
BETA AND GAMMA VIBRATIONAL BANDS IN 

DEFORMED NUCLEI 

Thesis by 

Larry Shelton Varnell 

In Partial Fulfillment of the Requirements 

For the Degree of 

Doctor of Phil::>sophy 

California Institute of Technology 

Pasadena, California 

1969 

(Submitted May 19, 1969) 



ii 

ACKNOWLEDGMENTS 

I would like to thank Professor Felix Boehm for his 

advice and encouragement during the completion of this thesis. 

I am also grateful to Dr. Christian Gunther for 

valuable suggestions on the direction of this research, and to 

Dr. Edwin Seltzer for many discussions on the results of the 

experiments. 

Dr. John Trischuk and Dr. David Bowman participated 

in some of the experiments, and their assistance is greatly 

appreciated. Dr. Elton Kaufmann offered useful advice on the 

least squares program. Herb Henrickson and Bob Marcley were 

especially helpful with equipment used in the experiments. 

I would also like to acknowledge the encouragement and 

insight provided by Dr. Lew Cocke. 

Financial assistance was provided by the California 

Institute of Technology. The research was supported by the 

Atomic Energy Commissio.n. 



iii 

Abstract 

Energies and relative intensities of gamma transitions 

in 
152

sm, 
152

Gd, 
154

Gd, 
166

Er, and 
232u following radioactive 

decay have been measured with a Ge(Li) spectrometer. A peak 
.I 

fitting program has been developed to determine gamma ray 

energies and relative intensities with precision sufficient to give 

a meaningful test of nuclear models. Several previously unobserved 

gamma rays were placed in the nuclear level schemes. Particular 

attention has been paid to transitions from the beta and gamma 

vibrational bands, since the gamma ray branching ratios are 

sensitive tests of configuration mixing in the nuclear levels. As 

the reduced branching ratios depend on the multipolarity of the 

gamma transitions, experiments were performed to measure 

· multipole mixing ratios for transitions from the gamma vibrational 

band. In 154Gd, angular correlation experiments showed that 

transitions from the gamma band to the ground state band were 

predominantly electric quadrupole, in agreement with the rotational 

model. In 
232u, the internal conversion spectrum has been 

studied with c.. Si (Li) spectrometer constructed for electron spec-

troscopy. The strength of electric monopole transitions and the 

multipolarity of some gamma transitions have been determined 
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from the measured relative electron intensities. 

The results of the experiments have been compared with 

the rotational model and several microscopic models. Relative 

B(E2) strengths for transitions from the gamma band in 
232u 

166 
and Er are in good agreement with a single parameter band 

mixing model, with values of z
2 

= 0. 025(10) and 0. 046(2), 

respectively. Neither the beta nor the gamma band transition 

152 154 
strengths in Sm and Gd can be accounted for by a single 

parameter theory, nor can agreement be found by considering 

the large mixing found between the beta and gamma bands. The 

relative B(E2) strength for transitions from the gamma band to 

232 
the beta band in U is found to be five times greater than the 

strength to the ground state band, indicating collective transitions 

with strength approximately 15 single particle units. 
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I. INTRODUCTION 

The study of gamma rays following nuclear beta decay 

and electron capture has provided a large part of the available 

data on decay schemes and nuclear energy levels. From these 

results, nuclear models have been proposed which correlate 

properties of different nuclei and give excitation energies, spins, 

magnetic dipole and electric quadrupole moments, decay modes, 

and lifetimes. 

If one examines the level structure of nuclei in the 

rare earth region, there is a remarkable contrast between odd-A 

and even-even isotopes. Numerous excited states appear in odd-A 

isotopes with a spacing of 50-100 keV, while in even-even isotopes, 

there are only one or two excited states at low energy. There is 

a 11 gap 11 of energy levels below about 1 MeV. Above this energy, 

the states are more numerous and closely spaced. This energy 

gap, as well as the long established strongly deformed shape of 

all nuclei in the rare earth region provide evidence for two 

important residual interactions: the pairing force and the 

quadrupole force. Models using these interactions have been 

successfully used for microscopic calculations. On a macroscopic 

scale, the unified collec cive model has had exceptional success in 
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explaining the low..J.ying levels of deformed odd-A nuclei as 

1) single particle excitations, 2) rotational excitations based on 

the single particle states, and 3) vibrational excitations. 

In even-even nuclei, the few low-lying states are 

de scribed as rotational excitations of the ground state. The 

excited states at about 1 MeV are: 1) two particle excitations, 

2) rotational excitations based on these two particle excitations, 

and 3) nuclear shape vibrations. 

All these classifications are greatly simplified 

descriptions of the complicated nuclear motion. In fact, we 

know that it is necessary to consider perturbations which lead 

to mixing between excited states as classified above. It turns 

out that both the energy of a level and the transition rate depend 

on the amount of mixing in a first order calculation. In this 

sense the branching ratios of transitions to different levels in a 

rotational band are sensitive tests of the model since they are 

strongly affected by admixtures of other levels. 

Above the ground state band, the most prominent 

feature of deformed nuclei is the existence of beta and gamma 

vibrational bands. Measurements of the branching ratios from 

the gamma band in strongly deformed nuclei showed good agree -

:ment with predictions of the rotational model if the first order 
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band mixing corrections were included. (l) Similar experiments(2 , 3 ) 

for nuclei in the transition region from spherical to deformed 

intrinsic shape near Sm showed good agreement with this model 

for the gamma band but not for the beta band. The failure of the 

band mixing model would imply a breakdown in the fundamental 

rotational relationship, since the band mixing treatment used does 

not depend on the intrinsic structure of the bands. (4 ) 

154 
Gd, 

152 
In this thesis a study of branching ratios in Sm and 

166 232 ' 
Er, and U was undertaken with a Ge(Li) spectrometer. 

It is found that for 
166

Er the observations are well explained with 

b d . . d 1 F 1 5 2s d l 54Gd a one parameter an mixing mo e . or m an , no 

agreement with a single parameter band mixing model can be 

found for either the beta band or the gamma band. 

I 232u . . t (5) h d . 'd £ n previous experimen s a given evi ence or 

strongly collective transitions from the gamma band to the beta 

band, although these transidons are forbidden in the simple 

vibrational model. A large de5ree of mixing of the two vibrational 

bands was necessary to explain the observed branching ratios; 

however, these experiments were not performed with sufficient 

accuracy to test the validity of the model. 

The rotational model also gives rules for the multipolarity 

of transitions between bands. (b) For transitions from the gamma 



4 

band(K=2) to the ground state band(K=O), the difference in the 

K quantum number is A K=2, so the transitions should be E2. 

Because of band mixing, however, Ml admixtures are possible. 

In deriving electric quadrupole branching ratios from the 

experimental relative intensities, it is necessary to know the 

amount of Ml admixture in the gamma ray transitions. These 

mixing ratios can be obtained from angular correlation experi-

ments. Experiments of this sort have been reported in the 

literature for transitions from the gamma band to the ground 

b d · 154Gd (?' S) h h d . h h state an in ; owever, t ey o not agree wit eac 

other. Measurements of transitions from the beta band to the 

ground state band are more difficult, and evidence for Ml 

d . . . 1 . (9• 1 O) w h f d 1 a mixtures is inconc usive. e ave per orme angu ar 

correlation experiments in 
154

Gd to measure the multipolarity 

of transitions from the gamma band to the ground ::;tate band. 

These results are discussed in this thesis. 

Multipolarities of transitions can also be determined 

from the intensities of internal conversion electrons emitted 

in the decay. C 1 1 d 
. ff. . ( 11) a cu ate conversion coe icients are accurate 

to a few per cent and can be used to determine multipole 

admixtures. A solid state electron spectrometer was used to 

232 
study the electron spectrum of Pa. 
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To achieve the accuracy necessary for a critical 

comparison of experimental intensities with nuclear model predic

tions, a computer program was developed. It serves to determine 

the relative intensity of lines recorded by the Ge (Li) spectrometer. 

Finally, a discussion of recent microscopic calculations 

is given at the end of the thesis. 
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II. THE ROTATIONAL MODEL 

A. Introduction 

(12) 
The unified"collective model combines features of 

the independent particle shell model (l 3) and the collective hydro

dynamic model. (l
4

) Nearly independent nucleons move in a 

deformed potential which is slowly varying because of the rotation 

of the nuclear shape. Because the rotation of the shape is slow 

compared to the frequency of the particle orbits (as evidenced by 

the small spacing of the rotational levels compared to the 

intrinsic excitations), the adiabatic approximation introduced by 

A. Bohr is useful. (l S) In this approximation the nuclear 

Hamiltonian can be divid ~d into collective (rotational) and 

intrinsic parts, and the nuclear wave function is a product of the 

respective eigenfunctions of the collective and intrinsic 

Hamiltonian. The interaction betw.een the intrinsic and rotational 

motions is assumed to be small enough to be treated by perturba-

tion methods. The demonstration of the validity of the adiabatic 

assumption from the viewpoint of the nuclear many body problem 

is quite difficult, but the re.sults following from the assumption are 

quite simple and agree well with experiment. 
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B. Wave Functions, Energy Levels, and Reduced Branching Ratios 

Th 1 H " lt . b . . th f (1 6 ) e nuc ear ami onian can e written in e orm 

where 

H=H. + T + H l intr rot coup 

H. t =particle Hamiltonian in r 

Trot =kinetic energy of rotation 

H 
1
=coupling of the intrinsic and 

coup 
rotational motion. 

The wave function is a prodnct: 

I 
~ DMK (,:}') X(x') 

where -i!r represents the orientation of the intrinsic coordinate 

system x'. The quantum numbers I, M, and Kare represented in 

Figure 1. The D~K(.,,. ) are eigenfunctions of Trot (with the 

exception of two terms) and the X(x') are the wave functions of the 

intrinsic motion. Using these wave functions, the energy levels 

of the ground state rotational band are 

I (I+ 1) 

(See Appendix A.) 

Reduced branching ratios for E2 transitions from a level of spin 

Ii Ki to levels IfKf and I~ Kf in a rotational band Kf are given by 

B(E2) 
BI (E2) 

= (Ii2Ki (K;-Kf) frrK£)
2 

(Ij2Ki (Kj-Kf) J lf'Kf)z 

These ratios can be readily measured, since for a pure transition 
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z 

z' 

z 
Figure 1 

Coupling scheme for deformed nuclei. I is the total angular 
momentum of the nucleus. K and M are the projections uf I on 
the symmetry axis Z' and the space fixed axis Z, respectively. 
R.is the collective angular momentum. 

z' 



9 

where I 't is the measured relative 

intensity and E 1 is the energy of the gamma ray of rnultipolarity 

x . 
A discussion of vibrational states is also given in 

Appendix A. 
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C. Rotational-Particle Coupling 

The~ )( K functions are not eigenfunctions of the --operator I· J. This term, called the Coriolis interaction, mixes 

states with K values differing by unity. Mixing of the K=O ground 

state band and the K=O beta and K=2 gamma band can occur by 

Coriolis interaction in second order through K=l bands. 

Alternatively, the interaction can be expanded in powers of the 

angular momentum operators I and J (J is denoted by h in this 

representation). A review of this expansion is given by 

Marshalek. (l ?) 

Hcoupl = L: H(:+l) 
;=l 

H(:+l) = h+· I~ +h . r+ 
I -, 

:c [ 1/ I 
I+ = [ (I+K)(I.:r-K + 1) ] 2 DM K+l MK 

The terms which mix the ground state with the gamma and beta 

Using first order perturbation theory, the ground-state wave 

function is I 001) 1 = I oar) - € ol(I + 1) 

x (I - 1 ) (I + 2)] 
1 
I 2 '121 > 

j 1 oy - E 2 [ 21 (I + 1 ) x 

while the perturbed betc: -and gamma-band functions, respectively, 

are given by 

f101)' = f101)+ e 01(1 + 1) foor) 
1 I 1 I 1121), = p2r)+ ~ 

2 2 (1 t (-1) )[21(1 + l)(I - 2) (I+ 2)] 2 fooi>, 
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.where the reduced mixing amplitudes are 

(10 fh 01oo) 
E - E 

10 00 

The first order correction to the gamma-ray branching is 

expressed in terms of a mixing parameter z. In nuclei with both 

beta and gamma bands, there is a parameter, z
0 

and z2' for 

each band respective:i.y. The relative B(E2) ratios are given by 

B(E2, I._. If) = B (E2, I.K = o~ LK = O)[ 1 + z 0 (If(If+ 1) -
1 exp 1 1-

with 

2 
I. (I. + 1))] 

1 1 

<"oolQ(E2, o) I oo) 
zo = - Ea (10IQ(E2, O) I oo) 

for the beta band, and 

B(E2,1..- If) = B(E2,I.K = 2_. IfK = 0)[1 + z 2f 2 (I.If)] 
1 exp 1 1 

z = _ ·_ 124 E <oolo(E2, O)f oo) 
2 "V'-''"J: 2 (121Q(E2, 0)100) 

for the gamma band. The value of the correction is given in 

column 3, Table 1, for various spin values. 

