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ABSTRACT

Large plane deformations of thin elastic sheets of neo-Hookean
material are considered and a method of successive substitutions is
developed to solve problems within the two-dimensional theory of
finite plane stress., The first approximation is determined by linear
boundary value problems on two harmonic functions, and it is ap-
proached asymptotically at very large extensions in the plane of the
sheet. The second and higher approximations are obtained by solving
Poisson equations., The method requires modification when the mem-
brane has a traction-free edge.

Several problems are treated involving infinite sheets under
uniform biaxial stretching at infinity, First approximations are ob-
tained when a circular or elliptic inclusion is present and when the
sheet has a circular or elliptic hole, including the limiting cases of a
line inclusion and a straight crack or slit, Good agreement with exact
solutions is found for circularly symmetric deformations. Other
examples discuss the stretching of a short wide strip, the deformation

near a boundary corner which is traction-free, and the application of

a concentrated load to a boundary point.
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I. INTRODUCTION

A general theory of plane stress for large elastic deformations
of isotropic materials has been developed by Adkins, Green and
Nicholas [1] (see also [2,3] ). The theory applies to a thin plane
sheet which is stretched by forces in its plane so that it remains
plane after deformation, the major surfaces of the sheet being free
from traction. Under these conditions a good approximation is ob-
tained if the transverse components of stress associated with elements
parallel to the middle plane are assumed to be zero and the variations
of the principal extension ratios throughout the thickness of the sheet
are neglected. The deformation and stress resultants are then deter-
mined by the deformation of the middle surface of the sheet and the
theory is reduced to two-dimensional form. The one-dimensional
case of circular symmetry was treated earlier by Rivlin and Thomas
[4] in order to obtain theoretical solutions for a plane sheet with a
circular hole stretched uniformly at infinity. The ordinary differen-
tial equation go.‘verning the deformation was integrated numerically
and the results were compared with experiment, Recently Yang [ 5]
has considered approximate and exact solutions for the symmetric
problems of a circular hole, a rigid circular inclusion and inward
radial stretching of a sheet with a circular inner boundary.

The two-dimensional equations of the general theory are dif-
ficult to solve exactly and a method of successive approximations,
with solutions expressed as power series in a real parameter €, has

been used to obtain first and second order solutions for unsymmetric
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problems [1,2,3]. Quantities in the first order or infinitesimal solu-
tion are O(e) as € = 0 and they provide the asymptotic form of the
solution for vanishingly small strains, Thus the application of the
first and second order solutions is limited to a range of deformations
near the undeformed state and is inadequate at large strains. In this
work we assume that the elastic material of the plane membrane is
incompressible and has the neo-Hookeah form for the strain energy
function and we develop a method of successive substitutions for the
solution of problems involving large strains. The first approxima-
tion of the present theory is the asymptotic form of the solution for
infinitely large strains in contrast to the method of [ 1,2, 3], although
the two methods are similar in character, When the extension ratios
in the plane of the sheet are appreciably greater than unity, the trans-
verse extension ratio X\ is small and the {irst approximation is ob-
tained by neglecting all terms involving N\ in the differential equations
and boundary conditions. The coordinates (yl,yz) of the deformed
state are, according to the first approximation, harmonic functions of
the initial coordinates (xl,xz) and they satisfy linear boundary condi-
tions, The second approximation is determined by a Poisson equation
with the non-linear terms in the differential equations and boundary
conditions estimated from the first approximation, and the procedure
is repeated for the higher order approximations, In general, the
determination of approximations beyond the first will involve consider-
able labor,

A summary of the basic formulae and equations of the theory of

plane elastic membranes is given in Section II. Detailed derivation of
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these formulae and an exposition of the theory in a general system of
coordinates can be found in [1,2], but it is sufficient for our purposes
to develop the theory in cartesian coordinates. A method of succes-
sive substitutions is outlined in Section III for the particular case of a
neo-Hookean material, It is shown that when the principal extension
ratios in the plane of the sheet are both of order u for large u, the
first approximation determines the solution to within terms of order
O(p,-s) for large [; the second approximation determines the solu-

-11 . . . .
). For principal extension ratios of dif-

tion to within terms of O(u
ferent orders, the accuracy to which the first approximation deter -

mines the solution varies accordingly.

Section IV deals with several problems involving infinite mem-
branes with circular or elliptic inclusions, and the first approxima-
tions are obtained., The examples have their analogues in two-dimen-
sional flow of a perfect fluid and two-dimensional electrostatics, The
problem of a rigid inclusion in a membrane, for example, is related
to flow around a cylinder and the examples on material inclusions
correspond to problems of dielectrics in an electric field, For cir-
cularly symmetric problems the second ‘approximation can be obtained
without difficulty and exact solutions are available through numerical
integration. Good agreement was found even for moderate deforma-
tions between the analytical approximate solutions and the exact
numerical solutions in the problem of a rigid circular inclusion with
uniform stretching.at infinity,

When the membrane has an edge which is traction free, the

method of successive substitution developed in Section III hreaks down
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after the first approximation because the thickness ratio N\ calculated
from the first approximation becomes infinite as the traction-free
edge is approached. Section V provides an alternative way to calcu-
late a better first approximation to the thickness ratio which remains
finite at the traction-free edges. Two stress functions are introduced
in an intermediate step between the first and second approximations,
When second and higher approximations are not required, the modified
method is still useful in that it gives accurate values for the thinning
of the sheet up to and including the traction-free edges.

Several simple examples involving membranes with traction-
free edges are considered in Section VI, In the case of the radially
symmetric deformation of an infinite membrane with a circular hole,
comparison between approximate and exact numerical solutions is
made, Agreemént between the solutions is again good for moderate
deformations but the agreement is not as good as in the problem of
the rigid circular inclusion, Example 3 of Section VI treats a finite
membrane under a deformation which is close to a homogeneous state
of pure shear. Making use of this circumstance, we obtain a good
estimate for the second approximation to the solution even though the
problem is two-dimensional. The last example of the section treats
the deformation near a boundary which has a corner which is either
traction free or under the action of a concentrated load at the vertex
of the corner,

The method used here for neo-Hookean materials may be used
with obvious modification for materials which have strain energy

functions close to the neo-Hookean form over the range of deformation
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involved in the problem under consideration, The modification occurs
in the second approximation because of the additional non-linear terms
in the differential equations and in traction boundary conditions aris-
ing from the departure from the neo-Hookean form, As for the neo-
Hookean mai:erials, the non-linear terms could be estimated by using
the first approximation. It is known that the use of the neo-Hookean
form can lead to appreciable error for-rubber in deformations with
extension ratios greater than two or three (see [4,6], for example).
The comparisons with exact solutions for symmetric problems indicate
that the first approximations can give results accurate in the range of
moderate deformations where the neo-Hookean form provides a fair
approximation for rubber-like materials, For larger deformations,
where, for example, the Mooney form may be more appropriate, the
results based on the first approximation for the neo-Hookean material
can still be of value in indicating the main features and characteristics

to be expected in the actual deformation of real materials,
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II. BASIC EQUATIONS FOR FINITE PLANE STRESS

The theory of plane stress for finite deformations of elastic
sheets is summarized in this section. A detailed derivation of the
basic equations and formulae can be found in [1].

We suppose that in its initial state the body is a plane sheet of
homogeneous elastic material bounded by the surfaces x} =% ho/Z,
where (xl,xz,x3) are the coordinates of a particle of the sheet refer-
red to a rectangular cartesian reference frame. The thickness ho
may depend on xl,xz. The sheet undergoes a finite deformation sym-
metric about the middle plane X = 0 and we denote by (yl,yz,y3) the
coordinates after deformation of a particle which was at the point
(xl,xz, x3) in the unstrained state, The middle plane in the deformed
state is v, = 0 and the major surfaces of the sheet after deformation
are given by Y, =+ h/2, where h is, in general, a function of Y,
We shall use indicial notation and the summation convention, with
Latin indices taking the values 1,2,3 and Greek indices the values
1,2,

In the absence of body forces, the equations of equilibrium are

ot..
4 _o

Byi

H

where tij are the symmetric components of the stress tensor referred
to the rectangular cartesian reference frame. The resultant load on
a normal section of the deformed sheet through a curve drawn in the
middle plane can be expressed in terms of stress resultants T

af
defined by



h/2
TQ’Q = S.-h/z taﬁ dy’3

Under the assumption that the major surfaces of the membrane are

free from traction, equilibrium requires

The stress resultants Ta may also be considered as functions of

P

the initial coordinates X, of a particle at Y, in the deformed middle

plane and with the identity

ox
8: J oy =0,
Y a
where
0
5. (y,y,)
S oox ,x ) 7
12
the equilibrium equations become
5 9x
-5X—(J ——Xay TQB) =0 . (2.1)
Y a

The load resultant dLa on a normal section through a line element

ds of a curve drawn in the middle plane is given by

where na is the unit normal to the curve., Since

8xY
n,ds =J —* n°ds®
g 3YB Y ’
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where ds°, n; refer to the undeformed state, (2,2) yields
9x

dL =J ~—Y T _n°
o aYﬁ af 'y

ds® . (2.3)
In order to relate the stresses to the deformation of the middle

surface we assume that the displacement gradients Vi K throughout

the thickness are determined with sufficient accuracy for our purposes

by their middle. plane values., Because of the symmetry of the deforma-

tion we assume in particular that

i_y3_ = 0 i}_’.‘f‘. =0
ox ? ox ’
a 3
and we shall write’
oy
ox !

w

where \ (xl,xz) is the extension ratio in the direction normal to the
sheet,

For a homogeneous isotropic elastic material, the strain energy
W per unit volume of the undeformed body is a function of three in-
dependent strain invariants II, Iz’ I3 which may be taken to be

I =N +22 4%, I
1 2 3

SAENZENZAZENENE , I =A%\
1 1 2 2 3 3 1 3 1 2 3

2

where )\l, )\Z and X3 are the three principal extension ratios, We
shall identify )\3 with the direction normal to the sheet so that A =\
3
and \ , )\z are given by
i

gy
a —
ax— =J . (2.4)

