Visual Input for Pen-Based Computers

Thesis by

Mario Enrique Munich

In Partial Fulfillment of the Requirements for the Degree of Doctor of Philosophy

Figure 3.1: Signature verification system.

The literature on signature verification is quite extensive (see [40, 41, 58] for very comprehensive surveys) and is divided into two main areas of research, off-line and online systems. Off-line systems deal with a static image of the signature, i.e., the result of the action of signing, while on-line systems have available the dynamic process of generating the signature, i.e., the action of signing itself. The system described in this chapter falls within the category of on-line systems since the visual handwriting tracker captures the timing information in the generation of the signature.

On-line signature verification methods may be classified into two principal groups depending upon the features used to perform classification. On one group, complete signals (position, speed, acceleration, pressure, etc., versus time) are considered as mathematical functions whose value constitute the feature set. On the other group, global parameters (e.g., total duration, number of components, overall dimension, etc.) and local parameters (e.g., maximum values, peak curvatures, etc.) are computed from the measured signals to constitute the features. Each approach provides benefits and imposes problems on the design of the system. A successful signature verification system ideally should make use of both types of features [40, 50].

This chapter is organized as follows. Section 3.2 describes the method used to perform the comparison between signatures, section 3.3 discusses the different parameterizations of the signatures used in order to improve performance, section 3.4 shows the method used to evaluate the performance of the verification system and section 3.5 provides the experimental results.

3.2 Algorithm for signature comparison

3.2.1 Preliminaries

Signatures can be regarded as planar curves, i.e., the locus of points C(p) = [x(p), y(p)] ∈ IR^2, with p ∈ [0, 1]. Given two different curves, the straightforward method to measure their similarity is linear correlation. However, this method is not suitable for signature comparison. Signatures vary in length, even if they are generated by the same writer. Besides, there are random variations that create additions and deletions of portions of signals, non-linear time axis compression or expansion and gaps due to pauses or hesitations of the writer.

Different methods have been proposed in the literature in order to determine the best correspondence between two signature samples and provide a measure of their similarity. Dynamic Programming Matching (DPM) is a technique that finds for each sample in one of the signatures, the corresponding sample in the other signature that is closest to the original sample using some predefined metric. Given this correspondence, it is possible to calculate a “distance” between the signatures under comparison.

DPM belongs to the class of dynamic programming [3] algorithms that were proposed and extensively studied by Bellman and collaborators in the ’50s-’60s. The use of DPM for comparison of time functions was initially proposed in the field of Speech Recognition by Sakoe and Chiba [64] and it is described in full extent in the book of Rabiner and Juang [62] with the name of Dynamic Time Warping. DPM has been successfully used for signature verification by many researchers [35, 24, 34, 45, 48, 49, 50, 54, 65, 81] and it is the technique that we use to compare signatures acquired with our visual pen tracking system.

Sato and Kogure [65] proposed to use DPM in order to align the shape of signatures, consisting only of pen-down strokes, after having normalized the data with respect to translation, rotation, trend and scale. They further used the result of DPM in order to compute the alignment of the pressure function and to compute a measure of the difference in writing motion. Finally, they perform the classification based on the residual distance between shapes after time alignment, the residual distance between pressure functions and the distance between writing motions.

Parizeau and Plamondon [54] evaluated the use of DPM for signature verification by aligning either horizontal or vertical position (x(t), y(t)), horizontal or vertical velocity (v_x(t), v_y(t)), or horizontal or vertical acceleration (a_x(t), a_y(t)). In their work, they used the complete signing trajectories, i.e., pen-down and pen-up strokes.

Hastie et al. [34] obtain a statistical model of signatures that allows for variations in the speed of writing as well as affine transformations. DPM is used to find the correspondence between speed signals of pairs of signatures, and the distance measure provided by the DPM in the speed domain is used as a classification parameter. The signature with lowest distance to all others is chosen as the reference. The speed signal of the reference pattern is used to segment this signature into letters. After segmenting all the signatures by using the correspondence provided by DPM, a template signature at the letter level is extracted and used for the final comparison and classification.

Huang and Yan [35] presented the use of DPM for matching signature strokes by finding a warp path that minimizes the cost of aligning the shape, velocities and accelerations of the individual strokes all at the same time. Pen up strokes are considered in the preprocessing phase of their algorithm, in order to be merged with the pen down strokes.

Nalwa [50] parameterized the pen-down strokes of the signature along its arc length and then compute a number of characteristic functions such as coordinates of the center of mass, torque, and moments of inertia using a sliding computational window and a moving coordinate frame. He performed a simultaneous dynamic programming matching over arc length of all these characteristic functions for the two signatures under comparison. A measure of the similarity of the signatures is used for classification.

Our implementation of DPM for signature verification attempts to perform the best time alignment of the 2D shape of the signatures using a translation-invariant measure of curve similarity, i.e., we find the time warping function that has the minimum cost of aligning the planar curves that represent signatures. We note that the pen-up strokes drawn by each subject were as consistent as the pen-down strokes, as shown in figure 3.2. This observation agrees with the evidence [41] that signatures are produced as a ballistic or reflex action, without any visual feedback involved. Therefore, we use the full signing trajectory in our experiments. We do not perform any type of normalization on the signatures since we consider that users are very consistent on their style of signing; they write their signatures with a similar slant, in a similar amount of time, with similar dimensions, and with a similar motion.

3.2.2 Curve Matching using Dynamic Programming

A translation-invariant measure of curve similarity

Given two two-dimensional curves C_1 = {X(i), i = 1, · · · , N_x} and C_2 = {Y(j), j = 1, · · · , N_y} as in figure 3.3, and assuming that we have a warping or correspondence map ϕ = (t, s) between C_1 and C_2, such that a point X(t_k) ∈ C_1 corresponds to a point Y(s_k) ∈ C_2, for k ∈ {1, · · · , N}, t_k ∈ {1, · · · , N_x}, s_k ∈ {1, · · · , N_y}. Let us define the elementary distance d((t_{k−1}, s_{k−1}), (t_k, s_k)) [67] of having X(t_k) in correspondence with Y(s_k) and X(t_{k−1}) in correspondence with Y(s_{k−1}) as

Figure 3.2: Signatures acquired with the visual interface and corresponding image captured by the camera after finishing the acquisition. We observe that the pen-up strokes are as consistent as the pen-down ones.

d((t_{k−1}, s_{k−1}), (t_k, s_k)) = ‖ −−−−−−−→ X(t_k)Y(s_k) − −−−−−−−−−−−→ X(t_{k−1})Y(s_{k−1})‖^2 (3.1)

where ‖.‖^2 is the Euclidean norm. Let us define the similarity measure between the

two curves given ϕ as

D_ϕ(C_1, C_2)^△= N∑ k=2 d((t_{k−1}, s_{k−1}), (t_k, s_k)) = N∑ k=2 ‖ −−−−−−−→ X(t_k)Y(s_k) − −−−−−−−−−−−→ X(t_{k−1})Y(s_{k−1})‖^2

= N∑ k=2 ‖X(t_k) − Y(s_k) − X(t_{k−1}) + Y(s_{k−1})‖^2

= N∑ k=2 ‖ (X(t_k) − X(t_{k−1}))

velocity X

− (Y(s_k) − Y(s_{k−1}))

velocity Y

‖^2

(3.2)

where the two curves are assumed to be sampled at a constant sampling rate. It is easy to see that the distance defined in equation 3.2 is invariant with respect to any translation of C_1 and C_2.

Curve 1

Curve 2

X(t_k)

X(Nx) X(2) X(1)

Y (2) Y (1) Y (Ny)

Y (s_k)

Figure 3.3: Correspondence between the two curves C_1 and C_2.

Having defined the distance between curves given the warping function ϕ = (t, s), the actual problem to solve is: Find the function ϕ that minimizes D_ϕ(C_1, C_2) and report the resulting minimum distance between the curves. In other words,

Solve

D(C_1, C_2) = min_ϕ D_ϕ(C_1, C_2) ϕ = (t, s) = argmin_ϕ D_ϕ(C_1, C_2)

(3.3)

where ϕ has to satisfy a set of requirements (to be presented below).

The matching process could be visualized on the “warping plane” of figure 3.4 where t_k will be represented on the x-axis and s_k will be represented on the y-axis. The set of sample points on C_1 and C_2 defines a grid on the warping plane. The correspondence function ϕ joins different nodes of the grid and defines a curve or a path on this plane. If the warping path crosses one vertex (i, j) of the grid, it means that point X(i) ∈ C_1 corresponds to Y(j) ∈ C_2. This warping path is parameterized by k ∈ {1, · · · , N} as shown in figure 3.4.

The simplest case of correspondence between the two curves is the one in which the rates of production of the curves are constant and proportional to the duration of the curves. The individual warping functions are then related by a linear relationship t_k =^{N1}_{N2} s_k. The corresponding warping path is a diagonal straight line as shown in figure 3.4. In the case of signatures, practical experience indicates that it is not possible to get two signatures that are exactly the same (in fact, if this happens, one of the signatures is certain to be a forgery) since it is quite difficult for humans to repeat precisely the same pattern at the same rate. In general, two signatures from the same subject are quite similar but present local shape deformations and local differences in rate of production. Therefore, we need to obtain two warping functions t_k and s_k that define a warping path that takes into account these local differences. The generation of signatures is implicitly a causal process, so the matching between two signatures has to preserve this temporal ordering. This constraint means that the functions t_k and s_k have to be monotonically nondecreasing as depicted in figure 3.4(b).

Dynamic programming matching (DPM)

The solution of the high-dimensional minimization presented in equation 3.3 has in general combinatorial complexity in the number of samples. However, given that the functions t_k and s_k have to be monotonically nondecreasing in order to preserve the temporal ordering on the generation of the signatures, the matching between the signatures has to be a causal process. Under these conditions, Dynamic Programming allows one to perform the full minimization as a sequence of one-dimensional minimizations by applying Bellman’s principle of optimality [3, 20]:

60

(a) 1 1 k = 1 k = 2 k = 3 k = 5 k = 4 k = 6 k = N

Curve 1 s

j

t

Curve 2

N_y

i N_x (b)^1 1

1 1 N

N

N_y s

N_x t

k k

Figure 3.4: (a) Matching process displayed on the “warping plane.” The dashed line shows the linear correspondence between the curves while the solid line shows the optimal matching obtained as a solution of the equation 3.6. (b) Corresponding warping functions t_k and s_k.

“An optimal sequence of decisions in a multistage decision process problem has the property that whatever the initial stage, state, and decision are, the remaining decisions must constitute an optimal sequence of decisions for the remaining problem, with the stage and state resulting from the first decision considered as initial conditions.”

Let us put the principle of optimality in mathematical terms in order to obtain an algorithm. Let us assume that (t_1, s_1) = (1, 1) and (t_N , s_N ) = (N_x, N_y), i.e., the first and last points of C_1 and C_2 are in correspondence, then we can rewrite equation 3.3 in terms of N_x and N_y as

D(C_1, C_2)^△= D(N_x, N_y) = min_{t,s} N∑ k=2 d((t_{k−1}, s_{k−1}), (t_k, s_k)) (3.4)

Similarly, the minimum cumulated distance along a warping path starting at (t_1, s_1) = (1, 1) and ending at (t_N ′ , s_N ′ ) = (n_x, n_y) is

D(n_x, n_y) = min_{t,s,N ′} N^′∑

k=2 d((t_{k−1}, s_{k−1}), (t_k, s_k)) (3.5)

Let us assume that we have D(n^′_x, n^′_y), the solution of equation 3.5 up to node (n^′_x, n^′_y) in the grid of the warping plane. Using the principle of optimality, we want to express the minimization up to point (n_x, n_y) in terms of D(n^′_x, n^′_y). Let us call ξ((n^′_x, n^′_y), (n_x, n_y)) the cumulated local distance for the portion of the warping path between points (n^′_x, n^′_y) and (n_x, n_y), that is composed of L segments. Then, ξ((n^′_x, n^′_y), (n_x, n_y)) = ∑_L m=0 d((t_N ′_{−m−1}, s_N ′_{−m−1}), (t_N ′_{−m}, s_N ′_{−m})) where (t_N ′ , s_N ′ ) = (n_x, n_y) and (t_N ′_{−L}, s_N ′_{−L}) = (n^′_x, n^′_y). The shape and the number of segments of the portion of the warping plane between points (n^′_x, n^′_y) and (n_x, n_y) are defined by the local constraints imposed onto ϕ that are discussed later in this section. Figure 3.5 shows different possibilities for the portion of the path joining nodes (n^′_x, n^′_y) and (n_x, n_y) that are proposed in the literature. Using the principle of optimality, we can write the following recursion to solve the minimization of equation 3.3

D(n_x, n_y) = min_{(n′x,n′y)} {D(n^′_x, n^′_y) + ξ((n^′_x, n^′_y), (n_x, n_y))} (3.6)

where (n^′_x, n^′_y) represent all possible nodes that can be joined with node (n_x, n_y) by a portion of the path that satisfies the constraints imposed on the minimization.

Matching constraints

Unconstrained minimization in equation 3.3 may conceivably result in a near-perfect match between any two different signatures, thus making the comparison meaningless for recognition purposes. Figure 3.6 shows an extreme example of this problem. The lower curve is the same in both cases and plays the role of the reference signature. Given the correspondence between samples shown in the figure, the distance between the curves in both cases is the same.

(n_x, n_y)

(n_x, n_y) (n_x, n_y)

(n_x, n_y)

Figure 3.5: Different possible portions of warping path ending at node (n_x, n_y) proposed in the literature.

The solution of the minimization of equation 3.3 can be obtained with the dynamic programming algorithm with mathematical precision. However, for the matching process to be meaningful in terms of time normalization for different realizations of a signature, some constraints on the warping functions are necessary. These constraints have a heuristic nature since they are based upon intuition and are not motivated by analytical results. Typical time warping constraints that are considered reasonable for dynamic programming matching include endpoint constraints, monotonicity conditions, local continuity constraints, global path constraints and slope weighting

Figure 3.6: Extreme example of unconstrained minimization of equation 3.3. The lower curve is the same in both cases. Given the correspondence between samples shown in the figure, the distance between the curves is the same in both cases.

(see [62] for a more extensive treatment of the subject).

Endpoint constraints Signatures are a short piece of handwriting that have a well defined beginning and ending, so it seems reasonable to constrain ϕ such that the first and last points of C_1 and C_2 be in correspondence. These conditions have the following expression:

beginning point t_1 = 1 s_1 = 1 ending point t_N = N_1 s_N = N_2

(3.7)

Monotonicity conditions The generation of a signature is a sequential process whose final product is a parameterized 2D curve. The matching algorithm has to maintain the temporal order while assigning sample correspondences; it is therefore reasonable to impose the following monotonicity constraints on ϕ

t_{k+1} ≥ t_k s_{k+1} ≥ s_k (3.8)

This constraint eliminates the possibility of reverse warping along the time axis, even within a short time interval. This constraint implies that any path on figure 3.4 cannot have negative slope.

Local continuity constraints Signatures can have random variations that produce additions and deletions of portions of the written trace as shown in figure 3.7. Local continuity constraints are designed to provide the flexibility needed to cope with these situations while, at the same time, ensuring proper time alignment with minimum potential loss of information.

These constraints define the possible ways of computing the cumulated local distance of a portion of the warping path ξ((n^′_x, n^′_y), (n_x, n_y)) that joins nodes (n^′_x, n^′_y) and (n_x, n_y)) of the warping plane of figure 3.4. The local continuity constraints can

Figure 3.7: The first row shows signatures from a subject that does not sign consistently. The middle loops are added, deleted and distorted quite a bit from one signature to the other. The second row shows signatures from a much more consistent subject, although there is some distortion between signatures.

take many forms as shown in figure 3.5 (see Rabiner and Juang [62] for a detailed list of the constraints proposed in the literature). Sakoe and Chiba [64] proposed the following ones:

t_{k+1} − t_k ≥ 1 s_{k+1} − s_k ≥ 1

(3.9)

The constraints are difficult to visualize using equations, so it is more convenient to show them in terms of incremental path changes on the warping plane. Figure 3.8 pictorially shows the local continuity constraints described by equation 3.9 and the corresponding matching between samples of curves C_1 and C_2.

Given the local continuity constraints of equation 3.9, ξ((n^′_x, n^′_y), (n_x, n_y)) is composed by only one segment and it is computed as follows:

ξ((i − 1, j − 1), (i, j)) = d((i − 1, j − 1), (i, j)) ξ((i, j − 1), (i, j)) = d((i, j − 1), (i, j)) ξ((i − 1, j), (i, j)) = d((i − 1, j), (i, j))

Figure 3.8: Local continuity constraint and the corresponding matching between samples of curves C_1 and C_2.

Global path constraints The local continuity constraints define a region of the warping plane that the optimal path can traverse. Using the constraint depicted in figure 3.8, all nodes of the warping plane could be reached. However, other local constraints may restrict the reachable nodes to the ones belonging to a certain region of the warping plane. For example, using the local constraint shown in the upperright plot of figure 3.5 restrains the warping path to have a slope ranging from 0.5 to 2. Global constraints can be imposed on ϕ that also limit the allowed region of the warping plane. Constraints on the gradient of the warping function restrain the possibility of unrealistic correspondence between a very short pattern in a signature and a relatively long pattern in the other. If the maximum and minimum possible slope for the warping path are fixed to be M_{max} and^1_{Mmax} , the global constraints imposed on ϕ are as follows:

1 + t^k − 1 M_{max} ≤ s^k ≤ 1 + M^{max}(t^k − 1) N_y + M_{max}(t_k − N_x) ≤ s_k ≤ N_y + t^k − N^xM_{max} (3.10)

(1, 1)

(1, N_0 + 1) s = t + N_0

s = t − N_0

s = 0.5(t − 1) + 1 s = 2(t − 1) + 1

(N_0 + 1, 1) s = 0.5(t − N_x) + N_y

s = 2(t − N_x) + N_y

(1, N_y) s

(N_x, 1)

(N_x, N_y)

t

Figure 3.9: The shaded region is the allowed region of the warping plane that the warping path can traverse due to global constraints.

where the first equation specifies the range of points (i, j) of the warping plane that can be reached starting from the point (1, 1) and the second equation specifies the range of points that have a legal path to the ending point (N_x, N_y). Constraints on the maximum timing difference between the two signatures are also desirable since they restrict the possibility of accepting a forgery that was obtained by tracing a real signature at a slow pace. Sakoe and Chiba [64] proposed the following one

|t_k − s_k| ≤ N_0 (3.11)

where N_0 is the maximum allowable absolute deviation between any two samples in each signature. Figure 3.9 shows the available region of the warping plane after applying the above global constraints (M_{max} = 2).

Using the recursion equation 3.6 and all the mentioned constraints, obtaining the optimal path is straightforward. For each node (i, j) within the allowed region of the warping plane, the minimum cumulated cost is computed sequentially column-wise or row-wise. The previous node that provides the minimum cost is stored in memory. Finally, the last column or row is searched for the node with minimum cost and then the optimum warping path is found by backtracking the stored nodes.

Let us summarize the Dynamic Programming Matching algorithm using all the constraints. In order to backtrack the warping path after obtaining the minimum distance, the algorithm needs to recall the parent node of each point (i, j) within the allowed region of the warping plane. Let us store the parent one of point (i, j) in ζ(i, j). 1 Initialization:

D(1, 1) = 0 ζ(1, 1) = (1, 1)

2 Recursion: for 1 ≤ i ≤ N_x, 1 ≤ j ≤ N_y, such that i and j stay within the allowed grid and follow the monotonicity constraints, compute:

D(i, j) = min D(i − 1, j) + d((i − 1, j), (i, j)) D(i − 1, j − 1) + d((i − 1, j − 1), (i, j)) D(i, j − 1) + d((i, j − 1), (i, j)) (3.12)

ζ(i, j) = argmin D(i − 1, j) + d((i − 1, j), (i, j)) D(i − 1, j − 1) + d((i − 1, j − 1), (i, j)) D(i, j − 1) + d((i, j − 1), (i, j))

3 Termination:

D(C_1, C_2) = D(N_x, N_y) ϕ_1 = (N_x, N_y)

4 Path Backtracking:

do ϕ_{i+1} = ζ(ϕ_i) until ϕ_{i+1} = (1, 1)

The resulting function ϕ is ordered backwards, i.e., starting from the last matching points, so it should be reordered if desired.

Figure 3.10 shows an example of dynamic programming matching applied to compare the 2D shape of two signatures. The first column shows the horizontal coordinate x(t) of both signatures and the second column shows the vertical coordinate y(t) of both signatures, before and after matching. The upper plot of the third column shows the two signatures under comparison and the lower plot of the third column shows the warping path. We note that the matching is quite good regardless of the differences in the shapes of x(t) and y(t). The remaining mismatch between these signals accounts for the differences in shape of the signatures.

The algorithm presented for curve matching has two components, the dynamic programming minimization that is mathematically exact and the minimization constraints that are heuristically motivated. Therefore, the warping path obtained with the algorithm provides the best correspondence in terms of curve distance, under the mentioned constraints. If C_1 and C_2 are two examples of the same signature, this warping function represents the best correspondence between the curves after compensating for local shape deformations and local differences in the rate of production of the signatures. However, if C_1 and C_2 are two completely different signatures, the optimal path is not really meaningful, except as the solution of the dynamic programming process, because establishing correspondence between two completely different curves is not a well defined concept.

Figure 3.10: Example of dynamic programming matching applied to compare the 2D shape of two realizations of the same signature. The first column shows the horizontal coordinate x(t) of both signatures before and after matching; the second column shows the vertical coordinate y(t) of both signatures before and after alignment. The upper plot of the third column shows the two examples of the signature. The lower plot of the third column shows the optimal time warping path compared with a linear time matching path.

3.3 Signature parameterization

3.3.1 Preliminaries

In most of the previous work, a time-based parameterization of the functions to be compared was used, even though there is no clear reason for using this parameterization other than the convenience of being automatically provided by the capture device. To our knowledge, only Nalwa [50] used an arc-length parameterization of the signatures for computing the distinctive functions proposed in his paper. The arc-length parameterization of the signature is loosely dependent on time and on the dynamics of signing, even though it keeps the causality of the signature’s generation. This weak dependence on the dynamics of signing seems contrary to the traditional idea that pen dynamics is a key element in detecting forgeries. However, the use of the arc-length parameterization is a first step towards achieving invariance with respect to Euclidean transformations of the signatures. Going one step further, we could use a parameterization that provides a certain degree of invariance with respect to affine transformations of the signatures. This parameterization has been described in the literature [7] and has been called affine arc-length by Pollick and Sapiro [60].

Several studies (see [60, 77, 76, 39] and references therein) show that the generation and perception of planar movements by humans have a direct relationship between the tangential velocity of the hand and the radius of curvature of the planar curve. Experimental results show that the tangential velocity decreases as the curvature increases. A mathematical fitting of these results gives rise to a power law in which the tangential velocity is proportional to the^1_3 power of the radius of curvature. While the relationship between these two quantities is very intuitive, there is no clear explanation for the exact factor^1_3 in the power law. Pollick and Sapiro [60] show that this power law precisely implies motion at a constant affine velocity. This means that curves with equal affine length will be drawn in equal time. The main question is why affine parameters seem to be embedded in the representation of planar motion. One possible explanation presented in [60] notes that affine transformations are obtained when a planar object is rotated and translated in space, and then projected into the eye via parallel projection. This approximated model for the human visual system is valid when the object is flat enough and away from the eye, as in the case of drawing and planar point motions. These observations are the main motivation for using affine arc-length in our experiments.

3.3.2 Euclidean and affine arc-length

Let’s define the relations used to re-parameterize the signatures on Euclidean and affine arc-lengths. A planar curve may be defined as the locus of points C(p) = [x(p), y(p)] ∈ IR^2, with p ∈ [0, 1]. Different parameterizations p define the same curve but give rise to different velocities along the curve^{∂C}_{∂p} . Given an increasing function q(p) : [0, 1] → [0, 1], the curve defined by C(q) = C(q(p)) will be the same as the one defined C(p), even though the velocities along the curve will be different^{∂C}_{∂p} ≠^{∂C}_{∂q} .

One of the most well-known parameterizations is the Euclidean arc-length ν defined such as the curve is traveled with constant velocity, i.e., ‖^{∂C}_{∂ν} ‖ = 1. Given our curve C, parameterized with an arbitrary parameterization p, in order to re-parameterize it in Euclidean arc-length, we use the relation

ν(p) = ∫_p 0 ‖ ∂C(t) ∂t ‖ dt (3.13)

where it is easy to see that since C(ν) = C(ν(p)), then,^{∂C}_{∂ν} =^{∂C}_{∂p}^{∂p}_{∂ν} , and ‖^{∂C}_{∂ν} ‖ = 1. Given a curve with Euclidean arc-length parameterization and two points ν_0 and ν_1 on the curve, the Euclidean length between them is

l_e(ν_0, ν_1)^△= ∫_{ν1} ν_0

dν (3.14)

The Euclidean arc-length parameterization defines a length that is invariant with respect to rotations and translations (Euclidean transformations).

If we allow for affine transformations rather than Euclidean ones, the Euclidean length ν is not invariant any more. A new parameterization s on affine arc-length is defined such that the resultant affine length is invariant with respect to affine transformations. As in the case of the Euclidean arc-length, given the curve with an arbitrary parameterization p, the re-parameterization in affine arc-length s is

s(p) = ∫_p 0 |∂C ∂t × ∂^2C ∂t^2 | 1_3 dt (3.15)

Based on this parameterization, the affine length between two points s_0 and s_1 of the curves is l_e(s_0, s_1)^△= ∫_{s1} s_0

dν (3.16)

which can be shown to be invariant with respect to affine transformations [7, 60]. The curve C(s) = C(s(p)) parameterized on affine arc-length satisfies the following relation

| |∂C ∂s × ∂^2C ∂s^2 | | = 1 (3.17)

which means that the area of the parallelogram defined by the vectors^{∂C}_{∂s} and^{∂2C}_{∂s2} is constant.

Figure 3.11 shows an example of a signature acquired with the visual tracking system and the corresponding re-parameterizations on Euclidean and affine arc-length.

