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ABS TR.ACT 

- - + The reaction K p+K TI n has been studied for incident 

kaon momenta of 2.0 GeV/c. A sample of 19,881 events was 

obtained by a measurement of film taken as part of the K-63 

experiment in the Berkeley 72 inch bubble chamber. 

Based upon our analysis, we have reached four 

conclusions. (1) The magnitude of the extrapolated KTI 

cross section differs by a factor of 2 from the P-wave 

unitarity prediction and the K+n results; this is probably 

due to absorptive effects. (2) Fits to the moments yield 

precise values for the KTI. S-wave which agree with other 

recent statistically accurate experiments. (3) An anomalous 

peak is present in our backward K-p+(TI+n) K- u-distribution. 

(4) We find a non-linear enhancement due to interference 

similiar to the one found by Bland et al. (Bland 1966). 
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Chapter I. Introduction 

A. Experiment 

A large part of our knowledge of the strong interaction 

in elementary particle physics comes from the study of two 

body scattering experiments. However, the present need to 

have a stable particle as the target has restricted experi­

mental study to a small subset of all conceivable reactions. 

The only truly free stationary targets used have been 

protons(i). The study of neutron reactions has been pos-

sible through the interpretation of experiments conducted 

with deuterium. Clearly it would be very useful to extend 

our study to other types of reactions. Of particular in-

terest are meson-meson reactions, because of the fundamental 

role such particles play in the strong interaction. (In 

addition for the TI or K mesons, their lack of spin removes 

many problems.) However, because of the short meson life­

times, it is not presently possible to directly study TITI or 

KTI scattering. 

(i)The only exceptions to this statement are the various 

experiments in which an electron acts as the target. 

Examples of this are the electron-positron colliding beam 

machines, the TI-e experiment at Serpukhov, and Fermi's 

measurement of the neutron-electron cross section. 
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It has been conjectured that one might be able to 

extract information about the pion scattering cross section 

for various beam particles by looking at their interactions 

with the virtual pion cloud of a nucleon as depicted in 

Figure I-la. This idea was first suggested by Goebel, and 

Chew and Low {Goebel 1958, Chew 1959). Chew and Low point 

out the success of the analogous model of the deuteron, in 

which it is considered as a bound state of a neutron and a 

proton. However the pion-neutron system is virtual by 

140 MeV, while the proton-neutron is virtual by only 2.2 MeV. 

The sizes of these two binding energies is a measure of the 

relative degrees of approximation involved. However, in 

either case, when the beam momentum is greater than 1 GeV/c, 

the binding energy becomes a small effect and presumably 

can be neglected, to first approximation. As we shall see 

in Chapter IV, the greatest failing of this approximation is 

not the neglect of the binding energy. Rather it is the 

neglect of other processes of comparable importance such as, 

for example, the excitation of a pion-nucleon resonance{ii). 

- - + - - + Thus reactions such as TI p+TI TI n and K p+K TI n become 

interesting reactions to study as possible sources of 

{ii)This situation is analogous to nuclear scattering in 

which the scattering can be described as either the 

scattering from a single nucleon, or from the entire nucleus 

depending upon the exact conditions. 
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Figure I-1. Schematic views of various processes. 

a) the Chew-Low hypothesis b) the nucleon excitation model 

K K-- -K \< 
1\-t' 

n 
n 

+ -c) OPE model of pp+ppn TI d) the quasi-two-body hypothesis 
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. f . t' (iii) in ormation on meson-meson reac ions • The hypothesis 

that such reactions are mediated by the exchange of a space-

like pion is known as the One Pion Exchange Model (or OPE). 

It has been extensively developed and tested, and with 

various modifications has had reasonable success in de-

scribing experimental data (Wolf 1969, Gottfried 1964, 

Fox 1971). 

- + - - + That reactions such as TI p+TI TI n or K p+K TI n are 

dominated by OPE-like mechanisms is indicated by their: 

-2 
(1) s dependence of crtotal and dcrl dt t=O; <2 > 

dcr behavior of dt as t+O; 

pole-like 

dcr 
(3) lack of shrinkage of dt as a 

function of s(iv); and (4) their flat Trieman-Yang angle 

distribution (Trieman 1961) . The one feature of all 

experiments not reproduced by simple OPE is the quantitative 

dcr slope of dt" The simple model predicts a shape which is 

flatter than that generally observed. This has led 

(iii)While reactions such as TI+p+TI+TI+n or K+p+K+TI+n are 

amenable to study, resul ts of such studies are much more 

ambiguous due to the lack of an expected strong resonance in 

the relevant meson-meson channel. However such studies are 

being undertaken to measure the non-resonant amplitudes. 

(iv)Indicative of an a(t)=constant behavior in the Regge 

language. Since this gives, in the Regge formalism, the 

same behavior as one obtains without Regge corrections, 

the Regge model is very rarely applied to reactions 

thought to be dominated by OPE. 
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to several different, independent prescriptions for adding 

a faster t dependence. Among these are the absorption model 

and the Durr-Pilkun kinematic form factors, which will be 

discussed later(v). 

As a quantitative test of the OPE model's validity as 

a source of meson-meson scattering information, a known 

cross section can be extracted from a reaction related by 

the theory. For instance, if we view the process pp~ppn+n­

as in Figure I-le, then the TI+p and TI-p elastic cross sec­

tions and moments can be extracted. This has been done at 

plab=6.6 GeV/c (Colton 1968). This experiment is usually 

cited as conclusive evidence that pole extrapolation and 

moment analysis will provide information about the 

analogous meson reactions. However, a careful examination 

of the results of this experiment leads one to conclude 

that they are suggestive but certainly not conclusive. 

In Figure I-2 the t dependence of the differential 

cross section from this experiment is plotted along with the 

prediction (fit) of the Durr-Pilkun theory. Since the cut­

off at low t is due to phase space, we can see from the 

figure that the data are not accurate enough for this to be 

a stringent test. As we shall see in Chapter v, the large 

(v)Since these modifications are independently motivated, 

and give the same numerical results, no model independent 

picture of the physically meaningful effects emerges. 



- 6 -

Figure I-2. - ++ The t dependence of pp + prr ~ at 6.6 GeV/c as 

determined by E. Colton (1968). In a, c, and e are plotted 

the t distributions for the data selected on different rr-p 

masses. The curve is a Durr-Pilkun fit. The dip at low t is 

due to the phase space cutoff, so the data do not exhibit 

a characteristic en9ugh t dependence to make this experiment 

a very stringent test of the theory. 
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number of free parameters in this theory requires a large 

variety of experiments to both fix and check all these 

parameters, so this does not comprise a conclusive test of 

the model. 

In Figures I-3 and I-4, the resulting moments (the 

points) and the on-shell measurements (the curves) for 

TI-P and TI+p elastic scattering are plotted(vi). The TI-p 

+ moments show some agreement, but the TI p results show a 

glaring discrepancy. In order to justify the Durr-Pilkun 

model, one must extract the features of both TI-p+TI p and 

TI+p+TI+p without ambiguous post hoc modifications. It has 

been claimed (Colton 1968) that this discrepancy can be 

cured by either extrapolating the moments in t, or by 

requiring the other vertex to be a single strong resonance, 

or by a smaller t cut, etc. However, until this is actually 

- + demonstrated for both TI p and TI p, the validity and univer-

sality of the method is open to strong doubts. 

In spite of such doubts, many people have begun to 

apply such methods to mesonic reactions. The simplest 

(vi)Where the differential cross section is expanded as 
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Figure I-3. The shape parameters for TI p elastic scattering 

+ -as determined in pp+ ppTI TI at 6.6 GeV/c (from Colton 1968). 

The solid curves are the actual TI-p measured values. The 

experimental moments seem to be in qualitative agreement with 

the TI-p measured values although slight quantitative 

discrepanci es are possibly present. 
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Figure I-4. + The shape parameter for rr p elastic scattering 

+ -as determined in pp ~ pprr rr . The solid curves are the 

+ actual rr p measured values. There is clearly a glaring 

discrepancy in A1/A0 in these data. 
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- + reaction to examine is TI p+TI TI n. Many such experiments 

have been performed and they seem to yield the features one 

expects in TITI scattering (Schlein 1967, Malamud 1967). In 

order to test and extend this hypothesis, several experi-

menters have begun to examine other reactions. An inter-

esting extension is that of the related pair of reactions 

- - + + + -K p+K TI n and K n+K TI p, where one can begin to explore the 

KTI elastic scattering amplitude. In this case the G-parity 

- + constraint which rules out p exchange in TI p+TI TI n is not 

present so that these reactions could show deviations not 

present in the pion induced reactions. Experiments have 

been completed at 5.5 GeV/c, and 10 GeV/c in K-p and at 

+ 3 GeV/c in K n; a comparison of these indicates that this is 

- - + a more complex system than TI p+TI TI n (Fox 1971, ABCLV 1968, 

Bassompierre 1970) • 

We have completed a high statistics experiment on the 

- - + reaction K p+K TI n at plab=2 GeV/c. The aim of this exper-

iment was to extract the K-TI+ elastic cross section. How-

ever, as we shall see, this problem is far more ambiguous 

than was realized at the outset, so that a far more syste-

matic study of several reactions at different energies and 

with extremely high statistics will be required before we 

can understand all the extraneous effects, and extract the 

KTI cross-section unambiguously. 
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In Chapter II, the standard experimental methods are 

discussed and the resulting ambiguous samples summarized. 

In Chapter III, the studies which determine the 

reliability of our data are presented. Also the criteria 

which define our final data sample are summarized. 

In Chapter IV, the data ai:-e presented and their qualita­

tive features are discussed. As part of this chapter the 

evidence indicating an anomalous backward peak is presented 

and discussed. This backward peak is somewhat surprising 

since, taken at face value, it violates either SU(3) or the 

symmetry between s and t channels. 

In Chapter V, a quantitative comparison of our data 

with other experiments is made, and an attempt to extract 

the K~ phase shifts is presented. The comparison seems to 

be surprisingly good but the phase shift analysis seems to 

yield inconclusive results. 
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B. Kinematics 

In the detailed study of a reaction such as ours, one 

obtains information from the dependence of the frequency 

distribution of events upon the various kinematic variables 

and the association of such dependencies with those of 

various models. We shall present a brief description of the 

kinematic variables conunonly used in the analysis of a 

three body final state. 

In such a state at fixed beam momentum, there are four 

kinematic dimensions (neglecting nucleon spins see 

Appendix IX) • The particular set of variables we choose is 

not unique. What we want is a set which is most appropriate 

for the physics we are describing. In our case the dynamics 

is dominated by the scattering of the two initial particles 

into a quasi-two-body final state in which one of the final 

state particles subsequently decays as depicted in Figure 

I-ld. This suggests that we choose as our set of kinematic 

variables the momentum transfer (t=(p -p ) 2
); the resonance's 

2 5 

mass (m= p +p ); and the resonance's decay distribution 
3 4 

- - + 
(6,~), and thus treat the reaction K p+K TI n as the sum of 

two processes K-p+K* 0 n and K* 0 +K-n+. 

By decomposing the meson-meson center of mass angular 

distribution into its spherical harmonic moments, we reduce 

a continuous two dimensional distribution (6,$) into a 

discrete set of numerical values which is, in practice, 
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quite limited in number(v~~). However there does exist 

one ambiguity in this decomposition which cannot be a 

priori resolved. There exists the question of what axes 

to use in defining the relevant angles. The two frames 

that are commonly used are the helicity (or s-channel 

helicity) frame, and the Gottfried-Jackson (or t-channel 

helicity) frame; shown in Figures I-Sa and b. In both 

frames the K- t - TI+ center of mass is at rest and the y ou out 

axis is defined as being perpendicular to the production 

plane. In the helicity frame, the neutron's momentum 

vector lies along the -z axis; in the Gottfried-Jackson 

frame the K~ momentum vector lies along the +z axis. 
in 

(The azimuthal angle in the Gottfried-Jackson frame is 

commonly known as the Trieman-Yang angle.) Clearly for 

any given event the transformation between frames is a 

well defined rotation. However this rotation is dependent 

upon both t and mKTI (for fixed beam momentum). 

Naturally the choice of which two particles in a 

reaction to regard as the decay products of a resonance is 

ambiguous and must be determined from experiment. For 

(vii) An exactly equivalent procedure is to decompose the 

decay distribution by the density matrix formalism. This 

possesses the advantage of being more closely related to 

the individual amplitudes, but depends upon the assumption 

of a maximum spin. 
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Figure I-5. The two coordinate frames commonly used for 

decomposing the Kn decay distribution. 
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example, the reaction mentioned above can also be regarded 

- - *+ *+ + as K p+K N and N +TI n. The choice of which model one 

uses must be empirically determined by finding which view 

yields the simplest picture of the reaction. 

A third, independent choice of variables is that of 

the Dalitz plot (see Appendix IX). In this scheme, we choose 

the effective mass squared of two different pairs of final 

state particles as independent variables. This choice of 

variables possesses the advantage of yielding a coordinate 

system in which the phase space in a differential 

volume is independent of the coordinates (see Appendix IX). 

Thus any enhancements in a two dimensional frequency 

distribution must arise in a dynamical manner. Note that 

since there are only two variables chosen, the dependence 

of the amplitude upon two dimensions is being suppressed. 
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Chapter II. Experimental Methods and Data Extraction 

A. Beam, Bubble Chamber, And Scanning Measuring Projectors 

The 72 inch hydrogen bubble chamber at the Lawrence 

Radiation Laboratory was exposed in 1964 as part of the K-63 

exposure to a beam of 2.0 GeV/c K- mesons (Hubbard 1964). 

Figure II-1 shows a schematic diagram of the beam line. 

The K mesons were separated from the TI-'s by two electro­

static separators (Sl and S2) and two mass slits. From 

measurements and analyses of other event topologies in this 

film (Dauber 1966, Trippe 1968), the pion contamination in 

the beam is known to be (1.4 ± 0.3)% and the momentum spread 

is ±2%. 

The chamber was expanded once per Bevatron cycle. 

Flashtubes and a shutterless camera were used to record 

three views of each expansion of the chamber on one roll of 

46 mm f i lm using the Berkeley film format. Three views are 

necessary to avoid ambiguities which arise for some spatial 

configurations when only two views are used. 200,000 

expansions were recorded on 315 rolls of film with an 

average of 7.5 incident K- mesons per expansion (determined 

by Dauber and Trippe 1965b). This corresponds to a total 

track length, in the fiducial volume discussed below in 

Section IIrD, of 6.5 events/µbarn. 



K63 BEAM 
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Figure II-1. Schematic diagram of the K-63 beam line. The .M's are bending magnets, the 

Q's are quadrapoles, and the S's are the electrostatic separates. 
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Figure II-2 is a photograph of a typical event in the 

72 inch chamber of the type: 

K p 
(1) 

The short horizontal lines numbered 0 through 15 running 

down the left hand side of the chamber are called the 

"rakes" and are used for visual approximate location of 

the events. The "+"'s, positioned at the top glass of the 

chamber, and the "f"'s, positioned on the bottom surface of 

the chamber, form the fiducial system used for precise 

definition of the measurement coordinate system. 

The origin of the coordinate system used (see inset in 

Figure II-2) lies on the bottom of the chamber between rakes 

7 and 8. The y axis increases in the direction of the 

incident beam particles and runs the length of the chamber 

along the bottom, approximately midway between the sides. 

The x axis is in the horizontal plane, transverse to the 

beam direction and the z axis is vertical. The azimuthal 

angle of a vector is the angle made between the vector's 

projection on the xy plane and the x axis. Its dip angle 

is the angle between the vector and the xy plane. 

Figures II-3 (a-d) display the distributions of x 

coordinate, z coordinate, azimuthal angle, and dip angle 

projected to y = 0 for the beam tracks of all events 
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Figure II-2. The 72" hydrogen bubble chamber. 

z 
a} the coordinate system of the 72" chambe 

y 

b} photograph of a typical event 
in the_72" i8arnber of tge+ 
type K p +K (890}n + K rr n. 
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10s~~~~~~~~~~~~......-~~~~~~~~~~~~ 

a) z coordinate of interaction b) Azimuthal angle of beam 
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Figure II-3. Dimensions of the beam based upon 

measured events. 
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measured in this experiment. The x and z coordinate 

distributions give the transverse dimensions of the beam as 

it traverses the chamber. The spread in x aids in separa­

ting the interaction points from other beam tracks and 

facilitates measurement. The magnetic field is vertical 

with such a sign that negative tracks bend right and positive 

tracks bend left as viewed on the scanning tables (see 

Figure II-2). 

Figure II-4a is a scatter plot in x and y of the 

interaction points of all events measured in this experiment 

and demonstrates the swath of beam as it passes through the 

chamber. Figure II-4b is a projection of the y position of 

the interaction vertices and displays the ~20% gradual 

attenuation of the beam between y = -80 cm and y = 40 cm due 

to interactions and decays. The sharp drop in the distri­

bution for y > 40 cm was caused by a reduction in the 

fiducial volume. This reduction was artificially imposed 

during the measuring process. 

The semi-automatic image plane digitizers at UCLA 

known as Scanning and Measuring Projectors (SMP's) were 

used to both scan and measure the events of interest in 

the film according to the criteria discussed below in 

section II-C. The SMP's (Alvarez 1960, Munson 1963) were 

designed and constructed at the Lawrence Radiation Labora­

tory. An on-line IBM 360/40 computer collected, filtered, 

and tested the SMP measurements. The need for a fast 
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Figure IJ:-4~ Dist~ibut·ion of event vertices in the chamber. 
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digital computer to pre-process the data is due to the 

semi-automatic nature of the measuring machines. A SMP 

digitizes ~100 points along a track, of which a large 

fraction (~30-40%) is unrelated to the track being measured. 