)\1"‘+)\;=——=K , NN =
B




-9-

The non-zero stress components are given by

dy Oy dy 9y _ 9y, Oy

- a ‘B a ‘7 n
teg =@+ Y1) 5= 55 ¥ 5% wx. ox, T Pa
Y Y Y Ty "6 76

B 3

t = (@+TI)IN2-W\* +p
33 1
where
2 W 2 3w 3 W
®=—35r Y=L 0 Pl
12 1 12 2 3
3 3

The condition that the major surfaces of the sheet be free from tract-

ion is satisfied approximately by requiring t33 to be zero, that is

p=W* - (2+ TN (2.5)

and this equation serves to determine X\ intermsof X , A , Sub-
1 2

stituting for p in the expressions for tar[3 and integrating over the
thickness we obtain
Taﬁ = htafﬁ = ho)\ taﬁ
0 ) ] ) 0 0
Vo _Yp_ - o Y"l Yp YT]

0x Ox ox OJx Ox, O0OX
Y Y Y "y "6 76

=h_\ {(<1>+\:v1l )

+[INE-(® + \Ifll 2] 60[3 }

The same equation applies when the material is incompressible, but

now A is determined instead by

o(x ,x )
- 1 2

= EW . ' (2.6)

o -

The strain energy W depends on I, I only (since I =1)and
12 3
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OW oW
<I>_2—Il- , \I,—ZB_IZ—

Alternatively we may write

8y
T, =-}-5§U—-_-—°‘. , (2.7)
Bov Y

where U is the strain energy per unit area of the middle surface and

is given by

U= how(ya, B A ) = U(Ya’, B) ’

in which X\ has been expresssed in terms of Y, through (2.5)

, P
through
Q’B g YY,QYY’ﬁ

only. For an isotropic material, U is a symmetric function of

or (2.6). The strain energy U depends on y

N ,\ and we can write
12

U =U(K,J)

With (2. 7) the equilibrium equations (2.1) become

_8_(_6_9___) 0

axa 8Yﬁ o

For the most part we shall confine our discussion to an incom-
pressible material which has the neo-Hookean form for the strain
energy function

W=C( -3) ,
11

where C is a material constant. The stress resultants are then
1

oy 0Oy

_ o B2
Thp = 20oC A B, T ST (2.8)
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andif T and T denote the principal stress resultants in the
1 2

x - and x -directions respectively, we have
1 2
A 1 A 1
T:th—f—l- , T:Zhoc-)\—z-l-——-
1 o 1 2 Ny 2 2 1 . AE N2
12 2 1
With (2. 8) the equilibrium equations (2.1) reduce to
oy ox
8?{ (ho ox )— J ayY aax (ho)\s) =0,
Y B 7Y
or
0 BYQ 0 3
~—Ih -J == (hA)=0
ox o 90x oy o
Y Y a
For constant initial thickness ho we have
oy
0 B oA
*Jx—(a;,c)‘3'x v =0
Yyloy B
or
2 |[3
2 - 132 v2 _
vy‘3 ayﬁ Zx)_o , (2.9)

where V? is the two-dimensional Laplace operator. Equations (2.9)

can also be written in the form

and 9, an> 9V,

z -_— -
v Yl T 0x 0x ox 0x !
1 2 2 1
o (2.10)
gty - 1 O %, a3
2 0x 0Ox dx 9x -
1 2 3 1
and
oy
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where 601 are arbitrary independent variables,

Substituting (2, 8) into (2. 3) we obtain

oy ox
dl,_ =2h_C 2 -n? L n°lds®
o ° 1l 5p° 6ya P
If we use the results
ox oy ox oy
5—9— n°ds® = A\ —% ds° , 5—2- n® ds® = -\ L dgs®
y, P 9s° P an”°

we can write the load components dLa as

9y 9y
dL = 2h c(—L-V —2)ds®
1 © 1\gn° os°
(2.11)
oy 9y
dL:ZhC( 2 4\ l)ds° ,
2 © 1\ sn° 8s°

where the s° -direction is obtained from the n°® -direction by an anti-

clockwise rotation of amount w/2. For the special case of a traction-

free boundary C° we must have

0 o 0 5}
Yl - K3 yZ YZ - - X3 Yl

on° ds® on° 9s°®

on the boundary C° for a neo-Hookean material,



-13-

III. SUCCESSIVE SUBSTITUTIONS

As can be seen from (2,10) and (2,11), both the differential
equations and the traction boundary conditions are non-linear so that
exact solutions will not always be easy to determine, Since the non-
linearity in (2,10) and (2.11) comes solely from terms involving X\,
a natural first approximation when A « 1 is obtained by neglecting
all such terms in the equations. This is equivalent to using for the

strain energy the form
() _ _
U =h C(K-2) , (3.1)
o 3
rather than the exact form
U=h C (K +\?%-3)
o

Superscripted quantities here stand for approximate values, with (1)
for the first, (2) for the second and so on,

If )\1, )\Z are of the order of g for large U throughout the
sheet, where U is a parameter which measures the amount of defor-
mation, then

) cop)
and

u=u"rop™

(1)
@,p

for large [, correction terms of order O(u_s) added to these deriv-

(r) ).

If the first approximation provides derivatives y which are O(u)

-4

atives will change K and therefore U by terms of order O(u

It is therefore to be expected that, on the average, the first
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-5

approximation determines vy to within terms which are O(u )

a,p

for large p so that we will have

ya,ﬁ - Yf(;’)ﬁ * O(u-s)
when (3.2)
y8), = ow)

If )\1 = O(l) and )\z = O(u), the approximation will be less good and

a similar argument leads to

Ya,[i = Yg,)ﬁ + o(“‘l)

-

When )\1 = O(u ¢) and )\z = O(u), so that each element of the sheet

is strained close to a state of simple extension, we will have

JL
Va,B =Y(;3‘3 + O #)

)

In this case some of the derivatives ya,"3 can be of the same order,
O(p._—i), as the correction terms.

Once the first approximation to the solution is known, higher
approximations can be obtained by a method of successive substitu-
tions as outlined below, We remark that the first approximation to
Y, is exact for a sheet with strain energy U given by (3.1). Such a

sheet is isotropic but is stressed in all~around tension in its refer-

ence state,

First Approximation Setting A =0 in (2.10) and (2.11) we find

that the first approximation satisfies
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vZY(I) -0
! in AO)
1)
vz o
v, ,
with the boundary conditions
1
ayf) 1 4 *
ds® = 5——=~ dL .
on° ZhOCI 1
on G2, , 3.3
aYZ(l) ! . " T ( )
ds® = L ,
8n° Zhocl 2
and
() _ * o
Yo =YVq ©°% Cp
Here A° is the middle plane of the unstrained sheet with boundary
c°, C°T is that part of C° where traction components dL; are

e
b

prescribed and Ci’) is that part where deformed locations y, are

iven. When A° is infinite, conditions at infinity must also be
g Yy

imposed. For example, if the sheet extends to infinity in all direc-

tions and if it is under uniform biaxial extension at infinity with

principal extension ratios 4 and U along the x - and x -axes
1 2

1 2

respectively, the appropriate conditions are, for zero rotation at

infinity,
8y1(1) L ‘cos 0 8y(1) L* sin 6 1
- I S 1 - i 1
ox M 41rhCr+°( ) = " Zmn Cr+°(r)
1 o
1 ¥ 1 sl as
ay;.( ) L:cos 6 E)y( ) L sin@ r >
-2 ol 2 - - —2 =
ox 4TrhoC1r + o(r) ' oox - M2_ 4TrhoC T +°(r}
i

(3.4)
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where L; are the components of the resultant of all external forces
acting on the interior boundaries of the membrane and (r,0) are
polar coordinates, In the case when the resultant force is zero, the

conditions at infinity become

(r)
9y 9y
axl1 =“1+°('H ’ ax: =°(%‘) .
as r~>w , (3.5)
5o ) 5o )
aif =°(‘i‘) , a:rz =“Z+°(i~—) g

(1)

(4

and the logarithmic terms in y are excluded,

We note also that to the first approximation, the principal
stress resultants are given by

() A (1)

TV/=2h C X+ | TV =2h C =%

1 0y )\z 2 o071 A '
1

(1)

which are exact for the strain energy function U

(=)

Second Approximation In order to get a second approximation Y,

(1)

a

for y,» Weuse the first approximation vy to estimate the non-

linear terms in (2.10) and (2.11). With X\ ) defined by

@ 17
)\(1)_ 1 a(yl :YZ )

- J'(I) - ml’xz ) !
(2)

[e4

(3.6) -

the second approximation solution y satisfies



oy 3 9y
2. (2) _ 0 )y 7% 0 (1) 2
v yl T oox (2] axz BXZ (2] axl ’
I
n A’
oyl , aylt) , ’
vz, &) _ 9 [)\(1)] 1 0 [x (1)]
2 9x 9x ox 0x ’ (3.7)
1 2 2 i
with the boundary conditions
2 1
oy (®) 1 e e
1 ds® = 5—= dL +[nxY7] ds®
an° o) 1 9s®
on C‘,’I,
8Y(Z) 1 S (1) 3 aY:) o
£ ds® = 5 4L - R ds® , (3.8)
on° o 2 9s°
1
and
y(z) -y on C2
a “Ya D

The process of successive substitution can be repeated, the

. . (nh)
approximation y

o being determined as the solution to a Poisson

equation with inhomogeneous terms in the equation and boundary con-

(n) and the boundary data. The solution

ditions determined by Yo

y(jﬂ ), if it exists, will be unique provided C;)

y‘(;) and its derivatives are O(u) everywhere for u large and the

is non-zero. If

1
Jacobian J(l) is such that )\( )= O(u ") everywhere, the difference
(2) _ (1)

Yo ~ Yo satisfies a Poisson boundary value problem with inhomo-

geneous terms which are O(4 ), in agreement with the earlier

estimate (3,.2) on the order of error involved in the first approxima-

- - » Z 1 - 3 -
tion. Assuming that the solution yfy ). Y(oz) and its derivatives are
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- 3
Ou 5), the boundary value problem for the difference yé) - y(;)

will involve inhomogeneous terms of O(;,L-“') for large W, and
so on, Thus a related approach would be to assume that, for large
enough U, the functions ya/}i can be expanded in an absolutely
convergent power series in [J,~6 , With coefficients which are twice
differentiable functions of (xl, xz).

