ON THE UNIQUENESS OF SINGULAR SOLUTIONS TO
BOUNDARY-INITIAL VALUE PROBLEMS IN

LINEAR ELASTODYNAMICS

Thesis by

G. Samuel Brockway

In Partial Fulfillment of the Requirements
For the Degree of

Doctor of Philosophy

California Institute of Technology
Pasadena, California
1972

(Submitted May 19, 1972)



=]

To Patsy



-iii-

Acknowledgments

I am deeply grateful to Professor Eli Sternberg for his counsel
throughout my studies at Caltech. I am especially indebted to him for
his guidance during the course of my research and his substantial aid
in the preparation of the manuscript. Professor James Knowles'
invaluable suggestions and criticisms are also sincerely appreciated,

Special recognition is due Mrs, Julie Powell for her careful
typing of this thesis and my wife Pat for her patient proof-reading
of the manuscript. In addition, I wish to thank the National Science
Foundation, the Office of Naval Research, and the Shell Companies

Foundation for their financial support during my graduate training.



“] N -

Abstract

This investigation deals with certain generalizations of the
classical uniqueneés tﬁeorem for the second boundary-initial value
problem in the linearized dynamical theory of not necessarily
homogeneous nor isotropic elastic solids. First, the regularity
assumptions underlying the foregoing theorem are relaxed by admit-
ting stress fields with suitably restricted finite jump discontinuities,
Such singularities are familiar from known solutions to dynamical
elasticity problems involving discontinuous surface tractions or
non-matching boundary and initial conditions. The proof of the
appropriate uniqueness theorem given here rests on a generalization
of the usual energy identity to the class of singular elastodynamic
fields under consideration,

Following this extension of the conventional uniqueness :
theorem, we turn to a further relaxation of the customary smoothness
hypotheses and allow the displacement field to be differentiable merely
in a generalized sense, thereby admitting stress fields with square-
integrable unbounded local singularities, such as those encountered
in the presence of focusing of elastic waves., A statement of the
traction problem applicable in these pathological circumstances
necessitates the introduction of '"weak solutions'' to the field equations
that are accompanied by correspondingly weakened boundary and initial

conditions. A uniqueness theorem pertaining to this weak formulation
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is then proved through an adaptation of an argument used by

O. Ladyzhenskaya in connection with the first boundary-initial value
problem for a second-order hyperbolic equation in a single dependent
variable. Moreover, the second uniqueness theorem thus obtained
contains, as a special case, a slight modification of the previously
established uniqueness theorem covering solutions that exhibit only

finite stress-discontinuities.
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Introduction.

Rising interest in transient wave propagation during recent
years has led to a host of new solutions to boundary-initial value
problems in the linearized dynamical theory of elasticity. Many of
these solutions, as well as some of those obtained long ago, exhibit
finite jump discontinuities or even local infinities in the stress field
as a consequence of discontinuous data, non-matching boundary and
initial conditions, or as a result of focusing effects. On the other
hand, solutions displaying such pathologies are clearly beyond the
scope of Neumann's [17 classical uniqueness theorem, in which both
the displacements and the stresses are assumed to be continuous
functions of position and time. Indeed, the sense in which such singular
elastodynamic fields '"solve'' the problems considered is in need of
clarification. It is the purpose of this investigation to establish
uniqueness théorems in linear elastodynamics, applicable to not
necessarily homogeneous nor isotropic materials, which encompass
singular problems of the type just alluded to and thus, at the same
time, supply an appropriate formulation for such problems.

With regard to finite stress-discontinuities, we recall a

well-known result from the dynamics of continuous media, which may
roughly be stated as followsl: if the stress field associated with the
motion of a body undergoes a jump discontinuity across some

(sufficiently smooth) propagating surface, while the displacement field

1See Truesdell and Toupin [27 (Section 205) or Gurtin [37 (Section 73);
the latter treatment is confined to infinitesimal deformations.



is continuous, then the principle of balance of linear momentum is
equivalent to the stress equations of motion together with a familiar
set of jump relations, provided the two fields are suitably regular
away from the moving surface of discontinuity. Accordingly, any
proper formulation of a boundary-initial value problem for linearized
elastodynamics in the circumstances under consideration must include,
directly or indirectly, the aforementioned jump c:onditions1

In Section 2, having disposed of the necessary preliminaries
and a review of the classical uniqueness theorem in Section 1, we deal
with the uniqueness issue pertaining to the traction problem of elasto-
dynamics in the presence of finite stress-discontinuities. Our main
objective here is a uniqueness theorem covering a formulation of the
problem that includes the stress equations of motion accompanied by
the jump conditions, in addition to appropriate regularity hypotheses
on the displacements and stresses. The proof of the uniqueness
theorem given in this section is baseéd on an extension of the usual
energy identity to the class of singular fields at hand. There is no
difficulty in using this energy identity to arrive at a generalization of
the uniqueness theorem established in Section 2 to the corresponding
mixed problem, which contains the first and second problems as

special cases.

1In this connection, it may be worth remarking that the appropriate
stress-discontinuities at the wave fronts often appear to be inferred
from the solution rather than explicitly assumed in the formulation
of the problem. Nevertheless, careful scrutiny of the method used
to deduce the solution (e. g., formal application of the Laplace
transform) reveals that the relevant jump relations have in fact
been tacitly assumed to hold.



In Section 3, we turn to a further relaxation of the customary
smoothness hypotheses underlying the conventional uniqueness theorem
for the second boundary-initial value problem and permit the displace-
ment field to possess merely generalized first derivatives in the

sense of Sobolev [47, thereby admitting stress fields with isolated

square-integrable infinities, A suitable statement of the traction

problem in this context is obtained through the introduction of ""weak
solutions'' to the field equations, along with correspondingly weakened
boundary and initial conditions. A uniqueness theorem pertaining to
such a weak formulation of the problem is then proved through an
adaptatioﬁ of an argument used by Ladyzhenskaya [57 in connection
with the first boundary - initial value problem for a single, second-
order hyperbolic equation. Finally, the resulting uniqueness theorem
is shown to yield, as a corollary, a modified version of the theorem
proved in Section 2.

It should be mentioned that Knops and Payne [6'}1 have
previously established a uniqueness theorem for a class of weak solu-
tions to the mixed problem of linear elastodynamics in the absence
of any assumption regarding the form - definiteness of the elasticity
tensor. The principal concern in [6] appears to be with weakening
the hypotheses on the elasticity tensor in the classical ’cheorem2
rather than those on the regularity of the stresses and displacements.

The definition of a weak solution adopted in [6] contains, in addition to

1See also the recent monograph by these authors [7].

2With respect to this issue, see the earlier paper by Brun [87.
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generalizations of the field equations, boundary conditions and initial
conditions, also an '"energy conservation law'' which has no place in
a properly extended statement of the problem. In this regard, it is
relevant to note that the omission of this conservation postulate from
the definition of a weak solution given in [67] results in a formulation
of the problem which remains equivalent to the classical formulation
for elastodynamic fields having sufficient regularity. Moreover, if
the elasticity tensor is assumed to be positive semi-definite and
the extraneous question as to Whether uniqueness persists in the *
absence of such a restriction is thereby set aside, uniqueness follows
at once because of the inclusion of the conservation postulate among
the hypotheses.

Working within the framework of the linearized dynamical
theory of thermoelasticity, Dafermos [97] established the existence,
uniqueness and asymptotic stability of ''generalized solutions'' to

mixed boundary-initial value problems with homogeneous boundary

conditions. The rather elaborate abstract function - analytic tools
employed by Dafermos, although essential to his chief objective which
concerns the existence and stability issues, are not necessary for the
treatment of the uniqueness questions raised in the present paper.
Nevertheless, the uniqueness argument used in [97 could be adapted
to prove the uniqueness theorem presented in Section 3, albeit 1;he
proof given here appears to be more straightforward. Observe as
well that our assumptions regarding the regularity of the underlying

spatial domain are less restrictive than those introduced in [97].



Finally, mention should be made of a paper by Friedrichs [10]
in which the existence and uniqueness of certain weak solutions to
homogeneous boundary value problems for symmetric positive systems
of first-order partial differential equations are established, Since the
equations of linear elastodynamics can be cast into such a form and
since Friedrichs' method can be modified to encompass boundary-
initial value problems, a theorem analogous to the one obtained in

Section 3 could alternatively be based on Friedrichs' work,



1. Notation and mathematical preliminaries. The classical uniqueness
theorem for the traction problem in linear elastodynamics.

Throughout this investigation, lower case letters when not
underscored represent scalars, while lower case letters underscored
with a tilde denote tensors of positive order. We employ the usual
indicial notation in connection with the Cartesian components of tensors;
namely, Latin subscripts have the range (1, 2, 3), summation over
repeated indices being implied. In addition, we write €.y for the fully
contracted outer product einij of two second-order tensors g, Y, and
define the norm 'g).‘, of a tensor Y of arbitrary order to be the square
root of the fully contracted outer product of w with itself.