These data are filtered and averaged to give a maximum of 

sixteen points per view in the processed output record. 

Since the SMP digiti zes in the image plane, optical 

distortion between the film and image planes is corrected 

for by measuring a grid of known dimensions and performing 

a least squares polynomial fit to the abberations. The grid, 

which is scribed on mylar film, was measured on an accurate 

film plane measuring machine in order to determine its true 

dimensions. These corrections are applied to the SMP 

measurements in real time (i.e., as soon as the track 

measurement is completed} by the 360/40 so that the output 

record consists of corrected film plane coordinates. 
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B. Topologies and Expected Event Frequencies 

The purpose of this experiment is to study the reaction: 

- + K p + K TI n 

In a bubble chamber, events of this type with two charged, 

outgoing particles appear as "two-prong" interactions as 

depicted in Figure II-5. There are several "background" 

reactions which also have the two-prong topology, such as 

K-p+K-p, K-p+K-pn°, and other inelastic channels. Addi-

tional sources of background are reactions which contain a 

A0 or a K0 which decays via a neutral mode in addition to 

two charged, outgoing particles. In order to estimate this 

latter source of background, a sample of two-prong V events 

(where the A0 or K0 decays via a charged mode) was also 

measured. This sample will be discussed in section III-B. 

These two topologies which are of interest to this experi-

ment, one which contains the signal and one which contains 

the background, are shown in Figure II-5. 

In order to estimate the event yield and background 

problems of the experiment, we made use of the available 

cross-section measurements for the significant reaction 

channels in the K-p interaction at the nearby momentum of 

1.95 GeV/c (Smith 1965). The cross sections of significance 

to this experiment appear in Table II-1. The expected 

number of events of each reaction type in the table are 



Table II-1. Stable State Cross Sections at 1.95 GeV/c (as determined by Smith 1965). 

Expected number of events (in thou-
sands) in this experiment by topology 

Final state (j (mb) 2 prong 2 prong V 2 prong kink* 

State of interest - + I< 1T n 2.7±.5 16.5 1.2 

States with A's - + 1.47±.09 3.0 6.0 1T _1T+I\ w 
1T 1T +l: 0.57±.05 1.2 2.3 0 

1T-1T+/\.1To 2.11±.14 4.3 8.7 
1T - 1T + /\. +n 1T o } 0.57±.04 1.2 2.3 
1T - 1T l: o +n1T o 

--
4.72±.18 9.7 19. 3_ 

States with K's 1T-pKo 1.89±.12 7.7 3.8 
1T - p~o1T o .65±.06 2.6 1. 3 
1T-1T+K 0 n .57±.06 3.8 1. 9 
7T-1T i< 0 n+nrr 0 n~l} .03±.01 . 4 .2 
rr-pK 0 n+nTI 0 n~2 

3.14±.15 14.5 7.2 

Other States 
with Protons K p 7.91±.78 47.6 3.7 

K-p1To 1.60±.30 9.7 0.7 

9.51±.84 57.3 4.4 



Table II-1 (cont.) 

Other States - + 
E+1T-
E_1T+ 
:: K+ 
E-1T 1To . + 
E~1T-+n1T 0 (n~2) 
E 1T 1To 
+ - 0 E 1T + +n1T (n~2) 

::-K 1To 
--Ko + = 1T -oK+ -= 1T 

0.17±.02 
0.55±.06 

0 .101±. 014 
0.70±.06 
0.20±.05 
0.80±.10 
0.42±.10 
.026±.007 
.057±.009 
.062±.010 .1 • 2 

. 1 • 2 

*Figures in parentheses are events in which the kink is on the positive track. 

1. 0 
(3.4) 

• 6 
4.3 
1.2 

(4.9) 
( 2. 6) 

• 2 
• 3 

w 
7.6(+9.9) ..... 
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a) two prong b) two prong Vee 

Figure II-5. Topologies of interest in this experiment. 
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based on these cross sections and the known K track length 

in the exposure for the fiducial volume used in our scan 

(6.5 events/µbarn; see Section II-C). 
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c. Scanning criteria and Fiducial volume 

From Table II-1, it is evident that about five times 

as many events have the two-prong topology as are really 

- - + K p+K TI n. While a large fraction of these events are 

kinematically easy to separate, they cause unnecessary 

measurement time and waste computer time unless removed 

in scanning. 

Most of these two prong background events, about 80%, 

contain protons which can, under certain circumstances, be 

distinguished from TI+ mesons. The following scanning 

criteria were established to reject these events while 

eliminating a negligible number of real events: 

(i) All events in which the positive track stops within 

the chamber were rejected. Such tracks must be protons 

. . + d . h f ·1· + +( ) +( ) since a stopping TI ecays via t e anu iar TI +µ v -+e vv 

sequence. This selection depends upon the scanner's ability 

to determine through the use of stereoscopic superposition(i) 

(i)The method of determining whether a track's endpoint 

occurs at a surface perpendicular to the camera axis is 

accomplished through the small angle stereoscopic nature of 

the camera system. The imas;es of the fiducial marks in two 

separate views are superimposed by simultaneous projection. 

If the two images of a track endpoint are then superimposed 

as well, then the endpoint lies in the same plane as the 

fiducial marks, which are on the upper and lower surfaces. 
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whether a track's endpoint lies within the chamber or at the 

chamber's top or bottom {which would be the case if the 

track left the chamber before stopping) . 

{ii) To reject protons which leave the chamber a 

track bubble density criterion was also employed. This 

criterion was extremely delicate since any real events 

rejected because of spuriously dark pion tracks could 

seriously bias our sample. To be rejected, a positive 

track had to be long enough and straight enough to pass 

between two parallel lines 13.5 cm long and 0.42 cm apart 

(see Figure II-6), and must have less than 1 gap per 

centimenter of track {a gap is a break in the line of 

bubble formation). The length criterion insured that the 

particle had a dip angle less than 45° (since the beam is 

about 15 cm from both the top and bottom of the chamber) , 

the width criteria determined a maximum sagitta and there­

fore a minimum momentum {of 300 MeV/c). At this momentum a 

pion is l.3x minimum ionizing and a proton is lOx. The 

density is proportional to the secant of the dip angle and 

thus the dip angle can i ncrease the density by a factor 

less than 1.4. In order to meet the ~ 1 gap/cm ionization 

criterion, a track must have an apparent ionization of 

~ 7x. Although our choice may seem too conservative, it 

was felt that the critical nature of this selection and 

some of the known bad properties of the chamber's track 
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illumination, made it dangerous to attempt a more stringent 

proton exclusion(ii). 

In Figure II-7 is plotted the azimuthal angular 

distribution of the positive track about the beam direction 

- + for elastic events and for the K TI n sample. This distri-

bution should be sensitive to scanning loss biases. The 

observed isotropy of this distribution for the K-TI+n 

(Figure II-7a) events as contrasted to the elastic events 

(Figure II-7b) thus implies that the above scanning 

selections did not bias our results in this way. 

Further scanning criteria were established to eliminate 

the events which contain a E or a = . Since these parti-

cles have a very short lifetime, they decay very close to 

the vertex. Thus by demanding that the negative track 

should not have a kink (decay) closer than 10 cm from the 

vertex, they were virtually all eliminated without re-

jecting a significant number (<1%) of real events in which 

the K- decays (see Appendix I). In addition to causing 

extra measuring effort, such events pose an extremely dif-

ficult problem for the kinematics programs if not elimi-

nated. The short tracks always have a poor momentum 

measurement, since the error in the momentum is inversely 

(ii)The extent to which ionization can be used as an aid 

in the resolution of the ambiguities is discussed in 

Section III-B. 
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Figure II-7. Rotation angle of the positive track about 

the beam. 

ko 

ioo 

-ir 0 

a) events which fit K p + K-rr+n where 0.84 < mKrr < 0.94. 

1ioo 

800 

'loo 

0 

b) coplanar events (K-p + K p elastic). 
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proportional to the square of the measured length. Events 

with one poorly measured momentum will fit almost any one-

constraint hypothesis, since one poor measurement is 

roughly equivalent to losing one constraint. 

The scanning fiducial volume(iii) was defined by 

instructing the operators to reject any event for which the 

vertex falls below a straight line passing through rake 0 

or above a line through rake 11. The scanners were in­

structed to perform this test only in view 3, since it is 

sometimes dependent upon which stereo view was used. This 

did not define a simple fiducial volume in space, but was 

easy to apply to check scanning efficiencies. In order to 

compute the absolute cross section, a smaller but well de­

fined fiducial volume, discussed in Section III-D, was used. 

(iii)At first a larger fiducial volume was used (~ 13). 

This is the source of the events beyond y = 40 cm. 
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D. Data processing 

Once the dataare digitized by the SMP machines, they are 

processed through the TVGP-SQUAW-ARROW(iv) system of com­

puter programs (see Figure II-8) developed at LRL to re-

duce the events to sets of momentum 4-vectors which satisfy 

the constraints of energy-momentum conservation. A brief 

description of these programs is given here: 

TVGP reads an SMP output tape and performs spatial 

reconstruction of each track. A five parameter, three 

dimensional curve is constructed and projected into each 

view and a least squares fit is performed to minimize the 

distance on the film from the measured points to the pro­

jected curves. TVGP outputs the azimuth, slope, and in­

verse projected momentum at the beginning and at the end of 

each track as well as the correlated errors for these 

quantities. Film setting errors and Coulomb scattering 

errors are included in the estimated errors. (The mass of 

each particle must be assumed at this point in order to 

compute the effect of energy loss on the track.) TVGP 

corrects for the optical system by performing a polynomial 

(iv}The version of TVGP and SQUAW used in this experiment 

was obtained by splitting the Berkeley SIOUX program 

(version 4) into its two parts. 
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Figure I!-8. Computer processing steps. 

ARROW 
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6 MP 
OUTPUT TAPES 

12 TVGP 

OUTPUT TAPES 

20 SQUAW 

OUTPUT TAPES 

REMEASURE­
+-------------~.MENT LISTS 
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correction to yield ideal camera plane coordinates. For 

the 72 inch chamber, the distortions are large and not 

completely understood. This factor accounts for the 

systematic underestimation of errors which will be dis-

cussed in Section II-E. 

The magnetic field in the 72 inch chamber varies by 

10% in the chamber. This is compensated for in TVGP by a 

polynomial approximation, and the overall field is scaled 

by a constant which is adjusted to yield the correct K0 

mass in effective mass fits to the V's. 

SQUAW inputs a TVGP output tape and fits the measured 

momenta and angles to kinematic hypotheses. The fit is 

done by minimizing the chi-square (X 2
) function: 

n n m -1 
L: L: (x. -x. ) G .. 

i ::l j=l 1 1 1] 

m (x. -x. ) 
J J 

subject to the analytic constraints appropriate to the 

hypothesis being tested. The x~ and x. are the measured 
1 1 

and fitted values of the azimuth, slope, and inverse pro-

jected momentum of each track at the production vertex, 

and G .. - 1 is the inverse of the measured error matrix for 
1] 

these quantities. The four energy-momentum conservation 

equations provide four constraints minus the number of un-

measured variables involved in a given hypothesis. Con-

straints are introduced by the method of Lagrange multi-

pliers and an iterative search is used to find the point 
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which minimizes the x2
• SQUAW outputs the fitted quantities 

and errors for each hypothesis which achieves a confidence 

-s 
level of better than 10 . 

The two experiment dependent operations in SQUAW are 

the choice of which kinematic fits to test and the beam 

averaging. The first of these is straightforward~ all 

possible kinematic fits of interest must be entered into 

the control subroutine. The beam averaging is a much more 

controversial operation. In most events the beam track 

momentum is the least accurately measured quantity, since 

the beam track has the highest momentum, and thus the 

least curvature of any track in the event. In order to 

improve the momentum knowledge of this track in the kine-

matic fit, it is possible to take advantage of the beam's 

narrow momentum spectrum to determine an average value, 

which is then averaged with the measured momentum for each 

event in TVGP. 

The standard technique for computing the nominal beam 

momentum is to average the fitted beam momentum from a 

sample of topologically identifiable, kinematically highly 

over determined events (i.e. events which have many kinks 

and vees and in which no kinematic variables are unmeasured). 

For example, the beam momentum in our film had been 

- - + previously determined by using the reactions K p+= K , and 

- + - 0 K p+K TI = . In our analysis we used the topologically 

unidentifiable elastic events K-p+K-p; which yielded 
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the same v~lue with a similiar error - the greater 

statistics compensating for the possible backgrounds in­

troduced by the topological inseparability. The details of 

our determination appear in Appendix II. 

ARROW reads a TVGP or SQUAW output tape and unpacks it 

for various special purpose subroutines. These subroutines 

compute operator and machine efficiencies, list events, and 

make remeasurement lists. Other versions compute physically 

interesting quantities and create data summary tapes (DST's) 

which contain selected, condensed versions of the data on 

the SQUAW output tape. These condensed tapes can be for­

matted to make them easy and economical to sort many times. 

SUMX is a general purpose histogramming program used 

to sort our DST's. It is designed to be easily modifiable. 

This permits us to study the statistical distributions of 

our data in a rapid, flexible manner. 
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E. Event statistics and first level kinematic separation. 

A total of 71,651 events were recorded in our first 

pass through the film. Of these, 1709 were rejected by the 

operators as being unmeasureable, the remaining 69,942 were 

digitized and processed by TVGP. Of the latter sample, 

63,563 events were found by SQUAW to have at least one good 

kinematic fit to the primary vertex which yields a ratio 

of events successfully passed through the kinematics 

programs to events measured of 91%. 

The 6379 events which failed to pass the kinematics 

programs are tabulated in Table II-2. The RC=l0005 events 

correspond to events where the vertex was destroyed by an 

error in the SMP control program. The RC=l0006 events are 

topologies not covered in this experiment and are due to 

operator errors. The RC=l0007 indicates that the input 

record contains the wrong number of views or the wrong 

number of points. This indicates an incompletely measured 

event. 

RC=l0004 and 10008 arise from tracks that have too high 

a chi-square (X 2
). The RC=l0004 indicates that TVGP was 

unable to obtain an initial guess; while RC=l0008 indicates 

a track which could be fitted but whose final chi-square 

was high enough to indicate a non-smooth curve. Such events 

usually arise from two sources. There are many events in 

which the beam track is about half a track width from a 



Reject Codes 

TVGP 10004 

TVGP 10005 

TVGP 10006 

TVGP 10007 

TVGP 10008 

SQUAW 20010 

Table II-2. Events Rejected by TVGP and SQUAW Programs 

Number of Such Events -

2059 

118 

13 

1112 

2935 

142 

Reason for Reject 

Some track fitting X2 too high in TVGP 
(see text for explanation) 

Caused by error in SMP control program 

Improper event type (scanner error) 

Some TVGP fit is pathological 
(scanner error) 

High RMS point scatter in TVGP (see text 
for explanation) 

No passing fit in SQUAW (see text for 
explanation) 

""' °' 
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parallel beam track. The SMP, due to its design, cannot 

distinguish such tracks and will digitize a randomly mixed 

set of points from both tracks. Such data cannot be fit 

with a smooth curve. A second reason for high chi-squares 

are tracks which have a small angle kink due either to 

decay or secondary scattering not noticed by the operator 

and therefore measured beyond the kink. 

All failing events were re-examined to determine if 

they were measureable and remeasured if they were found to 

be measureable. This was done to determine if the frac­

tion of these events which belong to the real sample is 

different from the larger sample. It was found that the 

events in the reject class had generally the same consti­

tution as the good events and differed from them only by 

the fact that they were of a more difficult class to 

measure, e.g. other beam tracks too close, secondary pion 

or kaon decay, etc. Thus they were excluded from the final 

analysis sample and the cross section was corrected 

accordingly for this 9% loss (see Section III-C). An un­

certain systematic error is introduced by the separation of 

the track length determination and our measurement. (It is 

not clear how the track length is defined in terms of 

nearby beams, bad frames, etc.) 

Figure II-9 is the chi-square distribution for the 

kinematic fit of all events with the hypothesis K-p~K-rr+n. 
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Figure II-9. The chl.-square distribution for the 
- - + 

K p + K n n hypothesis. The dotted line is the ideal 

chi-square distribution. The dashed line corres­

ponds to a distribution in which the errors are 

underestimated by a factor of 1.4. 
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The solid line is the ideal X2 distribution. The discrepancy 

between this curve and the data implies either that back-

ground is present or that the assigned measurement errors are 

underestimated. The sensitivity of the x2 to underestimation 

of errors is extremely high. The dotted curve is the dis-

tribution expected if all errors are underestimated by a 

factor of l.4(v). 

The question of whether this discrepancy is due to 

background or to underestimated measurement errors can be 

studied by examining samples of differing signal-to-noise 

ratios. We shall examine such samples through a related 

function, the confidence level, rather than the chi-square. 

The confidence level possesses the advantage of yielding a 

flat distribution in the ideal case, and thus simplifying 

the comparison of two curves. 

The confidence level is a function defined in terms 

of the x2 as 

where n is the number of degrees of freedom. Since this is 

(v)This is a typical estimate of the underestimation of 

errors in experiments in the 72 inch bubble chamber. 
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the probability of having any given x2 or higher, the 

confidence level will be flat for a set of events with an 

ideal x2 distribution. 

