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ABSTRACT

Methods are developed for electromagnetic field calculations
in nonuniform lossless transmission lines which support quasi-one
dimensional propagation of a single baseband'wave species. Approx-
imate solutions are obtained in perturbation series for smoothly
tapered lines by expanding Maxwell's equations and boundary conditions
in the dimensionless parameter n, given by the ratio of typical
cross—-section dimension to the length of the tapered section. The
method emphasizes construction of a single 'warped" field descrip-
tion rather than the local modal expansions of Schelkunoff's gen-
eralized telegraphist's equations.

Expansions in Cartesian coordinates yield the traditional
distributed circuit parameter equations in the lowest approximation.
Correction terms appear in even powers of mn, and their effects are
shown most clearly by calculating waveform aberrations introduced by
line transitions of nominally constant characteristic impedance.
Improved field descriptions in nonuniform regions are obtained by
reformulating the exact equations in special nonorthogonal coordi-
nate systems more closely related to the essential structure of the
field problem. The lowest term of the ordered expansion is now
exact for a uniform finite angle taper. New circuit level non-
uniform line equations are obtained which reduce to the well-known
forms for gradual tapers.

These techniques are extended to treat tapered plate lines
with curved centef lines and then to give a description of coaxial

lines in which the field pattern is locally dominated by the



iv
boundaries, and the electrical center line is located in the pro-
pagation region. Odd-sequence field distortion terms now appear
in third and higher orders. In all the systems investigated,
distributed circuit equations give results, outside the nonuniform
region, that are valid to within second order terms in the taper

scale parameter.
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I. INTRODUCTION

Every student of electrical engineering today acquires as
part of his technical armory, a knowledge of the properties of
uniform lossless transmission lines and waveguides and of how the
engineering description of fields and wave propagation in these
idealized systems is founded on rigorous solutions of the Maxwell
equations and appropriate boundary conditions. In real life, for
reasons which may be intentional or unavoidable, or both, the ideal-
ized conditions are never found, but the simple theory is often still
adequate or provides a basis for a perturbation approximation. As
an example conductor losses are adequately handled for many purposes
by introducing appropriate loss constants into the mode propagation
factors whereas a rigorous treatment would wash out the whole mode
classification scheme. Yet it is still clear that for small losses,
only slight distortions of the lossless description are needed to give
useful results.

We shall be concerned here with lossless nonuniform trans-—
mission lines, a class of intentional disruptions of the framework
of the simple theory, in which the boundary cross-section and direction
of the basic axis of propagation are allowed to vary with distance
along the axis, but where we wish to retain the basic sense of one-
dimensional propagation, forward and reflected, of a single baseband
wave species, corresponding to the well-known TEM mode in uniform
two-conductor lines. Such transmission lines have found extensive
applications for purposes such as impedance matching, pulse shaping,

transitions between uniform lines of differing sizes, shapes and
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directions, and in microwave components such as directional couplers,
filters and resonators. The problems of long distance information
transmission through over-moded waveguides for millimete; wave
communications, where deleterious effects arise from nonuniformities
such as unintentional manufacturing and installation tolerances and
deliberate bends, have led to extensive development of nonuniform
waveguide theory based on Maxwell's equations. In contrast, beyond
this, the foundation of baseband nonuniform line theory in Maxwell's
equations is in a hazy almost non-existent state.

In Chapter II we survey the existing theoretical develop-
ments relevant to baseband nonuniform lines. Almost all the litera-
ture directly concerned with this class of problem uses a distributed
circuit theory approach which is only approximate and does not con-
tain enough physics to show the way to better approximations. The
ideas of voltage and current measurement, rigorously justifiable in
uniform line theory, need close re-examination in nonuniform lines.
The generalized telegraphist eguations, derived from the Maxwell
equations are rigorous, given sufficient care with nonuniform con-
vergence and coefficient singularities, and contain the circuit
theory equations as the simplest approximation, when applied to this
case. The main strength of the theory is that it provides a complete
formalism for multimode problems to this same order of approximation,
but it does not readily yield systematic improved approximations for
even a single propagating mode. Convergence in the generalized tele-
graphist equation approach has been improved by use.of better local
basis functions. We then propose a systematic perturbation ex-

pansion procedure, starting from Maxwell's equations and boundary
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conditions, using as expansion parameter the dimensionless ratio of
typical cross-sectional dimension to lengthfof the nonuniform region,
in order to describe the propagation of a single warped dominant mode.

Chapter III contains the development in Cartesian coordinates
of the procedure for two-dimensional tapered plate transmission lines
with straight center lines. It is shown that this yields the dis-
tributed circuit equations in the lowest order of approximation and
higher order approximate equations are derived. An exact solution
is available for the uniform wedge and it is shown that the per-
turbation series reproduces at least the first few terms of the con-
vergent series expansion of the exact solution, term by term. When
the plates remain equidistant, the line is uniform and reflectionless
in the distributed circuit theory, but the perturbation approach
generates higher order correction equations. . The first correction is
evaluated to show transmission aberrations and reflections in terms
of the line profile.

The uniform wedge solution shows how successive épproxi-
mations bend the calculated wave-front shape back from straight
transverse towards a circular arc. In Chapter IV we formulate the
approximation procedure in a way which gives exact results for a
uniform finite angle wedge in its lowest order, thus telescoping an
infinite number of terms of the Cartesian expansion. This is achieved

"warped cylindrical" coordinate system

by using a non-orthogonal
which provides a better fit to the inherent structure of the electro-
magnetic problem. The geometry of this system is studied and it is

used to express the Maxwell equations and boundary conditions before

applying the expansion procedure. A modified sequence of approxi-
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mate equations describing one dimensional single warped mode pro-
pagation is obtained. Perhaps even more important is the inverse
view point, that for roughly the same effort in solving the lowest
order approximate propagation equation, very much improved cal-
culations of electric and magnetic fields are available, expecially
off-axis and near the boundaries. A curious by-product of this
investigation is that it shows that the simple distributed circuit
equations work as well as they do because the wrong quantity is
evaluated in the wrong place in such a way that the errors cancel
for a uniform finite angle wedge line.

So far the expansions have proceeded in even powers of
the length scale parameter. Two dimensional transmission lines
with curved center lines are treated in Chapter V and it is shown
that odd power terms now appear. Planar section theory is devel-
oped for transmission lines with boundaries defined symmetrically on
the normals of a curved center line. The problem of defining an
appropriate center line when only the boundaries are given is con-
sidered and a warped cylindrical description is developed. It is
in fact easier and more natural to define than the normal center
line planar description when only the boundaries are given. For a
curved but otherwise uniform line the distinctions vanish.

In Chapter VI these techniques are applied to the analysis
of the nonuniform coaxial line. The planar section expansion generates
the traditional distributed circuit equation as the basic approxi-
mation. Higher order corrections are calculated and used to solve
the important practical problem of finding waveform aberrations in-

troduced by a transition with nominally constant characteristic
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impedance between coaxial lines of different sizes. A warped spher-
ical coordinate system is then generated to give improved field
descriptions, and the lowest term of this expansion is exact for
concentric conical transmission lines. In this expansion the field
pattern is maintained through the second order only for a constant
impedance line. Especially in low impedance lines the influence of
the walls locally dominates the fields rather more than does the
coaxial center line. The curved center line descriptions of an
earlier chapter are extended to provide a propagation region centered

description of coaxial line.



II. BACKGROUND AND REVIEW

2.1 The Distributed Circuit Parameter Theory

The traditional method for the investigation of nonuniform
lossless transmission lines has- been the diétributed circuit para-
meter approach, in which the low frequency circuit parameters, -in-
ductance L(z) and capacitance C(z), are defined for the element
of transmission line between succéssive normal planar cross-sections
at’ Zn and\ )z dz, with the field lines assumed to remain in the
transverse plane. This method was first used by Kelvin to treat
uniform lines, and later extended by Heaviside to nonuniform trans-—
mission lines, where L and C may vary with axial position z. An
extensive bibliography, from Heaviside onwards, is given by Kaufman

(1955). The circuit equations are

oyt L(z)-§E (2.1)
s U v
-é—z_ _‘— C(z) -B—E— (2.2)

These first order coupled equations yield a pair of second

order equations which are often more convenient to work with.

9V 14dL v 3%y ey
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When the line is uniform, these equations may be given an
exact interpretation in terms of the principal TEM mode on a two
conductor line. When applied to nonuniform lines the equations can
only be regarded as an heuristic approximation to the exact field
solution, of unknown nature and accuracy. Despite these shaky
foundations, much effort continues to be devoted to the study of
these equations. We may instance the construction of wide classes
of analytic solutions by Holt and Ahmed (1968), studies of synthesis
techniques and mathematical properties by Youla (1964), Gopinath and
Sondhi (1971), and techniques for numerical solution, Gruner (1970).
In particular, Gruner takes care to point out the limitations of the
theoretical basis of the circuit equatioms.

In essence, the circuit parameter calculations assume a
purely transverse field distribution like that of a TEM mode in
uniform lines, and this is obviously not so in a nonuniform line even
if the field variation with time is slow enough to give quasistatic
behaviour over the cross-section. Secondly the axial rate of change
of transverse dimensions, and so of characteristic impedance, must
be small in some ill-defined sense.

We can show by an example that some restrictions are
essential. Consider a transition between two coaxial lines which
maintains a constant ratio of inner and outer diameters at each

cross-section as shown in Figure 2.1. We expect, from practical
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Figure 2.1 Gradual and Rapid Transitions in Nonuniform Coaxial line
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Figure 2.2 Nonuniform Waveguide Section
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experience, little or no reflections from the gradual part of the
transition, but significant reflections from the rapid tramsition,
even though the distributed circuit theory predicts no reflections

in either case. In the limit of a sharp transition there is a dis-
continuity capacitance which may be calculated by well-known methods.
Thus a gradual taper is essential. It will be found in later chapters
that the restriction to planar transverse fields can be iifted very
profitably.

Gruner then suggests that the resolution of these problems
is to be found in application of the generalized telegraphist's equa-
tions but does not attempt to carry this program through. In the
next section we shall describe this formalism, and show that it does

not provide a useful way to improve the distributed circuit analysis.

2.2 The Generalized Telegraphist's Equations

Widespread interest in mode conversion at the inevitable
nonuniformities in highly overmoded circular waveguide was inspired
by the lure of applications to wide-band long-haul communications.
The best known version of the theories of mode conversion is due to
Schelkunoff (1955) who popularized the terminology we are using.
Similar developments took place in the Soviet Union by Katsenelenbaum
(1955) , where the term '"method of cross-sections' is preferred, and
also in Hungary by Reiter (1959). The method had been anticipated
by Stevenson (1951) in his theory of electromagnetic horns. An
extensive review of mode conversion effects and waveguide transitions
is given by Tang (1969). The derivation of these equations will not

be rehashed here, and the reader is referred to Reiter's exposition
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which is the easiest to follow.

At each cross-section the set of vector mode functions &
with propagation coefficients Bi and wave impedances Ki that
would exist in an infinite waveguide of the same cross—section; are
calculated. Write Vi and Ii for the equivalent voltage and
current for each suitably normalized mode. Then the generalized

telegraphist's equations can be written in the form

dv,

b i &
e + i Bi Ki Ii - Zj:Tji V:l (2.5a)
dl, By Yy
e X - Z T,5 1 , (2.5b)
b

where

de
i f : © e e A8 (2.6)
E Cross-section) J

If this is applied to a two conductor line and everything
neglected except the single dominant mode for each cross-section then
we recover the ordinary circuit equations.

An interesting result is proved under reasonable conditions
by Solymar (1959). He shows that if a single mode is incident on a
gradual taper then the levels of any other modes generated in the

taper can be made smaller than any given magnitude by increasing the
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length scale of the taper. Thus, if the taper profile is sufficiently
gradual, a single nonuniform transmission line is an adequate re-
presentation. The result may be looked at from another point of view,
that the standard nonuniform line equations yield the first term in
an asymptotic expansion of the exact solution in terms of the length
scale parameter. Further in a multimode guide, applying the coupled
set of equations (2-5) to the modes of interest and neglecting terms
for other modes, gives a similar lowest order asymptotic approxi-
mation for the multimode problem.

There are some difficulties associated with this treatment.
The mode functions of an infinite cylindrical guide do not, in
general, satisfy the boundary conditions, so convergence of the modal
series is nonuniform at the boundary of each cross-section. The
coupling coefficients are singular at cross-sections where the corres-
ponding cylindrical modes are at cut off. A number of authors have
presented modified theories to alleviate these problems. The basic
scheme is to use local basis functions which individually satisfy
the boundary conditions and so eliminate the nonuniform convergence.
For tapered plate and circular waveguides explicit representations
are available as the radially propagating modes of wedges and cones
respectively. Pokrovskii, Ulinich, and Savvinykh (1959) use ''natural
coordinates'" which locally are approximately cylindrical or spherical
to obtain mode and amplitude solutions, while Amitay, Lavi, and
Young (1961) and Bahar (1968) assume local modal expansions and match

across the boundaries of successive elementary sections, thus gen-

eralizing Schelkunoff's treatment. Since wedge and cone modes in-

herently contain cut off phenomena, it might be thought that co-
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efficient singularity difficulties are solved in principle, but as
pointed out by Tang (1969), all these authors make approximations
which bound the solution away from cut off transition regions.
Amitay et al. in fact analyze a quasi-TEM problem that we also shall
investigate, but their results are limited to a high frequency
solution, which is adequate for some purposes.

Thus none of the extant treatments have really come to
grips with the problems outlined in Section 2.l and so a new outlook

is in order.

2.3 Warped Mode Propagation

The standard derivation of transmission line ideas from
cylindrical waveguide solutions leans heavily on the symmetry of the
infinite guide theory, to the extent that it is both extremely rigid
and misleadingly simple. Engineers and physicists know however, that
their transmission line ideas hold quite well for flexible and non-
uniform lines and cheerfully think in terms of field patterns that go
around corners, and expand and contract while locally seeming like
ideal modes. This concept has been dubbed 'warped mode" or 'quasi-
normal" mode by Fox (1955) and Louisell (1955) in related work. In
the generalized telegraphist's equations approach, the allowable form
of the mode '"warping' is specified ahead of time in terms of the
running amplitudes of uniform waveguide modes redefined at each cross-
section. It is this inflexibility that limits the description. Why
should one expect' the warping corrections to a lowest order single
dominant mode solution to be well described by a sum of non-propaga-

ting modes? What is needed is a more free-form approach to building
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up fhe description of the warped mode species with the right prop-
erties, even if this does limit the class of problems solved.

The technique which will be employed is to use a perturb-
ation expansion to reduce the two- or three-dimensional field
description given by the full Maxwell equations to a basic one-
dimensional propagation equation, with the warping corrections
falling out as further one-dimensional propagating waves. The
formulation involves scaling the space and time variables in the
governing equations so that the ratio of transverse and axial scale
lengths appears explicitly and can be used as the parameter in
power series expansions. Cole (1968) has used a similar technique
in a simpler problem of steady heat conduction, completed only to
the lowest term. We assume, where necessary, sufficiently smooth
transitions to uniform input and output lines. Section and slope
discontinuities as shown in Fig. 2.3 would need to be incorporated
by a local quasistatic analysis.

The perturbation method separates the problem into a quasi-
static transverse variation and a longitudinal wave description, and
so applies to the baseband mode in multiconductor lines or to wave-
guides just above cut off of their lowest mode. We do not expect
the method to work for multimode waveguide problems. Thus there is
no direct competition between the perturbation method and the gen-
eralized telegraphist's equation method, since they are each an
optimum description of a physically distinct class of problems.

