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ABSTRACT

This research is concerned with block coding for a feedback
communication system in which the forward and feedback channels are
independently disturbed by additive white Gaussian noise and average
power constrained., Two coding schemes are ﬁroposed in which the
messages to be coded for transmission over the forward channel are
realized as a set of orthogonal waveforms. A finite number of forward
and feedback transmissions (iterations) per message is made, Infor-
mation received over the feedback channel is used to modify the wave-
form transmitted on successive forward iterations in such a way that
the éxpected value of forward signal energy 1is zero on all iterations
after the first., Similarly, information is sent over the feedback
channel in such a way that the expected value of feedback signal
energy is also zero on all iterations after the first, These schemes
are shown to achieve a lower probability of error than the best one-way
coding scheme at all rates up to the forward chamnel capacity, provided
only that the feedback channel capacity be greater than the forward
channel capacity. These schemes make more efficient use of the
available feedback power than existing feedback coding schemes, and
therefore require less feedback power to achieve a given error perform-

ance .,
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I. INTRODUCTION

This research is concerned with block coding for a communication
system consisting of a forward and a feedback channel. A block coding

scheme for such a system is shown in Figure 1.
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Figure 1. Feedback Coding Schemne.

The message s 1is one of a set of M equiprobable messages to
be coded for transmission over the forward channel, We code each
message into a sequence of forward channel inputs as shown, The for-
ward channel inputs are functions of the message being coded and of the
previous feedback channel outputs. The feedback channel inputs are
functions of the previous forward channel outputs. These functions are
fixed for a given feedback coding scheme. The decoder makes a decision,

§, as to the message being coded based on the received sequence of

forward channel outputs., An error is made if s is not equal to s,

We wish to choose the functions {fj § J=1, e* D}, [gj ¢ il Wim
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D-1}, and the decoder so as to achieve reliable transmission of infor-
mation over the forward channel.

Feedback coding schemes have been analyzed under a variety of
assumptions regarding the forward and feedback channels [1-6]. These
schemes achieve a lower probability of error than that attainable with-
out feedback. The presence of the feedback channel does not, however,
increase the capacity of the forward channel. This result holds for a
wide class of feedback communication systems (see Appendix A).

In the remainder of this paper, we consider a feedback communica-
tion system in which the farward and feedback channels are independently
disturbed by additive white Gaussian noise and average power constrained.
While feedback coding does not increase the maximum rate at which
reliable information may be sent over the forward channel of this
system, it can improve error performance, If the feedback channel is
noiseless, Schalkwijk [2,3], Kailath [2], Omura [4], and Butman [5]
have devised schemes in which the probability of error in transmitting
information over the forward channel is lower than the minimum proba-
bility of error attainable without feedback. This result holds at all
rates up to the forward channel capacity. These schemes use s;alar
signals, that is each message is realized as a point on the real line.
The forward channel inputs are linear combinations of the scalar message
point being coded and the previous feedback channel outputs. The feed-
back channel inputs are lipear combinations of the previous forward
channel outputs. Decoding is accomplished by taking an appropriate
linear combination of the forward channel outputs. Then, denoting this

combination by «, we choose the message point closest to «a as’
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representing the message being coded. In particular, the maximum
likelihood decoder may be implemented in this way. (Reference 5 con-
tains the complete formulation of this linear coding scheme.)

Note that o is of the form

where n 1is a Gaussian random variable with mean zero and variance
onz, and 6 1is the message point being coded. If the message points
are equispaced about the origin, the probability of error, Pe’ for

this linear coding scheme is

3y
2RT
e -1
’ ; ; In M :
where T 1is the time to transmit a message, R = - 1is the

information rate of the gorward chénnel, and +vy 1is the output signal

c
to noise ratio. (v = _EE , Wwhere 082 is the variance of the set of
o

equiprobable message po?nts.) Clearly, as T becomes large, it is

necessary that +vy increase exponentially with time in order to

attain a vanishingly small probability of error for any non-zero rate R.
The above expression for the probability of error for a linear

coding scheme is also valid in the presence of feedback channel noise,

In this case 'y may be upper bounded by the sum of the ratio of for-

ward signal energy to forward channel noise and the ratio of feedback

signal energy to feedback channel noise. (This bound follows fram a
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result obtained by Elias [8]. An alternate derivation of this bound,
which makes use of Butman's matrix formulation of the linear coding
scheme [5], is due to Farber [9].) Thus, with the average power con-
strained in both the forward and feedback channels, +v can increase
no faster than linearly with time, and reliable transmission cannot be
maintained over the forward channel at non-zero rates. Equivalently,
for a finite amount of power in the forward direction, an infinite
amount of feedback power is required to maintain any non-zero rate, R,
and achieve a zero probability of error, This is a severe limitation
of linear coding schemes.

Kramer [6] has recently analyzed a feedback coding scheme in which
each message is realized as one of a set of orthogonal waveforms,
Information received over the feedback channel is used to modify the
waveform transmitted on successive forward iterations in such a way
that the expected value of forward signal energy is zero on all itera-
tions after the first. His scheme also achieves a lower probability
of error than the best one-way coding scheme at all rates up to the
forward channel capacity. However, even in the presence of feedback
noise, only a finite amount of feedback power is required to achieve
this improved performance. Thus, this scheme is of particular interest,
In Chapters II and III of this paper, feedback coding schemes are
introduced which further reduce the amount of feedback power required,
This 1s accomplished by sending information over the feedback channel
in such a way that the expected value of feedback signal energy is also
zero on all iterations gﬁyer the first. Chapter IV contains a dis-

cussion of the performance of these schemes.
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II. FEEDBACK CODING SCHEME 1,