Figure 3.11: The first plot shows a signature acquired with our system and therefore parameterized in time. The second and third plots display the same signature parameterized in Euclidean and affine arc-length respectively.

3.4 Evaluation of the performance of the verification system

3.4.1 Error rates

Signature verification can be thought of as a two-class pattern recognition problem, one class consisting of genuine signatures and the other consisting of forgeries. A great deal of variability can be observed in signatures from the same individual according to country, age, time, habits, psychological or mental state, and physical and practical conditions. The only certainty in this domain is that when two signatures are identical, one of them is a forgery.

The performance of a verification system is generally evaluated according to the error representation of a two-class pattern recognition problem, that is, with Type I and Type II error rates. The Type I error rate (or False Rejection Rate (FRR)), measures the number of genuine signatures classified as forgeries as a function of the classification threshold. The Type II error rate (or False Acceptance Rate (FAR)), evaluates the number of false signatures classified as real ones as a function of the classification threshold.

Clearly, we can trade-off one type of error for the other type of error. As an extreme example, if we accept every signature, we will have a 0% FRR and a 100% FAR, and if we reject every signature, we will have a 100% FRR and a 0% FAR. The curve of FAR as a function of FRR, using the classification threshold as a parameter, is called the error trade-off curve. It provides the behavior of the algorithm for any operating regime and it is the best descriptor of the performance of the system. In practice, this curve is often simplified into a scalar, the equal error rate, i.e., the error rate at which the percentage of false accepts equal the percentage of false rejects. This equal error rate provides an estimate of the statistical performance of the algorithm, i.e., it provides an estimate of its generalization error. Figure 3.12 shows the curves of FRR and FAR as a function of the classification threshold and the corresponding error trade-off curve.

Figure 3.12: Curves of FRR and FAR as a function of the classification threshold and the corresponding error trade-off curve.

Depending on the testing conditions and on the availability of data, a signature verification system can be validated with different types of forgeries as discussed in the literature [58]. The two most common types of forgeries are the following:

Random Forgery : where the forger uses his own signature instead of the signature to be tested.

Skilled Forgery : where the forger tries and practices imitating as closely as possible the static and dynamic information of a signature.

The comparison among different signature verification systems that have been presented in the literature is quite difficult since it is hard to replicate the conditions of the experiments. Signatures are a behavioral biometric, so the generation of a signature is influenced by the state of mind of the signer. In other words, if the signer is well motivated, he would make an effort to provide good samples of his signature. Otherwise, if the subject does not concentrate on signing properly, the set of signatures could present quite a bit of unusual variability. The same can be said for the case of forgers. The use of random forgeries for evaluating a signature verification system provides artificially lower error rates and should be used as an initial sanity check, since a system that does not work well when tested with random forgeries most probably will not work properly with skilled forgeries.

3.4.2 Duplicated examples

One common problem of many on-line systems for signature verification is the lack of examples needed to build a reliable model for a signature and to assess the performance of the algorithm. This problem is inherent to the application since it is not feasible to ask a subject for all possible examples of his signature. Thus, we have to build a model of the signature that performs well in practice and we have to infer the generalization error of the algorithm, all with very few examples. If we know that the model that we are building should be invariant with respect to some transformation of the examples, we could increase the number of examples in both the training and test set by using Duplicate Examples as described by Y. Abu-Mostafa [1]. In our particular case, one possible example of this transformation is time origin translation since our system should be insensitive to the particular instant of time in which we started acquiring the signature. Another possible transformation is given by global affine deformation of the signatures, provided that the acceptable range of the parameters of this affine deformation could be estimated from the examples. This affine deformation of the signatures arises by modification of the position of the camera from acquisition to acquisition. Figure 3.13 shows a signature captured with the tracking system and a set of virtual examples obtained by time origin shifting and affine deformation.

Figure 3.13: The first plot shows the original signature captured with the visual tracker. The second plot displays the position of the new samples when performing the time origin shifting. The third and fourth plots show the result of applying an affine scaling to the original signature, in the horizontal and vertical coordinates respectively. The maximum and minimum value of scaling to be applied is estimated from the training set.

3.5 Experiments

3.5.1 Data collection

We collected two set of signatures in order to evaluate the performance of the signature verification system. The first data set consists of signatures from 56 subjects, 18 of them were women and 4 were left handed. Each of them was asked to provide 25 signatures, 10 to be used as the training set and the other 15 to be used as the test set. The second data set consists of signatures from 49 different subjects (no intersection with the first set); 14 of them were women and 6 were left handed. All subjects were between twenty years old and sixty years old. Each of them was asked to provide 30 signatures, 10 to be used as the training set and the other 20 to be used as the test set. The first set was used throughout the development of the system so the resulting performance on set 1 could have been compromised by this fact. In other words, the resulting algorithm could have over-fitted the first signature set. The second set was kept unused until the system was fully developed and the performance on set 2 was computed only once in order to get the results presented in this chapter. Figure 3.14 shows one signature from each of the subjects in the databases. Figure 3.15 shows all the signatures for subjects s030 and s066 of the first database.

The data was collected in three sessions that took place on different days in order to get a sample of the variability of the subject’s signatures while avoiding the distortion produced by the boredom of the repetitive task of signing. We should point out that the camera was not placed at a fixed position and height; it was changed from subject to subject and from session to session.

We also asked five of the signers to provide forgeries for each of the subjects in the database, as the ones shown in figure 3.18. Each set of forgeries for a particular subject was collected in one session. The naive forger was shown the ink trace of a set of real signatures and given enough time to practice the signature to be forged until feeling comfortable writing it. The set of forgeries was collected in two groups of 5 signatures each, giving the forger some rest in between. The visual tracker was set up such that the signer could not remain still in the same place for more than a few

Figure 3.14: One signature from each of the subjects in the database.

Figure 3.15: All signatures from subjects s030 and s066.

hundred milliseconds, not allowing the forger to copy the signatures at a very slow speed but rather forcing him/her to produce it at normal signing pace. The forger knew that the system was acquiring the full signing trajectory and he/she was given feedback on the success of his/her attempt. Figure 3.16 shows four signatures and one skilled forgery from eleven different subjects in the databases. The reader can make a guess on which signatures are actually forgeries. The answer is on the last page of the chapter.

3.5.2 Preprocessing

When acquiring the signatures, the position of the camera was only constrained to be such that the signatures would be captured properly and such that the signer would be comfortable. Since different signers have diverse writing manners and different pen holding style, the camera was moved from session to session. Therefore, signatures from the same subject captured in different sessions could be rotated with respect to each other. The distance defined for performing DPM is not invariant to rotation, so we need to normalize each signature with respect to rotation. In order to do so, we computed the axis of maximum and minimum inertia of the signature and then rotated the signature so that the axis of maximum inertia coincided with the horizontal axis. Experiment 1 and 2 compare the performance of the verification system with and without normalization for rotation. This normalization is not always successful since it assumes that the signatures have a clearly defined axis of maximum inertia. Figure 3.17 shows examples of a subject for which the rotation normalization works quite well and another subject (the only one in our two sets of signatures) for which the rotation normalization fails.

Subject s004 is the only one in our two sets of signatures for whom the rotation normalization fails. The individual equal error rates for this subject are 6% for intentional forgeries and 10% for random forgeries. These error rates are quite high due to the fact that several authentic signatures are rejected since the rotation normalization makes them quite different from the training set prototype. Apart from rotation

Figure 3.16: There are four true signatures and one skilled forgery in each row. Do you want to make a guess? Solutions in the last page of the chapter.

Figure 3.17: The signatures in the first and third rows are the original ones captured with the visual tracker and the signatures on the second and fourth rows are the corresponding ones after rotation normalization. The normalization works quite well for subject s024’s signatures and fails for subject s004’s signatures.

normalization, no other preprocessing was performed on the signatures.

3.5.3 Distance measures

The distance defined in equation 3.2 is the parameter used for classification in experiments 1, 2 and 3. However, once DPM between two signatures is performed, we have correspondence between the samples of the signatures and many other measures of similarities could be employed. In experiment 4, we describe the performance of the system using three different similarity measures that are boiled down to a single parameter by the use of the harmonic mean, as proposed by Nalwa [50]. Given two distances called d_1 and d_2, the weighted harmonic mean of d_1 and d_2 is defined as follows:

1 d = 1 α_1d_1 + 1 α_2d_2

(3.18)

where α_1 and α_2 are the weighting factors. The harmonic mean is similar to performing an OR operation between the distances (assuming that a low distance corresponds to a logic 1 and a high distance corresponds to a logic 0). In practice, the harmonic mean is a simple way of “averaging” distances calculated using two models of which at least one of them is applicable, but not both models are necessarily applicable. Using the definition of weighted harmonic mean in equation 3.18, it is possible to generalize to more than two distances as^1_d = ∑ i 1 α_id_i . The weighting factors normal-

ize the different distances to comparable values. In our system, we use the reciprocal of median absolute deviation of the corresponding distances computed in the training set as the normalizing factors.

3.5.4 Training

The time required by a biometric system to make an authentication decision could be critical for some applications. For a typical access control application, the system needs to make a decision in real-time. For forensic applications, however, the verification time may not be such a strict requirement. The authentication decision consists of determining whether a new signature belongs to the claimed class or not. This class is represented by the training set. There are two possible approaches in making this decision. One possibility is measuring the similarity between the new signature and each of the signatures in the training set and make a decision based on the set of all similarity measures. Another possible approach that is less time consuming at verification time, would be the one of extracting a reference signature from the training set and make a decision based on the similarity between the new signature and this reference one. Given the our particular application of the verification system, i.e., access control in a fully pen-based system, we chose to take the latter approach in the development of the verification algorithm.

During training the system must learn a representation of the training set that will yield minimum generalization error. The dynamic programming matching algorithm provides the correspondence function between two signatures, so computing the mean signature of the two original ones along the warping path provides a more robust representative for the class since the inherent noise in capturing the signatures is averaged. In the case in which there are more than two examples in the training set, there is no clear way of aligning all of them at the same time. In principle, one could think of performing the simultaneous alignment of all the examples, working on an Ndimensional tensor instead of a matrix. The disadvantage of this approach is that it is difficult to define the elementary distance associated to the arc joining two nodes of this tensor. We propose a sub-optimal training procedure. We perform only pairwise alignment in order to find all the pairwise mean signatures out of all the possible pairs of elements in the training set. The mean signature that yields minimum alignment cost with all the remaining signatures in the training set is the one chosen to perform the final matching. All signatures are placed in correspondence with this particular pairwise mean signature. The prototype that represents the training set is computed as the mean of the aligned signatures.

Given the matching constraints mentioned in previous sections, we observe that the warping path could be non-invertible. In other words, we could have many samples of one signature in the training set that are in correspondence with only one sample of the reference signature, and vice-versa. Given this particular characteristic of the matching process, it is not possible to achieve a full correspondence among all signatures in the training set, making the computation of the prototype a bit difficult. In our system, we take all the samples from all the signatures in the training set that are in correspondence with each particular sample of the reference. The mean of all these samples provides the corresponding sample of the prototype and the standard deviation of all these samples gives the weights to be used later when computing the weighted correlation measure between signatures. This particular way of extracting the prototype from the training set is not optimal since it could happen that several different samples from the same signature are used to compute one sample of the prototype, and also, it could happen that the same sample from a signature is used to compute several samples of the prototype. Figure 3.18 shows several prototypes extracted using this method. Some of these prototypes are quite noisy in part due to the particular method used to compute the prototype and in part due to the variability of the signatures in the training set as well as the quantization effect produced by the time sampling of the signatures.

The prototype and the weighting function summarizes the local statistics of the matching process among signatures in the training set. The individual residual distances between each of the signatures in the training set and the prototype signature are collected in order to estimate the global statistics of the alignment process. We extract the median and the median absolute deviation of these distances in order to use them for classification. In figure 3.18 we show several examples of signatures collected for our database, their corresponding training prototypes and one of the forgeries.

3.5.5 Testing

The error rates are evaluated first, for each individual subject and, second, for the whole dataset. Each subject’s test set allows us to compute the FRR. We computed the FAR using random and skilled forgeries where the signatures from all other other subjects were used as random forgeries.

Nelson et al. [51, 52] proposed a complete set of global measurements to be used in order to discard gross forgeries before performing any matching. Only time duration is used in our system in order to do a screening of gross forgeries and speed up the experiments. The time duration of the signatures in the training set is stored along with the prototype. The time duration of all signatures under test is checked to be within three standard deviations of the mean duration for the corresponding subject

Figure 3.18: Several examples of signatures in our database. On the first column we display signatures captured with the visual tracker, on the second column we show the corresponding prototype signature, and on the third column we display one of the intentional forgeries.

(in fact, we work with robust statistics, so the median and the median absolute deviation are used instead of the mean and the standard deviation). Signatures that fall outside this bound are rejected as forgeries while signatures within bounds are matched to the prototype using DPM. This gross screening reduces the number of DPM comparisons to be performed by 40% approximately and does not generate any false rejection.

Once the matching is performed and the corresponding distances measured, the equal error rate per subject is calculated by intersecting the FAR and FRR curves, considering them to be piecewise linear. In order to show the performance of the system, we need to compute the error trade-off curves for the full set of signatures. The distances obtained per subject have to be normalized in order to obtain the full error trade-off curves. This normalization seems to be performed in the different systems described in the literature, but it is not clear how it is done. In our case, we use the global statistics per subject collected during training in order normalize the test distances. Each subject’s test distances are normalized in two steps. The test distances are divided by the median absolute deviation of the subject’s distances in the training set, and then the value of the threshold corresponding to the subject’s equal error rate is subtracted from the result. After the normalization, all subject’s test distances are merged together in order to compute the overall error trade-off curves.

As described in section 3.4.2, we use duplicate examples in order to estimate the generalization error of the algorithm. Since the distance defined for DPM is translation-invariant and the signatures are normalized for rotation, the duplicated examples are generated using only time origin shifting and affine scaling. The performance of the system using duplicate examples is shown in experiment 3.

3.5.6 Experiment 1: Performance using different parameterizations of the signature

Figure 3.19 compares the performance of the system for the different parameterizations without rotation normalization of the signatures. We only show the portion of the error trade-off curve that is most informative. The curves present a staircase pattern since the number of test examples is very small.

3.5.7 Experiment 2: Performance using different parameterizations of the signature

Figure 3.20 compares the performance of the system with rotation normalization of the signatures for the different parameterizations. The equal error rate values are smaller than the ones presented in experiment 1, i.e., the rotation normalization improved the performance of the system since most signatures have a clearly defined axis of maximum inertia.

Figure 3.19: Performance of the system without rotation normalization. The first row corresponds to the first signature set and the second row corresponds to the second signature set. The circle shows the equal error rate condition.

3.5.8 Experiment 3: Performance using duplicate examples

We generated duplicate examples both for training and for computing the FRR. We used two transformations in order to produce the duplicate examples. One was time origin shifting, i.e., we re-sampled the signatures using linear interpolation, as if the time origin would have shifted from its original position to a point inside the intersample interval. The other was small scaling in x and y, where the range of scaling factors in each coordinate was estimated from the training examples. We generated 19 examples for each signature or forgery provided by the subjects. We did not use duplicate examples to generate random forgeries since we have enough to estimate the FAR reliably. Figure 3.21 shows the performance of the system with rotation normalization, for each of the parameterizations. We observe that the error rates are bigger than the error rates of experiment 2. This increase in the error rates is

Figure 3.20: Performance of the system with rotation normalization. The first row corresponds to the first signature set and the second row corresponds to the second signature set. The circle shows the equal error rate condition.

expected since we have a bigger set of examples that provides a better statistical characterization of the problem. We should point out that the error rates are of the same order as in experiment 2, indicating that we did not introduce any wildly distorted example and that the algorithm seems to perform acceptably well.

3.5.9 Experiment 4: Performance using different distance measures

We use three different similarity measures in this experiment. The first one is the resulting distance after DPM of the prototype and the test signature. The second one is the weighted correlation between the prototype and the test signature. The weighting function represents the stability of each point of the prototype when aligned with each of the signatures in the training set, and it is computed as the reciprocal

Figure 3.21: Performance of the system with duplicated examples. The first row corresponds to the first signature set and the second row corresponds to the second signature set. The circle shows the equal error rate condition.

of the standard deviation of the points of the training set that correspond to a point of the prototype. The third distance is the correlation between the prototype and the test signature after having performed a Procrustes transformation [70, 21] on them. This Procrustes transformation provides the optimal, in the least squares sense, translation, rotation and scaling between the prototype and the test signature, given the correspondence between their samples. The harmonic mean of these different distances is used as the classification parameter and the performance is shown in figure 3.22, for each of the parameterizations. We observe that the best performance is achieved by using affine arc-length parameterization of the signatures. The individual equal error rates achieved using the harmonic mean as the classification parameters is presented in figure 3.23. Given the error rates obtained with random forgeries, we could conclude that our verification method could be used for recognition since it has quite good discrimination capabilities. Figure 3.24 shows the error rate curves for each of the distances used in the experiment, for affine arc-length parameterization. We observe that the use of the harmonic mean of the various distances provides quite an improvement in performance.

Figure 3.22: Performance of the system with multiple distances. The first row corresponds to the first signature set and the second row corresponds to the second signature set. The circle shows the equal error rate condition.

3.5.10 Discussion

The error rates presented in figure 3.22 show that the second set of forgeries have lower error rates than the first set. This difference could be due to the fact that the second set has fewer subjects than the first one, or it could also be due to less-motivated forgers in the case of set 2, or perhaps less-motivated signers in set 1. Of course, these kinds of speculations arise because we are dealing with a behavioral biometric and the only way of actually determining the performance of the system would be by

Figure 3.23: Individual equal error rates achieved using multiple distances. The first row corresponds to the first signature set and the second row corresponds to the second signature set.

running a long experiment involving hundreds, if not thousands, of subjects providing a couple of signatures per day over the course of several weeks. In any case, the error rates achieved by our system are comparable to the best performances presented in the literature [40, 41, 58, 35, 24, 34, 45, 50, 54, 65, 81].

Figure 3.25 shows examples from the two data sets for which the algorithm has an equal error rate greater than 5%. In this figure we show one of the original signatures, the prototype signature, a signature that is falsely rejected and a falsely accepted skilled forgery. We observe that higher error rates correspond to signatures that are very simple, and therefore, easy to forge.

Solution of the game of figure 3.16 There is only one forgery per row of the figure. We identify the row with a number and the column with a letter, i.e., 3e corresponds to the figure on the third row and the fifth column. The forgeries are

Figure 3.24: Error rate curves for the different distances used in the experiment, for affine arc-length parameterization.

located in the following position: 1c, 2e, 3a, 4b, 5a, 6d, 7c, 8e, 9c, 10a, 11c.

Figure 3.25: Cases for which the algorithm has biggest error. The three first sequences are from set 1 and the three last are from set 2. We show a signature from the set, the prototype signature extracted from the training set, a falsely rejected signature, and a falsely accepted skilled forgery.

Chapter 4 Subsample Curve Matching

4.1 Introduction

Chapter 3 described the application of the visual handwriting acquisition interface to the development of a signature verification system. The comparison between signatures was performed using Dynamic Programming Matching (DPM). Although this method provides reasonably good performance, it has some disadvantages. Where the sampling is sparse the matching distance is susceptible to large errors because the algorithm matches only discrete samples rather than continuous curves. One possible solution for this problem is to oversample the curves using, for example, spline interpolation before matching them. This oversampling would provide the desired resolution; however, it would also increase the computational cost of the matching proportional to the square of the oversampling factor, and it is not clear how to choose this oversampling factor in a principled way. Also, depending on the local constraints imposed on DPM, the resulting correspondence function between the curves might be non-invertible. In the case of extracting a prototype from a training set, it is desirable to put all the examples in full correspondence to extract the mean representative from the set. The correspondence map being non-invertible makes it impossible to establish full correspondence between the examples and makes it difficult to extract the prototype.

This chapter describes an algorithm based on the general method of Dynamic Programming [3] that overcomes the mentioned disadvantages of DPM by using a continuous formulation. The algorithm is allowed to find correspondence not only from sample points in one curve to sample points in the other curve but also from sample points in one curve to inter-sample points in the other and vice-versa, as shown in figure 4.1.

To our knowledge, the only existing previous work that has a similar formulation

95

X(Nx)

Y (Ny )

Curve 2

Curve 1

X(t_k)

Y (s_k)

X(1)

X(2)

Y (2)

Y (1)

Figure 4.1: Correspondence between the two curves C_1 and C_2. The dots indicate actual samples and the crosses indicate inter-sample points.

is the one of Serra and Berthod [67, 68, 66]. They worked on matching curves or contours extracted from sequences of images or from stereo image pairs. They also proposed a continuous dynamic programming technique in order to obtain sub-pixel matching of the contours, and, therefore, better estimation of the three-dimensional structure of the scene. Our algorithm is based on a similar choice of distance between curves (see equation 3.2) as the one described in [67], but it is quite unrelated to the one presented in [68, 66]. The algorithms developed by Serra and Berthod rely on the use of several heuristic approximations to limit the complexity of the algorithm. In our case, we are able to derive several properties that exploit the structure of the problem and enable the spatial complexity of the algorithm to be decreased.

This chapter is organized as follows. Section 4.2 describes the continuous algorithm for matching planar curves and section 4.3 presents the results of experiments.

4.2 Continuous Dynamic Programming Matching

Continuous Dynamic Programming Matching (CDPM) is the continuous generalization of Dynamic Programming Matching (DPM). Figure 4.2(a) and (c) shows an example of curve matching using DPM and the corresponding matching map on the warping plane, where each sample on one of the curves is only allowed to match another sample on the other curve. The continuous generalization of DPM allows each sample point in one of the curves to match a point in-between two samples in the other curve as shown in figure 4.2(b). In other words, the warping path is allowed to go through points between the vertices of the grid as shown in figure 4.2(d). The recursion equation will be the same as the one of equation 3.6, with the condition that if t_k takes values on {1, · · · , N_x}, then s_k is allowed to take non-integer values, and vice-versa (see figure 4.2(b)).

(a) (b)

(c) 1^{1 N}x

s N_y

t k = 1 k = 4 k = 6 k = N

k = 2 k = 3 k = 5

i j (d)^1 1 t N_x

N_y s

k = 4

k = 1 k = 2 k = 3 k = N

k = 5 k = 6

i j +^y_{Δy}

Figure 4.2: (a) Matching of two curves using DPM. (b) Matching of two curves using CDPM. The crosses show matching points that are not samples. (c) and (d) corresponding warping planes and matching functions.

The generation of these intermediate matching points assumes a particular interpolation model for the curves. We assume a linear interpolation model between sample points since it allows us to derive the correspondence equations in closed and simple form. Figure 4.3 shows the parameterization of the curves and the notation used in the derivation of CDPM. Arc-length parameterization is the most convenient way to describe the curves using the linear interpolation model. The curvilinear coordinate is denoted by x and y in correspondence with the notation X for points of C_1 and Y for points of C_2. The equations for the coordinates of points belonging to the piece-wise linear segments of C_1 and C_2 will be the following:

C_1 :

u_x = u_x(i − 1) + x^{Δuxi}_{Δxi} v_x = v_x(i − 1) + x^{Δvxi}_{Δxi}

C_2 :

u_y = u_y(j − 1) + y^{Δuyj}_{Δyj} v_y = v_y(j − 1) + y^{Δvyj}_{Δyj} x ∈ [0, Δ_{xi} ] y ∈ [0, Δ_{yj} ] Δu_{xi} = u_x(i) − u_x(i − 1) Δu_{yj} = u_y(j) − u_y(j − 1) Δv_{xi} = v_x(i) − v_x(i − 1) Δv_{yj} = v_y(j) − v_y(j − 1) Δ_{xi} = √ Δu_{xi}^2 + Δv_{xi}^2 Δ_{yj} = √ Δu_{yj}^2 + Δv_{yj}^2

X(i − 1) = [ u_x(i − 1) v_x(i − 1) ]

X(i) = [ u_x(i) v_x(i) ]

X(i − 1 +^x_{Δxi} ) = u_x(i − 1) + x^{Δuxi}_{Δxi} v_x(i − 1) + x^{Δvxi}_{Δxi}

Y (j − 1 +^y_{Δyj} ) = u_y(j − 1) + y^{Δuyj}_{Δyj} v_y (j − 1) + y^{Δvyj}_{Δyj}

Y (j) = [ u_y(j) v_y (j) ] Y (j − 1) = [ u_y (j − 1) v_y(j − 1) ] x

y

Figure 4.3: Curve parameterization used in CDPM.

4.2.1 Analysis of a single step of the CDPM recursion

Due to the recursive nature of the dynamic programming method, a single step of the algorithm is the basic building block to be studied. This single step involves the matching between two segments, one from each curve, and it is governed by the local continuity constraints imposed onto the minimization of equation 3.6. As mentioned before, the samples on each of the curves impose a grid onto the warping plane as shown in figure 4.2(c)-(d). This single step corresponds to a segment of the warping path joining two sides of one of the squares of the grid. Figure 4.4(a) shows the local constraints used for DPM (see figure 3.8 and section 3.2 for a detailed explanation) and figure 4.4(b) displays the corresponding generalization of the local continuity constraints for CDPM. We identify each square of the grid with the coordinates of its upper-right corner, e.g., the squares shown in figure 4.4 (a)-(b) are identified with node (i, j).

(a) (i, j − 1) (i − 1, j − 1)

(i − 1, j) (i, j)

(b)

(i, j)

(i, j − 1) (i − 1, j − 1)

(i − 1, j)

Figure 4.4: (a) Local continuity constraints imposed onto DPM. (b) Generalization of the constraints for CDPM. Note that in (a) only samples are allowed to match while in (b) samples on one curve can be matched to inter-sample points on the other curve and vice-versa.

