WAVE INDUCED OSCILLATION S IN HARBORS
OF ARBITRARY SHAPE

Thesis by
Jiin-J en Lee

In Partial Fulfillment of the Requirements

For the Degree of
Doctor of Philosophy

California Institute of Technology
Pasadena, California
1970

(Submitted November 11, 1969)

11

ACKNOWLEDGMENTS
The writer wishes to express his deepest gratitude to his thesis
advisor, Professor Fredric Raichlen, who suggested this research
problem and offered the most valuable guidance and encouragement
throughout every phase of this investigation.

The advice and encour -

agement of Professors Vito A. Vanoni and Norman H. Brooks are also
deeply appreciated.
The writer also wishes to express his appreciation to Professors
Theodore Y. T. Wu, Thomas K. Caughey, Herbert B. Keller, and
Donald S. Cohen for the helpful discussions during the development of
the theoretical analysis of this problem.

The help from Professor

James J. Morgan and Mr. Soloukid Pourian in developing the technique
for controlling corrosion of the wave energy dissipaters is very much
a ppr e ci ated.
The writer is deeply indebted to Mr. Elton F. Daly, supervisor
of the shop and laboratory, for his assistance and patient instruction in
both designing and building the experimental set up.

Appreciation is

also due Robert L. Greenway who assisted with the construction of the
experimental apparatus; Mr . Albert F. W. Chang who assisted in the
computer programming; Mr . Joseph L. Hammack who assisted in
performing experiments and reducing data; -- Messrs. George Chan,
Yoshiaki Daimon, and Claude Vidal who assisted in data reduction;
Mr. Carl Green who prepared the drawings; Mr. Carl Eastvedt who
did the photographic work; Mrs. Arvilla F. Krugh who typed the

iii
manuscript; and Mrs. Patricia Rankin who offered many valuable
suggestions in preparing the manuscript.

The writer also wishes to

express his sincere appreciation to his officemate, Mr. Edmund A.
Prych, for friendly and helpful advice during the last three years.
This research was supported by the U.S. Army Corps of Engineers
under Contract DA-22-079-CIVENG-64-ll.

The expe riments were

conducted in the W. M. Keck Laboratory of Hydraulics and Water
Resources at the California Institute of Technology.
The writer wishes to express his deep appreciation to his wife,
Sage, · for her understanding, patience and encouragement during the
period of his graduate study.

-iv-

ABSTRACT

Theoretical and experimental studies were conducted to
investigate the wave induced oscillations in an arbitrary shaped
harbor with constant depth which is connected to the open- sea.
A theory termed the "arbitrary shaped harbor ' ' theory is
developed.

2

The solution of the Helmholtz equation, V' f

+ k 2f

= 0,

is formulated as an integral equation; an approximate method is
employed to solve the integral equation by converting it to a matrix
equation.

The final solution is obtained by equating, at the harbor

entrance, the wave amplitude and its normal derivati ve obtained from
the solutions for the regions outside and inside the harbor.
Two special theories called the circular harbor theory and the
rectangular harbor theory are also developed.

The coordinates inside

a circular and a rectangular harbor are separable; therefore, the
solution for the region inside these harbors is obtained by the method
of separation of variables .

For the solution in the open-sea region,

the same method is used as that employed for the arbitrary shaped
harbor theory.

The final solution is also obtained by a matching

procedure similar to that used for the arbitrary shaped harbo r theory.
These two special theories provide a useful analytical check on the
arbitrary shaped harbor theory.

-v-

Experiments were conduct e d to verify the theories in a wave
basin 15 ft wide b y 31 ft long with an effective system of wave ener gy
dis sipator s mounted along the boundary to simulate th e open-sea
condition.
Four harbors were investigated theoretically and experimentally:
circular harbors with a 10° opening and a 60° opening, a rectangular
harbor , and a model of the East and West Basins of Long Beach Harbor
located in Long Beach, California.
Theoretical solutions for these four harbors using the arbitrary
shaped harbor theory were obtained.

In addition, the theo retical

solutions for the circular harbors and the rectangular harbor using the
two special theories were also obtained .

In each case, the theories

have p roven to agree well with the experimental data.
It is found that:

( 1)

the r e sonant frequencies for a specific

harbor are predicted correctly by the theory, althou gh the amplification
factors at resonance are somewhat larger than those found exp erimentally,

(2) for the circular har bo rs, as the w idth of the harbor

entrance increases, the amplification at reso n ance decreases , but the
wave number bandwidth at resonance increases,

(3 ) each peak in the

curve of entrance velocity vs incident wave p eriod corresponds to a
distinct mode of resonant oscillation inside the harbor, thus the
velocity at the harbor entrance appears to be a g ood indicat or for
resonance in harbors of complic ated shape ,

(4) the results show that

the present theory can be applied with confidence to prototype harbors
with relatively uniform depth and reflective interior boundaries.
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CHAPTER 1
INTRODUCTION

1.1

BACKGROUND
A natural or an artifici al harbor can exhibit frequency- (or

period-) dependent water surface oscillations when exposed to incident
water waves in a way which is similar to the response of mechanical
and acoustical systems which are exposed to exterior forces, pressures
or displacements.

For a particular harbor, it i s possible that for

certain wave periods the wave amplitude at a particular location inside
the harbor may be much larger than the amplitude of the incident wave,
whereas for other wave periods significant attenuation may
same location.

occu~

at the

This phenomenon of harbor resonance has g en.er ally

been thou ght to be caused by waves fro"m the open - sea incident upon
the harbor entrance, although other possible ex citations may be earthquakes, local winds, and local atmospheric pressure anomalies, etc.
These resonant oscillations (also termed seiche and harbor
surging) can cause significant damage to moored ships and adjacent
structures.

The ship and its mooring iines also constitute a dynamic

system; therefore, if the period of resonant oscillation of the harbor
is close to that of the ship-mooring system, an extremely serious
problem could result.

In addition, the currents induced by this

oscillation can cause navigation hazards.

-2-

There have been natural and artificial harbors in various
locations around the world where resonant oscillations have occurred
and have caused damage to ships and dockside facilities, e.g. Table
Bay Harbor, Cape Town, South Africa; Monterey Bay, California and
Marina del Rey, Los Angeles, California.

In order to correct an

existing resonance problem one must first be able to predict the
response of that particular harbor to incident waves, i.e. the expected
wave amplitude at various locations within the harbor for various wave
periods, so that the effect of any change of the interior can be investigated.

Until quite recently such a study was done using a hydraulic

model alone.

If an acceptable analytical solution of the problem could

be developed it could be used in conjunction with a hydraulic model to
provide a guide for the most effective and efficient use of the laboratory
model.

1. 2

OBJECTIVE AND SCOPE OF PRESENT STUDY
The major objective of this study is to investigate, both

theoretically and experimentally, the response of an arbitrary shaped
harbor of constant depth to periodic incident waves.

The harbors are

considered to be directly connected to the open-sea with no artificial
boundary condition imposed at the harbor entrance.

The laboratory

experiments are conducted in order to verify the theoretical solution
for different harbors.

-3-

In Chapter 2 previous studies of the harbor resonance problem
are surveyed.

A theoretical analysis is presented in Chapter 3 by

which one may predict the response of an arbitrary shaped harbor of
constant depth to incident wave system.

In Chapter 4 a

theoretical

analysis is presented for two harbors with special shapes:
harbor and a rectan gular harbor.

a circular

These analyses provide theoretical

results which can be compared to those of the general theory developed
in Chapter 3 .
are described.

In Chapter 5 the experimental equipment and procedures
The experimental and theoretical results are presented

and discussed in Chapter 6.

Conclusions are stated in Chapter 7.
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CHAPTER 2

LITERATURE SURVEY

2. 1

WAVE OSCILLATIONS IN HARBORS OF SIMPLE SHAPE
A significant amount of work has been done on resonant

oscillations in harbors of idealized planform such as a circular harbor
or a rectangular harbor.

The methods of approach used for solving

these problems ranged from imposing a prescribed boundary condition
at the harbor entrance to matching, at the harbor entrance, the solution
obtained for the regions inside and outside the harbor.
McNown ( 1952) studied both theoretically and experimentally some
of the response characteristics of a circular harbor of constant depth
excited by waves incident upon a small entrance gap.

The analysis was

to solve Laplace 1 s equation:
(2. 1)

with certain prescribed boundary conditions.

The boundary conditions

used included the linearized free surface condition at the water surface
and the condition that the velocity normal to all solid boundaries was
zero.

However, the assumption was made at the harbor entrance that

the crest of a standing wave occurred at the entrance when the harbor
was in resonance and the

w~ter

across the small entrance.

surface remained essentially horizontal

Thus, for resonant motion, this hypotheses

-5led to a boundary condition identical to that for a completely closed
circular basin.

Therefore, the wave frequencies associated with

resonant oscillations would be those eigenvalues for the free oscillation
of a circular basin.

Based on this assumption, McNown computed the

amplitude variation inside the harbor for various modes of oscillation
and found the theoretical results compared reasonably well with the
experiments.

This

imposed condition at the harbor entrance is not

satisfactory in the sense that the slope of the water surface at the
harbor entrance should be part of the solution of the problem and
should not be imposed initially.