An entirely different method should also be mentioned.
This is the use of conformal mapﬁings to relate nonuniform boundary

problems to nonuniform medium problems as reviewed by Borgnis and
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Figure 2.3 Gradual and Discontinuous Transitions
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Papas (1958). This correspondence has been generalized by Baum (1968)
with the use of three dimensional orthogonal coordinate system trans-
formations and applied, among other things, to the synthesis of ideal
line transitions. The aim of this work will instead be to obtain,
with a minimum of calculation, good approximate answers for problems

involving arbitrarily given nonuniform transmission line profiles.
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IIT. PLANAR SECTION EXPANSIONS

3.1 The Symmetrical Tapered Plate Transmission Line

In this section the perturbation expansion is formulated
for a two-dimensional tapered plate line as shown in Fig. 3.1. The
line has perfectly conducting boundaries symmetrical about a center
plane x = 0, and is uniform in the y-direction with the wave pro-
pagation in the z-direction. This is the simplest example which
contains the essential features of nonuniform transmission line
behaviour. With this boundary symmetry, thé dominant solution will
remain TM to 2z, reducing to the standard TEM dominant two conductor
mode when the plate spacing is constant. The fields inside the line

will have the form

| =
I

e, Ex(x,z,t) +.bez Ez(x,z,t) 3.1)

|
I

e Hilx,z:t £}
84 y(xz ) (3.2)

The Maxwell equations then reduce to

ey Uiy 52K
e fisrginlipie et e (3.3)
0x 0z ot '

and the electric field components may be calculated from this single

magnetic field component by
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Figure 3.1 Symmetrical Tapered Plate Line Profile
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- £ TR gl (3:4)
BEZ oH
TR (3.5)

The boundary condition for perfectly conducting plates is that the

tangential component electrié field Et vanishes on the boundary.
z
= = + st
E O+xon xX'= i ag a(z ) (3.6)
Then certainly also 3t Oon x =ik a a(f%? (3.7}

From symmetry, the lower half x < Q of the structure is
just the image of the upper half x >0 in a perfectly conducting
center plane, and we shall for convenience, consider only the regioﬁ.
between the upper plane and the center plane where the electric field
must also be normal.

The boundary conditions then reduce to

oH a, 4 oH 2
Lo O el N TR b fal
N (2 52 on X =a 8(2 ) (3+8)
o o o
and
g% o 0 on x =0 (3.9)

where the prime, as usual, denotes differentiation with respect to the
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argument of the functionm.

Now introduce normalized variables

= t/VuE 20 (3.10)

The time scale is normalized to the wave transit time through the
length of the nonuniform section. The dimensionless ratio

n = ao/ﬂ,o measures the length scale of the taper, and is used as
the expansion parameter in the perturbation series, in the limit
n + 0. Then in terms of the normalized variables equations (3.3),

and (3.8,9) become

9°H 2 9°H 2 0'H
3 T
ox 0z at
with
oH oH :
S e L
9% oz
and éﬂ? By IS pade FRSTN e R I &
ox

The limit n =0 of the taper parameter may be thought of
as either a > O Tor 20 -+ o, In this chapter there will be no real

reason to prefer one over the other. The version ag +0 emphasizes
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directly the approach to transverse quasistatic behaviour for a fixed
wavelength and nonuniform section length, while the limit 20 >
shows the behaviour for a given typical cross-section as the taper is
made more gradual by stretching out its length uniformly.

The reason for our choice of time normalization is now
apparent, as it couples axial and time derivatives in a wave operator,
independently of n. In frequency domain language, the number of
wavelengths in the nonuniform section is held constant as n 1is varied.
This number, however, is not restricted except by the need to avoid
waveguide mode propagation effects when the wavelength becomes

comparable to the transverse dimension.

Assume that H_ may be ekpanded in a regular series in n
and that the extent and smoothness of the nonuniformity are such that

the correction terms do not blow up:

H4(x+,z+,tf) i o

“{3e 14)

T =

il . A
Hy(x,z,t) = Ho(x',zT,tT) - nZ'HZ(xT,z

yE ).+ 0
Substitute this series into the equation (3.11) and its
boundary conditions (3.12,13) to obtain, after classification by

powers of n, an ordered sequence of problems

52K
0(n®) s =0 (3.15)
+ ]
ox.
oH =
with B e D S U a(zT) (3.16)
0X,

U (3.17)
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3 H 2 2
2
o) §=‘ - .2'8 o B S
3% 32 i o get
: oH oH ;
ox oz
0 on xT =0 (3.20)

with subsequent entries for O(n4) and higher orders similar to that
for O(nz). We now obtain a selfconsistent set of solutions of
equations (3.15-20) such that the lowest term HO is identical to the
circuit solution and higher order solutions yield corrections to

this.

- Bo(z ) = O (3.21)
Integrate once more to obtain

Teh = a @D | (3.22)

Ho(xf,z
where Ao is an as yet arbitrary function of zT and tT, and
independent of xT. It can already be seen that the loﬁest approxi-
mation is constant across each planar cross-section just as
envisaged in the distributed circuit approximation for this structure.
To determine Ao. more precisely, we need to consider the next

higher approximation. Only a partial solution is necessary for this
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purpose. Substitute in (3.18) and (3.19) to obtain

3%, PSR~ i
Tz = s ——;3 Ao(z S (3.23)
ox 3z ot
o1 oa_(2',t") Bk,
with — = \a' o onnv i =lalz ) (3.24)
ox 0z
0 on xT =0

Equation (3.23) may be integrated immediately to give

2 2

oH d )
e I W CHT I IS LR (3.25)

+ + iy .

ox dz ot
From the lower boundary condition B2 = 0, and the upper

boundary condition yields

. 9 (et EAG ks
a'(z)) —————— = - a(z ) B Ao(z St Yereald, 263
5z Sz bk Une

A little rearrangement yields a familiar equation
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O.—
= = = (3.27)

which becomes when the variables are denormalized

azno a'(z/t) O SZHO
5 - - ue 5 = 0 (3.28)
oz 20 a(z/lo) 9z ot

In the distributed circuit analysis the distributed capacity

C 1is inversely related to the spacing and so

_L£=_l3-a' é oL Y (3.29)

and so the nonuniform transmission line equation for the current is

321 a (/%) = oI 521
S+ — - e —5 =0 (3.30)
oz 20 a(z/lo) 0z ot

Since the longitudinal currents are proportional.to the magnetic field
given by (3.28) and are equal and opposite on the two plates at each
planar section, then equation (3.28) for the lowest order approxi-

mation in the perturbation theory recreates exactly the distributed
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circuit parameter nonuniform line equation. Observe also from equa-
tion (3.5) that the electric field remains purely transverse in this
approximation as assumed in the circuit theory, and the voltage can
be defined by integrating the electric field across the section.

The circuit version stops at equation (3.30) and goes no
further but the present theory leads onward. Integration of (3.25)

yields

y [}
u2<x+,z+,tT> - X - Ao(z*,t*) + Az(z*,{r)

(3.31)

where Az(zf,tf) is a new arbitrary function that remains to be
determined. It can already be seen in the second approximation (3.31),
that the magnetic field is no longer constant over the planar cross-—
section, and so from (3.5) a longitudinal electric field component
appears also. Alternatively, wavefronts in this approximation are
no longer in the normal plane. In the half-problem, currents at
the ends of a normal plane section are no longer equal and opposite,
or in the full symmetrical problem where this is necessarily true,
the ready identification with axial propagation distance has been
lost.

Now continue with the analysis of the fourth order equatioms,

writing L for the normalized wave operator for the sake of brevity.

We find

S oty T2 —=TSA

(3.32)
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with

2
oH , a 5 al A oA
——$-= a' {—— . ——;-{——- ?} - i} on xT =g (3:433)
ox 2 0z a 29z 0z
0 on xf =0

This yields, after some manipulations, an equation for the

¥ B

second function Az(z St

2 a'(zT) 3A2 32A2
+ -
2 2

QZT a(zf) Bz+ 8t+

32A

(az' 2| 3 2z i) 5 a' 3
i 5+ 3 - —| {— =2 (3.36)
F + + +
6 9z a(z') 9z ot a gz

This equation has the form

{Source terms depending on lOWere}

nonuniform line
order solution and taper profil

operator

The homogeneous solution of this equation will add nothing
that is not already.contained in the lower order solution and so may
be set to zero without loss of generality. It does not seem to be
a profitable exercise to attempt to identify the inhomogéneous terms
explicitly as equivalent voltage or current sources in a nonuniform

distributed circuit. Also we see that the leading term in Ez will
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be 0(n) as expected on physical grounds.

The analysis can be extended in this fashion to higher
orders at the expense of rapidly escalating complexity. The results
through the next order of approximation are given in Appendix A. For
a uniform line, a(zf) = constant, the equation (3.27) for Ao reduces
to the simple wave equation for the uniform line, and the inhomo-
geneous terms in (3.34) vaniéh, leaving the simple wave equation
again. A more stringent and non-trivial test is furnished by the

finite angle uniform wedge, for which an exact solution is available.

3.2 Exact and Approximate Solutions for the Uniform Wedge

A uniform finite angle wedge is shown in Fig. 3.3 defined

in both Cartesian and cylindrical coordinates. For simplicity in

-iwt

this section we assume a harmonic time dependence e + In terms
+ ' -ikth-r
of normalized time ¢t this can be written e where
i - HE-w , (3.35)
o

The well-known solution for an outgoing wave in cylindrical
coordinates for the ¢-independent TMo wave with components Hy(p)

and Ep(p) is

< il
Hy(p) = H "7 (kp) (3.36)

(L

(e}

where H denotes a zero order Hankel function of the first kind

and "outgoing" is interpreted as the direction in which the wedge
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opens out, in this case the z' axis direction. The phase fronts
for this solution are circles with center at the wedge apex. Fig.
3.4, Expressed in terms of normalized Cartesian coordinates this

becomes
H = H(l)(kaz + zz>
y o
= i
- H(()D <k'z*/1 + n2<3‘—>2> (3.37)

.i.

Z

in the region =z > 0. Since in normalized coordinates the upper
boundary is xT = zT then for any interior point lx+[ < zT.
Hence we may expand (3.37) by the multiplicétion theorem for Bessel

functions for N < 1 (see Abramowitz and Stegun, section 9.1.78)"

2 4 42
2 5+ Al g s
B gy b ot T e S Hil) Gl - Hél) izt
y s 2 z 8 +
A
B
6 1 ¥
o e L 1; Hél) ezl b (3.38)
-i.
48 =z

The extréme n = 1, the steepest wedge for which the
series (3.38) converges at all interior points, represents a wedge
with interior angle of 45°.

We now proceed to the calculation of the first few terms
of the perturbation series expansion for the uniform wedge. First

note for reference the identity, with n integral



-2 8=

2 :
d 2( § =n (D) _ (2ntDk .. (1)
{;;5 + k } {z Hn (kz?} = - __:E;;i_ Hn+l(kz) (339

The function Ao is given by the equation (for harmonic time

variation)

dzAO 1 dAo +2
———2-+————+k A =20 (3.40)
.i- oo ole o
dz ' dz'
The appropriate solution to this equation is just
B B8 T g8 s TR R
Ao = Ho (k'z) = Ho (kz) {(3.41)

which on-axis xT = 0 dis identical with the exact solution. The
exact solution maintains this value on the circular arc while the
approximate solution says the phase front is the normal plane.

The equation for A2 becomes

2 ~ 20142

d"A i dA 2 a d 3 d 1. d
T2l 2y e el e B @aa)
dzT Z+ dzT 6 dz+ zf,dzT z+ dz+
(3.42)
Since
d

Hél) flog) i e Hil) (kz)
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application of (3.39) with n = 1 shows that the inhomogeneous term
in (3.42) vanishes. Hence without losing anything essential we may

take A2 = 0.

ole
The next higher order arbitrary function A4(zl) is defined

by the equation, modified from (Al.2)

T T 2
— v — 4+ 4,
dzT z+ d T
a® | ik =g 2\ 1 aa,
- —— K ——=
6 dzT z' dzf T dzT
BN I LTy $2 & 241 aa
et — — 4 K e K o — 2
120 dzT zT dzT d T z dzT
B R e Al ARt g ,rz) 1 da
- — T e e s T e S T S
36 dzT zT dzT d 2 _zT dzT zT dz+
(3.43)

Of the inhomogeneous terms, the first vanishes since A2 = 0,
and the third term vanishes also, the argument being exactly similar
to that used for the A, equation. A double application of (3.39),

first with n =1 and then with n = 2 shows that the middle term
vanishes as well. Hence A4 also satisfies the homogeneous non-
uniform line equation and may be taken as zero.

Further calculation indicates that the equation for A6
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will also turn out to be homogeneous, then we can complete the first
four terms of the perturbation expansion, omitting all but the Ao

terms from equation (Al.3)

.2 &3
e F4 (1°da el e 2) (1 da
HGx 2') = A (2) +n25—{—;-—$ e S L )
2 z dz 24 4 R z . dz

; \
’ UM ng d* 7SR
e e—— + k + k& i
¥ - i
720 [dz dz Zikdz
4
. PUBM B a2\ e 2l (A1 aa
e iy SRS T T RS G S
e o A i
144 (dz g z' dz z' dz
(3.44)

The identity (3.39) may be employed to show that the last

O(né) term vanishes and that the others reduce to give

| # 58
H<x+’z+) 5 H(l)(k+zT) £ n2 26 Hil)(kTZT) - n4 5;_55__H§1)(k'z.>
y ) +
z 8z
46 .3
—q® 3‘-k—3 Hgl) izl ) i (3.45)
48 2t
z

This matches term by term the convergent series expansion (3.38) of

the exact solution. The higher order terms progressively correct the



TS
off-axis field distribution and can be regarded as successively bend-
ing back the predicted fronts towards the ‘exact position. So far
wave fronts have been clearly predicted in two cases, one the planar
sections of the lowest approximation and second the cylindrical
surfaces in the uniform wedge only. It is worthy of note that the
lowest approximation, the circuit equation, gives exact results along
the axis‘of a uniform wedge. We can see how this might happen by
looking at the shape of the electric field lines (Fig. 3.3) in this
exact solution. If the incremental capacitance is calculated with

this circular field pattern them C « 1/p and

——-—=—p—=% when ¢=0 (3.46)

giving a circuit equation in the radial coordinate, which on axis

is identical with the usual version. This process can be thought of
as automatically incorporating the effects of neighboring capacitance
elements, and for a uniform wedge it gives the exact solution, curved
wavefront and all.

Amitay et al (1961) give a solution for the nonuniform
wedge in which this idea is applied locally and the Hankel function
solutions are matched from section to section as the wedge angle
varies. They construct solutions in the process of their analysis

but make the assumption kr >> 1 for asymptotic expansion of the
Hél),(Z)’ functions. For a finite angle wedge, 0, at a half spacing

a, the free space wavelength must lie in the range



e

e o (3.47)
There is thus only limited overlap between the theories.
The lower bound on wavelength is to avoid higher mode effects and
is a common limitation.
We shall show in a later chapter how this kind of solution
may be imbedded in a new more powerful perturbation expansion. 1In
the next section we shall consider a further example of a planar

section expansion.