When 7\1 =0O(1) and )\2 = O(u) for large W, the correspond-
ing estimates for y(z) y((:) and YS) - y‘(:) are O(u_z) and O(u-s),

e
1
respectively., For a smooth enough first approximation yaE )

and a
smooth enough region A°, it is to be expected, in this case and in
the previous case, that the process will converge when [ is large
enough, However the convergence of the method is not so apparent

when a large region of the sheet is in a state close to simple exten-

(1)

sion so that the first approximation Y,

involves principal extension

ratios

) . Ao

1
for large W, In this case we will have A O(u ?) and the terms

1
in (3.7), (3.8) involving y((:) are O(u 2). Since the difference

2 1
y((r ). y(;) will then be O{u 2), the error in Ya(rl) can be of the same

)

i . . .
order and therefore y, =~ may not determine the non-linear terms in

1
(3.7), (3.8) correct to O(u 2).
A difficulty arises with the method described in this section

when a portion of the boundary is traction free, The first approxima-

(1)

tion then has a Jacobian J which goes to zero as the unloaded

boundary is approached. The terms involving' y(l)

o in the equations
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(3.7), (3.8) for YS) are then singular on the unloaded part of C°
(2)

and in fact the singularity is non-integrable in that the solution Yo,

cannot remain finite, A modification of the method which avoids this
difficulty is given later in Section V.

For illustration, several simple problems involving infinite
plane sheets are considered in the next section. At infinity the mem-
brane is in a state of uniform biaxial extension with principal exten-
sion ratios le and p.z, and the membrane contains an inclusion or
has an internal boundary which is held fixed, With the method of
this section, the first approximations can be readily obtained, either
directly or after a conformal transformation, In principle the pro-
cess can be repeated for the second and higher approximations, but
the computations become increasingly involved so that in most cases
only the first approximation is derived. For axisymmetric deforma-
tions, the symmetry of the problem allows the second approximation
to be determined with little difficulty; in fact exact solutions can be
determined in this case by numerical integration of an ordinary dif-
ferential equation., In the axisymmetric deformation of an infinite
sheet with a clamped circular hole, first and second approximations
are compared with exact numerical solutions. Good agreement is
obtained even for moderate extensions and the results support the
earlier discussion regarding the error estimates and convergence of

the approximate solutions,
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Iv. SOME INCLUSION PROBLEMS

Several basic inclusion problems are considered in this sec-
tion, For simplicity the inclusion shape is taken to be a circle or an
ellipse, but other geometries can be treated in a similar manner

when the appropriate conformal mapping is known,

Example | Infinite membrane with clamped circular hole under bi-
axial extension at infinity,.

The infinite membrane contains a circular hole of radius a,
The edge of the hole is bonded to a rigid inclusion (or otherwise held
fixed) and at infinity the sheet is in a state of biaxial extension with
principal extension ratios “1 and p,z along the X - and x -axes
respectively, the origin being at the center of the hole.

If we use polar coordinates (r,0) to describe initial locations,

the equilibrium equations (2.10) become

Lo M), 1D 1, 1 ae?,
r or\f Br 2 gp2 r Or 90 r 96 ar °
) (4.1)
Lo [ ), 1%, 1% e 1%, e
r or or 2 962 ~r 9r 006 r 060 Oor

Applying the approach of Section III, we find that the harmonic
(1)

o of the first approximation are determined by the bound-

functions y

ary conditions

5y ) oy )
L i

16 (1) Za (l as 1T >

azz “’(%) ’ azz =“z+°(zl?) 3 | (4.2)

1 2
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in the case when thereis no resultant force on the inclusion, and

y '=acosf ,
1
at r = a
y(l) =asinf ,
2
We have therefore
K2
y(l)zur -—-’-—)cose ,
1 1 2
(4.3)
) K
= - -2 in 6
y ;,Lzr( = ) sin R
where
k2 21 - _1.) a2
a H,
and the extension ratio normal to the sheet is given by
1 1 -1
1 B(V( ),Y( ))
)\( ) - r 1 2
- o(r,0)
kZ kz kz kZ -
- 1+—1—)(1-—£-)cos"‘9+1-—’)(1+—Z—)sin29 . (4.4)
Mluz r? r? r? r2

1
Because y‘(z) are harmonic functions, it follows that

IVyg)I Z and hence K(l), U(IT) are subharmonic. If we exclude the
case of constant strain energy U(l), the sum of the squares of the
principal extension ratios 'Al, AZ obtained from the first approxima-
tion must then attain its maximum and minimum at an internal

boundary or at infinity.

At the edge of the hole r = a, we have
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2 _ l_ _132 2 13202
[Ax,z] = 2{[ (Z]J,1 1)“cos 9+(2uz 1)sin®6 +1)
1]
+{[ (2u -l)zcos7‘6+(2u2—l)zsin26+1]z-4[ (zul-l)cos%+(2pz-1)sinze]z}2J ,
1
and

A% -[ (2pu -1)%cos?6 + sin?6]
tano = 1 1 :
[u -1 )(Zp‘2 -1)-1]sin® cos 6
1

[(2“1'1)(2“2‘1 )-1]sin @ cos 8

M -[(2p -1)sin®8+cos?O]
1 2

where o denotes the angle between the first principal direction and

the positive x -axis., We note that at 6 = 0,
1

and at 6 = w/2,

A =2 -1 A =1
1 “z ’ 2

Thus, for large W , ;,Lz principal extension ratios which are close to
1

twice the values at infinity occur near the inclusion.

(1)

The first approximation Y,

is meaningful only if the
Jacobian J(l) = AlAz is positive everywhere., From (4.4) this con-
dition is seen to require p.l and ;.Lz to be greater than one-half.
However for a neo-Hookean material the principal force resultants
are tensile only if AlAZz and Az1Az are greater than unity, From
the values of Al, Az at the inclusion we see that the first approxima-

tion requires [ and U to be both greater than unity in order to
1 2

avoid compressive stresses near the inclusion, an indication that
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wrinkling or folding of the sheet would occur if either of U , /.12
1

were less than unity,

otz
3

If the inclusion is acted upon by a force L through the

origin at an angle 6 to the xl-axis, the terms

_ L cosé log & _ L siné 1 b
4mh _C 83 Imh C %8 3
o 3 o 1
must be added to the expressions for y(l) and yil), respectively,
1

The extension ratio normal to the sheet at r = a 1is given by

b3 -1

. L
)\(1) :{(ZMI—I)COSZG"}'(ZHZ - 1)51n7‘9 - H}Z(:—a— COS(G-&)
1

For given “1’ uz, a sufficient condition that the Jacobian J(l) be

positive is

b

L

ZFh“O"C—I—aj <min[(2u1 -1) (ZNZ - 1)]

It is apparent from the nature of the inhomogeneous terms in

2
the differential equations and boundary conditions for yi) that the

(2)

o will not be elementary. Considerable simplifica-

solution for y
tion results when the deformation has axial symmetry, that is when
# =4 =4 and the sheet is subjected to an all-around tension at

1 2

1
infinity, In this case, ya(,l) and )\( ) are given by

y''=p Yeos 6 , y(l)z p(l)sine , p(l)(r) = Ur

2
1 - k—) ) (4.5)
2

T

where



(2)

If y, are written as

2 ’

yl(z) = p(z)(r)cos 6 Yz(Z) = p(z)(r)sine

then p(z)(r) satisfies the differential equation

(2) 4 2
dfd @), p 12K k
dr(a';P +rJ_- [(”—

4 -1
T
4

usrs r2
and the boundary conditions
p(Z) =a at Tr=a s
()
%;L M +0 (1 ) as r > o

(2) b
p (r)=a1r+ —r1—+1(r) , (4.6)
where
k 6
I(r) 3kz 1_ (5 i Ez—) . 22 _K2 30(?) -24( +26( ) +16
32u® T r? r2+k? k |2 K2 |2
fef -2
a =H(1 ‘——l‘) , b =a[(l-a)a - I(a)]
1 2/-16 1 1

Comparing (4.5) and (4. 6), we note that, as expected when

(1) ( )( (2)

y, are o), p r) determines p' ‘(r) to terms of O(;,L-s) and
hence for large | the first approximation describes the deformation

closely.

In order to obtain the exact solution for the case 4 =y =y,
2
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we substitute the expressions
y =p{r)cos8 , y = p(r)siné (4.7)

1 2

into the exact equilibrium equations. We then require, for r > a,

3 d dp\? a2
m b f] e
dr

dp _ -
3T =M as r‘ ]

equation (4. 8) can be integrated numerically to yield an exact solution.
The integration is straightforward if a value is chosen for the slope
dp/dr at r =a, and corresponding to each initial value of dp/dr
there is a limiting value for the extension ratio U at infinity. The
integratidn is terminated when the values of the extension ratios be-
come constant to within some pre-imposed error. For a case of
moderate deformation, f =1.24, it was found that the first and second
approximate solutions given by (4.5) and (4. 6) gave values for p/r
which were within 0, 3% of the values obtained from numerical integra-
tion of the exact equation (4.8). The choice of the extension ratio at
infinity U was influenced by the numerical work of Rivlin and Thomas
[4] on the stretching of a sheet with a circular hole, a problem which

will be discussed later.
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When the circular inclusion is rotated counterclockwise

through an angle 8 about its center, the sheet being uniformly strain-

()

o can easily be

70

ed at infinity as before, the first approximation vy
obtained. It is found thatas f is increased the Jacobian remains

positive only until -the value B o is reached, where

N b - |
ﬁ = COS +
o B L

For a neo-Hookean material the first approximation indicates that the
stresses in the sheet at points near the inclusion will cease to be
tensile at a value of B somewhat smaller than Bo. For values of §
greater than this critical value, folding of the sheet will occur and as
B increases the sheet will wrap around the inclusion (assuming it is
thicker than the sheet).