2.1. Preliminaries.

The forward and feedback channels are the vector channel equiva-
lents of the time continuous additive white Gaussian noise channel.
(Chapter 4 of Referencell contains a discussion of the equivalence of
the veétor and time continuous channel models.) Both channels are
assumed to have no bandwidth constraints and the forward and feedback
noises are assumed to be statistically independent. Every T seconds
we wish to code and transmit over the forward channel one of M

equiprobable messages from the message set

of

{si 1 i=1, ee-, M}

Iet

@
Il

{ei : i=1, e, M}

be a set of orthogonal M dimensional vectors representing M

orthogonal waveforms over a time interval T with HGiHZ =E. Let
$ = £¢i 2 d=1, -+, M}

be a similar set with H¢iH2 = E'. We assoclate each message ch in

x/ with a vector ei in ©. Let Xy denote the M dimensional

vector input to the forward chénnel at the kth transmission, .n

K the
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M dimensional forward channel noise and Vi = By ¥ B the forward

k
channel received vector. The corresponding quantities for the feedback
channel are Wy, m  and 2z, =W, + m. (See Figure 2.) In addition,
denote by No the one-sided power spectral density of the forward noise
and by ng the average signal power in the forward direction. Let

Né and PFB be the corresponding feedback quantities. The components

of the forward and feedback noise vectors are independent zero mean

N N!
Gaussian random variables with variance 59 and 52 respectively.
The forward channel capacity is C = ﬁéz 4
o
ilk
Xy > @ Y
Zy < %@ & L

Figure 2. The Forward and Feedback Vector Channels.

We now proceed to the description of feedback coding Scheme 1,

2.2. Description of Scheme 1,

Assume s ¢ *J is the message to be coded for forward transmission
and © ¢ @ is the M dimensional vector associated with s. We make

N forward transmissions and N-1 feedback transmissions, each of time

duration T, as follows:

n
1
J
x, =8 >@® Wy = 6+ 10
2y = f + me (,?‘ vy =8
m

-



=23

.-
o -0 l 6 -6
x2= = l )@ /yz = L l+n
z, = Py - P + my< ?‘ vy =@, - By
o
e
J’ S o - o
B = 8 = Byt >@ Wi =9 = G g vy
Zy = B - Breg + Wy le?’ v = P - P
me
iy
* \L ¥
XN =0 - SN_l ,@

2N

- *
where ¢k and 8 are determined as follows:

Let
K
Mg =¥yt Z (ry+ 85.9)
j=2
Then ék

is that member of @ which maximizes



(hk,ej) over 0, e ®

and if ©_ =6, then § = @, -

Iet

B =2+ By (B =0)

*
Then ¢k is that member of @ which maximizes

<Bk’¢j> over ¢j e

I
Finally, if BN = GL the receiver decides s, was the message

~

coded. An error is made if O  # 6. Note that the total time T to

and if § = §, then & =©

transmit s 1is

2.3. Analysis of Scheme 1,

We wish to determine the probability of error, PN(e), the

average forward power and the average feedback power for this scheme.

In particular we wish to determine the behavior of these quantities as

we let T - ® while the rate of tfansmission, R = and N are

Nt 2

held constant. Bounds on these quantities will be obtained in terms

of Pefb and Pek defined pelow:



Iet

£(x) = dy do

1 2
--z-(cx-\/z_x?) 47‘_Le"—2
= Ve

aLﬁmje
?llH

We define

st ; E!
Pefb—f(ﬁ" where S =
o)
and
kS
Pek = ﬁ; where S = =

The properties of f(x) are well known and the reader unfamiliar
with them should consult Chapter 5 of Reference 11. In particular,
f(x) is monotone decreasing in x.

In the previous section we defined vector quantities Kk
which were used in determining Ek' and ¢;. If s 1is the message

and Bk

being coded, then

k k-1
= ko + EZZ n, + :{: (6. -8
J J
3l j=1

5 *
and if ej = ej for j=1, **+ , k-1 it follows that

In this case the probability that ek #£ 0 is known to be Pék'
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Similarly,

A~

0 %
By = P+ mye+ Py - Py

and if ¢;-l = ¢k-l then

Be = P + My

e Hence,

*
is the probability that 8 # 6 given that ej = ej for

* ~
is the probability that 6, £ 8, given that

* ~
In this case the probability that ¢k £ ¢k is simply P,

Pek

J=k; s = k-1 and Pe

2

-~

fo
;—l = ek-l' In what follows let e( ) be an operator denoting

statistical expectation and P( ) denote the probability of the

e

event in parentheses.

Iet
B (e) = B(6, £ 6)
Then
M
Pk(e) = % E{: Pk(e/sl)
i=1
where

Pk(e/si) = P(Qk £ ei/si is being coded)
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An upper bound to Pk(e) may be derived as follows:

~

* " 3 ~
Pk(e/si)= Pk(e/si,e'j = Gj for j=1,+++,k-1) P(Sj = 8 for

~

. * 7 . *
=1, 00, k-1/5,) + Pk(e/si,ej £ 8y for some |l P(ej # 8

. k-1
for some J/si) = Pek(l—Pe

* ~
o) + Pk(e/si,ej # ej for

some  3)(1-(1-P_. )" (2.1)

since

k-1

* ~ * ~
l]_ P(ej = ej/si, 0, = 8 £=1,+00,5-1)

*
P(ej = ej J=l,°--,k-l/si)

k-1
* 0 * "
- 1]_ P(8) = 0;/55, O3 5 = 8, ;)
k-1
= [P/
Noting that
k-1
1- (l-Pefb) < (k-1) P

'

it follows from (2.1) that

P (e) = B H (k1) o (2.2)
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It also follows directly from (2.1) that

k-1
Pk(e) = Pek(l—Pefb) (2-3)
We now obtain bounds on Pav where
N
1 2
av = 'ﬁ'.? E(“an )
k=1
N
1 2
= ﬁ E + Z E(ka” ) (2'1")
k=2
For Xk = 2,

el |?/s,) = 2ER(8; | # 8. /5.)