3.3 The Constant Impedance Tapered Plate Line

If the spacing between the plates of a tapered two dimen-
sional transmission line is maintained conséant in the x-direction
(Fig. 3.5), then in the standard distributed circuit theory it is a
constant impedance line which gives no reflections or transmission
aberrations on an incident waveform. It is much easier to show the
effects of higher order corrections in such a nominally perfectly
transparent situation than it is when superimposed on already complex
nonuniform line solutions. The notation and procedures will be very
similar to those of 4.1 and will not be shown in detail. In normal-

ized coordinates the new boundaries are
et
x =142 a(z’) (3.48)

In the lowest order O(no) we find again that
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Ho(x*,zf,t% - AO(ZT,tT) (3.49)

where Ao now satisfies the uniform line wave equation

2 2

—3——5- 3 0 A (2 e om0 (3.50)
i oy A

\Bz ot

In the next order O(nz) we have

: oA
HZ(XT, T,tT) = xfa'(z*) ——%- + Az(zf,tf) {3351
P
where

G iaf SaEtl Sy ST e 3A 2
Tt T Fln

5 = 5 Az(z st ) = =a(z) >+ - 50 @ T e

+ i ; f e T 45 5

0z ot S 0z alz ). 9z ot 0z S

(3.52)

Thus the first correction term H2 is composed of a field
distortion term and a new propagating term which satisfies an in-
homogeneous uniform line equation. The complexity of the equations
increase rapidly as we move on to higher order systems. We expect
in any case that the theory of this section will apply well only to
small deviations a =% 1, with larger deviations being better

described by the curved center line theory to be developed in a later
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chapter.

This problem has the great virtue that it is simple enough,
even for an arbitrary profile, to allow an ekplicit, easily inter-
pretable solution. A typical measurement set-up using a time domain
reflectometer is shown in Fig. 3.5. The TDR applies a unit step to
the line and monitors the sum of incident and reflected waves at the
point z = 0 which is taken as the beginning of the nonuniform
section. Adequate smoothness of transition is obtained if the pro-
file a(z+) and its derivatives a', a'" ' vanish at zT = Q0. The

solution for AO, a uniform line problem may be taken as a pro-

pagating unit step.
2 ol oL
a Ty = et - 2N | (3.53)

The equation for the new propagating term AZ’ in the next

approximation is of the form

2 2
0 A, oA, -

T (3.54)

PRy
3zl - gt

an inhomogeneous one dimensional wave equation, which also has zero
initial conditions. It is well-known that the solution to this

equation may be written

‘Az(zf,tf) = %vff £(z,T) dr dt (3.55)

D
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where D 1is the triangular domain of dependence shown in Fig. 3.6.
The inhomogeneous term from (3.52) may be written, on plugging in
(3,53) "as

12

f(zf,t+) = -a G'(tT~z+) - 2aa" 6'(t+—zf) 4+ (aa”)' G(tT-zf)

(3.56)

.

where the a's are all functions of z'. This exists along the line

ol ..I<

t'-z'=0 Fig. 3.6 and vanishes elsewhere. For the choice of

D shown the solution is evaluated at time tT at position zT =0
and it is easily seen that there are no contributions to the solution

3 ‘
from T ;> t'/2. Thus the reflected wave seen on the reflectometer

is given by

a0, = - %” (a" @)% 8'(t-)dr dz

D

D
(3.57)

the need to make the substitutions

u=%—(r+2;) e (3.58)

v=%—(r-r:) Fovok

Il
(]

SATN

to bring the integrals to a form where integrals involving

§-functions may be given a standard interpretation.
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The Jacobian of this transformation has the value J = 2
and the argument of the J&-functions is now T - § = 2v. Use the

results, with a > 0, for integrals involving &-functions
1l
j §(ax) f(-x) dx = E-f(O) (3.59)
1 l 1
J §'(ax) f(-x) dx = —E-f (0)
a

The second term in (3.57) then vanishes after the v-integration

leaving

2
no 3] g {@ e
0
2 (ﬁ)i gl (3:60)

The reflected wave A2 observed on the reflectometer at

time tT is given by equation (3.60) as proportional to the square

oo
|

of the line profile slope at a round trip propagation time of t

down the line.

In later chapters other examples involving the simple wave
operator for a nominally transparent line are solved by transform
methods, which are better.adapted to finding a general solution for

any point in the line.

It should be remarked that AO and A2 are magnetic field
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components which are proportional to the conductor currents and could
be directly observed with a current transformer. Present day re-
flectometer techniques for fast time domain observations generally
use voltage sampling techniques. Since the transverse electric field
is obtained by a taking a z-derivative, the relative sign of the
voltage contribution of a reflected wave will be reversed compared

to that for the forward wave, for currents in the same &irection.
Thus (3.60) predicts a dip in the reflectometer trace. This is
certainly consistent with the well-known quasistatic representation
of a sudden discoqtinuity'as a extra shunt capacitance due to

fringing fields.
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IV. CYLINDRICAL SECTION APPROXIMATIONS

4.1 The Tapered Plate Line Revisited

In the Cartesian expansions of Chapter 3, only the lowest
term provides universal wavefront, voltage, and current definitions
that may be readily disentangled from the details of particular
solutions. Higher order terms cannot be readily described in this
fashion, but only as field distributions and by their contributions
to the waves in uniform line sections at input and éutput. The
uniform wedge, either in an infinite sum of approximate terms, or
exactly, or from highly heuristic circuit considerations, has been
shown to admit voltage and current definitions on the supports of
cylindrical wavefronts. We might hope then, for a nonuniform wedge,
to find an approximation sequence, whose lowest term reproduces the
cylindrical wavefronts of the uniform wedge, just as the lowest term
of the Cartesian expansion becomes exact for a uniform line. The
technique for generating this expansion will be based on the con-
struction of a nonorthogonal coordinate system, which is close to a
cylindrical geometry in any small section. Unger (1965) has
attempted to use a-'closely related system of locally spherical
coordinates in setting up generalized telegraphist's equatiomns, but
his treatment contains errors in both principle and detail. Appendix

C gives some details for this and related systems.

4.2 'Nature of Warped Cylindrical Coordinates

Once again we consider the upper half of a symmetrical
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taper profile as shown in Fig. 4.1. At any point P on the curve,
construct the tangent to its intersection with the z-axis at 0. Then
draw an arc with center O and radius OP to meet the axis at S. This
is done for each point on the taper profile, and the resulting family
of arcs is used to define one set of coordinate surfaces, each of
which is a longitudinal section of a cylindrical surface. These sur-
faces can be labelled in a variety of ways, the most useful being the
z-coordinate of the foot S of the arc PS. The lateral coordinates
now need to be defined. The principal choice for this work will be
the arc length s from the axis measured along each arc with plus
sign in the upper half. A closely related choice is the angle
6 = s/r. It is worthy of note, that with neither choice is the
boundary a coordinéte surface, except in very special cases. Pre-
vious authors seem always to have been constrained by the desire to
use the boundary profile as a coordinate surface. This is found to
be an unnecessary and even hobbling restriction in the present
development.

The (z,6) system for a uniform wedge is exactly equi-
valent to cylindrical coordinates when the z-origin is chosen at the
apex of the wedge. The (z,s) systems becomes Cartesian for plane
parallel boundaries and is closely related to cylindrical coordinates
for a uniform wedge. The scaling procedure used in setting up the
perturbation expansion requires that both coordinates have dimension
length,so that the ratio of typical dimensions in each coordinate
. will form the dimensionless expansion parameter 1. Thus we expect
the (z,s) system to be a more natural description for our purposes

than (z,6) despite the increased algebraic complexity of the metric.
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Also in the limit of parallel-plane boundaries the ©O coordinate
becomes indeterminate and this limit is almost always included in
input and output lines. Obviously the possible coordinate choices
have by no means been exhausted.

The introduction of exotic coordinate systems does bring
some new apparent problems. In a concave inwards section of the
profile there is the possibility that coordinate arcs may overlap
as shown in Figure 4.3. For a smooth profile the condition that this
does not occur is that at every point dz/dzo > 0 which will be
shown later to imply that the circle of curvature at each boundary
point must intersect the center line. This leaves a useful range
of profiles, and the statement of Bahar (1968) on this point is in
error.

If this condition is violated in avlarge scale sense, then
a plausible interpretation is that such regions should be treated with
a new center line or as special end-zones. Compare this to a
T-junction in rectangular coordinates. When we apply the coordinate
analysis to a specific situation at finite mn, then there may be
local small scale irregularities that would be smoothed out in the
limit n = 0, but which break the coordinate.uniqueness condition.
Physical considerations would indicate that the field behaviour over
most of the line cross-section is largely determined by %he general
trend of the boundary. We then define the arc coordinate system on
some smooth average curve as shown in Fig. 4.4. and evaluate the
boundary conditions on the actual profile in terms of tﬁe smoothed

coordinate system. The coordinate arc system is extended a small
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distance as necessary outside its defining boundary to intersect the
irregular boundary. This will set a lower bound on the radius of
curvature of concave outwards sections if the irregular boundary is

outside such a segment of the smoothed boundary.

4.3 Geometry of Warped Cylindrical Coordinates

Let 2 be the Cartesian z-coordinate of point P on the
boundary profile and =z be the z-coordinate of the foot S of the
new coordinate arc through P as shown in Fig. 4.1l. Also let the

taper profile be given by

VA
X = b(zo) =8l a<ze> (4.2)

and let r be the length of the tangent intercept OP. Then the

slope of the tangent is given by

tan @ =-——= na' ' (4.3)

and also,with primes denoting differentiation with respect to z,

r=.;-;b——=%' Vl"l‘b'z (4.4)

sin @

and
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2=z = E—-SVI - b'2 - 12 (4.5)

0 5t 1

Formulas for the derivative dr/dz will be useful for future

application. From (4.5) we find

‘dz dr bb"
dz_ = dz. T ' (4.6)
o) o b

and by an indirect calculation

dr dr
dr dzo dzo
dz i dz .. dr o bp" (4.7)
dz de .2 |
o b!
so then
bb“
TR
“vdr B
o Moty bb " (4.8)
.____-+ ———
dz b,2
2 1
- -5 bb (4.9)
b et b'2) dz

Note that his expression vanishes for a uniform wedge.
The derivative dz/dzo that determines the uniqueness of

the coordinate description can be written as
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B A pte

|

. 1
143820 b <l+b'2— i pLe )E
[

b'2

V1l + b'2

]

i s A
1+ 252%9—-%—- (1 - cos © )% (4.10)
c

where r, is the radius of curvature of the taper profile at P:

bll
(1 pr*

1

p
(o4

(4.11)

3/2

)

From (4.10) it is easily seen that for b" > 0, a concave
outwards profile, dz/dzo > Q0 always. If the taper profile is
concave inwards b'" < O and for coordinate uniqueness the radius of

curvature is limited to the range

2
t
r, > E_'(l - cos 0) (4.12)

The radius of a circle tangent to OP at P that is also

tangent to the z axis is, in terms of the half angle

. o
r,=rtansyg
and so from (4.4)
Sy
e % 5
e (1 cos S0 ) T T C4o13)
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Hence a necessary and sufficient condition that the warped

coordinate system be unique, when the profile is concave inwards, is

that the circle of curvature at any point on the profile intersects

the center line axis. Then we can write

i
2

0 b (rC sgn b" + r

‘b

(4.14)
)

c min

It can be seen that r and dr/dz blow up when the line
is locally parallel. In future calculations these infinities will be
cancelled by zeros of angular terms to give very well behaved re-
sults, but it means that fairly large groups of terms must be treated
as a whole.

We have now collected enough definitions and results to
proceed directly with the calculation of metric coefficients for the
warped cylindrical system. It can be seen that the Cartesian coordi-
nates (xl,zl) of a point Q are related to the warped cylindrical

coordinates (z,s) by

oD
xl r sin -
(4.15)

S
A=l S A ot Bl =
o T

N
I

in terms of the intermediary functions zg and r. Note that © is

not explicitly involved. First calculate the derivatives
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(4.16)

[
”
H
S
1
I
(2]
0
|

oz dz T T dz %%

(4.17)

S
~ BR GOS8 ==

The metric coefficients are then found from

A oxA2
Ak d.
ss <8s > r <3s > ! (4.18)

azl : le Bxl axl

825 ~ 0z os 47 ERS YL gsz

and the determinant of the metric g by

(4.19)

These can be written explicitly, after much tiresome algebra, in a

form where the individual terms are well behaved, even though this
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does not correspond to a maximal algebraic reduction

s &r s2
gzz=l+—-§-+<—'—_L>'—°2—
X dz T
A )
+2<dr—>l—cos———sin§-+—l-%
dz X L r Z T
B 9
=+ 2<§-£— )2{1— cos-—-—sin-s-+-l-§'-‘} (4.20)
Z 2
T T N 2
8 f 1 (4+21)
dr
g,q = —-% —<a; - l>{l - cos-%} (4.22)
1+ (& - )1 - cos 8} (4.23)
o P cos — .

These expressions are easily shown to be well behaved for
small slopes, since then, for example

and since

s/r < 0

2 4 6
S SWiNg s s
4 OO e o ol gL g o s
r e e 232

1¥s M 4
i v 0 _€> = 0(0") (4.24)
T 5

Thus even the final term of (4.20) remains finite under all condi-
tions.

For a uniform finite angle wedge these expressions reduce to

a metric closely related to cylindrical coordinates.
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SZ
Bt g
3 o
- 2
Bl 3 (4.25)
and g =gss=l

As a further simplification, for a parallel plate line
r > and we are left with a simple Cartesian metric. From the
expression for s it is seen that only in this special case is
Bip 8 0. Thus in general the (z,s) warped coordinate'system is
nonorthogonal. The (z,0) version reduces to ordinary orthogonal
cylindrical coordinates for a uniform finite angle wedge. The

metric properties of this and related systems are given in

Appendix B.

4.4 The Field Equations in Warped Coordinates

The use of nonorthogonal coordinate systems is relatively
rare in the electrical engineering literature, so we shall derive
from first principles expressions for the Maxwell equations and
boundary conditions in the warped coordinate system. A review of
tensor analysis adequate to handle field computation problems in
stationary media is given in the classic text of Stratton (1941).
For the purposes of this section we shall follow Stratton in writing

the various sets of components of a vector E as

B oarES Ey physical components
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e ,ie ,.e contravariant components

elshey ey covarient components

The covariant and contravariant components in the (z,s,y)

system of a vector F are related by

f =g fP4+g £°
VA YAVA A
kX z s
£ g L g ok (4.26)
£ = £
y

: : i
The contravariant components g of a vector G=V x F are

/g (8s oy Vg ( 3y oz Vg 3z ds

(4.27)

In the'ﬁapered two-dimensional wedge line problem, all the

fields are assumed y-independent and also Ey =0, and B = HS =00,

So then the first Maxwell equation

VxE=-us (4.28)

transforms to

1 (de,  Be, _ onY (hah . 9H
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The second Maxwell equation

3E
VxH=eg (4.30)

may be written as the two equations

1 oH aez
— - ug (4.31)
Vg s ot
1 8H 3e®
-— - — (4.32)
Vg 9z ot

Now transform (4.31) and (4.32) to the covariant components of E
and then substitute into the first Maxwell equation (4.29). The

divergence equations have already been used up in the assumptions
on the form of the solution and provide no further simplification.

We obtain

B{g BH} B{g 3H}8{g an}a{g BH}
T . G (TR et L A S P 1 e 0 & AT SR N A
oz (Vg oz 0s (V' g s o0z (Vg 0s os (Vg oz
- e Vg —§,=o (4.33)

Next consider the boundary conditions on the curved
boundary. Figure 4.5 shows the covariant and contravariant basis
vectors at a point on the boundary. The definiton of the (z,s)

. : A

coordinate system is such that the tangent vector .t to the bound-

: ; - z
ary curve at P 1is parallel to the covariant basis vector .g[ ].
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For a perfectly conducting boundary the tangential component

of the electric field on the boundary must vanish. Then

0=t-E

re '{étzl ¥t ety o)

= e (4.34)

Hence the boundary condition is equivalent to a re-
quirement that the contravariant z-componeﬁt of the electric field
vanish on the boundary. From equation 4.31 it follows that the

boundary condition may be written

. oH
5;1 =0 on s= (0 upper boundary
0 centerline (4.35)

This is simpler than the condition (3.8,9) in Cartesian

coordinates and is more akin to a cylindrical coordinate expression.