Michailov (l S) has gi 1en a form of the band mixing 

correction which is valid for all multipoles. For electric 

quadrupole transitions, the result is 

B(E2, IiK=2~ IfK=O) 

2 

= 2 (I12 2 - 21 If 0)
2 

(Ml +M2 [If(If+l)-Ii(Il+l)]1
2 
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The relation to the z 2 parameter is given by 

2 M 2 z2 = 

The outstanding agreement of the model for a large number of 

levels in the gamma band of 

(4) 
from Mottelson's paper. 

166 
Er is shown in Figure 2, taken 

Other examples of the success of 

the first order band mixing model are given there. 

if the two vibrational bands mix with each other, the 

branching of the gamma band and the beta band to the ground state 

would be altered, as discussed by Li pas. (l 9) While the ground 

state wave function is unchanged, the beta and gamma -band wave 

functions are, respectively, 

1 
1101) 1 = 1101) + e: 01(1+1) f 001) - ~/lt[21(1 - 1)(1+1)(1+2)] 121121) 

1 l 1 I 
= 1121) + E 2 2 [1 + (-1) ][21(1 + 1)(1 - 1)(1 + 2)] 2 foo1) 

+ '=(S't ~ [l + (-1)
1

][21(1 - 1)(1 + 1) (l + 2))
1
121101) 

E. (J 't 
= (121h2flo). 

The expressions for the reduced branching ratios are given in 

column I. 

So far we have assumed that the quadrupole moments of 

the gamma. and beta-band are equal to that of the ground state 

band. If this is not the case, and we consider only mixing of the 



a.s 

l'I E 
u • '!lo -JC 

• 

[B ( E2; Ii K • 2 ... I, K • 0 )] '12 

-30 

<Ii2; 2-21110> 

(0.44eb){ 1+0.022 [l,U,•1)-I1(1i+1)]} 

-2(\ -10 0 

Figure 2 

• Arbitrary normalization 

• Normalization from 
assumed 00 (2) = 8.8 b 

x Normalized from Coulomb 
· excitati,n B(E2, 00-22) = 

0.15 e2b 

Points labeled by Ii 

\0 20 
I, ( I,+ 1) - Ii (Ii+ 1 ) 

Relation of theoretical and observed B (E2) in 
166

Er. Taken from 
reference 4. 

..... 
(J.) 
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gamma band and beta band with the ground-state band, and not 

with each other, the B (E2) ratios for the beta and gamma band, 

respectively, are given by 

2 
x [ 1 + a If (If + 1) - b Ii (Ii + 1 ) ] 

2 
B(E2,Ii-If) = 2 {Ii2 2 -2f If 0) x 

xlM1 + M2 [If (If+ 1) - Ii (Ii+ 1)) 

2 12 
+ M 3 [(If(If + 1) - Ii(Ii + 1)) - 2(If (If+ 1) + Ii(li + l))]j 

The B (E2) ratios are given in Table 1. 
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Table 1 

Transition Rotational Mixing of 
'( -'"G. S.. Value 1 -z2f2 0 and (3 Bands 0 22 f- 0 00 

2 0 .70 l-z2 l-z 2+2z 3 l-6a+ 24b 

2 2 1. 1+2z 2 1+2zz2z 3 l-24b 

2 4 . 05 1+9z
2 

1+9zll2z 3 1+14a +144b 

3 2 2. 5 1-z 
2 

l -z
2 

1-6 a 

3 4 1. 1+6z 2 1+6z 2 1+8a 

4 2 . 34 l -5z 2 l-5z 2+12z 3 l -14a +144b 

4 4 1. 1+2z
2 

1+2z 2 -20/3z 3 l-80b 

4 6 • 086 1+13z2 1+13z2+30z 3 1+22 a +360b 

5 4 1. 7 5 l-3z l-3z 
2 2 

5 6 1. 1+8z
2 

1+8z2 

Transition Rotational Mixing of 
I I 

(3~ G. s. Value l -z
0

f
0 

o and (3 Bands Ooo f- Ooo 

2 0 • 70 l-6z l-6z
0

-12z 4 
l-6d 

0 

2 2 1. 1 1+12z4 1 +6c -6d 

2 4 1. 8 1+14z
0 

1+14z
0

-2z 4 1+20c -6d 

4 2 ~. 1 l-14z l-14z
0

-30z4 1+6c -20d 
0 

4 4 1. 1 1 + 54z4 1+20c -20d 

4 6 1. 75 1+22z
0 

1+22z
0
-l2z4 1+42C -20d 
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III. EXPERIMENTAL TECHNIQUES 

A. Detectors 

1. Lithium Drifted Germanium 

The gamma ray studies described here have been made 

with a Ge(Li) detector. Th'~ principal feature of this detector is 

high energy resolution. The good linearity with incident energy 

allows energies to be measured in comparison with calibration 

standards. We include here a short discussion of our experimental 

equipment with regard to these characteristics. 

The best resolution reported for Ge(Li) detectors is in 

(20) 
the range of 300 ev FWHM for lines of 10-20 kev. The line 

width is a fold of several components; noise associated with the 

preamplifier and following electronics, detector leakage current 

and charge collection effects, and statistical fluctuation in the 

amount of charge produced and collected per unit energy absorbed. 

At low energies, most of the width is due to the first component. 

At energies ahove 500 keV, the third effect predominates. The 

bias voltage on the detector should be high enough to collect the 

charge produced by the radiation, but not so high as to create 

large reverse currents across the diode. Good detectors can 

operate at over 200 volts per millimeter of depletion depth. The 
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resolution of the system used in the experiments described here was 

2. 8 keV FWHM for the 1. 332 MeV line of 60co, with a bias of 

2300 volts. 

The full energy peak efficiency of the Ge (Li) detector 

for lines of 100 keV is about 80%, losses being in Compton events 

in the detector and absorption of the gamma rays in the inactive 

(21) 2 
layer of the crystal. For the detector used here, 5 cm x 

10 mm deep, the full energy peak efficiency for an energy of 

1. 5 MeV is about 1% of the efficiency at 100 keV. For a 

7. 6x7. 6 cm Nal detector, the relative photopeak efficiency at 

1. 5 M.eV is 17%. (
22

) At 5 cm distance between the source and 

detector, the Nal detector has a solid angle of 10%, our Ge (Li) 1 %. 

Thus at the same distance from the source, the Ge(Li) detector has 

less than 1% of the absolute efficiency of the Nal for high energy 

lines. These considerations are most important in coincidence 

experiments. The method used for determining accurately the 

relative efficiency of the Ge (Li) detector is discussed in Section B. 

The linearity of the Ge (Li) detector as a function of the 

incident energy is found to be better than the associated electronics 

(pre-amp, amplifier, multi-channel analyzer). (23 ) Energies can 

be determined to within O. 050 keV when sufficient calibration 

sources are available. 
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The rise time of pulses from a Ge (Li) detector is of 

(24) . 
the order of 10 - 100 nanoseconds, depending on the geometry, 

purity of the crystal, and bias voltage. By using leading edge 

timing, time resolution of 20 ns FWHM is possible, and we have 

obtained resolution of better than 10 ns for lines with energy 

greater than 500 ke V. 

2. Lithium Drifted Silicon 

The very low efficiency of Si(Li) detectors for gamma 

rays limits their use to x-ray and electron spectroscopy. In the 

experiments described here, the detectors we re used solely for 

conversion electrons. A rough efficiency calibration (5-10%) was 

made with kmwnintensities of conversion electrons from 
154

Eu 

(16 y), and it was found that the 3 mm depletion depth of the 

detector gave complete absorption for electrons of energy up to 

1. 5 MeV. The efficiency was then taken to be 100% for electrons 

up to that energy. 

B. Analysis of Gamma Ray Spectra 

1. Introduction 

This section describes a method for obtaining the energies 

and intensities of gamma ray transitions measured with a Ge (Li) 

detector. In developing the program for computer analysis, 

the following criteria were maintained: for a valid test of nuclear 

models, the relative intensities of gamma-transitions should be 
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measured to better than 5% and the energy to better than O. 1 keV. 

Extensive programs for the analysis of Na! spectra have 

(25) 
been reported in the literature. In general, the response of 

the Na! spectrometer is measured as a function of energy using 

rnono-energetic sources. A response function is determined for 

the system for each energy, using the photopeak, Compton distri-

bution, and escape peaks. These response functions are then used 

to "strip" a. more complicated spectrum with many gamma lines 

present. This procedure is necessary because photopeaks are 

often not separated by the relatively poor resolution of Na! 

detectors. In contrast to this, with the improved resolution of 

Ge (Li) detectors, photopeaks are often widely separated and 

located on a relatively flat background. Accurate intensity 

measurements should be possible using only the full energy peak. 

In analyzing Ge (Li) spectra, several authors have used 

. . (1, 26, 27) 
Gaussian shapes to fit the full energy peak or a portion of it. 

However, as better resolution became available, through improve-

ment of techniques in production of the detectors, but principally 

in the development of better field effect transistors (FE T) in the 

preamplifier input stage, it became clear that the Gaussian did not 

give a satisfactory fit to the peak shape. The effects of amplifier 

pile-up, detector charge collection, and system drifts became 
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evident. There were several alternatives. First, an 

experimentally measured response function could be used, as with 

Nal detectors. Second, a Gaussian plus an orthogonal series 

could be fitted to the peak shape. The method described here is 

a third alternative; it consists of using an analytic function with 

parameters chosen to represent the response of the spectrometer 

system. 

2. The Peak Fitting Program 

The basic :'.unction used to fit the full energy peak is 

the fold of a Gaussian with an exponential (the complementary 

error function). At low energies, the width of the Gaussian is 

determined by the electronic noise of the system. As the energy 

of the gamma-ray increases, the width becomes larger from 

statistical processes connected with energy absorption in the 

detector. A quadratic background is used, primarily to help 

in fitting peaks near the Compton edges of higher energy lines. 

Pile-up effects in the amplifier are simulated by 

folding high and low energy exponentials with the Gaussian (see Fig

ure 3 ). The long tail observed on the low energy side is attributed 

to incomplete charge collection of hole-electron pairs due to 

recombination and trapping. This tail is simulated by a second 

complementary error function with the same center as the main 
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peak. The function adopted for a single full energy peak is as 

follows: 

There are ten parameters in the function F: 

position x
0 

standard deviation er 

decay length, low energy).. 1 

decay length, high energy J. 2 

decay length, charge collection J. 3 

two area parameters, A, B 

three background parameters a, b, c. 

The first two terms are the result of folding a 

Gaussian of width er and center x 0 with exponentials of decay 
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length A1 and ).. 2 , centered at x 0 . These terms represent the 

main peak, modified by pile-up of the singly-integrated and 

differentiated pulses. The third term is the long low energy tail 

attributed to incomplete charge collection. The remaining terms 

are the quadratic background. 

Originally, all ten parameters were allowed to vary 

for each peak. It was found, however, that the parameters did 

not vary in a smooth manner with energy, within the assigned 

errors. So it was decided to measure the five parameters which 

determine the peak shape ( ). 1, ). 2 , ). 3 , er , B) as a function of 

energy, using single line sources of different energies. These 

five parameters were determined for each energy, then each 

parameter was fitted to a polynomial as a function of energy. In 

fitting a line, the value of these five parameters was determined 

from the polynomial fit and fixed. Only the peak position, area, 

and the three background parameters are allowed to vary in the 

fit. For more than one peak in the region fitted, only two 

instead of five additional parameters are added for each peak, 

the area and position; the same three background parameters are 

used for the entire region. Thus for two peaks there would be 

the five fixed parameters, and seven varying parameters; for 

three peaks nine varying parameters, etc. To insure consistency 
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in various runs, the energy scale on the analyzer was kept 

constant. This was accomplished by using a pulser fed through 

the preamplifier as a reference peak for the analyzer gain 

stabilizer. Fixing the parameters which determine the peak 

shape and fitting both the unknown and calibration lines in the 

same way also minimizes any small error in the peak shape. 

