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ABSTRACT

In studying finite linear groups of fixed degree over
the complex field, it is convenient to restrict attention to
irreducible, unimodular, and quasiprimitive groups. If one
assumes the degree to be an odd prime p, there is a natural
division into cases, according to the order of a Sylow p=-group
of such a group. When the order is ph or larger, all such
groups are known (by W. Feit and J. Lindsey, independently).

THEOREM 1. Suppose G is a finite group with a faithful,
irreducible, unimodular, and quasiprimitive complex representation
of prime degree p > 5. If a Sylow p-group P of G has order
p3, then P is normal in Ge.

As is well known, Theorem 1 is false for p = 2 or 3.
Combining Theorem 1 with known results, we have immediately the
following conjecture of Feit.

THEOREM 2. Suppose G is a finite group with a faithful,
irreducible, and unimodular complex representation of prime
degree p > 5. Then p2 does not divide the order of G/OP(G).

The following result, which is of independent interest,
is used in the proof of Theorem 1.

THEOREM 3. Suppose G is a finite group with a Sylow

p-group P of order larger than 3, which satisfies
CG(X) =P, forallx#1 in P.

If G has a faithful complex representation of degree less than
(19 - 1)2/3, then P is normal in Ge.



CHAPTER I

INTRODUCTION

In studying finite linear groups of fixed degree over the
complex field, it is convenient to restrict attention to irreducible,
unimodular, and quasiprimitive groups. (For example, see [3], [9],
and [12].) As is well-known, any representation is projectively
equivalent to a unimodular one. Alsc, a representation which is
not quasiprimitive is induced from a representatfbn of a proper
subgroup. (A quasiprimitive representation is one whose restriction
to any normal subgroup is homogeneous, i.e., a multiple of one
irreducible representation of the subgroup.) Hence, these assump-
tions are not too restrictive. If one assumes also that the degree
is an odd prime p, there is a natural division into cases, according
to the order of a Sylow p-group P of such a group G The following
is known.

Te |P1 = pe G is known for small values of p. See below.

2. |B =p°. HereG is G,

is a group from case 1. [3].

XxZ, where Z is the group of order

P and G1
3. |P = p3. G is known only for small values of p.

Y. |p = ph. Here P contains a subgroup Q of index p which
is normal in G, and G/Q is isomorphic to a subgroup of SL(2,p). [7]
and [10], independently.

5 |P1 2p5. No such G exists. [7] and [10].

Our main theorem concerns the third case above.
THEOREM 1. Suppose G is a finite group with a faithful,
irreducible, unimodular and quasiprimitive representation of prime

degree p > 5. If a Sylow p-group P of G has order p3

s then P is
normal in G and G/P is isomorphic to a subgroup of SL(2,p).
It is well-known that this Theorem is false for p = 2 or 3.

Counterexamples are provided by groups projectively equivalent to



the alternating groups A. and A6’ respectively. Combining Theorem 1

with the other results iz the five cases cited above, we have the
following conjecture of Feit [6].

THEOREM 2. Suppose G is a finite group with a faithful,
irreducible and unimodular complex representation of prime degree
P > 5. Then p2 does not divide the order of G/OP(G).

Note that the quasiprimitivity condition is dropped in
Theorem 2. Representations of prime degree which are not quasi-
primitive are monomial, and for monomial representations, the
Theorem is trivial.

It is likely that Brauer conjectured all of the above when
he wrote [3], although he was able to get full results only when
| Pl = 1°. Partial results in the other cases allowed him to class-
ify all groups where D = 5. (The cases p = 2 or 3 are classical,
as are groups of degree 4. [1].) Using Brauer's general approach,
Wales was able to handle the case p = 7 in three papers, [12]1, [13],
and [14]. It is clear from the amount of work involved in these
that full results for primes > 11 will be very difficult without
further techniques. Lindsey [9] has used some of these same ideas
in his classification of groups of degree 6. Using entirely differ-
ent special methods, Feit has settled the case p = 11 when the
character of degree 11 is rational-valued, [7].

The general method for the cases | P| 2.p3 used by both
Brauer and Wales was to show P was not too large, and then handle
each case arithmetically. Feit and Lindsey have now settled the
case | B| ZplL in general. With Theorem 1, only the case |PF| =p
remains unsolved.

The following result, which is used in the proof of Theorem 1,
is of independent interest.

THEOREM 3. Suppose G is a finite group with a Sylow p=-group
P satisfying

cG(x)=P, all x £#1 in P,



Tt ‘Iﬂ > 3 and G has a faithful complex representation of degree 4
with
2
a< (8 - 19?3

then P is normal in G.
Leonard [8] has proved a theorem like Theorem 3 under 2
considerably stronger bound on d. Brauer and Leonard have shown [4]

that under the weaker hypothesis

CG(x) = CG(P), all x £1 in P,
the bound

a< (g -1/

forces P normal in Ge Both this result and Theorem 3 are sharp, in
“the sense that if we replace d by d=1 in the inequalities, the results
are false. Counterexamples are SL(2,5) and PSL(2,5) with p = 5.

However, a more reasonable bound in both cases might be

a<z (8 -1),

which would be sharp infinitely often. The techniques used to prove
Theorem 3 can be refined to yield bounds of the form

d<_13";£(‘P\ '1):

where m is a certain integer depending only on |P1, but this
result is not needed here.

Our notation is fairly standard. If G is a finite group
with a subgroup H, then NG(H), CG(H) and Z(G) denote, respectively,
the normalizer in G of H, the centralizeg in G of H, and the
center of G If p is a prime number, OF (G) denotes the smallest
normal subgroup of G whose quotient has order prime to p. Equi-
valently, it is the subgroup of G generated by all elements of G
whose order is a power of p. If x € G has order a power of p, we
call x a p-element, while if x has order prime to p, we say X is
a p'-element, or call x p-regular. ]G] denotes the order of G.

We will use the term character only for characters of



complex representations, while the term generalized character will
be used for the difference of two characters. If e]and e2 are two
class functions on G, we have the usual inner product

(8,,8,) = TiGT? 8, (x)o, (x7).

xeG



CHAPTER II
PROOF OF THEOREM 3

Brauer and Leonard [4] have considered the character theory

of finite groups G with a Sylow p-group P which satisfies
CG(x) = CG(P), all x #1 in P,

Throughout this thesis, we will be interested in a special case of

these results; namely, when P satisfies the stronger condition
(1) CG(x)=P, all x #1 in P,

In this case, P is an abelian group and N = N (P) is a Frobenius
group with Frobenius kernel P. ;

The character theory for N itself is well-known. Let
s = |N/P| and ts = |P| - 1, so that t is an integer. There ave

s, irreducible characters, s, < s,

1 1

whose kernels all contain P, and t irreducible characters
\], - L] . ,Xt
which are faithful on N. These faithful characters afe induced
from non-principal linear characters of P. In particular, their
degrees are all |N/P| = s, and if g € N-P, then
0 =)\,I(g) = o o o =7\t(g).

