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ABSTRACT 

Combinatorial configurations known as t-designs are studied. 

These are pairs (B, II), where each eleme nt of B is a k-subset of IL 

and each t-design occurs in exactly J... elements of B, for some fixe d 

integers k and J.... A theory of internal structure oft-designs is d e ­

velope d, and it is shown that any t-design can be d e composed in a 

natural fashion into a sequence of "simple" subdesigns. The theory is 

quite similar to the analysis of a group with respec t to its normal sub­

groups, quotient groups , and homomorphisms. The analogous concepts 

of normal subdesigns, quotient designs, and design homomorphisms are 

all defined and used. 

This structure theory is the n applied to the class oft-designs 

whose automorphism groups are transitive on sets of t points. It is 

shown that if G is a permutation group transitive _on s ets of t letters 

and <P is any set of letters, then the images of <P under G form a t­

d e sign whose parameters may be calculated from the g roup G. Such 

groups are discussed, especially for the case t = 2, and the normal 

structure of such designs is considered. Theorem 2. 2. 12 gives nec­

essary and sufficient conditions for at-de sign to be simple, purely in 

terms of the automorphism group of the design. Some constructions 

are g iven. 

Finally, 2-designs with k = 3 and J... = 2 are considered in 

d e tail. These designs are first considered in general, with examples 

illustrating some of the config urations which can arise. Then an 
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attempt is made to classify all such designs with an automorphism 

group transitive on pairs of points. Many cases are eliminated or re­

duced to combinations of Steiner triple systems. In the remaining 

cases, the simple designs are determined to consist of one infinite 

class and one exceptional case. 
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INTRODUCTION 

Combinatorial configurations known as t-designs are cur­

rently of great interest in combinatorial analysis. Here at-design is 

defined to be a pair T = (B, II), where II is any finite set, and B is 

a set of subsets of II, with the two properties 

1) Each element of B contains k elements of II for some 

fixed integer k. 

2) Each set of t e lements of II lies in A. elements of B for 

some fixed integer A. > 0. 

The elements of Il are called 11 points , 11 and the elements of B are 

called ''blocks." For t= 2, at-design is a balanced incomplete block 

design, the subject of much study. The most important parameters of 

at-design are consistently called b, v, r, k, A. where b is the number 

of blocks, v is the number of points, r is the number of blocks in 

which each point occurs, and k and A. are the numbers referred to in 

1) and 2). An automorphism of a block design is a permutation on TI 

and a permutation on B, which preserves incidence of points on b locks. 

The set of elements in the image of a block is then the set of images of 

the e l ements in the block. The set of a utomorphisms of at-design 

clearly form a group, with permutation multiplication as operation. 

Much of the research accomplished int-designs to this date 

has been directed toward questions of existence and construction of 

t-des i g ns with various parameters, and to a lesser d eg ree toward the 

various g roups which arise as automorphism groups of t-designs. Here 
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we are conce rned with the internal structures of t-designs and their 

relations with automorphism groups. 

Chapter I outlines a theory of decompositions of t-designs 

into normal subdesigns and quotient designs, which is in many ways 

analogous to the theory of normal subgrou ;_)s and quotient groups of groups. 

The results are developed via "regular block homomorphisms" from 

one t-design onto another, which are mappings of de signs which pre-

serve incidence and also have the property that the inverse image of 

any block in the image design is the set of blocks of a subdesign of the 

range design. For a fixed regular block homomorphism, the set of sub­

tle signs which arise iri this manner have disjoint block sets which ex­

haust the block set of the range design, and this property is used to 

d efine a set of normal subdesigns. Given a set of normal subdesigns, 

the point sets of the normal subdesig ns form the blocks of another t­

design on the same points, called the quotient de sign. It is then shown 

that every regular block homomorphic image of a t-de sign is the quo-

tient design produced from the set of normal subdesigns which arise as 

inverse images under the homomorphism. Simple designs are defined 

as t-designs with no non-trivial normal subdesigns, and the results 

allow the construction of "composition s e ries" for a t-design, the con­

cepts again being entirely analogous to those of group theory. The 

hypotheses can be weakened to produce quasi-normal subdesigns, and 

there are strongly simple t-designs, which have no quasi-normal sub­

designs. These also play a role in the construction of composition 

series for a t-design. Some examples of the application of the the ory 

are given , including two 2-designs with ide ntical parameters, each 
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having a doubly transitive automorphism group (on points), yet which 

are non-isomorphic because one has a normal subdesign and the other 

is simple. 

Chapter II applies this theory to the special cases where the 

automorphism group of at-design is transitive on sets of t points of 

the design. First, gene ral permutation groups with this property are 

discussed, especially in the case t= 2. A necessary and sufficient 

condition for such a group to be t-ply transitive is given. Then it is 

shown that any permutation group transitive on sets of t points acting 

upon any subset of points yields a t-design, and the parameters of that 

t-design are computed from the structure of the given group. Finally, 

the "normal structure" of t-designs admi tting such groups is investi-

gated. The result of most value is Theorem 2. 2. 12, which character­

izes simple designs purely in terms of the structure of their automor-

phism groups. Some t-designs are constructed from known groups. 

In Chapter III, the results of Chapters I and II are applied to 

the 2-designs with k= 3 and A. = 2. Such designs are studied in general, 

with examples showing some of the various configurations which can 

arise, but most attention is spent on those designs whose automorphism 

groups are transitive on pairs of points. Various cases are shown to 

be combinations of Steiner triple systems (block designs with k= 3 and 

A.= 1), and the remaining cases are analyzed in terms of their normal 

structure . The major result is the demonstration that any simple de-

sign not a composition of Steiner triple systems either can be con­

structed from a finite near-field of order p or p 
2 

{where p = 1, p - 2 

(mod 3), respectively), or is the unique design with 6 points and 
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automorphism group isomorphic to LF( 2, 5). In the latter case, the 

further assumption that the automorphism group is doubly primitive is 

required. 

The notations used are essentially those of Wielandt [8]: 

sets are represented by capital Greek letters, functions and permuta-

tions by lower case Greek letters, points by numerals or lower case 

Latin letters. Structures, such as groups or designs, are represented 

by capital Latin letters. If G is a permutation group on the set O, 

1, 2, ... , tpointsof O, and rasubsetof O, then G 1 , 2 , . . . ,t' Gr, 

and Gr, l, 2 , ... , t are respectively the subgroups fixing the t points 

1, 2, ... , t; the subgroup sending the set r into itself (not necessarily 

fixing it pointwise), and the subgroup fixing the points 1, 2, ... , t and 

sending the set r into itself. If E: is a collection of orbits of the group 
~ 

G, then G,.... is the permutation representation of G on:=:. If <P is any 

set or group, I iji I means the number of elements in that set or group. 

If T is at-design, we write G(T} for the automorphism group of T. 

We say that G is transitive, primitive, etc. , if G has that property 

when represented as a permutation group on TI(T}. 
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CHAPTER I 

THE NORMAL STRUCTURE OF t-DESIGNS 

1. 1. Homomorphism of t-des igns 

Let T 
1

, T 
2 

be two t-designs. 

Definition 1. 1. 1. 

-+ B(T 2) of the points and blocks of a t-design T 1 into the points and 

blocks respectively of at-design T 
2 

is called a homomorphism if 

whenever a is a point of the block <ii of T 1, then cx,(a) is a point of the 

block cx,(<ii) of T 2• 

This definition appears to be too broad to be of any practical 

use at this time. Of more interest are block homomorphisms and reg­

ular block homomorphisms: 

Definition 1. 1. 2. A homomorphism a from T 
1 

into T 2 is 

called a block homomorphism if ( 1) v (T 
1
) = v (T 

2
), (2) et ( II(T 

1
)) 

= II(T2), and (3) cx,(B(Tl)) =B(T2). 

In short, a homomorphism is a block homomorphism if it is 

1 - 1 onto for points and onto for blocks. Under these conditions, we 

may rewrite the blocks of T 2 using the points of T 
1

, so that a is in 

fact the identity map on the points . From now on, we assume that this 

has been done, so that II(T 1) = II(T 2) and cx,(a) =a for any point a of 

T 1 . T 1 a nd T 2 are then t-designs on the same set of points, and it follows 
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directly from Definition 1. 1. 1 that the blocks of T 2 are set unions of 

· blocks of T 
1

. 

Definition 1. 1. 3. A block homomorphism a. from T 1 onto 

T 2 is called regular if for each t-set A:;: Il(T2) and each two blocks il?
1

, 

-1 -1 
iJ? 

2 
of T 

2 
which conta in A, the sets a. ( il? 

1
) , a. ( il? 

2
) contain the same 

number of blocks containing A. 

An extremely important class of regu l ar block homomor·-

phisms is the block homomorphisms mapping t-designs onto other t-

designs with A. = 1. In these cases the condition of Definition 1, 1. 3 is 

satisfied vacuously. However, to characterize reg ular block homo-

morphisms fully, we have 

Proposition 1. 1. 4. Let a.: T 1 -+ T 2 be a regular block 

homomorphism, and let il? O be a block of T
2

. 

a subdesign of T 
1 

with parameters 

b = b(T 
1
) /b(T 

2
) 

-1 Then (a. (q>
0
), il?

0
) is 

Conversely, suppose a.:T 1 ..... T 
2 

is a block homomorphism and there 

exists a n integer A. 1 = A. '(a) such that for any block iJ? E B(T
2
), 

(a.-
1

(il?), iJ?) is a sub-t-design of T
1 

with A. = A.'. Then a. is regular. 

