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ABSTRACT

In this thesis, we study the /-adic cohomology of the dual Lubin-Tate tower by using
the exterior power of a 7 -divisible Or-module to relate it to the cohomology of
the Lubin-Tate tower. By using a result of Harris-Taylor on the cohomology of
the Lubin-Tate tower, we show that the supercuspidal part of the cohomology of
the dual Lubin-Tate tower realizes the local Langlands and the Jacquet-Langlands

correspondences, up to certain twists.
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Chapter 1
INTRODUCTION

Generalizing earlier work of Lubin-Tate ([LT66]) and Drinfeld ([Dri74]), Rapoport-
Zink ([RZ96]) constructed moduli spaces of deformations of p-divisible groups for
data of type EL and PEL. These spaces, which are now known as Rapoport-Zink
spaces, are local models of Shimura varieties. Kottwitz (cf. [Rap95]) conjectured
that the /-adic cohomology of basic Rapoport-Zink spaces should partly realize the

local Langlands and the Jacquet-Langlands correspondences.

A particularly well-known example of a Rapoport-Zink space is the Lubin-Tate
tower. Let p be an odd prime, L be a finite extension of Q, with uniformizer 7,
and residue field k; = F,, and let Gy -1 be the isoclinic 77 -divisible O7-module
over Fp of dimension 1 and height 7 > 2. Rapoport-Zink ([RZ96]) showed that,
in this special case, the functor of deformations of Gjj;-; with a quasi-isogeny
is representable by a formal scheme LT}, which is non-canonically isomorphic to
[liez Spf O; [lt1, . . ., tn-11], where Oy is the ring of integers of L=L- @r. We get
a tower of étale covers over the rigid analytic generic fiber of LT}, by trivializing the
Tate module of the universal 77 -divisible Oy -module. Let LT}’Z1 be the étale cover that
trivializes the Tate module of the universal 77 -divisible O7-module mod I',,, where
[, is the subgroup of GL,(Oy) consisting of matrices congruent to I, mod 7. The

projective system LT,° = {LT}'}, is known as the Lubin-Tate tower.

Let C be the completion of an algebraic closure of L. After base change to C,
the Lubin-Tate tower has actions by the three groups GLj,(L), D* (where D =
End(Gy5-1) ®z, Qp is the central division algebra over L of invariant 1/h4) and
Wi (the Weil group of L). By using global methods involving Shimura varieties,
Harris-Taylor ([HTO1]) showed that the supercuspidal part of the cohomology of
the Lubin-Tate tower realizes the local Langlands correspondence for GL; and
the Jacquet-Langlands correspondence for D*, up to some twists, thus verifying

Kottwitz’s conjecture in this particular case.

If, in the above moduli problem, we replace G -1 by Gp-11, the isoclinic 77 -
divisible Or-module G_;; of dimension /& — 1 and height A, we obtain another
projective system of rigid analytic spaces {M,'},, and we call this the dual Lubin-

Tate tower. Again, after base change to C, the dual Lubin-Tate tower M ,‘1"’ has actions



by the groups GL;,(L), E* (where E = End(Gj-1,1) ®z, Qp) and W.

The aim of this paper is to understand the cohomology of the dual Lubin-Tate tower
M,? by relating it to the cohomology of the Lubin-Tate tower L7,°. We will show that
the cohomology of the dual Lubin-Tate tower also realizes the Jacquet-Langlands

and the local Langlands correspondences, up to certain twists.

For the rest of the introduction, we will slightly abuse notation, and not distinguish
between the Lubin-Tate tower LT;l”, which is defined over L, and its base change to
C. We will also do the same for the dual Lubin-Tate tower M,°. Although some
of the statements still hold even without base change, for simplicity, the reader may
assume (for the rest of the introduction) that we are always working with the base
change to C.

As usual, let / be an odd prime different from p. We consider the functor

HL(M;®) : Rep EX — Rep(GLy(L) x Wr)
p = Hompx(H.(M}°,Q)), p).

The following are the main results:

Theorem A. For n € Cusp(GL;(L)),
H' ™ (M) eupIL™H (1)) = 1 @ rec(n’ ® (xr 0 det) ® (| - | o det) T ) (h — 1),

where x . is the central character of m, Hg’_l(M ' Jeusp 1S the supercuspidal part
of H"'\(M ), rec is the local Langlands correspondence and JL is the Jacquet-

Langlands correspondence.

Theorem A is a consequence of the following Theorem which expresses the co-
homology of the dual Lubin-Tate tower M,° in terms of the cohomology of the
Lubin-Tate tower LT;l>O . For convenience, we will fix certain embeddings of the divi-
sion algebras D* and E* into GLj(Ly,) (see Section 4.1), where Ly, is the unramified

extension of degree h over L.

Theorem B. Define

6:D* — E* W : GL,(L) — GLj(L)
¢ (detg) (¢~ DT, g (detg) (g™
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Let Q*Hé(LT;lx’, @1) be the pushforward of the representation Hé(LT;lx’, @l) under
the map
6 : D* — (D).

Then for alli > 0,

Y(GLR (L))

) - y HL(LT>, Q)
y* (Resy ) | HL(MY, Q) = Indf s, 6, (Th

as EX X GL,(L) x Wy, representations, where K = ker(0).

To prove Theorem B, we first define a map from LT,° to M,”.

Since the dual of Gy —; is Gj—1,1, the Serre dual of a 7, -divisible Or-module can
be used to define a map
VLT, = M,°.

However, this map is not Wy -equivariant. For example, the Tate module of the Serre
dual of (L/Op)" is OZ(I), and not 02. As such, while the duality map V could be
used to study the cohomology of M,° as a E* x GL;(L)-representation, the action
of Wy, appears to be difficult to understand.

Instead, we will use the exterior power A", which was introduced by Pink and
studied by Hedayatzadeh in [Hed10], [Hed13] and [Hed14] for certain 77 -divisible
Or-modules. The idea of using the exterior power has previously been explored by
Chen in [Che13] where she used the top exterior power to define a determinant map
from Rapoport-Zink spaces to a tower of dimension O rigid analytic spaces. In this
thesis, however, we will consider the 4 — 1 exterior power, and not the top exterior
power. As /\h_1 Gih-1 = Gp-1,1, using the h — 1 exterior power, we can define a

map
h-1

N LT = M.
Unlike the duality map V, the map A"~! is Wy-equivariant, and the other group
actions can be understood as well. Under the map A’~!, the action of ¢ € D* on
LT;* corresponds to the action of 6(¢) on M;*, and the action of g € GL;(L) on
LT,* corresponds to the action of ¥(g) on M,".

Before proving Theorem B, it is useful to first look at the level O case. Using
Grothendieck-Messing theory and the fact that at level O, the duality map V induces
an isomorphism on the connected components, we can show that the same is true for

the map A\"~'. Let (LT} )m be the subspace of LT} corresponding to quasi-isogenies
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of height m, and define (M), similarly. By the above, we can identify (LT]?)O with

(M }? )o using the exterior power map A"~!.

For simplicity, we will first specialize to the case where 4 — 1 is coprime to p(g —1).
Under this condition, we can check that K = ker(0) is trivial, the map 6 gives a
bijection from O to Oy, and 6 maps a uniformizer of D* to an element of E*
with normalized valuation & — 1. The fact that 6 gives a bijection from O} to O}
shows that /\h_1 induces a bijection from the connected components of (L7}')o to
the connected components of (M;)o. Using this, and the fact that (LT}')o and (M}')o
are both étale covers of (LT,?)O of the same degree, we deduce that A"~ induces
an isomorphism from (LT}")o to (M})o. By considering the group actions, it is
then clear that /\h_1 induces an isomorphism from (LT}")y, to (M})(n-1)m- With
the above knowledge of the geometry of A1 : LT,° — M,;°, we can then prove

Theorem B in this special case.

Now, let us look at the general case. Unlike in the previous case where i — 1 is
coprime to p(g — 1), the map A"~! no longer induces a bijection from the connected
components of (L7}')o to the connected components of (M,")o. However, it is still
true that each connected component of LT} is mapped isomorphically onto some
connected component of M;'. Letd = (h—1,g—1) and e = v,(h — 1). We will

separately consider the cases where

(i) d # 1 and e = 0,

(ii) d =1and e # 0.

It should then be clear how to handle the general case.

First, we recall that (LT}')o has q"'(¢ — 1) connected components and a result of
Strauch ([Str06]) tells us that the action of ¢ € O}; on the connected components
depends on det(¢) mod (1 + nZOL). We would like to understand the map on
the connected components induced by A"~'. To do so, we study the map Bon :
(OL/7}OL)* — (Or/7}OL)* induced by 6 : O — Oy under the detmod (1 +

77 Or) map. In fact, 6, is simply the map x — X1

In case (i), the kernel K of the map 6 : OF — Oy is cyclic of order d and this maps
isomorphically to ker(6p,) under the detmod (1 + JTZOL) map. Hence, if we write
Y, for the image of the map A"~! : LT; — M, then we have

H{(LT}, @;))

Y H.(Y,, Q) = 9*< X



as 6(D*) x GLy(L) x W representations.

