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ABSTRACT

If R 1s a ring with identity, let N(R) denote the
Jacobson radical of R, & is local if R/N(R) 1s an artinian
simple ring and NN(R)1 = 0. It is kmown that if R is
complete in the N(R)-adic topology then R 1is equal to
(B)n’ the full n by n matrix ring over B where E/N(E)
is a division ring., The main results of the thesis deal
with the structure of such rings B, In fact we have the
following.

If B is a complete local algebra over F where B/N(B)
is a finite dimensional normal extension of F and K (B)
is finitely generated as a left ideal by k elements, then
there exist automorphlsms BlseessBy of B/N(B) over F such
that B is a homomorphic image of B/N[[xl,...,xk;gl,...,gk]]
the power series ring over B/N(B) in noncommuting indeter-

minates x,, where x,b = gi(b)x1 for all b € B/N,

i
Another theorem generalizes thils result to complete

local rings which have suitable commutative subrings,.

As a corollary of this we have the following., Let B be

a complete local ring with B/N(B) a finite field., If

n(B) 1s finitely generated as a left ideal by k elements

then there exist auvtomorphisms ByseeosTy of a v-ring V

such that B is a homomorphic image of
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V[[xl’...’xk;gl’... ’gl{]] .
In both these results 1t is essential to knmow the
structure of N(B) as a two sided mndule over a sultable

subring of EBE.
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SLCTION 1
INTRODUCLION
The structure theory of commutative semilocal and

local rings has been developed extensively but there has
been little success as yet in extending these results
to noncommutative rings. In thls paper we prove some
structure theorems for noncommutative complete semilocal
and local rings. In Sectlion III we obtain some information
on the structure of complete semilocal rings whose radical
is finitely generated as a left ideal. 1In commutative
theory it 1s known that such rings are direct sums of
complete local rings.' As the ring of trlangular n by n
matrices over a fleld shows, this result 1is not true for
noncommutative complete semilocal rings but we do obtain
the following. (Throughout we shall let N(S) denote the

Jacobson radical of the ring S.)

Theorem 2, If R is a complete semilocal ring with finitely

generated radical, then R = R;®...8R, where R, 1s an algebra

1

over the rationals and for 1 >1, R, 1s 2 ring with identity

i
e; such that for distinct primes Dys Dy N(R

g
It is well known that the completion of a commutative

noetherian local ring 1s again a noetherian local ring,

This problem has not been settled for noncommutative local

rings. Goldie [6] shows that this would be a strong con-
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dition. In any left noethefian ring of course the radical
is finitely generated as a left 1ldegl, In the case of
commutative complete local rings, finite generation is
sufficient to prove the structure theorems and to imply
that the completion 1s noetherlan, In the noncommutative
case finlte generation of the radical is not sufficient
to prove that the completion is noetherian as the power
series ring F[[x,y]] in noncommuting indeterminates x and
y over F shows, However, in the noncommutative structure
theory, finite generation of the radical seems to play

an important role., In Section III we prove

Theorem 1., The completion of a semilocal ring with fin-
itely generated radical 1s again a semlilocal ring with

finitely generated radical.

I.S. Cohen [3] proved that any commutative complete
local ring with finitely generated radical is a homomor-
phic image of a power series ring with a suitable coeffi-
cient ring. Some effort has been made toward extending
these results to noncommutative complete local rings,
Batho [2] for example has shown that if R is a complete
noetherian local algebra over a fileld F such that R/N(R)
is finite dimensional and separable over F then R is a

homomorphic image of a quasi-cycllic algebra S, This theorem
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is extended in Section IV to a complete semllocal algebra
R over a fileld F such that R/N(h) 1s finite dimensional
and separable over F, This theorem 1s the basis of Section
IV and the structure theorems for complete local algebras,
It is known that if R 1s a complete local ring then R
is the ring of all n by n matrices over a complete local
ring B where B/N(B) 1is a division ring. 1In Section IV
we obtain the following information about the structure

of B.

Theorem 7. Let B be a complete local algebra over F where
E/N(B) 1s a finite dimensional and normal division ring
over F, If N(B) is finitely generated by t elements then
there exists automorphisms - N of B/N(B) fixing F
such that B is a homomorphic image of B/N(B)[[xl,...,xt;
gl,,,,,gt]], the power seriles ring over B/N(B) in noncom-
muting indeterminates x, where x,b = gi(b)x for all be

i i i
B/N(E).

Note that in this theorem we do not say that the
automorphisms are distinct. We also obtain a similar theor-
em for comclete local algebras B where BE/N(B) is a finite
dimensional separable extension of F,.

In Section V we extend the results of Section IV to

complete local rings which have suitable commutative sub-
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rings, Suppose B 1s a complete local rir3 with finltely
generated radical and E/N(B) is a field F, Also suppose
that the characteristic of E/N(B) is a prime p and the
characteristic of B is not equal to p. The major results

are these:

Theorem 15, Let S be a commutative subring of E which

maps onto F under the natural map ¢ which takes B onto
B/N(B)., Let S be a finite module over a subring S'

of the center of B, S' be noetherian and F be a normal
extension of ¢(S'), If N(B) is finitely generated by

t elements, then there exists automorphisms BlseeesBy

of a v-ring V such that B is a homomorphic image of V

‘v[[xl,...,xt;gl,...,gt]] where V/N(V) is isomorphic to F.