3. The Nonlinear Fitting Program 

The nonlinear least-squares fitting program used was 

(28) . (2 9) 
developed by Marquardt and programmed by Dav1don 

(IBM SHARE 3094). The objective is to minimize 

[

Y. - F. (p.r 
1 1 J 

AY. 
1 

where Y. and 
1 

A Y. are the measured value and error, respectively, at the ith 
1 

data point X., and F 1-(p.) is the value predicted by the function 
1 J 

used in the fit. Initial estimates of the parameters are supplied 

as input data. The program then determines the direction and 

magnitude of the correction vector to the parameters. The method 

performs an optimum interpolation between the Taylor series 

method and the gradient method. When there are large correla-

tions between parameters, the Taylor series method may not 

converge. The gradient method converges quite slowly after the 

first few iterations. After new values of the parameters are 
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obtained, i is calculated, and the iteration is repeated until 

the convergence criteria are met. The program must be supplied 

with convergency limits, data to be fitted, the function to be used 

and its derivatives, and the initial value of the parameters. 

4. Spectrum Analysis 

The program described above has been used in our 

(30, 31, 32) 
laboratory for intensity and energy measurements for 

several isotopes. Specific details of the measurements can be 

discussed in terms of the particular system used in these measure -

ments. As the shape of the peak depended somewhat on the 

electronics used, all measurements were made using the same 

components. Effects due to pile-up and drifts were minimized 

by use of low counting rates, an amplifier with pole-zero cancella-

tion, and gain stabilization on the multi-channel analyzer which 

corrected for drifts in the entire system. The Ge (Li) detector used 

2 
was a 5 cm x 10 mm planar detector manufactured by Ortec. The 

bias voltage was kept constant at 2300 volts supplied by batteries. 

It was found that the peak shape did not change on increasing the 

voltage from 1900 volts to 2500 volts. An Ortec l 18A preampli-

fier with room temperature input was mounted on the cryostat. 

The amplifier was a Canberra 1416, with time constants 2 n1icrosec. , 

single differentiation and integration, pole -zero cancelled. The 



26 

analyzer was a Nuclear Data 161F, 4096 channel, with a ND gain 

stabilizer set on a peak supplied by a Tennelec TC800 pulser fed 

through the preamp. The stabilizer had a marked effect on the 

shape of the peaks, especially narrowing the region near the base. 

The lines of primary interest in the nuclei studied were below 

1500 keV, so the energy scale of the analyzer was fixed with the 

maximum energy at approximately 1550 keV. The pulser was 

adjusted to approximately 1525 ke V and the gain stabilizer set on 

the peak. Each calibration source was recorded separately at 

20% dead time at ten cm distance from the face of the detector. 

No effect on the peak shape or efficiency was found for source 

distances from 10 to 100 cm. It is well known that the counting 

rate does affect the peak shape, increasing the width through pile-

up in the main amplifier. This effect is discussed by Fairstein 

(39) 
and Hahn '. To insure consistency in different measurements, 

all spectra were recorded at 20% dead time on the analyzer. The 

singles counting rate at this dead time is 1 o3 
- 1 o4 counts I sec. 

It was felt that counting for a fixed dead time is better than counting 

at fixed counting rate for the following reason. The undershoot 

for high energy pulse is greater than for low energy ones, but the 

analyzing time is also greater. Thus the effect of the larger under-

shoot is compensated by the longer dead time and smaller counting 
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rate. A second fixed range of the spectrum was used for lines 

with energies up to 2. 5 MeV. 

The following sources were used in fitting the peak 

shape parameters (energies taken from Ref. 34): 

241 Am(59. 5 keV), 170Tm(84. 3), 57 Co(l21. 9), 141 Ce(l45. 4), 

114cd(l91.6), 203Hg(279.l), 7Be(477.4), 137cs(661.6), 
54

Mn(835.3), 

46Sc(ll20. 5), 22Na(l274. 6), 
60

co(l332. 5), 
88

Y(l836. 1), 

228 Tu(2614. 5) and 24Na(2753. 9). 

The polynomial functions used to fix the parameters in 

the function F are as follows: 

B (area parameter) = A TAIL = 0. 035/ CH + O. 039 - 0. 012 >!< 

~ l = EL= O. 719 + O. 296 +CH + O. 0274 >:< CH
2 

2tr .J 2 In z' = FWHM =SQRT (12. 03 + 2. 168 *CH) 

2 
). 3 = ET = 33. 55 - 6. 08 * CH + 0. 395 * CH 

2 
CH + 0. 0054 * CH 

>. 2 = EH = O. 85 + O. 24 >!< CH CH = channel number 

A plot of the parameters is shown in Figure 4. An 

example of the fitting program is given in Figure 3, with the 

fitted parameters in Table 2. 

5. Efficiency Calibration 

After the parameters were fixed, the efficiency calibra-

tion was made. The sources used are given in Table 3. At high 

energies, the efficiency varies slowly. At lower energies, there 

is more variation and more points are necessary. In finding 
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Table 2 

Fitted Lines in 
154

Gd 

1241. 6, 1246. 6 keV 1274.4keV 

Parameter Value Standard Error Value Standard Error 

4 2 4 3 
a . 2045xl0 . 22xl0 . 109lxl0 . llxl 0 

b . 9563xl0 
1 

. 54 .3219xl0 
1 

. 2 lxl 0 
1 

-1 -1 
c . 2313 . 43xl 0 -.3024xl0 . 12 

Al . 5967xl 0 
4 

. 32xl0 
3 

. 135lxl0 
7 

. lOxl 0 
5 

2 . 50xl0-l 2 .7lxlo-2 
XO .27llxl0 • 4400xl 0 

A2 . 3533xl 0 
5 

. 40xl 0 
3 

2 .llxlO-l XQ . 3996xl 0 

SE = 1. 2 SE = 8. 7 

The standard errors are given by the values of the error 

matrix multiplied by SE. SE is equal toJ X 2 
I (n-m). 
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suitable sources, the most difficult problem is in connecting 

the region above and below 500 keV; above this energy there are 

nuclei with cascade transitions, below there are accurate bent 

crystal measurements. 
22 

Na was not used because the 511 keV 

annihilation peak is noticeably wider than calibration lines of the 

same energy and would not be fitted properly with the fixed 

parameters. 

The form of the efficiency curve has been quoted (3 9) as 

a semi-empirical relation EFF = D/ c(l - exp(-1!c) + Acrexp(-BE)] 

E = l -ray energy, c = thickness of 
crystal 

It: =photoelectric cross section A, B, D = 
empirical constants 

'1' = Compton cross section. 

For high energies, 't'.C is small and we can write 

EFF = D[ ~ + Atl exp (-BE)] 

At high energies, 'l: and ti vary slowly with energy. This suggests 

fitting the efficiency to an exponential in powers of the energy. 

A linear least-squares fit was made therefore, to the 

expansion 

2 3 
log EFF = log A + a + bE + cE + dE + ... 

The log Ai term provides a parameter for normalization for each 

different source used in the fit, since it shifts the points up or 
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Table 3 

Relative Intensity of Lines used in Efficiency Calibration 

Gamma Ray Relative Gamma Ray Relative 
Source Energy Intensity Source Energy Intensity 

60Co 1332. 5 1.00(35) 169Tm 307.7 28(37) 

1173. 2 1. 00 261.0 4.8 
198. 0 100 

46sc 1120. 5 1.00(35) 177.2 62 
889.3 1. 00 130. 5 31 

118. 2 5. 2 

154 
Eu 1274.4 33. 5 (36) 109. 8 50 

1004.8 1 7. 3 93. 6 7.2 
996.3 10. 3 63. 1 121 
873.2 11. 5 Errors 5% 
723.3 19. 7 
591. 7 4. 84 

26. 9(12) (38) 444.4 o. 50 (5%) 182w 264. 1 
248.0 6. 59 229.3 27.7(12) 
188.2 0. 228 (5%) 222.0 56. 1 (22) 
123. 1 40. 5 198. 3 10. 7(6) 

Error 2% except where noted 179.4 22. 9(1 O) 
156.4 20. 0 (9) 
152.4 51. 0(20) 

166Er 829. 7 12. 9(3)(1) 116. 4 3.16(19) 
809. 5 76. 4(8) 113. 7 13. 6(7) 
751. 5 15. 2(3) 100. 1 100 
71 o. 6 71. 5(7) 84.7 18.8(9) 
529. 1 13. 0(4) 
410.5 16. 8(2) 114cd 

1.00(35) 279. 6 43. 6(4) 725.2 
215.6 4.15(6) 558.5 1. 00 
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down so that they lie on the best polynomial. The coefficients 

a, b, c, ... determine the polynomial and are the same for all 

sources. The total number of parameters is (n + 1) for the 

n 
polynomial E , plus one additional parameter for each source 

used. The region below 100 keV was not fitted; the efficiency drops 

off sharply due to absorption in the dead layer of the detector, and 

there were not enough sources to measure the efficiencies 

accurately. The efficiency curve is shown in Figure 5. The 

errors in the calibration are 2% in the region 1300 to 500 ke V, 

with an additional 0. 5% per 100 keV from 500 to 100 keV. The 

relative efficiency, however, in a limited region of energy is 

better than O. 2% per 100 keV. 

6. Energy Calibration 

The energy calibration was made by simultaneously 

recording the spectrum of the isotope under study with several 

calibration isotopes whose energies were well known. The position 

of the reference lines was determined by the fitting program, and 

a fit of the energy as a polynomial function of channel number was 

made. The coefficients of this polynomial were then used to 

determine the energy of the lines under study. The errors in the 

peak positions given by the fitting program are of the order of 

0. 05 channel, but the nonlinearities of the system limited the 
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accuracy of the measured energies to 0. 1 keV. 

7. Conclusion 

There are several advantages in the peak fitting program 

described here over previous methods. The function used gives a 

better fit to the experimental full energy peak shape, especially 

for strong peaks with more than 1 o5 counts in height, than the 

commonly used Gaussian. The fit is often better by a factor of 

5-10 in the quantity x 2 
/(n-m). The fit may be even better than 

our values of x 2 I (n-m), which is based on statistical error in 

our data, since the analyzer used had an even-odd effect in 

adjacent channels, and the scatter of the points was considerably 

greater than statistical. Calibration sources are fitted in the 

same way as peaks of unknown spectra, so that any difference 

between the function and actual shapes are minimized. In fitting 

peaks with multiple components, fixing all parameters except 

position and area removes large correlations between parameters 

and insures a better fit. The least squares program handles large 

numbers of parameters efficiently, and all information on correla

tions and errors can be printed out. Energies are given to better 

than 0. 1 keV, depending on the linearity of the system and the 

number of calibration sources used. The relative full energy 

peak efficiency of the 5 cm
2 

x 10 mm Ge(Li) detector has been 
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measured using sources with accurately measured intensities. 

Intensities of gamma rays under investigation are determined to 

better than 5%. In a narrow energy interval of 100 keV in the 

region between 500 and 1300 keV, the relative intensities can 

be obtained with an accuracy of better than O. 2%. 

C. Source Preparation 

Levels of 152sm, 
152

Gd, and 154Gd are populated in the 

152 154 . 
radioactive decay of Eu and Eu, as obtained by neutron 

irradiation with the Materials Testing Reactor at Arco, Idaho. 

l 52Eu ('t = 12 y) and 152>:•Eu (?"1 = 9. 3h) were prepared by 1/2 /2 

irradiation of enriched 
151

Eu. For the former, the source was 

approximately one year old at the time of study, while in the 

latter case experiments were begun 18 hours after the end of the 

. d" . A . . f 154E d · · neutron irra iation. contamination o u ma e corrections in 

152 154 
the intensities of some lines in Sm necessary. The Eu 

( '?' 1 = 16 y) source was prepared by irradiation of enriched 
/2 

153 Eu and was approximately two years old at the time of study. 

The only contamination observed was attributed to 
155

Eu. The 

source for the angular correlation experiments was prepared by 

dis solving the active europium oxide in dilute HC 1. The source 

holder was a lucite cylinder, inside dimensions 3mm diameter by 

Smm height. The internal conversion spectrum of 154Eu was 
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measured as a calibration for the Si(Li) detector on the 35 cm 

radium 1t' Ji' iron free spectrometer. The source was made by 

evaporating Eu Cl in vacuum on an aluminum foil from a tungsten 

boat, then cutting the foil into a rectangle 2. 5 cm x O. 15 cm. 

Levels in 
166

Er are populated in the radioactive decay 

of Ho l 66m (1200 yr). A 20 p.c source was purchased from Nuclear 

Science and Engineering Company, Pittsburgh, Pennsylvania. The 

only detectable impurity was 
154

Eu (16 yr). 

Levels in 
232u are populated in the radioactive decay of 

232 
Pa (1. 3 d). Sources were prepared by neutron irradiation of 

231 Pa (230 barns) at the MTR reactor, Arco, Idaho. 

was obtained from the AEC loan pool, Oak Ridge. Experiments 

were begun approximately 18 hours after the irradiation. After 

233 
ten days, the activities of Pa and long lived fission products 

became appreciable. The electron sources were prepared by 

dissolving the Pa2o
3 

in HF, placing a drop of the solution on 

mylar foil wetted with insulin, then drying with a heat lamp. 