However, it can be shown that the

resonant frequencies (or the wave numbers) associated with the circular
harbor are indeed close to that for the free oscillation in the closed
basin if the entrance is very small.
Using the same idea of assuming an antinode at the harbor
entrance for resonant oscillation, Kravtchenko and McNown ( 19 55) have
studied seiche (wave oscillations) in a rectangular harbor.

In that

study the definition of resonance was similar to that used by McNown
( 1952 ), i.e. the modes of oscillation corresponding to the closed basin
configuration were termed resonant all others termed non-resonant.
For non-resonant oscillations the boundary condition, at the harbor
entrance would have to be determined from observations in the
laboratory.
/

Extending McNown's work for circular harbors, Apte

(1954,

1957) investigated, both experimentally and theoretically, the problem
of the rectangular harbor with a wide entrance.

Both the experimental

-6and mathematical models consisted of a rectangular harbor with an
asymmetric entrance to which a relatively long wave channel was
connected.

A theoretical solution was obtained for the amplitude

distributi on within the partially closed harbor by matching up the
entrance velocities between the two domains: the harbor and the
attendant wave channel.

Good agreement was found between the

theoretical solution and the experimental data.

However, the solution

obtained was not for the more realistic problem of a harbor connected
directly to the open - sea.
Biesel and LeMehaute (1955, 1956) and LeMehaute (1960, 1961)
studied the resonant oscillations in rectangular harbors with various
types of entrances: fully open, partially open, change in depth at the
entrance and combinations of these as well as a sloping beach inside
the harbor.

The harbor was connected to a wave basin having a width

less than half of a wave length and an infinite length in the direction
of wave propagation.

The method whicn was used was based on

'

complex number calculus with a direct application of the superposition
of the various incident, reflected, and transmitted waves.

An

expression was developed for the arriplification factor (defined as the
wave amplitude at the rear of the harbor to the incident wave
amplitude).

However, in order to use that result an empirical

reflection coefficient and attenuation parameter are needed, in general
the values of these pararrieters are not obvious.
The problem of a rectangular harbor connected directly to the
open- sea has been ably treated, theoretically, by Miles and Munk (1961 ).
Their work was an important contribution since it included the effect of

-7the wave radiation from the harbor mouth to the open-sea.

This

effect limits the maximum wave amplitude within the harbor for
the invicid case to a finite value even at resonance.

They considered

an arbitrary shaped harbor and formulated the problem as an integral
This Green 1 s function ,

equation in terms of a Green's function.

g(x, y, s), must satisfy the Helmholtz equation inside the harbor:

~
ox2

2
+ ~
oy2 +k g = 0

(2. 2)

and have a vanishing normal derivative on the boundary of the harbor
except at the entrance where the normal derivative of the Green's
function is a delta function.

Unfortunately, as they have noted, the

Green's function for an arbitrary shaped harbor is beyond reach.

Thus,

they have applied this general formulation to a harbo r of simple shape:
a rectangular harbor, and found most interesting ly that a narrowing of
the harbor entrance leads not to a reduction in harbor sur ging
(oscillation), but to an enhancement.
the "harbor paradox''.

This result was termed by them

At that time, there were considerable

differences in opinion as to the existance of the paradox.

LeMehaute

(1962) suggested that if it had been possible to int roduce the effect of
viscous dissipation into the anlysis the paradox would become invalid.
(Howeve r , the present study on circular harbors, both theoretically
and experimentally, has supported the

11

harbor paradox 11 , although

the experimental data also show that viscous dissipation o f energy is
most important for harbors with small openings.
6.2.2).)

(see Subsection

-8Ippen and Raichlen (1962) and Raichlen and Ippen (1965) have
studied, both theoretically and experimentally, the wave induced
oscillations in a smaller rectangular harbor connected to a larger
highly reflective rectangular wave basin.

The solution was obtained

by solving the boundary value problem in both regions, i.e. the region
inside the harbor and the region in the wave basin, using the matching
condition that the water surface is continuous at the harbor entrance.
Because of the high degree of coupling between the small rectangular
harbor and its attendant wave basin the response characteristics of
the harbor as a function of incident wave period were radically different
from a similar prototype harbor connected to the open-sea.

The

former was characterized by a large number of closely spaced spikes
as opposed to the latter that would have discrete resonant modes of
oscillation.

Those results most emphatically demonstrated the

importance of adequate energy dis sipator s in the model system when
investigating resonance of a harbor connected to the open-sea.

It was

pointed out that in order to reduce the coupling effect of the reflections
of the wave energy which is radiated from the harbor entrance,
efficient wave absorbers and wave filters in the main wave basin are
necessary.

A subsequent study by Ippen, Raichlen and Sullivan ( 1962)

showed that the coupling effect is indeed significantly reduced by the
use of artificial energy dissipaters in the main wave basin.
Ippen and Goda ( 1963) also studied, both theoretically and experimentally, the problem of a -rectangular harbor connected to the opensea.

In that analysis the waves radiated from the harbor entrance to

-9the open-sea were evaluated using the Fourier transformation method
which was different from the point source method employed by Miles
and Munk ( 1961 ).

The solution inside the rectangular harbor was

obtained by the method of separation of variables and expressed in
terms of the slope of water surface at the harbor entrance.

The

solution in the open-sea region was obtained by superimposing the
standing wave and the radiated wave (also expressed in terms of the
slope of the water surface at the harbor entrance).

Thus by matching

the wave a.ITlplitude, at the entrance, from the solutions in both
regions the final solution was obtained.

Fairly good agreement was

found between the theory and the experiments conducted in a wave
basin (9 ft wide and 11 ft long) where satisfactory wave energy dissipators were installed around the boundary to simulate the

11

open-sea 11 •

These previous studies of the wave induced oscillations in a
harbor with a special shape have helped to understand some of the
characteristics of the harbor resonance problem.

However, the

practical application of these studies is limited simply because it is
not probable that the shape of an actual harbor will be as simple as
those studied.
In the following section previous studies on harbors of more

complex shape will be surveyed.

- 10 2. 2

WAVE OSCILLATIONS IN HARBORS OF COMPLEX SHAPE
Knapp and Vanoni ( 1945) conducted a hydraulic model study

in connection with the harbor improvements at the Naval Operating
Base, Terminal Island, California (The present East and West Basins
of Long Beach Harbor).
choose the

11

The initial phase of t hat study helped to

optimum 11 mole alignment a nd an extensive series of

experiments was then conducted to completely <let-ermine the water
motions in the basin so defined.

A harbor response in which the

maximum vertical water motion anywhere within the basin was plotted
against incident wave period w as obtained for a range of prototype wave
periods from 10 sec to 15 min.

Contours of water surface elevation

throughout the basin were determined for various wave and surge
periods.

These measurements have delineated the characteristic

modes of oscillation of the basin and established the re gions of maximum and minimum motion in the basin.

That study demonstrated the

need and the merit of a model study to determine the location and the
magnitude of the amplification in a harbor of complex shape when
exposed to incident periodic waves.
Research and model studies on the sur ging problem in Table Bay
Harbor, Cape Town, South Africa w ere conducted by Wilson between
1942-1951.

(That work was made known in two papers: Wilson, 195 9 ,

1960. ) In that study Table Bay Harbor was shown to be affected by two
forms of surging, one of which was responsible for the ranging of
moored ships, the other for a pumping action of the basin and attendant
navigational hazard.
inside the harbor.

These model studies helped to re.duce the surging

-11-

Although model studies can provide many answers and are by far
still the most reliable way of obtaining information concerning the wave
induced oscillations in harbors, they are generally very expensive and,
most importantly, require a considerable amount of time.

Therefore,

many researchers have searched for methods of theoretically analyzing
the wave induced oscillations in a harbor of arbitrary shape which
although perhaps not replacing the model tests at least provide a useful
guide for the experimental program.
Wilson, Hendrickson and Kilmer ( 1965) have studied the twodimensional and three-dimensional oscillations in an open basin -of
variable depth.

For the two-dimensional oscillation the method is

similar to one used earlier by Raichlen ( l 965b) in which attention is
directed to free osciliations in a closed basin.

In the analysis they

have assumed that the wave lengths are large compared to the water
depths; the equation of continuity combined with the linearized dynamic
free surface condition was written in the form of a difference equation.
The periods of oscillation and the variation of the water surface
elevation within the harbor were obtained by solving for the eigenvalues
and eigenvectors of the resultant system of difference equations.

How-

ever, in this approach, an artificial boundary condition was assumed
at the entrance to the harbor or bay.

The boundary condition which

was used results either from an assumed nodal line at the entrance or
using certain observed amplitudes.

Although this method of approach

gives some useful answers, it is not a complete solution to the problem.

-12 -

An ideal solution would automatically take care of the entrance

condition by matching the wave amplitudes and velocities at the harbor
ent ranee derived from solutions for the domain of the harbor and of
the open-sea.
Leendertse (1967) has developed a numerical model for the propagation of long-period waves in an arbitrary shaped basin.

In that

study, the partial differential equations for shallow water waves
(continuity and linearized momentum equations) were replaced by a
difference equation to operate in spatial- and time- coordinates on
definite points of a grid system.