The symbol En is used for n-dimensional Euclidean space,
except that we write E in place of E3. Moreover, the statement
(x,t)€ E4 is understood to signify1 (x,t)€EE x(-00, 0). We mean by a
domain in En an open connected subset of En and by a region a domain
together with all, some or none of its boundary points. If D is a subset
of En’ then IOD, D and 9D denote the interior, closure and boundary of
D, in that order. We shall say that a collection {Dl, DZ’ cee Dm} of
subsets of a domain D in En(n22) is a partition of D, provided that

m_
DiﬂDjzyS(i:!j;i,j:l,---,m) and .U Dsz. (%)
el
By a partition of an interval (tl’ tz), on the other hand, we mean a

finite set of real numbers ['ro, Tyt s 'rm}, such that

by =Ty <T < - - <T =t (1.2)

1The conventional notation for the Cartesian product of two sets is
used throughout this paper,



As to smoothness classes of functions, if D is a subset of Erl
then C(D) denotes the collection of all tensor-valued functions that are
continuous on D. Furthermore, if m is a positive integer, then a
tensor-valued function is said to be in Cm(D) if it is in C(D) and all of
its partial derivatives of order up to and including m exist on the
interior of D and coincide there with functions continuous on D. As is
customary, we shall use the symbol COO(D) for the class of functions
that belong to Cm(D) for every positive integer m.

If R is a region in E, T an interval, and ¢ a scalar field defined
on RxT with values o(x,t) for each (x,t)€ERXT, we let o(.,t) for each
t€T stand for the function on R obtained by holding t fixed, ®(x, -) for
every x €R being defined analogously. As for the derivatives of any

scalar function ¢ defined on a subset D of E4, we write

99 8%
b=z, $=—x on D,
- ot
, (1.3)
97y 0
®4 -k, TOE - 0x0% on D (m=1,2,---),

mindices
when the indicated partial differentiations are meaningful, In addition,
if u is a vector field on DCE4, the symbol vu represents the second-
order tensor field with the Cartesian components ui,j , while }l denotes
the vector field with the components ﬁi . We adopt the latter convention
for tensor fields of all orders.

By a regular region, we mean a bounded domain in E, the

boundary of which is the union of a finite collection of disjoint '"closed



regular surfaces'', the latter term being used in the sense of

Kellogg [117 (p. 112). The boundary of a regular region may have
corners and edges. Moreover, as defined here, a regular region
need not be simply connectedl. If R is a regular region, then the

regular part of OR, hereafter denoted by gR, is the set of all points

of OR at which a normal is defined. We recall that if R is a regular

region and
iect (R)NC(ER)

is a vector field whose divergence v-{ is integrable on R, then the

divergence theorem applies2 to f on R; thus,

Jv-idV=J.2-f dA, _ (1. 4)
R dR
where n is the unit outward normal of 9R.
We conclude this section by citing certain pertinent classical
results from the linearized dynamical theory of elasticity. For this

purpose we ado pt3

Definition 1.1. (State; regular elastodynamic state). Let R be a

bounded domain in E, (O, to) a time-interval and DCR x[O,to]. Then,

if u is a vector-valued and o a second-order tensor-valued function on
— ~

D, the ordered pair S=[u, g] is called a state on D with the displace-

ment ﬁeld'g and the stress field g.

1Kellogg's regular region, in addition to being closed, has a boundary
which is a single ''closed regular surface'.

2This version of the divergence theorem follows easily from the
broadest form proved by Kellogg [117 (p. 119).

3Cf., Wheeler and Sternberg, [127.



Suppose next that f is a vector field on D, while p and ¢ are,

respectively, a scalar and fourth-order tensor field on R. Then,

S= [E' o] is said to be a regular elastodynamic state on D, corre-

sponding to the body-force field f, the mas.s-density field p and the

elasticity field ¢, provided:

(i) £€C(D) ; p€ECR), p>0 on R ; ¢€CR) with

Cijklzcjikl k[lJ on R (1.5}

1

and ginvertib.le on R,

@) gecZdnel(p) , gecldnem) .

o

(iii) Oij:cijkfuk,zg Ty (1. 6)
oij,j+fi=pui in D, (1.7)

For the collection of all such states, we write

L, o, £:D) .

Equations (1, 6) are the stress-displacement relations, and
(1. 7) are the stress equations of motion. In view of (l.6), the regu-
larity assumptions (ii), although mutually consistent, are partly
redundant. Equations (1.5) and (1. 6), because of the assumed conti-
nuity of g on D, assure the symmetry of g on D.

We define equality and addition of states, as well as the
multiplication of a state by a scalar, in the obvious manner. Further-

more, if R is a regular region, S= [u g] a state on Rx [0t ] and

We say that ¢ is invertible on R if for each x€R the determinant of
the six-by- six coefficient matrix associated with the set of linear
algebraic equations

O = S BP

is non-zero.
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n the unit outward normal of 9R, then the traction vector s of S on 9R

is characterized by
1

&
si:o'ijnj on 8R.x[0,t0], (1. 8)

The traction problem for regular elastodynamic states (classi-

cal traction problem) can now be phrased economically, as follows.
Given a regular region R and a time-interval (0, to), find

s=[u, gl€e(f, p,c;Rx[0,t 7)

for the data {, p, ¢ and subject to the initial conditions

u(ey0y=ga, | 11(.,0)=°z on R (1.9
and the boundary condition
% %
s=s on aR.x[o,tofl : (1.10)

o b
where u, v and s are prescribed functions.
A convenient version of the energy identity of linear elasto-

dynamics is contained in

Theorem 1.1. (Classical energy identity). Let R be a regular region

and

s=[g,gl€e, p, ;R x[0,t_]).

Then,

t t
J‘J'i-ngd'r+J\I§‘-gdAdT:E(t)—E(O) for everxté[O,to], (1 .=040)
0 R 09R

where

lRecall that 8R is the regular part of 9R.
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E(t):éJ.o(§)132(§,t)dv+%jg()é,t)-vE(i,t)dV for every t€[0,t 1. (1.12)
R R
Observe that if g and vd coincide on Rx(O,to) with functions
continuous on RX [O,tO], one recovers from (1. 11) the more conven-

tional energy identity

ji(;s,t)- Q(i,t)dV+J\i(i,t)-ll(zi,t)dA:E(t) for every t€ [O,tO] o - 1. 13)
R oR

Since the argument traditionally used to deduce (1. 13) cannot be
applied to confirm (1. 11) for elastodynamic fields of the regularity
postulated here, we prove Theorem 1.1 instead by means of a modifi-
cation of the method used by Wheeler and Sternberg [127 to establish

a generalized energy identity of a different kindl,

Proof of Theorem 1.1, Choose tG(O,to), tIG(O,t) and define a vector

field p on R through
t
P; (;5):fcrij(:5,1')ﬁi(§,'r)d7 for every i‘,EE- (A)
t1
The hypotheses, Definition 1.1 and Equation (A) imply
pec' RINC(R) . (B)
Next, compute the divergence of p and make use of (1. 7),

(1. 6) and (1. 5) to arrive at

lsee also the extension to anisotropic elasticity by Wheeler [137]. The
assumption that the second derivatives of the displacements possess
limits as t—»0, although adopted in [127 and [137], is omitted here.
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t t
V-R(gi):-fi(;s,T).xl(i,'r)dﬁf—g?e(;i,ﬂ')d'r for all x€R, (C)
% b
where
e:%pti2+%g-vg on Rx [O,to] b (D)

From (C) follows

£
o p<§):-ji(,é,T)-g(;s,T)d¢+e(§,t)-e(§,t1) for all x€R . (E)
1

Since from (D), (E) and Definition 1.1 v.p is continuous on R, (B) and
the hypothesis on R permit us to apply the divergence theorem to p on
R. Doing so, taking (A), (E) into account and interchanging the order

of integration, one obtains

t t
I fggavawf Ji.gdAdrzE(t)-E(tl) , (F)
t1 R tl oR

E(t) being the total energy at the time t (see (1.12)).
Finally, letting t1—~0 in (F) yields (1.11) because of the
arbitrariness of t and the regularity assumptions (ii) in Definition 1.1.

The proof is now complete,

The uniqueness of the solution to the classical traction problem,
which was first proved by Neumann [17] with the aid of the classical

energy identity, is asserted in

Theorem 1.2. (Neumann's classical uniqueness theorem). Let R be a

regular region, and suppose:




- Be

(@) 8'=[u',0"]€€(f,p,c;Rxl0,t 1),

8%=[u", g"1€CH, 0, ¢ I_{XEO,tO]) .

(B) w'(-,00=u"(-,0) , &'(,00=8"(-,0) on R

%
i’:s” on 8Rx[0,toj 3

Assume further that

(Y) ¢ is positive semi-definite on R; i.e., suppose

> €
Cijkl(}f«)Yinkl 0 for every xtR

and for every symmetric two-tensor Y. Then,

8'=8" on Rxlo,t_J.
Brun [8] has shown that the conclusion in Theorem 1.2 remains

valid even if hypothesis (Y) is removedl_

1
See also Knops and Payne [6], [7] (Section 8.3) and Gurtin [3]
(Section 63).
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2. Uniqueness of solution to the traction problem for piecewise
regular elastodynamic states,

In this section the statement of the traction problem of
classical elastodynamics is generalized to encompass states that have
continuous displacement fields but possess stress fields suffering
finite jump discontinuities, Singular states of this type are shown to
obey an analogue of the classical energy identity (Theorem 1.1), which
is subsequently used to establish a corresponding extension of the
classical uniqueness theorem (Theorem 1.2),

With a view toward formulating ‘the traction problem in the
presence of finite stress-discontinuities, we introduce the notion of
a '"smooth family of regions''. This concept affords a convenient
description of wave fronts, since the boundaries of the regions consti-

tuting such a family represent a surface deforming smoothly in time.

Definition 2.1. (Smooth and piecewise smooth families of regions).