* . ¥* ~ ~
If ©,_, # 0; then either O, . #6, ; or 6, #6,. Hence,
* 3* ~ ~
P(8,_1 #8y/8;) = P(6_; #8,_, or 8, #0,/s,)
¥ ~ ~
< P(6 1 # O 1/55) + P(8_ # 0;/s,)
Therefore,

e(llx 1) < 2B(p_ () + B(o, ; # 5k_l)) (2.5)

where
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* = * ~ * - * 2
P(Op 1 # 91) = P(O 3 # 0 1/8 5 # 8 5) P(8y 5 # 8 5)

~ ~

* % * *
POy # B 1/8 5 = 8 p) P(O 5 = 8 5)

+

IA

* ~
P(Oy 5 # B p) + Popy

- . . * "
and by induction, noting that P(el ;4 Gl) = Pefb’ we have

P(oy 1 # 8, 1) < (1) P @6

It follows from (2.2), (2.4), (2.5) and (2.6) that

N
Be £ P £ 140 (P + (k-2) P + (k-1) P Q
NT av ~ Nt ek-1 efb efb
k=2
Hence,
N-1
3 S 2
§5 Py S5 (L + 2(N-1) Peft%z: I;k (2.7)
k=1
We now bound PFB where
N-1
1 2
P =5 ) eCld®)
k=1
N-1
1 2
— B s ) e (e l®) (2.8)
k=2

For k= 2



1k

e lI/s,) = 2m'B(8, £ &_1/s,)

-~

Now if ek 4 ek—l then either ek £ ei or ek-l # ei. It

follows from this that

P(, # 8, /sy) < P(8, £ 0,/s,) + P(%k_l £0./s,)
Therefore,

e(ll]I%) = 2E' (B (e) + B_(e)) (2.9)

It follows from (2.2), (2.8) and (2.9) that

N-1
B i Z P k-1) P k
- tEr |t T2 e T (1) Pogp + Py g + (8-2) Py
k=2
Finally, noting that Pek < Pek-l we obtain
N-2
Slcp <814 2m-2)2p +1+ZP (2.10)
¥ <%mB W efb ek .

k=1

We now wish to determine the asymptotic behavior of this scheme
for large T. It follows from the properties of the function f(x)

that

Pek < Pel for k>1
S S
Pefbs Pel for mN‘ = N-"—
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and

InM _ S
Pel—~0 as T - o for OS—T*—<'N—
o)
Therefore, for
t
B .8 am  osnolM S
N! N o
o o
we have
Bk as T - @ (2.11)
av N g
st !
—) — - O
Pen = § as T (2.12)

To observe the asymptotic behavior of the probability of error we
examine the behavior of the channel reliability function, E(R), where

E(R) = lim |- %; in 3N(e)

oo

From Eq.(2.2) we have that
PN(e) < PeN + (N-1) Pefb
Let us now consider the following two cases:

A) ==r %— for 1 <r <N (r need not be an integer)
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In this case

Pefb = Pér end PeN = Per
Therefore, PN(e) sNP_
and
E(R) = lim_(— — {in P + lim (- %— LnN)
T—® T u

y
S 4nM £nM S
2N rT 0= =1y
o o
¥
2
5 _ftaM| s _aM _S
N T Ly T N
\ ) ) o
We now require that R < ﬁ%—. Then using (2.11) and (2.12) the
)

above result may be rewritten as:

If
P P
L 1sr<N - | (2.13)
o o]

then



( I'Pa.v I‘Pav av
T - R 0 <R = min T_l_—-—-—No ,——No
E(R) = (2.14)
2
‘/rPav_\[E - av avl . g <Pav
2
\ No No No NO
T <
B) %—;— % %— r=N (r need not be an integer)
e o
In this case
Pefb = PeN
so that
PN(e) < NP,
and
; 1 . 1
E(R) = lim (- == 4n P + lim |- = 4n N
NT e Nt
T T

lim

S
SN - R OSRSTNO
2
/S S S
"ﬁ"’\/g WSR<EC—)'
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In addition from (2.3) we have that

N-1
PN(e) > PeN(l'Pefb)

Therefore,

5 1 . N-1 ;
E(R) < lim (- 'I\Tr- iLn PeN)-i- llIII(— F Ln(l-Pefb)
1
= lim (- = 4n P )
T NT eN

provided that Péfb -0 as T - «, This will be true as long as

InM _ S’
% - N
Finally, if we require that R < ENS_ , then using (2.11) and (2.12)
o '

the above results may be rewritten as:

i iy
P P
T = T L rzn (2.15)
o o
then
( NP P
av . av av
. R 0O <R < min N T
o] o (o]
E(R) =< (2.36)
NP 3 NP

P
av . av aV\ av
i -\fR min EN—,N—JSR <ﬁ_—
/



19

The upper bound to E(R) obtained here from (2.3) also applies
to the case 1 <r <N, However, in that case the upper and lower
bounds no longer coincide., A more exact analysis is required to
obtain the true value of E(R) in that case. In the following
chapter a feedback coding scheme is introduced for which an exact
expression for the channel reliability function is obtained.

A discussion of the performance of these schemes is postponed

until Chapter IV.
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III. FEEDBACK CODING SCHEME 2

3.1, Preliminaries,

Section 2.1 of Chapter II applies verbatim to Scheme 2, In
addition, quantities defined in Chapter II are not redefined in this
Chapter unless their meanings have changed. The feedback coding
scheme introduced here permits an exact aﬁalysis of the channel relia-
bility function. In addition, a simple modification of this scheme is
considered and its effect on peak power is discussed.