Let E? be the subgroup of E* generated by Im(#) and Oxh, and let X,, be the
subspace [[,,ez(M;))(n-1)m of M} Tt is easy to check that, in fact, Ef ={pec E*:
(h—1)| val(¢p)}. Using that E?/Im(6) is a finite abelian group, and that X,, is equal

to the disjoint union
X.= || et
@eE? [ Tm(6)
we can show that H(X,,Q;) = Ind% . (Hi(Y,, Q). Similarly, EX/E? is finite

abelian (in fact cyclic of order d), and

Mp= ] e

peEX|E®

so we have H.(M", Q) = Indg:(Hf,(Xn, Q))). Putting these together gives us

Theorem B for case (i).

We now look at case (ii). In this case, the kernel of the map 6 : D* — E* is
K = p,(L), the group of p* roots of unity in L. Unlike in the previous case, K
does not surject onto ker(6p,) under the detmod (1 + ﬂZOL) map. But if we let
K, =1+ 7, “"Op < D*, then the detmod (1 + 77O;) map gives a surjection of

K x K, onto ker(6p,), and we can show that

HL(LT}, @))

“Hi(Y,, Q) = 6,
Y HL (Y, Q) ( XK.

Now, by following the argument in case (i), we have

Y(GLy(L))

o Hi(LT", Q)
. GLy(L) i n ~ E° c s ]
u* (Res HAM},Q))) = Indf ), 6, (TK,, '

HL(LT!'Q) .
—— 1= since K, =
n

The map Hé(LT:_“L,@) — HL(LT", Q) factors through
1+ 777" O acts trivially on LT;: L 5o we have

~ HLU(LT!, Q) =
hch = H{(LT®, Q)).

—
n n

Piecing together the above, we obtain Theorem B for case (ii).

It is not hard to see that the methods used to deal with cases (i) and (ii) can be

combined to give a proof of Theorem B in the general case.
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Using Theorem B, and applying Frobenius reciprocity, we see that the following

diagram commutes:

p0*(ResE”  p
Rep E* ( o ) Rep D*

HL(M) HL(LTY)

Rep(GLy(L) X Wy)

Rep(GLy(L) x Wp)

rerou (ResCHAE), n)or
Although the above diagram only gives us H.(M )lplasay(GLy(L))-representation,
we can use the duality map to understand the GLj,(L)-action. Alternatively, in the
special case where p(g—1) is coprime to 21— 1, the group GLj (L) is generated by the
subgroup ¥ (GL,(L)) and the element 77, € GLj(L), so we just need to understand
the action of 7, but the action of 7.1, € GL;(L) on M,° corresponds to the action
of 71'21 € E*.

. * x * GLy(L .
Finally, we observe that 6 (Resg( D¥) p) and ¢ (Res v (Ghl(‘h)( L) JT) can be written as
twists of p and 7 respectively by their central characters. This is useful since both the
local Langlands and the Jacquet-Langlands correspondences are compatible with
twists. Using the theorem of Harris-Taylor on the cohomology of the Lubin-Tate

tower, we can then prove Theorem A.

We start by introducing some background material on 7y -divisible Or-modules in
Chapter 2. In particular, we recall the Serre dual of a 7 -divisible Or-module and
introduce the exterior power for 7y -divisible Oy-modules of dimension 1, whose

existence has been proven in [Hed10].

In Chapter 3, we introduce moduli spaces of certain 77 -divisible Oy -modules, which
includes, as special cases, the Lubin-Tate and the dual Lubin-Tate towers. We also
state the well known result of Harris-Taylor on the cohomology of the Lubin-Tate

tower.

We collect some useful results on the endomorphism algebras and on representation
theory in Chapter 4. We will describe in this chapter embeddings of D* and E* into
GL(Lp), and study properties of the maps 6 and .

In Chapter 5, we use the exterior power introduced in Chapter 2 to define a map
from the Lubin-Tate tower L7, to the dual Lubin-Tate tower M,°. We also study

how the group actions behave under this map.
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And finally, in Chapter 6, we study the geometry of the dual Lubin-Tate tower, and

then derive results on its cohomology, including Theorems A and B.



Notation

p: odd prime

[: odd prime different from p

L: finite extension of Q,

nry: uniformizer of L

q: order of k, the residue field of L

ny: degree of L over Q,

ey : ramification degree of L over Q,

k: perfect field of characteristic p containing k; = F,

Wp: Weil group of L

Wo, (k): ramified Witt vectors of k

D(G): Dieudonné Oy -module of the 77 -divisible O -module G

Gn.n: isoclinic 77 -divisible Or-module over Fp of dim m and height m + n
Dy, ,: endomorphism algebra of G, ,

GV: Serre dual of the nr7-divisible Oz -module G

A" G: r-th exterior power of the r7 -divisible Or-module G

D: endomorphism algebra of G ;-1

E: endomorphism algebra of Gj,_1

LTj: Lubin-Tate space, moduli space of deformations of G ;- with a quasi-isogeny
LT}': étale cover over the generic fiber of LT) parameterizing level n structure
LT,*: Lubin-Tate tower, the projective system {LT}'},en

M},: dual Lubin-Tate space, moduli space of deformations of G;—11 with a quasi-
isogeny

M;: étale cover over the generic fiber of M), parameterizing level n structure
M,?: dual Lubin-Tate tower, the projective system { M, },en

h
Nrd: reduced norm of a division algebra



Chapter 2
BACKGROUND ON 7, -DIVISIBLE O;-MODULES

2.1 Ramified Witt vectors, Dieudonné O; -modules and O -displays
Let p be an odd prime, L be a finite extension of Q, with uniformizer r; and residue
field k; = FF,. For an O, algebra R, the ring of ramified Witt vectors Wy, (R) (cf.
[Haz80]) is Wo, (R) = R™ with the unique O -algebra structure such that

1. the Witt polynomials
w,: Wp,(R) = R

qn qn—l n
(x0, X1, X2,...) Xo tALX] A TpX

are Oy, algebra homomorphisms for all n > 0,

2. Op-algebra homomorphisms R — S induce Op-algebra homomorphisms
Wo, (R) = Wo, (S).

There is an endomorphism of Wy, (R), defined by w, (0 (x)) = w,41(x), called the

Frobenius endomorphism. In fact, o is a homomorphism of Oy -algebras.

Let k 2 k. be a perfect field of characteristic p. Then Wy, (k) = OL@W(kL)W(k),
where W (k) = Wz, (k) is the usual ring of Witt vectors of k. It is a complete discrete
valuation ring with residue field k£ and uniformizer 7. In particular, Wy, (Fp) is
isomorphic to the ring of integers O; of L,where L = L- @r is the completion of

the maximal unramified extension of L.

We now introduce Dieudonné O;-modules and O;-displays. A Dieudonné Oy -
module over k is a free Wy, (k)-module of finite rank, together with two maps F
and V such that F is o-linear, and V is o'-linear, and FV = n; = VF. There
is an equivalence of categories between the category of mz-divisible formal Oy -
modules over k and the category of Dieudonné O;-modules over k such that V is
topologically nilpotent in the 77 -adic topology (cf. [Ahs11], Proposition 2.2.3 and
Theorem 5.3.8).

For a 77 -divisible O -module G, we will denote its covariant Dieudonné O -module
by D(G). Under this equivalence of categories,
D(G)

ht(G) = rankyo, i D(G), dim(G) = dimy 77
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Generalizing earlier work of Zink ([Zin02]) and Lau ([Lau08]), Ahsendorf ([Ahs11])
introduced the notion of an Op-display. An Op-display over an Op-algebra R is
a quadruple P = (P,Q,F,V~!) with P a finitely generated projective Wp, (R)-
module, Q ¢ P a submodule and F : P — P and V™! : 0 — P Frobenius linear

maps, which satisfy some additional conditions.

If 7 is nilpotent in R, then there is an equivalence of categories between the category
of nilpotent Oy -displays over R and the category of formal 77 -divisible Oy -modules
over R (cf. [Ahs11], Theorem 5.3.8).

2.2 Isoclinic 77 -divisible O;-modules and their endomorphism algebras

We now introduce certain isoclinic 77 -divisible O;-modules which will be useful
later. Suppose m, n are coprime non-negative integers. We shall write G,,, for
the mr; -divisible O -module over ﬁp with covariant Dieudonné Oy -module D(G,, )

having basis {bg, b1, . . ., by+n—1} such that
Fb; = biyy, Vb;=biiy, and  bguinysi = mrb;.

G is an isoclinic 77 -divisible Oy -module of dimension m and height m + n.

In particular, D(G1,-1) has a basis {eo, . . ., e;—1} such that
Vei=eix1 (0Li<h-=2), Vey_1 = mpeq,
and D(Gj-1,1) has a basis { fo, . . ., fn—1} such that

Ffi=fia1 (I1<i<h-1), Ffo=npfn1.

LetOp,,, = End(Gy,,) be the endomorphism ring of G, , and let Dy, , = Op,, , ®z,
Qp = End(Gmn) ®z, Qp be the endomorphism algebra of G, ,. The following
description of the endomorphism ring Op,,,, is a straightforward generalization of

[JO99, Lemma 5.4]. We include a proof here for lack of a suitable reference.