Theorem 16, If F = B/N(B) 1is a finite field and N(B)

1s finitely generated by t elements, then there exists
automorphlisms ByseeesBy of a v-ring V such that B is a
hemomorphic image of V[[Xy,...,X;;87,...,8;]] where V/N(V)

is isomorphic to F,.
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SECTION 11
DEFINITIONS AND NOTATICN

This sectlion introduces some of the terminology and
definitions used in the structure theory of complete non-
commutative local rings. All rings will be assumed to
have an identity.

A ring 1s artinlan if the descending chain condition
for left lideals of the ring 1s satisfied, A ring is noeth-
erian if the ascending chaln conditlon for left ideals
of the ring is satisfliled, The Jacobson radical of the
ring R will be designated by N(R) or by N whenever the
ring R is clear from context. The set of all n by n mat-
rices over the ring B will be denoted by (B)n.

A semilocal ring R is a ring such that (’\Ni = 0 and
R/N is artinian, A local ring is a semilocal ring such
that R/N 1s simple.

A topological ring 1s a ring which 1s a topological
space such that addition and multiplication are continuous,
If I 1s an ideal of the ring R such that NI = O then R
is a topological ring using lIn as a base of neighborhoods

of {O%. The topology 1s called the I-adic topolozy.

A complete ring is a ring which 1is complete with respect
to its N-adlc topology. We will designate the c-mpletion
of R in the N-adic topology by R.

A v-ring as introduced by Cohen [3] is a complete
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discrete commutative valuation ring whnse maximal ideal
is generated by the prime integer p where p = characteristic
of V/N(V). That is, a v-ring is a crmplete commutative
local integral domaln whose maximal ideal is generated
by the prime integer p.

If V is any commutative ring , BiseessB, automorphisms
49

of V then the Hilbert power series ring V[[xl,...,xk;gl,..,
,5k]]'is defined as the power series ring over V in non-
commuting indeterminates XypeeesXy such that X, v = gi(v)xi
for all v € V,

An algebra R 1s quasicyeclic if 1) R contains a sub-

algebra A which 1is mapped is-morphically onto R/N bv the
natural map, and 2) as a two sided A module R is equal

to the complete direct sum AeaNl 1
Let R be semisimple artinian algebra over F, Let

®N°® ... where N, = W/N°.

the Wwedderburn decomposition be (D ®d... (D

l)n(l) k)n(k)'

Let Ci be the centers of the division rings Di. Such an

algebra R 1s separable over F 1f each of the fields C1
is a separable extension of F, A separable algebra 1s

normal over F if each Ci 1s a2 normal extension of F and
each automorphism of Ci over F is induced iy an automor-

phism of D, over F,

i
Finally we next introduce the notion used by Hochschild
[] of a U-regular (V,V) module where V is a ring and

U is a subring of V. A U-regular (V,V) module M is a

two sided V module with U C {v e V « vm = mv for allxneli%
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SKCTION IT1I
THLE C & LETION NF A SEIILOCAL RIWG 'ITH
FINITELY GLNERATLD RADICAL

This sectlion gives us s-me general informaticn on
the completion of a semlilocal ring whose radical is fin-
itely generated as a left ideal, We relate semilocal
rings with finlitely generated radical and projective limits
of artinian rings in order to obtain further information,

The followlng lemma 1s easily derived from theorems
1.3 and 2.3 of [1].
Lemma 1. If R is a ring with identity such that NN = o,
then Nu(R)Y = 0, while for 3 >0, M(E)INR = H(R)! ana

BR/N(R)D = R/m(R)J,

We will now investigate some proverties of finite

generation of the radical

Lemma 2, If R is a complete semilocal ring with R/N2
artinlian then for each positive integer }J, Nj is a finitely
generated left ideal,

Iroof, Ve will first show that N is a finitelv generated

left ideal and use this to obtain the lemma, Let n € I,
h)
Since ¥/N° is a finite left R/ module we have n = _flrini

A - ‘ =
mod N° where {ni i:lis 2 minimal generating set for the
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2 3 2
R/N module N/NT., n- Zrini =m e K° but miio = Zts+N3

2 ‘LGI 2 Finte ‘ l K
where t,8 ¢ N~N°, 3ince t,s € N~ N there exists ? 1121

? D
and ; i;i 1 such that t- itin1 € N 8- 2 1 i N~ so
that ts--(Z’c,ini)53+(Et,1ni Et‘jni (Zs ) € N2 . Eence
Kk
)
m+i = 2 Zt‘ini (Zsini)+N Zri(l‘i(E Ny (1)Pg ()N

$inite b3 HONGCITY)

because nys; € N~ N° and so is written Zp n, mod ne,
Continuing this process we have n- Zri 1
k ®
(2) - (u)
2, Fi(1)1(2) "1(1)"1(2) Wl () L) () ()
iylaar * =, bl 2
€ Nu+l. Since R is complete we have
5 (1) _
-2 Zﬁ ) 1()Pa(1) e Pa(y) VReTe Ty = Ty,

Now we may rearrange the series and collect terms ending

in Dg. Thus we have n = Upng+.. . +un, where for example
- 1) (J)
e ¥ ELZ;‘ cee1(3-1),1 Pa(1) - Pa(y-1)
Jag g

