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ABSTRACT

This thesis examines two problems concerned with surface
effects in simple molecular systems., The first is the problem asso-
ciated with the interaction of a fluid with a solid boundary, and the
second originates from the interaction of a liquid with its own vapor.

For a fluid in contact with a solid wall, two sets of integro-
differential equations, involving the molecular distribution functions
of the system, are derived. Omne of these is a particular form of the
well-known Bogolyubov-Born-Green-Kirkwood-Yvon equations, For
the second set, the derivation,in contrast with the formulation of the
B.B.G.K.Y. hierarchy, is independent of the pair-potential assump-
tion, The density of the fluid, expressed as a power series in the
uniform fluid density, is obtained by solving these equations under the
requirement that the wall be ideal,

The liquid-vapor interface is analyzed with the aid of equations
that describe the density and pair correlation function, These equa-
tions are simplified and then solved by employing the superposition
and the low vapor density approximations. The solutions are sub-
stituted into formulas for the surface energy and surface tension, and
numerical results are obtained for selected systems, Finally, the
liquid-vapor system near the critical point is examined by means of

the lowest order B.B.G.K.Y. equation,
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I. GENERAL INTRODUCTION

Whenever macroscopically dissimilar materials are in contact,
the molecules or atoms of one material near the contact surface in-
teract with their counterparts across the surface. These interactions
may give rise to important macroscopic effects. Examples of phe-
nomena where surface effects play an important role include phase
transition, nucleation, gas adsorption, behavior of solid state com-
ponents, fluid-gas interactions and various chemical reactions,

In this thesis we use the equilibrium statistical mechanical
theory of classical fluids to investigate liquid-solid interactions
(adsorption) and the surface characteristics of liquid-vapor phase
transitions, Because of the technological and scientific importance of
fluid-solid interactions and phase transitions, a study of these phe-
nomena is certainly justified. A rigorous statistical mechanical ap-
proach is employed so that the basic goal of predicting observables |
solely from a knowledge of intermolecular forces can be achieved.

The thesis is divided into two parts. In Part I we discuss the
liquid-solid and gas-solid interactions, with particular emphasis
placed upon the gas-solid interaction., Previous attempts[ 11,[2]
to describe gas adsorption have usually been based upon the kinetic
theory of gases - - an approach quite different than the one presented
here. A discussion of the advantages and disadvantages of the kinetic
theory method is presented in Chapter II. Past work involving a
rigorous statistical mechanical approach has utilized the so-called

B.B.G.K.Y. hierarchy. The B.B.G.K.Y. hierarchy is a set of



N equations involving the various distribution functions of statistical
mechanics for a classical N-particle system. Slight variations of
these equations were developed independently by Bogolyubov, Born,
Green, Kirkwood, and Yvon, The nth equation of the set involves
not only the nth—order distribution function, but also the (n+l )th,
Hence,a complete analysis of any problem would involve solving N
coupled,integro-differential equations, The B.B.G.K.Y. equations
are valid only if the pair-potential condition, Eq. (2.1), is satisfied.

In Chapter II we apply the B.B.G.K.Y. equations to the prob-
lem of a fluid interacting with a plane wall. Although the solution to
this problem has been obtained by Fisher (Ref. 3, p. 106), we be-
lieved it instructive to formulate the equations and the statement of
the problem in a manner paralleling the development of a different set
of equations, presented in Chapter III. These new equations have an
advantage over those obtained from the B.B.G.K.Y. approach in that
their validity is in no way limited by the assumption of pair-wise in-
teractions., They are, therefore, completely general. It is also
demonstrated in Chapter III that the solution of the new equations
reduces to the solution of the B.B.G.K.Y. equations when the pair-
wise interaction condition of Eq. (2.1) is imposed. From these solu-
tions one may calculate most of the important,measurable quantities
associated with the adsorption process,.

Part II is concerned with the liquid-vapor interface. Kirkwood
and Buff[4] , using the pair-potential condition, have derived formulas

giving the surface tension and surface energy of a simple fluid in



terms of the density and the second-order distribution function,
Numerical fesults have been obtained[4]  [5] from these equations
when the microstructure of the interface is ignored. In Chapter IV
we include, in an approximate manner, the effect of the microstruc-
ture and thereby improve upon these calculations,

The transition region has been analyzed by several

lel, (71,0 81,0 91,[10],[11]

authors using methods grounded in ther -
modynamical reasoning. The fact that the results predictedby such
methods compare poorly with experiment (at least when the system is
far from its critical point) supports the widely held opinion that
thermodynamic theories of the interface cannot accurately explain
interfacial properties. It has long been recognized that a solution of
the B.B.G.K.Y. equations,applied to the liquid-vapor problem,would
provide the necessary information about the transition region for a
system whose total potential energy can be expressed by the sum of
pair-potentials, The number of these equations must, of course, be
drastically reduced so that a solution can be found without reaching
the limit of present computational techniques, The sim.plest way to
achieve this reduction is to use the superposition approximation, first
introduced by Kirkwood, which approximates the third order distri-
bution functionin terms of a product of second order distribution
functions, Unfortunately, even this resulting system of two equations
is nearly impossible to solve.

In Chapter IV we extend the principles used to derive the

equations presented in Chapter III to the liquid-vapor problem. By



so doing, we derive a system of N equations that describes the
transition region when the vapor density is much smaller than the
liguid density. These equations, when simplified by the superposition
approximation, can be solved easily. The resulting solutions are
substituted into the expressions for the surface energy and surface
tension,and numerical results are obtained for the liquid-vapor sys-
tems: oxygen, nitrogen, neon, and krypton,

One of the more interesting aspects of the transition region is
the manner in which the density of the fluid changes as one proceeds
from the vapor side to the liquid side. The theory presented in
Chapter IV predicts the existence of a length scale that characterizes
the density variation through the interface, This characteristic
length depends on the liquid density, temperature, and the inter-
molecular potential, In particular, the length scale increases with
temperature, decreases with liquid density, and decreases with in-
creasing strength of the intermolecular potential. If infact, the
potential is too weak, no physical solution to the equations exists,
This result suggests that a dominant factor in the formation of two
phases is the existence of a sufficiently strong,attractive intermolec-
ular potential.

Finally, in Chapter V we analyze the liquid-vapor system near
the critical point, Because of the fact that the transition region be-
comes very broad as the critical point is approached, several
authors[ 1,0 9l,[10],[11] have used thermodynamics to describe

the resulting ""macroscopic' interface. Using the B.B.G.K.Y.



equations, modified by certain critical point assumptions, we re-

produce the thermodynamically derived results.



PART I

THE FLUID-SOLID INTERFACE



II. REVIEW AND MODIFICATION OF PREVIOUS THEORIES

A. INTRODUCTION

There exist various theories that attempt to describe the
interaction between a solid and a collection of fluid molecules*. Most
of these utilize the kinetic theory of gases at some stage in their
development, Thus, the actual dynamics of the molecules - - in
particular the molecular flux impinging on the solid and the corre-
sponding residence time of the molecules near the surface of the solid
- - is studied. To obtain reasonable results, interactions between
the adsorbed molecules must be considered, and it is this considera-
tion that inevitably leads to the use of simplifying models, For
example, the Langmuir theory[l] ,[2] attempts to include the effect
of these interactions by supposing that only one ''layer'' of molecules
can be adsorbed. Hence, the physical presence of adsorbed mole-
cules prevents others from being adsorbed.

It is obvious that an assumption of this type does not take into
consideration the complex nature of molecular interactions, Con-
sequently, we shallnot discuss at length the usual approach to adsorp-
tion; rather our attention willbe directed toward a rigorous, statistical

mechanical theoryofa simple**ﬂuid interacting with a plane,solid wall,

*Usually the density of molecules is greater near the solid than it is
far away. The molecules are then said to be adsorbed by the solid.

>mThe potential of the interaction between molecules of a simple fluid
depends only on the distances between the molecules.



B, THE B.B.G.K.Y. APPROACH

Previous attempts to construct a rigorous statistical
mechanical theory of a simple fluid interacting with a plane,solid wall
have been centered around the B, B.G.K.Y. equations for a non-
uniform fluid (Ref. 3, p. 98). Due to inherent complexities, the
search for a general solution of these equations, valid for any limit-
ing value of the fluid number density as the distance from the solid
approaches infinity, has not been successful. However, a power
series solution in the asymptotic fluid density variable has been ob-
tained (Ref, 3, p. 108), A series solution of this type is useful for
the low density fluid problem, but of little value for the treatment of
dense fluids - - much as the virial approach to the equation of state is
useful at low densities but not at high densities,

In the following sections we develop a power series solution to
our problem using a set of equations that can be derived from the
B.B.G.K.Y. equations, This task is undertaken for three main rea-
sons, First, the modified equations are of a form paralleling the
development of a new set of equations to be presented in Chapter III.
.Thus, one is ableto use similar solution techniques for both sets,
Secondly, we feel that the solution method used for the modified equa-

tions is more straightforward., Thirdly, the solution presented in

Ref, [3]is partially in error,

C. MODIFICATION OF B.B.G.K.Y. APPROACH

The following problem is posed. A fluid occupies the half



space z > 0, At z = 0 there exists a solid wall which exerts a force

on the fluid molecules given by - dI.(Ti(zz) /éz’ where /e\z is a unit

vector in the z direction. U(z) is the external potential applied to
the fluid due to the existence of the solid wall. We would like to solve
for the statistical mechanical distribution functions that describe the
fluid-wall system.

Beforewe construct the basic equations governing the distri-
bution functions, it is useful to cite some results from the theory of
uniform fluids which will be used as boundary conditions for these
equations., From the B.B.G.K.Y. equations for a uniform fluid, or
from a more general approach using the modified U-functions, (Ref.
12, p. 145) one can derive a power series expansion in the fluid density
parameter for the distribution functions associated with a uniform
fluid. The former method is valid only if the so-called pair-potential
assumption is satisfied. Namely, the total potential energy of a

system of N particles, @(31, 5 .EN),must be written as

N

R .;N)=§z ollz;-z;) (2.1)

where <p(lr.

A~

1_"1"’j l) = (pij is the intermolecular potential and x5 is the
position vector of the ith particle. The U-function method is thus
more general, In either case if n is the density of the uniform fluid,

then

2l s ) e (e s L iyl ; (2.2)



where n(‘]) is the jth-order distribution function (2 < j< N) for an

N particle system defined by

)
]
g
2
IH
\H

N)

() 4 1 5 vt
n= iz . . 'Ar’j)_(N-leN e d£j+1‘ - odry
(2.3)
and
-BRfE . . LTL)
1 b Y ~N
QN—WS‘e d’-{l. ..drN
Bis TII‘_ , where k is Boltzmann's constant and T is the tempera-

(h)

ture, For a uniform fluid n can only depend on the distances be-

tween the molecules so that we may write Eq. (2.2) as

“”(,ZP(r )= Z B Br, ) (2.4)
k=
h : ;
where r, == l,gz -"I-:ml and lr% (rlm) is an ordering operator allow-
ing £ to vary from 2 to h, and for each £, ordering the values of

m</{! from m=£-1 to 1, Thus, for example,

F(r IR W S e T .
m ' Im 21, 32, 31, 43, 42, 41

h
For h =25, nh( P (r, ) ) has redundant arguments since not
Im' Im

albthe 1t listed are independent. We shall, however, list all the

Im
Tym without loss of generality, Equation (2.4) is strictly valid only
in the thermodynamic limit: N o, V =~ o such that the ratio

N/V = n is finite, Hereafter this limit will be understood, Equation

(2.3) must be interpreted accordingly.
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For a nonuniform system of particles the B.B.G.K.Y. equa-

tions are

(h) . _{h)
kTVr.n ("1:1 « e .Al;h) = = N (51 - 'Eh)vr.c(,l:l g ’}:'h)
it o
“f (h+1) \
)(Vﬁiwi'hﬂ Hm (31 E '£h+1)d£h+£h'l’2 S
(2.5)
Again, (pij = (P(IE/i_AI:jI) is the intermolecular potential, I, is any
of ,1;1 C e oDy and
h h
1
i#j i=1

U(ri) is any external potential that is applied to the system. Due to

the plane nature of the problem, we may write

h
n(h)(zl. % .sh) =ﬁ&1)&pm(r£m)’zl’zz’ o L .Zh)t A (2,6)

(h)

where we have again included a redundancy in the arguments of n

for h2>4 with no loss of generality. If we specialize Vr to

~i

’éz_ -52— in (2.5) and for each value of h add together the several

i i
equations produced by allowing i to vary from 1 to h, we obtain,

with aid of the definition,

TThe A~ notation is used to indicate the change in independent variables.
It will be omitted hereafter.
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(h) h
S - T TR X AL ) IR S T L 7L LR
dn( )(zl) ) dU(Z1) nzlz (1) 1) (2)
kT dzl = =n" "z ) Tzl“ '5 rTz ® (1‘ )n (Zl)n (zz)g (rlz,zl,zz)d/gZ

for h =1 (2.7)

and for h 2> 2,

dU(z )
kT ) gom 0z). L e 40, Ll )éh)\

VA .
SH -

= -l )(z) (zh) Z,S B i, h+1)n(l)(zh+1)éh+l)d£h+1

i;h+1
(2.8)

2

whisss pie) = ) (h)
h

(im( £, m)

and the arguments of g are understood to be

PZy e zh). We have also employed the following:

h

2 B_z_k E P and alt )(51) — n(1 )(Zl)
if)

If Eq. (2.7)is usedto simplify (2. 8), one obtains

h
B Z

k=

tg™)= z S‘ Lhtl . i )n(l)(zh+1) [§B+)

i,h+1

A R Ndz,

(2.9)

(1) -BU(z)

If we define p(zl) by n : (zl) = p(zl)e ! andassume that the wall



P B =

-fU(z)

at z = 0 is ideal in the sense that e !~ H(z), where H(z) is
v 1 1

the Heaviside step function, (2.7) simplifies to

dp(z) P(Zl) S‘ B . @) y g 3%
—dz o kT :—I.'— @ (rlz)P(Zz)g (rlz, zl, ZZ) ’x‘:’l » ( . )
1 . 7z >0 12
2
and (2.9) simplifies to
h h iy
0 () _1 i, h+1 | (h+1)
Z 5, & '_k_z S. G o (73, p4y o2y N g
et 2 e N L
- " Th#
(h)_(¢) *
B By g oDl W (2, 11)

Equations (2.10) and (2.11) are not valid if p(zl) becomes infinite
for zl< 0. It is known, however, that p(zl) possesses discontinuous

derivatives if and only if the intermolecular potential function has

discontinuous derivatives, Even in the case when (Pij represents the
hard sphere interaction, p(zl)e d(Ref. 13, p. II-47), Therefore,
Eqgs. (2.10) and (2.11) are correct,

It is of some interest to examine the question of whether or
not the solution of Eqs, (2.10) and (2.11), subject to certain boundary
conditions to be presented in the next section, is identical to the
solution of the original B.B.G.K.Y. equations subject to the same

boundary conditions., This question is discussed in Appendix A,

"‘It should be realized that the operator 3——2 operates on rij(j¢i)
i

as well as on z, in the argument of g(h),
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Finally, we should mention that the expression

h

z % h)( B, b sy e

k=l

is the differential change in g(h)as the z values of all the h points in
three-space B~ vk are changed from z, to z, +dzo, while

the distances between the h points are held fixed. Thus, letting

z; = Z(i)+ z (i=1, ., . .h), we can use the chain rule and the fact

o
that
h
)
=0 2 m, L, m=1 h
LSRR TEe "
k=1 k
to obtain
3 h
0 h 0 0 h
9z, g( ) (sz +'5Zh )g( )(1P(1' )z, zy,)
1
k=1 Z.=Z 42 Z.=%Z.+z
i
d (h), b
= d_zo g( )(.z£(r1 ),z +z , zh+z )
(2.12)
Hence
o0
AT
3 = 8 (Irn(rlm)’z +zo, zh+z Mz =
o
(h), B
e g (P(r, )z, 2, )
(i=1 h) (h) h "
- g, B(r, ), 20, zp) (2.13)
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h
Consequently, if Z T)zl' (g h
Rl o
Z.=Z.+2Z
iT i o

z. =z +z for z >0 and fixed r , and if
i i o o L, m

lim (h)( P(r ) z,
Z. > 00 1

=1, . B

.« 2

h)

is known for all values of

is known for the same fixed Ty then from Eq. (2.13) we can

’

uniquely determine

g™, P(r PR

D. THE SERIES SOLUTION

A series solution in powers of the asymptotic fluid density

n 1is written as

00
plz) = ) ¥, (2)
k=1
00
(h)( P(I‘ ) zl, - v, .zh) :Z nkgl((h)( P(r
k=0

The boundary condition on p(z) is simply

p(z) *n as Z —*

m) 2
1

Examining Eq, (2.14), we see that Eq., (2.16) implies

pl(z)—>1 as Z ~* 0

pk(z)*O as Z —> 0

(2.14)

