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ABSTRACT 

The Maxwell integral equations of transfer are applied to a 

series of problems involving flows of arbitrary density gas es about 

spheres. As suggested by Lees a two sided Maxwellian-like weight­

ing function containing a number of free parameters is utilized and a 

sufficient number of partial differential moment equations is used to 

determine these parameters. Maxwell's inverse fifth-power force 

law is used to simplify the evaluation of the collision integrals appear­

ing in the moment equations . All flow quantities are then determined 

by integration of the weighting function which results from the solution 

of the differential moment system. Three problems are treated: 

the heat-flux from a slightly heated sphere at rest in an infinite gas; 

the velocity field and drag of a slowly moving sphere in an unbounded 

space; the velocity field and drag torque on a slowly rotating sphere. 

Solutions to the third problem are found to both first and second-order 

in surface Mach number with the secondary centrifugal fan motion 

being of particular interest. Singular aspects of the moment method 

are enc ounte red in the last two problems and an asymptotic study of 

these difficulties leads to a formal criterion for a "well posed" mo­

ment system. The previously unanswered question of just how many 

moments must be used in a spe c ific problem is now clarified to a 

great extent. 
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1. INTRODUCTION 

Although there is general under standing of the transition 

between highly rarefied gas flows and gas dynamics as described by 

the Navier-Stokes equations, a detailed theory is undeveloped because 

it involves the difficult problem of solving the Maxwell-Boltzmann 

transport equation subject to initial values and boundary conditions. 

Some insight into the nature of this problem is provided by the work 

of Willis, (1 ), (2), (3) who uses the Krook (4) model for the collision 

integral in the integro-differential equation for the single-particle 

velocity distribution function. Since the Krook model implies iso­

tropic scattering, it is suspect when there are large mean velocity 

and mean temperature differences or surface curvature, especially 

in the low density high Knudsen number regime. 

One would like to preserve the main features of the collision 

process, while retaining the ability to deal with nonlinear problems. 

With this goal in mind Lees (5) developed a moment method which is 

formally applicable for all gas densities . This moment method has 

previously been applied only to· one dimensional nonsteady flows (6) 

and to internal flow problems such as steady plane compressible 

Couette flow (7) and conductive heat transfer between concentric 

cylinders. (8) In the present investigation we want to study the ef­

fects of surface curvature and other properties of external flows 

using this moment method. A series of problems in spherical geom­

etry will be used to illustrate this approach. 

The total external flow about a closed body cannot be simply 

characterized as continuum, transition, or free-molecule as is often 
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done for gaseous flows contained within a finite region. Instead, these 

descriptions must be applied to specific regions in the flow . Within a 

distance much less than a mean free path from the body the velocity 

distribution function always exhibits the discontinuous character asso­

ciated with c ollisionless flows. On the other hand, no matter how 

large the mean free path, the distribution function becomes continuous 

and approaches a local Maxwellian at large distances from th e body. 

Thus, for large R the flow field always has a solution of the Navier­

Stokes equations as a limiting form. At intermediate distances where 

the Knudsen number (defined as A./d where A is the mean free path in 

the gas and d is the sphere diameter) is of order one the distribution 

function naturally deviates from both of the above limiting solutions. 

The pre sent attempt is to provide a description of this intermediate 

region which is not merely a partial extension of an asymptotic solu­

tion into the transition regime. 

Lees suggested that the distribution function in the Maxwell 

integral equation of transfer b e represented by a weighting function 

expressed in terms of a number of parametric functions of space 

and time, selected in such a way that essential physical features of 

the problem are introduced. The proper number of moments must 

be taken to insure that a complete set of fir st order partial differen­

tial equations is obtained for these undetermined functions. This 

weighting function is not to be considered as a solution of the govern­

ing Maxwell-Boltzmann equation. 

A particular example of the type of weighting function proposed 

by Lees is the "two-sided Maxwellian," which is a natural general-
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ization of the situation for free-molecule flow. In body coordinates, 

all outwardly directed particle velocity vectors lying within the 

"cone of body influence" (region 1 in Fig. 1) are described by the 

function f = £1, where 

In region 

f = £2 

= 3/2 
[2"ITkT l (R, t) /m] 

2 (all other ~) , 

n 2 (R, t) 
= 

[2"ITkT
2

(R, t)/m] 3 72 

2 

{ 
m[~ -~1 (~ t)] } 

exp - 2kT
1 

(R, t) . 

2 

exp {-
m~-~2 (R, t)] 

} 2kT 2 (R, t) 
, 

(1 . la) 

(I.lb) 

where n 1, . .. , u 2 are ten initially undetermined functions of Rand 

t . One important advantage of the "two-sided Maxwellian'' is that the 

surface boundary conditions are easily incorporated into the analysis. 

For example, in the case of completely diffuse reflection the re-

emitted particles have a Maxwellian velocity distribution correspond-

ing to the surface temperature T , and the mean velocity of the re­
s 

emitted particles is identical to the local surface velocity. Thus 

u 1 (R, t) = us, and T 1 (R, t) = Ts when R = R 0 . When there is no net 

mass transfer at the surface an additional boundary condition must be 

satisfied which is similar (except that u 2 :f u
00

) to the usual free­

molecule flow condition. (5) 

Once the form of the weighting function is selected, the colli-

sion integral appearing in the Maxwell moment equations can be eval-

uated for an arbitrary force law between the particles. However, 

Maxwell's well-known inverse fifth-power law provides an important 

simplification of the collision integrals because they can be evaluated 

once and for all in terms of simple combinations of lower order 
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stresses and heat fluxes. (5) When the solutions for the parametric 

functions are inserted into Eqs . (la) and (lb), the fluid field variables 

may be found by integration, thus completing the solution. 

In particular, three external spherical flow problems will be 

considered. The first is a sphere at rest in an infinite gas of arbi­

trary density, but with a temperature different from that of the sur­

rounding gas. The heat flux to the sphere is calculated as a function 

of this temperature difference and the density of the gas (Knudsen 

number) . This example is used primarily as an introduction to the 

more difficult problems which follow. 

The second situation is a sphere in uniform linear motion 

relative to a gas at rest at infinity. Since the weighting functions for 

this case are linearized for low Mach number, the sphere may be 

assumed adiabatic without any loss in generality. The nonadiabatic 

translating sphere solution is just a superposition of these first two 

cases. Whereas the heat conduction problem yields an analytic solu­

tion, the moving sphere necessitates a numerical integration of the 

resulting moment equations . 

Finally, a stationary rotating sphere is investigated. As in 

the second case, the sphere is taken to be adiabatic and the weighting 

functions are expanded in powers of the equatorial surface Mach num­

ber. The first-order solution which determines the retarding torque 

on the sphere is not difficult to obtain analytically. More interesting, 

however, is the secondary motion which exhibits an influx at the two 

poles and an equatorial jet. The dependence of this "centrifugal fan" 

motion on the Knudsen number is determined by numerical integration 
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of the second-order moment equations. 

One of the primary results obtained in this investigation is a 

fuller realization of the importance of choosing the correct weighting 

function and moment equations. Specifically, the last two problems 

above illustrate the difficulties encountered when an unfortunate choice 

of systems is employed. A systematic approach is outlined for ob­

taining a reasonable weighting function and its associated moment 

equations for a more general class of problems. A criterion is also 

provided by which any moment model may be easily checked for the 

existence of various types of singular behavior. 
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2. MOMENT METHOD IN SPHERICAL GEO ME TRY 

2. l. General Remarks 

A systematic formulation of the moment method in spherical 

geometry is the most efficient way of tying together the various 

problems discussed in the following chapters. Be sides avoiding 

duplicated effort in describing these problems a general development 

offers a relatively easy extension of this method to other spherical 

problems. 

Applying the moment method to a given physical situation 

involves, essentially, three distinct problems. First, a suitable 

weighting function must be chosen to exhibit the de sired physical 

detail, remembering that the more parametric functions it contains, 

the greater is the difficulty likely encountered in solving the result­

ing moment equations . Some general suggestions for this choice will 

be discussed in Section 2. 5.;. however, a most useful rule is that 

gained from experience with various applications of the moment 

method. 

Secondly, the many integral functions which appear in the 

system of moment equations must be determined in terms of these 

parametric functions. A table of integrals is provided in an Appendix 

which greatly reduces the effort required to obtain these functions for 

the special case of linearized weighting functions in spherical geom­

etry. 

The final and perhaps most difficult part is solving the system 

of partial differential equations subject to the two part boundary con­

ditions which characterize the method. Under some circumstances 
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nonphysical singular eigenfunctions appear which must be eliminated 

by finiteness arguments. This is '3. significant disadvantage when 

numerical integrations of the moment equations are sought. 

2. 2. Weighting Function and Mean Quantities 

Consider a sphere of radius R 0 located at the center of a 

spherical coordinate system (Fig . 2a ). The region about the sphere 

(R > R
0

) is filled with monatomic gas at an arbitrary density level, 

which is characterized by the mean free path A. evaluated at infinity. 
. 00 

It is necessary to introduce a spherical velocity coordinate system at 

the field point (R, 8, cp) outside the sphere (Fig . 2b). As an inter-

mediate step consider the rectangular components, SR' Se and Sep 

of the velocity vector ~ which are directed along the three unit 

vectors of tlle original space i,R' i,8, and~- Then define the three 

spherical velocity components as 

s = l~I, (2. 1) 

a -1 
(~R/s), = cos (2. 2) 

and 

T = -1 
tan ( scp Is 8 ) . (2. 3 ) 

Frorn these expressions it follows that 

SR = s cos a, (2. 4) 

i; e = S sino cosT, (2. 5) 

e: = S sin a sin T. -cp (2. 6) 
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As discussed in the Introduction, the simple st weighting 

function having a "two - sided" character and capable of giving a 

smooth transition between the highly rarefied and continuum regime 

consists of two Maxwellians, each containing several parametric 

functions. All outwardly directed molecules with velocity vector~ 

lying inside the cone of influence (region 1 in Fig. 1) are character-

ized by one Maxwellian f 1, where 

f=f forO<o<rr/2-a, 
1 

in which 

-1 I a = cos (R0 R) 

(2. 7) 

(2. 8) 

Then, all molecules with velocity~ lying outside of region 1 are char-

acterized by f 2, i. e., 

f = f 2 for rr/2 - a< a< rr. (2. 9) 

The requirement that f should be discontinuous on the edge of the 

"cone of body influence" is a basic feature of the present scheme. 

The number of parametric functions which appear in the 

weighting function must be determined for each example to be studied . 

Although each parametric function has the dimensions of density, 

temperature, etc., it must be emphasized that no physical signifi-

cance may be ascribed to it. For example, setting the temperature 

parameters equal to constants in the weighting function does not 

imply an isothermal flow. The choice is thus an arbitrary one 

(subject to conditions of Section 2. 5.) reflecting the amount of detail 

de sired and the insight into the physical problem. 
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The "two - sided Maxwellian" described in the introduction, 

Eqs. (la) and (1 b), is sufficiently general to include all of the weight-

ing functions used for the examples in this paper. 

Knowing the weighting function f, one can evaluate all mean 

quantities Q, which appear in the moment equations, by integrating 

over all velocity space, 
1T 2 -a 27r oo 

( nQ) = S Qfds = S S S Qf1 s
2 

sino dSdTd<J 

0 0 0 

'.!:.-a 
2 

21T 00 

S S Qf2 s2
sinO'dE;dTd<J , 

0 0 

where Q represents various functions of the velocity~ . 

(2. 10) 

Since the above integrals are difficult to perform when mean 

motion exists in the gas, a perturbation expansion is utilized in the 

examples to be described. The perturbation parameter or param-

eters need not be determined at this time, and they, in fact, vary 

with the particular problem being considered. To effect this the ex-

ponential part of the weighting function is expanded in what is, essen-

tially, a local Mach number expansion . That is, the parametric 

functions analagous to the mean velocity components are assumed 

small with respect to the local 11 sound speed" based on the para met-

ric temperature. 

Although the integrals can now be completed, before doing 

so the four density and temperature functions in Eqs . (la) and (1 b) 

are replaced by new parametric functions defined as follows: 
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N l = (nl - n ) /n , 
00 00 

N2 = (n2 - n )/n , 
00 00 (2. 11 ) 

tl = (T 1 T ) / T , 
00 00 

t2 = (T2 T )/T . 
00 oc 

Of these, the temperature perturbations t 1 a n d t 2 are assumed to be 

much le s s than T . T he wei ghting function may now be written as 
00 

follows: 

and 

where 

and 

f 
00 

(2. 1 2) 

(2 . 13) 

(2. 14) 

To motivate this complete linearization of the weighting function 

notice that each moment integral Eq. (2 . 10) is now just a sum of a 

series of terms of the form, 

(2. 15) 

since the parametric functions N 1, . . . , w 2 are all functions of R 

only and independent of the velocity i. An integral table containing a 

la r ge selection of functions F (~) is given in Appendix A, Table A . 4. 

Of course, this expansion can be extended to second order and higher 

order terms in a consistent manner. 
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The following moments and their defining functions Q will be 

encountered in the examples which follow: 

n Q = 1 . 

nu. Q = i; . 1 1 

Q 1 2 
p = 3 me • 

P .. 
lJ 

Q = - mc.c., 
1 J 

p ij = p ij + 

P*. . Q 
lJ 

o .. p, 
lJ 

=-m~. S., 
1 J 

l 2 
Q = z mcic , 

Q = t ms.s
2

, 
1 

Q = ms.s.sk' 
1 J 

Q = t msi i;jgki;l, 

(2. 16) 

where c is the relative velocity S - u, o .. the Kronecker delta, and lJ . 

each subscript one of the spherical components R, 9, cp. Notice that 

the starred quantities are each associated with a standard kinetic 

moment definition in which c is replaced by s. 

2. 3. Differential Equations 

Maxwell's moment equation in orthogonal curvilinear coordi-

nates including external forces is given by Lees (5), (6) in two reports, 

the second being more readily available. Neglecting external forces 

and making use of the axial symmetry, the steady state integral equa-

tion of transfer in spherical coordinates takes the following form: 
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where tiQ represents the rate of change of Q produced by binary col-

lisions within the gas. Taking Q to be the collisional invariants m, 

m~, ims
2 

successively, for which tQ = 0, one obtains the continuity, 

momentum and energy equations of ordinary continuum theory. For 

the remaining Q's the collision integral 6Q appearing in the integral 

transport equation can be evaluated using an arbitrary force law 

between the molecules. However, as in most all previous applica-

tions of the moment method, Maxwell's inverse fifth-:power law of 

repulsion is used because of its simplicity, which results because 

the relative velocity is absent from the collision integral. The inte-

grals for this model are given in the original report by Lees (5) for 

two of the most commonly used moments: tiQ = (p/µ)p . . for Q = ms.s . 
lJ 1 J 

and 6Q = (p/µ)(-!q . + L: p . . u.) for Q = i mS.s2. The viscosity in these 
1 j lJ J 1 

may be replaced by the mean free path A. through the classical rela-

tion for Maxwell molecules: 

= 
(2kT{ 

P nm 

Therefore, for Q = ms. s . 
1 J 

6Q = J;rkT 
2m 

p . . 

=-¥-
1 P' 2 and for Q = 2 ms.-:. 

1 

6Q= M 1 ( 2 • " '\ - 3 q. + £., p . . u . ). 
II. 1 j lJ J 

(2. 18) 

(2. 19) 

(2. 20) 

These results are independent of the form chosen for the weighting 

function and thus are evaluated once and for all without the need for 

further approximation. 
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The ten moment equations which will be used later are now 

written in terms of the moments defined in Section 2. 2. and the col-

lision integrals just given. Taken directly from Eq. (2. 17), these 

equations are as follows: 

Continuity (Q = m): (2. 21} 

B B 
(2 + R BR) nuR + (cot 8 + ae)nu8 = O; 

Radial momentum (Q = mSR): (2. 22) 

B * B * * * (2 + R BR) PRR + (cot 8+ ae-)PRe - p 00 - p cpcp = O; 

8 Tangential momentum (Q = mS 8): (2. 23) 

B * a * * (3 + R BR)PRe + (cot8 + "Fe°)Pee- cot 8Pcpcp= O; 

cp Tangential momentum (Q = m~cp): (2. 24) 

(3 + R :R)P;cp+ (cote· + :e )P;cp +cot 8P:cp = O; 

1 1"2 Energy (Q = z m':> ): (2. 25) 

2 B ·* 8 a ·* ( + R BR)qR +(cot + ae)qe = O; 

2 
Radial stress moment (Q = mSR) : (2. 26) 

Tangential stress moment (Q = mS~ ): (2. 27) 

Shear stress moment (Q = m SR ~8 ): (2. 28) 
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Shear stress moment (Q = mSR Sep): 

Radial heat-flux (Q = i msR s2
): 

* -P 8 Sep 

(2. 2 9) 

(2. 3 0) 

In the last equation the repeated index i indicates a summation over 

the three component directions R, 8, ep. 

2. 4. Boundary Conditions 

The boundary conditions for the partial differential moment 

equations must be expressed as conditions on the parametric functions 

chosen for the weighting function. To do this, the analogy between 

the parametric function and the physical quantity in a Maxwellian dis-

tribution function must be stressed even more than in the derivation 

of the moment equations. 

At great distances from the sphere the weighting function 

becomes just f 2 because of the diminishing effect of the body through 

its "cone of influence. 11 Therefore, the boundary condition at infinity 

is simply that £2 approach a Maxwellian distribution function with 

temperature, density and mean velocity given by the physical boundary 

conditions at infinity. Clearly, this may be accomplished by having 

the parametric functions approach these physical values. 

The situation near the sphere is much more complicated be-

cause it involves the physical details of the sphere-molecule inter-
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action. Since a collision free (Knudsen layer) region exists adjacent 

to the body for any Knudsen number, the specification of the surface 

boundary conditions is very similar to that for the free-molecule 

problem. In general, the outgoing distribution function is dependent 

on the local incoming distribution function and the surface physics, 

characterized by some number of parameters such as energy accom­

modation coefficient, tangential momentum accomodation coefficient, 

etc. For simplicity in the present analyses it is assumed that the 

molecules suffer diffuse re-emission and complete energy accomoda­

tion. In terms of the moment weighting function this imposes condi­

tions on the outgoing temperature parameter, T 1 = Ts for R = R 0, and 

the outgoing velocity parameters, u 1 = v 1 = w 1 = 0 for R = R 0 . One 

additional condition on the mass flux or heat flux must be given at the 

sphere to specify the density parameter in the outgoing part of the 

weighting function. In most cases a straightforward application of the 

above boundary conditions will yield a unique solution to the moment 

equations. 

2. 5. Criterion for a Well Posed Moment System 

Although the moment method has been successfully applied to a 

variety of transition flows in the past, there have been occasional un­

explained failures of seemingly reasonable moment formulations. 

Such difficulties were encountered in two of the problems in the pres­

ent study, and their detailed investigation has led to an easily applied 

criterion for a well posed moment system. A number of considerations 

affecting the final choice of a weighting function and differential system 

are discussed in this Section, and a general procedure for obtaining a 
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well posed moment formulation is presented. 

Of major importance in prescribing a moment formulation is 

the specification of its order, the number of parametric variables in 

the weighting function. One accepted guideline originally proposed 

by Lees (5) is that this order must exceed the number of collisional 

invariants associated with the collision dynamics. This is clearly 

equivalent to requiring the collision integral to appear in the differ­

ential moment system. A further basic consideration is the relation 

between the number of moments and the number of independent physi­

cal quantities which exist naturally for each problem. In general, 

when these numbers are equal no difficulty is encountered in applying 

the moment method. Such is the case for the heat-flux problem and 

most previous moment studies. 

In more complex problems it is often a matter of expediency 

to seek solutions using fewer moments than natural independent vari­

ables. Obviously, this procedure imposes a number of implicit rela­

tions among the physical flow variables . Depending upon the particu­

lar form of these relationships, various modes of singular behavior 

may appear. Both the translating and rotating sphere problems are 

examples of this type. A detailed description of the origin of these 

singular situations will now be described. 

A linearized syste m of axisymmetric partial differential mo­

ment equations can always be reduced to one of ordinary differential 

equations by an expansion of the e-dependence in an orthogonal basis 

such as Legendre polynomials. For each term in the 8-expansion 

the resulting system may be characterized by the nth-order system 
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d 
dR [ ~(R).y(R)] = ~ (R) ·y(R) + £(R) , (2. 31) 

where A and B are known, y is the vector of parametric functions to 

be dete rmined, and £may include cross coupling of terms with other 

8-dependence. A necessary condition for a differential equation of 

this form to have a general nxn solution matrix is that~ be a rever-

sible (nonsingular) transformation matrix. If this condition is not 

satisfied the solution is not sufficiently general to fit n arbitrary 

boundary conditions on the parametric functions. 

Before proceeding it is useful to specify more precisely the 

solution to equation (2. 31) when ~ is singular and of rank (n - 1 ) . No 

generality is lost if the elements of the nth row of~ are assumed to be 

zero since this can always be accomplished by appropriate linear 

operations on the vector equation (2. 31) without altering its form. 

A very basic consequence of the singular nature of~ is now apparent, 

that is the reduction of the nth component differential equation (the nth 

row of Eq. (2. 31) ) to an algebraic relationship among the parametric 

fun c tions provided the elements of the nth row of~ are not all zero. 

In the rather special situation where all elements of the nth row of 

_!? are also identically zero the system is either indeterminate (does 

not c ontain n independent equa tions) or inconsistent depending on 

whether c is or is not zero. However, in most cases the algebraic 
n 

e quation is present and may be used to eliminate one of the parametric 

variables (y where B " 0) from the first n - 1 rows of the system, m nm 

thus yielding a reduced (n - 1 )-order differential system with a new 

transformation matrix A'. If this matrix is nonsingular the new system 
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has an (n- 1 )-dimension solution space or, equivalently, a general 

solution containing n - 1 integration constants. The solution to the 

reduced system together with the algebraic expression for the mth 

parametric variable thus constitute the complete solution to the origi-

nal moment system. It is also possible that the reduced transforma-

tion matrix may again be singular and of rank n - 2 in which case the 

above reduction is repeated as necessary. A similar discussion with 

obvious modification applies to a system whose original transforma-

tion matrix A is of lower rank than n - 1. The important considera -

tion here is that the general solution contains fewer than n integration 

constants and cannot satisfy n arbitrary boundary conditions on the 

parametric functions. 

If a canonical variable associated with each moment equation 

is defined as the object of the radial differential operator in that equa-

tion, e. g. nuR in the continuity equation, then ;}(R) represents the 

transformation from parametric to canonical variables. In this con-

text the above nonsingular condition on;} is equivalent to the require­

ment that parametric variables be uniquely determined by the canoni-

cal variables associated with the selected moment equations. The 

converse is obviously true because of the integral definitions of the 

canonical variables. 

A similar specification is applicable to the general nonlinear 

moment problem, where the condition that the determinant of A be 

nonzero is replaced by a similar condition on the Jacobian of the 

vector transformation from parametric to canonical variables. The 

situation is complicated by the fact that the Jacobian is a function of 
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the parametric variables Y! and "surfaces" may exist within the phase 

space of parametric variables on which the Jacobian vanishes. In 

this event the moment solution must be determined independently for 

different regions within this phase space. Because of the relatively 

large djmensions of this space the characterization of the singular 

points and the determination of their locci prove to be difficult prob­

lems. 

Again considering the linearized moment system, it can be 

shown that the linear transformation matrix A described above is the 

same for each perturbation order and is equal to the nonlinear Jaco -

bian matrix evaluated at y
0

, the vector about which the parametric 

variables are perturbed. Therefore a singular transformation matrix 

-!; indicates that the zeroth-order solution, usually a pure Maxwellian, 

represents a singular point in the parametric phase space for the par­

ticular moment model being investigated. 