The source material was visible to the eye, and the spot was 0. 5 cm 

in diameter. 

A source for the ber..t-crystal spectrometer was made 

by filling a quartz capillary O. 2mm in diameter with Pa20y The 

material was added to a height of approximately 2. 5 cm. The 
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source was then irradiated at the MTR reactor. 

D. Angular Correlation Experiments 

The mixing ratios of several gamma to ground state 

band transitions in 
154

Gd were determined by measuring their 

angular correlation with gamma rays of known multipolarity. 

The experiments were performed using two 7. 6 x 7. 6 cm Nal(Tl) 

scintillation spectrometers. The source was a dilute HCl solution 

154 
of Eu (16 y). The pulse heip,ht spectrum in one detector in 

coincidence with the photopeak of a single gamma ray in the other 

was stored in a pulse height analyzer, each quadrant corresponding 

to a different angle between the detectors. One detector was fixed; 

the other was moved automatically to a new angle every 200 

seconds. Single counting rates in each detector and triple coinci-

dences from the fast-slow coincidence circuit were printed out 

after each angle. The angular correlation table and associated 

electronics have been discussed by Bowman.(4 0) In this way 

several angular correlations were measured simultaneously with 

each of the 123, 248, and 724 keV gamma rays. In the first two 

cases, contributions due to competing cascades were experiment-

ally determined by measuring the angular correlation with the 

Compton events just above the 123 and 248 photopeaks. The 

angular correlation coefficients have been corrected for random 
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(41) 
coincidences, finite solid angle, and coincidences with the 

Compton background. 

Several authors have found the angular correlation 

between the 1274 and 123 keV gamma rays to be attenuated by 

time dependent perturbations during the 1. 70 ns intermediate 

(8, 41) 
state lifetime. These perturbations can exist even in a liquid 

source; an example is the interaction of an electric field 

gradient with the nuclear quadrupole moment of the excited state. 

The time-differential measurement of the angular correlation 

was performed using a 5 x 5 cm Nal(Tl) scintillation crystal 

coupled to a 56 AVP photomultiplier tube to detect the 1274 keV 

gamma ray, and a Pb loaded plastic scintillator also mounted on 

a 56 AVP tube to detect foe 123 keV gamma ray. The output of a 

time to amplitude converter was stored in a multichannel analyzer, 

again using separate quadrants to correspond to different angles 

between the detectors. This time spectrum displays the 1. 7 ns 

lifetime of the 2+ state. A least squares fit of the time dependence 

of A
2 

(t) gave A 2 't' 123 ~ 0. 05. We therefore neglected any 

correction due to intermediate state attenuation in the measured 

correlation coefficients. 

E. The Electron Spectrometer 

The measurement of conversion electrons following 
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nuclear decay can provide further information to the results 

of gamma ray studies. Transition multipolarities can be deter-

mined from absolute K shell conversion coefficients or through 

L sub shell ratios, and electric monopole transitions between o+ 

states can only occur through internal conversion. EO transitions 

are also possible for transitions from the beta band in deformed 

nuclei to the ground state band ; A K=O), between states of equal 

spin (2-2, 4-4). As a supplement to the Ge(Li) spectrometer 

for gamma rays, a solid state detector using the same electronics 

would clearly be useful. 

We have constructed an electron spectrometer for the 

study of beta rays and conversion electrons using a lithium 

drifted silicon detector. These detectors have several advantages 

over magnetic electron spectrometers. Detectors of depth greater 

than 3mm havE high efficiency-approximately 100% intrinsic 

efficiency for electrons of energy less than 1. 5 MeV. Data can 

be accumulated rapidly, since the entire spectrum can be 

recorded simultaneously. The resolution of the detector is 

quite adeqt;.ate; in our spectrometer, the resolution for the K 

232 
electrons of U at 550 keV was 2. 5 keV FWHM. At 1 MeV, 

the resolution was just over 3 keV. The greatest disadvantage 

of the solid state detectors is the large Compton background 
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resulting from the scattering of gamma rays. 

A drawing of the spectrometer is given in Figure 6. 

The detector is of commercial manufacture (Simtec) with 

dimensions 200 mm
2 

x 3 mm drifted depth. The detector is 

mounted on the end of a copper cold finger which remains in 

contact with liquid nitrogen in a storage dewar. The source is 

mounted on a movable rod so that the source to detector distance 

may be varied. There is a source chamber which can be evacuated, 

so that sources may be changed without disturbing the detector. 

A commercial absorption pump was used as a roughing pump. 

The pump contained approximately 2 liters of molecular seive, 

which, when chilled with liquid nitrogen, captures gases by 

physical absorption. The pump can evacuate the chamber from 

atmosphere to a few microns pressure. Originally, a cold-trapped 

oil diffusion pump was used, but the trapping was not completely 

effective and small amounts of oil condensed on the detector. 

This resulted in absorption of electrons in the oil and worsening 

of the detector resolution. After roughing was completed, a 

Vac-ion pump was used, which, with the condensing effect the 

cold finger and cryostat walls, maintained the vacuum. 

The electronics used with the detector is similar to 

that used with the Ge (Li) spectrometer. A Canberra 1408C 
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preamplifier and 1416 amplifier were used. Pulses fed through 

the preamp were used as reference for the digital stabilizer of 

the multichannel analyzer. The detector bias voltage was 

maintained at 600 volts with an Ortec power supply. 

The conversion electron line shape is dependent on the 

thickness of the source used, as the electrons are absorbed in 

passing through the source material. The peak areas were 

measured graphically. The detector was calibrated by using con-

154 
version electron intensities me<l.sured in Gd using the 35 cm 

1Tfi' iron free beta spectrometer. The efficiency was found to be 

100% (±. 10%) up to 1. 5 MeV. 

• 
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IV. RESULTS OF DECAY SCHEME STUDIES 

A. 152s m, 
152 154 

Gd, and Gd 

152 154 . 
Sm and Gd are located in the transition region between 

spherical vibrational nuclei and the strongly deformed rare-earths. 

The transition from spherical to deformed nuclei is quite sudden, 

with 152Gd showing a typical spherical vibrational spectrum and 

154Gd exhibiting the rotational levels characteristic of a deformed 

nucleus. Beta and gamma vibrational bands are populated in 

152sm and 154Gd by d. · d f 1 1. d ra ioactive ecay o ong- ive parents. 

These two nuclei offer a unique opportunity to study the possible 

interaction of the two vibrational modes, for as deformation 

increases in the rare earth nuclei, the beta band is pushed up in 

energy and has not been identified with certainty in the strongly 

deformed rare earth nuclei. 

1. 
152 

Gamma-Ray Spectrum of Eu ( "C' 
1
I

2 
= 12 yr) 

152 
A typical gamma-ray spectrum of Eu (12 yr) is 

shown in Figure 7. Three separate measurements were made for 

the strong lines, the period of data accumulation being about four 

days. For the weaker lines, each spectrum was analyzed at 

intermediate points in the run as well. The computer program 

described in Section B, Chapter II was used to obtain the energies 
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the first quadrant was recorded for a shorter time. Weak lines 
in the first quadrant were analyzed from the longer runs. 
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and intensities given in Table 4, where the results are 

compared with those of Dzhelepov(42 ), et al. Of the lines listed, 

· 1· · 152s d f" 1 · nine ines in m an ive ines in 
152 

Gd have not been reported 

previously. 

2. 
152~< 

Gamma-Ray Spectrum of Eu ('t' 
112 

= 9. 3 hr) 

152* 
The spectrum of the 9. 3 hr Eu is shown in Figure 8. 

Table 5 gives the energies and intensities of lines fed only by the 

9. 3 hr decay. No attempt was made to accurately determine the 

amount of feeding when a level was fed by both decays. 

3. 
152 

Level Structure of Sm 

152 
The decay scheme of Sm is shown in Figure 9. 

Several previously unobserved gamma-rays of the 12 year half-

life have been placed in the decay scheme. New lines of 870. 1 

and 995. 8 keV are associated with the 9. 3 hour decay. The 

transition at 444. 1 keV cannot be resolved from the stronger 

443. 8 keV line in the singles spectrum of the 12 yr decay. 

However, the levels at 1529. 9 keV and 810. 6 keV are fed differ-

ently in the two decays, so the ratio of the two lines to other lines 

leaving the same level can be found, and the relative intensity of 

each determined. The line at 444. 1 keV can also be measured in 

coincidence with the 244. 7 ke V, but the subtraction of Compton 

and random coincidences gives a larger error than by observing 
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Table 4 

Energies and Relative Intensities of the Gamma Rays 

in the Decay of 12 year 152Eu 

Energies (keV) 

121. 8 
244.7 
275.4 
295.9 
400.5 
443.8 
444. 1 
488.4 
493. 6 
563.8 
566.3 
656.5 
674.7 
688.7 
719.4 
769.2 
810.7 
841.8 
867.7 
901. 0 
919.7 
964.4 

1005.0 
1086.0 
1112. 2 
1212.8 
1249.7 
1408. 1 
1458.3 
1529.8 

Transitions in 152sm 

Relative Intensities 
This Work Dzhelepov(42 ) 

131 ( 4) 
32. 5 ( 10) 
0.14(1) 
1. 80 ( 4) 
o. 01 ( 1) 

11. 7 ( 7) 
1. 28 (13) 
1.68 ( 5) 
0. 12 ( 3) 
2.01(6) 
o. 50 ( 3) 
0.62 ( 3) 
0.73 ( 7) 
3.41 ( 7) 
1. 34 ( 5) 
0.29 ( 2) 
1.31(4) 
0.65 ( 3) 

16. 8 ( 2) 
o. 34 ( 1 7) 
1.68 ( 4) 

59. 1 ( 12) 
2. 59 (15) 

41. 2 ( 6) 
55. 2 ( 6) 

5. 76 (20) 
0.73 ( 4) 

85.2 (20) 
2.03 (10) 
1. 4 ( 1 ) 

13 5 ( 9) 
34 ( 4) 

1. 5 4) 

17.5 (17) 

3. 5 ( 8) 

3. 5 8) 
1. 3 2) 

1. 31 ( 24) 
1. 00 ( 8) 

16.5 ( 8) 

2. 7 5) 
59. 4 ( 24) 

2. 4 ( 4) 
43.5 ( 16) 
55. 0 ( 24) 
5.8 ( 5) 
o. 90 ( 17) 

87.3 
1. 8 2) 
1. 0 5) 
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T ·t· . l 52Gd ransi ions in 

Energies (ke V) Relative Intensities 
This Work Dzhelepov(42 ) 

271. 0 o. 30 ( 2) 
344.2 112. 2 ( 3) 123 5) 
367.6 3. 55 ( 10) 4.4 2) 
410.9 9. 29 ( 18) 9. 6 10) 
503.3 0. 62 ( 2) 
586.0 1. 93 ( 6) 1. 7 5 ( 80) 
678.6 1. 92 ( 12) 
712.9 o. 37 ( 3) 
779. 1 52.4 ( 5) 52.4 25) 
930.8 o. 32 ( 3) 

1090.0 6. 84 ( 24) 7. 0 1 7) 
1299.2 6. 64 ( 50) 6.8 4) 
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Table 5 

Energies and relative intensities of Gamma Rays 

in the Decay of 9. 3 hr 
152

Eu 

T ·t· . 1528 ransi ions in m 

Energies (keV) Relative Intensities 
(43) 

This Work Dzhelepov 

703.5 0.28 ( 2) 
841. 6 65.2 ( 6) 65 ( 10) 
870. 1 0.40 ( 3) 

963.3 53. 9 ( 5) 54 ( 5) 

995.8 0. 30 ( 2) 

1389.3 3. 57 ( 12) 3.4 ( 4) 
1412.4 0.195 (10) 0.16( 5) 
1511.l 0. 028 ( 7) 0.03 
1560 0.03 
1680 0.03 

T ·t· : 152Gd ransi ions in 

Energies (kev) 

699. 5 
970.2 

1314.7 

Relative Intensities 
This Work Dzehelepov(43 ) 

o. 34 ( 2) 
2. 45 ( 5) 
4. 14 ( 12) 

o. 3 ( 2) 
3. 8 (12) 
4. 3 ( 5) 
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the two decays. 

a. Ground state band. ---- --- ---
+ + + 

The 0 , 2 , 4 members of the ground state band 

+ 
occur at 0 , 121. 8, and 366. 5 keV. The 6 level reported by 

Veje,. et al (
44

) at 705 keV is not fed sufficiently to be seen. 

b. Beta vibrational band. 

+ + + The 0 , 2 , 4 members of the beta-vibrational band 

occur at 685. 6, 810. 6, and 1023. 0 keV. The assignment of the 

4 + level follows inelastic scattering measurements (
44

) which 

as sign the 1041 level as the 3 - state of the octupole band. 

c. Gamma-vibrational band. 