Figure II-10 displays the confidence level for events 

in this experiment. The rise at small values (CL ~0.2) is 

due to the excess of events at x2 =1-7 in the chi-square 

distribution. If we examine the same distribution for 

cleaner samples of data, a rise due to background will 

diminish but a rise due to measurement error will remain. 

The lower two sets of points in Figure II-10 are from such 

samples(vi). The relative size of the rise does diminish; 

however, the effect is small. Since the sample for 

ltl ~0.5 and 0.84 ~mKTI~0.94 is known to be extremely clean, 

as will be shown in the next chapter, this behavior implies 

that underestimated measurement errors are a significant 

source of the excess of high chi-square events. 

In Figure II-11, the normalized integral distribution 

of events in the K*(890) peak (840<mKTI<940 MeV) above 

background is displayed. Assuming that the chi-square is 

independent of the KTI effective mass, we estimate from this 

curve that for a chi-square cut of <7.0, the number of 

rejected good events is 4±1%. This is to be compared to the 

1% loss for an ideal distribution. 

(vi}This will be shown in Chapter III. 
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Figure II-11. Integral distribution of the number of events 

* in the K (890} peak . (.84 - .94 GeV/c 2
) above the 

background as a function of chi-square. 
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Choosing such a chi-square as a selection criterion 

leaves a large number of events which are ambiguous among 

the one constraint fits. Table II-3 summarizes the level 

of ambiguity remaining in our data with this selection 

(A + indicates that the class of events fits the hypothesis 

in question). 

A more direct method of estimating the background which 

is not subject to the same problems of underestimated errors 

is discussed in the next chapter. 
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TABLE II-3. Number of Events Which Fit The Various 

Combinations of One Constraint Hypotheses with x 2 ~7 . 
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-
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Number 
Events 

28467 
4315 
4992 
3037 
1385 
396 
376 
216 
1654 
464 
433 
95 
1305 
451 
402 
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4476 
2207 
1284 
175 
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249 
94 
4434 
1164 
500 
509 
2538 
589 
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Chapter III. Kinematic Background and Selection of 

Final Data Sample 

A. Studies of Missing Mass Distributions 

The measured momentum vectors of all charged tracks 

emitted from an event vertex, together with a set of hypoth­

esized masses for the charged particles permit the missing 

mass (mass of the neutral particles) to be calculated. If 

a single neutral particle has been emitted, a "signal" for 

this reaction appears superimposed above the smooth back-

ground arising from processes with misidentified particles 

or multi-neutral states. For a one constraint fit, the in-

formation contained in this diatribution is roughly equiva­

lent to that contained in the chi-square distribution. The 

information content differs only by not having an estimate 

of the errors folded into the measurement. Since the 

estimated errors in our chamber are subject to doubt, such 

a distribution possesses the clear advantage of being 

definite. 

The nature of our test is to examine the relative number 

of events in the neutron peak compared to the tails of the 

distribution. Therefore to study the missing mass distribu­

tions it is necessary to examine the distribution of missing 

masses without a chi-square selection. Therefore all tests 
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and histograms in this section are done without such a 

chi-square selection. 

Figure III-la is the distribution of missing mass 

assuming the charged tracks are a K- and a TI+ (which will 

be denoted as MM/K-TI+) for all events measured in this 

experiment. The peak at ~940MeV corresponds to the neutron 

mass. If the background were flat under the peak, there 

would be ~20% background in the sample selected with 

- + MM/K TI =940±80 MeV. We shall discuss the evidence that the 

background is not flat, but is probably significantly 

smaller in the vicinity of the neutron. Note that the sample 

of low t-K* events (t<0.5 GeV 2
, mK'IT = .84 - .94 GeV) con­

stitutes an almost background free sample independent of 

this conclusion (see Figure III-1 b-d). 

- + 2 In Figure III-1, the peaks at MM/K 'IT =1.2 GeV/c are 

due to TI 0 n production and not to an incorrect mass hypothesis. 

This is evident from the enhancement of the peak when the K* 

is selected and its suppression when low t is selected (the 

physical boundary proh ibits K-p+K* 0 ~ 0 from populating the 

low t region). Therefore these events do not represent a 

background which continues beneath the neutron peak. On the 

low side of the neutron mass, the peak in Figure III-la near 

m = 0.5 GeV/c 2 is due to K-p+K-p events(i}. Proof of this 

(i}The peak appears at 0.5 GeV/c 2 instead of O. GeV/c 2 

because of the particle misidentification. 
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4000 All Events ltl < 0.5 

3000 

fJI 
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> w -0 
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2000 0.84 < mK7T < 0 .94 ltl < 0.5 
0.84 < mK7T < 0.94 
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Figure rrr-1. Missing mass above K-~+ for our total samnle 

and for the selections which define our . K* sample. 
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appears in Figure III-2, where the missing mass plots are 

selected on the dihedral angle e which is the angle be-

tween the plane formed by the beam track and the outgoing 

negative track, and the plane formed by the beam track and 

the outgoing positive track. The events with cos e > 0.98 

are coplanar. This condition implies that they are all two 

body final states. Elastic events comprise the majority 

of such events. 

- - + There are several reactions such as K p+n TI A, which 

tend to give peaks near the neutron mass when the tracks 

are misinterpreted. A further study of such backgrounds 

appears in Section III-B. 

The background remains small throughout this region 

(mKTI= .84-.94, t<0.5). In Figure III-3, this region is 

divided into smaller t intervals. From this figure, it is 

evident that the background is not significant even in the 

highest t bin where the signal becomes quite small relative 

to the low t bins. This implies that the background will 

not appreciably affect the shape of the differential cross 

section for this sample. 

In Figure III-4 are displayed the missing mass plots 

- + for other K TI mass regions. The low mKTI regions have 

significant nan enhancements which do not contribute to the 

true background, since the resolution is hwhm = 40 MeV 

(from the neutron width) and nan threshold is at 1080 MeV. 
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Figure III-2. Missing mass selected on coplanarity. 
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Figure III-3. - + * Missing mass above K TI for the K sample 

with fine t bins. 
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This can be seen in Table III-1 where the percentage 

backgrounds are sununarized, with and without taking the 

n°n contribution into account. The high mKn regions are 

contaminated by other backgrounds and therefore do not 

significantly improve when the n°n events are removed. 

From Table III-lb, we conclude that the data with 

mKTI <O. 94 are useable for quantitative physics analysis, and 

that the K* region is exceptionally free of background. The 

large mKTI region is highly contaminated so that although 

fits will be made to thes= data, no reliable conclusions can 

be drawn from this sample. Although the high t bins are 

quite clean, no use will be made of thas.e data for lack of 

a relevant theory. 

In Figure III-5, the missing mass distribution for the 

events in the K* - low t region with and without the x2 < 7 

selection is plotted. As one can see, the primary effect 

of the x2 < 7 selection is to remove the n°n events and the 

elastics. 
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Table III-1. Percentage Background in Various 

Regions of MK7T - t 

a) Assuming a uniform background 

o.o - 0.5 0.5 - 1.0 

0.70 - 0.84 0.32 ± 0.08 0.37 ± 0.14 

0.84 - 0.94 0.16 ± 0.08 0.25 ± 0.08 

0.94 - 1.10 0.39 ± 0.07 0.55 ± 0.06 

b) Assuming a uniform background and a ~o peak 

0.0 - 0.5 0.5 - 1.0 

MKTI (Gev) 

0.70 - 0.84 0.20 ± 0.04 0.18 ± 0.04 

0.84 - 0.94 0.08 ± 0.02 0.14 ± 0.03 

0.94 - 1.10 0.39 ± 0.07 0.55 ± 0.06 
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B. Background From A0 and K0 Events with Neutral Decays 

At the beginning of this experiment, the major sources 

of background were expected to be reactions having approxi-

mately the same final state kinetic energy as the reaction 

- - + of interest, K p+K TI n. These reactions fall into three 

classes: 

K p - + + TI TI + CA + ••• A 

+ TI p + -o 
(K + • • • B 

+ K p + (rro+ ••• c 
- + When these reactions are improperly interpreted as K p+K TI n, 

they all tend to give a neutral missing mass peak at approxi-

mately the neutron mass. In Figure III-6, the missing mass 

- + above K TI is plotted for the two-prong-Vee events measured 

in this experiment. There is a clear peak at 1 GeV/c 2 due 

to improper identification of the charged tracks. It is 

thus necessary to supplement the missing mass formation 

with a more direct measurement of these background sources. 

When the A0 or K0 reactions are accompanied by a neutral 
+ ( .. ) 

decay, they appear as background in our K-p+K-TI n data ~~ • 

(ii) - + 0 - + 0 0 Table II-1 indicates that TI TI E and TI TI A TI are as 

- + 0 significant cross sections as TI TI A • These events also 

contaminate our sample. 

part of the A0 sample. 

Our methods treat such events as 
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Figure III-6. Missing mass above K-n+ for our 

two-prong-Vee sample. 
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However, when they decay via charged modes, they are included 

in the two-prong-Vee sample described in section II-C and 

summarized in Table III-2. 

Since the branching ratio for charged decays is 

independent of the production dynamics, a sample of two­

prong-Vee events gives an unbiased estimate of the contami­

nation from these sources. Because the K01 s and the A's 

have different neutral to charged branching ratios, they 

must be treated separately. Figures III-7 and III-8 are 

Chew-Low plots for the two-prong-Vee events which contain a 

K0 or A0 and fit K-p+K-n+n with x2 <7. Both samples exhibit 

a more or less uniform distribution in the K-rr+n Chew-Low 

plane. The effective cross sections calculated from these 

events appear in Table III-3. This table shows that K0 and 

A backgrounds are negligible in the low t - K* region 

( It I < 0 • 5 , 0 • 8 4 <mK TI < 0 • 9 4 ) • 

The background due to reaction C cannot be studied in 

a similar manner. However, its similarity to reaction B -­

expecially the fact that in both reactions the only source of 

contamination comes from events with a fast forward going 

proton for which the cross section is known to be small -­

leads to the conclusion that background from this reaction 

can be neglected as well. 

The two-prong-Vee events (of Figures III-7 and III-8 

were also used to examine the usefulness of a separate 

ionization pass, in which the expected ionization deduced 



Table III-2. The Two-Prong-Vee Sample 

unambiguous A events 

unambiguous K0 events 

ambiguous Vee events 

Total 

Total 

1370 

309 

481 

2160 

Number of Events 
- + Passing K TI n 

Hypothesis with 

x2 < 7 

362 

35 

1 ·13 

510 

Classification of the 113 ambiguous Vee events based upon production 

vertex fits 

unambiguous A events 

unambiguous K0 events 

events with good production 

vertex fits for both K0 

and A reactions 

no production vertex fits 

77 

8 

2 

26 

Fraction of Events 

Which Have X2 < 7 
- + for K TI n Hypothesis 

0.26 

0.11 

0.24 
-..J 
0 
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Table III-3. Effective K0 and A Cross Sections 

As Determined From the Two-Prong-Vee Events 

Ko Ao 

# used as sample 309 1370 

visible cross section as 

determined at plab=l.95 

(see Table II-1) 0.84 mb 3.2 rob 

µbarn equivalent size 

of sample ( ::;f) 2.73µb/ev 2.33µb/ev 

- - + 2 Require all events to fit K p + K 7f n with x <7 

# of events ~I <0.5 

and 0.84<mK7f<0.94 

#of events /tl<0.5 

all events 

Convert to cross sections 

invisible decay 

cr{ itl <0.5, 

0.84<mK'IT<0.94} 

cr{ ltl <0.5} 

all events 

1 

12 

35 

with f and 

5±5µb 

65±9µb 

190±32µb 

6 

47 

362 

correct for 

7±3µb 

55±8µb 

420±22µb 

True Sample 

2.7±0.5 rob 

0.16µb/ev 

4360 

8742 

19881 

visible/ 

(0.7±0.1 rob) 

(1.4±0.1 rob) 

(3.2±0.3 rob) 
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CHEW-LOW PLOT FOR 2.0 GEV/C K-P EXPERIMENT. -
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Figure III-7. The Chew-Low plot of the two-prong-Vee sample 

with a kinematically identifiable K0
• 
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CHEW-LOW PLOT FOR 2.0 GEV/C K-P EXPERIMENT. -
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Figure III-8. The Chew-Low plot of the two-prong-Vee sample 

with a kinematically identifiable A0
• 
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from the kinematic fit could be applied to further exclude 

background due to proton events. A study was made to dis-

tinguish between reactions of the type: 

K p + 7f p Ko 

l+rr - + 
TI 

- + K p + TI TI A 
l+TI - P 

by assigning the proton on the basis of bubble density to 

either the production or decay vertex. Since, in this case, 

one of the two particles must be a proton, this is an easy 

problem compared to that encountered in identifying the pro-

tons in our sample of two prongs. Nevertheless, for the 

sample studied, in 80% of the events the proton could not be 

identified(iii). This implies that an ionization pass could 

not significantly improve our sample. 

(iii}This problem is partially due to the darker than normal 

tracks in our film (Dauber 1966). 
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c. The Scanning Efficiency 

The scanning efficiency was determined by three 

independent studies. The results of these studies are tabu­

lated in Table III-4. 

The first study was performed by having two rolls of 

film measured by all of the scanners. These measurements 

were obtained to test the reproduceability of the measure­

ment process and the scanning efficiency. A detailed 

description of the results of this study appears in 

Appendix I. 

The second and third studies were performed by using 

two independent sets of previously measured events as 

sources of random events which should have been found during 

our experiment. 

One set of events originated from a pilot project 

conducted as part o f the feasibility study for this experi­

ment. In this project, all the two prong events in twelve 

rolls of film were measured and processed (Malamud 1968). 

Our final DST was checked against this sample to determine 

whether these events had been found. The events not found 

were then examined to determine if they were actually good 

events. The results of this procedure are summarized in 

Table III-5. 

Since a large fraction of the "not found" sample were 

judged as bad events, it is important to determine that 
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Table III-4. Scanning Efficiency* 

Sample Efficiency (%} 

two roll 8S ± S% 

pilot project 84 ± 2 

(..f) mK7T = .89 ± .OS 82 ± 3 

(3) t < o.s 83 ± 3 

Backward Pi 83 ± 2 

$~7T = .89 ± .OS 8S ± 2 

(f) t < o.s 84 ± 2 

*The errors are the statistical errors of the sample in 

question only. 



TABLE III- 5. Sununary of Scanning Efficiency Check Using Pilot Project Data 

Sample Total # Found 

2 - + X (K 'IT n) <7 892 596 

$ 0.84<mKrr<0.94 322 2 28 

$ ltl <0.5 201 146 

# Not Found 

296 

94 

55 

Ambiguous 
Or Good 

117 

50 

29 

Bad 

179 

44 

26 

Scanning 
Inefficiency (%) 

16 ± 2 

18 ± 3 

17 ± 3 -....! 
-....! 

r I 

(b) • Detailed List of Reasons for Mi ssing Events 
B~d 

( Outside Kink or' 
Fiducial Close 

Sam~ Good Ambiguous No Event* Volume Proton Two Prong V** Scatter - -
2 - + X (K 'IT n) <7 71 46 9 66 39 49 16 

G) • 8 4 <~'IT< • 9 4 39 11 2 17 10 8 7 

© ltl 0.5 21 8 1 13 9 0 3 

*Events erroneously identified as to roll and frame on the pilot DST. 

**The two prong V's are events which were measured as 22's in the pilot project but have 
an associated V. 
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similar events which were found have not biased our 

calculated efficiency. The following discussion will show 

that the bad events exhibit a different Chew-Low distribu-

tion and therefore the close agreement of the efficiencies 

for different Kn mass and t selections implies that the 

bias of bad events which were measured both times cannot 

be significant. 

- + In Figure III-9, the Kn mass is plotted for the 

events in this sample and the subset missed in our scan 

show a K* peak indicating the loss of good events. The 

events judged bad have been divided into subsamples based 

upon the reason for considering them as bad events. Only 

the Outside Fiducial Volume (OFV) and Close Scatter samples 

exhibit K* peaks indicating that only these two samples 

contain significant numbers of good events. The CS events 

represent a loss of good events; however, since they com-

prise 2% of this sample, they do not represent a large 

enough effect to influence our results. 

That the missing events represent an unbiased loss of 

events in t, the momentum transfer, is seen in Figure III-10. 

The t distribution of events is plotted for the total sample 

and for events missed in the production pass. There is no 

significant difference, so we conclude that this study in-

dicates that the event loss is random. 
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Figure III-9. The Krr effective mass plots for the pilot 

project scanning efficiency study. 
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Figure JII-10. The t distribution for the 
* K events in the pilot project scanning 

efficiency study. 
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A second sample of events was available as a source of 

random events distributed throughout the film. All events 

+ 
with a backward rr had been measured in about two thirds of 

the film. This provides us with a set of events not biased 

by roll number but which is kinematically biased. Such a 

sample is useable as a source of random events since the 

missed events can be compared to the sample's overall 

distribution. 

In this study, the events were examined before the 

computer check of the final DST was made to remove any 

possible bias of bad events which were measured both times. 

The results of this check scan and the comparison with our 

DST appear in Table III-6. In part (b) of this table are 

the reasons for rejection of the events judged to be bad 

in the rescan. 

In Figure III-ll, the t distribution for the missed 

events is displayed. This distribution shows a significant 

enhancement at large t. However this bias is also exhibited 

by the total sample. Therefore we conclude that this bias 

arises from the non-random selection of the Backward-rr 

sample and not a bias in our scanning efficiency. 

The errors in Table III-4 are due only to statistics. 