Proof: Since a. is a block homomorphism, each point of 

each block in a. - l( ili 
0

) lies on iii 
0

, hence a. - l( il?
0

) is a set of k(T
1

)- sets 

from iii 0
. Let Abeat-setfrom il?

0
, and let 9

1
, il?

2
, •.• , il?

5 
(where 

s = A. (T 
2
)-1) be the other blocks of T 

2 
containing A. The sets 
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-1 
a ( if>.) are pairwise disjoint, since a is a function; and since a is 

1 

regular, each set a -l( if> .) contains equally many blocks containing A. 
1 • 

But then this number of blocks can only be A. (T 1)/A.(T2), hence there 

are A.(T
1
)/A.(T

2
) blocks in a.- 1

(q;
0

) containing A, and (a.- 1
(q;

0
), q;

0
) 

is a subdesign of T. Calculation of the other parameters proceeds 

identically. 

For the converse, let A be any t-set of II(T 2) and suppose 

A~ q;
0

, A~ if> 
1

, where if> 
0 

and if> 
1 

are blocks of T 2• By hypothesis, 

-1 -1 (a. ( <P
0
), <P

0
) and (a (<P

1
), q;

1
) are subdesigns of T

1 
with A.= A, 1 for 

each, i.e., there are A. 1 blocks in a - l(q;
0

) which contain A, also A. 1 

-1 
blocks in a ( if> 1) which contain A, and a is then regular. 

-1 
Note that here the subdesigns of T 1 of the form (a. (if> ) , if>) 

(wher e if> runs over the · set of blocks of T 2) comprise a set of subtle signs 

with the same parameters v, k , A,, whose block sets partition B(T 
1
). 

Definition 1. 1. 5. A subdesign T 1 of at-design T is called 

quasi-complete if B(T') ~ B(T) and II(T') ~ II(T). Two subdesigns of a 

t-design are called codesigns if they have the same parameters v, k, A,. 

A quasi-complete subdesign T 1 of T is called quasi-normal 

if there is a set of codesigns including T' whose block sets partition 

B(T), and denoted by T' Zl T. A quasi-complete subdesign T 1 of T is 

called complete if A.{T') = A. (T). A quasi-normal subdesign T 1 of T is 

called normal if A, (T 1) = A, (T), and denoted by T 1 <J T. 

Thus Proposition 1. 1. 4 merely states that a block homo­

morphism a.: T 1 -+ T 2 is regular if and only if (a - l(q;), if>) is a 
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quasi-normal subdesign of T 1 for every if? E B(T 2). The set of co­

designs [(a. - l( if? ), if? >I if? E B(T 2)} constructed here is called the k e rnel 

of a.. 

Corollary 1. 1. 6. If a.: T 1 _, T 2 is a block homomorphism 

-1 
and A.(T 2) = 1, then for any block if? E B(T 2), T' = (a. (if? ), §) is a nor-

mal subdesign of T 
1

. 

Proof: From 1. 1. 4, T' is quasi-normal. Since A.(T 2) = 1, 

if A is any t-set of if?, every block of T 
1 

which contains A must map 

-1 
onto iJ?. This means that a. ( if? ) has A.(T 1) elements which contain A, 

so T 1 <JT
1

• 

There are evens tronger relations between homomorphisms 

and quasi-normal subdesigns, as will be seen next. 

1. 2. Factor D e signs of t-designs 

Proposition 1. 2. 1. L et T be a t-design and suppose T' <i T 

where T 1 , T 2 , ••• , Ts = T' are code signs whose block sets partition 

B(T). Then the pair 

s = ([II(T.) } , 
l i= 1 

Il(T) ) 

is a t-design with parameters 

b = s 

v = v(T) 

k = v(T') 

A. = A.(T) /A.(T') 
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Proof: (IT(T.) }s is clearly a set of s v{T 1
) - subsets of 

l i= 1 
IT{T), which has v{T} points. Let A be at-set of IT{T}. A lies in 

A.(T} blocks of T, but each such block must lie in a unique code sign T .• 
J 

Since each such T. is a t-design and a code sign of T 1
, each such T. 

J J 

has A. {T 1 } blocks containing A. Therefore there are A.(T} /A(T'} co-

designs T. containing A, i.e., A lies· in A.{T} /A(T'} sets IT(T.}. 
J l 

The design T':< constructed in Proposition 1. 2. 1 is called the 

factor d esign T /T 1 by the code signs T 
1

, T 2 , ... , T:. • A quasi-normal 

subdesign can have more than one different set of such codesigns T 
1

, •. 

• • , T , so in general the factor design will depend upon the particular 
s 

choice of codesigns. 

Proposition 1. 2. 2. If T':< is the fa~tor design T /T' by the 

code signs ( T 
1

, .•• , Ts}, then there is a regular block homomorphism 

(calle d canonical} (3: T --+ T':<, with kernel ( T 
1

, . •• , Ts}. 

Proof: Since the sets B{T.) partition B(T}, each block <P in 
l 

B{T} belongs to exactly one B{Ti } , so the map ('.l:<P --+ IT{ Ti ) is well-
( <P } ( <P } 

defined and easily .seen to be the desired regular block homomorphism. 

Theorem 1. 2. 3. If a: T --+ T':' is a regular block homomor-

phism with kernel ( T 
1

, .. . , Ts} , then for any j ( 1 .:S. j .:S. s), T>!< is 

identical with T /Tj by the code signs ( T 
1

, . ... , Ts}. 

Proof: Let \3 be the canonical regular block homomorphism 

from T onto T /T . constructed in Proposition 1. 2. 2. Then it is easily 
J 

verified that for <PE B(T}, 13(.P} = a(<P), so since both 13 and a are onto, 

\ . 
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the blocks of T':' and T /T. are identical. By hypothesis the point sets 
J 

are identical, hence the two designs are the same. 

Thus every regular block homomorphic image of at-design 

T is the factor design of T by the kernel of the regular block homo-

morphism, and every regular block homomorphism is simply a mapping 

of blocks onto code sign point sets. The set of quasi-normal subdesigns 

of a t-design thus gives complete information about the various regular 

block homomorphic images possible, and conversely. For further in-

formation on these two sets, we have 

Proposition 1. 2. 4. If a.: T ~ T ':: is a regular block homomor­

phism, then for any quasi-complete (complete) subdesign T 1 of T':', 

-1 -1 
a. {T 

1
) = (a. (B( T 1), IT(T 1)) is a quasi-complete (complete) subdesign 

of T with A. = A. ( T) · A.( Tl) /A ( T'::) . If T l ~ T~' (Tl <l T'::) , then 

a -
1 

( T 1) <J T (a - l ( T 1) <l T). 

Proof: Consider B( T':') as the point sets of the code signs in 

the kernel of a {Theorem 1. 2. 3). B{T 
1
) is then the point sets of a sub­

-1 
collection of code signs of the kernel, and B' =a (B( T 

1
)) is simply the 

collection of blocks in that subcollection of codesigns. L et A be a t - set 

of IT( T 
1
). A then lies 

for each such block ii? 

A {Proposition 1. 1. 4) . 

on A. (T 1) blocks of T 1 , but since a. is regular , 

of T 1 , a.- 1
( il?) has A. (T)/A(T':' ) blocks containing 

-1 
The sets a ( ii? ) {whe re ii? runs over the blocks 

of T 
1 

containing A) are disjoint, hence A lies on A. (T) · A.{T 
1
) /A(T':') 

blocks of B'. a -
1

{T 1) is then quasi-complete in T. If T
1 

is com-

... . -1 -1 
plete in T···, then A. {T

1
) = A. ( T"'), so A.(a (T

1
)} = A. (T) and a {T

1
) is 

,,.._, ..... 
complete in T. If T 

1 
<J T"', T 

1 
has a set of code signs [ T 

1
, ... , Ts } 
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whose block sets partition B(T':'). But then the designs [a-
1
(T

1
), 

-1 -1 .. , a (Ts)} are a set of code signs of a (T 1) whose block sets par-

tition B(T), hence a-\ T 
1

) <i T. If T 
1 

<J T':c, then T 
1 

is complete in 

~ -1 
T''', so from above a (T

1
} is complete in T, hence normal in T. 

1. 3. Composition Series and Examples 

These results allow the construction of composition series 

for t-designs, which are helpful in constructions. We say at-design 

is simple if it has no non-trivial normal subdesigns, strongly simple 

if it has no non-trivial quasi-normal subdesigns. For any block P of 

a t-design T, the t-design T' = ( [ P}, P) is, of course, always quasi-

normal in T, but T /T' is simply T again by direct computation, and 

so such one-block designs are considered trivial. A simple design 

with A. = 1 is strongly simple, also, because a quasi-normal sub-

design would also have A. = 1. 

Given a t-design T, let T 
1 

= T, and for i > 1, define Ti 

recursively as a maximal normal subdesign of T. 
1

, until some T 
i- m 

is simple, so 

Proposition 1. 2. 4 and the maximality of T. in T. 
1 

imply the sim-
J J-

plici ty of T/Tj+l for .j = 1, 2, 3, ... , m-1. From Proposition 1. 2.. 1, 

t..(T . /T . 
1
) = /...(T.) /A.(T. 1) = 1, so from the remark above, T./T . 