The members of the gamma-vibrational band z+, 3+, 

and 4+ are placed at 1086. 1, 1234. 1, and 1371. 6 keV. 

d. Negative parity bands. 

The 1 - and 3- members of a K•= o- octupole band occur 

at 963. 6 and 1041. 3 keV. 
- (44) 

A 5 level reported at 1222 ke V 

has not been observed. The reduced branching ratios, assuming 

the transitions to be pure E 1, are given in Table 6. There is 

good agreement with the strong coupling model for both levels. 

The levels at 1511. 1, 1529. 9, and 1579. 7 keV have 

- - - w - (11) 
been identified as the 1 , 2 , 3 members of the K = 1 band, 

but several discrepancies are revealed by the gamma-ray studies. 
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Table 6 

Comparison of Experimental and Theoretical 

B (E 1) Ratios for Negative Parity States in 152sm 

Theoretical 
Relative strong-coupling 

Band Transition Energy B (El) ratios 

K. = 0 
l 

K'\'C = o- 1- o+ 963.3 0.55 (1) o. 50 
1- 2+ 841.6 1. 00 1. 00 

3- 2+ 674.7 1. 10 (4) o. 75 
3- 4+ 919.7 1. 00 1. 00 

Proposed K. = 1 K. = 0 
l l 

K 1f = 1 - 1- o+ 1511. 1 o. 006 (2) 2.00 o. 50 
1 - 2+ 1389.3 1. 00 1. 00 1. 00 

K. = 1 
1 

K· = 2 
1 

2- 2i 443.8 2. 1 (2) o. 5 2. 0 
2- 3+ 

r 295.9 1. 0 1. 0 1. 0 

K. = 1 K. = 0 
1 1 

3- 2+ 
G. S. 

1458.3 o. 18 ( 1) 1. 33 0. 75 

3- 4+ 
G. S. 

1212.8 1. 00 1. 00 1. 00 

Branching to ground state, beta and gamma bands 

Relative 
Transition Energy B(El) 

2- + 2G. S. 
1408. 1 1. 0 

2- + 2 'II 443.8 5.0 (3) 

3- 2+ 
G.S. 

1458.3 0. 6 (2) 

3- 2+/t 769. 1 0.6 (2) 
3- 2+ 493.6 1. 0 1 
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First, there is strong mixing as evidenced by the energy spacing 

of the band. 
. - + - + 

The rotational model value for the ( 1 ~ 0 I 1 __. 2 ) E 1 

reduced branching ratio is 2, whereas the experimental value is 0. 006, 

a hindrance of 300. The branching of the 2- level to the gamma 

band is in good agreement with K = 2, although the large ft value 

had led to an assignment of K = 1. (
45

) Also, the branching is 

stronger to the K = 2 band than to the K = 0 band. The branching 

of the 3- level to the ground-state band does not agree with either 

K = 0 or 1. 

4. Levels in 152Gd 

Th d h f 
152Gd . h . F" 10 e ecay sc eme o is s own in igure . 

Previously unreported gamma rays of energy 271. 0, 

503. 3, 712. 9, and 930. 8 keV have been placed in the decay schemes. 

The level structure indicates a spherical vibrational nucleus. 

Reduced branching ratios for levels in 
152

Gd are shown in Table 7. 

The 2 + level at 930. 6 keV may be described as a two phonon state, 

the relative B (E2) value to the one phonon 2 + level being about 

50 times that to the ground state. The transition to deformed 

shape is quite sudden, with the addition of two neutrons resulting 

in the well-deformed nucleus 
154

Gd. 

5. 
154 

Gamma-Ray Spectrum of Eu ( "t' 1 /2 = 16 yr) 

154 
The gamma-ray spectrum following the decay of Eu 
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Table 7 

Reduced Branching Ratios for Transitions in 
152

Gd 

Reduced 
Level I Transition Ener~y Branchin~ Ratio 

930.6 2+ 2+ o+ 930.8 (E2) 2 
2+ 2+ 586.3 100 (10) 

1123.3 3- 3- 2+ 779. 1 (E 1) 1. 5( 1) 
3- 4+ 367.6 1. 0 

1314.7 1 1- o+ 1314.7 (E 1) 1. 5( 1) 
1- 2+ 970. 1 1 

1643. 2- 2- 2+ 1299.2 (E 1) 3 ( 1) 
2- 2+ 712. 9 1 
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is shown in Figure 11. Table 8 shows the energies and intensities 

of the observed lines. The results are compared with the extensive 

(46) 
work of Meyer. 

6. Level Structure of 
154

Gd 

Figure 12, following Meyer, shows the band structure 

154 (46 ) 
of Gd. 

a. Ground state band. 

+ + + + The 0 , 2 , 4 , and 6 members of the ground state 

band occur at 0, 123. 1, 371. 2, and 718. 0 keV. 

b. Beta vibrational band. 

+ + + The 0 , 2 , and 4 members of the beta vibrational 

band occur at 680. 7, 815. 6, and 1047. 6 keV. 

c. Gamma vibrational band. 

+ 3+ + The 2 , , and 4 members of the gamma vibrational 

band are placed at 996. 3, 1127. 9, and 1263. 9 keV. 

d. Negative parity bands. 

The o- octupole band has levels at 1241. 3 and 1251. 5 keV. 

The small energy spacing, as well as the lack of agreement of the 

reduced branching ratios given in Table 8 with the rotational 

model values, indicates mixing with higher bands. 

« 
The proposed K = 1 - bandhead is at 1509. 1 keV. 

Here the mixing is such that the normal order of the levels is 
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Table 8 

Energies and Relative Intensities of the Gamma Rays 

in the Decay of 16 year 154Eu 

Energies 
Relative Intensities (46 )>!• 

This Work Meyer 

123. 1 
180.7 
188.2 
248.0 
305.1 
312.3 
315.4 
322.0 
397. 1 
401. 3 
444.4 
467. 9 
478.3 
512.0 
518.0 
545.6 
557.6 
582.0 
591.7 
613. 3 
625.2 
676.6 
692.4 
715.8 
722.3 
756.9 
815.6 
845.4 
850.6 
873.2 
880.6 
892. 7 
904.0 
924.5 
996.3 

0.002(2) 
0.240(5) 

o. 020(4) 
o. 019(4) 
0.013(4) 
o. 067(3) 
0.023(3) 
o. 19 (1) 
o. 57 (1) 
o. 060(6) 
o. 210(7) 
0.032(7) 
o. 050 (9) 
o. 012(10) 
0. 26 (1) 
0. 91 (2) 
5. 01 (8) 
o. 100(7) 
o. 32 (1) 
0.15(1) 
1. 76 (4) 
o. 14 (2) 

19. 6 (3) 
4.41 (5) 
0.48 (2) 
o. 56 (2) 
0. 23 (1) 

11. 7 (2) 
0. 05 (2) 
o. 49 (1) 
o. 85 (2) 
o. 06 (1) 

1 o. 2 . (2) 

40.5 
0.0045 
0.228 
6. 59 
0.018 
0.015 
0.005 
0.067 
0.030 
0.21 
0.50 
0.057 
0.22 

< o. 042 
0.047 
0.017 
0.25 
0.84 
4.84 
0.093 
o. 31 
o. 14 
1. 70 
o. 18 

19. 7 
4.34 
0.46 
0.55 
0.23 

11. 5 
C.08 
0.46 
0.82 
0.06 

10.3 



Energies 

1004.8 
1118. 5 
1128.4 
1140. 9 
1188. 6 
1216. 8 
1241. 6 
1246.6 
1274.4 
1387. 
1408.4 
1493.6 
1509. 1 
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*Error quoted: 2% for I 

Relative Intensities 

This Work Meyer(46 ) 

17.5 (3) 
o. 14 (2) 
0. 31 (2) 
0. 22 (1) 
0. 094(3) 

0.15 (1) 
o. 88 (2) 

34. 7 (5) 
0.01 

0.004 

1, 5% for 1 

17.4 
0.10 
0.27 
0.22 
0.08 

<0. 004 
o. 13 
0.70 

33. 5 
0.020 
0.021 
0.65 
0.005 

I O. 1 

Reduced Branching Ratios from Negative Parity Bands (a) 

Transition Energy Relative B (E 1) 

1- o+ 1241. 6 1. 00 
i- 2+ 1118. 5 1. 07(6) 

3- 2+ 1128.4 1. 00 
3- 4+ 880.4 o. 21(2) 

1- o+ 1509. 1 1. 00 
1- 2+ 1386.0 8.00 

(a) Meyer, ref. 46 
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154 Band structure of Gd. 
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inverted. 152 The strong hindrance observed in Sm for the decay 

of the 1 level to the ground state does not occur in 154Gd. 

7. Angular Correlation Measurements. 

The mixing ratios of several gamma to ground state 

band transitions in 154Gd were determined by measuring their 

angular correlations with gamma rays of known multi polarity. 

The experimental techniques are discussed in Section D, 

Chapter III A time differential measurement of the angular 

correlation of the 1274-123 keV cascade was made to measure 

any attenuation by time-dependent perturbations during the 1. 7 ns 

lifetime of the intermediate state. A least squares fit to the time 

dependence of A 2 (t) gave ). z 't 12 3 ~ 0. 05. We therefore 

neglected any corrections due to intermediate state attenuations. 

The angular correlation coefficients and the mixing amplitudes 

and ratios deduced from them are shown in Table 9. 

B. 

Gunther and Parsignault found agreement with a single 

z 2 parameter for six branching ratios from the gamma band in 

166Er. Their values for the relative intensity of strong lines have 

errors of only one or two per cent and provide an opportunity to 

check the results of our peak fitting program. As pointed out in 

Chapter II, this nucleus offers the best example of the success of 



Table 9 

Angular Correlation Measurements in 
154

Gd 

6 6 
Determined Determined 

Cascade Spin Sequence A2 A4 from A 2 from A4 %Ml 

2+(12)2+(2)0+ 
+ 6. 4 

I 873.2 123 .... 002(16) +. 303(42) + 10. 2(18) 3. 5 - 2. 0 1% +. 4% 

3+(12)2+(2)0+ 
1 

II !004. 8 123 -. 205(26) -. 026(50) -= 0 +. 03 • 0 + . 1 % G - -

III 1274 123 2-(12)2+(2)0+ +. 215(5) +.007(7) -. 04 7 (5) 

IV 756. 9 248 3 + ( 12 )4 + (2) 2 + +.179(13) -. 154(21) 4. 9(3) 2. 3 (9) 4% + 1% O' 
U"I 

v 892.7 248 4 + ( 1 2 )4 + (2) 2 + +. 003(28) +. 098(98) 3. 0(10) 10% + 6% 

VI 724. 873 2-(12)2+(12)2+ -. 126(16) . 000(2) -5. 0(10) 4% + 1. 6% 

VII 724. 996 2 - (12) 2 + (2) 0 + +. 220(9) . 005(5) -. 040(11) 
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the band mixing model for E2 transitions and a second rneasurcrnent 

would be useful. 

The gamma ray spectrum was recorded in two separate 

measurements with accumulation times of approximately four clays. 

T,- :: fr.tensities of the gamma transitions are given in Table 10, 

where they are compared with the results of reference 1. 

c. 232 
u 

Previous studies (S) of 232u revealed close lying beta 

and gamma bands, with reduced transition strength for E2 decay 

of the gamma band to the beta band 16 times that for decay to the 

ground state band. Because of the large errors in the measured 

intensities, it was not possible to make a definitive test of the 

single parameter band mixing model for transitions from the gan1ma 

band. 
232 232 . 

We have investigated the decay of Pa to U with errors 

in the relative intensities of a few per cent using solid state 

detectors with these results in mind. 

232 
1. Gamma Ray Spectrum of Pa(l. 3d) 

232 
A typical gamma ray spectrum of Pa (1. 3<l) is shown 

in Figure 13. Three sei:arate measurements of the spectrum were 

made, the period of data accumulation for each being four days. 