For future reference, we write (4. 3) in the complex form

where

Example 2 Infinite membrane with an elliptic rigid inclusion under
biaxial extension at infinity and limiting case of a line inclusion or
splinter,

In this example the rigid inclusion occupies the interior of the
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ellipse

N

X

s

XZ
+—:— =1 (a>b)

™
o

a

We introduce a new complex variable w = Reld’ by means of the con-

formal transformation

ot

1
_ - 2 _.2y2 _ C
w..z[z-i-(z c4)] Z=W+ g ,
where c? = a? -b* . If we write
z=ccoshf , [ =§+in or x =ccoshfcosn |,
1

x = csinh§ sinn

the transformation is equivalent to

4

W = e

<
2
£, n being the usual elliptic coordinates. The exterior of the ellipse

in the z-plane is mapped onto the exterior of the circle of radius

(a + b)/2 in the w-plane and the mapping is such that there is no dis-

)

M are harmonic in the

tortion or rotation at infinity., The functions y
w-~plane and the transformed boundary condition on the internal bound-
ary is
yl(l) =acos¢
() at R = (atb)/2
y, = b sin¢g ,

If the extension ratios at infinity in the deformed sheet are again pu,,

i along the axes, by comparison with (4. 9) we see that
2
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1

__ 2a (atb)?
(a+b );,Ll 4w ’

) _ )
y, ' = HXRe[W

2b
(a+b )“z

4w

(a+b)7‘}

in the case whenthereis no resultant force on the inclusion. Alter-

natively we may write

CH - CH -
yl(l):-—zi— Re[eg -Klec’] = 21 (eg'-Kleg)cosn s
(4.10)
cu cu
yil) = —F Im[et-’ +K2e'(’] = —= (eg - Kze_g)sinn )

where K and Kz are defined to be
1
11 - 2a (a+b K =1 - 2b (a+b)
KI - (a+b);.L1 a-b ! 2 (a+b)p,z a-b !

and we find that

4(sinh®*¢ + sin®n)

(1)
)\ =
uluz[ (e§+/<le -5 )(e{5 -K.© -é)coszn +(eg K e 'g)(egﬂcz e"g)sinzn ]

The inclusion boundary is

with

ccoshgoza , € sinhgozb

At the ends of the major and minor axes of the ellipse the
extension ratios for directions normal to the inclusion have the values

(a+b)

(a+tb) _ a
—b-’ “7_ a

M 5

s

b
a
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respectively. As in the case of a circular inclusion, Y and U

1 2
must be greater than unity if the force resultants of the first approxi-
mation are to be tensile (for a neo-Hookean material),

In the limit b—> 0 (a = ¢, go —+ 0), the inclusion degenerates

into a line inclusion or splinter of length 2c along the x -axis and
1
(4.10) simplifies to

yl(l) = ¢ (ul-l)sinhé + coshf]cosn

) : :
= h =
Y, ¢, sin € sinn bx oo

and the transverse extension ratio is given by

sinh®t + sin?"rl

()
A .
;.Lz[ (p,l -1)cosh§ sinh§ + sinh®*¢ cos®n +cosh?€ sinn ]

On the splinter § = 0 and along its length \ ) has the constant value

1/p , independent of the extension ratio g at infinity parallel to the
2 1
splinter, The end points (§ = 0, m = 0,w) are singular points and the

()

limiting value of \ at the ends varies between 0 and 1/;1,Z accord-
ing to the manner of approach. -The principal extension ratios at the

splinter are given by

2 _ 1 2 R R 122 3
[Ahz] = 5 {l+u2 o l)cotm;[(uz 1)+(p1 1)2cot?n ]

1
2

oy

[ (;.LZ+1 )z+(p,1 -1)cot?n]

and the maximum extension ratio A varies from y in the middle of
‘ 1 2
the splinter to infinity at the end points. If ¢ again denotes the angle

between the first principal direction and the positive x -axis, then at
1

the inclusion
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- 2 11 -1 Rent?
p,z(,u,1 l)cot n Al 1 (].J,l 1) cot®n

AIZ -uz ) uz (ul -leotn

tang =

On the line x 2 ¢, x = 0, the principal extension ratio in the
1 2
x -direction is | while the principal extension ratio in the x ~direct-
2 2. 1
ion is
X

(FL '1) ———L—l— +1 R
1 (x‘:‘-cz )2

and this tends to « as the end of the splinter is approached.

We now suppose that the major axis of the ellipse was initially
inclined at an angle « to the positive x -axis (|a| < w/2) and that the
inclusion is allowed to rotate when the sheet is strained, In the de-
formed state, the angle of inclination of the major axis is 3, and
@,B are measured positive in the counterclockwise direction, Noting

that the transformation

w = %‘[Z+(zZ -c2é iy ]

maps the exterior of an ellipse rotated about its center through an
angle « onto the exterior of the circle R = (a+b)/2, without distor-
tion or rotation at infinity, we can once again reduce the problem to

that of Example 1. The condition at the interior boundary is now

Y1(1) = acos(P -a)cos B -b sin(P -a)sinp ,

yix) = acos(¢ -a)sinf + bsin(p -a)cosp

at R = (atb)/2

The solution can be written as
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)y H t+ie . -({+ie)
AR Rele (S1 lsz)e ]
cH - -
= 21 [(eg-sle g)cos(n +a)+sze f;sin(n ta)] |,
cl , o (v a
yil) = > £ Im[eé+m +(ss+is4)e (§,+1a)]
cl _ -
= 27‘ [(eg-sje g)sin(n +a/)+s4e gcos(n ta)]
where
_atb . 2{(acosPB cosatbsinP sina)
5 T 3% (3-+ij1 ’
2 . .
SZ:F{'I’—)“: (acosP sina - bsinf cosa)
s = atb | _ 2{(asinP sina + bcos B cos @)
3 a-b (a+b)}.l.z ’
2. . .
s4 = 3D “z (asinP cosa - bcosP sinea) ,
and

z = ce'®cosht , { =¢£ +in

Thus £,mn are the usual elliptic coordinates associated with the

elliptic inclusion in its initial position. As in the case of the rotated

circular inclusion, the range of B for given «,l,Ud 1is limited by the
1 2
requirement of tensile force resultants in the sheet,

The components of the resultant force acting on the elliptic

inclusion are, from (3. 3),



1) o SvZTr Sy1
S T 1
(1)
2w (0
() (le.__)
L= ZhOCISO 3¢ .

and we can easily verify that they are zero,.

The torque exerted by

the sheet on the inclusion is found to be

(1) _ 2 _
MY = hoC1C ,ulp,z'rr(s4 Sz)

latter is strained, we must have
VO

and therefore

at infinity,

Proceeding to the limiting case of a splinter

(1) = ¢f

Yl

(1)

v, = c[p,zsinh«“= sin(n+a)+sinfB e -gcos n]

If the elliptic inclusion is free to move with the membrane when the

0

3

tan o (4.11)

This equation determines the position of the inclusion in the deformed

sheet in terms of its initial position and the principal extension ratios

(b = 0), we have

,u,lsinhg cos(n+a)tcos B eygcos n]

(4.12)
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Along the splinter where § =0 we have

(1) = sinm
A= [#Zsin(n +ta)cos B -ulcos(n Fa)sing ] (4.13)

(1)

while, as before, the value of \ at the ends depends upon the
direction of approach, Setting b =0 in (4.11), the condition of zero
torque exerted by the sheet on the splinter requires

v

tanf = —% tana . (4.14)

“1
In the pure strain which the sheet suffers at infinity, a line element
initially at an angle o to the xl-axis becomes inclined at an angle 3
to x -axis with B given by (4.14). Thus the splinter and the line

1

elements at infinity which were initially parallel remain parallel during
the deformation, according to the first approximation,
(1)

If we use (4.14) in the expression for A\ we get, on the

splinter,

7
—
—
S
|
[}
(S

2

= - (pf cos®a + u: sin“a) s

1
S0 )\( ) is constant on the splinter (excluding the end points), We note
that unless P is given by (4.14), the denominator in the expression

(4.13) for \ @) assumes negative values at points on the splinter, The

solution is therefore inadmissible except for the value of B in the
particular attitude the splinter assumes under zero torque, In con-
sequence, it is to be expected that a small torque applied to the splinter
will produce wrinkling of the sheet in the neighborhood of the ends of

the line inclusion,
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Example 3 Circular material inclusion in an infinite membrane under
biaxial extension at infinity,

We suppose that the portion r < a of an infinite sheet is
composed of a different neo-Hookean material with material constant

C and initial constant thickness Ho' We use a bar to indicate
1

), ¢ of

quantities associated with the inclusion, The functions v Vg

the first approximation are harmonic in the regions r<a, r> a

respectively, and they must satisfy the conditions

_1) (1)
ay( oy
yH-y8 g e Ly ¢ ® at r-a
o o o on° O 1 on°

in order to ensure continuity of traction and displacement at the inter-

1
face r = a., At infinity the functions y( )

; again satisfy (4.2). Itis

found that

y(‘) = | r[l + (1_—n_1)_a7‘_]cos o yix) = U 1{1 + (i-—rn—)af—}sinG {4.15)

! ! (1+m)r? 2 (1+m)r?
2 2U
=(1) _ =(1) _
Yo T (—1_'*?1‘11_)- ) Y, © HTZ_H’TY o (4.16)

where m is the product of the ratios of material constants and initial

thicknesses, o
h C

We note the following properties of the solution:
(i) The form of the first approximation }—rogi) is independent of the

size of the inclusion,

(ii) The inclusion material is in a state of homogeneous deformation
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with principal extension ratios

2u 2
A =—- , A = z (4.17)

1 1+m 2 1+m

along the x - and x -axes respectively. The principal extension ratios
in the material exterior to the inclusion are (mKl, _/—\z) and (Kl,mﬂz)
at the points where the xl-and xz-axes meet the interface respectively.
(iii) The limiting case m = 0 corresponds to a sheet with a circular

hole under biaxial tension at infinity, Setting m = 0 in (4.15) we

obtain
(1) al
= 1 —_
yx ;.Llr + = cosf ,
(4.18)
1 2
y():ur(1+a—)sin9 .
2 2 r?