Let Rt (tlst Stz) be a one-parameter family of integrable subsets of E,

each In{t (tl<t <t2) being a regular region. Suppose also that there

exists a t € (tl,tz) and a vector-valued function CEE Cz (_R',Ex[tl,tz]) such

that the following conditions are met:

(i) For each t in the closed interval [tl,tZJ, the function ®(-,t)

maps R;E onto R.t; i,e., for every §ERt there exists a X,ERE satisfying

}’S:R(th) »
(ii) For each t in the open interval (tl,tz), the mapping o(-,t) is

one-to-one and has a positive Jacobian determinant on -ﬁ%, so that

B(P,,Py,P,)

>0 for every x€Ra .
3(x1,x2,x3) (x,t) i LR
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Then, Rt (tlst Stz) is said to be a smooth family of regions,.

In addition, a one-parameter family Rt (tlst Stz) of subsets of

E will be called a piecewise smooth family of regions if there exists a

N
partition” {7_,7,---, 7 1 of (t,t,) such that R (1,  St<m) (k<l,...,m)

is a smooth family of regions,

Note that if Rt (tlst Stz) is a smooth family of regions, Rtl and
th, although images of a regular region under the smooth mapping
%(-,t), need not themselves be regular regions, since %(-,t;) and Cﬁ(-,tz)
are not necessarily one-to-one. Indeed, lol.tl and f{tz may even be
empty as exemplified by the two smooth families of regions

R.g:{;SGEIOSanI (@=1,2) , ctx <1} (0st<lk)

(2.1)
R.f:{;sEElOSanI (@=1,2) , 2-ct<x,<1} (l/cst<2/c),

where c is a positive constant. Here, R: and R:‘ are both void when
=1/c. The family of sets R, (0<t=<2/c) given by

Rt:R: for every tefo,1/c] 5 thRf for every t€(l/c, 2/c] (2.2)

constitutes a piecewise smooth family of regions, representing a family
of collapsing and subsequently expanding rectangular parallelepipeds.

Let Rt (tISt Stz) be either a smooth or a piecewise smooth
family of regions. We shall say that Rt (tISt Stz) sweeps out the open
set D in Ey given bj

D={(5t)|§€Rt . BE(B )

Similarly, we call the surface W in E, defined through

W = {(ﬁ,t)lieaRt ¢ B ]

1See (1.2).
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the surface swept out by R.t (tISt Stz),
Further, if Rt (tlst Stz) is a smooth family of regions, we use

n(-,t) to denote the unit outward normal of E')R.t and let

W= {0 |xeBR, , te, 1,1, (2.3)
L 5
"(i%thz(’i’t)'ﬁ(? (x,t),t) for every (x,t)EW (2.4)

so that Wis the regular part of the surface W swept out by R.t (tlststz),

and %(.,t), for every tE(tl,tZ) is the normal component of the velocity
of propagation of the surface aRt. Next, we introduce the speed of

propagation c of the family R, (t; <t <t,) through

%%
c=|u] on W (2.5)

and the direction of propagation ri of this family by means of

rl: sgn(K)E on, N« N= {(E,t)EVﬂS}IK(ﬁ,t#O} , (2.6)
where sgn(-) is the signum function. Accordingly, c(:flt) is the speed
at which a point x on the surface 8R‘t is moving in the direction of
propagation é(;g,t) at the time t. For a piecewise smooth family of
regions Rt (tISt Stz), we use n, A, c, and 5’:1‘ in the sense indicated above,

%
bearing in mind that the regular part Wof W is now

% % I
W= {ix ) [ZOR WU (0 ma T, 2.3%)
k=1
where {TO, 'rl, s g 'rm} is the partition referred to in Definition 2.1 .

The stress-discontinuities considered here will be assumed to
occur across surfaces in E4 which are swept out by piecewise smooth
families of regions. Since in many cases of interest there are several

surfaces across which the stress field jumps, we introduce next
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Definition 2,2. (Regular partition of RX(O,tO)). Let R be a domain in E

and m a positive integer. Then, a partition1 {DI,DZ,- . -,Dm} of RX(O,tO)

is said to be a regular partition of RX(O,tO), provided for each k (1£k<m)

there exists a piecewise smooth family of regions R}c{ (OStStO) such that:

(1) Dk is the open set in E4 swept out by R*lt( (OStStO).

(ii) If (;5,t)€ \;’C’kn(RX(O,to)), Wk being the regular part of the

surface Wk swept out by Rf (OStStO), then

Kk(;s,t);éo s

where Kk is the normal component of the velocity of propagation of

aRf (OStStO) as defined in (2. 4).

Observe that if D1 is the open set in E4 swept out by the
piecewise smooth family of regions defined in (2.2), (2.1) and

D,=RX(0,2/c)-D; , R={x€E[0o<x.<1},

then {DI,DZ} is a regular partition of R X(0,2/c).

Condition (ii) is included in Definition 2.2, since we shall only
by concerned here with propagating stress-discontinuitiesz. Note also
that a regular partition of RX(O,tO) defines, for each tE[O,tO], a

partition of R.

Definition 2. 3. (Piecewise continuous function of position and time,

jumps). Let R be a domain in E. A scalar function f is said to be

piecewise continuous gﬁx[o,to], provided there exists a regular

partition {DI’DZ" . -,Dm} of R.x(O,tO) such that for every k (1<k <m),

1See Equation (1.1) and the discussion preceeding it.

In fact, one can show that the traction vector, as well as the particle
velocity, must be continuous across a stationary surface of stress-
discontinuity (see, for example, Keller [14]).
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f is continuous on Dk and coincides there with a function continuous on

Dk'

sk
Further, letting W, , for each k(l1<k<m), be the regular part

of the surface Wk swept out by the family R}; (OstSto) appropriate to

m
Dy, we introduce the functions (f)+, (f)” and [f]on U Wkﬂ(RX(O,tO))
s k_

by means of

()" (x,t)= lim f(§-hﬁk(§,t) j t+hck(§,t)> ,
h-0t &

(f) (x,t)= lim f(x+hﬁk(x,t) > t—hck(x,t)) |

+
h~0 2.7

[£(x,0)=(5) (x,8)-(5) 7 (x,t)

%k
for all (x,t)€W NRX(0,t )) (k=1,---,m) .

Here, ﬁk and ck are the direction and the speed of propagation of the

*
family R,l: (OstStO). The function [f7 on Wkﬂ(Rx(O,to)) is called the

jump in f across Wkﬂ(Rx(O,to)), and if [f] does not vanish identically

there, Wkﬂ(R.x(O,to)) is called a surface of discontinuity for f.

| Adopting analogous definitions for tensor fields of all orders,
we are now in a position to formulate the traction problem for elasto-
dynamic states with piecewise continuous stress fields. We require
of these singular states that they satisfy the classical jump conditions,

which are customarily derived from the balance of momentum postu-

latel. To arrive at a succinct statement of the singular boundary -

1See, for example, Truesdell and Toupin [27] (Section 205), It is
assumed in [2 ] that the discontinuities occur across surfaces in E
belonging to a smooth one-parameter family of smooth surfaces. We
shall therefore require that the jump conditions hold on the regular
parts of the surfaces carrying the discontinuities in stress.
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initial value problem to be considered, we introduce

Definition 2.4, (Piecewise regular elastodynamic state). Let R,

(O,to), o and c be as in Definition 1.1 and f a vector field on ﬁx[o,to].

We say that S=[u ,g] is a piecewise regular elastodynamic state on

EX[O,to], corresponding to the body-force field £, the mass-density

field p and the elasticity field ¢, provided:

(i) feC®Rx[0,t 1) ; weC(Rx[0,t 7).

(ii) There exists a regular partition {Dl,DZ,- . -,Dm} of RX(O,tO)

such that for each k(l<k<m)

seé(f,o,g ; Dk) ,

and S coincides on D, with a state SK [u crk] that is defined on Dk

and satisfies

k. 1—
Ec (Dk) » @ €Ec (Dk)

(iii) If W for every k(l<k<m), is the surface swept out by the

family Rt (Oststo) appropriate to Dk’ then Wkﬂ(RX(O,to)) (k=1,: .+, m)

are surfaces of discontinuity for o, and
~

%
A5 To; T=-0c 8] on W NRX(0,t.)) (k=1,.--,m) , 2.8)

where ﬁk and ck are the direction and the speed of propagation of the

; k
family R.t (OStsto).
The surfaces Wkﬂ(R.x(O,to)) (k=1,...,m) will henceforth be called

the singular sur:faces1 of S. Also, we denote by

1Note that since each singular surface of S is a segment of the

boundary of an element of a partition of RX(0,t ), the singular sur-
faces of S cannot be pairwise disjoint.
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e, (,0,c; Rx[0,6)1)

the collection of all piecewise regular elastodynamic states on

ﬁx[o,to] corresponding to f, p and c.
Observe that if

S:[E,gjeep(fj Q,Q;EX [Oito.') )

0 is defined merely on EX[O,tO]-K, where

m
A= U Wkﬂ(Rx(O,t )) (2.9)
o
k=1 :
Thus, if R is a regular region, the traction vector s of S on 9R is
given by
e s
Si:njcij on BRX[O,tO]-A. (2.10)

We remark further that the jump conditions (2. 8) in Defini-

tion 2.4 may be replaced by

2 %
a; [ﬁj]:(ck) [ﬁi] on Wkﬂ(R.X(O,to)) (k=1,...,m) , {Z.11)
kol kak 7
aijzgciqunpnq on Wkﬂ(R,X(O,to)) (k=1,.«-,m) , (2.12)

there being no sum on k in (2. 12). The equivalence of (2. 11) and (2. 8)
can be established by reversing the steps in the familiar argument1 for
deducing (2.11) from (2. 8). From (2. 11) it follows in particular that
the propagation speeds ck (k=1,- - -,m) in Definition 2.4 must be wave
speeds for the material with the elasticity field ¢ .