Lemma 2.2.1. Let a,b € Z be such that am + bn = 1, and let Oy, = Wo, (Fnsn)
be the ring of integers of Lyn, the unramified extension of degree m + n over L.
Then

OD = End(Gm,n) = OL,,H,, [ﬂ'm,n],

m,n

where A - Typypy = Ty - 007%(Q) for 1 € O
A€ O

discrete valuation ring End(G,, ).

and o is the Frobenius map.

m+n’

acts on by via multiplication by A, and ny, is a uniformizer of the

m+n



11
Proof. Using the above basis {bo, by, . . ., bypin-1} of D(Gy, ), we easily check that

Tmn(bi) = bix1 (0 <i < h=2), Timn(bn-1) = 7Lbo,
is an element of End(G, ).
Suppose ¢ € End(G,,,) is such that ¢(by) = Aby for some 4 € Oy. Note that
(FPV9)i(bo) = b;, s0
$(bi) = p((F'V)'bo) = (F'V)p(bo) = (FV) (Abg) = "~ ().
In particular,
Aby = $(bo) = (. busn) = O (V)1 by = 7O () by,

which shows that @91y = 2. If we let a’ = a + n and ¥’ = b — m, then
a'm + b'n = 1, so similarly, we have c® =) "M (1) = 1. But (b—a, b’ —d’) = 1
since (n+a)(b—a)—a' —a’)=am+bn=1,s0c™"(1)=Aand 1 € Oy,
The fact that such an element does indeed lie in End(G,, ) is again easy to check.
We shall denote this element of End(G,,+,) by 4.

m+n*

Now, let ¢ be an arbitrary element of End(G,,,). Then ¢(by) = :.’i“(;”_l a;b;

for some a; € Oy. A similar argument to that above shows, in fact, that a; €
oL Clearly, ¢(by) — Yn=1 a','JTin,n(b()) = 0, from which it follows that ¢ =

i=0
;.ZB”_I oz,-ﬂ,"n’n. This proves that End(G,,,,) = Or, ., [Tm.n]-

m+n*®

To show that Oy, ., [7,,.»] is a discrete valuation ring with uniformizer 7, ,, we first
note that O,
map v : Ly (M) — Z U {oo} by

[7m.n] is a subring of the division ring L4, (7). Now, define a

m+n

m+n—1

QO+ U T+ + Upyn-1 7, > min{(m+n)vy,, (@) +i:0<i<m+n}.

m+n

It is easy to check that v is a valuation on L1, (7). Since

OL,,H,, [ﬂm,n] = {¢ € Lm+n(7rm,n) : V(¢) > 0},

and v(m,, ,) = 1, we have shown that End(G,,,) = Op,, ., [7,]is adiscrete valuation

m+n [

ring with uniformizer 7, . ]

Corollary 2.2.2. D,, , is the central division algebra over L with invariant n/(m+n).
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Letus introduce some notation for the cases (m, n) = (1, h—1) and (m, n) = (h—1,1).

We write
Op =Op,,,_, = End(Gy4-1), D = Dyp-1 = End(Gy-1) ®z, Q)
O = Op,_,, = End(Gj-11), E = Dj-11 = End(Gp-11) ®z, Qp.

Also let @ (respectively @’) be the uniformizer of Op (respectively Or) as in Lemma
2.2.1.

2.3 Serre dual and exterior powers of 7, -divisible O; -modules
Let G be a mry-divisible O;-module over a scheme S. The dual 7, -divisible O; -

module GV is
0 (Glm)” = (GlagD)¥ = (Gl )Y — -+
where (G[niL])V = HomS(G[ni], G,y,) is the Cartier dual of G[ni]. We have
ht(G) = dim(G) + dim(G") = ht(G").

If S = Spec k for some perfect field k of characteristic p, then G has Dieudonné
O -module
D(G") = D(G)" = Homw, ()(D(G), Wo, (k))

with (FI)(v) = oo(1(VVv)), (VD)(v) = o~ (I(FV)), forv € D(G), | € D(G)".
We will now look at the exterior power of 77 -divisible Oy -modules, which has been
shown to exist by Hedayatzadeh in [Hed10] in certain situations. For G and H

nrp-divisible Oy -modules over a base scheme S, we will write Alt(S)L (G", H) for the

group of alternating Oy -multilinear morphisms from G” to H.

Definition 2.3.1. [Hed10, Definition 5.3.3] Let G, G’ be 7 -divisible O;-modules
over a scheme S, with an alternating Oy -multilinear morphism A : G" — G’ such

that for all 77 -divisible Oy -modules H over S, the induced morphism

A* - Homg(G', H) — Altd"(G", H)
Y=ol

is an isomorphism. Then G’ (or, more precisely, 4 : G" — G’) is called the r-th

exterior power of G, and we denote it by A" G.
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Theorem 2.3.2. [Hedl0, Theorem 9.2.36] Let S be a locally Noetherian Oy -scheme
and G be a np -divisible Op-module of height h and dimension at most 1. Then there
exists a mp-divisible Op-module N\" G over S of height (}rl) and an alternating
morphism A : G" — A" G such that for every morphism f : S’ — S and every

np-divisible Op-module H over S’, the homomorphism

Hom$* (f* /\ G, H) > AH((f*G)', H)

induced by f* A is an isomorphism. In other words, \" G is the r-th exterior power
of G over S, and taking the exterior power commutes with arbitrary base change.

Moreover, the dimension of \" G is a locally constant function

o= 1)

{o if G, is étale,
S

(i’:}) otherwise.

In the cases that § is the spectrum of a perfect field of char p > 2, or the spectrum
of a local Artin Oy -algebra with residue char p > 2, we can write down the exterior

power in terms of its Dieudonné Oy -module or its Oy -display.

Theorem 2.3.3. [Hedl0, Construction 6.3.1, Lemma 6.3.2, Proposition 6.3.3, Sec-
tion 9.1] Let P = (P, Q, F,V~') be an O -display of height h with tangent module

of rank one. Fix a normal decomposition
P=LoeT, Q=L&IgT.
Then
r r r r—1 r
NP = (/\P, Ao A\V'AF, /\v—l)
is an Op-display of height (};) and rank (f:ll) The map
r
AP AP
(Xlee s Xp) P X1 A A Xy

is an alternating morphism of Op-displays and satisfies the universal property that
the map
Hom(/\ P, #") — Al(®", ")

induced by A is an isomorphism.
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Theorem 2.3.4. [Hedl0, Proposition 9.2.24] Let R be a local Artin Oy -algebra, and

G a ntp -divisible O -module over R with special fiber that is a connected rty -divisible
Or-module of dim 1. Let P be the Or-display of the np-divisible Op-module G.
Then the O -display of \" G is \" P.

As an immediate corollary, for G a 7 -divisible O;-module of dimension 1 over a
perfect field of characteristic p, the Dieudonné Oy -module of A" G is just A" D(G),

where F and V are as in Theorem 2.3.3.

So using the above description of D(G1 -1), we see that the Dieudonné Oy -module

of A1 Gy_1 has a basis é, . . ., &,_, where
& =(-Diegher A= Aeiig Aeipt A+ Aepet,
and

Féi=(-D"'e., (1<i<h-1), Féy= (=D)"'n 6,1,

vei=(=1)""1n601 (0O<i<h-2), Ve = (=1)"1é.

Comparing this with the above description of D(Gj-1,1), we see that Ah_l Gip-11is

isomorphic to G- 1.
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Chapter 3

MODULI SPACES OF n;-DIVISIBLE O;-MODULES

3.1 Basic Rapoport-Zink spaces
Let € be the category of schemes S over Spec O; such that p is locally nilpotent on
S. Let § be the closed subscheme of S defined by the ideal sheaf pOs.

We consider a special case of the moduli spaces constructed by Rapoport-Zink in
[RZ96].

Theorem 3.1.1. [RZ96, Theorem 3.25 and Proposition 3.79] Let h,d € Z" coprime,
and G be an isoclinic np-divisible Or-module over Fp of height h and dim d. Let F
be the functor

G — Set

X is a connected np-divisible O -module/S /
and B : Gg — X5 a quasi-isogeny '

S s {(X,ﬁ):

Then F is representable by a formal scheme M% , which is formally locally of finite

type over Spf Oy . Ford = 1, the formal scheme M 1 is (non-canonically) isomorphic
to [ 1iez Spf O; [[t1, - . ., th-1]]-

Let MY be the rigid analytic generic fiber of M d. We consider a special case of
i

the tower of rigid-analytic coverings of MZ introduced in [RZ96, 5.34]. We write
G for the universal iy -divisible OL—modulg on M d and T, G for its Tate module.
Let I';, be the subgroup of GL;(OL) consisting of matrices congruent to /, mod 7} .

Then we have a finite étale cover M" of M that parameterizes trivializations
W 0

a,: OZ 5 T,,G mod I,.