(2.15)

(2.16)

(2.17)
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The boundary conditions for g(lil) are obtained by comparing Eq. (2.15)
to Eq. (2.4) and using the definition of g(h). The result is

(h’( g li%m)+ 6P (B B(r, )) (2.18)

as

In particular, we now have in Eq. (2,13)

0

% h
b e Bz, .z = ) BB, )
(1 =1, . .h) k=0 (2.19)

We shallnow substitute Eqs, (2,14) and (2,15) into Eqs. (2.10)

and (2.11), and equate powers of n, For the kth power of n we

(h)

obtain a linear,first-order differential equation for P and 8y

volving Py g(h),ggh-H ),g(iz) for i =2, . . .k-1, Boundary conditions

in-

(2.17) and (2.18) will be used in the solution of these equations, For
example, by equating terms of order n in Eq. (2.10) and of order

unity in Eq. (2.11),we immediately have

= p(z)=0 (2.20)
1
h
9
2 o gf)h)=o i (2.21)
e S

Equation (2, 20) and boundary condition (2.17) require

plz)=1 . (2.22)
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By referring to the derivation of Eq, (2.13),we see that Eq. (2.21),

subject to boundary condition (2, 18), implies that

f)h)( e i85 . .zh)_C(h)( P(r, )) . (2.23)

By equating terms of order n®? in Eq. (2.10) and order n in Eq.
v g q

(2.11),we obtain, with the aid of Eq. (2,23),

dp?_(zl) 1 S‘ B :
= = - 2 2& ¢'(x )C2(r )dr, (2.24)
i z >0 12
2
h h ,
% & ih 1 B T h+1
5zk (g1( ))—_R-T 5 rfh 1¢(1h+1){c( )( P(lm))
k=1 i=1 >0 L &
Pht
(k), 2 (2)
- Co R (rg) )€, st Ny ., (2.25)

The results of Eq, (2.13) suggest that Eqs. (2.24) and (2. 25)
can be treated as first order differential equations (after the sub-

stitution z; = Z(i)+ zo) of the form

d
dz Y(a,z ) = Flo, 2 )
with boundary conditions
Y(a,zo)-’Yo(a) as z o 3

where o represents a set of constant parameters and F(oz,zo) may
be considered a known function, Consequently, Egs. (2.24) and
(2.25), subject to the given boundary conditions, have a unique solu-

tion, Proceeding in this manner, we can construct solutions for all



B

h
Py and gl(( )
In general the integrals appearing in Eqs. (2.24) and (2.25)
are difficult to evaluate as explicit functions of the Zi(i -3 PSS ) ¢

Thus, the solutions to (2.24), (2.25) must usually be obtained
numerically, We recall, however, that the B.B.G.K.Y. equations
are valid only if the pair-potential condition, Eq. (2.1),is satisfied.
By using Eq. (2.1), one calculates Cl(h) functions which,surprisingly,
permit Eqs. (2.24) and (2. 25) and the equations governing the higher
order terms to be solved analytically., Some of the Cﬁh) calculated

using condition (2.1) are (Ref. 3, p. 105)

~Be(r )
Wl -
-Be(r ) -Be(r_ ) -Be(r )
é )(rlzr23 r)=e e Pe il (2.27)
and
-Be(r ) -Be(r ) “Be(r_)
c(")(rn) g 12 gdgg(e B _1)(e 2 1) . (2.28)

Relations (2.26) - (2.28) enable us to calculate
0(z) ¢ Nr z,2) and p.(z)
2 S ST i o 3'71

Substituting Eq. (2.26) into Eq., (2.24) we obtain

dpz(zl) =y L S’ le (p.(r )e'ﬁ(P(rlz )dr
aZ B kT T 12 2
1 z >0 12
2
4 Belr )
5 ape (e 12 .1)dr
dz 2
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Thus,
z) = f(r dr +
pz( 1) S‘ (12) T
z>0
2
where o 1is a constant and

Polr,)

flr ) = (e 1)

12

However, boundary conditions (2,17) imply that

a = -S‘f(rlz) dr)z: —pl A

where (B is the first irreducible integral to be introduced in the
1

virial treatment of the equation of state, Therefore,

pz(z1) =S‘ f(rn)d'gz -ﬁx ’ (e

Z >0
2

Upon substituting Eqs. (2.26) and (2.27) into Eq. (2.25) we obtain

z -Be(r ) -Be(r )
1 2 z >0 13
3
z Be(r ) -Be(r_ )
" kLS' dzs ;7‘—3 <p'(r23)e 12 o e f(rn)

Z >0 a2

3

0 9 -w(rlz) g

(5? s ar, f(r ) £(x ) (2.30)

Z >0
3
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Equation (2. 30) implies that

-Be(r_ )
e mowiee 12 S' drf(r J(r ) +Glr )
z3>o

where G(rlz) is an arbitrary function of r,- Boundary condition

(2.18) coupled with Eq. (2.28) requires G(rlz) = 0, Therefore

d? e z,z)=e i S‘ dr f(r )i(r ) . (2.31)
z3>o

It is now possible to solve for ps(z1)' By equating terms of

order n° in Eq. (2.10) and using previous results, we have that

dp (z ) z
3y o 4 5l 12
~dz_ -~ kT pz(zl) g ¥ (rlz)e dz,
1 L3y
2

z -Be(r )
. -LT S r_lz <P'(rlz)e e pz(zz)dzz

z >0 12

2

-Bo(r )
o ki 5‘ q,'(rlz)e 12 {S‘ f(rB)f(rls)dEJ d£2

Z >0 z >0

el a
+ 5 5 £(x )(r ) 7 f(r )dr dr . (2.32)

220 220
) 3
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However,

9
S‘ S. f(rzs)f(rla) 51- f(rlz)d'l‘:z d'l:a
E -d— 5 S‘ f(rlz)f(rzs)f(rls)dzz dfs
zZ

9
- £
S‘ S' (rlz)f(rzs) o9z f(rn)d}']zdss 1 bt}
Z>0 z>0 .
2 3
Upon interchanging indices 2 and 3, we see that the last term on

the right hand side of Eq. (2.33) is equal to the left hand side of Eq,

(2.33), Equation (2.33) is therefore equivalent to

o]
§ S‘ H we 5;;— f(rn)dfl;z 5 =

zZ>0 zZ >0
2 3

1 d
2 dz_ S‘ S‘ f(rlz)f(rzs)f(rn)dSz d}‘,j ‘ (2.34)
% zz>o z3>o

Hence Eq. (2.32) simplifies to

dp3(zl) 4 (pz(zl)) 2 :
dz = az 2 + dZ f(rlz)pz(zz)dzz
1 1 1
zZ >0

2

.l

1 d S’
t f(r J(r Ji(r )ar dr
. Zz> o za> o

or
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(pézg)z
Py (zl) s d f(rlz)pz(zz)d};

7 >0
2

11
+ 7‘) S‘ f(rlz)f(r?.s)f(rl?’)d};2 d;e +y |, (2.35)
z

S0 2O
3

where y is a constant, From boundary condition (2.17) we see that

1 T :
TR S‘.) f(rlz)f(rzs)f(rn)dsz d£3 2 _ﬁz .

where B 1is the second irreducible integral occurring in the virial
2

theory of the equation of state. Adding together Eqs, (2,35), (2.29)

and (2, 22),one obtains

(z)—n+n{§ f(r )dr - }+n[4(5‘ f(r )dr -[31)

z>o z>o

S‘ S f(r )f(r )dr dr -(35‘ f(r )dr B

z>o z>o

IZS‘ 5 fr Ji(x )i(r )ar dr, -pz} + O(n?) . (2. 36)

z >0 Z >0
2 3

Likewise, adding together Eq. (2.23) for h =2 and Eq, (2.31),we

have

-Be(r ) -Be(r )
g(z)(rlz’zl,zz) g 12 4 ne IZS‘ dr f(x_)i(r ) +O(n?) . (2.37)
za>o
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It is important to realize that Eqs, (2.36), (2.37) and their
extensions to the higher order distribution functions are valid only if
the pair-potential condition, Eq, (2.1) is satisfied. If we want to con-
sider multi-body interactions, or if we need to generate expressions
like (2,36) and (2.37) where the only assumption involved is the intro-
duction of a suitable ;pproximate theory of the uniform fluid state,
then a completely general set of equations is needed. In the next

chapter we develop these equations,
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III. FORMULATION OF A NEW APPROACH

A. DERIVATION OF THE EQUATIONS

As a starting point for deriving a general set of equations
describing the fluid-solid interaction, we cite the definition of the q L

order distribution function in a suitable ensemble. In the Grand

Canonical Ensemble [1 4],

1

n(q)(zl. Lo Eg) = é N-q! S.exp{N()\+ﬁ[.L)-ﬁ<I>(’1;l, . 'EN)}quH-

208

q
(3.1)

where \ = 3/2 fn(2mmkT/h?), B = R-IT and U is the chemical potential,
0] 5 O S rN) is the total potential energy of an N particle system and
®y =

can be written as
N
=d
Br. . .pg=Pz. . .5+ ) Ul)
i=1

DR s rN) is the interaction energy of a configuration of N
1
molecules,and U(;;i) is the external potential that acts on the system.

Z 1is the grand canonical partition function defined by

0
Z :z ﬁl'r g exp{N(\ +B ) - ﬁé(};l. i '£N)}d£1' . 'd£N
N=1

Equation (3.1) allows us to study the effect of an infinitesimal change
in the external potential U(Ei) on the n(h) functions,

It is easy to prove that
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i )x ) = - poutzn ) + § sz ) a1y -0 g pal e e,

(3.2)
and
5n(h)(51. . .5h):(h)(£1. : .5h)'z -péU(z,)
(h+1) (h (
’Ly('ﬁw(iﬁhﬂ)){n AR T %54' cozghnMey e
(h=22) , (3.3)

where 6X stands for '"'infinitesimal change in'' X, By using the

definition,

ale, ) = lene ). Ll et ), (3.4)

one can transform Eq, (3.2) to
on iz ) = n(l)(;:)[-ﬁéU(s p# {arnle )(-;36U(;))(g“>(r,r)-1>J (3. 5)
1 1 1 2 2 2 ~ A~

and Eq. (3.3) to

h
5g(h) =§d~h+1 (1)(~h+1 { ik )(2/ (g(Z)(th’r ) 1)+Iﬂ( s
J:

et

(3.6)

where the arguments of g(h) are understood, If we now define

B U(z;)
p(’gi) = n(1 )(Ei)e i , Eq. (3.5) and Eq. (3.6) can be written as
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~p{z )
Sp(z) = plz) § d,r.zp(zz)(g(2 )(;,l,zz)-l )6[ e =1 (3. 7)
and
6g01%5f ’ ’£h):‘§ d£h+lp(£h+1){g(h+l%£f S SN

(h)

Yo stan)

~1

h
~BUE, ..}
1 '*’Z (g(Z)(£h+1 ”EJ )'l)ﬂ[ée 2 ].(3.8)
=1

Again we consider a semi-infinite fluid occupying the region
z > 0 bounded by a plane, solidwallat z = 0 and assume that the inter -
action of the wall with the fluid is due to the existence of a potential
field associated with the wall, To generate a new set of equations we
specialize Eqs, (3.5) and (3. 6) to the situation where 6U(ri) is
created by a displacement of the wall an infinitesimal distance dz
toward the negative z direction., Figure (3.1) is a graph of a typical
U(z) as a function of z, The dotted line represents the same function
translated to the left by a distance dz. The vertical distance between
the dotted and solid curves represents 6U(z), It follows that 8§U(z)

can be expressed as

5Tz} = Ulksden) ~ Tlz)'= %‘_i_(i) dz +O(dy .1 (3.9)

To calculate 5p(£1) and 6g(h)

(51. . .'I;h), we use the follow-
ing principle of-equivalence, The value of any function, with direct

physical significance, of the h points R N is unchanged when

Y1t is assumed that U(z) does not change as the wall displaces pro-
vided z 1is always measured from the wall.
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Pig, 3.1 A Typical U(z).
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the wall is displaced parallel to the z axis provided the coordinate
system used to evaluate ,.'51 . .I, moves with the wall. The above
statement can only be true to order 1/V, where V is the volume of
the system. Since the system is infinite, the principle must be exact,
unless one is attempting to describe a two-phase system. The reason

for this restriction will be made clear in Part II,

Thus, defining § = dez, we have that
5p(z) = plz+dz) - p(z) = 9(%)_ dz + O(dz) (3.10)

and

SRR e 1B e it e i L)

h
=>: v£kg(h)(51. . »2p 16+ OfdzY
k=1
h
=z az_k @z, . .zp)z +0@e? . 311
k =1

Substituting Eqs, (3.9), (3.10) and (3.11) into Eqs. (3.7) and (3.8),

we obtain, in the limit dz =0,

dp(z) -pU(z)

A S p(zl)fdgzpwz) (' ,z,2)-1) 5 e (3.12)
1

2

and
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h
9 h) b
2 9z, R P-TERES p!) =
k:]. :
S‘drhﬂ plzyy,)(8 [ (h+1)( ig o R Y
h
. -BU(z, ,.)
&) a h+1
(IP(r ) Zl, ol .Zh)(1+'Zl(é2)(1:j,h+l’zj’zh+1)"1) J zh+1e 5
J:

(3.13)

where we have used the notation of the previous chapter and where it

’ ) :
must be realized that oo operates on r., as well as on z; in the

ik
indicated arguments of g(.h)

If the wall is ideal, e ~pU(z) = H(z) and the expression
a'éz- e-pU(z) —~+6(z), where 6(z) is the Dirac delta function, Equations

(3.12) and (3.13) then become

dp(Z)
= -p(Z)S ds p(Z){g( )(r z,z) -1} (3.14)

(3.15)

We can use the divergence theorem plus the fact that the bracketed
expressions in the integrals of Eqs. (3.14) and (3.15) approach zero

for fixed, finite 51' 4wl ASor approaches infinity[14]to further

En “ht1
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transform Eqs. (3.14) and (3. 15) to

del=) : (2)
A 'P(ZI)S‘ dr, 57— (p(z )" (r ,z.2)-1)) (3.16)
. Z >0 -
2
and
h
. g h 0 h+1
qu (g )=-§ d£h+1r_zh+1 p(zhh)[g( )
k=1 Zh+1>0 "
_g(h)(l +ng(2)(rh+1,j’zh+1’zj) -1)ﬂ > 15, 17)
j=1

It is interesting to note the similarity between Eqgs. (3.16) and (2,10)
and between Eqs. (3.17) and (2.11).