The results agreed well with certain

field measurement; however, the water surface elevations at the open
boundary still must be given.
Most recently a study conducted by Hwang and Tuck ( 1969)
developed an analytical method to solve the harbor resonance problem
for harbors of arbitrary shape and constant depth connected to the
open-sea.

Their method of approach is to superimpose scattered

waves which are caused by the presence of the boundary on the standing
wave system.

The scattered waves are computed by a distribution

of sources (chosen as the Hankel function H(l)(kr) ) with an unknown
0

strength to be determined along the coastline and the boundary of the
harbor.

Thus the potential function cpt(~) at any point ~(x, y) in space

can be expressed as:

cpt(~)

= cp

0

(~) + Jq(~0 )
s

H(l)(k
0

I;; - ;_ I )ds
0

(;_ )
0

. (2. 3)

- 13where cp (~) represents the standing wave system and q(~ ) is the
0

0

source strength along the entire coastline which includes the boundary
_,
of the harbor. The strength q(x ) was determined numerically such
0

that the boundary condition Clcpt =

on

reflecting boundary.

o was

satisfied along the entire

This method did not require a matching condition

at the harbor entrance; the calculation of the source strength q(~ )
0

along the entire reflecting boundary must be terminated at some
_,
distance from the harbor entrance (q(x ) = 0 between that location and
0

+ 00 ) .
-

Physically, this implies that the 'influence of the source distri-

bution at some distance away from the entrance is negligible; however,
for an arbitrary shaped harbor the position at which the source strength
becomes zero is not obvious unless trial calculations are made.
Although the theoretical solutions for wave induced o·scillations
in harbors, especially for an arbitrary shaped harbor, are limited,
there is a considerable amount of literature in other fields such as
optics, acoustics, electromagnetics, and mechanical vibrations which
deal with similar physical problems.

Some of these studies which are

pertinent are concerned with the scattering of acoustic waves by
surfaces of arbitrary shape (Friedman and Shaw (1962),

Banaugh and

Goldsmith (1963 a, b), Shaw (1967), etc.), sound radiation from an
arbitrary body or vibrating surfaces (Chen and Schweikert ( 1963 ),
Chertock (1964), Copley (1967), Kuo (1968), etc.), andthe scattering
of electromagnetic waves by cylinders of arbitrary cross section
(Mullin, Sandburg, and Velline (1965), Richmond (1965), etc.).

-14-

Mathematical equations which describe these problems are nearly
identical to those for the water wave problem.

Thus, similar

analytical techniques may be used for the harbor resonance problem.
In fact, the investigation of Hwang and Tuck ( 1969) as well as this
independent study are closely related to some of the literature just
cited.
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CHAPTER 3
THEORETICAL ANALYSIS FOR A N ARBITRARY SHAPED HARBOR

The theoretical solution for the wave induced oscillations in
an arbitrary shaped harbor with a constant depth is presented in this
chapter.

The solution to the boundary value problem is formulated

as an integral equation, and an approximate method is presented to
· solve this integral equation by converting it to a matrix equation
which can be solved using a high-speed di gital computer.

The final

solution is obtained using a matching condition at the harbor entrance,
i.e . equating, at the harbor entrance, the wave amplitude and its
normal derivative obtained from the solutions in the regions outside
and inside the harbor.

The numerical analysis is described in this

chapter and examples are presented which confirm the numeric.al
techniques used; a comparison of the theoretical and experimental
results dealing w ith the full problem of the response of a harbor to
incident waves will be presented in Chapter 6.

3. 1

DEVELOPMEN T OF THE HELM HOLTZ EQUATION
In order to solve t h e problem mathematically, the flow

is assumed irr otational so that a velocity potential

~

may be defined,

such that the fluid particle velocity vector can be expressed as the
....

gradient of the velocity potential, i.e. u =

'V ~ ,

--+

where u is the velocity

-16vector with components u, v, and win the x, y, and z directions
respectively, and 'Vi s the gradient operator defined as

oxa :l--- + Clya -:-+J + a k__, ,
~

7
· w h ic
' h i,
-;-' J,
in
an d k__, are th e uni· t vec t ors respec-

tively in the directions x, y, and z.
nates is presented in Fig. 3. 1.

A definition sketch for the coordi-

From the continuity equation for an

z

Still water
level

A.

1

0
y

z=O

x

w

)-v

h

u

velocity
components

Bottom (z =-h )

Fig. 3. 1 Definition sketch of the coordinate system

__,

incompressible fluid, 'V • u = 0, and the definition of the velocity
potential, Laplace's equation is obtained:
( 3. 1)

Therefore, the problem is to find the velocity potential <P, which
satisfies Laplace's equation, Eq. 3. 1, subject to a number of prescrib.e d boundary conditions; one of these is that the fluid does not
penetrate the solid boundaries which define the limits of the domain of
interest.

Therefore, the outward normal velocities at the boundary of

the harbor, at the coastline, and at the bottom are zero, i.e.
on solid boundaries.

()0

0~

= 0

-17-

The form of the solution of the velocity potential 1P which is
sou ght is:
'P(x, y, z; t)

= -~-,(,0

f (x, y) Z(z) e - ,{,at

2
where a is the angular frequency.' defined as ;

,.{,is the imaginary number

n'

(3 . 2)

(T is the wave period),

and f(x, y) is defined as the wave

function which describes the variation of

ip

in the x and y - directions.

Substituting Eq. 3. 2 into Laplace's equation (Eq. 3. 1) the
following expression results:
1

f

(o2f + o2f) =
ox 2

(3. 3)

oy 2

It is expected from consideration of small amplitude water wave
theory that the function Z (z) will be in an exponential form rather than
in a sinusoidal form.

Therefore, since the left-hand -side of Eq. 3. 3

is independent of z and the right - hand- side is independent of x and y,
each side can be s et equal to the same constant chosen here as - k 2
to insure Z (z) varying exponentially.

Thus the following set of

equations is obtained:
(i)

d2 z = k2

~

z,

i.

(3 . 4)

e.

(ii)

(3 . 5)

The boundary condition at the bottom is
which the depth is assumed constant.

0

(x, y, -h; t)

= 0,

rn

Eq. 3. 4 and the boundary

condition at the bottom suggest the solution:
where A

~!

is a constant to be determined.

Z(z)

= A0

cosh k (h + z),

The dynamic free surface

-18condition from small amplitude wave theory, neglecting surface
tension, can be combined with this expression and Eq. 3. 2 to give:
1
Tl = -g

(a<P)
at

= - -1 A cosh (kh) [ f(x, y) e -.,{,at]
.
z=O
g 0

= A. f(x, y) e

-.,{,crt

(3. 6)

l

where Tl is the wave amplitude at the position (x, y) and at the time t,
A. is the wave amplitude at the crest of the incident wave (see Fig.
l

3. 1),. and g is the acceleration of gravity.
From Eq. 3. 6 the constant A

0

is:
A.g
l

Ao = - cosh kh
Therefore, the function Z(z) in the velocity potential, Eq. 3. 2, can
be expressed as:
A. g co sh k(z+h)
l

Z(z) =

(3. 7)

cosh kh
Thus the vel ocity potential
~

1

~

becomes:
Ai g co sh k (z+h)

(x, y, z ; t) = -.,{,cr- ___c_o_s_h_ k_h _ _

-.,{,at
f (x, y) e

(3. 8)

Substituting Eqs. 3. 6 and 3. 8 into the ·linearized kinematic free
surface condition obtained from the small amplitude wave theory:

Ell - (a ~)
at -

oz

z=O

(3. 9)

the well known "dispersion relation" for wate r waves is obtained :

a 2 = gk tanh (kh)

(3. 10)

-19The dis persion relation relates the wave freque ncy to the wave number
and the depth of the water; therefore, the arbitrary con s tant, k, used
in Eqs . 3. 4 and 3. 5 is the wave number, k, which appears i n the
dispersion relation, where k is defined as ;::- , (Lis the wave length).
In order to complete the expression for the velocity potential
q>, i.e . Eq. 3. 2, the main problem which remains is to determine the

wave function f(x, y), which satisfies Eq. 3. 5, commonly known as the
Helmholtz equation (Eq. 3. 5 is repeated here for clarity. ):
32£

ox 2

+ o2f2 + k2f

oy

= 0

(3. 5 )

subject to the following boundary conditions:
(i)

~~

= 0 along all fixed boundaries such as the coastline and

the boundary of the harbor (where n denotes the outward
normal from the boundary ).
(ii) as

Jx"- + y 2

-+

00 ,

there is no effect of the harbor on the wave

system; this is defined as the radiation condition.

Physi-

cally, the radiation condi tion means that the outgoing
radiated w ave emanating from the harbor entrance w ill
decay at an infinite distance f rom t he harbor.

Mathemati -

cally, the radiation condition is needed in order to ensure
a unique solution of w ave function _f (x, y) in the unbounded
domain.
In the followin g section (Section 3. 2 ) the method for solving the
Helmholtz equation, Eq. 3. 5, for an arbitrary shaped harbor will be
presented, thereby allowing one to determine the wave induced
oscillations in such a harbor.