The extension ratio in the direction normal to the sheet is given by

N S U B
A _“u{l 4) ,

1 2 r

and as the boundary r = a is approached, X\ ) becomes infinite,

This singular behavior of the first approximation in the presence of
traction-free boundaries was discussed in Section 3, We return to this
problem in Section VI after developing an alternative approach in the
next section for the determaination of )\(1),

(iv) The limiting case m = o would, for nec-Hookean materials, cor-
respond to a sheet with a rigid circular inclusion, However as m — o,

expressions (4.15) do not approach the values (4. 3) of the solution

given previously for a rigid circular inclusion., The discrepancy arises
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from the circumstance that for m very large the stresses in the
inclusion will be small, and the material with strain energy 5(1)
is unstressed only when T\I,KZ are zero, Thus as m —> ©, an in-
clusion composed of material with strain energy IT(I) would shrink to
the origin. In order for the solution (4.15), (4.16) to be a reasonable
approximation for neo-Hookean materials the transverse extension
ratios >\_(]) and X\ ) in the inclusion and the exterior material must
be small compared with unity., From (4.15), (4.16), this implies

H ;.Lz large and
! m «24Fg -1,
12

and the limiting case m — o lies outside the range of validity of the

first approximation,

Example 4 Elliptic material inclusion in an infinite membrane under
biaxial extension at infinity,

In this example the inclusion material is again taken to be
neo-Hookean with material constant (_3_ and initial thickness Ho but

1

now the inclusion occupies the interior of the ellipse

S SR | (a>b) . (4.19)
a b? '

. . . 1) —(1 i
The first approximations y‘(z ), ya(/ ) are harmonic in the regions
exterior and interior to the ellipse, respectively, and they satisfy the

same boundary and continuity conditions of the previous example except

that the interface is now the ellipse (4. 19).

‘The region bounded by an ellipse may, like every region



-37-

bounded by a simple contour, be mapped conformally onto a circle,

The corresponding transformation, however, is complicated and more-
over it is more convenient to use a single mapping for the regions
interior and exterior to the ellipse. If the plane is cut along the seg-
ment connecting the foci of the ellipse, the cut, which we denote by

AB, may be considered as an ellipse which is confocal with the
original one and whose minor axis is zero, Thus the cut plane con-
sists of regions lying between confocal ellipses and the transforma-
tion of Example 2 can be used to map them onto regions between con-
centric circles, with no distortion or rotation at infinity., Hence if we

write

w:—g-et" ; z=ccoshf , §=§+in

1
where c = (a?-b?)?, the exterior of the ellipse in the z-plane is map-

ped onto the exterior of the circle R = (a+b)/2 in the w-plane while
the interior with cut AB is mapped onto the annulus between the two
circles R = (a+b)/2 and R = c/2,

We note that since the origin of the w-plane is excluded, the
=)
o

. . . S n_.
expansion of the harmonic functions vy as series in R sinn$ and

R" cosnd will, in general, include negative powers of R. Further,
because the points % e1¢ and % e_ld) in the w-plane correspond to
one and the same points of the segment AB in the z-plane, in order

to avoid introducing singularities on AB we must have on R = c/2

(1) "y
_ - oy, 9y,
7 =) L ) - 2 ()

=)

If these conditions are satisfied, the functions Yo will be harmonic
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in the uncut ellipse,

After some calculation, the solutions are found to be

Cu - -

yl(l)z 21 Re[e{1 + sle t"] = ——2-1— (e§ + sle g)cos'q ,

(4.20)

cH - CH -

Y(zl) = 27‘ Im[e(’-se c] —-—Z—Z—-(eg+sze g)sinn ,
ci s )

x(l) = —13 Re[e§+et"] =usx

cl s

Yz(l)__ 224Im[eé+e C] _“s4xz ,

where

(1+4b/a)(l -mb/a) s (a/b+1)(1-ma/b)

5. = (I-b/a)(I7mb/a) ' 5.~ (a/b-T)(1+ma/b)

_ (14b/a) _ (1+a/b)
S = (T+mb/a) ’ 84" (T+ma/b)

It can be seen that the first approximation ;(l)

o depends on the

dimensions of the inclusion only through the ratio a/b., As for the
circle, the inclusion material is uniformly strained, the principal
extension ratios being uls3 and uzs4. Comments similar to those
made in connection with the circular inclusion apply to the two limiting
cases m = 0 and 1 — oo,

When the major axis of the ellipse is initially inclined at an
angle « to the positive xl—axis (la| < w/2), itis easy to show by

superposition that the first approximation inside the ellipse is
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—_ 2 .2 .
= scos@ + s sin“a)x + (s ~-s )sinacosax
y “1[( , A x +(s-s ) o

(4.21)

—(1) . 22 2
= s s Jsilnacosax + (s sin“a + s cos“a)x
Y, uz[(3 4) . (s, A )z] ,

and the deformation of the inclusion material remains homogeneous,
In the limit b = 0, one has the special case of a line inclusion of
length 2c, As b —> 0 the effect of the inclusion diminishes and the

locations tend everywhere to the uniform state =ux , =U x .
YQ’ Y Yx “1 1 yz uz 2
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V. SUCCESSIVE SUBSTITUTIONS FOR TRACTION-FREE
BOUNDARIES

When the membrane has an edge which is traction free it was

found in Section III that the proposed method of successive approxima-

()

tions breaks down, As the edge is approached J" ' — 0 and the

2
é) have a non-integrable singular-
)

1
is taken as the inverse of J( .

partial differential equations for y

1
ity when )\( ) We note that the

material at a traction-free boundary is under simple tension so that on

the boundary

4
oy z
7‘) ) (5.1)
9s°

2
+

oy
AN =X =(\) :( 1
os°

where X\ s and 7\n denote the principal extension ratios in directions
tangential and normal to the edge respectively. The force resultant
T, parallel to the boundary is given by
T =2h C A% (1 -l) - 2h cx‘-“(i -1)
S O 1 S )\3 0o 6
s

for a neo-Hookean material,

In this section we describe an alternative method for the deter-

(t)

mination of a first approximation A\ to N which remains valid in
the neighborhood of a traction-free boundary. In order to develop the
method we introduce two stress functions ¢ and ¢ and we show that
the locations Y, can be found straightforwardly when ¢ and § are
known, Although the functions ¢ and § can be obtained, in principle,

by successive approximation, and problems solved in this manner, the

main use of the stress functions here is to provide intermediate steps
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leading to the alternative procedure for determining a first approxima-
1
tion A\ (1), When )\( ) is known it can be used with the first approxi-

1 2
mation Yc(x ) , as before, in the equations for y(a) and the method of

Section III can then proceed as described. If the second and higher

approximations are not required, the first approximation y(

1) bej
” eing

considered sufficiently accurate to describe the deformed geometry,
(t)

the method here leads to values for A\ which accurately describe

the thinning of the sheet, including both the interior and regions near
traction-free edges,

We begin by writing the equilibrium equations (2,10) in the

form
0 0 9 0
2|y e b oo i + N LR
ox | 0x ox ox |o0x ox :
1 i 2 2 2 1
] o 0 0
_?_L.{.)R‘Yl +8 Y -)\3_Y1__0
ox \{9x sz Ox lox axl - y
1 1

These equations imply the existence of stress functions ¢ and ¢ such

that
0 0 9 0
8 _ N e a7 e
ox ox 0x ! ox ox ox
1 2 1 1 2 i
(5.2)
o 0
S¢ _Y_l -3 i 8 aYz 23 Byl
ox 0x 0x ’ ox ~ 9Ox ox
2 i 2 2 1 )

and we then have, assuming that N # 1,
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0
Yoo 1 8¢ _ 38y O, 1 | 00 , 0u
ox 6 | Ox )\ax ! ox )"_5;(+3x
1 1= 2 1 1 1-)6 1 2
(5.3)
oy, 1 5y 8 O, 1 [ o 9
-a—s-=--(-x334’_-.5¢_ , .5_2_=__(__8i_+>\35£_)
xz 1-26 x2 xl x2 1-2\6 xl xz
If we substitute these expressions in the identity
9y @ 8y o8y |
\ = w7 - (LS
ox 0ox ox 0x ’
1 2 2 1
we obtain an equation for N in terms of go‘ and ¢, thus
MZ-GNT - 2N -\ (Ve 2+ VY|P -jx+1 =0, (5.4)

where

. _Op 0Oy d¢ 0y
J = ox ox ox ox
1 2 2

1

Furthermore, compatibility of equations (5.3) requires

o [ 1 (o0 2w )]so [1 [sou,00)] .
8x2[1_)\6 (axz A 3x11]+ [ ()" +_5(£_ =0,

I
o
-

0 1 3 09 o o 1 oy .3 99
ox [1_)\6 ()‘ ox ¥ ox 1 * ox ox A ox
2 1 2 1 - 1 2

or
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PSR I ) S L.

9x Ox  0x 0x

[}

12 2 1
5
S YN - VY VI R N NPT T
6 ox | ox ox ox ox ox ’
1-X 2 2 1 1 2 1
s (5.5)
N3 B¢ N> B¢
2 = -
VW 2 5% Bx T Bx 9%
1 2 2 1

_ 6N o\ A3 Op 8¢y | , O\ {0y _)\382 .
6 | Ox ox ox ox | ox 9x
1-N\ 2 1 2 1 1

Equations (5.5) constitute the governing differential equations for the
functions ¢ and .

The components of the total load resultant associated with a
curve C drawn in the middle plane which was initially a curve C°
between two points P° and Q° are, from (2.11),

Q° oy oy
2n,c
1 o1 P°

3 2 °
le-)\ °)ds,

on 0s

L

oy Oy o
—2 +\} —L) ds
on Os

Q
L 2h C S
2 o P°

where the path of integration is along c’. From (5.2), it is easy to

show that the load resultants L, are given by

Qoa o Q%4 o
L =2h C 9 4s°, L =2nC 9 4s

o ° [y ’

1 0 1Jp° ps° 2 0 1Jp° js

or
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L
<P(P)'<P(Q)=-2-}'ljc—l' ,

onC .
L

WP - Q") =5
°

-]
In particular, for a closed contour II which is free from traction,

we have

-]
¢ =conste =a , Y =const.=b on Il ,
1 1

If II" is the only traction-free contour we may set a , b equal to
1 1
zero without loss in generality. When there are N traction-free

contours H; (n=1,2, «.., N) say, then

¢=a, Yy =b on II (n=1,2,...,N),

where a» bn are constants. Only one of the constant pail;s (an,bn)

can, in general, be set equal to zero, the others being determined by

the condition that the integrals Yy of equations (5.3) be single-valued.
Although traction boundary conditions are simplified by the

use of the stress functions, boundary conditions of place are rendered

more complex. From (5.3) we see that

dy - oy
Lo (3¢° e aqo) L/ (_ﬁsv_;wé_sa:) ,(5.6)
ds 1-\6 \on 9s ds 1-\6 an ds

and aya/as' will be known on a boundary C’ where y, are
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prescribed,
If the sheet extends to infinity in all directions and if the sheet
is in uniform biaxial tension at infinity with extension ratios pu ,p
12

along the axes, then we have, from (5.2) and (3.4), as r— o

M
. 1. cos®6

g;’; =4'rr1'3Cr L¥sin6+ - +0(%) ’ \

1 o) ! (bp )