Equations (3.16) and (3.17) together with the boundary con-

ditions,
p(zl)—’n as zl—>oo (3.18)
()2 L h, b
g M Bl Nors . sx e tiB b )
as %, - z

g e h %, Tym fixed ,

where g(L}j) is the modified hth- order distribution function of a
uniform fluid at density n, represent a general formulation of

the problem., Like Eqs, (2.10) and (2.11), Egs. (3.16) and (3.17)

are extremely difficult to solve for any value of n, We may, however,

again seek a series solution in powers of n, Thus, by substituting
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Eqs. (2.14) and (2.15) into Eqgs. (3.16) and (3.17) and using the
boundary conditions (2.17) and (2,18), we obtain a new set of equations
that is independent of the pair-potential assumption.

If the above equations are correct, the series solution of these
equations in powers of n, when condition (2,1) is used to calculate
the boundary conditions, must be identical to Eqs. (2.36), (2.37), etc.

This fact is demonstrated in Section C of the current chapter.

B. OBSERVATIONS AND EXTENSIONS

The equations described above can be used to give some
indication of the effect of the pair-potential assumption on non-
uniform systems, Practially speaking, this cannot be accomplished
until multi-body interactions are better understood, or until a suit-
able approximate theory of the uniform fluid state is extended to in-
clude nonuniformities , With respect to the latter possibility, we
expect that an integral equation for n(z) involving n(l) would
usually result., This integral equation, together with either Eq.
(3.16) or Eq. (2.10),could be solved by using a series solution
technique, A comparison of the two solutions would indicate the ef-
fects of assumption (2.1). Unfortunately, the usefulness of this ap-
proach is somewhat limited since the approximate theories mentioned
above are of value mainly in the regime of relatively large n, where
the series solution would converge slowly or might possibly diverge.

Still another aspect of the problem is the possibility of solv-

ing Eqs. (3.16) and (3.17) without using the series expansion
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approach, Obviously,the infinite set of equations must be terminated
and the easiest way to do this is to use the so-called superposition

approximation,

g(3 )(51’ Es5,) = g(z)(sl,gz)g(z)(gz,fe)g(z)(}gl,ga) ’ (3.20)

We would then have two coupled, nonlinear  integro-differential
equations in the variables p(zl) and g(z )(rlz, zl, Zz)' If, indeed, a
numerical solution of Eqs. (2.10) and (2.11) is possible using Eq,
(3.20), one would also expect a numerical solution of Eqs. (3.16) and
(3.17) to be possible. The latter would not be restricted to cases
where condition (2.1) is applicable,

Finally, we mention some possible contributions to the theory
of gas adsorption, In reality solid walls are not ideal. The potential
U(z) is such that the molecules are usually attracted to the wall.
Equations (3.16) and (3.17) as well as Eqs., (2.10) and (2.11) can
easily be extended to the case where the wall is non-ideal. Con-
sequently, one could solve, at least numerically, for the density
(h)

n(z) and the distribution functions g By computing

00
a :S‘ (n(z)-n)dz , R,
Z=0
we would obtain an expression for the number of adsorbed molecules
per unit area., For constant n, Eq. (3.21) yields the adsorption
isochore. If we express n in terms of p and T, we obtain from
Eq. (3.21) the adsorption isobar (for constant p) and the adsorption

isotherm (for constant T)., Since these quantities are measurable,
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their calculation is the aim of all adsorption theories,

The statistical mechanical approach is, in some respects,
superior to other methods because the former does not involve model
assumptions., In particular, the theory presented in this chapter is
rigorous if the potential field produced by the wall is known. This
would include taking into effect the surface irregularities that must be-
present on any real solid - - a task of enormous complexity, We
must also rule out the case where two phases, liquid and vapor, are
present, The reason for the one phase restriction is discussed in
Appendix A and involves the question of uniqueness., Practically
speaking, this means that for a given temperature, the pressure of
the system must be less than the equilibrium vapor pressure at that
temperature. Thus, if one is willing to accept the assumption of a
mathematically plane wall with perhaps some simple extensions to in-
clude the effect of surface irregularities, is satisfied with his know-
ledge of the potential field produced by the wall, i and is only interest-
ed in one-phase systems, then the approaches outlined in the preced-
ing two chapters are useful,

The equations developed above have advantages over those
developed in Chapter II. Some of these advantages, especially
those concerned with relation (2.1),have been detailed, When dealing
with adsorption problems, one is usually concerned with rather

complex molecules possessing several internal degrees of freedom,

“At present such knowledge is limited.
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The interaction potential is therefore quite complicated, The method
developed in this chapter seems to be more easily extendable to cases
involving such complicated interactions, The basic equations, (2.2)
and (2. 3),do not contain the two-body potential function and it is easy
to see that this will also be true of the extended equations, Thus, al-
though the integration over molecular coordinates becomes more
complicated, the complexity of molecular interactions enters only
through the boundary conditions, The B,B.G.K.Y. equations, how-
ever, explicitly contain the potential function and, in the general

case,appear more complicated.

C. SERIES SOLUTION USING THE PAIR-POTENTIAL CONDITION

We shall now substitute expressions (2,14) and (2.15) into
Egs. (3.16) and (3.17). Using boundary conditions (2,17) and (2.19),
where the C(zh) in (2.19) are calculated by using the pair-potential
condition, we shall then solve Eqs. (3.16) and (3.17) and show that the
results are identical to Eqs. (2,36) and (2. 37).

Equating terms of order n in Eq. (3.16), we find that

dp(z )
r i =0 (3.22)

dz e *
1

which, when coupled with boundary condition (2,17),proves that
3 323
p(z) ( )

3

2 and r’ in Eq. (3.16) and using condition

Equating terms of order n

(3.23),0one obtains
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dp(z) & 9 {3
BY, . 2 i
£t =-) 4, 5 @ ,z.z) - 1) (3.24)
* z >0 g
2
dp () dpfz) 5
3L 2T 2 N
T omefe) 2t - ar po [l z,m)-10p(2)]
1 1 z >0 2
2
8 ,(2)
_S. d£z 32— &, (rlz, zl, zz) N (3..25)
z>o0 2

Likewise, by equating terms of order unity and order n in Eq. (3.17)

for h = 2, and order unity in Eq. (3.17) for h = 3,one finds that

) 0 (2) il
5zt o9z, R e .
1
5} d 2 3
(gz— v (gf )(1'12, g Zz)) = ‘S‘ d}',j {gf) )(1'12: Bk B Za)
’ - Z >0
3
2 2 2
e z,2) @8 Lm,m) 46l 22 )-10) (3.27)
and
9 0 9 3
(le ! azz ; 8z3 )go(rn’ M Z3) ca AT iad

The relevant boundary conditions,derived from Eqs, (2.17) and (2.19),

are

p(z)—>0
sk as 2z —>oo (3.29)
p3(z1)°>0

(z) -qu(rlz) . ’
o (rlz,zl,zz)—’e as zl,zz-*oo , for fixed rlz 5 A0 )
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TR hL e

o 12 By s e e e

ag -z %% *eo  forfizxed. v ,¥ .1 (3.:31)
152 3 12 23

and
Be(r )
g1(z )(rlz’ ¢ zz) i 4 g dfgf(ru)f(rm) 4

as. Z, T ™G, T fixed (3. 32)
12

where
Bo(r )
flr )= (e 12 .1)
12

Recalling the methods used in Chapter II,we immediately have

-Be(r )
g(()z)(rlz, z,2)=e 12 (3.33)
and
p(2) 5‘ fx s <P . (3.34)
Z >0
2
where
Bl i gf(rxz)dzz 4
and

-Be(r ) -Be(r ) -Be(r )
g((: )(rlz, rza’ r“, zl, Zz’ z3) =e o B s o (3.35)

By using Eqs. (3. 33) and (3, 35), we obtain from Eq. (3.27),
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f

&) g 1. 12) , _S‘ 9
5 Ao (2" e 2,2 )) = [@[(f(rlz)ﬂ NE(r JH1)(E(x )41 )J

z >0
3

' 9
~(1+(x )) 5% (f(r13)+f(r32)+1)}d;3 . (3.36)

Since
-Be(r ) -Be(r_) -Be(r )
- %(e 18 B 1y
3
-Be(r ) =Be(r ) -Be(r )
1 2
and
N L Mg s 7 e vy e P
3_53_ 13 2 N 52_1 Fz 13 23 ;

the solution to Eq. (3.36) can be written as
-Be(r )
(2),. add® g
v = dr £ f + 3
gl (r1z g zz) . 53 (r13) (rzs) G(rlz)

Z >0
3

where G(rlz) is an arbitrary function of T Boundary conditions

(3.32) imply that G(rlz) = 0, Thus,

-Bo(r )
gl(z )(rn, z,2)= e 12 S' drf(x Ji(x ) . (3.57)
z3>o

We can now write Eq. (3.25) as
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dp (z) dp (z) d 4
3 2
dzl1 3 pz(z1) dzll = dZ1 gdzzpz(zz)f(rlz) ) ‘ngzf(rlz) a?(pz(zz))
4 5 [ -Belr)
_5 df oo e S drf(r Ji(r ) . (3.38)
zz>o % z3>o

However,

-Be(r )
_S‘ drz Fg__{e 12 S‘ d£3f(r13)f(rz3)}

7 20 # zZ >0
2 3

f i (] o] 2l e
>

z o 2L zZ >0 Z >0 22 >0
3 2 3
. -5 de o [f(r )g drf(x )i(r )} S p,(z,)
Z: 20 & zZ >0 Z 20
2 3 3
(3.39)
sz_U' dr g dzf(r Ji(x_)i(r )J
! >0 7 20
% 3
+§ drf(r )g f(r )f(r )
Zz >0 z >o
2
d
+§ d}:}f(rn) P pz(za)-.S‘ drf(r )S‘ drf(r )-a—f(r ) (3.40)
z}>o £ z2>o z3>o

A comparison of Eqs. (3.39) and (3.40) indicates that Eq. (3.39) is
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equivalent to

! n d
- drf f ! +
5 S (g» dEZ 5‘ % (1'12) (1‘23) (1‘13) ) d,{}f(r”) 3 P (z)

1 2z >0 zZ >0

2 3

Therefore, we may write the solution of Eq. (3. 38), subject to boundary

condition (3. 29), as

(p (z))?
ps(zx) ¥ _2—2_; +S‘ dr f(r )p (z g S‘ § rlz)f(ra)f(ru)_ﬁz

e z>oz>o
2

where

" - '
2 S‘S‘dszdréf(rxz)f(rls)f(rz3)

Adding together the results of this section, we see that rela-
tions (2. 36) and (2. 37), derived from the modified B. B. G. K. Y.
method, have been duplicated by the current, more general method
when condition (2. 1) was imposed on the latter. In Appendix B we
derive Eq. (2.36) by using a different approach based on a functional
expansion technique developed by J. K. Percus (Ref. 4, p. II-54).

In reference to the adsorption of a gas by an ideal, plane wall,

we may note that when condition (2. 1) is accepted,
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Q
1

0
(n(z)-n)dz

z=0
©

= —mn? g‘ r*f(r)dr + O@n®) . (3. 42)

A o

Or, anticipating that f(r) = g(-ai) , where ag is a length scale factor
o
of the size of a molecular radius, we find that Eq. (3. 42) becomes

o0

a = n2a06 {- UL ydxfg(x)} + O(n3a2) : (3. 43)

Finally, we should remark that Eq. (2. 37), evaluated at z = 0,
1

yields
y B 2 3
n
p(Z:O):n-nz_.ZL-_?)__Bz+.'." (3.44)
which, for the first three terms, is identical to the series 12%

expanded in powers of n (the virial equation of state). Actually, the

equation

p(2=0) = &

can be derived by using a different method (Ref.3, p. 109).
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PART II

THE LIQUID-VAPOR INTERFACE
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IV: THE GENERAL LIQUID-VAPOR INTERFACE

A. THE THERMODYNAMIC APPROACH

Due to the complexities associated with a statistical mechan-
ical study of nonuniform systems, most attempts to describe the
liquid-vapor interface have, to some degree, employed thermodynam-
ic concepts and reasoning. The pure thermodynamic theory, initi-
ated by Gibbs and refined by Tolman[é] , was the first attempt to
describe surface phenomena, Tolman is careful, however, to empha-
size the difficulties associated with the presence of thermodynamically
undefined functions in his theory. Another approach involves the use
of a free energy density for nonuniform fluids. This method has
been used extensively to describe the interface near the critical point
and will be discussed in Chapter V, The last basic approach was
developed by Hill[ 7] and involves finding an expression for the chemi-
cal potential of the liquid-vapor system, Hill adopts the
van der Waals description of the uniform fluid state and then general-
izes this description to include nonuniform fluid regions, For a

van der Waals fluid,

v=In[60/14+6] +[6/1-6] - ab (4.1)

where

[u-p°(T) - kKT Ln(kT/b)] /KT

<
1

6 =NbN =nb , a=2a/bkT |,

a=¢b b:21r(r>'<)3/3
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Here, u is the chemical potential of the fluid, a and b are the
standard van der Waals constants, N is the number of molecules, V
is the volume occupied by the fluid, and p.o(T) is a function of T
only, The quantity -o8kT is interpreted as the interaction energy of
a given molecule with the rest of the molecules. The intermolecular

potential is taken to be

P(r) = - ¢ Er— r>r
(4.2}
=+ o0 T r*
and the radial distribution function is taken to be
g(r) =1 r>r
(4.3)
=0 r< r>'<

Hill suggests that Eq. (4.1) can be generalized to apply to a non-
uniform fluid by changing o appropriately and letting 6 —6(r),
where 6O(r) = bn(r). The quantity -o6 is replaced by &(r), where,

specializing to a plane interface problem,

0 T 2T .
&(z)kT :S‘ § S‘ ¢(r')n(z+z')r'?sin 6'dp'dd'dr' . (4.4)

o G
®(z)kT is the potential energy of interaction of a molecule at z with
all the rest of the molecules under the assumption that Eqs. (4.2) and

(4.3) are valid. The requirement that u is a constant for phase

equilibrium implies that v is a constant for a given temperature T,
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Equation (4.1), modified by

6 =+06(z) = n(z)b
and

-a6kT = &(z)kT ,

where ®(z)kT is given by Eq. (4.4), reduces to an integral equation
for n(z) when v is set equal to a constant. For numerical calcula-
tions Hill uses Tonks' equation of state for a gas of hard spheres
instead of the van der Waals equation but treats the potential energy
term in the same way as above., To calculate the surface tension, he

[6],

uses an expression derived by Tolman

)
o :S. (p-p'(z))dz . (4.5)
-0

p is the pressure of the system,and p'(z) is a generalization of p
in exactly the same way that |y is generalized. The surface energy,
a well defined quantity involving only the potential of interaction, is
also calculated, Table (4,1) compares Hill's results for argon at
90°K with thoée obtained from another method developed by Kirkwood
4]

and Buff[ The latter method will be discussed in detail in the next

section,

It is clear that Hill's approach involves assumptions that are
difficult to justify. In fact, the assumptions present in Eqs. (4.2)
and (4.3) are simply not valid., We also note from Table (4.1) that
there is considerable disagreement between the experimental results

and those calculated from the theory. Thus, one is certainly
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encouraged to investigate the problem from a different viewpoint.