1 
is 

J J+ J J+ J J+ 

also strongly simple. T is simple by construction, but not neces­
m 

sarily strongly simple, so we may continue, letting T . be a 
m+1 
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maximal quasi-normal subdesign of T . 1 for i > 0, until some 
m+t-

strongly simple subdesign T is constructed, completing a compo-
m+q 

sition series for T: 

T = T
1

[> T
2

e> ••• e> T [;.T 
1

[; .•. D'. T 
m m+ m+q 

Again Proposition 1. 2. 4 and the maximality of T . in T . 1 can 
m+1 m+1-

be used, here to show directly that T . 
1 

/T . is strongly simple 
m+1- m+1 

for i = 1, 2, ••. , q. We have shown 

1) 

2) 

3) 

T/Ti+l · is strongly simple for 1 .S. i .S. m+ q - 1, 

T . is a minimal normal and simple subdesign, 
m 

T is a minimal quasi-normal and strongly simple 
m+q 

subdesign, 

4) A. (T/Ti+l) = 1 for l.:s_i:s_m-1, 

5) 1 < A. ( T . IT. 
1

) I A. ( T) for m .S. j .S. m + q - 1 , 
J J+ 

6) A.(Tm+q)jA.(T), 

7) k( T. IT. 1) = v ( T. 1) for 1 _< i _< m + q - 1 • 
1 i+ i+ 

These conditions suggest the importance of normal and quasi-

normal subdesigns and imply that to construct all t-designs with a 

given k and A., it is sufficient: 

1) to know all simple designs with the g iven k and A., and all 

simple designs with A. = 1 or 

l ') to construct all strongly simple designs with A.' dividing 

the given A., 

and 2) to be able to solve the extension problem for t-designs, 

i.e. , given two t-designs T 
1 

and T 
2 

such that 
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II(T 
1
) E B(T 2), construct all designs T such that T 

1 
<J T 

and T /T 1 = T 2 for some set of code signs of T 
1

. 

Neither of problems 1) or 1 1
) have been solved except under 

very special circumstances, but 2) is solve d completely by the follow-

ing generalization of a result of Hanani: 

Theore m 1. 3. 1. L et T 1 and T 2 be any two t-designs such 

TI(T 1) E B(T2). Then if B(T2) =[ 'Pi}~=\ (s ay TI(T 1) = 1P 1), T~ = T 1 and 

for each i > 1 T ~ is at-design with the same parameters v, k, A. as 
1 

T 
1

, written on the points of ip i, then 

is at-design such that a) T
1 
~T, and b) T/T

1 
by the codesigns [T~} 

is T 2• Conversely, any t-design T with properties a) and b) can be 

constructed in this way. 

Proof: L et A be a t-set of TI(T) = TI(T 
2
). 

blocks of T 2 , and for each such block ip j, A lies on 

I 

A lies on A.(T 
2

) 

A.(T 
2

) blocks of 

T ., each of which is a distinct block of T, hence A lies on 
J 

A. (T 1) · A. (T 2) = A. (T) blocks of T, hence T is at-design. By con-

struc tion, [T'.} is a set of codesigns whose block sets partition B(T), 
1 

hence T 1 ~ T. By definition (see Proposition 1. 2. 1), T /T 
1 

by the 
b b 

codesigns [T'.} 2 is ([II(T.)} 2 , II(T)). But TI(T) = TI(T
2

) by con-
1 i= 1 1 i= 1 

struction, also TI(T.) = 'P. by construction, hence 
1 1 
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Conversely, suppose there is at-design T'~ such that 

T 
1 

::;:] T'~ and T':~ /T 
1 

= T 
2

. Let 13 be the canonical regular block homo­

morphism from T':~ onto T':~ /T 
1 

(Proposition 1. 2. 2). Since T':~ /T 
1 

. b2 
= T

2
, 13 maps T"~ onto T 2. Let B(T 2) = {ii?.}. , and set 

l l= 1 

T'. = (13 - 1(<.P.), <I?.) (see Proposition 1.1.4). Thenthe construction of the 
l 1 1 ... 

first part of the argument yields T ... again. 

In particular, the problem of "extending" T 
1 

by T 
2 

can al-

ways be solved in at least one way if TI(T 1) E B(T 2), if oniy by letting 

each T~ be isomorphic to T 
1

, only written on the points of some other 

block of T 2• 
I 

On the other hand, the Ti need not be isomorphic to T 
1

, 

but since each T'. is itself quasi-normal in the constructed design, this 
l 

means that the composition series for t-designs are not unique. For 

example, if T'. is not isomorphic to T '. for some i 
l J 

and j, then the 

design T would have the two non-equivalent series 

Te> T'. 
l 

Te> T'. 
J 

The set of composition series is, however, an isomorphic 

invariant, and this fact can be used to distinguish between non-

isomorphi c t-designs with identical parameters. For example, Figure 

la shows the blocks of a 2-design D with parameters v = 13, b = 52, 

r = 12, k = 3, A. = 2. The blocks on each line of the figure form a sub-

design n
4 

with b = v = 4, k = r = 3, A. = 2, hence a normal subdesign, 

since the subdesigns of the various lines are all codes i gns. The quo-

tient de sign is shown in Figure lb. It is isomorphic to the projective 

plane of order 3, hence we have the composition series for · D: 



15 

DC> D 
4

, D/D
4 
~ PG(2,3) 

(Each of D
4

, PG(2, 3) is strongly simple}. 

Figure 2 shows the blocks of another 2-design, D', with the 

same pararneters. This design is simple, as will be shown in general 

late.r, but not strongly simple, as the blocks in the two columns on the 

left form a Steiner triple system S with parameters b = 26, v = 13, 

r = 6, A. = 1, as do the blocks in the two columns on the right. The quo­

tient design is the 2-design T with 13 points and two identical blocks 

consisting of all 13 points each: 

D
1 
[; s D' /S = T 

The two designs D and D 1 are then clearly nonisomorphic. 
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abd abj adj bdj abdj 
bee bek · bek eek beek 
edf edl cfl dfl cdfl 
deg dem dgm egm de gm 
aef aeh afh efh aefh 
bfg bfi bgi fgi aefh 
cgh cgj chj ghj eghj 
dhi dhk. dik. hik. dhik 
eij eil ejl ijl eijl 
fjk fjm flan jkm fjk.m 
agk agl ak.l gk.l agkl 
bhl bhm blm hlm bhlm 
aei acm aim cim acim 

la lb 

Figure 1 

aei bfe dlj hkg 
bdf cgf emk ilh 
eek dhg fal jmi 
dfl eih gbm kaj 
egm fji hca lbk 
fha gkj idb mcl 
gib hlk jec adm 
hjc iml kfd bea 
ikd jam lge cfb 
jle k.ba mhf dgc 
kmf lcb aig ehd 
lag mdc bjh fie 
mbh aed eki gjf 

Figure 2 
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CHAPTER II 

t -PLY HOMOGENEOUS GROUPS AND t-DESIGNS 

There is a class of permutation groups closely associated 

with certain t-designs. These are the permutation groups whose in-

duced representation on unordered t-sets is transitive. If a t-design T 

admits such a group of automorphisms, its structure becomes much 

more regular, and in particular the normal subdesigns of T can be 

determined solely by examination of the group. Other relations exist 

between the design ·and various subgroups of the group. 

2. 1. t-ply Homogeneous Groups 

Let G be a group of permutations of the set O. Then for 

ii> S: O and a. E G, we write 

so G acts as a p ermutation group on the unordered k-sets of O for any 

k.:::;, I ol = n. If some union of orbits of the representation of G on 

k-sets forms at-design, then G is by definition an automorphism group 

of that design. 

Definition 2. 1. 1. G is called t -ply homog e neous if for any 

two t-sets of O, say ii> 
1 

and ii> 2 , there exists an a. E G such that 

a. 
<P 

1 
= ii> 2. The subgroup sending <P into itself is called G <i> . 
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Clearly any t-ply transitive group is t-ply homogeneous, but 

there do exist groups which are t-ply homogeneous but not t-ply tr an-

sitive, for example, the group on seven letters generated by 

x = {abcdefg) 

y = (a){bce){dgf) 

Such groups are called strictly t-ply homogeneous, 

t-ply homogeneous groups have been studied for some time, 

e.g., in [2]. D. R. Hughes [7] has shown that at-ply homogeneous 

group is (t-1)-ply transitive if the group is of sufficiently large degree. 

A relation between t-ply homogeneous groups and t-ply transitive groups 

is given by 

Proposition 2. 1. 2. Let G be t-ply homogeneous on the set 

o. Then G is t-ply transitive if and only if for some t-set B c O , 

B B 
G ~ S , the symmetric group on B. 

B 

Proof: The necessity of the condition is obvious. To show 

t 
its sufficiency, let B = [b.} . We shall show that for any ordered 

1 i= 1 
t 

t- set C = [ c. } , 
1 i= 1 

there is an a E G such that b°' = c. for 1 < i < t. 
i 1 - -

Since G is t-ply homogeneous, there is a (3 E G such that B (3 = C. Let 
- ' -1 

b _,,_ . = c '!--
1.· 1 

By hypothesis, then, there is a y E GB such that b~ ~~ bi Y 
. ,· a 

and if a is set equal to y (3 , b. = c . 
1 1 

transitive. 

for 1 _:: i _:: t, and G is t-ply 

For t = 2, the condition is readily applied: 
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Corollary 2. 1. 3 . A 2-ply homogeneous group is 2-ply 

transitive if and only if it has even order. 