12
s
v L sin®

S mp -t | A — - LTcos0| v o[ 1],

2 Vo) o | (rp) 1!

12 12
(5.7)
%
L cos©

oy _ Y — L¥sin6 - 4— +o(l}
ox 3 2 4rh C r 2 3 ri’

1 {Bw) o (bop)

12 12
*

U 1 L sin® 1
B Zvh Gz |5, coso - +0(;} s y

2 (HI'HZP

3
where Loz are the components of the resultant of all external forces
acting on the internal boundaries of the sheet.
When X <<1 a procedure similar to that of Section III can be

used to find successive approximations to the stress functions ¢ and

(1y (1)

Yo The first approximations ¢ are taken to be solutions to

» Y

(5.5) with N\ set equal to zero. Like y(la) , they are harmonic

-]

functions in the domain in question. At a boundary C'I‘ where the

(1 o

traction is prescribed, the tangential derivatives of ¢''', are

prescribed through
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(1) dL’ (1) dL
o [ _ a‘-IJ ° - 2 °
s =g rds =gpf on Cp
Os 1 0 o

(1)

o

EORCY

L]Jl

exact conditions on ¢ and § at a boundary where the traction is

In contrast to the functions vy, ’, the functions ¢ satisfy the
° .
given. At a boundary CD where ¥, are prescribed to be the
%k
functions Y, We can approximate to the boundary conditions on ¢,y
by taking M\ to be zero in (5.6) and requiring

¥ %*
o 1 0
ag(l) = - yl an(o) = - Yz on C;‘) .

°

?
on 9s° on Os

With these boundary conditions on the harmonic functions ¢(1)’ q;(l),
they will be harmonic conjugates of y(ll) ’ y(zl)
M) _o* on

o =Yg, On Cpe This is in agreement

» respectively, when
(1) ) °
Y o satisfy (3.3) on Cp and y

with setting A =0 in (5.2) which gives

(1) (1)
oy ) oy, )
ox ox ’ ox ox !
1 2 1 2
(5.8)
(1) (1)
oy gl oy, g
ox ox Ox ox ’
2 1 2 1

but it should be noted that (qo(l),y(ll)) and (¢(1),y(21)) are conjugate

functions only if the approximations made to obtain boundary con-

O):¢0) (1)

ditions on ¢ o
. . . i . .
A first approximation )\( ) to the transverse extension ratio

and on y are consistent,

A is determined by using <p(1), ¢(’) for ¢, ¢ in (5.4), that is, by
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the appropriate root of the algebraic equation

)\12 - j(l))\7' 2)\6_ )\4[ IV‘P(I)IZ+ ,VL]J(I),z] - J(I)}\. +1=0, (5.9)

where

j(l) i} aptt) aty(‘) ) 3o a¢(1)

ox 0x ox ox
1 2 2

1

If ga(l), ¢(l) and yg) are related through (5.8), we can write the

equation as

Az gURT e lef’)]z+ le(z‘)IZ] -3\ +1=0, (5.10)

where
o) 5 ) 5 (1) o ()
J(l) - y1 Yz _ Y1 Yz
ox ox ox ox '’
1 2 2 1
and )\(1) can now be determined directly from the first approximation

y(;) . When A<<1 and J'(l) is not small, terms of A% and higher

in equation (5.10) can be neglected for our purposes and we have

(1) (1) - 1 _ 1
JVIN -1=20 or )\.‘—'J—(l—;,

which is the value given for )\(1) in (3.6) of Section III., Near a

)

traction~-free edge of the membrane, however, .]'(1 becomes small
and vanishes on the edge and the term in A* must be retained in the
equation even though A is still much smaller than unity. Thus the

equation
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N[ Iv;rfl)[z+ [inl)jz] +30\ 120 (5.11)

will determine )\(1) with sufficient accuracy both on the boundary and

inside the sheet, When J(l) is positive equation (5.11) has only one

positive root. On the traction-free edge k(l) is determined by

- L
R | S R I S L R A

(1)

Since the normal derivatives of y vanish at the edge, we see that

a
on the edge
1).2 1), 27 -
o (ayu) ay()) 2
A = —1 | i —2 ,
9s’ O0s

in agreement with (5.1). It is because go(l) and L]J(l) satisfy exact
boundary conditions where traction is prescribed that equatién (5.11)
for )\(1) yields reliable results up to and including a traction free
boundary. We remark that the approximation (5.11) to equétion (5.10)
will not apply near a point in the sheet which is unstressed. At such
apoint A =1 and the derivatives of ¢, y vanish, equation (5.10)
being satisfied. Such stress-ffee points occur at projecting corners

in a traction-free portion of the boundary.

CORENCY

When the sheet extends to infinity and ¢
CORNY
Y2

’
1

are harmonic

)
, respectively, the conditions at infinity cor-

responding to conditions (3.4) on y(oll) are

conjugates of y
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%*
5 (1) L sin 6 5 (1) L cos©
Sl ol el o[L]
9x 4vh C r r| ’ sz 1 41'rh°C r ri’
1

" CFie ) L as r — oo

1 sin 1 cos 0
8y R l) P " _ _ 2 _}_)
Bxl = TH * 4':rh0C T 0( ' 9x 41rhoC =T o( rl|’ (5.12)

1 2 1

For moderate values of pl, p.z the difference between the conditions
(5.12) and the exact conditions (5. 7) is appreciéble, and this leads
to appreciable error in the values of N\ determined by (5.11) at

large distances. A better procedure in these cases is to determine

o8 lJJ(1)
(1)

the harmonic functions ¢ so as to satisfy the exact conditions

1
’ Lp( ) conjugate to y(l). A first
which will tend to the exact value as r —* o is

at infinity rather than to take ¢ o
1 1
(1), 0

(1)

approximation A

in equation (5.9). For our pur-

)

then determined by using ¢

poses it is sufficient to determine as the positive root of

MLve™ P9 450 - 1= 0. (5.13)

It may be noted that the stress functions ¢, ¢ introduced in
this section are directly related to the Airy stress function used for
two-dimensional stress fields. It is easy to show that, save for a

multiplicative factor,

_a_ﬂ"l_=._T s 8ﬂ_=_"_[' ,
9y 12 oy 22
1 1

9_‘2___-,'1' Q‘lL:T =T
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and

where X is the usual Airy stress function,
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Vi. SOME PROBLEMS WITH TRACTION-FREE BOUNDARIES

In this section several simple examples involving membranes
with traction-free edges are considered, and the application of the
modified method is illustrated. In the first two examples, the mem-
brane is under biaxial extension at infinity and has a traction-free
interior boundary which is either a circle or an ellipse. Example 3
concerns a finite membrane with mixed boundary conditions, and the
last example treats a boundary with a corner which is either traction

free or acted upon by a concentrated load at the vertex.

Example 1 Circular hole in an infinite membrane under biaxial
extension at infinity.

The deformation of an infinite membrane with a circular hole
of radius a subjected to uniform biaxial extension at infinity was
considered in Section IV as a special case of Example 3, The first
approximation shows that after deformation the hole becomes an
ellipse with major and minor axes of lengths Zp.la and Zp.za,
respectively, pl being the larger of the two extension ratios.

) LP(I)

boundary conditions at r = a and at infinity are found to be

The harmonic stress functions ¢ which satisfy exact

1 2 z )\
(p():'y rsin® l—é-z- R l,IJ(l)'—'--'YI‘COSG 1——a‘.“" »
1 r 2 rlf
where
[0 M
Y = = 4 ’ Y. = -t
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From equation (5.13), the transverse extension ratio )\(1) is the

positive real root of the equation

and at the edge of the hole where r = a, we find

A\ ={2[yf+yz-cos zewf-y;)]} , (6.1)

1
which has a maximum value (2y ) ® at (6 = 0,w) and a minimum
2

1
value (2y ) ° at (0 = n/2,3w/2).
1
When the material is under simple tension at infinity, the

extension ratios pl, Hz are related by

Wt =
2 P-l

1
n
We then have, from (4.18)

2

(1) 1+-§'-2—)cose ,

y = pr
1 r
(6.2)
(1) 1 a? .
= —1ril+-—-—]sin 0@ .
y2 \/_p. r?

1
In agreement with the discussion in Section III, y( ) is of the same

2

-1
order, O(p °), as the neglected terms in (2.10), (2.11) and therefore
may not be a good approximation to v, On the other hand, the

difference y(z)

LT yfl) is O(u"?) and so, for large ., yl(l) is a good

approximation to . From (6.2) the maximum principal extension
P Yl

ratio at the edge of the hole is given by
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A =[2(2 - cos 29)]%V. ,
1

-2
correct to O(\L )e
Another special case of interest is the axi~symmetric defor-
mation of an infinite sheet containing a circular hole. In this case

Y‘l = r.z = and equations (4.18), (6.1) assume the simple forms

Y(:) = P(l)(r) cos 9, Y(zl)'—' P(l)(r) sin® ; p(r) = “r(l +§;) » (6.3)
r

x4[2y2(1+%;)] +>\[y2(1-i§)] -1=0, (6.4)

where

Because of the symmetry of the deformation, the exact formulation
itself can be greatly simplified. As in Example 1, if we assume Yo
to be given by (4.7), then p(r) satisfies the ordinary differential
equation (4.8). The condition on dp/dr at infinity remains unchanged

but at r = a, the traction-free condition requires

dp _y3 2

dr A r’
or

dp)’p

(dr) r:1 ’ (6.5)
since ’
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in this case,

Equations equivalent to (4. 7), (4.8) were obtained by Rivlin
and Thomas [4] and, by successive application of Taylor series
expansions starting from the edge of the hole, they were able to find
numerical solutions for given values of the circumferential extension
ratio p/r at the edge of the hole r = a. A more direct method is
to integrate equation (4.8) numerically, as in Example 1. A value for
p/r at r = a is chosen, and the slope dp/dr at the same point is
then obtained from (6.5). With these initial values, the integration is
straightforward. Corresponding to each initial value of p/r there is
a limiting value for the extension ratio at infinity p. Figure 1 com-
pares the exact solution p/r thus obtained and the approximate
solution calculated from (6.3) for all-round extension to moderate
amount p = 1,62 at infinity, the corresponding circumferential exten-
sion ratio at the hole being 3.0. A discrepancy of 10% occurs at the
edge of the hole but the difference diminishes rapidly as r increases
and at a distance four times the radius of the hole, the difference is
slight, The transverse extension ratio \ is plotted in Figure 2
against the radius, the approximate values determined from (6.4)
being shown as circled points near the curve for the exact values.,

It can be seen that (6.4) provides good estimates for N\ over the

(1)

whole range of r. In contrast, values for A\ determined from Yo

through (5.11) are much less accurate and they are shown as crosses
in the figure,
Comparisons between the exact (numerical) solution and the

first approximation were also made for the case p = 3,03, Since
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figures for p = 3.03 corresponding to Figures 1 and 2 for p = 1,62
would show no difference between the exact and approximate solutions
for either p/r or \, the results are not shown here (the variation

of p/r with r for u =3.03 is given in [4]).