TABLE 4.1

Argon, 90°K

Kirkwood
Hill[ 7] and Buff[4] Experiment[4]
o(ergs/cm?) 6.0 14,9 11.9
Es(ergs/cmz) 19.0 27.2 35

B. THE KIRKWOOD-BUFF METHOD

The discussion in Section A of this chapter demonstrates the
need for a statistical mechanical theory of the liquid-vapor interface.
The first attempt in this direction was due to Fowler, He derives[15]
expressions for the surface tension and surface energy under the as-
sumption that a step interface separates the two phases, A more
complete description is given by Kirkwood and Buff [4] which, in
principle, eliminates the above restriction. Since their method plays
an important role in obtaining the numerical results found in Section
D of Chapter IV, a summary and extension of the method are pre-
sented below,

Consider a plane interface with the z-direction normal to the
plane of the interface. Under the assumption that the pair-potential

condition of Eq, (2.1) is valid, one can derive the following expres-

sion for the force acting in the x-direction across a strip in the (y, z)
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plane of unit width in the y direction and extending from - 2{ to é

in the z direction:
y

£
3 2 L 2
sl (1) 15‘ g;z eyl
Zx — kTS‘ n (zl)dzl + > dzl[ il (rlz)n (zl’}:’lz)drﬁz
) J 12
= e

(4.6)

where n(l)(zl) is the density or first order distribution function as

(

2 ! ; ; ; ;
in Chapter II, n )(zl, r1z) is the second order distribution function,

r is the vector between points r and r, r is the distance be-

~12 1 2 12
dfp(rlz)
tween x and 52 and qo'(rlz) el e is the derivative of the inter -
12

molecular potential., Obviously,

2
2

Zx = -S‘ p'(zl)dz1

)

1

where
() 1 (%, (2)
1 - 1 P __1_2 1 2
< (zl) = kTn (zl) 5 g il 2 (rlz)n (zl,glz)dglz 4 {4,7)

12

From the mechanical definition of the surface tension, we must have

©
o =S (p-p'(z))dz (4.8)
-0
where p is the thermodynamic pressure of the system, If the pair-
potential condition holds, the pressure of the system may be written

in two equivalent forms (Ref. 3, p. 48):
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p=kk - %§r1gp'(r1z) é )(ru)dﬂlz (#.9)

(&Y o

poita - {x ot e yar (4.10)

where the subscripts £ and v refer to the uniform liquid and uniform

vapor states respectively: It is convenient to define the functions

(Z)

n,. and n, as
nlv(z) = (1 -H(z-zo) )nv + H(z-zo)nl
(4.11)
n;:,-)(z"l‘"xz) = (I-H(z—zo)) nf/z)(rlz)+H(z—zo)néz)(rlz) :
where
1 z> 0
H(Z) =
0 z<0

The surface z =2z is an arbitrary Gibbs dividing surface. There-

fore, p can be written as

p = kT (z) -B- S\r ¢'(r )lv)(fqz’zl)dfqz 2 (4.12)

Substitution of Eqs. (4.12) and (4,7) into Eq. (4.8) yields

2

(1) d B (2)
g = -0 KT + 75\ % cp(r JTe (z Mz (4.13)

3

n, is the uniform vapor density and n, is the uniform liquid density,
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where
L
I"S ) :‘S ns(zl)dz1 3 .
A (4.14)
(2) L 2]
s (r1z):) s (Zl”{lz)dzl i
-0
and
n(z)=n")z) -1, (z)
s'71' T A vy
2 (4.15)
n(SZ)(Z"I:'lz) - ol )(Zl’ E’lz)-nés)(zf 'I:‘lz)

I‘(sl ) is the Gibbs superficial density relative to the surface z = Z .
One can see from Eq. (4.13) that o is independent of z.

If the pair-potential condition is satisfied, the functions

n(h)(r et I f/h) must satisfy the B.B.G.K.Y. equations. In particular

~1
(1)
dn' ‘(z ) 1 z
) 12 1 (Z )
_—_dzl =+ T S —rlz ) (rlz)n (rlz, Zl)d£1z (4.16)

or, because

‘S‘z f(r }dr =0
; 12" 1 ™12

for arbitrary f(rlz),

dns(zl) ; 1 VA
o = (myny Bz oz ) + 3";1_;_ o il
12

1 12 8 )d

» L r
j s S )

Multiplication of Eq, (4.17) by (zl—zo) and integration from z = -0
1

to z = + 0 gives
1
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o0 0
(; dns(21) 1 %12 (2)
- ——— — c— ——— ' -
5 <Zx ZO) dz dzl T g3 7 (r12)5\ (Z1 ZO)nS' (zx’}'rz)dzld};xz ¢
. 1 1 12 =

or
5 r d((z -z )n (z))-n (z)|dz
Ldz Ao - | 8" 1
—w 1
. )
_ _}.S‘_I_Z- ! g P o8
=gp) 2 er) ) (z-z g Nz,z )dzdr
12
-00
and by assuming lim 2z n (z)—>0, we have that
S 1
Zl-’+oo
or z —> -0
1
(1) 1 yzn (2)
P s e A IR I
o T RENE T (r Mg (ﬂr,u)}1 dr . (4.18)
where
*]
(2) 3" R
=) 2z n e x ez (4.19)

-0

Substituting Eq. (4.18) into Eq. (4.13), we obtain

12 12

1 (2) % i)
5 e et il I T
o Srlz @ (rlz)[zn{ i (;12)}1+ =% r Nz )|dr : (4.20)
The Gibbs surface energy is, by definition,

1 (2)
Es = > S (p(rlz)l"s (£1z)d£1z L (4.21)

2
where Z in the definition of l"g ), is determined by the condition
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Z

(] 0
~

5 (n(l)(zl)—nv)dz1 + S (n(l)(zl)-njz)dzl =0

=00 VA
o]

In other words, z is chosen so that I‘(sl) = 0.
Thus, 0 and E_ can be determined if al! )(zl) and n(2 )(zl,;; z)
1
are known, Unfortunately,these functions can be determined only by

solving the B.B.G.K.Y. equations, Progress can be made, however,

(

5 2
if one assumes a particular n 1)(zl) and n( )(zl, ’1;12) and then sub-

stitutes these quantities into Eqs. (4.20) and (4.21). The step inter-

face model is defined as

n >0

n(l)(z):<
1 n z < 0
-V 1

(4.22)

b >0 >0
gl (rlz) Zl ’ z

<0 S0,
gin J¥ fm il Na

(z) al )(zl’ £12)
g (zpx) = S gy = " 4.23)

< >
gzv(rlz) z 0. , z >0

glv(ru) zl> 0, Zz< 0

where z = 0 is the position of the step interface. If we choose
1

*If n(1 )(z) and n(Z zz,}: ) are related by Eq. (4.16),then o, as
expressed1 by (4,20),151 iriflependent of z,. For the step model,

o is likewise independent of z,. For a general model, however, o
will depend on z. This problem is not present in the expression for

the surface energy, Eq. (4.21),
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Z . =0 {I‘(Z )(r )}. and I“(.Z)(r ) can be calculated from relations
= SR B 8 g

(4.22) and (4.23). Substituting the results into Eq. (4.20), we obtain

0

- gg rfo'(x) {(n,Pg,(r) + (n Pg (r) - 2nn g, (r)}dr . (4.24)
(0]

Since z = 0 is the surface where l"(sl) = 0, expression (4.21) for

the surface energy, with the step interface assumption, becomes

0
el
E,=- 3 ) Pofinglfelr) + (o fo () - 2nn g (r)}dr . (4.25)
o
[4] v
Kirkwood and Buff assume —— « 1 and,in the low vapor density
.
limit,obtain
L
o = g (nl)Z'S r4<p'(r)g1(r)dr (4.26)
o
Q0
™ 2 (" 3
E,=-F (P ) Polrlglrlar . (4.27)
o

Equations (4.26) and (4.27) can be evaluated if the intermolecular
potential and the liquid pair-correlation function are known, Table
(4.1) contains the results calculated from Eqs, (4.26) and (4.27) for
Argon[ 4] at 90°K. Shoemaker, Paul, and Marc de Chazal[S] have
recently evaluated Eqs. (4.26) and (4.27) using more accurate gl(r)
data for several simple liquid-vapor systems, Their results com-
pare favorably with experiment and will be presented in Section D

of this chapter.

An interesting problem concerning the two expressions for the
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surface tension, Eqs, (4.20) and (4.13) exists., Instead of substituting
Eqgs. (4.22) and (4.23) into Eq. (4.20) and evaluating the surface
tension, we could just as easily substitute these relations into Eq,
(4.13). One then obtains, for the low-vapor-density approximation,

00
g = - g- (nI)ZS‘ r*cp'(r)gz(r)dr y (4.28)

o
or exactly the negative of Eq, (4.26). Since the surface tension deriv-
ed from Eq. (4.26) is usually close to the experimental results, one
must conclude that the surface tension values derived from Eq. (4.28)
are nonphysical . Fowler[IS]computes the surface tension for the
step interface model (low vapor density) by defining the surface ten-
sion to be one half the work of adhesion between two columns of liquid
phase of unit cross sectional area, His results are identical to those
derived from Eq, (4.20) when the same approximations are employed.
Since the two definitions of the surface tension must be compatible,
one must consider ¢ as defined by Eq. (4.,20) to be the proper expres-
sion to use with model assumptions like Eqs. (4.22) and (4.23), As a
final remark, we should note that Eq, (4.21) for the surface energy is

free from any such ambiguity,

C. STRUCTURE OF THE INTERFACE

The structure of the liquid-vapor interface can be determined
if the distribution functions of classical statistical mechanics are
known, The most commonly suggested method of solution involves

solving the B.B.G.K.Y. equations under the superposition hypothesis,
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Eq. (3.20), The solution of the resulting system of two equations is
extremely difficult and must be accomplished numerically. To our
knowledge, no solution has been obtained for a nonuniform problem
such as the liquid-vapor interface,

There exists another set of equations, mentioned in Chapter
III, that will prove useful in dealing with the liquid-vapor interface.
We have derived a set of equations describing the infinitesimal change
produced in the various distribution functions by an arbitrary,infi-

nitesimal change in the external potential function. Recall that

61’1(1 )(:{ll) = n( 1 )(sl{( -B 6U(£1))+ Sv d’l:’zn( 1 )(£2)(g( Z)(sl 52)_1)(—5 6U(£2) ):J

(3.5)
and y h
5g®) :5 d£h+1n(1)(£h+1){g_(h+l)-g(h) | (g(-’-)(z][1+1 X1 )} (- U(z, ., ))
5 (3.6)
where

n(h)(gl. . .gh)zn(l)(gl). y .n(l)(};h)g(h)(}jl. .oz

Equations (3.5) and (3. 6) will now be applied to a particular two-
phase problem described below. A liquid-vapor system is contained

in a very large box with ideal walls. We assume that a plane inter-

face exists between the liquid and vapor phases, located near =z i

%

where z is the point of inflection of the density profile. An ideal

wall is located at z = Z bounding the vapor phase,and another ideal
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wall, bounding the liquid phase, is at z ~w. The distance z - z,
is arbitrary and can be made as large as desired., A qualitative
picture of the density profile is indicated in Fig, (4.1). Notice that
near the wall located at z = Z s the vapor density changes from its
asymptotic value. An interesting set of equations results from Egs.
(3.5) and (3. 6) if the change in the external potential corresponds to

a displacement of the ideal wall, located at z = z, an infinitesimal
distance dzo in the minus z direction,

The density must change in response to the displacement of the

0

wall, We assume that the density profile in the region near 2"
translates a distance :TT’ dzo in the positive z direction when the
wall is moved an infinitesimal distance dzo in the negative =z
direction.} This assumption implies that the structure of the inter-
face is independent of the volume of the system at a given tempera-
ture ,and that the total number of particles contained in the changing
volume is a constant, If the microstructure of the interface and, in
particular, the density profile changed in a more complicated man-
ner, then the surface tension and surface energy would in general
depend on the volume of the system. This dependence is certainly
not observed. One might also note that the assumption above is

not true near z =z, since the analysis in Chapter III

demonstrated that the density profile near the wall translates a

distance dzo in the negative z direction, Thus,

TWe have assumed that nV «nl.
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Fig. 4.1 The Density Profile
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6U(z) = U(z+dzo) - U(z)

dUu
5= (z) dz_ + O(dzg)

and by assumption

(1) L < (1)
oh z) =n (z)— E;L dzo -n' z)
1) \n

= - dndz(Z)?Z dzo +O(dzé)

Equation (3,5), with the substitution

p(z) = n(l)(z)e BU(z)

becomes
n, dp(z) qa ~BU(z)
n;z dzl = - p(Z)gdr (g (xl, r) -1e(z) @ e QR ¢ N

and with the ideal-wall assumption, Eq. (4.29) simplifies to

dp(Z)
L etz | sy -1 (4.30)

s 3 "‘2
1§

N.':'>|<!3

Z =2
2RO
where the surface integral is over the surface of the wall and p(z )

is the density at the surface of the wall (p(z) = n(l)(z) for zZi> % ')

From symmetry, we have that

(r r)-l—f()zzg) ,

~1 N
where

gl: g (1’:7. -31)'(52 —};1) g (zz -21)z
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Equation (4.30) therefore becomes equal to

0

n_ dp(z) e )
% o =~ plelele,) | 2ek 8 £ Hz.2 06 0k (4.31)
: o]

Equation (4.30) or Eq. (4.31) illustrate an interesting property of the
function (g(z )(El,,z;z)-l) for a two-phase system. For the usual one
phase system, g(z‘{gl,,{"z)-l -0 as f£1-£z| =+ -(Ref.13, p. 11-39).
The function g(z)(,l_'i, r) is said to approach unity beyond an effective

correlation length. Since (z*-zo) can be as large as desired and

gf%ﬁ) is finite, Eq. (4.30) implies that no effective correlation length
exists for this two-phase system.

The dependence of f(z)(zl, zu,glz) on §12 can be examined by
using a simple physical argument. Suppose that the volume of the
system is bounded by the fight circular cylinder, x*+y?= Rf),

z <z < o, instead of having infinite extent in the x and y directions,
RO is of macroscopic dimensions, and we shall later take the limit as

Ro =0, . The interface at @ = zl will remain plane for any values of

x and y except near the boundary, x2 +yz = R; . If we focus attention

on the z dependence of the density when x =y = 0, the same analysis

as before will lead to the equation,

n_ dp(z) nRO
(2)
S s :-p(zl)p(zo)5 L Sl T (4.32)
o

n, dz1

Suppose now that the wall at z = z, is constructed with a movable

circular piston of radius R, where R < R,- If the piston is
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retracted a distance dzo, then the density profile must translate to

n 2

the right a distance, n—v dzo TT—RZ In this case the equation for the
4 TR
o

density profile when x =y = 0 is

v wR? dp(Zl) e, i @)
q E‘;‘ dZ1 3 -p(zl)p(zo)j 2.n'glzdglaf (zl’ 2o {;12) ; LAk
o o

Since p(zl) is the same function in both Eq. (4.32) and Eq. (4. 33),

we must have thatR

5 g'1zd‘§12f (Zl’ zo’glz)

R" o
e ) {4, 34)

B* fe)
(2)
§ g1zdg1zf (Zl’ Zo f;12)
(o]

(e]

where R is arbitrary. Equation (4.34) can be satisfied for arbitrary
R if and only if f(?') does not depend on §lz. Equation (4. 32) there-

fore simplifies to

n_dp(z)
e i G IR LR CYER B (4.35)
1

where Z)O is the area of the wall at z = Z . In particular, one is
interested in the situation when the vapor density is small, From our
discussion in Chapters II and III, we know that the gas density at the

surface of an ideal plane wall is of the form

plz ) =n_+ O(nf,)

so that neglecting terms of O(nv)z, we can write Eq. (4.35) as
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dp(Zl) (2)
- :-p(zl)nzZof (zl, zo) N (4.36)

1

We must now determine the function, f(z)(zl, Z )= g( )(r Tl

iy
Simplifying Eq. (3.6) by using the superposition approximation,

( )(N1 L ~3) = g( )(r X ) g( )(r r ) g( )(/1;2,}‘1), and specializing to plane

symmetry, we have

(2) d. e
A s S g(,r,l,gz)) dre(z)eg(z, r)-1)g(zx,, )-1) T, (e )z
(&, 3T)
If the wall is ideal, Eq. (4.37) becomes
( )( ok
£ = glr, zlplz, )5 ds(eg(r,z)-1)elz, £)-1) . (4.38)

O
o

z =2
By examining Eq. (4.38) when "1:1' 'Ez are both near the interface region,

one can obtain an equation describing the change in g(r ,r ) when
i

z =z , z=z . Likewise, when r is near the interface region and
1 2 ~]

r lies on gz = z,, one can obtain an equation involving the function
2

~2
f(Z )(zl, zo).