-203. 2

SOLUTION OF THE HELMHOLTZ EQUATION FOR AN
ARBITRARY SH.APED HARBOR
The procedure in the development of the theory of the

response of an arbitrary shaped harbor to incident wave systems is
as follows:
(i)

The domain of interest shown in Fig. 3. 2 is divided into
two re gions:

the infinite ocean region (Region I),

and

the region bounded by the limits of the harbor (Region II).
The coastline which in part forms the shorew ard limit of
Region I is located along the x-axis and is considered to
be perfectly reflecting and perpendicular to the bottom.
(ii)

The wave function f 1 is determined in Region I in terms
of the unknown normal derivative
entrance.

~~1

at the harbor

Likew ise, the wave function f 2 is evaluated

in Region II in terms of the unknown normal derivative

of

on2 at the harbor entrance.
(iii)

The condition is used that at the entrance the wave
amplitude and the slope· of the water surface obtained
from the solution in Re gion I must equal to these quantities
obtained from the solution in Region II, i. e. with reference
to Fi g . 3. 2, at y=O in the re gion between A and B, f 1 = f 2
of1
of 2
and--=
- -on
on ·

This

11

continuity condition 11 is used to

solve for the unknown normal derivatives of the wave
function f, at the harbor entrance:

~~.

(Note that the
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Region I (Open-sea)
<;:i:l f1

y

+ k 2 f1 = 0

of,

- - = - C(x )

an

8f1 = 0

- CXl

on

B
8f2
- = C(x)

an

Region II (Harbor)
\72f2

+ k2f2

= 0
-+

0

/

/

,,,.
//

/

/

/\

x(x, y)
\

\
\

\

\

/

/

direction of
integration

Fig. 3. 2

Definition sketch of an arbitrary shaped harbor

-22negative sign results from the sign convention that the
outward normal to the domain of interest is considered
to be positive. )
(iv)

Once the normal derivative of the wave function

~~2

at

the harbor entrance is obtained, the wave function f 2 in
Region II, i.e. inside the harbor, can then be evaluated.
In the Subsection 3. 2. 1, the solution of the wave function f 2
inside the harbor is presented, followed by the solution of wave
function f 1 in the infinite ocean region presented in Subsection 3. 2. 2.
In Subsection 3. 2. 3 the procedure for matching the solutions at the
harbor entrance is shown, leading to the de sired result of the
response of an arbitrary shaped harbor to incident wave systems.
3. 2. 1

Wave Function Inside the Harbor (Region II )
In Region II Green's identity formula (see Appendix I,

Eq. A. 1. 1) is applied and the Hankel function of the 1st kind and
zero order, H(l)(kr), is chosen to be the fundamental solution of the
0

two-dimensional Helmholtz equation, Eq. 3. 5.

The function H(l)(kr)
0

is chosen because it satisfies the Helmholtz equation, and possesses
the proper type of singularity at the origin, which will be discussed.
Therefore, the wave function f 2

at any position in the domain of

interest can be expressed in integral form as a function of the value

of 2-

of f 2 and the value of -

on

at the boundary.

(This derivation has been

discussed by Baker and Copson (1950) and is referred to as Weber's
solution of the Helmholtz equation; it is presented in Appendix I.)
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f2

(~) = -~J [f26~0) o~ (H~l)(kr))

-

H~l)(kr)

;n

(£ 2 (;;0 ))] ds(;;0 )

(3.11)

s
where :

£2 (~') is the wave function £2 at the position;; shown in Fig

Fig. 3. 2,
x is the position vector of the field point (x, y) inside the
harbor,
-+

f 2 (x ) is the wave function £2 on the boundary at the position
0

-+

x

0

is the position vector of the source point (x , y ) on the
0 0
boundary (the significance of the source point will be
discussed presently),
-+

of2 (x

on °

)

is the outward normal derivative of f 2 at the boundary
-+

source point x ,
0

r is the distance between the field and source points,

I-; - ~~ j,

and
),, is the imaginary numbe r of

,Ff.

The integration indicated by Eq. 3. 11 is to be performed along
the boundary of the harbor traveling in a counterclockwise direction
as indicated in Fig. 3 . 2 .
It is worthwhile to point out that similar to the arguments used

in potential theory, Eq. 3. 11 repre sents the potential at the position

...

x as a combination of the contributions from the two different kinds of
singularities (or source points).

Looking first at the second part in

the integrand of Eq. 3. 11, it is seen that this represents a simple

a

_,

source or a sink located on the boundary with strength ~f 2 (x ).
vn
o

On

-24the other hand, the first part in the inte grand of Eq. 3. 11 re p resents
the contribution oi the distribution of doublets located on the boundary
-+

with a strength f 2 (x ).
0

These singularities are evidently represe nted

by Eq. 3. 11 because the asymptotic behavior of the imaginary part of
the Hankel function H ( l)(kr) for very small kr is a logarithmic
0

singularity:
1
Imaginary ( H; ) (kr))'""

~ log (kr)

From Eq. 3. 11, it is clear that in order to be able to determine
the wave function, f 2
f 2 or the value

Jfa
=an

,

at any interior point of Region II, either the value

on the boundary of the region must be known.

The

boundary conditions set previously stated that the normal derivative
of the wave function on the solid boundary is zero, i.e. of 2 = 0, but

on

its value at the harbor entrance is unknown.

At t his point in the

..ie rivation the value of the wave function f 2 everywhere on the
~ oundary

is ,also unknown.

In o r der to determine the wave function

f 2 on the boundary, Eq. 3. 11 is modified by allowing the field point
~

-+

x to approach a boundary point x. (x., y.) from the interior of the
l

harbor (see Fig. 3. 2).

1

l

If the boundary is sectionally smooth, ·.::he

following expression can be obtained:

(This derivation is presented

in Appendix II. )

(3. 12)

-25Rearranging Eq. 3. 12 one obtains:

(3. 13)
To solve Eq. 3. 13 for the value of f 2 on the boundary for an
arbitrary shaped harbor, an approximate method is proposed.

In the

approximate method the integral equation is converted to a matrix
equation.

(Similar approaches used in solving an integral equation

have been employed by others, e.g., Banaugh and Goldsmith (1963),
Chertock (1964), Copley (1967), Mikhlin and Smolitskiy (1967).)

This

is accomplished by dividing the boundary into a sufficiently large
number of segments where along each segment the average value on
that segment of f 2

(;;

),

O

J..-f 2
un

line integral of Eq. 3. 13,
approximated by

~

(-;,

o

),

H(l)(kr), J..-(H(l)(kr)), is used.
o
un
o

which represents the wave function f 2

The
is

,

finite summation of the contributions of the

singularities- from each segment, where the singularities are the
average values just mentioned and are considered to be located at
the center of each segment.
Writing the integral equation Eq. 3. 13 as a summation one
obtains:
N

..ll [ . .

J

a (H (1) (kr .. )) - H (1) (kr .. ) ~
a f {x__, . ) 6s.
f 2 (x. )~
J un o
lJ
o
lJ un 2 J
J

... = - f 2 (x.)
2
1

(3. 14)

j=1
where the boundary is divided into N segments, and:
r .. is the distance between the points-;,. and;;. and is defined
lJ
J
1
as rij =

l~j -~ij =

rji'

-26_.
x. is the position vector for the field point on the boundary,
l

x. is the position vector for the source point on the boundary,
J
and
6s. is the length of the /h segment of the boundary.
J
The segments of the boundary will be numbered counterclockwise
starting from the right-hand-side of the harbor opening; with reference
to Fig. 3. 3 the starting point is point B.

It should be noted that because

of this approximate representation of the boundary, the original curved
boundary is replaced by a boundary approximating it and composed of
straight-line segments.
Eq. 3. 14 can be written in a matrix form as:
(3. 15)

or rearranging this expression:
(b o G n -1 ) -X = b o GP
-

where b

0

=

),
-2

(3. 16)

and the following notation is used:

_.
X= f 2 (x.)
l

i = 1, 2, ..... N

(3.17a)

a

l = 1, 2, . . . . . N
j = 1, 2, ..... N

(3 . 17b)

J = 1,2, . . . . . N

(3.17c)

i = 1,2, ..... N
j = 1,2, . . . . . N

(3. l 7d)

i = 1, 2, ..... N
j = 1,2, . . . . . N

(3. l 7e)

(G ).. = 0 ( H (1) (kr .. ) ) 6s .
n lJ
n
o
lJ
J
P =

a:

[f2 (~j )]

( G). . -- H (1) (kr .. ) b,s .
lJ
0
lJ
J

I =

oij{~

if ifj
if i=j
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-;::~;-;°"7/7?.
____.77;7,7/7h'7??,::>7.m.W7,7,'177")~A-p+
\?~i. \?

-p-- ~ _,__3-t- ~ _l_Bt--:i~nh'7fi'777.777.:;>'77;77.777:;>'77;--77/'7,7,7',

~\

p = Total number of segments at the harbor entrance
N = Total number of segments on the harbor boundary (including
entrance)

Fig. 3. 3 Definition sketch of the harbor boundary approximated by
straight-line segments

ro

-28The evaluation of these matrix elements will be discussed in Section
3. 3 which deals with the numerical analysis.

