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ABSTRACT

The problem considered is that of minimizing the drag of a
symmetric plate in infinite cavity flow under the constraints of fixed
arclength and fixed chord, The flow is assumed to be steady, irrota-
tional, and incompressible. The effects of gravity and viscosity are
ignored,

Using complex variables, expressions for the drag, arclength,
and chord, are derived in terms of two hodograph variables, I' (the
logarithm of the speed) and B (the flow angle), and two real param-
eters, a magnification factor and a parameter which determines how
much of the plate is a free-streamline.

Two methods are employed for optimization:

(1) The parameter method. I’ and B are expanded in finite

orthogonal series of N terms. Optimization is performed with respect
to the N coefficients in these series and the magnification and free-
streamline parameters. This method is carried out for the case N =1
and minimum drag profiles and drag coefficients are found for all
values of the ratio of arclength to chord.

(2) The variational method. A variational calculus method for

minimizing integral functionals of a function and its finite Hilbert
transform is introduced. This method is applied to functionals of
quadratic form and a necessary condition for the existence of a
minimum solution is derived. The variational method is applied to the
minimum drag problem and a nonlinear integral equation is derived but

not solved,
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I. INTRODUCTION

Consider the irrotational, two-dimensional motion of an in-
compressible fluid past a cylinder of arbitrary shape in the absence
of gravity. Let the flow far upstream be uniform with velocity U,
pressure p_, and density p. At sufficiently high speeds, the local
pressures in the fluid decrease to the vapor pressure and the liquid
""boils, ! leaving a vapor cavity behind the body. In most cases the
density of the cavity vapor is very small compared with that of the
liquid so that the kinetic energy of the vapor motion has only a small
effect on the pressure within the cavity. Therefore, the cavity pres-
sure can be closely approximated by a constant, say P.- Bernoulli's
equation then prescribes that the velocity at the cavity wall be a con-

This is the '"free-streamline model" for cavitating flow,

As the free stream speed increases, the length and width of
the cavity grow indefinitely and the flow may be idealized by
Helmholtz flow; i.e,, the cavity extends to infinity downstream, the
fluid motion is steady and irrotational, and the cavity pressure is
constant, In this model, the free stream pressure must equal the
cavity pressure to maintain the cavity far downstream. Hence, U=V
in Helmholtz flow,

It will simplify matters by considering only that portion of
the body in contact with the fluid. The lift and drag acting on the

body and the cavity shape are determined by only this portion of the
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cylinder surface which we call P, We may replace the cylindrical
body by a plate with the same shape as P without changing the flow,

The specific problem considered here is to find the shapeofa

symmetric plate (see Fig., 1) of given arclength 230 and given width
Zyo, so that the drag of this plate in infinite cavity flow is a mini-
mum, (A precise definition of the class of plates under consideration
is given in Chapter II.,)

In 1938, M. Lavrentieff (see,e.g., [1], p. 386) published the
solution to the following minimum drag problem: Find the shape of a
symmetric plate of minimum drag if the plate is confined to a rec-
tangle(see Fig. 2(a) ). The nose of the plate must start at (0,0) and
extend to the two corners of the rectangle, (xo,yo) and (xo, —yo).
The solution for the optimum profile consists of a straight section
extending from (0, -h) to (0,h) and the free-streamlines which
leave the ends of this section and go on to pass through the corners
of the rectangle. The length h is uniquely determined by the ratio
Yo/xo‘

Lavrentieff's method of solving this problem is completely
different from the methods found in this paper. It is based on several
comparison and monotonicity theorems ([ 1], p. 380) which follow
from the maximum principle for harmonic functions., The present
paper was originally conceived as a confirmation of Lavrentieff's
work using the variational calculus technique introduced in Chapter
IV; however, no satisfactory method was found to impose the con-
straint that the plate be confined to lie within the rectangle, If this

constraint is dropped, however, one can easily construct a sequence
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of plate shapes which, in the limit, give zero drag regardless of the
ratio yo/xo.

Such a sequence is illustrated in Fig. 2(b). A typical plate
consists of a rectangular cup with width hl and length hz and the
free-streamlines which leave the edge of the cup and pass through
(xo, yo) and (xo, -yo), We now shrink Ithe width hl and increase the
length hZ so that the free-streamlines still pass through (xo, yo) and
(xo, -yo). As h1 - 0, the region inside the cup becomes essentially a

. . 1
"deadwater'' region with stagnation pressure p = > pU%, so that the

drag D of the plate is just

D = Uzh1

|

which can be made as small as we please by choosing h1 small
enough,

This observation led the author to consider the minimum drag
problem described above, It was thought that the addition of a con-
straint on the arclength of the plate would prevent the possibility of
such needle-nosed shapes. The constraint on the length of the plate
Was dropped for simplification,

The minimization problém considered here is related to a
more difficult design problem: For a fixed cavity pressure (not
necessarily equal to the free stream pressure), find the shape of a
cavita.ting'hydrofoil of given lift, chord, and angle of attack, so that
the drag is a minimum. It is not clear if a fixed arclength constraint
needs to be imposed in the hydrofoil proBlem for physically meaning-

ful solutions; however, it is hoped that the treatment of the minimum
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drag problem found in this paper will clarify this point,

Although we illustrate the minimization procedure with the
Helmbholtz model, cavities of finite length could be incorporated into
the minimum drag problem by the adoption of other flow models,
For example, the Riabouchinsky model ([ 2], p. 335), the re-entrant
jet model ([2], p. 332), or the wake model developed by Wu [ 3]
could be used. The difficulties in using these models would be much

greater, however, as should become apparent in the work to follow,
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II, THE PROBLEM OF THE SYMMETRIC CAVITATING PLATE

1. Physical Description

Consider the infinite cavity flow of an inviscid, incompress-
ible fluid past a two-dimensional plate P, The fluid motion is
steady and irrotational with uniform velocity U far upstream paral-
lel to the positive x-axis. The far stream pressure equals the cavity
pressure which is assumed to be the vapor pressure of the liquid. By
Bernoulli's equation, the flow speed at the cavity wall is constant and
equal to U,

We limit the class of flows under consideration to the class of
all infinite cavity flows in which the plate P has the following proper-
ties:

(a) P starts at the origin O (see Fig. 1) and is

symmetric with respect to the x-axis,

(b) The distance between the endpoints A and B

of the plate is Zyo,

(c) P has arclength 2s .

(d) P has continuous slope except at the origin

where the nose angle is 2@, with 0L a < w.