The significance of the transformation matrix from canonical 

to parametric variables has been emphasized in the preceding dis­

cussion of linear moment formulations. The fact that the determinant 

of this transformation is a function of the spatial variable R provides 

a final important statement about the behavior of a proposed moment 

system. Three significant situations may be encountered with respect 

to such singular transformations. First, when the matrix is nonsingu­

lar throughout space the moment formulation is well posed and con­

ducive to relatively easy integration. Second, when the transforma -

tion is singular everywhere a general solution capable of satisfying 

n arbitrary boundary conditions is impossible. Such poorly posed 
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formulations are briefly discussed in connection with both the trans -

la ting and rotating sphere problems. Finally, the determinant may 

vanish at isolated points in R (usually the endpoints representing the 

sphere surface and infinity). In this case the moment system (2. 31) 

may be transformed into a standard differential form for the para-

metric variables, 

d 
dR y(R) = S (R). y(R) + i(R) ' (2. 32) 

where S (R) contains at most isolated singularities. Singular solutions 

may arise from this formulation, and asymptotic means may be re -

quired for an analytic understanding of the resulting solution matrix. 

A detailed example of this third case is presented in Chapter 4 where 

the six-moment system for the translating sphere is solved. 

It is now possible to describe a reasonably simple method for 

writing and testing a proposed moment formulation. Step number one 

is the determination of the independent natural fluid dynamic quanti-

ties for the flow in question. A Newtonian fluid is not assumed for 

this purpose, and consequently the stress tensor and the heat-flux 

vector are included in this count. However, many of these elements 

will be zero be cause of flow symmetries. The number obtained above 

provides a natural order for a trial moment system. A weighting 

function is then chosen containing the above number of parametric 

functions; the exact parameters are not necessarily determined. Also 

chosen at this time is a set of moment equations and its associated 

set of canonical variables. These canonical variables must be speci-

fied as functions of the parametric variables through integrations of 
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the trial weighting function, and the determinant of this transforma -

tion may then be evaluated. If the resulting determinant has at most 

isolated zeros the moment system is capable of solution. On the 

other hand, if the transformation is singular throughout space, alter­

ations must be made on either the weighting function or the set of 

moment equations until a well posed formulation is obtained. Details 

of this procedure are clarified in the specific problems of the follow­

ing chapters. 

The principal idea of the above is the avoidance of unrealistic 

coupling among the integrated physical flow quantities. A physical 

understanding of the problem will, in most instances, provide a prop­

er system from the beginning, but occasional unexpected relation­

ships are revealed by the above formal testing method. Although the 

above discussion is directed to flows in axisymmetrical spherical 

geometry the ideas may be carried over to a more general class of 

problems. 



-22-

3. HEAT TRANSFER FROM A SPHERE 

3. 1 . Description of the Problem 

The problem of the heat transfer from a sphere to a mona­

tomic gas at rest provides a simple and illustrative introduction to 

the moment method in spherical geometry. The related problem of 

heat transfer from a wire (or between two concentric cylinders) was 

investigated by Liu and Lees (8) using a four moment method with 

reasonable results, thus suggesting a similar four moment approach 

to the sphere problem. The solution for the heat transfer from a 

sphere, along with the cylindrical case, has been reported by Lees (6) 

in a discussion of the transition properties of kinetic flows. Here, 

this solution will be developed within the general framework of Chap­

ter 2, which is slightly different from the formulation previously 

reported. 

At normal gas density, heat transfer from the sphere is inde­

pendent of the pressure in the gas, while at very low densities the 

heat flux becomes proportional to the pressure. At intermediate 

densities the heat conduction versus pressure relationship is more 

complex as is illustrated in Fig . 3. This intermediate region was 

studied both experimentally and analytically by Takao, (9) who utilized 

a mo re complex form containing polynomials for the weighting func -

tion. He found good agreement with experimentally measured heat 

transfer in air between concentric spheres. His values provide a 

good experimental check for the moment method discussed in this 

Chapter. There are no known experimental checks for the tempera­

ture and density fields about the sphere. 
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The sphere is assumed to have a high thermal conductivity 

and a temperature which is very near that of the surrounding gas. 

This temperature difference between the sphere and the gas at infinity 

(or the outer sphere) is small compared to T and the ratio 6T /T is 
00 00 

the relevant perturbation parameter for this problem. 

3. 2. Weighting Function and Mean Quantities 

In order to satisfy at least the three conservation equations 

and the heat-flux equation, one finds that the weighting function must 

contain a minimum of four parametric functions. Also, since the 

temperature and pressure gradients in this problem are quite small, 

it is reasonable to expect little contributi on from the velocity param-

eters in Eq . (2 . 12). Consequently, a four moment system is chosen 

with the following weighting function: 

fl = fooE + Nl - t tl + f3~ s2t1] 

and (3.1) 

£2 = fooE+N2-ft2+f3~s2t2]. 

This system incorporates sufficient freedom for the appropriate phys-

ical quantities to remain everywhere independent. The zeroth order 

part (f ) of the weighting function may be ignored since it will identi­
oo 

cally satisfy all moment equations . 

Now the mean quantities which appear in the moment equations 

must be integrated. For example, in the continuity Eq. (2. 21) we 

need nuR = J fSRd~ = J ~l SR ds + J ~2SR<l~. Using Eq. (3. 1) and Table 
Reg10n 1 Region 2 

A. 4. of Appendix A, this results in 
n 

00 1 1 2 
nuR = (N1 + tt1 - N 2 - tt2 )(1-x), 

2JjT130 
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where a new independent variable x is introduced for later convenience. 

It is defined as follows: 

(3. 2) 

The other mean quantities appearing in the continuity, momentum, 

energy and heat-flux equations may be found similarly. 

In order to bring out all pertinent parameters governing the 

problem we choose n , T , and R
0 

as the characteristic number 
00 00 

density, temperature, and length, respectively. The flow variables 

which occur in the moment equations are then non-dimensionalized as 

follows: 

n 

u, v, w 

P .. 
lJ 

P. 'k' q. lJ l 

by n · 
00' 

by _l_ = JkT /2Trm 
2.;.rr 13 0 00 

by n kT 
00 00 

n kT 
by 00 oc 

z.;.rr 13 o 
n 00 kT00 

by 2 
4Tr 13 0 

= n kT ./kT /2TTm 
00 00 00 

(3. 3) 

Then, denoting all non-dime nsionalized quantities by a bar super-

script, the relevant moments are 

~ 
PRR = 

. * I I 2 
qR = Z(Nl - Nz + 3tl 2 - 3tz 2)(1-x), 

( 3 . 4) 

(3. 5) 

(3 . 6) 

(3. 7) 
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* * 5'!T 3 p e e ii = p cpcpii = 2 (N 1 + 2t1 ) ( 1 - 3 I 2 x + 1 I 2 x ) 

. ·* I -­qR = q R - 5 2 nuR 

s'TT I 3 +y(N2 +2t2 )(1+3/2x-l 2x ), 

= (- iN1 + iN2 + 7/4t1 - 7/4 t 2 )(1 - x
2
). 

3. 3. Differential Equations and Boundary Conditions 

(3. 8) 

(3. 9) 

(3. 10) 

In this problem the moment equations of Section 2. 3. become 

ordinary differential equations because of the complete spherical 

symmetry. Thus, in non-dimensional form the system of equations 

for the first order solution is 

Continuity: 

d 
(2 + R dR ) nuR = 0 

R-momentum: 

Energy: 

d -*­
(Z + RdR)PRR 

Heat-flux: 

-*-
2 Pee = o; 

d * * * (Z + R dR) PRRii - p 88ii - pcp<:pii = 

(3. 11) 

(3. 12) 

(3. 1 3) 

(3.14) 

Note that the zeroth order mean free path is used in the collision in-

tegral in Eq. (3. 14). 
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The continuity and energy equations can be integrated directly 

giving 

2--
R nuR = N 1 - N 2 + 1/2 t 1 - 1/2 t 2 =constant= c 1 , (3. 15) 

and 

R2q~ =2N1 -2N2 +3t1 -3t2 =constant=C 2 . (3.16) 

Using Eqs . (3. 15) and (3. 16) the momentum equation can also be 

integrated to give 

N
1 

+t
1 

+N
2

+t2 =constant=C 3 . (3. 1 7) 

Finally, using the above expressions, the heat-flux equation reduces 

to the simple form: 

2 
--_-2 (1/2 c 2 - 5/4 C 1), 
15KnR )._ 

where the Knudsen number is defined as Kn = 2.; 
0 

(3.18) 

This system is regular at both boundaries indicating the use of 

the simple boundary conditions de scribed in Section 2 . 4. For this 

problem these conditions are 

6T 
tl = e: = T 

nu = 0 
R 

N 2 = 0 

t 2 = o 

00 

at R. 

at R. 

at R. 

at R. 

= 1, 

= 1, 
(3. I 9) 

= 00 

= 00 

For the similar problem of heat-flux between two spheres it is only 

necessary to apply the last two conditions at a point R equal to the 

ratio of sphere diameters. 

3. 4. Moment Solutions 

Integrating Eq. (3. 18) with integration constant C 4 and apply-

ing these boundary conditions one can determine the four integration 
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constants. These constants, which do depend on Knudsen number, 

are found to be 

(3. 20) 

Thus, one obtains the following solutions for the four parametric 

functions: 

Nl = - (1 /2 + 2 

15KnR 
) 13 

N2 = 213f(l5KnR), 

2 
(3. 21) 

tl = (1 + ) 13 ' 
15KnR 

t2 = 213 I (l 5KnR) 

where 

All of the mean quantities may now be found by substituting 

Eqs. (3. 21) into the expressions of Section 3 . 2. The most interesting 

of these quantities are the radial heat-flux and the temperature field. 

Using Eq. (3. 10) the h eat-flux is 

2kT i 
= n kT ( 00 

) 
oo oo 1Tm 2 

(l + 15Kn 

(3. 22) 

Using subscript c to denote quantities evaluated in the continuum 

limit, it is possible to represent the total heat-transfer ratio as 

Q 

QC 
= 1 

l + l 5Kn 
2 

(3. 23) 

The temperature field is defined through the relation p = nkT, 

in which p and n can be found by integration of the now known weighting 
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function. The resulting expression for the temperature is 

where 

T -T s 

= 1 
2 

l + 15Kn 

(3. 24) 

(3. 25) 

The first term in Eq. (3. 24) represents a collisionless distribution 

weighted by the rarefaction parameter o, while the second term gives 

the slowly-varying, collision-dominated temperature field far from 

the sphere . In the next Section this dual character of the temperature 

field is pursued to give an alternative approach to the solution just 

found. 

3. 5. Solution by Matching 

Kubota (10) has shown that the matching of a free-molecule 

"inner" and a Fourier ''outer" temperature distribution using a method 

similar to that of Kaplun and Lagerstrom (11) can reproduce the entire 

four-moment solution for heat-transfer between concentric cylinders. 

The linear superposition of a free-molecule like and Fourier like tern-

perature field in the sphere solution, Eq. (3. 24), suggests a similar 

matching solution for the sphere problem. This procedure is not a 

true mathematical asymptotic matching, but a physically motivated 

analogy. 

Here we take as an inner solution the Knudsen free-molecule 

expression (12) for the heat-flux from a sphere whose temperature 

differs slightly from that of the surrounding gas: 

2 
l 6ir kc RO 

Q = 15A. 6T, 
00 

(3. 26) 
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where k is the heat conductivity of a monatomic gas defined by the 
c 

kinetic relation: 

k 
c 

= 15k µ 
4m 

I 

= 15/4 nkA(Tim/2kT)2 

The corresponding temperature distribution is given by 

(3. 2 7) 

(3. 28) 

Eliminating 6T between Eqs. (3. 26) and (3. 28) gives the inner tern-

perature field in terms of the total heat-flux: 

T - T = s 

15A. Q 
00 (3. 29) 

Far from the sphere, where collisions must eventually domi-

nate the flow, the solution of the Fourier heat conduction equation is 

applicable: 

T - T = Q/4Tik R . 
00 c 

(3. 30) 

The Q here must be the same as for the inner solution if these two 

temperature fields are to be matc hed. 

The two solutions are each valid in different regions and the 

value of the heat-flux cannot be determined from either because of the 

lack of applicable boundary conditions. The condition which allows 

a solution is supplied by matching the inner and outer solutions as 

follows: 

lim 
R-.oo 

T. 
inner = lim 

R ... R
0 

T outer 

Applying this condition to Eqs. (3. 29) and (3. 30) gives 
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15A. Q 
oo 2 = Too + Q/41rkcRO. 

l 61rkcRO 

This may be solved for Q to give 

Q 

QC 
= 

where 

1 
15 x: 

00 
l + 4R 

0 

(3. 31) 

(3. 32) 

(3. 33) 

~ The uniformly valid temperature field is found by subtracting 

the common part, T + QI 41rk R 0, from the outer solution and adding 
00 c 

the remainder to the inner solution, thereby giving 

with 

= 1 
4R

0 1 + 15A. 
00 

(3. 34) 

(3. 35) 

Therefore, matching in this manner produces both the temperature 

distribution and heat-flux exactly as in the four-moment method of the 

last Section. 

3. 6. Heat Transfer and Comparison with Experiment 

The limiting moment solutions for the total h eat -transfer from 

a sphere are easily found by integrating Eq. (3. 22) ove r the sphere 

surface. In the limit of large Knudsen number this integration yields 

which is just the Knudsen formula, Eq. (3. 26). With the addition of a 

thermal accomodation coefficient to account for the imperfect accom-
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modation, this formula is well established experimentally. In the 

limit of small Knudsen number the moment method readily repro -

duces the Fourier result, 

Q = 4TrkcR06T , 

provided the definition (3. 27) is used for the heat conductivity of a 

monatomic gas. 

Experimental values for the total heat conduction from a sphere 

at intermediate values of the Knudsen number are provided by Takao 

(9) who performed these measurements in air. In a monatomic gas 

the translational energy transferred to the gas by the sphere is pro-

portional to 2k6T. For a diatomic gas at room temperature the addi-

tional rotational energy makes this energy transferral proportional to 

3k6T. Therefore the heat-transfer ratio given by formula (3. 23) must 

be increased by a factor of 3/2 in the free-molecule limit to become 

Q 1 
= ----QC 1 + 5Kn 

(3. 36) 

This expression is compared with Takao' s experimental results in 

Fig. 4 in which excellent agreement is found to exist . 
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4. SLOW FLOW PAST A SPHERE 

4. 1 . Description of the Proble m 

The problem is to determine the flow field about a sphere 

moving with uniform velocity ~through an infinite homogeneous gas 

of arbitrary density. We restrict our attention to the low speed case 
1 

where the speed ratio S, define d as U(m/ZkT )2 , is very small 
00 

(Mach number M << 1 ). The sphere is assumed to have a high thermal 

conductivity and a temperature which is very near that of the sur-

rounding gas . This allows the flow dynamics to be decoupled from 

the thermodynamic temperature field, thus permitting each to be 

solved independently (neglecting coupling of order s 2
). The compan-

ion problem of determining the temperature field about a stationary 

sphere with heat-flux was discussed in the last Chapter and may be 

added linearly to the dynamic solution if so desired. 

It i s a simple matter to show that flows about geometrically 

similar bodies are dynamically similar, provided only that their speed 

ratios and Knudsen numbers are equal. Thus the desired flow field 

solutions for linearized flow about a sphere will, when normalized by 

U, form one parameter families of curves depending only on Knudsen 

number. The nondimensionalized speed at infinity U is therefore the 

only perturbation quantity for this problem. 

An alternative method for exhibiting the parameters involved 

in this problem is illustrated in Fig. 5 where the R e ynolds number, 

R e ~M/Kn, is introduced. This description more clearly gives the 

specific range of parameters for which the pres ent solution is intended 

and, in particular, indi cates the limiting solutions with which the 
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moment values may be compared. These two limiting solutions for 

large and small Knudsen number are well known and provide excellent 

checks for any theory, although care must be exercised when assign­

ing physical significance to them. 

Consider the Mach number at infinity to be fixed at a value 

M << 1 and restrict the Reynolds number to the values, 0 < Re < 1. 

The Knudsen number is then confined to the range, M < Kn < oc, in­

stead of the full range, 0 < Kn < oo, which one might expect for flow 

of arbitrary density. In this way the high Reynolds number flows, 

which are in the realm of continuum theory, are avoided, and the 

limiting solution for low Knudsen number is thus the Stokes solution 

(13) of the Navier-Stokes equations. Of course, the convective cor­

rections due to Os s en will be needed for sufficiently large distances 

from the sphere as in the continuum theory. 

Although Kn = oc represents the unrealistic situation of a totally 

collisionless flow, it closely resembles the solution near the sphere 

for Kn>> 1. This free-molecule solution is described by two entirely 

independent Maxwellian distributions: one at sphere temperature and 

zero velocity for all molecules leaving the sphere, and a second at 

free stream conditions for all other particles. 

There exists virtually no experimental data describing the 

velocity fields or stress patterns about a slowly moving sphere in 

any density regime. However, some excellent measurements by 

Millikan (14) in 1 923 provide good experimental values for low speed 

sphere drag. Since the sphere drag is an integral of certain of the 

above stresses, Millikan's results may be used as a check on the 
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present theory . Millikan's data cover a useful range of Knudsen 

-5 
numbers (0. 01 <Kn< 10) at very low speed ratios (S < 10 ). 

Most previous theoretical investigations of this problem are, 

like the experiments, concerned only with integrated effects such 

as the sphere drag dependence on Knudsen number. They neglect 

the velocity and stress fields about the sphere except in the limiting 

solutions discussed above. Also, these theories are restricted to a 

partial range of Knudsen number. 

Most of the theoretical work for low speed sphere drag has 

been done for the near-free-molecule regime (Kn > 1 ). In this regime 

the method of Knudsen iteration has been applied with various collision 

models to give the first orde r (Kn -l) iteration of the Maxwell-Boltz-

mann equation. Szymanski (15) and Liu, et . al. (16 ). use this method 

with simplifying analytical approximations and Maxwellian molecules 

to determine the ratio, CD/CDfm' of the drag coefficient to the free­

molecule value. These two approaches are very similar with the ex-

ception that Liu, et. al. carry their analysis to higher order in the 

speed ratio S. Questioning the validity of the approximations used by 

Liu, et. al. on both theoretical and practical grounds, Willis (2) pro-

posed that a simple statistical collision model be used to avoid the 

analytical difficulties. Hence, using the Krook model, (4) h e p e rforms 

a Knudsen iteration and finds results which agree well with Millikan's 

data . 

One sphere theory in the near-continuum regime is that of 

G o ldbe rg, (1 7) in which the Grad 13-moment e quations are solved for 

line arized flow about a slowly moving sphere. Its validity is 
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restricted to the near-continuum regime because th1s model fails to 

reproduce the discontinuous nature of the distribution function found 

in low density regimes. 

Although the la st two theories provide accurate drag values 

in the limiting regimes for which they are proposed, they both break 

down in the transition regime where the Knudsen number is of order 

one. The moment method is employed here in an attempt to bridge 

this gap and to provide drag, velocity and stress field values for flows 

at all Knudsen numbers. 

4 . 2. Weighting Function and Mean Quan ti ties 

The number of parametric functions which appear in the weight­

ing function for this problem must now be determined. Following the 

general procedure outlined in Section 2. 5, the first step is the deter -

mination of the naturally independent physical quantities associated 

with the problem. In this example there are eight such quantities, 

UR' u 8, T, p, PRR' PRe' qR and q 8, with only one independent nor­

mal stress rather than the usual two because of the axial symmetry. 

An eight-moment system would therefore be expected to exhibit mini­

mum difficulty in solution. 

The general weighting function (2. 12) becomes a natural eight­

parameter weighting function for this problem when the w' s are elimi­

nated by axial symmetry. Unfortunately, all combinations of eight­

moment equations through third-order yield singular transformations 

from parametric to canonical variables throughout space and do not 

provide well posed moment systems (see Section 2 . 5. ) . The only hope 

for an eight-moment system is a different weighting function or the use 
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of higher order moment equations with the attendant in.ore complicated 

collision terms. 

An alternative approach is the reduction of the number of 

moments, realizing that certain relationships among the eight physical 

moments are thereby introduced. In this way it is possible to obtain 

a system in which the transformation from parametric to canonical 

variables is singular only at isolated points. A six-parameter weight-

ing function is formed by considering the temperatures in the Max-

wellian weighting function to be constant and equal to T . The general 
00 

rule proposed by Lees (5) that the number of parametric functions 

must exceed the number of collision invariants remains satisfied. 

It was not realized at the time of solution that the obvious 

eight-moment system would not work, and the reduction to six mo -

ments was initially justified by the belief that the temperature varia-

tions in the weighting functions were second order in Mach number 

for an adiabatic sphere. This is not the case, however, and the justi-

fication for making the temperature parameters constant instead of 

the number densities, N 1 (B:-) and N 2 CJ3J, is comparison with the known 

limiting solutions: the temperature and density are both constant in 

the continuum solution; the Maxwellian temperatures are constant in 

the free-molecule solution while the number densities are not. 

The additional simplicity of the six-moment formulation fur -

ther justifies it, and we proceed with the hope that the numerical 

differences are small. Thus the final forms for the weighting func -

tions are chosen to be 
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and (4. 1) 

where the zeroth-order part of the weighting function f has been 
00 

dropped as in the heat-flux problem. 

Again, the mean quantities which appear in the moment equa-

tions must be found by integration of this weighting function. Using 

Table 4 of Appendix A and non-dimensionalizing all quantities by the 

expressions (3. 3), the required first order mean flow quantities are 

etc., b eing used for convenience. They are 

i- 3 -nue = zV + - (3 I 4 x - 1I4 x }v 

1 4 ---(1 -x )u 
1T -

* -;;c Pee = Pcpq:i = -1-N+ + (3/4 x -

>i< 1 2 2-
PRe = - 21T (1 - x ) v 

·* 2 I -qR = 2(1 -x )N +5 4u+ 

3 1 2 2-
1 I 4 x )N - - 21T ( 1 - x ) u 

3-5/4 x u 

= 5/4 v - (15/8 x - 5/8 x
3

}v + 
-~<- 4 I - 5-
PRRR = 2 (1 - x )N - + 3 2 u + - 3 /2 x u -

* I - I 3 I 5 -P RRe = 1 2 v + - (5 4 x - 3 4 x ) v 

* 22 - 3 5-
PRee = (1-x ) N + l/2u+ - (5/4 x - 3 /4 x )u_ 

p* -~ Rqxp - Ree ' 

(4. 2) 

(4. 3) 

(4. 4) 

(4. 5) 

(4 . 6) 

(4. 7) 

(4. 8) 

(4. 9) 

(4. 1 0) 

(4 . 11) 

(4. 1 2) 
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P ~'e 8 = 3 I 2 v + - ( 4 5 /16 x - i 5 J 8 x 
3 + 9 fl 6 x 

5
) v 

p Scpcp = 1 I 3 p e e e 

-~ 
PR8 - PR8 

1 /2 (x - x
3

)N PRR 
1 2 4 -

3iT ( 1 + 2x - 3x ) u _ 

4. 3. Differential Equations 

(4.13) 

(4.14) 

(4. 15) 

(4. 16) 

Unlike the heat conduction problem with its spherical symmetry, 

the system of moment equations governing this problem remains a 

partial differential system. The six lowest order independent equa-

tions of Section 2. 3. which are not trivially satisfied are chosen for 

this system. In non-dimensional form these equations are 

Continuity (2. 21 ): 

a -- a -
(2 + R BR) nuR + (cot 8 + a8) nu 8 = 0 (4. 1 7) 

Radial momentum (2. 22) : 

(4.18) 

e momentum (2. 23) : 

(4. 1 9) 

Energy (2. 25) : 

(4. 20) 

Radial stress moment (2. 26 ): 

(2 Ra ),...., * ( e a)->:,- 2-*- -*~ iTR --+ BR.rRRR+ cot +as- PRR8- PR88- 2 PRqx:p=X--pRR; (4 - 2 1) 
cc 
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Shear stress moment (2. 28 )· 

(4. 22) 

With the integrated expressions (4. 2) through (4. 16) inserted, these 

equations form a complete system governing the six parametric func-

tions, u
1

, u 2 , v
1

, v 2, N 1, and N 2 . 