Example 2 Elliptic hole in an infinite membrane under biaxial
extension at infinity.

As noted earlier, the deformation of an infinite membrane
with a traction-free elliptic hole of semi-axes a and b subjected
to biaxial extension at infinity parallel to the axes of the ellipse can

be obtained by setting m equal to zero in (4.20) which then becomes

) _ M -
v, = — (a cosh§ - bsinh§) cosn ,
(6.6)
) _ M . :
y''/ = —£(acosh§ - b sinh §) sinn .
2 a—b

According to (6.6), the hole is again an ellipse in the deformed state
with semi-axes of lengths (a 'i'b)p.1 and (a +b)pz. When oS R =,
the hole is always deformed into a circle of radius (a +b)u.

(p(l) (1)

Stress functions

»

ditions at infinity and on the ellipse are readily determined and

which satisfy exact boundary con-

equation (5.13) assumes the form
2
A[(asinh & -bcosh é)z(yicos n +y:sinzn),
2 2
+{acosh§ - bsinh§) (yfsinz'n +y: cos M)]

+ )\yly (asinh& -bcosh§)(acosh§ -bsinh§) - (a—b)z(sinhzé +sin®n) =0,
2
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where the constants yl, Yz are as defined for Example 1, At the edge

of the hole where £ = éo and

ccosh§°=a, cs1nh§o=b,

(1)

the equation for A\ reduces

A% (a +b)2(y?sin?n +y§coszn) - (a’sin®n +b%cos?n) = 0,
1

It can be shown that the first approximation h(l) to the transverse
extension ratio A attains its extremum values
1

a1 [ 1
(a ‘fb)y1 ! (a *f-b)y2 ’

[

at the ends of the major and minor axes of the ellipse. When a“z = bul,
the hole is deformed into an ellipse of similar shape and since a_yz
and by1 are nearly equal the edge of the deformed hole has nearly
constant thickness,

If ay, > by1 » the hoop stress resultant is greatest at the two

ends of the minor axis and, for p large, has the approximate value
1

'3
T:ZhC(1+—b-) p.%’
S 0 3 a 1
-
2 .
which is correct to terms of O(n ). When ay <by , the maximum
1 2 1
is attained at the two ends of the major axis instead and TS has the
approximate value

T =zh°cl(1+%)%pf

S
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for large e

In the limit as b goes to zero, the hole degenerates into a
crack or slit of length 2c along the xl-axis. Setting b =0 in (6.6)
we have

Y(1)

= c cosh ¢ cos =B X
1 H & nERE

(6.7)
(1)

YZ

1]

wc cosh § sin n ,

and we see that the crack § = 0 becomes an ellipse with semi-axes
B ¢ and b c in the deformed state. It may be noted also that the
1

,\(1)

transverse extension ratio has the unique limit zero as the tip

of the crack is approached. Equations (6.7) can be written as

(1) _ W M 22 mEianz1E07
y.l=ex o,y -fz{c (- )+l ]} L (6.8)

Figure 3 indicates the deformation (6.8) for the sheet with a crack
when p.l = |J.z= 2.0, Because of symmetry, only the first quadrant of
the plane is shown. The solid lines initially formed a square grid of
lines distant 0,2 units apart. Initially the crack extended from -1.0
to 1.0 unit on the xl-axis ,» and it is deformed into a circle of radius
2.0 units., Vertical grid lines remain vertical and the deformation
is most severe at the tip of the crack, as expected.

When the principal axes of strain at infinity are inclined to

the x -, x -~axes, we require
1 2

Yo = ca’ﬂx‘3 + o(%) as r —™ 00, l(6.9)
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where Caﬁ are known constants. If we define the harmonic functions

z,, through

c . c . .
2 =E—_—l—)(acosh € -bsinh&)cos 1, z = ;S(acoshé -bsinh€)sinn,

we see that z, = X%, at infinity and the normal derivatives of z,
vanish on the ellipse (4.19). The first approximation y(;) to Vg
for the sheet with an elliptic hole and the deformation (6.9) at infinity

is then
(1)_
Vo ccwz(3 .

Under the deformation in which a particle at the point x, goes to z ,

the elliptic hole with semi-axes a, b becomes a circle of radius

(1)

(a+b). The transformation in which z  goes to y,

subjects the
whole plane to the deformation at infinity. Thus according to the
first approximation, under all orientations the elliptic hole becomes
an ellipse with semi-axes of lengths (a+b)p1 , (a1+b)p.2 parallel to the
principal directions of strain at infinity, where p.l and p.z are the
principal extension ratios at infinity.

For a sheet with N holes bounded by contours H:l, we intro-
duce harmonic functions 2z, which have zero normal derivatives on
H; and which are such that z =x  at infinity. The first approxi-
mation to the deformation when (6.9) holds at infinity will then be
y(;)= CapZp If the contours Hrlx obtained from H:l by the transfor-

mation in which x goes to.z 6 are drawn on the undeformed sheet

at infinity, the holes in the stretched sheet will assume the same
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. . . . '
shape, orientation and relative position as the contours Hn drawn

on the sheet at infinity.

Example 3 Stretching of a short wide strip between clamps (pure
shear.).

In order to produce a state of pure shear experimentally [6,7] ,
a short wide strip of rubber is stretched between clamps applied to
the long edges of the sheet. The extension ratio in the direction of the
width of the sheet is then almost unity in the deformation produced by
moving the clamps apart, and the sheet is in a state of pure shear if
the volume remains unchanged. When the width to height ratio is
large the small amount of non-uniformity in strain due to the traction-
free edges does not affect the force-extension relation significantly.

If the strip has width a and height b and the origin is taken
at the center of the sheet with the xl-axis along the width of the sheet,

(1)

the harmonic functions y ' must satisfy the boundary conditions

Ya a

5% =0 on xl-:l:-z,

1

and

NON

1 1 b
on x ==l:-2-,

(1) z

y = PX

2 2

where pb is the height of the deformed strip. We therefore obtain
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X n cosh 2ntl ™
y(1)=-‘-1—§ z (—l)z >—T1 sin l'rrx =x -F(x ,x )
1 w? (2n+1)"  cosh r21 b a T 12
= 5 a
(1) .
y, " =ex »(6.10)
where
o0 . 2n+l
4b (-1 sinh=—mx 2n+1
F(x ,x)=—5 ” ST Cos —p— X . )
1 2 T (2n+1)® cosh Ta 2

n=0 2b

According to (6.10), lines of the sheet initially horizontal remain so

(1)

after deformation and the location yl

is independent of p. The

shortening S of the line midway between the clamped edges is given
by

b

S=O.742-£><100%, (6.11)

which decreases with b/a but is independent of p. For b/a small,
the extension ratio N in the direction parallel to the clamped edges
1

of the sheet is substantially unity, and in the limit

1
AN =1, XN =p, A= —
1 2 K [

4
a state of pure shear.

Since the material at the free edges is in simple extension
with extension ratio p approximately, a better first approximation

for y is the harmonic function which satisfies the boundary con-
1

ditions
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(1)

A U
axl -\@' 1

@
<&

Hence we have

(1) _ - o1
v, =% (1 VL)Flenz) , (6.12)

and the shortening S of the middle line is now given by

s=o;m29(1--L)x1ow%. (6.13)
a Vi
If we write the second approximation Y(z) to y as

1 1

’

Yh)=.yhtfw
1

1

in which y(l) is given by (6.12), then w satisfies the Poisson equa-
1

tion
Viw = -2wp ,
with
o= gty tat Jm:H*’TV}g_) .

1 1

The boundary conditions on w are

b
= = %+ =
w=0 on xz 5
_8_9_)=0 onx==i:%,
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and we see that w will be zeroon x =0,
i

S0

decreases from

1
to \/-p. so that SJ(I)/Bx is negative for x > 0. Because J(l) is
1

Now as x goes from 0 to a/2,

1

even in x , we see then that p is odd in x and negative for x > 0,
1 1 1

In the terminology of electrostatics, for x > 0 the function w is
1

the potential of a distribtuion of (negative) charge with density p in
a rectangular sheet which has zero potential at three sides and zero
charge line-density at the fourth. Consequently, the potential inside
the sheet must be non-positive, w =0 for x = 0. The shortening

1
S predicted by y(lz) will then be greater than that calculated from
y(l) . Since (6.11) overestimates the shortening of the middle line
1
the actual value must lie between the two values (6.11), (6.13).

The total "charge" in the right half of the strip is

_ (B2 (a2 ___b_{ (1)-3}5‘/2__ b -3
Q= x dx = J = 1- .
‘)—b/ZS‘O pax dx, = - 7 | 0T 0 ZTr\/-p.( " )

For b/a small, the change in 38 from hoat x =0 to Vu at
1

x = a/2 occurs mostly in a narrow band near the traction-free edge
1

. %
X = a/2. For a good estimate w of w, therefore, we can assume
1

that all of the charge is concentrated along the line x = a/2 with
1

charge density

Q _ __1
2 -

_.g_)
i Zn\/-p

[

*
per unit length, Thus w is the harmonic function which satisfies the

boundary conditions
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Q
]
i
1
-
—
'
i~

It follows that

-7
% 1
= == {1- F ,
and with this value for w we have
Y(Z) =x - (1 __]_-_) F(X , X ) (614)
1 1 Fl 12

(2)

The second approximation y
2

to Y, differs from y(l) by terms
-T2

which are O pn_a).
(2)

1

can be obtained by means

() ()

The same expression (6.14) for y

of the stress functions ¢ and Y. The first approximations ¢

(1)

Y

are harmonic conjugates to y in (6.10) and it is easy to see that

a
they are
1 1
¢()=Cux,x), ¢()=-Hx ,
T 2 i
where
x n sinh ——Znﬂn’x
_ 4a (-1) ' 2 2n+l
G(x ,x)——-z— e cos ——mx .
12 w ~ (2n+1)? cosh =— b 1
n=0 ' Za

(1)

The extension ratio \ can be obtained from equation (5.13) in
terms of <p(1) and qJ(l). In view of the fact that a large part of the

sheet is under pure shear, we can, for a good estimate of the second
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(2) (1)

approximation ¢'"’ to ¢, choose AN’ tobe 1l/u throughout the

(p(z)

sheet, is then the harmonic function which satisfies the

boundary conditions

(2)

LT B 5

Xz “z z 2
and

90(2):0 on x =d=%.