Consider the four possible matching cases of figure 4.4(b). Assume the sides of the square corresponding to points of coordinates (i, j − 1 +^y_{Δyj} ) and (i − 1 +^x_{Δxi} , j) to be the “output” sides of the square and the sides corresponding to points of coordinates (i − 1, j − 1 +^{y′}_{Δyj} ) and (i − 1 +^{x′}_{Δxi} , j − 1) to be the “input” sides of the square (this assumption makes sense since we explore the warping from left to right and from bottom to top) as shown in figure 4.5. We use a quote^′ on the curvilinear variables x, y to differentiate between “input” and “output” sides of the square.

(i, j) Output sides

Input sides

(i − 1, j − 1) (i, j − 1) (i, j − 1 +^y_{Δyj} )

(i − 1, j − 1 +^{y′}_{Δyj} )

(i − 1 +^x_{Δxi} , j)

(i − 1, j)

(i − 1 +^{x′}_{Δxi} , j − 1)

Figure 4.5: Notation used to identify points on one of the squares of the grid of the warping plane.

In section 3.2.2 we defined the elementary distance d((t_{k−1}, s_{k−1}), (t_k, s_k)) of having

X(t_k) in correspondence with Y(s_k) and X(t_{k−1}) in correspondence with Y(s_{k−1}) as

d((t_{k−1}, s_{k−1}), (t_k, s_k)) = ‖ −−−−−−−→ X(t_k)Y(s_k) − −−−−−−−−−−−→ X(t_{k−1})Y(s_{k−1})‖^2

where ‖.‖^2 is the Euclidean norm. This elementary distance can be extended in a straightforward way to the case of inter-sampling matching once the correspondence between pairs of points has been established.

The four possible correspondence cases are depicted on figure 4.6. The first column of the figure exhibits portions of the matching path in the warping plane. The second column of the figure displays the correspondence between sample and intersample points. The calculation of the elementary distance d((t_{k−1}, s_{k−1}), (t_k, s_k)) is demonstrated on the third column of the figure, where X(t_k) and Y (s_k) are superimposed in order to provide the geometrical interpretation of the distance, that is represented by the dashed line.

The distance d((t_{k−1}, s_{k−1}), (t_k, s_k)) is calculated using the cosine law as follows:

Case 1: d((i − 1 +^{x′}_{Δxi} , j − 1), (i, j − 1 +^y_{Δyj} )) = y^2 + (Δ_{xi} − x^′)^2 − 2y(Δ_{xi} − x^′) cos θ_{ij} Case 2: d((i − 1, j − 1 +^{y′}_{Δyj} ), (i − 1 +^x_{Δxi} , j)) = x^2 + (Δ_{yj} − y^′)^2 − 2x(Δ_{yj} − y^′) cos θ_{ij} Case 3: d((i − 1 +^{x′}_{Δxi} , j − 1), (i − 1 +^x_{Δxi} , j)) = Δ^2_{yj} + (x − x^′)^2 − 2Δ_{yj} (x − x^′) cos θ_{ij} Case 4: d((i − 1, j − 1 +^{y′}_{Δyj} ), (i, j − 1 +^y_{Δyj} )) = Δ^2_{xi} + (y − y^′)^2 − 2Δ_{xi} (y − y^′) cos θ_{ij} (4.1)

where cos θ_{ij} is the cosine of the angle defined by the vectors −−−−−−−−−→ X(i − 1)X(i) and −−−−−−−−−→ Y (j − 1)Y (j) as shown in figure 4.6. We see that case 2 is the dual of case 1, and case 3 is the dual of case 4, so all the properties presented in the following section are going to be demonstrated only for cases 1 and 3. The use of a linear interpolation in the curves gives rise to elementary distances that are quadratic in the variables of interest x and y.

In section 3.2, we presented the recursion equation 3.6 that is used in order to

s

t

y Δyj x′ Δxi j − 1 j

i i − 1

X(i)

X(i − 1)

Y (j − 1) Y (j) Y (j − 1 + yΔy j )

X(i − 1 + xΔx i ) y

Δxi − x′ x′ d((tk−1, sk−1), (tk , sk ))

θij

t s_{xΔx} i

y′ Δyj

i − 1 i j j − 1

X(i)

X(i − 1 + xΔ xi ) X(i − 1)

Y (j − 1) Y (j) Y (j − 1 + yΔy j ) d((tk−1, sk−1), (tk , sk ))

Δyj − y′ y′

x θij

s

t

x Δxi

x′ Δxi j − 1 j

i i − 1

X(i − 1 + xΔ xi ) X(i)

Y (j) Y (j − 1)

X(i − 1) X(i − 1 + x ′ Δxi )

x′ x

Δyj d((tk−1, sk−1 ), (tk , sk ))

θij

y Δyj t s

y′ Δyj j j − 1

i − 1 i

X(i)

Y (j − 1) Y (j)

X(i − 1)

Y (i − 1 + yΔy j ) Y (i − 1 + y ′ Δyj ) d((tk−1, sk−1), (tk , sk ))

Δxi y y′ θij

Figure 4.6: Different matching cases that are possible at each step of the algorithm. The first column shows the segments on the warping plane. The second column displays the point correspondence. The third column demonstrates the calculation of the elementary distance d((t_{k−1}, s_{k−1}), (t_k, s_k)) using the cosine law.

find the optimal matching with DPM

D(n_x, n_y) = min (n^′_x,n^′_y) { D(n^′_x, n^′_y) + ξ((n^′_x, n^′_y), (n_x, n_y)) }

where (n_x, n_y) and (n^′_x, n^′_y) were nodes of the grid on the warping plane and ξ((n^′_x, n^′_y), (n_x, n_y)) was defined by the local continuity constraints. This equation is still valid as the recursion for CDPM by an adequate choice of (n_x, n_y), (n^′_x, n^′_y), and ξ((n^′_x, n^′_y), (n_x, n_y)) and a proper arrangement of the minimization. (n_x, n_y) and (n^′_x, n^′_y) respectively correspond to coordinates of points on the input and output sides of the square of the grid under consideration. Given the local continuity constraints for CDPM that are shown in figure 4.4(b), ξ((n^′_x, n^′_y), (n_x, n_y)) consists of only one segment that joins two sides of the square of the grid on the warping plane and the value of ξ is given by equation 4.1. For example, for case 1, ξ((n^′_x, n^′_y), (n_x, n_y)) = ξ((i − 1 +^{x′}_{Δxi} , j − 1), (i, j − 1 +^y_{Δyj} )) = d((i − 1 +^{x′}_{Δxi} , j − 1), (i, j − 1 +^y_{Δyj} )) and the recursion equation takes the following form (see the first row of figure 4.6):

D_{(i,j)}(y) = min x^′ { D_{(i−1,j−1)}(x^′) + d((i − 1 + x^′ Δ_{xi} , j − 1), (i, j − 1 + y Δ_{yj} )) } (4.2)

where the D_{(i,j)}(y) is now a function of a continuous variable y and the minimization is performed with respect to another continuous variable x^′. Depending on the correspondence case under analysis, the cumulated distance is noted as D_{(i,j)}(y) or D_{(i,j)}(x), where the curvilinear coordinates x, y point out the output side of the square of the grid that D_{(i,j)}(·) refers to. The index (i, j) indicates the points in the two curves up to which the cumulated distance is stored in D_{(i,j)}(·). We see that, at each step in the algorithm, the cumulated distance function D_{(·,·)}(·) is a function of a continuous variable instead of a single number, as we had in DPM. This continuous function will propagate from one step to the following via the recursion equation. Given the simple expression for the elementary distances shown in equation 4.1, it is easy to show using mathematical induction that the cumulated distance function D_{(·,·)}(·) is a quadratic function of the continuous curvilinear coordinates x, y.

Property 4.2.1 The cumulated distance D_{(·,·)}(·) is a quadratic function of the curvilinear coordinate of interest at every step of the algorithm.

Proof: We develop the proof for cases 1 and 3 separately. We use induction. Case 1: The first step of the induction corresponds to the matching between the first segments of each curve. Looking at the first row of figure 4.6 and considering i = j = 2, the recursion equation 4.2 takes the following form:

D_{(2,2)}(y) = min x^′ { d((1 + x^′ Δ_{x2}

, 1), (2, 1 + y Δ_{y2} )) }

= min x^′ { y^2 + (Δ_{x2} − x^′)^2 − 2y(Δ_{x2} − x^′) cos θ_{22}

} (4.3)

Taking the first derivative of d((1+^{x′}_{Δx2} , 1), (2, 1+^y_{Δy2} )) with respect to x^′ and equating it to zero, the solution of the minimization is the following:

x^′ = Δ_{x2} − y cos θ_{22} D_{(2,2)}(y) = y^2(1 − cos^2 θ_{22})

(4.4)

In fact, the optimal matching value x^′ for a given value of y is just defined by the projection of Y (1) onto the segment X(1)X(2) once X(2) and Y (s_1 = 1 +^y_{Δy2} ) are superimposed. The cumulated distance D_{(2,2)}(y) is the distance from Y (1) to the segment X(1)X(2) and it is a quadratic function of the variable y, as shown in figure 4.7.

Assuming that the cumulated distance for i ≥ 1, j − 1 ≥ 1 is a quadratic function of x^′, say D_{(i,j−1)}(x^′) = A_x′ x^{′2} + 2B_x′ x^′ + C_x′ , then the cumulated distance for (i, j) is computed as follows:

103

Δ_{x2} − x^′

x^′ = Δ_{x2} − y cos θ_{22} y

D(2, 2) θ_{22}

Figure 4.7: Optimal correspondence for the first match with case 1.

D_{(i,j)}(y) = min x^′ { (A_x′ x^{′2} + 2B_x′ x^′ + C_x′ ) + y^2 + (Δ_{xi} − x^′)^2 − 2y(Δ_{xi} − x^′) cos θ_{ij} }

= min x^′ { (A_x′ + 1)x^{′2} + 2(B_x′ − Δ_{xi} + y cos θ_{ij} )x^′ + (C_x′ + Δ^2_{xi} − 2Δ_{xi} y cos θ_{ij} + y^2) }

=^{Ax′ +1−cos2 θij} A_x′ +1 y^2 −^{(Ax′ Δxi +Bx′ ) cos θij} A_x′ +1

y + (C_x′ + Δ^2_{xi} −^{(Bx′ −Δxi )2}_{Ax′ +1} )

= A_yy^2 + 2B_yy + C_y

A_y = A^{x′} + 1 − cos 2 θ_{ij} A_x′ + 1 B^y = −

(A_x′ Δ_{xi} + B_x′ ) cos θ_{ij} A_x′ + 1 C_y = C_x′ + Δ^2_{xi} − (B^{x′} − Δ^{xi} )^2 A_x′ + 1 x^′ =

−y cos θ_{ij} + (Δ_{xi} − B_x′ ) A_x′ + 1 (4.5)

Having a sequence of elementary matches that consist of only correspondences with case 3 (or 4), the cumulated distance is a constant as will be shown in equation 4.9. Assuming that the cumulated distance for i ≥ 1, j −1 ≥ 1 is a constant function of x^′, say D_{(i,j−1)}(x^′) = C_x′ , then the cumulated distance for (i, j) is computed as follows:

D_{(i,j)}(y) = min x^′ { C_x′ + y^2 + (Δ_{xi} − x^′)^2 − 2y(Δ_{xi} − x^′) cos θ_{ij} }

= min x^′ { x^{′2} + 2(y cos θ_{ij} − Δ_{xi} )x^′ + (C_x′ + Δ^2_{xi} − 2Δ_{xi} y cos θ_{ij} + y^2) }

= (1 − cos^2 θ_{ij} )y^2 + C_x′ = A_yy^2 + 2B_yy + C_y

A_y = 1 − cos^2 θ_{ij} B_y = 0 C_y = C_x′ x^′ = −y cos θ_{ij} + Δ_{xi} (4.6)

Therefore, the cumulated distance D_{(i,j)}(y) is a quadratic function of the variable y. Case 3: The first step of the induction corresponds to the matching between the first segments of each curve. Looking at the third row of figure 4.6, the recursion equation 3.6 takes the following form:

D_{(2,2)}(x) = min x^′ { d((1 + x^′ Δ_{x2}

, 1), (1 + x Δ_{x2}

, 2)) }

= min x^′ { Δ^2_{y2} + (x − x^′)^2 − 2Δ_{y2} (x − x^′) cos θ_{22}

} (4.7)

Taking the first derivative of d((1+^{x′}_{Δx2} , 1), (1+^x_{Δx2} , 2)) with respect to x^′ and equating it to zero, the solution of the minimization is the following:

x^′ = x − Δ_{y2} cos θ_{22} D_{(2,2)}(x) = Δ^2_{y2} (1 − cos^2 θ_{22})

(4.8)

In fact, the optimal matching value x^′ for a given value of x is just defined by the projection of Y (1) onto the segment X(1)X(2) once Y (2) and X(t_1 = 1 +^x_{Δx2} ) are superimposed. The cumulated distance D_{(2,2)}(x) is the distance from Y (1) to the

105 Δ_{y2}

x x^′ D(2, 2) θ_{22}

Figure 4.8: Optimal correspondence for the first match with case 3.

segment X(1)X(2), as shown in figure 4.8, and it is a constant function of the variable x; in fact, it is a degenerated quadratic function of the variable x.

Assuming that the cumulated distance for i ≥ 1, j − 1 ≥ 1 is a constant function of x^′, say D_{(i,j−1)}(x^′) = C_x′ , then the cumulated distance at step k + 1 is computed as follows:

D_{(i,j)}(x) = min x^′ { C_x′ + Δ^2_{yj} + (x − x^′)^2 − 2Δ_{yj} (x − x^′) cos θ_{ij} }

= min x^′ { x^{′2} + 2(Δ_{yj} cos θ_{ij} − x)x^′ + (C_x′ + Δ^2_{yj} − 2Δ_{yj} x^′ cos θ_{ij} + x^{′2}) }

= C_x′ + Δ^2_{yj} (1 − cos^2 θ)

C_x = C_x′ + Δ^2_{yj} (1 − cos^2 θ) x^′ = x − Δ_{yj} cos θ_{ij} (4.9)

Given that the cumulated distance for i ≥ 1, j − 1 ≥ 1 is a constant, then the cumulated distance for (i, j) is also a constant. This situation arises by a sequence of elementary matches consisting of only correspondences with case 3 (or 4). We have shown in equations 4.5 and 4.6 that the cumulated distance after a correspondence with case 1 (or 2) is a quadratic function of the curvilinear variable x (or y). Therefore, in the general setting we have to assume that the cumulated distance for i ≥ 1, j −1 ≥ 1 is a quadratic function of x^′, say D_{(i,j−1)}(x^′) = A_x′ x^{′2} + 2B_x′ x^′ + C_x′ , and compute the cumulated distance for (i, j)

D_{(i,j)}(x) = min x^′ { (A_x′ x^{′2} + 2B_x′ x^′ + C_x′ ) + Δ^2_{yj} + (x − x^′)^2 − 2Δ_{yj} (x − x^′) cos θ_{ij} }

= min x^′ { (A_x′ + 1)x^{′2} + 2(B_x′ + Δ_2 cos θ_{ij} − x)x^′ + (C_x′ + Δ^2_{yj} − 2Δ_2x cos θ_{ij} + x^2) }

=^{Ax′}_{Ax′ +1} x^2 +^{Bx′ −Ax′ Δyj cos θij} A_x′ +1

x + (C_x′ + Δ^2_{yj} −^{(Bx′ +Δyj cos θij )2}

A_x′ +1 ) = A_xx^2 + 2B_xx + C_x

A_x = A^{x′}A_{x′} + 1 B_x = B_x′ − A_x′ Δ_{yj} cos θ_{ij} A_x′ + 1 C_x = C_x′ + Δ^2_{yj} −

(B_x′ + Δ_{yj} cos θ_{ij} )^2

A_x′ + 1 x^′ = x − Δ_{yj} cos θ_{ij} − B_x′ A_x′ + 1 (4.10)

Therefore, the cumulated distance D_{(i,j)}(x) is a quadratic function of the variable x. The induction is complete.

4.2.2 Analysis of the CDPM algorithm

The above equations show how the cumulated distance functions propagate through the warping plane. Given the four possible correspondence cases at each step of the recursion, it is easy to see that there are a number of cumulated distance functions that are propagating through the warping plane. Each of these functions corresponds to one possible series of elementary matchings. These cumulated distance functions compete in order to provide the minimum distance between the curves. This competition is materialized in the final step of the recursion where the minimum value of all these functions is obtained, providing the minimum distance between the curves. The corresponding matching function is given by the back-propagation of the value of the curvilinear coordinate that provides the minimum. This back-propagation through the warping plane is very simple since at each step of the algorithm, there is a linear relationship between the corresponding curvilinear coordinates x, y and x^′, y^′. We showed that the cumulated distance is either a constant or a quadratic function of the curvilinear coordinate x, y. The situation in which the distance is a constant occurs only for a very particular warping function that consists only of elementary matches with cases 3 or 4. Given that the distance is a constant at one particular iteration, we showed in equations 4.9 and 4.10 that the distance would continue being a constant or it would become a full quadratic function. Also, given that the distance is a quadratic function, we showed in equations 4.5 and 4.6 that the distance would continue being a quadratic function.

The CDPM algorithm performs single step matching at each node of the grid on the warping plane, proceeding from left to right and from bottom to top. After reaching the last node of the grid, the minimum distance is computed. There is also a final backtracking step in order to find the point correspondence that provides the minimum distance. As presented in section 3.2, only part of the warping plane is explored in order to find the correspondence function that minimizes the distance between curves. The allowed region on the warping plane is defined by global constraints. These constraints limit the number of nodes that are evaluated during the recursion, decreasing the computational complexity of the algorithm from o(N_xN_y) to o(#of nodes inside the allowed region).

In order to summarize the CDPM algorithm, we need a few auxiliary variables in order to recall the information required for the backtracking step. At each node (i, j) of the grid, we have a number of parabolas D_{(i,j)}(y) and D_{(i,j)}(x), where the curvilinear variables x and y specify the output side of the square of the grid that the parabola corresponds to. We need to recall the parent parabola for each parabola D_{(i,j)}(y) and D_{(i,j)}(x) and also the side of the square to which the parent belongs. Let us store the parent index of parabola k at square (i, j) in ζ^{x,y}_{(i,j)}(k) and the parent’s side on ψ^{x,y}_{(i,j)}(k), where the super-index x or y indicates the correspondence of auxiliary variables with D_{(i,j)}(·). The CDPM algorithm is as follows:

1 Initialization:

(a) Compute the two parabolas D_{(2,2)}(y) corresponding to the first iteration of cases 1 and 4. ζ^y_{(2,2)}(1) = ζ^y_{(2,2)}(2) = 1, ψ^y_{(2,2)}(1) = x, and ψ^y_{(2,2)}(2) = y.

(b) Compute the two parabolas D_{(2,2)}(x) corresponding to the first iteration of cases 2 and 3. ζ^x_{(2,2)}(1) = ζ^x_{(2,2)}(2) = 1, ψ^x_{(2,2)}(1) = y, and ψ^x_{(2,2)}(2) = x.

(c) For i = 2 and 2 < j ≤ N_y, such that i and j stay within the allowed grid, i. Compute D^1_{(2,j)}(y) using the equations for the first iteration of case 4.

ζ^y_{(2,j)}(1) = 1 and ψ^y_{(2,j)}(1) = y.

ii. Compute D^1_{(2,j)}(x) using the equations for the first iteration of case 2.

ζ^x_{(2,j)}(1) = 1 and ψ^x_{(2,j)}(1) = y.

iii. Propagate all parabolas D^k_{(2,j−1)}(x), k = 1, 2 · · · to D^{k+1}_{(2,j)}(y) using the equations for case 1. ζ^y_{(2,j)}(k + 1) = k and ψ^y_{(2,j)}(k + 1) = x.

iv. Propagate all parabolas D^k_{(2,j−1)}(x), k = 1, 2 · · · to D^{k+1}_{(2,j)}(x) using the equations for case 3. ζ^x_{(2,j)}(k + 1) = k and ψ^x_{(2,j)}(k + 1) = x.

(d) For 2 < i ≤ N_x and j = 2, such that i and j stay within the allowed grid, i. Compute D^1_{(i,2)}(y) using the equations for the first iteration of case 1.

ζ^y_{(i,2)}(1) = 1 and ψ^y_{(i,2)}(1) = x.

ii. Compute D^1_{(i,2)}(x) using the equations for the first iteration of case 3.

ζ^x_{(i,2)}(1) = 1 and ψ^x_{(i,2)}(1) = x.

iii. Propagate all parabolas D^k_{(i−1,2)}(y), k = 1, 2 · · · to D^{k+1}_{(i,2)}(y) using the equations for case 4. ζ^y_{(i,2)}(k + 1) = k and ψ^y_{(i,2)}(k + 1) = y.

iv. Propagate all parabolas D^k_{(i−1,2)}(x), k = 1, 2 · · · to D^{k+1}_{(i,2)}(x) using the equations for case 2. ζ^x_{(i,2)}(k + 1) = k and ψ^x_{(i,2)}(k + 1) = y.

2 Recursion: for 3 ≤ i ≤ N_x, 3 ≤ j ≤ N_y, such that i and j stay within the allowed grid,

(a) Propagate all parabolas D^k_{(i,j−1)}(x), k = 1, 2 · · · p_x to D^k_{(i,j)}(y) using the equations for case 1. ζ^y_{(i,j)}(k) = k and ψ^y_{(i,j)}(k) = x.

(b) Propagate all parabolas D^k_{(i,j−1)}(x), k = 1, 2 · · · p_x to D^k_{(i,j)}(x) using the equations for case 3. ζ^x_{(i,j)}(k) = k and ψ^x_{(i,j)}(k) = x.

(c) Propagate all parabolas D^k_{(i−1,j)}(y), k = 1, 2 · · · p_y to D^{k+px}_{(i,j)} (y) using the equations for case 4. ζ^y_{(i,j)}(k + p_x) = k and ψ^y_{(i,j)}(k + p_x) = y.

(d) Propagate all parabolas D^k_{(i−1,j)}(x), k = 1, 2 · · · p_y to D^{k+px}_{(i,j)} (x) using the equations for case 2. ζ^x_{(i,j)}(k + p_x) = k and ψ^x_{(i,j)}(k + p_x) = y.

3 Termination:

Find the minimum of all parabolas D_{(Nx,Ny)}(y) and D_{(Nx,Ny)}(x). The minimum value is the remaining distance after matching. The corresponding curvilinear coordinate x or y that provides the minimum distance needs to be propagated back through the warping plane to obtain the correspondence function.

4 Path Backtracking:

Propagate the curvilinear coordinate x or y that provides the minimum distance using the equations for a single step shown in the previous section and the parent information stored in the variables ζ^{x,y}_{(i,j)}(k) and ψ^{x,y}_{(i,j)}(k).

4.2.3 Computational complexity of the CDPM algorithm

The computational complexity of the CDPM algorithm is composed of two parts, one is the temporal complexity, i.e., the number of steps needed to compute in order to achieve the final result, and the spatial complexity, i.e., the number of variables needed to store in order to calculate this result. The temporal complexity of the above algorithm is given by the number of nodes of the grid within the allowed region of the warping plane. The maximum temporal complexity is (N_xN_y) which occurs when all the nodes of the warping plane are explored during the computation. Therefore, the temporal complexity is o(N_xN_y), polynomial in the number of samples on each curve.

The spatial complexity of the algorithm is more complex than the temporal one. Figure 4.9(a) shows the quadratic cumulated distances f^′(x^′) and g^′(y^′) corresponding to each of the input sides of the square at node (i, j) of the grid. Since there are four possible correspondence cases, two for each output side of the square, each quadratic function on the input sides gets propagated into two different quadratic functions at the output sides. In other words, for each output side we have two cumulated distance functions corresponding to the propagation of the quadratic functions at each of the input sides. Then, the number of cumulated distance functions doubles at each step of the recursion, resulting in a combinatorial explosion in the number of cumulated distance functions to be stored at each step of the algorithm and, therefore, in a spatial complexity that grows combinatorially. Figure 4.9(b) depicts the combinatorial explosion in the number of cumulated distance functions.

(a)

(i − 1, j) (i, j)

(i, j − 1) (i − 1, j − 1)

f ′ (x′ )

x′ g(x)

x f (x)

f (y) y g(y) y′ g′ (y′ )

(b) 1 1 t s

Figure 4.9: (a) f^′(x^′) and g^′(x^′) are two quadratic functions corresponding to each of the input sides of the square of the grid at node (i, j). After the propagation of these functions with the four possible correspondence cases, we have four different quadratic functions, two for each output side of the square. We observe that the number of cumulate distance functions doubles at each step of the recursion. (b) Combinatorial explosion in the number of cumulated distance functions needed to be stored at each step of the algorithm. Each segment that joins two different sides of a square corresponds to the propagation of a cumulate distance function.

In fact, if no global constraint is imposed on the minimization of equation 3.6, the following property holds:

Property 4.2.2 Consider the square of the grid on the warping plane corresponding to node (i, j), then the number of cumulated distance functions for each output side is^{(i−1+j−1)!}

(i−1)!(j−1)! .

Proof: We use induction. Let us call N(i, j) the number of cumulated distance functions for each output side of the square corresponding to node (i, j) of the grid.

(a) (1, 1) (2, 1)

(1, 2) (2, 2) 1 1

1 1 (b) (1, j) (2, j) N(2, j)

(2, j + 1)

(1, j + 1)

1 1

(c) (i + 1, 1) (i, 1)

N(i, 2) (i, 2) (i + 1, 2)

1 1

(d)

(i, j + 1)

(i, j) (i + 1, j)

(i + 1, j + 1)

N(i + 1, j)

N(i, j + 1)

Figure 4.10: Number of cumulated distance functions.

From figure 4.10(a), we see that N(2, 2) = 2 =^{(2−1+2−1)!}_{(2−1)!(2−1)!} . Assume that N(2, j) =

(2−1+j−1)!

(2−1)!(j−1)! = j, from figure 4.10(b), we see that N(2, j + 1) = j + 1 =

(2−1+j+1−1)! (2−1)!(j+1−1)! .