For the weaker lines, the analyzer was read out and the data 

analyzed several times during each run. 
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Table 10 

Ener~ie~; and Relative Intensities of the Gan1ma Ray:s 
166·'-in the Decay of 1200 Year "'Ho 

Energies (keV) Relative Intensities 
This Work Gunther and 

Pars ignault (1) 

215.6 3.81 (6) 4. 15 ( 6) 
230.5 0.29 (7) 0.32 (5) 
258. 9 1. 41 (2) 1. 42 ( 10) 
279.6 39.0 43.6 ( 4) 
299.3 4.79 (5) 5. 45 ( 5) 
364. 9 3. 21 (4) 3.72 ( 7) 
410.5 14. 9 (2) 16.8 ( 2) 
450.7 3.87 (5) 4.30 ( 8) 
463. 9 1. 59 (2) 1. 66 ( 8) 
529. 1 12. 6 (3) 13. 0 ( 4) 
569.6 7.3 (2) 7.08 ( 14) 
593.4 0.76 (3) 0.74 ( 10) 
610.2 1. 96 (8) 1. 59 (32) 
644.4 o. 18 (2) o. 31 ( 3) 
669.5 7. 15 (1 9) 7.35 (2 9) 
690.3 1. 75 (4) 1. 62 ( 8) 
710.6 72.0 (15) 71. 5 ( 7) 
751. 5 16. 0 (3) 15. 2 ( 3) 
777.9 3.99 (8) 3.88 ( 6) 
809.5 7 5. 9 ( 15) 76.4 ( 8) 
829.7 12.8 (4) 12. 9 ( 3) 
874.7 0.93 (3) o. 91 ( 4) 
950.0 3.56 (8) 3. 16 ( 12) 

1010.5 o. 11 (2) o. 11 ( 3) 
1282.2 0.24 (2) 0.22 ( 2) 
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The low energy gamma to beta band transitions were 

also measured in coincidence with the 150. 1 kc V line, using a 

fast-slow system with time resolution of 20 ns. The 150. 1 kcV 

line was taken in a 7. 6x7. 6 cm NaI detector, with the gamma ray 

sr~ctrun1 in coincidence in the Ge (Li) detector recorded in the 

rrnilti-channel analyzer. 

232 
The low energy gamma ray spectrum of Pa was also 

studied with the 2 meter bent crystal spectrometer. These studies 

revealed that the 139. 2 keV lin~ observed in the Ge(Li) spectrum 

was actually two lines, one with a half-life longer than 1. 3 days. 

This was taken into account in the intensity reported for this 

line. The line reported at 81. ~: keV was also found to have a 

longer half-life than 1. 3 days. This line was previously placed 

h 3 + 4+ . . b 1 . h" as t e - transition, ut our energy va ues give t is energy as 

78. 3 keV. We did not observe a line of this energy. The 80. 0 

keV line originates in the decay of the 1050. 8 keV level. 

The energies and relative intensities derived fron1 

these measurements are given in Table 11, where the results are 

( 5) 
compared with those of Bjornholm, et al. 

232 
2. Conversion Electron Spectrum~ Pa(l. 3d) 

232 
The electron spectrum following the decay of Pa 

was recorded in the electron spectrometer described above. The 
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Table 11 

Energies and Relative Intensities of Gamma Rays 

and EO Conversion Electrons in the Decay of 
232

Pa 

Relative Intensities 
Energy This Work Bjornholrn 

47.6 * 
78.3+ 
80.0 * o. 13 
81. 2+ 0.02 

105.4 1. 54 (5) 2. 1 
109.0 2.63 (6) 3.0 
132.2 0.010 (5) 0.02 
13 9. 2 + 0.57 (5) 0.7 
150. 1 11. 0 (5) 12 
165.0 0.030 (5) 
175.4 0.010 (2) 0.025 
176.8 0.004 (2) 0.020 
183.9 0.98 (6) 1. 65 
219 0.005 
282.2 0.010 (5) 
387.9 6. 91 (15) 7.2 
421.7 2.44 (7) 2. 5 
453.6 8.78 (24) 5. 0 
472.4 4.27 (11) 4. 1 
515.6 ~). 7 2 (14) 3. 3 
563.2 3.96 (9) 2. 3 
581. 4 6. 52 (15) 6. 2 
590.3 o. 101 (15) 
645. 0.02 0.033 
676. 5(EO) 0.009 ( 1) 0.016 
687. O(EO) 0.042 (2) 0.056 
691. 3 (EO) 0.021 ( 1 ) 0. 029 
71o.1 0.22 ( 1) o. 23 
754.8 o. 56 (3) 0.67 
814.2 o. 10 (3) 

819. 1 7.74 (8) 8.2 
863.8 1. 99 (7) 2.8 

(5) 
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Relative Intensities 
Energy This Work Bjornholm (S) 

866.7 5.95 ( 15) 6. 3 
894. 3 20.7 ( 3) 21 
911.4+ 0.012 ( 1) 
923. 1 0.045 ( 3) 
969. 2 44.6 ( 5) 41 

1003.3 0. 163 ( 8) 
1016. 9 0.013 ( 2) 
1050.9 0.018 ( 2) 
1055. 4 0.070 ( 4) 
1085.2 0.026 ( 2) 
112 5. 0 0.223 ( 10) 
113 2. 2 0.008 ( 3) 
1162 
1171 
1193 

>!<Intensity not measured 

+See text 



Table 12 

232 
Electron Intensities in the Decay of Pa 

Gamma Ray K Electron Experimental Theoretical Admixture 
Energy (keV} Intensity 0(. k ock 

387.9 0.47 6.0 (-2) E2 4. 69(-2) 4% Ml 
421.7 0.28 9.8 (-2) E2 4.01(-2) 20% Ml 
453.6 0.60 5. 8 (-2) E2 3. 50(-2} 10% Ml 
581. 4 0. 051 7. 2 (-3) El 8. 17(-3) 
676. 5(EO) 0.008 
687. 0 (EO) 0.040 
691. 3 (EO) 0.020 - -.J 

71 o. 1 -·- 1. 7 (-2) E2 1. 55(-2) w .... 

754.8 -·- 1. 6 (-2) E2 1. 39(-2) .... 

819. 1 0.094 1.27 (-2) E2 1.21(-2) 
863.8 * 1. 56 (-2) E2 1. 10(-2) 
866.7 ··- 1. 16 (-2) E2 1. 09(-2) .... 

894.3 0.073 3. 77 (-3) El 3. 73(-3) 
969. 2 o. 134 3.12 (-3) El 3. 24(-3) 

~:'Values for electron intensities not measured are from Reference 5. 
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spectrum is shown in Figure 14. The accumulation time was two 

days. The energies, intensities, and multipolarities are given in 

Table 12. 

232 
3. Level Structure of U 

The gamma ray and conversion electron measurements 

can be summarized in the decay scheme shown in Figure 15. The 

quantity h
2
/2' for each band is given in Table 13. 

Table 13 

Band 
2 

fl 121 

Ground State 7.94 

Octupole (0 6. 58 

+ Beta (0 ) 7. 21 

Gamma (2+) 7.45 

(2 - ) 5. 67 

(1 -) 6. 56 

a. Ground State Band. 

+ + + The 0 , 2 , and 4 members of the ground state 

rotational band occur at 0, 47. 6, and 156. 6 keV. + The 6 level 

is placed at 321. 6 keV on the basis of the 165. 0 keV line observed 

in the gamma spectrum and the prediction of the rotational energy 

formula. 
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b. Beta Vibrational Band. 

The o+, 2+, 4+ members of the beta band are placed at 

691. 3, 734. 6, and 833. 1 keV. These energies are based on the 

EO transitions observed in the conversion electron spectrum. The 

(5) 
placing of the levels follows the interpretation of Bjornholrn, et al. 

c. Gamma Vibrational Band. 

The 2+, 3+, and 4+ members of the gamma band are 

placed at 866. 7, 911. 4, and 970. 8 keV, respectively. 

d. K=O- Octupole Band. 

Levels with spin 1 - and 3 .. are located at 563. 2 and 

629. 0 keV. The transitions to the ground state band are El as 

shown by the internal conversion results. The reduced branching 

ratios show excellent agreement with predictions of the rotational 

model. These ratios are given in Table 14. 

Tl 
e. K=2- Band. 

The levels at 1016. 8 and 1050. 8 are the 2- and 3-

members of a proposed K=2 band. The K assignment is based on 

the reduced gamma ray branching ratios given in Table 14. 

The B (E 1) ratios agree with K=2, and not with K= 1. Also, the 

B (El) strength of the 969. 2 keV line is retarded 65 times with 

respect to the 150. 1 keV transition, which can be understood if 

K=2, since the E 1 transition would be K forbidden. The reduced 



Transition 

1 - - o+ 
1- - 2+ 

Transition 

2- - 2i 
2- - 3~ 
2- - 2+ G. S. 

3- - 2~ 
3- - 3~ 
3- - 4t 
3- - z+ 

3- ¥· s. 
- 4 

G.S. 

2- - 1-
2- - 3-
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Table 14 

Octupole Band to Ground-State Band 

Energy 

563.2 
515.6 

581.4 
472.4 

Relative B (E2) 

1. 00 
1. 88 (8) 

1. 00 
1. 22 (4) 

Proposed K'r.f = 2- Band 

Energy Relative B (E 1) 

150. 1 2.46 
105. 4 1. 00 
969.2 0.037 

183. 9 0.75 
139.2 1. 00 

80. 
1003.5 0.005 

894.3 1. 00 

To K "'It = o- Oc':upole Relative B(EZ) 
453.6 5% Ml 0.34 
387.9 10% Ml 1. 00 

Theory 
K. = 0 K.=l 

1 1 
1. 00 1. 00 
2. 00 0. 50 

1. 00 
1. 33 

1. 00 
0.75 

Theory 
K.= 2 

1 
K. = 1 

1 
2.00 1. 00 
1. 00 2.00 

0.72 o. 12 
1. 00 ·l. 00 
1. 29 1. 29 
1. 1. 33 

2.. 3 1. 00 

K· = 2 1 K· = 1 1 
4.0 0.25 
1. 0 1. 0 



80 

branching ratio for the transitions from the 3- level at 1050. 8 keV 

to the ground state band does not agree with K=l. An expression 

for K forbidden transitions is given in reference 18. 

-iJ= AK-L 

The predicted ratio is 1. 33, the same as for K=l, and does not 

give agreement. 

The multipolarity of transitions from the K=2 - band to 

the K=O- band are E2 with small Ml admixtures as determined 

from the internal conversion results given in Table 12 . Absolute 

K conversion coefficients were obtained using a normalization of 

known pure transitions. The 472. 4, 894. 3, and 969. 2 keV lines 

were considered pure El, the 819. 2 keV li?e pure E2, and tables 

of internal conversion coefficients then were used to calculate the 

pure coefficients for all other lines. The possibility of large 

mixing in the K=2- band is evident in the reduced branching ratios 

from the 2 - level given in Table 14. 

£. K=l - Band. 

A K=l - band is proposed with 2- and 3- levels at 11 72. 6 

and 1212. 0 keV. (
47

) The spins are based on decay to the ground 

state band. The level at ll 32. 4 appears to be 1 - from branching 

to the ground state band. However, the 1 - level of the band should 
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be at 1145 keV, based on the energy spacing derived from the z-

and 3- levels. 

g. Mixing ~the Negative Parity Levels. 

A possible explanation of the lack of agreement 

of experimental and predicted reduced branching ratios for transi-

tions from the z- to to o- band is mixing of the bands through the 

operator 2 
hz-t I_ 

2 + h 2 _ I+ 

This leads to the expression for B (E2) given by Michailo)
4

B) 

The experimental ratio M 2 /M 1 is O. 13, corresponding to a z 

parameter of 0. 54. This is very large compared to the parameter 

z 2 for the gamma band of O. 025. Similar results are seen in 

234 (49) -
U where levels through 7 have been observed. If the 

interband B (E2) is assumed to be one single particle unit, and 

the intraband B (E2) equal to the ground state band value of 200 spu, 

the reduced mixing amplitude is E 2 = 0. 007. This value of the 

mixing parameter E 2 is too large to account for the observed 

energy shifts. This is in contrast to mixing of the gamma band, 

where the mixing parameter leads to a contribution of only 1 Oo/o 

of the observed shift. 
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V. ANALYSIS OF BETA AND GAMMA BAND MIXING 

In this chapter, we discuss the observed B(E2) strengths 

for transition from the beta and gamma bands and compare these 

strengths with values calculated from microscopic models and 

from the band mixing model discussed in Chapter II. 

A. 152s d 154 d man G 

152 154 
Our experimental results for Sm and Gd are 

compared with the single parameter band mixing model in 

Table 15. 

For 
154

Gd, tl:e transitions from the gamma band have 

152 
been corrected for the Ml admixture. In Sm, the 964. 4 keV 

line has been corrected for 6% Ml.(l O) Transitions from the beta 

band are assumed pure E2, since there is no definite evidence for 

(9, 10) . 
large Ml admixtures. No agreement is found with the single 

152 154 
parameter theory in either Sm or Gd. 