(e) Let S be some point on the plate between the

nose O and the endpoint A, The pressure p act-

ing on the plate segment OS satisfies p2> P.s

while on SA, p = P, The same is true for the

other half of the plate below the axis; i.e., p2> p

C

on OS' and p=p, on S'B,
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(f) P is coincident with the dividing streamline

passing through O,

The condition p 2> P. is an obvious statement of the fact that
the vapor pressure of the liguid is the minimum pressure in the flow,
The point S 1s included since we expect an interval on the minimum
drag profile with p = p_. (This is motivated by observing that part
of the éptimum profile for Lavrentieff's problem is a free-stream-
line,) This feature is included in the class of plates over which we
minimize since it is easier to take account of this expectation from
the beginning than not, Note that (e) places no undue restrictions on
the problerﬁ, since the point S for the optimal profile is not known
a priori, but must be found as part of the minimization process; it
could, in fac.t, be the same as the endpoint A,

Condition (f) is trivial on the part of the plate S'OS; however,
on SA and S'B it is non-trivial since the shape of the plate from S
to A (likewise for S'B) ma? be altered without changing the flow
paftern. For example, if the shape of the plate is changed as shown
in Fig. 3, vapor would form to fill the cavity so produced since the
fluid is at the vapor pressure along the sections of the dividing stream-
line SA and S'B. The fluid flow, however, is unaiffected, In order
to avoid an infinity of plate shapes with the same flows, we require

that the plate be coincident with the dividing streamline,



2. Mathematical Formulation

By proper choice of origin and magnification, the complex
potential plane f =¢ + i) is mapped to the upper half { = § + in plane
(see Figs., 4) by

f= 2 AULE . (2.1)

Here, ¢ 1s the velocity potential, ¢ 1is the stream function,‘ and A
is a real positive constant.

The magnification factor A is chosen so that the section of
the plate S'OS maps to the real ¢ axis, -1 § < 1. The sections of
the plate which are free-streamlines, SA and S'B, are mapped to
the real. axis, 1 <fgc and -cg<L €< -1, where c2 1 (equality only
if S=A, S'=B). The free-streamlines Al ahd Bl map to c<§{<w
and -w0< § < -c, respectively.

We now introduce the complex velocity

af . -i6
W= -=u-iv=qe | (2.2)

and the logarithmic hodograph variable

w:log%:logau—+i9'="r+i9 , (2.3)

where u is the x component of velocity, v is the y component, q
is the fluid speed (@ = (u® + vz)%), and O is the flow angle with re-
s;pect to the positive x axis measured positive in the counterclock-
wise direction.

Bernoulli's equation can be written

2 1

1 1 ' =27
P-P = 5 pU% - 5 pg® = 5 pUX(1 - ¢

) . (2.4)

On the free-~-streamlines (n = 0, igl > 1), p ‘=‘pc; therefore
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T, 0+) = 0  for E]>1 . (2.5)

Let the boundary values of w({) be denoted by

) +ip(g) for gl 1.

w(§+i0) = T(E, 0+) + i6(§, 0+) = { *
iB (&) for [g]> 1.

The condition that P. is the minimum pressure in the flow

means that the inequality
ng)= 0 (2.7)

must hold for [£]< 1.

Because of the symmetry of the plate,
) = I(-§) (2.8)

BE)=-B(-E), B (E)=-B (-£) . (2.9)
That is, at corresponding points on the top and bottom of the dividing
streamline, the flow speed is the same and the flow angle on the top
is minus the flow angle on the bottom,
The condition that the pressure be continuous at S and S'
requires that the speed also be continuous; hence,

T'l) =0 . (2.10)

<

Since the slope of the plate is continuous, B(£) and [3>' () are con-
tinuous and satisfy

B(tl)=ﬁ*(tl) . (2.11)

The function «({) is discontinuous at { = 0, Since the nose of

the plate is a stagnation point of the flow,

T > © as [t_,[*O s |

A\
(=

(2.12)
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Since the flow divides at the nose of the plate, there is a jump in the
flow angle,
B(0+) - B(0-) = 2a¢ . ' (2.13)
In addition, since the flow approaches that of the free stream

at large distances from the plate, we have

wg)=0 as [l e , w0 . (2.14)

We now show that w({{ ) can be written in the form

wg) = 6) + ) (2.15)

1
.where wo(f,) is the discontinuous part of w,

Jté-1 +i

7 (2.16)

: w (&)= %oi log

and w ({) is analytic in the upper half plane, continuous on the bound-
1

ary, and

wl({,)—fO as ‘f_.,]*oo , n=>0

Re{wl(§+i0)} =0 for > 1

We use Re and Im to stand for the real and imaginary parts. In
(2.16), and subsequehtly, we take /{21 to be cut along the real axis
from -1 to 1 and positive for ¢{ =§ > 1, We will use ( ')% to stand
for the positive root of the positive quantity inside the parentheses.
The logarithm function in (2,16) is defined to be that branch of the
function which is real for real, positive argument with a cut along the
negative real axis of the argument, -

If we let
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C()+ip () for JE]g1
“1(€+io)= 1 1

%

iB (&) for lel>1

1

then I',$ , and B , must be continuous and satisfy the symmetry
171 1

conditions

' ' (2.17)
1) = g &l) .
P &l)=p 1) |
Letting { — § + 10 in (2,16) for 6] £ 1 and comparing the

real and imaginary parts of (2.15), we have

r(g);%ﬁ‘-l"g(liﬁ‘fﬂ

B(E) =« sgng + P (E)

+TE)

(2.18)

where

1 ift £>0
sgn§ =
-1 if §£<0

Because of the assumed continuity of I."l and B conditions (2,12)
1
and (2.13) are satisfied. It is obvious that conditions (2,8) through

(2.10) are also satisfied by this choice of W, and w .

As { ~ & +1i0 for [¢|> 1,
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1
w (&)~ ZTTCZ log \:(éz'l)zﬂnéhlz i Z_T?_ Sin-l ( é—)

This result, together with (2,17) and (2.18), show that (2,11) is
satisfied.

As for the boundary values of wl () on the real axis, it is
easiest to deal with the inverse problem. That is, instead of specify-
ing the shape of the plate and trying to find the corresponding bound-
ary values it is better to let the shape of the plate be determined by
giving either I“1 (§) or {31(6,).

We now suppose that I‘1 (£) is given with the following proper-
ties: |

(i) l"1 (§) is Holder continuous (see below) on the

closed interval [-1,1].

(ii) l"l(i ) =0,

(iii) I (§) =T (-).