If r 1is a point near the interface region and r 1is a point on
aa 2

the surface of the wall at z‘2 =z, Eq. (4.38) becomes

(%)
of' 2,z )
= (2) (2)
dlzoz = plz )M (zl, z 1) (21’ Zo)§ ds3(g(£z,£3)_1) ;
Z?-:ZO Z}, zz:ZO (4.39)

tThe superscript notation is understood.
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To determine 6f(z)(zl, zz), we apply Eq. (4. 36) to the case where the
wall is at z = ¥ dzo. If the wall is at z = z, Eq. (4.36) implies
that

dp(zl) (
g -p(z )0, f

Nz 2,)

If the wall is moved to z = . W dzo, Eq. (4.36) becomes

dp'(zl) (z) X :
— = -p'(zl)nlzof' (Zl’zo-dzo) ’
1

(4.40)

where p'(zl) is the new density function and f'(Z )(zl, zo-dzo) the new

correlation function. From the previous discussion, we have noted

that
By
! — -
p zl+ 5, dzo = p(zl) g (4.41)
n
Evaluating Eq., (4.40)at z =z + —~ dz , one obtains
1 1 nl (o]
dp' / By By (2 \4
Lz + Y dz |=-p'|z + — dz_|n,f"\ Yz +—2 dz_,z _-dz
dz 1 n o 1 n of 2 1 n 0* %o o
1 £ 2 yi
(4.42)
Substitution of Eq. (4.41) into Eq. (4.42) vyields
dp(z) n
pe {48 1(2) _V i
dzl = p(zl)nlf zl+ n dzo,zo dzo i (4.43)

Comparing Eq. (4.43) to Eq. (4.36),one concludes that
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1 ©O 1

bl

n

~dz , 2 ~dz. . (4.44)
(o} o (o)

I,

Thus,
662 )z, 2 ) 0Nz, z )50z, 2 )
e v 3 1 © b (LTS,
dz 5 &znl*o dz
o o) o
is equal to
n
f'(z)(z ' 2 )—f'(z)(z + Y2 dz ,z -dz
' i’ o 1 1, o’ "o o
dzhgo dz g
o o
or
(2), (2)
6f (zl,zo) . 3{ of (zl,zo) ) af,(z) an 7
dz %0 0z el T Y ZZ)J
o y/ 1 2 2
zz:zo—dz

Equation (4.39) therefore reduces to

(2)
of (z1

= LU VCEAN

z =z -dz
2 O o

i nz(i+f( z)(zl,zo) )f(z)(zl,zo)g dS3(g(£2,£3)-1) -

Zz, 23:0 (4.45)

where we have again neglected terms of order (nV)Z . Equation (4, 45)

can be further simplified by considering the zz dependence of f(z)(zl, Zz)'

If z =
2

upon z,

the wall,

z_, We assume that

is the nonuniformity

This nonuniformity

the only reason for f(z )(21’ zz) to depend
in the gas phase due to the presence of

is conveniently described by the inverse
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1 1 dp(=) ST : i
length scale, Iz = plz) dz ° As @) 0, the nonuniformity

vanishes, and if £(z) is small, the nonuniformity is large. Thus, we
assume that

dp(z )
(2) (2) o (2)
f (zl, zz) = h Z , a??}— dzz 2il-h (zl,g(zz))

1

and,taking the derivative with respect to z ,one obtains

8f(z) ah( 2) d 1 dp(Zz)
Dz (zl, ZO) = BE (leg(zo) ) dz p(z Y dz
2 2 2 2 o
2 O
From Eq. (3.14), one obtains the relation
dp(z) ~
1 e _\S (2)
o(z) dz = dSSP(ZS){g (rZJ’ zz, z3) 1}
5 4 Z =2
3 O
~ -Be(r )
=n 5 dS(e 2'3-1)+O(nz)
v 3 '
Z =Z
3 0
Therefore,
dp(z,) (z -z ) -Be(r_ )
d 1 vk i S‘ g e Pe s
dz p(Z ) dz B nV ds3 r dr & * O(nf’) s
& 2 =0 3
3
or
al 1 9rlz) -
TRy IR
2
% =Z
2 O

Thus, with neglect of terms of O(n‘z,) , Eq. (4.45) simplifies to
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at®) (2)
5. (z,2,) = - n(f (zl,zorﬂ)ﬂzNzl,zo)c , (4.46)
where
| o
C ~fim, S' ds(glz,r)-1) = | 2mr de(e™PPF) gy |
o

In the following discussion C will be assumed positive, Equation
(4.46) is a first-order,ordinary differential equation. The relevant
boundary condition is f( )(z Z )-> 0 as zZ o0,

We expect (See Eq. (4. 36))that f )(z Z )~ —1—

and hence in the
limit Zo —>oo,f( )(z, zo) should be small compared to unity, Assuming
1

that this is the case, we can simplify Eq, (4.46) to

8:(*)(z, 2 ) 5
Attt 8 oo JRLEEY )(zl, 257, (4.47)

1

which has the solution

-n, Cz
il ey pe £ 0 (4.48)
LR

with D being an arbitrary constant, Substituting Eq. (4.48) into Eq.
(4.36),0ne obtains
dp(z) -n, Cz
T—zl = -p(zl)nleoDe e (4.49)
1

The constant D can be expressed in terms of the point of inflection

for the density profile, Taking the derivative of Eq., (4.49),we have
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dzp(zl) oy dp(zl) Lo De-—nl Czl
X dz L7 0
dZZ 1
1
. -n, Cz1
+ p(zl)(nl) ZODC e
-nl Cz1 -n, Cz1
= p(zi)nl ZoDe (nz ZODe +n£C)
Thus,
b3
s 1 c e+n1Cz
el .
o

o,

where z": is the point of inflection, Equation (4.48) implies that

-n,C(z -z )
s, B ., (4.50)

[(2)

and in the limit Zo*co we see that is indeed small compared to

unity, Equation (4.49) becomes

1 dp(zl) -n,C z
ET-Z—?- —d‘? = + nl C e ’ (4. 51 )
where we have fixed the point of inflection to be z* = 0. The solution

of Eq. (4.51), subject to the boundary condition p(zl) ~n, as z ~w
1

is
-n,Cz
plz) = njexp(-e = 1) . (4.52)

Figure (4.2) is a plot of p

zl

If both ') and A lie in the region of the interface, Eq. (4. 38)
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Fig. 4.2 The Density Profile at the Interface
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transforms to

(@)
bg' Hr,z)
dz; 2 - g( 2)(’:51, Ez)nvf(z)(zl’ zo)f( 2)(22, ZO)ZO (4, 53)

To determine 6g(z)(£1, ,1:2), we suppose that the two points r,r are

o ey
physically equivalent points if they both translate with the interface,
Thus,

1 n n
g(z)(r,r)=g(z)r-—vdz g i dgre
i o i | nl o z =5 nl Z
and
1
ag(z)(sl,ga) . g! )(xl,,gz)-g( )(51, x)
dz =dzhgl'o dzO

Therefore, Eq. (4.53) becomes, to order (nv)z,

B (B_z_' + 52__ g(l )(rlz, Zl’ zz) =g(2)( r %, )n£ f( Z)(zl, zo)f( 2)(22, zo)‘)_,“O
1 2

2 sk ' S
Jny { g—o exp{—nlc(zl-z )-ngC(zz-z )}} . (4.5%)

From the analysis presented in Chapter III, one can conclude that '

Eq. (4.54) is equivalent to

d (2) o o
X K (rlz, z1 +z, z +z)

J )

(4.55)

[ o o g?; B o 5 o 1
= -g (rm,zl+z,z2 +z) n, Zo exp{an Cz nﬂC(z1 +z) nIC(zz +z)}
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where r is fixed and z? and z; are constants. Integrating Eq. (4.55)

from z =0 to z > and supplying the boundary condition,
y (2) o o e
lim ¢ (rm,zl -!-z,z2 +z) = gy (r1 2) X (4.56)

where gz(rlz) is the radial distribution function for the uniform liquid

state, we have that

(2) o 00
g (rlz’ 5 Z? C 0 * o o
g, (rlz) = 5 dzn, f;' exp{ZnICz -n, C(z1 +z)-n, C(zz +z)}
o

log

.~

- 2%
o

exp{ -n, C(zlo-z*)-nl C(z;—z*)} . (4. 57)

Hence, in the limit ZO -, we have

O O
glr ,2.2°) =~ g/lr ), (4.58)

if zlO and z;) are both near z=':. Equation (4.58) and Eq. (4.52) form
the basic results of this section, In the next section we shall use the
two expressions to evaluate the surface properties of simple molecular
systems,

Several observations can be made at this point, First, it is
important to realize that the equations derived above to describe p(zl)
and g(rlz, zl, zz) are approximate ones., The approximations involved
are:

(a) The superposition approximation,

(b) The low-vapor-density approximation,
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(c) The approximate nature of the equations describing
p(zl), g(rlz, zl, zz) when zl, zZ approach the vapor side
of the interface.
Approximation (c) obviously results from the fact that the expressions
for 6p(zl) and 6g(r12, zl, Zz) are not correct if zl « z* or Zz « z*, as
the analysis in Chapter III concerning the change in those functions
near a plane ideal wall indicates. For this reason, one is not disturbed
by the fact that g(rlz, 2. zz) does not tend to its known value as the vapor
phase is approached frém the interface region, In addition to these
approximations we have made the following assumptions;
(a) The assumption that the properties of the vapor near the
ideal wall are not affected by the presence of the interface.
(b) The assumption that
£ )z, z)
—le_—- ¥ O(nv)2 ’

2

where z is the position of the ideal wall,

(c) The basic assumption that the density profile shifts
n

a distance dzo n—v- in the positive z direction when the
)4
wall moves a distance dzo in the negative z direction,

(d) The assumption that

2 . : . 5
where g( )(rlz, zl, Zz) is the pair-correlation function for

ale sle

z =z and z = z , when the position of the ideal wall is

1
(r ,z,z) is the pair-correlation function
1z 0 1 2
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sl e

for zlz AR z2“~' z , when the wall is located at z :zo-dzo
(e) The assumption that C is positive,

The last assumption has interesting implications. Recall that

0

C = ng rdr(e_ﬁq’(r)—l) i
o)
where ¢(r) is the intermolecular potential, and that § = n—lCT is a
2

characteristic length-scale describing the interface. From Fig. (4.2)
we see that the density changes from zero to approximately 0,95 n,
in a distance of 56, It is evident that the sign of C (and hence §) is

related to the intermolecular potential function, For a "hard sphere!''

system
O o R B AL a_
=0 if r>a
o
so that C = —-n-a; , and therefore is negative. To insure that C is

positive, the intermolecular potential must be sufficiently attractive
(relative to the energy kT). If C is negative, the analysis above
indicates that no solution to the equations with physical me‘aning exists,
This fact suggests that the intermolecular force must be sufficiently
attractive if a molecular system is to exhibit two-phase behavior, We
also note that 6 decreases with increasing n, and increases with in-
creasing temperature (see Table (4.4)). Consequently, é behaves
qualitatively as one would expect. The expression for C even predicts
the existence of a critical temperature, Since the low-vapor-density

approximation is not valid in the critical region, one does not, however,
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expect that the condition C = 0 will determine the actual critical point.

D. NUMERICAL RESULTS

The numerical methods used here are closely associated with
those developed by Shoemaker, Paul, and Marc de Chazal[S] . hey
calculate the surface tension and surface energy from expressions
(4.26) and (4.27), derived by Kirkwood and Buff[ 4] , for the liquid-
vapor. systems: argon, krypton, xenon, neon, nitrogen, oxygen and
methane at certain selected temperatures; To employ Egs. (4. 26)
and (4.27) one must know gy (r) and the intermolecular potential. The
former can be measured by using X-ray or neutron diffraction data,
The intermolecular potential is assumed to be of the Lennard-Jones

(L-J) form >
58 6 ro 12
e -(—_) i (4.59)

o(r) = -4{

where ¢ and r, are constants that must be determined. In Ref, [5],

the L.-J parameters are calculated by using the relationships

Q0
o Ve -g- Tr(nz)z 5 gl(r)go'(r)r}dr (4.60)
(o]
and
0
u = ZTmJZNS‘ g (r)e(r)r?dr , (4.61)
(0]

where ¢(r) is given by Eq. (4.59), p is the pressure, u is the con-

figurational part of the internal energy per mole, and N is Avogadro's
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number, together with the experimental values of p and u ata
particular temperature. The L-J parameters should be independent of
temperature, A slight temperature dependence is, however, observed.
Moreover, when e and r, are determined by gas viscosity data or
second virial coefficient data, the results differ considerably from
those derived in Ref. [5] . The values of surface tension and surface
energy, when the potential is calculated frocm Eqs, (4.60) and (4, 61),
are much closer to the experimental results than those obtained by
using any other set of experimentally determined L-J parameters,
Table (4.2) contains L-J parameters for various molecular systems.
The g, (r)data are taken from Ref. [16] for krypton, Ref, [17] for
neon and Ref, [ 18] for oxygen and nitrogen.

Once values of ¢, L and n, are available, one can calculate

6 from the equation

Beo(r/r )
rr) A

0

: r

=1/Z'n'n1 S‘ r—
o

where,for numerical purposes,we take

0 0.8

W -Be(r/r ) :

s (r)(e Oy - ({—) (-1)
(o] (@] O

-Bo(r/r_) 3
+§ ;r—d(-r—r—)(e °-1)-§s¢
0.8 6

Table (4.3) gives values of 6 for some of the L-J parameters in

r
_L) o A
T T

o/ "o

2

o

Table (4.2) along with the critical temperatures of the systems in



Krypton

Neon

Nitrogen

Nitrogen

Oxygen

Oxygen

(R77%)

n

0.0176

0.0325

0.0186

0,0174

0, 0239

0,0228

T(°K)

1716

Yol

64,

s

64,

W,

TABLE (4.2) - - L-J PARAMETERS

From gz(r ), p,u Data

2,18t

3,341

3.339

3,026

3,032

e /k(°K)

168,51

34,44

146,43

146,78

197,72

199.30

From Second
Virial Data

r (&)

3. g27(2)
3, 597(P)

2.749(®)

3. 745(2)

3 46(P)

3, 46(®)

¢ /k(°K)

164, 0(2)
158, oP)

35, 60(P)

95, z(a)

118, (P)

118, (P)

(aA.E. Sherwood and J, M, Brausnitz, J, Chem, Phys, 41, 429 (1964).