If we consider mixing of the gamma band and the beta 

band, the admixtures to the transition matrix element are 

described by two additional parameters, 

1 
152

s h" d 1 f h z
3 

and z
4

, respective y. In m, t is mo e gives or t e 

branching from the 2 + level of the beta band z
0 

= 0. 044 (4), z 
4 

= 
+ 

0. 013 (3 ), while branching from the 4 level gives, if z 
0 

= O. 044(4), 



Table 15. Experimental B (E2) Ratios and z-Parameter Values for 
152

sm and 154cd 

Transition 2 0 2 2 2 4 3 2 3 4 4 2 4 4 4 6 
152sm "I -Band 

Energy 1086.0 964.4 719. 4 1112.2 867.7 1249.7 1005. 0 
Intensity 41.2(6) 59. 1 (12) 1.33(5) 55. 2(7) 16.8(2) . 73(5) 2. 60(13) 
Rel. B (E2) .41 1. 00 . 104 • 97 1. 00 . 099 1. 00 

z2 .091(5) . 070 (8) • 080 (5) • 076(9) 

152 
Sm {i-Band 

Energy 810.7 688.7 444. 1 901. 2 656.5 
Intensity 1.31(4) 3. 41 (7) 1.28(11) . 34 (17) . 62(5) 
Rel. B(E2) . 174 1. 00 3. 37 . 07 (3) 1. 00 00 

w 
zo . 085 (2) • 026(6) • 053 or . 090 (6) 

154Gd 1-Band 

Energy 996.3 873.2 625.2 1004.8 756.9 1140.9 892.7 545.6 
Intensity 10. 2 (2) 11.7(2) o. 32(1) 17. 5(3) 4.41(5) o. 22(1) 0.49(1) 
Rel. B (E2) . 451 1. 00 .. 144 • 92 1. 00 . 138 1. 00 

z2 .077(5) . 123(20) • 076(4) . 060(8) 

154Gd 
~-Band 

Energy 815. 6 692. 4 444.4 924. 5 676.6 346.7 
Intensity o. 48(2) 1. 76 (4) o. 57(1) 0. 06(1) 0.15(1) 
Rel. B (E2) . 119 1. 00 2. 94 . 083 1. 00 

zo • 098(3) . 020(2) . 052 or .091(2) 
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z
4 

= 0. (4). In the gamma band, branching from the 2+ state 

furnishes z
2 

= 0.084(6), z 3 = -0.010(3), while for the4+branching, 

154 
if z 2 = 0. 084(6), z 3 = + 0. 005(4) is found. In Gd, agreement 

is obtained with z
2 

= O. 085(5), z
3 

= 0. 010(3) for the gamma band, 

but again in the beta band there is apparently less mixing in the 4+ 

level, the 2+ level giving z
0 

= O. 044(4), z 4 = 0. 019(4), while the 

4+ level gives z
0 

= 0. 037(6), z
4 

= O. 000(5). 

Finally, th-e consequences of unequal quadrupole 

moments in the two bands can be considered. 

Again, there is agreement with the gamma band of 

154 
Gd only. The values of the parameters in this case are 

M 2 /M 1 = 0. 036, M 3 /M 1 = O. 001. This leads to a value for 

Q 0 (K=2)/Q0 (K=0) = 0. 75. Since there is no agreement for the beta 

band, this ratio probably has little meaning and no error is given. 

Meyer reports the value 0 22 /Q00 = O. 9 + O. 2, which is derived 

from the ratio of intraband to interband transitions. 

We have also observed transitions from the gamma band 

to the beta band. The results given in Table 16 show evidence for 

strong mixing of the two vibrational bands. 

B. 166Er 

The experimental relative B (E2) strengtls for transition 

from the gamma band are given in Table 17. There is good agree -

ment with a value of z 2 = O. 046 (2). 
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Table 16 

Transitions from the Gamma Band to the Beta Band 

15Zsm Rel. 154Gd Rel. 
Transition Energy Intensity B(EZ) Energy Intensity B(EZ) 

zl - of' 400. 5 0.01 1. 0 315.4 0.013 1 

2 't - zf4 Z75.4 o. 14 88.0 180.7 o.ooz z. 5 

z 't - of' 400.5 0.01 1. 0 315.4 0.013 1 

2 - 0 1086.0 r G.S. 
41. 7 Z8.0 996. 3 10. 2 2. 5 
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Table 17 

166 z
2 

Parameter for Er 

Transition Energy B(E2) Rotational z2 
'If - g. s. (keV) Ratio Model 

3 - 2 777. 9 1. 36 2. 50 0.048 
3 - 4 593. 

4 - 2 874.7 o. 163 0.3395 0.048 
4 - 4 690.3 

5 - 4 809. 5 0.719 1.750 0.044 
5 - 6 529. 1 

6 - 4 950.0 0.086 0.269 0.043 
6 - 6 669.5 

7 - 6 829. 7 0.440 1. 500 0.044 
7 - 8 463.9 

8 - 6 101 o. 5 0.065 0.2395 0.034 
8 - 8 644.4 
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The reduced branching ratios for transitions from the 

232 
gamma band to the ground state band in U are given in Table 18. 

The reduced E2 transition ratios are derived from the gamma ray 

measurements with the assumption that the transitions are pure E2. 

Small admixtures of Ml, of the order of 5-10%, are not excluded 

by conversion electron data. A band mixing parameter 

z
2 

= O. 025 (1 O) is consistent with the measured branching ratios. 

The reduced E2 ratios for transitions from the t -band to the 

f>-band are given in Table 18. These results are based on singles 

measurements and coincidence measurements which showed the 

132. 2 and 175.4 keV lines to be in coincidence with the 150.1 keV 

line. It is interesting to note that the relative B(E2) strength to 

the p -band is about 5 times that to the ground state band. 

The ~-band decays by EO and E2 transitions to the 

ground state band. Only upper limits could be estimated for the 

intensities of gamma lines leaving this band. The levels are 

based on the observed EO transitions. In a neighboring nucleus, 

232
Th, there is also evidence for strong mixing of the beta and 

(50) + 
gamma bands. Here, the 2 levels of the two bands are only 

14 keV apart. The evidence for the mixing is the decay of the 

2+ level in the gamma band by an EO transition to the 2+ level of 
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Table 18 

E2 Transitions from K 1t' = 2+ Gamma Band to 
Beta and Ground-State Bands 

Transition Energy Relative B (E2) Theory 

2+ - o+ 866.7 0.58 (2) 0.70 
2+ - 2+ 819. 1 1. 00 1. 00 
2+ - 4+ 71 o. 1 o. 058 (4) o. 05 
2+ - 0" 175. 2.9 (6) 
2+ - 2(1 132. 12.0 (60) 

3+ - 2+ 863.8 1. 81 (2) 2. 50 
3+ - 4+ 754.8 1. 00 1. 00 

4+ - 2+ 923. 1 0.28 (9) o. 34 
4+ - 4+ 814.2 1. 00 1. 00 

z2 

0.032 (5) 

0.015 (6) 

0.026 (5) 

0. 023 (20) 
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the ground state band. This would be K-forbidden if there were 

no mixing. 

There is now good experimental evidence for the 

234 (55) 
correctness of these calculations in recent work on U, 

through stripping and pick-up experiments. The differential cross 

section for stripping or pick-up processes can be expressed in 

terms of the Nils son wave function and the single particle transfer 

cross section calculated from the distorted wave Born approxima-

tion(DWBA). The cross section for population of a state I, K from 

an initial state 1
0

, K
0 

is 

d (J'" 

d <..&) 

where Cjl is the expansion coefficient of the Nilsson wave function 

\Nnz.L\.I.) on the spherical function\ N} .0.) . The +1 ( e) is 

the intrinsic single particle transfer cross section for transfer of 

a neutron with angular momentum 1. 

Several pure single particle states are populated in 

234 
U, and these are used to normalize the excitation amplitudes. 

For the gamma vibrational level at 927 keV, Bjornholm finds 27% 

of the wave function to be 6:nJ, - 631-l-, and 27% to be 7431 - 76lt. 

B 
(51) 

Soloviev predicts 40% and 10% for these probabilities. cs 

finds the state more collective, i.e., many more states entering 

in small amounts. His results give 10% and 15% for the amplitude 
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squared of the states, respectively. The agreement of theory and 

experiment can be considered good. 

In the region of transition from spherical to deformed 

nuclei, however, agreement with these calculations is not so good. 

The lack of agreement indicates that the perturbation expansion of 

angular momentum operators which works well for strongly deformed 

nuclei does not describe the nuclei in the transitional region. 

(56) . 
Recently, Kumar and Baranger have made calculations to study 

the onset of deformation in these transitional regions. The method 

differs from those discussed above in the following respects: (1) no 

permanent deformation is assumed, and spherical shell model wave 

functions are used (the residual interaction is pairing plus quadrupole) 

(2) couplings between the rotation and vibration are treated exactly 

there is no linearization of the motion. The anharmonicity of the 

quadrupole motion in fact leads to mixing of bands in deformed 

nuclei and phonon mixing in spherical nuclei. Results in the 

transition region from tungsten to platinum show that the assumption 

of separation of beta and gamma vibrations is not very good. This 

is especially true for the W ~-sotopes, where the bands are almost 

degenerate and strong mixing is found. 

Preliminary calculations by Kumar (
57

) using a somewhat 

simpler model (the potential form is an analytic form rather 
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than the result of Hartree-Fa:::kcalculations) have been made for 

. . . 1 d h . 154 transition matrix e ements an s ape parameters in Sm. Most 

rnodels assume the nuclear shape to be static or capable of executing 

small, harmonic vibrations. While this assumption may be good 

for spherical and strongly deformed nuclei, it is probably not 

good for transitional regions. Kumar makes the adiabatic 

approximation that the intrinsic motion follows the collective 

motion, but the shape is allowed to vary to fit observed parameters. 

152 154 
These results should apply to Sm and Gd. 

In order to obtain agreement with the observed beta and 

gamma band energies, a large coupling between the two bands is 

necessary. This coupling is caused by the mixing of states with 

different shapes in the excited levels. The reason for these shape 

fluctuations is apparent from the potential shown in Figure 16; 

for excitations of 2 MeV, prolate, spherical, and oblate shapes 

are almost equally probable. The predicted branching ratios 

are given in Table 19 with the results of our experiments. 

The most notable successes are in the calculated values 

for the gamma to beta band transitions and those from the beta band 

to the ground state band. There is a singluar lack of agreement in 

fitting the gamma band to ground state band transitions; the mixing 

predicted by Kumar is too small to account for the experi1nental 

data. 
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Table 19 

Com:earison of Ex:eerimental B(EZ) Ratios 

with Calculations of Kumar (57 ) 

Predicted B (EZ) Ratio Observed B (EZ) Ratio 

Transition Kumar Rotational 15Zsm 154Gd 

Zr- Zp 1. 57 3. 1. 
zt--. z 

G. S. 

z-r__.. 0" 0.054 0. 70 0.01 0.40 
Zr___.. 

z " 

Zp ___.. 0 O.Z5 0.70 o. 1 7 0. l Z 
Zp~ 

ZG. S. 
G.S. 

4" ~ z G. S. 
O.Zl 1. 1 0.07 0.08 

4/1 -" 4 G.S. 

z, -a 0 G. S. 0.7Z 0.70 0.41 0.45 
Zy -a zG.S. 

4r -a zG.S. 0.3Z o. 34 0. 10 o. 14 

4r -- 4 G.S. 
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In addition to these results, several calculations have 

been made using a single particle states of a deforn1ed shell 

model. The amplitudes of the states are calculated according to 

a model developed by Nilsson (S
4

), with the resulting single 

particle levels identified by their asymptotic quantum numbers. 

A brief discussion of the Nilsson model is given in Appendix B. 

From these single particle states, the parameters of which are 

determined from odd-A nuclei, states in neighboring even-even 

nuclei can be formed. These excited states are of two types; 

two quasi-particle states (states made up of two single particle 

states with the pairing interaction included), and collective states 

made up of a coherent combination of two quasi-particle states. 

These states will have K as a good quantum number. Residual 

interactions are then included which mix in states with different 

K values. 

(52) 
Pavlichenkov has calculated the value of z

2 
using 

the rotation-vibration interaction in the form 

h - r"' At ± 'l. ':. ... l 
4Jo • 

t 
where J 

0 
is the moment of inertia and A .iz is the phonon 

production operator. The parameter r '1. is a function of three 

experimentally determined quantities; equilibrium deformation~ , 

pairing energy A , and gamma vibrational energy '\;'1.>J . 
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Bes (
5 

l) has used the Coriolis interaction to calculate 

the mixing through intermediate K=l states. Pairing and 

quadrupole forces are includ.ed, and the amplitudes of all K;;l 

states contributing to the collective gamma band are found. Ml 

transitions are allowed through the K= 1 states, and multi pole 

mixing ratios are given. Deformation and pairing energy are 

taken from experiment; the strength of the quadrupole interaction 

is the only free parameter. 
( 1 7) 

Marshalek has also made 

detailed calculations of phenomenological parameters using the 

Coriolis interaction. 

Bes (5 l) and Soloviev( 53 ) have calculated the energy 

and composition of excited states in deformed nuclei. These 

232 
results were discussed above with regard to U. 