We now proceed to the description of feedback coding Scheme 2.

3.2. Description of Scheme 2,

Assume s € M/ is the message to be coded for forward trans-
mission and © € ® is the M dimensional vector associated with s.
We make N forward transmissions and only one feedback transmission,

each of time duration T, as follows:

ll .
X, =8 > @ >y, = 0+ ny
2y = @y + my (jf‘ vy = f)
o 3
j‘/z
= B e* @ *
x2 = -9 > >ya =0 - el + n2
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T
o -0 G% o
By = 8=y Al A R
N
e ,
XN=8_1 >@® .VN—B—Bl+nN
In tﬂis scheme we let
N ~
Mg =Yt Z{: (v + 87) -
k=2
. - - 3 " % * *
eN is then determined as in Scheme 1, 61, ¢l’ ¢l and 6, are the

same as in Scheme 1.

3.3. Analysis of Scheme 2,

We first obtain exact expressions for Pav and P_..

B
N
1 2
po=k ) ellxd®
k=1
N
1
e ) eled®
k=2
For k = 2,

el |?/5,) = 2ER(8] # 8. /s))



a2z

where

B(6F £ 0,/5;) = P(8] £ €,/s,,€F = 0)P(6} = 6,/s,)

A

+ P(68) # 0./5,,0] # 8))B(8] # él/si)
= P(él # ei/si,ei = él)P(ei = el/si)
+ B(8) £ 0,/5,,0) él)P(ei F Sl/si)

* * =
- Pel(l—Pefb) + P(el £ ei/si,el #£ el)_Pefb

il t i o e é in t f:
We wish to determine P(Gl # ei/si,e £ l) in terms o Pel and

Pefb' To do this we write

!
P
@
Il

* * = % moow i *
P(el = ei/si,el 4 el) = 1 e.l/si,el # 81,61 = ei)P(el = ei/si,el#el)

» ~

* * = * =
+ P(8; = 8;/s,,0) #8,,8, # 0,)P(0; # 6./s,,8,#6))

Therefore,
2 Pel
e(llx?) = e8P (1-P_o ) + |1 - 22| P o
and
Py = 524 2oy + 2 - D ) |G
e N el efb M-1/ “el’efb *
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Also

1
S S

)
I

Therefore,

&
2|

We now consider Pﬁ(e), the probability of error, for this

scheme, Note that when s 1is the message being coded,

N

Ay = N0+ (N-l)(al-ei) + z

k=1

=]

(3.2)

The probability of error therefore depends on the values of el and

e

*
1 The following is a table of the possible events associated with

these values. It is assumed that S5 1s the message being coded.

Event Gl el RN

N

A ei el E:: n, + Nei
k=1
N

B 0; ej J#i Z m + (;31\:-1)6:1-(31-1)9'j
k=1
N

c ej J#i ej E:: n, + Nog
k=1
N

D e;j J#i 0, L, 3 Z n, + N8, + (N-l)ej—(N-—l)e

=

=1

1



2l

N
E e;i L 8, z n + 8 + (N—l)ej

k=1

These events are disjoint and we may write

B (e/s,) = (040, /s, A)B(A/s;) + B(0y # ©,/s,,B)P(B/s;)

P(0y # 6,/5,,C)P(C/s;) + B(8y # 9;/5;,D)B(D/s;)

+

P(EN # Bi/Si,E)P(E/Si) (343)

+

We wish to consider the terms which make up this sum,

P(8y # 8;/84,D) = P(Ayp 8,0 = O 0,7 for some r #i/s.,D)

2 P(()\.N, ej) = (xN, ei)/si,D)

We now substitute the value of KN corresponding to event D in the
above expression. When we do this we can condition the probability

only on'the‘relationship
(n,, 08> > (0,6, + E
implied by event D. Therefore,

N N
P(Ogp 6,5 2 O 0,)/5,,0) = B[ ) (w03 + (1) B2 ) (o0,
k=1 k=1

+ NE/(nl,9j> 2 (n;,6;) + E
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N N
k=2 k=2
N N
where z (nk,ej) and Z (nk_, Si) are independent identically dis=-
k=2 k=2

tributed Gaussian random varlables,.

It therefore follows that

. i
1 = B(8y # ei/si,D) 2= (3.4)
A similar argument shows that
12 P(8 £ 9,/s,,F) = 2 (3.5)
- N a2 T 2 =
The conditional probabilities of events D and E are
M-2
P(D/s;) = L (3.6)
and
P-. P
el "efb
P(E/Si) i v (3.7)
Now

P(By # 0;/5;5B) = 1 - P(Qp, 8,0 > {0, 0.0 for all r # i/s,,B)

N N N
=1-P Z (nk, 9i> & (BR-1) B > z (nk, ej>- (N-1) E,Z (nk, er>
k=1 k=1 k=1
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for all r # i,j/(n,8,) + E > (n),8,) for all r #1i

N N
<1-P Ez: (n,8) + NE > E{: (nk,er> for all r # i/(nl,ei)
k=1 k=1
+E > (nl,er) for all r # i
=1 - P(()\,N, e.l) > ()\N, er) for all r ;é i/si,A)
= P(GN 7‘4 ei/si:A)
The conditional probabilities of events A and B are
P(A/si) = (l-Pel)(l-Pefb)
and
P(B/si) = (l—Pel) Poen
If
InM S°
0= <y
o
then
P -0 as T - @

efb



a7

and for large T
Pefb <1l - Pe
In this case

0 < P(BN # 6,/s;,B) P(B/s;) < P(g)N # 0;/s;,A) P(A/s;)

Finally,

P(;ﬁ # Bi/si,A) P(A/s;) + P(BN # ei/si,c) P(C/si)

P(oy # 0;/s;,8; = 8;) (8 = 8;/s;)

I

PeN(l—Pefb)

It follows from (3.3) - (3.9) that

PelPéfb
—g — * By(-Fopy) = EByle) = B B o # 2P 0P o)
t
* where we have assumed T 1is large and O < é%M < %T
o

upper bound.