Therefore I = [ny,...,n,]. We will now show that the set
of all products ni(l)"'ni(j) generate NJ. The statement
ig true for J = 1 so by 1nduction it 1s sufficient to

show that the statement is true for g+l if it is true for

g+l _ e~ (u) (u) (u)
. Therefore n -Es ] ...sq”_ 1

g;...s(u) € Nq, we have

g, Let n € N
(

where s €

N, Silnce s

) zk: a(u) n n and
1 - s 1(2)...4(q+l) “1(2) "1 (g+l) T

2)...1(g+1) M1(2) " Pi(qge1)



[

= (u) A(u)
=D, (s 111)r11€2)...1(Q+1))n1(2)"'ni(iﬁl) . FPut

[RESRTIET TANY w =1

€ N and hence 1s equal to

u )
1 2)...1(g+l)

w2y

r Therefore

[XOL A}

1(1)...1(q+1) Ma(1) e

K
" =;‘,,..Z;‘,l,ﬂi(l)°"1(q*'l> M1(1) *ML(g+1)

and the lemma 1s proven,

Note that in proving this lemma we showed that any
minimal generating set of N/N? as an R/N module can be
raised to a minimal generating set of N as a% ideal and
vice versa ., Hence from the properties of finitely gener-
ated mcdules over semisimple artinian rings we know that

every minimal generating set of N has the same length,

Theorem 1., The completion of a semilocal ring with fin-
itely generated radical 1s agalin a semilocal ring with
finitely generated radical,

Proof, Since N 1s a finitely generated left ideal it
follows that N/N2 is a finitely generated left R/N module,
Since R/N is artinian by assumption it follows that R/N2

2 1g isomorphic to R/N(R)2

is artinian. By lemma 1, R/N(R)
and 1s therefore artinian, Lemma 2 then proves the corol-

lary,
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Proposition 1. If R is =2 complete semilocal ring with

R/N2 artinian then for each positive integer i, R/Ni 1s
artinian,
Proof. By lemma 2 for any k >0, Nk is a finitely generated

ideal, Hence Nk/Nk+1

1s a finitely generated left K/N
module, Thus a finite composition series can be obtained
from the series R/N, N/NQ,...,Ni-l/Ni. This imnlies that

R/Ni is artinian.

Some information about the structure of complete
semilocal rings can now be gained from our knowledge of
artinian rings ty using the projective 1imit, BSuppose
that ;Rig, (121) 1s a sequence of rings and §¢iz, (121)
i1s a sequence of homomorphisms such that ¢i_1(Ri)= Ry_q1-
The projective limit of §Ri§ i1s defined to be the subring
of the complete direct sum of {Ri}’ consisting of those
elements :ri§ which satisfy ¢i-l(ri> = ry_,. The projective
1imit of :Rig will be denoted by PL(R,). The following

18 a well known and easlly proven fact,

Proposition 2. If R 1s any ring complete in the N-adic

topology where FWNi = 0 then R 1s the projective 1limit

1-1

of R/Niz under the natural map ¢; 4 : R/Ni-» R/N

Proof, The map r € R — (r+N, r+N2,...) is 2 homomorphism

from R into PL(R/Ni). It is 1-1 since r - O implies
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r ¢ Ni for each 1 which in turn means r ¢ NN = 0. Bup-

pose (il

r, = zg(ri-ri-l) is a Cauchy sequence so that r =

-

+N, rp+N2,...) e PL(R/N!), Letting r, = O we have

- > - = - U
Z:(r1 ri—l) exists, But r-r ;g;(rj r 1) € M so that

o

n

(r4N, 47, ..0) = (], T40°0, . .00,

Theorem 2, Let R be a complete semilocal ring with finitely
generated radical. Then R = R;®...8R, where R 1s an
algebra over the rationals and for 1 >1, R, 1s a ring with

1
ldentity ey such that for distinct primes Py» Py& € N(Ri)’
Proof. 'We will make use of the fact that R = PL(R/N).
R/N 1s artinlan and hence 1s equal to Rj1®...®R,, where
Ry; 1s an algebra over the rationals and for 1 >1, Ril
has characteristic Py for distinct prime integers pi.
Since 1 € R 2and R/NJ is artinian (Pr-position 1) there

exist by [5, page 283] rings Ry, 1s1=k, 1=] such that

J
R/NJ = le@...eRkJ where le is an algebra over the rati-n-
3ls and for 1>1, Rij has characteristic a power of pi.
Because of the distinctness of the characteristics of the
components of the decomposition of R/Nj, 1t 1s easy to see
that this decomposition 1is unicue, From this fact we can
deduce that the natural map % : R/Nj+l—--s—R/Nj induces a

map ¢1j : Ry j+Jf_’Rij' From the decomposition of R/NJ+l
’
. +1 . N :
we have N/NJ = N(R1j+l)®...$k(akj+l) and hj/Nj+1=

N(R13+1)j®"‘@N(Rkj+l)J‘ Thus qj is actually the natural
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map of Rij+1 onto Rij+l/N(Rij+l)J' ¥rom this it is evident

that the diagrai ¢
4 R DU A

l uij¢ l Ui g41
- 1) .
13 T M+l

commutes where uij is the projection map of R/N‘j onto
Rij' we now claim that R = PL(R/Nj)=.PI_.(R:U)GB...GBPL(F-:};j
The commutivity of the dlagram guarantees that u : ;ri+Nit
——>;rli,...,rki i1s a well defined map. It 1s easily
checked that u is an isomorphism into, Suppose that
{rlj} € PL(le). To show that u i1s onto we must have a
sequence %ri+Ni; € PL(R/Ni) which maps onto r15,0,...,0
under u, The seguence %rlj+NJ§ of course does this,