4.5 Expansions in the Taper Parameter

The transmission line problem is now rigorously described
by the complicated equation (4.33) and the simple boundary condition
(4.35). The need for simplifying approximations is apparent, pre-
ferably based on a systematic procedure. This scaling procedure

will no longer be as simple as that used for the Cartesian expansions
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where we considered a family of taper profiles differing only on

length scale. The transverse description is now no longer purely

transverse, so the shape similarity will have to be sacrificed.

-i-

Introduce the normalized variables by GrimiE Zo and
z= g 20. Then from (4.5)
Py 8tz e, oAl
SRy menad e G b D TR AN ) (4.36)
o R o
a (zo) }

Suppose we consider the familiar set of similar shapes obtained by
scaling 2, Then from (4.36) it is evident that =z _will not scale
uniformly with n for a given basic shape function a(zZ). A first
approach is to do just this and let =z fall where it may, but then
the z-derivatives in the differential equation (4.33) must undergo
the full transformation (4.36) and even in power series expansion
this is excessively complicated and restrictive.

An alternative view is to consider the particular problem
under consideration as giving a specification for the shape function
a(zZ) at some particular value of n = no. Then under scaling of
z we can regard (4.36) as an equation for ZZ to be solved in
terms of z-i~ and 7Nn. In general this process will result in a
change of the.nonuniform profile by a topological distortion of the

oo
support of a(zé). If na' << 1 then approximately

(4.37)
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and so the relative shifts of zT and ZZ will be. of second order

-i..

O(nz). If we were to insist that both =z and ZZ keep their places
in zie(O,l) then (4.36) shows that a would have to scale in the
same proportion, thus defeating the whole purpose.

With this viewpoint we now can simply scale the derivatives
in (4.33). The scaling procedure can be regarded as basically a
device for ordering the approximation sequence when a given problem
is described in normalized variables, and once the approximation
sequence is established the variables may be denormalized and the
original profile inserted in the solutioms. .

In its Cartesian version the expansion proceeded strictly
in powers of n, the taper scale parameter. In this section that
purist approach will be abandoned and the terms ordered in the limit
of small n by the dominant power that they contain, with the form
of the terms being chosen to give the best description of the physics
at finite n.  The principle here is that perturbation procedures
are generally improved by including all available structural and
progress information as early as possible in the proceedings. It is
well-known from elementary analysis that in general a convergent
power series gives only a limited description of a function and it
certainly seems preferable to modify the formulation from the begin-
ning to improve the radius of convergence, rather than by arbitrary
telescoping transformations, when, as is almost always the case in
perturbation expansions, only the first few terms are available.

The criterion to-be adopted for selecting the lowest order approxi-

mation will be that it give the exact solution for a uniform finite

angle wedge independently of 1.
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Now examine the order of magnitude for small n, of the
various intermediary functions that occur in the metric calculations.

Introduce the normalized variables rT = r/.Q,o and rz = rc/ﬂo, then

a a

i o) 2 2 -1
,Q,Or' e 1+n° a' + 0(n ") as n—+0. (4.38)
20 rz N n2 a'2 3/2 -
et AR + 0(n") as n=+0 (4.39)
o n° aa
© = tan* na' =+ O(M) as n +0 (4.40)
dr r2 1 =2
d—z—'l=——z'r ‘ = O S as ins>0
b e A
b & b (4.41)

Note also that s/r < © on any arc z. The next part of
the program is to expand the metric quantities. The function
-

g of the metric determinant occurs frequently so we expand in a

geometric series

dr | s dr 2 s\2
(e D () e

(4.42)
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This expansion is convergent provided

) s e s < 449

This condition may be written using (4.13) as

r. sgn b+

2
” cos %-- cos CD (4.44)

T
: T =l
¢ min ¢ min b <

For a concave outwards line, with sgn b" =+ 1 this is always
true. For a concave inwards line, sgn b" = - 1 and the inequality
becomes
2
3 s
P2 po --——<cos-— - cos CD (4.45)
c c min b T ,

. Hence a suffi-

When s = o the second term is equal to r :
¢ min

cient condition for the series (4.42) to be convergent is thaf the
line profile be concave outwards, or, if itAis concave inwards that
the radius of curvature of the boundary at the same z-coordinate
be > twice the minimum allowable radius of curvature, e
for no coordinate overlap, where SO is the radius of a circle
that touches the boundary at =z and also the center line.

Several assortments of trigonometric functions occur in

the metric expressions (4.20) to (4.22). These have convergent

power series expansion for all s/r
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s s2 sé
1=t Cos el L ¢
* 2r2 241‘4
s s s s5
? - sin ? = - 5 “+ . (4.46)
6r 120 '
s s if < s s6
1 =heosi='= 7 sin %-+ §-§§-= = A e e
5 T 8r 144 ¢

The series (4.42) and (4.46) are then used in the metric
expressions to expand them into enough terms to allow a solution of

Maxwell's equation through O(n4). These expansions are, for reference

. b
Bl Ehl ot (4.47)
b b naen B g a ,
3 ¢ min
-1+ 52{ - i (4.48)
3 2b i ky " son b b x :
c ¢ min
B Byl = b l
e - . (4.49)
Vg AN L r, sgn b" + r. min)
G g 2t b l
=l+—-2_— 2 (4.50)
Vg r 2b r_ sgn bY + Al )
2
5 34 b 84 ' b +
o —— 7 2 Z = “ew
24 rzb r, sgn bt ¥iin 2b r, sgn bicis ¥ oin
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The propagation equation for Hy can now be written down
with the terms grouped by dominant order though still written in
unnormalized coordinates. The only extra condition_needed for this
ordering to be valid is that T, is finite, that is no sharp kinks

in the taper profile. For the sake of brevity we write

b

F(z) = r, sgn b" + r

(4.51)

¢ min

and from (4.39) the behaivour under scale change is given by

< F

§ IR (R for the dominant behaviour.
5%k
0={—2L
2
[ Os
e e g%n ita s oH
9z et i ot 8z "ir. o8
+
Fc i 2 B, s d OH
+ — i Tie 2F(z) + - —
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SIS fiat B, o o, - azuy
s F + F + ue F
o0z 2b2 0z rbz 0z 2b2 ot
/
B g /gt ey 2 4, o
+ e e et
24 9s b 9s 9s \2b ds
13 AP <ou T gt bl Finn
e L s e T
3 9z \rb 9s 3'rb 9z 9s
+ higher order terms. (452

Since the basic equation is ordered in even powers we

again expand Hy in a series of even powers of n

S CHCLRU I L WELIFLITL) S

]

Hy(z,s,t)

H°+H2+ (4+53)

The boundary condition becomes, with it 0 = a SZ, and n
integral
s (4.54)

Rather than write out the complete set of equations,

separated by order, we shall work through them term by term, taking
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advantage of simplifications as they arise.

O(no) we have

with

This implies BHO/BS = 0 everywhere and H - AO(ZT,CT) where A

is an as yet undetermined function of =z

and

In the lowest order

(4.55)

o

tT. Substitute

these results in the Q(nz) equation to obtain

5%n, AL N
o o
= - + —_——
8 0z r' 9z ot
oh 2
with —3, = () on sT = (0
aS .i..
s
o

The inhomogeneous term is independent of s.

(4.56)

Integrate once and

apply the boundary conditions. This and another integration yield

2
aAAf21+.l_3An-__%=o4
R o et i S

(4.57)
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S hz(ZT,sT,t‘) = a,(2, e (4.58)

In the original variables, (4.57) becomes

BZHO 1 0H_ 82Ho
g = HE —a 0 (4.59)
0z r oz ot

This is the new nonuniform transmission line equation,
rather similar in form to the distributed circuit nonuniform line
equation also obtained in the Cartesian expansion, and identical
when applied to a uniform wedge although the content is different.
The first term solution given by (4.59) yields the exact fields
everywhere in a uniform finite angle wedge, while the Cartesian
expansion has to generate an infinite series of terms to get this
result everywhere in the wedge, and this series converges off—axié
only in a wedge of 45° half angle. On axis the series has only one
term, identical to the solution of (4.59) evaluated on axis.

The first correction term in the earlier formulation for
a general profile contains field warping terms as well as a new
propagation correction which has the original plane wave fronts.
Equation (4.58) shows the new nonuniform line equation in warped
coordinates leaves a first correction term with the same transverse
field distribution as the basic solution, so that the description
of wave fronts on coordinate arcs is good through O(nz). Thus
suitably modified distributed circuit current and voltage inter-

pretations can be extended to this order. -
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A curious feature worth noting is that the new nonuniform
line equation shows that the part of the taper profile at 2y =2,
determines the local propagation behaviour at z; =z on axis/si o LE
the coefficient r_l had been expanded strictly in powers of n,
then the exact solution for the uniform wedge would not have been
reproduced by the lowest term, though the phase fronts would have
remained correct to the same order. In this light we must regard
the on-axis success for the uniform wedge obtained from the standard
nonuniform line equation or Cartesian expansion as somewhat fortuitous,
the result of the wrong quantity being evaluated at the wrong.place,
so that the errors cancel exactly for a uniform wedge only.

We now return to the perturbation series. In physical

variables the fourth order equation is

5%y §usi B Py Eh T 324
4 2 [¢) fo}
e | Pt Y e
os 0z 2b 2rb 0z b ot
2%, 1 9H, aznz !
- 5 + — - ue 5 (4.60)
0z T 0z ot

Integrate once and apply the boundary condition to find

5%, 1 3H 5% Age {a C‘) T 5%A
2 2 , + o} 0

+ — ..ue 3 = - 2 +—2u€ 2

Pl gt ot 39 |op \on 2] s SN 5 ot

(4.61)
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One more integration yields

. 2

2 9 S2 0 F LY oAO it BZAO
<r © ———> e + 2; Ty HE —5—| + 4, (z,0)
0z b ot

(4.62)

We see that the second order term satisfied the same improved non-
uniform line equation, now with source terms depending on the line
profile and lowest order solution. The expression for H4 itself
contains field distortion terms and a new propagating component
Aa(z,t).

The new nonuniform line equation (4.59) has much the same
form as the well-known less accurate circuit or planar section vefsion
(3.28). This means that analysis and synthesis techniques developed
in recent years will still be applicable in so far as they do not
depend critically on treating the coefficient of the first order
derivative as a logarithmic derivative. We shall regard this type
of calculation as largely outside the scope of the present investi-

gation.,

When the circuit equation is used for computations it can
be regarded as describing a nonuniform line other than the one in-
tended. We have already seen that the coefficients differ in second
order of the taper scale parameter. The exponential line with
a « exp(z/mio) gives a constant coefficient in the circuit level
equation and is thus a popular example. We now find the family of
line profiles which has this same equation in the circuiar section

approximation.
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Figure 4.7 Line Profiles for r = 20 = constant with n as parameter



=58~

5 i angs .3
r = mlo Ry 1+n7a' (4.63)

The solution of this differential equation is given by (4.64) in
which the constant of integration has been chosen so that the

profiles for any n > 0 all pass through z=0, a=1

;‘—=m e alas (
‘o m Na

This equation may be expanded for small n to show the second

order deviations clearly

5 2 a2
~ m 2£n a+n =k (4.65)

o
2'o 2m
Figure 4.7 shows a normalized plot of the line profiles in the

range 0 < z/2,o £ 1 for several values of n with acim l/e for
convenience and with m = 1. ‘
Now consider an irregular outline of the kind illustrated
in Figure 4.4. The dominant field pattern over most of the interior
is described by thé warped cylindrical coordinates based on the
smoothed boundary curve B rO., Let the irregular real boundary

be s = sl(z). Figure 4.6 shows that the tangent vector to the

real boundary is parallel to the vector T

T = /g el? 4 tan y efs] (4., 66)
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where Y is the angle measured from the covariant basis vector

e[Z]

y- normal to the arc, . to" T. The result 8" 1 is used in

finding the lengths of the basis vectors. Then the boundary condi-

tion may be written

T-E=0 (4.67)

From this, with E expressed in contravariant components, we find

oH t oH
- an Y

= o (4.68)
as Vg + 8, tan Y 0z

Under scaling Y will be at most O0(n) so that the boundary
condition (4.68) is analogous to the inhomogeneous condition (3.12)
in the Cartesian analysis. We find on expanding the denominator

in (4.68) to terms in O(nz) that

Qﬁy tan Y aﬂy
P BTy he (4.69)
1-22 -2 tany
2b X

o ki
Ao = tan V) 2 (4.70)

The perturbation analysis will not be repeated here in detail. The

new two-dimensional nonuniform transmission line equation for the
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basic solution becomes

o
P (4.71)
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V. TRANSMISSION LINES WITH CURVED CENTERLINES

5.1 Line Profiles Defined on a2 Normal Centerline

The examples studied so far of nonuniform transmission lines
have been such that the essential feature of one dimensional wave
propagation could be interpreted as occurring along a straight center-
line axis. In this chapter we shall be concerned with the effects of
gradual bends of the centerline, suitably defined, on wave propagation
in our two dimensional tapered plate transmission line. Thus the
theory will be extended to treat that important class of practical
problems where the direction of the transmission line axis is changed
deliberately.

The procedure that will be adopted in this section is first
to specify a centerline and then to define the profile of the trans-
mission line symmetrically on the normals of this centerline. This
gives the curved centerline version of the Cartesian definitions of
Chapter III.

Figure 5.1 shows a smooth open curve Cn’ a transition curve
between straight iine segments at either end. Cn is defined by its
parametric equations x = XO(C); z = zo(c) where [ 1is the arc. length
measured along Cn. At each point of Cn the normal is constructed and
the signed distance & measured along each normal can then be used
to define a point in a (Z,&) coordinate system. The smooth curves

Cn and C, defined by £ = i_aoa(c/lo) respectively, are used to define
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Figure 5.1 Transmission Line Profile with Normal Center Line
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the upper and lower boundaries of the curved nonuniform transmission
line profile. It is assumed that the successive normals to the
normal centerline Cn do not intersect within the area containing Cn’

enclosed by C. and C2' Then a (Z,&) description of the transmission

1
line profile and interior is locally unique.

The slope tan Y of the tangent to the centerline at g

is given by

dx
sin ¥Y(¢) = f

dzo {51
cos Y(¢) = EE—

and the Cartesian coordinates (x,z) of a point (Z,&) are given by

b
|

xo(C) + Elecos' Y (L)
(5%2)

N
]

ZO(C) - £ sin ¥(Z)

We can follow, with appropriate simplifications, the formal-
ism of Chapter IV. In fact it is easily shown that the metric coeffi-
cient gCS = 0 so the (Z,&) coordinate system is orthogonal everywhere.

We also find

ggg =1 (5%3)
- 2. ' 2 .

gep = (- EY(D) (5.4)

ity ey (5.5)

The derivative Y'(Z), the arc rate of turning of the tapgent,

‘is just the centerline curvature. We can then write the Maxwell
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equation for the transverse magnetic field as

-

84 e S8 CREORRC ) D il
98] 7 (1-gyry 9% | (1-gyry OF) ae?

1 et
— { (1-&y"
PRGBS :

(5.6}

From the insert picture in Figure 5.1 we see that when
Eehi==vw ], (57

successive normals intersect. We have already assumed that Emax < Eo

everywhere on and inside the line profile, so that the denominator
terms in equation (5.6) can always be expanded in a convergent geo-
metric series.