Assume that N(i, 2) =^{(i−1+2−1)!}

(i−1)!(2−1)! = i, from figure 4.10(c), we see that N(i + 1, 2) =

i + 1 =^{(i+1−1+2−1)!}

(i+1−1)!(2−1)! . Let us assume that the property holds for i ≥ 1 and j ≥ 1, then

we have the following (see figure 4.10(d)):

N(i, j + 1) = N(i, j) + N(i − 1, j + 1) = ( i + j − 2 j − 1 ) + ( i + j − 2 j ) = ( i + j − 1 j )

N(i + 1, j) = N(i, j) + N(i + 1, j − 1) = ( i + j − 2 i − 1 ) + ( i + j − 2 i ) = ( i + j − 1 i )

N(i + 1, j + 1) = N(i, j + 1) + N(i + 1, j) = ( i + j − 1 j ) + ( i + j − 1 i )

= ( i + j − 1 j ) + ( i + j − 1 j − 1 ) = ( i + j j ) = (i + j)! i!j! The induction is complete.

Enforcing global constraints on the minimization would reduce the spatial complexity of the algorithm, although this spatial complexity would remain exponential in the number of iterations. In order to make the algorithm computationally efficient, we need to find conditions for bringing this spatial complexity down to a reasonable value (e.g., polynomial growth in the number of iterations). As mentioned before, we have a number of parabolas that are competing for providing the minimum matching distance. Each parabola corresponds to a possible series of elementary matchings, i.e., it is associated with a particular warping path. Since we are only interested in the matching function that provides the minimum distance between the curves, it should be possible to keep at each iteration only those parabolas that have a chance to give this minimum distance. In other words, we need to find properties that allow us to discard a whole set of parabolas at each iteration, while making sure that the parabola that provides the minimum distance is among the retained set.

Serra and Berthod [67, 68] proposed the use of heuristic constraints in order to limit the spatial complexity of the algorithm. They divided the range of excursion of x, y into a set of intervals, each of them corresponding to a particular distance function that is the minimum of all distance functions for this interval. At each iteration, they only kept the distance functions that belonged to the minimum envelope of all parabolas.

They assumed in their algorithm that, at all iterations, the parabola that provides the minimum matching distance had to belong to the minimum envelope of the set of parabolas in the interval [0, Δ]. Figure 4.11 shows a counter-example to this assumption. We show the propagation of three different parabolas through four iterations of the algorithm. We see that the parabola plotted with solid line, that does not belong to the minimum envelope in the first plot, is the one that provides the minimum cost a few iterations later. We also see that after three iterations, the three parabolas are very similar, only displaced vertically, as if the coefficients A and B were the same and the difference between the C coefficients would be constant. We will describe this convergence of the coefficients of the parabolas in the following sections.

Figure 4.11: Propagation of three quadratic functions through four iterations of the algorithm. We observe that the parabola plotted with a solid line that does not belong to the minimum envelope in the first plot is later on the parabola that provides the minimum cost.

Serra and Berthod further assumed that the intersection points of different parabolas would be in correspondence as the algorithm proceeds. In other words, given two parabolas at one iteration and given the corresponding parabolas after propagation, then the intersection points of the latter pair of parabolas corresponds to the propagation of the intersection points of the first pair of parabolas. In figure 4.12 we show a counter-example to this assumption. What goes wrong is that each distance function has different propagation equations as shown in equations 4.5, 4.6, 4.9, 4.10 and, therefore, the intersection point of the two parabolas at one iteration does not correspond to the intersection point of the two parabolas after propagation.

Figure 4.12: Propagation of two quadratic distance functions through two iterations of the algorithm. We observe that the position of the intersection of the parabolas at the initial condition corresponds to two different points after propagating the parabolas.

From figures 4.12 and 4.11, we observe that the relative position and the shape of the parabolas change from one iteration to the next. Therefore, we need to find properties that describe an order relationship between parabolas that is preserved through the iterations. In other words, we need properties that assure that a particular parabola is below some other parabola(s) on the interval [0, Δ] for all iterations. These properties allow us to perform comparisons between the parabolas in order to keep only the parabola that may provide the minimum matching distance. Considering a pair of parabolas, there are three different cases of intersection between them; they could either have no intersection or have one or two intersection points. Figure 4.13 shows these three possible intersection cases. The case in which the two parabolas intersect in only one point happens when the parabolas either are tangent to each other or have the same quadratic coefficient.

(a) (b) (c) (d)

Figure 4.13: Cases of intersection between two parabolas: (a) no points of intersection, (b) two points of intersection and (c)-(d) one point of intersection ((c) corresponds to tangent parabolas and (d) corresponds to parabolas with the same quadratic coefficient).

In the following sections we describe two sets of properties that are used to decrease the spatial complexity of the algorithm. These properties focus on pairwise relationship between parabolas, in particular, on properties corresponding to cases (a) and (b) of figure 4.13. A pair of parabolas would compete and therefore would be compared whenever the associated warping paths coincide on the same square of the grid on the warping plane. The first time in which this comparison is performed would be considered as the initial condition. The first set of properties refers to the case of a pair of parabolas that do not intersect at the initial condition. We show that these two parabolas do not intersect at any further iteration, allowing one to discard the parabola that is biggest at all points (e.g., parabola 1 of figure 4.13(a)). The second set of properties refers to a pair of parabolas that intersect at the initial condition. We show that these two parabolas intersect at all further iterations. We demonstrate that the quadratic and linear coefficients of these two parabolas converge to the same value and that the zeroth order coefficient converges to a constant difference after a few iterations. Finally, we prove that the intersection points between the parabolas move towards infinity, allowing us to keep only the parabola that is smallest for all points on the interval of interest (e.g., parabola 1 of figure 4.13(b)).

4.2.4 Pairwise comparison of cumulate distance functions

The relationship between two cumulated distance functions and the changes in this relationship generated by the propagation of these distances through the warping plane are studied in this section.

The following property describes the behavior of the quadratic coefficient of the cumulated distance function through the iterations.

Property 4.2.3 At every step of the algorithm in which the cumulated distance is a quadratic function of x, y, the quadratic coefficient of the parabola A is 0 < A ≤ 1.

Proof: We use induction. Let us call A_k the value of A after k iterations of the algorithm.

For the first step of case 1, we showed in equation 4.4 that A_1 = 1 − cos^2 θ. Since 0 ≤ |cos^2 θ| ≤ 1, then 0 ≤ A_1 ≤ 1. A = 0 happens for θ = 0 or θ = π, a borderline situation between cases 1 and 3, in which the resultant cumulate distance is 0 and that can be analyzed in the same fashion that we analyze the first step of case 3. Thus, for θ ≠ 0, π, we have 0 < A_1 ≤ 1.

For the first step of case 3, we showed in equation 4.8 that the cumulated distance is a constant, and we showed in equation 4.9 that the cumulated distance remains a constant if the elementary matching occurs with case 3 (or case 4). However, equation 4.6 shows that A = 1 − cos^2 θ if the matching happens with case 1 (or case 2). As before, θ = 0 or θ = π is a borderline situation between cases 1 and 3 that we regard as being case 3 since the cumulated distance continues being a constant. We consider the first matching in which the cumulated distance is a quadratic function, as the first step of the induction. Then, for θ ≠ 0, π, we have 0 < A_1 ≤ 1. The result holds for n = 1.

Assuming that 0 < A_k ≤ 1 for k ≥ 1. For case 1, we have from equation 4.5 that A_{k+1} =^{Ak+(1−cos2 θ)}

1+A_k , then

0 < A_k ≤ 1 ⇒ 1 < 1 + A_k ≤ 2 ⇒^1_2 ≤^1_{1+Ak} < 1.

0 ≤ cos^2 θ ≤ 1 ⇒ 0 ≤ (1 − cos^2 θ) ≤ 1 ⇒ A_k ≤ A_k + (1 − cos^2 θ) ≤ 1 + A_k ⇒ ⇒^{Ak}_{1+Ak} ≤^{Ak+(1−cos2 θ)}

1+A_k ≤ 1 ⇒ A_k 1+A_k ≤ Ak+1 ≤ 1. 1 2 ≤^1_{1+Ak} ⇒^{Ak}_2 ≤^{Ak}_{1+Ak} ≤ A_{k+1} ⇒ 0 <^{Ak}_2 ≤^{Ak}_{1+Ak} ≤ A_{k+1} ≤ 1 ⇒ 0 < A_{k+1} ≤ 1

For case 3, we have from equation 4.9 that A_{k+1} =^{Ak}_{1+Ak} , then

0 < A_k ≤ 1 ⇒ 1 < 1 + A_k ≤ 2 ⇒^1_2 ≤^1_{1+Ak} < 1 ⇒^{Ak}_2 ≤^{Ak}_{1+Ak} = A_{k+1} < A_k ⇒ 0 <^{Ak}_2 ≤ A_{k+1} < A_k ≤ 1 ⇒ 0 < A_{k+1} ≤ 1

The induction is complete.

Given two parabolas, we study their relationship by looking at their difference function and the propagation of this function through the computation. The following properties are stated considering case 1 and 3 since the other two cases are the dual ones. We abuse the notation by writing D(x) instead of D_{(i,j)}(x) and we use a quote ′ to denote distance functions before propagating them using the formulas presented in section 4.2.1. We suppress the subscripts on Δ_x and cos θ since the properties are demonstrated for a generic iteration of the algorithm.

Property 4.2.4 Let D^{′(1)}(x^′) = A^′_1x^{′2} +2B^′_1x^′ +C^′_1 and D^{′(2)}(x^′) = A^′_2x^{′2} +2B^′_2x^′ +C^′_2 be two cumulate distance functions at a certain iteration of the algorithm. Let’s call D^{(1)}(y) = A_1y^2 +2B_1y +C_1and D^{(2)}(y) = A_2y^2 +2B_2y +C_2 the corresponding distance functions after propagating with case 1. Let us call f^′(x^′) = D^{′(1)}(x^′) − D^{′(2)}(x^′) = ΔA^′x^{′2} + 2ΔB^′x^′ + ΔC^′ and f(y) = D^{(1)}(y) − D^{(2)}(y) = ΔAy^2 + 2ΔBy + ΔC the corresponding difference functions. Then, having A^′_1 = ΔA^′ + A^′_2, B^′_1 = ΔB^′ + B^′_2,

C^′_1 = ΔC^′ + C^′_2,

ΔA = ΔA^′ cos^2 θ

(1 + A^′_2 + ΔA^′)(1 + A^′_2)

ΔB = − (Δ^x − B^{′2})ΔA^′ cos θ (1 + A^′_2 + ΔA^′)(1 + A^′_2) −

ΔB^′ cos θ (1 + A^′_2 + ΔA^′)

ΔC = ΔC^′ + (B^{′2} − Δ^x)^2ΔA^′ (1 + A^′_2 + ΔA^′)(1 + A^′_2) −

2(B^′_2 − Δ_x)ΔB^′ + ΔB^{′2} (1 + A^′_2 + ΔA^′)

(ΔB^2 − ΔAΔC) = (ΔB^′

2 − ΔA^′ΔC^′) cos^2 θ (1 + A^′_2 + ΔA^′)(1 + A^′_2)

Proof:

ΔA = A_1 − A_2 =^{A′2+ΔA′+1−cos2 θ}

1+A^′_2+ΔA^′ −

A^′_2+1−cos^2 θ A^′_2+1 =

ΔA^′ cos^2 θ (1+A^′_2 +ΔA^′)(1+A^′_2 )

ΔB = B_1 − B_2 = −^{((A′2 +ΔA′)Δx+B′2+ΔB′) cos θ}

1+A^′_2+ΔA^′

+^{(A′2Δx+B′2) cos θ}

A^′_2+1 = −^{(ΔxΔA′+ΔB′+A′2ΔB′−B′2ΔA′) cos θ} (1+A^′_2+ΔA^′)(1+A^′_2 ) = −^{(Δx−B′2)ΔA′ cos θ} (1+A^′_2+ΔA^′)(1+A^′_2 )

−^{ΔB′ cos θ}

(1+A^′_2+ΔA^′)

ΔC = C_1 − C_2 = C^′_1 −^{(Δx−B′2−ΔB′)2}

1+A^′_2+ΔA^′

− C^′_2 +^{(Δx−B′2)2}_{1+A′2}

= ΔC^′ +^{(B′2−Δx)2ΔA′}

(1+A^′_2+ΔA^′)(1+A^′_2 ) −^{2(B′2−Δx)ΔB′+ΔB′2} (1+A^′_2+ΔA^′)

Going through the algebra,

(ΔB^2 − ΔAΔC) = (ΔB^′

2 − ΔA^′ΔC^′) cos^2 θ (1 + A^′_2 + ΔA^′)(1 + A^′_2)

Corollary 4.2.1 If cos θ ≠ 0 then

1 If two parabolas intersect in two points at a certain iteration in the algorithm, then they will intersect in two points after propagating with case 1.

2 If two parabolas do not intersect at a certain iteration in the algorithm, then they will not intersect after propagating with case 1.

Proof: These two corollaries follow directly from properties 4.2.1, 4.2.4, given that 0 < cos^2 θ ≤ 1, and 0 < A ≤ 1 as shown in property 4.2.3.

Corollary 4.2.2 If D^{′(1)}(x^′) > D^{′(2)}(x^′), ∀x^′, then D^{(1)}(y) > D^{(2)}(y), ∀y, after propagating with case 1.

Proof: Given that D^{′(1)}(x^′) > D^{′(2)}(x^′), ∀x^′, the function f^′(x^′) = D^{′(1)}(x^′) − D^{′(2)}(x^′) is strictly positive and is either a parabola or a constant. In the case of f^′(x^′) being a parabola, if cos^2 θ ≠ 0, then from corollary 4.2.1(2) and from the fact that ΔA keeps its sign after propagation as seen from property 4.2.4, the parabola f(y) = D^{(1)}(y) − D^{(2)}(y) has its opening pointing upwards and does not intersect the horizontal axis after the propagation, then D^{(1)}(y) > D^{(2)}(y), ∀y. In particular, f(0) = ΔC > 0.

If cos^2 θ = 0, then A_1 = A_2 = 1, B_1 = B_2 = 0 and ΔC = ΔC^′ +^{(B′2−Δx)2ΔA′}_{(1+A′2+ΔA′)(1+A′2 )} −

2(B^′_2 −Δ_x)ΔB^′+ΔB^{′2} (1+A^′_2+ΔA^′) ; thus, f(y) = ΔC is a constant. The value of ΔC is independent

of the value of cos^2 θ. We proved in the previous paragraph that ΔC > 0; therefore, f(y) > 0. In the case in which f^′(x^′) is a constant, we have A^′_1 = A^′_2, B^′_1 = B^′_2, and ΔC^′ = f^′(x^′) > 0. Using the propagation equations of property 4.2.1, we have A_1 = A_2, B_1 = B_2, and ΔC = ΔC^′ > 0; therefore, f(y) = ΔC > 0.

Property 4.2.5 Let D^{′(1)}(x^′) = A^′_1x^{′2} +2B^′_1x^′ +C^′_1 and D^{′(2)}(x^′) = A^′_2x^{′2} +2B^′_2x^′ +C^′_2 be two cumulate distance functions at a certain iteration of the algorithm. Let’s call D^{(1)}(x) = A_1x^2 +2B_1x+C_1 and D^{(2)}(x) = A_2x^2+2B_2x+C_2 the corresponding distance functions after propagation with case 3. Let us call f^′(x^′) = D^{′(1)}(x^′) − D^{′(2)}(x^′) =

ΔA^′x^{′2} + 2ΔB^′x^′ + ΔC^′ and f(x) = D^{(1)}(x) − D^{(2)}(x) = ΔAx^2 + 2ΔBx + ΔC the

corresponding difference functions. Then, having A^′_1 = ΔA^′ + A^′_2, B^′_1 = ΔB^′ + B^′_2,

C^′_1 = ΔC^′ + C^′_2,

ΔA = ΔA^′ (1 + A^′_2 + ΔA^′)(1 + A^′_2)

ΔB = (B ′ 2 − Δ_y cos θ)ΔA^′ (1 + A^′_2 + ΔA^′)(1 + A^′_2) + ΔB^′ (1 + A^′_2 + ΔA^′)

ΔC = ΔC^′ + (B ′ 2 + Δ_y cos θ)^2ΔA^′ (1 + A^′_2 + ΔA^′)(1 + A^′_2) −

2(B^′_2 + Δ_y cos θ)ΔB^′ + ΔB^{′2} (1 + A^′_2 + ΔA^′)

(ΔB^2 − ΔAΔC) = (ΔB^′

2 − ΔA^′ΔC^′) (1 + A^′_2 + ΔA^′)(1 + A^′_2)

Proof:

ΔA = A_1 − A_2 =^{A′2+ΔA′}_{1+A}′_{2+ΔA′} −^{A′2}_{1+A}′_2 =^{ΔA′}_{(1+Ab1 )(1+Ab2 )}

ΔB = B_1 − B_2 =^{B′2+ΔB′−(A′2+ΔA′)Δy cos θ}

1+A^′_2+ΔA^′ −^{B′2−A′2Δy cos θ} 1+A^′_2 =^{ΔB′−ΔyΔA′ cos θ+ΔB′A′2−B′2ΔA′} (1+A^′_2+ΔA^′)(1+A^′_2 ) =^{(B′2−Δy cos θ)ΔA′} (1+A^′_2+ΔA^′)(1+A^′_2 )

+^{ΔB′}

(1+A^′_2+ΔA^′)

ΔC = C_1 − C_2 = C^′_1 −^{(B′2 +ΔB′+Δy cos θ)2}

1+A^′_2+ΔA^′

− C^′_2 +^{(B′2 +Δy cos θ)2}

1+A^′_2

= ΔC^′ +^{(B′2 +Δy cos θ)2ΔA′}

(1+A^′_2+ΔA^′)(1+A^′_2 ) −^{2(B′2+Δy cos θ)ΔB′+ΔB′2} (1+A^′_2+ΔA^′)

Going through the algebra,

(ΔB^2 − ΔAΔC) = (ΔB^′

2 − ΔA^′ΔC^′) (1 + A^′_2 + ΔA^′)(1 + A^′_2)

Corollary 4.2.3

1 If two parabolas intersect in two points at a certain iteration in the algorithm, then they will intersect in two points after propagating with case 3.

2 If two parabolas do not intersect at a certain iteration in the algorithm, then they will not intersect after propagating with case 3.

Proof: These two corollaries follow directly from properties 4.2.1, 4.2.5, given that 0 ≤ cos^2 θ ≤ 1, and 0 < A ≤ 1 as shown in property 4.2.3.

Corollary 4.2.4 If D^{′(1)}(x^′) > D^{′(2)}(x^′), ∀x^′, then D^{(1)}(x) > D^{(2)}(x), ∀x, after propagating with case 3.

Proof: Given that D^{′(1)}(x^′) > D^{′(2)}(x^′), ∀x^′, the function f^′(x^′) = D^{′(1)}(x^′) − D^{′(2)}(x^′) is strictly positive and is either a parabola or a constant. In the case of f^′(x^′) being a parabola, then from corollary 4.2.3(2) and from the fact that ΔA keeps its sign after propagation as seen from property 4.2.5, the parabola f(x) = D^{(1)}(x) − D^{(2)}(x) has its opening pointing upwards and does not intersect the horizontal axis after the propagation.

In the case in which f^′(x^′) is a constant, we have A^′_1 = A^′_2, B^′_1 = B^′_2, and ΔC^′ = f^′(x^′) > 0. Using the propagation equations of property 4.2.1, we have A_1 = A_2, B_1 = B_2, and ΔC = ΔC^′ > 0; therefore, f(x) = ΔC > 0.

The above properties allow us to compare all the quadratic distance functions pairwise and discard the ones that are “minimized” by another parabola for all the real line. These properties provide a way to break down the combinatorial explosion of the spatial complexity of the algorithm, as we will show in the experiments.

4.2.5 Asymptotic behavior of pairs of cumulated distance functions

The previous section described properties referring to pairs of non-intersecting cumulated distance functions. These properties allowed us to discard one of the cumulated distances of the pair. The remaining cumulated distances correspond to quadratic functions that intersect at all iterations. The coefficients of these quadratic functions have to be propagated throughout all iterations and determine the remaining spatial complexity of the algorithm. The study of the propagation properties of these coefficients provides grounds to further reduce the spatial complexity of the algorithm. Let us focus on the propagation of two of these quadratic functions throughout the warping plane. Let D^{(1)}(r) = A_1r^2 + 2B_1r + C_1 and D^{(2)}(r) = A_2r^2 + 2B_2r + C_2 be two quadratic functions at a particular iteration in the algorithm, where r generically represents either x, y. Let’s call f(r) = D^{(1)}(r)−D^{(2)}(r) = ΔAr^2 +2ΔBr +ΔC. This section describes the behavior of the coefficients of f(r) as the algorithm progresses through the warping plane. Let us call iteration 0 when the two functions are compared for the first time (i.e., when the associated warping paths coincide at the same square of the warping plane grid for the first time). Let us call ΔA_n, ΔB_n and ΔC_n the coefficients of f_n(r), the difference function after n iterations of the algorithm. We also call cos θ_n and Δ_n accordingly.

A generic path through the warping plane consists of transitions of type 1, 2 and type 3, 4; therefore, the two extreme cases of allowed paths are the ones that consist only of transitions of type 1 (or 2) and only of transitions of type 3 (or 4), as shown in figure 4.14. The asymptotic behavior of any path falls between the behavior of these two extreme cases and we study them separately.

The equations for a path that consists only of transitions of type 3,4 are simpler, so we present them first.

Property 4.2.6 A_n = A^01 + nA_0

Figure 4.14: A generic path through the warping plane consists of transitions of type 1, 2 and type 3, 4; therefore, the two extreme cases of allowed paths are the ones that consist only of transitions of type 1 (or 2) and only of transitions of type 3 (or 4).

Proof: We use induction. From equation 4.10, we have that A_n =^{An−1}_{1+An−1} , then A_1 =^{A0}_{1+A0} . The result holds for n = 1. Assume that it holds for k ≥ 1. Therefore, A_{k+1} =^{Ak}_{1+Ak} =^{A0}_{1+kA0}^{1+kA0}_{1+kA0+A0} =^{A0}_{1+(k+1)A0} . The induction is complete.

Property 4.2.7 ΔA_n = ΔA^0 (1 + nA_0)(1 + nA_0 + nΔA_0)

Proof: We use induction. From property 4.2.5, we have that ΔA_n = ΔA_{n−1} (1+A_{n−1}+ΔA_{n−1})(1+A_{n−1} ) , then ΔA1 =

ΔA_0 (1+A_0+ΔA_0)(1+A_0) . The result holds for n = 1.

Assume that it holds for k ≥ 1. Therefore,

ΔA_{k+1} =^{ΔAk}

(1+A_k+ΔA_k)(1+A_k )

=^{ΔA0}

(1+kA_0)(1+kA_0+kΔA_0)

(1+kA_0) (1+kA_0+A_0)

(1+kA_0+kΔA_0) (1+kA_0+kΔA_0+A_0+ΔA_0)

=^{ΔA0}

(1+(k+1)A_0)(1+(k+1)A_0 +(k+1)ΔA_0)

The induction is complete.

Property 4.2.8 ΔB^2_n − ΔA_nΔC_n = ΔB^{20} − ΔA^0ΔC^0 (1 + nA_0)(1 + nA_0 + nΔA_0)

Proof: We use induction. From property 4.2.5, we have that ΔB^2_n − ΔA_nΔC_n = ΔB^2_{n−1}−ΔA_{n−1}ΔC_{n−1} (1+A_{n−1}+ΔA_{n−1})(1+A_{n−1} ) , then ΔB 2 1 − ΔA_1ΔC_1 =^{ΔB20 −ΔA0ΔC0}

(1+A_0+ΔA_0)(1+A_0) . The result holds

for n = 1. Assume that it holds for k ≥ 1. Therefore,

ΔB^2_{k+1} − ΔA_{k+1}ΔC_{k+1} =^{ΔB2k−ΔAkΔCk}

(1+A_k +ΔA_k)(1+A_k )

=^{ΔB20 −ΔA0ΔC0}

(1+kA_0)(1+kA_0+kΔA_0)

(1+kA_0)

(1+(k+1)A_0 )

(1+kA_0+kΔA_0)

(1+(k+1)A_0 +(k+1)ΔA_0)

=^{ΔB20 −ΔA0ΔC0}

(1+(k+1)A_0 )(1+(k+1)A_0 +(k+1)ΔA_0)

The induction is complete.

Property 4.2.9 B_n = B^01 + nA_0 − A^01 + nA_0 ∑_{n−1} j=0 Δ_j cos θ_j

Proof: We use induction. From equation 4.10, we have that B_n =^{Bn−1}_{1+An−1} −

A_{n−1}Δ_{n−1} cos θ_{n−1}

1+A_{n−1} , then B1 =

B_0 1+A_0 −

A_0 1+A_0 Δ0 cos θ0. The result holds for n = 1. As-

sume that it holds for k ≥ 1. Therefore, B_{k+1} =^{Bk−AkΔk cos θk}_{1+Ak} = −^{Ak Δk cos θk}_{1+Ak} +

1+kA_0 1+(k+1)A_0 (_{B0} 1+kA_0 −

A_0 1+kA_0 ∑_{k−1} j=0 Δ_j cos θ_j ) =^{B0}

1+(k+1)A_0 −

A_0 1+(k+1)A_0 ∑_k j=0 Δ_j cos θ_j . The

induction is complete.

Property 4.2.10

ΔB_n = ΔB^0

1 + nA_0 + nΔA_0 − nB_0ΔA_0 (1 + nA_0)(1 + nA_0 + nΔA_0)−

ΔA_0 n−1∑ j=0 Δ_j cos θ_j

(1 + nA_0)(1 + nA_0 + nΔA_0)

Proof: From property 4.2.9 we have that B_n =^{B0}_{1+nA0} −^{A0}_{1+nA0} ∑_{n−1} j=0 Δ_j cos θ_j ,

then B_n + ΔB_n =^{B0+ΔB0}

1+n(A_0+ΔA_0) −

A_0+ΔA_0 1+n(A_0+ΔA_0) ∑_{n−1} j=0 Δ_j cos θ_j . Therefore, ΔB_n = (_{B0+ΔB0}

1+n(A_0+ΔA_0) −

B_0 1+nA_0 ) + (_{A0} 1+nA_0 −

A_0+ΔA_0 1+n(A_0+ΔA_0) ) ∑_{n−1} j=0 Δ_j cos θ_j =^{ΔB0+n(A0ΔB0−B0ΔA0)}

(1+nA_0)(1+nA_0+nΔA_0) −

ΔA_0 (1+nA_0)(1+nA_0+nΔA_0) ∑_{n−1} j=0 Δ_j cos θ_j .