We now need to show that Ry = PL(le) contains a copy of
the rationals and that N(Ry) = N(PL(Rij)) c-ntains pje,.
To show the first note that if Ryy 1s zers then le is
zero for every ) and of course PL(le) is zero, Thus

Ry 1s trivially an algebra over the rationals. Otherwise
le contains a unique copy of the rationals generated by
ejy the identity of Ryj. ¢lj—1 maps this copy onto the
unique copv in Ry,_q so that PL(le) is an algebra over
the rationals, The assertion that N(Ri) = N(PL(Rij) con-

tains pje; 1s clear since pyey 1s contained in N(Rij) and

¢ij—1 maps Dj ey onto ISR E The theorem 1s thus proven,
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Corollary 1, TFor 1>1, either Ri has characteristic a

power of a prime or R1 contains a copy of the valuation

ring Ip(i) determined by the prime Py in the integers,

Proof. Ri = PL(Ri/N(Ri)J) and each Ri/N(Ri)J contains

Iei/N(Ri)there I 1s the intezers and e, the identity of K

i
If there is some integer n such that pye, € N(R

g
i)j for
each j then pri]ei = 0 and R has characteristic dividing
p?. If this 1s not the case then the loeczlization and
completion of the subring PL(Iei/N(Ri)j) of R, =2bout the
1deal generated by Dy €&y is again a subring of Ri and is

in fact a copy of Im(i)‘

Corollary 2., Let Ri/N(Ri) = (Dl)n(1)$"'e(Dt)n(t) be the
Vedderburn deconposition of the semisimple ring Ri/N(Ri)
where ej —_— €J 13 the map ~»f orthogonal ldempotents of
R; onto orthogonal idempotents of Ri/N(Ri). Let Muj =
euRiej° If we make the conventlon that a characteristic
which 1s equal to zero is written as equal to infinity
then the characteristic of Muj divides min {characteristic
of e, characteristic of ejf.

Proof. Y is an (e K€, ejRiej) module. Xence the

characteristic of Muj divides the characteristic of eu

and the chara:teristic of ej.



14
SECTION IV
COMPLLTE LOCAL AXND 3FMILOCAL ALZEBRAS

This section deals with the structure of certain
complete semilocal and local algebras with finitely gen-
erated radical, The techniques used are an extension of
some 1deas of Hochschild [7,9]. e prove that if R is
a complete local algebra over F with finitely generated
radical such that R/N is finite dimensional and normal
over F then R 1s a complete matrix ring over the homomor-
phic image of a Hilbert power series ring, A new type
of complete local ring is then defined and we investigate
the structure of complete local and separable algebras
in relation to this ring.

The following theorem was proven by Curtis [4, rage

80].

Theorem 3, Let R be an algebra over a fleld F where

Ayt

= O and R 1s complete in the N-adic topology. ITf
R/N is finite dimensional and separatle over F then R

contains a subalgebra A such that R = A+ N and ANN = 0,

The next lemma and theorem are found in Hochschild
[7, pages 371 and 372].
Lemma 3. If A i1s a separable algebra over F then every
two sided A module M is semlsimple, in the sense that

every two sided submodule of M has 2 comnlement,
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Theorem 4, Let R be an algebra over F with R/N finite

dimensional and separable over F, If Nk = O for some

k-1

k then R 1s a homomorphic image of (R/N)eNle...eml

where

N/Ng.

i

Ny

We now extend these results to complete semilocal
algebras, Batho [2] proved the followlng theorem but we
include a proof here using different terminnlogy and con-

cepts,

Theorem 5. Let R be a complete semilocal algebra over
F, If R/N is finite dimensional and separable over F

then R is a homomorphic image of a quasicyclic algebra
2

R/N@Nle Nle ® e 0 L]

Proof. Proposition 2 gives R = PL(R/Ni). By theorem 3

there 1s a subalgebra A such that R = A®N as two sided

A modules, ©Since A 1s a separable algebra lemma 3 guaran-

tees that N2 has a complement Nl in N, That is N = NleN2

as two slided A modules, Using this N,and A, theorem 4

1
then implies that R/Ni is a homomorphic image of C; =
Lol e i\f%@ ... @ﬁ%‘_—l where A and N, are the appropriate

images of A &nd N; in R/N'. Let 6, be the homomorphism

of C; onto R/Ni. Let ¢, be the natural map from R/Ni+l onto

R/Ni and ¢, the natural map from C to C Note that

i+1 i

the dlagram



16
Uy
Ci+1 - Ci

(o} oy commutes.

i+l
g/ttt 21 gt

Let (cl,cg,...)e'PL(Ci). Define 7(°1s02»---) = (cl(cl),

o5(¢p),...) . The commutivity of the diagram implies that

this is a map of PL(Ci) onto PL(R/Ni) = R. It is clear

that Y 1s a h-momorphism, Note that PL(Ci) = AGBN1$ N%@ .o

as a two sided A module complete direct sum,

In order to gain additional information about complete
local algebras, we need to know the structure of N/N2 as
a two sided R/N module, The following theorem of Hoch-
schild [8, page 451] gives us this structure for certain

rings R/N. We restate 1t for our special case,

Theorem 6, Let D be a finlte dimensional normal division
ring over the field F. Then every K-regular (D,D) space