In general the line boundary Cl or C2 will intersect the

lines of constant & at some angle © given by

fan B = b (2) (5.8)
(1 - EY'(T)) .

where the factor in the denominator takes into account the relation
between the coordinate differential dZ and the corresponding arc

length element. From equations 4.31 and 4.32 we find

3E
.3_H.= HAR, (5.9)
0& ot
oH o
3 = (1= EYI(L)) (5.10)

ot

The desired bouﬁdary conditions as ever, for perfectly con-

ducting boundaries is that the tangential component of electric field
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vanish there. This becomes

+b'(D)
S b (5.11)

Sl B S

an € +b(Z)

Now apply scaling procedures to equations (5.6) and (5.11)
to obtain solutions for quasi-one dimensional propagation along the
curved center line. As before, we introduce normalized variables

Eflo with the angle of the tangent written as

]

by £=¢E'a_ and &

w(c/ﬁo). Then we have, with n = ao/SZ,0

3% W' 3H R W T Y e e
2 gt o8t g gt GengB ot il
3g" He i iy e L
(5.12)
with
g0,
ETallL)
oH o i

sl e e ne iy 2 g

His it )

o

=}

Y
]

The scaling procedure can be thought of as either a shrink-
ing of the transverse dimensions a  ona given centerline or a
stretching of the centerline scale 20. It can be seen from .these
equations (5.12) and (5.13) that odd powers of n will occur in the
expansions of both differential equation and boundary conditions, so

the appropriate perturbation expansion for H will contain a new
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odd-power sequence of terms that did not appear in the straight

centerline analysis. We shall not reproduce all the details but

simply give the equations for each order as it arises.

2 3

H = Ho + nHl i H2 L 6 H3 s pRE (5. 14)
In the lowest order O(no)
SZHO
e 0 (STES)
ag"
with BHO s
A Oyt E' =+ a (5.16)
13

This has the solution HO = AO(ET,gf) where the function A0
has yet to be determined. The problem for the 0(n) term Hl also has

the form

9"H,
TR 0 (5.17)
»T-
13
oH
with i = 0 on €+ =+ a (5.18)
14

.f.

This also has a solution in the form Hl = AI(C ,t+) another unknown
function which has ﬁo be carried in the analysis until its governing
equation is determined.

In the second order of n | O(nz) we find that curvature terms

have vanishing coefficients

d H2 3 HO 3 Ao
i g S - = = LA LR
+2 g +2 o ( )
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with

Ren & bt (5.20)

These last equations are still identical to those in the
straight centerline analysis. We find then the standard nonuniform

line equation.

82AO A aon
9E ot
and
2 :
+ . 5H
H, = %—- et (;’L,tJr) (5.22)
a BEI 2

The centerline curvature makes its first explicit appearance

in the 0(n3) system, that is not eliminated by lower order results.

2 2 2 2
9°H, 9%A;  9°A; 4 3%A, 1 far = -a_pl)_
il e, <y et e ol o =
oF 14 ot or v
Ty .
with
oH " 9H oH
—2=ia'—i+2aa'\p'—$ on €+=j-_a (5.24)
13 13 o0&

The operators L and M are written solely for brevity and are
easily identified. The boundary condition and differential equation

now for the first time introduce even sequence source and boundary
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terms into the new odd sequence terms. Integrate (5.23) once and

apply the boundary condition (5.24) to obtain

—aLAl = a' —-% €5.25)
o5&
Thus Hl satisfies exactly the same homogeneous equation as
Ho, and adds no new information, so we may take Hl = 0. Then after

another integration we obtain

!
3A T
Hy = 26 aa'y! —2+ (@€ - S ma + AT, e) (5.26)
aga o

The third order term consists of field distortion terms
proportional to the centerline curvature and depending on the basic

+,t'). We

solution AO, and a new undetermined propagating term A3(C
shall briefly look at the fourth and fifth order problems in enough
detail to fix the undetermined propagators in second and third order.

The fourth order problem is

2 ‘o
9“H 3H 2 9H 2 2\, 198 W
4 =Y -3 A e E-f‘w st y 3€+ Y Y 0 3 0
og | Rl g
with (5.27)
JH H oH
g i Gegasy e 0 onf =+a (5.28)
g 13 oz

By the familiar process we find
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g foi i ol g 25 _gi 582 38 .29 32 } {a' aAok
s —£ o + Sy —_\

+ o5z " 42 2

ot

(5.29)

which is again an inhomogeneous nonuniform line equation, which now
contains source terms depending on the centerline curvature as well

as the familiar nonuniformity sources. Note that the curvature source
terms in (5.29) are independent of the sign of the curvature. Physi-
cally, a bend in one direction should produce the same reflections as
the same bend in the opposite-sense.

From the &-symmetry of the fifth order equations it is
quickly seen that A3 also satisfies a homogeneous nonuniform line
equation, and may be taken as zero, leaving just the first two terms
of equation (5.26). The symmetry argument can be extended easily to
show that the new propagating terms vanish in all odd sequence terms,
leaving only local field distortion terms.

We can give a qualitative summary éf the effects of center-
line curvature as follows, remembering that (Z,E) are no longer just
simple Cartesian coordinates, but a more general orthogonal system
that follows the center line curve. The basic zero order solution
still satisfies the formal homogeneous nonuniform line equation,
with no explicit appearance of center line curvature. The second

order term looks the same formally as the straight line version,; but
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now the inhomogeneous line equation governing the new propagating

term contains source terms with explicit dependence on centerline
curvature. Higher order even terms will contain field distortion

and propégation terms that both explicitly depend on curvature. In
addition a new odd sequence of terms appears, containing only local
field distortions depending on curvature and which do not introduce

any new propagating terms thch could be distinguisﬂed from outside

the curved section. Furthermore the first odd term vanishes altogether.

A special case of some interest is the curved uniform line.

Then we have the simplified results, with the uniform line operator.

2 2 12 2
3 H2 ; 9 HZ : aiw 3 HO leJ” BHO
2 Tk T2 T ¥ (5.30)
3C+ BtT 3 9t Y og
and
3 2
i T 0°H 1+ 0H
H = éazg' - 53 } 5 +‘£’2 :l (5.31)

where Ho is the solution of the ordinary wave equation and as before
Hl = 0. Hence reflections seen outside a curved uniform section are
of second order in the length scale parameter n. Even for a uniform
circular centerline the reflected second order wave does not vanish.
Consider for example, a curved transition section which
blends in gradually with uniform straight lines at either end such
that Y'' is continuous. An example of such a centerline curvature
function would be w'(cf) = Z% e_CJr2 which turns the centerline

through a right ahgle. A circular section butted to the straight
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sections would not be acceptable since the discontinuity in radius
of curvature at the junction would give a 6-function in the source
. term coefficients. This is outside the gradual taper scheme of
things and would have to be treated by a local expansion. Let
the zero order solution be a wave propagating in the +Z direction

ol
with arbitrary waveform Ao(t+ - z'). 1Introduce the Laplace transform

s PR I 5
Az(c+’ S) iy j A2 (C ; s tT) e e dt+ (5.32)
0-

Then the transform of equation (5.30) can be written

9
07A +
2 ~ T Zas e d T -
A 52 A2 =73a’s Ao BCoh {(W'(E ))2 e st } (5.33)
3C+ 9L
Assume that Y' = 0 as £ = 0 and that Y''exists. Then the solution of
equation (5.33) at ¢ = 0 may be written as
S e R g e M B S
A, (T ,8) = - Fa” Al j e FQTE) e fdx
o
(o]
= - % a%i f W' )2 e 28% ax
o
0
oo
S {d X : -sX
= - -3— a SAO J a . w(‘z-)} e dx (5-34)
0

The integral in (5.34) has been massaged into the form of a

Laplace transform, so that the inverse transform of A, may be immedi-

2

ately written as a convolution integral. We can take this calculation

as a model of a time domain reflectometer (TDR) connected to the line
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at negative ¢ with monitoring point at f = 0. Then we can idealize
AO as a perfectly sharp unit step in the calculation leading to

(5.34) without any distress and find

g e

a0eH = - 3o {4 V) (5.35)

Xa=at

The effect of curvature of a uniform line defined in this
way is always to produce a dip in the reflectometer trace whose
amplitude is proportional to the square of the curvature at a round

! ; + -
trip travel time t down the line.

5.2 Alternative Centerline Definitions

The line profiles considered in Section 5.1 are defined in
terms of a centerline which is specified from the start. In the
analysis of arbitrary curved line profiles, be it a physical line or
a table of values in a computer memory, only the boundaries are
known and the centerline must be calculated from these before the
analysis already developed can be applied. The normal centerline
shown in figure 5.4 has the property that the line profiles are sym-
metrically disposed along its normals. Hence the elementary increases
in length at each 'end between neighboring normal sections, must be

equal. This condition may be expressed as
dgy By 0 Gy xp) =dny £ 0 Gy~ Xp) (3.36)

where dCl and dC2 are increments of the profile arc lengths Cl and

CZ and t1 and Ez are the respective tangent vectors. This equation
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Figure 5.5 Equiangular Arc Center Line Definition
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(5.36) can be regarded as a differential equation for ;l(gz) or
Cz(Cl). If there is somewhere where the normal section is known,
such as in a straight section, then this provides an initial con-
dition for the integration of the differential equation (5.36).
From equation (5.8) it is evident that, invgeneral, the boundary
curves do not make equal angles with a normal section.

We might also adopt another point of view, more akin to
that of Chapter III and look for cross sections that locally look
like short segments of symmetrical wedge. For this we need cross
section lines that make equal angles at each end with the boundary
curves. Then an arc can be drawn normal to the boundary at each
end, with its center on the normal bisector of the equiangular

section. We then define the ends of this section by

ETR

1 __2) (tl + t2) =0 (5.37)

This relation can be used by taking a point xl(cl) and
solving the algebraic equation (5.37) for CZ'

Then we define the locus of the center points of this family
of arcs as the equiangular arc centerline. The centerline thus defined
is in general not coincident with the normal centerline already used.
For straight centerlines or uniform curved lines, where the arcs
aré straight lines, the normal and equiangular centerlines are identi-
cal. The arc length g is measured along this line. When the center-
line is straight this reduces to the warped cylindrical coordinates

introduced in Chépter LVie
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The geometry of the equiangular arc centerline and the
coordinate system based on it, are studied in Appendix B. The local
wedge axis is not tangent to the centerline and it is shown there

2
that the deviation angle is O(n”~) in the taper scale parameter.

5.3 Field Solutions in the Equiangular Centerline Description

The general discussion of the two dimensional electromagnetic
field problem in Section 4.4 is entirely adequate to handle the
curved transmission line problem, when it is expressed, as shown in
detail in Appendix B, in terms of warped cylindrical coordinates based
on the curved equiangular centerline. In particular the differential
equation (4.33) and boundary condition (4.35) are still wvalid, of
course with (Z,0) written instead of the space variables (z,s). As
is shown in Appendix B, equations (B-31) to (B=34), curvature depen-
dent odd-sequence terms again make an appearance, with an effect
analogous to that found in Section 5.1.

As in Section 4.5, we are more interested, because of the
complex behavior of the coefficients under scaling, in obtaining
solutions in physical variables for the particular profile beihg
analyzed, using the scaling ideas only to establish the approximation

sequence. So we expand

H(Z,0,8) = h (2,0 ,t)) +n b 0T, +.,

Ho(z;,o,t) -+ Hl(Z;,O,t) L (5.38)

where the term Hn is of order 0(n™). The boundary condition
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—2a—2a20 (a=0,1,...) (5.39)

is true for all orders and will not be repeated each time. The

basic equation is

2%
ey 0 (5.40)
o0
which again implies
Ho = Ao(c,t) (5.41)
The first order equation is
2%, 9 oH_
- —(Y' —) =0 (5.42)
o0 90 90

so that by the arguments of section 5.1, Hl can be set to zero.

The nonvanishing terms in the second order equation are

I e Y 3°8
by et gy o = el (5.43)
o0 9T r 9 ot
The solution of this equation yields
o%H_ 1 9H_ O°H
S Pt I e 0 - (5.44)
oL 9L ot
and
H2 = A2 (i) (5.45)

This last pair of results shows that the basic lowest approx-
imation satisfies an equation formally similar to the improved non-
uniform line equation, and that the first correction term is of second
order in the nonuﬁiformity parameter and still has the same wave -

fronts as the basic solution. These important properties carry over
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unchanged from straight center line case. In the third order

= -0 MA (5.46)
362 o) ;

where M is the operator defined by

5 BAO m BAO = 3 Ao/
MAO = 352 <w SE—> + 2 EE—-+ P' Yue (5.47)

2istg™ MA_ (5.48)

The symmetry arguments again will apply to show that no new propaga-
ting term occurs. From the fourth order equation, the propagation

equation that determines the second order correction can be found as

2 2

Tl d %
‘—2—+;'—"’ =L UE
S 3 at
A 32A
LR @2{[§_<F>+F} GER o}
3 L O S A R
2 g 2 2
L _]___ g 2 wvz 8 AO o 211)" OAO I .Lf.o_di__ -61‘)' .ai (5 49)
3 9, Sr2 V' oz R 3T \

In the limit of a curved uniform line r > ©, §, a'~+ 0 this
equation becomes identical with the limit of equation (5.29) in ortho-
gonal coordinates. The sources contributing new waves have been split
up into straight_line terms plus center line curvature terms. In

the next section we shall apply (5.50) to analysis of the fields in



-89-
a uniformly curved wedge, a relatively simple but definitely non-

trivial example.

5.4 The Uniformly Curved Wedge

We define a uniformly curved wedge in terms of the equiangu-
lar arc center line analysis. If we have a line profile such that,
when the analysis from equation (5.37) is made, © = Oo = constant
and the local centerline axis rotates uniformly in space with change
of arc centerline coordinate g, Y' = constaﬁt = l/RO, then we des-
cribe this profile as a uniformly curved wedge. Since the local
centerline axis is not tangent to the arc centerline, it follows that
the arc centerline is not necessarily a circle, though it will be
close for small n. We take the origin of { to be the point where

r = 0 and confine attention to some region starting at r = r 250

to avoid Hankel function singularities. Since d® = 0 we can wfite
(B.14) as
de i="dc ©)
tan § = . % tan 3—2 (52.50)
dcl r dljz
= Oo2 2
which gives Rl {1+ 0(8%)} (5.51)
. O £

which follows from the geometry of the figure. Hence the final group
of terms in (5.50) vanishes to a higher order than any of the indivi-
dual terms, and so may be omitted entirely. The first group of terms

vanishes for a uniform wedge so we are left with
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= . C .
9L 3R 2 8;2

(5.52)

where the solution for the lowest order term A0 can be taken as a
single outward propagating wave of form Hél)(kc) when we assume
harmonic time dependence.

The homogeneous solution of (5.52) adds nothing new. It may

be verified that the particular integral of (5.52) is given by

0 2
Al gL (1) L7 (1)
Az(c,k) = 5 <Ro> {51{2 (kZ) 2kg Hl (kc)} (5.’53)

Since (5.52) is a linear second order equation, the particular
solution may be obtained in a systematic fashion by the method of
variation of parameters, or alternatively by the traditional guess and
check method. The solution (5.53) was, in f;ct, obtained in part by
trial and the more stubborn remainder by variation of parameters.
Integrals of the form

Z
T j x ci ey d | (5.54)

where C0 is a zero order cylinder function, were evaluated by
Schafheitlin's reduction formula as quoted by Watson (1958).

Thus the seéond order correction term to the basic solutionm,
showing the effects of axis curvature, is given by (5.53). As expected
it depends only on the magnitude and not the sign of the curvature.

A more subtle and interesting feature is that the Hankel functions in

(5.54) are all of the first kind, representing outward propagation only,
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there being no reflected waves in the second order correction. Since
the third order correction introduces field distortion terms only,
the reflected wave in this profile geometry can be at most of fourth

order magnitude O(na) in the taper and curvature scale parameter 7.
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VI. THE NONUNIFORM COAXIAL LINE

6.1 Introduction

In previous chapters we have analyzed two dimensional
nonuniform transmission lines. The two dimensional treatment has
had the advantage of allowing the essential features of the coordi-
nate systems and perturbation expansions to be exhibited with a
minimum of distracting complications. Of course a price has been
paid in the sense that strictly two dimensional problems rarely if
ever occur in this three dimensional world, although it has been
found from experience that a statement of two-dimensional results
per unit width gives a good description of finite width lines, pro-
vided the spacing is much less than the width.

