, hi)

admits a K-L bar operator.

Proof. We follow the proof of Theorem 3.3 in [12].
Define a W x Aj-set (W/H x Fy, ht') as follows:

and

The W x Aj-action on (W/H x Fa, ht') is as follows: For s € S(W), if swH # wH, or swH = wH,
then s(wH,a) = (swH, a).

Otherwise if swH = wH and swH # wH, then s(wH,a) = (swH,a +1).

For s € Ay, s(wH,a) = (wH,a +1).



72

So for any (w1, a;) € W x Ay, its action on W/H x Fs is given by (w1, a1)(wH, a) = (wywH, a+
a1 + 6), where

0 if ht(wywH) — ht(wH) = ht(wywH) — ht(wH) (mod 2),
1 if ht(wywH) — ht(wH) = ht(wywH) — ht(wH) + 1 (mod 2).

6:

We will next check that (W/H x Fa,ht') is a quasiparabolic W x A;-set.

Lemma 5. The W x A;-set (W/H x Fo, ht') is quasiparabolic.
Proof. We check the two conditions in the definition of quasiparabolic subgroups.

o Ifr € R(WxA;) = ROW)UR(A,), and ht'[r(wH, a)] = ht'[(wH , )], we will verify r(wH,a) =
(wH, a).
In fact, if ht'[r(wH,a)] = ht'[(wH, a)], we must have r € R(W). We will prove rwH = wH.
Otherwise, without loss of generality, we may suppose rwH > wH, then from ht'[r(wH, a)] =
ht'[(wH, a)], we will have a = 1, r(wH,a) = r(wH,1) = (rwH,0), ht(rwH) = ht(wH) + 1,
and ht(rwH) = ht(wH) (mod 2). Since ht(rwH) —ht(rwH) and ht(wH) —ht(wH) are equal
to 0 or 1. So ht(rwH) — ht(wH) is equal to 0 or 2.
If ht(rwH) = ht(wH), then since H is quasiparabolic in W, we have rwH = wH, and then
rwH = wH.
Otherwise, ht(rwH) = ht(wH)+2, and then ht(rwH) = ht(rwH)—1 and ht(wH) = ht(wH).
So ht(rwtH) = ht(rwtH) and ht(wtH) = ht(wtH) — 1. We will get ht(rwtH) = ht(wtH),
then rwtH = wtH, forcing rwH = rwtH = wtH = wH.

So QP1 holds for the W x Aj-set W/H x Fy.

eIf r € R(OW x A)) = R(W)U R(Ay), s € S(W x Ay), ht'[r(wH,a)] > ht'(wH,a) and
ht'[sr(wH , a)] < ht'[s(wH, a)], we will verify r(wH,a) = s(wH, a).
Ifr € R(W)and s € S(W), from ht'[r(wH, a)] > ht'(wH,a) and ht'[sr(wH , a)] < ht'[s(wH, a)],

we know that rwH > wH and srwH < swhH.

* If one of these equalities holds, then the other also holds. In this case, a = 0, r(wﬁ, a) =
r(wH,0) = (wH,1), and sr(wH,a) = sr(wH,0) = s(wH,1) < s(wH,0). Thus
s(wH,a) = s(wH,0) = (wH,1) = r(wH, a).
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* If none of the equalities hold, then rwH > wH and srwH < swH. Since H is
quasiparabolic in W, we have rwH = swH. Note that ht/[r(wf{,a)] - ht'(wﬁ,a) =
ht(rwH,a) —ht(wH,a) = 1 and ht'[s(wH, a)] — ht'[sr(wH, a)] = swH — srwH =1, so
the Fy part of r(wH,a) and s(wH,a) are all equal to a. Then r(wH,a) = s(wH, a).

e If r € ROW) and s € S(A;), then ht'[r(wH,a)] > ht'[(wH,a)] and ht'[r(wH,a 4+ 1)] <
ht'[(wH, a + 1)]. So we must have r(wH,a) = (wH,a + 1) = s(wH, a).

o If 7 € S(A;) and s € S(W), then ht'[(wH,a + 1)] > ht'[(wH,a)] and ht'[s(wH,a + 1)] <
ht'[s(wH, a)]. So s(wH,a) = (wH,a+1) = r(wH,a).

e If r € S(A;) and s € S(A,), then r(wH,a) = (wH,a + 1) = s(wH, a).
O

We now go back to the proof of Theorem 17. For any w € W where w is a minimal representative
in wH, if w is also a minimal representative in wlfl, then wH = (wlfl, 0). Otherwise, wt is a minimal
representative in wH, then wH = (wH, 1).

So (W/H, ht) is isomorphic to (W/H x Fy, ht') as W-sets.