Proof: If G has even order, there is an involution a. E G: 

a.= (a,b), ... 

and then 

[a,b} 
G = [I , (a, b) } 

[a,b} 
= S [a, b}, 

\ / 
so G is doublE( transitive. 

Conversely, if G is double transitive of degree n, the even 

number n(n-1) divides the order of G, since it is the index of the 

stabilizer of two points. 

Proposition 2. 1. 4. If the group G of degree n is strictly 

2-ply homogeneous on O, then 

i) G has rank 3 

ii) G is primitive 

iii) 
n-1 

G
1 

has orbits of length 1, 
2 

iv) .. n = 3 (4) 

v) G is solvable 

vi) n is a prime power pr 

n-1 
2 

vii) G contains a r egular normal minimal elementary 
Abelian subgroup N. 

Conversely, any rank 3 group of odd order is strictly 2-ply homogeneous. 

Proof: i) If i and j are any two distinct points of o and a 

is a third point, there exists a. E G: [a,i}a. = [a,j}. If aa =a, ia = j, 
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set p =a. If aa = J, ia =a, set 13 = a
2

. Then p takes i into j and 

G is transitive. If 1 E O, we compute the orbits of G 1. For 2 E C2 -

Gl 
[ 1}, set r = 2 r =I 0. -[ 1}, because G is not doubly transitive, so 

we can pick a j E 0 -£1}-r. If ru [l} U [j} = O, G 1 has those thr ee 

sets as orbits so G is of rank 3. Otherwise , there is a further point 

kin o-[l,j}-r. We wish to show the existence of an element fixing 
G 

1 and carrying j. into k, so G 1 will have the three orbits 1, r, j 1. 

k. (/;_ r. so there is no element of form 

(

1 2, . .. \ 

1 k, ... ) 

in G, hence an element taking ( 1, 2} into ( 1, k} must be of form 

Arguing identically on j, we get the element 

= (~ 2, .. •) 

J 1, ... 

in G, and 

= (1 j ' .. •) 

1 k' ... 

is in G 
1

, hence G has rank 3. 

ii} A rank 3 group of odd order is primitive (Higman, [6] ). 
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iii) 16. 5 of Wielandt, [ 8] implies the orbits of G 1 other than 

[ 1} have the same length. 

iv) G is transitive on unordered pairs. There are n(n-1) /2 

of these. n and this number must divide !'GI, hence both are odd, and 

n = 3 (mod 4). 

v) Feit-Thompson. 

vi) 11. 5 of Wielandt, [8]. 

vii} 11. 5 of Wielandt, [8]. 

Convers e ly, suppose G is . a rank 3 group of odd order. 16 . 5 

of Wielandt implies that the lengths of the orbits of G
0 

are 1, (n-1) /2, 

(n-1)/2 (where n is the degree of G). 3. 2 of Wielandt implies that the 

l ength of the orbit of [ 0, 1} by G is [ G:G [ 0 , 1} J . There is no element 

of G interchanging 0 and 1, so G[O, l} = G 0 , 1 , hence [G:G[O, l}J 

= [G:G0 , 1 ] = [G:G0 ]· [G0 :G0 , 1 ] = n· ¥. whichever orbit of G
0 

1 

lies in. Hence G carries [O, l } into n(n-1) /2 different unordered 

pairs. Since there are only n(n-1) /2 unordered pairs in all, G is 2-

ply homogeneous, and strictly so because I Gj is odd. 

There are many such groups, for example: Let G be the 

sharply doubly transitive group of linear substitutions z -+ a z + b (a f. O) 

in a near-field K, where K is of order pr = 3 (4). Then G has order 

r r 
p (p -1) = 2 (4) . This is twice an odd number, so G has a subgroup 

· G >!< of index 2, and G::< is strictly (sharply} 2-ply homogeneous on the 

points of K. 
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2. 2. t-designs with t-ply Homogeneous Groups 

Theorem 2. 2. 1. L et G be a t-ply homogeneous permuta-

tion group on O· Then for any ip ::;: (), the pair 

is a t-design admitting G as an automorphism group w i th parameters 

v = l o l . b = [G:G<p], k = I ip 1. 

k ( ~) IG I 
r = - [G:G_ ], A. = 

f1,2, ... ,t} 
v <P 

IG<!?I 

Conversely, any t-design T' admitting G as an automorphism group 

is a union of de signs of this form. 

Proof: By definition of G as a permutation group, ( ipa.} is 

a set of k-subsets of o . [G:Gip J is the le ngth of the orbit of ip under 

G, h ence the number of distinct sets ipa. is [G:G_ ]. 
<P 

Let A beat-set of O · W e wish to count the number of dis­

tinct sets ipa. such that A::;: ipa. . For any such set <pa. , (i~a.) l3 = ipa. for 

-1 
any 13 E G ipa. = a. G ip a,, so there are I Gip I group elements for each 

such set <pa. 

We now count the number of group e l ements a. such that 

a. -1 Ac <]?a.. But f or each such a. , ~ c ip , so we may count the number 

of group elements a. such that Aa. .::::_ ip . But there are (~~ t-sets of <P • 

and the image of A can be any one of them. Furthermore, for each 

possible image, there are I G Al = I G ( l, 2 , ... , qi group elements sending 
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A into that image. Hence there are (~) · I G [ l, 2 , ... , t) I group e le­

ments a in all with AS <I>a , or 

IG I ( ~~ \ ___ r _1 __ , 2_,_. -· -· -' t_.}_ 

} I G <I> I 

such distinct sets 'Pa. Thus T is a t-design, and the value for r fol-

lows by similar computation. 

For the converse, suppose G has orbits r l' ... , r u on 

the blocks of T '. Picking arbitrary blocks ill 1 , <P 2 , ••• , 'Pu such that 

<P . Er. for l < i < u, the fir st statement of the theorem shows that 
1 1 - -

T. = (r., o) must be a subdesign (quasi-complete ) of T', and since 
1 1 

r. n r. = ¢ if i .:J j, T' =(Ur., o) by construction. 
1 J i 1 

The t-design constructed in Theo.rem 2. 2. l is called the 

f G 
. G 

action o on <I> , written <I> • Theorem 2. 2. 1 has many applications 

tot-desi g ns admitting such groups of automorphisms. For the r e -

mainder of this chapter, let T be a t-de sign, and let G be a t-ply 

homogeneous group of automorphisms of T. 

One immediate and useful result is 

Theorem 2. 2. 2. If f.. (T) = 1 and <I> is any block, then G <P 
Q 

is t-ply homogeneous. 

Proof: L et A and B be any two t-sets of <I> . There is an 

a E G such that Aa = B. Alpha must then send all blocks containing A 

into blocks containing B. But since f.. = 1, cI> is the only bloc k contain-

ing A , also the only block containing B. Therefore a must send cI> 

into ii> , so a E G _, which is then t-ply homogeneous. 
~ 
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The normal structure oft-designs with such groups is readily 

d e termined. The following hold for any t-design: 

Lemma 2. 2. 3. Let T 
1 

and T 2 be two complete subdesigns 

of T. The n T' = (B(T 
1
) n B(T 2), IT(T 

1
) n IT{T 2)) is either a trivial 

pair with no blocks and less than t points, or a complete subdesign of 

T. 

Proof: If IT = IT(T 
1
) n IT(T 

2
) has t or more points, there is 

at-set A.£ IT(T
1
) n IT(T 2). Since T

1 
and T 2 are both complete, the 

A.(T) blocks of T containing A are all in both T 1 and T 2 , so there are 

A.(T) blocks in B(T 1) n B(T 2) = B. This also holds for any t-set in IT, 

so T 1 is a complete subde sign. 

By simple induction and the associativity of intersections, 

Lemma 2. 2. 3 can be extended to any finite number of complete subtle-

signs, so for any set of complete subdesigns T 1 , T 2 , ••• , Ti, f) 
l 

= (n B(T.), nrr(T.) ), is a lways either a complete subdesil2'.n 
i l i l ~ 

or no blocks and less than t points. 

Definition 2. 2. 4. For any t-set Ac IT(T), let T 
1 

(A), 

T 
2

(A), ••• , T n(A} be the complete subtle signs of T such that 

T. 
l 

A.£; IT(T.(A} }. Then the subdesign generated by A is written T(A) and 
l 

defined to be n T. (A). 
i l 

This is, of course, always a complete subdesign, because 

AS ('I II(T 
1 
(A)), which then has at least t-points. Returning now to 

l 

the special case of at-design with t-ply homogeneous group, the 
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following results show the importance of the subdesigns of the form 

T(A). 

Proposition 2. 2. 5. For any a. E G, [T(A) ]a.= T(Aa.). In 

particular, T(A) is isomorphic to T(B) for any t-s e ts A, B ~ II(T). 

Proof: Alpha sends every complete subde sign containing 

A into one containing Aa., hence [ T(A) J a.~ T(Aa.). By the same argu-

a. a. a.-1 a. [ ]a. ment on T(A ) , [T(A J J :: T(A), or T(A ) ~ T(A) , hence 

T(Aa.) = [T(A) J a.. To show the isomorphism of T(A) and T(B), let p 

be any automorphism s e nding A into B. Then [T(A) ]13 = T(Al3) = T(B), 

and 13 is the required isomorphism. 

Theore m 2. 2. 6. L e t T 1 b e any complete subdesign of T 

(:?2:, T its elf). Then for any A.:: II( T 1), T(A) <l T 1. 