One might expect that eliminating the two temperature param-

eter s from the eight-moment formulation would indicate dropping the 

"thermodynamic" equations, i.e. the energy and heat-flux equations. 

This in fact is the case, however equations (2. 25 ), (2. 26) and (2. 27) 

are linearly dependent under the 8-dependence assumed below and the 

simpler energy equation may be used instead of the equivalent tan-

gential stress moment. 

The flow symmetry now suggests a very important simplifica-

tion, the reduction of the partial differential system to one of ordinary 

differential equations. This separation is accomplished by assuming 

that each parametric function is a product of either sin e or cos 9 and 

a function of R only. The following substitutions are thus made: 

u 
1 

(R) = ~ (R) cos 9 

vl (R) = '";; 1 (R) sin 9 (4. 23) 

N
1 

(R) = Nl (R) cos 9; 
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u-2 (~) = ~2 (R) cos e 

The integrated flow variables which appear in the moment equations 

also separate in a similar manner with the tilde superscript having 

an analagous interpretation. Also, a simple change of variable to 

x = sin a = J 1 - R~ /R 
2 

makes the domain of the independent variable, 

0 ~x ~ 1, more convenient for subsequent numerical analysis. From 

this 

d 
R dR -

2 
1 - x d 

x dx (4. 24) 

Making the above substitutions in the system of partial differ-

ential equations yields the following system of six ordinary differential 

equations : 

Continuity: 

2 
1 - x 

x 

Radial momentum: 

9 Momentum: 

2 d .....,* .....,* 1 - x 3 
- -x-- dx PR9 + PR9 

Energy: 

(4. 25) 

* 2 Pee = o (4. 26) 

(4. 27) 



2 
1 - x 

x 

Radial stress moment: 

Shear stress moment: 

2 ,..., ,....., 
1 - x d * * 

x dx PRR9 + 3 PRR9 

4. 4. Boundary Conditions 
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(4. 28) 

(4 . 30) 

The determination of the proper boundary conditions for a 

numerical solution of the sixth-order system of linear ordinary dif-

ferential equations is greatly complicated by the presence of singular 

points at both ends of the integration domain. These singular points 

correspond to the sphere surface and infinity, both points at which 

the boundary conditions are to be applied. A set of necessary condi-

tions can be given at this time, but it may not be sufficient to deter-

mine a unique solution. 

The physical properties of the surface-molecule interaction 

must first be determined and for simplicity in the present analysis 

it is assumed that the molecules suffer diffuse re-emission and com-

plete energy accomodation. This stipulation imposes two conditions 

on the outgoing part of the weighting function at the surface of the 

sphere: 

~l (x) = 0 at x=O (4. 31) 
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';
1 

(x) = 0 at x = 0. (4 . 32) 

A third condition at the surface of the sphere is that of no net mass -

flux, 

at x = 0, (4.33) 

which may be expressed in terms of the parametric functions, using 

Eq. (4. 2), as 

at x = 0 . (4. 34) 

The remaining three conditions are obtained by forcing the 

weighting function to a pproach a Maxwellian distribution with uniform 

flow at infinity. Thus, 

u
2

(x) = - u 

'V2 (x) = u 

and 

:&'2 (x) = 0 

at x= 

at x = 

at x = 

1 

1 

1 

, 

, 

(4 . 35) 

(4. 36) 

(4. 3 7) 

For numerical purposes it is desirable to normalize the para­

metric functions by the perturbation parameter, e: = U, so that all 

boundary conditions are pure numbers . The conditions (4 . 35) and 

(4 . 36) then become 

at x = 1 , (4 . 38) 
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and 

at x = 1 ' (4. 39) 

while the rest remain unchanged. This normalization is assumed in 

the following discussion of the numerical solution. 

4. 5. Moment Solutions 

A number of attempts were made to integrate the sixth-order 

system subject to the boundary conditions of the last Section. All of 

these naive attempts failed with the exception of the special case 

where Kn = oc (no collision terms in the equations). This particular 

solution yielded velocity and stress fields which agreed with the exact 

free-molecule solution (See Appendix E) to a remarkable degree and 

provided much hope for the collisional moment solutions if they could 

be determined. 

The general numerical approach which proved most promising 

involved writing the six differential equations as central finite differ-

ence equations for each of fifty one grid points in the interval 0::::: x::::: 1 . 

The resulting three hundred algebraic equations plus the six boundary 

conditions then formed a 306x 306 coefficient matrix whose inversion 

provided the values of the parametric functions at e ach of the grid 

points quite accurately. When collision terms were allowed in this 

scheme the resulting solution exhibited an instability near the sphere 

whose strength increased in proportion to the coefficient of the colli­

-1 
sion term, i. e. like Kn . 

Clearly, something more complex is involved than was found 

in the heat-transfer solution and a detailed analytic investigation of 
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the differential system is called for. This involves the rather formi-

<lable task of classifying all singular points of the system and develop-

ing asymptotic representations for the solution matrix at these points. 

Fortunately, this is possible and many interesting aspects of this 

problem are clarified by this effort. 

A number of simplifications may be made to the sixth-order 

system to facilitate the study of its singularities. Specifically, one 

quadrature and two integral relations can be found which reduce the 

required analysis to that of a third-order system. The fir st integral 

relation is suggested by the fact that the drag integral is constant for 

any spherical surface within the gas . With r espect to the moment 

equations this result is found by subtracting two times the tangential 

momentum Eq. (4. 27) from the radial momentum Eq. (4. 26) to give 

Direct integration of this equation gives 

* * (P RR - 2 p R8) = 
2 c

1
(1-x), 

* 4PRe = 0. (4. 40) 

(4. 41) 

which, expressed in terms of the parametric functions through Eqs. 

(4. 4) and (4. 6), is 

1 4 "-' 
- (1 - x ) u 
'TT 

+ .!_(l 
'TT 

2)2-­x v 
2 

= c 1 (1 -x ) . (4. 42) 

A second integral is found by subtracting five times the continuity 

equation (4. 25) from the energy equation (4. 28). Using expressions 

(4. 2), (4. 3), (4. 7) and (4. 8) the resulting differential equation is 
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1 -x _i_(l 

x dx 
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which may be integrated to show that 

f\!' _ = constant = c 2 . 

(4. 43) 

(4. 44) 

Finally, formal integration of the continuity equation yields the quad-

rature relation 

......., 3......., sx x' [-......., , 3 ...., u =xu -2 ----= w-x u -+ - ,2 -1 - x 
I I /2 , 3 ....,J- I (3 2 x - 1 x )v_ dx +c

3 
(4. 45) 

where a new variable is defined as 

(4. 46) 

and x' is a dummy integration variable. 

The three relations, Eqs. (4. 42), (4. 44) and (4. 45), may be 

used to replace the continuity, radial momentum and energy equations 

in the original sixth-order system. Using these relations to eliminate 

the parametric variables f\!' +' f\!' _ and u +' the remaining three equations 

become : 

&-Momentum: 

d 2 2......., 2 ...., 2 ,..,,, 311" 2 
dx(l-x) v_+x(l+3x )u +x(l-x )v_ +2TI"C 1x+ 2 c 2x =O; (4.47) 

Radial stress moment: 

- i 2% 2,..,,, 'IT 2.!. 
2w + 6Kn(l-x) (1+3x )u_ + 4 Knx(l-x ) 2 C 2 = 0; (4.48) 
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Shear stress moment: 

2 
1 -x d [~ 3~ 5 3 3 5 ~ l ~ 1 3 3 5 ~ ---w-x u-(-x --x}v +w+(-x--x)u 

x dx - 2 2 - j 2 2 -
(4. 4 9) 

These three equations exhibit the entire singular behavior of the ori-

ginal system. 

A more convenient notation for the analysis of this system is 

afforded by the vector equation, 

d 
dxY=A·Y+~, 

where the vector r_ is defined by 

( 4. 5 0) 

It is relatively easy to show from equations (4. 47), (4. 48) and (4. 49) 

that the coefficient matrix is 

1 
!!:= 2.2 
- (1 -x ) 

x 2 
-(1+3x ) 
3 

0 

- 1 9 4 6 8 
3

x -2x + 3x 

- l 2 ~ 2 
9

Kn (1-x ) (1 +3x )x 

-3 8 3 -+- x - x x 3 

- 1 2 .!. 2 
--2 (1-x }2 (1+3x) 
9Knx 

2 
-x(l +3x ) 

and that the inhomogeneous vector is 

11 4 6 8 
3x -8x +3x 

~ (l -x2)5/2 
2Kn 

-3 8 3 - +- x-x x 3 

2 
3x(l -x ) 

'(4.51) 
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ir 5 3 3 2 2 ir x
2 

2 2 (3x -5x )(C
1

x+4 x c 2 )+2x(l-x )C 2 - 2.
312

c
2 (1-x ) 6Kn(l -x ) 

irC 2 
a = 

6Knx(l -x
2

)
3 72 

. (4 . 52) 

2ir 3 2 
-~2~2 ( c1 x + 4 x c 2) 
(1 -x ) 

General methods for finding the asymptotic behavior of solu -

tions to linear systems of ordinary differential equations are exten-

sively described in a volume by Wasow. (18) The position and char-

acter of all singular points are determined by the matrix A . The 

singular points of the system occur at the singularities of the matrix 

elements which in this example are found at x = 0 and x = 1, the 

sphere surface and infinity. These singularities are related directly 

to the singular points of the transformation from parametric to canon-

ical variables, although not realized at the time of solution. Three 

asymptotic expansions of this system, which explain the numerical 

difficulties encountered earlier, are now discussed with the details 

being given in the Appendi ces. 

Fir st, the behavior of the system is investigated at the sphere 

surface assuming that the Knudsen number is a bounded parameter. 

At x = 0 the matrix A has a second order pole in two of its elements 

which makes this point an irregular singular point with rank one, 

according to the classification given by Wasow. The determination 

of the complete asymptotic expansion about an irregular singular 

point is quite involved and a detailed analys is is carried out in 

Appendix B. For the present purpose only the gene ral solution 
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matrix to the homogeneous form of equation (4. 50) is needed . From 

the first column of this asymptotic solution matrix (B. 24), one of the 

three general vector solutions to equation (4. 50) is 

~ el /9Knx(O(x3)) 

x 

(4.53) 

where O(f(x)) is used in the standard manner to represent any function 

. O(f(x}) 
of x such that the hm f(x) is bounded. Clearly, this solution is 

x-+O 
very singular near x = 0 and contributes to the numerical instability 

whenever collisions are permitted (Kn 'f oo) unless it is completely 

eliminated by the boundary conditions. The other two vector solu-

tions, columns two and three of Eq. (B. 24 ), are regular in x at the 

sphere surface and represent the physically real solution. 

A curious behavior is found in the coefficients of the asymp-

totic expansions for the above solution matrix. The parameter Kn 

occurs in both the numerator and denominator of these coefficients, 

thus invalidating this representation for both the limiting cases of 

free-molecule and continuum flow. This behavior occurs because 

some of the similarity transformation matrices used in obtaining this 

solution become singular in these limits (see Appendix B). Theim-

plication is that the region of validity of the asymptotic representation 

depends on the parameter Kn in such a way as to shrink in about x=O 

as the Knudsen number becomes either large or small. This depend-

ence on a "stretched coordinate" is characteristic of a class of 
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singular perturbation problems having "boundary layers" near the 

singular points of the independent variable . Physically, this behavior 

is expected in the continuum limit since a thin collisionless "Knudsen 

layer" a lways exists near the sphere for arbitrarily small values of 

Kn. On the other hand, no such singular behavior is expected in the 

physical flow for the large Knudsen number limit. Since the asymp­

totic representation exhibits this characteristic in both limits, one 

explanation is that the exact solution matrix consists of two solution 

vectors regular in (1 /Kn) and a singular vector, which appears as a 

solution to a singular perturbation problem. Somehow the singular 

solution vector then affects the others in the asymptotic solution 

matrix when obtained by the methods of Appendix B. This explanation 

is borne out by the eventual numerical results . The consequences of 

the above are that the sphere surface is a special type of singularity 

called a "turning point" or ''transition point" and that an extremely 

complex analysis of a third order turning point is required to fully 

support the above explanation. Fortunately, enough knowledge to 

numerically integrate the differential system can be determined with­

out this effort . 

In an attempt to further understand the behavior of this third 

order system a second asymptotic representation is found near the 

sphere, but for totally collisionless flow. Details of this calculation 

are given in Appendix C . Again, the matrix A has a second order 

pole in one of its elements, suggesting an irregular singular point at 

x = 0 . However, this point is what is often referred to as a "pseudo 

essential singular point" since a transformation (shearing) exists 
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which takes A into a matrix with a first order pole as its strongest 

singularity. Thus, for Kn = oo, the system is really one about a 

regular singular point and has a solution matrix with, at most, poles 

at x = 0. This lack of an exponentially singular solution explains the 

early success in numerically integrating the free-molecule problem. 

As a final step in the analytic investigation of this system an 

asymptotic representation is found about the point infinity. The vector 

differential equation (4. 50) is recast with Ras the independent variable 

and the matrix A expanded in negative powers of R. As in the first of 

the previous two expansions the point infinity is an essential singular 

point, but this time with rank two. The details of the expansion at 

this point are given in Appendix D and the resulting homogeneous 

asymptotic solution matrix (D. 25) is 

2 _ 9Kn + 
zR. 

3 _ 9Kn + 
zR.2 zR.3 .. 

z _ 9Kn + .. 
ZR 

i -3 27Kn-2 
-z-R +-8-R + ... 

-RS _ 27Kn-R4 -z- + ... 

-4R. 
9Kn -

e (l/R+ ... ) 

-4R 

9Kn(_l_ + ) 
e _9KnR2 · · · 

-4R 
9Kn -

e (1 /R + ... ) 

. (4. 54) 

Again the exponential solution vector, characteristic of essential 

singular points, forms one of the three columns of the homogeneous 

matrix, but in this case it is a dying exponential for large R and 

causes no numerical difficulty. Also occurring is an algebraically 

singular vector, the second column of (4. 54 ), which may be identified 

with a similar singular solution to the continuum Stokes equation. (13) 

The remaining solution corresponds to the regular incompressible 

Stokes solution for slow flow past a sphere. Although well behaved 
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for small values of Kn, this asymptotic representation obviously fails 

in the free-molecule limit in a manner much like the collisional as-

ymptotic solution do es at the sphere surface. This behavior is an 

example of the well-known singular nature of unbounded collisionles s 

flows as R approaches infinity. 

A nearly complete understanding of the nature of all solutions 

to the original sixth-order differential system has been developed, 

and it is now possible to re-examine and reformulate the boundary 

conditions necessary to numerically integrate the collisional system. 

In view of the physical analogy involved it is reasonable to expect that 

all parametric functions remain finite throughout the flow field . How­

ever, as has been shown by the above asymptotic representations, one 

singular solution vector is present at each singular point, the sphere 

surface and infinity. It will now be shown that a finiteness condition 

is necessary to complete the numerical formulation of this problem. 

Consider fir st the algebraic singular solution at infinity, 

column two of solution matrix (4. 54 }. Substitution of this vector into 

the drag integral (4. 42) yields a solution for 'N2 (R) which grows like 

R near infinity. Therefore the condition (4. 37) that N
2

(x=l) = 0 is 

equivalent to a finiteness condition at infinity, and the original six 

boundary conditions remain intact. An inadequacy of this set of 

boundary conditions is, however, revealed through inspection of the 

quadrature relation (4. 45}. Specifically, since ~2(x= 1} = -1, the 

integral must be bounded and the part of the integrand in square 

brackets must consequently vanish for large R. Thus, 

'W - li_ - V'_ = 2 uz + 2 v2 ..... 0(1/R
2

} (4. 55) 
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for each of the six general solution vectors. This coupling between 

u 2 and ~2 at infinity makes the two boundary conditions on the velocity 

parameters, (4. 38) and (4. 39), equivalent, and only five conditions 

remain for the sixth-order system. 

A new condition must now be provided to uniquely determine 

the complete six-moment solution. The obvious choice is to require 

all parametric functions to be bounded at the sphere surface. It can-

not be proven that this finiteness condition is sufficient since the solu-

tion vector which is singular at the sphere may be eliminated by one 

of the boundary conditions at infinity. Analytically connecting the 

asymptotic representations about separated singular points is a very 

difficult problem. However, it can be shown numerically that the 

singular solution is not e liminated by the five remaining original 

boundary conditions. The i:inite ness condition ther efore completes 

the formulation of this problem. 

The finiteness condition must now be stated in a form conven-

ient for numerical integration. The three general solution vectors to 

the collisional third-order system at the sphere are the columns of 

the matrix (B . 2 4 ). One of these vectors is the exponentially singular 

solution 21i pr eviously discussed, and the other two are 

1 
12Kn 

212'"'"' 1 + O(x) , 

0 

and 
0 

213 ....., 0 + O(x) . 

1 

(4. 56) 

(4. 5 7) 



-53-

Also found in Appendix B is a particular integral for the third-order 

inhomogeneous system. Since this particular integral vanishes at the 

sphere the complete solution for the vector "I is 

(4. 58) 

In this context the finiteness condition is simply c 4 = 0. Therefore, 

from (4. 56) and (4. 5 7) 

1 1 
w = y 1 = 1 2Kn C 5 = 1 2Kn u at x = 0 (4. 59) 

and, using the other boundary conditions, 

1 ,..., ,..., 
(1 + lZKn)u2 + v 2 =0 at x = 0 (4. 6 0) 

is an equivalent form for the finiteness condition at the sphere sur-

face. 

The system of finite difference equations discussed at the 

beginning of this -S ection can now be solved. With the finiteness con-

dition (4. 60) replacing the redundant boundary condition (4. 39) the 

band matrix inversion proceeds quickly and gives well behaved solu-

tions for the six parame tric functions. It is easier to invert the 

original sixth-order system than to work with the inhomogeneous 

thi r d -order system and its att endant quadrature and integral r e lations . 

An additional b e nefit results sinc e these integ ral relations then pro-

vide excellent checks on the accuracy of the numerical procedure, 

which was found to be quite good. The numerical values for the six 

parametric functions are tabulated in Appendix G for a representative 

c ollection of Knudsen numbers. The flow fields and integral properties 
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of these moment solutions will be discussed in succeeding Sections . 

4. 6. Solution by Matching 

The successful attempt in Section 3. 5 to obtain the heat-

transfer solution through a matching procedure suggests a similar 

approach for the more complex flow problem. For this flow problem 

the drag integral is constant throughout both regions instead of the 

heat-flux, and the velocity fields are matched instead of the tempera -

tures. 

The free-molecule solution for slow flow past a sphere is 

chosen as the inner solution for this matching procedure. This lin-

earized collisionless solution is developed in Appendix E where the 

drag is found to be 

(4.61) 

In this expression u 0 represents a uniform flow at some point away 

from the sphere (not necessarily at oo ). The corresponding velocity 

fields are 

(4. 62) 

and 

(4. 63) 

where 

2 3 2 3/2 2 2 
3 Ro Ro 1 ( Ro) R fi Ro) (R+Ru ) 

fl (R) = 8 - -2 - -3 +z 1 - 2 +11)R ~ - -2 log R-R_ (4 . 64) 
8R 4R R 0 R -u ' 

and 
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R2 R3 
= 5 +-2. + -0-+ 

T6 16R2 
8R 3 

+ R 
32R

0 
(4. 65) 

These velocity field functions are found by integration in Appendix E. 

Using Eq. (4. 61) to eliminate U 0, a complete inner velocity field is 

determined as a function of the drag integral only. 

Utilized in the region far from the sphere is a solution of 

Stokes equation which satisfies only the boundary condition at infinity: 

3 
U cos8(1 - A/R + B/R ) ; 

0() 

= U sin 8 ( 1 - i A IR - i B IR 3 ) . 
00 

(4. 66) 

(4. 6 7) 

The no slip conditions at the sphere which give the usual Stokes solu-· 

tion are not applied, thus leaving two free constants to be determined 

by the matching, A and Bin the above expressions. Integration of 

the forces due to this flow pattern gives a relation between the drag 

and one of the constants, 

D = 4;rµ U A . 
oc 

(4 . 68) 

These inner and outer solutions are each valid in different 

regions and the drag integral cannot be determined from either except 

by matching in an appropriate manner. The matching condition dis -

cussed earlier takes the vector form 

lim u . 
R-oo -inner 

= lim u , 
R-R -outer 

0 

(4. 69) 



-56-

and provides values for both of the undetermined constants. Applying 

this condition to each component of the velocity field gives 

(4. 70) 

(4.71) 

Subtraction of Eq. (4. 71) from (4. 70) then provides the relationship 

1 2 
B = 3 R 0 A (4. 72) 

Finally, substitution of Eqs. (4. 61 ), (4. 68) and (4. 72) into either 

(4. 70) or (4. 71) yields an expression for the drag which is analagous 

to the heat-flux relation (3. 32), 

D 1 = DC 1 + µ 1 

R n (8mkT )2(± + Tr) 
Ooc Tr 3 6 

where 

Of course, µ may be replaced by A. through the relation 

A. = µ l 

(2kT) z: 
p Trm 

(4. 73) 

(4. 74) 

(4. 75) 

so the drag may be represented as a function of the Knudsen number, 

the 

D 1 
(4 . 76) = DC 

The uniformly valid radial velocity field is found by subtracting 

3 
common part, -U

00
cose (1 - A/R0 + B/R

0 
), from the outer solu-

tion and adding the remainder to ·the inner solution, giving 
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2 
u = - u cos e (-- -

R oo 3R0 
(4. 77) 

where account is taken of Eq. (4. 72) . Then, eliminating A and U 0 

with the aid of equations (4 . 61 ), (4. 68 ), (4. 74) and (4. 76), this ex-

pression becomes 

I, 3Ro 
UR= - Uoccos9 L(l - o)(l - 2R 

where 

0 
1 

2 'IT 
( - + 3b) 

1 +-9 ___ _ 
Kn 

= 

R3 

+ --;) + o£1 (R)J 
2R 

Similarly, the tangential velocity is found to be 

(4. 78) 

(4. 7 9) 

(4. 80) 

Inspection of these velocity functions reveals that the flow 

determined by this matching procedure is compos ed of two parts: 

one, identical to the free-molecule solution weighted by a function 

of Knudsen number; a second which is exactly the continuum Stokes 

solution also weighted by a function of Kn. This dual character is 

qualitative ly very similar to the behavior found for the heat-transfer 

solution, although the rarefaction pa ram et er o is nut'XE rically differ -

ent in the two problems. The velocity fields found here by matching 

methods will now be illustrated and compared with the nume rical 

moment so lutions obtained in the previous Section. 

4. 7 . Velocity Field 

Once the values of the six parametric functions are determined 
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by the moment method it is possible to calculate all physical proper-

ties of the flow about the sphere. Of particular interest is the veloc-

ity distribution which is given explicitly by Eqs. (4. 2) and (4. 3) and 

the known parametric functions. The radial velocity is shown in 

Fig. 6 and the related tangential velocity in F ig. 7, both plotted as 

functions of x
2 

= 1 - R~/R 2 
Both of these curves illustrate the dual 

character of the flow field for transitional values of the Knudsen num-

ber. Specifically, the inner portions of the transition velocities have 

the general shape of the upper free-molecule solution while the veloc-

ities far from the sphere have the character of the lower Stokes solu­

tion. The shear-stress is also shown in Fig. 8 as an example of the 

higher moments which can easily be found. 

In the velocity plots the exact free-molecule solution given 

in Appendix E is shown as a dotted line, and the collisionless moment 

solution is not shown since it lies within one percent of the exact free-

molecule solution at all points in the flow field. The other limiting 

solution could not be calculated exactly by the moment method as 

formulated, but the solution for Kn = . 001 is virtually identical to the 

Stokes solution which is also shown as a dotted line. 