A function f(x) is Hélder continuous on some interval if

lt(x ) - £(x )] € Mfx -x |¥
1 2 1 2

for real positive constants M and g with 0<p g1, and for any x
1
and x in the interval,
2

We have a Dirichlet problem for the determination of w ({),
1

| ) for |E]g1
Re{w (£+i0)} ={ 1 _ '
1 0 for €] >1

The further condition @ -0 as [t]=> o, n > 0, provides the unique-

solution
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; -lI‘l(t)dt
wl(f,)=-;;5_1 T . (2.19)

We now let { —§ 4+ i0 for [§| < 1 in this equation. Using
Plemelj's formula (see,e.g., [4], §17) we have an identity in the
real parts of the left and right sides. The imaginary parts give
! 1 T (t)dt
JOEEE R (2.20)

where § denotes the Cauchy principal value, As [ — £ +i0 for

Ig[ > 1, we have
1 1 ¢ 1 I‘l(t)dt
ﬁl(-‘;):-;r—s_l——t—_T . (2.21)

‘The se forms for Bl and B:k satisfy all of the necessary continuity
and symmetry conditions. The continuity of Bl(g) on the closed
interval [-1,1] follows from the Hélder continuity of rl(g) and the
fact that ]."l (1) = 0, (See[4], Chapter 4, for the behavior of the
Cauchy integral near the endpoints of integration, )

If, on the other hand, pl(g) is given, we can consider (2. 20)
as an integral equation for rl(g) or solve the Riemann-Hilbert prob-

lem

1

Im{w (E+i0)} = (£) for [g]<1

Re{wl(§+i0)} 0 for |g] >1

wl(g)—»o as lt] 0, m 20
The necessary conditions for the existence of a solution of the

integral equation (2, 20) such that I' (+1) =0 are that B (§) be Hélder
1 1

continuous on [ -1,1] and that it satisfy the orthogonality condition
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S‘ 1 Bl(t)dt .

L

L1y

Under these conditions (the orthogonality condition is trivially satis-

fied by the symmetry of the problem), the solution for l“ (§) is (see

[4], §88)

rl(f;):-ir-lf;zf} L
(1-t2)2(t-£)

The solution of the Riemann-Hilbert problem gives the same results,

Equation (2.21) can now be used to find s;“(g).

3. The Physical Plane

From Egs. (2.2) and (2, 3),

df ~w(C )
-CE- =Ue
Using (2.1),
dz = % Clar - A ar | ' (2.22)

Thus, the physical plane is found by an integration in the { -plane;
?;)—A§ 'd«:' . (2.23)
The shape of the plate is given parametrically by

z(€) = x(§) + iy (g 5 'dé.‘ , (2.24)

where -c<§ < c. The integration from ' =0 to ¢{' =§ can be
taken on any path in the upper half plane because of the analyticity of

the integrand,
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Because of the symmetry of the plate, the plate width is given

C
2iy_ = AS‘ ek ar . (2.25)
-C

It will be convenient for subsequent analysis (Chapter V) to convert
this expression for Yy, toan integral over the real { axis from -1
to 1.

Let the function w({ ) by analytically continued across the real

axis into the lower half { -plane by

w@) = -o) . (2.26)

By w(f), we now mean the function so defined on the entire { plane,.
This function is sectionally holomorphic with a line of discontinuity

.on the real axis from -1 to 1. Using (2,6) and (2. 26),

ogei0) S (6) =+ DE) +1p(E)  for [g] <1 (2.27)
and
)= w_(€)=ip (€) for |g]>1
Now consider the function
re) =ge®)

This function is uniquely determined on the entire { ~plane by its jump
in value across the line of discontinuity, -1 g < 1, and by its

expansion at infinity (see [4] §78). Thatis, F can be represented

by
1 F,(t)-F_(t) -
k=0

if F is of degree n at infinity. The coefficients «, are found by

k
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expanding F as lt“;l - o0,

Letting l; [ ~ o in the equation

1
I (t)
)= - ‘5-1 =alh

. 1 : 1
w(l) = = g C(t)dt + - 2 I(t)dt + O - )

2

1 1 3
+ O )

W) _ 1 + _1_5‘ I(t)dt - 1 (5 I(t)dt
e ’n’E 1 sz‘;z _1"

as |L] -, sothat F is of first degree (n=1) at infinity, -

1

FiR)~ & g Tt)at +¢  as ] »w . (2.29)
. -1 _
From (2.27) we havé v
) F (g) - gewi(g) =ge‘}.'r(§)+lﬁ (g) . (2.30)

+
Using Eqs. (2.28) through (2. 30),

a1
J ID(t)dt +¢ . (2.31)
-1

1, ip(t) .
Lew({") _ _1_ te - _gmnhl“(t) dt +

i
m™oJ T

If this expression for Lew(;) is substituted into (2.25) and

the integration in { is carried out we obtain

. 1
2iy = l_ﬁ:§ , t sinh I'(t)sin B (t)dt

ia (1 t
i ] c-
+ — _1_ t sinh I'(t) cos B (t)log Y dt
2iAc 1
+ S‘ I(t)dt
T -1

A somewhat simpler expression for the first integral on the
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righthand side of this equation is obtained by looking at Eq

. (2,.31)
|I; |->oo. The lefthand side becomes
i L e i i
L+ = g r(t)dt - —— ) I‘(t)dt) +0 —) ,
™ 2
-1 ¢
while the righthand side equals
. 1 1 1 1
L+ S T(t)dt - —S t sinB (t)sinh T'(t)dt + Of—
mJ w J g2
Comparing the coefficients of i—, we have
~ 1 ] 1 2
5 t sinh I'(t)sin B (t)dt = 2—-(§ I‘(t)dt) . (2.32)
-1 Tl

Thus, Yo takes the form
~ 1 2
y = (5 I‘(t)dt) + —S‘ tsinh I'(t)cos B (t)log —_— dt
o 4nu -1

1
+ Ac S I'(t)dt
“ -

ILet ds be an element of arclength of the plate, measured

positive from B to A, From (2,22),

AT glag for  Jtl g
ds = Idziplate :{

Alt] for le] >1

The total arclength of the plate is given by

-1 1 (o
r (
o, -af lelatva§ lejasvaf Tleia

or

oY
It
!
)
[+
1
fu—y
+
o
R
o
!
yre
o
[o
U
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4. The Drag
The complex force acting on an element of the plate dz is

riven by

dF = (p - p_)(-idz)

From Bernoulli's equation,

1 1 1 2T
P-p, =5 pU% - = pq® = > pUH1l -e™ )

Using this and the expression (2,22) for dz, the total force acting on

the plate is just

D +ilL = -i'S (p-p_)dz
BOA -

ol .
- iA-%— oU? § (1-e D)l Py g¢
-1

1 .
ApU? S‘ £ sinh I )sin B (£)dE .
1

Therefore, the lift L’ is zero and using (2,32) the drag D is

given by
2

1
1 . A
D — > pU ;(Sll I‘(t)dt)
Sincé p and U are to be kept constant in the optimization

problem, it is convenient to give the drag the dimension of length by

defining 2D to be the length over which the hydrodynamic pressure

1

> pU* would act to produce the drag D. Thus,

% \ 1 - 2
D" = 7‘% (&1 r(t)dt)

Note that the drag coefficient of the plate based on the width 2yo is
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just
D D>=<
o vy, Ve
z Py,

5. Statement of the Minimum Drag Problem

Using the results of the previous sections, the problem of
minimizing the drag of a symmetric profile of given width, Zyo, and
given arclength, ZSO, reduces to finding two functions, rl(g) and