However, since the three samples were independent and give 

the same results, we conclude that our scanning efficiency 



TABLE III-6. Scanning Efficiency as Determined by Using the Backward Pi Sample 

Good Bad Scanning 

same le Found Not Found Found Not Found Inefficiency (%) 

2 - + X (K TI n) <3 780 159 29 81 17 ± 2 

{i) ~TI = .89 ± .05 363 66 12 33 15 ± 2 

~ltl <0.5 198 36 7 16 16 ± 2 
(X) 

w 

(b) • Detailed List of Reasons for Rejection 

Outside 
No Fiducial Close Off 

Sample GooQ. Ambig. Event Volume Two Prong V Scatter Beam 

x2<3 Found 757 23 3 2 6 13 5 
Not Found 148 11 39 6 6 26 4 

(3;) ~TI = • 8 9 ± • 05 Found 352 11 1 1 2 4 4 
Not Found 62 4 18 2 3 8 1 

$ ltl<o.5 Found 191 8 1 0 2 2 2 
Not Found 32 4 11 1 0 3 1 
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D. Cross Section Determination 

19,881 events fit K-TI+n with a x2 <7. In order to 

convert this number into a cross section, it is necessary 

to know the size of the exposure (i.e. the total K- track 

length in the fiducial volume used) and the necessary cor-

rection factors for background, losses due to scanning 

errors, and losses due to kinematics program failures. 

From previous measurement of the T decays, the total track 

length is known to be 2142±56 km using the fiducial volume 

and beam momentum interval given here: 

1.9 < pb < 2.1 GeV/c swum toy= O earn 

-13.5 < x. t < +14 cm 
in 

-73 

+12 

< y. t < +62 cm 
in 

< z. t < +42 cm 
in 

< dip < +2° 

< <I> < 86° 

This track length is equivalent to 7.48 ± 0.2 ev/µbarn. The 

fiducial volume used for our experiment was the same except 

for the y coordinate which was reduced to -73<y. t<42 cm to 
in 

correspond to the smaller scanning volume used. A scanning 

cutoff at rake 11 was used instead of rake 15 in order to 

lengthen the average length of the secondary tracks to 

improve the measurement resolution. The corrected exposure 

size was 6.6±0.2 ev/µbarn. (This includes a 4% effect due 
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to the decrease in the beam intensity caused by decays and 

interactions). The total cross section for the reaction is 

determined to be 3.2 ± 0.3 mb, after correction for: 

(i) the scanning efficiency: (84±2)% (see Section III-C) 

(ii) the program efficiency: (95±5)% (see Section II-D) 

(iii) the background contamination in the total final 

sample: (80±5) % (see Section III-A) 



A. 
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Chapter IV. General Features of the Data 

Resonance Production in K p - + 
+ K ~ n 

Quasi-two body production of the K*(890) is the 

dominant process seen in our data. This process accounts 

for about 50% of all the events observed. However two 

other resonances are also present. These are baryon 

resonances which decay into ~+n; they are the ~+(1236) and 

the N*(l688). These resonances appear as bands in the 

Dalitz plot shown in Figure IV-1. 

The Dalitz plot is constructed with effective mass 

squares (rather than masses) to yield a scatter plot in 

which the phase space per unit area is constant (see 

Appendix IX}. Therefore all non-uniformities in the density 

of events are due to differences in the magnitude of the 

matrix elements. The phase space curves drawn through the 

projections are normalized to the data. The estimated 

cross section of each resonance appears in Table IV-1. 

Due to the presence of interference, discussed below, these 

numbers are only approximate. 

In a later section we will remove the effect of the ~+ 

and N* upon the K* angular distribution by means of a solid 

angle cut. The reason we cannot merely perform a subtrac-

tion is that there are interference effects present. Such 
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Table IV-1. Effective Cross Section for Resonance Production 

K*(890) 

11*(1236) 

N*(l688) 

Mass 2 

Selection 

.75 - .84 

1.48 - 1.68 

2.64 - 3.06 

No Background 

Subtraction 

1.35 + 0.03 rnb 

0.61 ± 0.02 rnb 

0.51 ± 0.06 rnb 

With Background 

Subtraction 

1.03 ± 0.06 rnb 

0.18 ± 0.03 rnb 

0.14 ± 0.03 mb 
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Figure IV-1. The Dalitz plot, which shows the presence 

of three prominent resonances in our data. 
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effects have been seen previously in K+p + K0 n+p (Bland 1966) 

and are expected from elementary quantum mechanics. We 

present below a heuristic analysis which makes plausible 

the presence at a significant level of such effects in our 

data. 

+ Figure IV-2 shows the TI n effective mass squared 

distributions for different selections on mKn" The curves 

are the phase space predictions normalized to the number of 

events with TI+n mass in the non-resonant region 1.3 to 1.55 

+ In Table IV-2, the ~ (1236) and N*(l688) enhancements 

are summarized. The ratios of these enhancements to the 

phase space show peaks in the K* band (mKTI 2 = 0.76 to 0.84 

GeV 2 /c 4 ). This suggests that there are substantial inter-

ference effects. 

This conclusion is complicated to prove because of the 

expected anisotropy of the K* decay. However qualitatively 

one can see that this does not affect the conclusion in the 

~+ case by the following argument. 

Since the K* is spin 1, the K* decay amplitude 

must be of the form: x - - -A (8,¢) = a 1+a2 cose in some frame. 

The s-channel helicity frame must be related to this frame 

by some rotation 8=8(mKn't). Therefore the amplitude can 

be written as: 

s A (8,¢) = a 1+a2 (cose cos8 - sine sin8 cos¢). 



Table IV-2. Events Above Phase Space in Dalitz Plot 

rn2 b. + N* 6+1 (10 3 events) N;' (10 3 events) 
K7T p.s. GeV 2 /c 4 p.s. GeV 2 /c 4 

0.40 - 0.62 123 ± 21 1 ± 9 .56 ± .1 .oo ± .04 

0.62 - 0.72 144 ± 19 1 ± 16 1.4 ± • 2 . 0 ± • 2 

0.72 - 0.76 78 ± 17 10 ± 15 2.0 ± • 4 .2 ± • 4 

0.76 - 0.80 174 ± 24 117 ± 23 4.4 ± • 6 2.9 ± • 6 "" I\.) 

0.80 - 0.84 162 ± 23 136 ± 22 4.0 ± • 6 3.4 ± .6 

0.84 - 0.90 94 ± 20 154 ± 21 1.6 ± • 3 2.6 ± • 3 

0.90 - 1.00 68 ± 19 84 ± 20 .68 ± .2 .84 ± .2 

1.00 - 1.14 108 ± 20 64 ± 19 .77 ± .1 .46 ± .1 

1.14 - 1.32 106 ± 21 154 ± 21 .59 ± .1 .86 ± .1 

1.32 - 2.00 0 ± 19 28 ± 8 .o ± .3 .04 ± .1 
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Figure IV-2. Sections of the Dalitz plot showing the 

behavior of the baryon resonance peaks as a function of MKrr· 
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Then the decay distribution must be of the form: 

* 2 sine cose sin8 cos8 cos¢) + 2 Re a 1a 2 (cose cos8 -

sine sin8 cos¢) 

integrating over ¢, reduces this distribution to: 

IAl 2 = la~ 2 + la21
2 (cos 2 e cos 2 8 + ~ sin 2 e sin 2 8) + 

* 2 Re a 1a 2 (cose cos8). 

This is a polynomial of order 2 in cos e and so has only a 

single minimum or maximum. 

For the s-channel helicity frame, cos e is linearly 

related to m2 + , the effective 'IT+n mass squared (see A.ppen­'IT n 

dix IV), so that the distributions in Figure IV-2 can 

exhibit only one extremum. Clearly in Figure IV-2d (for 

example) that extremum is a minimum. Therefore the lack of 

about 100 events in the interval m2 + = 1.2 to 1.4 in this 'IT n 

figure indicates that very little of the bump at 

m2 + = 1.5 GeV2 /c~ can be ascribed to the K* decay aniso­
'IT n 

tropy. The same argument cannot be applied to the N*(l688) 

because it occurs too close to the phase space boundary. 

This indicates that the simple classical non-interfering 

resonance model cannot hope to describe the data. This 

effect has also been observed in the reaction K+p + Ko'IT+p at 

1.2 GeV/c (Bland 1966). We will again discuss this effect 
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when we deal with it as a background affecting the evaluation 

of the K~ moments. 
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B. Dependence of the Cross Section Upon Momentum Transfer 

- + The dominant process in the reaction K p + K TI n is 

the quasi-two body production of the K*(890). Thus we 

shall investigate the dependences of the K* cross section 

on energy, and the K* differential cross section on rnornen-

turn transfer. The first of these is discussed in Section 

V-A, where our results are compared to experiments at 

different energies. Here we discuss the momentum depen-

dence. This is the only dynamical variable for a quasi-two 

body scattering process at fixed energy, if spins are 

neglected. (The momentum transfer is defined as 

+ + 2 
t = (pn - pp) ). 

Figure IV-3 is the Chew-Low plot (t vs mKTI 2
) for the 

events in this experiment. For fixed rnKTI 2
, the phase space 

is uniform in t. Thus the enhancement at small t is 

dynamical in origin. This effect is referred to as peri-

pheralisrn, because of the interpretation that large impact 

parameter interactions dominate such high energy processes. 

Since n+ and N* production also contribute to the data, 

it is interesting to examine the corresponding plot for 

baryon resonance formation. Figure IV-4 is the Chew-Low 

plot (tK. K t vs mTI+ 2
) for all events, and Figure IV-S is in, OU TI n 

the same plot for non-K* events (not in the mass range 

890 ± 50 MeV). For then+ there is an enhancement at small 

tKin,Kout like the one in the K* plot. This indicates that 
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the ~+ is also produced by a peripheral mechanism. Since 

the N*(l688) occurs at the kinematic limit, the slope of 

its production angular distribution is not apparent. 

Figure IV-6 is the differential cross sections for 

various regions of Kn mass in the t range 0.0 to 0.5 GeV 2 /c 2 • 

The curves are for the function t(t+µ 2 )- 2 normalized to the 

data (the significance of this form which is the simple 

pion-exchange pole equation, is discussed in Chapter V), 

and are used here only to provide a convenient way of 

comparing the shape of the t dependence at different mKTI 

values. The similarity of the shapes of the different mKTI 

selections implies that there is little difference in the t 

dependence of the "true K*" events and the non-resonant 

background beneath the K*. 
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c. Angular Correlations in the Kn Rest Frame 

Besides the dependence of the differential cross 

section upon characteristic masses, and the momentum trans­

fer; one also measures the dependence of the cross section 

(and thus the amplitude) upon the kinematic variables which 

describe the angular distribution of the K (and n) in the 

Kn rest frame. This distribution exhibits many energy in­

dependent and reaction independent features (as will be 

shown in Chapter V). These features are presumed to reflect 

the angular distribution of Kn elastic scattering. For 

purposes of the analyses to be described in Chapter V, the 

data have been binned in t and mKn and the spherical har­

monic moments extracted independently for each bin. The 

reason for extracting the moments is to decrease the data 

handling problem. 

For low effective Kn masses, only low partial waves 

interact and have significant phase shifts. Assuming a 

range of 1 fermi, only partial waves with J<2 are signifi­

cant(£) for our mass interval. The effective range envelop 

for this assumed range is shown in Figure IV-7. If the 

maximum interacting partial wave is JM' the only moments 

(i)Assuming j~kr is required for an interaction to occur. 
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with L<2JM are non-zero. Experimentally, in our data no 

moments with L>2 are statistically different from zero. 

The standard method for evaluating the moments of an 

angular distribution with uniform 4rr acceptance is to 

average Y1m(8,¢) over all events: 

N 
r 

i = all events 

N 

Yl < e. , ¢. ) m 1 1 

Due to the orthonormal properties of the Ylm's, this has the 

effect of extracting the coefficient a 1m in the expansion: 

dO' 
crT l; alm Ylm (8 ,<fl} (ii) 

an = 

~here aoo = l ) . --
l4ri 

Because there are theoretical questions as to which 

coordinate frame to use, the moments have been calculated 

for the following two coordinate frames (see Figure IV-8): 

the helicity or s-channel frame (polar axis chosen along the 

K* line of flight in the center of mass) , and the Gottfried-

Jackson or t-channel frame (polar axis chosen along the 

beam direction as seen in the K* rest frame). For each 

(ii) Strictly speaking lim a
1

m = a
1

m 
N+oo 
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event, the rotation angle (crossing angle) is well defined. 

However, since the data arebinned int and mKw (instead of 

being at a unique t - ~TI point) and the crossing angle 

varies rapidly with t (see Figure IV-9), the resulting sets 

of moments are not simply related. 

In evaluating the Kw moments, the background due to 

~(1236) and N*(l688) can be removed by excluding all events 

in the ~+ and N* mass regions and correcting for this cut 

by acceptance corrections (see Appendix IV). This is 

necessary in our situation because the lack of a detailed 

understanding of the behavior of the K* - ~+ interference 

makes a subtraction impossible. This change in method 

yields the second set of moments in Figure IV-lO(iii) (the 

first set of moments is generated by the standard method of 

averaging the moments over events). There are slight dif­

ferences, but they do not appear to be statistically 

significant. 

The two most noticeable features of our moments are 

the size of a
210 

and the rapidly changing value of a
110

• 

(iii)This method has a limitation in that a maximum 1 must 

be assumed to generate the fit. Since this limitation 

exists and the moments in Figure IV-10 agree we shall use 

the moments generated by the first method in Chapter v. 
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/00° 
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Figure IV-9. The crossing angle between the s- and 

t-channel helicity frames for Plab = 2.0 Gev/c 

- - + i.n K p -+ K 'If n • 
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Figure IV-10. The spherical harmonic moments of our data 

(+ < 0.5) in the s- and t-channel frames using both the 

method of moments (o) and the maximum likelihood method (6) • 
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These features of our data appear to be quite similar to 

those observed in other experiments at other energies in 

+ both K and K • Detailed comparisons will be discussed in 

Chapter v. 
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D. An Anomalous Backward Peak 

As part of the analysis of our data, we have found an 

anomalous backward peak. This peak appears in Figure IV-5 

as the enhancement along the upper diagonal edge. In 

Figure IV-11, the t K- distribution is plotted for various p, 

m + mass selections. The effect is clearly beyond statis­rr n 

tics. To explain such a peak requires either an exotic 

baryon exchange or a significant two particle exchange 

amplitude, both of which are theoretically highly unattrac-

tive. It is therefore of great interest to discover if 

there is any other possible explanation for this peak. 

The first explanation to consider is that it might 

result from some asymmetry of the K*(890) decay, since 

about 50% of the events in our sample arise from this 

source. In Figure IV-11, the solid distributions correspond 

to the non-K* events (not in the interval mKrr = .84 to 

.94 GeV/c 2 ). Since the peak is as prominent in the non-K* 

events as in the total sample, we conclude that the peak is 

not the result of a K* decay asymmetry. 

A second possible explanation for the peak is that it 

is due to a background reaction. This is seen to be impos-

sible in Figure IV-12, where the chi-square distributions 

are plotted for the various 1-C mass hypotheses. The only 

tenable hypothesis is that of our reaction and it seems to 

show a nice shape. That no other hypothesis is plausible 
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(a) m.,,.•n = 1.0 to 1.2 GeV/c2 (b) m7T•n = 1.2 to 1.4 GeV/c2 

(c) m7T•n = 1.4 to 1.6 GeV/c2 (d) m7T•n = 1.6 to 1.8 GeV/c2 

360 

280 

0 .8 1.6 2.4 0 .8 1.6 2.4 

Figure IV-11. The distribution of events by momentum 

transfer between the incident proton and the outgoing K ; 

showing the anomalous backward peak. 
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Figure IV-12. The chi-square distributions for the 

backward peak events for the various 1-constraint hypotheses. 
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can also be seen in Figure IV-13 where the missing mass 

squared plots of our peak subsample for the various possible 

choices of charged tracks is plotted. Again there is no 

other possible mass hypothesis. 

The next alternative we must consider is that the peak 

consists of events that are correctly identified, but 

result from a two body resonance's mass peak or decay 

asymmetry. In Figure IV-14 is displayed the Dalitz plot 

for the events with t K- <0. There is no peak. In p, 

Figure IV-15, the K-n mass for the events with t K- <O and p, 

m + <1.35 are plotted with the corresponding distribution TI n 

for all events and the phase space curve. 

However one possible (rather tenuous) explanation 

remains which cannot be ruled out with our data. There 

exists a resonance (E(2250)) seen only in the total cross 

section and K-p elastic scattering at this energy. To 

conclusively determine if this is indeed the explanation 

for our peak, the energy dependence of the peak must be 

examined. If the behavior with energy is rapid, then it 

is indeed a s-channel effect. If not, then the resonance 

explanation must be incorrect. 

We note an interesting feature of this effect. If one 

examines the TI+n mass distributions shown in Figure IV-16 

for fixed low t K-' the ~+(1236) peak is absent. From p, 

this we conclude that the TI+ and n are in an I=~ state. 