(Bdemr it e 13T0 S 1120

From Gas Viscosity
Data

r (&)

3. 721(¢)

2.789(P)
2.858(P)
3, 722(¢)

3,749(P)

3,433(P)

3.541(P)

e /k(°K)

165, 02(¢)

35, 7(P)

27.5P)

g5, 23(¢)

79, g(P)

113, (P)
88,(b)

(C)L.S. Tee, S. Gotoh, and W,E, Stewart, Ind. Eng, Chem, Fundamentals 5, 356 (1966) .
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TABLE (4.3) - - 6

T(K) (&) e/k(K)  8(A) gl i

Krypton 1§ Cr 3,599 168,51 0,78 209.4
3.897 158. 0,91

Neon 33,1 2.761 34,44 1.66 44 .8
2,858 27,5 353

Nitrogen 64, 3.749 79.8 0.96 126.0
3.341 146.43 0.29

Nitrogen 77. 3.749 79.8 4 126.0
3.339 146,78 0.48

Oxygen 64, 3.541 88.0 0.66 154.3
3.026 197 .12 0,13

Oxygen 171, 3.541 88.0 gL, 07} 154,.3
3.032 199,30 0.21

rzﬂRef.19 . P, 136

question,

Recalling that the '""width' of the interface is approximately 56,
we notice that the values of § associated with L-J parameters deter-
mined from gy (r) data appear much too small, Indeed, we will see
that the corrections to the step-model calculations of the surface tension
and surface energy are extremely small when those values of 6 are
used, We also note that 6 involves an integral of the pair-correlation

function for the vapor, This fact suggests that the best values of 6
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would be obtained by using L-J parameters determined from second
virial coefficients or gas viscosity measurements, In any case, since
6 1is so sensitive to variations in € and r,, we shalltreat 6 as a
variable. It is also of interest to examine the temperature dependence
of 6, Table (4.4) contains values of 6 for the molecular system,
oxygen, at several temperatures ranging from 77°K to 65°K under the
assumption that n, is a constant,

Substituting Eqs. (4.52) for the density and (4.58) for the pair-
correlation function into Eqs. (4.21) for the surface energy and (4. 20)
for the surface tension*, one can arrive at new expressions for these

quantities reflecting the fact that the transition region has a finite width,

The surface energy is, according to Eq, (4.21), given by
b (2) ’
E, =3\ e rf e jar (4.21)

where

)
I"S(Z)(Slz) :S‘ (n(z)(zl, 512) - né :_)(z T ))dz1 8

1 2

r(:)(lez)’ according to Eq. (4.58),is equal to

Although the relationship , g(r , z1 z) = gy (r ), can only be justified
if z and z _are near the 1nterflace reglon or on the liquid side of the
intell'face the extension of the relationship to all z,z results in

negligible error for the numerical calculations that foilow. This is
because the important quantity in these calculations is
p(zl)p(zz)g(r y zl, Zz)’ where p(zl) is extremely small as z1 approaches

the vapor side of the interface,
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TABLE (4.4)

Temperature Dependence of 6 for Oxygen (nél) = 0_0228.&.-3)

(L-J Parameters: r_ = 3.4334, €/k =113.0 °K)

T(°K) 6(A)
77 _ 10.63
75 0.60
73 0.56
71 0.52
69 0.49
67 0.46
65 0.43
r o
jp(zl>p(zl+zu>g,z(rn>dzl+§[p(zl)p(z1+z1.,_>-(n,z)’]gz(rlz)dzl i 4,63
> x

where x is determined by the equation

X 0
5 p(z)dz =§ (n, - p(z))dz
X

-0

o1, if
p(z) = n, exp(-e /%) |
o -z /6 L
j) exp(-e )dz :5 (¥ -exp(—e-z/é))dz

-00 x
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It is easily demonstrated that

=y RO, BT L el

where y is Euler's Constant. Equation (4. 63) then becomes

0

(2) 2 4 -21/6 -212/6
I‘s (’1;12) = (nz) g, (rlz 5 exp{ -e (1+e )}dz1
o
A° -z /6 -z /6
+j (exp{-e ' (l+e '* )}-1)az+vs|, (4. 64)
o
which is equivalent to
(2) 2 -212/6
Iz, ) = -(n, Pg,(r )6 log(l+e % ) (4.65)
so that the surface energy becomes
[ee]
Es E --rr(nz )26 g rz¢(r)g£(r)dr Sl sin 0 10g(1+e-r SHR 9/6)d6
o o
or
o r/é
E_ = -m(n, )252:’) rcp(r)gl(r)dr§ log(l+e M)du . (4.66)
o -r/é
Letting

00
Eso = - % (nl ¥ g r go(r)gl (r)dr

(@]

be the surface energy based on the step-interface, low-vapor-density

model, we have
00 r/é
r?

AES: ES-ESO: --.rr(nz)?‘é2 §:¢(r)gz(r)d 5 log(l+e_u)du - —

2(6
o i ~(4.67)
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AES represents a correction to the surface energy determined from

[4).35] " ¢

the step interface model used by previous authors s
expected, the correction depends on the width of the interface through

the parameter 6., For numerical purposes, we write Eq. (4.67) as

0 O

AE_ = -m(n, ) 6% 5 ro(r)g, (r)d 5 (log(l+e™ ) +u)du
o -r/6
ﬂr/é
+ 5 (log(l+e™"))du| . (4.68)
o

Both integrals approach a constant value rapidly as r/é becomes
large. The u integrations were evaluated for eachvalueof r at which
gy (r) data were available. Both the gy (r) data and the point function of
r resulting from the integration over u were fitted with a ninth order
polynomial curve (centered on the sub-range of integration) and then the
integration over r was performed using Simpson's rule, The L-J
parameters for the intermolecular potential in Eq. (4.68) were deter-
mined from the gl(r), p, and u data. gz(r) was set equal to unity
for values of r greater than the maximum r for which gl(r) data
were available. Since negativé gz(r) values are unphysical, gz(r) was
set equal to zero for all r less than the largest r where gz(r) was
zero or negative,

In Table (4.5) we present the values of Eso as calculated in
Ref. [5] as well as from our own calculations., Table (4.5) also con-
tains the AES results for several values of 6 (for each molecular

system) and the experimental values of Es[ 2 . The second smallest
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value of 6 included in Table (4.5) is,with the exception of neon and
krypton, the largest one available from Table (4.3). The values of 6
calculated from the gz(r), p and u data lead to rather small correct-
ions in the surface energy - - less than 1,0 erg/cm? in all cases. The
values of 6 obtained from gas experiments lead to more significant
corrections, and even larger values of 6 yield Es values very close
to the experimental ones. These larger values of 6 imply an inter-
face thickness of about the size that one would expect intuitively (one
or two molecular diameters),

To calculate the surface tension from Eq. (4.20),we need

{I‘(sz )(512)} : Choosing% z, =0 and using Eq. (4.58) we have
1

o
(2) g
{FS (512)}1_5. zlp(zl)p(zl+zxz)g1(rlz)dzl
-0

Q0
+§ zl[p(zl)p(zl+zlz) - (nﬂ)z]gjz(rlz)dz1 . (4.69)
o

Substituting Eq. (4.52) into Eq. (4.69),we find that

(2) ~ z -z /6 -z /6 dz
{rs (512)} :(nl )zgl(r1z)6 3 _61_ exp{—e T (b )}Tl—
p ~00
Pz -z /6 -z /6 dz
+S‘ 35— (exp{-e ' (1+e % )}-1) | | (4.70)
(e)

E 3
The dependence of 0 on zofor the following model was found to be

negligible,



TABLE (4.5) AEsmrg/mnﬂ

Experimental
k) {5) E S(R). AR E E{5) 2 ) e/Kk°K)
SO SO ] S S (o]

Krypton 117 33,44 33,49 0,96  3.74  37.23(37.18) 40.1  3.599 16851
1.3 6.57  40.06(40,01)

Neon 33,1.8,05 8,08 101 3,99 12,0012, 04}y 14.3". 2,761 3444
2.2 6.00  14,02(14.05)

Nitrogen 64, 22,93 22.93  0.83 1,99  24.92(24.92) 27.5  3.341 146,43
0.96 2.66  25.59(25.59)
1.3 4.71  27.64(27.64)
1,43 5.63 - 28.56(28,56)

Nitrogen  77. 19,79 19,76  1.43 4,78  24.54(24.57) 26.4  3.339 146,78
1,791 .55 - 26.31{26, 34
1.9 7.89  27.65(27.68)

Oxygen 64. 33,91 33,97 0,39  0.81  34,78(34.72) ? 3,026 197,72
0.66  2.27  36.24(36,18)

Cryges 77. 30.85 30,96  0.63  1.85  32,81(32.70) 37.1  3.032 199,30
1,11 °. . 5,50 36,46(36,35)
1.3 7.41  38,37(38.26)
1,5 9.61  40.57(40. 46)

_6L_
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z ot -z [6
Ifweletu:Tl and v = e and define A =1 +e 1'% |

El

Eq. (4.70) becomes
: °
2 lo -A 1 -A
)} = oy Peylr, o2 [ e B B
0 1

Defining

2

1 o
F(A) :S 115_" e Mgy +) l—iﬁ Cad® |
) 1

we have that

00
FYA) = SLE T =5‘ logve-Avdv
o

where vy is Euler's constant, Thus,
F(A) = -ylog A - %— (log AP +a

where « 1is a constant, Therefore,

@Yz 1) = (o P le B ylogiite 2 6/6) ALRTEE s e
= S ) 1_ 4 gﬂ 12 b Z(Og( e ))+a .

The constant o may be set equal to zero since

1 1 - 2 2
5 2 o'(r )z, (-(ng )V gy (r 0% a)dr =0

for any value of «. The expression for {I‘s(z )(512)} then becomes
1
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-r cosB/6 -r cosB/6

{r§2’<512>} = - (n, Pg,(x )o*[vlog(l+e 2 ) - >(log(l+e 12 ]
1

(4.71)

From Eqgs. (4.64) and (4.65) it follows that I‘(SZ)(5 2), evaluated for the
1

dividing surface z = 0, is given by

r cos 8/6

)z )= - (n, Pgy(x Jo(log(lve 2 y O oL 7

Substituting Eqs. (4.71) and (4.72) into Eq. (4.20),we obtain

0

g = - (ni)za-’-zw 5‘ rch'(r)gl (r)dr Sj sin O cos G[Y lg(l+e
o o

-r cos 9/6)

-rcos 6/6

+ 17 (log(1l+e ))2] do

o0 2Tt AT
Ty 6 3 4 ooy . 3
(nl) >\ e (r)gz(r)dr sin‘p de sin” 6(log(l+e

o o O

-r cos 6/6)+Y)d0

i 0 r/6

o = —(nl )2641r‘3 cp'(r)gz (r)drS‘ u[Zylog(1+e-u)
o -r/é

+ (log(1+e ™) P - & 1og(1+e'“)] o

0
-ty Pye G | P o'(r)g, (r)ax
o
4 0 r/é
-(nz)2 é—zl r":p'(r)gz(r)drS‘ (log(1+e-u) )du
o -r/é

Recalling that
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00
oAb 2 4
Go_g(nl) Srcp(r)dr o’
o

where o, is the surface tension based on the step model, low-vapor-
density approximation, one can derive the following expression for

(3L =0

i 00 r/é
Ac =0-0_=-(n, )2641r5<p'(r)g1'(r)dr§ u[Zy log(l+e -u)-uz-(log(l e )
o o L
+(log(1+e “))z] dn
2 r/é
-(n, ) 62 ;' 5 rzgo'(r)gz (r)dr S‘ log(l+e ™ %)du
o o
& ~°
_(n1)264-rr‘) qo'(r)gl(r)dr S‘ u[Zy(log(l+e-u)+u)
o -r/é

- ; log(l+e.u)+(log(1+e-u) Fo %u?‘}du

0 o
"(n,g)zéz g—grzw(r)gl(r)drg (log(l+e “)+u)du . (4.73)
o -r/é

Each integral above approaches a constant value for lavrge r/6 and is
therefore easy to evaluate numerically., The methods and assumptions
employed to evaluate Eq. (4.73) are the same as those used in the AES
calculations. Table (4.6) contains the values of Ac for the same
values of 6 used in Table (4.5). The experimental values of o are
also listed.

It is interesting to note that the correction Ao to LN is
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positive for small 6 and then becomes negative as 6 increases,

This behavior is indicated in Figs, (4.8) - (4.12) where o is plotted
against 6 for the molecular systems: oxygen (77°K), nitrogen (64°K),
nitrogen (77°K), krypton (117°K), and neon (33,1°K). Figures (4,3) -
(4. 7) illustrate the 6 -dependence of Es for the same systems. The
degree to which one can predict the correct surface tension and surface
energy depends on the value of 6. Since 6 is rather sensitive to
changes in the L.-J parameters and presumably even to variations of
the potential-model, more work is needed to determine the best model
and model-parameters for this application. An investigation into the
potential model dependence of s and Eso would also be worthwhile*.
If model and model-parameter improvements do not significantly change
the value of 6 from the range indicated in Table (4.3), then the results
of the above interfacial theory imply small to moderate improvement in
the surface energy calculations and a slight increase in the surface
tension away from the experimental values (except for neon at 33, 1°K).
If, on the other hand, larger values of 6 result from potential model
improvements, or if 6 is treated as a variable, it is possible to cal-
culate surface energy values extremely close to the experimental
results while also improving upon the surface tension predictions, In
connection with this possibility one should note that the difference be-
tween the surface tension calculated from the step model and the experi-
mental results is much smaller than the corresponding difference for

the surface energy. Consequently, for larger values of 6 the above

“See Ref. [20] for a discussion of potential models,



Krypton

Neon

Nitrogen

Nitrogen

Oxygen

Oxygen

T(°K)

|

33,

64,

&

64,

1,

1

17,09

4,49

1273

11,47

18,64

Y02

12,

119

18,

17

73

33

71

69

TABLE (4.6)

5(A)

0. 96
L

1,71
22

<83
. 96
23
.43

.

.43
1,71

0.39
0.66

0.63
I 5|
a3
1,5

Ao

0.
<0,

Z7
17

.66
. 06

0. 58
0.51
0. 07

» 19

.20
B9
. 04

0.58
0.95

0.92
0. 38

0.
=0,

20
81

17.97(17.
17.64(16.

Ao (dyne/cm)

Experimental

36)
92)

3.77(3. 86)
3.37(3.43)

15, 81013,
13,24(13.
12.80(12.
12.54(12.

11.13(11,
10,62(10.
10,29(10.

19.29(19.
19.66(19.

18.61(18,
18, 00(17.

17.49(17,

16.88(16,

31)
24)
80)
54)

27)
76)
33)

22)
59)

54)
93)
42)
81)

g

16.1

12,0

8.9

16,5

r_(A)

3.599
2,761

3,341

3,339

3,026

3032

e /k(°K)

168, 51

34,44

146,43

146,78

197,72

199.30

—%8 -
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theory represents a significant improvement over the step-interface

theory.

E. SUMMARY AND CONCLUSIONS

The main result of this chapter is the development of a non-
trivial model for the liquid-vapor transition region., By studying the
functional relationship between the statistical mechanical distribution
functions and an externally applied potential, we have been able to de-
rive, with the aid of the superposition approximation, approximate equa-
tions that describe the variations in these functions near the transition
region, In particular, the resulting density function contains a para-
meter that characterizes the width of the interface region. This para-
meter exhibits a physically reasonable dependence on temperature,
liquid density, and strength of the intermolecular potential.