Define M to be the projective system (M?)),en with maps
i 7

fmn : My = MY (m < n)
h h

(X, B,ay) — (X, B,a, mod I';,).
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Recall from Section 2.2 that G4, is an isoclinic 77 -divisible O -module of height
h and dim d. Any two 77 -divisible Op-modules with the same Newton polygon are

isogenous, so in the definition of M", above, we might as well take G = G4 j—q4.
n

The groups Dgp-qg = End(Ggp-a) ®z, Qp and GLj(L) act on MS. Let C be the
n

completion of an algebraic closure of L. We also have an action of the Weil group

Wi on M7 after base change to C. We describe the actions here.

h

1. Action of Dgp—q: v € Dgp-q acts on M”, by
7w
(X, Ban) = (X, Boy™\,an).

2. Action of GLp(L): Any element g’ € GL,(L) can be written as g’ = ﬂfg
with k € Z and g € GL;(L) N Mat,(Or). Hence it is sufficient to describe
the action of such elements.

Solet g € GL,(L) N Mat,(Op) and S — M% be a formal scheme. We have

an isomorphism "2 : (L/Op)" = X"i2. Let ker(g) be the kernel of the map

g : (L/Op)" — (L/Or)", and Y"¢ be the m-divisible Oy -module Wiﬁg))

over S"€. In other words,

Ker(g) —o— "2 (ker(g))

Qrig

(L/OL)" = Xre

o

h_@" yrig _ __Xte
(L/OL)" —== Y™ = iy

Then g acts on M by
7

(X,B,a) = (Y,qo B )
where
* Y is a my-divisible O -module over some admissible blow-up of S with
rigid analytic generic fiber Y"i&,
* g is the special fiber of the quotient map X — Y which has generic fiber

rig ‘X“g —_ yrig
X = ey — U
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ca:Of > T,,Y has generic fiber @"¢ : O} = T, Y™ which corre-
sponds to e : (L/Op)" = yrie,

3. Action of Wr: Suppose w € Wy — o" € Gal(H/kL) = Gal(ﬁp/IFq) C
Gal(F,/F,) under the reduction map, where o = {x +— x”} € Gal(F,/F,) is

the arithmetic Frobenius. Then the action of w on M x; C is
0

. w w n w
W (X, Bua) o (X", B0 Fy e )

where

* X¥=XxsS8", GV =Xxz ,.Fp,
e BV G(gpn) — XEV is induced by 8 : G5 — X5,
e " is the map

/N (o)) — N €
Let us introduce some notation for the cases d = landd = h— 1. Ford =1, we

will write LT} for M| and LT,” for the Lubin-Tate tower M.
i i

And for d = h—1, we write M for M, _,, M;” for the dual Lubin-Tate tower M7’ .
T W

3.2 Results on the Lubin-Tate tower
A well known result of Harris-Taylor tells us that the /-adic cohomology (cf. [Ber93])

of LT,*X; Crealizes the local Langlands and the Jacquet-Langlands correspondence.

To be precise, let us consider the functor

HI(LT) : Rep D* — Rep(GLy(L) X Wp)
p — Hompx (HL(LT x; C,Q)), p),

andlet[H.(LT,”)(p)] denote the virtual representation (-1 yh=1 Zf‘z_ol (1) [Hé (LT, (p)].

Theorem 3.2.1. [HT0I, Theorem VII.1.3] Let  be an irreducible supercuspidal
representation of GLj(L). Then

[He(LT;)(JL™ ()] = [r @ rec(x” ® (| - | o det))(h - 1)]

in the Grothendieck group, where rec is the local Langlands correspondence and

JL is the Jacquet-Langlands correspondence.
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Theorem 3.2.2. [Ful02, Section 6] Fori + h — 1,

HL (LT )eusp(p) = 0
for any p € Rep DX, where H' (LT;?)cusp ts the supercuspidal part ofHé(LT;l"’).

An immediate corollary of Theorems 3.2.1 and 3.2.2 is:

Corollary 3.2.3. Let m be an irreducible supercuspidal representation of GLj,(L).
Then

HY" Y (LT)0up (L7 (1)) = @ rec(n” @ (|- | o det) T )(h — 1).

Let (LT}')m be the subspace of LT} corresponding to quasi-isogenies of height
m. The following result of Strauch describes the action of Og X GL,(Op) on the

connected components of (LT}')y X; C.

Theorem 3.2.4. [Str06, Theorem 4.4(i)] There exists a bijection
mo (LT} o X C) = (OL/m}OL)"

which is OF X GLy(OL)-equivariant if we let (¢,g) € Op X GLy(Or) act on
(OL/7}OL)* by Nrd(¢) det(g)~! mod (1 + nOL), where Nrd is the reduced norm.
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Chapter 4

THE ENDOMORPHISM ALGEBRAS, GLy AND
REPRESENTATION THEORY

4.1 The endomorphism algebras and GL,
Recall from Lemma 2.2.1 that

OD = End(Gm,n) = Ome [ﬂ'm,n],

m,n
where 7, , is a uniformizer of the discrete valuation ring Op,, , .

Using the basis {eq, e1, . . ., ep—1} of D(G15-1) introduced in Section 2.2, the proof
of Lemma 2.2.1 shows that we get the following embedding of D* = L, (w)\{0}
into GL(Ly):

Lp : D* — GLh(Lh)

|
o2
A (4)
o™= ()
00 0 m
10 0
@+ |0 1 0 0
00 ..10

Similarly, using the basis { fo, f1, ..., fa—1} of D(Gj-1,1) in Section 2.2, we get the
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embedding

LE E* — GLh(Lh)

A
-1
A o)
U_(h_l)(/l)
0 10 0
0 01 0
w/ H . . .

0 00 ...
7 0.0 ... O

of EX = L,(w”)\{0} into GL;,(Ly,).
Lemma 4.1.1. (a) For any ¢ € D%,
Nrd(¢) = det(tp(¢))

where Nrd is the reduced norm of the central division algebra D over L. In

particular, we have det(tp(¢p)) € L*. Furthermore,

val(¢) = vr(det(cp(¢)))

where val is the normalized valuation on the division algebra D, and vy is the

usual normalized ry -adic valuation on L.

(b) The result in (a) holds with D replaced by E, and tp replaced by (f.

Proof. We shall prove (a). The proof of (b) is almost identical. The map

DXL, — My(Ly)
(6, ) = p-tp(d)

is L-bilinear, so we have an L-linear map

f:D® Ly — My(Lp)
PR > - ip(P).

It is clear that this map respects multiplication, so it is in fact a ring homomorphism.



21
Let us show that f is injective. Suppose f(¢ ® u) = I,. Then u - ip(¢) = Ip, so

tp(¢) = p~'I,,. But the only scalar matrices in Im(tp) are of the form ul, where

u € L. Hence, ¢ ® u= ! ® p = 1, proving injectivity.

Since the dimensions of D ® Lj, and My (L) over Ly are both equal to h?, fisan

isomorphism. Hence

Nrd(¢) = det(f(¢ ® 1)) = det(cp(4)),

proving the first assertion.

The second part follows immediately since val(¢) = v (Nrd(¢)). ]

We shall view D* and E* as subgroups of GL; (L) using the embeddings ¢p and
tg. Define the maps

0 : D* - EX ¥ : GLy(L) = GLy(L)
¢ (detp) (¢~ DT, g (detg)(g™HT.

Lemma4.1.2. Letd = (h—-1,q—1) and e = v,(h — 1). The map
90 . Og i OE
¢ > (detg)(¢™)"
(a) has kernel

ker(6p) = ﬂh—l(OL) = ﬂplfd(OL) ={le0: é«pcd =1}

of order p°d, where c is the maximum integer < e such that O, contains the p*
roots of unity. If L is unramified over Q, then ¢ = 0 and ker(6y) = p4(Op) has
order d.

(b) image
Im(6p) = {¢ € OF : det(p) € (O)"™1)

which is a normal subgroup of OF.
Proof.

(a) Let ¢ € ker(6p). Since

1 = det(8o(¢)) = (detp)" ™,



(b)
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det ¢ must be a (h — 1) root of unity in Or. By Hensel’s lemma, any root of
h—

1
x»° —1 = 0in F, lifts uniquely to a root in Or. Since ]F; is cyclic of order
h—-1
g—1,and (h—1,q— 1) = d, the map x — x»°? is an automorphism of F, so

u%(}}?’p) = p4(Fp), which shows that u;,_1(OL) = p,eq(OL) = pyeq(OL). So

¢ € ker(6p) = det ¢ € ﬂpcd(OL) = (¢_1)T € ﬂpvd(OL) = ¢€ ﬂpcd(OL)-

If L is unramified over Q,, then L does not contain any non-trivial p-th roots of

unity, so ¢ = 0 and u;,_;(Or) = uy(OL).
Since det(6y(¢)) = (det ¢)"~!, and det ¢ € O, the inclusion
Im(6p) C {¢ € OF : det(g) € (0"}

is clear. To show the reverse inclusion, we need to show that any ¢ satisfying
det(o) € (Of)h‘1 lies in Im(6p). Let y € Oy be a (h — 1) root of det(p). Then

0y ()™ = det(y(¢") Ty o =y H(detp) o = o

This proves the reverse inclusion. ]

Proposition 4.1.3. Let ¢, d, e be as in Lemma 4.1.2. The map

has

(a)

(b)

EG

(c)

6: D" - E*
¢ (detg) (T

kernel
ker(6) = ppeq(OL) = (¢ €O : {74 = 1

of order p°d, and

image
Im(9) = {¢ € EX: (h—1)| val(y), det(e) € (L*)"1}.