- 126 -

Backward peak events 
160 

140 a) MM 2 above 1T- 1T+ 

120 

100 

80 

60 

40 

20 

f 120 

b) MM 2 en ...... 100 above K-p c 
<l> 
> w 80 -0 

"'-
<l> 

..Cl 

E 40 :::::> 
z 

120 
c) MM2 above 7T-p 

100 

80 

60 

40 

20 

-I 0 I 2 3 

MM2 (GeV/c2)2 -

Figure IV-13. Missing mass squared above the various track 
hypotheses for the backward sample. 
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Chapter v. Analysis 

A. Comparison of our Differential Cross Section and Moments 

With Other K~ Production Reactions 

Because of the great interest in strange baryon 

production in the past, a relatively large number of K p 

exposures have been run in bubble chambers. In many of 

these exposures, the two prongs have been recently measured 

and analyzed. The wide variety of beam momenta represented 

by these exposures makes it fruitful to study the energy 

dependence of our reaction. The energy dependence just be­

low our beam energy is of particular interest because in 

this interval the transition from the dominance of s-channel 

resonances to t-channel exchange poles occurs. At higher 

energies the s-dependence can be interpreted in terms of a 

~egge exchange. 

In particular, to study the OPE hypothesis and its 

application to KTI scattering, it is necessary for us to 

show that our data possess, first, the general characteris­

tics of a t-channel exchange dominated process, and second, 

the specific features which characterize OPE. (The question 

of t-channel exchange dominance is a serious question in 

this experiment because of the relatively low beam 

momentum.) 
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The characteristics of a t-channel exchange mechanism 

(1) a smooth dependence of aK*(E) upon energy, and 
d . 

pole-like (peripheral) behavior of d~ (see Section IV-A). 

Figure V-1 displays the total cross section for 

production of K*(890) as a function of beam momentum (the 

-2 
straight line is plab). The smooth linear dependence 

( i) 
appears to extend down to plab rv 1.8 GeV/c • At first 

sight this is somewhat surprising since the many Y* resonances 

should be expected to affect the cross section at low energy. 

However, it should not have been totally unexpected as most 

hadronic reactions are quite smooth around 2 GeV/c. For 

instance the production cross section for K-p+K 0n has been 

recently measured very accurately and shows imperceptible 

structure around 2 GeV/c (Bricman 1970). 

In Figure V-2, the differential cross sections for 

several different energies have been plotted together after 

-2 
removing the plab dependence. The different experimental 

curves agree to the degree expected from the statistical and 

systematic accuracy of the data. This indicates that the 

mechanism which dominates at 5 - 10 GeV/c already dominates 

(i)The 3.9 and 4.6 GeV/c BNL data is statistically highly 

accurate, however a Breit-Wigner fitting method was used to 

extract the K* cross section. This may be expected to in­

troduce systematic differences in the results from the 

results of all other experiments, since everyone else uses 

a simple mass cut. 
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* Figure V-1. The total K production cross section, which 
shows that the transition from s-channel to t-channel 

dominance occurs at about 1.8 GeV/c. 
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at 2 GeV/c. Therefore we conclude that our data aretruly 

dominated by a t-channel exchange process. We also conclude 

from Figure V-2, that there is no other significant energy 

dependence (such as "shrinkag~") left in the differential 

cross section. This implies that there is no need for any 

other s dependence to fit such data. This behavior explains 

why various phenomenologists have been able to claim good 

fits at many energies with relatively simple, albeit 

theoretically implausible, formulas (Wolf 1969, Gottfried 

1964). 

The characteristic signs of OPE are: (1) t-channel 

-2 
dominance, (2) a plab dependence of the differential cross 

section (see Appendix X), (3) a zero in the differential 

cross section at t=O, and (4) a flat Treiman-Yang angle 

distribution. We can see that tpe first two of these 

conditions are satisfied by our reaction from the data 

presented above. The third characteristic of vanishing at 

t=O cannot be really determined since this point lies 

outside the physical region. However in Figure V-2, the 

differential cross section does appear to turn over at 

small t. 

The fourth condition is an easy one to examine and is 

generally regarded as the most characteristic sign of OPE. 

We have examined the Treiman-Yang angle distribution and it 

appears statistically consistent with isotropy. However a 

physically more precise way to examine this test is to look 
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Figure V-2. The di;f;f;erential c,ross section as a function 

of beam momentum after removing t~e Plab- 2 dependence. 
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at the m~O moments of the Krr decay angular distribution. 

In Figure IV-10, we see that these moments are close to zero 

but show statistically significant, small deviations from 

zero. Because these deviations are small and there is no 

even marginally plausible theory which describes these 

effects, we will treat them as minor perturbations in our 

further analysis. 

These spherical harmonic moments of the decay 

distribution are an almost universally computed form of 

information which can be compared between experiments. In 

Figure V-3, the a 1 , 0 and a
210 

decay moments of our experi­

ment are shown. Superimposed are the moments obtained in 

the 5.5 GeV/c ANL exposure (Fox 1971}. There is quite good 

agreement, indicating that the beam momentum does not affect 

the angular distribution. Thus the moments like the dif­

ferential cross section seem to exhibit an exceptionally 

simple behavior with energy, in agreement with the t-channel 

exchange model's prediction. The dependence of the moments 

upon meson-meson mass is a more complex question which will 

be discussed later. 

In the light of the simple energy dependence of 

K-p+K*n, it is interesting to compare this reaction to the 

reaction K+n+K*p, which can differ from the first only if 

the OPE hypothesis breaks down and there is more than one 

significant exchange mechanism (see Appendix X} or if 

s-channel effects (such as absorption} are to be significant 
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at all energies (since we have seen that the shape of the 

cross section does not change between 2 and 10 GeV/c in 

K-p where the absorption is expected to be present). In 

Figure V-4, the K+n and K-p differential cross sections at 

2 GeV/c are superimposed. The two sets of data appear to be 

quite different. (This result will be made more quantita-

tive in the next section.) In Figure V-5, the helicity 

frame moments for events with ltl~ 0.12 of K p and K+n are 

superimposed. Here, unlike in the differential cross sec­

tion, there is good agreement. Note however that for larger 

t's the two sets of moments begin to disagree. The con­

sequences of this phenomenon will be discussed further in 

Section V-E. 

From these qualitative comparisons, we conclude that 

K-p+K*n has a very simple energy dependence and that it is 

closely, but not simply related to the reaction K+n+K*p. 

These conclusions will be examined further in the following 

sections. 
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B. Parameterizations of the Differential Cross Section 

In order to quantitatively examine our data and to compare 

them to other mea,surements, we ha.ve resorted to 

several independent parameterizations. In this section we 

shall discuss two fits to the differential cross section 

alone. 

To study the general sh~pe and the absolute magnitude 

of the forward peak, an exponential fit to the differential 

cross section was employed. The results of our fits are 

tabulated in Table V-1. Because of the shift in the physical 

low t limit toward lower values at higher beam momentum, the 

kinematic region which determines the fitted parameters can 

change. Therefore all fits were restricted to the interval 

0.05 to 0.50 (GeV/c) 2
• (For the data at the lowest 

momenta, the endpoints were excluded if they represented 

abrupt changes from the general shape of the differential 

cross section at that particular energy.) 

From these fits we conclude that 
1!:o ~~ rises from 

plab = 1.2 to 1.8 GeV/c and then falls off smoothly from 

there to above 5.5 GeV/c. The shape parameter shows no 

significant change between 1.2 and 10 GeV/c. Initially, 

this result seemed quite surprising since we expected 

threshold effects to modify the shape of the differential 

cross section at the lowest energies. However, this was 

found to be an insignificant effect. 
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Exponential Parameters . (dcr = eA+Bt) t 
dt 

Plab Source A B A+ 2 ln Plab 

* K 1.22 LRL 1.61 ± .16 3.70 ± .68 2.00 ± 
* 1.Sl LRL 2.11 ± .06 4.08 ± .26 2.94 ± 
* 1.76 LRL 1.70 ± .06 3.69 ± .26 2.83 ± 
* 

1.83 LRL 1.94 ± .07 4.63 ± .32 3.lS ± 

2.00 Caltech-UCLA 2.00 ± .03 4.66 ± .lS 3.38 ± 
* 

2.02 LRL 1.90 ± .06 4.9S ± .29 3.31 ± 

l.9S LRL*(l) 1.99 ± .11 S.29 ± .46 3.33 ± 
* 

2.10 LRL l.S2 ± .11 3.90 ± .4S 3.01 ± 
* 2.S4 LRL l.S4 ± .07 4.97 ± .30 3.40 ± 

3.0 Saclay 0.66 ± .19 4.28 ± .64 2.86 ± 
3.9 BNL:t 1.12 ± .OS 4.40 ± .22 3. 84 ± 
4.2 NA 0.36 ± .OS 4.8 ± . 4 3.23 ± 
4.6 BNL:f: 1.18 ± .07 S.24 ± .29 4.23 ± 
s.s ANL - • OS ± .11 4.08 ± .40 3.36 ± 

10.0 ABCLV -1.76 ± .20 4.22 ± .69 2.84 ± 

K+ 2.0 ·it 
UCLA-Caltech 2.43 ± .06 7.09 ± .27 3.81 ± 

3.0 Sac lay 1.68 ± .07 7. 4 8 ± .41 3.87 ± 
12.0 LRL -1.SO ± .12 -7.02 ± .60 3.47 ± 

t Fit to points with O.OS < ltl< O.SO, 0.84 <mKrr < 0.94; 
unless otherwise denoted. 

.16 

.06 

.06 

.07 

.03 

.06 

.11 

.11 

.07 

.19 

.OS 

.OS 

.07 

.11 

.20 

.06 

.07 

.12 

* The LRL points are composites, data collected over a range 
of energy. The 2.02 GeV/c point is divided because of its 
nearness to our energy. 

tThe differential cross section is extracted by fitting a 
Breit Wigner + background to each t bin. 



- 141 -

Table V-1 (cont.) 

~tPreliminary results 

(l)A 29% pion contamination of the beam probably makes 
thesedata unreliable. 
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For contrast we have also fit the available K+n+K*p 

data, and these fits show a large difference from K-p; a 

difference not permitted in any simple one particle exchange 

model. This point will be discussed further when we discuss 

more complex fits. 

In summary, these fits lead us to conclude that our 

-2 st reaction has a plab e dependence between 1.8 and 10 GeV/c 

and that there is no other significant dependen~e. But 

that K+n+K*p exhibits a markedly different behavior. 

A widely used method of fitting pion exchange data is 

in terms of the Benecke-Durr (BD) or Durr-Pilkun (DP) para-

meters (Durr 1965, Benecke 1968). These formalisms are 

convenient frameworks to describe data with a small number 

of parameters, but we do not consider them as serious 

theoretical models. They have an advantage over the 

exponential in that they incorporate a second order t 

dependence which is closer to that of the experimental 

cross section. Our attitude toward these parameterizations 

is that while they may be theoretically unsound, they 

provide a common basis for comparing our data to others 

since they are widely used. 

The BD prescription is: 

= 
00 

E 
l=O 

(1) 

ltl (l+~Q2) 
TI2g2~~~~-

(l+~Q~) 
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If we neglect all K7T partial waves but t=l, then the sum 

over i reduces to a form in which, ideally, all parameters 

can be found. A full description of the various parameters 

appears in Appendix VI. It suffices for our purposes to 

know that the free parameters in the fit are the normaliza­

tion (oK~) and the two effective radii ~(=R~) and ~which 

determine the shape of the differential cross section. As 

is explained in Appendix VI, the two "radial" parameters 

are actually superfluous. Only one parameter is needed to 

determine the shape since they both have roughly the same 

effect upon the theoretical differential cross section. 

-1 
Assuming the value ~=2.3 (GeV/c) as known (Trippe 1968), 

we obtain a fit of x2 = 596 for 358 degrees of freedom for 

a value of~= 0.6 (GeV/c)- 1 which corresponds to a K7T 

radius of 0.26 fermis, an unphysically low value (a value 

of about 1 fermi being expected). 

While fitting our distributions with the BD formula 

for one pion exchange, we discovered that we could fit our 

data with the original Chew-Low formula which is equation 

(1) with all kinematic form factors eliminated: 

1 = ltl 
(t-µ2)2 

where q is the on-mass-shell K7T center of mass 3 momentum 

and m is the K7T effective mass. This formula fits our data 
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with a chi-square of 486 for 360 degrees of freedom. 

This equation was used to generate the curves in Figure IV-7. 

Notice that only the m dependence is a part of the fit and 

the t dependence is fixed. While 486 is a high chi-square 

for 360 degrees of freedom, we see from Figure IV-6, that 

it is an extremely good fit to the general slope. 

The Chew-Low theory claims that the normalization of 

the fitted theoretical curves (oKTI) is the KTI elastic cross 

section. For the fits in question, we obtain the KTI 

elastic cross sections shown in Figure V-6 with peak values 

of ~so mb at the K*(890). (ii) This is to be compared with 

the value of 80 - 90 mb predicted by unitarity. Since the 

P wave is almost certainly unitary at mKTI = 890 MeV/c 2
, this 

represents a clear failure of the idea of a pole extrapola-

tion. 

One might argue that these discrepancies might be due 

to our experiment being too low in energy for t-channel 

processes to dominate. However it is evident from Table 

V-1 that all other K-p+K*n experiments will have similiar 

results. From this we conclude that our results are an 

intrinsic property of the reaction and not of our beam 

momentum. 

(ii)The curve with ~ = ~ = 0 is the curve given by the 

unadorned pole equation. 
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Pole Extrapolation Results 
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disagreement· be~we·en . our extrapolat.etl values· and the 

prediction of P-wave anitarity. 
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We have learned that in a study of the reaction 

K-n+K-TI-p, it has been found that the original Chew-Low 

equation also fits this reaction (Cho 1970). This fit 

was used to extract the (unknown) K-TI- cross section. As 

- + - + this method yielded the wrong extrapolated K TI +K TI cross 

sections for our data, we conclude that the K TI +K TI 

cross section cannot be reliably determined this way, as 

yet, and that the quoted results may be wrong by up to a 

factor of 2. (This being the discrepancy in our data.) 

However the agreement of these two experimental cross 

sections with the t-dependencies of the original Chew-Low 

equation constitute an important experimental fact which is 

as yet unexplained. The original Chew-Low hypothesis can-

not be considered as explaining this fit since this theory 

+ + - - + predicts a fit to K n+K TI p and TI p+TI TI n as well -- further 

in K-p+K-TI+n the normalization is fixed theoretically at a 

value which we showed above disagrees with our data. 
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c. A Model Independent Amplitude Decomposition Scheme 

In order to examine the behavior of the moments in a 

quantitative manner without excessive formalism, a pre-

scription for decomposing the moments suggested by G. C. Fox 

was employed. If we assume that the process can be charac-

terized as the production of a quasi-stable Kn state, then 

lm -the amplitude for our reaction can be written as T .. (s,t); 
lJ 

where i and j represent the initial and final state nucleon 

helicities, l and m are the Kn spin and helicity, s is the 

Kn mass squared, and t is the four-momentum transfered 

squared. Then the scattering amplitude is of the form: 

00 

A .. (8,<j>,s,t) = L: 
lJ Z.=Q 

Z. Zm -
L: Ti J' ( s , t ) Y Z.m ( 8 , <I> ) 

m=-Z. 

This implies that the probability distribution can be 

written as: 

P(8,<j>,s,t)= L: 
Z.m 

~ Z. 'm' - * Z.m - * L: T.. (s,t) T .. (s,t)Y z.• , (8,<j>) 
j=-~ lJ lJ m 

Z. 'ffi I 

where we have summed and averaged over the nucleon helicities. 

Rewriting this in terms of single Yzm's yields: 
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(Z+Z') 

P= L: z:: ~4 
t'm' - * Zm m' 

Zm 
i 'm I 

k= I i-i I I ij 
T.j (s,t) T .. (s,t)(-Z) i . iJ . 

[ 
(2Z.+l) (2Z.'+1)]12 

41T(2k+l) 
< z. , Z ' ; o , o I kp > < z. , Z. ' ; rn,-m ' I k , s > Y kJ e , ct> ) 

ff
. . (iii) coe icient • Extracting the expectation values of 

the various moments yields(iv): 

a = ks L: 
Zm 

Z 'm' 

T~ ~m' (s ,t) * T~~Cs ,t} (-l)m' <Z., z.' ;ool~><Z., Z.' ;mrm' lk,s> 
1J 1J 

For our purposes we can neglect all terms with Z.,Z.'>l since 

only the S and P waves can be significant in our mass range. 

Neglecting the non-flip and double flip amplitudes, there are 

only six non-zero amplitudes which are paiI'Wise equal from 

00 00 10 10 11 1-1 
parity; they are T+- = T-+' T+- = T-+' and T+- = T -+· The 

summation over nucleon helicities therefore consists of the 

(iii)The sign conventions are adopted from Edmonds 1960. 

(iv)This assumption is ture if either (1) only one nucleon 

spin amplitude is significant, (2) after summing over spins 

there exists an "average scatterir~g amplitude", or that (3) 

the virtual meson's wave function does not depend upon 

nucleon spin. 
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sum of pairwise equal terms. So the sum can be reduced to: 

l: 
Z.m 

Z.'m' - Z.m - m' T+ _ (s,t)T+_(s,t} (-1) <Z.,Z.' ;mrm' lks><Z.,Z' ;o,o!ko> 

z. 'm I 

Then letting Too = A TlO + , +-

following formulas: 

A2 + B 2 + B 2 = 1 0 1 

= B io 0 T11 oe , +- = 

ABO cos o0 = l7f' al,O 

io B1e 1, yields the 

Since there are five unknowns and five equations, (the 

normalization being fixed by the first equation) , the 

solution is exactly determined and there are neither extra 

constraints nor undefined parameters. Fitting this set of 

equations to our data (with t<0.12) yields the results 

shown in Figure V-7. 