If x € P, then

and

95(1) =E e?(x) =|n/P| = s.

i=1 i=]



The results of Brauer and Leonard show that G has a similar
character theory. The integers s and t are as above: s = |N/P|,
and ts = |P| - 1. There are 1 irreducible characters, 1 < s,

1G=(p1""’cpl

called ordinary characters of G, and t irreducible characters

A]’..C,At

called exceptional characters of G. These two sets of characters
constitute exactly those characters of G which do not vanish on

the non-identity elements of P, and exactly those whose degrees

are not divisible by ‘P1. There are non-zero integers bl’ e o oy bl’

an integer r, and a sign § = *1, such that, for x #1 in P,

mm(x) =b = mm(1) (mod | P ), for 1 <m <1,
Ak(x) =r + 8 (x),
A1) =r +8s (mod [P]), for 1 <k <t

If g € G has order prime to p, then

M) =« o o =A (&),

and this common value is an integer. We have

ki §

Zbi +r2(t-1)+(r-6)2=s+1.
m=]

In particular, each ]bm\ < p.

When t =1, the exceptional character is indistinguishable
from the ordinary characters, so all mention of exceptional char-
acters is omitted in this case.

We are now ready to begin the proof of Theorem 3, which we
restate as

Proposition 1. Suppose G is a finite group containing a

Sylow p-group which satisfies
cG(x)=P,aJ_1x,é1 in P,



Suppose also that G has a faithful representation of degree 4 with
1
a<z (|8 -1).

Then one of the following holds.
(1) P is normal in G.
(ii) 2 < S, Where s = |NG(P)/P‘ and st = | Pl

It is easy to show that Proposition 1 implies Theorem 3. If
G satisfies the hypotheses of Theorem 3, then G satisfies the hypo-
theses of Proposition 1, and as \P‘ > 3, the degree d given for G
by Theorem 3 is less than 5 (|P1 - 1)e Let o be any non-exceptlonal
constituent of the character y of degree d. Slnce O (1) ) 5 (lp| -1)
and mm(l) = emlP\ + b, for integer e and ]bml < p, we must have
e, ™ O, so P is contained in the kermel of P Thus, as x is faith-

ful, it must have some exceptional constituent A. We have
s<A() <x(1) =a< (7 - 1?3 = (st)?/3,

That is, §3 < s2t2, S0 s S'tz, contrary to (ii). Hence, (i) holds,
proving Theorem 3 from Proposition 1.

Before proving Propoéition 1, we need two lemmas concerning
class multiplication in N.

LEMMA 1. Suppose that G satisfies the hypotheses of Propo-
sition 1, and that P is not contained in any proper normal subgroup
of Gs If there are three (not necessarily distinect) classes Ki,
Kj’ Kk of N =-NC(P) consisting of non-=identity p=-elements of N
whose associated class multiplication constant aiJk for N satisfies

23 3k < (s = n)/t,
for some positive integer n, then ((n - 1)t)2 G I

Proofs The given faithful representation of G must have
an exceptional character as a constituent. By a theorem of Leonard
[8], it has degree s, and the restriction of any exceptional char=-
acter of G to N remains irreducible. Let 85> g > 8 be elements

of Ki’AK 3 Kk, respectively, and define



’ =1
where the sum =/ is over all exceptional characters A of Gy or,

equivalently, of N. We have

=
il s I_NL< ’ e(gi)e(gj-)e(gk ) PR | >
jk ‘P‘Q L 8(1) s 4gk /,

=" 8(1) +§L )s

ijk’?

= r-r (@& 4 = i,jk)

where the sum % is over all non-exceptional irreducible characters

8 of Ne As 25 5k < (s-n)/t, we get

s - %%L (s=n) < = % L

ijk*

Now N controls fusion of its p-clements with respect to G,
so there is a class multiplication constant aijk for G associated

with a. Here we find

ijk*
B3

Osai,jk |P| (Zm k)-

Hence,
b3
m

) 1 %
S’&L(S'”S'glak Z‘Ty-
m

Since P is contained in no proper normal subgroup of G, we
see that b = wm(1) holds only for m = 1, i.e., only for the prin-
cipal character @ . Thus, if m £1, mm(1) >|P -1 =st. DNote
that as r = 0, we have & bm = s. Let B denote the maximum positive

value among all the bm' Then



s L-L(s-n) < —Z b 4+ 1,
n#h -

& = (st+1 )(s-n) < =T b + &t
mf "

set -'sgt -s+nst +n < sB + st,
(n-1)t -1 += < B

As B is an integer, and 0<n<s, (n-1)t <B. But¥ bi = Sy
and B is some b_, sO ((n-])t)2 < s. It is easy to see that this
last inequality is strict.

COROLLARY. With the above notation, some b > (n-1)t.

LEMMA 2. The integer n in Lemma 1 may be taken to be at
least 2.

Proof. Let KT’ P Kt be the classes of non~identity
p-elements of N, and KO the class of the identity. For each
i =1, 4 e ey ty, let i’ be the subscript of the class consisting
of elements which are the inverses of elements in Ki' Then for ‘

fixed i £ O,

;5
2 2
s° = [k,| ks: a5 0l K]+ agse g K
%
= % Bt & F 8
k=1 ii' k
so that
T
s2 - s = Z -
k=] iik
t
S -1 =k§-‘;1 aiilko

Thus, some a,. s, < (s=1)/t. If i’ # j, then
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52 = !K.I‘K.I = ; - T IKkl
3 d k=1 ijk
t
= £i1 aijk Se
Hence, some such a,. < s.

ijk
Now suppose by way of contradiction, that all 25 5k > (s-1)/t,

for all i, j, k =1, 2, « ¢« o 5 te By the above calculations, we

must have

8,40 = (s=1)/%, 811 s B ety v wd g %

oo
1l

(s-1)/t for t-1 values of k,

ijk i :
(s=1+t)/t for 1 value of k, iFa’ 274,

Note t divides s=1 here, as a4t is an integer. We will show

1k
that this situation can occur only when t is 1 or 2, contrary to

s<a<z (8 -).
Let X be a faithful character of N, and @ the corresponding

representation of the center of the group algebra of N:

A (e, ) i
r:)(Ki) = !Kil )\—(.1—5— = E'X(gi) = )\(gi)°

As t £ 1, there is some j £ i’, so we may write

t
(2) K(gi»\(gj) = w(Ki)ﬁ-‘(KJ) = }:1 B 3t ’-'>(K1,_)
) s=1 % :
e k2=1 Mg, ) + X(gij)
s=1
= = '—t-' + )\.(gij).