is a sum of simple K-regular spaces, Every simple K-regular
(D,D) space has the form Dn where nd = g(d)n, d € D, and

g 1s a fixed automorphism of D over F,

If R 18 a “complete local ring then R = (B), where
B 1s a complete local ring with B/N(B) a division ring.
Hence the structure of R 1s determined by the structure

of B.
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Theorem 7, Let B be a comnlete local algebra over F where
B/N is a finite dimensional and normal division ring over
F. If N is finitely generated then there exist automor-
phisms g;,...,8, of B/N such that B is a homomorphic imagze
of B/N[[xy,.00sX58)500.,8]], where k is the dimension
of N/N2 as a left B/N space,
Proof, By theorem 5, E 1s a homomorpnic image of
AeN, o N%@ cee s Ny o= N/NQ. Theorem 6 tells us that
Ny = (B/N)nlea... @(B/N)nk where nib = gi(b)ni for b € B/N
and automorphisms &y of B/M, Hence B is a homomorphic
image of B/N[[xl,...,xk;gl,...,gk]]. Note that k 1is the
dimension of N/N2 as a B/N module and hence by the proof
is a3 generating set of N,

of lemma 2 n .9

1°°° k
This set is of course minimal.

We now consider the case where B/N is a field and
is a finilte dimenslonal separable extension of F, As
in theorem 7 we need to gain some information ~n the
structure of N/N2 as a two sided B/N module, Since B/N is
a separable extension of B we have B/N = F(6) where 0 is
a root of a separable and irreducible polvnomial f(x)
contained in F[x]. We now collect the following inform-

ation from Jacobson'[lo].

Theorem 8, Let f(x) be a separable irreducible polvnomial

in F[x]. Let 6 be a root of f(x) and let K = F(8), If
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M is an F-regular (K,&) module which has finite dimension
as a left X space then M =Dﬁ_e...<BMt as simple bimodules,

With each Mi 1s associated an irreducible factor

‘aOi'alix""’am(i)-l,ixm(i)-l #a(1)

that Mi = leiéa...eame(i)i as left K gpaces, 1In Mi

of £(x) in K[x] such

multiplication on the right by 0 is identical with the
linear transformation induced on Mi as a left K space by

the companion matrix

o 1 0.,.. O
o 0 1... O
o . . 1
201 211 - fm(1)-1,1

of “301-834 X0 (4)-1 1 xm(i)—l-+xm(1).

Proof, Multiplicatlon on the right of M by 6 induces a

K linear transformation T on the left X space M, 8ince

0 satisfies f(x) € F[x] we have f(T) = 0. Hence the minimal
polynomial for T in K[x] divides f(x) and is thus separable,
The rational canonical form for linear transformations

now guarantees that M =¥, ®...9 M where My 1s invariant
and cyclic under T. Thus each M4 1s a simple (K,K) module,
There is a basls for My such that the transformation Ty
induced on My by T takes the form of the companion matrix

for some irreducible factor of f(x) in K[x].

We are now in a position to prove the final theorem

of the section., First we shall define a class of complete
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local algebras., Let K = F(0) be a finite dimensional
separable extension of F, Let f(x) be the irreducible
monic polynomial of 6 over F[x]. Let T be the companion
matrix of an irreducible monic factor of f(x) in K[x].
We may suppose that this factor has degree n(i) so that
T, 1s an n(i) by n(i) matrix., Let us note here that the
T1 are not necessgsarily distinct and do not negegsarily
include all the companion matrices of the irreducible
factors of f(x). The ring K[[&L,...,Xt;Tl,...,Tt]] is
defined to be the power series ring with coefficients
from K in n(l)+ ...+ n(k) noncommuting indeterminates xiJ
where Xy = Xil""’xin(i)}’ xijf = fxij for all £ € F
and xije = Tixij where 'I‘1 1s considered as a linear trans-

formation on the space Kxil D ... @Kxin(i) .

Theorem 9, If B 1s a complete local algebra over F whose
radical is finitely generated, and if B/N = X 1s a finite
dimensional separable extension fileld of F then there ex-
1sts matrices T, such that E 1s a homomorphic image of
K[[Xl""’xt;Tl"“’Tt]] where n(l) +... +n(t) = k, the
dimension of N/N2 as a left B/N space,

Proof. ©Since XK is finite dimensional and separable exten-
sion of F we have K = F(08), By theorem 5 B i1s a homomorphic
image of K®N.® N%@ NiEB... , the complete direct sum. By
theorem 8 we have N = Mlea...@Mt where My = Knil@

G’Knin(i) and niJG = Tinij for the appropriate companion
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matrix Ti' Hence B 1s a hom-morphic image of

K[[Xl,...,xt;Tl,...,Tt]] under the map induced by x

—n

1) 1)°

We may note here that theorem 7 1s a direct result
of this theorem when B/N 1s a field but does not follow
if B/N is a division ring,

Corollary 3, If B 1is a complete local ring whose radical

is generated by k elements, k minimal, and if B/N = K 1is
a finlte dimensional separable extension field of the
rationals then there exist matrices Ti such that B is a
homomorphic image of K[[X),...,X ;Ty,...,T,]] where

n(l) +...+n(t) = k,

Proof. Since the characteristic of B/N 1s zero, B is

an algebra over the rationals., Hence the hypothesis of

theorem 9 are satisfied,
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SECTION V
COMPLETE LOCAL RINGS WITH SUITABLE COMMUTATIVE SUBRINGS

This section deals with complete local rings B whose
radical is finitely generated as a left ideal and which
have sultable commutatlive subrings, We wlill see that
these rings include those complete local rings B with
finlitely generated radical such that B/N is a field F
which is a finite dimensional normal extension of its
prime subfield.