Now it is obvious how to construct Hecke algebra modules H y z,5,)=(q) over Hwxa,(q).
Note that since sg € A; commutes with all elements in w € W, H(W/Hxﬁg)i<q) admits a K-L bar
operator if and only if Hy, g+ (g) admits a K-L bar operator.

In addition, we have injective homomorphisms of Hy (¢)-modules [12] and [14], from H vy, )+ (q)

T(W/g)+(wH) — (T(so) — e,)T(W/ng2)+((wH7O));

Towy iy~ (wH) = (T(s0) = €4)T v g,y + (wH, 0)).

Note that T'(sg) —e— and T'(sg) — €4 are bar invariant in Hy x 4, (¢), and commute with all elements
in the subalgebra of Hy (q). So if H(W/ﬁxbﬁ(q) has a K-L bar operator, then H(W/g)i(q) also
has a K-L bar operator.

For the reverse direction, suppose H, (Wi (¢) admits a K-L bar operator, and note that

Towyiny+H) = Ty - (H) = (64 — €< )Ty g+ (H,0)) = (@ + DTy 10w, + (H, 0)).
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If H ) iy« (q) admits a K-L bar operator, note that for any (w1H,a) = (weH,a) € W/H x Fa,

Thus

T((wlva))T(W/ﬁxF2)+((H7O)) = T'((w2, a))T(W/ﬁxF2)+((H7 0)),
and H v,/ g, )+ (¢) also admits a K-L bar operator. O

By Theorem 17, since the centralizer ]F’Qc X By, of the minimal perfect involution in Dsy, is obtained
by applying the simple double cover twice with reflections (1 2) and (1 2) on the subgroup F’;fl X B,
and the Hecke algebra module of F5 x By in Ds,, admits a K-L bar operator [12], we are able to
conclude that the quasiparabolic subgroup F’;‘l x By also admits a K-L bar operator.

Recall that the stabilizer of the minimal perfect involution (and its even subgroup), has a K-L
bar operator for its Hecke algebra module [12]. The quasiparabolic subgroups Bj in Ag,_1 and
F5 x Bf in Bay, will both have bar operators for their Hecke algebra modules.

In addition, the operations of taking simple double covers and double cover products also pre-
serve the property that the corresponding Hecke algebra module admits a K-L bar operator.

Now all the indecomposable components listed in Theorem 16, which can be arbitrary large,

including
[ Altk in Ak—l;
[ BZ in Agk_l;

F5~1 % BY in Doy;

F5 x BY in Bo;

ASk in Ak,1 X Akfl;

ADk in Dk X Dk;
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° ABk in Bk X Bk,

admit K-L bar operators for their Hecke algebra modules.

For the remaining cases, we only need to check T'((st)*/2wH) = T((ts)*/2wH), for all the
generators T'((st)*/?w) — T((ts)*/?w) of the annihilator Iy g of T(H).

We will next prove a lemma that will help us to reduce lots of discussion for the remaining cases.

Lemma 6. Suppose W, H, Wy, H; satisfy the same conditions as in Lemma 4. In addition, suppose
w € Wy is a minimal representative of wH, s,t € S, swH =twH, m(s,t) € {2,3}, and t commutes

with all w € Wy. If the Hy,-modules Hy, /g, (q) ~ Hy/u(q) admit a K-L bar operator, and t is

in the same simple double cover reflection class as some sg € Wy, then T'(swH) = T(twH).

Proof. We prove the lemma by induction on the length of w. When the length I(w) = 0, it is trivial

to see that T(sH) = ¢ Y(T(sH) — (¢ — 1)) = ¢ Y (T(tH) — (¢ — 1)) =T(tH).
Suppose the lemma holds for all w € W with I(w) < I, then for I(w) = I, we will prove
T(swH) = T(twH). Actually, since ¢ commutes with w, we have T(twH) = T (wtH) = T(wsoH).

We write w = $1...$,, then swH = wsoH is a (s, s1)-maximal element in W/H. and the length
of the (s, s1)-orbit is greater than 1. Since m(s,t) € {2,3}, the length of the (s, s1)-orbit is equal
to m(s,t), and from the induction hypothesis, the K-L bar operator exists for elements with length

less than I, so we have T'(swH) = T'(wsoH) = T(twH). O

Now we are able to check the remaining cases in Theorem 16.

o H =Ty x Alty in D4 generated by (1 2 3), (2 3 4) and (1 2)(3 4):

For I ={(12),(23),(12)}or I ={(12),(23)(34)}, we have W/H = W;/Hy, and H; = Alts
in Wi = D3 which admits a K-L bar operator. By Lemma 4, we only need to check the case

swH = twH when t = (1 2), s = (3 4), which admits T'(swH) = T (twH).