Here we have chosen 8, € Kk’ all k, and gij in the unique class

for which aijk has the distinguished value. We also have



(3) X(gi)ﬂgi5 =(¢)(Ki)(i)(Ki,) = 1

k=1
t
= EEL % k(gk) + s
k=1
o sEy
- =

Combining (2) end (3) for i’ #£ j, we find

2
)

1]

Setting x = x(gij), this is

2

(- 2) -5 )2

Thus,

8~ g s E—g— (=1=(x+x) +2s).

As s £ 1 (otherwise G = P follows trivially),

(=1=(x+x)+2s),

rpem

ts = 25 + 1 = =(x+X).

= I |
11

k‘n(Kk) + s0(1)

NCHNCH) X(gj)@
(-2 ate) (- 2 TR
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Now t > 2, so this is positive. Since !x+§} % 2!x!, we have
: 1/2
(¢-2)s + 1 =ts-25+1§2<s-s—;—1- < 25'/2,

But t-2 > 1, so

s < 231/2 3

S<)+o

Thus, s =1, 2, or 3, and since t divides s-1, we have t =1 or 2,
or else s =1, none of which are allowed. This completes the proof
of Lemma 2.

Finally, we prove Proposition 1. Suppose G is a counter-
example of minimal order. By Lemmas 1 and 2 together, we have
t2 < s unless P is contained in a proper normal subgroup of G. As
G is a counterexample, the latter is true. But the given faithful
character of G is still faithful when restricted to the normal sub-
group Hy so H satisfies the hypotheses of the Proposition.

:HE < iGi, we have P normal in H, and so characteristic in H,
wnence P is normal in G. Proposition 1 is proved.

Brauer [3] has shown that the situation described in Prop-
osition 1 arises naturally in the study of finite linear groups of
prime degree. In particular, suppose G is a group satisfying the
hypotheses of Theorem 1. Then Z(G) = Z(P) is cyclic of order p,
and a Sylow p-group P of G = G/2(G) satisfies (1). Hence, all of
the character theory described at the beginning of this chapter
applies to 6} and so to G. Furthermore, if x 1is the given character
of degree p, then we have one of only two cases:

CASE I: xx has norm 2. That is, xx = o) + 0y, Where
is the principal character of G, and “p is some ordinary irreducible
character of G, and so of G.

CASE II: x{'has norm 1+t. Here we have
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XX =0 +Z A,

where 5/ denotes the sum over all exceptional characters A of G.
Notice that when t =1, the two cases are indistinguishable.
Also, if t # 1,2, then in Case II, G/ker A satisfies the hypotheses
of Proposition 1. Now suppose that G is a counterexample to the
Theorem of minimal order. From Wales [12], we have that G is

er /. is the trivial group. Hence, in Case II, wo

simple, 50 K
rnust have t2 <sort=1o0r2. In fact, the former always holds
except for p = 2, a case we are not discussing. In Chapter III
we will prove a similar result (Lemma 14) for a minimal counter-
example in Case I, namely

PROPOSITION 2. Suppose G is & counterexample to Theorem 1

of minimal order, and suppose Case I holds for G. If p > 7, then
(t-])e = B

Groups satisfying the hypotheses of Theorem 1 are a2ll known
for p £ 7, and Theorem 1 is true here. We may assume, then, that
in all cases (t-])2 < s. We now show that this severely limits
the possibilities for p, s and t.

As usual, we let N = NG(P), so N = N_(P). Here P is the
elementary abelian group of order p2, and sg we have ﬁ/? being
isomorphic to a subgroup of GL(2,p). However, since N/P is
N/P, and Z(P) is in the center of N, this is actually a sub-
group of SL(2,p)e The subgroups of SL(2,p) of order prime to
p are easily describeds For each of these, we get information
about s, and so about t, as (t-1)2 < s.. From this we then find
information about pe These results are sumarized in the following
tablee.
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NE s £ 5

(a) Has a cyclic subgroup s < 2p+2 3> % (p-1) p <13
of index at most 2.

(v) sL(2,3) s =24 <5 p <1

(c) Projective cover of Su s = 48 <7 <17

(a) sL(2,5) s =120 t <11 e p e

Case (a) is computed as follows. Since s < 2p+2 and

A

o)
st =1Pl-1 = p2 - 1, we must have t > % (p=1)e DNow as (t=1)°

4 2 '
(B2) < +e

pg -l +1 <0,

so p <14, As p is an integer, p < 13,

The remaining cases are all computed by the same method.
120 and (t-1 )2 <'s, we get
1320, Hence, p2 < 372 =

1}

We do case (d) as an example. As s
t <11. Thus, p2 -1 =st <120x11
1369. Since p is a prime, p < 31.

The values of p, s, and t occurring in the above list will
be considered in the last chapter, where we will show that they do
not occur for the group Ge. That is, no minimal counterexample to

Theorem 1 exists, so Theorem 1 is true.
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CHAPTER III

CHARACTER THEORY FOR A COUNTEREXAMPLE TO THEOREM 1

Throughout this chapter, we will assume G is a counter-
example to Theorem 1 of minimal order. In particular, as was
mentioned in Chapter II, we have G = G/Z(G) a simple group, and
the character theory described at the beginning of Chapter II
applies to Ge We will use the notation introduced there, and
will sometimes consider characters of G as characters of G, with=-
out changing this notation. We begin by investigating the char-
acters of N = NG(P) more thoroughly. Let E denote the sum of
the distinct faithful irreducible characters of Ne. We will let
z = 2(Gg) =Z(P).