If the characteristic of B 1s equal to the character-
istic of B/N then the results of this section reduce to
the results of section IV, Therefore in the following we
will assume that the characteristic of B/N is a prime p
and the characteristic of B is not equal to p.

The structure of certain U-regular (V,V) modules
will be essentlal in the theorems of this chapter, Ve
use some elementary technigues to obtaln the recquired
information in the next serles of lemmas, In these lemmas
we will assume that B and U are v-rings and V 1s a finlte
module over U,

The following lemma is an easy variation of a result
of Cohen [3, page 68]. 1In the version as stated below,

we do not need the hypothesis that R 1s noetherian,

Lemma 4, Let R and S be commutative local rings with

RCS and R complete, If S'N(R) = N(S) and S/N(S) 1is
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a finite algebraic extension of R/N(R) then S 1s complcte
and S = Raq + ...+ Ra, where a;,...,a, 1s any 1lifting of

a basis 3ay,...,8, of 3/N(8) over R/N(R).

In the remainder of this section we will denote V/N(V)
by F and U/N(U) by F;. We will denote the field of quot-

ients of V by Q and the fleld of quotients of U by Q .

Lemma 5. If &;,...,2, 18 a basls for F over F; and
81,...58, 1f a set of elements of V mapping onto a;,...,3;
under the natural map then a;,...,a3, 1s both a basis for

V over U and g over &,

Proof. Lemma 4 guarantees V = Uay+ ...+ Ua,, Ve must
now show independence over U, Suppose A75.0038y are de-
pendent over U, Without loss of generality we may assume
T={u#0:ue€eU, O=ua+ ... *tupa,} 1s not empty.

let S = { a: a 1s a non-negative integer such that for
some u € T we have u = p“u' where u' ¢ U and u ¢ §a+1u"
for any u'" € U}, Since T is not emoty then under the nat-
ural map we have O = Ua; + ...+ Fuék which implies T = O
and u = pu' so that S is not empty. Pick a minimal a € S,
Therefore there exists u,,...,u, such that O = Uy aqy+...+0pay,
and u, is divisible by pa but not by p9+1. In F we have

O = Ujay+ ...+ Upa, so that U; = O for each 1, Therefore

uy e N(U) which implies uy = pui for each 1. Theretore

O=p(uja;+ ...+ upay) and since V is an integral domain
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0 = uja; +...+us,, ul # 0. We have ul = p* "u' and u; # p*u"
for any u" € U. Since o is minimal, we have « =0, which
contradicts the fact that uy 1s divisible by p. Hence
each u, = 0 and 8q95...,8), are linearly independent over U.
Since @ = {v/p* : v € V, a is a non negative integer}
we have v/p% = (ul/pa)a1+ ...+(uk/pa)ak so that

Q = Q1a1+ ...+-Q1ak. A linear dependency of the a, in Q

i
over Q1 would imply a linear dependency in V over U,

Therefore {al,...,ak} 1s indeed a basis for Q over Q.

Lemmg 6, If F is a ncrmal extension of F, then there is
an isomorphism between the group of automorphisms of V
fixing U and the group of automorphisms of F fixing Fl.
If g 1s an automorphism of V then an isomorphism is given
by g—>g where (V) = g({v).

Proof., Since ¥ is normal over Fy, F 1s the splitting field
of a separable irreducible polynomial T(x) € Fl[x]. Sup-
pose T(x) = (X-El)...(x—ak) in F[x]. We may suppose that
(&y,...,8,) forms a normal basis for F over F;. Choose
f(x) € U[x] which maps onto T(x), By Hensel's lemma
{51,...,§k} can be raised to [al,...,ak} contained in V
such that f(x) splits in V[x] to f(x) = (x-al)...(x-ak).
By lemma 5, {a;,...,a;} 1s a basis for V over U and Q
over Ql. This implies that ¢ = Qlal+ .,.+-Qlak is the

splitting field of the irreducible polwnomial f(x) in
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Ql[x], which proves that Q 1s a normal extension of Q .
If g 1s an automorphism of Q over Q1 then g(ai) = an(i)
where m 18 a permutation of 1,...,k. Hence g(V) = V and
any automorphism of q over Q1 restricts to an automorphism
of V over U, Note that the map g—g where §(V) = (V)
is & homomorphism of the Galols group of V over U into
the Galolis group of F over Fl‘ S5ince g Induces a permut-
ation of a),...,q, € will induce the same permutation

on & ,...,a,. Hence g A 1 implies g # 1 and g—»g 1s an
i somorphism, To see that the isomorphism is onto we note
that the Galois group G of V over U has order k as does

the Galois group of F over Fl‘
We are now in a positlion to investigate certain U-
regular (V,V) modules., We willl require that F is normal

over Fl’ and under this assumption we have

Theorem 10, Let M be a U-regular (V,V) module, Let

BlreeerBy be the automorphisms of V over U, Then M 1is
equal to M;e...®M, as (V,V) submodules where mv = gi(v)m
for all m e Mi'

Proof. Since F is normal over Fy, there is as in the
proof of lemma € an irreducible polynomial f(x) e U[x]
which splits in V[x] and which has a| as a root where