Suppose now that

S
Fr=rTy for r=1 (r need not b

(3.8)

(3.9)

(3.10)

to obtain the

e an integer)
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This implies

efb el

If, in addition, we require that

S
0 <R <W—
o
then
Pel -+ 0 as T = @
Pefb -0 as T = @
and from (3.1)
—.g’.. as T = @ (3]_']_)
av N -
Equation (3.10) is wvalid with Pefb = Per and we have for the channel

reliability function

E(R)

1l

i
lim (- = In P _(e)
T ( Nt N

l

min(E, (R), B, (R))

where
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1
E, (R) =lim(——lnP
il o NT eN
and
: 1 . 3 -
E.(R) = 1lim (- = 1n P + lim (- = 1In P
2 Nt el Nt er
T—o / T2
Now, using (3.2), (3.11) and the asymptotic expressions for P 1s
and P _, the above results may be written as:
er ell
If
P P
F = £ r=1 (3.12)
o o
then
E(R) = min(E, (R),E,(R)) (3.132)
where
( NP&V NPav Pav
-E—N—_R O <R £ min Eﬁ—,'N—
o o o
E,(R) = (3.13b)
a
NPov NPav Pav av
AV VR minlgEe, g SR <
o o o 0
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and
(r+1)P
av av
—2—I\T:-——-—- - 2R 0O €£R < Eﬁ—-'
(r+2)Pav R Pav Pav rPav Pav
= _———— - < i P o
EZ(R) o = W “Remnlm—, §
o o o o o
(r+1)P RP rP P P
av av ; av av av
5 ——N——-— = & N (l+\/r_) + 2R min Im.— ' T SR =< T\I—
o) o o) o o
(3.13¢c)

These equations completely describe the behavior of E(R) for this

scheme, If N <r or N =r+ 1 they can be simplified as follows:

Clearly

( rPav rPav av

5N - R 0O <R < min Hﬁ;— 3 ﬁ:_
EZ(R) >
rP \2 rP P
- JE_ min Eﬁéx 5 ﬁiz <R <:EEE
\ e / (o] @] ] o
so that
E(R) = El(R) for N<r

as in Scheme 1.

It is also possible to show that



gl

([ (1) (r+1)P P
g av . av av
T R 0O £ R € min I ) R
(o] o} (o]
Ez(R) &
(r+l)P \/_ _ (r+l)Pav . P
min I, P <R < T
\ (e} (o] (o]
Therefore,
E(R) = EE(R) for N=>r+1

Note that EZ(R) is independent of N. Hence, E(R) cannot be in-
creased by further increasing N, for N = r + 1,

Before concluding this section it is of interest to consider the

P P
performance of this coding scheme when EEB < EEE . We show that in
o o

this case reliable transmission of information over the forward
channel is not possible at all rates up to the forward channel
capacity.

To see this, note that if

P
FB av
-I\—]:,—‘SR'('ﬁ—-—
o o
then
1nM St

= = ﬁz so that Pefb -1 as T -» ®
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It then follows from (3.1) that

H
!
=l

- (2N-1) as T - =

and from (3.10) that

PP
el efb 1
PN(e) > = 45 B Tas
for all rates R such that
B P P
FB av av
BRE)®T o TERELW. %R <x
o o o

Reliable transmission cannot be maintained for this range of rates,.

3.4, Peak Power.

We define peak power for the feedback coding scheme as the

maximum average power over any transmission interval . Iet PPK

denote the peak power in the forward direction and PfK denote the
peak power in the feedback direction. The peak power in the forward

direction is the maximum value of

[EN

T

i .
If Sl # 6 then

I 12

T

= 28 k=2, «+v , N
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Therefore,

PK

The peak power in the feedback direction is

2
ey
Bl 0 i
Hence, from (3.2)
Pl
fP_K =N (3.14)
FB

For the remainder of this section we assume that

i S

No No
and

S
o

Then from (3.11)

P

?EI_{-)ZN as T — ©

av

Thus the ratio of peak power to average power increases with N,

the number of transmissions per message. Any physical communication
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system operates with a peak power limitation., Hence, the number of

transmissions is limited.

Suppose now we modify feedback coding Scheme 2 by letting
* .
X = g(e-el) k=2, s¢¢ , N

where g 1is a fixed positive gain constant, For this scheme we let

N -~
Ay =YLt Z (v + &8y)
k=2

~

to determine GN. Note that

H
l
=)o

av

independent of the choice of g. Now, however,

P

PK 2 '

$— = max(2g"N,N) (3.15)
av

Since,
1

Pex _ Ppx

P_°T_

av FB

we assume that only the constraint on the forward peak to average
power ratio is critical. We wish to determine the channel reliability
function for this scheme. Proceeding as in the previous section it

can be shown that,



35

If
PFB rPav
T - N r=1
o o
then
where
2 2
P ((N-1)gr1) [ ((w-1)g1)? P Pavw
SN W - R O <R < min N N’
o o o /
El(R) =
P ((N-1)g+1)? A ((N-1)g+1)% P P
av _\/ﬁ S av av R< av
N N N LN 2> N N
o o) o o)

\

and EZ(R) is again given by (3.13c¢c) and is independent of N and g.
El(R) can be increased by increasing either N or g. However,
if we fix the forward peak to average power ratio (see (3.15)), it can
be shown that El(R) increases with decreasing g (for g 2\/572)_
Therefore, it is reasonable to choose g =1 as in feedback coding

Scheme 2, and increase N in order to obtain improved error perform-
P

ance. El(R) is in fact maximized, for fixed i by choosing

PPK Pav ’
g =\/2/2 end N =X,
av



36

IV. PERFORMANCE OF THE CODING SCHEMES

4.1, The Channel Reliability Function.