It shoul d be noted that

special care must be taken in evaluating the matrices, especially the
elements when i=j.
If the inverse of the matrix (b G -I) exists, where I is the

o n

identity matrix, the vector X can be expressed as:
1

X = (b G - I )o n

(b GP)
o -

(3. 18)

in which (b G -I) -i is defined as the inverse of the matrix (bG - I).

o n

n

The vector Pin Eqs. 3. 16 and 3. 18 involve the unknown normal
derivatives of the wave function at the harbor entrance as well as the
normal derivatives of the wave functi on on the boundary.
values are zero,

These latter

i.e. the values of the normal derivative of the

wave function f 2 for the segment i=p+l, ..... N are zero.

The vector

P can be represented in the followi ng way:
af2 ~
an (x 1)

cl
1 0 0

.

0

0 1 0

.

0

0 0 1

.

0

rcl
af2 (.....
an xp)

c

p

=

P =
af2 -+
an (xp+ 1)

0 0

0

p

1
=

0 0

.

0

0 0

.

0

0

l

j= 1
c

0 0 • .

u mC =

p

6 .. c.

lJ J

(3. 19)
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in which, U

0
= 6 .. = {
1
m
lJ

for i ~j
for i= j

(the index i = 1, 2, ..... N, and the

Since the total number of segment into which the

index j=l, 2, •.•.. p).

harbor entrance is divided is defined as p, the values of C j for
j=l, 2, ..... p a r e the unknown normal derivatives of wave function f 2
at the harbor entrance, which is represented by the unknown vector

c.
Substituti ng Eq. 3. 19 into Eq. 3. 16 and E q. 3. 18 the following
matrix equation results:
(b G - I)X = (b GU )•C
o n
o
m -

(3.20)

· or rearranging:
X = (b G - I) - i (b GU ) C = MC
on
o
m -

(3. 2 1)

1

where M = ( b G -I)- •b GU
is a N x p matrix and can be computed
o n
o
m
directly.
-->

Eq. · 3. 21 shows that the wave function on the boundary, f 2 (x. ),
l.

c_an be expressed as a function of the unknown normal derivative of f 2
a t the harbor entr ance, i. e. :

M .. C .
lJ J

(3. 22)

j= 1
where i=l, 2, 3 . . . . . . N.
If the normal derivatives of the wave function

C

p

c 1 , c 2 , c 3 , .....

at the entrance of the harbor . (which at this · point are

unknown) can be obtained , then the wave function £2 on the boundary
of the harbor can be computed directly from Eq. 3. 22.

(It should be

noted that Eq. 3. 22 can also be interpreted as the contribution to the
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wave function on the boundary at a particular point from the superposition of the effect of p small harbor openings). Once the wave
function f 2 on the boundary is known, the wave function in the interior
of the harbor can be evaluated from Eq. 3. 11 expressed in discrete
form as:
N

f2(~) = -~l [f 2 (X'j{a~ H~ 1 )(kr)J

a [ _.

JJ6.s.J

- H (1) (kr) ~ f 2 (x.)

·

o

un

J

(3. 23)

j= 1
-i

where x is the field point inside the harbor, r is the distance between
the field point and the source point.

Eq. 3. 23 will be discussed in

more detail in Subsection 3. 2. 3.
In order to evaluate the normal derivatives at the harbor entrance:
Cl' c , ..... Cp in Eq. 3. 22, the wave function f 1 in Region I at the
2
entrance of the harbor must be expressed as a function of the same
normal derivatives:
functions f 1

and f 2

C , c , ..... Cp.
2
1

By matching these wave

at the harbor entrance, the normal derivatives·

cl' c2' ..... cp can be evaluated from the resulting expression and
the complete solution to the response problem can be obtained.
3. 2. 2

Wave Function Outside the Harbor (Region I)
In Eq. 3. 6, the wave amplitude Tl is expressed as a product

of the incident wave amplitude at the crest A., the wave function f(x, y),
i

.
.
f unc t·ion e - ..lat .
an d t h e t ime
varying

Because the analytical treatment

is linear, the wave amplitude i n Region I can be considered as
composed of three separate parts:

an incident wave, a reflected wave,

(from the "coastline" with the harbor entrance closed), and a radiated
wave emanating from the harbor entrance.

Thus, the wave function

-31in Region I can be separated into three parts:
f1 = f. + f
i

where: £.

represents an incident wave function,

1

f

(3 . 24)

+ f3

r

represents a reflected wave function considered to occur

r

as if the harbo r entrance were closed,
f3

represents the radiated wave function due to the presence
of the harbor.

It should be noted that Eq. 3. 24 implies that the wave amplitude in

.
Region I,

T)

e
1 = A.f
i 1

- ..lat

, is equivalent to

T) 1

= A.(f. +f +f3 }e i i
r

..lat

.

This implies that any differences among the wave amplitudes for the
three portions:

T)· ,
i

T) ,
r

and

T) 3 ,

compared to the amplitude of ri 1

are incorporated in constants contained in the wave functions: f., f ,
i

r

and f 3 .
The incident wave function, £., can be specified in an arbitrary
1

fashion; for example, a periodic incident wave with the wave ray at
an angle

a to the x-axis {the coastline in Fig. 3. 2) can be represented

.
..lkx cos a
as f. (x, y) = cos (ky sin a) e
.
1

The reflected wave function f ,

can be represented by f (x, y) = f. (x, -y ).
r

i

r

For the case of a periodic

incident wave with the wave ray perpendicular to the coastline (a=90°),
the function which represents the x and y variation of the incident
wave, f . (x, y), can be represented by~ cos ky.
1

This is the case which

was treated experimentally in this study .and therefore the following
discussion will be concerned with periodic waves normally incident
to the coastline.

-32The wave function f 1 in Eq. 3. 24 must satisfy the Helmholtz
equation in Region I (Eq. 3. 5):
a 2 f1
ax2-

+ a 2 £1 + k 2 f
ay2
l

=

o

(3 . 25)

with the followin g, boundary conditions:

(i)

on boundary AC and BC' (as shown in Fig . 3. 2) ,

(ii)
(iii)

on boundary AB (harbor entrance)
lim f = f . + f , and the radiation condition (where r 2 = x 2 +y2 ) .
r2 _,00 1
i
r

Boundary condition (i) states that the normal velocity is zero at
the coastline.

The second boundary condition (ii) states that the slope

of the water surface is continuous at the harbor entrance and the value
from Region I is equal in magnitude to that obtained at the entrance
from Region II.

The negative sign is specified for the adapted sign

convention that the outward normal to the domain of interest is considered positive.

For the c.ase of normal wave incidence in Fig. 3. 2

it is noted that the normal to the boundary in Region I is in the direc:..
tion of the y-axis.

The last boundary condition (iii) specifies that

the radiated wave in Re g ion I emanating from the harbor entrance
w ill decay to zero at infinity, hence at infinity only the standing wave
resulting from the incident and reflected waves remains.
As mentioned earlier , the reflected wave function f
once the incident wave function f 1 is. specified.

r

is known

Therefore, to complete

the evaluation of the wave function f 1 , the main problem is to evaluate
the radiated wave function f 3

•

Since the analytical treatment is linear,

-33the functions f . , f , and f 3 all must satisfy the same differential
r

i

equation, Eq. 3. 25.

In addition the boundary conditions in Region I

can be simplified since the normal derivative of the wave function is
zero on the impermeable boundaries being considered.

°

hence boundary condi tion (ii) can be replaced
entrance (boundary AB) .

°

= -0y (£. + f r ) = 0, and
of
of
by _ 3_ = --2- at harbor

+ fr )

to Fig. 3. 2, on the boundary CABC' - (£.
0n i

·with reference

i

on

an

Thus, the radiation function f 3 in Region I

can be formulated as satisfying the Helmholtz equation:
o2f3 + o2!.L+ k2 f =
3
ox 3
oy2

o

(3.26)

with the following boundary conditions:
(i)
(ii)

(iii)

of3
= 0
on
of3

on

-

on boundary AC and BC' (as shown in Fig. 3. 2) ,

2
- of
on

on boundary AB (harbor entrance)
and the radiation condition (where r 2 = x 2 + y 2 ) .

It is noted the these boundary conditions are reduced from those
associated with Eq. 3. 25.
To construct a solution for the radiated wave funct ion f 3 in
Eq. 3. 26, Green's identity formula (Appendix I, E q. A. 1. 1) will be
used again and the fundamental solution H(l)(kr) used in previous
0

T he fundamental sol ution H(l)(kr) also

section will be used here also.

0

satisfies the radiation condition at infinity, i. e. boundary condition
(iii), since as kr-+<:0 it asymptotically goes to zero:
H(l)(kr),....,
o

J-

2- e),( krrr(kr)

~)

(3. 27)

_34_
If the fundamental solution is multiplied by the time dependent function

e -),ot, the resultant expression represents an outgoing radiated wave
satisfying boundary condition (iii) (see Appendix I):

(3. 28)

The radiated wave function f 3 in Region I can be expressed
using Weber 1 s formula in a similar fashion as Eq. 3. 11 was used
for the expression of the wave function f 2 in Region II:
(3. 29)
~

where x

~

0

is the source point (x , 0) along the x-axis, xis the field
0

point (x, y) in Region I, and r is the distance between the field point
and the source point, i.e. r = J(x - x ) 2
0

+ y2

(.see Fig. 3. 2).