V = U(ay). Suppose f(x) = (x-al),,.(x-ak) in V[x].
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Define f,(x) = %l(x-aj). Since V 1s local and 8y-ay ¢
N(V) for 1 # ) we have fi(ai) ¢ N(V). Therefore (fi(ai))_l
exists in V and we have the identity 1 = 2:(f1(ai))"lfi(x)
in V[x]. We may now note that multiplication on the right
of M by a; 1s a V linear transformation T on M as a left
V space., Since f(al) = 0 we also have f(T) = O, Because
of the identity in V[x] we have I = z:(fi(ai))-lfi(T)
so that M = 2:(fi(ai))-1fi(T)M =My +...+M_ where
My = (fi(ai))_lfi(T)M. To show that this sum is direct
suppose for example that m € erﬁ (M2-+...+-Mk). Since
m ¢ My we have (T-ayI)m = O, and since m e Mot oo+ My
we have (T—aEI)...(T-akI)m = 0. This implies that m =
2:(f ai; lf‘i(T)m = 0 and the sum is direct. Now
for every m € My we have since f(T) = O, (T-aiI)m = 0.
Therefore Tm = aym, But Tm = ma, . Since ay is a root
of f(x), as 1is 2y, there 18 an automorphism 8y of V over
U which maps a; onto a;. Therefore ma; = gi(al)m and
(}J:uja%) = zj:ujmai = zu:ujgi(al)m = g, ( ;ujai)m

= gi(v)m, and the theorem 1ls proven,

Lemma 7, Let S be a subring of a field F, 1If

F = Sal+ ees + 52y then 5 1s a subfield of F,

Proof., Let Q be the field of quotients of S, Since F =
Qal+ ces T Qak there is a linearly independent subset

bys...sb, over Q with by = 1 and {be,...,bm} c {al,...,ak}

m
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such that F = Qb; +...+Qb_. Hence a, = §:qijbj where
qiJ €e G, Pick s € S such that sqiJ € S for every 1=
1,...,k ,3 =1,...,m. f € F implies f = Z;Siai =
- — t
where sj € S, This implies F = sF c Sb1+ ...-+Sbm. For

t € 3 we have t-l = 89+ 52b2+ ..fsmbm, and since t'le Q

we have t’l = s, which implies that S is a fleld.

This lemma tells us that if ¢ is a homomorphism of
E onto a field F and R = R'a;+ ...+ R'a, where R' is a
subring of R then ¢(R') is a subfield of ¢(R).

In proving the main theorems of this section we will
need to know the existence of homomorphic images of v-rings
within our noncommutative local rings. The existence of
these v-rings is determined by using the followlng theorem

of Cohen [3, page 79].

Theorem 11, Let R be a commutative complete noetherian

local ring with residue fileld R/N of characteristic p.
Let ¢ be the natural map from R onto R/N, Then R contains
a subring S which is a homomorphic image of a v-ring V

where if 6 is that homomorphism, ¢(s8(V)) = R/N.

We will now Iinvestigate the structure of a local

ring B of characteristic not ecual to p where E/N is a
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field F of characteristic p. Let C denote the center of
B, ¢ the natural map of B onto F and suppose that S is a

commutative subring of B which maps onto F under ¢,

Theorem 12, Let S be a local ring and let S' be a complete

noetherian local ring contained in CNS, If S 1s a finite
module over 5' and F 1s a normal extension of ¢(S') = Fy
then there exist automorphisms, BlyeeesBys of a v-ring V
such that B is a homomorphic image of Ve N as rings where
N=NB). N=N@o...8N, as (V,V) submodules where

n,v = gi(v)n1 for all n, € N,.

In proving thls theorem we need the existence of
v-rings V D U and a homomorphism 6 which maps V into S
such that 6(U) c 8', ¢(6(V)) = F and ¢(6(U)) = F;. This
will enable us to determine the structure of N(E) as a
U-regular (V,V) module, We first need the following lemma

found in Curtis [4, theorem 2].

Lemma 8. Let R' be a finite extension of a noetherian
semilocal ring R. Then R' 1s a noetherian semilocal ring.
If R is complete in the N(R)-adic topology then R' 1is

complete in the N(R')-adic topology.

Lemma 9. With hypothesis as in theorem 12, there exist

v-rings V O U and a homomorphism 6 : V—=S such that
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6(u) c 8", ¢(6(V)) = F and ¢(6(U)) = F .
Proof., By applying theorem 11 to the complete noetherian
local ring S' we obtain a v-ring U and a homomorphism
6 ¢ U—3s' such that ¢(6(U)) = Fi.
dimensional and normal over F, we have F = Fi(@) where 6

Since F i1s finite

is a root of an irreducible polynomial f(x) ¢ Fi[xj.

Let f(x) € 6(U)[x] ve a polynomial which maps onto f(x)
under the map induced on &(U)[x] by ¢. Since S is a com-
plete noetherian local ring Hensel's lemma guarantees that
there 1s a root 6 € S such that £(8) = O and ¢(e) = e.
The ring 6(U)(e) maps onto F, Let g(x) ¢ U[x] map onto
f(x) under the map induced by 6, 6 extends naturally

to the homomorphism Y which takes U[x]/(g(x)) = V onto
6(U)(6). Since g(x) is irreducible, V 1s an integral
domain., The fact that V is finitely generated over U
then implies by lemma 8 that V is a complete local ring,
Since V/pV = F we have N(V) = pV. Therefore V D U are

the appropriate v-rings,

Proof of Theorem 12, Define B' = V& N(B) where vnw =

Y(v)ny(w) for v, w ¢ V, n € N(B) and Y 1s the homomorphism
from V into S, Since Y(U) C C we have {v ¢ V : vn = nv
for all n € B'} D U. Therefore N(B) is a U-regular (V,V)
module and B' 18 a ring which is mapped onto B by the

homomorphism Y'(v+n) = ¥v)+n for v e Vand n e N(B).