In this chapter we shall extend our methods to three-
dimensional problems. A possible class of problems would be the
practical completion of the two-dimensional.theory to describe
finite width strip lines, by including an estimate of edge effects.
Even for uniform strip lines however, calculation of fringing fields
requires considerable theoretical elaboration. Instead we shall
make a natural extension of the techniques developed in previous
chapters, to treat the coaxial line, an example of great technical
importance. This treatment will be more realistic than the two-
dimensional analysis in the sense that convenient laboratory reali-
zations of coaxial lines require very little idealization to obtain
a soluble theoretical model. The coaxial line also has the property,

absent in two dimensions, that a grossly nonuniform line on a straight
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Figure 6.1 Nonuniform Coaxial Line with Planar Cross-sections
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centerline can have constant impedance in the distributed circuit

analysis.

6.2 Planar Section Approximations

The coaxial nonuniform line to be analyzed is shown in
Figure 6.1. Define cylindrical coordinates. (p,9,z) with the
z-axis along the common axis of the inner and outer conductors.
We assume that all excitations and fields are ¢-independent, and
so the only nonzero field components are Ep(p,z), Ez(p?z ) and

H¢(p,z). Maxwell's equations may be written

oH 153
€ ixta Gine 5(oH) e 57 (8.5, +_ezEz> (6.1)
5E : OE oH
gl Rt
oz o M 3c (6.2)

Let the inner and outer boundaries of the line be given by

respectively

p=(a,(2) =a a(Z/lo)

bl(z) a_ b(z/%o) (6.3)

where a, is a typical cross-section radius, and Ro the length

scale of the nonuniform section, giving the familiar dimensionless
taper parameter n = ao/ZO. In terms of normalized variables

i el iy
P O/ao, z' = z/ﬁ,O and t

t/vue 20,'Maxwell's equations and

the boundary condition of zero tangential electric field can be
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written as

2 2
) oH H 9 H o H
SR T T e
3aT \ap il ot S
with

oH H 2 a'(zf) oH a(z+)

_J;.,._%:n or —l‘; on pT= or

Spl P b'(z)\ oz b(z') (6.5)

The electric field components can both be calculated
from the single transverse magnetic field component H¢ by means
of equation (6.1). The differential equation (6.4) and its boundary
condition (6.5) contain even powers only of n, so that a perturbation
expansion of H¢ in even powers of 1 1s appropriate.

.H¢(p,z,t) = Ho(p,z,t) + Hz(p,z,t) e (6.6)

t t

,tT) e

ho(OT,z ,tf) + n2 hz(pf,z

We shall not write out the collection of equations that
define the perturbétion series, but shall just quote and solve them

as necessary., Then in order unity,

3. f3h b
— 2+ 2| = .

+<+ 1) e e
o \op p
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ith aho h° T
w1l —_—t — = 0 on pissia or b (6-8)
PP

o) e
—_ + T 0 (6.9)

and a second integration

ek e
hO ol AO(Z s : (6.10)
P
e ; : . T i¥
where Ao(z st ) 1is an as yet arbitrary function of =z and L v,
The equation for h2 becomes
3 (%, 1% 9%
N Wl L Py Al
p \ep P Playliidta it
with
oh h a' oh a
___i_;'__+—$_= { } -——:_ on p = (63125
ap o) b' dz b

We find after one integration of (6.11) and application of the

boundary conditions (6.12) that



b' i al p+
— n -— — A
) 71 T)b b
—(p'h,) = p e 3 (6.13)
op 2n b - fn a 0z
and
T 1
aon -:— = :—- 8A 3%
=k - g =0 (6.14)
oz 2n b - &n a o0z 8t+

The equation (6.14) that determines the lowest order approximation
to the transverse magnetic field may be compared to the distributed
circuit equation for the current. The capacitance per unit length
of an elementary plane transverse section of the coaxial line is
given by

2TE

C(z) = bl(z) : (6.15)
: fn T
4

so that the coefficient of 0I/d0z in the circuit equation is given

by
1 1
P1onrl
1ay ey o fy
Y ida bl(z) (6.16)
n P
i 8

and is identical to the coefficient of BAO/BZ in (6.14) after

physical variables have been restored.



-98-

If the ratio of inner and outer conductor radii at any given
cross—-section remains constant, then the coefficient (6.16) vanishes
and the line equation reduces to a simple wave equation. This is the
well known constant impedance coaxial line transition, which is re-
flectionless in the distributed circuit theory. In general, the
perturbation expansion will correct this with higher order terms
that will show field distortions and new propagating waves, forward
and reflected.

Equation (6.13) may be integrated again to give

3 3 a: b'
At — - — 0A p— %n b ~—fIn a dA
Ny b an l—Az(ZT,tT)

2 fn %- dz o

(6.17)

The complexity of the equations in higher order approxi-
mations escalates even more rapidly than it does in the tapered
plate line calculations. The now familiar process may be used to
find the equation satisfied by the first new propagating wave
correction Az(zf,tf). This equation is givgn intditsiifull tglorysin
Appendix A(A.4). We shall concentrate in the main text on the
nominal constant impedance line since the results are easier to

interpret, and because it provides a good bench mark for evaluating

the effects of higher order corrections. It also represents an
important practical application in its own right. The equation

for “h in the constant impedance line simplifies to

2



o , OA 1
h2 5 oo e AL — A (ZT,tT) (6.18)
T 2
2:a 3z o}
where
o4, 24, T St 2l g ot Z 2t sk
L2 . 3 Late
1._.’Z +2 +2 + TZ 4
dz ot 4 %n d 0z aridz at a 9z
(6.19)

where b/a =d > 1 is the constant ratio of outer to inner radius.
Since Ao is a solution of the homogeneous wave equation, (6.19)

can be reduced to

BZAZ 82A2 geLia 82A0 p 3 [a" 34 :

R s e iR o aa" e T s s (6.20)
" n e

oz 9 T hvined 5z oz BzT

An even simpler case occurs when the line boundaries are
concentric cones. Then a" =b" =0 and equation (6.20) is homo-

geneous, so its solution may be taken as zero.  Then

A

T N L Ve I e I R W e L T ST
T e o

p 2z 0z

This problem in fact has an exact solution for the principal mode

in normalized coordinates

Ao(tf - rT) Ao(tT - rf)
i pT = 7 sin © (6.22)
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where r and 2z are measured from the same origin. If we expand
r' in terms of zT and p% and then expand the function Ao in
the Taylor series, we recover the first two ﬁerms of the perturbation
expansion. The behaviour of the perturbation series here is similar
to that in the uniform wedge analysis, comprising a propagating
term in lowest order, with field distortions based on this alone
in higher orders. .The lowest order solution predicts fields on the
normal planes 2z = constant as wave fronts. The exact solution for
a uniform conical line shows that the wavefronts are spherical
annuli, which coincide nowhere in the propagation region with the
approximate predictions. This situation is analogous to that found
for the uniform wedge, except that there the lowest order approximate
solution was exact along the center plane. In later sections we
shall remedy this situation by an extension of the nonorthogonal

coordinate expansions and curved center line descriptions developed

in earlier chapters.

6.3 Waveform Aberrations from Constant Impedance Transitions

An important application of nonuniform coaxial line sections
is to provide transitions between uniform coaxial lines of the same
characteristic impedance but different dimensions, while introducing
a minimum of undesired reflections and transmission aberrations.

The perturbation theory developed in the previous section for smooth
transitions shows that if b/a is constant; the first visible effects
of the nonuniformity appear in the second order equations as inhomo-
geneous terms. We now proceed to calculate by Laplace transform

methods, from equation (6.19), the waveform aberrations that would



==

TRANSMITTED

% <

2T VOLTAGE 4 CURRENT
$ WAVEFORMS
\ v b
INCIDENT
WAVEFORM
Ve - a4

|

{NCIDENT !

TRANSMITTED

]
ZE.FLLCTEDi

| |
A
INCIDENT TOTAL CURRENT
WAVEFORM :
Va U(t)
A
v
OR :
2.4 ! TDR VOLTAGE
WAVEFORM
=
t

Figure 6.2 Coaxial Transition of Nominally Constant Impedance and

Waveforms



=102~

be observed with TDR equipment. Rewrite equation (6.19) in physical

variables

/ 2 a2
{a_z e 3—75{ (0%, 00 = m{zﬁai—;’*(@ i >)az}

(6.23)

where a; is the inner boundary (as a function of z). Let the
lowest order solution be a waveform Ao(t - YUe z) traveling in
the positive =z direction, for instance the fast step output from

the pulse generator in a TDR system. Define the Laplace transform as

[oe]
K, (z,s) = f A,(z,t) e 5t 4 (6.24)
0-
Then we can write
(o]
| A (z,s) = A e—‘/ﬁgZS = J A &7 de (6.25)
o o o
0

where Ko is the transform of the incident signal as viewed at the
origin of 2z, which is the start of the transition section as shown
in Figure 6.2. It will be necessary to assume that the first and
second derivatives of al(z) vanish at the end points z = 0,

z = Ro. This will give a smooth enough joint to the nonuniform

section for present purposes. The transform version of equation (6.28)

is
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dz
" fhei, " s T an ]
X ;2 YUE s ajaj (alal alal)g

(6.26)

The solution of this ordinary differential equation may be
found by means of the Green's function G(z,z') which satisfies

the equation

d2 2
—5 ~ WE s G(z,z') = 6(z - z'") (6.27)
dz
and is given by
< S |
Glaay Wus il S ~VIE B 2 5e (6.28)

2V\Es

We shall evaluate the solution of (6.31) at the generator
end of the transition 2z = 0 to find the reflected wave, and at
the far end, 2z = 20, to find the aberrations on the transmitted

wave. So we find at the far end

2 -Yue & s (<
2 7 d -1 (o] TN e 12
n A2 - S ae Ao J 32%u€ s ((alal) aj )

-00

- (alai i (aiz)' dz' (6.29)
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where the integrand is a function of z'. All terms but one drop out

after integration because of the assumed smoothness at =z = 20,

leaving

2 = -~ Ros 20
nAa, =-——e VYUE s Ko J a
0

e

1 dz - (6.,30)

Since the definite integral in (6.35) is just a constant
once the taper profile is specified, the new transmitted waveform
is proportional to the derivative of the incident waveform. In order
then to have the correction remain small in comparison with the
lowest order term, the rise time of the incident waveform must be
restricted to a slow enough value. An ideal step transition of
the incident waveform would lead to a 6-function in the transmitted
correction term. So we choose the incident waveform as a single
time constant approximation to an ideal step function.

e-t/r

AO(O,t) =1 - (6.31)

with time constant T and rise time 2.2T. Then the transmitted

waveform aberration 'is given by

N lh ) _Idz -1, gk st T e e-(t-QOVﬁE)/T
200 4 fn d T [} 1
Q0 (6.32)

where a(z) 1is the normalized taper profile of the inmner conductor.
The quantity T/v/pe 1s the distance A that a plane wave would
travel in the medium filling the coaxial line in one time constant

of the incident pulse front. In wide band pulse techniques using
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coaxial lines, ao/k << 1 1is maintained to avoid higher mode
effects. The sign of the correction term (6.37) it such that is
will always introduce a preshoot on the transmitted waveform as

depicted in Figure 6.3,

In calculating the reflected wave, a different grouping

of terms is appropriate. At z = 0 we find

2 (oo}
2 = g.__:_l. ‘/ [ s tan ' "’ —ZV]JE zS
A C 3 Tma o J 32 HETE R iy SR A e, (o s
0 (6.33)

The first three terms of the integrand may be grouped as

-2 HE ZS}

d/dz{aa" e and with the assumed boundary terms, this

vanishes upon integration

ata’l e-2 pEte dz (6.34)

'
i

=3

>

]

+

Lo ="
N

(=R

b
oO-——-8

{g—-a<§)}2 e tat (6.35)

where X =

The inverse transform is easily read off as a convolution.

It is not necessary here to restrict the rise time of the incident
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wave and if Ao is a unit step function the reflected wave can

immediately be written down as

2
2 a
2 s B e N g a2
nA,(0,e) = fg=t s 2 - {E(a(®)) (6.36)
£ dx
o)
where X = E
2 /Eﬂ,o

and a(z/lo) is the normalized inner conductor profile. If we were
to calculate the reflected wave when the incident pulse has finite
rise time, the convolution process would smear out the details of
(6.41) over a time interval = T, but no problems arise in the
limit T + 0 as they do in the transmitted wave. ‘The reflected
waveform shows a point by point dependence on the taper profile,
while the transmitted waveform distortion depends only on the mean
square of the slope of the taper profile.

An interesting diversion is furnished by the observation
that, in the perturbation theory, second order variations of the
taper profile will first appear in the second order results. Again
we consider a nominally constant impedance coaxial transition
b/a = constant = d, where the taper profile of the inner conductor
dishaltered  to Uai-h nza. The formulation of the problem in the
perturbation description remains exactly the same through the fourth
order equations with the exception that the fourth order boundary

condition on the inner conductor becomes
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oh h oh oh
—7[;_-+-—f;=a Z+a
ap o' 3z 9z

on'p’' =a  (6.37)

T

and the equation defining the second order wave correction becomes

S

SZAZ 82A2 P 524 0| o' oa

B e 5 = - 2aa" = + (aa'''-a'a") +
oz atT 48nd Bzf BZTJ nd 9z
(6.38)

If we choose

o' = - %(dz - 1a'a" (6.39)

then the term responsible for the reflected wave is cancelled. This

may be written after integration

RET CREE O (6.40)

The boundary shift a(zT) for no reflections vanishes
when the line is uniform as would be expected. It is also seen
that the aberrations on the transmitted waveform cannot be cancelled
in this manner, and are not even‘affected in this order. Thus the

absence of measured reflected waves does not guarantee perfect fidelity

of the transmitted waveform to the same order.
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6.4 Analysis in Axially Centered Warped Spherical Coordinates

The problem of poor wavefront prediction in the tapered
plate line analysis was largely solved by introduction of the warped
cylindrical coordinate system, which enabled finding of much improved
field solutions for substantially the same effort applied to solving
propagation equations. In Section 6.2 we have seen that the problem
of poor field descriptions is even more acute in nonuniform coaxial
line analysis, so we now develop a warped spherical coordinate
description which merges into cylindrical coordinates for uniform
coax in a fashion analogoué to the passage from warpéd cylindrical
to Cartesian coordinates.