Three r ep resentative tangential velocity fields which result 

from the matching procedure of the la st Section are plotted in Fig. 9. 

These curves, taken directly from equation (4. 80), are each com­

pared with a moment solution for the same value of the Knudsen num­

ber .. The plots resulting from these two methods appear to have 

nearly identical shapes, although the matched solutions are shifted 

slightly as if representing flows at somewhat different Knudsen 
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number. However, the numerical diffe r ences are small and the near 

congruence of the two solutions is encouraging. The favorable com-

parison of the moment solutions with curves composed of linearly 

superimposed Stokes and free-molecule patterns is even stronger 

evidence of the dual character of the physical flow field as modeled 

by the moment equations. Plots of the radial velocity field show a 

very similar behavior. 

No experimental values for any of the flow field variables are 

known for comparison with the distributions predicted. Also, no 

theoretical r esults providing transitional velocity details are known. 

However, a velocity field for the slip regime (low Knudsen number) 

was obtained originally by Basset (19) for low Reynolds number flows. 

Basset's solution may be reproduced in the present context very simply 

by applying appropriate boundary conditions to the general Stokes solu-

tion discussed in the la st Section. The necessary conditions are 

u = 0 R 
at R-R - 0 

and the Maxwell slip condition for diffuse re-emission 

ugas - uwall = 
( 2!:±_ du) 
pc dy wall 

( 4. 8 1) 

(4 . 82) 

Using the relation (4. 75) and the expression for the mean velocity, 

1 

c = (8kT /rrm) 2 (4.83) 

the second boundary condition above becomes 

at ( 4 . 84) 
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Applying these conditions to the velocity expressions (4. 66) and (4. 67), 

the velocity fields found by Basset become: 

R R 3 
3 1 + 2 Kn 0 1 1 - 2 Kn 0 J 

- 2 ( 1 + 4Kn )R + 2 ( 1 +4Kn ) R 3 ; = -u 
00 

cos e [1 

u = u e oc 
sin e [i _ i ( 1 + 2Kn ) RO 

4 1 + 4Kn R 

3 
1 1 -2Kn Ro J 
4(1+4Kn) R3 

(4. 85) 

(4. 86) 

The expression (4. 68) for the drag of the general Stokes solution th en 

gives 

(4. 8 7) 

as the drag for the Basset slip solution. 

Obviously, this slip solution is a reasonable approximation 

for low Knudsen numbers only. A plot of the tangential velocity (4. 86) 

is presented in Fig. 9 for Kn = 0 . 05 along with the velocities found by 

matching and the moment method. The slip solution is qualitatively 

in error n e ar the sphere where a Knudsen layer is evident in the other 

two solutions. 

4. 8. Sphere Drag and Comparison with Experiment 

Although very few investigations of the velocity and pressure 

distributions exist, a number of results are available which give the 

drag integral for a slowly moving sphere in various flow regimes . A 

comparison of these results with the drag values found in this Chapter 

will now be presented. 

The drag predicted by the moment method is easily found by 

integrating the normal stress and shear stress over the sphere sur-

face. A convenient representation for this drag is the ratio of the 
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drag coefficient to the coefficient for collisionless flow CD/CDfm' 

which in terms of the normalized moments is 

...... (4. 88) 
_;~R (Kn)+ 

-P~R (oo) + 

A plot of this moment drag as a function of Knudsen number is pre-

sented in Fig. 10 along with the experimental values by Millikan. (14) 

Also shown is the drag ratio, expression (4. 76), which results from 

the matched solution. The values from both the moment method and 

the matching method are seen to pass smoothly from the continuum 

to the free-molecule limit, but both fall somewhat below the experi-

mental points. The quite good agreement between these two curves 

further suggests a relationship between the two methods, originally 

found in the heat-transfer problem where they gave identical results. 

Some other theoretical results are also presented in Fig. 10, 

although all are valid only in limited Knudsen number regimes. The 

agreement with Goldberg 1 s thirteen-moment solution (1 7) is excellent 

in the near continuum regime, but the thirteen-moment solution ap-

proaches tb e wrong limit for free-molecule flow. In the low density 

regime the Knudsen iteration curves of Willis (2) and Liu, et. al. (16) 

are seen to give better agreement with Millikan 1 s values than the 

moment method. 
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5. SLOWLY ROTATING SPHERE 

5 . 1. Description of the Proble m 

In this Chapter the sphere is again at rest in an infinite homo-

geneous gas of arbitrary density, but it is now spinning with an angular 

velocity~ about an axis fixed in this space. The rotational speed is 

restric ted to low values of the surface equatorial speed ratio S , 
eq 

1 

defined as wR
0

(m/2kToc)2 . Of particular interest in this problem 

is the flow which is of second-order in the surface Mach number. 

Consequently, the weighting function is expanded in this parameter 

and both fir st and second -order moment solutions are determined. 

As before, the spher e is assumed to have a high thermal con-

ductivity and the sphere temperature is taken equal to the gas temper-

ature at infinity to eliminate all heat-flux other than that produced by 

the spinning sphere. Without this last assumption the presence of two 

perturbation parameters, wR 0 and M, would unnecessarily complicate 

the problem, especially the portion of the solution which is second-

order in wR0 . 

In determining the limiting solutions for the rotating sphere, 

the discussion of Section 4. 1. remains relevant. In accord with this 

the moment solution should approach in the continuum limit the solu-

tion of Stokes equation about a rotating sphere, and the more complex 

high Reynolds number solutions should not be r e produced. The rela-

tively simple first-order Stokes solution was obtained by Lamb (20) 

who also knew of the existence of the second-order "centrifugal fan" 

motion as did Stokes. Howeve r, the formulation ancl solution of this 

second-order problem remained for Bickley (21) and still late r for 
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Collins, (22) both of whom used an expansion of the Navier-Stokes 

equation in powers of Reynolds number. This motion is characterized 

by a radial influx at both poles of the sphere which is balanced by an 

equal outflux at the equator. 

As in the case of the translating sphere the collisionless limit 

is described by one Maxwellian distribution representing the station­

ary ambient conditions and another reflecting the effect of the sphere. 

Note that the velocity in the sphere influenced part of the distribution 

function depends on the point of the sphere from which the particle in 

question originates. The collision.less velocity fields are then deter­

mined by integration after expanding the sphere Maxwellian in powers 

of surface Mach number. Th e first-order velocity field is readily 

integrated and is desc ribed, for example, by Willis. (3) The second­

order integration is more difficult because of the varying mean veloc­

ity within the sphere 1 s c one of influence described above, and no 

known r eference to this motion is available. This integration is pre­

sented in Appendix F for the velocity fields and some higher moments 

such as the stress tensor. The 11 centrifugal fan 11 motion is also found 

in the totally collisionless flow pattern which results from this inte­

gration. Further, the velocity fields are very nearly the same shape 

as in the continuum low Reynolds number solution, but of different 

magnitude. 

Some excellent measurements by Lord, Bowden and Harbour 

(2 3 ), (24 ), (25 ), (26) of the drag torque on a revolving sphere in various 

Knudsen number regimes constitute 'nearly the entir.~ experimental 

effort devoted to this problem. No measurements of the velocity field 
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for either the first or second-order motion are known. This is not 

surprising considering the very small induced secondary flow, par­

ticularly in the low density regime. 

Existing theoretical studies of the rotating sphere are also 

quite limited. Willis (3) has investigated the first-order motion by 

means of a Knudsen iteration technique through which he determined 

the drag torque in the near free-molecule regime. In the same report 

Willis compares the first-order torque found by the moment method 

with proposed interpolation formulas and the above data by Lord and 

Harbour. No investigations of the second - order velocity patterns 

are available oth e r than the continuum solutions by Bickley and Collins 

previously mentioned. Consequently, the second-order moment solu­

tion obtained in the following S e ctions cannot be compared with any­

thing but the known limiting solutions for large and small Knudsen 

number. 

5. 2. F irst-Order Moment Solution 

The fi rst-order moment solution was originally presented by 

Willis (3) for the case of a slowly rotating sphere within a fixed con­

centric sphere of larger diameter. This solution is quite simple and 

since it provides the basis for the second-orde r development to follow, 

it will be repeated here . 

In order to provide sufficient freedom in the formulation of the 

second-order moment equations a general weighting function must be 

chosen to represent the true distribution function . The "two - sided 

Maxwellian" described in t he introduction, Eqs. (la) and (lb), con­

sists of ten parametric functions and is appropriate for this purpose. 
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The linearized form of this weighting function is given by Eq. (2.12) 

Although it will not be shown in detail, the substitution of the 

weighting function (2.12) into the moment equations r esults in the total 

separation of the two tangential velocity parameters, w 1 and w 2, from 

other parametri c f u nctions. Specifically, the tangential momentum 

equation (2. 24) and the shear stress moment equation (2. 29) contain 

only the w 1 s while the remaining equations involve only the other e i ght 

parameters. A great simplification now follows from the homogeneous 

boundary conditions appropriate to the eight functions, N 
1

, N 
2

, t
1

, t
2

, 

u
1

, u
2

, v
1

, v
2

. The only solution satisfying these conditions is the trivial 

solution with all eight parameters identically zero. The problem is in 

reality a two moment system for the parameters, w
1 

and w
2

, which 

will now be integrated to comple te the fir st-order solution. 

The reduced form of the first-order weighting function is 

and (5. 1 ) 

The m e an quantities which appear in the cp momentum equation (2.24 ) 

and the shear stress equation (2. 29) can now be integrated using 

Table 4 of Appendix A. Nondimensionalizing all quantities by the 

expressions (3 . 3), the relevant moments are 

>l< 

PRcp 
1 2 

2 
2'IT ( 1 - x ) w (5. 2) 

(5. 3) 
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,., 3 I 5 -.. 
1 /2 w+ (5 /4 x (5 . 4) 

PRRcp = - 3 4 x )w 

•'• ,,. 

0 ' (5. 5) 
PR9cp = 

~::: 

1 /2 w+ 3 I 6 5 - (5. 6) p = - ( 15I16 x - 5 I 8 x + 3 1 x )w , 
e 8cp 

>.'< -*-
(5. 7 ) P cpcpco = 3 P eecp 

As a consequence of expressions (5 . 3) and (5. 5) above the partial 

differential moment equations become ordinary differential equations 

and the velocity parameters may be writt e n as 

and (5. 8) 

w = ~ (R)g(9), 

where g(9) is an arbitrary function of 9which will be determined later 

through application of the appropriate boundary conditions. 

In a nondimensional form the system of equations for the first 

order solution is 

(5. 9) 

and 

d * (3 + R dR) PRRcp (5.10) 

The first of these equations may be immediate ly integrated to give 

* PRcp = 

from which 

,...., 
w = 

(5. 11) 

(5. 12) 
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Finally, using the moment integrals and the above solution for w 

the shear str e ss equation (5. 10) reduces to the simple form: 

d ,..., - rrC 1 
dR (w+/ R) = --=-4 ' 

KnR 

which upon integration yields 

w = c 2 R 
+ 

(5. 13) 

(5 . 14) 

This completes the first order solution except for the application of 

boundary conditions, which for this problem are 

w l = t (w + w ) = w R sin 8 + - 0 
at R = 1 (5.15) 

and 

w 2 = t(w - w ) = 0 + - at R. = oc . (5. 16) 

The integration constants can now be determined with the aid of these 

conditions to be 

= 
wRo 1 

-z;n.-( 1) 

l + l 2Kn 

(5. 1 7) 

and 

wRo ( 1 1 

l + l 2Kn 

(5. 18) 

The 8 dependence is now also specified to be 

g(9)=sin9. (5. 19) 

The final solution to the first order moment equations is thus 

= 
1 wR0 sin9 

(R+---2=-) ( 1 ) • 
1 2KnR 1 + ,-,,-:r;--

1 <:.Kn 

(5. 20) 
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and 
wR

0
sin9 

--~2( 1 ) 
l 2KnR 1 + 12Kn 

The mean quantities of inte rest ar e the tangential velocity and 

the shear stress which determines the drag torque on the sphere. 

The mean velocity, as specified by a particular integral of the weight-

ing function (5.1),is 

ucp = 1/2 w+ - (3/4 x - 1/4 x
3

)w 

which becomes 

R3 

ucp = [--0
- 3 + 1 /2 -

12KnR 

( wR sin 8 ) 
1 

l + l 2Kn 

The shear stress m o ment, Eq. (5. 2), becomes 

wRi sin 8 
( 1 ) 

l + l 2Kn 

n kT 
p = - oc oc 

Rep 2 n R 3 

(5. 21) 

(5. 22) 

(5.23 ) 

Both the tangential velocity and the shear stress approach the proper 

values in the l imits of large and small Knudsen number . 

The drag torque on the sphere is simply an integral of expres-

s1on (5. 23) over the surface o f the sphere. A convenient representa-

tion of the drag dependence on density is the ratio 

1 
D/Dc = 1 + 12Kn ' (5 . 24) 

where the subscript c indicates the continuum limit value. This 

simple Knuds en number dependence is identical to a gen e ral inter-

polation formula suggested by Sherman. (27) 
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One comment is in order concerning the above moment solu-

tion in which w
1 

(5 . 20) is found to grow like R at larg e distances from 

the sphere. Initially, this behavior appears to contradict the earlier 

low Mach number assumption which permitted the expansion of the ex-

ponential in the weighting function. However, this growth is due to 

a geometrical effect reflecting the diminishing range of the Sep inte­

gration far from the sphere. The consequence of this is that the mean 

cpvelocity of the weighting function is not represented directly by w
1

. 

For example, consider the expansion of the exact collisionle s s distri-

bution function performed in Appendix F. There it is shown that to 

first order in surface Mach number 

(5. 25) 

Note that in the last expression wRsin8, which corresponds to w
1 

in 

the moment formulation, is unbounded even though the magnitude of 

the mean surface velocity (wxR0 ) is always much less than the mean 

molecular speed. 

5. 3. Second - Order Weighting Function and Mean Quantities 

A ten-parameter second -order weighting function follows 

naturally from an expansion of the "two-sided Maxwellian" described 

in the Introduction. To effect this expansion, the parametric functions 

are assumed to have the following form: 

n. = n (1 + N~2) + . .. ) 
1 oc 1 

T. = T (1 + t~2) + . .. ) 
1 ex; 1 



-70-

u . = (2) 
u . + 

1 1 

(5 . 26) 
(2) + v. = v. 

1 1 

w. = ( 1 ) 
+ 

(2) + w . w. . . . 
1 1 1 

where account is taken of the first-order solution found in the pre-

vious Section. All quantities with bracketed superscripts are of order 

(en) where E: is the perturbation parameter, the equatorial surface 

Mach number in this case. With these parameters inserted into Eq. 

(1. la) and (1. lb) the order (e:
2

) part of the weighting function becomes 

(5. 27) 

where i = 1, 2. 

The moment integrals appearing in the moment equations must 

now be d etermined using the above second-order weighting function . 

To simplify notation in the ensuing development of the second-order 

solution the new quantities, 

-(1)2 -(1)2 
= Wl + Wz 

and (5. 28) 

r - - (1 )2 - (1 )2 
- Wl - W2 ' 

are introduced. With the only first-order parameters thus eliminated, 

the bra c k eted superscripts may be dropped and the remaining param-

eters will h e nc e forth be und e rstood to b e of second-ord e r. Again 

using Tabl e 4 of Appendix A and non-dimensionalizing all quantities 
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by th e exp r essions (3 . 3), the n ecessa ry second-order moments are 

as follows : 

- (2) 2 I - 3 -n uR = ( 1 - x ) (N + 1 2 t ) + 1 / 2 u + - 1 I 2 x u 

x 2 2 
- 4;r ( 1 - x ) r 

3 -
(3/4 x - 1/4 x )v 

nu (
2

) = 1 /2 w+ - (3/4 x - 1/4 x
3

)w 
cp 

p,:, (2 ) = - 1/2 N+ + 1 /2 x 3 N - 1/2 t + 1/2 x 3 t 
RR + 

~(2) 

Pee = 

3 
- .!._ (1 - x 4 ) ~ + ~ ( 1 ._ x

2
) r 

;r - lo;r 

1 2 2- 3x 2 2 
- -2 (1 - x ) u + '4 (1 - x ) r ;r - O"±'Tf -

~(2) 3 
p = 1 I 2 (N _j_ + t+) + ( 3 I 4 x - 1 I 4 x ) (N _ + t cpcp T 

(5. 29) 

(5 . 30) 

(5.31) 

(5. 32) 

(5. 3 3) 

1 22- 1 1 3 5 
- 2;r (1 - x ) u - 4;r r+ + 64;r(33x-26x +9x )!_; (5. 34) 

~(2 ) 1 22-
p R 8 = - 2;r ( 1 - x ) v 

p,:, (2)= - _l_ ( 1 - x2)2w 
Rep 2;r 

·* (2) 2 - 3 -qR = ( l - x ) (2N + 3t _) + 5 I 4 u + - 5 I 4 x u 

1 2 4 + - ( 1 - 4x + 3x ) r 4;r 

~ (2 ) I - I I 3 -q 
8 

= 5 4 v + - (15 s x - 5 s x ) v 

(5. 3 5) 

(5. 36) 

(5. 3 7 ) 

(5. 38) 
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-(2) 
qR = (l - x

2
)(7 /4 t 

1 2 4 
1/2 N )+4 lT(l - 3/2 x + 1/2 x ) r ; 

- ., -(2) 
-,< 

PRRR = 
4 - 5- 1 2 4 

(1-x )(ZN + 3t )+3/2u+ -3/2 x u_-;(1-x )x r_; 

:;c (2) _ 
PRR8 - 1 /2 ~+ 

~(2) _ - 3 5-
p RRcp 1 I 2 w+ - ( 5 / 4 x - 3 / 4 x ) w 

~(2) _ 2 2 
p R e e - ( 1 - x ) (N + 3 I 2 t ) + 1 I 2 u + 

3 5 - x
2 2 2 

( 5 I 4 x - 3 I 4 x ) u - 4 lT ( 1 - x ) r 

P
--;:;--( 2 ) - 2 

2 
Rcpcp - ( 1 - x ) (N + 3 I 2 t ) + 1 I 2 u + 

3 5- 1 2 2
2 

(5 I 4 x - 3 I 4 x )u + 4 lT (2 - 3x ) ( 1 - x ) r 

*(2) 
p = 1 /2 ~+ 8cpcp 

~(2) _ ~ 
Peee - 3 Pecpcp 

3 5 -
(15/16 x - 5/8 x + 3/16 x )v 

p* (2 )=1/2w -(15/16x-5/8x3 +3/16x5 )w e ecp + 

* (2) - *-
p = 3 p 

cpcpcp e e cp 

-,.,-(2) 3 4 -
P~Rii = 5lr(N+ + 2t+) - 5lTx (N + 2t ) + 1 2( 1 - x ) u 

+ 1 /2 r - (25 / 8 x
3 

- 21 /8 x
5

) r + -

~(2) 5lT 3 6 2 
2

-
p 88ii = 5lT(N+ + 2t+) - 7(3x - x )(N_ + 2t )+ (1 - x ) u 

+ 1/2 r+ (45/32 x - 25/16 x
3 

+ 21/32 x
5 )r 

(5 . 3 9) 

(5. 40) 

(5.41) 

(5 . 42) 

(5. 43) 

(5.44) 

(5. 45) 

(5.46) 

(5. 4 7) 

(5. 48) 

(S. 4 9) 

(5. s 0) 
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->:<-(2) 5n 
p . . = 5n(N-t + 2t+ ) - - 2 (3x 

cp\'.!)11 . 

3 2 
2

-
x ) (N + 2t ) + 6 ( 1 - x ) u 

+ 4r+ - (255/32 x 

-,.-.( -(2) 2 2 -
PR9ii = 6(1 - x ) v 

5. 4. Differential Equations 

95/16 x
3

+63/32 x
5
)r (5.51) 

(5. 5 2) 

Clearly, full utilization of the ten-parameter weighting function 

just described requires a system of ten partial differential moment 

equations. The ten moment equations which were collected in Section 

2. 3 . represent a complete sequence of moments through second order 

in i;, plus one third order moment, Q = i m ~Ff, and provide a natural 

initial system with which to attempt a solution of this problem. The 

equations missing in this sequence are linear combinations of the ten 

given equations, a consequence of the physical symmetries present in 

the stress tensor, and thus provide no useful information. 

Unfortunately, this ten-moment formulation is improperly 

posed in the sense described in Section 2. 5. and cannot be solved to 

satisfy ten arbitrary boundary conditions. To demonstrate that the 

linear transformation from parametric to canonical variables is 

singular it is necessary to consider only the three canonical variables 

0
>:< (2) - ,,.., -(2) >:< (2) 

qR , PRRR and PRee associated respectively with the moment 

equations (2. 25 ), 2. 26) and (2. 2 7). Using the integral definitions of 

these variables provided by expressions (5. 37), (5. 40) and (5. 43) it 

is easy to verify that 

2 * (2) ->:,- (2) -:1,c -(2) 
qR - PRRR - 2 PR89 = 

2
nR 6 
r 

(5. 53) 
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A relationship thus exists between these three canonical va riables, 

and appropriate manipulations of the associat e d moment equations 

will produce a row o f zeros in the transformation matrix A. Funda-
= 

):::: :(! 
mentally, this r eflects the coupling between PRSS and PRcpcp through 

symmetries i n the cho s en weighting function. 

A mathematically interesting possibility is that the ten natural 

boundary conditions might be sati s fied by a solution containing fewer 

integration constants. This conj ecture is not pursued now since the 

complete gene ral solution, which is difficult to obtain, would b e re-

quired for verification and other avenues of approach are open. 

An alternative formulation whi c h provides for a nonsingular 

tran sfo rma ti on to canonical variables everywh e r e except at oc will now 

be described . Unless the form of the weighting function is changed 

quite radic ally, perhap s by introducing an anisotropic t emperature 

parameter, the coupling among the c anonica l variables of Eqs. (2. 25), 

(2 . 26) and (2. 27) will remain and the transformation matrix will be 

s ingular throughout physical spac e. Another approach is the r eplace-

ment of one of these three equations by a higher moment equation, 

which avoids the difficulty by the employment of a new c anonical vari-

able. One such possibility is the tangential heat-flux equation, but 

its can onical variable P~Sii is dire c tly r e lated to P~e of the tangential 

momentum equation indicating that another singular syste m woul d re-

sul t . Although h igher order moment equations undoubtedly exist 

which satisfy the nonsingular crite rion of Section 2. 5., all involve 

more compli cated expressions for th e collision t erms than those pr e-

viously given. For this r ea son a t e n mome nt formulation offering 
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reasonable hope of solution appears unlikely and efforts are redirected 

to a system containing fewer parametric functions and moment equa -

tions. This simplification is very analagous to the elimination of the 

temperature parameters which was carried out in Chapter 4 for the 

first-order solution of flow past a sphere. 

It has been found generally desirable to maintain the symmetry 

of the weighting function by incorporating even numbers of parametric 

functions. Therefore, in the present example eight parameters and 

eight moment equations are used, which fluid dynamically corresponds 

to assigning uR, u 8, ucp, PREr PRqj PRR' p, and T as independent vari­

ables. The eight moment equations are Continuity, Radial Momentum, 

8 Momentum, cp Momentum, Energy, R9 Shear Stress., RcpShear Stress 

and Radial Heat-flux. Eliminated are the two normal stress equations, 

(2. 26) and (2. 27). 

5. 5. Boundary Conditions 

Once again a singular point of the moment system at infinity 

presents possible complications in the specification of approp riate 

boundary conditions . However, a set of necessary conditions is 

readily available from Section 2. 4 . where diffuse re-emission and 

complete energy accomodation were assumed at the sphere surface. 