The analogue of the classical traction problem in the present

context is the traction problem for piecewise regular elastodynamic

states, which may be stated as follows. Given a regular region R and

1See, for example, Gurtin [37] (Theorem 73.2).
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a time-interval (O,’co), find
s=[gg]€8p(£,o,g;R.x[O,tO])
for the data f, o, C and subject to the initial conditions
u(-,0)=% on R, 4(.,0)=y on R-A (2.13)
and the boundary condition
% % —_
s=s on 8R.x[0,to]-A, (2. 14)

where 1, \Z and >é’:a.re prescribed functions and A is the union of all
the singular surfaces of S (see (2.9)).

In preparation for a uniqueness theorem appropriate to the
problem just formulated, we derive from Equations (2. 8) another set
of jump relations which will play a crucial role in the proof of an

energy identity for piecewise regular elastodynamic states.

Theorem 2.1. (Energy balance across singular surfaces). If
S=[3,g]€€p(£,o,g;EX[O,to]) ’

%
an ﬁk, ck and W, are as in Definition 2,4, then

k

Ak X C s . . -
nj [Glju1]+_2_.(p[u3uj]+[01ju1,33)—0 _9_-';’_1_ Wkn<RX(O’to)) (k._l, e m) .
(2.:15)
Proof: Fix k(l<k <m) and put
k ck *
e=f [Gijui]+—2—-(p[ujuj]+[oijui’j]) on Wkﬂ(R.X(O,to)) g (A)

Next, use (2. 7) repeatedly to see that the following relations hold on

3
Wkﬂ(R.X(O,to)):



-2~

;5% 1=(8) [0y, T+(0,) 7[5, T (B)
[oj59; 51 (o, . 510w ]+(ui’j)'[Gij]+(cij)'[ui,j]. (D)

But, according to a well-known theorem usually attributed to

Ma:{ We ]'1 L]

for any vector field u satisfying the regularity assumption in (ii) of
Definition 2.4. Hence, by (B), (E) and the jump conditions (2.8),

5 _
Aoyt J=-pc(8) 18, 1-c(0;) Ty, ;1 on WNRX(0t)) . (F)

Substitution from (C), (D) and (F) into (A) results in

Ze . . - & ¥
—E:[cij][ui,j]-()[ujJ[ujj+(ui,j) [Gij]_(cij) [ul,_]] on Wkn(RX(O,tO)).

(G)
On the other hand, using (E) and then (2.8), we obtain
. " 3
[oij][ui,j]:p[uj][uj] on Wkﬂ(Rx(O,to)) . (H)

Also, the symmetry-relations (1.5) for ¢, the stress-displacement
relations (1.6) and the poétulated smoothness of u and g allow us to
conclude that
¥ 1= 3 W N(Rx(0,¢ |
(037 [w; ;1=(e; )7[o;;] on WN(RX(0,t,) . @
Upon inserting (H) and (I) into (G) and using (A), we arrive at (2.15).

The theorem is thus proved,

1For a proof, see, for instance, Gurtin [37 (Theorem 72.1).
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The four-dimensional divergence theorem for vector fields
defined on subsets of E4 swept out by piecewise smooth families of

regions is the burden of

Lemma 2.1. Let Rt (tlst stz) be a piecewise smooth family of regions

sweeping out DCE4. Suppose also that p and q are, respectively, a

vector and scalar field on D satisfying

pcel®) , qecl®d).
Then,
b t
J. f(v-p+c'1)dth:f I(E-p—uq)dAdt+ jq(i,tz)dv - fq(z,t )av ,
b t; OR, R, R, 2. 16)

2 1

where E(-,t) and #(-,t), for every t (tlst stz), are the unit outward

normal and the normal component of the velocity of propagation of BR.t.

Proof: Let {TO,TI, .. -,Tm} be the partitiop of (t,,t,) accompanying

Rt (tlst stz) in Definition 2.1. Next, fix k (1<k<m) and let @ be the

mapping function for the smooth family of regions R.t ('Tk_lst sTk).
Then, according to Definition 2.1 and the smoothness hypothesis

on p, we may conclude from the three-dimensional divergence theorem

that

jv-g(i,t)dv = J‘g(i(,t) . R(:ﬁg,t)dA for every tG(Tk_l,'rk) ; (A)

Rt 8Rt

Moreover, setting



4.

3(wp,,0,,0;) o
J’(i,t):m for every ()i,t)ER%X[Tk_l,'rk] , (B)
1725
(x,t)
we have
fv.p(,i,t)dv :jv.E(gg(i,t),t)J(;g,t)dv for each te(r, 7). (C)
R, Ry

From (C), the smoothness of ) asserted in Definition 2.1, and the
assumed regularity of p, we see that both members of (A) can be

integrated from Tk—l to Tk' Thus,

Tk Tk
f urv.Rdth:f JggdAdt. (D)
Tiedl ¢ The1 9%
Further,
[atx,t0av= [alelx,t),63(x,t)aV for ail te(r, 7)., (E)
R, Ry

so that, taking advantage of the smoothness of q and ¢ and the familiar

identity1
9y, i
Ui 0=30 {5 (Gt ™ g or) for every (x,t)€RypX(t, ;. 7,) »
? L= t)
(F)
we infer

le. , Truesdell and Toupin_[2] (Section 76). Observe that the

required smoothness of ™" follows from the inverse function
theorem. See, for example, Buck [15] (p. 278).
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9.  _ .
j—tfq(gt)dvzjd(;c,t)dwIg—x—j{q(gt)#(g 1(;5,t),t)}dV for all'telr, 4T} .

R R R
t t t
(G)

Next, apply the three-dimensional divergence theorem to the second

integral on the right side of (G), to arrive at

Slanav=[amnavs [agtugtaa for an ter ,m), @)

Rt Rt BRt

where % is given by (2.4). It is an easy matter to justify the integra-

tion of both sides of (H) from Ti-1 to Tk’ We thus have,
"k Tk
j J(jdVd’t+ f fuqudt: lim jq(ic,t)dV— lim jq(g,t)dv O i
1 Ry T 1 R, e, k-1 R
Now (I) holds for every k (1<k <m). Moreover, as is easily
verified,

lim [q@et)av = [a(z,m)dv &=0,1, - -,m).

o R, R
Tk

Thus, summing (D) and (I) over k (1<k <m) and adding the resulting
equations yields (2.16)., This completes the proof.

Lemma 2.1 coupled with Theorem 2.1 enables us to establish

Theorem 2.2. (Energy identity for piecewise regular elastodynamic

states). Let R be a regular region and

s=[u,glee, (£, 0. RX[0,t,T).

Then, for every t€[ 0,t, ], one has
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J‘j’g{idVd'r +j fi-lid.Ad‘T: E(t)-E(0) , _ (2. 17)
0R - 0 9R
where
E(t)——f D(x)u (x t)dV+2 Jc(gi t). vg(f,t)dv X (2.18)
R R

Proof: Let {DI,D . -,Dm} be the regular partition of R.X(O,to) appro-

e
priate to S in the sense of Definition 2.4 and fix k (1<k <m).

Next, define a vector field p on Ek by setting

pj:-c)'ijui in Dk,pE(" (Dk) (A)

That this is possible is readily seen from (ii) of Definition 2.4.

Similarly, define a scalar field q on Bk through

a=z otz o in D, ,q€C (D) . (B)
An elementary‘ computation involving a use of the stress equations of
motion (1.7), the stress-displacement relations (1.6) and the symmetry
of [ asserted in (1.5) yields

pj’j+c°1:fj{1j in D, . (C)

By hypothesis and' Definitions 2.4, 2.2, D, is swept out by a
piecewise smooth family of regions Rl:_ (OSTsto). Moreover, it
follows from Definition 2.1 that, for any fixed t€(0,to), the one-
parameter family of sets R]: (0=<T<t) is also a piecewise smooth family

of regions. Thus, we conclude from Lemma 2.1 applied to p, q on the

region in E4 swept out by Ri (0< T <t) that



P

t
J fJ (x fr)u (x T)dVdT = J I (n (x 'r)p (x,T) - (x T)q(x, T))dVd'T
0 RY 0 9RE

J (p(x)u (= t)u (x,t)+ 0. J(x t)ui’j(gs,t)) dv
R

1 . .
_7I{k<p ()i, 0)d, (x,0) + g, (E,O)ui,j(§,0)>dv, (D)

Observe that, according to (A) and (B), p and q are defined on \}rVk — the

regular part of the surface Wk swept out by Ri (O< T <t) — through their

is approached from within D, . Also, if Wkﬂ (8RX[0,’CO])

limits as Wk
is not empty,

%
=0 , 1 on W (8Rx[0,t ) ,

where n is the normal of 9R. Thus, the integrand of the boundary inte-

gral in (D) is given by

R 2 1k . %
B pj-K q= -njcijui on Wkﬂ (BRX[O,tO]) N (E)

ko :
provided Wkﬂ(BRX[O,tOJ) is non-void, and

k s
k k + % T +
ni'p; - ek_-n (c i) - 5 fora b + (o, ) } on WN(RX(0,t)), (F)

or

%
nip;-q=ep=-n (o, ) -T{pmﬁ) Hoyu )TF on WNRX(O.E)), (G)

according as nk is positive or negative. On the other hand, from

Theorem 2.1 in conjunction with (2.5), (2.6) and (2. 7), we see that e:;