In Chapters II and III of this paper we analyzed two block coding
schemes for a feedback communication system in which the forward and
feedback channels are disturbed by independent additive white
Gaussian noise and average power constrained., In particular, we
focused our attention on thelbehavior of the channel reliability
function, E(R), for these schemes. (See Equations (2.13)-(2.16),
(3.12) and (3.13).) This function is of particular interest since for
large coding delay (time to transmit a message) T, the probability

of error is given by
Py (e) = exp(-E(R)T)

and E(R) can be used to compare the performance of different coding

schemes,

4,2, Comparison of Coding Schemes.

The channel reliability functions for the feedback coding schemes
can be compared with the optimum reliability function attainable if
the feedback channel were not available, Denoting this optimum
one-way channel reliability function by E'(R), we have (see Chapter

5 of Reference 11)



E'(R) = (k.1)

E:
av av

g -VE|  gEsR<gT
(o] o (]

It is well known that signals orthogonal over the time interval T
attain this performance. Note that for both feedback coding schemes,

E(R) >E'(R) at all rates R up to the forward channel capacity,

P
av

N 2
o

than the forward channel capacity. Hence, for the same values of Pav,

C = provided only that the feedback channel capacity be greater

T, and R <'ﬁ.&Y‘,
(o]

feedback schemes is less than the probebility of error, P'(e) =

N the probability of error, PN(e), for the

o’
exp(-E'(R)T), for the best one-way scheme,

As T becomes arbitrarily large for these schemes, so does the
number of dimensions per second used in coding, or equivalently, so
does the bandwidth used [11], In many practical systems we may be
restricted to a given large but finite time-bandwidth product, or
equivalently, to a given large but finite number of dimensions. It is
interesting to compare therone-way and feedback schemes for the same
values of Pav’ NO, B <520

N 2
(o]

of dimensions D, Ietting M' denote the number of messages and T'

and the same large but finite number

the coding delay for the one-way orthogonal scheme, we have
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and

Using (4,1), it then follows that

/
av av
exp —('E—N-—R - l) In D OSSR < Eﬁ_
o] (o]
P'(e) = exp(-E*'(R)T!) = (k.2)
[fer )
av av av
exp 'N—R- - lf InD W <R < -ﬁ-—-—
\ o o

Letting M denote the number of messages, T the coding delay, and

N the number of forward transmissions for the feedback coding schemes,

we have
InM
=g
and
D =MN .
) PFB Pav
Assuming N < r, where F =T F s it follows using (2.16) or
o o

(3.13) that
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( ffé! -11m 2] 0 <R < min Pay féﬂ}
®XP -\ 3N R N IN_’ N }
\ o o) o
Py(e) ~ exp(-E(R)T) = (+.3)
[T av \2 D NPav Pav Pav
expi- NOR - l} In :N- min W— r 'ﬁ.—o—— <R < -I\T

Using (4.2) and (4.3) it can be shown that PN(e) < P'(e) for the

P
av
same P__, N, R<‘ﬁ;"':

and number of dimensions D which is
assumed to be large.

We now discuss the relation of Schemes 1 and 2 to existing feed-
back coding schemes. In Chapter I we mentioned several existing
coding schemes for the particular feedback communication system we
have considered. It is worth repeating that in the presence of feed-
back noise the schemes of Schalkwijk [2,3], Kailath [2], Omura [4],
and Butman [5] require an infinite amount of feedback power to maintain
any non-zero rate and achieve a zero probability of error. Henée, the
presence of feedback noise poses a severe limitation on the performance
of these schemes, The scheme considered by Kramer [6] does not have
this limitation, however. Even in the presence of feedback noise, his
scheme requires only a finite amount of feedback power to achieve im-
‘proved asymptotic performence over the best one-way scheme at all
rates up to the forward channel capacity. His is the first feedback
coding scheme. with this property. Kramer's scheme uses N forward
transmissions and N-1 feedbgck transmissions and is simila; to

Schemes 1 and 2. For his scheme Kramer shows that
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If
P P '
. — r = N(N-1) (L.4)
o} o)
then
NP NP B
av 5 av av
SN - R 0 <R <€ min W T
o o o
E(R) =< (4.5)
2
[ NP NP P P
Nav -Vﬁg i Nav , Nav <R < Nav
\ o o o o

To obtain the same performance as in (4.5) for the same number, N,

of forward transmissions, Schemes 1 and 2 require only that

E—Ti =T —]ia;Y. r =2 N
1 - N =
(o] (o]

(See Equations (2.15), (2.16), (3.12), and (3.13).) Of course the
condition (L4.4) on the amount of feedback power required is only a
sufficient condition. As Kramer points out, it may in fact be

possible to obtain the same E(R) for a smaller value of the feedback

powver,

With this in mind, a lower bound to the probability of error for

Kramer's scheme is obtained in Appendix B. (Sée Equations (B.8) and
R ;

(B.9).) Suppose for simplicity that
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PFB Pav
ST
o

where r 1is an integer greater than 1 and that N =r + 1. Iet
EK(R) denote the channel reliability function for Kramer's scheme,