Property 4.2.11

ΔC_n = ΔC_0+

(nB_0 + n−1∑ i=0 Δ_i cos θ_i)^2ΔA_0

(1 + nA_0)(1 + nA_0 + nΔA_0)− nΔB^2_0 + 2nB_0ΔB_0 + 2ΔB_0 n−1∑ i=0 Δ_i cos θ_i

(1 + nA_0 + nΔA_0)

Proof: We use induction. From property 4.2.5, we have that ΔC_n = ΔC_{n−1} +

(B_{n−1} +Δ_{n−1} cos θ_{n−1})^2ΔA_{n−1} (1+A_{n−1}+ΔA_{n−1})(1+A_{n−1}) −

2(B_{n−1} +Δ_{n−1} cos θ_{n−1})ΔB_{n−1}+ΔB^2_{n−1} (1+A_{n−1}+ΔA_{n−1}) , then ΔC1 = ΔC0 + (B_0 +Δ_0 cos θ_0)^2ΔA_0 (1+A_0+ΔA_0)(1+A_0 ) −

2(B_0 +Δ_0 cos θ_0)ΔB_0 +ΔB^2_0 (1+A_0+ΔA_0) . The result holds for n = 1. Assume that it

holds for k ≥ 1. Therefore,

ΔC_{k+1} = ΔC_k +^{(Bk+Δk cos θk)2ΔAk}

(1+A_k +ΔA_k)(1+A_k ) −^{2(Bk +Δk cos θk)ΔBk +ΔB2k} (1+A_k+ΔA_k)

= ΔC_0 +^{(kB0+} ∑_{k−1} i=0 Δ_i cos θ_i)^2ΔA_0

(1+kA_0)(1+kA_0+kΔA_0)

−^{kΔB20 +2kB0ΔB0+2ΔB0} ∑_{k−1} i=0 Δ_i cos θ_i

(1+kA_0+kΔA_0) + (B_k +Δ_k cos θ_k)^2ΔA_k

(1+A_k +ΔA_k)(1+A_k ) −^{2(Bk +Δk cos θk)ΔBk +ΔB2k} (1+A_k +ΔA_k)

= ΔC_0 +^{(kB0+} ∑_{k−1} i=0 Δ_i cos θ_i)^2ΔA_0

(1+kA_0)(1+kA_0+kΔA_0)

−^{kΔB20 +2kB0ΔB0+2ΔB0} ∑_{k−1} i=0 Δ_i cos θ_i

(1+kA_0+kΔA_0) + (^{B0}_{1+kA0} −^{A0}_{1+kA0} ∑_{k−1} j=0 Δ_j cos θ_j +Δ_k cos θ_k)^2ΔA_0

(1+(k+1)A_0+(k+1)ΔA_0)(1+(k+1)A_0 )

−^( ΔB0 (1+kA0+kΔA0) − ΔA0(kB0+ ∑k−1 j=0 Δj cos θj ) (1+kA0)(1+kA0+kΔA0) ) 2 (1+(k+1)A0+(k+1)ΔA0) (1+kA0+kΔA0) − 2(^{B0}_{1+kA0} −^{A0}_{1+kA0} ∑_{k−1} j=0 Δ_j cos θ_j +Δ_k cos θ_k)(^{ΔB0} (1+kA0+kΔA0) − ΔA0(kB0+ ∑k−1 j=0 Δj cos θj ) (1+kA0)(1+kA0+kΔA0) ) (1+(k+1)A0+(k+1)ΔA0) (1+kA0+kΔA0) = · · · = ΔC_0 +^{((k+1)B0 +} ∑_k i=0 Δ_i cos θ_i)^2ΔA_0

(1+(k+1)A_0)(1+(k+1)A_0 +(k+1)ΔA_0)

−^{(k+1)ΔB20 +2(k+1)B0ΔB0+2ΔB0} ∑_k i=0 Δ_i cos θ_i

(1+(k+1)A_0 +(k+1)ΔA_0)

The induction is complete.

From the expressions for ΔA_n and ΔB_n, it is clear that ΔA_n −→_{n→∞} 0 quadratically

and ΔB_n −→_{n→∞} 0 linearly. From the expression for ΔC_n, we see that |ΔC_n| is bounded. In fact, |ΔC_n| ≤ |ΔC_0| +^{(n|B0|+nΔmax)2|ΔA0|} (1+nA_0)(1+nA_0+nΔA_0) + nΔB^2_0 +2n|B_0||ΔB_0|+2n|ΔB_0|Δ_{max} (1+nA_0+nΔA_0) −→n→∞ |ΔC_0| +^{(|B0|+Δmax)2|ΔA0|} A_0(A_0+ΔA_0) +

ΔB^2_0 +2|B_0||ΔB_0|+2|ΔB_0|Δ_{max} (A_0+ΔA_0) .

Let us call x_{1,2} the zeros of f(r) = D^{(1)}(r) − D^{(2)}(r). The corresponding equations

are x_1 = − sign(ΔB)(^{|ΔB|}_{ΔA} +^{√ΔB2−ΔAΔC}_{ΔA} ) and x_2 = − sign(ΔB)^{ΔC}_{|ΔB|+}^√_{ΔB2−ΔAΔC} .

The zeros of f(r) define the interval in which D^{(1)}(r) ≤ D^{(2)}(r), if ΔA > 0 (or the interval in which D^{(1)}(r) ≥ D^{(2)}(r), if ΔA < 0), so if the position of x_{1,2} diverges with n, it is possible to find out which parabola provides the minimum cost.

Property 4.2.12 |x_{1n} | −→_{n→∞} ∞, |x_{2n} | −→_{n→∞} ∞ if |ΔC_n| ↛_{n→∞} 0

Proof: For |x_{1n} | =^{|ΔB|}_{|ΔA|} +^{√ΔB2−ΔAΔC}_{|ΔA|} we have

|x_{1n} | =^{|ΔBn|}_{|ΔAn|} + √_{ΔBn2−ΔAnΔCn} |ΔA_n| ≥ √_{ΔBn2−ΔAnΔCn} |ΔA_n| = √_{ΔB02−ΔA0ΔC0} ΔA^2_0 √ (1 + nA_0)(1 + nA_0 + nΔA_0) −→_{n→∞} ∞

For |x_{2n} | =^{|ΔCn|} |ΔB_n|+ √_{ΔBn2−ΔAnΔCn} , we study the numerator and the denominator separately. The denominator of |x_{2n} | is as follows:

|ΔB_n| + √ ΔB_n^2 − ΔA_nΔC_n = | | | | ΔB_0 (1+nA_0+nΔA_0) −^{nB0ΔA0−ΔA0} ∑_{n−1} j=0 Δ_j cos θ_j (1+nA_0)(1+nA_0+nΔA_0) | | | | + √_{ΔB02−ΔA0ΔC0} (1+nA_0)(1+nA_0+nΔA_0) = 1 n [| | | | ΔB_0 1 n +A_0+ΔA_0 −^{B0ΔA0−ΔA0( 1n} ∑_{n−1} j=0 Δ_j cos θ_j ) (^1_n +A_0)(^1_n +A_0+ΔA_0) | | | + √_{ΔB02−ΔA0ΔC0} (^1_n +A_0)(^1_n +A_0+ΔA_0) ]

The denominator of |x_{2n} | is composed of two factors; one of them is^1_n , that tends to zero as n → ∞, and the other is a quantity that tends to a constant as n → ∞. This second factor tends to a constant since A_0 > 0 and A_0 + ΔA_0 > 0 as shown in property 4.2.3 and the term^1_n ∑_{n−1} j=0 Δ_j cos θ_j is bounded between 0 and Δ_{max} due to the fact that 0 ≤ | cos θ_j | ≤ 1, ∀j and 0 ≤ Δ_j ≤ Δ_{max}, ∀j. Moving the n in the factor^1_n from the denominator to the numerator, we have a resulting numerator of the form n|ΔC_n|, leaving the denominator with an expression that tends to a constant as n → ∞. Since |ΔC_n| is bounded for all n, the resulting numerator n|ΔC_n| −→_{n→∞} ∞ unless |ΔC_n| −→_{n→∞} 0. Therefore, |x_{2n} | −→_{n→∞} ∞ if |ΔC_n| ↛_{n→∞} 0.

Let us explore the conditions for |ΔC_n| −→_{n→∞} 0. Let us call ξ_n = ∑_{n−1} i=0 Δ_i cos θ_i, then the expression for ΔC_n is the following:

ΔC_n = [ ΔC_0 +^{(nB0+ξn)2ΔA0}

(1+nA_0)(1+nA_0 +nΔA_0) −^{nΔB20 +2nB0ΔB0+2ΔB0ξn} (1+nA_0+nΔA_0) ]

= [_{(1+nA0)((1+nA0+nΔA0)ΔC0 −nΔB2} 0 −2nB_0ΔB_0)+n^2B^2_0 ΔA_0 ]_{+2ξn(nB0ΔA0−(1+nA0)ΔB0)+ΔA0ξ2n} (1+nA_0)(1+nA_0+nΔA_0)

The equation for ΔC_n has a numerator that is a quadratic equation on ξ_n, so let us find the values of ξ_n that makes the numerator of ΔC_n equal to zero. The solution is the following

ξ_{n1,2} = n [ − B_0 + (A_0 + 1 n ) ΔB_0 ΔA_0 ± √ (A_0 + 1 n )(A_0 + ΔA_0 + 1 n ) (ΔB^2_0 − ΔA_0ΔC_0) ΔA^2_0 ]

(4.11)

For this particular value of ξ_n, the denominator of |x_{2n} | takes the following value:

|ΔB_n| + √ ΔB_n^2 − ΔA_nΔC_n = 1 n [√ ΔB_0^2−ΔA_0ΔC_0

(^1_n +A_0)(^1_n +A_0+ΔA_0) + | | |^{ΔB0( 1n +A0)−B0ΔA0} (^1_n +A_0)(^1_n +A_0+ΔA_0) − ΔA_0 ( −B_0+(A_0+^1_n )^{ΔB0}_{ΔA0} ± √ (^1_n +A_0)(^1_n +A_0+ΔA_0)^{(ΔB20 −ΔA0ΔC0)}

ΔA20 )

(^1_n +A_0)(^1_n +A_0+ΔA_0) | | | ] = 2 n √_{ΔB02−ΔA0ΔC0} (^1_n +A_0)(^1_n +A_0+ΔA_0)

The factor ΔB_0^2 −ΔA_0ΔC_0 ≠ 0 since these properties correspond to a pair of parabolas that intersect. The denominator of |x_{2n} | is different from zero and the numerator of |x_{2n} | is equal to ΔC_n = 0 for this particular value of ξ_n; therefore, |x_{2n} | = 0, ∀n.

The particular value of ξ_n given by equation 4.11 is defined by having ΔC_n = 0.

Let us find out whether there is a different condition on ξ_n such that |ΔC_n| −→_{n→∞} 0. Let us write the equation for ΔC_n having several terms re-arranged

ΔC_n = [ ΔC_0 +^{(nB0+ξn)2ΔA0}

(1+nA_0)(1+nA_0+nΔA_0) −^{nΔB20 +2nB0ΔB0+2ΔB0ξn} (1+nA_0+nΔA_0) ]

=^{(A0(A0+ΔA0)ΔC0 +B20 ΔA0−A0ΔB20 −2A0B0ΔB0)+2} ξn n (B_0ΔA_0−A_0ΔB_0)+ΔA_0^{ξ2n}_{n2} (^1_n +A_0)(^1_n +A_0+ΔA_0) + (ΔC0(2A0+ΔA0)−ΔB20 −2B0ΔB0)

n −2ΔB_0^{ξn}_{n2} +^{ΔC0}_{n2} (^1_n +A_0)(^1_n +A_0+ΔA_0)

Let us call ξ = lim_{n→∞}^1_n ξ_n. Since 0 ≤ | cos θ_j | ≤ 1, ∀j and 0 ≤ Δ_j ≤ Δ_{max}, ∀j, the value of |ξ| is bounded 0 ≤ |ξ| ≤ Δ_{max}. Therefore, the three first terms of the above expression converge to a constant value as n → ∞ while the last three terms converge to zero as n → ∞. The questions is whether the first three terms cancel out making |ΔC_n| −→_{n→∞} 0. Let us find out the condition on ξ_n that make the sum of these terms equal to zero for all n. We need to solve the following quadratic equation on ξ_n.

ΔA_0ξ^2_n + 2nξ_n(B_0ΔA_0 − A_0ΔB_0) + n^2(A_0(A_0 + ΔA_0)ΔC_0 + B^2_0 ΔA_0 − A_0ΔB^2_0 − 2A_0B_0ΔB_0) = 0

The solution for ξ_n is the following:

ξ^∗_{n1,2} = n [ − B_0 + A_0

ΔB_0 ΔA_0 ± √ A_0(A_0 + ΔA_0)(ΔB^2_0 − ΔA_0ΔC_0) ΔA^2_0 ] (4.12)

For this particular value of ξ_n, the denominator of |x_{2n} | takes the following value:

|ΔB_n| + √ ΔB_n^2 − ΔA_nΔC_n = 1 n [| | | ΔB_0(^1_n +A_0)−B_0ΔA_0 (^1_n +A_0)(^1_n +A_0+ΔA_0)

− ΔA_0 ( −B_0+A_0^{ΔB0}_{ΔA0} ± √ A0(A0+ΔA0)(ΔB20 −ΔA0ΔC0) ΔA20 )

(^1_n +A_0)(^1_n +A_0+ΔA_0) | | | + √_{ΔB02−ΔA0ΔC0} (^1_n +A_0)(^1_n +A_0+ΔA_0) ]

= 1 n [| | | | ΔB0 n ∓ √_{A0(A0+ΔA0)(ΔB20 −ΔA0ΔC0)}

(^1_n +A_0)(^1_n +A_0+ΔA_0) | | | + √_{ΔB02−ΔA0ΔC0} (^1_n +A_0)(^1_n +A_0+ΔA_0) ]

For this particular value of ξ_n, the numerator of |x_{2n} | takes the following value:

ΔC_n = 1 n [_{(2A0+ΔA0)(ΔA0ΔC0−ΔB02)∓}√_{A0(A0+ΔA0)(ΔB20 −ΔA0ΔC0)}

ΔA0 +^{ΔC0}_n (^1_n +A_0)(^1_n +A_0+ΔA_0) ]

The multiplicative factors^1_n in the numerator and the denominator of |x_{2n} | cancel out, leaving an expression for |x_{2n} | that tends to a constant as n → ∞. The value of this constant is defined by the initial conditions A_0, B_0, C_0, ΔA_0, ΔB_0, and ΔC_0. Therefore, depending on the value of ξ_n, the zero |x_{2n} | tends to infinity, to a constant or is equal to zero.

The conditions imposed on ξ_n by equations 4.11 and 4.11 are quite restrictive since there is no a priori information on the values of A_0, B_0, C_0, ΔA_0, ΔB_0, ΔC_0, cos θ_i and Δ_i other than cos θ_i ≈ 1 for similar curves, 0 < A_0 ≤ 1, and ΔB_0^2 −ΔA_0ΔC_0 ≠ 0. Therefore, it is reasonable to expect that in general ξ_n ≠ ξ_{n1,2} , and the value of n|ΔC_n| diverges as n → ∞.

We showed that |x_{1n} | and |x_{2n} | diverge as n → ∞, but we do not know whether they had the same sign or not. The first plot of figure 4.15 shows the case of the two zeros having different sign and the last two plots of the figure show the case of the two zeros having the same sign. In the first case, the parabola that provides the minimum cumulated distance is D^{(2)}(r) while in the last two cases the minimum is achieved by D^{(1)}(r).

The product of the two zeros is x_{1n} x_{2n} =^{ΔCn}_{ΔAn} , so the sign of^{ΔCn}_{ΔAn} tells us whether

r x1n

D2n (r)

D1n (r) x2n

r x1n

D2n (r) x2n

D1n (r)

r D1n (r) x2n x1n D2n (r)

Figure 4.15: Different possible locations of x_{1n} and x_{2n} .

the two zeros have the same sign or not. From property 4.2.7 we see that the sign of ΔA_n is the same for all iterations, thus the sign of ΔC_n carries the information about the sign of the zeros.

We observe that depending on the value of ξ_n, ΔC_n could be either positive or negative and could switch signs from iteration to iteration. Looking at figure 4.15, it would be possible that in one iteration the parabola that provides the minimum would be D^{(1)}(r) while in the following one it would be D^{(2)}(r); therefore, it would not be possible to make an optimal decision.

The value of^{ξn}_n =^1_n ∑_{n−1} j=0 Δ_j cos θ_j is bounded 0 ≤ |^{ξn}_n | ≤ Δ_{max} since 0 ≤ | cos θ_j | ≤ 1, ∀j and 0 ≤ Δ_j ≤ Δ_{max}, ∀j. If [−Δ_{max}, Δ_{max}] ⊂ [^{ξn1}_n ,^{ξn2}_n ], ∀n, then ξ_n ∈ [ξ_{n1} , ξ_{n2} ], ∀n, and the sign of ΔC_n would be opposite to the sign of ΔA_n for all the iterations; therefore, the signs of x_{1,2n} would always be different and the situation would correspond to the first plot of figure 4.15 and we could make an optimal decision. Since the values of ξ_{n1,2} depend only on the initial conditions of the two parabolas, the check for the above condition could be done at the very first iteration and then make the decision on which parabola to keep later, whenever the coefficients of the two parabolas have converged.

For the extreme case of a path consisting only of transitions of type 1,2, the equations are a bit more complicated. There is a particular case if cos^2 θ_n = 1 ∀n, in which the equations simplify and resemble the equations for the extreme case of a path consisting only of transition of type 3,4. It can be shown that the following properties hold:

A_n =^{A0}_{1+nA0}

ΔA_n =^{ΔA0}

(1+nA_0)(1+nA_0+nΔA_0)

ΔB^2_n − ΔA_nΔC_n =^{ΔB20 −ΔA0ΔC0}

(1+nA_0)(1+nA_0 +nΔA_0)

B_n = −^{A0} ∑_{n−1} j=0 (−1)^{n−j} Δ_j 1+nA_0 +

(−1)^n B_0 1+nA_0

ΔB_n =^{(−1)n ΔB0}

1+nA_0+nΔA_0 +

(−1)^{n+1} nB_0ΔA_0 (1+nA_0)(1+nA_0+nΔA_0) −

ΔA_0 ∑_{n−1} j=0 (−1)^{n−j} Δ_j (1+nA_0)(1+nA_0+nΔA_0)

ΔC_n = ΔC_0 +^{(nB0−} ∑_{n−1} i=0 (−1)^iΔ_i)^2ΔA_0 (1+nA_0)(1+nA_0+nΔA_0) − nΔB^2_0 +2nB_0ΔB_0+2ΔB_0 ∑_{n−1} i=0 (−1)^iΔ_i (1+nA_0+nΔA_0

|x_{1n} | −→_{n→∞} ∞

|x_{2n} | −→_{n→∞} ∞ if ΔC_n| ↛_{n→∞} 0

(4.13)

In the general case, cos^2 θ_n ≠ 1 for most n since it would be very unlikely to be

matching exactly the same curve; in fact, even if the two curves are the same, the

noise in the acquisition provides a random variability on the position of the samples

that make cos^2 θ_n ≠ 1 with high probability, although cos^2 θ_n would be very close to

1 in this case. Then, the following properties hold:

Property 4.2.13 ΔA_n = ΔA_0 ∏_{n−1} i=0 cos^2 θ_i (1 + A_i)(1 + A_i + ΔA_i)

Proof: We use induction. From property 4.2.4, we have that ΔA_n =^{ΔAn−1 cos2 θn−1}

(1+A_{n−1} +ΔA_{n−1})(1+A_{n−1} ) ,

then ΔA_1 =^{ΔA0 cos2 θ0}

(1+A_0+ΔA_0)(1+A_0 ) . The result holds for n = 1. Assume that it holds for

k ≥ 1. Therefore, ΔA_{k+1} =^{ΔAk cos2 θk}

(1+A_k +ΔA_k)(1+A_k ) = ΔA0 ∏_k i=0 cos^2 θ_i (1+A_i)(1+A_i +ΔA_i) . The in-

duction is complete.

131 Property 4.2.14 B_n = ∑_{n−1} j=0 (−1)^{n−j} A_jΔ_j ( ∏_{n−1} i=j cos θ_i (1 + A_i) ) +(−1)^nB_0 ( ∏_{n−1} i=0 cos θ_i (1 + A_i) )

Proof: We use induction. From equation 4.5, we have that B_n = −^{(An−1 Δn−1+Bn−1 ) cos θn−1}_{1+An−1} , then B_1 = −^{A1Δ1 cos θ0}_{1+A0} −^{B0 cos θ0}_{1+A0} . The result holds for n = 1. Assume that it holds for k ≥ 1. Therefore, B_{k+1} = −^{Ak Δk cos θk}_{1+Ak} −^{Bk cos θk}_{1+Ak} = −^{AkΔk cos θk}_{1+Ak} −

cos θ_k 1+A_k (∑_{k−1} j=0 (−1)^{k−j}A_jΔ_j ∏_{k−1} i=j cos θ_i (1+A_i) + (−1) kB_0 ∏_{k−1} i=j cos θ_i (1+A_i) ) = ∑_k j=0(−1)^{k+1−j}A_j Δ_j (∏_k i=j cos θ_i (1+A_i) ) + (−1)^{k+1}B_0 (∏_k i=0 cos θ_i (1+A_i) ) . The induction is complete.

Property 4.2.15

ΔB_n = ΔA_0 (_{n−1}∏ j=0 cos θ_j (1 + A_j + ΔA_j ) )[ (−1)^n

ΔB_0 ΔA_0

+ (−1)^{n−1}B_0 n−1∑ i=0 1 1 + A_i (_{i−1}∏ j=0 cos^2 θ_j (1 + A_j )^2 ) + n−2∑ i=0 (−1)^{n−1−i}A_iΔ_i (_{i−1}∏ m=0 cos θ_m (1 + A_m) )_{n−1}∑ j=i+1 1 1 + A_j (_{j−1}∏ m=i cos^2 θ_m (1 + A_m)^2 ) + n−1∑ i=0 (−1)^{n−i} Δ_i 1 + A_i (_{i−1}∏ j=0 cos θ_j (1 + A_j) )]

Proof: We use induction. From property 4.2.4, we have that ΔB_n = −^{ΔBn−1 cos θn−1}_{(1+An−1+ΔAn−1)} −

(Δ_{n−1}−B_{n−1})ΔA_{n−1} cos θ_{n−1} (1+A_{n−1} +ΔA_{n−1})(1+A_{n−1} ) , then ΔB1 = ΔA0 cos θ_0 (1+A_0+ΔA_0) ( −^{ΔB0}_{ΔA0} +^{B0}_{(1+A0)} −^{Δ0}_{(1+A0)} ) . The result holds for n = 1. Assume that it holds for k ≥ 1. Therefore,

ΔB_{k+1} = −

(Δ_k − B_k)ΔA_k cos θ_k (1 + A_k + ΔA_k)(1 + A_k) − ΔB_k cos θ_k (1 + A_k + ΔA_k) = ΔA_0 (∏_k j=0 cos θ_j

(1+A_j +ΔA_j ) )[ (−1)^{Δk}_{1+Ak} (∏_{k−1} j=0 cos θ_j

(1+A_j ) ) + k−1∑ i=0 (−1)^{k−i AiΔi}_{1+Ak} (∏_{k−1} j=i cos^2 θ_j

(1+A_j )^2 )(∏_{i−1} j=0 cos θ_j

(1+A_j ) ) + (−1)^{k B0}_{1+Ak} (∏_{k−1} j=0 cos^2 θ_j

(1+A_j )^2 ) +

(−1)^kB_0 k−1∑ i=0 1 1+A_i (∏_{k−1} j=0 cos^2 θ_j

(1+A_j )^2 ) + (−1)^{k+1 ΔB0}_{ΔA0} + k−2∑ i=0 (−1)^{k−i}A_iΔ_i (∏_{i−1} m=0 cos θ_m

(1+A_m) )^{n−1}∑ j=i+1 1 1+A_j (∏_{j−1} m=i cos^2 θ_m

(1+A_m)^2 )]

= ΔA_0 (∏_{n−1} j=0 cos θ_j

(1+A_j +ΔA_j ) )[ (−1)^{n ΔB0}_{ΔA0} + (−1)^{n−1}B_0 n−1∑ i=0 1 1+A_i (∏_{i−1} j=0 cos^2 θ_j

(1+A_j )^2 ) + n−2∑ i=0 (−1)^{n−1−i}A_iΔ_i (∏_{i−1} m=0 cos θ_m

(1+A_m ) )^{n−1}∑ j=i+1 1 1+A_j (∏_{j−1} m=i cos^2 θ_m

(1+A_m)^2 ) + n−1∑ i=0 (−1)^{n−i Δi}_{1+Ai} ( ∏_{i−1} j=0 cos θ_j

(1+A_j ) )]

The induction is complete.