The first feature we note is the insignificance of the 

P-wave helicity one amplitude (B1 ). This wave is small in 

* the vicinity of the K (890) and becomes significantly non-

zero only at the ends of our sensitive range where the 

phase space cutoff and possible backgrounds could be expected 

to distort the results. This behavior implies that there is 
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Figure V-7. The results of the Fox Amplitude Decomposition. 
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* little K production by vector exchange. Therefore we do 

not need to include p or A2 contributions in more detailed 

phase shift schemes. 

A second important feature to notice is that the 

maximum magnitude of B0 is 0.78±0.05. If we assume that the 

s and P waves are unitary and that the I = 3/2 amplitudes 

are negligible, then B0=[ 3 sin 2 o ]~ which implies 

sin 2 o +3 sin 2 o s p 

* that 0.87<B
0

<1 at the K (890). Since B
0 

is never as large 

as 0.87 and 0.87 is only possible if the S wave is also 

resonant at 890 MeV/c 2
, we conclude that the absolute magni-

tude of the moments is unreliable, although the qualitative 

features are intrinsic to the t-channel as we have seen in 

Section V-2. We attribute this feature to the presence of 

an extraneous non-resonant S wave background. 

The third feature we note is that the P-wave helicity 

* zero remains large above the K (890) and does not vanish as 

it would for a true P-wave Breit-Wigner. In particular if 

* there were a S-wave resonance above the K (890) as some 

authors claim (Trippe 1968), then we would see a large 

decrease in the P-wave fraction at ~1.0 GeV/c 2 • We shall 

discuss this question again in the next section when we 

apply a more sophisticated analysis scheme. 

Finally, from this fit we conclude that the relative 

phase between the S and P waves at mKTI=.89 GeV/c 2 is 
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10°±10°. Since the P-wave phase shift is 90° at the K*, 

this implies that the s~wave phase shift is ~20±10°. 



- 154 -

D. The Schlein-Malamud Method 

The problem discussed in the previous section of an 

obviously unitary P-wave resonance exhibiting a too small 

a
210 

moment has also been encountered in attempts to ex­

tract the TITI elastic cross section in the region of the 

p(765) from the reaction TI p - + 
+ TI TI n. A plausible explana-

tion proposed by Schlein and Malamud (Schlein 1967) and 

- - + applied by them (Malamud 1967) to this reaction (TI p7 TI TI n) 

has yielded promising results. We have applied their pro-

cedure to our data in order to extract the corresponding KTI 

elastic cross section and the model's nucleon factors, and 

thus to extend the test of their model. 

The Schlein-Malamud method assumes that the absolute 

magnitudes of the moments are unreliable but that they ·have 

the correct meson-meson mass (s) dependence. The discre-

pancy is ascribed to the sununation over nucleon spin 

amplitudes for which the correction factors are assumed to 

bes independent(V). Then in order to set the scale, the 

P-wave amplitude is assumed to be a unitary Breit-Wigner. 

(For a more complete explanation see Appendix XI.) In 

Figure V-8, the results of a fit to our data using the 

(v)Strictly speaking, the nucleon spin amplitudes should be 

expected to have some slowly varying mKTI dependence. However, 

because of the limited statistics, it is not practical to 

attempt a fit with such a mKTI dependence. 
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Figure V-8. The s-wave phase shifts as determined 

by the Schlein-Malamud method. 
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Schlein-Malamud method are shown. Both the helicity frame 

and the Jackson frame moments have been used, since it is 

not a priori clear which frame is better. 

The helicity frame moments were used to make it 

possible for us to compare the nucleon factors obtained in 

our fit with those obtained in the TITI case. If the model 

is correct, then the nucleon parameters should be the same 

- - + - - + in TI p+ TI TI n and K p + K TI n. 

The chi-squares obtained for the various fits are shown 

in Table V-2 and are reasonably good. However from the be-

havior of the moments, shown in Figure V-9, we conclude that 

the goodness of the fits may be artificial. It is possible 

that the data exhibits a small enough variation and the 

functional form being fitted is flexible enough to give a 

good chi-square purely by accident. Such behavior is also 

exhibited by other experiments. In Figure V-10, a fit to 

an experiment on K+p + K+TI-~++ at plab=7.3 GeV/c (Trippe 1968) 

is displayed while the chi-square for this fit was quite good, 

. * the discrepancies above the K in the a
210 

moment seem 

highly artificial. 

As can be observed (in Table V-2), the comparison of 

the nucleon factors is not particularly good. These dis-

crepancies are a sensitive measure of the errors in the 

factorization assumption. 



t Range 

ltl<0.06 

0.06<ltl<0.12 

1T1T helicity 
ltl<0.175 

Solu. 

Up 

Down 

Up 

Down 

lsl
2 

--

22±2 

29±3 

15±2 

16±2 

76±5 

Table V-2. S + M Parameters 

P~-~ ( I p 1 I 2 + I p -1 I 2 ) 

li?1l2+IP_1l2 

l: Ii?. I 2 Po.s 
li?ol 2 x2 

1 --

106±11 39±4 52±5 .52±.05 44 

100±10 45±4 54±5 .43±.04 39 
I 

.I-' 

149±15 26±3 40±4 .95±.10 33 lJ1 
CX> 

145±15 27±3 40±4 .94±.10 33 

226±5 110±4 129±4 .40±.03 
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Figure V-9. Comparison of the theoretical fit and 

the experimental moments for the Schlein-Malamud method. 
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E. The Froggatt and Morgan Hypothesis 

An analysis (Marateck 1969} of TI p - + 
+ TI TI n indicated 

that the extrapolated production cross section in this 

reaction does not vanish at t=O as is required for pure 

"one pion exchange". c. D. Froggatt and D. Morgan have 

proposed a new model for this phenomenon (Froggatt 1969) in 

which the spin and di-pion mass dependences of the back-

ground are simply parameterized; thus suggesting a new pre-

scription for performing a non-evasive Chew-Low extrapola­

tion (vi). This formalism has been applied to the reaction 

- - + 
TI p + TI TI n (Scharenguivel 1970) and the resulting fits 

show a significant non-evasive contribution to the overall 

- + amplitude in TI p + TI TI n. Since this mechanism provides a 

+ -method by which the K n and K p cross sections can differ, 

we have undertaken a study to determine whether the dif-

ferences between our data and the related reaction 

+ + -K n + K TI p can be understood in terms of this parameteriza-

tion. (An explanation of the parameters appears in 

Appendix XI I • ) 

(vi)The word non-evasive is used to imply that the scattering 

amplitude is not required to vanish at t=O. 
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For the purposes of our analysis in this section we 

have also used data collected by R. Poster on the reaction 

+ + -K D + K TI pp at p 1 ab= 2 GeV/c (Poster to be published). 

Figure V-llillustrates the differences between this reaction 

and our reaction. The curves shown in this figure are the 

result of a simultaneous fit to the K+ and K- data, em­

ploying added ad hoc t dependence(vii). This fit shows that 

this formalism can generate the differences between the two 

reactions and provide an adequate description of their t 

dependence. 

To extract the S-wave phase shift's mass dependence, 

the data were divided into finer mKTI bins and coarser t bins. 

The results of a fit to our data in these new bins appears 

in Table V-3 and the corresponding KTI S-wave phase shifts 

are plotted in Figure V-12. These phase shifts show the 

two solutions found by the World KTI collaboration (Bingham 

1971). The first of these is a smooth non-resonant solution 

rising from ~o0 at threshold to ~30° below the K*(890) and 

reaching ~so0 at mKTI= 1.0 GeV/c 2 with a slight dip at .890. 

The second solution appears just like the first except that 

at mKTI = 0.870 GeV/c 2 the solution rises by 180° in 0.030 

* GeV/c 2
, so that at and above the K the solution equals 

(vii)Averaged over the KTI mass range 0.84 to 0.94 GeV/c 2 , 

the two phase shift solutions of the world KTI collaboration 

* both have IA 1
2 =0.13, IA 1

2 =0.24, and Re A A = 0.09. s p s p 



Table V-3. Parameters Obtained From Froggatt-Morgan Fit. 
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Figure V-12. The S-wave phase shifts as determined 

by the Froggatt-Morgan method. 
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solution 1 + 180°. These results are consistent with those 

obtained by the World DST collaboration and cannot discrimi= 

nate between the two solutions. However during our analysis 

several points have been raised which shed light on the 

issue~ 

The structure of the theory is such that the S-wave 

phase shift is mainly determined by the value of a
110

• 

Since the theoretical value of a
110

, defined as 

fl,O = K(oS,oP) (cos(oS-oP) sin oS sin op), is periodic 

in os there are, in general, for fixed op and a 110 , two 

values of os which satisfy this equation. However there 

exists one situation in which os is unique. This condition 

arises when f 110-a110 ~ Cos - o~) 2 near the solution o~. 

This implies that gf l,O(o~) = 0. As an example, assume 
s 

df 0 that K is con$tant then d"8":"1,0 = 0 implies that 2 oS-oP = 90 
s 

would be the required condition. In general this is not 

exactly true since K is dependent upon os so the position of 

the unique solution is shifted (for our data such a point 

occurs at rnKTI=0.80 where 0P~1s0 and os~2s0 ). Note however 

that the condition is a constraint upon both os and op and 

is not a special point for either. Therefore we expect 

smooth behavior of os at this point and we should only con­

sider solutions which cross through such points and not 

solutions which shift branches. 
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At threshold, the P-wave phase shift rises slower than 

. 2i+1 the s-wave from the expected p behavior. Therefore 

below the crossing point we choose the upper solution of 

10 - 20°. Therefore the argument above strongly favors the 

non-resonant solution above the crossing point. 

A second feature to realize is how the true solution 

gives rise to its "ghost". The equation we are solving is 

c(op)al,O = cos(o 5 - op) sino 5sinop neglecting the sinop 

and expanding the cosine yields: c(op)a110 = coso5sino 8 
* cosop+sin 2 ossinop. In the region below the K I op changes 

from 0 to 90°, while the a
110 

moment decreases slightly. 

Thus we can see from Figure V-13, how a real non-resonant 

slowly-changing solution will generate a fast-moving 

resonant solution and a "fast" solution will have a partner 

which could be either "fast" or slowly changing. So if 

either the "slow" or the "fast" solution is correct, then 

we expect another solution as a "ghost". Therefore we con­

clude that a fast solution is not unexpected, but we must 

consider independently the question of whether such a sharp 

s-wave resonance is to be expected. The answer is clearly 

no. 

Examining the effect such an S wave resonance would 

have on the total cross section, shown in Figure V-14, makes 

it even less plausible. However, we have been informed that 

one can manipulate the parameters to give agreement to with-

in the statistical accuracy of our experiment. 
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Figure V-13. A schematic view of how the two solutions 

arise and why one of the solutions changes rapidly. 
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In conclusion, these points cast serious doubt 

upon the existence of a JP = a+ s-wave resonance at 

mKTI = 0.86 GeV/c 2
• 
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F. OPE, Moments, and the KTI S Wave Phase Shift: An 

Evaluation 

From these rather speculative fits to the differential 

cross section and the moments, what can we extract that we 

should believe and what should we regard as model-dependent, 

artificial constructs? We will attempt in this section to 

summarize what we have learned and estimate the degree of 

confidence which we can assign to these conclusions. 

We have found regularities in the behavior of the 

moments which are independent of beam momentum, similiar in 

different but related reactions (for small t < 0.12}, and 

agree qualitatively with theoretical expectations. Yet the 

deviations exhibited by the data from the predictions of 

the simplest models (such as the quantitative discrepancy 

* of a
210 

from the value expected from unitarity at the K (890}} 

argues that such models are not completely adequate descrip-

tions of the actual situation. Thus the interpretation of 

the data is not nearly as obvious as many people have claimed. 

So we conclude that such analyses have great promise but that 

one must, at present, view any results from such studies with 

a degree of skepticism. 

If we assume that the theory is approximately correct 

and that the methods are reasonable, then we can examine the 

data and ask whether the real KTI cross section exhibits such 

features. 
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The a 2 0 moment does rise from zero at threshold to a 
I 

* maximum at the K , as would be expected of real Krr scat-

tering. However it does not rise as far as the unitarity 

prediction. Therefore the quantitative values are suspect 

and almost certainly wrong. Such an effect could be caused 

by extraneous background, an incompletely polarized state, 

or a relative enhancement of the S wave by "kinematic 

factors", etc. Until the source of this discrepancy is 

correctly identified, truly valid quantitative fits are 

impossible. 

The a
110 

moment shows a sign change at mkrr=0.92GeV/c 2 

which is probably a feature of the real Krr interaction. 

However, the absolute magnitude of the moment is suspect 

since we already know that the absolute magnitude of the 

a
210 

moment is incorrect. This zero in a
110 

implies that 

the relative phase at mKrr=0.92 GeV/c 2 is 90°. Since the 

P wave is 135° (assuming a unitary Breit-Wigner) at this 

point, the S wave phase shift is 45±20° at this point. The 

great uncertainty in this value is due to the rapid change 

in the P wave phase shift in this region. 

The mt 0 moments are small, but significantly non-zero -

indicative of effects neglected in the simplest theoretical 

formulations. They constitute incompletely understood 

limitations to the pre.sent lines of analysis. The S-M and 

F-M methods are clearly not completely satisfactory treat-

ments of such effects. However it is not clear in which 
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direction further improvements should be made on such 

models. 

Finally, based upon the fits we have found, we conclude 

that the S wave Krr resonance at mKrr = 0.86 GeV/c 2 is almost 

certainly an artifact of the fit employed by the world Krr 

collaboration. We expect a large dip in a
210 

at mKrr=0.86 

if such a resonance exists. A slight dip does exist, but 

not nearly as prominent as would be expected. The character 

* of a
110 

should change abruptly. Above the K , the a
110 

moment should increase as the P wave approaches 180°. 

d 
. . (viii) Instea we see a minimum • The real behavior of the S 

wave is, with many theoretical reservations, a smooth rise 

0 * from small values at threshold to 20 - 40 at the K and 

beyond. 

(vii·z:) Also if there is such a o+ resonance, where are its 

SU(3} partners? 
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Chapter VI. Discussion 

From our experiment, we conclude that the reaction 

*o . K p + K n is far from being understood. Although many 

people have published fairly good fits to the differential 

cross section and the moments of the decay angular distri-

bution, these fits have contributed little, if anything, 

to the theory of the strong interaction. It is clearly 

necessary to either measure the cross section much more 

precisely so as to distinguish between theories or to per-

form a universal fit -- to fit all measureable reactions 

simultaneously. Any other course of action can clearly 

never yield satisfactory results because of the obvious 

uniqueness problems. 

The difference in the behavior of the differential 

cross section can be explained by absorption effects, by 

significant amplitudes for the exchange of other particles 

(e.g. p, A2 , B), or by significant contributions from 

multi-particle exchange (i.e. Regge cuts). Explanations 

(a la Jackson) involving absorption effects alone seem to 

be quite dubious, since the primary effect of absorption is 

expected to be the alteration of only the low energy 
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behavior of K p reactions (i) ; instead, .K p + K *on seems to 

be very simply behaved between 2 and 10 GeV/c (and presumably 

thereafter). This is shown in Section IV-B. Also it is to 

be noted that naive absorption models (i.e. before experi-

ment) predict that the differential cross section for the 

absorbed reaction (K-p) will have a steeper slope than the 

differential cross section for the unabsorbed reaction 

+ (K n) , which is the opposite of the experimental observa-

tions. More sophisticated absorption models suffer from 

the flaw that some cross sections before absorption either 

rise with t or become constant. This implies that the 

absorption is controlling the shape at large t in all 

reactions; a physically unattractive situation. 

Explanations invoking different exchanges or of 

multi-particle exchange are all unsatisfactory in practice 

since they all contain far too many unknown parameters 

to give unique fits or reasonable predictions. 

lim dcr f K+ * The large difference between dt or n -+ K p and t-+0 

* K p -+ K n leads us to question the validity of all pole 

including those - + 
extrapolations, of 7T p -+ 7T 7T n and 

pp -+ pp7T+7T- since there is no a priori reason within the 

model to suspect these reactions to yield better results 

(i)This is a result of the suppression of the lower partial 

waves due to competition from other channels. 
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than the two kaon ;reactions and if only one kaon reaction 

had been measured, .then the present models would have been 

flexible enough to accomodate even these results. (Although 

the K pole extrapolation still would not have worked with-

out other terms.) Thus we can only view the TITI results as 

an interesting coincidence or as a doubtful check of the 

method (that in this case the cross section does reach the 

unitarity limit at the p) rather than as a confirmation of 

a rather speculative theory. A similiar discrepancy has 

' + *o ++ - *o + been found in the reactions K p + K ~ and K n + K ~ 

(Henri 1971). 

On the other hand, the quantitative similiarity of the 

moments (for t ~ 0.06) for these two reactions both in 

absolute magnitude and in mKTI dependence imply that this 

form of information is apparently independent of the S-channel 

state; thus implying that the fundamental assertion of the 

Chew-Low hypothesis is indeed correct. This argues strongly 

for a relatively simple picture of the interaction ampli-

tude, since it implies that some form of factorization of 

the S matrix is indeed possible. 

The validity of extracting the properties of meson-meson 

scattering is therefore left in an ambiguous state. It is 

clear that the simplistic statements made by many of the 

present workers in the field is over optimistic. Yet there 

do exist some indications that the decay moments of our 

reaction do reflect the behavior of the KTI interaction. 
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For instance, it is clear that the P wave is dominated by a 

* resonance -- the K {890). 
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Appendix I. Conunents on the Scanning-Measuring Technique 

Used in This Experiment 

The SMP operators simultaneously scanned for and 

measured the events of interest in the film. There were 

two different phases in the measurement. 