With these assumptions all temperature perturbations must vanish 

and, since the sphere motion is entirely accomodated by the fir st­

order velocity solutions, all higher order velocities must satisfy 

homogeneous boundary conditions at the sphere. The surface condi­

tions on the second-order parameters are therefore 
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t 1 (x) = 0 at x = 0 (5. 54) 

ul (x) = 0 at x = 0 (5.55) 

vl (x) = 0 at x = 0 (5 . 56) 

and 

wl(x) = 0 at x = 0 (5 . 57) 

Completing the conditions at the sphere is the specification of no net 

mass -flux, 

nu (Z)(x) = 0 at 
R x = 0 ' 

which with Eq. (5. 29) becomes 

N (x )+l/2t_(x)+l/2u+(x)=O at 

• 

(5.58) 

x = O.· . (5. 5 9) 

The remaining conditions result from forcing the weighting 

function to approach a Maxwellian distribution at rest at infinity. 

These conditions on the second-order parametric functions are 

u2 (x ) = 0 at x = 1 , (5 . 60) 

v2 (x ) = 0 at x = 1 , (5 . 61 ) 

w2 (x) = 0 at x = 1 ' (5. 62) 

N 2 (x) = 0 at x = 1 , (5. 63) 

and 

t
2 

(x) = 0 at x = 1 (5.64) 
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Note that ten conditions are given since the specific form of the eight-

parameter weighting function is still undetermined. 

5. 6. Moment Solution 

The eight-moment formulation of the second-order flow about 

a rotating sphere does not involve a singular transformation to canon-

ical variables provided that v +' v _, w +' w _ and any four of the remain­

ing six parametric functions are retained. Since the choice of which 

four additional parameters to incorporate is arbitrary at this point, 

all will be carried until the detailed specification is required. This 

choice is dictated more by ease of solution than by any fundamental 

property of the resulting system. In fact, solutions having small 

numerical variations may be obtained using different forms of the 

weighting function, a result which is typical of moment methods. 

The solutions now to be de scribed are found in part by analytical 

methods but must be completed by a numerical integration. 

An immediate simplification results from substituting the inte -

gral definitions, (5. 29) to (5. 52), into the cpmomentum and shear 

moment equations, which are expressed in nondimensional form by 

Eqs. (5. 9) and (5. 10). Since the relevant moment integrals are id en-

tical to the first-order expressions the resulting solutions for the 

second-order parameters w 12
) and w !2

) are also the same as the 

first-order solutions given by Eqs. (5. 12) and (5. 14). However, only 

the trivial solution, 

w (Z) = 0 
1 

and (5.65) 

satisfies the homogeneous second-order boundary conditions, which 



-78-

in<licates that no secondary azimuthal motion exists. Also, the 

second-order drag torque is zero for all Knudsen number regimes, 

a result which agrees with both the continuum and free-molecule 

limiting solutions. It is therefore necessary to solve the third-order 

moment system to obtain corrections to the simple drag torque rela-

tion (5. 24) of Section 5. 2. 

In the other examples considered the partial differential mo -

ment equations have been reduced to ordinary differential equations 

by assuming appropriate 9-dependence for the parametric variables. 

The separation has always been reasonably obvious from flow symme-

tries or boundary conditions, but in this case the situation is not near-

ly so clear. Of course, a general expansion in some orthogonal basis 

of the 9-dependence of all parameters must work, but this involves 

more effort than is necessary if the proper separation can be guessed . 

Fortunately, a relatively simple 9-dependence is appropriate and its 

development will now be described. 

The initial indications of the 9-dependence were obtained from 

the velocity fields of the known limiting solutions. The radial velocity 

has a (3 cos 
2

9 - 1) dependence and the tangential velocity behaves as 

sin 9 cos 9 in both the continuum and free-molecule solutions. It was 

also believed reasonable that the thermodynamic part of the flow, 

temperature and density, would be driven entirely by the first-order 

velocity field which has sin 9 behavior, and the N's and t' s were 

assumed to have sin
2

8 dependence. However, although they permitted 

separation of the equations, these assumptions were overly restrictive 

and the resulting solutions could not satisfy the required boundary 



-79-

conditions. 

The clue for correcting the assumed 8-dependence is provided 

by the second-order free-molecule distribution function of Appendix F, 

which may be represented by the general form, 

(5.66) 

where the G's are not functions of T (see Fig. 2). Thus all moment 

integrals involving odd powers of S9 = i;cosocosThave only sin9 cose 

dependence as was assumed (T is integrated from 0 to 2;r). However, 

all other moments have in general two components which behave as 

sin
2

8 and cos
2

9, not just (3 cos
2 e - 1) as does the radial velocity. 

Consequently, one appropriate though not unique separation is as 

follows: 

N+(~) = ~+(R) sin
2

9 + N+(R)(3 
2 

cos e - 1) (5. 67) 

N - (g) 
:N z ,.. = _(R) sin 9 + N_ (R) (3 

2 
cos e - 1) (5. 68) 

t+ (R) = t+(R) sin
2

9+ f+(R) (3 
2 

cos e - 1 ) (5.69) 

t - (R) = t (R) 
2 I\ 2 

sin 8+ t (R)(3 cos 8- 1) (5. 70) 

:U+(~) = ,..., ) . 2 " 2 u+(R sm 9 + u+(R)(3 cos 8 - 1) (5. 71) 

_ (R) = u (R) . 29 " (R) (3 2 
u sin + u cos e - 1) (5. 72) 

v+(R) = v+ (R) sin e cos e (5. 7 3) 

v _ (~) = v (R) sin e cos e , (5. 74) 
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with similar behavior for the moment integrals. This separation is 

also appropriate for the two equations dropped from the original 

system of ten moment equations. 

The remaining six partial differential moment equations are 

now collected using the above superscript notation to indicate the 

appropriate 8-dependence of the moment integrals. The resulting 

ten nondimensional ordinary differential equations obtained through 

separation of these moment equations are as follows : 

Continuity, sin
2

8: 

d 
(2 + R dR) nuR = 0 

2 
Continuity, 3 cos 8 - 1 : 

R . 28 momentum, sin : 

d * "'* * (Z + R dR) PRR - pee - p c.pcp = 0 

2 R momentum, 3 cos 8 - 1: 

d "'* -* 
(2 + R dR) p RR + p R8 

e momentum, sin e cos e 

Energy, sin
2 

8 

2 d} ~ ( + RdR qR = O 

(5. 75) 

(5. 76) 

(5. 77) 

(5 . 78) 

(5. 79) 

(5. 80) 



2 
Energy, 3 cos 9 - 1 

Shear stress, sin 9 cos 9: 

d '* 
(3 + R dR )PRR9 

R heat-flux, sin
2

9 
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d * ""* ""* _ 1TR (1) (1) (2 + R ) P P P (p U rn - 2/3 q"'R)·, dR RRii - 8 8ii - cpcpii -~ Rep '!' 
00 

2 
R heat-flux, 3 cos 9 - 1 

(5. 81) 

(5. 83) 

(5. 84) 

The exact form of the reduced weighting function must now be 

specified to provide a closed system of ordinary differential equations. 

One possibility is obtained by eliminating the two temperature param-

eters from expression (5. 27) as was done for flow past a sphere. This 

function then provide s a system of ten ordinary differential equations 

governing the ten remaining parameters on the right hand side of ex-

pressions (5. 67) to (5. 74) . However, because of a singular point at 

infinity, the solution to this system is not uniquely determine d by 

application of the boundary conditions of Section 5. 5. One integration 

constant remains which must be determined through some specific ation 

of the asymptotic nature o£u
2

(R) at infinity. Investigation of this con-

dition is not pursued since an appropriate value for the free constant 

makes this solution nearly identical to one provided by a slightly di£-

ferent formulation now to be described. 



-82-

Consider now a weighting function with the parameters t+ (R), 

t (R), u+ (R) and ';i _ (R) of Eqs. (5. 69) to (5. 72) s e t equal to zero. 

Eliminating u
2

(R) removes the above singular behavior and allows 

a unique solution. The resulting 9-dependenc e of the parametric 

functions is very much as originally thought with the exception of 

the two density parameters which now have an additional (3 cos
2

9 - 1) 

dependence. This addition is necessary to satisfy the mass-flux 

boundary condition (5. 59) which is actually two conditions, one on 

nuR and one on nuR. 

The final formulation is now complete and involves a system 

of ten ordinary differential equations, (5. 75) to (5. 84), governing the 

t e n parametric functions, 'N+, 'N° _, :N+, ~ _, t+, t'_, u+' u , v+ and v . 

It may appear that the above ordinary diffe rential syptem derives 

from a six mome nt partial differential system containing eight para -

metric functions. This apparent contradic tion arises from the desire 

to label the weighting function parameters with a physically meaning-

ful notation. In other words, the re exist two implie d relations among 

the ei ght paramete r s , which result from the assumed 9-d ependenc e, 

and the weighting function actually contains only six free parametric 

functions at this point. As is typical of moment m e thods, the final 

weighting function is itself the ultimate justification of the entire pro­

cedure. A weighting function will now be developed which satisfies 

the originally pre scribed eight moment equations and the associated 

boundary conditions. 

The ten ordinary differential equati ons mu st now be integrated 

to complete the eight moment solution for the rotating sphere. A 
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g r e at simplification is available in that the se t en e quations are separ -

able and may be integrate d as a succ e ssion of lowe r order systems. 

Specifically, the four equations exhibiting sin
2

8 behavior contain only 

four parametric functions and can be integrated indep endently of the 

other equations. The sin
2 e part of the continuity equation (5. 75) is 

directly integrable to yield 

= c /R.2 
1 

which with Eq. (5. 29) becomes 

2 
'N + 1 /2 t - ~ir r = c 1 . 

(5.85) 

(5 . 86) 

Similarly, from the energy equation (5. 80) and the heat-flux definition 

(5. 3 7) it follows that 

(5. 8 7) 

The intermixing of independe nt variables Rand x
2 

= 1 - R~/R 2 
is 

somewhat unfortunate, but this seems preferable to the prolife ration 

of radical expressions in the following discussion. Since 

with 

r 

1 -2 
y = ( l + l 2Kn) ' 

(5. 88) 

(5. 8 9) 

is known from the first-order solutions (5. 20) and (5. 21) these last 

two expressions provide immediate solutions for two of the ten para-

metric func t i ons, 
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,..._, c l /2 c - 1- (1 1 ) t = - 1 + 2 - 8TT + - 3 y ' 
6KnR 

(5. 90) 

and 
,...., 
N 

1 3 -2 1 = 3/2Cl - l/4C2 +Tbif(4- R2)(R + 6KnR)y. (5. 91) 

The remaining sin
2e parameters are only slightly more diffi-

cult to obtain from the radial momentum equation (5. 77) and heat-flux 

equation (5. 83). When the moment definitions of Section 5. 3. and the 

above solutions for f\l' _ and t:. are inserted, both of these equations 

simply become quadratures for linear combinations of f\l'+ and~· 

The necessary integrations are straightforward and the parametric 

solutions which result are 

N+ = c 
3 

_ c 2 + y R. 
2 

_ y p 4 + 1 + 1 1 1 c 0 s - 1 t-!-) 
15KnR 4

TT 
8 0trKn L3R_ 18Kn'R1 3T R 

/-2 i J (5. 92) 
{l - 1 R) (145 - 26/R.2 - 8/R4 ) , 

32 R. 
and 

C2 _ y c~ + 1 + 7 -1 1 
l5KnR 8 0trKn R 12KnR.4 TI> cos ( R) 

(1 - l/R2)t, (75 - 46/R.2 - 8/R4)]. 
48 R. 

(5. 93) 

The boundary conditions (5. 54), (5. 58), (5. 63) and (5 . 64) may now be 

applied to these solutions to determine the four integration constants 

and complete this portion of the system. The resulting constants are 

= 0, (5. 94) 

= ( 4~ - 25i0Kn + 24~ 1 
K + 

1 
2) Y 1 , 

TT n 9 6 0'1T Kn ( 1 + l 5 Kn) 
(5. 95) 



-85-

~ + llly 
16tr 5 l 20Kn ' 

(5. 96) 

I 1y x 
c4 = 1 2 c2 + 2s60 Kn - 8tr (5. 97) 

Two of the remaining six parameters can now be determined 

from the equations having (3 cos
2 e - 1) angular behavior. In particu-

lar, five-halves of the continuity equation (5. 76) minus the energy 

equation (5. 81) is 

(5. 98) 

which with th~ integral definitions of Section 5. 3. becomes 

d J 2 ,.. 1 (2 + R dR 1\.(1 - x ) N _ = 0 . (5. 99) 

This equation readily integrates to give 

,.. 
N = constant = c 5 . (5. 1 00) 

Similarly, consider l 2tr times the R-momentum equation (5. 78) plus 

the R-heat-flux equation (5. 84 ). Again using the integral definitions 

of Section 5. 3. the relevant combinations are as follows : 

,.. ,.. 
* '* 3 l 2TT PRR + PRRii =-TTN+ + TTX N _ (5. 101) 

(5.102) 

,.. ,.. 
* * ,.. 3 ,.. 

12tr Pee+ Peeii = - 'TTN+ + tr(3/2 x - 1/2 x )N (5. 1 03) 

,.. "' 
* * "' 3 "' 12'11' p + p .. = - 'TTN+ + TT (3 I 2 x 1I2 x )N epq:> cpcpn (5. 104) 
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and 

(5.105) 

A 

After inserting these expressions and the above solution for N the 

combined equation reduces to the form, 

(5. 106) 

which is easily integrated to give 

(5.107) 

The boundary condition (5. 63) may now be applied to show that 

(5.108) 

and consequently 

(5. 109) 

The integration constant c
5 

cannot be determined until the remaining 

parameters, U.
2 

in particular, are found. The solution for the six 

parameters which can be determined analytically is now complete. 

The four remaining parameters are found by simultaneous nu-

merical integration of a system of four ordinary differential equations 

even though this system may be further separated into two second 

order differential equations . This reduction is helpful, however, in 

understanding the analytic behavior of the solutions at the singular 

points of the system and will therefore now be described . Of the un-

determined parameters only u and V _appear in the R-momentum 
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equation (5. 78) and 8-momentum equation (5 . 79). After a solution 

for u _ and v - is dete rmined the continuity equation (5. 76) and the 

shear stress equation (5. 82) form a system governing the parametric 

functions u + and v + and allow the full completion of the eight moment 

formulation. 

The radial momentum e quation with the substitution of the 

integral moments (5. 32) through (5. 35) becomes 

( 2R 3 - R 2 ) _cl_ u + u + 1 I 2 v = F 
1 

(R) 
dR 

(5. 110 ) 

where F 1 (R) is known from the first - order solution and the previously 

completed portion of the second-order solution. Similarly, the 8-

momentum equation may be written as 

R. _i_ v 
dR 

.... 
- v 6U. 

These two equations readily combine to yield 

+ (2R 
3 

-R) ~ F • 
dR 

2 

from which u is determined by the expression, 

"' u = (R~ v 
aR. 

,.. 
- v 

(5. 111) 

(5.112) 

(5. 11 3 ) 

The equation (5. 112) has a regular singular point at infinity 

but no finite singular points within the range of integration (R ~ 1 ). 

Although the indic ial roots at this singular point differ by an inte ger 

(a = 0, -1) no logarithmic solutions exist and the general homogeneous 

solution may b e written 



where 

and 

z 
(n - 3 )a 

n 
an+Z = Z(l + n)(Z + n) 

z 
(n + Zn - Z)b 

n 
bn+Z = Z(Z + n)(3 + n) 

-88-

) + L:a R 1 -n 
n 

(5. 114) 

(5. 115) 

(5.116) 

A serie s e xpression could also be given for a particular integral of 

this equation but the algebraic complexity of the F 1 s makes this ve-ry 

tedious and the result is unnecessary for the following numerical 

integration . 

Now consider the other second-order diffe rential equation 

which results from combining the continuity equation with the shear 

stress equation. The continuity e quation (5. 76) may be written as 

F 
3 

(R) (5.117) 

and the shear stress equation (5. 8Z) as 

-d-,.. " -
R - v - v - 6 u+ = F 4 (R) 

dR + + 
(5.11 8 ) 

where F 3 and F 4 now involve the above solutions for u _ and v _ as well 

as the parametric functions found earlier. From these it is not diffi-

cult to obtain the equation, 

z 
-Z d ,.... - d ,... ,.... 
R _ z v + + ZR - v + 4 v + = 

dR dR + 
(5.119) 
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for v+ and the auxiliary expression for '1+ 

" - d """ ..... ) /6 u+ = (R drt v+ - v + - F 4 . (5. 120) 

Equation (5. 119) is of a type known as an Euler-Cauchy differential 

equation and has the analytic homogeneous solutions, 

(5.121) 

The difficulty which prevents a complete analytic solution for the 

parameters u + and v+ is the presence of nonanalytic expressions in 

the inhomogeneous terms F 
3 

and F 4 . Because of these quantities 

which include u and v _ a particular integral cannot be determined by 

variation of parameters except as an infinite series. 

With this general understanding of the behavior of these four 

parametric functions in hand a numerical procedure can now be pre-

scribed. The integration is performed over the interval 0 to 1 of the 

independent variable x with the only difficulty occurring at the singular 

point x = 1 (R = infinity) where two of the boundary conditions are to 

be applied. From the homogeneous solution (5. 114) it can be seen 

that a forward integration in the direction of increasing x will in 

general diverge making a simple application of these conditions im-

possible. A solution to this system could be obtained by matching a 

numerical integration over most of the range to an asymptotic, con-

vergent in this case, expansion in a small region near x = 1. The 

determination of this expansion is quite difficult however, and a much 

simpler method was employed to satisfy the boundary conditions at 

infinity. Initializing with the three boundary conditions at the sphere 
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(5. 55), (5. 56) and (5. 58) (remember that c5 is undetermined from 

the previous solutions) a Runge -Kutta -Gill integration scheme was 

forward integrated to the point x
2 = . 95 where the slopes of the cal-

culable quantities uR and u
8 

were then matched to continuum like 

solutions of the same magnitude. Justification of this procedure is 

two-fold: at large distances from the sphere all transition flow fields 

become continuum in character and secondly the free-molecule veloc-

ity· fields agree with the continuum to dominant order in expansions 

about infinity. Thus a reasonably quick and efficient integration 

scheme provides the final four parametric functions, u+, u ' v and 'V • - + -
In summary, a second-order weighting function of the general 

form (5. 27) has been developed which satisfies a reasonable choice 

of eight partial differential moment equations. This . weighting function 

reduces to the appropriate Maxwellian forms at the sphere surface and 

at infinity thus satisfying the most basic specification of the boundary 

conditions. The parameters appearing in this weighting function have 

the following e separation : 

(5.122) 

(5.123) 

(5.124) 

(5.125) 

(5.126) 

A mixed analytic and numerical solution is provid e d for the ten nonzero 
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quantities above and tabulations of these results are presented in 

Appendix H for a representative collection of Knudsen numbers. 

Once the values of the parametric functions are determined 

by the moment method it is possible to calculate all physical proper-

ties of the flow about the sphere using Equations (5 . 29) to (5. 52). Of 

particular interest are the velocity fields and the total drag torque on 

the sphere, which may be found by an integration over the sphere sur-

face. Notice that because of the perturbation procedure, all second-

order physical quantities mu st also be multiplied by the factor, 

2 2 2 
4TTl3 

0 
w R 0 , to obtain the actual numerical values. 

5. 7. Velocity Field 

The description of the velocity field is greatly simplified be-

cause of its ~lternating character with succeeding terms in the surface 

Mach number expansion. All velocity fields of odd power in Mach 

number have only cp components and those with even powers have only 

Rand 8 components. The first-order cp velocity field is given analyt-

ically by equation (5. 22) and is shown for a series of representative 

2 2 2 
Knudsen numbers in Fig. 11, plotted versus x = 1 - R 0 IR The 

slip nature of the free-molecule flow at the sphere surface is clearly 

evident and the dual character of the transition solutions is again 

illustrated as in the earlier problems. 

The second-order velocity field, which involves both radial 

and tangential components in planes through the sphere axis, is more 

difficult to illustrate because it is normalized by a function of Knudsen 

number and not just by the sphere surface speed as in the first-order 

solution. Further understanding of this behavior may arise from an 
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examination of the limiting solutions of continuum and free -molecule 

flow. The continuum solution given by Bickley (21) has the form, 

-1 ( 1 - 2 2 
UR = - l/R) (3 cos 9- l)wR

0
Re, 

sR.2 (5.127) 

U9 = _l (1 
4R.3 1 IR.) sin 9 cos 9 wR

0
Re (5.128) 

where the Reynolds number is given by 

I 

Re = (irm/8kT)2 wR
0

/Kn (5. 129) 

Thus, when normalized by the sphere surface speed, the secondary 

flow field may be written as 

(5. 130) 

In contrast the free-molecule secondary flow obtained in Appendix F 

is of the form, 

(5. 131) 

The induced secondary flow is consequently of much greater magnitude 

in the high density regime. 

Because of the difference in magnitude between free-molecule 

and continuum secondary flow, the solutions are illustrated in two 

parts. In Fig. 12 the magnitude of the maximum radial velocity is 

plotted as a function of Knudsen number and is seen to approach the 

limiting solutions in a reasonable manner. It is somewhat surprising 

to find that this curve has a minimum for a transition value of Kn and 

lies below the continuum line for most of the low Kn solutions. This 
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result cannot be substantiated, however, since no other solutions exist 

for this problem. A curve of the maximum tangential velocity exhib­

its essentially the same behavior. 

The second characteristic of the secondary flow which must 

be described is the velocity pattern as a function of Knudsen number. 

For this, all velocity moment solutions are normalized by their maxi­

mum value and shown along with normalized distributions of the free­

molecule and continuum velocities. Fig. 13 gives the R-dependence of 

the radial velocity field for a sequence of Kn values with the mo st 

noticeable feature being the similarity of the patterns over the extreme 

range of densities. The moment solution for infinite Kn provides a 

better approximation of the limiting solution than do the low Kn evalu­

ations whose maximum values appear to be shifted slightly away from 

the sphere. 

The R-dependence of the normalized tangential velocity fields 

is shown in Fig. 14, again with the two limiting patte rns as dashed 

lines. As in the radial velocity fields the low Kn solutions appear 

shifted away from the sphere surface, but the general shape is simi­

lar throughout the Knudsen number range. Of particular interest is 

the existence of velocity slip at the sphere surface in all of the mo­

ment solutions, while the limiting solutions show no evidence of slip 

for reasons which are easily understood. For example, the integrated 

free-molecule solution of Appendix F exhibits no sec ond-order slip 

bec ause the distribution function of the ambient particles has only a 

zeroth - order component and the second-order distribution function of 

sphere molecules must approach zero at the surface. However, there 
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is no reason to expect no slip for transition values of Kn. The slip 

found for the infinite Kn moment solution must be due to the averaging 

properties of the moment method coupled with the relatively high 

radial slopes near the surface. 

5. 8. Sphere Drag Torque and Comparison with Experiment 

Although only qualitative flow visualization investigations of 

the velocity fields exist, a series of experiments are available which 

give the drag torque for a slowly revolving sphere in a variety of den­

sity regimes. The drag torque found by the moment method is now 

compared with these experiments and with other theoretical results. 

In the moment solution it has been found that no second-order 

contribution to the sphere drag is present and the only comparison 

possible is with the first-order expression (5 . 24). A plot of this 

moment drag as a function of Knudsen number is presented in Fig. 15 

along with the above mentioned experimental values by Lord and 

Harbour. (24) As for the translating sphere drag the moment torque 

values are seen to pass smoothly from the continuum to the free­

molecule limit, but fall somewhat below the experimental points. 