Property 4.2.16 ΔC_n = ΔC_0+ ∑_{n−1} i=0 ( (B_i − Δ_i)^2ΔA_i (1 + A_i)(1 + A_i + ΔA_i)−

2(B_i − Δ_i)ΔB_i + ΔB^2_i (1 + A_i + ΔA_i) )

Proof: We use induction. From property 4.2.4, we have that ΔC_n = ΔC_{n−1} +

(B_{n−1} −Δ_{n−1})^2ΔA_{n−1} (1+A_{n−1}+ΔA_{n−1})(1+A_{n−1} ) −

2(B_{n−1} −Δ_{n−1})ΔB_{n−1}+ΔB_{n−1}^2 (1+A_{n−1} +ΔA_{n−1}) , then ΔC1 = ΔC0+

(B_0−Δ_0)^2ΔA_0 (1+A_0+ΔA_0)(1+A_0 ) − 2(B_0 −Δ_0)ΔB_0+ΔB_0^2

(1+A_0+ΔA_0) . The result holds for n = 1. Assume that it holds for k ≥ 1. There-

fore, ΔC_{k+1} = ΔC_k+^{(Bk−Δk)2ΔAk}

(1+A_k+ΔA_k)(1+A_k ) −

2(B_k −Δ_k)ΔB_k+ΔB_k^2 (1+A_k+ΔA_k) = ΔC0+ ∑_k i=0 (_{(Bi−Δi)}2_{ΔAi} (1+A_i)(1+A_i +ΔA_i) − 2(B_i−Δ_i)ΔB_i+ΔB^2_i

(1+A_i+ΔA_i) ) . The induction is complete.

As we observe from the previous properties, the asymptotic behavior of the coefficients of f_n(r) depends upon the behavior of ∏_n j=0(1 + A_j). Let’s call P_n = ∏_n j=0(1 + A_j ), then P_n > P_{n−1} since P_n = (1 + A_n)P_{n−1} and 0 < A ≤ 1. Thus, P_n is a monotonically increasing function of n.

Property 4.2.17 P_n behaves according to the following difference equation P_n − 2P_{n−1} + (1 − sin^2 θ_{n−1})P_{n−2} = 0.

Proof: From equation 4.2.4 we have that A_n =^{An−1+sin2 θn−1}_{1+An−1} . It can be shown by induction that A_n = ∑_{n−1} i=0 sin^2 θ_iP_{i−1}

P_{n−1} +

A_0 P_{n−1} . In fact, A1 = sin^2 θ_0 1+A_0 +

A_0 1+A_0 = sin^2 θ_0P_{−1} P_0 +

A_0 P_0 ,

with P_{−1} = 1. Assuming valid for k ≥ 1, A_{k+1} =^{Ak+sin2 θk}_{1+Ak} = ∑_k i=0 sin^2 θ_iP_{i−1} P_k +

A_0 P_k .

Now, let us look at P_n = ∏_n j=0(1+A_j ) = (1+A_n)P_{n−1}, then replacing by the equation for A_n described in the previous paragraph, P_n = P_{n−1} + A_0 + ∑_{n−1} i=0 sin^2 θ_iP_{i−1}, with the initial condition that P_{−1} = 1. Thus, ΔP_n = P_n−P_{n−1} = A_0+ ∑_{n−1} i=0 sin^2 θ_iP_{i−1} and ΔΔP_n = (P_n − P_{n−1}) − (P_{n−1} − P_{n−2}) = ∑_{n−1} i=0 sin^2 θ_iP_{i−1} − ∑_{n−2} i=0 sin^2 θ_iP_{i−1} = sin^2 θ_{n−1}P_{n−2}. Finally, P_n − 2P_{n−1} + (1 − sin^2 θ_{n−1})P_{n−2} = 0.

Let us analyze a few solutions of the differential equation for P_n. As we pointed out before, the case in which sin^2 θ_n = 0, ∀n, i.e., cos^2 θ_n = 1, ∀n, simplifies the problem as seen in equation 4.13. The difference equation for P_n has two equal roots and the solution is simply P_n = 1 + (n + 1)A_0. Therefore, P_n diverges linearly in this case. Let us solve for P_n when sin^2 θ_n is a constant different from zero.

Property 4.2.18 For sin^2 θ_n = γ ≠ 0, ∀n is P_n = (^{1+A0}_2 +^{√γ}_2 (1 +^{A0}_γ ))(1 + √ γ)^n + (^{1+A0}_2 −^{√γ}_2 (1 +^{A0}_γ ))(1 − √ γ)^n.

Proof: If sin^2 θ_n = γ ≠ 0, ∀n, then the difference equation for P_n is the following:

P_n − 2P_{n−1} + (1 − γ)P_{n−2} = 0 P_{−1} = 1 P_0 = 1 + A_0

The solution of the above difference equation is of the type P_n = α^n that gives rise to the following quadratic equation on α, α^2 − 2α + (1 − γ) = 0, whose solu-

134 tions are α_{1,2} = 1 ± √ γ = 1 ± | sin θ|. The general form of the solution for P_n is P_n = c_1α_1 + c_2α_2 where the coefficients c_1 and c_2 are defined by the initial conditions: P_{−1} = 1 = c_1α^{−1}_1 + c_2α^{−1}_2 and P_0 = 1 + A_0 = c_1 + c_2. The solution of this system of two equations on two unknowns is c_1 =^{1+A0}_2 +^{√γ}_2 (1+^{A0}_γ ) and c_2 =^{1+A0}_2 −^{√γ}_2 (1+^{A0}_γ ), that completes the proof.

The behavior of P_n for large n in this case is defined by the evolution of the term (1+γ)^n that diverges exponentially. The rate of divergence is directly associated with the value of γ. In practical terms, having sin^2 θ_n = γ ≠ 0, ∀n is quite unlikely, unless we match one curve against a version of itself rotated by an angle equal to sin^{−1}( √ γ). Property 4.2.19 For sin^2 θ_n = 1, ∀n is P_n = 2^n.

Proof: If sin^2 θ_n = 1, ∀n, then A_n = 1, ∀n and, therefore, P_n = ∏_n i=0(1 + A_i) = ∏_n i=0(1 + 1) = 2^n.

From the previous solutions for P_n, we infer that its general behavior is bounded by an increasing linear function and an exponential function of type 2^n. The case of the linear solution corresponds to having sin^2 θ_n = 0, ∀n, but in practical situations it is quite difficult to get this case since the noise in the acquisition would make it quite unlikely since measuring the same coordinates for the same point has probability zero. Besides, it is also quite unlikely to have many segments for which sin^2 θ_n = 0; therefore, it is reasonable to expect that sin^2 θ_n ≠ 0 for almost all n. In the case in which sin^2 θ_n = 0 a few times, the following properties describe the asymptotic behavior of P_n after the last n for which sin^2 θ_n = 0.

Let us analyze the case in which sin^2 θ_n > 0, ∀n. The two cases analyzed in properties 4.2.18, 4.2.19 are the extreme possible behaviors of P_n. In general, P_n should behave in between these two extreme cases, still diverging exponentially but at an unknown rate.

Property 4.2.20 Assume that sin^2 θ_n > 0, ∀n, say sin^2 θ_n ≥ ϵ, ∀n, let us call P^ϵ_n the solution for P_n when sin^2 θ_n = ϵ, ∀n, then P_n ≥ P^ϵ_n, ∀n.

Proof: We use induction. The initial conditions for P_n and P^ϵ_n are P_{−1} = P^ϵ_{−1} = 1 and P_0 = P^ϵ_0 = 1 + A_0. Take sin^2 θ_0 ≥ ϵ, then P_1 = 2P_0 − (1 − sin^2 θ_0)P_{−1} ≥ 2P^ϵ_0 − (1 − ϵ)P^ϵ_{−1} = P^ϵ_1 . The result holds for n = 1. Assume that it holds for k ≥ 1. Thus, P_k ≥ P^ϵ_k and P_{k−1} ≥ P^ϵ_{k−1}. Take sin^2 θ_k ≥ ϵ, then −(1 − sin^2 θ_k)P_{k−1} ≥ −(1 − ϵ)P^ϵ_{k−1} and P_{k+1} = 2P_k − (1 − sin^2 θ_k)P_{k−1} ≥ 2P^ϵ_k − (1 − ϵ)P^ϵ_{k−1} = P^ϵ_{k+1}. The induction is complete.

Let us study the asymptotic behavior of ΔA, ΔB, and ΔC. Property 4.2.13 shows that ΔA_n = ΔA_0 ∏_{n−1} i=0 cos^2 θ_i (1+A_i)(1+A_i +ΔA_i) and, therefore, ΔAn −→n→∞ 0 exponentially.

The following properties describe the behavior of ΔB_n and ΔC_n.

Property 4.2.21 |ΔB_n| −→_{n→∞} 0

Proof: Let us assume that Δ_n ≤ Δ_{max}, ∀n, P_n = ∏_n i=0(1 + A_i) ≥ K_0ε^n, ε > 1 and P^′_n = ∏_n i=0(1 + A_i + ΔA_i) ≥ K^′_0ε^{′n}, ε^′ > 1. Let us recall that 0 ≤ | cos θ_i| ≤ 1, ∀i and 0 < A_i ≤ 1, ∀i. Then,

|ΔB_n| ≤ |ΔA_0| ∏_{n−1} j=0 cos θ_j P^′_n [ |ΔB_0| |ΔA_0| + |B_0| n−1∑ i=0 1 1+A_i ∏_{i−1} j=0 cos^2 θ_j P^2_{i−1} + n−1∑ i=0 Δ_i 1+A_i ∏_{i−1} j=0 | cos θ_j | P_{i−1} + n−2∑ i=0 (−1)^{n−1−i}A_iΔ_i ∏_{i−1} m=0 | cos θ_m| P_{i−1} n−1∑ j=i+1 1 1+A_j P^2_{i−1} P^2_{j−1} (∏_{j−1} m=i cos^2 θ_m ) ] ≤ |ΔA_0| K^′_0 ε^{′−n+1} [ |ΔB_0| |ΔA_0| +^{|B0|}_{K20} n−1∑ i=0 ε^{−2i} +^{Δmax}_{K0} n−1∑ i=0 ε^{−i} +^{Δmax}_{K0} n−2∑ i=0 ε^{−(i−1)} n−1∑ j=i+1 ε^{−2(j−i)} ]

≤^{|ΔA0|}_{K′0} ε^{′−n+1} [ |ΔB_0| |ΔA_0| +^{|B0|ε}_{K20}^{1−ε−2n}_{1−ε−2} +^{Δmax}_{K0}^{1−ε−n}_{1−ε−1} + Δ_{max} K_0 ε^{−2}−ε^{−4}−ε^{−8}+ε^{−9}−ε^{−n−1}+ε^{−n−3}+ε^{−2n−6}−ε^{−2n−7} (1−ε^{−1})(1−ε^{−2})^2 ] −→_{n→∞} 0

Property 4.2.22 |ΔC_n| −→_{n→∞} constant

136 Proof: Let us assume that Δ_n ≤ Δ_{max}, ∀n, P_n = ∏_n i=0(1 + A_i) ≥ K_0ε^n, ε > 1 and P^′_n = ∏_n i=0(1 + A_i + ΔA_i) ≥ K^′_0ε^{′n}, ε^′ > 1. Let us recall that 0 ≤ | cos θ_i| ≤ 1, ∀i and 0 < A_i ≤ 1, ∀i. Then we need bounds for |B_i| and |ΔB_i| since

|ΔC_n| ≤ |ΔC_0| + n−1∑ i=0 (_{(Bi+Δ1)2|ΔAi|} (1+A_i)(1+A_i +ΔA_i) +^{2(|Bi|+Δi)|ΔBi|+ΔB2i} (1+A_i+ΔA_i) )

B_i = i−1∑ j=0 (−1)^{i−j} A_j Δ_j (∏_{i−1} m=j cos θ_m )_{Pj−1} P_{i−1} + (−1)^iB_0 ∏_{i−1} m=j cos θ_m P_{i−1} ⇒ |B_i| ≤^{|B0|}_{Pi−1} +^{Δmax}_{Pi−1} i−1∑ j=0 ε^{j−1} =^{|B0|}_{K0} ε^{−(i−1)} + Δ_{max}ε^{−i εi−1}_{ε−1} = |B_0| K_0

ε^{−(i−1)} + Δ_{max}^{1−ε−i}_{ε−1} =^{Δmax}_{ε−1} + (^{ε|B0|}_{K0} −^{Δmax}_{ε−1} )ε^{−i} = N_1 + N_2ε^{−i}

|ΔB_i| ≤^{|ΔA0|}_{K′0} ε^{′−i+1} [ |ΔB_0| |ΔA_0| +^{|B0|ε}_{K20}^{1−ε−2i}_{1−ε−2} +^{Δmax}_{K0}^{1−ε−i}_{1−ε−1} + Δ_{max} K_0 ε^{−2}−ε^{−4}−ε^{−8}+ε^{−9}−ε^{−i−1}+ε^{−i−3}+ε^{−2i−6}−ε^{−2i−7} (1−ε^{−1})(1−ε^{−2} )^2 ] = M_1ε^{′−i} + M_2(ε^′ε)^{−i} + M_3(ε^′ε^2)^{−i}

|ΔC_n| ≤ |ΔC_0| + n−1∑ i=0 (_{|ΔA0|} K_0K^′_0

(N_1 + N_2ε^{−i} + Δ_{max})^2(ε^′ε)^{−i} +

2ε^{′−1}(N_1 + N_2ε^{−i} + Δ_{max})(M_1ε^{′−i} + M_2(ε^′ε)^{−i} + M_3(ε^′ε^2)^{−i}) + ε^{′−1}(M_1ε^{′−i} + M_2(ε^′ε)^{−i} + M_3(ε^′ε^2)^{−i})^2 ) = |ΔC_0| + (_{|ΔA0|} K_0K^′_0

(^{Δmax}_{1−ε−1} )^2 + 2M_2^{ε′−1Δmax}_{1−ε−1} + 2ε^{′−1}N_2M_1 )_{1−(ε′ε)−n} 1−(ε^′ε)^{−1} + ( 2N_2^{|ΔA0|}_{K0K′0}^{Δmax}_{1−ε−1} + 2M_3^{ε′−1Δmax}_{1−ε−1} + 2ε^{′−1}N_2M_2 )_{1−(ε′ε2)−n} 1−(ε^′ε^2)^{−1} + ( 2N^2_2^{|ΔA0|}_{K0K′0} + 2ε^{′−1}N_2M_3 )_{1−(ε′ε3)−n} 1−(ε^′ε^3)^{−1}

+ 2M_1 ε^{′−1}Δmax 1−ε^{−1} 1−ε^{′−n} 1−ε^{′−1} + ε^{′−1}M^2_1^{1−(ε′2)−n}

1−(ε^{′2})^{−1}

(M^2_2 + 2M_1M_3)^{1−(ε′2ε2)−n}

1−(ε^{′2}ε^2)^{−1}

+ ε^{′−1}M^2_3^{1−(ε′2ε4)−n}

1−(ε^{′2}ε^4)^{−1}

+ 2ε^{′−1}M_1M_2^{1−(ε′2ε)−n}

1−(ε^{′2}ε)^{−1} + 2ε^{′−1}M_2M_3^{1−(ε′2ε3)−n} 1−(ε^{′2}ε^3)^{−1}

−→_{n→∞} constant

Let us call x_{1,2} the zeros of f(r) = D^{(1)}(r) − D^{(2)}(r). The corresponding equations are x_1 = − sign(ΔB)(^{|ΔB|}_{ΔA} +^{√ΔB2−ΔAΔC}_{ΔA} ) and x_2 = − sign(ΔB)^{ΔC}_{|ΔB|+}^√_{ΔB2−ΔAΔC} . The zeros of f(r) define the interval in which D^{(1)}(r) ≤ D^{(2)}(r), if ΔA > 0 (or the interval in which D^{(1)}(r) ≥ D^{(2)}(r), if ΔA < 0), so if the position of x_{1,2} diverge as the algorithm goes through the iterations, it would be possible to find out which parabola provides the minimum cost.

Property 4.2.23 |x_{1n} | −→_{n→∞} ∞ and |x_{2n} | −→_{n→∞} ∞ if |ΔC_n| ↛_{n→∞} 0.

Proof: Let us assume that P_n = ∏_n i=0(1 + A_i) ≥ K_0ε^n, ε > 1 and P^′_n = ∏_n i=0(1 + A_i + ΔA_i) ≥ K^′_0ε^{′n}, ε^′ > 1. Let us recall that 0 ≤ | cos θ_i| ≤ 1, ∀i. For |x_{1n} | = |ΔB| |ΔA| + √ ΔB^2−ΔAΔC |ΔA| we have

|x_{1n} | =^{|ΔBn|}_{|ΔAn|} + √_{ΔBn2−ΔAnΔCn} |ΔA_n| ≥ √_{ΔBn2−ΔAnΔCn} |ΔA_n| ≥ √_{ΔB02−ΔA0ΔC0} ΔA^2_0 √ P_{n−1}P^′_{n−1} ≥ √_{ΔB02−ΔA0ΔC0} ΔA^2_0 √ K_0ε^{n−1}K^′_0ε^{′n−1} −→_{n→∞} ∞.

For |x_{2n} | =^{|ΔCn|} |ΔB_n|+ √_{ΔBn2−ΔAnΔCn} , we study the numerator and the denominator separately. From property 4.2.22 we have that |ΔC_n| −→_{n→∞} constant. For the denominator, we have

|ΔB_n|+ √ ΔB_n^2 − ΔA_nΔC_n ≤ M_1ε^{′−n} + M_2(ε^′ε)^{−n} + M_3(ε^′ε^2)^{−n} + √_{ΔB02−ΔA0ΔC0} ΔA^2_0K_0K^′_0 ( √ ε^′ε)^{−n+1} −→_{n→∞} 0.

Therefore, |x_{2n} | −→_{n→∞} ∞ if |ΔC_n| ↛_{n→∞} 0.

The equations corresponding to a warping path consisting only of transitions of type 1,2 are much more complicated than the equations corresponding to a warping path consisting only of transitions of type 3,4. In the latter case, we have closed form solution for all the expressions and we found a condition relating the initial conditions of the parabolas and Δ_{max} that makes sure that x_{1n} and x_{2n} have different sign throughout the iterations. In the present case, it is much more difficult to derive such a condition. However, we proved that |ΔC| tends to a constant exponentially fast, so we can check at each step in the algorithm whether ΔC is reaching a limit, oscillating or tending to zero and then proceed to make the corresponding decision.

Whether there exists a theoretical bound on the average of the maximum number of parabolic functions that need to be stored for a given set of curves is still an open research area. However, we found experimentally that this bound exists and it is a function of the number of samples in each of the curves and the constraints imposed on the warping plane, as we will shown in the experiments.

4.2.6 Interval range propagation

The equations derived in section 4.2.1 describe how to propagate different cumulated distance functions throughout the warping plane. These equations are derived considering that the warping function is defined for all real numbers. However, the range of the curvilinear variables x, y is restricted to [0, Δ_{x,y}] and we need to derive the propagation equations under these restrictions. We describe the equations for cases 1 and 3.

• First step, case 1: we have shown in equation 4.4 that D_{(2,2)}(y) = y^2(1−cos^2 θ_{22}) and x^′ = Δ_{x2} − y cos θ_{22}, but considering the above restrictions, the equations are the following:

1. cos θ_{22} ≤ 0 : D_{(2,2)}(y) = y^2, y ∈ [0, Δ_y], x^′ = Δ_{x2} 2. cos θ_{22} > 0 :

(a) Δ_{x2} − Δ_{y2} cos θ_{22} ≥ 0 : D_{(2,2)}(y) = (1 − cos^2 θ_{22})y^2, y ∈ [0, Δ_y], x^′ = Δ_{x2} − y cos θ_{22} (b) Δ_{x2} − Δ_{y2} cos θ_{22} < 0 : D_{(2,2)}(y) = (1 − cos^2 θ_{22})y^2, y ∈ [0,^{Δx2}_{cos θ22} ], x^′ = Δ_{x2} − y cos θ_{22}

• First step, case 3: we have shown in equation 4.8 that D_{(2,2)}(x) = Δ^2_y(1−cos^2 θ_{22}) and x^′ = x − Δ_{y2} cos θ_{22}, but considering the restrictions, the equations are the following:

1. cos θ_{22} = 0 : D_{(2,2)}(x) = Δ^2_{y2} , x ∈ [0, Δ_{x2} ], x^′ = x 2. cos θ_{22} < 0 :

(a) Δ_{x2} + Δ_{y2} cos θ_{22} ≤ 0 :

D_{(2,2)}(x) = x^2 − 2(Δ_{x2} + Δ_{y2} cos θ_{22})x + (Δ^2_{x2} + Δ^2_y + 2 cos θ_{22}Δ_{x2} Δ_y), x ∈ [0, Δ_{x2} ], x^′ = Δ_{x2} (b) Δ_{x2} + Δ_{y2} cos θ_{22} > 0 :

D_{(2,2)}(x) = (1 − cos^2 θ_{22})Δ^2_{y2} , x ∈ [0, Δ_{x2} + Δ_{y2} cos θ_{22}], x^′ = x − Δ_{y2} cos θ_{22}

3. cos θ_{22} > 0 :

(a) Δ_{x2} − Δ_{y2} cos θ_{22} ≤ 0 :

D_{(2,2)}(x) = x^2 − 2Δ_{y2} x cos θ_{22} + Δ^2_{y2} , x ∈ [0, Δ_{x2} ], x^′ = 0 (b) Δ_{x2} − Δ_{y2} cos θ_{22} > 0 :

D_{(2,2)}(x) = (1−cos^2 θ_{22})Δ^2_{y2} , x ∈ [Δ_y cos θ_{22}, Δ_{x2} ], x^′ = x−Δ_{y2} cos θ_{22}

• General step, case 1: we have shown in equation 4.5 that D_{(i,j)}(y) = A_yy^2 + 2B_yy + C_y, with A_y =^{Ax′ +1−cos2 θij}_{Ax′ +1} , B_y = −^{cos θij (Ax′ Δxi +Bx′ )}_{Ax′ +1} , C_y = C_x′ + Δ^2_{xi} −

(B_x′ −Δ_{xi} )^2 A_x′ +1 , and x ′ =^{−y cos θij +(Δxi −Bx′ )} A_x′ +1 . Given that y ∈ [0, Δy^j ], then

x^′ ∈ [x^′_1, x^′_2], with x^′_1 =^{(Δxi −Bx′ )} A_x′ +1 x ′ 2 =^{Δxi −Bx′ −Δyj cos θij} A_{b1} +1 if cos θij < 0 x^′_1 =^{Δxi −Bx′ −Δyj cos θij} A_x′ +1 x ′ 2 =^{(Δxi −Bx′ )} A_x′ +1 if cos θij > 0

The restriction of the excursion of the curvilinear variables from previous iterations is such that x^′ ∈ [I_1, I_2]. Then the corresponding values of y are y_1 =^{(Δxi −Bx′ )−(Ax′ +1)x′1} cos θ_{ij} , y2 =

(Δ_{xi} −B_x′ )−(A_x′ +1)x^′_2 cos θ_{ij} , if cos θij ≠ 0. The propagation

equations taking in consideration the restrictions on x^′ and y are the following:

1. x^′_1 ≥ I_2 :

D_{(i,j)}(y) = y^2 − 2y(Δ_{xi} − I_2) cos θ_{ij} + (Δ^2_{xi} − I_2)^2 + A_x′ I^2_2 + 2B_x′ R_2 + C_x′ , y ∈ [0, Δ_{yj} ], x^′ = I_2 2. I_1 ≤ x^′_1 < I_2 ∧ x^′_2 > I_2 :

D_{(i,j)}(y) = A_yy^2 + 2B_yy + C_y, x^′ =^{−y cos θij +(Δxi −Bx′ )}_{Ax′ +1}

y∈[0,y_2], if cos θ_{ij} <0

y∈[y_2,Δ_{yj} ], if cos θ_{ij} >0

y∈[0,Δ_{yj} ], if cos θ_{ij} =0

3. x^′_1 < I_1 ∧ x^′_2 > I_2 :

D_{(i,j)}(y) = A_yy^2 + 2B_yy + C_y, x^′ =^{−y cos θij +(Δ1−Bx′ )}_{Ax′ +1}

y∈[y_1,y_2], if cos θ_{ij} <0

y∈[y_2,y_1], if cos θ_{ij} >0

y∈[0,Δ_{yj} ], if cos θ_{ij} =0

4. x^′_1 < I_1 ∧ I_1 < x^′_2 ≤ I_2 :

D_{(i,j)}(y) = A_yy^2 + 2B_yy + C_y, x^′ =^{−y cos θij +(Δ1−Bx′ )}_{Ax′ +1}

y∈[y_1,Δ_{yj} ], if cos θ_{ij} <0

y∈[0,y_1], if cos θ_{ij} >0

y∈[0,Δ_{yj} ], if cos θ_{ij} =0

5. x^′_1 ≥ I_1 ∧ x^′_2 ≤ I_2 :

D_{(i,j)}(y) = A_yy^2 + 2B_yy + C_y, x^′ =^{−y cos θij +(Δ1−Bx′ )}_{Ax′ +1} , y ∈ [0, Δ_{yj} ] 6. x^′_2 ≤ I_1 :

D_{(i,j)}(y) = y^2 − 2(Δ_1 − I_1)y cos θ_{ij} + (Δ^2_1 − I_1)^2 + A_x′ I^2_1 + 2B_x′ I_1 + C_x′ , x^′ = I_1, y ∈ [0, Δ_{yj} ]

• General step, case 3: we have shown in equation 4.10 that D_{(i,j)}(x) = A_xx^2 + 2B_xx+C_x, with A_x =^{Ax′}_{Ax′ +1} , B_x =^{Bx′ −Ax′ Δyj cos θij}_{Ax′ +1} , C_x = C_x′ +Δ^2_{yj} −^{(Bx′ +Δyj cos θij )2}_{Ax′ +1} , and x^′ =^{x−Δyj cos θij −Bx′} A_x′ +1 . Given that x ∈ [0, Δx^i ], then x

′ ∈ [x^′_1, x^′_2], with x^′_1 =^{−Δyj cos θij −Bx′} A_x′ +1 , x ′ 2 =^{Δxi −Δyj cos θij −Bx′} A_x′ +1 . The restriction of the excursion

of the curvilinear variables from previous iterations is such that x^′ ∈ [I_1, I_2]. Then the corresponding values of x are x_1 = Δ_{yj} cos θ_{ij} + B_x′ + (A_x′ + 1)I_1, x_2 = Δ_{yj} cos θ_{ij} + B_x′ + (A_x′ + 1)I_2. The propagation equations taking in consideration the restrictions on x^′ and x are the following:

1. x^′_1 ≥ I_2 :

D_{(i,j)}(x) = x^2 − 2(I_2 + Δ_{yj} cos θ_{ij} )x + (A_x′ + 1)I^2_2 + 2(B_x′ + Δ_{yj} cos θ_{ij} )I_2 +

C_x′ + Δ^2_{yj} , x ∈ [0, Δ_{xi} ], x^′ = I_2 2. I_1 ≤ x^′_1 < I_2 ∧ x^′_2 > I_2 : D_{(i,j)} = A_xx^2 + 2B_xx + C_x, x ∈ [0, x_2], x^′ =^{x−Δyj cos θij −Bx′}_{Ax′ +1} 3. x^′_1 < I_1 ∧ x^′_2 > I_2 :

D_{(i,j)}(x) = A_xx^2 + 2B_xx + C_x, x ∈ [x_1, x_2], x^′ =^{x−Δyj cos θij −Bx′}_{Ax′ +1} 4. x^′_1 < I_1 ∧ I_1 < x^′_2 ≤ I_2 : D_{(i,j)}(x) = A_xx^2 + 2B_xx + C_x, x ∈ [x_1, Δ_{xi} ], x^′ =^{x−Δyj cos θij −Bx′}_{Ax′ +1} 5. x^′_1 ≥ I_1 ∧ x^′_2 ≤ I_2 : D_{(i,j)}(x) = A_xx^2 + 2B_xx + C_x, x ∈ [0, Δ_{xi} ], x^′ =^{x−Δyj cos θij −Bx′}_{Ax′ +1} 6. x^′_2 ≤ I_1 :

D_{(i,j)}(x) = x^2 − 2(I_1 + Δ_{yj} cos θ_{ij} )x + (A_x′ + 1)I^2_1 + 2(B_x′ + Δ_{yj} cos θ_{ij} )I_1 + C_x′ + Δ^2_{yj} , x ∈ [0, Δ_{xi} ], x^′ = I_1

Having derived the propagation equations that incorporate the constraints on the excursion of the curvilinear coordinates, the remaining question is whether corollaries 4.2.2 and 4.2.4 hold, and therefore, whether it is possible to discard cumulative distances in the case in which the constraints in the excursion of the curvilinear coordinates alters the normal propagation of the cumulative distance throughout the warping plane. Given a distance function D^′(r^′) at certain step in the algorithm, where r^′ is corresponds to either x^′ or y^′, and given that the curvilinear coordinate r^′ is constrained to a certain interval [I_1, I_2], the equations described in this section show that there are three possible cumulative distances after propagation; one corresponding to the normal propagation equations derived in section 4.2.1 and other two corresponding to having fixed r^′ = I_1 or r^′ = I_2, when r^′ “saturates” at the extrema of the interval. The following properties describe the relationship between these three distance functions.