The class function { defined by

p2 if x is a non-central p=-element,

o (x)

= 0 otherwise,

is a generalized character of 5, and, in fact,

1 £
L= 12 bto + (rt=8) © Ay s
m=1 k=1

(Brauer and Leonard [4]).
LEMMA 3. Let 8 be acharacter of N such that

1}

8 (1) np2 - n, some positive integer n,

8(x)

"n, allx#T in—f)-

Then 8 = nf. In particular, 8(g) = O if g € N-P,

Proof. Clearly, 8|P is n times the sum of all non-
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principal irreducible characters of P. Hence, 8 is a sum of
faithful characters of N. Since 8 is constant on non-identity
elements of f, the result follows.

LEMMA L. xx!N = 8, + §. In particulsr, Iy (x)] =1,
if x € N=-P.

Proof. v N = (x!N)(x|N), so ¢, is a constituent.
Define the character & by

X;(_IN =91 + B,

We note that ZC ker xi} so x;'can be considered a character of N.

Since y(x) = O for x ¢ P-Z, we have

(1) =p =1,

3 (x)

for x #1 in P.

1]
|}
iy
-

By Lemma 3, ? = E.

LEMMA 5. Let © be an irreducible character of N such that
Z<Z.ker ©+ Then there is a conjugate Xp of ¥ such that x = Xp on
p-regular elements of N, and an irreducible character ei of N/P
such that 8 = ei(xplN).

Proof. We enumerate the characters of Ne First, we show
that if xo is a conjugate of x, and ei is irreducible for N/P,
then eiprlN) is irreducible. We have

(8,1, o, &°IW))y = (8,8, xX°| W)y,

= (eiei, e1+§).

1]

1, and since .9, has P in its kernel, but no

Now (BiGi, 91) 5

i
constituent of % does, (eiei, £) = 0. Hence, ei(xplN) has norm

1 and so is irreducible.
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Now x has p-1 distinct conjugates xp which agree with ¥
on all p-regular elements of G Thus, our contribution to the

sum of the squares of the irreducible degrees so far is

t
20,1024 2 400+ (1) T (00 X))
1=l k=] i=]

s + te” 4+ (p-])sp2

s + (p°-1)s + (p=1)sp°

3

2 2
s(p° +p° -p ) = sp° = |N.
Hence, we have all the irreducible characters of N in this way.

The Lemma is proved.
Let x’ and x” denote the symmetric and skew-symmetric

tensor constituents of 12.

x' (&)

 x(e) +x()),

x"(g) = 3 &(e)® - x(£°)), ellg e c.

These are characters of G. Since x’ and x” have no constituents
with Z in their kernels, there are characters 6’ and 8” of N/P

such that

x'|v =8’ "),

4
N

N =80" (Xpl N),

for an appropriate conjugate xp of x« Note that 8’ and 8” need
not be irreducible. Also, 8°(1) = % (p+1) and 8“(1) = % (p=1).
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LEMMA 6. If s is even, ®’ and 8” have no common constituents.

Proof. Let x € N, x2=1,x,l.1. Then
2 / "
p=x(1) =x(x7) = x" =x")x)

(8 -8")(x) (°(x))

(0’ - 8")(x),

lo’(x) - " (x)] <le’(x)| + |o"(x)]

o)
Il

< E%l + 251 = Do
This forces representations affording 5’ and 8” to represent x
as I in one case and -I in the other (of appropriate sizes).
They can have no common constituents.

We will next construct a generalized character of G and
apply the character theory so far developed. Suppose M is any

generalized character of G« Define a class function ﬂo by
T\0<x) = ﬂ(xo), all x € G,

where Xq denotes the p-regular part of x. It follows from

Brauer's characterization of characters that ﬂo is again a

generalized character of G, and in Tact, of G. We will be

interested in x, xé, Xg: and.xg. Note that we have that
2 —
XO = %X .+ C»

as ¥ is real on p-regular elements (Wales [12]).
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LEMMA 7. Suppose TN and p are generalized characters of
G, and A is a non=-principal linear character of Z. Assume that
for all irreducible characters X of G, whenever (M, X) # O or

(uy X) # 0 we have X|Z = X(1 A+ Then

(Ngr o) = (M u)+—;-2—"”|(1)u(1)t-

Proof. Let R denote the set of p-regular elements of G,
and S the set of non-central p-elements of Ge We put 1 € R.
Let A\ be an irreducible constituent of n\z. Note that M and u

vanish on P-Z. Write

XeG

(no) Ulo) = ¢! 2 n(X()) p‘txoj

1
—
Tler £z M((xz),) B((xz)g)

' XeR z€eZ

Al
+ T-C:r XES 'ﬂ(xo) MXOS

€

=2} T2 nx)A(z) A (z) u(x)
XeR zeZ
1
+ z () uw(r)
TET XeS
= T%T T T Nxz) ulxz)
XeR zeZ
i 1
& T o— (1) w(1) g(x)
1—ereG p2

xXeG

1 1
+TeT T = n1) w() 5(x).
G xeG p2 X
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But this is Jjust
(Ngr 1) = (My 1) +?n(1> w(1) (o5 €)

(s w) + =5 1(1) (1) 5,
1Y

as required.
We will denote xé ~ e P Xp+ Note that x, - x, has
degree O,
LEMMA 8.
has norm 3.
Proof. Apply Lemma 7. Note that x’' and y” are irreducible

X0 has norm 1+t. If'xz has norm 2, then.x2 = Xo

when yxx has norm 2, and ¥ 1is not conjugate to either of them, as
P> 3e |

When yxy has norm 2, we will choose our notation so that
Y; =0, + @y Choose a conjugate xo of ¥ such that X% = Xo and
xcx has Z in its kernel.

LEMMA 9. Suppose s is even and T is an irreducible char-
acter of G such that :

a o]
(ﬂ: X X,) » (ﬂ, XX”) 21'

Then ﬂlN has only exceptional characters as constituentse.
Proof. Note first that

“Ox°IN =8 (X IN) =8’ (8, +8)

xx‘[v = X

o’ +Péi'-5.

i

Similarly, XGX” =8" + E%l £. By Lemma 6, 6’ and 8” have no

common constituents.
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LEMMA 10, We have t # 1.

Proofe Ift =1, s = p2 - 1, and so s is even., Since G
is simple, it has no non-principal characters of degree < p, for
such a character would have P in its kernel. Thus, Xg =% = O

1 2
for irreducibles oy of G Now (xcv\', xo) =1, as

’ 2)

g =ty
(xS s xg) = 0 X xg) = &5 xT) =1,

and, similarly, (x°x”, x O) =1, It follows that
o o
Gex’s o) s Ox"s o) 21,

By Lemma 9, a1[N = nf, for some integer n. Note that § is irred-
ucible here. That is, (1) = np2-n, and o (x) = -n, for x € P-Z.
Hence, a2(1) = npg-n-p and aa(x) = =n-p, for x € P=-Z, This is
contrary to \ae(x)! < p, proving the Lemma.