A comparison of the values obtained in these separate 

calculations for the z parameter and the experimental values can 

be made using the results in Table 20. The results for the 

strongly deformed nuclei agree reasonably with the calculations. 



Isotope 

152Sm 

154Gd 

166Er 

z3zu 

152sm 

154Gd 

232u 

96 

Table 20 

Comparison of Experiment and 
Microscopic Calculations of z 0 and z2 

z2 

Pavlichenkov 
(52) B (51) es Marshalek(l 7) 

0.064 0.035 0.089 0.046 

,, 

0.079 o. 060 0.099 0.055 

0.028 0.022 0.076 0.033 

0. 024 0.039 0.074 

Zo 

0.062 

0.063 

0.023 

>:<No single z fits all B (E2) ratios. 

Experiment 

>:< 

::i:c 

o. 046(2) 

o. 025(10) 

,,, ,,, 

>::: 
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VI. CONCLUSIONS 

We have described experimental techniques for 

precision measurement of energies, intensities, and multipolari-

ties of gamma rays and electrons following radioactive decay. 

Using these techniques, we have studied several even-even 

deformed nuclei. Several additions were made to existing decay 

schemes, and particular attention was paid to transitions from 

the beta and gamma vibrational bands. Good agreement is found 

with the unified collective model, including first order band 

mixing, for the gamma band of the strongly deformed nuclei 

l 66E d 232 N . f d f h . r an U. o agreement is oun or t e transition 

nuclel. 
152

smand 
154

Gd. Th "b'l' h h 1 k f e poss1 i ity t at t e ac o agree-

ment may be due to Ml admixtures in the transitions may be 

discounted from the results of recent Coulomb excitation experi-

ments. Some degree of success in explaining the B(E2) ratios 

has been attained by Kumar and Baranger, using a model which 

allows for mixing of different shape modes in the excited states. 

The results are not in good quantitative agreement at present, 

but these calculations appear to have validity for the transition 

nuclei. More careful measurements of gamma to beta band 

transitions would be useful, and further information can be gained 
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by Coulomb excitation experiments, since these are very sensitive 

to the matrix elements connecting the beta and gamma bands. 

Stripping and pick-up reactions give information on the composition 

of the collective states. 

Apart from the low lying octupole bands, there is poor 

agr~ement with th
1
e rotational model values for reduced branching 

ratios for the negative parity bands in the nuclei studied. First 

order band mixing is not able to account for the experimental 

results. These states are at high energy, and there may be 

mixing with a large number of states. 
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APPENDIX A 

Rotational Wave Functions and Energy Levels 

The rigid body Hamiltonian Trot can be written: 

where R. is the rotation operator about 
l 

the i axis. In practice, the 3's are treated as empirical constants. 

The value is larger than that predicted for irrotational flow, but 

less than the moment for a rigid rotor. If the body has axial 

symmetry about the Z' axis, .J~• = Jy' = J , and using the relation 

R = I - J, the kinetic energy of rotation becomes: 

""" r - - - - 1 ( ... ... ) - - 1 t. TtoT = ii L I"'-t !" -1 ( I·l) -t ia,. -~.. (_ l~~ - J~, 

I 
In looking for approp:date eigenfunctions, we note that D MK ( ..;J') 

is an eigenfunction of the following operators: 

1 i. o.:" l-f') IL ~" 1 tt ... ,) o!~ <.-f') 

1~ \)~., <.-&) : ~ M b.:~ <..-.) 

I!· o,:~ \°"> ~ ~ ~ {);" t-t) 

The quantum numbers are shown in Figure 1. 

The product wave function 

~ - o;" <-~) ~J\. t "') 
is an eigenfunction of H. t and T t with the exception of in r ro 
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two terms 
_ 1'i. 
-.2.J 

- ... 
( I·l) 

) 

Since Hintr has not been defined, the J term can be 

incorporated in Hintr• The!· J term is the Coriolis energy 

and mixes states with K differing by one unit. 

Symmetry tests 
( 1) 

require, for Kf:O, 

~c. I~t'\) : L '1.:rc~"l''~ Al D,!.,. <-&l 1'1c. t 11 ·> -+ B D T (,,) 'V IC l11'>1 
M-k ,...._ 'I 

For K=O, which includes the ground state band of even-even, 

axially symmetric deformed nuclei, 

~ t IO M) ~ [ l. !::!' 1 X A 'O 't l.-&l l- l,r') 
11'°" M 0 o 

~ s \ tr:.+ 

The values of I allowed are 

"n,o~ 

K tr -=- o-

' 1t .,,._ 

c"" 1."' 't"' ... 
' ' \-.3-,S-

The energy levels are found by considering the Hamiltonian in the 

form 

H is small, and H. t contributes the same to each member 
coupl in r 

of the band, so the energy levels for a given band are given by 

~ I.\. 't" tr"-~) : ~ I tr-t') 't''1: "-~) 
~~ ~~ 

When we speak of a collective vibrational state, it is 

implied that the state is a coherent superposition of many 
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excitations (two quasi-particle states), each entering with a 

small aplitude. For the rare earths, the amplitudes calculated 

by Bes (S l) for the gamma band appear to confirm this inte rpreta-

tion. However, it is not excluded that the observed levels could 

be produced by a small number of excitations interacting 

through residual forces. Transition strengths between bands 

are only a few single particle units compared to approximately 

100 for the collective intraband transitions. 

Octupole vibrations are also possible. The value of 

the phonon angular momentum is 3, with projection on the 

... 
symmetry axis V =0-, 1 - , 2 - , 3-. The o- band appears most 

frequently, often below 1 MeV, and is calculated to be the most 

collective. 232u is an example in which bands with K =0-, 1 - , 2 -

have been identified. 

Transition Probabilities 

The transition rate T for the decay of a nuclear level 

by gamma radiation of energy E and multipole ~ is given (in the 

long wave length limit) by the relation 

T= &v ( .\ "°' l 
,.. t ti.""'') u1 
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In the case of E2 radiation, the operator M ( ~) is given by 

where the sum is overall protons in the nucleus. The operator 

can be referred to the intrinsic coordinate frame by use of the 

rotation operator: 

y ~~) 0 ~: o~~~ '~' l Y~~'1t.re l ~~indicates the 

intrinsic system. 

The matrix el~ment can be calculated using the product 

wave function 

Performing the integration over angular coordinates, 

< !. ' M f l 'VV\ ( e l.) \ I: ·. ~ ·, ') = [_ l. r f • ' 1 '',_ " 
Z.t· . ... , 

" ~ (I~ 'l. M, C\ \If l'\4) (I.·, 'l. l<~ t \If ~) t''f fl~ r r~to)l y•~>{ \l,) 
/_a \,. ~D \ 1tt 
1.' £ 

The intrinsic matrix element is the same for all members of the 

band 

The angular momentum dependence is contained in the Clebsch-

Gordan coefficient. Summing over magnetic substates, the 

B (E2) value becomes: 
~ 

ite1.) : -L- <I:: L. \<.; ~ -=.f'-"J \ l~ ~-r) 
1.I.~+I 
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I 

For transition from an initial level Ii Ki to final levels If and If , 

Kf , the intrinsic matrix element divides out and 

. . 6(£'l.) N (!j'2.K.(K,-l',) \If~f)" 
Vibrations ' 

Spherical Nuclei 

The energy levels below 2-3 MeV of spherical nuclei 

can be understood by considering these modes as collective 

vibrations of the nucleus. The shape of the surface can be (l 5) 

expanded in spherical harmonics 

Re.~,~)~ 'R. t 1 -rf"" 0(.,.,.. '<~,., t~_,•>~ 
The°" can be used as dynamical variables. The Hamiltonian ,.,... 
can be written 

The solutions are those of a harmonic oscillator, and the 

152 
excitations can be regarded as phonons. Gd shows a typical 

level scheme, Figure 10. The first excited state is 2+, a one 

phonon state, with enhanced B(E2) strength to the ground state. 

The triplet states o+, 2+, 4+ are interpreted as two phonon 

excitations. Transitions from these states to the one phonon 

state are enhanced; those to the ground state are retarded, as 

shown in Table 7. In this model all Ml transitions are retarded. 

Spheroidal Nuclei 

For quadrupole vibrations, the nuclear surface can be 
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described in terms of 5 parameters 

'RC e,+) = R0 l l 1" #, .... t><,._ y;•\ e,•) ~ 
The Y 'f:.1 

can be referred to a coordinate system fixed in the 

nucleus, and the five parameters become the three Euler angles 

specifying the orientation of the ellipsoid and two parameters 

describing the shape, {J and)". The three axes of the ellipsoid 

become 

The parameter Y determines the shape, 

only for certain values of r . 

~(~-1..!!l)~ 
~ 

;:.\,"l,3 
which is axially symmetric 

D '= D ?~o'-'41';: S l> tH:t..o'o 

)'-: 1( 0 \\c..t.tc 

'!' ~ tt/~ 6' 1.fl/~ ~ "AIA'-'-'"" s "(N~£Tl.'C. ( ~· O& Y') 

The phonon angular momentum is not a good quantum number, but 

the projection on the symmetry axis is. For beta vibrations, 

-V =0, for gamma vibrations,-..> =2. Figure A. 1 shows schematic-

ally the vibrations. A typical spectrum of a deformed nucleus is 

given in Figure 12. 

Transitions from the p and )'bands to the ground state 

band are collective, but less so than transitions within a rotational 

band. Measured values are given in Table Al. For the gamma 

band, A K=2 and the transitions are predominantly E2. The 
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Quadrupole 
distortion 

13-vibration 

'Y -vibration 

{v == 0)
octupole 
vibration 

Figure A-1 

An illustration of the simple vibrational modes of a 
deformed nucleus. (From reference 58). 

I 
I 

"\ I ' / 
_,, 
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Table A-1 

B (E2) Excitation Values to Gamma and Beta Bands 

B(E2) Exe. 
o+-. 2+G S 

Isotope 
2 2 .. 

e b 

152Sm 3. 40(12) (60) 

152Gd 1.07(18) 

154Gd 3.68(20) 

166Er 5. 78 (20) 

232u 9. 9(1. 2) 

:>!' Measured in 232 Th = 3 s. p. u. 
>:o:' Measured in 232 Th = 2 s. p. u. 

(50) 

B(E2) Exe. 
o+- 2+ 

2 2 'I 
e b 

( 61) 
o. 068(12)(44) 
0.085(15) 

0.13(5) 

o. 21 (4) 

:>!( 

B(E2) Exe. 
o+- 2+ 

2 2 p 
e b 

0. 061 (14)(44) 
o. 023 (5) 

o. 12(8) 

:i:i::i:< 
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value A K=O allows EO transitions from the beta band, but the 

EO transition does not compete with E2 except for large Z, 

Z greater than 80. 

Transitions between the two vibrational bands are 

expected to be E2, since A K=2. There is some disagreement 

on the predicted transition strength. Elliot(lb) states that the 

strength should be intermediate between the collective and 

single particle value, while Bjornholm (S
9

) remarks that the 

transitions should be retarded, as are two phonon transitions 

in spherical nuclei. 



108 

APPENDIX B 

The fundamental paper describing the states of a 

particle in a deformed potential was written by Nilsson (
54

) in 

1955. The single particle Hamiltonian (neglecting particle -

particle and rotation - particle interactions) is 

c. - - + D a" H: Ho+ i·S >.. 

With a change of variables, H 0 can be separated into two parts, 

H
00 

which is independent of angle, and H {J . The solutions can 

be found in several sets of base states. Nilsson used the 

representation \ N l A"£), corresponding to the following 

eigenvalues: 

Hoo \ Nq A!.) ~ \\~. (µt'"') \ Nl L\. ! > 
9-,_ \Nl!\.!..)-= l.tl.-1) \1'}t.A.!.) 
1. ~ l N .l ~ 1 "> = .b... \ \.l l l\. 1. > \A\~ '-

s~ \ N 11\. l..) .: ~ \ N l. .1\ "5.) 

For axial symmetry, j~-:J\_ is a good quantum number, and 

solutions are 

\NJt> 
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Another basis has l and S coupled, so that 

~ oo l tJ ~ j .i\.) = t\ &Jo(.µ -t 1"i.) \ ~ q ~ Jt) 

e:t.-. 
The solutions are then written 

Note that j is not a good quantum number, although 

is good. For large deformations, certain operator eigenvalues 

become constants of the motion. These are called asymptotic 

quantum numbers, and are usually given in the form 

This means that for a typical deformation the amplitude of any 

other state is small. The numbers ~ 4\st\.1 are also used, 

since N deter1nines the parity and !1.:At L. An example is 

651 f which is the same as 3/2+ [651]. The energy of these 

single particle states as a function of deformation has been 

given by Nilsson. 
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