In order to find the radiated wave function f 3 on the x-axis, the
field point (x, y) is allowed to approach the x-axis at the point (x., 0 ).
1

(This approach is the same as in the treatment of Region II -. ) Thus,
the following equation can be obtained (see Appendix II):

The term

a: [

-kHp)(kr) •

H~l)(kr)]

~nr'
0

in the integral can be expand.ed to become

However, because the field point ;;.(x., 0) and the

u

source point ;; (x
zero.

(3. 30)

.

0

,

1

0) are all on the x-axis, the

1

term~:

is equal to

Therefore, the first term inside the integ::r:al in Eq. 3. 30 is

equal to zero and can be eliminated.

In the second term,

the normal derivative of the radiated wave function £3

,

~£ 3 (x o , 0 ) ,
un

is equal to zero

-35e v e rywhere except across t he harbor entr a nce.
ds(x , 0) becomes dx
0

x-axis.

0

The inte g ral unit

because the integration is to be performed along

Thus, Eq. 3. 30 can be simplified to:

£3 (xi,O) =

~

J H~l)(kr)

(3.31)

;n[£3 (x 0 ,0) J dx 0

AB
Using boundary condition (ii) of Eq. 3. 26, Eq. 3. 31 can be rewritten
as:
f3(xi,O) =

-~

I H~l)(kr)

(3. 32)

a:[f2(xo,o)Jdxo

AB

Eq. 3. 32 shows that the radiation wave function f 3 at the harbor
entrance can be expressed as a function of the unknown normal derivative of the wave function at the harbor entrance computed from
Region II, i.e. in terms of

~ f (x , 0).
un 2 o

Eq. 3. 32 can be expressed in summation form similar to Eq.

3. 22:

p

f3 (xi, 0) = -

~-

l

H . . C.

(3.33)

lJ J

j=1
where the matrix H . . = H( 1 ) (kr .. ) tis., is a p x p matrix (the evaluation
lJ
0
lJ
J
of the elements of this matrix especially for i=j will be discussed in
Subsection 3. 3. 3), r . . is the distance I x. - x . I wherein x . , x. are the
lJ
1 J
1
J
·
m1·d points
o f th e i· th and J.th segment s o f t h e h ar b or entrance respectively.

The term C. in Eq. 3. 33 is the normal derivative of the wave
J

.

function f 2 at the /h segment of the har.bor entrance , tis. is the length
J
of the /h segment of the harbor entrance, and pis the total nurriber
of segments into which the harbor entrance has been divided.

-36Because the incident wave function plus the reflected wave
function at the harbor entrance, £. + f , is a constant, by substituting
i

r

Eq. 3. 33 into Eq. 3. 24 the wave function f 1 at the harbor entrance
can be represented as:
p

=l+(-~)I

H .. C.
lJ J
j= 1

where i=l, 2, ..... p.

(3. 34)

The first term at the right hand side of Eq. 3. 34

represents the incident wave plus the reflected wave if the entrance
is closed and for convenience it is chosen as unity; the second term
represents the contribution of the radiated wave to the total wave
system.
3. 2. 3

Matching the Solution for Each Region at the Harbor
Entrance
Eq. 3. 22 shows that from the solution in Region II, the

wave function at· the boundary of the harbor can be expressed in terms
of the normal derivatives of the wave function f 2 at the .entrance of the
harbor, C ..
J

The corresponding equation in Re gion I, Eq. 3. 34 shows

that the wave function at the harbor entrance can also be expressed as
a function of C.. Since the water surface must be continuous at the
J
harbor entrance, the wave functions from Regions I and II must be
equal at the entrance, i.e. f 1 = f 2

•

Thus, by matching the two solutions

at the harbor entrance, one is able to determine the unknown function
C .•
J

This is done in the following fashion:
Take the first p equations from Eq. 3. 22 for the wave function

f 2 at the harbor entrance:

-37p
f2

(;.)
i

= \ . M . . C. = M

L

i

3 J

p

• C

(3.35)

j=l
in which the index i= 1, 2, ..... p, (p is the number of segments into
which the harbor entrance is divided ).

The matrix M

p

in Eq. 3. 35 is a

p x p matrix obtained from the first p rows of the matrix M.
-+

-+

Equating Eqs. 3.34 and 3.35, i.e. f 1 (x. ) = f 2 (x.), for i=l,2, ..•. p
l
1
the following matrix equation is obtained:
M

C = 1
p-

+ b 0 HC
-

(3. 36a)

C = (M - b H) - 1
p
0

where M

p

•

1

(3. 36b)

and H are each p x p matrices, (M -b H)- 1 is the inverse
p

of the matrix (M -b H), the term b
p

0

0

0

is equal to - A,. as defined earlier,
2

and.!_ is the vector with each p element equal to unity.

Therefore, the

value of the normal derivative of the wave function at the harbor
entrance for each of the p-segments, C, can be obtained from Eq.
3.36b.
With the normal derivatives of the wave function f 2 at the harbor
entrance obtained by this matching procedure, the wave function on the
boundary can now be calculated from Eq. 3. 22 and the wave function at
any position inside the harbor can be determined from Eq. 3. 23 or the
equivalent expression:

N

f2(~)

=

-~

l

[f2(~j{-kHil)(kr) ~:J

-H~l)(kr) :[f
0

2 (;j)J]6sj

j=1
p

N

=-

~{

l

j= 1

~2 (~j{-kHi )(kr) ~:] ]6sj - \'
L
1

H(l)(kr)•C.-tis.} ,
o
J
3
j= 1
(3 . 37)
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where :;;.. is at the mid-point of the jth segment of the boundary, :;;_ is
J
the position of the interior point and r is the distance between:;;.. and
J

x, i· e. r= l xj-~I .

It should be noted that Eq. 3. 23 is written in the

form of Eq. 3. 37 because the normal derivative of the wave function
at the boundary is zero except at the harbor entrance.
In order to determine the response of the harbor to incident
waves, the wave amplitude inside the harbor is usually compared to
the incident plus the reflected wave amplitude which exists in the "opensea" in the absence of the harbor, i.e. the harbor entrance is closed.
A parameter called the "amplificatio n factor 11 is defined as the ratio of
the wave amplitude at any position (x, y) inside the harbor to the incident
plus reflected wave amplitude at the coastline (with the entrance closed).

R

=

(3. 38)

In Eq. 3. 38, R is defined as the amplification factor.

The wave

function f 2 (x, y) is a complex number; therefore, in computing the wave
amplitude the absolute value is taken.
3. 2. 4

Velocity at the Harbor Entrance
With the wave function f 2 (x, y) determined in Subsection

3. 2. 3, the calculation of the velocity potential

~(x,y,

z;t) for the region

inside the harbor is now· complete:

1

~(x, y, z;t) =..ta

A.g cosh k(z +h)
"at
1
-~
. cosh kh
f 2 (x, y) e

(3. 39)

- 3 <) -

In accordance with the definition sketch presented in Fig . 3. 1,
the velocities at the position (x, y, z) in the directions of x, y, z are
defined as follows:
1

Ai g cosh k(z+h) of 2
-).at ]
h
kh
(x,
y)e
,13.
cos
x
.. 40a)
.A..a

u(x, y, z;t) = Real

(~!)

= Real[-.-

v(x, y, z;t) = Real

(~~)

= Real

w(x, y, z;t) = Real

o~)
[
= Real
( a;-

1

[).a
1
).a

a

A.1 g co sh k(z+h) of 2

cosh kh

oy (x, y)e

. t
-.A..a

J,_(3 . 4 0b)

kAig sinh k(z+h)
-).at]
cosh kh
f 2 (x, y)e
, (3. 40c)

and the total v.elocity at any position (x, y, z) and time t, can be
expressed as:

*

V {x, y, z;t) = J u 2

+ v2 + w2

(3 .40d)

The velocity at the harbor entrance is of interest because it is
directly related to the kinetic energy transmitted into the harbor.
total velocity V >:< is a periodic function of time.

This

In order to find the

maximum total velocity for all time, the function V (x, y, z;t) is differentiated with respect to time and the derivative is set equal to zero;
from this condition one can determine the time for which the velocity
is a maximum.
as

v,\
0

Thus, the maximum total velocity, which is denoted

at a particular pos i tion (x, o, z) at the harbor entrance can be

calculated as follows:

;::~

V (x,o,z)
0

(3. 41)

-40where:

Ai
A2

=I ~xf21
u

cosh k (z +h)
cosh kh

=I~fy2 I cocosh
sh k (z +h)
kh
u

I Ik

A 3 = £2

sinh k (z+h )
cosh kh

( 0£2)
[

- \ OX

( 0£2)

ox

a.a

RJ
I

0£2)
(
= tan -i[ - (~-RJ
ofo \
oy

)I

wherein the subscripts R and I which appear in the expressions for
O.i, a.2

,

a.3 denote the real part and imaginary part respectively.

As will be discussed in Subsection 6. 2. 5, experiments were
conducted to measure the velocity at the harbor entrance using a hotfilm anemometer.