Property 4.2.24 If D^{(1)}(r) > D^{(2)}(r) ∀r and D^{(2)}(r) > D^{(3)}(r) ∀r then D^{(1)}(r) >

D^{(3)}(r) ∀r

Proof: Assume ∃ I = [r_1, r_2] such that D^{(1)}(r) ≤ D^{(3)}(r) ∀r ∈ [r_1, r_2]. Take r^∗ ∈ I, D^{(1)}(r^∗) ≤ D^{(3)}(r^∗) and D^{(1)}(r^∗) > D^{(2)}(r^∗), then D^{(2)}(r^∗) < D^{(3)}(r^∗); that is a contradiction.

Property 4.2.25 Given a cumulative distance D^′(r^′) at certain step in the algorithm, the corresponding cumulative distance after propagation using the equations derived in section 4.2.1 is D(r). Assuming that the curvilinear coordinate r^′ is constrained to a certain interval [I_1, I_2], then the corresponding cumulative distances when r^′ is fixed at the extrema of the interval are D^{(1)}(r) and D^{(2)}(r). Then D^{(1),(2)}(r) ≥ D(r), ∀r.

Proof: Let’s call f_{1,2}(r) = D(r) − D^{(1),(2)}(r) = ΔA_{1,2}r^2 + 2ΔB_{1,2}r + ΔC_{1,2}. We need to show that f_{1,2}(r) ≤ 0 ∀r.

Considering case 1, we have the following:

D(y) =^{Ax′ +1−cos2 θ} A_x′ +1 y 2 + 2^{−(Ax′ Δx+Bx′ ) cos θ}

A_x′ +1 y + Cx^′ + Δ 2 x −^{(Bx′ −Δx)2} A_x′ +1

D^{(1),(2)}(y) = y^2 − 2(Δ_x − I_{1,2})y cos θ + (Δ^2_x − I_{1,2})^2 + A_x′ I^2_{1,2} + 2B_x′ I_{1,2} + C_x′

therefore,

ΔA_{1,2} =^{Ax′ +1−cos2 θ}

A_x′ +1 − 1 =

− cos^2 θ A_x′ +1

ΔB_{1,2} =^{−(Ax′ Δx+Bx′ ) cos θ}

A_x′ +1 + (Δx − I1,2) cos θ =

−(B_x′ +(A_x′ +1)I_{1,2}−Δ_x) cos θ A_x′ +1 ΔC_{1,2} = −^{(Bx′ +(Ax′ +1)I1,2−Δx)2} A_x′ +1

ΔB_{1,2}^2 − ΔA_{1,2}ΔC_{1,2} = 0

Thus, f_{1,2}(y) is a quadratic function that has its opening pointing downwards and its vertex on the horizontal axis. These two conditions imply that f_{1,2}(y) ≤ 0 ∀y, and, consequently, D^{(1),(2)}(y) ≥ D(y), ∀y.

Considering case 3, we have the following:

D(x) =^{Ax′}_{Ax′ +1} x^2 + 2^{Bx′ −Ax′ Δy cos θ} A_x′ +1 x + Cx^′ + Δ 2 y −^{(Bx′ +Δy cos θ)2}

A_x′ +1

D^{(1),(2)}(x) = x^2 − 2(I_{1,2} + Δ_y cos θ)x + (A_x′ + 1)I^2_{1,2} + 2(B_x′ Δ_y cos θ)I_{1,2} + C_x′ + Δ^2_y,

therefore,

ΔA_{1,2} =^{Ax′}_{Ax′ +1} − 1 =^{−1}_{Ax′ +1} ΔB_{1,2} =^{Bx′ −Ax′ Δy cos θ} A_x′ +1 + (I1,2 + Δy cos θ) =

B_x′ +(A_x′ +1)I_{1,2} +Δ_y cos θ A_x′ +1

ΔC_{1,2} = −^{(Bx′ +(Ax′ +1)I1,2+Δy cos θ)2}

A_x′ +1

ΔB_{1,2}^2 − ΔA_{1,2}ΔC_{1,2} = 0

Thus, f_{1,2}(x) is a quadratic function that has its opening pointing downwards and its vertex on the horizontal axis. These two conditions imply that f_{1,2}(x) ≤ 0 ∀x, and, consequently, D^{(1),(2)}(y) ≥ D(y), ∀y.

Corollary 4.2.5 If D^{′(1)}(r^′) > D^{′(2)}(r^′), ∀r^′, then D^{(1)}(r) > D^{(2)}(r), ∀r, independently of any interval constraint in r^′ that alters the normal propagation of D^{′(1)}(r^′).

Proof: The proof follows from the two previous properties and corollaries 4.2.2 and 4.2.4.

4.2.7 Summary of the CDPM algorithm

We have described the CDPM algorithm in full detail in previous sections. Let us summarize the main characteristics of the algorithm.

The algorithm finds the matching between two curves at inter-sample resolution such that a distance between curves is minimized.

The distance between curves is translation-independent.

The curves are parameterized in arc-length, assuming a linear interpolation model between samples in order to calculate the inter-sample points. This linear model gives rise to a distance between curves that is quadratic in the curvilinear coordinate.

The algorithm can be expressed in a recursive fashion, using the Dynamic Programming paradigm.

The cumulate distance between curves at each iteration of the recursion is a quadratic function of the continuous curvilinear variable.

The number of cumulative distance functions needed to be stored grows exponentially with the number of iterations.

These cumulative distance functions compete in order provide the correspondence between curves that minimizes the total distance.

The number of cumulative distance functions can be reduced using two different sets of properties based on pairwise comparison between these functions:

If two cumulative functions do not intersect at a certain iteration of the algorithm, they will never intersect. The parabola that is below will be kept and the other will be discarded.

If two cumulative distance functions intersect at a certain iteration, they will always intersect. After a few iterations of the algorithm the two distance functions will converge to be almost the same parabola, only displaced vertically. Upon convergence, the parabola that is below will be kept and the other will be discarded.

Each cumulative distance function has a corresponding interval of validity that has to be propagated through the warping plane. This interval of validity makes sure that the back-propagation of the correspondence function gives rise to points located between samples.

Let us summarize the Continuous Dynamic Programming Matching algorithm using all the derived properties. We refer to parabolas generically, including also in this denomination the constant functions that arise in the first iterations. In order to backtrack the correspondence function after obtaining the minimum distance, the algorithm needs to recall the parent parabola for each parabola D_{(i,j)}(y) and D_{(i,j)}(x) and also the side of the square ((i − 1, j) or (i, j − 1)) to which the parent belongs. The algorithm needs to store the linear function that maps the curvilinear coordinates before and after propagation of each parabola in each square of the grid of the warping plane. The notation D_{(i,j)}(·) uses the curvilinear variables x and y to clarify the output side of the square of the grid to which the parabola belongs to. We use a super-index x or y to indicate the correspondence of all the following auxiliary variables with D_{(i,j)}(·). Let us store the parent index of parabola k at square (i, j) in ζ^{x,y}_{(i,j)}(k) and the parent’s side on ψ^{x,y}_{(i,j)}(k). Let us store the coefficients of the linear function corresponding to parabola k at square (i, j) in M^{x,y}_{(i,j)}(k) and H^{x,y}_{(i,j)}(k). All these variables stores the information required to perform the backtracking of the optimal correspondence map after having found the minimum matching distance.

1 Initialization:

(a) Compute the two parabolas D_{(2,2)}(y) corresponding to the first iteration of cases 1 and 4. Calculate the corresponding values of M^y_{(2,2)} and H^y_{(2,2)}, ζ^y_{(2,2)}(1) = ζ^y_{(2,2)}(2) = 1, ψ^y_{(2,2)}(1) = x, and ψ^y_{(2,2)}(2) = y.

(b) Compute the two parabolas D_{(2,2)}(x) corresponding to the first iteration of cases 2 and 3. Calculate the corresponding values of M^x_{(2,2)} and H^x_{(2,2)}, ζ^x_{(2,2)}(1) = ζ^x_{(2,2)}(2) = 1, ψ^x_{(2,2)}(1) = y, and ψ^x_{(2,2)}(2) = x.

(c) For i = 2 and 2 < j ≤ N_y, such that i and j stay within the allowed grid, i. Compute D^1_{(2,j)}(y), M^y_{(2,j)}(1), and H^y_{(2,j)}(1) using the equations for the first iteration of case 4. ζ^y_{(2,j)}(1) = 1 and ψ^y_{(2,j)}(1) = y.

ii. Compute D^1_{(2,j)}(x), M^x_{(2,j)}(1), and H^x_{(2,j)}(1) using the equations for the first iteration of case 2. ζ^x_{(2,j)}(1) = 1 and ψ^x_{(2,j)}(1) = y.

iii. Propagate all parabolas D^k_{(2,j−1)}(x), k = 1, 2 · · · to D^{k+1}_{(2,j)}(y) using the equations for case 1. Compute M^y_{(2,j)}(k + 1), and H^y_{(2,j)}(k + 1) accordingly. ζ^y_{(2,j)}(k + 1) = k and ψ^y_{(2,j)}(k + 1) = x.

iv. Propagate all parabolas D^k_{(2,j−1)}(x), k = 1, 2 · · · to D^{k+1}_{(2,j)}(x) using the equations for case 3. Compute M^x_{(2,j)}(k + 1), and H^x_{(2,j)}(k + 1) accordingly. ζ^x_{(2,j)}(k + 1) = k and ψ^x_{(2,j)}(k + 1) = x.

v. Perform pairwise comparison between all parabolas D^k_{(2,j)}(y) in order to keep only the ones that belong to the minimum envelope or intersect the parabolas in the minimum envelope. Check for pairwise convergence of the coefficients of the kept parabolas. Upon convergence of the coefficients, i.e., |ΔA| ≤ ϵ, |ΔB| ≤ ϵ and |δΔC| ≤ ϵ, choose the parabola to discard by looking at sign(^{ΔC}_{ΔA} ).

vi. Perform pairwise comparison between all parabolas D^k_{(2,j)}(x) in order to keep only the ones that belong to the minimum envelope or intersect the parabolas in the minimum envelope. Check for pairwise convergence of the coefficients of the kept parabolas. Upon convergence of the coefficients, i.e., |ΔA| ≤ ϵ, |ΔB| ≤ ϵ and |δΔC| ≤ ϵ, choose the parabola to discard by looking at sign(^{ΔC}_{ΔA} ).

(d) For 2 < i ≤ N_x and j = 2, such that i and j stay within the allowed grid, i. Compute D^1_{(i,2)}(y), M^y_{(i,2)}(1), and H^y_{(i,2)}(1) using the equations for the first iteration of case 1. ζ^y_{(i,2)}(1) = 1 and ψ^y_{(i,2)}(1) = x.

ii. Compute D^1_{(i,2)}(x), M^x_{(i,2)}(1), and H^x_{(i,2)}(1) using the equations for the first iteration of case 3. ζ^x_{(i,2)}(1) = 1 and ψ^x_{(i,2)}(1) = x.

iii. Propagate all parabolas D^k_{(i−1,2)}(y), k = 1, 2 · · · to D^{k+1}_{(i,2)}(y) using the equations for case 4. Compute M^y_{(i,2)}(k + 1), and H^y_{(i,2)}(k + 1) accordingly. ζ^y_{(i,2)}(k + 1) = k and ψ^y_{(i,2)}(k + 1) = y.

iv. Propagate all parabolas D^k_{(i−1,2)}(x), k = 1, 2 · · · to D^{k+1}_{(i,2)}(x) using the equations for case 2. Compute M^x_{(i,2)}(k + 1), and H^x_{(i,2)}(k + 1) accordingly. ζ^x_{(i,2)}(k + 1) = k and ψ^x_{(i,2)}(k + 1) = y.

v. Perform pairwise comparison between all parabolas D^k_{(i,2)}(y) in order to keep only the ones that belong to the minimum envelope or intersect the parabolas in the minimum envelope. Check for pairwise convergence of the coefficients of the kept parabolas. Upon convergence of the coefficients, i.e., |ΔA| ≤ ϵ, |ΔB| ≤ ϵ and |δΔC| ≤ ϵ, choose the parabola to discard by looking at sign(^{ΔC}_{ΔA} ).

vi. Perform pairwise comparison between all parabolas D^k_{(i,2)}(x) in order to keep only the ones that belong to the minimum envelope or intersect the parabolas in the minimum envelope. Check for pairwise convergence of the coefficients of the kept parabolas. Upon convergence of the coefficients, i.e., |ΔA| ≤ ϵ, |ΔB| ≤ ϵ and |δΔC| ≤ ϵ, choose the parabola to discard by looking at sign(^{ΔC}_{ΔA} ).

2 Recursion: for 3 ≤ i ≤ N_x, 3 ≤ j ≤ N_y, such that i and j stay within the allowed grid,

(a) Propagate all parabolas D^k_{(i,j−1)}(x), k = 1, 2 · · · p_x to D^k_{(i,j)}(y) using the equations for case 1. Compute M^y_{(i,j)}(k), and H^y_{(i,j)}(k) accordingly. ζ^y_{(i,j)}(k) = k and ψ^y_{(i,j)}(k) = x.

(b) Propagate all parabolas D^k_{(i,j−1)}(x), k = 1, 2 · · · p_x to D^k_{(i,j)}(x) using the equations for case 3. Compute M^x_{(i,j)}(k), and H^x_{(i,j)}(k) accordingly. ζ^x_{(i,j)}(k) = k and ψ^x_{(i,j)}(k) = x.

(c) Propagate all parabolas D^k_{(i−1,j)}(y), k = 1, 2 · · · p_y to D^{k+px}_{(i,j)} (y) using the equations for case 4. Compute M^y_{(i,j)}(k+p_x), and H^y_{(i,j)}(k+p_x) accordingly. ζ^y_{(i,j)}(k + p_x) = k and ψ^y_{(i,j)}(k + p_x) = y.

(d) Propagate all parabolas D^k_{(i−1,j)}(x), k = 1, 2 · · · p_y to D^{k+px}_{(i,j)} (x) using the equations for case 2. Compute M^x_{(i,j)}(k+p_x), and H^x_{(i,j)}(k+p_x) accordingly. ζ^x_{(i,j)}(k + p_x) = k and ψ^x_{(i,j)}(k + p_x) = y.

(e) Perform pairwise comparison between all parabolas D^k_{(i,j)}(y) in order to keep only the ones that belong to the minimum envelope or intersect the parabolas in the minimum envelope. Check for pairwise convergence of the coefficients of the kept parabolas. Upon convergence of the coefficients, i.e., |ΔA| ≤ ϵ, |ΔB| ≤ ϵ and |δΔC| ≤ ϵ, choose the parabola to discard by looking at sign(^{ΔC}_{ΔA} ).

(f) Perform pairwise comparison between all parabolas D^k_{(i,j)}(x) in order to keep only the ones that belong to the minimum envelope or intersect the parabolas in the minimum envelope. Check for pairwise convergence of the coefficients of the kept parabolas. Upon convergence of the coefficients, i.e., |ΔA| ≤ ϵ, |ΔB| ≤ ϵ and |δΔC| ≤ ϵ, choose the parabola to discard by looking at sign(^{ΔC}_{ΔA} ).

3 Termination:

Find the minimum of all parabolas D_{(Nx,Ny)}(y) and D_{(Nx,Ny)}(x). The minimum value is the remaining distance after matching. The corresponding curvilinear coordinate x or y that provides the minimum distance needs to be propagated back through the warping plane to obtain the correspondence function.

4 Path Backtracking:

If the minimum matching distance is provided by a parabola D_{(Nx,Ny)}(y), then σ = y; otherwise, σ = x. Let us call iota the index of the parabola that gives the minimum distance, ρ the value of x or y corresponding to the minimum distance, and X , Y the corresponding matching points. The resulting correspondence function t^k s_k and the matching points arrays X , Y are ordered backwards, i.e.,

starting from the last matching points, so they should be reordered if desired.

i = N_x, j = N_y, k = 1 do if σ = x, then t^k s_k = i − 1 +^ρ_{Δxi} j , X (k) = u_x(i − 1) + ρ^{Δuxi}_{Δxi} v_x(i − 1) + ρ^{Δvxi}_{Δxi} , Y(k) = Y (j)

else t^k s_k = i j − 1 +^ρ_{Δyj} X (k) = X(i), Y(k) = u_y(j − 1) + ρ^{Δuyj}_{Δyj} v_y(j − 1) + ρ^{Δvyj}_{Δyj} ρ = M^σ_{(i,j)}(ι)ρ + H^σ_{(i,j)}(ι) ι = ζ^σ_{(i,j)}(ι) σ = ψ^σ_{(i,j)}(ι) if σ = x, then j = j − 1, else i = i − 1 until i = 1 or j = 1

4.3 Experiments

We evaluate the performance of the continuous dynamic programming matching algorithm (CDPM) in comparison with DPM with and without oversampling. We use synthetic data as well as real signatures to perform the comparison.

4.3.1 Experiment 1: Comparison of CDPM with DPM for synthetic data

Figure 4.16 shows the matching results for DPM, DPM with oversampling, and CDPM on synthetic data. The first plot corresponds to DPM without oversampling, the second plot corresponds to DPM with oversampling of the more coarsely sampled curve with a factor such that both curves have a similar number of samples, the third plot corresponds to CDPM, and the fourth plot shows the warping functions corresponding to each of the algorithms. We observe that the warping path corresponding to the continuous case is smoother than the warping path obtained with DPM. The case of DPM with oversampling provides a reasonable result in terms of matching, even though the correspondence map is still not invertible. This problem appears because the re-sampling of the curve is uniform and independent of the position of the samples of the other curve; therefore, many new samples may be allocated in a region in which the other curve has few samples. The continuous algorithm instead, by its very nature, adapts to the number of samples in each of the curves, providing in this way a better matching between the two curves. In figure 4.17, we zoom into two different portions of the matching between the curves in order to compare the three different correspondence methods as well as the three different warping paths.

Figure 4.16: The first 3 plots shows the results of DPM, DPM with oversampling and CDPM applied to a synthetic pair of curves. The last plot displays the warping plane and the corresponding warping paths for each of the algorithms.

Figure 4.17: Detail of the matching between the curves of figure 4.16. In each row, we show two different portions of the curves and the corresponding matching obtained using the three methods under comparison. The last plot of each row displays the corresponding portion of the warping path.

4.3.2 Experiment 2: Comparison of CDPM with DPM for signatures

Figure 4.18 shows the correspondence between sample points obtained using DPM and CDPM for two signatures in the data set. The correspondence map provided by CDPM is more dense than the one obtained with DPM and is also invertible. The correspondence functions are displayed in the last plot of the figure, where we have also added the correspondence function obtained for DPM with the two signatures oversampled by a factor of 5. We observe that the three warping functions are almost indiscernible in this plot. Figure 4.19 shows in detail the matching of two portions of the signatures as well as the corresponding warping paths. We note that the warping paths corresponding to DPM with and without oversampling are almost the same. The warping path corresponding to CDPM is almost an interpolating function of the warping path for DPM.

Figure 4.18: Signature matching using DPM and CDPM. The first two plots show the correspondence provided by the matching. The third plot shows the signatures and the fourth plot shows the corresponding warping paths and the warping path for DPM applied on an oversampled version of the signatures.

4.3.3 Experiment 3: Experimental evaluation of the computational cost of CDPM and comparison of the computational time of CDPM and DPM

In this experiment we evaluated the computational performance of CDPM in comparison with DPM with and without oversampling. We took two example signatures from each of the subjects in the databases and we matched them using each of the three methods. The matching is computed for four different values of maximum deviation from linear warping: 10, 20, 30, and 40 samples. For the oversampling case, we re-sampled the signatures by a factor of five using linear interpolation. We measured the time required for each algorithm to run as well as the maximum storage required for CDPM.

Figure 4.19: Detail of the matching between the two signatures shown in figure 4.18. In each row, we show two different portions of the curves and the corresponding matching obtained using DPM and CDPM. The last plot of each row displays the corresponding portion of the warping path.

Figure 4.20 shows the computation time required for each algorithm as a function of the length of one of the sequences under comparison. Each plot corresponds to a different warping plane constraint. We see three different sets of points in each figure. The lower set corresponds to DPM, the middle one corresponds to DPM with oversampling and the upper one corresponds to CDPM. We note that CDPM is three orders of magnitude slower than DPM. However, if the signatures are oversampled, the computation time for DPM increases. The middle set of points in each plot correspond to DPM after oversampling the signatures by five. We found that the computation times of CDPM and DPM with oversampling are similar if the signatures are oversampled by a factor of 25 approximately. We observe that the computation time of the three algorithms follows a roughly linear relationship with the length of the sequences. The lines in each of the plots show a linear fitting of the data in semilogarithmic space and the corresponding functional dependence is presented in the legend. All three lines have a very similar slope, for each of the warping plane constraints. Therefore, all three algorithms have a similar growth of the computation time with the length of the sequence, showing in this form that the properties derived for CDPM effectively limit the combinatorial complexity of this algorithm (otherwise, the computation time would have grown with slope much bigger than the slope of DPM). The difference between the computation times of DPM and CDPM is shown in the expression for the fitting functions by the multiplicative factor. The big factor for CDPM represents the overhead in computations required to carry around, propagate and prune a whole set of quadratic functions, that is not present in DPM. The fitting functions are such that they can be approximated by a low order polynomial (linear or quadratic would be enough). In fact, the computation time varies linearly with the signature length for the case of unconstrained DPM, so it is reasonable to get a fitting function that can be approximated by a low order polynomial.

Figure 4.20: Plots of the computational time required for each algorithm as a function of the length of one of the signatures under comparison, for different warping plane constraints. The computation time for DPM is displayed with ’x’ (lower curve), the time for DPM with oversampling is plotted with ’o’ (middle curve) and the time for CDPM is shown with ’+’ (upper curve). The lines represent a linear fit in semilogarithmic space of the data.

Figure 4.21 shows the relationship between the maximum storage required for CDPM and the computation time required by the algorithm for the four different warping plane constraints. The solid line represents a linear fit of the data in logarithmic space. We note that the corresponding fitting functions are power laws with an exponent that is very close to one, i.e., the functions are almost linear functions.

Figure 4.21: Plots of the maximum storage required for CDPM as a function of the computation time used by the algorithm, for the four different warping plane constraints. The solid line represents a linear fitting of the data in logarithmic space. We note that the corresponding fitting functions are power laws with an exponent that is very close to one, i.e., the functions are almost linear functions.

4.3.4 Experiment 4: Application to signature verification

This experiment was performed on the two databases of signatures described in chapter 3. In figure 4.22 we show several examples of signatures collected for our database, their corresponding training reference obtained with DPM and CDPM and one of the forgeries in the database. We observe that the prototype obtained with DPM is much noisier than the one obtained with CDPM, due to the fact that DPM computes the prototype only with the given discrete samples while CDPM calculates the reference signature with inter-sample points.

Figure 4.22: Several examples of signatures in our database and corresponding reference functions obtained with DPM and CDPM. In the first column we display signatures captured with the visual tracker, in the second and third columns, we show the corresponding reference signatures of the training set obtained with DPM and CDPM, and in the fourth column we display a forgery provided by the subjects.