ﬁl(g), and the constants A, ¢, and «, such that
1 2
b3 A
D = = ( S‘-l I‘(t)dt) (2.33)

as a minimum subject to the constraints

NS 1 2 1 c-t
= [—-( S‘ (t)dt| + S‘ t sinhI'{t)cos B (t)log oS dt
-1

Yo = 27| 2 -1 c
1
+ 2¢ S‘ I‘(t)dt:\ (2.34)
-1
1
s, = %[cz -1 +§_1 Tt tldt] , (2.35)
where
1
L L
rg) = 22 1og l—i‘—l—'g—-’i)w(g)zo (2. 36)
X3 !
BE) = asgnt +B (8) . (2.37)

Furthermore, 1"1 and Bl are related by either of the following sets

of equations (one implies the other):
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(i) T (¢) Holder continuous on [ -1,1]
1

(iii) l—;(ﬂ:l) =0
.‘ 1 1 l"l(t)
(v) B&)=- 5§ gg-at for el <
(1) [31(6,) Holder continuous on [-1,1]
(i) B (§) = -B(-£)
1
1
1 B (t)
(iii) T (§) = = (1-£27° § —2——dt for [g] <
-y (e-g)

Finally, « and c are restricted to the intervals

- (2.38)

(2.39)

<1
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III. OPTIMIZATION OVER A FINITE PARAMETER SPACE

1. Expansion in Orthogonal Series

In this section we investigate the method of expanding I."1 (&)
and Bl(g) in a series of kn‘own functions with unknown parameter
multipliers and minimizing the drag (2.33), subject to the isoperi-
metric constraints (2.34) and (2. 35), by the proper choice of these
parameters. This method is similar to that used in the Rayleigh-
Ritz method of minimizing integral functionals.

A natural expansion for rl(g-) is afforded by the choice
T ({£) = -Z a_ sin(2n-1)¢ (3.1)

where £ = cos¢, ¢ running from 0 to w. From (2,38(iv) ), Bl(é)
is given by

N
z a cos(2n-1l)p , (3.2)
n=1

where the well-known formula

T . .
§ sinm0 sin 0 d6 = -1 cos mg

cos f0-cosg

has been used, Notice that this choice of I‘1 and [3.1 satisfy all con-
tinuity and symmetry conditions. We now limit the class of plates to
those with blunt noses; that is, we set « = 17} This choice of a not
only simplifies the calculations, but it is also motivated by the results

of Chapter V, where it is shown that if a solution to the variational

problem exists then this is the only possible value for «, Setting
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so that from Eq. (2.24),

-C -c w ()
z(-c):xO -iyo =AS‘ ew(g)f,dg =AS‘ e ! </gz-1 + 1i)dg
o

O
(3.3)

This integration is most easily done by a change of variable.
Let

t=-lve ], (3.4)

where vy =0 +i7. The { -plane, Im{ > 0 is mapped into the half
circle. | v| <1, Imv> 0 (see Figs. 4(b) and 5). The inverse trans-

form

v=-t 4+t -1 : (3.5)

is chosen so that the point at infinity in the { -plane maps to v = 0,

The endpoihts of the plate, L =z ¢, maps to v = + kK, where
(3.6)

or

It is readily verified that w asa function of v is given by

n

N
wl(V) =1 Z a vzn-l = i(v) . .(3,7)
n:l

On the section of the plate S'OS, corresponding to ¢ running from
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-1 to 1 on the real axis, v runs from 1 to -1 on the circle fv] =1.
That is,
Slm-9) -ip

Vv = = ~-e )

where ¢ goes from w to 0, Therefore, from Eq. (3.7),

N .
W = - IZ a e-1('2n—1)<p
1

n=

n
1
N N
= —Z ansin(Zn—l Yo -i Z ancos(Zn-l)qp
n=1 n=1

which agrees with (3.1) and (3.2). Furthermore, on the free stream-
lines, 7 =0, ]c[ <1, w is purely imaginary and wl - 0 as lv] - 0,
1

With the use of Eqs. (3.4) and (3.7), Eq. (3.3) becomes

K . .
. A iQ . 2 2i
XO - lyo =-7 e (v) v+ 21 - ; - —2 + ——'l dyv . (3.8)
i v v3

In Appendix A, X and Yo aré evaluated by taking the path of integra-
tion along Le , defined by the imaginary axis from v =i to v =ie,
the circle ]v[ =e¢ from v =1e to v =¢, and the real axis from

v=e to v=K. In the limit € - 0, the expression for Yo is found to

be

K 1
y, = : A[;_—Sl sinQ(t){Zt - (—?—‘%—(ﬂ}dt

Yo
K ]
+ SO cos Q(t){Z + %t(t)}dt + % (Z-a.1 2
2 Q' (k) .
+(k_ ey )cosQ(K) - > an(K)] , ' (3.9)

where
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N

Q(ﬂ:Z antzn_l , 9'(t)=-‘§-§l ,  etc.
n:l

Setting a = % in Eq. (2.36),

() = log (I—in—sz—’:)+ T ()

Thus, (2.35) becomes

A 1 I'(t) 1
s = ——[cz-l +S- e! {1+(1—tz)2}dt]
-1

Finally, making the change of variable t = cos¢ and using Eqs. (3.1)

and (3, 6), S is given by

N
T
+g exp{ - Z ansin(Zn-l)qJ (l1+sing)sing d(p}

n=1
(3.10)

The drag is given by

D" - —‘A-‘—(S‘ 1 l“(t)dt)z - i“—[g : log L2
2w -1 2 -1 ltl

1 2
dt + ‘S‘ r (t)dtJ
-1 1

2

N
™
sing dg - § Z ansin(Zn-l)go sing d(p}
o

m .
_ %ltg lo l+sing
o |cose )

The first term in this expression is easily evaluated by integrat-
ing by parts. Since the set {sin(2n-1)¢} is orthogonal the second term

depends only on al The final expression for D='< is given by
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%* _ AT 2
D = —-8— (Z-al) . (3.11)

b
The minimization problem reduces to minimizing D given by
(3.1) subject to the constraints (3.9) and (3.10) over the (N+2) -

dimensional parameter space (A,K,a ,a, . . ., aN).
1’2

2, The Case N =1
For N:l,

m
B(E) = T sgnk - at

Thus, a measures the flow angle from the vertical at the point S on
the plate (positive in the clockwise direction)., The plate section S'OS
is convex or concave when seen from the flow as aLI is positive or
negative (see Figs. 6).