In order to test the solutions, we numerically evaluated the
statistical mechanical expressions for the surface energy and surface
tension, The results offer an improvement over the step-interface
calculations; however, the degree of improvement depends on the afore-
mentioned length parameter, The parameter 6 in turn depends on the
assumed potential model and the constants associated with the model.
For the Lennard -Jones model we found that 6 varied considerably,
depending upon which set of experimentally determined parameters
were used. The smaller values of 6 in this range produced very small
corrections to the step-model results, The larger values of 6 pro-
duced considerable improvement in the surface energy, while the sur-

face tension calculations did not agree with experiment as well as the
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corresponding step-interface values, Better results were obtained with
even larger (though physically reasonable) values of 6. In this case
the surface energy predictions were close to the experimental values,
and the surface tension calculations improved slightly,

Suggestions for further research include an examination of the
potential-model problem, particularly as it applies to the determination
of 6. It is also suggested that the original step-interface calculations
be examined in the light of different potential-model assumptions,
Efforts to eliminate some of the approximations used to derive the
transition region model appear difficult and not especially fruitful.
Rather, we feel that solutions to the non-uniform B.B.G.K.Y. equa-
tions would yield more insight into the complexities of the liquid-vapor
interface than any extension of the current theory., Finally, the effect
of the pair-potential assumption on the expressions for the surface

energy and surface tension should be examined.
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V. THE LIQUID-VAPOR SYSTEM NEAR THE CRITICAL POINT

A. INTRODUCTION

In this chapter we consider a macroscopic system composed of
simple molecules enclosed in a volume V, where:

(2) both liquid and vapor phases are present,

(b) the state of the system is near the critical state,
We assume that a plane interface exists between the two phases so that
the particle density, n =n(z), is only a function of z. Figure (5.1)
qualitatively illustrates the z dependence of the density. The uniform
liquid density is denoted by n,, and the uniform vapor density is
denoted by n_. As the critical point is approached, (nz -nv)/nC will
become small, and the width of the interface region will become large.
It is observed that sufficiently close to the critical point the density
profile is symmetric in the following sense, Let n = nc+n',
p = pc+p', and T = TC-T', where n_,p., T, are the critical density,

pressure, and temperature respectively. Then

= 1
n, =n_+ nco(T')

and : . {5.1)

i = ! 1
By e nco(T )

Figure (5.2) is a standard p-n diagram for the above system at two
Tl
L -T! = -T! o0 G
temperatures, T = TC T1 and T = TC Tz’ where Tc «1 and
T'< T'., The locus of points, X and Y, form the coexistence curve,
2 1

We shall frequently refer to its projection on to the n-T plane. This
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Fig. 5.1 The Density Profile Near the Critical Point

T=T—T, TeTe—T,

s]

e
<
h:
=}
<
h:
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projection is qualitatively depicted in Fig. (5.3). At any temperature,
T = TC - T', below Tc’ one can determine n'CO(T') from the relation-

ship

n' = nI(T') - n

or

! = . 1
nco " nc nv(T ) -

There have been several attempts to treat the macroscopic in-
homogeneities that characterize the liquid-vapor interface near the
critical point as a nonuniform , thermodynamic system. In 1958,
Cahn and Hilliard [8] , refining a theory originally due to vander Waals
presented their '"square gradient' approach to nonuniform systems,

In 1965, Widom [9] modified the Cahn-Hilliard Theory to circumvent
some theoretical difficuities associated with the equation of state of the
system, and in 1969, Fisk and Widom[lo] extended the '"square
gradient'' concept to include more realistic limiting forms of the equa-
tion of state, Cahn and Hilliard assumed that the classical

van der Waals equation of state is a valid description of a molecular
system near its critical point, This assumption, however, leads to
results which do not agree with experiment,

Since the '"'square gradient'' approach has been used extensively
to analyze critical point behavior of nonuniform systems, it is of
interest to present a summary of the theory, below, If the origin of the
system, z = 0, is defined as the location of the Gibbs dividing sur-

face of vanishing superficial density, i.e.
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S|

Fig. 5.3 The Projection of the Coexistence Curve
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Fig, 5.4 The Free Energy Density
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o )
S‘(n(z) - nv)dz +S' (n(z) - nl)dz =0 |, (502)
- o

then the surface tension ¢ becomes equal to the superficial density of
the Helmholtz free energy. Thus, if y(z) can be identified as the

local free energy per unit volume in the nonuniform fluid, and if ¢(n)
is the thermodynamic free energy density for a uniform fluid of density

n, then

o 00
o =S‘ W(z)-¢(n_))dz +S‘(¢(Z)-¢(n1))dz . (5.3)
-00 o
Whereas ¢(n) is a well-defined thermodynamic function, one must
make the assumption that {(z) exists. The chemical potential u(n)

and the isothermal compressibility x(n) are defined by

d¢ (n) 1 _ d*¢(n)
dn J -

n®x(n) dn?

p(n) =

In Fig. (5.4) we plot ¢(n) as a function of n for a typical two-phase
system. A basic assumption present in the Cahn-Hilliard Theory is
that ¢(n), a well-defined function for n < n and n > n,, can be
analytically continued into the rggion, n_ <n< n, . The analytic con-
tinuation of ¢(n), ¢+(n), is represented by the dotted curve in Fig,
(5.4). One further assumes that, for a two-phase system near its
critical point, Y(z) is the sum of two terms. The first term is
¢+(n(z) ), and the second term is proportional to the square of the
dn(zl) #

Ay

density gradient Thus,
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2

dn(z) ’ (5.4)

wn:¢WMﬂ)+§qu;-

where y is an unknown, positive constant. Expression (5.4) can be
interpreted as a truncated expansion of the free energy density. One
would expect Eq. (5.4) to become more accurate as the inhomogenities
in the system become smaller, We now consider o, given by Eq,
(5.3), when y(z) is given by Eq. (5.4), to be a functional of n(z)

and assume that the physical n(z) minimizes ¢ subject to the con-

straint of Eq. (5.2). The resulting Euler-Lagrange equation is

yd®n(z)
2

= ¥ (n(z)) - p(n,)
=p'(nz)) - pay) (5.5)

dz

and the boundary conditions are

n(z)*nz as Z >+

n(z)—>nV as Z > -0

We shall obtain the solution of Eq, (5.5) when p,+(n) is determined
from the classical van der Waals theory in Section B of this Chapter.
Widor aod FiskiA0] snadies the Shlin-<Siliard Thasry itk e
following generalizations:
(2). They assume that y may exhibit a weak temperature
dependence near the critical point.

(b). They let
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C

+ PR ~7(n}
po(n) - I-"(nl) = (n'nc)(T‘T(n))(TC‘T) h S I
c

1 : : Ay
where T(n) = TC - a|n-nC| /e is the equation giving the
projection of the coexistence curve, o and P are constants,
and h 1is an arbitrary function,

(c). They require only that

+ +
Fmp-Fw)-Fop-Fey
and

2t z 2+ 2
i_?__ (nl) = d_(p (nl) S % nv) = M

(n_)

dn® dn® dn? dn?® L4
Other modifications of the '"square gradient'" approach are discussed in
Ref, [21].

The theory presented above is subject to criticism for two

reasons, First, it is necessary to deal with ¢>+(n) for the values of
n in the range n <n<n,, where the function can never be deter-
mined by experiment., Secondly, the validity of Eq. (5.4) is

questionable[14] ,[22],[23],[24],[ 25] .

In Section B we shall analyze
the problem by using a statistical mechanical approach which circum-

vents some of these difficulties,

B. A STATISTICAL MECHANICAL APPROACH

The first statistical treatment of the liquid-vapor interface is
due to Fowler[l5]. He assumed that the interface can be treated as a

step discontinuity and, by making mathematical assumptions concerning
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the temperature dependence of the pair-correlation function, deduced
the temperature dependence of the surface tension near the critical
point, From the discussion in Section A of this chapter, we note that
the assumption of a step interface is certainly incorrect. Consequently,
there must be limits to the validity of Fowler's theory.

Before we analyze the system with the aid of the first B.B.G.K.Y.
equation, it is necessary to discuss the limiting form of the equation of
state. Van der Waals assumed that the equation of state p(n,T) can

be expanded in a Taylor series about the critical parameters, TC and

n . He further assumed that gs_p is finite and
c ord
L T 0
on B

at the critical point, and concluded that

p' = Eon® < Bkn'T! - Cn_kT' + O(n'T') + O(") (5.6)
G

where A,B, and C are positive constants. By using the condition
that the chemical potentials of both phases are equal, one can demon-
strate that the coexistence curve is symmetric as discussed above,
Furthermore, Eq. (5.6) implies that the equation describing the pro-

jection of the coexistence curve is

1\2 1
B
(2):_AT ' (8.7
C C

Equation (5. 7) does not agree with experiment, This fact implies that

the classical van der Waals assumptions are not correct, We shall,
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however, use the van der Waals equation of state since the algebraic
expressions encountered will be simplified by its use, The possibility
of using more physical equations of state will be discussed later.

In the spirit of the van der Waals theory, we assume that the
pair correlation function for a uniform fluid near the critical point can

be expanded as a Taylor series in the variables T' and n'. Thus,

n! n'|?
g, 0, T) = g_(r) + 2a'(x) | 2L+ (2b'(x) + ¢'(x)) ;)
(4 2/
1\3 1 1
+2(d'(r) + e'(x)) [ 2] + £'(x) 2| + 2g'(x) [=- (nn_
C C c
o[—}o{:{:—) _J , (5.8)
(¢] C C

where gc(r) is the pair-correlation function for a system in its critical
state, This assumption can be extended to a nonuniform fluid by writ-
ting
glr,z,2) = g'(r,n(z),n(z), T)
1’2 i all
and assuming that g+ can be expanded as a Taylor series in n'(zl),
n'(zz), and ' T'. Therefore,
g (r,n(z),n(z), T) = g (r) + a(x) y(z)+ y(z )]
+b(r)y(z)* + y(2 )] + clr)ly(z)y(z)]

+dr)y(al +y(zl] +e@) [y(z)y(z) +y(z)fy(z)]

T'
T_):l, (5. 9)

C

+ f(r)

[y(z) +y(z)] + O(y*) + O[Yz

T£)+ g(r)

TI
T—
c c
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where y(zl) = n’(zl)/nc. Note that the symmetry condition,

g(r, zl, zz) = zz, zl), has been satisfied. The requirement

g(r,zl, zz) »gir,n, T) (5.10)

|

Cc

as

|-
1

- - - B T'
z + oo, z [y(zl) (TX(T_C))

2T |

] Y(ZZ) _b(K

implies that a(r) = a'(r), 2b(r) + c(r) = 2b'(r) + c'(r), etc., provided
we require Eq. (5.10) to hold independently of the value of A/B. At
this point the a'(r), etc. are unknown. By using the relationship be-
tween the pressure and the pair-correlation function,

0

nkT-p _ 27 3
3 = - o' {riglr,n, Tidx (5L

50

one can obtain useful relations involving these unknown functions,
Expansion of the left hand side of Eq, (5.11) about the critical para-

meters and substitution of Eq. (5.8) into Eq. (5.11) give
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o0
P
%—T-r- T3¢'(r)gc(r)d1‘ :)\(1 _n—'lf—T_) \
by e &
0
2p
4
—g— r3<p'(r)a'(r)dr = )\(n—k—,Ic,:— -1)
x e e
o) 3g
%TL ro'(r)(2b'(r) + c'(r))dr= )\ (1 - F;k_'%:—)
o
> (5.12)
0
ZTT r‘ % N 1
=\ re (r)'(r)dr = A (C-1)
o
41 i 3 4pc
- re'(r)(d'(r) + e'(r))dr = )\ E:ET -1-A
o
X o
4% r3¢‘(r)g‘(r)dr =\ (1+B-2C) ,
o

kT
where \ = -E—C . Note that the relations (5,12) also hold if a'(r) is

c
replaced by a(r), 2b'(r) + c'(r) is replaced by 2b(r) + c(r), etc.

To determine the differential equation for the density, one can
employ the first B.B.G.K.Y. equation

1 dn(zl)

n(zl) dz1

1 9
+ T S‘n(zz)g(r,zl, Zz) 521— cp(r)d;;z 0 R
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where r = |51 —£z| . A more convenient form is
z +r
1 dn(z ) 21 S' §
1 -
a;—) T— = T o'(r) g(r,zl, zz)n(zz)(zz zl)dzz gy . 15,13}
o z -r

1

We can express Eq. (5.13) as

o +r
1 dn(z) 2T § i
s 3~ FT @ (r) g(r,zl, zz)n(zz)(zz—zl)dz2 d?
a o z -r
.
0
, 2m 5’ ,
t T ) (r) g(r,zl, zz)n(zz)(zz zl)dz2 dr. L (5.14)
a z -r

Form (5.14) is useful if the system is close to the critical point be-
cause one can choose « large compared to the non-zero range of the
intermolecular potential but small compared to the length scale
characterizing the nonuniformities in n(zl) and g(r, zl, zz). For «
large
cla k¢
' — | —
¢'(r) > a(r) )
where C is a constant and a is a length characteristic of the molecu-
lar diameter. Therefore, the second term on the right hand side of Eq.

(5.14) can be expressed as

'k_-:) 2( ) 5 g(r,zl,zz)n(zz)(zz-zl)dzz ores 2, 15}
o
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We shall assume, and shall later verify, that Eq. (5.15) is negligible
compared to other terms in Eq. (5.14). With this assumption, Eq.

- (5.14) becomes

+r ;
a—z_l)_ d _'f' g(r, le z?-)n(zz)(zz-zl)dzz da « o (5.16)
(o) -I'

l

Since the range of z, is z -2 < zz< z, + a, and a is small compared
to the length scale characterizing the nonuniformity of n(zl) and
g(r, zl, Zz)’ we are justified in expanding these quantities in a Taylor

series in z about z = z. Consequently,
2 2 "y

dn(z ) dzn(z) I d’a(zl)
n(zz) = n(zl) + 3 : (z z) t 5 : (z -z) + Z o (zz-zl)3 I
1 1
{5.17)
and
dg(r, z z) 1 Bzg(r,zl,z) A
g(rzz) g(rzz)+——-8————(z z)+ __S_zz_l(zz_zx)
2
Pg(r,z,z)

+ %—-—-——u- (zz-zl)’+. B (5.18)

9z°
2

Substituting Eqs. (5.18) and (5.17) into Eq. (5.16), and letting

i 1 : (s 1 :
n(z) = n_ + n'(z) and g(r,zl, Zz) = gc(r) +g (r,zl, zz), we obtain
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dn(z ) X @, 2. %) o (z)
1 1

(o]

41 3 5 rdsn'(zl) 83g'(r,z1, zl)
1
o o) — glrizyz) #nlz) ——tL far
o . 1 2
a jna ( )rdzn'(zl) 9g'(r,z,2) dn'(z) ¥g'(r,z,2) F
& ro'(r + y
TOKT dz 2 9z, dz pg?
0 L 1 2
& n'(z)
+0 . (5.19)
dz’®

Expansion of n(zl) about n, and T about Tc’ and substitution of

Eq. (5.9) into Eq. (5.19) give

Ayl n'(zl) ; n'(zl))z}dn'(zl) =
n_ n_ n_ dzl
4y W'2) F n'(z)
3KT az gﬂr)r Lg (r)+a(r)+(2b(r )J+c(r)+3a(r) )
c o 1 L
'(Z) T
+(3d (r)+3e(r )+4b(r )+2c(r)) + | ) (£(r)+g(r) )} o
C c
| dn'(z) &
L i O I
< C 1 o
&n'(z)
i 301?%T i §¢'(r)r5(a(r)+gc(r))dr , (5.20)
(o dz

1 (o]
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| an']
T lidz _J 2
c 1

nl

4 dn'} O{
el az ?
1

C

n')
——
c
d°n' .

(o] = F and the nonlinear part of the third term on the right hand

dz
1 }
side of Eq. (5.19). If, in addition, we replace a in Eq. (5.20) by

where we have neglected terms of O[

infinity and assume that the resulting error can be neglected, we obtain,

with the aid of the integral relations of Eq. (5.12),

n'(z)|* (| 90'(z)
e 1) - T |n_ dz
o cljiare 1
~° d’n'(z)
:{'r‘)llerc 5 ¢'(r)r5(gc(r) + a(r))dr}del- . (5.21)
o 1
If we define ai) by
41 § 5 af)
W ¢'(r)r (gc(r)+a(r))= q )
o
Eq. (5.21) becomes
d n'(z)\? T!'\[n'(z) dd 2 & n'(z)
Sl o Al S e
Therefore,
a2 SYE) _ pyep - B —%"—')y(z) T (5.23)
dz c

n' ; .
where y(z) = flz) and B 1is a constant, However, as z —~ % o,
s

2 [
dy (=) . 0 and >4 ) . This implies that = 0, Lettin
Y AT g

dz? C

2! = z/.=.=1o and defining f(z') by

y(z) 3./%%—')f<z') ;
]
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one obtains

d?f(z")
dz'

=05

2
C

)f(z V[ £(z'P-1] , (5.24)

with the boundary conditions
flz') =1 as z' = 40

f(z')—> -1 as z' > -0

The solution of Eq. (5.25) subject to these boundary conditions is

f(z') = tanh (-ZETT—'—) z')
c
or :
£ BT'\2 2z
n(z)=n_|1+ —) tanh ) —} " (5.2%)
{ A\T TC a,

Since n'(z)/nc is proportional to (T'/TC)%, and each derivative with
respect to z introduces a multiplicative factor of (T'/TC)%, we see

that the terms in Eq, (5.21) are of order (T'/TC)Z. It is easy to verify
that all the terms that have been neglected are at least of order (T'/Tc)s/z .