The warped spherical coordinates will be based on the idea
of rotating the two dimensional system about the center line axis as
shown in Figure 6.4. The arc coordinate system (z,s) in a plane
containing the axis is defined in terms of the outer conductor
profile b(zl) after the fashion of Chapter IV, and then rotated
about the center line to generate the azimuthal coordinate, ¢. We
can then write the Cartesian coordinates of an interior point in

terms of its warped spherical coordinates

s
z - r(l - cos r)

N
]

ToEdn %—cos [0} (6.41)

= r sin = sin ¢
71 T

The metric now haé the form
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glj = [8zz 85 ¥
825 8ss Y
0 0 6,42
where g¢¢ = r2 sin2 %’ (6.43)

and the other components are identical to their two dimensional
counterparts given by (4.20) to (4.22). The metric determinant 83

is given in terms of the two dimensional version &) by
g3 = r2<sin2 %)gz (6.44)

The transverse magnetic field Hy is replaced by H¢ and the
symmetries are otherwise unchanged. Since the off diagonal ¢
terms in the metric (6.42) are zero, the contravariant and covariant

components of Hqb are parallel and are related by
e 278w By ) &
h¢ T <51n r)h r<31n r>H¢ pH¢ (6.45)

With the assumed rotational symmetry, the first Maxwell equation

becomes

o pe, e 5n® b oh,
e 5‘:"575 g AT o 02
,/-8‘3- (0lo]

and the derivation thereafter is similar to that in Section 4.4. We
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obtain, in terms of familiar quantities, the propagation equation

for the covariant component of transverse magnetic field

2
0 g oh Yg, 9°h

» —{ - q’} e el 2=0 (6.47)
ds (r sin ;-/E; oz Tesin =—0dt

The boundary condition on the outer conductor, which is also the

defining boundary for the arc system, is

oh
s 0 on s =8 =710 (6.48)

ds b b
The inner boundaty has not yet been specified. The choice
of inner conductor profile that most closely corresponds to the
constant impedance line in planar transverse sections, is that which
defines the same set of arcs aé the outer boundary in their common
interior region. Elementary sections of line on each spherical
cross-section then belong to concentric cones. The inner bbundary

condition is then also

5h
L S0 R R e (6.49)

9s a a
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In any longitudinal axial section, the set of such inner
boundaries comprises the orthogonal trajectories of the arc system
and, in principle, could be used to define an orthogonal coordinate
system. In reality, exact calculations have proved prohibitively
complex, and the nonorthogonal coordinate systems are far more
practical.

The local geometry of the inner boundary when it is not
orthogonal to an arc is shown in Figure 6.4. The contravariant
basis vector g{s] is a unit vector téngent to the arc. Let the
inner boundary make an angle { with the normal to the arc which is
o[7]

parallel to the covariant basis vector which has length

Vgss g¢¢733 = 1/»/g2 which is the same as in the two-dimensional version
of Chapter IV. The boundary condition that tangential electric field

vanish on the inner conductor can then be expressed as

{tan Y ey /E;ig[zl} . {ez &l2] + e° E{s]} =0 (6.50)

or in terms of h¢‘

tan Y oh
O : @ on s =s_ (6.<.51)

When tan Y = 0, the boundary is locally coincident with an ortho-

gonal trajectory of the arc system, and the boundary condition re-

”

duces to the homogeneous form (6.50).

The propagation equation (6.48) will now be solved by the
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approximate methods of Section 4.5 with similar interpretation of the
scaling procedure. Some useful coefficient expansions are given by

(6.52) to (6.55) where b = b(zl) is the outer conductor profile.

ng ok 52 st
s Dt o =

2 2
O PR =-']'- 1+ S_2_+_S_§ Filoe ) (653)
/gz r sin %- s 6r 2b
g 1 7 ,sz st
____LE.=— 14+ — o —-i-———i- + ...(6.54)
/g; r sin A B0 6 ‘1 2b
g 1k 32 SZF
: _.__————sz E —+ '_3+ 2 + LRI (6'55)
/gz r sin %- 7 6r 3rb

The expansions have the convergence properties discussed
in Section 4.5. The propagation equation, arranged by dominant

orders of n, becomes
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o (1 5dh 9" h o'h, ) 7 F \ 9h 25 9
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os (s 9s j z ot ds (\6 r 2b”/ 8s o U1

2

Bl el e
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oz (\6r 2b /az ds ds ds (\6r 3rb,/8z

The angle Y 1is of order at ﬁost om). This.corresponds
to a coaxial line with gross impedance variations along its length
or else small scale variations about a smooth profile. The boundary
condition (6.52) will then be homogeneous only in the lowest order.
If Yy 1is of order 0(n3), the boundary condition is also homo-
geneous in second order O(nz), which corresponds to a constant
impedance nonuniform line. The fourth order boundary condition
then contains the 0(1l) solution, Ao’ which appears as an extra
inhomogeneous term in the defining equation for ‘Az. Such an inner
conductor profile can depart from a particular orthogonal trajectory
of the arc system over the length of the taper, only by a spacing
of order O(nz). This is very reminiscent of the effects of second
order profile deviations noted in the previous section.

The lowest order problem in the perturbation sequence in

order 0(l) is

2 2 2 2 2
P s s F'\ dh s s F) 9°h
e —{(6 - 2> ¢’} - ue {——2— - —2§ ——Z—QJ +om® =0 (6,565

¢

&y
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3 (1%, )
& B_S_(E_Las £ 0 ‘ (6.57)
oh
with :—99-= Oiftontis =" a Wite (6.58)
os a b

This has solution h, = Ao(z,t) where Ao is an undetermined

¢o

function independent of s, which is to be found in solving the

O(nz) problem

IRl O 9 A 0 A
s W . e 2° - Je ——2—0 (6.59)
9s s 0s 0z ot
with
oh
92 _ =
o 0 on''is = sb
tan Y 8h¢o
S 5 o on s = S,
[l - %-tan Y - i—gz (6.60)
22}

where the denominator of the inner boundary condition has been ex-
panded to order O(nz). For consistency of ordering, it is sufficient
to ignore even the 'O(n) denominator term, but the more accurate
version (6.61) still contains only quantities that will be calculated

anyway. Integrate (6.60) once and apply the boundary conditions to

find
2 2
oh 0 A 3"A
L2 s(fn s, - 2n s) 20 - ue % (6.61)
ds az ot
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2
) A0 tan Y aAo
- . -ue
5 2 5, s s F/ oz
Z b a a

s dn— )1 -—tan Yy - —

a s 2

a Zbl

Equation (6.63) is the new improved model nonuniform transmission line

equation for circular coaxial transmission line.

the geometry of the line that, as n =+ 0
b' a'
L2im = 2 - ba
n=>0 s s'F sy in =
s (1 --2tan Y - 2| fn —= &
a T 2 s
2b a

It can be seen from

(6.63)

which implies that both the defining equation for A.O and the

coordinate system reduce to the Cartesian versioms.

that (6.62) reduces to a homogeneous simple wave equation is that
Y =0, independently of n. As already discussed U = 0(n3) is

a sufficient condition in the perturbation expansion for this to

be true.

Y =0

magnetic field are

The condition

In the special case of a uniform concentric conical line,

everywhere and the solutions for the physical component of

(6.62)
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AO e Vﬁﬁ; Z)

H¢0 i r sin © S

(6.64)

I
2]

which are identical with the exact solutions. The warped spherical
coordinate analysis telescopes into one term an infinite number of
terms of the planar section expansion, yielding the exact solution
in this special case.

Our foray into the next order of approximation, in the
name of simplicity, will be limited to constant impedance lines with
Y = 0. From equation (6.62) it is seen that in this special case,

that h,, = Az(z,t) only. This important result shows that for a

¢2
constant impedance coaxial line, the second order correction has
exactly the same wavefronts, spherical annuli r=constant, and
transverse behaviour as the basic solution. Thus we can assign a
transmission line interpretation with equal and opposite currents
where the spherical sections intersect the conductors that is valid
through second order corrections in the taper scale parameter. In
the tapered plate analysis, this was true for all smooth profiles,
but in the three-dimensional example of the coaxial line it is true
only for the class of constant impedance lines y ~ 0(n3). This
restrictive result may be attributed to the loss of symmetry in an
axial section even for a smooth gradual taper. Compare this with the
irregular boundary analysis in two dimensions. In both this and the
varying impedance coax line the local boundary does not fit exactly

into the dominant behaviour.

The fourth order equation now reduces to



3 (1 ony, 024, 2°a,) s7 (o [F\ 2F oA, F d°A
BT =‘{2‘”€2'——2+2 A
ds (s 9s 0z at 2 ? 9z 1 rb"/ oz bl 9z
(6.65)
el oh
with 94 =0 on s =8 =710
5 a a
s=s =71 Ob (6.66)

Integrate and apply the boundary conditions to obtain an equation

for ‘A
A

32 32A2 sg—szj2F 324 ) 2F |04
agts e piR % bZ 322|922/ mZ|ow
y 4 gn —P1 %% A s
a
(6.67)

This equation has the same form as equation (6.23) for the planar
section approximation and the solution methods developed there can be
applied here also. Note that the BZAO/BZ2 term is still responsible
for transmitted waveform distortions and in the limit n - 0 the
coefficients of this term in (6.23) and (6.68) become identical.

The coordinate system used in this section has been based
on the outer conductor profile, since the system, which has
essentially interior definition, then has validity independent of
the inner conductor profile. In later sections we treat low
impedance lines where inner and outer conductors are of almost equal
significance. 1In the extreme of a high impedance line with a uniform

cylinder for outer conductor, the transverse sections are planar
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which expresses the field behaviour over most of the region and gives
results identical to the original Cartesian expansions since then
b' =0, tan Yy = a' and r = ®»,

' The principal result of this section can be summarized

in the new nonuniform line equation

§5A 0. tan .l 9A 9%A
(o] (o]

-0 (6.68)

6.5 Low Impedance Coaxial Line in a Warped Conical Description

Coaxial lines of low impedance have inner and outer con-
ductor radii almost equal so that locally, from an azimuthal point
of view, they look like strips of parallel plate line with spacing
b - a, which may be paralleled to a total width equal to the mean
circumference. A low impedance coaxial line of variable mean
radius and spacing is illustrated in Figure 6.5. It would seem
from an intuitive look at the propagation behaviour in such a line,
that it would be best described by a curved center line axis in the
propagation region, in an axial longitudinal section, rather than
by the relatively distant coaxial center line axis, and with the
field pattern dominated by the neighboring walls rather than by
some construction based on a distant axis.

We have in fact met an analogous situation before. In
Chapter II the constant impedance tapered plate line was treated
with the restriction that the parallel undulations‘be only a small

fraction of the plate spacing. This restriction was lifted in the
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Figure 6.5 Warped Conical Coordinates for Nonuniform Low

Impedance Coaxial Line
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later chapter treating profiles with arbitrary curved center lines.
The symmetrical tapered plate had a natural center line, a fact re-
flected in the correctness of the on-axis approximate solution, but
in the extension to coaxial lines, it was an off axis section that
was rotated to generate the coaxial line profile. We might expect
then, that in low impedance coax lines, the off-axis asymmetrical
behaviour of the generating section will be predominant.

The geometry for describing coaxial lines will now be
generated by rotation of the planar curved center line figure about
some axis which does not intersect the line profile, say the z-axis.
In this section we shall use planar normal center line description,
so that each transverse coordinate surface is a normal slice of a
cone with axis along the coaxial center line. These could be called
warped conical coordinates by extension of our earlier terminology.

The axial section coordinates (Z,£) are as defined in
Section 5.1 and the azimuthal coordinate angle ¢ is generated by
rotation about the z-axis as in Figure 6.6. Then we have now

writing Py for xo

z=2() - ¢& sin ¥(z)
'x = (p (%) +&cos ¥()) cos ¢ (6.69)
y = (p (&) + & cos ¥(Z))sin ¢

The diagonal metric of this orthogonal coordinate system is now

given by
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8rp = (1= 8 ¥ (2))* (6.70)
Eppa= (6.71)
Bgg =P € cos n? = p? (6.72)
g = (p, + & cos (1 - E¥' (@) = pg,”?

(6.73)

The quantity p = (p0 + & cos ¥) is simply the cylindrical
radius of a point (Z,£,9) £from the coax line axis. The conditions
of Section 5.1 for good behaviour of the coordinates applies un-
changed, and there is the additional condition that the z-axis not
intersect the profile. We can then use the general formalism leading
to equation (6.48) to write the equations for the covariant component

of magnetic field h where the physical component H¢ is given

¢’

by h¢ = pH

&
First consider the choice of normalization of the mean

radius Po? to avoid repetition in writing out of long equations.
We shall adopt pO(E) = 20 pZ(E/QO) so that for small n the line is
of the kind discussed at the start of the section. The mean radius
could be allowed to scale at some rate intermediate between a, and
20 and still yield. the low impedance limit but the version stated
is the most convenient. We expect from this that the results will

be good for a wide range of p:., With this choice of normalization

the governing equations can be written



e S

2 | , .
3 n2 e cos Y 8h¢ e U 3h¢
ag" x| +ng cos y 38T 1-ngTyr ag’
2 ak 82h¢ 2 sin Yy 8h¢
3 . gzl .
(- ngyn? ag’ (1 - nE"Y") x! + nEeos ¥) g
5 gp ™ om0l am
+n (p-n —%4-0» (6.74)
@ - netyny3 ot ae!
v oh tia! oh
with —2 . — ?@ oty (6.75)
o€ (L =-ng yP')" oz

The expansion of h¢ needs to contain both even and odd powers of n

2
h¢—ho+nhl+nh2+... (6.76)

It is soon established by reasoning similar to that of Section 4.1
that ho and hl are given by as yet undetermined functions
A, A :

S(Cst ) and Al(g ,t') respectively. The second order pro-

blem is

2 : 2
) h2 e ) hO sin VY Bho ) ho

PR e e : (6.77)
3g" sz’ S
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with
oh oh 5
——%-= £ a ——%- on ET x a(CT) (6.78)
o9& oT
From these we find
2
TiealyioA -
h, = §L—--——-—%%-+ AZ(CT,tT) (6.79)
20T
and
82A0 al sin ¥ BAO BZAO
+2 +{— = " - s 0 (6.80)
9T a P oz ot

It can further be shown that Al satisfies this same homogeneous
equation and so adds nothing new and may be taken as zero, and that
higher order odd sequence terms contribute only local field dis-
tortions on lower order even sequence solutions and so remain
invisible from outside the nonuniform section. It can also be shown

that A, satisfies an inhomogeneous version of the nonuniform line

2
equation (6.82). Detailed statements of these results will be held
over to Appendix A.-

A physical interpretation of the new nonuniform line
equation (6.80) is not difficult to find provided we recall that
sin Y = dpo/dc. Since the mean circumference is proportional to
Py this term measures the logarithmic rate of change of cir-

cumference. In view of our picture of a low impedance line as a

tapered plate line section curled up transversely to a total width
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Zﬂpo we can interpret the condition for a perfectly transparent

nonuniform line

a’ sin i (6.81)
a

as signifying that the increase in impedance due to increased spacing
is offset by extra effective width due to increase in mean radius.
Heuristic reasoning like this is frequently applied to variable width
strip lines neglecting edge effects, but in this version edge effects
take care of themselves.

Another special case where comparisons are easily made is
when a is constant and Y = m/2, a radial transmission line between

parallel plates. The exact equation may be written for this symmetry

] 2
.'B——Z(DH) - La—(pH) - JUE ugﬁ =0 (6.82)
op p 9p ot

In this case C > p and sin ¥ + 1 leading to an identical equation,
when it is recalled that Ao is a covariant component, pH¢. The
new nonuniform line thus gives an exact description of the radial
transmission line between parallel plates. It also gives a dis-
tributed circuit level description even when the local propagation
axis bends back over.

From equation (A.5) for the second order correction term
we see that the eduation has the same general form as equation (6.23)
and the solution method of Section 6.3 is directly applicable. No

qualitatively new results are obtained so we shall not give all the
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details here. We remark that the coefficient of the derivative ‘in

transmitted correction is proportional to

’Q’O
J(azw'?' gty g (6.83)
0

This expression vanishes only for a uniform line, in agreement with

our previous conclusion.

6.6 Low Impedance Coaxial Line in a Warped Toroidal Description

The normal center line description of a curved axis problem
is known from earlier chapters to have the difficulty that if only
the boundaries are given, that in general a differential equation
must be solved to find the center line, though for gradual changes
of spacing, the position differs only in second order from the
equiangular arc center line of Section 5.2, It is also known that
the predicted plane wavefronts are much inferior to the warped
cylindrical version as a prediction of the true fields even in the
lowest order approximation.