Let EY be the subgroup of E* generated by the subgroups Ozh and Im(0), i.e.
= <Oz<h,lm(9)>. Then

E? ={p € EX: (h-1)|val(p)},
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(d) the cokernel

E* E?  EX
ker(6) = = —
coker(0) = {7%) = Tm@) < 0
with
E? o5 EX Z
= and — =2 ———.
Im(9) ~ Im(6p) EC ~ (h-1)Z

Proof. Parts (a) and (b) follow almost immediately from Lemma 4.1.2.

(c) Itis clear that E? C {p € EX : (h—1)| val(¢p)} since

det(6(¢)) = (det¢)"™!
and O} < Of.
Let us prove the reverse inclusion. It suffices to show that Oy C E?. An
arbitrary element of Oy is of the form

o=ay+a1w +ay @)+ -+ ap (@),

with aq € OZ’ and a; € O, for all i.

We observe that the determinant map on D*, when restricted to the subgroup
Ozh < DX, is equal to the norm map Ng, L, : Ozh — Of. Since Ly is an
unramified extension of L, the map Ny, : ()Zh - Oz is surjective.

Now, given any ¢ € OF, since dety € L* by Lemma 4.1.1, we must have
dety € Of. By surjectivity of the map N,/ : Of — Of, we can find
ue Ozh < D* such that det(u) = det(¢). Then

Ou(p")™) = det(u(e") g =u'g,
sou~ 'y € E? and hence ¢ € EY. This proves the reverse inclusion.

(d) Define

E* E?  EX

- X —

Im@@) Im(9) ~ E°
oIm(0) ~ (¢w " Im(0), w’E?)

where b is any integer congruent to val(¢) mod (k- 1). Since @"~! € Im(0) C
EY, it is clear that this is well defined and is an homomorphism. By (iii),

E? = {p € EX: (h—1)|val(¢)}, so the valuation map gives an isomorphism

EX _ Z

EC ~ (h-1)Z
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from which surjectivity of the above map follows easily. For injectivity, we note
that

@b e E? ={p e EX: (h=1)|val(p)} = (h— 1)|b = @’ € Im(0).
Hence
ow? e Im(9) and w’ € E? = pw ™" € Im(0) and w” € Im(6)
= ¢ € Im(0).

Now we consider the map
Ok
s
Im(6y)
¢ B g " Im(6p)

0

Then

¢ € E? lies in the kernel
& ow ¥ e Im(6y)
& det(pm ") € (0" (since (h - 1)|val(p) = det(w ™)) e (L)1)
& det(p) € (L)M!
S ¢ € Im(0),

SO P %
E Og

Im(6) = Im(6y)

]

Proposition 4.1.4. Let c,d, e be as in Lemma 4.1.2, and let e}, be the ramification
degree of L over Q,. 6 : Og — Og induces a map 6y, : (()L/ﬂZOL)>< —

(OL/n} OL)* making the following diagram

X
x _det X Or
OD OL ( HZOL )
00| | lgo’”
X
X X (9)3
OE det OL ( ﬂI,iOL )

commute. 0, is the map

Oo,n : (OL/7}OL) — (OL/7n}OL)™

X P xh_l.

Forn > 2eey,
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(a) Im(6p) is the preimage of Im(6y ) under the detmod (1 + ﬂZOL) map,

(b) the detmod (1 + ﬂZOL) map induces an isomorphism

Oy = (OL/m}OL)*

Im(6o) Im(6o,,)

coker(6p) = = coker(6o,,),

(c) ker(6o,) can be written as a direct product ker(6o,,) = K | X K’ ,, where

,27
K, =(+ ﬂz_eeLOL)/(l +n}OL), and the detmod (1 + 7 Or) map restricts

to an isomorphism

detmod (1+77OL) ,

nl-

ker(6p)

In particular, if e = 0, then the detmod (1 + 7} O) map restricts to an isomor-
phism from ker(6y) to ker(6o,).

Proof. To show that 6y : OF — Oj induces a map
Oon : (OL/730L)" = (OL/n}OL)"
making the above diagram commute, we need to check that if ¢ € Oy satisfies
detp =1 mod (1 +770y),

then
detfo(¢) =1 mod (1 +770.).

But this is clear since det(6y(¢)) = (det qb)h‘l. The fact that 6, is the (h—1) power

map is also immediate from this.

For n; > ny, consider the map

(OL/T(Z'OL)X (OL/T(ZZOL)X

coker(6o,,) = = -
M (o) (Ouimon<)

= coker(o,pn,).

Suppose a € Of is a (h — 1) power mod JTZZ. By Hensel’s lemma, for n, > 2eey, a

is also a (h — 1) power mod nZ' , so the above map is a bijection for all n; > ny >

2eer. So, for all ny, ny > 2eer, we have |coker(6,,)| = |coker(6y,,)|, and hence

[ker(6o.,)| = [ker (6o, )|-

Now, let us assume that n > 2ee;. Since n > 2ee; © 2(n — eey) > n, it is clear
that
ker(6p,) 2 (1 + ﬂz_eeLOL)/(l +7m;0L) = KI’LZ'
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‘We note that

[ker(80,./)| = |ker(6p,,)| forall n” > n
ker(6o.n) ker(6o.,)

1 N n_z/_eeLOL 1 + ﬂ'z_eeLOL

for all n’ > n.

Hence for any ag + - - - + ay_ee L_lnz_eerl € ker(6p,,), there exists a unique a,—., €

O /m; such that ag+- - ~+an_eeL_17rz_e“3L_1 +ap_ce, 7y " € ker(0o,u+1). Therefore,

the set of elements ag + - -+ + @y_e, 17" L~ € ker(8y,,) are given precisely b
-1y , g p y by

truncations of elements in ker(6p). Let K7 | = ker(6p)/(1 +n7}OL) < ker(6o,,). We
have shown that ker(6p,,) = K/ K’ ,. As K/ N K’ , = {1}, this is a direct product,

proving (c).

To prove (b), we first show that

det Oz
coker(6p) - (OZ)h‘l .

Consider the commutative diagram

| — K —Im(6p) &~ (071 — 1

|

| —K o5 —% . 01 1

with exact rows, where K = {¢ € O : detp = 1}. By the snake lemma,

OE det OZ

coker(6g) = Im 6, - (OZ)h‘l'

We have an isomorphism

X ~ nr
L :”q_lxﬂpa XZP

where ng = [L : Q,] and a is such that the group of p-power roots of unity in Oy is

Hpa. SO
o7 Myt Hpa Z L
coker(fg) = L~ l X P X ( P )
OO (g1 ()1 "\ (= 1Z,
= ”q_ldx ,upagx(z)”.
(Hg-D)* ()P \pL



27

Clearly, the kernel of the map

X
. mod(1+770p) (OL/m}OL)
I — = coker(6.,)

(Or/mpoLy)™

contains (Of)h‘l, hence is equal to (Oz)h‘1 for n > 2eey, since

] = e = et = ot
(O)] | |
Therefore O i
coker(6p) % ((;Z)Lh)_l mod (1477 0r) coker(fn,).
(a) then follows immediately from this. ]

Results analogous to those in Lemma 4.1.2 and Propositions 4.1.3, 4.1.4 also hold

for the maps

Yo : GL(OL) = GL,(Op) W : GLy(L) = GLy(L)
g (detg)(g™HT, g (detg)(g™HT.

4.2 Representation theory
We start this section with a useful result that expresses the cohomology of certain

rigid analytic spaces in terms of the cohomology of a subspace.
Proposition 4.2.1. Let X be a rigid analytic space with an action of the group G,
and let Y be a subspace of X on which the subgroup H of G acts. Suppose

(i) H is normal in G,

(ii) % is a finite abelian group,

(iii) X is the disjoint union

X = ]_[ g(Y).

G
8CH

Then
Hi(X,Q) = Ind§ H\(Y,Q))

as G-representations.
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Proof. We first prove the result in the case that % is cyclic of order m, generated by

go € G. In this case, (iii) becomes
X=YUg¥)u---Ugh ).

So we have
m—1

HL(X, Q) = (P H.r, Q)
Jj=0
as @l—vector spaces. Let x; be the element of EB;.":_OI Hi(Y, @1) with k-th coordinate

equal to x and which is 0 everywhere else. We pick the above isomorphism so that
80 Xk = Xps1, O0<k<m-1.

Define

m—1

£+ Indf H)(Y, Q) - HU(X.Q) = D HI(Y. Q)

J=0

ghx o x;.
We will show that this is an isomorphism of representations.
Let g € G. Then we can write
g:hgé withhe H 0<[<m-1.

So it suffices to show that f is compatible with both the actions of & € H and of gy.
ForO<k<m-1,

f
80 (gkx) = gf™ x> 1 = g0 X = g0 - f(ghx)

and since g;' € H,

. f .
g0 (g0 1x) = g0 (gl x) ¥ (g0 - x)o = &' - X0 = 80 - Xm—1 = 80 - f(gh ' x).