Thus we have

(p(z) =(1 --—12-) G(x ,x) .
" 1 2

If we now use the inversion relations

(2) (2)

d d 2

YL_3¢(2)+_L _y_z_.=_3‘/’()

T9x 0x ,;2 ! ox ox !
1 2 2 1

we obtain the solution given in (6.14).
According to (6.14), the shortening S of the middle line is

given by

X 100%. (6.15)

S=0.7422 (1 L
a

When a/b =15, Sis 4.8% when p is 6.2. In an experiment with a
strip of rubber having dimensions such that a/b =15, Treloar [ 6]
observed for p =6.2 a shorteningA of the middle line of 12%, which
is more than twice the theoretical value S = 4,8% for a neo-Hookean
material. Rivlin and Saunders [ 7] conducted a similar experiment

and they report a shortening of 3% for the extension ratio p = 2.2.
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The ratio a/b for the specimen employed in their experiment is not
given in [ 7] but a figure suggests that the ratio a/b = 20 was used.
With a/b = 20 and p = 2.2, formula (6.15) predicts a shortening of
2,9%.

The discrepancy between theory and experiment for the large
extension ratio p = 6.2 is due to the fact that the neo-Hookean form
is not a good representation for the strain energy function of the
rubber for extension ratios greater than 2 or 3. A better strain
energy function for rubber is the Mooney form

1

U=h C [x2+x2+___
o 1 2 )\2)\2
1 2

+ T

L.+_.1_+)\2)\2 ,
D 1 2
1 2

where I'=C /C and Cz' C are the material constants., For a
2" 1
state of pure shear with A =1, Kz = @ the stress resultant across
1
the width of the strip is

ZhoC 1
T = ——4 (1 -—) + I'(p.z-l)] .
1 p 2
*
Even a small value for I' increases T significantly at large values
1
of p. A greater curvature is then required at the traction-free edges
in order to provide the resultant T1 in the middle of the strip, and
the shortening of the strip is increased., With the expression (6.14)
for y for a neo-Hookean material, numerical results for the case
1
a/b=15 and p = 6.2 show that straight lines initially vertical on
the sheet remain quite straight except in regions very close to the

traction-free edges, within a distance of the order of a/25. This is



-66-

in contrast to the experiment of Treloar [ 6] in which appreciable
curvature was observed of vertical lines initially distant a /5 from
the traction-free edges.

In order to superpose pure shear on simple extension, the
strip is stretched in simple extension in the Xz -direction with exten-
sionratio 1/)\2 before the clamps are applied [ 7]. The clamps are
then moved apart so that the extension ratio in the xz-direction be-
comes p while that in the xl-direction is substantially )\z through-
out the sheet, In order to ensure tensile stresses everywhere

must be greater than 1/ )\z « If the initial width and height are again

a and b, the boundary conditions are

=AXx ,
Yx 21 :tb
on XZ-— 'z' N
Yz=p'xz !
and
) oy
Y =)\3 2
ox sz
1 a
on xl-:t-z.
0 ]
LA
ox sz
1

As in the case N\ =1, the first approximation for y |is
2 2

1y _
Yz IJ'XZ s

which is correct to O(X—zp-3) , while a second approximation for y
2 1

is found to be
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(z) _ _ o1
y1 = }\.2 {Xl (1 )\.4F2)F(x1,xz)} .

2

The shortening S of the middle line is then

X100% .

_ b 1
S—0.7423(1— T
)\zp.

Example 4 DBoundary with a corner. Concentrated load at a boundary.
We suppose that the undeformed sheet has a sharp corner with
straight edges on one of its boundaries. The origin of the coordinate

system is taken at the vertex of the corner and the x -axis is taken
1

along the bisector of the corner angle. For r = a, say, the boundaries
at the corner will be the lines 6 = £ @, where 2a is the angle of the
corner.

If the sides of the corner are traction free, the harmonic

(1)

functions YY of the first approximation have zero normal derivatives

‘ 1
on O ==xa, For r = a, the locations Y('Y) will then have the repre-

sentations
= n'rr/a' Zr21:1 ™
(1)_2 a (_1_‘_) cos Ao +b (z) ., 2ntl o
Yy, ° nia r~ nla Smoe T,
n=0
. (6.16)
o0 nw/o -—%&—l-n
(1)_2 o (_1_‘) DTo 14 (5) in 20t o
vy, = ala cos— nlz sin S5-=m6 | .
n=0

where the constants a bn’ C dn will be determined by the defor-
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mation elsewhere in the sheet. For exampleif vy =ux , vy = px
1

on r =a we have

2
. ntl . nw
a = atll.(l 81n01/01, a = Zap.l(-l) mna/[(—&— -1] s N=1,2,00. ,

b =c =0,
n n

[oR
i]

Za.pz(-l)ncos a/ [(Zznaﬂ 'rr)z - 1] ,

For a > 7/2 the corner is re-entrant and the derivatives

Ei-y(;)/ax6 in (6.16) become infinite at the vertex. The corner is

deformed into a smooth arc with a continuously turning tangent at

the boundary point which was initially at the vertex. The radius of

curvature of the deformed boundary at this point is

2 2
(b _+d )

2]d a -b c |’
0o 3 01

where it is supposed that b0 and do do not both vanish., An example
involving re-entrant corners (with @ = ) has been met in Example 2
of this section where the infinite sheet with a slit was treated. Under
deformation the boundary .of the crack became a smooth curve.

For a < w/2 the corner projects and the derivatives 8y$)/ax6
vanish at the vertex. For the material with strain energy U(l) this
implies that the stress resultants vanish at the corner. A neo-Hookean

material would have small strains in the neighborhood of the corner

(1)

so that the first approximation YY

is not a good approximation near
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the corner.
s
If a concentrated load 1. acts at the vertex of the corner in
adirectionatanangle § counterclockwise from the negative x -
1

-1
direction, the derivatives ay.v/ax6 will be O(r ) as r — 0, and we

require
@ oy * a oy %
lim —r do = L cosf , lim ——-2rd6=L sin B i
Br ¢h C - or 2h_C
r—+0vY - 0 r~+0 Y.og oL

For r = a the first approximation will be

() o LfcosB x4 o)
Y,l hoc o g a [ ’
1

(1) _ L'sinp

Ir
Yz - hoca 10g;+v(r,9) ’
1

where the harmonic functions u, v are finite at r = 0 and have
representations of the form (6.16). The angle B must be such that
the force L¥ is directed away from the sheet, |B| < w-a, but B
may have to be restricted further, depending on conditions elsewhere
in the sheet, in order to ensure tensile stresses everywhere,

If the load L~ acts in the negative x -direction, the first

approximation will be

(1)-————*——10 X ;asina \
Yl —hOC @ ga, a
1

X $ nn'/a 2
r2asine ) (M [E] cos Bro/[ (2] -]

n=1

Y (6.17)

2n+l -

(00]
v = 2a cos a Z(-l)n ) * in 284 o/ [(MW)ZJ} )
n=0

2 2o
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when the edge r = a of the membrane is held fixed., This solution
is valid for all values of @ less than w other than m/2. For r

small, we have

(v _ _ 1 r
v, "5;61‘510%’“0“)'
as r—0 .

y = o(=™/2%)

Hence we see that the principal extension ratio in the xz-di rection on
the line 6 = 0 has the limit zero as r approaches zero if a < /2,
but for « > w/2, the limit is infinite.

When a = w/2, we have the case of a concentrated load acting
normal to the straight edge of a semi-circular membrane of radius a
whose curved boundary is held fixed., Expression (6.17) can then be

written as

(6.18)

(1) _

Yz Xz s

where
2 Q0 + 2n
- 2L _E& _ n+l _1—. 2-
A“hoclﬂ- ,u—"+2a2(1) (a) cos 2n8/ (4n"-1) ,
n=1

so that u= O(l) as r — 0. Along the traction-free edge and at a
distance A from the load, the square of the principal extension

ratio in the direction tangential to the edge is 2, According to (6.18),
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for small r straight lines 0 = constant of the undeformed sheet be-
come logarithmic curves while the circular lines r -~ constant become
straight vertical lines in the deformed membrane.

We note that since the outer edges 0 = =i=-rr/2 of the membrane
are free of traction, the material there is in a state of simple exten-

sion and for r small the extension ratio is found to be
2,2 3
2
)\s=(1+A/r) ~Alr.

Hence on the boundary near the load,

fo

h (r/A)E .
On the line 6 = 0 and for r small, J~ A/r and A~ r/A. Since
the principal extension ratio in the xz-direction is unity in this case,
we see that the central line 0 = 0 1is in pure shear in a plane perpen-
dicular to the (r,0) plane. Thus, for a neo-Hookean material, the
curvature of the boundary is sufficient to build up enough tensile
transverse stress so that the material in the center of the band is in
pure shear even though the membrane in the neighborhood of the load

is stretched out into a narrow band.
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—  EXACT

O  APPROX.

1.0 ; . N . \
[.O 2.0 3.0 4.0
r/a

Fig. 1. Variation of p/r with r for sheet with circular hole under
extension ratio p = 1,62 at infinity; exact and first approxi-

mation values.
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ﬁ — EXACT
1 © APPROX.,EQU.(8:4) T
X APPROX.,EQU.(5:10)

X
L X X X X
0.3 . .
1.0 20 3.0 4.0
r/a

Fig. 2. Variation of thickness ratio A for p = 1.62; exact and

first approximation values.
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