The hot-film sensor was oriented with its long-

itudinal axis parallel both to the "coastline 11 and the bottom, and, hence,
it was primarily sensitive to the velocities in the y and z directions
(the v and w components respectively).

For comparison with the

experimental data the theoretical value of the maximum resultant
velocity of the v and w components, which is denoted as V , can be
0

determined by setting u
Eq. 3. 41):

2

equal to zero in Eq. 3. 40d (or Ai = 0 in
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V 0 (x, o, z)

= Ai g [ A;
0

+ ~ + 21 (A4
\ 2 + As4 + 2
2

2

2

A 2 As cos 2 (a2 - as)

).1.1~
2
...!
(3. 42)

where A 2
3. 3

,

As, a 2

,

and Us are defined in Eq. 3. 41.

THE N UMERICAL ANALYSIS
Section 3. 2 was concerned only with the transformation of

the Weber's solution of the Helmholtz equation (Eq. 3 . 11) into an
integral equation (Eq. 3. 13) and the formulation of an approximate
solution to this inte g ral equation.

In this section the m ethods for

evaluating the elements of the matrices defined in Eqs. 3. 15 and 3. 33
will be discussed as well as the numeric a l method for solving the
wave function f 2 in Region II and the matching procedure.
3. 3. 1

Region II:
i)

Evaluation of Matrices Defined in Eq. 3. 15

Off-diagonal elements of the matrix Gn
--+

As defined in Eq. 3. 14 the notation x. (x., y.) is used for
l l l
->

i =l , 2, ..... N, to refer to the field points , and the notation x.(x.,y .)
.
J J J
for j= 1, 2, •.•.• N is used to refer to the source points.

The elements

(G ) . . for ifj can be evaluated as follows:
n lJ

_ a[

J

(G ) .. - H ( 1) (kr.. ) b. s.
8n
n lJ
o
lJ
J
( 1)
ar 1..
= -kH 1 (kr .. ) ---2:J b.s .
lJ 8 n
J

in which r .. = J(x.. - x.) 2
lJ
l J

(3 . 43)

+ (y. -y.) 2 is the distance between the midl

J

points of the ith segment and the /h se gment of the boundary.

The

Hankel function Hp)(kr .. ) in Eq. 3. 43 can be expressed in terms of the
lJ
Bess el functions by the equations:

-42-

Hp) (kr .. ) = J 1 (kr .. )
lJ
lJ

+ ...{,Y 1 (kr .. )

(3. 44)

lJ

Hence, Eq. 3. 44 is known once the argument kr . . is known.
lJ
or . .
The term ~1 in Eq. 3. 43 can be evaluated as follows:

0

or .. \
or ..
) - --2.1
( ---2:.J
on . - ox.
J
J

(a )
~

on .
J

(a )

or.J.
+ _1_
EL
Cly .
J

(3.45)

an .
J

In the right-hand side· of Eq. 3. 45 the differentiation with respect to

the outward normal direction of the boundary, n, i. e. (

~~).

and

(~).,
J

J

can be changed into differentiation with respect to the tangential
direction along the boundary,

a
a;·

Therefore, according to the

definition sketch of Fig. 3. 4, Eq. 3. 45 can be rewritten as:

(a )

.. ) _ _.1:J
or .. EL
or ..
or
_u
---2:.J
( on . - ox. 0 s . - oy.
J
J
J
J

/a )
uX

\as. J.

(3. 46)

Referring to the definition of r .. and performing the differentiation of
lJ
or..
or ..
--2:.J and--2:.J Eq. 3.46 becomes:
ax.
ay.
J

J

x.-x .

(~)
on .

J

l

r ..

lJ

J

Yi - yj (ox\
( ~)
OS . + r..
asJ.

Writing the terms ( ~s) and (
\u
J
or .. )
( ---2:.J
on

~

.~
J

J

x)
a;.
J
0

)
- x.l -x.J ("
~
r. .
6s .
lJ
J

lJ

(3.47)

J

in difference form Eq. 3. 47 becomes:

y. _
- yJ. ( "··)
+2

(3. 48)

_Ll.JI.._

r. .
lJ

6s .
J

Therefore, the off-diagonal elements of the matrix G
by substituting Eqs. 3. 44 and 3. 48 into Eq. 3. 43.

n

can be evaluated

-43-

ox
on

x

=cos 81

%; =-sin 8

2

=sin (90° +8 1 ) =cos 8 1

. ox =h ·
.. on OS
~=sin 8 1

ox cos 82 = c os (90 0 +8 1) =
as=
.£y_ -

on -

Fig. 3. 4

- sin 81

ox

OS

Change of derivatives from normal to tangential direction

-44ii)

Diagonal elements of the Matrix Gn

For matrix Gn, since the source and field points are located
at the mid-point of the straight-line segment s w hich have been used
to approximate the boundary, the diagonal elements of the matrix Gn
correspond to the condition of the coincidence of a particular field
point and source point.

Due to the singular behavior of the Hankel

function Hp)(kr) as kr-+O, special attention must be given in
evaluating these diagonal elements.
The function Y 1 (x) in Eq. 3. 44 can be expressed as a series as
(see Hildebrand (1962) p. 147 ):
2!
xz- +)')Ji{x) -x1 x + { l+{l +~)} x ! - .....
Yi(x) = rrl(log
232
4
2
3

J,

(3.49 )

in w hich )' = 0. 5 77216 ... is termed Euler 1 s constant, and the logarithm
is to the Naperian base e (= 2. 7128), (all logarithms will be to this
base unless indicated otherwise).

The real part of Hankel function

Hp)(kr) presented in Eq. 3. 44 .is J 1 (kr) which is approximately equal
to

2kr

when kr becomes very small; therfore, J 1 (kr)-+O as kr-+O,

Thus,

from Eq. 3. 49 as kr-+O the function Y 1 (kr) can be approximated as:
for kr-+O

(3. 50)

Thus, the diagonal elements of the matrix Gn can be evaluated as
the limiting value as r approaches zero (Eq. 3. 43 for i=j):

= 0 + ,(, ~ 6 s. [lim
Tr
i
r-+O

or
on
r

J

(3. 5 1)

-45 Therefore, in evaluating the diagonal elements of the matrix G , the
n

1

~~

most important step is to evaluate the term

or
0
; in Eq. 3. 51.

The definition of r is:

r = ,j(x -x. }2 + (y -y. }2
l

l

where (x.,y.} are the coordinates of the mid-point of the ith segment on
l

l

or
the boundary thus the term on can be expressed in a form similar to
Eq. 3. 47:

=£!. ox +~ov= x-xi ( EL)+ y-yi
ox on oy on r
0s
r
ox
§y.
(x-x.}, (y - y.), -;:;-, and
in Eq. 3. 52
or

( - ox)
0s

on

The terms

l

can be expanded in a

<:i

us

l

(3 . 52 }

us

Taylor 1 s seri es in the neighborhood of (x., y. ):
l

x -x .
l

~

(x ) 6 s + (
Si

ox

) (6 s )2

l

'

(

)

(

6 s )3

'

XSS i 2 ! T XSSS i 2 ! T

+ (x S S)i 6s + (x SSS1
).
S1

(x ) .

( 6 s )2
-2 1.

-

+. . . .

(3. 53)

(3. 54)

where the subscript s refers to differentiation with respect to s. (The
index i means that the values of interest are evaluated at the mid - point
of the ith segment.)

The expansion (y- y.)
l

and~
us

can be done in exactly

the same way by changing x to yin Eqs. 3. 53 and 3. 54.
or
lim on .
Thus the term
in Eq. 3. 51 can be evaluated using the definition
r- 0 r
of r, Eq. 3. 5 2 , and Eq s. 3. 5 3 and 3. 5 4 to give:

lim
r-0

or
or
on lim on
r = 6 s-+O r

((y ). +(y

~

\

S1

((x ). 6 s
S l

).6s+ ...)(\(x ).6s+(x

SS1

.

+ (x

S1

).( 62s1)2 + ...

SS l

•

) .( 62~)\
..)-((x ) .+(x ).6.s ..\((y ).6s + (y
). ( 6 ~)2-r .. )
1
•
s l
ss1
S1
SS1 2 •

SS1

)2 + ((y

). 6 s
S l

+

(y

).
SS l

( 62~• ) + . . . )

(3. 55)

-46Th e nume rator of Eq. 3. 55 can be arranged as:
+o( " s3)
( - x SS y s ..L x s y SS )i (6s)2
2!
Ll
I

3
3
where o ( 6s ) means terms of order 6 s .
The denominator of Eq. 3. 55 can be arranged as:

(x~

+

y~ )i(6s) 2

3

+ o( 6 s )

this expression can be simplified farther to become (6s) 2 + o(6s 3

be~ause in reference to Fig. 3. 4 the term x 2

+ y s2

s

)

is equal to unity.