And for h € H, we have hg§ = gt h’ for some i’ € H since H is normal in G, so

V4 f 4 / ’/
h-(g8x) = gE (W -x) V= (W-x) = gk-(W-x)o = (gkW')-x0 = (hglk)-xo = hox = h-f(ghx).

So f is an isomorphism of G-representations.

G
H

product % = % X % XX %, where each G| is a subgroup of G containing H and

Now, for the general case where  is finite abelian, we can write % as a direct
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each % is finite cyclic. Let H; = Gy - -- G;. Since £ is abelian, g;,G;, = G,g;, for
all gj, € Gj,, 1 < j1,j2 < n, so Hj is a subgroup of G and H;_; is normal in H;.

_ H _ GG Gj _Gi _
Furthermore, we have H,, = G and o = GG = ©C,nG, = H- Define X;

recursively by Xo =Y and

Xj = U 8j(Xj-1).

Hj
e
8 ;5

(iii) implies that the above is indeed a disjoint union for all 1 < j < n, and that

X = X,. Applying the previous case repeatedly shows that
HL(X,Q) = Indjy Ind™!---Ind! HL(Y, Q) = Indf) H.(Y, Q).

O

Next, we include a result that will be needed later in Section 6.3 to show that the
supercuspidal part of the cohomology of the dual Lubin-Tate tower realizes the local
Langlands and the Jacquet-Langlands correspondences. This result is useful as local

Langlands and Jacquet-Langlands both behave well with respect to twists.

Lemma 4.2.2. (a) Let (p,V) be an irreducible representation of E*, and let t :

D* — E* be the isomorphism

Df - E[X
GLy(Lp) GL,(Lp).

P (7)™

Then 6* (Resg(XDX) p) = *p® (xpoNrd)Y, where y -, is the central character
of " p, and Nrd : D — L is the reduced norm map of the division algebra D.

(b) Let 1 be an irreducible representation of GLj, (L), and let j be the isomorphism
j 1 GLy(L) = GLu(L)
g+ (g7

* GLu(L o .
Then (Resw(Ghéh)(L)) 71) = j'1 ® (xjx 0 det)", where xj is the central

character of j*m.

Proof. We will prove (a). The proof of (b) is almost identical.
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First, note that, by Lemma 4.1.1, for our embedding of D* into GL;,(Lj), the
determinant map on GLj (L), when restricted to D*, has image in L, and is in fact

the reduced norm map Nrd : D* — L. In other words, the diagram

Nrd

Df lf
GLy (Lh) ? Ly

commutes.

For¢ € D*,v eV,

(6" Res p)(9))(v) = (p((det ) (¢") "N () = (1 p((det )™ ) (v).
Let o ® (x.-p ©Nrd)" act on the vector space V ®@’ Hom@l (@,, @,). Consider the

isomorphism

V = V @5 Homg (Q, Q)

av i ve® f, (where f, : c — ac).
For ¢ € D*,

(((xep o Ntd) Y (9)) (f))(€) = fa((xirp o Nrd) (¢ ") ()
= fo (" p(det g1 (c))
= a(Fp(det ™)) (c),

SO (()(L*p o Nrd)v(¢))(fa) = fa(L*p(detqb"))’ and

(P ® ((xerp o Nrd) (#)) (f1) = (I p(B) (V) ® fre p(aers)
> (Cp((detg) ' 9))(v),

as required. [
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Chapter 5

THE DUALITY MAP AND THE EXTERIOR POWER MAP ON
MODULI SPACES

5.1 Definitions of the duality map and the exterior power map
In this section, we will use the Serre dual and the exterior power of a 77 -divisible

O_-module to define maps from LT,° to M,”.

We start with the Serre dual. Note that G,fw = Gup, SO G}”h_] = Gjp-1, has
dimension & — 1 and height 4. Let us fix such an isomorphism. The dual of a 7 -
divisible Oy -module X has Tate module (7, X)¥(1). In particular, the Tate module
of the dual of (OL/ﬂZOL)h is equal to Oﬁ(l). Over f,({poo), we have Oﬁ(l) = Oﬁ
since L(£ peo) contains the p® roots of unity.

Definition 5.1.1. Define V : LT;® X; L({y~) — M;® X L({p~) by
X, B.a) = XV, (B (@f )7

where a; is given by the composition

v
¢p

T XY —— (Tp, X)" (1) —— O(1) —— O™

Let us now look at the exterior power. Recall that /\h_1 Gin-1 = Gpo11. We will

fix such an isomorphism.

oqe h-1 . 00 00
Definition 5.1.2. Define A" : LT,° — M,” by
h-1  h=1  h-1
(Xaﬁaa,) = (/\X7/\B,/\a’>
In the above, by a slight abuse of notation, A"~! « is the level structure on A\"~' X
given by
s Al g h—1 h—1
where ¢ is the isomorphism

v,-|—>(—l)ivl/\vz/\--~/\vl-_1/\v,-+1/\-~-/\vh,

Vi, ...,V being the standard basis vectors for Oé’.
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5.2 Properties of the exterior power map and group actions
In order to study the cohomology of the dual Lubin-Tate tower using the exterior
power map A”~!, it is necessary to first understand how the group actions behave

with respect to A"

Recall from Section 4.1 that we have embeddings of D* and E* in GL,(Ly). We
shall view D* and E* as subgroups of GLj (L) using these embeddings. We also

recall the maps
0:D" - EX Y : GLy(L) - GLy(L)
¢+ (detg) (¢, g+ (detg) (g™
Proposition 5.2.1. The map \"!' : LT,° — M.® is
(a) D*-equivariant if we let D* act on M,* via 6,
(b) GLj(L)-equivariant if we let GL,(L) act on M,‘;" via s,
(c) Wr-equivariant.

Proof.
(a) Suppose ¢ € D* is given by
h-1
(]56,' = Z ajie;.
j=0
Then
h—1 .
(/\ ¢) & = (=1)'geg A per A=+ Adeit A geirt A= A dep-y

h—1 h-1 h-1 h-1
i
= (=)' Y @joej - A D @in1ej A D @iniej A A Y Qe
=0 7=0 7=0 =0

-
= BileoNer A+~ Nex_1 ANexg1 A+ ANepy)
0

=

=
Il

for some By € Lj. To write down an expression for Sy, it is helpful to first

introduce the order-preserving bijections
by {0, 1,...,I-LI+1,....h=1} - {1,2,....,h -1}

) j+1 ifj <l
J =
j if j> 1.
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For r € Sj_y, let 1y = b;l o1 o b;. Then

B = (=)' Z SEN(T) Ay (01,0 * * * U (i=1)i=1 Xy (i+1)i+1 " * " Uy (h=1),h-1 -

T€SH-1

So the coeflicient of &y in ( A1 qb) é; is given by

(-=1)"** det(¢ with row and column containing ai; deleted)

= Cy,, the cofactor of the element ay; of ¢.

So
Coo  Co1 -+ Con-
h-1
Cio Cii - Cipa B
Ne=| . 0 T = @etp ™
Ch-10 Cn-11 -+ Cho1p-1

It suffices to prove the proposition for g € GLj,(L) N Mat,(Or). For such g, it
acts on LT,” by

(X,B,a) = (Y,qo0 B, @)

where Y, g, @ are as defined in Section 3.1. Recall that Y™, g€ and "¢ (which

corresponds to @' : OF — Ty, Y"%) satisfy the commutative diagram

rig

(L/Op)" = X
g qrig
h___ ate ig _ __ xie
(L/OL) Yve = a2 (ker(g)) "

Applying the functor A”~! to the above diagram gives

/\hl

/\h—l(L/OL)h /\h 1Xr1g
/\h—l g \/\h—l qrig
/\h I(L/O )h A" /\h 1 yrig,

By an argument similar to that in (a), the following diagram commutes:

0f —=— N0}

I/\”1 g

Ao

w(g)=(detg)(g™HT

%
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Since A~ arig corresponds to (A~! @), using the above 2 diagrams, we get

the commutative diagram

Hence ¥ (g) acts on M, by
h-1  h=1  h-1 h-1  h-1  h-1  h-1
(A% A8 Aa)(ArAae A Aa)
as required.

(c) Let w € W. By the universal property of the exterior power, we have

h—1
F(NH Gin-1)/Fp = /\ FGl,h—l/Fp’

and
h—1 h-1
T,,(/\X) = \T,x.
The first equality shows that (A" )" = A" ! B", and the second gives
(A" a)y" = A", so the map A" : LT,® — M,° is Wy -equivariant. [

Proposition 5.2.1 tells us that the exterior power map A”~! is W, -equivariant. Unlike
A"~ however, the duality map V is not W, -equivariant, one of the reasons being that
the Tate module of the dual of (L/O;)" is OZ (1). Assuch, itis difficult to understand
the Wp-action on M,° by considering the duality map. However, the duality map V
can still be used to study the cohomology of M} as a E* x GL;(L)-representation,
and hence can be used to show that the supercuspidal part of the cohomology of M,°
in the middle degree realizes the Jacquet-Langlands correspondence up to certain

twists.
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Chapter 6

THE GEOMETRY AND COHOMOLOGY OF THE DUAL
LUBIN-TATE TOWER

6.1 Geometry of the dual Lubin-Tate tower
Before looking at the tower, it is helpful to first understand the level O situation. Let

us write LT}, for the formal scheme M 1 and M;, for M =y

Proposition 6.1.1. The map \"™' : LT, — M), induces an isomorphism

h—1
A : (LTp)o — (Mp)o-
Proof. By Theorem 3.1.1, we have a non-canonical isomorphism

(LTy)o = Spf O; (11, . . ., th-1]],
which shows, by considering the duality map Vv, that

(Mp)o = Spt O;[[Th, - . ., Th-1]].