Proof: W e shall show that the various distinct subde signs 

T(A.) (A. at-set in T
1
) are code signs whose block s e ts partition 

1 1 

B(T 
1
). From Proposition 2. 2. 4, they are all isomorphic, hence they 

are code signs. Their block sets obviously exhaust B(T 1). Suppose 

now that B(T(A)) and B(T(B)) have a block <P in common.· But the·n 

the re would be at-set C ~ <P , and since T(A) and T(B) are comple te, 

by definition T(C) .S T(A) n T(B). Since T(C) is isomorphic to T(A), 

also to T(B), the only possible conclusion is T(B) = T(C) = T(A), a nd 

so if T(A) =J T(B), B(T(A)) n B(T(B)) = ¢, and the block sets partition 

B(T
1
), and all subdesigns T(A) are normal in T

1
• 

Note that if A.(T) = 1, T(A) = ([ ip }, <I? ), where <P is the single 

block containing A. For A.(T) > 1, T(A) must be non-trivial, and we 

have 
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Theorem 2. 2. 7. If A. ( T) > 1, T is simple if and only if T 

contains no non-trivial complete subde signs. 

Proof: Every normal subdesign is complete, so the condi-

tion is sufficient. Conversely, suppose T contains a non-trivial 

proper complete subdesign T 1. Then for any t-set A~ II( T 1), T(A) 

:::; T 
1 

c T, so by Theorem 2. 2. 6, T{A) is a non-trivial normal sub-

design of T. 

Theorem 2. 2. 8. Each T{A) is simple. 

Proof: Suppose Tl <J T{A). Then A.(T 1) = A.(T(A)) = A.{T). 

If B is any t-set in IT(T 1), T(B) .::; T 
1 

by definition, and from Theorem 

2. 2. 6, T{B) <J T 
1 

<J T{A). Since T(B) is isomorphic to T{A) from 

Proposition 2. 2. 5, we can only have T{B) = T 
1 

= T(A). Therefore 

every normal sub de sign of T(A) is T{A), and T{A) is simple. 

Theorem 2. 2. 9. If A. {T) > 1, eve ry simple complete sub-

design T 
1 

of T is a T(A) and so is normal in T. In particular, if T 

is simpl e , T = T{A) for every t-set Ac TI(T}. 

Proof:· Let A 1 be a t-set in II(T 1). From Theorem 2. 2. 6 

applied to T 1, T(A 1) <J T 1, and since A.(T(A 1)) = A.(T 1) = A.(T) > 1, 

T(A 
1
) is a non-trivial normal subdesign of T 

1
, hence the simplicity of 

T 1 implies that T 1 = T{A 1). 

Given a design T, the subdesigns of the form T{A) are rel-

ative l y simple to construct: one simply takes all the blocks containing 

A and all the points on those blocks, then continues the same process, 
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using new t- sets from the new blocks to produce newer blocks, until 

each t-set in the points produced already occurs A.(T) times in the 

blocks already found. However, the subdesigns T(A) can be found di-

rectly from examination of the automorphism group: 

Theorem 2. 2. 10. If T 1 is a simple complete subdesign of 

T, 

1) GIT(T 
1
) is t-ply homogeneous on IT(T 1), 

2) G <P S GIT( Tl) for any <P E B( T 1), and 

3) GA_sGIT(Tl) for any t-set AS IT(T 1). 

Proof: T 
1 

is equal to T(A) for any t-set AS IT(T 
1
). There­

fore any automorphism which sends a t-set A.= TI(T 1) into another t-set 

B.:: IT(T 
1
) also sends T 

1 
= T(A) into T(B) = T 

1
, i.e., fixes T 

1
. 

1) Let A, B be two t-sets in IT(T 1). There is an a. E G such 

a. a. . G that .P;. = B. By the above argument T 1 = T 1 , so a. E IT( T ) . Since 
1 

A, B were chosen arbitrarily, GTI(T 
1
) must be t-ply homogeneous on 

TI(T 1). 

2) L et a. E G il? be arbitrary. Alpha then sends any t-set of 

ii? into another t-set of <P . Since <I?.= TI(T 1), these two t-sets are in 

TI(T 1), so the above argument applies to a. here, so a. E GIT(T
1
). 

a. was chosen arbitrarily, Gil?.= G IT(T )" 
1 

Since 

3) Any a. E GA sends A into itself, so again by the above 

argument, a. E GTI(T 
1
)" 
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The or em 2. 2. 11. L et T 1 be a simpl e complete subdesign 

of T. Th f h bl k f T T 1 
= "'Gn( T 1). en o r eac oc qi .?_ l ' 'i' 

Proof: From Theorem 2. 2. 10, H = G TI(T ) is t-ply homo-
1 

geneous on TI(T 
1
), hence by Theorem 2. 2. 1, T' = qi H i s a t-des ign 

and a subdesign of T. We now calculate the parameters of T' from 

Theorem 2. 2. 1. 

k(T') 

A.(T') 

since His transitive on TI(T
1
). 

= k(T 1) by definition. 

= ( 1~) !HAI where A is any t-setin TI(T
1
). 

t I H q; I 

But from Theorem 2. 2. 10, HA= GA and H qi = G q; , h e nce 

jG I 
A.(T') = ( k ) __..!:._ = A. (T) = A. (T 1) 

t I G qi I 

T' is then a subdesig n of T 
1 

with the same parameters, h e nce must 

be a ll of T 1. 

These results lead to a convers e of Theorem 2. 2. 10 and a 

characterization of simpl e t-designs purely in terms o f their a uto-

morphism groups : 

Theorem 2. 2. 12. L et A be any t-set of II( T ), l et <ii be any 

b l ock of T, and s uppose ·.A_ ( T ) > 1. Then T is ·simpl e i f and only if G 

contains no prope r subg r oup: H such that 

., 
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1) GA c H , 

2) Gq; c H , 

3) H is t-ply homogeneous on the points in the t-sets AH . 

Proof: If T has a proper normal subdesign T':<, then T':< 

has a codesign T' containing qi and so A. Since T' is also normal, 

it is complete, therefore T(A) ::; T' is a proper simple complete sub-

design of T, and from Theorem 2. 2. 10, H = GTI( T(A)) satisfies 1), 

_H 
2), and 3). Conversely, suppose such an H exists. Then <P is a 

subdesign by Theorem 2. 2. 1. 

= (~) = (~) = A.(T) 

b f _H . 1 t as e ore, so <P is comp e e. But then T(A) ::; q;H is a proper non-

trivial normal subdesign. 

We can also relate the quotient designs of T to the group G: 

Theorem 2. 2. 13. If T 
1 

is a simple normal subdesign of 

T, then 

Proof: T 1 = T(A 1) for any t-set A 1 in TI(T 1), furthermore, 

all code signs of T 1 must also be of the form T(Ai), 1 < i < m. There-

fore, 
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But from Proposition 2. 2. 5, for every a. E G and every i, [T(A.) ]a. 
1 

a. . a. a. 
= T(A. ), so [IT(T(A.))] = IT(T(A. )), and G permutes the sets 

1 1 1 

IT(T(A.) ). Furthe rmore, G is t -ply homogeneous, hence for each i 
1 

a.i a.. 
there is an a.i E G such that A 1 =Ai' so [IT(T(A1))] 

1 = TI(T(Ai)). 

a. m 
Thus the sets [[TI(T

1
)]} are exactly the sets [TI(T(A.))} , 

a. E G 1 i= 1 
G 

and T/T
1 

= [Il(T
1
)J . 

Theorem 2. 2. 14. Let T 1 be a simple complete subdesign 

of T. Then 

G(T) c G(T/T
1
). 

Proof: T 
1 

= T(A) for some t-set A. By Proposition 2. 2. 5, 

any automorphism of T permutes the various sets T(A.), hence from 
1 

Theorem 2. 2. 13, every automorphism of T permutes the blocks of 

Note that this inequality may indeed be strict, because a 

permutation on II("T) could permute the sets Il(T(A.)), but not the 
1 

actual blocks of the sub de signs T(A.). However, we do have that the 
1 

group of T /T 
1 

is t-ply homogeneous, hence the previous analysis 

applies to T /T 1 and G(T /T 1), and by continuation, the complete nor-

mal structure of T may be derived from the groups of the various 

normal and quotient de signs. 

2. 3. Some Constructions of t-designs from Known Groups 

By Theorem 2. 2. 1, many t-designs can be constructed from 

a given t-ply homogeneous group, but many of these will be trivial or 

uninteresting, because the parameters b and A. are exceedingly large by 
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comparison with· v and k respectively. For example, the Mathieu 

group M
12 

is quintuply transitive on 12 letters, and it is not difficult 

to show that M
12 

is t-ply homogeneous for all t between 1 and 12, 

except for t = 6. Thus il?M12 will be the trivial design of all I iJ? I -sets, 

M 
unless I ip I = 6, in which case iJ? 12 is one of the well-known few 5-

designs. Inspection of the formulae for b and A. in Theorem 2. 2. 1 

yields the information that a de sign of the form iJ? G will only h ave 

reasonable parameters if Gil? is quite large in G. In the extreme case 

of iJ? G being a symmetric design, we must have I G iJ? I = I G
0 
I. Such 

subgroups appear to be quite scarce. For example, we have 

Proposition 2. 3. 1. Let G be a 2-ply transitive permuta-

tion group on o, and suppose G has a subgroup H such that H is 

2-ply transitive on an orbit r. and if 0, 1 are any two points of r. 