Two other theoretical results are also presented in Fig. 15, 

although each is valid only in a limited Knudsen number regime. A 

slip calculation by Lord and Harbour fits the experimental data some­

what better than the moment solution for small values of Kn. Also 

shown is a Knudsen iteration calculation by Willis (3) which is restrict­

ed to large Knudsen number flows. A number of other results are also 

available, but being essentially experimental curve fits these are of 

little interest in this discussion. 
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Additional experiments by Bowden and Harbour (25) provide 

excellent values for the drag torque on a sphere revolving at surface 

Mach numbers of up to five. A noticeable drop in measured transi­

tion drag was found for the higher values of M with no satisfactory 

explanation being given. The present moment method presents an 

interesting possibility for further study of this Mach number depend­

ence. A third-order solution about the rotating sphere would reduce 

to a system of only two partial differential moment equations in the 

same way as the first-order solution. Again the existence of an 

immediate integral of the cp momentum equation simplifies the problem 

to one requiring only a quadrature for completion. Unfortunately, a 

very large number of inhomogeneous terms from the lower order solu­

tions makes this numerical integration quite difficult. Such a solution 

might, however, be valid for surprisingly large values of the surface 

Mach number because of the very small numeric al values found for 

the second-order parametric functions, which dominate the inhomoge­

neous driving terms for the third-order solution. 
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APPENDIX A 

INTEGRAL TABLES FOR MOMENTS OF THE WEIGHTING 

FUNCTION AND EXACT FREE-MOLECULE SOLUTIONS 

In Section 2. 2 it was shown that for a completely linearized 

weighting function each moment integral consists of a sum of terms 

of the form, 

(A. 1) 

A collection of integrals of this type is provide d in Table A . 4 for all 

quantities F(1) required in the proble ms discussed in the text . In 

component form these integrals are 
1T -a 
'Z 2ir 00 -13 2 s2 
s s s F(~) e O ~2 s incrd s d 'T da, (A. 2) 

0 0 0 

3 

S 
nool3o 

fooF(1)df = 3/2 

Region 1 1T 

S 
nool3g sir 2sir 

foo F(1)d~ = 3/2 

Region 2 1T ir 0 
2 -a 

00 -132rf s F(s) e O ~sinod sd T<l a, 
0 

(A. 3) 

where a, T and s are defined by expressions (2. 1) through (2. 3) and 

illustrated in Fig . 2. Of course, F(f) must also be express e d in com-

ponent form as 

F(~) = F(sR' SS' Sep) = F(s, CJ, 'T) (A. 4) 

with 

SR = i; cos (J (A. 5) 

i; e = i; sin a cos 'T (A. 6) 

sep = i; sin a sin 'T (A. 7) 
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Table s A. 1, A. 2 and A. 3 provide the definite integrals required to 

evaluate (A. 2) and (A. 3 ), and in c ombination they provide the very 

useful results of Table A. 4. 

Also collected in Table A. 5 are the definite integrals needed 

to obtain the exact free molecule results described in Appendice s 

E and F . 
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TABLE A. 1 
oo _

13
2s2 

Number F(s) SF(s)e 
0 

ai; 

0 

A. 1. 1 1 1 
2130F 

A . 1. 2 s 
1 

21302 

s2 1 A. 1. 3 -~ 
41303 

A. 1. 4 s3 1 

213 4 
0 

s4 3 A. 1. 5 -F 
81305 

A. 1. 6 5 1 
~ ;;-

A. 1. 7 s6 _!2_ .rrr 
16136 

A. 1. 8 i;1 3 

1308 

A . 1. 9 s8 J.Q2- F 
3213; 

TABLE A. 2 
2tr 

Number F(T) s F(T)d,-

0 

A. 2. 1 1 2tr 

A. 2. 2 sin 
2 

T lT 

A. 2. 3 sin 
4 3~ T 4 

2 2 lT A . 2 . 4 sin T c os T 
4 



Number 

A . 3. 1 

A. 3. 2 

A. 3. 3 

A . 3. 4 

A. 3. 5 

A. 3 . 6 

A. 3. 7 

A . 3.8 

A. 3. 9 

A. 3. 10 

A. 3. 11 

A. 3. 12 

sin CJ 

. 3 
sin CJ 

. 5 
sin CJ 

F (CJ) 

sinCJ co sCJ 

. 2 
sinCJ cos CJ 

. 3 
sino cos CJ 

. 4 
sinCJ cos CJ 

5 
sinCJ cos a 

. 3 
sin CJ coso 

. 3 2 
sin a cos o 

. 3 3 
sin a cos CJ 

. 5 
sin CJ cos a 
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TABLE A. 3 
(x = sin a) 

1Y2 -a 

S F(CJ)dcr 

0 

1 - x 

2 1 3 --x+-x 
3 3 

8 2 3 1 5 --x+-x --x 
15 3 5 

1 2 - (1-x ) 
2 

1 3 
- (1 -x ) 
3 

1 4 4 (1 -x ) 

1 5 
- (1 -x ) 
5 

1 6 
6 (1 -x ) 

1 2 
2 

4 (1 -x ) 

1 2 3 
6 (1 -x ) 

lT 
lTS F (cr) do 

/2 -a 

1 + x 

2 1 3 -+x--x 
3 3 

8 2 3 1 5 -+x--x +-x 15 3 5 

1 2 - 2 (1 -x ) 

1 6 - 6 (1 -x ) 

1 2 
2 

- 4 (1 -x ) 

1 1 4 1 6 -rr + 4x - 6 x 

1 2 3 
- 6 (1 -x ) 



Number 

A. 4. 1 

A . 4. 2 

A. 4. 3 

A. 4. 4 

A . 4. 5 

A. 4. 6 

A. 4 . 7 

A. 4 . 8 

A . 4. 9 

A. 4. 10 

A. 4 . 11 

1 

i; 2 
R 

F(~) 

2 2 
i; e , scp 

i; 3 
R 

i; 4 
R 

4 4 
i; e , scp 
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TABLE A. 4 

s F(_~) £00d~ 
Region 1 

n 
200 (1 -x) 

noo 2 
--(1-x) 

2>'iTf3 0 

noo 3 
-- (2-3x+x ) 
8 f302 

3n 
00 -- (1-x) 

4 f3oz 

nco 2 
--

3 
(1-x ) 

f,T f3 0 

3n 
__ oo_ (1-xs) 

8 f3o4 

3noo • 15 5 3 3 5 
--(1--x+-x -~) 
8 f3o4 s 4 s 

s;s:. sis: n~ (2-Sx
3

+3x
5

) 
16 f>o 

~ F(_~)£00 d1 
Region 2 

n 
00 - 2- (l+x) 

noo 2 
- -- (1-x ) 
2trrr>0 

noo 3 
--2 (2+3x - x ) 
s f3o 

nco 2 
- --

3 
(1-x ) 

fiTf3 0 

noo 3 5 
--4 (2+5x -3x ) 

16f3 0 



Number 

A . 4 . 12 

A. 4. 13 

A . 4. 14 

A. 4. 15 

A . 4. 16 

A. 4. 17 

A. 4. 18 

A. 4 . 19 

A. 4. 20 

A . 4. 21 

A. 4. 22 

A. 4 . 23 

F(~) 

!=' 2 E. 2 
'=' 8 -cp 

s 5 
R 
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TABLE A . 4 (Cont.) 

\ F(~ £
00 
d~ 

R~gion 1 

noo 3 5 
~(8-15x+l0x -3x) 
64130 

5n 
3 ~(2-3x+x ) 

1613 4 
0 

15n 
--

00
,__ (1 -x) 

813 
4 
0 

n 2 3 
__ 00_5 (1-x ) 

8fiTl3 0 

3n 
2 

2 
__ 00~5 (1-x ) 
4(iT13 0 

3n 
__ 00_5 (l -x2) 

f,T 13 0 

~ F (_s) f d 5_ 
R e:Sion 2 

00 

5noc 3 
--4 (2+3x-x ) 
16130 

15n 
--00.,- ( 1 +x) 

81304 

n 4 6 
- ~ 5 (1-3x+2x) 
4Y;rl3 0 

3n 
- oc 5 (l-x4) 

2f,T13 0 

3n 2 3 
005 (1-x) 

s(IT13 0 

n 2 3 
00 (1-x ) 

8'fIT13 g 
3n 2 2 
--

00
- (1-x ) 

4'fIT13 g 
3n 
__ 005_ (l -x2) 

YiT 13 0 



Number F(~) 

A. 4. 24 

A . 4. 25 

A. 4. 26 

A. 4 . 27 

A. 4. 28 
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TABLE A. 4 (Cont. ) 

s F(~) food~ 
Region 1 

35 n 
--

00
-r6 (2-5x

3
+3x

5
) 

16 f3 0 

s F(~) foo d_!2_ 

Region 2 

35noo 3 5 
~ (2+5x -3x ) 
16 f3 0 

2lnoo 3 5 2lnoo 3 5 
6(8-15x+l0x -3x) 6 (8+15x- 10x+3x) 

12Sf3
0 

128f3
0 

35n 3 
--

00 (2-3x+x ) 
32f3 

6 
0 

35n
00 3 ---,-6 ( 2+3x-x ) 

32 f3 0 

7~ 3 5 ~00 3 5 
6(8-15xtl0x-3x) 6 (8+15x-10xt3x) 

128f3
0 

I28f3
0 

105n 
--

00
..,... (1-x) 

l 6f3~ 

105n 
00 --,6.- (l+x) 

l 6f3 0 

All integrals involving odd powers of either s9 or Sep are 

equal to zero. 



Number 

A . 5. 1 

A. 5. 2 

A . 5 . 3 

A. 5. 4 

A . 5 . 5 

A. 5 . 6 

A . 5. 7 

A . 5. 8 

A. 5. 9 

A. 5. 10 

A. 5. 11 

A . 5 . 12 
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TABLE A. 5 

(x = sina, 

F(x, s) 

2 .! 
s(l-s )z 

2 2 .! 
s(l-y S )

2 

3(1 2 z)t s -y s 

5(1 2 2)i s -y s 

2 2 _.! 
S (1 -y S ) z 

3(1 2 2)--k s -y s 

y = cosa = (1 -x
2

) 

1 
3 

2 
I5 

8 
105 

1 

2 
3 

8 
IS 

16 
35 

1 
S (F(x, s)ds 

0 

1 3 2 
3 (1-x )/y 

1 3 5 4 
[5 (2-Sx +3x )/y 

1 3 5 7 6 
105 (8-35x +42x -15x )/y 

1 /(l+x) 



Number 

A. 5. 13 

A. 5. 14 

A. 5 . 15 

A. 5. 16 

A. 5. 17 

A. 5. 18 

A. 5. 19 

A. 5. 20 

A. 5. 21 

A. 5. 22 

A . 5. 23 
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TABLE A. 5 (Cont . ) 

F (x, s) 

5(1 2 2)-i s -y s 

7(1 2 2)-i s -y s 

2.! 2 2.! 
s(l-s )z(l-y s )z 

2 -i .2 2.--} s(l-s ) (1-y s) 

2 .! 2 2 _.! 
S ( 1 - S ) z ( 1 -y S ) z 

1 
~ F(x, s )ds 

0 

1 3 5 6 
15 (8-15x+10x -3x )/y 

1 3 5 7 8 35 (16-35x+35x -2lx +5x )/y 

2 4 
2-x x l (l+v) 
8y2 - Tb og 0 

(2-x
2

)
2 

1 
4

(2 
2

) I x -x log (!...±Y) 
16y4 - 6y2 - 32y5 l-y 

2. 2 4 2 4 
_5(2-x) +(5+6y +Sy) f2-x -~ log(l+y)J 

48y 4 l 6y 4 L --s;;z l 6y3 1 -y..J 

1 1 (!:..±Y_) 
2y og 1-y 

1 x
2 

1 + 1 (!...±Y) 2 4y og 1-y 

2 2 2 
2-3~ + x (4-3; ) log (.!..±Y) 

8y l 6y l -y 

2 
1 x l+v - - - log (-=-.:...L.) 

2y2 4y3 1-y 

2 2 
x (4-~ ) log (.!.±y ) 

l 6y l -y 
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APPENDIX B 

ASYMPTOTIC EXPANSION OF COLLISIONAL 

SOLUTION NEAR SPHERE SURFACE 

A brief description of the asymptotic expansions about the 

singular points of the third-order vector equation governing the flow 

past a sphere is given in this and the next two Appendices. Consid­

ered here is the singular point at the sphere surface (x=O) for the 

case of a bounded but otherwise arbitrary Knudsen number flow. The 

solution for the totally collisionless system is fundamentally different 

and will be described in a separate Appendix. Since the analysis 

follows rather closely the development provided by Wasow, (18) any 

relevant proofs or detail procedural motivations may be found in that 

text. The principal ideas involved in each of the expansions and the 

appropriate results will be presented in the following pages. 

The starting point for each of the asymptotic developments is 

the third-order vector differential equation (4. 50) along with the de­

fining expressions (4. 51) and (4. 52 ). The singular nature of this 

system is determined entirely by the homogeneous solution matrix 

and consequently by the character of the matrix A given by (4. 51 ). 

When expanded about x = 0, the highest order element in this matrix 

is of order (1 /x
2

) and the system thus has an irregular singular point 

at x = 0, according to the classification employed by Wasow. Since 

most equations with irregular singularities have them occurring at 

infinity the present problem is made to parallel the general develop­

ment by the transformation z = 1 /x, which gives the following equation, 



d - y_(z) = ~(z) • y_(z). 
dz 
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The matrix B 1s represented by a series, 
-

~(z) = 2:: B z -n 
n 

(B. 1) 

(B. 2) 

in which the B 's are determined directly from expression (4. 51) to 
n 

be 

(B. 3) 

(B. 4) 

etc. The actual analysis was carried out to much higher order than 

shown and occasionally results will appear which do not follow from 

the expressions provided in the previous step. 

As a preliminary operation the equation is put into standard 

form through the application of a similarity transformation, 

T 

1 /12Kn 

1 OJ 0 ' 

1 

(B. 5) 

0 

which yields the system, 

d 
dz y_ 1 ( z ) = _g( z ) • x 1 ( z ) • (B. 6) 

The new dependent variable X 1 is defined by the relation, 

(B. 7) 
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and the matrix .f (z) = 2: c z 
-n 

by n 

.f (z} = T- 1 ·B(z}·T 
= = = 

(B . 8) 

from which 

[:/9Kn 0 

:J CO = 0 (B. 9) 

0 

"[: 
3 

:l c1 0 (B. 10) 

0 

etc. This similarity transformation is applied so that c 0 is a block 

diagonal matrix, which is .assumed in the general development of the 

theory of irregular singular points . 

The fundamental idea is now to find a matrix function ~(z), 

holomorphic and with nonvanishing determinant at z = infinity, which 

transforms the system (B. 6) into one more amenable to solution. 

Formally making the transformation 

(B. 11) 

the differential equation (B . 6) becomes an equation for the new de-

pendent variable Xz(z), 

(B. 12) 

in which 

-1 -1 d 
~(z} = ~ (z) · ~(z)·~(z) - ~ (z)· dz ~(z}. (B. 13) 



Tentatively assuming that 

!.::(z) 

D(z) 

= l: p z -n 
n 

= l: D z -n 
n 
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equation (B. 13) provides the following relations: 

r-1 

(B. 14) 

(B. 15) 

(B. 16) 

C · P ·. - P · D = \ (P · D -C · P )- (r-1 )P , r>O. (B. 1 7) 0 r r 0 L s r-s r-s s r-1 
s=O 

If these two equations can be satisfied, then the series (B. 14) and 

(B. 15) formally satisfy equation (B. 13) and a new equation is obtained 

which may be easier to solve. Flexibility is gained in that!::'. (z) and 

Q(z) are both partially free to be chosen in a most advantageous man­

ner, however !:'.(z) will in general not be convergent, thereby pro-

viding the restriction to asymptotic solutions. 

An obvious solution to equation (B. 16) is 

(B. 18) 

and 

(B. 1 9) 

With these two expressions equation (B. 17) may be written in the form, 

Co· p - p . Co = D + H • (B. 20) r r r r 

where H depends only on P. and D . with j < r. Fortunately a matrix 
r J J 

equation of this form has unique solutions for specific simple forms 
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of the matrices P and D . In particular, D is assumed to be of the 
r r r 

same block diagonal form as the matrix c 0 , and all elements of Pr 

(r > 0) which occur in this block diagonal pattern are assumed to be 

zero. Substitution of matrices of this form into equation (B. 20) pro-

vides an algorithm by which successive terms in the expansion of 

P(z) and D(z) may be determined. This procedure gives the following 
= = 
expressions: 

1 - 2 7 Kn I z + ( 9 7 2 Kn 
2 

- 5 / 2 ) / z 
2 

p 0 1 

0 0 

l/9Kri + 3/z + l/2Knz
2 

+ 2/z
3 

0 

l/z
3 

l/z
3 

D 0 

0 

2 2 
-27Kn/z+972Kn /z 

0 

1 

0 

6/z3 

-3/z
3 

, (B.21) 

(B.22) 

The equation (B. 12) has now been reduced to two simple differential 

systems: one a scalar equation for the first component of Y 2 (z), and 

a second-order system about an ordinary point which may be solved 

by a straight-forward series approach. Consequently, one solution 

matrix for equation (B. 12) is 

z/9Kn 3 2 
e . (z - z /Kn - z + 0 0 

0 1 - 1 /2z 2 2 
Xz ~ -3/z + . (B. 23) 

0 2 
- 1 /2z + ... 2 

1+3/2z + ... 

Obtaining the asymptotic representation for the original third-order 

differential system (4. 50) is merely an algebraic exercise in reversing 

the various transformations described above. The final homogeneous 
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solution matrix is 

el /9Knx(O(l)) 1Il2Kn-x
2 /l 2Kn 

2 
-x /4Kn 

l/9Knx 2 e 1 - 27Knx -27Knx . (B.24) ~ x3 
(1 -x/2Kn-x + ... ) 

e 1 I 9 Knx ( 0 ( 1 ) ) 
2 

-x /2 1+3x
2

/2 

The solution is completed by finding a particular integral of 

the inhomogeneous equation (4. 50). This may be accomplished by a 

matrix form of the variation of parameters method or more simply 

by a trial series solution. Expanding the inhomogeneous vector 

(4. 52) for small x and using either method, a particular integral is 

2 c 2x + ... 

.Yo ...., 
-31T 2 
- 2 - c

2
x + (54irKn + l 2Kn) c 2x + ... (B. 25) 

2 
-1T c 1 x + .. • 

This particular integral plus the solution matrix (B. 24) times an 

arbitrary constant vector completes the general asymptotic repre-

sentation for flow near the sphere . 
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APPENDIX C 

ASYMPTOTIC EXPANSION OF COLLISIONLESS 

SOLUTION NEAR SPHERE SURFACE 

In Appendix Ba general asymptotic representation about the 

sphere surface was developed for the third-order differential system 

(4. 5 0) of Chapter Four. Unfortunately this expansion does not fully 

reveal the singular nature of the solution near the sphere. Investi­

gation of the asymptotic homogeneous solution matrix (B. 24) shows 

an unexpected characteristic of the second two column vectors which 

represent the physically meaningful solutions. The Knudsen number 

parameter appears in both the numerator and denominator of the co­

efficients in these asymptotic expressions, thus rendering them use­

less as representations for the collisionless flow. 

In an effort to understand this behavior the previous study is 

repeated with the Knudsen number set equal to infinity in the original 

differential system. As before the singular character is determined 

by the elements of the matrix!::: in (4. 51 ), and the transformation 

z = l/x is again made to place the system in standard form. This 

transformation gives equation (B. I) with ~(z) now represented by a 

series expansion with the elements, 

[4/3 
0 0 

] BO = 0 0 

0 0 

(C. 1) 

l: 
0 0 

l· Bl = 3 3 

0 0 

(C. 2) 
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etc. This system appears to have an irregular singular point at 

z = oo as was found in Appendix B for the full system, but it is actu-

ally what is often termed a "pseudo essential" singular point. This 

means that transformations exist which take the system into one with 

a regular singular point, and a solution matrix with at most poles at 

that point results. Because of the complexity of the transformations 

involved, the deve lopment of the collisionle ss asymptotic representa-

tion is merely sketched without full motivation for many of the steps. 

The present development parallels that of Appendix B for 

awhile with one of the preliminary operations being the application 

of the similarity transformation, 

0 1 0 

T = -4/3 0 0 (C. 3) 

0 0 1 

to the matrix ~(z). This step is utilized to obtain a Jordan canonical 

form for the first term in the series, B 0 , and leads to a new differ-

ential equation, 

d 
dz Yl(z) = ~(z) • X1(z) ' 

with 

and 

0 1 0 

0 0 

0 0 

(C. 4) 

(C. 5) 

(C. 6) 
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0 

0 (C. 7) 

0 

etc. Notice that c
0 

is now in block diagonal form and consider a 

transformation to a new variable defined by 

_I1 (z) = ~ (z) · Y 2 (z) , (C. 8) 

which must satisfy the equation, 

(C. 9) 

~(z) and £?(z) must satisfy the same conditions, (B. 16) and (B. 17), 

as in Appendix B, and again an obvious solution for the first of these 

is 

(C. l 0) 

and 

(C.11) 

The process now diverges from that used in Appendix B because all 

the eigenvalues of c 0 are zero and Dr (r > 0) can no longer be chosen 

to be block diagonal. A slightly more complex algorithm (See Was ow 

(18) for details) can, however, be found which yields 

P(z) - [ ~3/z + 8/3z
3 

and 

0 

1 - 2/z
2 

0 

1 

3 3/z-1/z 

0 

OJ 2 -4 
9/4z

3 

+ O(z ) . 

-3/z 

(C.12) 

(C. 13) 
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A shearing transformation, defined as 

S(z) = [: 

0 

1 /z 

0 

now gives a vector differential equation, 

in which 

Performing the necessary algebra then shows that 

E(z) 

[

o 
3 

-3/z+6/z 

-4/3z-20/3z
3 

1 /z 
3 

4/z - l/z 

0 

0 J 3 -4 
9/4z 

3 

+O(z ) , 

- 3/z 2/z 

(C.14) 

(C.15) 

(C.16) 

(C.18) 

and the system has been transformed to one with E 0 = 0. The prob­

lem has consequently been reduced to one with a regular singular 

point for which it is relatively easy to obtain asymptotic rep resenta-

tions of the solution matrix. 

Consider now the differential system recast in the usual form 

associated with regular singular points, 

(C.19) 

where 

1 
F (x) = - - E (1 /x) . 
= x = (C. 20) 

The eigenvalues of F 0 are -1, -2 and -3 and it is convenient to diago­

nalize F 0 with the similarity transformation, 
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0 

0 (C.21) 

1 
... 

which yields the new differential equation, 

(C.22) 

The new variables are defined by the expressions , 

(C. 23) 

and 

-1+4x 
2 

9x
2

/8 0 

~(x)- 0 -2 8x
2

/3 + O(x
4

) . (C. 24) 

-4x 
2 2 

-9x /8 -3 

The two shearing transformations, 

1 : ] , 
l/x 

(C.25) 

0 

0 

and 

0 

OJ 0 • 

l/x 

(C.26) l/x 

0 

ar e now applied in succession to give Y 5 defined by the relation, 

(C.27) 

The differential e quation, 

(C. 28) 
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results in which 

[l + 4x
2 

9x/8 
9x

2
/] 

!i(x) ,.._, : -1 8x/ 3 + O(x
3

). (C. 29) 

0 -1 

Only one more transformation is necessary to complete this 

analysis and it is formally very similar to the transformation (C. 8) 

used earlier. A new variable x_6 (x ) is defined by the expression, 

and the resulting differential equation is 

d 
xdx Y.6(x) = d:,(x)·"Y_6(x)' 

in which 

(C. 30) 

(C . 31) 

(C . 32) 

The aim is, of course , to determine g(x) in such a way that .I_(x) in 

(C. 31) becomes as simple as possible, preferably so simple that an 

explicit solution is possible. Insertion of assumed series expansions 

into equation (C. 32) and performance of the necessary algebra pro-

vide the following equivalent formulation, 

(C. 33) 

r-1 

(HO - r~)·Qr - Qr·Jo =s2;0(Qs.Jr-s-Hr-s'Qs)' r>O. (C . 34) 

These expressions are analagous to equations (B. 16) and (B. 17) in 

the essential singular point analysis of Appendix B. 