Let P = (P,Q,F,V~') be the Oy -display corresponding to the x;-divisible Oy -
module Gy 1, so that P = D(Gyj-1) and Q = VD(Gy-1) with F and V™! as
given in the definition of D(G,,,). Let S € C, and let Spec A € S be an open
affine subset of S. By Grothendieck-Messing theory (cf. [Mes72]), m-divisible

Op-modules over A lifting Gy - correspond to s.e.s.
00— M-—>P®, A— N—0

of A-modules lifting the Hodge filtration
0 P P

0 — — — — 0.
7TLP 7TLP Q
Since
Q  VD(Gip-1)  (Veo,...,Vep1)  (mpeo,er,...,ep-1)

n P 7 D(Gip-1)  (mpeo,...,mrep—1)  {TLe0s .- TLEH-1)

the above condition is equivalent to

M _ 0 _ {e1,...,en_1)
mAM ﬂ'LP <7TLel,---’7TLeh—1>‘
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Applying Nakayama’s lemma, we see that M must be of the form
(er +117Le€0, . .., ep-1 + Ih-17TL€0)

for some ¢y, ...,t5_1 € A.

Applying A'1to the s.e.s.
0— (ey +timreq,...,ep—1 +th_1mreg) — €0, ...,ep—1) — (eg) — 0, (6.1)
we get the s.e.s.
0 — ((e1+11mL€0) A -Alep_1+th-17L€0)) — (€0, - .., Ep-1) — (B1,....8n_1) — 0
where

(e1 +tympeg) A=+ A(ep—y +tp_1mpeg) = €y — €y —tamp ey — -+ —th | TL€p-1.

Let us rewrite (6.1) as follows:

p T
0—{f1o.. s fn-1) — (eo,....ep-1) — (go)—0
fi & e +limpeq

I

€0 80

—timpgi, 1 #0.

I

€

Applying Vv, we get the s.e.s.
\Y pV
00— (g ey ...e) )= (s [ ) =0

where

g (g0) = 1, ifi =0,

(e = gy (ren = {0 -
8 (=timpgo) = —timy, ifi #0,

1, ifi=],
(p'e)(f)) = ¢ (pfi) = ¢ (ej +1tjmpey) =
0, ifi#].

So the above s.e.s. is the same as

0 — ey —timpe) — - —thimpe, ) —>{eg....ep_1) —>(e),....e] ) — 0.
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Therefore we have a commuting diagram

(Mp)o = Spf O¢ [T, . . ., Tj-11]
/\h—l
T,

!

S;

IR

(LTy)o = Spf O; (11, . . ., th-1]]

/

(Mp)o = Sptf O [[S1, . . ., Sp-1]]

which shows that /\h_l induces an isomorphism from (LT7})p to (M) since the

duality map V : LT, — M, clearly does. U

Corollary 6.1.2. The map \"~' : LT, — M,, induces an isomorphism

h-1

A : LT = (Mi)a-iym
for any m € Z.
Proof. We recall the definition of the map 6 : D* — E*. Using the above embed-
dings of DX and E* into GL;(L;), we have 8(¢) = (det ¢)(¢~)T.
Let m € Z. Fix some ¢ € D* with val(¢) = m, then

val(8()) = v.(det(8(¢))) = vy, (det ((det $)(¢™")"))
= v ((det$)"™) = (h = Dvr(det) = (A~ m.

So the action of ¢ induces an isomorphism from (LT}?)O to (LT}?),,,, and the action

of 6(¢) induces an isomorphism from (M;)o to (M})h-1)m-
By Proposition 5.2.1, we have the following commutative diagram:

h-1
(LT?) —L e (M9),

‘| = o

(LT ) I (M) h=1ym

where the top map is an isomorphism by Proposition 6.1.1. Hence A"~! induces an

isomorphism from (LT}, to (M)(5-1)m. as desired. O

Proposition 6.1.3. For any n > 0, m,n € Z, each connected component of (LT} )y,
is mapped isomorphically onto some connected component of (M) (h-1ym under the
map \"': LT — M.
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Proof. By Proposition 6.1.1, A\"~! induces an isomorphism on the formal schemes

/\h_1 : (LTy)o — (Mpy)o, hence an isomorphism on their generic fibers.

By considering the action of O} on the connected components of (LT}')o, we see
that each connected component of (LT})o is finite étale over (LT}?) of the same
degree. Using duality, we see that each connected component of (M) is also finite

étale over (M 2 )o of the same degree. Since

/\I’L—l
(LT} )o (M})o
finite étalel/ lﬁnite étale
(LT )o A—> (Mo

commutes, this shows that A"~! induces an isomorphism from each connected

component of (LT}')o to some connected component of (M;)o.

Now, by considering the action of the groups D* and E*, we see that, for any m € Z,
the map A"~! induces an isomorphism from each connected component of (LT )m

to some connected component of (M ;Z)(h_l)m. O

Corollary 6.1.4. Suppose (p(q—1),h—1) = 1. Then \"~!: LT,° — M,° induces

an isomorphism
(LT} = (M}))(h-1ym

foranyn >0, m,n € Z.

Proof. We first consider the case m = 0. Since (p(q—1), h—1) = 1, by Proposition
4.1.4, the map 6o, is bijective. By Theorem 3.2.4, this means that the map induced
by A’~! on the connected components is a bijection. Together with Proposition
6.1.3, this shows that /\h_1 induces an isomorphism from (L7}')o to (M}')o. The
result then follows for all m € Z by considering the action of the groups D* and
E*. [

6.2 Cohomology of the dual Lubin-Tate tower

In this section, we will reinterpret the results of the previous section in terms of
the cohomology of the dual Lubin-Tate tower. In order to avoid unnecessarily
cumbersome notation, from here on, all cohomology is understood to mean /-adic
cohomology with @l coeflicients, where [ # p is an odd prime. We will also slightly
abuse notation, and whenever the Lubin-Tate tower or the dual Lubin-Tate tower

appears, we actually mean its change base from L to C.
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Lemma 6.2.1. The kernel ker(0) acts trivially on LT?, so the action of D* on LT;B
induces an action of 0(D*) = Im(0) < E* on LT}?. This action can be extended to

an action of E = (Ozh, Im(0)) by letting Ozh act trivially on LT}?.

Proof. Suppose k € ker(6). The action of k on LTS is given by

(X,B) = (X,Bok™).

But k € ker(6) = p;,_1(Or) € OF and X has multiplication by Ozh, so (X, B) =
(X, B ok™"). So k acts trivially on LT}, and we get an action of Im(¢) on LT}
induced by the action of D*.

To see that we can extend the above action of Im(#) to an action of E? = (Ozh, Im(6))
where th acts trivially, we just need to check that Ozh NIm(#) C Im(0) acts trivially
on LT]?, but this is clear. U]

Proposition 6.2.2. Let EY < E* act on LT}? as in Lemma 6.2.1. Then for all i > 0,
Hi(MY) = Ind%, HL(LT))

as E* x Wy, representations.

Proof. The proposition is clear for i > 0 since Hé'(LT}?) =0-= Hé(M}?) fori > 0.

Consider i = 0. Let ¥ be the image of

h-1
N\ LT} - M.
By Proposition 5.2.1, and the fact that Ozh acts trivially on MY, we have

HY(Yo) = H)(LT})

as E? x W -representations, where the action of EY on LT}? is as described in Lemma
6.2.1.

By Proposition4.1.3, E? = {p € EX: (h—1)|val(¢)} and a full set of representatives
for EX/E? is given by (@’)* for k € {0,1,..., h — 2}. It is clear that

M) =Youo' () U---Ua"(X).
So by Proposition 4.2.1,
Hi(M)) = Ind%, HL(LT))

as E* x Wy, representations, as desired. OJ
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We now prove an analogous result for H.(M )
Theorem 6.2.3. Letd = (g—1,h—1), e = v,(h— 1) and c¢ be the maximum integer

< e such that Oy, contains the p¢ roots of unity. Let 6,.H é(LT;;") be the pushforward
of the representation H é(LT;lX’ ) under the map

6 : D* — 6(D%).

Then for alli > 0,

* G j 00 x ] 00 x
y* (Resg it HU(MEY)) = Indf ) 0. HL(LT}Y) = Indf s, 9*(

HI(LTY)
Y (GLp(L))

K

= Ind}, e, 0. HL(LT;™)®
as E* X GLy(L) X Wy, representations, where K = ker(6p) = p,c,(OL) and
H é'(LT;l>O K is the subrepresentation of H é(LT;;" ) fixed by K.