= Sk
and €y coincide on Wkﬂ(R.x(O,tO)). Hence, in view of (E), (F) and (G),
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we may rewrite (D) in the form

t
[‘ Jf a dVdT+J J nJoJu dAdT= I j e dAd'T
0 aRknaR 0 aRknR

1 o J‘ b,
Iz . 1jui,j)dv_ Z(Qujuj+oijui,j)dv’ (H)
R

where the arguments of the integrands in (H) are the same as in (D),
y + - *
and e, is the common value of e and e, on Wkﬂ(R.x(O,to)).
Finally, note that (H) is true for every k(l<k <m). Moreover,

[Rl 2 .,Rfrn}, for each TG[O,tO], partitions R. Therefore, if we
sum (H) over k (l<k <m), the boundary integrals from the right side

cancel, and we reach the desired result (2.17),

Just as the classical energy identity (1.11) leads to Neumann's

uniqueness theorem (Theorem 1.2), so (2.17) gives rise to

Theorem 2.3. (Uniqueness of solution to the traction problem for

piecewise regular elastodynamic states). Let R be a regular region

and

(@) 8" =[w,q'] eep(i,p,gzﬁx[o,to]) ,
s*=Tu”,g"] eep(g,p,g;ix[o,toj) ;

with respective singular surfaces

WNRX(0,t)) (k=l---,m’) ,  WINRX(OL)) (k=1,---,m") .

Suppose also that S=[u,0], defined by

u=u’-u” on Rx[0,t ] , ¢=g'-g” on Rx[0,t_]-A

~



L

where
m’ m”
a={ U wom x(0,¢_N}U {kLika NRX(0,t )},

=1

satisfies:

(8) seep(g, o, Rx[0,t 1) .

In addition, assume

(8) c is positive semi-definite on R, so that

S5 B Vi Yo" 20T 2L ZER

and for every symmetric two-tensor Y. Then,

g’:g” on EX[O,to] . ’g":g” on ﬁx[o,toj-X

The purpose of Assumption (B) in the statement of Theorem 2.3
is to insure that the subsets of R.x(O,to), on which the difference-state
g is smooth, constitute a regular partition of R.x(O,to). This fact, in
turn, permits an application of the energy identity (2. 17) to S. Note
that (B) is implied by Hypothesis (a) if the partitions appropriate to g’

and S” coincide, so that in this instance (8) may be omitted.

Proof of Theorem 2.3: From (B), (y) and the energy identity (2.17)

applied to S, one draws

Ip(x)t’iz(gs,t)dv+jg(x,t)-vu(x,t)dV:O for all tE[O,tO] : (A)
R R



T

But according to Assumption (§) and the stress-displacement
relations (1.6), the second integral in (A) is non-negative., Therefore,
(A) implies

Io(g)ﬂz(g,t)dV:O for all tE[O,tO'] : (B)
R
which, in view of the piecewise continuity of g and the positivity of p,
- gives
4=0 on Rx[0,t_ 1-A. (C)
Because of the continuity of u on Kx[o,to] and the first initial condition

in (y), the identity (C) yields
u=0 on EX[O,tO]. (D)

Finally, (D), together with the stress-displacement relations
(1.6), implies

0=0 on EX[O,’COJ-K.

The proof is now complete.

As will become apparent at the end of the next section, the
conclusion in Theorem 2.3 remains valid even if the somewhat artifi-
cial Assumption (B) is deleted, provided the region R is restricted in
a slightly different manner. Indeed, this result will emerge as a
special case of a more inclusive uniqueness theorem given in Section 35
where we consider the traction problem for states that may be consid-
erably more singular than those treated here. Lastly, we observe
that there is no difficulty in using the energy identity (2.17) to establis.h

a generalization of Theorem 2.3 to the corresponding mixed boundary-
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initial value problem, which contains the first and second problems

as special cases,
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3. Uniqueness of solution to the traction problem for weak
elastodynamic states.

Our present objective is to relax the previous regularity
assumptions on solutions to the second boundary-initial value
problem of elastodynamics and to deal with the broader uniqueness
issue thus arising. ZFollowing certain required preliminaries, we
introduce the notion of a ''weak elastodynamic state'' and subsequently
formulate the traction problem for such a state. We then prove an
appropriate uniqueness theorem by extending an argument used by
Ladyzhenskaya [57 in connection with the first boundary-initial value
problem for a second-order hyperbolic equation in a single dependent
variable,

Throughout this section we use the symbol £2(D) for the class
of all tensor-valued functions that are (Lebesgue) square-summable1
on a bounded region D in En’ Furthermore, suppose I is a time-
interval and S a regular surface elemen‘c2 in E, so that for some

choice of a Cartesian frame in E, S admits the representation
1
X3=G(X1,X2) for all (xlyxz)en s GEeC (o) ,

where [] is a closed region in the (xl,xz)-plane. We say that a function
is measurable on S XI if the corresponding composite function on [JXI
has this property. We are thus in a position to speak of functions

measurable on 9R XI whenever R is a regular region of space.

1As is customary, we call a measurable function summable if its
Lebesgue integral is finite and square-summable if its square is
summable,

2See Kellogg 117, p. 105.
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If D is a bounded domain in En’ we denote by 6n(5) the subclass
of Cn(ﬁ) consisting of all vector fields the suppor‘cs1 of which are con-
tained in D. Consequently, a function CEG@n(E) vanishes identically in
a neighborhood of 8D. Next, suppose R is a bounded domain in E and
p a vector field, summable on I_Q.X[O,to]. If there exists a vector field

v and a two-tensor field w, both summable on ?{_,X[O,to], such that for

every %Gél (§X[0,toj)

t ¢
(o] O
j J\céipidth:.-j fcpividth . (3.1)
0R 0R
¢ 't
(o] 0]
J' jcpi,jpidth:-f Jqoiwijdth . (55 2)
0R 0 R |

we say that p possesses a generalized time-derivative v and a general-

ized gradient w on _R.x[O,to]. If v and v’ are both generalized time-

derivatives of p on ﬁx[o,toj, then (3. 1) implies

t
o

J IQ (z—v')dth:O for every @€ él(ﬁx[o,to]) ;

0 R
which in turn neces si‘ca‘ces2 that v and v’ coincide almost everywhere
on ﬁ,x[o,to]. Similarly, the generalized gradient of p is unique in the

foregoing sense. Moreover, if qECl(ﬁx[:O,toj) is a vector field, it is

1Following conventional usage, we call the closure of the set of all
points at which a function does not vanish the support of the function.

2This is the vectorial version of a well-known theorem in the theory of
Lebesgue integration (cf., Theorem 5 in Section 71 of Smirnov [16]).
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easily seen through an integration by parts and an appeal to the
divergence theorem that the time-derivative i and the gradient vq are
also the generalized time-derivative and the generalized gradient of
q. In the event that a vector field p possesses a generalized time-
derivative v and a generalized gradient w, we adopt the notation ag

for v respectively,

B Wi

9p for w and write épi, ajpi for Vi,

j’
If R again denotes a bounded domain in E, we write uaé (I_{xfo,to])

for the assembly of all vector-valued functions in SZ(—RX[O,tO'_\) that

have generalized time-derivatives and generalized gradients belonging1

to £2(§x[0,to]). The function space lbé(f{x[o,to]) is a normed linear

space with the norm

t 1/2
”R”Rx(o,to)z{-[ J(’E]Z‘“léEIZJr'aBlZ)dth} ' S
0 R

To motivate the definition of a weak elastodynamic state about
to be introduced, we show first that if R is a regular region and

s=[u,glee(f,p,c;Rx[0,t 1),

then, for every cpecl(ixto,to]) :

t : t
O O
J J(owiui-coi’j Gij+coifi)dth+‘[ jwisidAdt
0 R 0 0R
+ [0 (1,5,008; (x5, 0) - (. )8 (.8 ) AV =0 . (3.4)
R

lThus, lb]é (Rx[0,t,]) is a ""Sobolev space'' of vector fields (see [47).
An exposition of the theory of generalized derivatives and Sobolev
spaces is also given, for example, in Smirnov [167].
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To prove this identity, let 9€C'(Rxlo,t_J), [t;,t, J2(0,t,) and define a
vector field p on R through
tz

-fcpi(x,t)cij(x,t)dt for all x€R .
£

pyix)

1

Next, use the stress equations of motion (1.7) to see that

ks

py 569 = (o8 (5,618, (5,000 ;65810 )y (1,00, ()

*

+cpi(§,t )ﬁi(i’t )_mi(f’tZ)ﬁi(}ff'tZ) for every x€R .
Thus,
pec' ®RNCE) , v-pec®) .

Applying the divergence theorem to p on R and then letting tl’ t2 tend

to O,to respectively, we obtain (3, 4).

Definition 3. 1. (Weak elastodynamic state). Let R, (O,to), o and ¢

be as in Definition 1.1 and let f, be a vector field, measurable on

ﬁx[O,tO]. Then, S= [}3‘)2] is said to be a weak elastodynamic state on

ﬁx[o,to] corresponding to the body-force field f, the mass-density field

o and the elasticity field ¢, provided:

() fes, ®xo,t,]) , uwew) ®x[0,e 7).