Again an obvious choice for satisfying Eq. (C. 33) is 

(C . 35) 

and 

(C. 36) 
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Finally, it may be shown that independently of the right hand side a 

matrix equation of the form (C. 34) has a unique solution for Qr pro­

vided that Ho and H 0 - rJ: have no eige nvalues in common. This is the 

motivation for applying the two immediately preceding shearing trans -

formations which made the eigenvalues of H 0 identic al. Since the 

right hand side of (C. 34) is free at this point, the simplest possible 

choice for I_(x) is made, namely J 0 = H
0 

and Jr = 0 for r > 0. Equa­

tion (C. 34) the n provides a convenient formula for calculating succes-

sive terms in the expansion of the transformation Q(x ) to give 

g(x) -[: + 2x

2 

1 
2 ] 

15x /4 " 

Bx/: + O(x
3

) (C.37) 

9x/8 

0 

The problem has now been reduced to solving equation (C. 31) 

with~ (x) = H 0 = - ! ... which quite simply provides the solution matrix, 

1 
X6(x)= ;cl (C.38) 

Finding the asymptotic representation for the original third-order 

differential system (4. 50) is merely an algebraic exercise in revers-

ing the above transformations. The resulting homogeneous solution 

matrix for the collisionless system is 

0 -l 9/3+3x
2 /2] 

3 3 -4/3x -5x/2 +O(x ). 

-4/3x+8x/3 

(C. 39) 

The solution is completed by the addition of a particular inte -

gral of the inhomogeneous system (4. 50). One such integral as de-

termined by series substitution is 
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2 c 2x + ... 
2 3 c 2x/3 + 3irC 1x /5 + (2/9 + ir/4)C2 x + .. . (C. 40) 

2 3 
-irC

1
x -(1/9+ir/2)C

2
x + ... 
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APPENDIX D 

ASYMPTOTIC EXPANSION OF 

COLLISIONAL SOLUTION AT INFINITY 

A general understanding of the singular nature of the sixth-

order moment system near the sphe re surface has been obtained in 

the previous two Appendices, but for a global description of the six 

eigenfunctions it is necessary to look also at the other singular point 

of this system. In this Appendix the reduced third-order system 

(4. 50) is written with R as the independent variable and the analysis 

of Wasow is applied to the study of the point R = oo. 

The starting point for this development is again the homo-

geneous formulation of the differential equation (4. 50) and specifically 

the expression (4. 51) for the matrix-!:· Recasting with Ras the inde-

pendent variable, equation (4. 50) becomes 

d~ Y(R) = R B(R) •Y(R), (D. 1) 

where R is assumed to be the nondimensional variable previously de-

noted by a bar superscript. The matrix B(R) may be represented by 

the series, 

B (R) = L: B R -n = n , (D. 2) 

in which the B~ s are determined directly from expression (4. 51) to be 

-4 

-4/3] 
-4/3 

0 

(D. 3) 

-16/3 

-4/3 
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0 :J (D. 4) 

-4/9Kn 

-4/9Kn 

etc. This system has an irregular singular point with rank two at 

infinity, according to the classific ation provided by Wasow. 

The initial step is the transformation of this system into one 

with rank one which can then be solved in the s ame way as the system 

of Appendix B. The similarity transformation, 

T 

1 

1 /2 

1/2 :l 
is first applied to yield the system, 

d 
dR .Y 1 (R) = R £(R) • y 1 (R) ' 

containing the new variable, 

-1 _y l (R) = :£ · _y (R). 

The resulting matrix C(R) = ~ C R -n is given by = n 

-1 _g (R) = '!_ • ~ (R) • .!' , 

from which 

{: 
-2 -4/] 

CO 0 8 /3 ' 

0 0 

{: 
2/9Kn 

:J c1 -4/9Kn 

0 

(D. 5) 

(D. 6) 

(D. 7) 

(D. 8) 

(D. 9) 

(D. 10) 
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etc. The purpose of this transformation is to provide an uppe r diag-

onal form for the first term c 0 which then permits the shearing trans -

formation, 

1 0 0 

~(R) = 0 l/R 0 (D. 11) 

0 0 1/R
2 

to be used to lower the rank of the system. The resulting rank one 

system is 

(D. 12) 

in which 

(D. 13) 

and 

(D. 14) 

Performing the necessary algebra reveals E(R) to have the compo-

nents, 

{: 
-2 

8/:J Do -4/9Kn (D. 15) 

0 

=r: 
2/9Kn 

-4/3 J 
Dl 1 0 t (D . 16) 

1 /3Kn -1 

etc. 

The system (D. 12) is now in a form dire ctly analagous to equa -

tion (B. 1 ), and the remaining analysis follows step by step that 
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described in Appendix B. The matrix D 0 is first block diagonalized 

through application of the similarity transformation, 

0 

1 (D. 1 7) 

1 /6Kn 

which yields the differential equation, 

(D. 18) 

for the variable, 

(D. 19) 

As before, the next step is to transform ~(R) into a matrix I'(R) 

which is fully block diagonal in the pattern of E 0 . The formal trans -

formation ~(R) which accomplishes this may be found term by term 

from a series of matrix equations of the form (B. 16) and (B. I 7). The 

resulting differential system is 

(D. 20) 

in which 

(D. 21) 

The matrix !(R), which is given by 

(D. 22) 

is easily shown to be 



F(R) 
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2 
_ 2 + ( _l + 4 0 S Kn ) _l_ 

2 4 R2 
0 

.!._ + 4SKn 
R 2R2 

0 

0 -4 _ .!._ - (-1 + 27Kn) _!_ 
9Kn R 3Kn 2 R2 

+0 (R - 3 ) . 

(D. 23) 

The differential system (D. 20) has now been reduced to two 

simpler differential systems: one a scalar equation for the third com-

ponent of the vector Y 4 , and a second-order system which still con­

tains a regular singular point at R = oo. Although similar to the pre-

ceding discussion, the second-order analysis is relatively simple and 

the details will not be presented here. Combining the results of the 

reduced systems gives 

2 
9Kn RS _ 27Kn R4 + 0 - """"ZR+ ... 2 

y 4 (R) ,.... 
3 _ l 8Kn+ -R 4 + 9Kn R 3 + ... 0 (D. 24) R 2 ••• 4 

R 

0 0 -4R/9Kn {.!.. + } e R . .. 

as a solution matrix for the system (D. 20). 

The asymptotic representation for the original third-order 

differential system (4. SO) is onc e again found by inverting the series 

of transformations described above. The resulting homogeneous 

solution matrix valid in the neighborhood of R = oo is 

2 - 9Kn + 
2R 

3 9Kn 
-2 ---3+ .•. 
2R ZR 

9Kn 2 - ZR + ... 

R S_ 27KnR4+ 
2 ••. 

-4R/9Knr.!..+ } e lR ... 

-iR3+2~KnR2+ ... e-4R/9Kn{_l_ z+. ·}. (D.ZS) 
9KnR 

R 5 27Kn 4 -4R/9Kn{.!._ + } --z-R+ ... e R . .. 



-128-

Note that only one regular solution vector (column one) exists at 

infinity. 

The solution is completed by the addition of a particular inte -

gral of the inhomogeneous equation (4. 50). Expanding the inhomoge -

neous vector (4. 52) in negative powers of Rand substituting a trial 

series provides the following particular integral, 

(D. 26) 
7T 3 37TC 2 0 (R - 3 ) .Yo"' --(C + 4 C2) + --+ 2 1 

16R
2 

z(Cl 
3 7TC 1 37TC 2 + O(R - 3 ) + 4 C 2) + 6KnR -

16R2 

This vector plus the solution matrix (D. 25) times an arbitrary con-

stant vector completes the asymptotic representation of the third-

order system at infinity. 
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APPENDIX E 

FREE-MOLECULE SOLUTION ABOUT TRANSLATING SPHERE 

An exact collisionles s solution for slow flow past a sphere 

provides one limiting theoretical evaluation with which to compare 

the moment solution for Kn = co. All free -molecule integral moments 

are readily evaluated by velocity space integrations of a simple "two-

sided Maxwellian" distribution function. Details of these integrations 

and a table of several resulting flow quantities are presented in this 

Appendix. 

The necessary velocity space integrations for the collisionless 

flow are similar to those required for the moment method, and the 

geometry and notation described in Section 2. 2. may again be used 

(see Fig. 2 ). The distribution function is discontinuous on the sphere 

grazing cone as before and is characterized by 

where 

f - f - 1 for 

for 

1T O<cr< 2 -a 

-1 I a = cos (RO R). 

The moment integrals are then given by the expression, 
1T 
~-a 2ir co 

<no> =I I I of1 s
2 

sin<J ds d'f do 
0 0 0 

1T 21T oc 

+ I I s Qf2 s
2 

sinOds d'f d<J 
1T 0 0 
2-a 

(E. 1) 

(E. 2) 

(E. 3) 
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As a prerequisite for the evaluation of the moment integrals 

it is necessary to express the distribution function f explicitly as a 

function of R and ~ . This is quite easy in the case of f 2, the ambient 

part of the distribution, since it is a Maxwellian with mean velocity U. 

Thus, the linearized form is 

f 2 = f
00 

[1 - 2r3~ sR u cos e + 2r3~ se u sine] , 

which may also be found from Eq. (2. 12) by setting 

u2= -Ucos e J 

u sin e 

and the other parameters equal to zero. 

(E. 4) 

(E. 5) 

(E. 6) 

The correct expression for the sphere influenced portion of the 

distribution function is more difficult to obtain be cause the effective 

number density is not constant over the sphere as was assumed in the 

moment method. With the assumptions of diffuse re-emission and 

total energy accomodation, the sphere influenced distribution may be 

written as 

(E. 7) 

The outgoing number density N 1 (g_, ~) is most easily evaluated through 

the application of a local continuity condition at the sphere surface 

where N 1 (R0, ~) = N 1 (R0 ) is independent of~. Local surface continuity 

is as sured by requiring the radial mass -flux to vanish at the sphere. 

Thus 
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(E. 8) 

where 8 is the polar angle to the vector R 0 . The distribution on the 

sphere surface is therefore 

at (E. 9) 

One very important characteristic of free-molecule flows is 

the constant nature of the velocity distribution function along particle 

paths. This feature allows the distribution at any point in space to be 

related to that just found for the sphere surface. In fact, the distri -

bution function at any point ~ is of the similar form, 

[ 
1 -

f 1 (~ ' ~ ) = f 00 1 + z u c 0 s 6 J ' (E. 10) 

where 6 is the polar angle of the point at which the velocity vector ~ 

intersects the sphere (see Fig. 16). It only remains to express o as 

an explicit function of~ and~, which may be accomplished through 

the spherical trigonometric relation, 

cos 0 = cos v cos e + sin v sine cos 'r . (E. 11) 

With the introduction of 

y = v +a (E. 12) 

and 

s = sin y = sin(V + o) , (E . 13) 

the angle v may be eliminated from Eq. (E. 11) by the expressions, 
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cos v = cos (y - o) = cosy cos a + sin y sin a 

(E. 14) 
sin v = sin (y - o) = sin y cos a - cosy sin a 

Finally, a is related to s through the law of sines, 

y = Q = cos a = R: = sin a sin a = sin ( 1T - v - o) s 
(E. 15) 

and o is given by the expression , 

1. 2 2 .!. 2 .!. 2] cos o = L(1 -y s >2 (1-s ) 2 + ys cos e 

I. zz.!. z.!.J + Ls(l-y s ) 2 
- ys(l-s ) 2 sin9 cos'r. (E. 16) 

Before evaluating the integral moments it is convenient to 

replace a by s in the first integral of Eq. (E. 3 ). The range of inte -

gration, 0 < a< ¥- - a , becomes simply 0 < s < 1, and from Eq. (E.15) 

do = cos ads 
cos a 

2 2 _.!. 
= ( 1 -y s ) 2 yd s (E. 1 7) 

Thus, with f 1 and f 2 given by Eqs. (E. 10) and (E. 4) the required 

result is 

1 21T oc 1 

I I I 2 2 2 2 -2 
<no)= Q f 1 s sy (1-y s ) dt;d'rds 

0 0 0 
1T 21T 00 

+ J J J Q f 2 s 2 
sin a d s d T d a 

1T 
2-Q' 0 0 

(E. 18) 

Table A. 5 contains a number of definite integrals in s which simplify 

the evaluation of the first part of Eq. (E. 18). The second part is 

very similar to the integrations needed in the moment method 
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and may consequently be determined with the aid of Table A. 4 . . A 

sequence of collisionless integral moments is collected in the 

following Table. 

TABLE E. 1 

(x = Ii - R~/R 2 ' y = Ro/R) 

Number Integral Moment 

E. 1. 1 
3 

n = n t u~ 1 + 1 ) 2 .?5:Y. + 1 - x J e oc noc l.: 2;r IT Y - 4 6y cos 

E . 1.2 
2 3 3 4 

nu = n u[- ~ + L +L - ~ ;, log (!±Y.)]cos e R oc 8 8 4 2 - 1 oy 1 -y 

E. 1. 3 
2 3 3 2 2 

nue = noou[-38 + 34x - x - ~ + y_ + (4-x )x log (.!.±YJ) s1·ne 
Tb 4 8 32y 1 -y] 

E. 1. 4 
4 3 s 

P = -n kT[l+ Q JYZ -~ + (2 -Sx + 3x ) + 4 (l -x4 )} cos el 
RR oo 4 l S Sy 1T '.J 

E. 1. S 
- 4 3 s 4 

Pee=P =-n kTfi+'Q.gy__+ (8-lSx+ lOx -3x >+iL}cosel 
cpcp 00 L 8 rs Sy iT j 

E. 1. 6 _ _ U f:L_ (2-Sx +3x ) 4 -~ 4 3 s 
PR9 - PRe - nookT 8 S - Sy + 4 ; J sin 9 
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APPENDIX F 

FREE-MOLECULE SOLUTION ABOUT ROTATING SPHERE 

The collisionles s flow induced by a sphere rotating in an un-

bounded gas is represented exactly by a "two stream Maxwellian" 

as was that about the translating sphere. The evaluation of the velocity 

field and other integral moments for this flow parallels the develop-

ment of Appendix E, and the geometry and trigonometric relationships 

discussed therein are assumed (see Figs. 2 and 16). The distribution 

function is expanded in powers of the surface equatorial Mach number, 

and both first and second-order integral moments are evaluated. The 

secondary velocity field is of particular interest as a limiting solution 

with which to compare the second-order moment method solution. 

Although the basic specification of the distribution function is 

not conceptually difficult, the explicit form needed for the moment 

evaluation is rather long and the integrations are consequently some-

what tedious. Since the gas is assumed stagnant at infinity the ambi-

ent part of the distribution is simply 

(F. 1) 

a steady Maxwellian at ambient conditions. 

Because of the steady ambient distribution, the incoming mass 

flux is constant over the sphere surface, and the outstreaming num-

ber density is therefore constant everywhere and equal to n . The 
00 

temperature in f 1 is also constant from the assumption of complete 

energy accomodation. Again using the constant character of colli-

sionless distribution functions along particle paths, the sphere 
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influenced portion of the velocity distribution is 

(F. 2) 

where R
0 

is the point at which the velocity vector ..S..intersects the 

sphere. With 13
0 
I fQ x R 0 I << 1 the exponential e xpression in Eq. (F. 2) 

may be expanded through second ord er to give 

(F. 3) 

This distribution may now be simplified through the colinearity of 

R - R 0 and ~ to give 

(F. 4) 

which may be written as 

The z e roth-order velocity distribution is thus f throughout velocity oc . 

spac e , and all higher orders e x ist only within the "cone of body influ-

enc e. " 

The first-order integral moments are very easily integrate d 

with the help of Table A. 4. For example, 

nu = I f(l) s d s = 2130
2 

wR sine s f s2 ai; cp 1 cp- oocp-
Region 1 Region 1 

W R sine(.!.. - i x + .!.. x 3 ) = noo 2 4 4 ' (F. 6 ) 

wher e integral A. 4. 4 is utilized. 

The first-order integ ral moments are collec t e d in Table F. 1. 
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From Eq. (F. 5) the second-order velocity d 'i'stribution is 

(Z) r:, 4 z z z . z z z z . z J 
f 1 = £oct13o Sep w R sm 8-13 0 w R 0 sm o (F. 7) 

The first term in this expression is also integrable directly 

from Table A. 4, but the second term requires a bit more effort. The 

expression (E. 16) for cos o may be used to give 

. Zs: l Zs: . z8 sin u = - cos u = sin 

z 4 z z z z z .! z z .! z 2 z 
+ [2y s -s -y s +2ys (1-s )2 (1-y s ) 2 ](sin 8cos T-cos 8) 

3 zz.!. 23 2.!. 
+[(Zs-4s )y(l-y s ) 2 -(Zs-4y s )(1-s ·) 2 ]cos8sin8cosT. 

(F. 8) 

The second part of any second-order integral moment is thus given by 

1 Z1T 00 1 

_P.20 w2R20 J J J . z z 2 -2 z t-' Q f
00 

s m o ( 1 - s y ) s y d S d T d s , (F. 9) 

0 0 0 

where sin z o is substituted from above. Although tedious, these 

second-order integral moments can now be evaluated directly with 

the assistance of Table A. 5 for the s integrals. A listing of the 

simpler secondary moments is provided in Table F. 2. 

Number 

F. 1. 1 

F. 1. Z 

n~l) 

p (1) 
Rep 

TABLE F. 1 

(x = li-R~/R 2 ) 

Integral Moment 

. 1 3 1 3 = n
00 

w R sm8 ( 2 - 4 x + 4 x ) 

n kT R
4 

00 00 0 
- - W -- sin8 

Z1T R3 



Number 

F. 2. 1 

F. 2. 2 

F. 2. 3 

F. 2. 4 

F. 2. S 

F. 2. 6 

F. 2. 7 

F. 2. 8 
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TABLE F. 2 

I 2 2 
(x = 1-Ro /R ' y = Ro/R) 

Integral Moment 

2 4 22 4 2 
nuR(2)= - _l_[L _y_ +Y - (l+y ) + x (l +y ) lo (.!..±Y)J 

41T 4 1 2 3 8 y 1 6 y 2 g 1 -y 

2 
. (3 cos e - 1 > 

(2) i r· 3 
1 

4 2 
2 4 i+ J 

nue = 41TL~ +rz - 2y +~ + :y2 (2+y +y )log([:}> 

. cos e sine 

~(2) (2) 
q = 2n:u e e 

PR~2 ) = -~ (1 - ix+ i x
3

) sin
2

e 
81Ty 

1 [ 1 1 2 
3 

8 S xS 9x 
7 J 2 + - -- - - + :::t_ -~ +-=- - --2- (l -3cos 8) 

81T 35y2 5 S 3S l Oyz 70y 

~(2) 1 3 2 3 3 1 5 . 2 
Pee = Siry 2 ( 8 x - x + 4 x - Bx ) sm e 

1 [ 8 8 16 s 3 
2 

5 
9 

7 1 3 2 1 2 
+ 81T --2 -5 + ~ - X 2 - X 2 + ~j (3sin e- zCOS e) 

7y y Sy 3Sy 

P *(2)= __:_!_2 (2 33 2 7 3 s 5 . 2 
rrW'I - 8 X + X + 4 X - 8 X ) S1n e 
't"t' 81Ty 

. cos e sine 
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APPENDIX G 

NUMERICAL VALUES OF MOMENT PARAMETERS 

FOR TRANSLATING SPHERE 

An analytic solution of the sixth-order moment system consist-

ing of Eqs. (4. 1 7) to (4. 22) was impossible, and a numerical evalua-

tion of the six parametric quantities was necessary. The above six 

linear differential equations were written as central finite difference 

equations for each of fifty cells in the internal 0 < Z < 1, where the 

new independent variable, 

Z=l-Yl-x= (G. 1) 

was used for numerical convenience. This transformation eliminated 

large values for the slopes of some of the parameters near x = Z = 1 .. 

The resulting system of algebraic equations and the six boundary con-

ditions formed a 306 X 19 band matrix whose inversion provided the 

parametric functions at each of the fifty one grid points. The integral 

relations described in Section 4. 5 provided useful checks on the entire 

procedure. The numerical solutions are tabulated on the following 

pages for representative values of the Knudsen number. 
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APPENDIX H 

NUMERICAL VALUES OF MOMENT PARAMETERS 

FOR ROTATING SPHERE 

The ten parametric components of the rotating sphere weight­

ing function are shown on the right hand side of Eqs. (5. 122) to (5 . 126) 

along with their assumed 9-dependence. A mixed analytic and numer -

ical solution was required to determine these ten functions of R. The 

six parameters, N+, 'N _,t+, t_, N+ and N _, are given analytically by the 

ex-pressions (5. 90) to (5. 93 ), (5. 100) and (5. 109), and numerical 

values of these expressions are tabulated in this Appendix. 