LEMMA 11. 9 is not a constituent of Xo = %o if xx has
norm 2.

Proof. Assume the contrary. (X2 = Xg? xg) = 0 by Lemma 5.

However,
(xs = %2) = (s = Xy XX+ £) = (Xp = Xppp XX)
g TRt Aol = Vg T Ay ¢ g " ok
e (Xz- Xo} (01 G @2)'

Thus, (X2 = Xo? “-"2) = (X2 = %Xo* "9 )e Hence, (X2 = Xp? f"1) = %1,
and (X2 - Xg? (;,2) is its negative. Since we have three cgnstituents
in %, = Xo» there is only one left, say w. Then ow(1) =p =2, and
~(x) = =2, for x € P=Z. By Lemma 3, (o + 0 )| N has only exceptional
constituents. This is a contradiction, since 61 is obviously a

constituent, and is not exceptional.
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LEMMA 12. x has no exceptional constituents if vy
has norm 2.

Proof. Suppose the contrary. As X0 is constant on P-Z,
all t exceptionals Ak have the same multiplicity in Xo* As Xo

has norm 1+t, we must have
t
O o k

for some irreducible ¢ for G. Note ¢ # @
Suppose first that s is odde Then t is even, so

[

o 2

(0 2 3xx +C) = (o, » Xp)
’ "
. (co'l 2 XO +Xo)

is odd. Hence, (ml 3 xe) = (w1 3 xé - xg) is also odd. Since
( 9 XO) = 0, we have (co1 » %o = XO) odd, and so not zero.
This contradicts Lemma 11.

Hence, we may assume s is even. In this case, each
exceptional Ak is real-velued. For any character T of G, let
v(n) = (@1 5 1), where M(x) = ﬂ(x?). (For the properties of
the function v, see Feit [5], for instance.) Observe that
;o =%ye If 7 is real and irreducible, then v(0) = 1. Other-

wise v(M) = O for irreducible M. Now, from Lemma 11

(@]
]

(9 58 K™ Kot =0y 5 %)

t
(2 vty * v(e)).
k=1
Since v(Ak) is non=-zero and independent of k, we have

0=t \)(A1) £ v(ew)e
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This shows that t =1, contrary to Lemma 10. The Lemme is
provede.
LEMMA 13. If xx has norm 2, either
(i) rt - & is even. In particular, t is odd and
s is even, and r is not zero.
(i1) t =2 and p < 5.
Proof. Suppose rt - & is odd and Xo = Xg has no exceptional
constituents. Then for any k, 1 <k < 1,

1}

vt =8 = (A 5, C) = (A% +C)

k

]

2 '
(Ak ’ Xo) = (Ak ’ Xé + XE))

is odd. Hence, (A - xg) is odd, and so not zero. Since

/!
k ? X0

(Ak £ Fg xo) = 0, we have A, a constituent of x , contrary to
Lemma 12,

Now suppose Xo = %Xg has some exceptional constituent.
Since Xo = Xg is constant on P-Z, all exceptionals have equal

multiplicity in %o = Xg° As this character has norm 3 and
degree O, there are at most 2 exceptionals. That is, t = 2.
Since 3 =1 + t = (@1 ’ xg) is odd, we can show in the usual
way that (o, , xo) 4 0. For an appropriate conjugate x_ of ¥,

Lemma 7 shows
2 2
(g » Xg) = (s &)%) + bt =pt = (xo 5 C)

Hence, (xo s XX ) = (xo 3 xg - ) =0, so that ©, is a constituent
of Xo? and its multiplicity is the negative of the multiplicity of
9 in Xo® As X0 has norm 1+t = 3, zhere is onlg one other
constituent of-xo. It has degree p #p-2, but p -p-2 would be

an ordinary degree with corresponding b = =p=2, contrary to

lbm\ < p. Hence, we have a character of G of degree p +p-2.

This must be an ordinary degree with corresponding value of bm



24
being p-2. Now

1 2 2 2
§(p-1)_s3 me>(p-2).
m
Thus, p < 7, so p < 5, as required.
LEMMA 14, We have
bmt bmt
(o, » %g) = R N sy £
|
where square brackets denote the "greatest integer" function.
If xx has norm 2 and p > 7, then (@1 . XO) = 0 and (t-1)2 < e

Proof. A calculation similar to that of Lemma 7 shows

2
(Bxy = Cs By - )= {mts ) =7

Thus,

2 2
o<y

(cgm’ I)X.O % g 2

and equality holds only if PXg - C = PO e However, equality
would then imply @m(1)

P, which is not the case. Hence,

D> !&ﬂn’ i o)l = ‘P«%n’ Xo) i bmt\’
so that
bmt
1@ My, » Xp)= > ls

proving the first statement.

To prove the last statement, consider

T
Loy, =T
Je=1 k ]

2 2
R
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As above, equality canrot hold. Note that

(A » Bxg = G) == (A, C) = -rt45,

by Lemma 12. As r # O, we have |rt-§| > t-1, whence t(t-1 &
is less than p2. This implies (t-])2 < s.

To prove the remaining statement, note that (t-])2 =8
forces t < p, and we know b, =1. Hence, (@1 5 xo) =0oril.
Say it is 1. By Lemma 11, ((91 » Xp = xo) = 0, SO (qn N

waever,(m ) = 1+t is an even integer, so =1 (m1, Y.

1? Xp
must be even, a contradiction.
This Lemma immediately implies Proposition 2 of ChapterITI.
LEMMA 15. x is rational-valued on p-regular elements of G.
Proof. Suppose note By a theorem of Wales [12], x is real-
valued on p-regular elements, and we have Case I, As yx 1s not
rational on p’-elements, there is a Galois automorphism T of the

field of |G| ~th roots of 1 such that
T
X %o
x| P =x|P

Again by the results of Wales [12], xx  is irreducible, and real-

valued. We choose our notation so that X§.= vyt @ys 8S usual.

Note that x' and y” are irreducible, and
2 T 22 ~T =T ~T =T
(X7 0 )7) =G s xx )= (x5 xx ) =

Thus, exactly one of x' or x” is fixed by T.