(i1) cijzcijkfa]uk on Rx[o,toj ; (3.5)
t
(o]
e 2 J\]_ —
[ [ (P 0u, -, ;0; .+, f;)dVdt=0 for every peC (Rx[0,t ) .  (3.6)

0 R
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For the collection of all such states, we write

e, (£,0,c:Rx[0,t 7).

Observe that if

s=[u,gl€e_(f,p,c;RX[0,t T),
QGS,Z (f{X[O,to]) because of (3.5) and the required regulafity of u and [
Further, the concept of a weak elastodynamic state is an extension of
the notion of a regular elastodynamic state. Indeed, if

s=[w,gl€&(f,p,c; Rx[0,t_T),

then Definition 1.1 and the identity1 (3.4) with geél(-ﬁx[O,tO]) imply
that

see_(f,0,c;RX[0,t ).

Conversely, suppose

s=[u,gl€e_(f,p,c;Rx[0,t 1),
such that
EECZ(RX(O,tO))ﬂCI(EX[O,tO]) , gECl(RX(O,tO))ﬂc('f{x[o,to]) )

Moreover, assume that the three functions cij j-ptii are continuous on

L

ﬁ.x[O,to'!. Then

see(f’,p,c s Rx[0,t 1) , (%)

~

where

IWhen géél(Rx[o’toj)’ Equation (3.4) is valid for any domain R in E.
To see this, enclose R within a regular region R, extend ¢ and Sto §
by letting them vanish on R-R, and apply the argument used earlier in
connection with the proof of (3.4) to the extended vector field p on R
(see the discussion following (3.4)).
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t
o

Jr “f,",{"dedho- k)
OR

To verify this claim, define f/ on ﬁX[O,tO] through
T k=9
fi_pui Gij,j on Rx[O,to'] :
so that (*) follows at once from Definition 3.1 and the assumed regu-

larity of u and g. Thus,
’ .
see (£, p0,c;Rx[0,t ),

whence (3.5) also holds with f replaced by f’. Therefore,

t

o

r J‘cp-(f-f)dthﬂ) for every mEél(I_{.x[O,to]) -
0 R

from which (%) follows.
In preparation for a suitable generalization of the initial and
boundary conditions (1.9), (1.10), we introduce three subclasses of

]l —
e (RX [O,tO]) through

Definition 3.2. (The function classes ¥, &, and 5), Let R be a bounded

domain in E and (O,to) a time-interval. Then, we write:

(i) Reg(’ﬁx[o,to]), provided Béw;(ﬁx[o,toj) and there exists a

sequence {En} of vector fields such that

pPec! Rx[0,t,]) (m=1,2,---) ,

lim ||p- ) =
n-co ~ ~ Rx(0,t)
%o " A 2 2 1/2
hm{f j(’g—gnl +[ B-Bn, +|8~-v~nl )dth} =0
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(ii) Reﬁ(ﬁx[o,to]), if Recl(‘ﬁ.x[o,to]) is a vector field and there

exists §>0, possibly depending on p, such that

p=0 on Rx(to—é,to] :

(iii) pGE(E_{.x[O,tO']), if péw;(ﬁxfo,toj) and there exists a sequence

{p"} of vector fields such that

P ERRX[0,t ] (n=1,2,-.9) , limlp-p

Thus, x(f{X[O,to'I) is the closure in the u:%-norm of the set of
all vector fields belonging to Cl (ﬁx[o,toj). On the other hand,
;_:%(-I—{X[O,to'j) is the closure in the w;-norm of the set ﬁ(ﬁ.x[o,toj) of all
vector fields in cl (f{.X[O,to]) that vanish identically on R near the time
is complete (cf., Smirnov [167], Section 112), % can be

7

viewed alternatively as the completion in the wé—norm of the class &

t . Since UJl
o

(see Smirnov [167, Section 85, for example), an analogous remark

being in order for & Notice also that
B W o o ot
FRx[0,t_ NCHRX[0,t, NCHRX0,t, DU, (RX[0,t, ) .

For a. wide class of bounded domains in E, 'J(-ﬁx[o,toj) is in
fact all of w;(ﬁx[O,toj). The counterpart of this result for bounded
domains in E  was apparently first established by Friedrichs [17]
under certain restrictions as to the nature of the domain. Moreover,
the foregoing result is known to hold for bounded, star-shaped domains1
in En‘ In what follows we prove the equivalence of 3(§X[O,to]) and

‘bé(ﬁX[O,tO]) under the weaker assumption that R is merely locally

1See the theorem in Section 111 of Smirnov's [16 7 book.
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star-shapedl; i. e., we suppose that for every §€§ there exists a

neighborhood N(x) of x such that N()fs)ﬂR is star-shaped, Observe that
a bounded, locally star-shaped domain is necessarily the union of a

finite collection of star-shaped domains,

Theorem 3.1, Let R be a bounded, locally star-shaped domain in E.

Then,
FRX[0,¢_7)=Wy (Rx[0,t_7) .
Proof: It suffices to show that
1oy (Rx [0, ICFEX[0,¢_T) . (A)

For every §€§, choose a neighborhood N(x) of X such that N(x)NR is

star-shaped. Since R is compact, there exists a finite point set

{il,xz, . e ’Em} in R such that
m o,
U N(x)oR .
k=1

Next, let

Nk:N(’}Ek) (k:l, oo ’m) ;
let T be an open interval containing [O,tO], and set
D:Rx(o,to) v Q=N XT  (k=1,--+,m) ,

(B)
Dk=anD=(NknR)x(Ovto) (k=1:' + '9m) ’

1This equivalence is established by Agmon [18] (p. 11) for (not neces-
sarily bounded) domains that have the '"segment property'.
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whence each Dy is star-shaped and

m —_—
R oRwrics. 1 .
k=l © .
Suppose now that pewé (-5). Then pewé(ﬁk) (k=1,...,m), and one

has from the well-known result cited earlier (cf., Smirnov [167,

Section 111) that p€Z( k) (k=1,...,m). Thus, for each k, there exists

a sequence fplli} of vector-valued functions such that

1= ;
ppec (D) (m=1,2,...) , lim|p-pg|l =0. (C)
n-00 Dk
Introduce a partition of unity {wl,qu, Shere ,q;m} subordinate to
{Ql’QZ’ --+,Q .} by requiring that

1bkeca)(E4) (k:l, Hl rm) )

~14

wk(i’t):l for every (f,’t)ED 2 QkCQk (=1, « « xymn) |

k=1

where Qk is the support of q;k. Further, let
¥ o on D
glri-_—{ k Ric i k (k=1,---m;mn=1,2,..) , {(nosumonk). (BE)
0 on D—Dk

From (C), (D) and (E) follows

ec (@) (k=1,---,m;n=1,2,- ). (F)

1For a proof of the existence of a partition of unity subordinate to a
given covering, refer, for instance, to Bremermann [19]

(Section 3.6). Partitions of unity have frequently been used in similar
contexts (e.g., see Friedman [207], Chapter 10).
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Thus, if
m
p’=) g on D (n=1,2,--1 , ()
k=1
(F) reveals that
plee! @) m=1,2,-- . (H)

Mofeover, using (D), (G) and the triangle inequality, one has

) 5 1
g™l <) -l @=1,2,--9 . 5
B ac D

But, from (D) and (E),
leep-apll =l (e-p)ll (J)
el el
and since for any pair of tensors a and b of the same order,
la+bl®<2(la)**[a]%)

one infers from (J) ’cha.t1

- 2 2ot 2, 2
‘ - n’ <M | - nl s M. =2 max ({1, ()] +] (0] ¥l (EE) :

Thus, because of (I),

m
s z ”3_212”13 (n:I’Z" I M= max A/ M, . (K)

-2 x
kel i l<k<m

D

Equations (C) and (K), together with (H), imply

1R.ecall that the product rule applies to generalized differentiation of
functions in m; (cf., Smirnov [167, Section 109).
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p€3(D) ,
whence (A) holds, and the proof is complete.
It can be shown (see, for instance, Smirnov [167], Sections 113
and 110) that if RGE(EX[O,tOJ), there exists g¢ 3(§x[0,t0]), coincident
with P almost everywherel, such that for all t€[0,to'1:

q(- e ®) 1irgflg(35,t+s)-g<x,t)I'Zdv:o,
&= <
R

{35.7)

~ o ~

t
q(x,t)=q( ,O)+J.8'q(x,'r)d'r for almost all x€R ,
0

We therefore ascribe these properties to every element of & and,

through Theorem 3.1, to every member of wl provided R is locally

2’
star-shaped.
Motivated by the foregoing remark and by the identity (3.4),

we formulate the traction problem for weak elastodynamic states as

follows. Given a regular, locally star-shaped region R, and a time-
interval (O,to), find

s=lu,gl€e (f,p,c; Rx[0,t T)

corresponding to the data f, p, ¢ and subject to the generalized boun-

dary and initial conditions

5 ‘ t
A 5 >k

I J‘(Dtoiaui-coi,joij+coifi)dth+ fp(g)coi(g,o)vi(ﬁ)dw I fcpisidAdt:O Oa

g & 0 3R (3.8)

for every o€ ﬁ(ﬁx[o,to W

1Observe that if two functions belonging to > coincide almost every-
where, then (3.1) and (3.2) assure that theyzhave the same generalized
time-derivative and the same generalized gradient.
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tim [ [u(xt)-260|%av=o0 , (3. 9)

t-oOR

where ﬁ, i and %are prescribed vector-valued functions, square-
summable on R, R, and 8Rx[0,to], respectively.