Figure 4.23 shows the effect of sub-sampling some signatures in our database. The first column displays the original signatures, the second and third column presents the signatures sub-sampled by factors of 2 and 4 respectively. Given that the sampling rate is 60 Hz, the plots of the second and third column of the figure correspond to sampling rates of 30 Hz and 15 Hz respectively. We note that the differences between the signatures sampled at 60 Hz and 30 Hz are barely noticeable. However, there is a very noticeable distortion introduced by sampling at 15 Hz since the sampling rate is already below the Nyquist frequency for handwriting mentioned in chapter 2.

Figure 4.24 shows the effect of adding noise to each sample point of some signatures

Figure 4.23: Effect of sub-sampling the signatures. The first column shows several examples of signatures in our database. The second and third column display the corresponding signatures sub-sampled by a factor of 2 and 4.

from our database. The noise is zero mean Gaussian with a standard deviation equal to five times the spatial resolution of the visual tracker calculated in chapter 2, i.e., with a standard deviation roughly equal to a quarter of a pixel. The first column of the figure displays the original signature and the second column shows the signatures after adding noise. Given the scale of the plot and the standard deviation of the noise, we barely notice any change in the plot of the signature. A blow up of a portion of the signatures with and without noise is presented in the third and fourth row of the figure, showing that there is a visible distortion introduced by the addition of noise.

The following figures show the error trade-off curves for CDPM and DPM, calculated using our databases of signatures. The performance of the DPM and CDPM algorithms are compared under different conditions of sampling rate and noise level. We only plot a section of the curve that is most informative.

Figure 4.25 presents the performance of DPM and CDPM using the distance after matching as the classification parameter. Figure 4.26 shows the performance using the

Figure 4.24: Effect of adding noise to the signatures. The first column shows several examples of signatures in our database. The second column displays the corresponding signatures after having added a zero mean Gaussian noise with a standard deviation equal to five times the spatial resolution of the visual tracker presented in chapter 2. The third and fourth columns show a detail of portions of the signatures with and without noise.

harmonic mean of all the distance measures described in chapter 3 for classification.

Figures 4.27 and 4.28 present the performance of DPM and CDPM after subsampling the signatures by a factor of two, i.e., the resulting sampling rate is 30 Hz. Figures 4.29 and 4.30 present the performance of DPM and CDPM after subsampling the signatures by a factor of four, i.e., the resulting sampling rate is 15 Hz. This sampling rate is already below the Nyquist frequency for handwriting mentioned in chapter 2, so the performance decreases by a big factor since the signatures are highly distorted.

From figures 4.25, 4.27, and 4.29, we observe that CDPM outperforms DPM using the distance after alignment as the classification parameter. However, by adding the distances proposed in chapter 3 in order to improve the performance, figures 4.26, 4.28,

Figure 4.25: Error trade-off curves for CDPM and DPM evaluated on our databases of signatures. The distance after matching is used for classification.

Figure 4.26: Error trade-off curves for CDPM and DPM evaluated on our databases of signatures. The harmonic mean of all the distances proposed in chapter 3 are used for classification.

and 4.30 show that DPM has a better performance than CDPM.

Figures 4.31 and 4.32 present the performance of DPM and CDPM after adding noise to the signatures. The noise is zero mean Gaussian with a standard deviation equal to five times the spatial resolution of the visual tracker presented in chapter 2. We observe that the performance of both algorithms decreases and that CDPM no longer performs better than DPM when using the distance after alignment as the classification parameter.

Figure 4.33 presents the comparison of the equal error rates for DPM and CDPM for different sub-sampling factors. We note that CDPM performs better than DPM when using the residual distance between the curves after matching as the classification parameter. However, DPM outperforms CDPM when the harmonic mean of the similarity measures defined on chapter 3 is used as the classification parameter.

Figure 4.27: Error trade-off curves for CDPM and DPM evaluated on our databases of signatures after sub-sampling the signatures by a factor of two. The distance after matching is used for classification.

Figure 4.28: Error trade-off curves for CDPM and DPM evaluated on our databases of signatures after sub-sampling the signatures by a factor of two. The harmonic mean of all the distances proposed in chapter 3 are used for classification.

Figure 4.34 shows the comparison of the equal error rates for DPM and CDPM for different noise levels. We note that the effect of the addition of noise on the performance of DPM and CDPM is unclear since the values of the equal error rates increase, decrease or are the same, depending on the database used for testing and depending on the similarity measures used for classification.

4.3.5 Discussion

The previous section presented the experimental evaluation of the performance of the CDPM algorithm. We have shown that the algorithm is computationally tractable when applying the different properties that we have derived previously. The computational time required by CDPM is three orders of magnitude greater than the time

Figure 4.29: Error trade-off curves for CDPM and DPM evaluated on our databases of signatures after sub-sampling the signatures by a factor of four. The distance after matching is used for classification.

Figure 4.30: Error trade-off curves for CDPM and DPM evaluated on our databases of signatures after sub-sampling the signatures by a factor of four. The harmonic mean of all the distances proposed in chapter 3 are used for classification.

required by DPM. However, the growth of the computational time with signature length is similar for both CDPM and DPM, meaning that the mentioned properties effectively limit the computational complexity of CDPM. The comparison of the performance of DPM and CDPM for signature verification shows that CDPM is better if the residual distance after matching is used as the classification parameter, but DPM is still superior to CDPM when several similarity measures are used for classification. Looking at the reference signatures obtained with DPM and CDPM, there is a clear improvement in terms of smoothness provided by CDPM, although this improvement in smoothness is not directly translated into better performance. It is possible to conclude that the error rates achieved with DPM are so small that it would be difficult to improve them with CDPM, and in fact this latter results in a small increase. It is

Figure 4.31: Error trade-off curves for CDPM and DPM evaluated on our databases of signatures after adding to the signatures zero mean Gaussian noise with a standard deviation equal to five times the spatial resolution of the visual tracker presented in chapter 2. The distance after matching is used for classification.

Figure 4.32: Error trade-off curves for CDPM and DPM evaluated on our databases of signatures after adding to the signatures zero mean Gaussian noise with a standard deviation equal to five times the spatial resolution of the visual tracker presented in chapter 2. The harmonic mean of all the distances proposed in chapter 3 is used for classification.

also possible to conclude that the similarity measures used in our experiments do not

take full advantage of the matching at inter-sample resolution provided by CDPM,

and therefore, this is the reason for not obtaining a better performance with CDPM.

Figure 4.33: Comparison of the equal error rates for DPM and CDPM for different sub-sampling factors. The first column shows the error rates obtained using the distance after matching as the classification parameter and the second column displays the error rates obtained using the harmonic mean of several similarity measures as the classification parameter.

Figure 4.34: Comparison of the equal error rates for DPM and CDPM with and without noise added to the signatures.

Chapter 5 Conclusion and Future Work

This thesis has presented a novel human-computer interface for handwriting. A camera focuses on the user’s hand while the user writes with a normal pen on a piece of paper. The handwriting trajectory is successfully recovered from its spatio-temporal representation given by the sequence of images. This trajectory is decomposed into handwritten strokes and pen movements between two strokes. The detection of the points in which the pen is traveling above the paper and not writing is obtained by using local measurements of the brightness of the image at the location in which the writing end of the pen is detected.

The interface is based on consumer hardware and computer vision techniques, and it has been shown to work in real-time at 60 Hz. The pen tip template is automatically acquired once the user places the pen within a predefined region of the image. The position of the pen tip is obtained by correlation with a template of the pen tip. A recursive estimation scheme is used to predict the next position of the pen tip, allowing the size of the search neighborhood to be reduced. Each point of the recovered trajectory is classified as “pen down” or “pen up” based on a local comparison of the brightness value at the ballpoint with the surrounding background. This measure is converted into a probability value. The acquired trajectory is divided into strokes and a measure of the confidence of each stroke being a pen down is provided by integrating the information of the point-wise decisions.

Several parts of the interface are open to improvement. For example, enabling the pen tip to be automatically detected and tracked from the time it enters the field of view of the camera would make the interface simpler to use and more user-friendly. The recursive estimation scheme could be improved by including a more accurate model of the dynamics of handwriting generation. The pen up/down detection could be enhanced by adding a few other measurements, such as the local orientation of the ink at position of the ballpoint, the correlation of this orientation with the local direction of the pen tip’s trajectory, etc. These various measurements can be naturally included in the system by increasing the dimensionality of the HMM’s observation. Finally, the error rates of pen up and pen down classification could be decreased by performing a better segmentation of the acquired trajectory.

From the experiments, we note that the user needs some minimal training in order to get accustomed to and master the interface. In particular, the visual acquisition system occasionally loses track of the pen tip in the presence of extremely fast strokes when acquiring signatures since they are usually written at a faster pace than normal handwriting. The use of more powerful machines or the implementation of our tracking algorithm in hardware using FPGA’s would eliminate this problem since bigger search regions could be explored, allowing users to sign at normal speed.

This visual interface for handwriting is the initial step in order to devise a full pen-based computing system in which not only text but also mouse-like commands would be provided with a pen.

The camera-based interface is able to capture signatures to be used for personal identification. The system does not require any special hardware, unlike fingerprint verification, iris or retina scanning systems. It is comparable to face recognition systems in terms of hardware since it uses a camera for tracking the signature. In this thesis, the performance has been evaluated for a signature verification system that acquires the signatures with the visual interface for handwriting capture. The comparison between signatures is performed by using dynamic programming matching.

The experimental results show that the parameterization of the signatures is quite critical for achieving good verification performance. The best results are obtained by parameterizing the signatures with affine arc-length, using the harmonic mean of several similarity measures as the classification parameter. It can be inferred that shape similarity and causality of the signature’s generation are more important than matching the dynamics of signing. This dynamics is not stable enough to be used for signature verification since the subject is trying to reproduce a shape rather than a temporal pattern. However, the causality of the signature, i.e., the order in which parts are produced, is still valuable and is used in the DPM paradigm. This causality is the added information that our on-line system is using to outperform systems that do comparison from still pictures of signatures.

The use of duplicate examples has been shown to provide a better estimate of the generalization error, given that the algorithm has to be invariant with respect to a certain class of transformations. In our experiments, we used only time origin shifting and small scaling in x and y directions as the transformation class. A full affine transformation could be used to generate duplicate examples provided that a reasonable range of the parameters of this transformation could be estimated from the data.

The very good performance of the system when tested with random forgeries indicates that the algorithm is able to discriminate whether a signature belongs to a certain class (or, in other words, to a certain subject) and provides grounds to conclude that the algorithm could be used for signature recognition.

The signature verification algorithm could be made more robust by adding more global descriptors of the signatures that would allow the system to discard coarse forgeries. One problem that is unsolved with the present scheme is dealing with dramatic changes in scale and it is one of the areas of further research, as well as the development of a better similarity measure.

Comparing signature verification with a physiological biometric technique for personal identification, such as fingerprint verification, we could observe that a forger with enough information about the true signature and enough training could deceive the algorithm. This weakness is inherent to all behavioral biometrics and may or may not be important depending on the particular application.

Signature verification could be employed to replace the use of computer passwords. In this case, the daily use of the system could make people sign more consistently and could provide them with a figure that quantifies the variability of the signature. It would also be possible to have a system in which the user signs with an ink-less pen, leaving no trace of the signature in order to block possible forgers from knowing it. This system would overcome the mentioned weakness of the method, but it would make the user feel a bit awkward since there would be absolutely no visual feedback when signing.

Dynamic programming matching (DPM), the leading conventional method for signature matching, is only able to establish sample-to-sample correspondence between signatures. This thesis has presented a novel algorithm for establishing sample-to-inter-sample correspondence between signatures. This algorithm is the continuous generalization of DPM and belongs to the general class of dynamic programming algorithms. The properties of the continuous dynamic programming algorithm (CDPM) are described in full detail, in particular those that allow one to limit the spatial complexity of the algorithm. The experimental results show that by using these properties, the growth of the computational time with signature length is similar for both CDPM and DPM, meaning that the mentioned properties effectively limit the computational complexity of CDPM. However, whether there is a theoretical bound on the spatial complexity is still a subject of research.

The performances of CDPM and DPM are compared on both synthetic and real data. DPM was used with and without oversampling of the signatures in order to provide better matching spatial resolution. In terms of computational time required to perform the matching, CDPM is three orders of magnitude slower than plain DPM, being equivalent to DPM with an oversampling factor of 25 (approximately).

The performances of CDPM and DPM are compared on signature verification, showing that both algorithms achieve similar results, although DPM outperforms CDPM. The reference signature extracted from the training set is shown to be much smoother when using CDPM to compute it, so, in principle, the performance of CDPM might be improved by using a better set of similarity measures for classification, that take advantage of the matching at subsample resolution provided by the algorithm. The development of a better set of similarity measures as well as the extraction of a better reference signature from the training set are all subjects for further work.

Bibliography

[1] Y.S. Abu-Mostafa. Hints. Neural Computation, 7:639–671, 1995.

[2] B.D. Anderson and J.B. Moore. Optimal Filtering. Prentice Hall, Inc., 1979.

[3] R. Bellman. Dynamic Programming. Princeton Univ. Press, 1957.

[4] E. Di Bernardo, L. Goncalves, and P. Perona. Monocular tracking of the human arm: Real-time implementation and experiments. In Proc. 13^{th} Int. Conf. Pattern Recognition, pages 622–626, Wien, August, 1996.

[5] E. Di Bernardo, L. Goncalves, and P. Perona. Computer Vision for Human- Machine Interaction. R. Cipolla and A. Pentland eds., chapter “Monocular Tracking of the Human Arm in 3D”, pages 155–169. Cambridge University Press, 1998.

[6] C. Bregler, H. Hild, S. Manke, and A. Waibel. Improving connected letter recognition by lipreading. Proceedings of the International Conference on Acoustics, Speech, and Signal Processing, 1993.

[7] A.M. Bruckstein, R. Holt, A. Netravali, and T. Richardson. Invariant signatures for planar shape recognition under partial occlusion. CVGIP: Image Understanding, 58(1):49–65, 1993.

[8] R.S. Bucy. Non-linear filtering theory. IEEE Transactions on Automatic Control, 1965.

[9] M. Burl, T. Leung, and P. Perona. Face localization via shape statistics. In Proc.

Intl. Workshop on automatic face and gesture recognition, pages 154–159, 1995.

[10] M.C. Burl and P. Perona. Recognition of planar object classes. In Proc. IEEE Comput. Soc. Conf. Comput. Vision and Pattern Recogn., San Francisco, 1996.

[11] M.C. Burl, M. Weber, and P. Perona. A probabilistic approach to object recognition using local photometry and global geometry. In Proc. 5^{th} Europ. Conf. Comput. Vision, H. Burkhardt and B. Neumann (Ed.), LNCS-Series Vol. 1407- 1408, Springer-Verlag, June 1998.

[12] J. Canny. A computational approach to edge detection. IEEE Trans. Pattern Analysis and Machine Intelligence, 8:679–698, 1986.

[13] R. Cipolla and N. Hollinghurst. Human-robot interface by pointing with uncalibrated stereo vision. Image and Vision Computing, 14(3):171–178, 1996.

[14] R. Cipolla, N. Hollinghurst, A. Gee, and R. Dowland. Computer vision in interactive robotics. Assembly Automation, 16(1):18–24, 1996.

[15] A. Colmenarez, B. Frey, and T.S. Huang. A probabilistic framework for embedded face and facial expression recognition. In Proc. IEEE Comput. Soc. Conf. Comput. Vision and Pattern Recogn., pages 592–597, 1999.

[16] C. Colombo and A. Del Bimbo. Real-time head tracking from the deformation of eye contours using a piecewise affine camera. Pattern Recognition Letters, 20(7):721–730, 1999.

[17] J.L. Crowley. Vision for man-machine interaction. Robotics and Autonomous Systems, 19(3-4):347–358, 1997.

[18] J.L. Crowley, F. Bernard, and J. Coutaz. Finger tracking as an input device for augmented reality. International Workshop on Face and Gesture Recognition, pages 195–200, 1995.

[19] J.G. Daugman. High confidence visual recognition of persons by a test of a statistical independence. IEEE Trans. Pattern Analysis and Machine Intelligence, 15(11):1148–1161, 1993.

[20] S.E. Dreyfus. Dynamic Programming and the Calculus of Variations. Academic Press, 1965.

[21] I.L. Dryden and K.V. Mardia. Statistical shape analysis. John Wiley & Sons, Ltd., 1998.

[22] I.A. Essa and A.P. Pentland. Facial expression recognition using a dynamic model and motion energy. In Proc. 5^{th} Int. Conf. Computer Vision, pages 360– 367, Boston, June, 1995.

[23] S. Elrod et al. Liveboard: a large interactive display supporting group meetings, presentations and remote collaboration. In CHI ’92, pages 599–607, 1992.

[24] M.C. Fairhurst. Signature verification revisited: promoting practical exploitation of biometric technology. Electronics and Communication Engineering Journal, pages 273–280, 1997.

[25] K.E. Finn and A.A. Montgomery. Automatic optically-based recognition of speech. Pattern Recognition Letters, 8(3):159–164, 1988.

[26] G.D. Forney. The Viterbi algorithm. Proceedings of the IEEE, 61(3):268–278, 1973.

[27] B. Frohlich, G. Grunst, W. Kruger, and G. Wesche. The responsive workbench - a virtual working environment for physicians. Computers in Biology and Medicine, 25(2):301–308, 1995.

[28] K. Fukunaga. Statistical Pattern Recognition. Academic Press, 1990.

[29] A. Gee and R. Cipolla. Determining the gaze of faces in images. Image and Vision Computing, 12(10):639–647, 1994.

[30] A. Gelb. Applied Optimal Estimation. The MIT Press, 1974.

[31] L. Goncalves, E. Di Bernardo, and P. Perona. Reach out and touch space (motion learning). In Proc. of the Third International Conference on Automatic Face and Gesture Recognition, pages 234–239, Nara, Japan, April 14-16, 1998.

[32] L. Goncalves, E. Di Bernardo, E. Ursella, and P. Perona. Monocular tracking of the human arm in 3d. In Proc. 5^{th} Int. Conf. Computer Vision, pages 764–770, Boston, June, 1995.

[33] I. Haritaoglu, D. Harwood, and L. Davis. Who, when, where, what: A real time system for detecting and tracking people. In Proceedings of the Third Face and Gesture Recognition Conference, pages 222–227, 1998.

[34] T. Hastie, E. Kishon, M. Clark, and J. Fan. A model for signature verification.

In Proc. IEEE Conf. on Systems, Man and Cybernetics, pages 191–196, 1991.

[35] K. Huang and H. Yan. On-line signature verification based on dynamic segmentation and global and local matching. Optical Engineering, 34(12):3480–3487, 1995.

[36] A.K. Jain, L. Hong, S. Pankanti, and E. Bolle. An identity-authentication system using fingerprints. Proceedings of the IEEE, 85(9):1365–1388, 1997.

[37] A.H. Jazwinski. Stochastic Processes and Filtering Theory. Academic Press, 1970.

[38] R.E. Kalman. A new approach to linear filtering and prediction problems. Trans.

of the ASME-Journal of basic engineering., 35–45, 1960.

[39] F. Lacquaniti, C. Terzuolo, and P. Viviani. The law relating the kinematic and figural aspects of drawing movements. Acta Psychologica, 54:115–130, 1983.

[40] F. Leclerc and R. Plamondon. Automatic signature verification. International Journal of Pattern Recognition and Artificial Intelligence, 8(3):643–660, 1994.

[41] G. Lorette and R. Plamondon. Dynamic approaches to handwritten signature verification. Computer Processing of Handwriting, pages 21–47, 1990.

[42] B.D. Lucas and T. Kanade. An iterative image registration technique with an application to stereo vision. Proceedings of the 7th International Joint Conference on Artificial Intelligence, 1981.

[43] J. Luettin and N.A. Thacker. Speechreading using probabilistic models. Computer Vision and Image Understanding, 65(2):163–178, 1997.

[44] P. Maes, T. Darrell, B. Blumberg, and A. Pentland. The alive system: Wireless, full-body interaction with autonomous agents. Multimedia Systems, 5(2):105– 112, 1997.

[45] R. Martens and L. Claesen. On-line signature verification by dynamic timewarping. In Proc. 13^{th} Int. Conf. Pattern Recognition, pages 38–42, 1996.

[46] K. Mase. Recognition of facial expression from optical flow. IEICE Transactions, 74(10):3474–3483, 1991.

[47] K. Mase and A. Pentland. Automatic lipreading by computer. Trans. Inst. Elec.

Info. and Comm. Eng., 73(6):796–803, 1990.

[48] M.E. Munich and P. Perona. Visual-based ID verification by signature tracking.

In Proc. 2^{nd} Int. Conf. Audio- and Video- Based Person Authentication, 1999.

[49] M.E. Munich and P. Perona. Visual signature verification using affine arc-length.

In Proc. IEEE Comput. Soc. Conf. Comput. Vision and Pattern Recogn., pages 180–186, 1999.

[50] V.S. Nalwa. Automatic on-line signature verification. Proceedings of the IEEE, 85(2):215–239, 1997.

[51] W. Nelson and E. Kishon. Use of dynamic features for signature verification. In Proc. IEEE Conf. on Systems, Man and Cybernetics, pages 201–205, 1991.

[52] W. Nelson, W. Turin, and T. Hastie. Statistical methods for on-line signature verification. Inter. Jour. of Pattern Recognition and Artificial Intelligence, 8(3):749–770, 1994.

[53] P. Nesi and A. Del Bimbo. A vision-based 3-d mouse. International Journal of Human-computer Studies, 44(1):73–91, 1996.

[54] M. Parizeau and R. Plamondon. A comparative analysis of regional correlation, dynamical time warping and skeletal tree matching for signature verification. IEEE Trans. Pattern Analysis and Machine Intelligence, 12(7):710–717, 1990.

[55] V.I. Pavlovic, R. Sharma, and T.S. Huang. Visual interpretation of hand gestures for human- computer interaction: A review. IEEE Trans. Pattern Analysis and Machine Intelligence, 19(7):677–695, 1997.

[56] R. W. Picard. Affective Computing. MIT Press, 1997.

[57] R. Plamondon and B. Clément. Dependence of peripheral and central parameters describing handwriting generation on movement direction. Human Movement Science, 10:193–221, 1991.

[58] R. Plamondon and G. Lorette. Automatic signature verification and writer identification, the state of the art. Pattern Recognition, 22(2):107–131, 1989.

[59] R. Plamondon and F.J. Maarse. An evaluation of motor models of handwriting.

IEEE Transaction on systems, man, and cybernetics, 19(5):1060–1072, 1989.

[60] F.E. Pollick and G. Sapiro. Constant affine velocity predicts the 1/3 power law of planar motion perception and generation. Vision Research, 37(3):347–353, 1997.

[61] F.K.H. Quek. Eyes in the interface. Image and Vision Computing, 13(6):511–525, 1995.

[62] L. Rabiner and B. Juang. Fundamentals of Speech Recognition. Prentice Hall, Inc., 1993.

[63] L.R. Rabiner. A tutorial on Hidden Markov Models and selected applications in speech recognition. Proc. of the IEEE, 77(2):257–286, 1989.

[64] H. Sakoe and S. Chiba. Dynamic programming algorithm optimization for spoken word recognition. IEEE Trans. Acoustics, Speech, Signal Processing, 26(1):43–49, 1978.

[65] Y. Sato and K. Kogure. On-line signature verification based on shape, motion and writng pressure. Proc. 6th Int. Conf. on Patt. Recognition, pages 823–826, 1982.

[66] B. Serra. Reconnaissance et localisation d’objets cartographiques 3D en vision aérienne dynamique. PhD thesis, L’Université de Nice - Sophia-Antipolis, 1996.

[67] B. Serra and M. Berthod. Subpixel contour matching using continuous dynamic programming. Proc. IEEE Comput. Soc. Conf. Comput. Vision and Pattern Recogn., pages 202–207, 1994.

[68] B. Serra and M. Berthod. Optimal subpixel matching of contours chains and segments. Proc. 5^{th} Int. Conf. Computer Vision, pages 402–407, 1995.

[69] B. Simard, B. Prasad, and M.K. Sinha. On-line character recognition using handwriting modelling. Pattern Recognition, 26(7):993–1007, 1993.

[70] C.G. Small. The statistical theory of shape. Springer-Verlag, Inc., 1996.

[71] C.C. Tappert, C.Y. Suen, and T. Wakahara. The state of the art in on-line handwriting recognition. IEEE Trans. Pattern Analysis and Machine Intelligence, 12:787–808, 1990.

[72] C.J. Taylor, T.F. Cootes, A. Lanitis, G. Edwards, and P. Smyth et al. Modelbased interpretation of complex and variables images. Philosophical transactions of the Royal Society of London, 352(1358):1267–1274, 1997.

[73] A. Tomita, T. Ebina, and R. Ishii. A gui-interaction aiding system for cut-and-paste operation based on image processing for the visually impaired. IEICE Transactions on Information and Systems, E81D(9):1019–1024, 1998.

[74] H.L. Van Trees. Detection, Estimation and Modulation Theory: Part I. John Wiley & Sons, Ltd., 1968.

[75] M. Turk and A. Pentland. Eigenfaces for recognition. J. of Cognitive Neurosci., 3(1):71–86, 1991.

[76] P. Viviani and G. McCollum. The relation between linear extent and velocity in drawings movements. Neuroscience, 10(1):211–218, 1983.

[77] P. Viviani and C. Terzuolo. Trajectory determines movement dynamics. Neuroscience, 7(2):431–437, 1982.

[78] J. Vredenbregt and W.G. Koster. Analysis and synthesis of handwriting. Philips Tech. Rev., 32(3/4):73–78, 1971.

[79] P.D. Wellner. Adaptative thresholding for the digitaldesk. Technical Report EPC-1993-110, 1993.

[80] P.D. Wellner. Self calibration for digitaldesk. Technical Report EPC-1993-109, 1993.

[81] B. Wirtz. Stroke-based time warping for signature verification. In Proc. Int.

Conf. on Document Analysis and Recognition, pages 179–182, 1995.

[82] L. Wiskott, J.M. Fellous, N. Kruger, and C. Von der Malsburg. Face recogniton by elastic bunch graph matching. IEEE Trans. Pattern Analysis and Machine Intelligence, 19(7):775–779, 1997.