It is trivial to ShOW’XO - Xg has norm 2. Say

3
L Tl Bl
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where 051 and Ol2 are irreducible. Now

) ] 2
x> xg) = (&5 X xg) = &'sx7) =1,
and similerly, (x°x”, xo) =1 also. We have
) i Db T
Gox xg) = &'s Xxg) = &5 ') = 0,

fr L
as vy’ and xx are irreducible. Similarly, ( y”, Xg) = O,
Thus,

ey T S T
(%9 Xg = %Xg) = (%5 xg = Xg) = 1e

In particular, both (x°x’, a1) and (x°x”, a1) are at least 1.
Hence, (1] lI\T consists of faithful characters of N by Lemma 9,
for s is even by Lemma 13, From Lemma 12, 051 is not an excep-
tional character, so it is constant on P=Z. Thus, O"11N = nk ,
for some positive integer n. We have (1) = npz-n and (x) =
-n, for all x € P-Z. As X, - xg vanishes on P, a2(1) = npe—n
and Otg(x) = -n, for all x ¢ P-Z, also. Thus, agiN = nf, by
Lemma 3. In particular, (Ot1 - Otg)lN = (xo - XE)‘N O

Now (Xg = Yt Ry ™ xg) =1 from Lemma 7, so either a,

ii

or a, occurs in Xo = %p* Furthermore,

; T—T T—T
(xg = %Xgr X X ) = (Xp = Xp2 X% +C)

(X = X2 (xg)z)

) o T2
x" =x" =x, & )) =2

/ . . . .
as exactly one of ¥, x" is fixed by 7. Since ©; is not s

: T
constituent of Ao " K2 Ve must have that My ise
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"le show next that neither of Qs Oy is m;. In fact, if
one is, then X has a conjugate mg of @5 as a constituent.

ow, as p = 3,

xg » x%°) = 675 ) = 0,
by a calculation similar to that of Lemma 7. This forces @,
also to be a constituent of Xo? contrary to Lemma 1k,
Hence, %o = Xg has two distinct constituents whose
restrictions to N are multiples of ¢ It follows from Lemma
3 that the third constituent is also a multiple of £ when restricted
L0 B . Thus, ng - XO)]N = 0. But as s is even, N contains an

involution x not in the kernel of xe. Thus,
2
0= (x5 = %g)(x) =x(x7) - x(x) =x(1) - x(x),

a contradiction. This completes the proof.
Lemma 15 limits the prime divisors of G, by a theorem of
Schur [11]. The following consequence will be very helpful in
Chapter IV. '
LEMMA 16. Suppose q is a prime, q > % (p+3), » # qo If
q divides the order of G, then there is an integer my, 1 <m <
% (p+1) such that mp =1 (mod q)e In particular, if either
g > p or Case I holds, then g does not divide the order of G.
Proof. By Lemma 15, ¥ is rational on p-regular elementi.
In particular, if Q is a Sylow qg~group of G, then vl o is

rational. ‘etting |q|= qa, a theorem of Schur [11] tells us

I o] R ey R

~

—

where square brackets denote the greatest integer function. In
particular, if g > p, then q does not divide the order of G. If
q < p, we see that q divides the order of G at most to the first
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power. Thus, Brauer's theory [2] applies. Let
CG(Q) e Q¥ VX B

To each g=block B8 of G of full g=-defect, there corresponds a
character @ of V and a positive integer T, where & has T distinct
conjugates @ = 04y « « » , Q, under the action of NG(Q). Let
xi, i1 =1, ¢« ¢« o« 3 g=1, denote the distinct non-principal linear
characters of Q, and p the regular representation of Q. Fach

irreducible character ir. B has one of the following forms,

T
(o) 1. % g +p 1N
Q41

a=1 T
() . K, <8 G 40N
i=] * j=1 9

T
(e) =’ Ay jzﬁ oy + 0 M,

when restricted to Q x Ve Here M is some character of V which may
be different for each character in B, and may be O. Also, g
is a certain Gauss sum. Characters of type (c) are called excep=
tional, and are similar to the exceptional characters introduced
in Chapter II. Only characters which are irrational on Q are
considered to be exceptional, for the rational case must correspond
to either type (a) or (b).

We first consider x| (Q x V). Since y is rational on
p-regular elements, y!Q is rational, so we have case (a) or (b).

A character of type (b) has degree

(g=1)ra(1) + an(1),

which cannot equal p, according to our assumptions on ge Hence,

x is of type (a), and M has degree 1. Let
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We have shown

xi(Qx V) = 1Q? + pMe

Note that I' is rational valued, as x ise.
Now consider the symmetric and skew-symmetric tensor

constituents oi‘xe. Since, for any g € G,

& 62(8) +x (),

v/ (g)

x"() = (°(8) = x(e)),

we calculate that, for g € Q@ x V,

x'(8) =15 (e) + 5 (a1) o1°(g) + o1’ (g) + 070 (e),

x"(g) =1J"(g) + 5 (a-1) o1°(g) + o1"(g) + 07T (e)-

Since T' is retional-valued, either I'' or I” has 1V as a constituent.

Hence, either y' or x” has a term TQTV which does not come from a
character of G of zero g-defect. The character «» of G corresponding
to this term must then be of type (a)s It cannot be the principal
character of G, for y is not rational-valued on Ps That is, o

is a faithful character of G whose degree satisfies

il

o(1) =1 (mod q), plo(1),

1 2
(1) S L (0 + D).

This proves the first statement.
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Now suppose x¥ has norm 2. As we have seen, x' and vy’
must be irreducible in this case, so ¢ is one of them. In
particular, - has degree % (p2 + p), and either I or I is
T1.,. This forces 0 to have degree 1. Since o(1) =1 (mod q),

%
we must also have T =1, Hence, ¥ has degree

P =x(1) = (g=1)ma(1) + (1) =2q - 1,

so that q = % (p+1), contrary to assumption. This shows that
q does not divide the order of G.

LEMMA 17. In either Case I or Case II, %0 has no excep-
tional characters as constituentse.

Proof, If Case I holds, this is just Lemma 12, Suppose
Case II holds. Since X0 is constant on P-Z, all exceptional
characters have the same multiplicity in‘xo. By Lemma 8, X0
has norm 1+t, so we must have

t

dy o= L A =0,
0 =] k n

for some n, The Ak all have degree s, so equating degrees,

2
tp=st -0 (1) =p -1-0/().