The integrals in Eqs, (3.9) and (3.10) are easily calculated in

terms of special functions. With N =1,

Qt) = alt
QL) = a.1
Q1 (t) =.0

Therefore, (3.9) becomes

L 10K 2-a ¥
YO = Z A '2- . Sln(axt) Zt - '—"—'E‘}— dt

[¢)

K
+ -ZS‘ cos(a t)dt + TZ—T— (2-a ¥
o 1 1

> a
1
+(K ZK)COS alfc

N}

k®sina K] ,
1
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or
1 2 4 1y .
S
1
4 1 _ -:—)
"(K— o cosak
2)T .
+ (Z—al) {-2— - Sl(a.ll(' )}] , (3.12)

where Si is the sine integral, Si(x) = 5 stnt dt.
. o

From (3. 10), the arclength is given by

A1 112 ™ -a sing
o 7Z(K +E-) -1+S. e ! (l+sin ¢)sin ¢ de

T -a sing
2 1 1 d 1 .
K + ——) - -Z +(1 - Ea-;-) S;) e sSin §0d§0

0N
1i

From the integral tables [6],

m -a sing _ w/2 -a sing
Se ! sin¢d¢=2§ e ! sin ¢ de

[o} o

2 a1 xe—xdx
= = == = =2+ -1 ,
a .S‘ 1 2 “[L1(a1) 1(a1)]

1 o (aZ_X2)§
1

where L1 is the modified Struve function (see e.g., [7], p. 498) and

I1 is the modified Bessel function. Using the expressions for the

derivatives,

L' (x) =L () - = L (x)

and

D (x) =1 () - 21 (x)
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the final form for S is given by
A 1

1
So = -S-{KZ + K—Z + 6 + 4y¢ (1 + 3‘—1_) [Ll(al)°11(al)]

- 41r[Lo(al) - Io(al)]} (3.13)

The apparent singularity at a = 0 in the expressions for Yo
and s, given by (3. 12) and (3. 13) is removable. For small al the
following expansions are valid:

_ A 4y (2 3 2
yo—s{(2ﬂ+4f€+’—c—)+(-?—’lc -E—%-Zw)al

2 3 w2 3
+(2K -3kt i)a1 + O(al)}

5, = %{(zn + x2+# + 6) -(—1—361 + Zw)al-i-(% + %)a% O(a?l)}

Setting a = 0 and k¥ =1 in these equations gives

y:s :é
8

o o (2m + 8) ,

which checks with the fact that a = 0, K =1 corresponds to a flat

plate with no free-streamlines.

The condition that the pressure be greater than the vapor pres-

sure of the liquid imposes an upper limit on the value of a. The con-

dition p?pC imples I(£) 20 for all £e[-1,1]. Thatis,

1
1+(1-g2)2) + T(£)
¢l 1

1 lo I+sing |\ A s
z 08 1‘-sin"<p‘) Sy

= (1-a )sing + % sin’p + % sin®¢ 4+ . . . 20

'(€) = log
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Therefore; ax\< 1. If this constraint is not imposed, we see from
(3.11) that plates with zero drag would be possible by choosing a = 2.
In general, on plates for which a > 1, there is a region near the ends
of the segment S'OS where p <Apc.

In addition, 2 cannot become too negatively large if the flow
is to remain single sheeted. For large negative values of a the
plate cﬁrls around on intersects itself near the points S and S'. An
arbitrary lower limit a ¥ - 1;:- seems reasonable.

Some examples of actual plate shapes for various values of a.1
and K are shown in Figs. 6 The shape of the section OS is found

by numerically integrating the differential relations

1 rl(g) - ’ Zl
dx=- = e ! sinp (E)[1+(1-%7]ag
- ‘
T (§) 1
dy = e cosp (£) [1+(1-8%)7]ag
Yy

: _ 1
from £ =0 to £ =1, with rl(g) = - a1(1-§32 and 51(5,) = - alg. The
shape of the free-streamline section of the plate SA is given para-

metrically by the equations

_ 1 B2, 6
x(t) = —:{(Z-al)zY(al,t) + e 1(——; t— 4 5 - a )

8
v a.1 1
a
+(ti--£1— -—)s1nat+—£— -2 4 cosat
. 1 ¢ a2 . 1
1
y(t):_i_._ (% +£——-—-1—) s1nat+t—--—£—l--—)cosat
8y a 1 t? 1 !

+(2—a1)2[%- - Si(alt)] .
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where t runs from 1 to ¢ and
Ci(alt) + El(al) for a >0
y(a.l,t) = logt for a =0

Ci(-alt) - Ei(—al) for a <0

Here, Ci is the cosine integral and El and Ei are exponential
integrals. This expression for x is found by carrying out the integra-
tion in the expression for X given in Appendix A for the case N = 1.

The normalization factor

a
2y 2 —l) sina g 1-(-‘E - . —ZK) cosa K
2 a 2 1 K K a 1

a 1 K 1

—_ 1
yE3g

1

+ (2 - al)’-[% - Si(allf)]

that appears in these equations simply gives all of the plates the same
width, vy(k) = 1.

The problem of finding the optimum profile among the class of

2

minimizing D given by (3. 11) subject to the constraints (3. 12) and

plates for which wl(v) = ia.lv and ¢ = = reduces to the problem of

(3.13). This corresponds to extremizing

%
I1=D (A, -\ s (Ak, -\ A K, ,
( al) . 0( K al) 2yo( K al)

where X\, and A, are unknown constant Lagrange multipliers. For a

minimum I, we solve the equations
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oI =3D*_)\ Bso - ayo 0
DA oA 1 9A 2 0A

8 _ 9D Y %% - o =0 (3. 14)
a_a_l 5al 1 531 2 53.1 :
o oD" & By

o o _
o Sk "M M, O

These three equations, together with (3. 12) and (3. 13) determine the

five unknowns A,k , al, )\1, and )\z.

A necessary condition for the solution of the three equations

(3. 14) in two unknowns, Xl and )\2, is that the determinant

" Fo ¥
= A oA

aD’r ds o oy

da da da
1 1 1

BD* aso By
0K & &K

vanish. Evaluation of these partial derivatives gives

= %{Ka +# +6+ 41'r(1 + a—l-)[Ll(a} - Il(al)]

1
- 41r[L0(a1) - Io(al)]}
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of >

4«(1 + El—) [Lo(al) - Io(al)]
1

2

o1 2
- 41'r(1 + —a—l— + ;—-) [Ll(al) - 11(a1)] -8
1

K
Vo o1 (.3__+_4___1_)smx
oA 8 a2 a1 K2
' 4 & 2
HE - LK losakt(2-2 )"‘[1 -Si(aic)]
Ay K K a ) 1 L2 1
o A 2 2K 2K 1 1
_— = = — + — - —~|cosak
oda 8 2 a K
1 a 1
+ —2—-(K2 .2 2 2)sinaK— 2(2-a )[IT— - Sila K)]
a 2 a 1 102 1
1 a‘ 1

By factoring various rows and columns of A, it can be shown

that
2 ~
A:L(é} (2-a)[1 - L|A&
4 18 1 2
K
where
1 t t t '
! 11 12 13
A= |t t t (3.15)
| 21 22 23
|
11
t
31 tsz t33

and
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32

13

23

t
33
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=2-8.‘

= -2

=0

Sz L 1 -
=k%+ = + 6+4—n(1 + oy .)[Ll(az Il(al?'J

- 4r[L (a) - Io(al)]

e 1+ 3%1_) (L) - I ()]

-4'rrl+-a-—l- —2-—)[1.4(3,)-1(3.)]—8
p  al
1
_ 1
—K+E-
:(__2;_ +.ﬁ_ --—1-)31naK+k-—k—1—- )cosaK
al al K? 1

a

= 2(2—’3 + 2K - —l-)cosalc
K 1
a 1 .

a

1 1

1
)sa.naK .