2r r 
IHI= jG0 j and GO,l cH. Then v =I ol = p + p + 1 for some 

prime p and some integer r >0, k= lrl =pr+ 1, and G is isomor-

phic to a subgroup of LF(3, pr). 

Proof: 
G 

We apply Theorem 2. 2. 1 to r . Since HS:: Gr, 

b(rG) = [G:Gr].:::. [G:H] = v, so b.:::. v, also from 2. 2. 1, 

A. = (; ) IG{O.l} I = 

I Gr I 

2 
k - k 

2 

Gr is surely doubly transitive on r. so 

A. = < = 1 
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0 1 G H b d r G · . 2 d · Since A.> , A. = , r = , = v, an i s a symmetric - es1gn 

wi th A. = 1, o therwise known as a p ro j e ctive p l a n e . Sin ce the col­

lineation (automorphism) group of r G contains the doubl y t ransitive 

(on poin ts) g r o u p G , r G m u st b e D esargues i a n and can be coord inat­

ize d by a finite field with pr elements for some prime p and integer 

r > 0 . T he grou p of such a plane i s L F ( 3 , pr) , and so G is by con-

r 
structi on isomorphic to a subgroup of L F ( 3 , p ) . 

Some interesting 2 - designs (balance d incomplete block de -

signs), can be constructed from known groups . A doubly primitive 

group is one which is doubl y transitive and whose subgroups fixing a 

point are primitive on the remaining poi nts . 

Theorem 2 . 3. 2 . Let G be doubly transitive but not doubly 

primitive, and let r be a non- trivial block of G
0

. Then rG is a 

block desig n with A. I k -1. 

Proof: L et 1 be a point of r . It is well known (see,e. g., 

[5] , pp. 64- 65) that GO, r is transitive on r, and that G
0 1

.::: G
1 

• , .r 
Hence the g roup Go, r of orde r k· I Go, i i is a subgroup of Gr'. Gr 

is transitive on r' and from 2. 2. 1, 

(~ ) I G£0, qi k(k-l)IG0 1 1 (k - l)jGO ii 
A. = = ' = ' 

jGrl I G r I I G r, i i 
k - 1 

= (Gr, lr 
GO 1 

' 

Since G 0 1 c Gr 1 , the denominator is an i nteger, and A. I k-1 . 
' ' 
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CHAPTER III 

BLOCK DESIGNS WITH k = 3 AND A. = 2 

In this chapter we consider 2-designs (ba lanced incomplete 

block designs) with k = 3, A. = 2, especially with r egard to their nor-

mal structures and automorphism groups. Let D be such a design, 

and let G be its group of automorphisms. General equations on para-

m eters of block designs yield 

r = v-1, 

b = v(v-1) 
3 

Thus necessarily v i 2 (mod 3). Bhattacharya [ 1 J has shown that 

this condition is sufficient for the existence of D with v points by con-

structing such designs for v = 6t + 4 and v = 6t for all t. Designs with 

v = 6t + 1 and v = 6t + 3 can r eadily be constructed by taking each 

block of a Steiner triple system on v points twice. Steiner triple sys-

terns w ith 6t + 1 and 6t + 3 points exist for all t (see Hall [ 4 J, pp. 

237-241). Thus designs exist for all vi 2 (mod 3). However, with a 

few exceptions, the automorphism groups of the known designs are 

relatively small. 

3. 1. The Operator T 

Definition 3. 1. 1. The functio n r, from the set of unordered 

pairs of points of D into the set of pairs of points of D is defined for 

a pair (a, b) (a:/b) as follows: 
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Let the two blocks of D containing a and b be 

ab c 

ab d 

Then T(a, b) = (a, b)T = (c, d). If c = d, we still consider (c, c) as a 

"pair. 11 Tau is undefined on such pairs. 

Theore'm 3. 1. 2. A p e rmutation a of the points of D is an 

automorphism of D if and only if a commutes with T on the unordered 

pairs of points. 

Proof: Let (a, b) be an arbitrary pair, lying on the two 

blocks 

a b c 

ab d 

If a is an automorphism of D, we have the two blocks 

( ) Ta ( a ( a a) ( a a T a T hence a, b = c, d) = c , d = a , b ) = (a, b) and a commutes 

with T on the unordered pairs. 

Conversely, suppose aT =Ta on unordered pairs. We need 

to show that if (a b c) is any block of D, then aa ba ca is also a block 

of D. Let (ab d) be the other block of D containing a and b, and 

let 
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be the two blocks of D containing aa and ba. Then 

hence either ca = i or ca = j, but in either· case aa ba ca is a block 

of D. 

Thus the automorphism group of D can be computed directly 

from r. Tau has a further property of general interest: repeated 

applications of r to pairs from a set ?.:: will yield the smallest com-

plete subde sign containing >-; : 

Theorem 3. 1. 3. Let l: c II(D) be a set of at l east two points -- -
with the following property: If a pair (a, b) of distinct points is in l:, 

then (a, b) r is also in l:. Then l: is the set of points of a complete 

subdesign. 

Proof: L et B 
1 

be the set of blocks of D whose points are 

all in l:. We need to show that (B 1,z::) is a complete subdesign of D, 

i.e. , fo r any pair x, y E l:, x ~ y, there are 2 blocks of B 
1 

containing 

x and y. But by hypothesis, (x, y) T = (a, b) is in l:, so the blocks 

xya 

xyb 

lie in B 1. Since I z::j 2: 2, B 1 is non-void, and (B 1 , l:) is indeed a 

comple te subdesign of D. 

If S satisfies the hypothesis of 3. 1. 3, l: is said to have 

"the r-prope rty. II 



36 

3. 2. Designs with 2-ply Homogeneous Groups 

In this section, we assume throughout that G, the automor­

phism group of D, is 2-ply homogeneous on II(D). We wish to classify 

and analyze all such designs. In some cases, the problem is reduced 

to a similar problem for Steiner triple systems which has larg e ly been 

solve d (see M . Hall, [ 4] ). (In part 4 , the simple designs in the re­

maining cases are dete rmined, with one possible exception.) Under 

the assumption of a 2-ply homoge neous group, the r-function is much 

b etter behaved, and we can readily dispose of two important cases: 

Theorem 3. 2. 1. If any block of D is r epeated, then D is 

two copies of a S teine r triple system S. We have S <i D, and D/S is 

the trivial b=2, v=v(D), k=v, r=2, A. =2 des i g n consisting of two blocks , 

each containing all points . 

Proof: Suppose we have the two distinct blocks 

x, y, z 

x, y, z 

Let (a , b, c) be any other block. We need to show that there are two 

blocks (a, b, c), (a, b, c). L e t (a, b, d) be the other block of D contain­

ing a and b. By hypothesis there is an automorphism a. carrying (x, y) 

into (a, b). Alpha must then carry 

x, y, z a, b, c 
into 

x, y, z a, b, d 

so (z, z )Cl = (x, y ) Ta. = (x, y )a.T = (a,b)T = (c, d), thus c = za. = d, and 
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the block a, b, c is repeated, so all are. Trivially the set B' of 

blocks consisting of one block from each such pair of equal blocks 

contains each pair of points just once, hence S 
1 

= (B', .II(D)) is a 

Steiner triple system. s 2 = (B", II(D)) (where B" is the set of the 

other blocks of the pairs of equal blocks) is another Steiner triple sys -

tern, a codesign to s
1

• Hence D can be divided into two copies of s
1

, 

so s
1 

'<iD. The quotient design D/S
1 

= ([II(S
1
), II(S 2) }, II(D)) 

= ([II(D), II(D)}, II(D)) obviously is the design stated in the theorem. 

Thus under these conditions the construction and structure 

of such designs rest upon the same problems for Steiner triple sys-

terns. If D is the Steiner triple system S doubled, then any non-

normal, quasi-normal subdesign of D is a normal subdesign of S, 

and any normal subdesign of D is a normal subdesign of S doubled. 

We now assume that no block is repeated. A further pos-

sibility is disposed of by 

The orem 3. 2. 2. If G . is tr ai1si tive on B(D), then G is 

doubly transitive . If G is intransitive on B(D), it has two orbits : 

r, 'l': r U 'l' = B(D), and (r, II (D) ) and ('¥ , p(D)) are quasi - normal 

Steiner triple subdesigns of D. 

Proof: If G is transitive on B(D), . yG = D for any block <p. 

By Theorem 2. 2. 1, A. (D) = A_ (<p G) = 

2 = (~) 
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hence necessarily 21jG[O, l}I' so 2jjGj and by Corollary 2.1. 3, G 

is doubly transitive. 

On the other hand, suppose G is intransitive on B(D). Then 

by the converse statement of Theorem 2. 2. 1, D is the union of designs 

of the form ,P G. Furthermore, if D = V qi?, 2 = A. (D) = ~ A. ( ii? ~), so 
1 1 1 

the only possibility is that D = ii?G U ip G, and A.(ii?G) = A.(ii?G) = 1, hence 
1 2 1 2 

each § ~ is a Steiner triple system, quasi-normal in D. Setting 
1 

r = B(ii? ~) and 'i' = B(<.P ~) completes the proof. 

For further _study we can now assume that G is doubly tran-

sitive on TI(D) and transitive on B(D) and that no block of D is repeat­

ed. Under this last condition, (0, 1) 7 is always an unordered pair of 

distinct points, so that the r epeated function .Tn is d e fined for · all n .2: 0. 