e H = Dilg in B3 generated by (1)_(2 3) and (2)_(1 3):

For I = {(12),(1)_}, we have W/H = W;/Hy, and Hj is the trivial group in W; = By which
admits a K-L bar operator. By Lemma 4, we only need to check the case swH = twH when

t=1(23),s=(12)ort=(1)_. They satisfy T(swH) = T (twH).

e H = Dilyg in By generated by (1 2)(3 4) and (1)_(2 3):
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For I = {(23),(12),(1)_}, we have W/H = W;/H;, and Hr = (W2 3),1)_1)° = A(Z/2Z)

in Wy = B3 which admits a K-L bar operator. By Lemma 4, we only need to check the case

swH = twH when ¢t = (3 4), s € I. They satisfy T(swH) = T(twH).

Dilyg in S5 generated by (1 2)(3 4) and (2 3)(4 5):

For I=S—-{(12)}orI=5-{(45)}, we have W/H = W;/Hy, and Hy = A(Z/2Z) in
AS; < Wy =S4 which admits a K-L bar operator. By Lemma 4, we only need to check the
case swH = twH when s = (1 2), t = (4 5). They satisfy T'(swH) = T (twH).

H = Hs in Dg generated by (1 2)(3 4), (2 3)(4 5) and (1 2)(5 6):

For I =S —{(5 6)}, we have W/H = W;/H;, and H; = Dilyp in S5 < W; = D3 which
admits a K-L bar operator. By Lemma 4, we only need to check the case swH = twH when

t=(56), s € I. They satisfy T'(swH) = T(twH).

When H is twisted Alts in Sg generated by (1 2)(3 4), (2 3)(4 5) and (1 2)(5 6):

For I =5 —{(45),(56)}, we have W/H =W;/H;. Let J=TU{(45)} =5 —{(56)}, then
W/H = W;/H; and H; = Dilyo in S5 admit a K-L bar operator. In addition, ¢ = (5 6)
commutes with all w € Wy, and by Lemma 4 and 6, we know H in W admits a K-L bar

operator.

H = PGL(3,2) in S7 generated by a quasiparabolic copy of B in Sg generated by (2i —
12i)(2j — 1 2j) and (2i — 1 2j — 1)(2i 2), and the 2-rotation (1 3)(5 7):

For I =S5 —{(56),(67)}, we have W/ H = W;/H;. Let J =1TU{(56)} =5 —{(6T7)},
then W/H =W;/H; and Hy = BS in Sg admits a K-L bar operator. In addition, ¢t = (6 7)
commutes with all w € Wy, and by Lemma 4 and 6, we know H in W admits a K-L bar

operator.

H =T x PGL(3,2) in Dy generated by a quasiparabolic copy of PGL(3,2) in S7, and the
2-rotation (1 2)(3 4):

For I=5—{(56),(67)}, we have W/ H = W;/Hy. Let J=1U{(56)} =5 —{(6 7)}, then
W/H =Wy /H; and H; = F3 x BS in Dg admits a K-L bar operator. In addition, t = (6 7)
commutes with all w € Wj, and by Lemma 4 and 6, we know H in W admits a K-L bar

operator.
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e H = AGL(3,2) in Sg generated by a quasiparabolic copy of B3 in Sg generated by (2i —
12i)(2j — 1 24) and (2i — 1 2j — 1)(2i 2j), and the 2-rotation (1 3)(5 7):

For I =85 —{(67),(78)}, we have W/ H = W;/H;. Let J=TU{(67)} =5 —{(78)},
then W/H = W;/H; and Hy = PGL(3,2) in S;7 admits a K-L bar operator. In addition,
t = (7 8) commutes with all w € W, and by Lemma 4 and 6, we know H in W admits a K-L

bar operator.

e H =TF5 x AGL(3,2) in Dg generated by a quasiparabolic copy of AGL(3,2) in Sg, and the
2-rotation (1 2)(3 4):
For I =5—{(67),(78)}, we have W/H =W /Hy. Let J=1U{(67)} =S —{(7 8)}, then
W/H = W;/Hj; and H; = F3 x PGL(3,2) in D; admits a K-L bar operator. In addition,
t = (6 7) commutes with all w € W;, and by Lemma 4 and 6, we know H in W admits a K-L

bar operator.

e H =Ky x(AS;3)in Sy x S3 generated by a quasiparabolic copy of AS3 in S5 x S3, and the
2-rotation (1 2)(3 4):