29
By theorem 10 there exist automorphisms BrseeesBy of V
over U such that N(B) = N

+,..+ N_ as U-regular (V,V)

1 k

submodules where nv = gi(v)n for all n € N This completes

1.
the proof of theorem 12,

Note that in theorem 12, the ring B had certain com-
plete subrings but B itself was not required to be complete
nor was 1ts radical required to be finitely generated,

If these additional assumptions on B are made we have

the following

Theorem 1%, Let B be a complete local ring whose radical

is finlitely generated by t elements, If B satisfies the
hypothesis of theorem 12 then there exist automorphisms
B1reeesBy of a v-ring V such that B is a homomorphic image
of V[[xl""’xt;gl""’gt]] where V/N(V) is isomorphic

to B/N(B) = F.

Proof, By theorem 12 B i1s a homomorphic image of B' =
VeN(B), where N(B) = Ni®...oN,. Label elements in
N(B)/N(B)? with a bar. Hence N(E) = §,® ...® N,. N(B)
is a vector space over F so we may plck a basis {H;E}
such that {H;I,...,ﬁzg?;;} spans ﬁi' Let ny, be elements
of Ny which map onto H;;. Hence nijv = gi(v)nij. Renum-

bering the Nyy 88 Ny,...,0 and the gi as €y,...,8, (these

r
in general will not be distinct) we have n,v = gi(v)ni.

From the proof of lemma 2 {nl,...,nr} is a minimal gener-
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ating set for N(B), Therefore B' 1s a homomorphic image
of‘V[[xl,...,xr;gl,...,gr]]. This in turn implies that
B is a homomorphic image of V[[xl,...,xr;gl,...,gr]].
We of course have that r s t and so E 1s also a homomor-
phic tmage of V[[xy,...,x;;8;,...,8.]] where g ., ...,8,

may be any homomorphisms of V over U,

The condition that E has a complete commutative local
subring S mapping onto F with S' a complete noetherian
local subring in the center such that S 1s a finite mod-
ule over S' appears to be very restrictive, Theorem 14
will show that if B is complete we can omit the hypothesis

that S and S' are complete and local.

Theorem 14, ' Let B be a complete local ring, Let S be

a commutative subring of E such that ¢(S) is the field
B/ where ¢ is the natural map, If Sl is a noetherian
ring contained in the center C and S is a finite module
over 54 then there exists a commutative local subring S'
of B which is s finite module over a complete commutative
local ring Si contained in C and where ¢(S') = F
¢(31) = #(3,).

Proof, Lemma 7 and the fact that S = 5189 + eue + 572y
means that ¢(Sl) 1s a fleld, Since 211 elements of E

outside N(B) are invertible we can localize in Sl about



31
the ideal N(B)F\Sl. We may now complete in the radical
topology (which 1s identical to the topology induced by
at
1 Note that Sy
is contained in the center C since multliplication is con-

the powers of N(E)) to obtain a ring S

tinuous in the N(B)-adic topology. Define 3' to be the
module Sia1+-..,+-siak over Si; Note that S' is actually
a ring since aiaJ is contained in 3', Dy lemma 8 3' is

a comulete noetherlian semilocal ring. Since the only
idempotents in B are O and 1 this means that S' is in
fact local,

Combining theorem 13 and 14 we obtain

Theorem 15, Let B satisfy the hypothesis of theorem 14,

If F is finite dimenslonal and normal over ¢(Sl), gnd if
N(B) 1s finitely generated by t elements, then B is a homo-
morphic imaze of V[[xl,...,xt;gl,...,gt]] where V is a
v-ring mapping onto r and 8y are automorphlsms of V,

If B/N is a finite field we can drop the assumptions

abnut the existence of 5.

Theorem 16, Let B be a complete local ring with B/N a

finite field F., If N(B) is gecnerated by t elements then
there exlst automorphisms B1seeerBy of a v-ring V such
that E 1s a homomorphic image of V[[xl,...,xt;gl,...,%t]]

where V/N(V) = F,
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Proof., The identity of B generates a subring S in C the
center of E. 3ince F is finite 7 = Zp(g) where Zp is the
integers mod p. Let O be a representative of @ in B.
The subring S[6] is commutative and noetherian, In 5[6]
localize and complete about 5[0] N N(i) to obtain ='.
S' is of course a c mplete local commutative ring which
maps onto F. Ly tneorem 11 there is a v-ring V and a
homomorphism § such that 6(V) ¢ S' and ¢(6(V)) = F. Since
6(V) contains the identity it also contains 3 and the
localization and completion S" of S about N(B). 3" is
of course in C and N(S") = p3"., Since W(6(V)) = ps(V) =
pS"6(V) the c-nditions of lemma 4 are satisfled, Hence
6(V) is a finite module over S" and the c-nditions of

thheorem 13 are fulfilled implyving that E 1s a homomorphic

image of V [[X]_’--' ’Xt;gl’“-’@t]] .
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