Proposition 3. 2. 3. _Tau is a :eermutation on the unordered 

pairs of points, consisting of disjoint t-cycles for a fixed integer 

t=t(D). 

Proof: Consider the sequence 

2 
(x, y) -4.. (x, y) 7 -1:,. (x, y) T T 

~ 1 ••• 

Since the set of pairs of points is finite, this sequence must repeat it-

self eventually: 

m 
(x, y) T 

Setting t
1 

= m-n, 

n 
= (x,y) 7 = (w ,z) (m > n) 

t1 
(w, z) 7 = (w, z) 
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If (a, b) is any other pair, let a be an automorphism with (a, b) 

= (w, z)a. Then (a, b)rtl = [(w, z)a]rtl = (w, z)artl = (w, z) 7 tia = (w, z)a 

(a, b), so (a, b) rtl = (a, b) for all pairs (a, b). 
t 

L e t t be the smallest integer > 0 such that (a, b) r = (a, b) 

t 
for some pair (a, b). The above argument shows that (x, y) 7 = (x. y) 

for all pairs (x, y), so r can be written as disjoint t-cycles of pairs. 

Since 'T" is so def.ined on all unordered pairs, it is then a permutation 

on them. 

In general, if D does not have a doubly transitive group of 

t 
automorphisms, r is not 1 - 1, r is not the identity function for any 

t > 0, and r is not a p e rmutation. For example, the designs of 

Bhattacharya for v = 6t+ 4 each fail all these tests (example 3. 3. 4). 

Then 

Corollary 3. 2. 4. 

lv 2 -v 
t--2 . 

Let t be the order of r as a permutation. 

v 2-v 
on the --

2 2 
un-Proof: Tau consists of disjoint t-cycles 

v 2 -v ordered p airs, so of t-cycles, hence a priori 
2t Iv - v 

t--
2 

Corollary 3. 2. 5. If the automorphism a sends the pair 

rs 
(x

1
, x

2
) into itself, thena also fixes all pairs of the form (x

1
,x

2
) . 

Proof: 

Corollary 3. 2. 6. t = O(r) ~ v /2 . 
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Proof: Suppose t > v /2. Since there are 2t points re pre -

sented in the sequence 

at least one point must be repeated. Without loss of generality, we may 

assume that x
1 

appears in two pairs (x
1

, x 2) and (x
1

, xs). Since G is 

assumed doubly transitive, there is an involutory automorphism a 

which interchanges x 1 and x 2: 

From Corollary 3. 2. 5, a then also fixes all pairs in the sequenc e ( 1). 

In particular, it sends the pair (x
1

, x
5

) into itself, i.e. , x~ = x
1

, or 

x~ = xs, each of which contradicts x~ = x 2. 

In some cases, simply the order of T g ives a great deal of 

information about D: 

Theorem 3. 2. 7. If O(r) = 2, then every pair of points gen-

erates a normal subdesig n D' with four points. If G' is the automor-

phism g roup of D/D', and ip is a block of D/D', 

alternating g roup on 4 letters. 

Proof: Let (a , b) be any pair. From the sequence 

(a, b)--..!.+. (c , d) ~(a, b), we obtain the blocks 

abc 

ab d 

a c d 

b c d 

the 
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which form a de sign, which in terms of Chapter 2, is T( {a, b}), hence 

is norrnal from The orem 2. 2. 5. From Theorem 2. 2. 9, 

qi "" fa b c d } . 1 h G = G'- ' ' ' 1s t-p y omogeneous on~-
qi {a,b,c,d} 

It must be doubly tr an-

sitive, from Corollary 2. 1. 3 and Proposition 2. 1. 4, so must contain 

Theorem 3. 2. 8. 
v-1 

If 0(-r) = - 2- , then G is sharply doubly 

transitiv e on TI(D). 

Proof: Pick a E G b" We wish to show a = 1. Since a a, 

fixes the pair (a, b), it must e ither interchange the points or fix point-

wise each pair in the sequence 

( 1) (a, b) ..I.+ ... ~ ~(a, b) 

(Corollary 3. 2. 5). The proof of Corollary 3. 2. 6 implies that all the 

points appearing in the sequence (1) are distinct. This accounts for 

the images of 2t = v-1 points, hence the one remaining point must be 

2 
fixed, and so a = 1. We now need 

L emma 3. 2. 9. If 13 is an automorphism of D, 
2 

13 = 1 and 

13 fixes u points, then there is an integer s > u - 1 such that 

2 
u - 2u + v = 2s · 0(-r) 

Proof: For each unordered pair (x, y) that 13 fixes, 13 also 

fixes the sequence (x, y) ~ ( .. )- ... L(x, y) pair by pair. There-

fore, the fixed pairs of 13 fall into s disjoint sets of t each, namely 

the sets of fixed pairs in the r-sequences fixed by 13. Now 13 fixes 



42 

2 
u -u 2 v-u --z- pairs pointwise, and since (3 = l, 13 has -

2
- transpositions. 

2 u -u v-u 
Thus 13 fixes --z- + - 2- pairs in all, so 

2 
u -u + v-u = --z- -z- s · O(r) , 

by counting the pairs fixed by 13 in two different ways. Since the points 

in a r-sequence are all distinct, if S fixes 1, 2, ... , u, then the u-1 

sequences 

( 1, 2) ..I. ... 

( 1, 3) ...:L. •.. 

( 1, u) .-1.. ... 

are all distinct and fixed by 13 . Hence s > u - 1. 

We now apply the lemma to a.. Knowing 

2 v-1 
u - 2u + v = 2s(-z-) , so 

2 
u - 2u + (v-sv+s) = 0 

v-1 
O(r) = - 2-, we get 

and 
2 ± ~ 4 - 4(v-sv+s) r-----

u = = l ± ~l-v+sv-s = l ± v(l-v)( 1-s) 
2 

a. E G
0 1 , so u > 2, hence u = l + ~(v-l)(s-1). 

' 

s > u-1, so s-1 > u-2, and we get 

u>l+~(u-2)(v-l), or 
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u-1 > ~(u-2)(v- l) 

2 
(u-1) > (u-2)(v- l) 

2 
u -(v+l)u+2v-1>0. 

Now we claim that if u satisfies (2) and 2.:::, u.:::, v, then u = v. The 

equation x
2 

- (v+ 1) x + 2v- l = 0 has solutions 

1 -z [v + 1 ± ~(v-5)(v- l) J. 

O(r) > 2 implies v > 5, but v cannot be 5 because there is no d esign 

with v = 5, k = 3 , A. = 2. 
2 

Thus v > 6 and x - (v+ 1) x + 2v - 1 = 0 has 

two distinct real roots x 1 and x?J \. '· 

Here we must have u < x 1 
or u ~ x 2. But 

2 
2v- l 5 0 , 3 - 3(v+l) + = -v < and 

2 
2v-l 5-v<O, (v-2) - (v-2)(v+l) + = 

so we certainly must have u < 3 or u > v-2. But v = 2. O(r) + 1 is an 

odd number, therefore if er. :/. 1, u must be odd also, as a cannot fix 

an even numbe r of points and be an involution on an odd number of 

points. The r e for e u < 1 or u > v. Since a E G b' u > 2, sou= v, 
a, -

and a = 1, i .e. , G . b = { 1 } and G is sharply doubly transitive. 
a, 

Remark 3. 2. 10 . Hans Zassenhaus has shown [9 J that a 

doubly transitive g roup G can be faithfully represe nted as the set of 

linear substitutions in a near-field K: G = [a:K - Kla(z) =a z + b; 

a, b EK, a -::/: O}. K has order pr for some prime p and integer r > 0, 

r r r 
so G has orde r p (p -1). The Sylow p-subgroup of order p is 



44 

isomorphic with the e l ementary abelian additive group of K . The sub -

g r ou p G
0 

is i somorphi c to the multiplicative g r oup of K . S ince 

I G r o.11 1= 3.2 

I Gip I I Gip I 

I Gip] = 3 for any b l ock ip . There are two cases : either p = 3 and 

3{ l r -l, or pf.3 and 3 l pr - l . In thefirstcase, Gip is in the 

11 additive" subgroup and is conjugate to the subgroup [ 1 , a., a. 
2

1 a.{z ) 

= z+ l }, and <Ji can be identified w i th the po i n ts 0, 1 , 2 in K . T hen 

<Ji is a sub - near field of K, and G_ includes the linear s u bstitutions 
. ~ 

13 , y, and 6, where 13 {z ) = 2z, y {z) = 2z+ 1 , o{z ) = 2z+ 2, hence G _ is 
~ 

of order 6 and A. = 1, contrary to assumption. In the second case, Gip 

is conjugate to a subgroup of order 3 in the mul tiplicative group, and 

<? can be identified w i th the p oints of K 1, x, x
2 

where x 3 = 1 i n K . 

In this case, ipG is a genuine k = 3, A. = 2 design. 

3 . 3 . Exampl es 

3. 3. 1. 

3. 3. 2. 

B {D ) = 0 12 
013 

B{D) = 0 12 
013 
234 
235 
450 
45 1 

023 
123 

025 
034 
135 
1 24 

The trivial 4 - point design D 4. 
G {D) ~ S 

4
, O{T) = 2. Strong l y 

simple . 

T he 6 - point desi gn D 6· 
G {D) ~ LF{2, 5) . O{T) = 3 = v / 2. 
Str ongly s imple. 