In the previous section the normal center line description
has been extended to coaxial geometries giving conical transverse
coordinate surfaces; The cylindrical description can be extended
in the same fashion to give transverse coordinate surfaces that are
sections around the major circumference of some toroid. This is a
warped toroidal coordinate description in terminology consistent
with our earlier Qsage. The system will in general be nonorthogonal.

We refer to the two dimensional calculations given in
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Figure 6.6 Warped Toroidal Coordinates for Low Impedance

Coaxial Line
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Appendix B. The rotation process, under the same conditions as in
the last chapter, introduces a new diagonal term g¢¢ into the metric

with no cross terms (6.42). Then

8¢¢=%po+2r sini—r C‘?S(%‘;'*'\IJ)Z (6.84)
/E; ={po + 2r sin %;-cos (%;-+ W)}/gz (6.85)
Write
A=1+ po sin or cos <2r + w) (6.86)
=1+ 0(M)

with Py measured on the 20 scale as discussed in the previous

discussion. The full equations for propagation can then be written

: 2_{ i oig +3_{ Beg Mgl 2 Y8 Oy
° %% |pave, o ) 30 la Vg, a0 20 Vg, ot
: s /g, 3°n
- p, — -0 e _ue__2Q=o (6.87)
: 14 pA/éZBc A a3t
with

oh
a,—a¢= 0 ono=£r0/(L) (6.88)
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We shall only briefly summarize the results of applying the
perturbation procedure to these equations. Expand in a full sequence

missing only an 0O(n) term

h¢=ho+h2+h3+... (6.89)
Then we find

ho = A°<C.t) (6.90)

h, = Az(r,,t) (6.91)

where Ao is defined by the homogeneous nonuniform line equation

aon 1 pl) %A, 2%a
+{— = —)>— = LE =0 (6.92)

and the second order correction h2 has the same wave fronts
C = constant and is defined by an inhomogeneous version of equation
(6.93) ., The simple wavefront prediction is now good through second
order whether the line is constant impedance or not. We recall that
in the spherical version based on the coaxial center line, this is
valid in second order only for a constant impedance line.

A special case of interest occurs when V¥ = T/2 and the

boundary angle is constant. Then r = et C and
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9" A 9 A
- Je i 0 (6.93)
14 at

O
o]

which has solutions

H+

& PMIRR e £(C £ uet) (6.94)

This is identical to the exact solution for a biconical transmission

line.
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VII. CONCLUSIONS

The classical distributed circuit analysis of nonuniform
transmission lines is an éd hoc approximation. We ﬁave developed
a perturbation expansion of the exact propagation equations and
boundary conditions in a small dimensionless parameter m, which
measures the length scale of a gradual taper. This yields eéua—
tions essentially equivalent to the circuit equations in the lowest
approximation and can be continued to provide systematic corrections.
The physical nature of the approximation sequence is that it empha-
sizes quasistatic behaviour in transverse sections while preserving
a one dimensional propagation description along the axis. This has
been done in detail for the special geometries, which have great
practical importance, of tapered plate lines and nonuniform coaxial

line. The higher order terms are used to calculate aberrations on

an incident waveform, beyond those calculated from the circuit equa
tions. These are especially significant when the nonuniform line
section is perfectly transparent in the distributed circuit theory.

It is shown that the generalized telegraphist's equation
analysis of Schelkunoff and others, which has been suggested as the
way to improve the circuit equations, is qualitatively unsuited for
finding better approximations or for aiding physical interpretation
in this class of problém, though it is the natural method for solv-
ing multimode waveguide problems. The different methods solve
different problems with only a small region of overlap. .

We then develop nonorthogonal coordinate techniques which

lead to very much improved field descriptions ip the nonuniform re-
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gion, so that just the first term is exact for uniform finite angle
profiles. The first propagating correction‘is also found to be the
same basic wave species as the lowest order solution in this de-
scription. The analysis also leads to improved versions of the basic
one-dimensional circuit type nonuniform line equations, which reduce
to the well-known equations for very gradual transitions. The
classical equation for the tapered wedge, for no apparent deep
reason, gives the correct coefficient for a uniform wedge, but in
the wrong coordinate system. With the improved understanding of the
field solutions we can better attack problems such as making a
clean, short circuit of well defined position in a nonuniform line.

The expansion techniques are also extended to tapered
wedge lines with curved center lines and these results are later
applied to generate conical and toroidal transverse field de-
scriptions for low impedance.coaxial lines where field behaviour
is locally dominated by the closely spaced conductors. It.is also
seen that this analysis can be applied to stripline of wvariable
height and width, provided edge effects can be neglected.

There are a number of ways open for extension of this work.
Adequate smoothness has been assumed for line profiles and if this
is not so, quasistétic boundary layer type calculations are required
with matching to the wave solutions. We have also treated only
cases where the basic field symmetry is maintained and so have not,
for instance, tréated transitions between coaxial lines of various
cross—sectional éhapes, where even more mode warping occurs. We
can also anticipate the general nature of results for three dimen-

sional curved lines such as flexible coax. In a more subtle exten-
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sion, a class of nonuniform dielectric problems becomes amenable to
approximate solution, when the dielectric constant varies only in
directions normal to the transverse coordinate surfaces. The view
from outside the nonuniform section will now be different depending
on whether the dielectric distribution has been fitted to planar or
to curved sections.

Further application of the nonorthogonal coordinate
techniques for quasi-one-dimensional problems is not restricted to
electromagnetic fields but looks promising for such diverse pro-

blems as heat conduction or wide angle deflection of electron beams.
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APPENDIX A

Some Higher Order Perturbation Equations

The details of some higher order perturbation results, referred
to in the main text, are given here in more detail, with the notation
being that for the appropriate section.

In the planar section analysis of the two dimensional tapered

plate line, we have, in normalized variables

4 2
1 2 i
Pxrailon 9 - a - : -
H4(x s Z5) 2% 2 2 e : ALt A4(z,t)

(A.1)

where the sixth order analysis shows that A4 is given by

2 o 2
2 ¢y + 2
az+ a(z') & 9z 8t+
= _i{az A B 22! } {i'_%_}
b 2 a i3 2 a 1
8z+ 0z 8t+ oz
2
i {32 5t gt }{a e }.{g_’_ﬁ}
120 2 a + 2 2 2 a ax
82+ 9z 8t+ Bzf 3t+ 0z
_53{82 +3__'_a___a_.} U.{i__ﬁ_'_a__az__}}{gi‘i}
36 454 a 5 2 2 Y ¢ 2{ { Ja 95
3z 0z 3t+ } Bz+ 0z 3t+ 0z

(A.2)

Equation (A.2) is an inhomogeneous nonuniform line equation. Also
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Soind st
- b2 +2
3z ot

In the planar section analysis of the general coaxial line, the

first propagating correction A2 is given by

2 b alt 9
S - s Azl e (A.4)
32 b Bz b A R
0z bt o ot
a
e b2 - a2 {bzgnb - azﬁna i 1§ {32 . 32 }
b AT 2 2
4 fn 3 b a 8z+ 8t+
b rat
b'bnb - a'alna ) b a aAo
e 9 3 A TR b =
bit="a 0z ; gn*; Bz
A a' - ‘
32 32 2(b'b - a'a) 9 a Znb b tna aAo
i AR A RS = b =
azf 3t+ b" - a 9z n = oz

The simplified version for a constant impedance line is given by (6.19).

In the special case of nominally uniform impedance coaxial line

in the warped conical description of Section 6.5 the second order
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propagating correction A2 is given by

2 2
3°A 0°A 0A
.__g._.___.2.=_2i' gL e ED vn__@.' ,_Co_skb__}i |l£Q_§}2} o)
T BAPT e {a Sl Ll S L bz ey
az;l T o al e
a2A
_aZ{_l_ l]J'z wrd " cos}Q} o
3 3 % +2
°© " ar
_iz_{i*.z.?_'_ 3 _32 }{ELBAO} (A.5)
6 2 a ac'l‘ 1_2 aneon £
oz’ ot
2%
Using the relation (6.83) we find the coefficient of > to be
-f.

-%{a2¢'2+a'2 A (aal)l}. oC
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APPENDIX B

Geometry Associated with the Equiangular Arc Centerline

In this section we shall establish some geometrical proper-
ties of the arc coordinate system defined in Chapter V, where the
properties have been quoted and used without proof. Refer to figure
B.1l for details of point labelling. The typical transverse arc‘PlRP2
makes equal angles with the boundary curves Cl and C2. The governing

equation for selection of points Pl(gi) and P2(§Q) is

<£l W £2> srop ) (B—]-)
where
T, +t ,
g =2 (3-2)
2 cos O ,

is a unit vector along the local axis OQRS and El and EZ arc tangent

vectors at P, and P, respectively. We measure arc length T along the

1 2

locus C of the arc centerpoint R and arc lengths 51 and C2 along the
boundary curves C1 and C2. Then the vector description of the arc

center R is given by

0

-> :_L_ A o St
OR = 2(51 -+ 32) 4+ t a tan > (B-3)
A unit vector fi normal to t is given by
A= (x, -x,) (B-4)
2a faiin =2

In general OR will not be tangent to the locus of R, the

equiangular centerline C. Let § be the defect angle between OR and
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Figure B-1 The Equiangular Arc Center Line
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the tangent to C at R.
§=0-19 (B-5)

If we calculate the shift AR in the position of R on a

nearby arc then we have

fan Gles ot (B-6)

KR is obtained by differentiating (B-3). Since E is a unit

vector the change in E will be normal to t and so parallel to fi. Then
IR = (¢, dr, + t, dC.)
2 sl il 2 k72

+ At a tan %-+ t A(a tan %') (B-7)

We find by differentiation of (B-1), that, after a little algebra

COSO

i At =~

so that, with the third term dropping out

AR » ek sin B dE e dr. ) Sdidog o tan & L. Tedr.)
Y by 1 LA e o Bl Sk e 2
=l(dc‘ S (kin s pow Ol tan =) (B-9)
7 (4% 2 2
4 ) S

This is, in general, non-zero unless O = 0,
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an equal spacing line, or dcl = dCZ which implies a straight center
line, so that & # 0 except in these special cases. A little re-
flection on the derivation will reveal that the point S where the
normals intersect from the boundary curves at Pl and P2 on OR has
its locus tangent to OR. This elegant property does not appear to
have any direct relevance to electromagnetic field calculations.

It can also be readily shown that

Aa = % sin © (dz; + dg,) : | (B-11)
and

d
AO = = (Kl d;l - o<2 di;z) (B-12)

where K 1s the curvature of the boundary. Then

O 9,
AR.tv— 5 cos €] (dcl + dgz) + A(a tan 2)

2

18 a 0
= -Z—(dcl + dCZ) + T sec 7 (KldCl - szl_',z) (B-13)

Substitute back into (B-6) to obtain

(d;l - dcz) tan~%
tan 6 = = =5 (B-14)
d;l + dgz -~ 5 (Kld?;l - szcz)(l + tan 5)

Application of ordering estimate for mn =+ 0 shows that § ~ O(nz)

The coordinates for the extended warped cylindrical
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coordinate system on a curved center line are defined as follows. Let
the label for choosing the particular transverse arc be g, the arc
length measured along the equiangular center line Ca’ and let o0 be
the angle measured along each arc ¢ from the center line. Then we
can write the Cartesian coordinates (x,z) of a point Q(%,0) by

using equation (4.15) followed by rotation and translation.

i g !
g + r sin - cos Y - r(l - cos r) sin Y
(B-15)

g o
Eomg T sin = sin Y - r(l - cos r) cos Y

The slope of the tangent-to the equiangular center line is given by

on : Bzo
= = sin ¢ ; §ET-= cos ¢ (B-16)

It has been found by grinding experience that calculations go more
smoothly when we work almost to the end in terms of half angle

functions. If we write for brevity s = sin 0/2r, S = sin(0/2r+y))

etc, then
: Figiao] ag
X = X + 2r sin oF cos(2r + w)
(B-17)
i) . o
X=X - 2r sin 57 sin <2r + ¢)

and the partial derivatives become,with a prime denoting an

ordinary L derivative
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%‘ sin ¢ + 2r'sC + (6r' - 2ry')sS - Or'cC
(B-18)
gg'= cos ¢ - 2r'sS + (Or' - 2ryY')sC + 6r'cS
X
S cC - sS = cos (6 + V)
(B-19)

g—d wigC = o i aTn (D )

After much algebraic manipulation we surface with the metric quantities

2

2 ol el g Lo o] ]
1 o 2P S e BT S ' & St
gCC 1 2t (l = cos Sisis elns + > rz) 2r' (cos8-cosb ;s1n(r §)

+ 2(xy") (L - cos 8) - 2(x'0) (xp") (1 - cos 6)

- 2r)'(sin & + vsin(-(:—' =15Y) - (B-20)
gC; = - sin(%-- §) -'r'(%-- sin %9 + rP' (1l - cos %) (B-21)
8oy ™ 1 - (B=22)
L RS G e Wy R i 2
g = cos(r §) + r'(1l - cos r) rY' sin - (B-23)

No approximations have been made in deriving these ex-

pressions. Note that if we set Y' = § = 0, then we recover the
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expressions for a nonuniform line with straight center line. The
limit 6 - 0, r + © represents an equally spaced line on a curved
center line and the orthogonal coordinate expressions of Chapter
V are recovered. For example
2
et B Zrzw'z _ .

o]
g 2=
5% 2r2 ?

2
= (1= op") (B-24)
The expressions just given for the metric quantities have
been separated into straight center line terms, curved axis terms,

and correction terms in the defect angle J. We now examine the

series expansions required. The geometric series

R

g-% =1-(r' -1)(1 - cos %b + ryY' sin %-+ 0(n3) + ee
(B-25)
will be convergent provided
X (s B 9y _ L 12 b
!(r l)‘l cos r) R sin % <yl (B 26)
neglecting the O(n3) terms in 6. This is true provided
| (' = 1)(1 - cos %9[ ey o (B-27)

where R 1s the center line radius of curvature.
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Expansions of the metric quantities in increasing order of

N may be written

7 3
/g_=1—ow'—0§—c—%’—+9§— &
2b 6r r
GZF LD
g “=1+o0oy' + ——§-+ gy o
2b :
2 2
e w0 e
b o 2b
g_%g SRR Ozw, X 03F : 03¢-'2
(<) 2r 3rb2 2r

_Gw'd +ooo

(B-28)

(B-29)

(Bj30)

(B-31)

New terms, depending on center line curvature and angular

offset, have appeared and these will give rise to odd order terms

when substituted into the differential equation.
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APPENDIX C

The Natural Coordinate System

Unger (1965) uses a coordinate system, related to our
warped cylindrical coordinates, which he calls natural coordinates.
The coordinate arcs are defined as in Chapter IV with ¢ as para-
meter. Instead of arc length s, Unger uses the normalized angle

u €(-1,1) where u =% 1 are the line boundaries

(c-1)

e
]
ol®

Unger treats these coordinates as though they were orthogonal. The

coordinate transformation is

X = r sin Gu
o
(C-2)

E MBSy 4+ r cos Gu

Then we find, correcting Unger's version, with primes denoting

z-derivatives in a two dimensional version

1+ r2 O‘Z + 2(r'-1){r'(1-cos Ou) + ur O' sin Ou}

Bz,

(c-3)
B 2 o° (C-4)
g = ur2 00" + r(r'-1)0 sin Gu . (C-5)

Zu
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This latter expression may be written
dzo b b" sin Ou
B e i Ay, it iy (c-6)

Equation (C-6) makes it apparent that in general when
b' # 0 " that vanishes only on axis or on the boundaries and so
Bou Y
Unger's natural coordinate system is really nonorthogonal almost

everywhere.
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