That is,

and

But b = -p - 1 is contrary to \bn\ < p, so we have b =D - 1.
Now t # 1 by Lemma 10, so t > 2, whence
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(™ -1)

-
1V
0
1V
5™
o

]
o]
1
n
g3
£
.

From this it follows that p < 3, contrary to hypothesis. This
proves the Lemma,

Let T denote a generalized character of G whose degree
is divisible by p, and let A be a non~principal linear character
of Z. Define the class function ﬂx by

™ (x)

ﬂ(xo) x(xp) unless x a non-central p-element,
=, 0 X a non=-central p-element,
where Xy denotes the p=-regular part of x, and xP the p-part.

Note that if (x| 2z, )‘)z # 0, then (xo)x

: : ’ gl .
ization of characters shows that, in general, M is a generalized

=Y Brauer's character-

character of G.

;gy@@ng, Suppose T is an irreducible character of G
of zero p-defect (i.e., degree divisible by p2), and . is a
generalized character of G whose degree is divisible by p.

Let A be a non=-principal character of Z. Then
(i) nx is an irreducible character of G,
s A X
(11) ('ﬂ 2 TH) = (T‘, ﬂ] )‘

Proof. Both parts follow from a calculation similar to
the one used to prove Lemma 7. Note that both M and nx vanish

on non-central p-elements.
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LEMMA 19. ¥ 0 has no constituents of zero defect for G.
Proof. Suppose, by way of contradiection, that T is an

irreducible constituent of Xo of zero defect. Write

Xo=nn. +n1 2

O. Choose a character A of Z so that (XO)) =,

e
)
-
L SR
]

Now

)
x = &) = (a0 + 1, »

= nﬂ)\ + ”Q?l\.
As x is irreducible and has degree p, (¥, 'ﬂ.)\) = 0. Thus, we
have (Tl)\ " ﬂq‘) # 0, contrary to Lemma 20.
LEMMA 20, All constituents of x o are ordinary characters
of Ge.
Proof. This is an immediate consequence of Lemmas 17 and 19.

In view of this Lemma, we may define the integers a by

Xo = am (pmo
m

LEMMA 21 We have

bt bt
(1) 8 = —I;— or %— +1, for each ms In

particular, each term ambm is non-negative.
ey -
(i1) La =1+t
m

{344) f‘n ambm = e

Proof. Part (i) is Lemma 14, Part (ii) follows from
(xo, xo) =1 + t, which is Lemma 8. Part (iii) may be proved by

)

observing that , as [ vanishes off P-Z,
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(XO’ r) = (Pto-l’ C) = pt,

on the one hand, while

(\"/‘O’ r) = ?;1 am(mm’ r) = :;1 ambmt,

on the other,.
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CHAPTER IV

NUMERICAL RESULTS

In this Chapter, we use the results of Chapter III to
investigate the minimal counterexample G to Theorem 1. From
Chapter II, we see that p < 31, and the values of s and t are
quite restricted. We treat the possibilities for p individually.
First note that Theorem 1 is proved for p = 5 and 7 in [3] and
(121, [13], and [14]. We may assume p >11.,

LEMMA 22. We have p # 11.

Proof. First say Case I holds. By Lemma 13, t is odd, and
by Lemma 10, t #1. As t divides p2 - 1 =120, we must have t = 3
or 5. Ift =3, then s = 40, but SL(2,11) has no subgroup of
this order. Hence, t =5, and s = 24.

From the proof of Lemma 14, we have

2

181 =g~ 2 t(rt-6)2 = 5(52-5 )7,
whence |5r=3) < 4. As r £ 0, we have r = §. Furthermore,

25 =8 + 1 = \jblgn+ ("C.-1)I‘2 3 (r—6)2

m
= a b2 + )-'!- s
m
m
so that
$ b° = 2
m
m
and
g R @ et
m —
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Now, Lemma 21 shows

with each term a b 2> 0.
An easy analysis of cases yields only the following
two solutions for the set of |aml and the set of ‘bm] such that

an £ 0.

el 1%yl ol I3yl
1 2 2 L4
1 2 1
1 2 1
1 2
1 2
1 1

Both of these have

E,éob’i=21’

a

m

so the values of |bm\ above are the only ones which occur.
However, recall that b1 =1 and b2 = =1+, There must be two

values lbml which are 1. This contradiction proves the Lemma
in Case I.

For Case II, we have £ <8, b #1, and t{(p2-1). There
are no solutions, so Case II cannot occur either, as s must be

the order of a subgroup of SL(2,11).
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LEMMA 23. We have p # 17.
Proof. Case I is eliminated by observing that tl(pg-l),

£ 11 t(t-1)2
while SL(2,17) has no subgroup of order 96.

o p2, and t odd leave only t = 3, so s = 96,

Applying the argument of Lemma 22 for Case II, we now
find possible values for t and s, namely, t = 6 and s = 48,
tfor N/P the proper covering of §,- From Leonard (8], we see
that each positive bm is less than or equal to some irreducible
degree of this while the Corollary to Lemma 1 shows that
some b is at least 6. This is a contradiction.

For p = 13, we may eliminate Case I as in Lemma 23, and
Case II as in Lemma 2k,

The table given in Chapter II shows that we have now
eliminated all possibilities for N/P except SL(2,5). 1In all
remaining cases, s = 120 and t is uniquely determined by p,
for 120s = p2-1. In particular, 5 divides either p+1 Or p-1.
This eliminates p = 23, so it remains only to consider
p =19, 29, and 3.

LEMMA 24, If Case II holds, we have p = 19. If Case I
holds, p # 31.

Proof. Suppose p = 31, sot = 8. As t is odd in Case I,
this possibility is eliminated. Thus, say Case II holdse By

Lemma 1, there is an integer a, . < (s-n)/t, and by Lemma 2,

we may choose n > 2. Hence, wijmay actually choose n = 8.
Now Lemma 1 shows 49 x 64 < s =120, a contradiction. The Case
p = 29 is handled similarly in Case II.

LEMMA 25. We have p # 19.

Proof. Choose a conjugate xc of y such that X0X2 has Z

in its kernel. Write
T I 1] ” 2
%" xg) = "5 xxg) = %5 x7) > 0

a r - . : :
Thusgs X x” has an irreducible constituent N in common with Xg?
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and. (mn, XO) > 0. This character is an ordinary character by
Lemma 20, and has positive bn by Lemma 14. We will show that
there is no possibility for mn(l) = ep2 + b Note that b <
10, asebi <s =120, and that e < 8, as mn(1) <TON"() =
9 %19 e
Since x 1s rational on 19=-regular elements, it must be that
the order of G is divisible only by primes less than or equal to 19.
In fact, if g is a prime other than 19, a theorem of Schur tells

us that the power to which q occurs in ]G] is at most

(2] ] - [?%‘Z‘T] TS

where square brackets denote the greatest integer function.
Furthermore, Lemma 16 shows that neither 13 nor 17 divide the

order of G.