In the first part of the measurement both the two 

prong V events and the two prongs were measured. During 

this phase, the standard UCLA scan-measuring control program 

was used. This program produces a card for every frame 

examined. Based upon the number of these scan cards, 22 K, 

the calculated fraction of the experiment that the two prong 

V events represent was (11 ± 2)%. During the second phase 

of the experiment, the following were no longer measured: 

the two-prong-V events, the events with a kink within 10 cm 

of the vertex(i), and events the positive track could be 

identified as a proton. The SMP control program was also 

(i)The events with kinks tend to be E or - events which are 

produced copiously at our energy. The true K-'s do not decay 

significantly in the 10 centimeters. (see Figure A-1). An 

added advantage is that even .the real events with a <10 cm 

track will have a large momentum measurement error and thus 

be ambiguous. 
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changed. The new program required the scanners to positively 

utilize the semi-automati.c frame advance since the latter 

had led a large rate of frame misidentification. 

In order to estimate the scanning efficiency, the SMP 

operators all scanned and measured the same two rolls. The 

results of the study of this sample are presented in 

Table A-1. While these numbers are an indication of the 

scanning efficiency, they are not completely unbiased. The 

events missed by the better scanners are ones in which the 

proton criteria were slightly misinterpreted. Such slight 

shifts cannot influence our results. The poor scanners 

tended to miss events almost at random, which again is 

unbiased. 
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TABLE A-1. Scanning Efficiency 

Operator # % Missed 
% Incorrectly 

Rejected 

40 3.7 1.6 

* * 42 16.l 7.7 

* 48 10.9 o. 

49 5.8 5.6 

71 8.4 3.1 

* Adjusted for incomplete measurements 
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Figure A-1. Apparent lifetime in centimeters in hydrogen 

* as a function of initial momentum . 

P (~eV/<:) ~ 

·uE/dx loss is calculated fro~ a formula obtained from The 
Quantum Theory of Radiation, Beitler, P. 368. 
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Appendix II: Beam Averaging 

Since our film had been used for a previous experiment, 

the beam average had ··already been determined (Trippe 1965) • 

However it was decided that it would be useful for it to be 

redetermined in the new data to verify the old results. 

The standard method is to average the fitted momenta of 

a sample of highly constrained events. For example the 

previous determination in our film used the K p -+ =-K+ and 

K p-+ - o+ =Kn · reactions. Since our data contained only two-

prong Vees, no easily identifiable ~4c fit was available. 

It was decided to use the K-p elastic events. It was 

guessed that the greater statistics would compensate for 

the possibility of mis-identified events which might give 

spurious results. 

The exposure was divided into two samples due to a 

retuning of the beam during the running. This fact was 

discovered in the earlier determination. 

Figure A-2a is a histogram of the fitted beam momenta 

for the events in the early data used for the previous 

determination. Figures A-2b and A-2c are the same histo-

gram for the samples used in this determination. The con-

clusions appear in Table A-2. The method used to determine 

the average and the width was to find the median and the \ 
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Table A-2 

Early' Data Later Data 

Old Value New Value Old Value New Value 

P(y=O) 1960 ± 5 1953 ± 3 2000 ± 5 2000 ± 

0 measured2 ) 36 36.4 ± 5 36 36.6 ± 

0 resolution2 ) 20.4 26 ± 51 20.4 26 ± 

0 beam2 ) 30 25 ± 10 30 25 ± 

0 nominal 2 ) 40.0 25 40.0 25 

l)This number was computed by taking [<E(op) 2 )/NJ~ = ~ 

averaged over a sample of the data (where op is the SQUAW 

3 

5 

51 

10 

estimate of the error in the beam momentum) and multiplying 

by the width of the pull quantity for the beam momentum (1.56) 

2
> 0measured =experimental standard deviation 

0 resolution = calculated width due to measuring errors 

qbeam = best estimate of beam width = 1cr2 ---::::-cr2~ m r 
0nonrinal=actual value placed in PBEAM. 
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al Early data - > 4 constraint - events. 

b) Early dat - elastic events. 

c) Later data - elastic events. 
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integral points and assume that the distribution was a 

gaussian. This method has the advantage that it, .unlike 

the mean and the second moment, does not depend upon the 

tails of the distribution which are dominated by spurious 

nongaussian errors. 

After measuring the experimental width, the added width 

due to measurement errors must be removed. The following 

procedure was used to minimize the dependence upon a priori 

estimates of measurement errors. The median of the SQUAW 

estimated error was multiplied by the factor, 1.56, by which 

the distribution of the beam momentum pull quantity was 

wider than the ideal case (pull quantity = [measured value -

fitted value);(estimated error]). Then the resolution 

width was assumed to be independent of the beam width so 

that o 2beam = a 2measured - a 2 resolution. 

Since the majority of errors in TVGP are known to be 

under-estimated and since this experiment involves a one 

constraint fit, it was decided that the nominal value used 

for beam averaging should be an underestimate. This is the 

opposite conclusion from that arrived at in the earlier 

determination. 
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Appendix III: A0 vs. K
0 Separation 

It is a canonical rule that if a Vee can be a lambda, 

it is a lambda. This statement can be understood in terms 

of the kinematics. For a Vee, one measures the momenta of 

the two outgoing tracks. From these vectors and a hypo­

thesis as to these particles masses the neutral particle's 

mass can be reconstructed. In Figure A-3a and A-3b we 

have plotted the value of the neutral particle's mass as a 

function of two relevant quantities: the neutral particle's 

momentum and its decay angle in the true center of mass. 

(Only the cases in which a misidentification is made are 

interesting.) The region of ambiguous events corresponds 

to the ±5 MeV/C 2 and ±50 MeV/c 2 lines in the figures. These 

widths arise from a study of the experimental widths of the 

lambda and the kaon that arise from measurement errors. 

This disparity arises from the difference in the relative 

amount of kinetic energy in the two processes. When the 

Ko decays to two pions, half its rest mass is converted into 

momentum; when the A0 decays almost all of its energy is 

represented by the rest mass of the two final state particles. 

Thus, roughly speaking, the momentum measurements must 

determine a large quantity in the i<0 case and a small quantity 

in the 11.
0 case. 
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Assuming that the decay distribution of lambdas is 

roughly flat in cos e (the kaon decay distribution must be cm 

isotropic) then about 5% of the kaons will be ambiguous and 

~30% of the lambdas will be ambiguous. This information is 

sufficient to determine the ratio of K01 s to A01 s in our 

ambiguous sample. - + If ambiguity and fitting K TI are assumed 

to be independent, the K0 /A0 is determined. The motivation 

behind this assumption is that ambiguity arises from the fit 

to the Vee while fitting K-TI+n depends only upon the fit to 

the primary vertex. These two are connected only by the 

neutral particles momentum. However from Figures A-3a and 

b we can see that the fit to the Vee is only slightly de-

pendent upon the momentum. Thus the numbers in Table III-2 

determine the relative number of A01 s and K01 s. 
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Appendix IV: Spherical Harmonic Decomposition and the 

Geometrical Nature of the Baryon Resonance Correction 

In order to represent an angular distribution, a 

decomposition into spherical harmonics is used. This is to 

be preferred to the density matrix formalism since no 

assumption of the maximum relevant l is needed. The fact 

that the Yzm's are complex valued merely implies that there 

is a fixed relationship between coefficients of positive and 

negative m. 

Assume that a distribution 
00 

Probability (e,~) = E 
t=o 

is 
l 
E 

m=l 

of the form 

where Yzm are the spherical harmonics. The fact that the 

* distribution is real valued, implies that a 7 = a 7 • This .:..m .:..-m 

reduces the sum to 

1 
P(6,<f>)= ~ + ! [ a7 

Z=l "0 Yzo(6,$)+2jm1laim Re Yzm(S,$) + 

him Im Yzm(6,$)l] 

Parity conservation implies that the bzm's must be identi­

cally zero (which is true in our data to the limit of our 

statistics}. 



- 192 -

Due to the orthonormal property of the Yzm's, to find 

a coefficient in this sum, given a 4n solid angle acceptance , 

one need only evaluate: 

N 
L: Yzm ( e. , <t>. ) 

azm = l. l i=l 

N 

where N is the total number of events. The error is then 

= i~l {Re Yzm cei,$i)}' - ~ li~l Yzm cei,$ill' ~ 
N2 

For the purposes of this experiment, it is necessary to 

explore further the nature of this decomposition when a 

solid angle cut is imposed and the acceptance is no longer 

4TI. 

When the events with any given pion-nucleon mass are 

removed a certain solid angle in the KTI decay sphere is being 

removed from the acceptance. It is then necessary to cal-

culate the influence of this cut upon the angular distribu­

tion and also upon the m~TI vs t distribution. In the heli­

city frame the form of the cut is fairly simple • . This is due 

to the fact that i n this frame: 

m2 + = m2 + m2 + 2 E E - 2 P P cos ehelicity 
TI n TI n TI n TI n KTI 
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where P and P a.re tota.lly determined by mK2 7T. This equation 
7T n . 

is independent of ¢h 1 . . corresponding to the fact that e 1c1ty 

the neutron is aligned along the -z axis. In the Jackson 

frame such simplicity does not exist. In terms of the 

Jackson angles 

. 8G.J. 
sin K7T cos¢ G. J .• ] 

K7T 

In order to apply the likelihood method of Appendix V, 

it is necessary to know the integral of Yzm(8,¢) over the 

permissible region for a given m~7T and t 

(Czm (8,¢)=!R(m2,t) Yzm (8,¢) dn). In the helicity frame, 

this reduces to a simple procedure since the boundary of 

the region associated with a given 7TN mass is independent of 

¢ and t. This immediately implies that for m f o the inte-

gral of Yzm (8,¢) vanishes. Form= o the integral becomes 

27T times the integral of a Legendre polynomial in cos 8 which 

can be done analytically and evaluated at the end points. 

For the Jackson frame, the integrals can be related by 

means of a rotation to the ones in the helicity frame. For 

each individual event, the angle between the Jackson and 

helicity frames is a well defined function of m2 and t. K7T 
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Since the integral is over Yzm (8,¢), the transformation 

properties of the Czm (8,¢} 's are the same as that of 

Yzm (8,~). Therefore CG.J. (m 2 t) = d (n) Chelicity (m 2 ) 
~ Zm ' mo Z 

where n=n(m 2 ,t) is the crossing angle. 

The rapidly varying values of Cz(m 2
) and n make it 

necessary to evaluate the C's for each event individually. 

Fortunately this is a simple and rapid process. The values 

of Cz (for Z~2) appear in Figure A-4 for the region ex­

cluding m2 = 1.53 ± 0.15(GeV/c 2
)

2 and m2 = 2.85 ± 0.21 
Tin Tin 

(GeV/c 2
)

2
• 
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Figure A-4. The 3 spherical harmonic compensation 
coefficients as a function of m~rr· 
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Appendix V: The Maximum Likelihood Method 

In order to fit our angular distributions over regions 

in which the spherical harmonic functions are a non-orthogonal 

set, we used the maximum likelihood method. This method 

possesses a clear advantage over the least squares method in 

that it does not require the data to be binned, a process 

which clearly destroys information. However we discovered 

that the standard prescription sometimes has problems. 

The central notion of the procedure is to create a 

function L, called the likelihood function, which is the 

probability of our experimental result and is dependent 

upon the 

measured 

the a.' s. 
J 

unknown parameters, {aj}, and the experimentally 

data, {x.}. One then maximizes Las a function of 
1 

This then gives the best estimate of the true 

values of the a.'s as a consequence of Bayes'theorem. 
J 

The function L can be easily constructed from the 

probability function for an individual event, P {x., a.). 
1 J 

It is 
N 

L = II 
i=l 

P (x. ,a.) 
1 J 

where N is the number of events in the experiment. However 

it is crucial that the normalization of P (x., a.) be in-
1 J 

sensitive to the values of the a. 's. Otherwise the maxi­
J 

mization procedure will resul t in a maximizing of the 
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average value of P. The standard technique (Annis 1953) is 

given a theoretically meaningful function Q (x. ,a.), is to 
1 J 

normalize this function by setting 

P (x. , a.) = 
1 J 

this will be referred to hereafter as method I. 