For I=5—{(12)}orI=5-{(34)}, we have that Hy = AS3 in W; = S5 x S3 admits a
K-L bar operator. For I =5 — {(1' 2))} or I = S — {(2’ 3')}, we have that H; = (K, x S2)°
in Wy = S4 x Sy admits a K-L bar operator. In both cases, W/H = W;/H;, then for any
s,t € S, there exists at least one of the above four I’s such that s,t € I. By Lemma 4, we

know H in W admits a K-L bar operator.

e H =Ty x (K4 x (AS3)) in Dy x S3 generated by a quasiparabolic copy of K4 x (AS3) in
Sy x Sz, and the 2-rotation (1 2)(3 4):

For I=8—-{(12)} or I =5—{(34)}, we have that Hy = AS3 in S3 x S3 < W; = D3 x Ss
admits a K-L bar operator. For I = S — {(1' 2/)} or I = S — {(2’ 3)}, we have that H; =
Fy x (By x S3)° in Wi = Dy X Sy admits a K-L bar operator. In both cases, W/H = W;/H,
then for any s, € S, there exists at least one of the above four I’s such that s,t € I. By

Lemma 4, we know H in W admits a K-L bar operator.

o H =T3x (K4 x(ASs)) in Dy x D3 generated by a quasiparabolic copy of Fg x (K4 x (AS3))
in Dy x S3, and the 2-rotation (1 2)(1’ 2/):
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For I =S—{(12)}orI=5-{(34)}, we have that Hy = A(Fy x S3) in W; = D3 x D3
admits a K-L bar operator. For I = S — {(1’ 2/)}, we have that H;y = Fy x (B2 x S2)° in
W; = D4 x Ay admits a K-L bar operator. In both cases, W/H = W;/Hj, then for any
s,t € S, there exists at least one of the above three I's such that s,¢t € I. By Lemma 4, we

know H in W admits a K-L bar operator.

H = K4 x (ASy) in S4 x Sy generated by a quasiparabolic copy of ASy in Sy x Sy, and the
2-rotation (1 2)(3 4):

ForI=5-{(12)},I=5-{834)},I=5—-{(1"2)},0or I =5—{(3 4)} we have that
H; = K4y x (AS3) in W; = 54 x S5 admits a K-L bar operator. In addition, W/H = W;/Hj,
then for any s, € S, there exists at least one of the above four I’s such that s,t € I. By

Lemma 4, we know H in W admits a K-L bar operator.

H = TFy x (K4 x (ASy)) in Dy x Sy generated by a quasiparabolic copy of K4 x (ASys) in
Sy x Sy, and the 2-rotation (1 2)(3 4):

ForI =S—{(12)}orI =5—{(34)}, we have that Hy = K4x(AS3) in S3x Sy < Wy = D3xSy
admits a K-L bar operator. For I = S — {(1’ 2)} or I = S — {(3’ 4')}, we have that
H; = Fy x (K4 x (AS3)) in W = Dy x S3 admits a K-L bar operator. In both cases,
W/H = W;/Hj, then for any s,t € S, there exists at least one of the above four I'’s such that

s,t € I. By Lemma 4, we know H in W admits a K-L bar operator.

H = (F%) x (K4 % (ASy)) in Dy x Dy generated by a quasiparabolic copy of Fa x (K X (ASy))
in Dy x S4, and the 2-rotation (1' 27)(3" 4):

For I=S-{(12)}I=5S-{B4)})I=5—-{(1"2)},orI=8-{(3 4"}, we have that
H; =TFox (K4 x(AS3)) in Dy x S3 < Wi = Dy x D3 admits a K-L bar operator. In addition,
W/H = W;/Hj, then for any s,t € S, there exists at least one of the above four I'’s such that

s,t € I. By Lemma 4, we know H in W admits a K-L bar operator.
H =T34 x(K4x(AS4)) in Dy x D4 generated by a quasiparabolic copy of (F3) x (K4 x (ASy))
in Dy x Dy, and the 2-rotation (1 2)(1’ 2/):

For I=5S-{12)},1=5-{B4)}, I =5-{1"2)},or I =5—{(3 4)}, we have
that Hy = F3 x (K4 x (AS3)) in W = Dy x D3 admits a K-L bar operator. In addition,
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W/H = Wy/Hp, then for any s,t € S, there exists at least one of the above four I’s such that

s,t € I. By Lemma 4, we know H in W admits a K-L bar operator.

Since taking double cover products, images of inductive Coxeter homomorphisms, and the two
projective Coxeter homomorphisms in Theorem 16 also preserve the existence of the K-L bar op-

erator, we are able to claim the following theorem.

Theorem 18. If W is a finite classical Coxeter group, then Conjecture 1 holds.
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