?ﬁl,__,

2cosaK (

Therefore, A = 0 for the following cases:

(3.16)

2[ . 2 2 . T
+ ——(K - __; - = - 2) sina k- 2(2-31)['2- - S1(a1K)]
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We can rule out (i) since for A = 0 the plate reduces to a point in the
z-plane. The case a = 2 violates the pressure condition p ch.
The case kK =1 is discussed below. It corresponds to maximum drag
profiles if a < 0 and plates of stationary drag (neither maximum nor
minimum)if a > 0.

The fourth possibility, A =0, provides a relation between

sk
a and g . If we are interested only in the drag coefficient, CD=D /yo’

and the ratio of arclength to chord, k = so/yo, this relation is all that

is needed to complete the solution, since the factor A drops out of
these quantities.

Let a = f(k) be the curve on which K(al,x) = 0. In Appendix
B, this curve is found for g near 1 by a Taylor series expansion.

It is shown
8 2 24TI’ 3 4
fk) = 557z (1-K)° - ————  (l-k)" + Ol -1)
Smtl (37 +16)°

The general solution is found by fixing k at various values between 0
and 1 and numerically solving Z(a1 ) = 0 for al. This curve is
plotted in in Fig. 7. As k —0 (ratio of arclength to chord goes to
infinity), it can be shown that a is the root of the transcendental

equation

(24a)a [L (8 )1 (a)]-(af +22 +4)[L (a)-1 (a)] = &

which is found to be

a1 ~0.1020

In Fig. 8, Cp = D“‘/yo versus k = so/yo is plotted for the
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* cases for which A= 0:

(i) a = flk) , 12k >0

Gi) k=1 |, -5 <a <1
1

Case (i) are minimum drag profiles, while case (ii) are maximum

profiles if 2 < 0 and neither maximum nor minimum if a > 0.
Minimum drag profiles for various values of k are drawn in

Fig. 9. These profiles are found to be quite similar to Lavrentieff

profiles (a1 = 0); however, from the expansions

Yo(al’K) = ?{(8+2n) +[4(1-K)Z - (27r+ —13(3 al]

+ 4(1-¢) +[4(1-K ) +(-‘33 + %)aﬂ

14

+ O(1x )5}

so(al,K) = g{(snn) +[4(1—K)z - (zn + 1_§>) al]
¥ 4(1-x)° +[5(1-K)4 +(i§- + %’I) al]

+ 0(1-x)5} ,

which are valid on a.l = fk) for Kk ~1, itis easily shown that

Cp = cDO[l - 1. 16(k-1)? + O(k-1)]

for the minimum drag profiles; while

1
Cp = cDo[l - 1.06(k-1)? + O(k-1)]

for Lavrentieff profiles. Here, CD is the flat plate drag coefficient
o



D 4+

These results are not contradictory, since the two families of pro-
files were found by minimizing the drag under different isoperimetric
constraints; however, it is v.Surprising the plate shapes are as close as
they are. This indicates the desirability of using a fixed arclength
constraint rather than the constraint that the plate be confined to a
rectangle, the latter constraint being, in gexixeral (for N> 1), more

difficult to apply than the former.
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Iv. THE METHOD OF CALCULUS OF VARIATIONS

1, Introduction

In this chapter, calculus of variations is used to minimize an
integral functional of a H8lder continuous function f(x) and its finite

Hilbert transform,
1 0L )
g(x)=-;§ M qe (4.1)

Although previously unpublished, this method was developed by
Professor Theodore Y. Wu of California Institute of Technology,

By way of introduction, we first consider the case in which the
functional to be minimized is an integral of a quadratic in f and g,

Consider the problem of minimizing

1
J[f(x),g(x),x] :S' {a(x)fz (x) + 2b(x)f(x)g(x)
-1 (4.2)

+ c(x)g?(x) + 2d(x)f(x) + 2e(x)g(x)}dx

subject to n constraints of similar form
1
7,L£(x), glx), x] S {a, (x)3(x) + 2b, (x)f(x)g(x)
-1

+ ci(x)gz(x) + Zdi(x)f(x) + Zei(x)g(x)} dx

:Ii , i=1,2,...,n . (4.3)

In the spirit of ''classical' calculus of variations (i, e,, when
the functional involves a function and its derivative), we minimize the

new functional
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n

If f(x), g(x),x] =J -z )\iJi ,

i=1
where the {\ i} are undetermined Lagrange multipliers, Therefore,

we need only consider the problem of minimizing

1
I[ £(x), g(x), x] =5 {AG)2 (x) + 2B(x)f(x)g(x)

, (4.4)
+C(x)g?(x) + 2D(x)f(x) + 2E(x)g(x)}dx
with the understanding that the coefficients A(x), B(x), . . ., E(x) may

contain Lagrange multipliers; i e, ,

n

A(x) = a(x) - z )\iai(x) s etc,
i=1

Now suppose f(x) and g(x) extremize I and consider the
variation of I due to variations 6f(x) and ég(x) away from theextrem-
um solution, The first variation of I, which must vanish if I is

extremum, is given by

1
651 = 2 5 [{A(x)(x) + B(x)g(x)+D(x)}6£(x)

-1 (4.5)

+ {B(x)f(x) +C(x)g(x) + E(x)}5g(x)]dx =0

The variations 6f(x) and &ég(x) are not independent but are related by

1
6g(x):—11‘_—5‘167c£_-(;(t—)—-dt , (4.6)

which follows from (4.1).

We now wish to substitute (4.6) into (4.5) and change the order
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of integration over t and x, This is permissible if 6f(x) and the
function

G(x) = B(x)f(x) +C(x)g(x) + E(x)
satisfy the integrability condition

+ <1 (4.7)

N
P P,
where &6f(x)e Lp1 and G(x) Lpz (see [5], §4.2). We assume (4.7) is
satisfied with the understanding that this condition should be checked
once f(x) and g(x) have been determined. Substituting (4.6) into (4. 5),
changing the order of integration of t and x, and finally, replacing

t by x and x by t gives

1
6l =2 S . {A(x)f(x) + B(x)g(x) + D(x)

1
N Lg BUM(t) + Cltlg(t) + E() g4)s¢(x)ax = 0
T -1 t-x

Since 6f(x) is avbitrary, the singular integral equation

A(x)f(x) + B(x)g(x) + D(x)

N L§ I Bot) + Cltlg(t) + E(t) 4, _ ¢ (4.8)

m -1 t -x

must hold for le £ L.