It follows from (B.9) that

. 1 N
EK(R) < i:or: - % ln(Pel)
7 (r+l)Pav -
e (r+1) R O0<R <
o] o]
= (4.6)
(r+l)P P P
- gt r+l)R B <R < ﬁ"‘-‘l’—
\ (@] (@]

The channel reliability function, E(R), for Scheme 2 with N =1r + 1

is given by (3.13c), which is repeated here for convenience,

(r+1)Pav
F e
2N, & O=R =y
(r+2)P£v RE v Pav Pov  Fav
E(R) = ——2-—1\—]_———— - 2 N W— < R < min IT- 5 -N—-—- (3.13(!)
o o o o o
(r+1)P RP rP P P
av av ; av av av
e B It P L
\ T & (1+J;3+ 2R minipe— , 7—|sR <f

O (o] (o] o} o
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It follows from the above that E(R) >iEK(R) for R >0. In

particular, it can be shown that

av
E(R) = EK(R) + (r-1)R 0 <R < W
and for r = 4
Pav Pav Pav
E(R) = EK(R) + I{‘_N?(; (I‘—l) 'Wo <R <ﬁ,-o—

Kramer uses equal amounts of energy on each feedback transmission
rather than using all the available energy on the first transmission
as in the forward channel., By sending information over the feedback
channel in such a way that the expected value of feedback signal
energy is zero on all transmissions after the first, Schemes 1 and 2
achieve a reduction in the amount of feedback power required.

Finally, it should be mentioned that for lN = 2, Schemes 1 and 2

are identical to Kramer's scheme,
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V. CONCLUSIONS

A feedback communication éystem in which the forward and feedback
channels are independently disturbed by additive white Gaussian noise
and average power constrained was considered. Feedback coding schemes
were presented which make efficient use of the feedback power available
to obtain improved error perfbrmance over existing coding schemes, The
behavior of the probability of error is particularly dramatic at rates
arbitrarily close to the forward channel capacity, since channel
reliability functiops were obtained which remain positive at capacity.

The messages to be coded were realized with a set of signals (in
this case orthogonal signals) which allow reliable one-way transmission
of information over both the forward and feedback channels. The ex-
pected value of signal energy in both the forward and feedback channels
could then be made negligible on all iterations after the first. In
this way all the available signal energy per message could be used on
the first iteration, and the probability of error was decreased. This
approach can be applied under other assumptions regarding the forward
and feedback channels provided that signal sets exist which allow
reliable one-way transmission of information over these channels, If
the average power were the critical factor in determining the error
probability for the forward channel, improved error performance should
be obtainable in this way.

It should be pointed out that the coding schemes presented here,
while‘effective, are not optimum. BSeveral modifications are possible,.
Signal gain constants could be used, However, it was shown that peak

power limitations make it reasonable to increase the number of
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iterations per message as a means of improving error performance
rather than using gain constants. The decoder considered is optimum
only if the feedback channel is noiseless, and it could be modified.
It is, however, desirable that the decoder still be easy to implement
and analyze. The decision rule used on the feedback channel could

also be modified.
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APFENDIX A

WEAK CONVERSE FOR A FEEDBACK COMMUNICATION SYSTEM

Consider the feedback coding scheme of Figure 1, If the forward
channel is discrete and memoryless and the feedback channel is
noiseless, Shannon [7] has shown that such a scheme cannot increase
the capacity of the forward channel. This result is now extended to
a system in which the forward and feedback channels are independent,
time discrete, amplitude continuous, and memoryless. In what follows
we assume that all random variables have 5ounded density functions and
finite variances so that all integrals exist.

Let p(y/x) be the conditional probability density describing
the forward channel, where the channel inputs x and outputs y are
points on the real line. ILet x/ denote the set of M messages to be
coded for transmission over the forward channel and V denote the
space of forward channel output sequences (V 1is Euclidean D-space).

We assume the forward channel inputs are constrained so that

D
5 ) elnx)) <K

j=1

where ¢( ) is an operator denoting statistical expectation, h is

a real-valued function, and K 1s a constant. ILet

PV

1¢/3v) =ZfP(s) p(v/s) 1n B/E) o
o v

be the mutual information between the set of messages and the space of

forward channel output sequences for a given feedback coding scheme.
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@ o

I(X5Y) = f f p(x)p(y/x) 1n Plgyyﬂ dy dx

-0

be the forward channel mutual information, and

C = Max I(X;Y)

p(x) :fp(x)h(x)dx < K

-0

be the forward channel capacity.

We now prove the following
Iemma. 1(4;v) = DC

Proof': Since the channels are independent and memoryless, the

channel output yj depends only on the channel input xj. Therefore,

P(yj/s"yl’ "t yj-l,xj) & p(yJ/XJ)

Making use of this, Gallager has shown (see Appendix A of

Reference L4)

D
) < ) TY)
; P
The mutual information, Ij(X;Y), is computed using the density,
p.(x), on the jth channel input for the given feedback coding scheme.

dJ
We define a probability density funetion, p'(x), as follows.
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D
ZP(X)

j=1

UIH

Iet I'(X;Y) be the mutual information computed using this density

function. Letting

@ os]

pj(y) = fpj(X)p(y/X)dX and p'(y) = fp'(X)p(y/X)dx

- -0

we have

@

I'(X5Y) = fp'(y)ln e 4y - ffp (x)p(y/x) —(77 dy ax

-0 -0 =R

D @ D o o
- %‘- Z [Pa(y’)ln =) dy - % Z [ fpj(x)p(y/x) 1n ﬂ%ﬂ dy dx
Jj=1 == Jj=1 - -
D ®
= % Z [PJ (¥)In =y dy - f p;(x)p(y/x)1n 77—7 dy dx
=1\ - —® -
D

Il

gl

]
H
M
53

Hence

I(f;V) < DI'(X;Y)

The forward channel inputs are constrained so that
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D o
E{: 'jﬁpj(x) h(x) dx < K

j=1 -

gl

Therefore, p'(x) satisfies

@

[ 2760 B ax < x

-0

and
I'(X:Y) =€

The-pfoof is complete.
Assuming the messages are equiprobable, we now have the

following.