3 . 3 . 3. B (D) = 013 
124 
235 
346 
450 
561 
602 

023 
134 
245 
356 
460 
50 1 
6 12 

45 

One ? - point d e sign . G(D) is 
Frobenius group of orde r 7 · 6 
[ L ine ar substitutions x - a. x + b 
in G F { 7) , a ,t 0 ] . 0 ( T) = 3 = 
(v - 1) / 2. Simple, but not strongly 
simple. Each column of blocks 
forms a Steiner triple system 
S <i D. 

3 . 3 . 4. The designs of Bhattacharya for v = 6t+ 4 . T hese exist for all 

t > 0 and are generated by the base b l ocks 

A = {co, 0 , 3t+ 1) 

B = (O, 2t+ 1 , 4t+2) 

C . = 
l 

( 0' i' 2 t+ 1- i ) l = 1 ,2 , ... , t 

D . = (O, 2i, 3t+ l+i ) l = 1 ,2, . • . ,t 
l 

The sets [A+j, C.+j, D.+j } for j = 0, 1 , 2, . .. , 6t+3 
l l 

[B+j } for j = 0, 1, .. . ,2t 

(All elements taken modulo 6t+3, co fixed by all such trans l ations) form 

a b l ock design with parameters b = ( 2t+l) ( 6t+3) , v = 6t+4, r = 6 t+3, 

k = 3 , A. = 2. 

However , for each t > 0, we have the blocks 

A: (co,0,3t+ l) 

A+3t+2: (co, 0 , 3t+2) 

B+t: (t, 3t+ 1, St+ 2) 

Dt+3t+2: (3t+2, 5t+2, t), 

so by inspection, (O,co) T = (3t+l, 3t+2) = ( t, 5t+2) T , hence T is not 1 - 1 

and G (D) is not doubl y transitive for any of these designs . 
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3 . 3. 5. The design of Figure la. G(D) ~ LF( 3, 3). 

3. 3. 6. The design of Figure 2. G(D) is the sharply doubly transitive 

group of linear substitutions in GF(l3) of order 156 . As discussed at 

the end of section 1. 3, this design has the same parameters as the 

design of Figure la, but the two are not isomorphic. However, each 

has a doubly transitive group. 

3. 4. The Simple Designs Remaining 

We are still left with the problem of classifying the designs 

v -1 v 
with 2 < O(r) < -

2
- or O(r) = 2 , with doubly transitive g roup transi-

tive on the b locks. This problem r emains unsolved, in general, but 

h ere the simple designs are discussed. From Chapter 2, any k = 3, 

A = 2 design with doubly transitive group must contain a simple nor-

mal subdesign D 1 , and other relations on the automorphism groups of 

D, D
1

, and D/D
1 

must be satisfied (see 2. 2. 13). Thus the deter-

mination of the simple designs is a step toward the complete classi-

fication. 

From now on, we assume that D is a simple design with 

doubly transitive group. From Corollary 2. 2. 8, D = T(A) for every 

pair of points A, so every pair generates the entire design. Further-

more, from Theorem 3. 1. 2 , II(D) is the only set of at least two points 

which has the r-property. The following lemmas are necessary: 

Lemma 3. 4. 1. G b is a 2-group for any a, b E TI(D). a, 

Proof: Suppose an odd prime p
1 

divides the order of G b 
a, . 

Let I be the set of fixed points of a., an element of G of order p
1

. 
a,b 
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We have the blocks abc, abd which, since a fixe s a and b, must be 

fixed pointwise, or interchang e d. If they are interchanged, a con-

tains the transposition (c,d): a= (a)(b)(c,d), ... , so a is of eve n 

order, contrary to assumption. Therefore, a must fix c and d . 

Applying the same argument to all other pairs of points in I, we see 

that I has the r-property, hence I = II(D) by 3. 1. 2, so a fixes all 

points and is the identity. Therefore, there can be no element of 

order p
1

, and p 1 cannot divide the order of Ga, b" 

L e mma 3. 4. 2. 

has an orbit of length 2. 

Either G is a Frobenius group or G 
a,b 

Proof: Let I be the set of fixed points of G b" For x, y, . a, 

any two points of I, we have two blocks of D: 

xyw 

x y z, 

where case 1) wand z are both fixed by G b' or case 2) (w, z) are a, 

interchanged by an element of G b" If case 1) applies for every pair 
a, 

of points of I, then I has the r-property, so G = 1 and G is a a,b 

Frobenius group. If case 2) applies for some pair x, y of I, then 

(w, z) is an orbit of length 2 of G b" a, 

We can now prove the characte rization: 

Theorem 3. 4. 3. There are two main types for D: 

1) G is a Frobenius group. II(D) can then b e identified with 

2 
the point set of a near field k of order p or p (as p = 1 .£E. p = 2 

(mod 3) respectively). B(D) is the action of the linear substitutions in 
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I< upon the points of a subgroup of order 3 in the multiplicative group 

of K. 

2) I G bl = 2a > 1. Here D can only b e the four-point <le ­
a, 

sign D
4 

or the six-point design n 6 , if we further assume that Ga is 

primitive on the points it moves. 

Proof: 1) From 3. 2. 10, G is the group of linear substitutions 

in K, where jKj =pr, and it only remains to show that the order of K 

must be p if p = 1 (mod 3) and the order of K must be p
2 

if p = 2 

(mod 3). Theorem 2. 2. 12 applied here states that there can be no 

proper subgroup H doubly transitive on the orbit r containing the 

block 9 if G<I? c H. But if p = 1 (mod 3) and r > 1, then k has a sub­

near-field K':' of order p whose multiplicative group of order p - 1 

contains an e leme nt of order 3 fixing a block cI? '. Hence the subgroup 

of linear substitutions [z .... a, z+b I a, b EK':'} = H satisfies the hypoth­

eses of the converse of 2. 2. 12, and <P H is a normal subdesign. If 

r 
p = 2 (mod 3), and r > 2, then for p to be congruent to 1 (mod 3), 

r must be even. 
2 

But then K contains a sub-near-field of order p and 

the above argument again produces a normal subdesign. On the other 

hand, if IKI = p or p
2 

respectively, there are no subgroups satisfying 

2. 2. 12, and D is simple. 

2) It remains to show that if G is primitive on the remaining 
a 

points, then D is the six-point design D
6 

(3. 3. 2) or the four-point 

design D 4 (3. 3. 1). From Lemma 3. 4. 2, we may assume that G a , b 

has an orbit of length 2. But the n 18. 7 of Wielandt [8] applied to 

G implies that G is a Frobenius group and has a regular normal 
a a 
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subgroup of index 2, hence \Gal = (v-1) · 2. Furthe rmor e , 18. 8 of 

Wielandt [8] implies that the r egular normal subgroup of G has a 

prime order p. Thus v-1 = p, I Gal = 2p, and since Ga is not cyclic, 

it must be isomorphic to the dihedral group of degree p. Then 

I G I = ( p+ 1) . p • 2' and since G is a Frobenius group, G has the 
a 

property that only the identity fixes three letters. 

To finish the proof, we need the following theorem of Walter 

Feit[3]: 

Theore m 1 (Fei t). Let G be a doubly transitive pe rmuta-

tion g roup on v l e tters of order v(v-1) q in which no non-trivial per-

mutatio n l eaves three letters fixed. Then e ithe r G contains a normal 

subgroup of orde r v, 
e 

or v- 1 = p 
1 

for some prime p 
1

. In the latter 

2 
cas e , [Sp 1 : s~ 1 ] < 4q, where S p is the Sylow p-g roup of G, and if 

S' = [ l}, there exis ts an exactly triply transitive permutation g roup 
P1 

G
0 

containing G such that [G
0
:G] ~ 2. 

Since our group G satisfie s the hypothese s of Feit's The ore m 

w ith q = I Ga, bl = 2, we have the conclusion. If G contains a regular 

e 
normal subg roup, then v = p

1 
fo r some. prime p

1 
and s > 0. But 

v-1 =pis a prime, hence either v = 2s and v-1 is a M e rsenne prime, 

or v = 3 and v-1 = 2. The second case yields the trivial 3 point d e sign 

with blocks 

ab c 

a b c 

which was considered in Theor e m 3 . 2. 1. For the first case, since G 

G i s tran sitive on B(D), D = if? f or any block if? , thus 
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2 = 'A = 
2 · 3 · I Ga, bl 

= 
2. 3. 2 

jG <P i 

so necessarily 3 jG ii? l, so 3 !GI. If v = 2s, and jGa,bl = 2t 

(Lemma 3. 4. 1), 31 l G l implies 31 v-1. v-1 is a prime p, hence 

v-1 = 3, v = 4, and D is the four -point design. 

e 
The case v -1 = p

1 
remains. We already know that v -1 = p 1

, 

however, and so an S must have order p. Then S 
1 

= 1, and Feit' s 
p p 

Theorem implies that there exists a triply transitive group G
0 

con-

taining G with [G 0 :G J ~ 2. If G = G 0 , D would consist of all triples 

of points from II(D), i.e., Dis the complete balanced block design 

with d = 3 and A. = 2. This is none other than the four -point design 

again. If [G
0

:G] = 2, then G
0 

is a sharply triply transitive group on 

v l etters of order . 2. v · (v-1) · 2 = v(v-1) · 4, hence v-2 = 4, v = 6, and 

the design must be the six-point design of example 3. 3. 2. 

It should be noted that no other simple designs with k = 3, 

A. = 2 are known to the writer, and it is conjectured that the simplicity 

of the design in some way forces the group G to be primitive on a 

II(D) - [a} . 
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