We have discovered that it is equally valid to define 

the function P by 

P (x . , a . ) = Q (x . , a . ) -
1 J 1 J 

IR dy A (y, a.) 
~~~~~~__.].__ +l 

! dy 

This will be referred to hereafter as method II. 

Method II possesses several advantages in certain cases. 

These advantages arise from the analytic structure of the 

likelihood function and are illustrated in the following 

example. Assume that we have an experiment with N measure-

ments {x.} and that we wish to fit this with the function 
1 

Q (x,S) = 1 + Sx where the range of xis (0,1). Then method 

I gives 

as the likelihood function. th This function possesses an N 
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order pole at E3 = -2 (i.i) . Thus for S ~ -1 we have structure 

controlled by the extraneous pole-zero pattern of the 

probability function. Consider in contrast the analytic 

structure of the likelihood function given by method II 

N 
II 

i=l 

th This has an N order pole at infinity. Note however that 

the resulting parameters in the two methods are different, 

s11 = S1/(l - ~SI). It can also be shown that in this 

example method I gives a biased estimate of the unknown 

parameter while method II is unbiased (Yellin 1971). 

In this one parameter case we see that the physically 

meaningful region for s1 is S1 ~ -1 and can restrict it to 

that region. However, in the many parameter case such as 

our spherical harmonic or interference fits, it is not as 

obvious where the physically meaningful solution must be. 

We have discovered in fitting our interference terms that 

quite often method I does not converge but that method II 

always does. 

(ii) It also possesses N zeros in the neighborhood of S = -2 

1 namely at Si = - x. (where xi are the data points). 
l. 
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In either case, if we assume that the likelihood 

function is a gaussian -- which it must be when N + 00 -- we 

estimate the error in a~x as 

s: max = 
u aZ.m 

d 2 Z.n L CS) 

(d az.m> 2 
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Appendix VI: Monte Carlo Studies 

Any one constraint fit is equivalent, neglecting 

measurement errors, to a missing mass measurement. In the 

. - - + reaction K p +K TI n there is a missing neutron. Monte 

Carlo methods can determine the degree of kinematic overlap 

- - + - - -o of reactions such as K p + TI TI A or K p + TI pK . The 

results of such a study appear in Figures A-Sa to c. The 

calculated "neutron" mass squared is plotted for events 

generated isotropically in the phase space of the "real" 

reaction. Notice that there is overlap even in the absence 

of measurement error. Such an overlap exists because the 

mistake in particle identification leads to extraneous 

terms which couple masses and momenta in the neutral mass 

formula becoming significant. 
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Figure A-5. Monte Carlo results for events misinterpreted 

- - + as K p + K rr n events. 
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a) Events generated as K p + rr~~+A 

b) Events generated as K p - 0 
+ K p'IT 

- 0 c) Events generated as K p + TI pK 

o.,._~~....,_~~-...~~---'.,__~~...,_~~_._~~--''--~~...L.L~~~ 

o • z. ·" • a 1.0 1., 

MM i /1<--rr+- (<:,eV/c.,_)z.. ..,... 



- 203 -

Appendix VII. Kinematic Form Factors 

The simple one pion exchange hypothesis correctly 

predicts the energy dependence and the "decay" distribution 

- - + for reactions such as TI p + TI TI n. However it does not pre-

dict the correct shape for the production distribution ~~· 

Several remedies have been suggested to correct this situa-

tion; all of which involve several a priori unknown para-

meters. One reasonable proposal is the Durr-Pilkun or 

Benecke-Durr kinematic form factor hypothesis. 

The nature of the parameters is motivated by classical 

arguments about the off-shell behavior of the angular 

momentum barrier. This line of reasoning has serious 

troubles when one realizes that the shapes of the dif-

- * ferential cross sections for the two reactions K p + K n 

+ * and K n + K p are very different, and that this difference 

is not permitted in the Durr-Pilkun framework. Nevertheless, 

it does prove interesting to fit our data to this equation 

and thus provide an analytic description of our data in a 

formalism that is commonly used. 

Simple field theory prescribes that the amplitude for 

the process in FigureI-Ja must have a pion propagator, a y 5 

for pseudoscalar coupling, and a matrix element at each 



- 204 -

Figure A-6. The Kinematic form factors . 

a} The Durr-~ilkun factors • 

• fO 

0 . z. /,0 I. "L 

x .~ 

b) The Benecke-Durr factors. 
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vertex. This gives 

1 I-ti = 

where 

where g 2 =29.2, and qt is the virtual pion 3-momentum in the 

KTI center of mass. One then expands aKTI as some function 

with an explicit t dependence. The simplest expansion is 

= 'f (qt)
2 

z 
Z=o q 

a z (s) 
Kn 

where a~ (s) is the on-shell Kn cross section of the zth 

partial wave, and the (qt/q) 2 is the angular momentum 

barrier factor. This prescription is referred to as the 

Born approximation. 

The fundamental problem with this form is that the 

behavior as a function of t is wrong. As t + - 00 , the pion 

becomes more virtual. In order to keep s constant, the pion 

develops a larger 3-momentum, qt. The factors of qt in the 

numerator then make the differential cross section increase 

as t increases. In order to remedy this behavior, Benecke, 

Durr, and Pilkun proposed (Durr 1965, Benecke 1968) that one 

should put in a more complete form of the angular momentum 
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barrier penetration f~ctors,and so building in the cutoff 

not provided by the simple Born approximation. According 

to the Benecke-Durr prescription (BD) , one replaces the 

off-shell cross section by 

= 9-
qt 

()() 

L: 
Z=o 

where q (qt) is the on-shell (off-shell) 3-momentum, Rz are 

the a priori unknown parameters that represent the radius of 

interaction of the Zth partial wave and the uz are defined 

by (see Figure A-6) 

uz(x) = 1 

(2x 2
) 

Oz (1 + _l_) 
2x 2 

where the Oz are the Legendre functions of the second kind. 

The functions uz(x) have the properties that: 

uz(x) ~ x 2 Z for x << 1 

One cannot use a similiar prescription for the baryon 

vertex since the BD prescription leads to complex valued 

cross sections. However, as an alternative we can use the 

Durr-Pilkun (DP) prescription which is an earlier version of 

the kinematic form factor model whose major difference is an 
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incorrect behavior at high t, .but which has the same 

behavior at small t as the BD model. 

According to the D? model, one modifies the TINN vertex 

matrix element by inserting a factor of (l+R2Q2V(l+R2Q2} 
n n t 

where Q(Qt} is the on-shell (off-shell) 3-momentum of the 

virtual pion in the neutron rest frame. The R is another , n 

parameter which must be determined as part of the fit. 

Physically it represents the interaction radius of a pion 

and a neutron in the proton bound state. 

We have fit our data with this prescription assuming 

that the Kn cross section is predominately P-wave. This 

leaves us with two phenomenological parameters: one, ~, 

to give the effective pion-nucleon P-wave radius: the other, 

~, to give us the effective Kn P-wave scattering radius. 

Permitting both to be free gives us the result seen in 

Figure A-:-7. 

f ·tt" d2cr 1 ing dmdt 

The data fit 

This is a 2-dimensional contour plot of x2 for 

for our data for jtj<0.5 binned in 400 bins. 

best to a lack of nucleon vertex factor and 

a Kn vertex factor of about 2.2 Gev- 1 which corresponds to 

an interaction radius of 0.6 ferrnis. However, from the con-

tour plot it is evident that the fit is not sensitive to a 

shift of ~ downward and a corresponding shift of ~ upward. 

If we use a value of~= 2.3 (Gev/c)- 1 as determined in 

other experiments (Trippe 1968), we find ~=0.60 represents 

the best x2 . This corresponds to a Kn radius of 0.26 

fermis. 
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Figure A-7. Contour plot of Chi-square as a function of 

RK and ~ the DP parameters. Number of degrees of 

freedom= 386. Innermost contour corresponds to x2 = SO Or 

and they are spaced at intervals of 50. 
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Th.ese figures also provide the explanation of why 

these parameters work so well in fitting experimental data. 

The curves of Figure A-6 are smoothly varying functions of 

~·qx. Thus both ~and ~n both primarily change the cross 

section by changing the slope. Therefore if either para­

meter is free, it can be chosen to fit the differential 

cross section. This is indicated by the manner in which 

the x2 is insensitive to shifts along the diagonal. 
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Appendix VIII. Dens.ity Matrix Elements 

A commonly used representation of the angular 

distribution is in terms of the density matrix elements. 

This formalism is exactly equivalent to a spherical har-

monic decomposition. It possesses the disadvantage that 

the numerical values are dependent upon the assumed maxi-

mum significant spin. The density matrix elements possess 

the advantage that they are more closely related to the 

dynamics. 

The standard form of the density matrix is a 

representation of definite total spin Z, and of mixed 

polarization m, so that the density matrix is of the form: 

= L: 
mm I 

jZ,m><Z,mlPIZ,m'><Z,m' I 

However in high energy physics where resonances are broad 

and sit above large backgrounds in different spin states it 

is necessary to generalize this formula. Thus the density 

matri x must be written as: 

L: 
l l' 

l: 
mm I 

jZ,m><Z,mlPIZ' ,m'><Z' ,m' I 

ll' where Pmm' is a tensor of rank 2 over the group SU(2). 
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The remaining problem is to understand how to evaluate 

<"l,mlPl"l' ,m'> in our particular case. We have a K7T state o f 

mixed spin and spin orientation which then decays to a K and 

a 7T. For any fixed Z and m, the amplitude to decay to 2 

spinless bosons is proportional to Yim(0,¢) and transforms 

like Yzm(8,¢) (where 8,¢ are the angles which define the 

direction of the Kin the K7T rest frame). By the Wigner-

Eckart theorm, we can write it as some constant times 

Yzm(8,¢). Therefore the matrix element <ZmlPIZ'm'> equals 

the expectation value of Yzm(8,¢)Yzmfce,¢). 

In our case, we restrict Z to be <l and then we can 

invert this expression to yield the angular distribution 

in terms of the density matrix elements, as follows: 

W(B,$)= !n [1 +(Paa-P11 J (3 cos 2 8-l)-3 Pl,-l sin2 8 cos 2 $ 

-312 Rep1 a sin 28 cos $ + 2,f'J Pas cos 8 - 2/6 Pls sin 8 cos .pl 
where 

P 0 0 + 2 P11 + · P ss = 1 and P s s = P ~ ~ ' P 0 s 
10 = P10 , and 

p = p11 as is conventional. mm' mm' 



- 213 -

Appendix IX. Phase Space 

Through the use of a Dalitz plot, one studies the 

structure of a matrix element through the deviations of an 

experimental angular distribution from the predictions of 

pure phase space. 

Let p.=(E. ,P.) be the four-momenta of the three final 
l. l. l. 

state particles in the process M+m
1

+m2+m3 , (where M2 =s) in 

the M center of mass. The differential invariant phase 

space is 

= o '+ (M-l:p.) 
l. 

3 

'IT 
i=l 

integrating over the energies (dE.) yields 
l. 

3 

d 9 R = o'+(M-l:pi) TI 

i=l 

next integrating over p 3 reduces the differential to 

d3pl d3p2 

2E
1

2E2 2E
3 

(1) 

Since the three body final state has only four dynami-

cally meaningful variables (neglecting stable particle spins 
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and the total energy) , .there remain two dynamically 

meaningless variables which must still be removed. 

Consider a coordinate frame in which the center of 

mass lies at the origin and particle 1 along the +z axis. 

Then defining P2 by the angles s and n of Figure A-8, the 

particle 2 differential becomes d 3 P2=P2
2 dcoss dn dP2 while 

the d 3 P1 can be replaced by parameterizing the possible 

orientations of the production axis P(d 3p
1

=P
1

2 dP
1 

dcosS da). 

Substituting these differentials into equation 2 yields 

p~p~ dcoss dn dco.s8 da dp1 dp2 

2E
1 

2E2 2E3 

Clearly a is not dynamically meaningful, and therefore should 

be integrated over and set equal to TI/2, yielding 

= o (M0
-P. 

0
) 

l. 

2TIP1
2 P2

2 dcoss dn dcosS dp1 dp2 

We now transform the integral to the variables 

El = (Pl 
2 + m 2) !.:! 

1 

E2 = (P2 
2 k + m 2) 2 

2 

E3 = (Pl 
2 + p2 

2 + 

by means of the relation 

2P1P2 coss +m )~ 
3 

.3(P1 P2 coss) 

Cl(El E2 E3) 
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figure A-8. The gene~~l 3-body coordin~te system. 



- 216 -

The Jacobian is easily found to be 

a (El 

3 (Pl 

So that 

pl 

E2 E3) 
:::; 

p2 cost,) 

3(P1 P2 cost,) 

3(El E2 E3) 

0 

0 

0 
IE 

l 
p2/ 

E2 

0 

= 

P1 + P2 cost, 

p2 + pl cos~ 

. pl p2 

E3 

Inserting this into the differential yields 

d 5 R = o(M0 -LP1°) ~TI dEl dE2 dE3 dn dcosS 

Integrating over E3 to eliminate the a-function yields 

TI 

d 4 R = 4 dE1 dE 2 dn dcosS 

which is a form of the irreducible dynamically meaningful 

differential. 

(3) 

To find the two dimensional differential of the Dalitz 

plot, we integrate over n and S to yield 

To put this in invariant form, we can use the relation 
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So for fixed s, dE3 = dm12
2 and the matrix element is 

which is the familiar result that the phase space is uniform 

on a Dalitz plot. 

From formula 3, we can also extract another differential 

of interest. Since the S dependence is just dcosS, the phase 

space is uniform in S. Note that since t = (p0-p1 ) 2 = 

m0
2 +m1

2 -2E0E1cosS (so dt: -2E0E1dcosS), in term oft, the 

differential is 

(4) 

Now integrating over n and a fixed t interval does not yield 

a uniform phase space. By integrating over n and E2 we 

obtain the following 

which is the unfamiliar phase space of a Chew-Low plot (where 

[ ( s-m 2 -m 2 } 2 -
23 1 
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Appendix X. t Channel Exchange Mechanisms 

Because of Lorentz invariance, the high energy 

behavior of any process must be describable in terms of 

the exchange of a spacelike quasi-particle. The analogy 

with quantum electrodynamics leads one to identify such 

pseudo-particles with the time-like stable and metastable 

particles seen in production experiments. It is then 

natural to select the relevant exchange mechanism by requir-

ing the exchanged object to conserve all possible quantum 

numbers (Q,S,B, and sometimes P,G, and C). 

Since the 4-momenturn of the exchanged object is 

spacelike, the mass squared is negative. Therefore one 

characteristic of the real particle which must be different 

for the exchanged object is its mass. A second character-

istic which is not simply related is the intrinsic spin of 

the quasi-particle, since the world line of such an object 
. 

is fundamentally different from that of a timelike particle. 

From perturbation theory, each amplitude has a (t-m 2
)-

1 

dependence (where mis the exchanged particle's mass and t, 

the momentum transfer, is negative in the physical region). 

Thus only the terms due to particles of lowest mass are 

significant. Among these some are more significant than 
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others because of possible differences in coupling 

constants. 

As an example, in the process of interest K-P+K* 0 N 

* (K forward) the significant exchanges are the non-strange, 

charged mesons listed in Table A-3; these being the lowest 

mass particles for the four possible combinations of P and 

G. For the related reaction TI-P+p0 N, G-parity is defined 

for the mesons and its conservation forbids p or B ex-

change since G h = G (-) xG (+} = -. No such simpli-exc ange TI p 

f ication is possible for the kaonic reaction since the K 

* and K do not have a defined G-parity. 

The B and A2 are generally neglected since they are 

such relatively high mass particles. 

p{or A2 ) exchange can occur only in the P-orbital 

angular momentum state, which contributes a term to the 

angular distribution of the form: 

a sin 2 e + b sin 2 e cos 2¢ 

Since a term of this type is not found in our data 

(see Section V-1) and is present in reactions thought t o be 

due to vector meson exchange, we conclude such terms do not 

contribute significantly. It is generally believed that 

this phenomenon is due to the smallness of the pNN coupling 

constant. 
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From the Regge model, a classification of different 

exchanges by energy dependence has been constructed. The 

classification is based upon the fact that if the Regge 

model is correct, then the energy dependence of the 

differential cross section is 

where a(t) is the Regge trajectory function. This implies 

that the energy dependence of the forward cross section for 

the various exchanges is as given in the last column of 

Table A-3 (assuming all Regge trajectories are straight 

lines with a slope of 1 (Gev/c 2 )- 1 ). Thus the s- 2 dependence 

of our reaction argues for a pion mechanism. 
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Table A-3. S=O, I=l Mesons 

. JP 
Energy 

Particle Mass G Dependence 

7T 140 0 s-2 

p 765 1 + s 
- 1. 4 l 

B 1235 l+ + 
- 3. 1 

s 

1\2 1300 2+ -1. 4 
s 
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Appendix XI. The Schlein-Mal'amud Factorization Hypothesis 

If events with small t are selected in reactions such 

- - + - - + as rr p+n rr n or K p+K rr n, it is commonly believed that the 

behavior of rrrr or Krr scattering can be extracted from the 

moments of the decay distribution. However, in these 

reactions, the a 2 , 0 decay moment does not reach the limit 

* predicted by unitarity at the mass of the p or K • So, it 

is necessary to introduce a set of renormalization para-

meters for the various moments. The Schlein-Malamud method 

provides a logical prescription for choosing such parameters. 

Their model consists of writing the amplitude to reach 

a final state containing a di-boson system with interval 

angular momentum Z and helicity µ and a nucleon with heli-

city A from an initial state with nucleon helicity A1 as 

KTI A1 A1 KTI Az (m,t) MZ,µ (s,t). Here Az is the off-shell amplitude for 

KTI elastic scattering at momentum transfer t to the Kn 

system and with internal orbital angular momentum l. The 
. A A I 

helicity amplitudes M7 ' are functions of total cm energy, 
(, I lJ 

t and the K7T invariant mass m. Parity conservation implies 

M~A.,~A.' = 
Z,-µ 

(-l)µ+A.+A.' M~'~ 1 • 
Z,µ 
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With this assumption, .the differential cross section 

for the reaction K-p+K-~+n (or K+n+K+rr-p) may be written 

as: 

d 4 cr = i: E 
2 +l 

- d 2 cr E E 
drndt dQrrrr AA' Z.,µ dmdt Z=O m=-Z. 

(1) 

The observable quantities in equation (1) have the following 

functional dependence on the A~7T and the helicity amplitudes. 

(2b) 

d 2cr yl > 1 (AKrr K'IT* . {-+ -+ -+ 
dmdt < Re = --Re A ) s • (pl - p )} (2c) 1 ~ s p -1 

d 2cr Yo 
2 

IAK7TI 2 . {I i?0 I 2- ~ c I i?1 I 2 1i?_112)} drndt < > = v'20rr + (2d) 2 p 

d20' 
/ 3 

1~rr12 {po yl = JI 2D1T 
+ + . 

dmdt < R.e > . (pl - p_l)} l 
(2e) 

d 2 O' y2 
;-6-

IAK7TI 2 . -+ + . 

dmdt < R.e > = II 207T {-pl . p_l} 2 p (2£) 
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In writing equations (2}, we have used the convenient 

two-component vector notatton (Schlein 1967) for the 

helicity amplitudes: 

+ (M+ + - + s = Mo ,OJ o,o 

+ (M+ + - + 
P1 = I Ml,l) 1,1 

+ (M+ + - + 
Po = Ml,O) 1,0 

+ + + - + 
p_l = (Ml,-1' Ml,-1) 

The A~~'s are defined as 

• ~ C i.. • f 3 A (m) 
= ./~ e 10 0 m) sin o

0 
--:i (m) + /r73 e 1 0 

(3a) 

(3b) 

(3c) 

(3d) 

sin o % (m) 
0 

(we neglect the T = 3/2 P-wave) . The T = 3/2 S-wave is 

taken from the World DST collaboration paper (Bingham 1971) 

and the P-wave is assumed to be a unitary Breit-Wigner with 

. a center at 892 Mev and a full width at half maximum = 50 Mev. 

One assumes the nucleon amplitudes are independent of meson-

meson mass and then the s-wave phase shifts and nucleon 

factors can be found. 
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Such a prescription has been applied to 7T-p+7T-7T+n and 

predicts an s-wave resonance, 0'(730) (Malamud 1967). In 

order to further test the model, we have applied it to the 

. - - + + + -
react~ons K p+K TI n and K N+K TI p. If the factorization 

hypothesis is correct, this pair of reactions must yield 

similiar phase shifts. Such a result is expected and found 

since the decay moments of these two reactions, displayed 

in Figure V-~ are, within statistics, the same. 

For a given reaction and a given K7T mass bin two 

solutions for the s-wave phase shift were found. Thus many 

* acceptable solutions to an overall fit to the K region are 

present. However only two solutions are continuous and thus 

physical. The S+M parameters are insensitive to which of 

the many s-wave solutions is chosen. The S-wave solutions 

are given in Figure V-9. 

One solution (the up} shows evidence for a S-wave KTI 

resonance at ~860 Mev. This ambiguous feature has been 

found in the reactions K+p+K+7T-~++ and K-N+K-7T+~-

(Bingham 1971) • 
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Appendix XII. The Froggatt-Morgan Method 

The fundamental assumption of the Froggatt and Morgan 

method is to assume that the nucleon helicity factors can 

be found by fitting the t dependence of the differential 

cross section and the moments. Thus the data are fitted 

using the same equations as in the S-M method (they are 

given in Appendix XI as equations 2a-f). However unlike 

the S-M method, they do not assume that the nucleon 

amplitudes are mass independent. Instead a prescription 

for the nucleon amplitudes is used. In this prescription 

the non-OPE contributions are parameterized using the Diu-

LeBellac helicity amplitude projections (Diu 1968) as 

follows: 

[ 
It 

+ --
s = R t+µ2 

rs 
0 

+ It" ' r~ 

+ p 
0 

= /3 R [It + 
t+µ 2 

/ l -_l] 
t t . min 

/

1 
t 

- _l ] 
t . min 
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[-R 
(~r and r~, r~, and ri are the 

a priori unknown parameters which characterize the non-pion 

exchange contributions. Although in general, they may be 

complex functions of t and IlJ<n' the successful highly con­

strained fits to TI-p + TI-TI+n (Scharenguivel 1970) with real 

constant r's suggests that the use of real parameters might 

be a valid approximation. 

The only problem presented by this formalism is its 

inability to reproduce the sharp t dependence of the dif-

+ + -ferential cross section for K n + K TI p we have therefore 

added an exponential t dependence to the parameterization 

(ea(t+µ
2
)). Thus the parameters used in Section V-E are: 

a ' 
r 0+ r 1 + r 1+ and 0 , 1 , 1 , 

+ a • 
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