If B(x), C(x), and f(x) are HOlder continuous, Eq. (4.8) can
be reduced to a Fredholm integral equation with a regular, symmetric
kernel. In some cases, however, it is easier to solve Egs, (4.1) and
(4.8) as a system of singular integral equations (see Ex, 2 below). If

the notation for the finite Hilbert transform
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™ t-x

1
Hf] = 1_§ £(t)dt
1
is introduced, Eq. (4.8) becomes

A(x)f(x) - B(x)H[f] + H[Bf] - H{CH[f] ] =-D-H[E] . (4.9)

The second and third terms on the lefthand side combine to give

1
H[ Bf] - B(x)H[{] = 1—5 (B—(t)—']i(-x—)) £(t)dt

T -1 t -x

The Poincaré-Bertrand formula ([ 4],§23) can be used to rewrite last

term of the lefthand side of (4.9) as follows:

1 1
S CREEE XA
m -1 -1

1 1
= C(x)f(x) + L S‘ £(e)dt S. (l—l—l_—t- - —l) C(u)du

2 -1 t -x -1 u-x

Thus, Eq. (4.9) reduces to
1
{A)+C(x)}H(x) + g K(t, x)f(t)dt = -D(x) - H[ E] (4.10)
-1

where

1
K(t,x) = i_(B(t)-B(X))_*_ 1) S' (_1_ - 1%{_) C(u)du. (4.11)

t-x Trz(t-x -1 u-t

In the next section, it is shown that a necessary condition for
the existence of a minimizing solution is that A(x) + C(x)> 0 for
x| < 1. If we let

£(x) = {A(x) + C(x)}%f(x) (4.12)

Eq. (4.10) becomes
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- 1.
£(x) + S Rt %) (t)dt = - 2+ HE] (4.13)
-1

{A(X)+C(X)}_‘l"_

where

-~ v -~

K (t,x) = K(x, t)
- {AGHCE)T(AECH) KL, x)  (4.14)

and K is given by (4.11).

Equation (4.13) is novs} subject to the well-developed theory of
Fredholm integ:c"al equations., The kernel and righthand side of (4.13)
may contain unknown Lagrange mﬁltipliers. Ideally, the integral equa-
tion would be solved for arbitrary values of )\1, )\2, . e e }\n'
Equation (4.1) then gives g(x) and the n constraints (4.3) determine

the {xi}.

We now consider two examples:

Example 1: Minimize
1
J =) [ 2(x) + 27 3°f(x)g (x)] dx (4.15)
-1 :

subject to the constraint
1 ' .
Jl :S f(X)dX = 1 . . (4,16)

In this case,
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The integral Eq. (4.13) becomes

a—

1 .
f(x) +S‘ K(t,x)f(t)dt = 5 X R
-1 1

where

-~ 3 3
K(t,x) =K(t,x) = %(ff—l’i) =t + xt + x?

t-x
The solution is easily found to be
_ 15 5 2
fO(X) = —8—§ )\1(-2- - 3x )

A, is determined from Eq. (4.16).

1
15 45
S fO(X)dX = §—9— )\1(5 - 2) = 8_(7 A =1

-1
Thus,
_ 1y5 2
£ (x) = ?(‘2‘ - 3x)
From Eq. (4.1),
1 J]5 1- '
0= 1) < - {12 - o[t o)

Using these forms for f and g in Eq. (4.15), the minimum
value of J is

J =

° = .9888.

O] o
[e] fNo}

In some instances f and g may be required to be Holder con-
tinuous on [ -1,1]. This means, in particular, that f(xl1) = 0. Only
in exceptional cases will the solution to the variational problem have
this property. In case f and g are required to be Holder continuous,

a natural approach is to expand f and g in orthogonal series
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where x = cos¢, and then minimize J with respect to al,a.z, . e . ,aN.
Note that the above equations satisfy (4.1) for all {a.k}
In this particular example we can set the coefficients of the even

sine and cosine terms to zero; i.e., let

N

f“q)=§5 a sin(2k-1)g
k=1

(4.17)

N

g(N) =2 akcos(Zk-l)go
k=1

. L 2 (N)
Equation (4.16) requires that @ = = for all N, Let J be

the minimum value of J found by substituting (4.17) into (4.15) and

-minimizing with respect to R We obtain the follow-

N*

ing results:

N 7 (N

1 1.040376
2 0.992061
3 0.989884
4 0.989380
5 0.989185

6 0.989088



N 7N

7 0.989033
8 0.988998
9 ' 0.988974
10 0.988957

The particular advantage of the result of the variational technique

is that it makes it possible to determine just how well the H(')'ldevr con-

. tinuous functions f(N) and g(N) minimize J,
Example 2: Minimize
1
J = S\ {f2(x) + kg*(x)}ax : (4.18)
: -1

subject to

1
J = 5 fix)dx =1
-1 :

Here k is a constant greater than -1 and

A(X) =1
C(X) =k
D(x) = - % S

B(x)=Ex)=20

In this case it is beét to solve the singular integral Egs. (4.1) and (4. 8)
directly rather than the Fredholm integral equation,

Equations (4. 8) and (4.1) can be written

f(x) + kH[g] = N ' " (4.19)
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g(x)+H[f] =0 (4.20)

respectively.
Case I: k> 0. Multiplying (4.20) by iﬁ and adding it to

(4.19) gives the separated equations

F}jx)+\[§1{[f+(tﬂ
- JxH[F _(t)]

11
N —
b

n
R
b

where

F(x ) = £( j—g

These singular integral equations are easily solved by the method

of Muskhelishvili ([ 4], Chap. 14) giving

f‘i(X)= (1+x)

2 1+k

where

Therefore,

(4.21)

S p— {HX)Y {t=3
(o]

4 [K(1+k) l-x 1+x

Equations (4.19) and (4.20) are easily checked by the identity

. £y £y
H[(—}%E—) ] + cscwy T cotwy(1+x

where
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cscmy= 1k cotmy = 1
Yk =I5

Using the equation -

1 xY _1
S\ (%—%) dx = 27wy cscwy = 2 1+k f— (4.22)
-1

the Lagrange multiplier is found from the constraint equation,

1 >\ )
S' (x)dx = -4 1]:1{ tan-l\/; =
-1 4.f+k

Thus,

A e ) (4.23)

1 tan_vq:
The minimum value of J is found by substituting (4.21) into (4, 18) and

using (4.22) and (4.23).

2
;LM 1 2[1+x)2Y+2(1-x)2Y o
o~ 5(l+k; l-x 14x ,
)\2

WITIET - 4m(2y)esc w(2y)

I
2tan _%(—

1]

Case II: k = 0. In this case it is easily shown that
f (x) = constant = L
o -2

1
Jozf?.— )

which agrees with Case I as k= 0,
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Case III: -1 < k< 0. Using methods similar to those employed in

Case ], it is easily shown that

X
1+x
f (x) = —2— cos(y log _T—)
© 2J1+k L-x

A ‘
g (x) = —t sin(y log -ii-—z) s

o 2 [“x(11k)

where
2 J-k

AN = —

10g(1+/-—k-

1-/-k

1+J/-x
1-/x

The minimum value of J 1is found to be

=

' 1
y:ﬂlog

J, = .
1+/-k
log| ——¥ ==
1-/-k

To compare the variational method with the Fourier series

method, we éhoose k= - i—, in which case,
J = s ~.455119
o~ 2log3 -

The Fourier seriesmethod gives the following results:

N . 3(N)

1 - 0.472832
2 0.458504
3 | O..456182.