Proof. LetY, be the image of

h-1
N\ LT} > M;.

By Lemma 4.1.2 (a) and Proposition 4.1.4 (c), for n > 2eey, the kernel of 6y, can

be written as a direct product

ker(6o,) = K,'l’1 x K’

n2°
and the detmod (1 + 77 Or) map gives an isomorphism

detmod (1+77OL) ,

nl-*

K = ker(6p) = f,eq(O1)

Let K, = 1 + 7, “““Op < D*. Proposition 4.1.4 (c) tells us that we have an exact

sequence

detmod (1+7}OL) ,

n,

l - 1+710, — K, ,— L

Recall from Proposition 6.1.3 that A’~! maps each connected component of (LT} )m

isomorphically onto some connected component of (M;ll)(h—l)m- Since

detmod (1+77 Or)

K x K, K, | X K; 5 = ker(6o,),

by Theorem 3.2.4, two connected components of LT}" will each be mapped isomor-

phically to the same connected component of M, under the A"~! map if and only
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if they are in the same orbit of K X K, . Furthermore, 1 + 7701 < D* acts trivially

on LT;Z“, SO

. Hi(LT"
w*Hé<Yn>ze*< c{ h))

K x K,
as (D) x GL,(L) x Wy -representations.

Claim:
i n E* E? i EX* i
Hc(Mh) = IndEg Inde(Dx) H.(Y,) = Inde(DX) H.(Y,).

Proof of claim: Let X,, be given by

Xn = U(M;,l)(h—l)m-

mezZ

Note that X,, contains ¥, as a subspace. By Propositions 4.1.3 (d) and 4.1.4 (b),

E°? OE detmod (1+77 Op) (OL/HZOL)X
—— = coker g =
Ima@ Im 90 = Im QO,n

= coker 6,

is a finite abelian group.

D* acts transitively on the connected components of LT, so for any ¢ ¢ Im(6),
¢(Y,) will be disjoint from ¥,,. Furthermore, the orbit of ¥,, under 025 is X, since OE
acts transitively on the connected components of (M})(x-1)m for any m € Z. This

shows that

X,= | ] e

E®¢
P @

By Proposition 4.2.1, we have

H{(X,) = Indf ;. HL(Y,).

Recall from Proposition 4.1.3 (d) that the valuation map gives an isomorphism

EX Z
EY  (h-1Z
So a full set of representatives for g—: is {1, @’, w’z, R w’h_z}, and it is clear that

M!'=X, U@’ (X,)U-- Ua’"(X,).
So, again, by Proposition 4.2.1,

H.(M}") = Ind%, H.(X,,).
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This proves the claim.

The map
HL(LT)™*F) - HL(LT))

HL(LT" _ _
factors through % since K, = 1+ 77 Oy acts trivially on LT, “*. So
. HL(LT!) o
h_n)ln Knh = H.(LT}"), and
H.(LT}) H.LT?)
lim = .
- K xX K, K
HL(LTY)

It remains to show that

= =H é(LT;;O K. For m sufficiently large, the determi-
nant of the elements of K are distinct mod (1 + n’L”OL), so the orbits of the induced
action of K on the connected components of L7," each have size d. We define a
subspace Z,, of LT;" by taking one connected component from each orbit. Let k be

a generator of K. Then LT;" is the disjoint union
LT = Zy Wk(Zy) U -+~ U k1 (Z),

so we have an identification
d-1

HI(LT) = (B HA(Zy)
j=0
of @l—vector spaces such that the action of K on @7:_5 Hi(Z,) is given by k -
(20, 215 - - -» Zd—1) = (Zd-1, 20, - - - » Za—2). Define an isomorphism of vector spaces
HU(LT)) =

— HU(LTH
[(Z09 b '7Zd—1)] — (Z7 cc e Z)7

where z = % j.l:_é zj. Using the fact that K is in the center of D*, an easy

computation shows that the above is also an isomorphism of representations.

Putting these together, we have

¢ (ncGLa(L)  yioan P X Hi(LT})
W (Resw(GLh(L)) HL(M})) = Indf e " HL(Y,) = Indf e, 6. :

K x K,

and

. o y - HL(LT?) y HL(LT™)
y* (Resyaiit,) HAMPY)) = Indg ) 6, (h_r)n _h) E (#

= In X *
- K xK, (D) K

= Indf pyx, 0. HL.(LT)X,

as desired. n
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Corollary 6.2.4. Suppose (q — 1, h — 1) = 1. There is an action of 0(D*) C E* on
Hé(LT;;" ) induced from the action of D*. Then for all i > 0,

* GL,(L j 00 x j )
u" (Resy i), HA(MY)) = Indf ) HA(LT,Y)

as E* x GL,(L) x Wy, representations.

Just like for LT;", we will consider the functor

H{(M;?) : Rep E* — Rep(GLy(L) x W)
p = Hompx (H.(M}), p).

The following is an easy corollary of Theorem 6.2.3.

Corollary 6.2.5. Foralli > 0,

v (R655f£222u> Ho (M )[p]) = He(LT}) [9* (Resg(xm) p)] :

Proof. By Theorem 6.2.3 and Frobenius reciprocity,

% GL,(L) j 00 _ * GLy(L) j oo
v (Res, &, Hi(M, )lp]) = Hompx (v (Resw(chmm) H.(M)). p)

y H(LTY)
= Hompgx (Indg(Dx) 0. (%) p)

HL(LT) x
= Homg(px) (9* (%) Resgp P)

HU(LTY®) y
= Hompx (‘T, 2 (Resg(Dx) p) .

Since K acts trivially on 6* (Resg(X D¥) p), the above is equal to

Hompx (HL(LT}), 6" (Resh ) p)) = HU(LTY) [6% (Resgps p)] -

6.3 Geometric realization of local correspondences and vanishing results

In this section, we will use Corollary 6.2.5 and results on the cohomology of the
Lubin-Tate tower to deduce results for the cohomology of the dual Lubin-Tate tower.
In particular, we will show that the supercuspidal part of the cohomology of the
dual Lubin-Tate tower in the middle degree realizes the local Langlands and the

Jacquet-Langlands correspondences (up to appropriate twists).
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Theorem 6.3.1. For n € Cusp(GL;(L)),

H'™ (M) usp L™ (1)) = 7 @ rec(n” ® (xx 0 det) ® (|- | o det) T )(h - 1),

where xr is the central character of m and H, Ch_l (M}°)cusp is the supercuspidal part
of HY™'(M}).

Proof. By Corollary 6.2.5, we have the commutative diagram

* EX
o p—0 (ResH(Dx)p) o
Irr’ E Irt’ D

HZ-(M;o)cusp HZ-(LT;Q )cusp

Cusp(GLp(L)) x Irr(Wr) Cusp(GLp(L)) X Irr(Wr)

N GLy(L)
TRr—=Y (Resw(GLh(L)) 7r)®r

where Irt’ D* C Irr D* is the subset consisting of representations of the form
JL~' () for some 7 € Cusp(GLy(L)) (similarly for Irr” E*).

Note that
. §* (Resg(xDx) p) € Irr’ D* since
p =JL7! () with 7 € Cusp(GL(L))

= p® (xzoNrd)" =JL™' (7 ® (y, o det)"),

* 1 € Cusp(GL,(L)) since

U (Resgfé‘iizm JT) =71 ® (yrodet)’ € Cusp(GLy(L)).

The commutative diagram only gives us Hﬁ.(M;;O)CuSp[p] as a Yy (GLp(L)) X Wp-
representation. But by considering the duality map Vv : LT,* — M;°, we know
that Hé(M,‘:’)Cusp realizes the Jacquet-Langlands correspondence, so we already

understand H ﬁ.(M ;lx’ )euspl ] as a GLj (L) representation.

Let us define

F : Irt’ EX — Cusp(GLy(L)) x Irr(Wy)
JL_1(7r) > aerec(n’ ® (yrodet) ® (|- o det)%)(h -1).
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By the above, it will suffice to check that F makes the diagram commute. Applying
Theorem 3.2.1, and using the fact that JL and rec are compatible with twists, we see

that Hf‘l(LT;o)Cusp [p ® (xpo Nrd)v] and ¥* (Resg(LG"éﬁL)) F(p)) are both equal

to
(JL(p) ® (x1L(p) © det)") ® rec(JL(p)" ® (xr(p) o det) ® (| - | o det) T ) (h - 1),

as desired. ]

We can also use Theorem 3.2.2 to deduce that

Theorem 6.3.2. Fori +# h— 1, p € Rep E*,
He (M )eusp(p) = 0.
Proof. This is immediate from Theorem 3.2.2 and the commutative diagram

* EX
o0 (Resg(DX) p)

Rep E* Rep D*
Hz (M;C)cusp HZ-(LT;,X})cusp
Rep(GL,(L) X Wr) TR Rep(GL, (L) X Wr).
nRr-y’* (Res¢(ciLh(L)) 7r)®r
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