Calculation shows that no integer of the form 192e + bn,
with e and b as above, divides lGl as described. As there is
no possible value for mn(l), we have proved the Lemma.

LEMMA 26, We have p # 29.

Proof. Note that if p = 29, we must have Case I. We
apply the technique of Lemma 27 to find the common constituent
of xx” and x,» Here b <10 and e <13. Further, we look for
a common constituent of ch, and.xo, with b < 10 again, and

e <14, Only the following six degrees occur.

no

2% + 4 = 85
of +6 = 84T
2x 29 +8 = 1690
11 x 29° +1 = 9252

no

11 x 297 + 10 = 9261
13 x 29 + 2 10935,

N
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We claim that 9261 cannot be the degree of an irreducible
constituent ¢ of x'x' or x'x”. The restriction o|N is of the
form af + 8, for some positive integér a and some character 8
with no faithful constituents for N. Here 6 has degree at least
21, but we know that xgx'\N =0’ + 15%, where 8’ has degree 15,
We get a similar contradiction for y'x”. The same sort of
argument shows 10935 does not occur for x x”.

Now observe that

(25 - C» 25, C) = 625%8 - 50x29x7 + 26%8
= 737,

We know that for any exceptional A, we have (A, xo) = 0, and
(Ay C) = rt=6. Thus, since there are t exceptional characters,

t(rt-8)° = 7(Tr=8)% < 737,
(7r-8)2 < 106.

This forces |7r-6‘ =8 or 6, as r # 0. We can now account for at
least Tx6" = 252 out of the norm of 25~ (. Also, o, and o,

do not occur in Xo? and so each account for 49 towards this norm.
Hence, we must still account for at most 737 - 340 = 387. This
will be useful several times in the argument.

Except for exactly five values of m, a and bm have the
same parity. Two of these are, of course, m =1 and 2. The
other three are the constituents of'x2 = Xo* Indeed, the multip-
licity of P in Xo is of the same parity as in xg, and this is
btifm £ 1,2. Thus, a and b have different parity exactly
when (@m, %atn xo) £#0, orm =1 or 2. We will use this fact

of'ten,
Our third tool is a consequence of the Cauchy-Schwarz
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inequality. Write

2
841:292=<2 abm>
a 0 ™
m
S ey
TR e M A
m
N
m
a
m
so that
IR S
a #o ™
m

We use the above to help show there is no m such that
ambm = 1. Such an m would imply a contribution of another
(25 a -tbm)2 = (25 - 7)2 = 182 = 324, leaving only 387 - 324 =

63 unaccounted for. For all other m, we must have
(252 - b )? < 63
m m’/ - 22

SO

|ese, = 'Tbml < 8.

For given |am\, the value of [bm‘ must lie in the range indicated.

o] b |
0 1

Jorlk

2 T or 8

Suppose first that no laml = 2. Let a be the number of constituents
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of'xo with !bm‘ = 4, and b the number with ‘bm[ = 3. We have
from Lemma 21 that

ha + 3b = 28,
16a + 9 b > 105,
a+b=7o

We find a > 5, but we have seen above that there are at most
three values m other than 1 and 2 for which a, and bm have
different paritye. This provides a contradiction.

Now suppose some \aml = 2. All other !am\ are 1. Here

we have

ha + 3b > 12,

forcing a = 3, b = Os Now we find all constituents of‘x2 = Xg
have b = +h. As this character has degree O, this cannot
happen. This final contradiction shows that in no case do we
have a b = 1. Hence, by Lemma 14, 1if b =+1, we have a_ = O,
In particular, this eliminates 9252 as an irreducible degree

in Xq*

We now consider each of the possible pairs of degrees
from our list of four remaining which can arise from qu' or
x". Note that these two characters have no common constituents
by Lemma 9, except possibly some exceptionals. The object is
to try to extend the pair into lists of lam] and lbml, subject
to the above, and Lemma 21. The arguments here are similar to
those used to show no ampm =1, and to those used for Case I
of Lemma 22, In only two cases do these arguments not suffice.
These can both be eliminated in essentially the same way, so we

do the harder one.
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The set to consider is
8y 5, 4, 2,2, 1,1,

which satisfies all the above conditions. In this case we have
rt=§ = +6. The table below allows us to compute certain inner
products. For each of the above values of bm’ we list the
absolute values of the multiplicities in the indicated generalized
characters. Note that although we do not know the signs of
these multiplicities, they are in each case of the same sign as
bm. That is , the entries of any row all have the same sign.
For xg, we list the sum of the multiplicities in Xé and Xgo

We know both of these values because we know their sum and
difference, but, because of the ambiguity of signs, we do not
know which is which. Our goal is to show that no possible

choice of multiplicities for xé is consistent.
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2
oy X0 X X0
8 2 2 27+29
5 1 1 17+18
= 1 0 or 2 144k
or
13+15
2 1 0or?2 T
or
6+8
2 1 0 or 2 T+7
or
648
1 0 0 b4l
1 0 0 3+3

The inner products we will check are

I
-—

1576,

‘ ’ 1 2

106,

1
(xgs Xp) =1 +5(pH1) t

according to Lemma 7. Note that the inner product with Xp is
even, so the multiplicity in Xé of the character with bm = +5
must be 18. Suppose first that the character with bm = 8 has
multiplicity 27 in xé- Then it is easy to see that none of the
possible choices of multiplicities for the remaining three
characters gives the correct inner product with Xo Thus,

the character with bm = 8 has multiplicity 29 in Xé‘ Now,
checking the inner product with Xo2 we find only the two
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possibilities

b % or %
8 29 29
5 18 18
4 15 ?
2 ? T
2 ¥ 8
1 b b
1 3 3

There are many ways to fill in the unknown entries, but
none of these satisfies (xé, Xé) = 1576, as is easily checkgd.
Note that here we must also consider the contribution 7 x 3 =
63 from the exceptional characters.

The same method eliminates the set

8 553, 3,2, 1, 1,1, 1,

which also occurs. With these arguments, the proof of Theorem 1

is complete.
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