Equations (3.8), (3.9) constitute a generalization of (1.9), (1.10),
the second of (1.9) being incorporated with (1.10) in (3.8). Indeed, if

R is a regular region and 4, v, $ are vector fields obeying

~

*

hec'(®) , §eo®) , SecORx[0t 1), (%)

~

while

S:[}bg]ee(ffv,P,g;ﬁX [O’tO]) ¥ (**

then (3.8) and (3.9) are equivalent to (1.9) and (1.10). We show only

that (3.8), (3.9) imply (1.9), (1.10), since the converse is clear from (%),

(*%), and (3.4). As a consequence of (%), (¥%), (3.4), (3.8), and (3.9),
u(-,00=8 on R, ()

whereas for every géﬁ(ﬁx[o,toj),

t
(o]

JD(E)Cpi(i,o)(ﬁi(}i,o)-\;i(f,o)>dv+\f J.Cpl(sl-gi)dAdtZO . (*)
R 0 8R :

Thus, appealing to the appropriate lemmas from the calculus of varia-

tions, one concludes from (%) that

4(-,0)=v on R i::;i on 8Rx[0,t 7,
which, together with (+), yield (1.9), (1.10).
We turn now to a lemma which will be used in the proof of a
subsequent uniqueness theorem associated with the traction problem

for weak elastodynamic states.
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Lemma 3.1, Let R be a bounded, locally star-shaped domain in E.

Suppose that pELU (Rx[O0,t ]), t G[O t ) and let

t
p(x,7)dT for all (x,t)eRX[0,t, ]

o

q(x,t)= (3. 10)

0 for all (§,t)eﬁx(t1,to].

Then, qeﬁ(ﬁ_x[o,to]) and its generalized time-derivative and

generalized gradient are given by

Hh

or all (x,t)ERx[0,t, ]

p(x,t) for all (x, ]
ég(N,t)={ (L (3.11)
0 for all (xt)€Rx(t,,t ],

t
[op(x, m)dr for all (x,t)eRx[0,t; ]
2 1
8%(')‘{;1:): (3. 12)
0 for all (x,t) ERx(t),t ] .

Proof: Observe from (3.10) that there exists §>0 such that

%:9, on Rx(to-f),to'_l ; (A)

Suppose first, as will subsequently be confirmed, that
s
gGUJZ(R.X[O,to]) . (B)

We claim that (A), (B) and the hypotheses on R imply

1For fixed t€[0,t,), the integrals in (3.10), (3.12) need not exist for all
x€R, but only fo]i‘ almost all x€R. Strictly speaking, a complete
definition of q and Bq on Rx[O0, to] requires that one adjoin to (3.10),
(3.12) a specification of q and 9q at points where the time-integrals of

P and Bp, respectively, fail to éxist; in particular, q and Bq could be
takento be zero at these points.
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q€H®RxT0,t,7) . (C)

To see this, note that if R were star-shaped (rather than locally star-
shaped), (A) and (B) would be sufficient for (C), since the requisite
sequ.ence1 of vector fields in :%(Ex[o,tot]) tending to q in the norm of
w; could be constructed with the aid of the scheme employed by
Smirnov [167 (Section 111) in a similar context. The conclusion (C)
for a merely locally star-shaped R may now be verified through an
argument analogous to the one used in the proof of Theorem 3.1.

It remains to be shown that (B), (3.11), and (3.12) hold true.

With this objective in mind, suppose cpeél(ﬁx[o,toj). Then, (3.10)

yields
t tl ¢
f Jeplqldth J' J( (x t)Jp (x, 'T)d'r)dth (D)
0 R 0 R =
t
j jw q,dVdt= f J( (x,t Jp (x, T)dT)dth . (E)
o

But, according to the formula for integration by parts (cf., McShane

and Botts [217, p. 191),

t t

i
J(c,o (%,t jp (%, T)dq’) .rcpi(;s,t)pi(é,t)dt for almost all ;Seﬁ. o W(E)
0 0

%

Integrating both members of (F) over R, interchanging the order of

integration, and using (D), one arrives at

lSee (iii) of Definition 3.2.
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to tl

f Jcpiqidth:—j urcpipidth :
OR 0R

so that q has a generalized time-derivative given by (3.11).
The analogous procedure applied to (E) leads to
to tl t

| fcoi,jqidth:-f f<Pi(§,t)fcpi’j(i,T)dT)dth . Q)
0. R 0 R 0

We show next that since pewé(ﬁx[o,toj),

t t
J (pi(i(jt)dr o ;5 'r>dV < -f(iji(i,t)jcpi(f, 7)d ¢> av (H)
R 0 R 0

for almost every te[O,to]. For this purpose, let the support of
ge Cl([O,tO]) be contained in (O,to). Then, the vector field E defined
on I_{X[O,to] by

t

E(E,t)zg(t)fﬁce(z,'r)dﬂ' for every (ﬁ,t)Eﬁxfo,tO]
0

is in él (’ﬁx[o,to]). Taking ¢ in (3.2) to be {§, we infer

£ t

t
o
[le® ] (et o s mar+ 0., () [0 G miar)av Jae =0,
o R e 0

whence, g having been chosen arbitrarily, (H) follows. Now, integrate
(H) over [0,t, ] and use the resulting identity in (G) to obtain

to T

&
_[ fcpi,jqidth:I »r(ajpi(?é’t).,rwi(’ff 'r)d'r)dth : (I)
0 R 0 R 0
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Interchanging the order of integration in the right-hand member of (I),
carrying out the time-integration by parts, and then restoring the

former order of integration results in

to 1:1 t
[ ] =] Jloyen ]|
J coi,jqidth_ wi(f’t) 8jpi(§,'r)d'r dvdt . (J)
0R 0OR t

1
Thus, q has a generalized gradient given by (3.12). Finally, since p
and 9p belong to £, 80 do q, éq and 9q, which in turn implies q(—fu:é .

This concludes the proof.

We are now in a position to take up

Theorem 3.2 (Uniqueness of solution to the traction problem for

weak elastodynamic states). Let R be a regular locally star-shaped

region and suppose:

= ’ ‘R
(G’) S"‘[El’gjeew(f'v’ Q,E,tho,toj),

s*=[u”,0"Jee_(£,p,ci Rx[O,t ]) .

(B) Eor every oe&®x[0,t 1),

t t
o o
A o *
il 5 %
j ‘[(pcpiaui-coi’j oij+cpifi)dth+Jp(§)cpi(§,0)vi(§)dV+f JmisidAdt =0",
OR R 0 0R
t t

(o} o

o 8 Vi " o * =
ff(pgoiaui—cpi,jcijhpifi)dth+J‘p(§)coi(>i,0)vi(§)dv+j‘ f@isidAdt_ 0,
0R R 0 8R

whereas,
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g i o, (12 e
lim | lg’(x,t)—u(x)l dv=0 |, limflu”(;s,t)-u(x)l dv=0,
t-0 3 S o t-0 o i =

s,

u, %N and s being square-summable vector fields on R, R and BR.x[O,tO],

~

respectively.

In addition, assume

(Y) ¢ is positive semi-definite on R, so that
Cijkf(ﬁ)yijykﬂzo for every x€R

and for every symmetric two-tensor Y. Then, almost everywhere,

w=u” , g'=g” on Rx[0,t 7. (3. 13)

Proof: Define a state S:[g,c;] through
=u'-u” , g=g’-g” on Rx[0,t ]. (A)

Then, according to Hypotheses (a), (B) and Definition 3.1,

s=[y,gl€e_(9,pc:Rx[O,t T), (B)
t
(6]
JJr(ocgiaui-mi’joij)dth:o for every ped(®x[0,t,]), (C)
0 R
2
lim r]u(y)[ dv=0, (D)
t..oﬁ -

We show first that (C) holds also for each cpe'f%('ﬁx[o,tow),
provided 0 wi,j are replaced by 8cpi, ajcpi;
t

o
. . * —

Jl' f(pacpiaui-ajcpioij)dth:O for every géﬁ(RX[O,to]) ; (E)

0 R
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Indeed, let cogi‘i(ﬁx[o,to]). Then (see (iii) of Definition 3.2), there

exists a sequence {con} of vector fields such that

o €3(D) 0=1,2,-..) , lim [|§"| =0 , &'=0-¢ onD (n=1,2,...), (F)
G n-oo ~ D e
where D:RX(O,tO). Next, set
t
o
A:J J‘(pacpiaui-ajcpioij)dth : (G)
0 R

Subtracting Equation (C), with ¢ chosen to be ¢, from (G), one has

(6]
2 2TV n
A:I j<pa@i Bu;-8,8] cij>dth (212 vy (H)
0 R

where 8" is given by the last of (F). From (H) and the Schwarz

inequality for £2-functionsl, one draws

: Lt 1ot 1t 1
lal=(] fpzleSg]ZdVdQ'2 (] flégnldedt>2+ (] Jlgldesz (] jlagnlzd\rdt>2
0 R 0 R 0 R 0 R

for every n(n=1,2,.-.). Hence, A=0 by virtue of the second of (F) and

(3.3), so that (E) now follows from (QG).

Our next objective is to deduce2 the desired results from (E).