4 0.455540



N J(N)

5 0.455311
6 0.455216
7 0.455173
8 0.455152
9 0.455142
10 0.455136

Again, J(N) seems to converge to Jo,- even though the Fourier
expansions, f(N) and g(N), are poor representations of fo and gy

particularly near the ends where the extremum solutions oscillate

infinitely fast. It should be noted that the higher order coefficients @y

do not seem to converge, but oscillate wildly as N increases,

2. A Necessary Condition for a Minimum Solution

Consider the problem of minimizing a functional of the form

1 :
1= {7 peee, oo, 0

where f and g are related by

1
g(X)=-;1r—§lt—f_(}?dt . (4.24)

The first variation of I, which must vanish for arbitrary
variations, 6f(x) and 6g(x), about the extremal solutions, f(x) and

g(x), is given by

1 .
61 =§ [Ff(f,g,x)éf(x)+Fg(f,g,x})ég(x)]dx =0 . (4.25)
-1 ‘ L
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The variations 6f(x) and ég(x) are not independent, but are

related by

1
sglx) = - %g S£(t) 44 (4.26)

which follows from (4. 24). Now suppose Fg(f(x),g(x),x)e Lp; and
6f ith
(x)e LPz wi
1 1
— + — <1
P P,
1 2
With this assumption, it is permissible to substitute (4.26) into

(4.25) and reverse the order of integration over the t and x variables,

This gives

1 1 1 F (f,g,t)
61 :S. [Ff(f,g,x) + —§ -8 dt:léf(x)dx =0
-1 i -1 t -x

Since 6f(x) is arbitrary, the following nonlinear singular integral

equation must hold for |xl <L

1 F_(f(t), g(t), t)
1§ g

Ff(f(x),g(x),x) + = dt =0 . (4.27)

-1 t -x

. We now suppose that Eqs, (4.27) and (4. 24) can be solved for the
extremal arcs f(x) and g(x). Under what condition does this solution
actually provide a minimum of I?
To study this question, we look at
1

1
Al :S‘ F(f+6f, g+6g,X)dX -S' F(f,g,x)dx s
-1 -1

which should be positive for arbitrary 6f and ég. Suppose that AI
can be closely approximated by the first two variations of I,

1

AI~61+ > 61
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where

1
621 = §-1 [Fpelf, g, x){6£(x)}? + 2F g, (£, g, x)6£(x)8g(x)

+ Fgg(f,g,x){ég(x)}z]dx 3 (4.28)

Since 61 = 0, the condition that I be a minimum requires
621> 0

for allvariations 6f(x)and &6g(x) consistent with Eq. (4.26),

Consider the case in which Fff(f(x),g(x),x), ng(f(x),g(x)’x),

Fgg(f(x),g(x),x), and 6f(x) are all Holder continuous on [-1,1]. The

second term on the righthand side of (4.28) can be rewritten

1
2 §_1 ng(f, g,x)0f(x)6g(x)dx

1
- - 25 F. (£, g, x)8£(x)H[ 6£(t)] dx
1 fe

1
=2 S‘ H] Feolf g, )6 £(t)] 6 £(x )dx
-1

— 5 £(t)6£(x )dt dx

TY1v.l

The second line follows by the substitution of Eq. (4.26) and the
third line is a result of reversing the order of integration, The last
line is just the mean of the two previous lines.

By similar operations and the use of the Poincare-Bertrand

formula, the third term on the righthand side of (4.28) can be written
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1 1
z _
S Fgg(f,g,x){ég(x)} dx _§-1 Fgg(f,g,x)H[éf] H 6f]dx

1

i
’L/-)
— —

H[ FggH[ 6f] ]6f(x)dx

Ll
—

2
. F g olfs 8, %) {81(x)} *ax

1 el Ly 1
1 g g KS' (ﬁ - ==|F_ (£, g, w)du s£(x)8£(t)dt dx
@ Jo1 Yo -1 g€

Combining these results, Eq. (4.28) becomes

1
821 :S 1 [Fff(f(x),g(x),x) + F (f(x) g(x), x)] {6f(x)}2dx

+ —g S‘ ( x(£)x(x) )6f(x)6f(t)dtdx , (4.29)
where
g 1 F (f(u) g(u),u)
x{x) = f (f(x), g(x), x) - Ty — du
Since ng and Fgg are assumed to be Holder continuous on [ -1,1],

x(x) is also Holder continuous except possibly at the endpoints where
F (f(x),g(x),x) + 0.
ggfx) gl ), x)
Now consider a special choice of 6f(x): Let

X-X
(o]
€ 3

where n is H8lder continuous and

6f(x) = Mn

0<nqu)g1l for |u

n(u) =0 lu] > 1 . (4. 30)



-50 -

M is either positive or negative and is chosen so small that 6’1, 841,
etc., can be neglected in comparison with 621, X is any fixed point
in the open interval (-1,1) and, for the time being, ¢ is chosen so
that |x_ | <1.

With the choice of 6f, the limits of integration in the expres-
sion for 621 given by Eq. (4.29) can be taken from X, - € to X + e,

Since ¥x(x) and the function
&x) = F(f(x), gx),x) + Fgg(f(X),g(X),X)

are Holder continuous on this interval we have

7
lx(t)-x(X)lSAllt -x)| }
u (4.31)
|8x) - @ ) € A fx-x |2,

with 0<p €1 and 0<p g1, for any x and t in the interval
1 2

{xo - & X, +e].
By adding and subtracting a term, Eq. (4.29) can be written
X e
o X-XO
621 = ®(x )Mzg nz( dx + R
o x - €
o)
1
=®(xo)M‘e S‘ ni(u)du + R, (4.32)

where

xo+€
= xX) - X X 2
R=§ Lo - G ) (e} ax

+e X te
S?(o Svo

X =€ x -t
(o] (o)

+

)=

( (t)- (X))sf ()8 £(t)dt dx

t b'e
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Using the inequalities (4.30) and (4.31), it follows that

iy 1 v
IMS%wezglM‘#mm

1+ 1 1 M-
+ Alee ! S g [a -v] ! nun{v)dudv
-1vY-1

2+
ZAMZ) vt (20 A M)
2 < 2

1
1+ * ulilmx; ¢

2

N

We now shrink the interval over which 6f is nonzero by let-
ting ¢ go to zero, As e - 0, the first term on the righthand side of
Eq. (4.32) dominates, so that a necessary condition that 6*I> 0 is

that

®x ) = Flflx ), glx ), x ) + F

. (£(x ), glx ), x ) > 0 (4.33)

gg

for every x € (-1,1).

| If ¥ is quadratic in £ ’and g, as in the previous secti