The remaining four parameters were obtained by a Runge -

Kutta-Gill integration scheme integrated from the sphere towards 

infinity. The boundary conditions at infinity were satisfied by match­

ing the moment velocity vector and its slope to a continuum-like 

velocity field at the point, x
2 = . 95 . The numerical results are pre -

sented on the following pages for a series of Knudsen numbers repre -

senting free-molecule to continuum conditions. 
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0.55 0.8g34 0.0922 0.ccc~ 0. 00 16 C.1124 C.1136 -C.C013 -8.lGlj -J.CC6~ -~.~~52 

__ .9_!_~_Q __ __ Q_d..l.~_3 ____ Q_. l _l) .2 . . __ c_. ~-Q ~~-- - · o .. ~ -~ 1 ~ - - .. :J_~) .2_ s_~ - - -~ _•_t? .. ~.? .. . ~-~ ! c) 13 - -:i ._ t; c ~3- .~0. cs 11 -c • ~ ·1 ., 3 
C.65 1.1412: 0.l4C2 C.0006 0.0°16 C.1474 C.l495 -C .~Jl3 -0.0 0 !3 -C.~037 -C.1~75 
c.10 a.117c ~.1761 o.0oc1 c.:016 o.1697 c.1~ca -c.0013 -0.0013 -o.c0g1 -c. :2 33 

--o ~ i5---,j-:-iiYi--·-·a ~--2263-- ~5:jcc·8-- --c~ ~o6Y6 - ---8. 1-9·7 ::·--·c .T9-8i -~-c. c o-i 3- - o. c ;) 1°3 ... :.: ~5 -, -c i 0 9- --c • J J: .°) 3 
o.ac o.30 24 o.3~16 a.000s 0.0016 0.2323 0.2334 -c. r a13 -0.0013 -0.c122 -~.~11g 

C-:as--:-r:-42-18-J~-421-1-if.-,s· cc s o. :iTCb----o-:-281.-c---.r..-:-z-a 2 2- -.:-.:- -~-3 in-;--= o-~-~3fj--~o-:-c i 3 8- ·=-:~ : Sf3 'i 
__ 9 • _! ·'; .. _ J •.? 7_~} ___ _ 0 • 6 !.~ ? ..... C" ·~ 9.\C ___ C'_.} 0. l 5 ___ 9_. 3 ~71 __ . _Q. 3 5 _8 ~- --C ! C 1i ,_ .3 -) • 1

: ~J_ ,_ 3 _ -~ c_ •_'.: 1 '5 8: . _ ~ '.' • -: l 5 :< 
0.95 1.4317 l.~313 0. 0 01c 0.~014 0.5C52 ~.5057 -C.S C13 -J.0013 -C.~183 -r.c1 ~ 5 



TABLE H . 3 

KNUDSEN NUMBER = l.O CO 

-- - -2 ------~ -·· ---------A..I. -- ---- ____ ,,..,_._ __ ___ __ ___ ,..,__ _·-- - ---- - -~---- - -- - - - ~- - -- --·--·- - A .- - ··-- -- - --A- --- - -- · ·--- "'- - - -- - - --- - · _,,. ·- - -·-- · 
~ l'I_ N+ T _ T + V _ V + N _ N+ U _ U + 

--------- ------------- ------------------ ------- - --- - - ----- - -----

o. o.Jc1s -o.co3a -0. 0029 o.aozs -0.002 1 0.0021 -c. 00 19 -a.oc22 -~.003 1 o.~~37 -<,-:<fS ___ o ~-cc 54---0·:-c.003-- :.-5:~50-2 5----c: -c-03-c--0.-c-06_s ___ 0_;_cfc9---:.-c- ~ -c-sf9--~ 5~ -~c i2 --;:.-:, ~-00-3 i ----~~-00 _3_ 3 __ 
0.10 0. 00 96 o.co47 -0.0021 c.0032 0.0151 o .c1so -c.on1~ -0.Jc21 -0. 00~ 1 c.0023 

-o-:r5---c-.-0I4_4 ___ c-.-30-96- -~-a: ·J"cffr--0:0-a3j ___ o_:c-2 :,-c--0-~-ci7 I-~0:-cc-i 'T -~.-5~b-c 2 i -~-.s .-0:5 3 a· ---c: c·(z 2 -· 
O • 2 O O • 0 1 9 6 o • o ~ 5 c - o • o c 13 o • C'~ C' 1-2_ _0 • O 3 l_~ c 3 5 4 - C' • c G 1 L~ _9 . ~ '.: 2 l _ _:_Q_. o q_:i:J_~_.-~'.!:21._~~ 
0.25 0.0255 0. 0 211 -~.~Ge; C. 00 36 O.C397 C.0439 -C. SC l~ -~.J 02 1 - ~ .C04 4 C.0C)6 
0.30 0.0322 1.0279 -O. JCC6 O. C038 0.0483 C.0526 -C. CJ 19 -O.JC2 1 - 0 .004 7 -C.0~~2 ----- ---------·-- - ----- ---- · ·-- - ----·-- ---·- - ·------·- -- --- -- - -- -------·-- ------ --- - --- -----·- -- -- . - .. ------ - · - .. - - -- -----·. - --· ·- · · · ···- ---- - .. 
0.35 0.0398 0.0357 - C.JCC2 O.C039 0.0573 C.0617 -C.C 019 - 0 .~CZl - G. 005 1 -c.~c12 
C.40 0. 0486 0.0~47 c.coc1 C.0040 O.C66~ C.0713 - C. ';0 19 - ~ .0~2! - ~ . C056 -c.0c22 

-o-:4_s ___ cf.-cfs c;-c---5: -.35·,--3----c:-oc'c .:.- --- -;j" : i:~t5 c.·2---0--: 0 i -;-c--c-.-c sTs--::.-0:-::5-5!. ~-- - .:. t-~-0-::21 - -;:.:; -~ --sc-6 2"-.:.c .-c :~-32 
0.50 C.0714 1.C679 O.JJCB C.0043 C.088 1 0.~92~ -0. ~019 - 0.JC2 l -0 .~063 -~ .~043 o ;55-.) • ca rr-J-~~-;"fi -:f2- c • so i o o-: o ~-z 4--c-~Tc.J_z_c_.1-c 4 0 ---=f:-.s-:-j-19--~ -i .-0-cx1 -5-. c rs15·-=-c .-~:---,. 5-
0. 6 o 0.1053 C.1J22 0.JC13 C.OC44 0 .11 35 C.1179 - 0 . C~ l9 - 0 . c c2c - r . COR2 -0. 0~67 

-o-~6-5 - ·· - o-.T29_5 __ -0-. i 26 5 - . .j ~ ij cl 6- - c. -,fr'- 5 ·'J ;1 is~ - c ~ .i ·:32 9· :...-c· ~ jc1 o- -a. c 0 20- :...-c )"\ c 91 -~-'.! . c: Ei C 
0.10 o.1616 o.15as c . :c 1e c. c ~~s o .1462 c.15cz -r. 0J!9 - 0 . ~~ 2 0 - 0 . 0 1 00 -0 . 2~93 

-,f~· :.;-5 ··· · 0-.-·266 6--- -.:i·~- 2 ~j4 i --c· ~~~c z-c---0· ~ 0·0-..: 5-· -,, .--1·6 ~- 3· - :: - ~ i 10~· --- ~- . "-,J l;:; -- 0 . 1.) 2 8 -o .. )· "i"~ ;=,---c. ·~ l_ .J .s 
c. ~2__ __ 2• 2 J_s___ -:; ._~?l.2__ __ g_!__ co ~? __ _c___. ~J_-~4 '.~ __ _y .!-~-~ l_ ~ _ _c !l j_:!_i__ ~_Q . ~ ~ l.~ . _-_ s ·-~-c ~-C. _-::._:__. _Q ~- 2_ L_::::: • Q ~-~ ? __ 
0.85 a .3867 J . 3845 c .~ 024 c . 0c~3 r . 2221 c .2249 -0. ~r19 - ~ .:; czc -0 . J l~5 - 0 . 0 14C 

_p!__9_C. _) . _6 1?_? __ ·J _. _~ 1 Q6 __ ) • :~_C2? ____ _;;_. ) _0 41 c. ~57:i - - ~ -• __ 25'1?_ - c . 0,:: 19 -:-J.')::'19_ :- C · ·~- 5·~ -:-C.'"'157 
C.95 1~2~S4 1. 2883 r. SC2 7 c.s~~~ 0.24c5 ~42475 - C .~ 2 19 - 0 . ~0 1 9 - G. C 70 -c. c :76 

....... 
U1 
0 
I 



TABLE H. 4 

KNUDSEN NU~~ER = 0.5JJ 

·-- --2---- --...-.,;----· · - --- ---~-------~----.;.---- ________ ___,._ __ -- - --- --~---- --· -----~-------- __ ,,._ 
X N_ N + T _ T + V _ V + N _ --N+· - - -------u~-- -· - - -- -- -o; -- ·--· 

O. 0.0025 -0.0075 -O.CC51 0.0051 -O. ~C 7 8 C.0078 - C. CJ24 - O. J031 -C. C04 7 r . S~47 
-cf:<fs---0-:00~-z--::c:-c-c-3s-- =--)-:-'5c 43---0~1ss5-3---·cf :;:i-or2---c-.-0T62-- :.-r::~'.5s:z-4- · -·o:c:i"o·3t --.:·5:·c:,-4 ;--- ·i~- -~~')f· -41-
0. 10 a.0102 o.occa -o.JC36 o.J05 5 0.0092 o.~244 - c . c024 - O. JC3l -~. 0046 0 .~ ~ 33 

-o-:rs ___ 1Y.- iYf4-5--· ·.s-.-oC-5s--=--o~-;10··33---c-:0-'.Ss_d ___ cf : 0-16-a---o-.-cs24-=--0~~~ ~·24-- -~-i5- : ~J -(5 -3"i -~6 ~-o (4 r ·· ·--0~ i-ic-24-· 
0.20 0.0193 O.C'lC5 - .).J(:23 C.'J:J61 C.0244 C.C4C3 -0. C':.24 - 0 .') '.::31 -'J.CC·48 C. •J :Jl4 . -------------- --- -------- - --- ·-------·- ------- - - ·-
0. 25 0.0245 0.0161 -O.JC17 o.OG64 O.C320 0.0482 -r. C024 -O.GC30 - O. C050 C .) ~03 

_9_!?_·~-- -- 9_._Q)_o_~ ___ Q_._Q ~-2~ __ :-_G_._Q9J_Q ____ o_ ~ _9J .~ .? ___ 9 __ ._9_}3} ____ g_._Q_5_s .? __ '."'. .~ ._q? 2 :+ .... :-o. o_o 3 c .. _-g_.o_o s _;. -- ~ o. :'JO o 9 
0.35 a.C372 0.0295 -O.OCC4 0.0069 0.0477 C.0642 -:.0024 -C.JC3C -O.OC57 - c . ~022 

0.40 0.0449 0.0376 0.8001 C.0072 C.0559 0.0724 -~. 0~24 - 0 . 003G - 0 . CC6 1 -~. ~~35 -- - -- - - - -- -··--- - - ·- - ---------------- - -·------·- - ·-- - -- -- -· -·- ------------ ·---------------····- -· -· · -- .. ·-- . ---- -· - . ·--· -- - ·-- -· -- - ·- - - - - . . . -. - -· 
Q.45 0.054C 0.0470 G.OCG7 a.0874 0.0645 0.08(9 -0.c:;24 -C.)0 29 -O. SC65 - : .0c 4q 
o.~o 0.0647 0 . 0581 c.1012 o.J07l O.C735 0.08~6 -C. C024 -J. J ~zq -C. 0C71 - 0 . C~63 
c. 5 5 :J. 'Ji7 e ·:: . c 715--- :;-:-o61 i--0-~-:s,3--713--0~ (8 3'.l-0. G9 gf" -- c ~ ·~--Si:;-:-c :cJiY-- 8-: c ·S77- -0-:-0;;;7·7-· 
0.60 O.J94~ 0.J88l J . ~C22 o . C079 O.C93 0 0.1C82 - C. C02 4 -C.1~29 - G.OG33 -c.~ ~ 92 

-o ;6-5---c-:ij_-4-7--· 6-.-u:-93··--·c-: 5c21-·· -o ~ ~.;o ·a j · ·· :~ -~- i"c:f;·-· ~-.- i i-8 i" -.:. c· ~ 6.J 2 4- - o. x 1 : e · · .. ~.-;: ~-;"0 °:i ·f -~ ~. ·.1·r ,: 7 

o.1c 0 .1424 C.137 3 c.JC31 C.JCSC ~.114 8 C.1283 -C . ~224 - O.~C28 -C . ~C98 - 0 . 0 122 
- c~· 7 ·5 -- -iY~T8TC-··i:- -.T76 ;t-- -·::;- :·c-~ -3·5 - - ·· ·c-. jj ti-c ·· ··o. ~- 2"6"i:: ___ -c: ~-~ 3-8i .:.-r;. ~: ·)24 .. - 0 . 0C:2 f, -_-;: ~ 0"i "';- .::.s~ ·: 1J7 

a.so J.2369 a .234 8 0.2033 J.~01~ c .1354 0.1~61 -c. CJ24 - 0 . ::c21 -J. 0 11~ - 0 . 0151 
o. o 5--:f:T3-57-·J"~33;n--.:5 . 00-zr-o ~35--r6-c-:rsT.:,.--· c:~Tz-~1-=-~-·. 0 j 24--- 6~ ·0·.::·21--=-s-:-:: L~ t.: -·=·c .-c-:-~-; 

0.9C Q.529~ 0 . 5267 0 .0 ~44 O.GJ72 0.1~4q c .~!C3 -C. C024 -~. ~826 - ~ .~1 36 -c . ~171 -·a-. 9 ·s· -·· · i . i 1 i 7 --1 • : t r:- i -·-·c ~ -l~· o ~ 6-·-:-~ :] 1; ~ · -_ 0·; i«~ ;"(-.::.: • ·1·03 6 · - c:·. c: 2 z 4 -·0 ~ ~_; 8 z 5 -·..:: 6 ~~: i 4 6 - -.:.·a·. ~ ~ 1 '· 

1 
...... 
Ul 
...... 



TABLE H . 5 

---~-~~Q~!=_:~--~~~.?-~~--:= ____ q_!_?_ ~ ~J- ----- .. ------------------- - --- ----- - -- -·--------- -- - -.. - - -- -·----· - --·· .. - --· -.. -

---xz-------~=---------rr~- - - ------r_----------T+---------~~--- - ··- ---v~- --- ---- - I~-_ -A. - - -- · - - - - - - · _A_ _ - - - - - - · - - · - ,..._ --- - - · · -· · 

N + U _ U+ 

o. o.004C - 0 . 0142 -C.JC79 o. JJ79 -0. 02 73 C. 02 73 -C. 8023 - 0 . 0047 - C. 0056 0 . 0 :56 
-cf;0-5--· 0-.-001-z-~c:-.-31-0y-:-0~·00-6s ___ o:sjs-4---=1s:c-f 3-5---0-.-c;-3-=,2-- =--c ·~-c::;i2 s--:-0": 1s04-6- --=-c · ~-·58 5x--·c~ ~:'· :--4 3-
0. 1 o o.Ol C7 - 0 . 0062 -0.)C57 O.C099 -0.01 03 o.r465 - C. Cl2B - 0 . JC46 - C. CG50 c . 0021 

-cf:r5---0-.-0 y4-4- -:.:·j·~-·~0-1 (f ::0 .· sa-4-r---0 :0"0"9-4---=0-~ 0-03-5---<f.-05-52-· -c ·;-c.; 23- ··: ·c :0 ct.:, · · -=8. Q ~4 9 ··- c . J :og 
0.20 0 .0184 0 . 002 1 -c_._90_~.Z .. c.0:99 0 .003 1 c._C'6:3~_-Q . CJ~_§_- c_!_Q_2'.!2_-_'._~ .! -~'~~9_:Q_.)·J_lL 
0.25 0.0227 O.C077 -C.0027 0.01C4 0.0107 C. 0714 -r. oJZB - 0 . 0044 - C. C05C - 0 . 003 ! 
0.30 0.0275 0. 0 132 - b .JC17 0.0109 O.J177 C.0789 - C . 0~28 - 0 .~ 044 - J . }05 1 -~. ~~5~ 

-c-;3-5---5·-.-03·2·9---c ~ ·,jf9-z- -:~j -~ ·o-c cs-- --;5~ o-1i3-- ··;f.-0·246·· -·-c-~ ·c ·a6·i--:~:0:·c;0 z-s--: 0:·0 ~43 ---=c .-~c 5 3. -0 ~r-·r.11-

0. 40 0.0391 0.0260 G.JCCl c.0111 a.0315 C.0928 -0.C J28 -0. 004 2 -G.C C 5~ -c. ~10: 
-,,-:4_s ___ cf.-o46T ___ o_. ·0x:rr---c-~-50-c9· --·-0:0-1 2-c- --~f.- o-ja·4---c-.-c9-9c--=--~ :~~ ~-2 6--:-c-: :i-04·{ -~ 0 -.-.~: ·5 9 -~ c • s ! 2 5 

0.5C 0.)545 O. C42 7 c.0011 0.0124 o . 04 51 0 .1 04~ - C. D'"' 2d -o .~ ~ 41 -~. ~C63 - 2. 014° 
o. 5 5 o. 0645G. o534-----0:-Ci-c2.5 ____ 0_. J 1i7--o. c 5i4---c:·:-1c·94 - c: . c i5is~·o-:~o 4-f---.:·c-:-0-0;7- : c: ~ -3 i7 .f 

_9.!?_Q ___ g_._9} ~_9 ___ _ q_._-~9 .~ ? _____ G • :J c 3 2 __ __ s:·_,._J_i 2 8 ___ . i:_._r_.51 -1. _ . L·J1- ~J __ :- 1~ ! ) ·!. 2 a . - o •. o o. 4c: :-_c. ~ c 12 __ -_c_. _:_: 9~ 
0.65 'J.0927 o.~a31 o . J0 39 c.012s c.C6l4 c .1 !44 - r . 202a - J . 8'.)39 - : . s~ 77 -c . 02 2 ~ 

_ Q !_]_Q __ _ Q_~ l __ l_ 3_6 ____ 9_• .!_'_) 4 ~-- _ q ~ :~ '.: _4 ? ___ _'.-_•. C') 2 ~ -- _ g_ •. ~ -~} -~ ___ .. ~ _. _11 _2 3_ -~ C ~ ~ .1_23 - ':: ._o ::: 3 o _-: ·':;_ • ~-!J F 3_ - (' '! _C 2 41 
0.15 J.142 9 'J.134 9 0 . 0cs! 0 . a 12a o .S5 d9 c .1r3 ~ - c . :J2a - 0 . ~~3 7 -J . 2~so -~.:2~ ~ 
0.80 0 .1869 J .1798 c . ~r57 0 . 0126 C. 04 13 ~ . Q8S3 - C. '"'126 - 0 . 013b - ~ . ~:g6 - ( . "272 

0:8s C.bC4 0 : -2543 - -G . GC& l o . c-f.2T-=-o .0 c-9l-C:-r-2 1 5 - C'~-~-~2-s- .:·1-~~5 c·:·s-- c-:-::- 1 ;;-l---c · ~-C":is·-
_ 9_ ~_ 9_9 ___ Q __ • __ ~9.§J_. __ q ._4C·31 __ _ 'J. _C 1~_t? ____ c_ . 1:U~-- --. P_ • l.7 5.?- _ :-_C .~5 5} __ - ·~- • :2::1 - :: ._ 1:<:· 3_': _ :-.) ! .C· ! J~_ :-:.'"' 2t! 
0.95 o.~534 c.e49g c.JC68 c . J lJ 3 -l.~ 88 4 -1. c~0s - o . i2 H -0. 1~32 - c . rc ~q -r . ~2~1 

I 
...... 
\JI 
N 
I 



TABLE H. 6 

---~!!~Q~~~~--~ !:J~ll-~3-_: ____ q_! __ l_~.9--------- ------------------------------------- -- - --------- ------ -- -- ---- -- - ---· - ··---·- - - -- -

·-----2-----_.,...,, __________ ,.._,_ ------___ ,.._ __________ Q-" _____ - ---~---- ------~------ - -- -..A...--- - - -- _· __ ..A- _ _ _ ___ - · ··· _ _,,,.. __ - -- - ----~ ·- - - - - - -

x N_ N+ T_ '+ v_ V+ N_ N+ u_ U+ 

--------------- .. 

O. 0.0C55 - 0 . 1292 - O. OlC9 C.01 09 - O.l J56 0 .1 056 - C. 022 7 -J. 0C 73 - C. CC55 0 . 0~ 55 
·-cf :<fs---5-.-.r0r9--::5-.-cis4--=--c:~iJt~5----0:0Ti-s ---=1f:0-96_6 ___ c-.- 1z-:19- -:.-0 ·~-00-2 1--:.-o : ·iso-i 2--.=-.j-.-00-z3-- -c ~ ;:.~·-! ~,-

0. 1 o 0.0104 -0.2216 -J. 0080 o . 012s -0. 08 73 G.14 86 -C. 002 7 - C. 00 71 -~. OC33 -:. J~3 1 
--cf :r5---o-.-cTr0---=0~-01-16--=--::: -:5e:-6=-r---0:0-14c:---=-c-:c-.,-a-9---c.-.- 16-:-;-9 - :.-0 :-0 0-2T-·:.0: ·a-06·9-·::: o -.-,:0-2 5--~·0: -c 0 R 5 · 

0.20 0.0156 -C. 0136 - G.0 053 O. •'.H49 -O. G706 C.1856 -C. C02 7 -0. '1r:68 -0 . ';C~.9_::-_l'_._Q l_t:_~ 
0.25 0.0184 -C. COS5 -C.OC4C O.Sl5 9 -O.C524 C.2019 - C.C 027 - 0 . 006 7 - O. CCl4 - C. J2 11 

. _9_!~_Q ___ g_._~ ~J-~_::_g_._c9_~~--=--~.!~~9_2_? ___ _9_! 9)9_7 __ -:_9_._9_~~..:! ___ Q_._~_1-~_? __ _:-_~.!_Q}_~ ? ___ ~ .9.!. 9_ C: ~-~ __ -:_Q _._·~ 9_ 1_ 9. .. -:_0_ • 0. 2 _s ~--
0. 3 s 0.0247 -J.CC 06 -J.00 15 0 . 0 175 -0. 0464 C.2292 -C. SJ2 7 - ~ . 0064 - o . cc~s -G.0354 
0.40 0.02 82 0.0J42 - a . JCC4 0.0182 -~. 038 7 C.2 399 -r. C~2 7 - 0 . 0063 -o .: G~6 -C. ~4 3 0 

·--o-: -4-5---0-:0-:3xT--5-:.--c)·95··· --c-~-0c·03---0:1J-1a··a---=0-:0-31-5---c-.-2t.-91;--~-e:-~ -5·:»:z-:r--:.c.~·-j-06-T---= 5-.-·c c ··) _5--·:-c ~ r: s'"' ;;-
o. 5 o 0. 036 7 o . ~ 1 54 o . oc1e 0.0193 -o. 02s2 o . 25 29 -c. ~~21 - o .0 c6c -o.0c n1 -c . ~588 
o. 5 s o. a4 21 c-:-if22lo . :Jo2a-<r:cT~-:r--- o . c.2·0-4-c . 2sTI-=-c-. 00-21- :-0-. 1 c'5-s---=o-: c ·: :5--: 1:·:·:-5T6 s 

__ 9_!..?_ 0. ____ 9_._ Q. '!.B_~ ___ ·!_._~}Q ~- - _ '.~ . ~;_QJ. ~-- - _c. ! 9) si. ~ . . - a_._ ~ _u .L_ - ~-·_ ?.:i:.e J_ .. -:.c· ~s.. '.!_2 ~- - -~ r:: .• . ;_c• s ~ . _--:c .!) c l L .- r: . :-_ 1 !. s 
o.65 c.0568 c. 0 396 c. ~047 o . 0 2cc - c . 0205 c . 2352 - r . 002 1 -0. 005 4 - a . C014 -~.rs 1 s 

0.10 J.0676 S. 051 9 o. cc st C. Cl 99 - Q.0 31 4 0 .2 CR5 -C. OJ2 7 - C.J052 - J . CC 18 - C. J88 1 

·-o-: i5 ___ if.-.382"7·---.::-c6-ci 4-- ·5~-6(:-63 ___ c-:2Tg6---=0-·.-0 5 g-1---c: -.-15-92--:.c ~ 0 Ji7--- 0-. ':f0 5-c ::-o- ·."C"o i 2--~c . rs 2 9 
a.so 0 .1C53 G. G92 7 ) . C070 C. Gl9 C - 0 .1 2zg c . ~662 -C . ~J27 - 0 . 0"48 - 2 . CC2 5 - c . c~s1 
o. s5 ·J . i4":n G. l 32 , c . ·)0 11 o. o f8r-:-.J.-2i11-.:c--~T214 -.:.-c- . c 02)- --tJ":-cc·i5--:·c-:·c:0-25--.:c ~ -;:; 928· 

__ .9_!. ~-9. ___ 9 .'! . ?_~Q-~ ___ L·-~ _1_ 1~ ____ o_ .!_~~-t:? ___ y_! 91.?_~ __ -:9_'!.J 3_2 l __ ~_Q_. __ ?.}.3.§ __ ::-_~ · -"-- :J ~} __ -::9..· 9_c_ ~-2. _ -~- ~ ! _; ·~) ~- .-:~;_ • . ·~ '3 zr. 
0.95 J.4539 J . 4 47 8 2 . ~C86 0 . 0 147 -3. C6b5 -3.r321 -C . ~"2 7 - 0 . 00 38 : . CC15 -o . r5 j~ 

I 
...... 
U'l 
\.>.) 

I 



TABLE H. 7 

KN UCSE N NUMB ER = O. C50 

-- - -2-- ----~ --- - ----- ....... - - - -------~- --- - ----- _,...,._ ··- -- ----~---- ---- - -· ~ ··-
x N _ N+ 1_ T+ V_ Vt 

"' --- - · -- -- -~ -- . ·-·- - - - __ ."'\ .- - - - - - - ·- --- ·~- - -- .... .. .. 

~ N + U _ U+ 

--

o. o .JC54 - 0 . CL3 8 - c . : 1 c1 C. J l 0 7 - 0 .209 3 C. 2C9 1 - C . ~02 1 - 0. 0092 - C. CC42 c . r 0 42 
-cf;o-~r--0-.- 3:5=,-c-~-6-: -.: 3-s-9-- ::..c-:-5 c9 3- - -- \.':212T--=o-~ -C93-~---~-:ii fs-::r:-· :~~ c· 2 i--.:.-.j :"J 0 90--..:-0-:'5 0·2 c;·-::r ~ :).: ·3-1 
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