To accomplish this, choose tle[O,to) and set

lWe define the inner product of two nth_order tensor-valued functions
in £,(Rx[0,t,]) to be the integral over Rx(0,t,) of their fully con-
tracted outer product.

2The remainder of the proof is suggested by an argument due to
Ladyzhenskaya [57 (p. 72).
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¢
fg(}i,'r)d'r for all (x,t) €Rx[0,t, ]

a(x,t)={ 1 (1)

0 for all (:’\{/t)€§x(t1,t0] §
Then, according to Lemma 3.1,
AR
g €XRX[0,t, ), (7)

u(x,t) for all (§,t)€§.x[0,t ]

3%"5”:{ 0 for all (x,t)eRx(t,t ], (K)
t
fag(}é,'r)d'r for all (§,t)€f{,x[0,t1]
5y
9q(x,t) = (L)

0 for all (x,t)e'R',x(tl,to] ¢

Because of (K) and (L), and since uelné(_Rx[O,to]) (cf., (B) and
Definition 3.1), éq and 8q have square-integrable generalized time-

derivatives on f{x[o,t1 7, which are given by
8(3q)=8u , 8(dq)=du on Rx[0,t,] . (M)

Equation (J) entitles one to take @ in (E) to be q. Doing so,
thereafter substituting for g from (3.5) and for éu, ou from (M), one

arrives at
ty

i j[paqia(aqi)-cijkla(quk)ajqi]dth:O , (N)
0R

On the other hand, the symmetry-relations (1.5) for c together with

the product rule for generalized time-differentiation gives



o

. 1 b —
cijk[8(8£qk)8jqi:ia(cijkfajqiaqu) on R.x[O,tI] . (P)
From (N) and (P) follows
4
Ifa(paqiaqi-cijkl 8,0,2,q, )4Vt =0 . Q)
0OR

Now interchange the order of integration in (Q) and carry out the time-
integrationl, bearing in mind that E:)q(-,O) and 9q(-,t,) vanish almost

everywhere on R in view of (K), (D) and (L). Consequently,

‘r(p(f)éqi(f,t )5qi(§,t1)+cijk£3jqi(§.0)8£qk(§,0)>dV=0 : (8)
R

Equation (S) and Hypothesis (Y), along with (K), imply

[ome® et av=0,
R

or, since p is positive and tle[O,to) was chosen arbitrarily,

J‘[g(i,t)lde=O for every te[O,to) 4 (T
R

Equations (T) and (A) yield the first of (3.13).

Finally, (A) and the first of (3.13), together with the formula
for the generalized gradient of u (cf., (3.2)), assure that 81’1 vanishes
almost everywhere on _R.x[O,to]. Therefore, by (3.5), gvanishes
almost everywhere on Rx[O,to], whence the second of (3.13) holds
true. This completes the proof.

Among the types of singularities admissible in solutions to

dynamical elasticity problems that are covered by Theorem 3.2 are,
1

Recall the last of (3.7).
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besides finite jump discontinuities in the stress field, square-integrable
isolated stress-infinities, such as those arising in connection with the
focusing of elastic waves. The formulation of the traction problem
given here, however, precludes the possibility that the displacement
field itself undergoes a finite discontinuity across some surface, since
such a singularity cannot occur in a function belonging to u;é (see, for
example, Smirnov [167, Section 110). It may be well to emphasize
that an a priori decision as to whether a problem with a particular set
of data is covered by Theorem 3.2 would require an existence theorem
appropriate to the traction problem for weak elastodynamic states.
This existence issue is beyond the scope of the present investigation.
Finally, we observe that the regularity hypotheses on p and c could
easily be relaxed to accommodate discontinuities in material properties.
We conclude this section with a specialization of Theorem 3.2
to piecewise regular elastodynamic states. Toward this end, we

introduce

Lemma 3.2. Let R be a regular region and

s=[u,gle€ (£,p,c; Rx[0,t,]) .

Then,

see (£.0,c:RX[0,t ),

and, for every pe(®x[0,t 1),

t t
o o
0 R R, 0 9R

s being the traction vector of g on 9R.




B3

Proof: Let {Dl, D,y,---, Dm} be the regular partition of Rx(O,tO)

appropriate to S (see Definition 2.4). We verify first that
s ]
ge5, ®x[0,6)]) ,  wew®x[0,t]) . (A)

The first of (A) is immediate from (i) in Definition 2.4. As for the
second of (A), fix j(j=1,2,3) and let gj be the unit base vector in the
xj-direction. Choose ’cEEél(_RX[O,tO]) and introduce a vector field E,,
and a scalar field q’ through

R’:(cpiui)gj . q':cpiui on I_{X[O,to] } ; (B)
From (B), Definition 2.4, and the assumed regularity of ¢ follows
prec' @) . a’€C' (D) (k=1,---,m). (c)
Thus, we may apply Lemma 2.1 first with p:g', q=0 and then with p:g,

q=q’. Doing so and subsequently appealing to (B) and the fact that

®(-,0), cp(-,to) vanish on R, we arrive at

t
rof(cpu) .dvdt fj n; cpudAdt (D)
6R§ 0 8Rk
t .
[ S toupavat - [ [ #ouaaa, (E)
0 R}: 0 8Rk

for each k(l<k <m), where th((O =t sto) is the piecewise smooth family
of regions that sweeps out Dk' Since A is continuous on _ﬁ.X[O,tOJ

and o vanishes on BRX[O,toT, summing (D) and (E) over k yields1

lRecall that {Dl, D ., D__ 1 partitions Rx(0,t ).
m o

oy 42
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t t
(o] (o]

)
j J‘(q)iui),jdth: L f jﬁ(cpiui)dthzo : (F)
0 R 0 R

which in turn implies that vu and ,1:1’ are the generalized gradient and

the generalized time-derivative of u on ﬁ.x[o,to]. Since, by

Definition 2.4, vu and u lie in £, (Rx[0,t 1), the first of (A) follows.
We turn next to the proof of (3. 14). For this purpose, let

k (1<k <m) be a fixed integer, choose geﬁ(ﬁ.x[o,to]), and define a

vector field p and a scalar field q by means of

L A L 1=

(G)
q=p9G, in D, , qeC (D)) .
A straightforward computation, involving (G) and the stress equations
of motion (1.7), leads to

pj,j+q: pmiui_wi,jcijﬂ‘oifi in Dk : (H)

Applying Lemma 2.1 to P, g on _Dk and arguing as in the proof of
Theorem 2.2 —again using the jump conditions (2.8)— we deduce (3.14).

But (3.14) implies (3.6). Moreover, (3.5) follows at once from
(1.6) so that, because of (A),

s€e_ (£, RX[0,¢7) .

The proof is now complete,
It is worth noting that one can establish the following converse

of Lemma 3.2. Suppose R is a regular region and

5=[y,0]€€_(f,0,c;Rx[0,t 1),

w€C®x[0,t ) , £ECERx[0,t 7).
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Assume in addition that there exists a regular partition {DI,DZ,- . -,Dm}
of RX(O,tO) such that, for each k(l<k «<m), S coincides on Dk with a

state Sk: [gk,gk] that is defined on 51( and satisfies

Then,

seep(g, 0,c; Rx[0,t T).

The result just mentioned provides an alternative derivation of the

classical jump relations (2.8).

Theorem 3. 3. (Uniqueness of solution to the traction problem for

piecewise regular elastodynamic states). Let R be a regular, locally

star-shaped region. Then the conclusion in Theorem 2.3 follows from

Hypotheses (a), (Y) and (&) alone; that is, in the absence of (B).

Proof: Hypothesis (@) in Theorem 2.3, Lemma 3.2, and Definition 3.1
imply
S€E_(0, p,g;_f{.xfo,to]) ) (A)
Moreover, Hypothesis (y) and Equation (3.14) applied to S yield
t

o
fj(pwiui-cpi,jcij)dth:O for every EEg(Rx[O’to-” y (B)
0OR

}3("0)=9, on R. (G)

Equations (A), (B) and (C), in conjunction with Theorem 3.2, necessitate

that

u=0 , 0=0 almost everywhere on ﬁ.x[o,to] ) (D)
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But u is continuous on R, and g is continuous on ﬁ.X[O,tO]-K, so that
u=0 on R , 0=0 on I_{x[O,tO]-K ,

and the proof is complete,

We have thus obtained a modified version of Theorem 2.3 which
is free from the artificial Assumption (B), but which involves a slight
change in the hypothesis on the underlying spatial domain R. The
reason for the presence of (B) in Theorem 2.3 and its absence in
Theorem 3.3 is that while the difference in two weak elastodynamic
states is obviously itself such a state, the analogous claim for
piecewise regular elastodynamic states cannot be taken for granted.

In conclusion, we remark that a counterpart of Theorem 3.2

for the first problem with homogeneous boundary conditions can be
established through a scheme very much like the one used here to cope
with the second probleml. If one then adds to Definition 3.2 the require-
ment that the displacement field be continuous on 'R.X[O,to], an analo-

gous uniqueness theorem for inhomogeneous surface data can also be

obtained, provided the region R satisfies certain regularity conditions
beyond those assumed in this investigation. Similarly, it is possible
to generalize Theorem 3.2 to the mixed problem of classical

elastodynamicsz.

1Ladyzhenskaya [5] has treated the corresponding uniqueness issue
for a single, second-order hyperbolic equation.

2See the paper by Dafermos [9] on linear dynamical thermoelasticity
in which the uniqueness of the '"generalized'' solution to a mixed
boundary-initial value problem for homogeneous boundary data is
proved,
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