Theorem (Weak Converse). If R = }%E > C, the probability of error,

P(e), for the feedback coding scheme is bounded away from zero.

Proof: The proof is standard (see Chapter 8 of Reference 10), ILet

H(// V) =z [P(s/v)p(v) 1n ?(357;) v
o vV

Then

H(S//V) < P(e)ln F(%T + (1-P(e))1n 1_-13%737 + P(e)ln(.M-l)

This is Fano's inequality. We also have, for a set of equiprobable
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messages,

I(f3V) = InM - HS/V)

Application of the lemma now ylelds the weak converse,
Hence, feedback coding cannot increase the capacity, C, of the
forward channel, 1In pérticular, the above results apply to the

vector channel model for the feedback communication system considered

in this paper.
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APPENDIX B

A LOWER BOUND TO THE PROBABILITY OF ERROR FOR

KRAMER'S SCHEME

The symbols to be used here have been previously defined in
Chapter II. The description of feedback coding Scheme 1 (see Section
2.2) applies to Kramer's coding scheme [6] with the following changes.

We transmit

Wk= ¢k. k

]
E
-

=

1

=

over the feedback channel and let

Bk=zk =

g * o * 0
to determine ¢k' Note that the probability that ¢k 4 ¢k is simply

Pefb’ independent of the values of ¢: and ¢{, 4=1, **+ , k-1,
It can be shown for this scheme that
N-1
Slisemn e, +2(1-E e ZP(e) (B.1)
av N efb M-1/ “efb k :
k=1
_ (N-1)s°*
Prg = = (B.2)
Pk(e) <P + (k-1) P (B.3)

(See Chapter III of Reference 6.)
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We now obtain a lower bound to the prdoability of error for this
scheme. To do this we consider the following table of events

(similar to that in Section 3.3) associated with the possible values

of ez_l and %N—l‘ It is assumed that S5 is the message being
coded.
A 6 2
Event eN-l 9N-l KN = kN-l Vgt eN—l
Ay-1 M2 o M1t Byt 8
By_1. 8; 8 J#i A1 * Pyt 285 - O
B 0, JA 8, Mgy * Tyt 9y
Dy_1 8 JA 0, 4FL,3 Myt Dt 8 - 8+ o
Ey_1 ej J#i 8 Agp * Oyt ej

The method of analysis is similar to that of Section 3.3. The

events are disjoint so that

Py(e/s;) = P(am% 8;/55,8yq) PlAy_1/53) + P(gN # 85/855By )P (By_1/55)
v B(oy # 6;/5,,C 1) B(Cy 1/5;) + B(8 # 8,/5,,D )R . /5;)
+ P(éN #0,/5,,By 1) P(Ey_1/55) . (B.4)

We now lower bound the terms in this sum. Proceeding as in

Section 3.3,
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P(8y # 0;/54,Dy 1) = P({yp 8, 2 (\p ©;) for some r # i/si,DN_l)

\%

P(Ogp 857 = Ogp 80/55,0y 1)

Il

P(<7"N—l’ GJ.) % (I’LN, BJ.) +E = (}‘N-.‘L’ ei> 4 (n.N, 8;) + E/()\an, ej) >

(o1 837)
P((nN,ej) = (n,8,7)
1

2

1%

Similarly, it can be shown that

-

P(Oy # 83/83,Ey ) =

The conditional probabilities of events DN 1 and EN | are

P(Dy_1/84) = By (e/5;) Pefb(§§%)

and

P .(e/s.)P
P(EN-l/Si) _ N-1 . -11 efb

Lower bounding the second term in (B.L) by zero, it follows from

the above that

PN(e/si) > p(éN # Gi/si,AN_l)P(AN_l/si) + P(BN £ ei/si,cN_l)P(cN_l/si)

1
+ 5 By q(e/s;) By (B.5)
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It is difficult to obtain an exact expression for the first two terms
in (B.5). However, a simple lower bound to these terms follows from

noting that

P(;N # ei/si,AN_l)P(AN_l/si) 4 P(E)I\I # ei/si,CN_l)P(CN_l/si)

P(Byy # 05/55,0y 1 = 8y 1)P(8y 1 = By 4/55)

~ ~

= *
= P(8 #6,/s;,8, =8, for k=1, +++ , N-1)P(®

]

N-1
PeN(l-Pefb)

Therefore,

N-1  F-1(®) Pogp
) + 2

Pyle) = Bapll-F o (B.6)
A similar lower bound to PN_l(e) ‘may be obtained. Substituting this
lower bound in (B.6), lower bounding PN_Z(e), and continuing in this
way, the following lower bound to PN(e) is obtained,

N N-k

P
k-1|"efb
B (e) = z P, (1P ) ( s
k=1 '

(B.7)

Suppose now that

r 21 (r need not be an integer)

ZI%
|
—~

|
Zlm
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and
‘ S
OSR<E—N—
o
Then
Pek<Pel—'O as T -+ for k>1
Pefb = Pe r
N-1

and if N <r + 1 then

efb

It then follows from (B.1l)

=10

av

It

then

as T o @

and (B.3) that

r=21l and N<r+ 1

(B.8)
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N el Pe r \N-k
N-
P (e) = > P ll-P . (B.9)
k=1 ¢ W1 &

This is the desired lower bound.
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