Forv example, Eq. (5.15) becomes

+r
2 5 2] [ S‘ (g (r)Hg'(r, 2, Zz”(nc*n'(Z)’(Z;Zl)dzzJ dr
Z =T
z tr
1
k—g (%) U (ncg'(r,zl,zz)+n'(zz)gc(r>+n'<zz)g'(r,zl,zzmzz-zl)dzzJ ar ,
a )

1

which can be bounded by
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Z +r
1

2 I(ncg'(r, zl, zz)+n'(zz)gc(r)+n'(zz)g'(r, zl, zz))[ Izz-zlldzzJ dr

715
p|o

i

f B

zl-r
(5.26)

If r>a and o is large compared to a molecular diameter>':, the term

within the absolute value signs in Eq. (5.26) can be bounded by a term
1

proportional to (T'/Tc)z. Thus, if the constant of proportionality is

D, Eq. (5.26) is less than or equal to

Nj=
Qe

D ( )4 . (5.27)

Wl’&
=i
Mo

1200 2
G i (a)z S i
"F‘) L— L RS e
C o C

However, since the length scale characterizing the nonuniformity in

n(z).is, from Eq. (5.25),

(NI

ZTC
%\ BT ?
A
L 22
we can choose « :K(T‘/TC) 2, where K « ao(ﬁ) . Therefore, Eq.

(5.27) demenstrates that Eq. (5.15) is of order (T'/’I‘C)s/?‘ . Likewise,
the nonlinear terms in Eq. (5.19) and the error terms involved in the
replacement of o by « in Eq. (5.20) are of order (T'/TC)"’/z .

We note that the approach due to Cahn and Hilliard essentially
reproduces the result of Eq. (5.25). If the quantity u+(n(z))-p.(n1) is

computed by using the van der Waals theory, we obtain

“Note that the requirements g(r, zl, zz) -1 and gC(r) =1 ag ¥+

imply that the a(r), etc.,of Eq. (5.9) mustbe ofl) as r —oo,
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AT
Tl B
BnC Be

p¥(a(z)) - pin n,) = n'(z)

Substitution of this result into Eq, (5.5) yields an equation for the

density of the same form as Eq. (5.24).

C. TEMPERATURE DEPENDENCE OF THE SURFACE TENSION

As a two-phase system is allowed to approach its critical point,
the surface tension of the system vanishes, A primary goal of critical
~point theory is to predict the temperature dependence of the surface
tension near the critical point, Toward this end, we recall the defini-

tion of the surface energy per unit area introduced in Chapter IV,

{’b
§[; (n(z )n(z )g(r, 2 ,2)- zg,z(r))w(r)dZJ
Z

Z

a .
+§—§D (n(zl)n(zz)gu,zl,zz)-njg‘,(r)xp(r)dzj e, (BRs

=00
where z =2, is the Gibbs dividing surface of zero superficial density.

The surface tension is related to the surface energy per unit area by

do
= E IT -Es : (5.29)

Integrating Eq. (5. 29) and using the condition, O(TC) = 0, we find that

T
“.5 (7)dr
b S O (5. 30)
,TZ
T

0

Substituting Eqs. (5.25) and (5.9) into Eq. (5.28), with z , we

have
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o) B )
=T 5 o(r)r&r 5 sin 6 d6 5 { ﬁni(gc(r)+a(r))(tanh azl+tanh a-zz-Z)
o : ‘

(0] (o}

+nf:(3z [ (g (r)+2a(r }+c(r))(tanh aleta.nh a/zz)

+a(r }4b(r))(tanh az -1 ) +(tanh az -1 ] +o(p? )}dz,

0
+1'r5 o(r)r? drS\ 51n9d6§ {ﬁn (g (r)+a(r ))(tanhaz +tanh oz +2)
o

=00

+nczﬁz [(gc(r )+2a(r)+c(r))(tanh azltan.h azz—l )

+ (a(r)+b(r))((tanh ez -1 )4+(tanh az -1 #)] +o(p’ )}dzl, (5.31)

where : :
6 BT? o3 B
KTC 5 A ZTC ?
and

z =z +rcosf
2 1

Integration over 2z, of the terms proportional to B gives no contribu-

tion, The terms proportional to Bz are of two types:

(o o]
(g (r) + 2a(r) + c(r))j (tanh ez tanhez -1)dz (5.32)
-0

and

o0 0
(a(r) + b(r))U (tanhaz -1)2dz1 +5 (tanhaz -1 i dzJ . (5.33)

-0 =00
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Equation (5. 33) is seen to be equal to

0
4(a(r) + b(r))S (ta,nhzafz1 -l)dz1 :

o}

which integrates to

- 2 (ae) + b)) (5.34)
Equation (5. 34), when integrated over 6 in Eq. (5.31),gives

- S (aey +be))

Equation (5. 32) is more complicated to analyze. From the identity,

tanh%wz -1 tanh%z -1
1

ey 1 i
(tanh oz tanh @z -1 ES v azfanhorcos 0 - Tttanhazy ’
1

where m = tanhar cos 6, we have that

0 2 &

T S‘ a sech a/zl S. _

"@J) Titanhaz dz =) (tanhoztanhaz-1)dz
-00 _w

S % log(14n)/(1-n)

Therefore, we must consider

'
1 ar sin @ 1+tanh ar cos 6
8 L5 ‘§ tanh(ar cos 0) log 1 -tanh or cos 0 e . {5.35)

o

Equation (5. 35) can be transformed to
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tanh or

RS ST 1+V) . (5.36)

- X iy
or . v(1-v%) ne

With regard to the integration over r in Eq. (5.31), we assume that,
because of the presence of the potential function ¢(r), the integrand is
effectively zero for r greater than a few molecular diameters., There-
fore, the upper limit of integration can be replaced by 6, where 6

can be several hundred molecular diameters., Since r is then bounded
from above, and « is very small near the critical point, we can treat
ar in Eq. (5.36) as a small quantity, Equation (5,36) can then be re-

placed by

24 ofel LR

Equation (5. 31) therefore becomes equal to

00
E_-=- -‘i—“ n? p? S ¥ (r)(g  (r)+4a(r)tc(x)+2b(r))dr + OB . (5.38)
o

From Eq. (5.30), we find that

n? 1) 3/2 v e
b Tl il

c
o

(5.39)

The integral in Eq. (5.39) can be determined by using the relationship
for the configurational internal energy per molecule,

0
u:Z-rrngr%p(r)g(r,n, T)dr v . \ (5.40)

(o]
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We can find the limiting form of u from the equation of state, Eq.(5.6).

Substitution of Eq. (5.8) into Eq. (5.40) yields the following integral

relationships:
00
BN RCH CkT | = an‘ (r)rig (r) + 2a(r))d (5.41)
n_\ng Clla it g AL R
o
a.nd
b BT, P :
- a|as + —— - CkT_| =2m | r"¢(r)(2a(r)+2b(r)tc(r ))dr .
4 (5.42)
From these equations, we see that
P BKT,
Z-n-nc‘gv rch(r)(gc(r)+4a(r)+2b(r)+ c(r))dr= - 5
O
Therefore, Eq. (5.39) becomes
1
8|z Y2 [ T1\¥2 T 2
g = anTcao -(;-) A ,T.—C- + O 'f: . (5.43)

We note that the theory of Cahn and Hilliard, when the
van der Waals limiting form of the equation of state is employed, yields
the same three-halves power law for the temperature dependence of the

surface tension, The prediction that

1\3/2
brg 1)

(4

is reasonably close to the approximate experimental result (Ref. 19,

p. 164)
Tl

T
(o

G~

)11/9
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D. SUMMARY AND CONCLUSIONS

In this chapter we have demonstrated that the first B.B.G.K.Y.
equation can be reduced to a simple equation for the density profile
if the pair-correlation function is assumed to be an analytic function
of the temperature and density. This assumption is in the spirit of the
van der Waals approach to the limiting form of the equation of state,
We have also remarked that the thermodynamic theory of Cahn and
Hilliard predicts essentially the same results as those derived from the
statistical mechanical theory. The latter theory has the following
advantages over the former:
(a). In the thermodynamic theory, it is necessary to intro-
duce a phenomenological constant, In the statistical mechanical
theory, every constant is expressible in terms of well-defined
quantities,
(b). In the thermodynamic theory, one must deal with the
analytic extension of the free energy density into the two-phase
region, This problem does not arise in the statistical mechan-
ical theory.
(c). It is not necessary to introduce the concept of a free energy
density expansion in the derivation of the statistical mechanical
theory.
The theory based on the first B. B, G.K. Y. equation can be
modified, in certain cases, to include more realistic forms of the equa-
tion of state. Unfortunately, the exact behavior of the critical isotherm,

the coexistence curve, and the equation of state is difficult to
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determine[ 26] ? [ 271, [ 28], [29] .

ool 271, 28]

If the equation of state is assumed to

p!:A_ntlnle_BTlnl_CTl .

where vy is some positive number greater than or equal to 2, one could
alter the density expansions in Section B to include terms of order
(n')v+1, However, if n is not an integer, the algebra involved be-

comes complicated. At best, extensions of this type appear awkward,
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APPENDIX A

COMMENTS ON UNIQUENESS

Specialized to the plane ideal wall problem, the B.B.G.K.Y.

equations become

dp(z) p(z) z
ety ~ S i )p(Z)g(?‘)(

1 z >o 12
2

12 Zz)d};z W)

Bl iRl P B (h+ )
5. & ° ETB T (5 neaP(Zhyy) [g
z B
h+

(h)_(2)
Tk B (ri,h+1 % ’Zh+1]d5h+1 _]k A
k <y =
where the arguments of g(h) are understood. The modified equations
are
dp(z ) (Z) (2)
e j—LL (r) plz)g ) (x 2, 2)dr (A-3)
1 z>o 12 e S
and
h

1

o) ) o Tk k, h+1 o' (h+1)
B, B ) FoRp ZS‘ TEAR (i, hey)P (Zh+1)[g

Zh+1> ©

(h)_(2)
g\al z(rk,h+l’zk’zh+1)]d5h+1 ; A=)
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(h)

Suppose that Pa and g,

are solutions to Eqs. (A-1) and
(A-2), and that Py and g]f)h) are solutions to Eqs. (A-3) and (A-4),

subject to the boundary conditions

p,(z)
1 —-n as z >+ o (A-5)
1
pb(zl)
and
(h), &
SAP-C R Nl R
o =g B, ) L (A-6)
W) B ),z 2,)
gb im' Im : 4 5 A8 Zy o o o2, >00
J 1 h
rlm fixed
where n and g(lh) are given functions. Then, is it true that pa(z,) =
pb(zl) and g;h) = géh)? One can easily see that Py = Py and
g;h) :gl()h)’ if Py and g,éh) are unique, and P, and g;h) exist.

Since Eq. (A-4) is just a sum over i of Eq. (A-3), any solution, Py

(h)

and g,

, to Egs. (A-1) and (A-2) is also a solution of Eqs. (A-3) and
(A-4). If the solution to Egqs. (A-3) and (A-4) is unique, then we must

have that:

are unique.

h (h
B Pa = Pp pod g;):gl(a)‘

Physically, we expect that the solution of Eqs. (A-3) and (A-4),
subject to the boundary conditions (A-5) and (A-6),will be unique,

provided two phases are not present. There is experimental
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evidence, for two-phase systems, that supports the conclusion that
no unique solution of Egs. (A-3) and (A-4), subject to the boundary
conditions (A-5) and (A-6), exists. We must, therefore, exclude two-
phase systems from the considerations of Chapter II. The method
presented in Chapter III is likewise not applicable to two-phase

systems. The reason for this fact is discussed in Part II,



-124-

APPENDIX B

THE FUNCTIONAL EXPANSION TECHNIQUE

Percus (Ref. 13, p. II-54) has derived a functional expansion
for the change in density resulting from the application of an arbitrary
external potential. We have that

-Bu(x)
n(z [we PHE)- n(r) + S‘Bi(rl; gle '-lag

-Bulr, ) -Bu(r)

1 ~ ~,

t 5 Sj‘?s(’l"” ,1;1, ,.gz)(e 2 -1)e 1 -l)d}:ld};z + .
(B-1)

where U\J'/s are the Ursell distribution functions and n(r) is the density
before the potential is applied. n(LIu) is the density function when the

potential is acting on the system. We note that

_(2) (1) (1)
F(g,gz)—n (51,52)—n (gl)r (r)

271 ¢3

and
Bl/(r:r’r) :n(3)(r,r,r )-n(z)(r,r )n(l)(r )_n(z)(r ,r)n(l)(r )
3 V) ~VMp M3 ~y N M ~y g ~1 g iy 23

r, o)tz )+2n' Vg n iz n'Pir)
2 3 1 2 3

o |

By considering the initial system to be uniform and letting u(,s)

represent an ideal wall at z = 0, one obtains



-125-

p(z) = n-n2§ (g(z)(r,r )-1)dr,
1

(s 2
z <0
&
i, (3) (2) (2) (2)
n 3 2! 4 2
Fimr ) €7z rx)-ex,r)-8 (x,x)-8 (D, x)
7z <0  z <0
Z 3
+2) dzdr, + Ol . (B-2)
2

We notice that Eq. (B-2) can be expanded as a density series and thus

should duplicate Eq. (2. 36). Using the fact that for a uniform fluid,

g(Z)(}C,»
1

PG

-Be(r )
Y ='e 12 [1 +n S‘drf(r )f(r )+O(n2):l »
o TR 23

2

where
we can express Eq. (B-2) as

z <0 z <0 7z <0

i 2 sl 1 g §

p(zl) = n-n S‘ f(rlz)d52+n [2 f(rlz)f(rz})f(rn)d}'zd,yj +

<
2 2 3

S‘ S‘ (f(r )(r JH(r M )+f(r Y(r ))drdr
3 13 12 . a3 it

12 23

- (‘ S‘ (f(r )+1)f(r )f(r )dr dr|+ O(n*) ,
A 12 13 B2 %
z <0 all

2 Z
3

or
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e 3 e
p(zl)—n n S‘ f(r )dr +n[ ZS‘ y f(r )f f(rls)d};zd%

z<0 z<0

_5 51 f(r )f(r )d;;d;;J + O(nY . (B-3)
13 23 2 3

z <0 z>0
2 3

We shall nowshow that Eq. (2. 36),

1
p(zl) = n+n"'[§ f(rl 2)d;z -ﬁJ + ns[i

z >0 z >0
2 2
+5‘ f(r (r )dr dr -B ‘S\ fx )dr
12 2 3
z. >0,z 0 2 >0
2 3 2
i
+ > S. S e YE(E i )drzd};3 B J+O(n‘) s
z >0 z3 >0

is equivalent to Eq. (B-3).

Since

B = f(r1 z)d£2 = gf(r )d;5

23

and
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(C
J.) £( r )f )f(rn)dzzd’% .

Eq. (2.36) can be written as

p(z ):n_nz g' f(I' dr +n { S‘ S‘ f(r f r )dr d,«l_./
1 . 12 12 S
z <0 z <0 z <0

)d
12 2
z>. 0 =z <0 zz>0 Z_’;>O
2 3
e \gs‘f(r ke My a5 dr}+0(n4) :
2 Y2 23 18 "3 3
or
plz) = n—nzy f(r )dr +n’ = y S‘ f(r )f(r )drdr
1 12 2 2 12 18 -"2.5
z <0 z<0 z<0
2 2 3
- S" \’. r )f(r )drdr - g £or ) (e e Ydrde
u ) 12 2a es e S
z>0 2z €0 z <0 z>0
2 3 3
1
7 e f £ f dr d +O
5 S‘ S‘ (r Mz )M(r )dr ;J (n
z-<0 7 <0
2 3
Because
dr d :g‘ S‘ f f d
5 S‘ ) - i (r”) (rzj) %dzj
z >0 z <0 7o 0 7.2>0
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this last expression is the same as Eq. (B-3).
We should remark that the above functional expansion technique
is closely related to the method presented in Chapter III and, for the
purposes of obtaining a density series solution to the problem, appears

simpler to implement.
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