Thus, neglecting the higher order terms in Eq. 3. 55, this
expression can be approximated as:

or
on

lim

6s->O-r-~

~x s s Ys

+ x s Ys s

\

(3. 56)

2

Therefore, the diagonal elements of the rra.trix G

can be found from

n

Eq. 3. 51 and the approximation described in Eq. 3. 56:

.(

\ . 6s .
G .. = ~ x
- x
( n)n
'IT
syss
ssYs / .
1

(3.57)

1

In Eq. 3. 57, the first and second derivatives of x , y , x
S

S

SS

, y

SS

are

evaluated at the mid-point of the i th segment of the boundary.
For a boundary which is originally composed of straight lines
the value of x y
S

SS

and y x
S

SS

in Eq. 3. 57 are both equal to zero

(bec au se the second derivatives x

SS

and y

the diagonal elements of th e matr ix G

n

SS

are both zero); therefore

are equal to zero.

For a

curved boundary which has been approximated by straight-line se gments
the expression of the first and second derivatives, x
written in a difference form as:

S

and x

SS

, can be
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x

x

s

SS

=

=

tsx.

6s

=

- x. 1.
x.1 +1.
1- 2
2

(3. 58a)

6s .
1

6
{Jsi+l + 6 s.1 + 6s.1.- 1

[xi + l :: xi
6si+l + 6 si

-

xi - xi-1
6 s.1 + 6s.1-

J

(3. 58b)

1

where x . is the x coordinate at the mid-point of the i th segment of the
1

boundary, x . _1 is the x coordinate at the beginning of the i th segment
1-2

of the boundary, and

xi~

is the x coordinate at the

e~d

of the ith

segment of the boundary, 6si - l' 6 si' and 6si+l are the length of the. (i- l}th
ith, and (i+l/h segments of the boundary. The derivatives y , y
S

SS

can

be evaluated in exactly the same way by changing x to yin Eqs. 3 . 58.
iii)

Off-diagonal elements of the matrix G

The elements (G} .. for ifj can be evaluated directly by the
lJ
following expression:

J

( G) .. - H (1) (kr .. ) 6s . = [ J (kr .. ) + )., Y (kr .. } {Js .
lJ
0
lJ
J
0
1.J
0
lJ
J

(3. 59}

F o r a given value of kr .. , in Eq. 3. 59, the function J (kr . . ) and Y (kr .. }
lJ
0
lJ
0
1.J
are known functions.
iv}

Diagonal elements of the matrix G

The diagonal elements of the matrix G correspond to the case of
i=j in Eq. 3. 59.

As before, due to the singular behavior of the function

Y (kr), special attention must be given in evaluating the diagonal
0

elements of matrix G. . Using the asymptotic formula of J (kr) and
0

Y {kr) as the argument for kr approach zero, the following approxio
mations are obtained (see Hil debrand ( 1962) ):

-48 J (kr )

~

Y (kr)

~;

0

0

1
( lo g

k; + 'I)

Therefore, as kr-+O the Hankel function H(l}(kr) can be expressed as:
0

where -y is the Euler 1 s constant as mentioned earlier.
Using this asymptotic formula for the Hankel function H(l)(kr},
0

the diagonal elements of the matrix G can be evaluated by performing
the following integration to determine the average of this function over
the length of the segment of interest:

(3. 60)

where i= 1, 2, ..... N.
3. 3. 2

Region II: Method of Solution for Wave Function f 2
In Subsection 3. 3. 1 the methods for evaluating the elements

of the matrices G and G

n

have been discussed; thus, the next step is to

evaluate the matrix M, as defined in Eq. 3. 21, in order to determine the
variation of the wave function f 2 along the boundary of the harbor.

As

shown in Eq. 3. 22 the wave function f 2 along the boundary of the harbor
can be expressed as a function of the unknown normal derivative of the
wave function f 2 at the harbor entrance, i.e.
3. 22 is repeated here for clarity:

c 1 , c 2 , .•.•• Cp;

Eq.
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-+

f 2 (x. )
l

=I

M .. C.

(3. 22)

lJ J

j= 1

wherein M .. is a N x p matrix which is the solution of the following

lJ

matrix equation, rearranged from that shown in Eq. 3. 21:
(3. 61)

(b G - I) M = b GU
o n
o
m

The matrix (b G -I) is a N x N matrix, its elements can be determin ed
o n
as described in Subsection 3. 3. 1 using the definitions of b
in Subsection 3. 2. 1.

0

and I given

The right-hand-side of Eq. 3. 61, matrix b GU ,
o
m

is a Nx p matrix, where U

is defined by Eq. 3.19.

m

noted that the matrices G, G

n

(It should be

and M shown in Eq. 3. 61 are all complex

numbered matrices. )
To solve Eq. 3. 61 for the complex numbered matrix M, a subroutine for the IBM 360/75 di gital computer:

11

CSLECD/Complex System

of Linear Equations and Complex Determinant 1 ' was used which is .
available at the Booth Computing Center of the California Institute of
Technology.

The subroutine is based on the Gaussian elimination

method where rows are interchang ed leading to the conversion of the
left-hand side matrix in Eq. 3. 61 to an upper trian gular matrix.

The

solution of M is then obtained by backward substitution.
3. 3. 3

Region I:

Evaluation of Matrix H Defined in Eq. 3. 33

The matrix H defined in Eq. 3. 33 can be evaluated in the
same way as was matrix G.

The matrix H will be called the

11

radiation

matrix 1 ' because it is the main part of the radiated wave function f 3 (~)
described in Eq. 3. 33; it is a p x p matrix and i t s off-diagonal elements
can be evaluated in a manner similar to that shown in Eq. 3. 59 :
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(H) . . = H ( l ) (kr . . ) t;s . =
l.J
0
l.J
J

[J (kr l.J. . ) + ,<, Y
0

0

(kr . . )]6s.
l.J
J

(3. 62)

(for ifj and i, j=l, 2, . . •.. p)
The diagonal elements can be evaluated in a manner similar to that
shown in Eq. 3. 60:
(H\i =

rL1 +.-l1T2 \log
/

( k l;si )
)]
- - 0. 42278
l;si
4

(3. 63)

(for i= l, 2, ..•.. p)
3. 3 . 4

Harbor Entrance:

Matching Procedure

After solving Eq. 3. 61 for the N x p matrix M and evaluating
the elements of the matrix H as outlined in Subsection 3. 3 . 3 , the next
important step is the matching of the two solutions from Region I and
Region II at the harbor entrance.

Eq. 3. 36a is the result of this

matching procedure and the object of this section is to describe how
the vector C (the normal derivative of the wave function at the harbor
entrance) is obtained.
Eq. 3. 36a is first rewritten as :

(M
in which M

p

p

- b H) C = 1
0

-

-

is a p x p matrix as explained in Subsection 3. 2. 3.

(3. 64)
To

solve Eq. 3 . 64 for the vector C again involves the subroutine "CSLECD/
Complex System of Linear Equations and Complex Determinant", but
this time the matrix size is only p x p and the solution C is a p x 1
vector.
After evaluating the vector C, the procedure for determining the
quantities of interest such as the response of the harbor, the
amplitude distribution, etc. are described in Subsection 3. 2. 3.
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3. 4

CONFIRMATION OF THE NUMERICAL ANALYSIS
The theory for an arbitrary shaped harbor has been pre-

sented in Sections 3. 2 and 3. 3.

However, prior to evaluating the wave

induced OS cillations of an actual harbor, it is neces Sary to make sure
that the method presented in Subsection 3. 2. 1 and the numerical procedure presented in Subsections 3. 3. 1 and 3. 3. 2 are correct.

There-

fore, the approximate solution obtained using the method developed
will be tested by comparing it with the exact solution of the Helmholtz
equation for two different shapes.
a square.

These two shapes are a circle and

They are chosen for several reasons:

( 1) the theoretical

solution for both shapes can be obtained easily, (2) the boundary of a
circle represents an extreme case for which the tangent to the boundary
is continuously changing direction, and (3) the boundary of a square
(or a rectangular) represents another extreme case that is composed
of four straight lines;

along each line the direction of the tangent to

the boundary remains the same.
The procedure for this test program can be outlined as follows:
1) A theoretical solution is selected for the wave function,
f, that satisfies the Helmholtz equation, 'il2 £

+ k2 f

= 0,

in the domain of interest (either a circle or a square).
2)

Based on this theoretical solution the value of the wave
function, f, at the boundary of the domain, the value of
its normal derivative at the boundary of the domain,

~~,

and the value of £ at any position inside the domain are

-52calculated.

(It should be noted that the boundaries for

these two test examples do not necessarily represent
solid boundaries.)
3)

The boundary of the domain is divided into N segments;
the average of the theoretical values of f and

of
on

on

each segment are calculated.
4)

These averaged theoretical values of the normal
derivative

~~for

each segment on the boundary are

used to calculate the value off for each corresponding
segment by the method described in Subsection 3. 2. 1.
One test of this approximate method is the comparison
of this computed value with the theoretical value of f on
the boundary of the domain.

Any difference between

these two results which is found can be attributed to the
approximations resulting from converting the integral
equation (Eq. 3. 13) to the matrix equation (Eq. 3. 15 ).
5)

The computed value of f (Step 4) and the theoretical
value of

of

on

on the boundary of the domain are used to

compute the value of f at various locations inside the
domain using Eq. 3. 37.

The values off so obtained are

compared with the theoretical values.

The difference

is the e rror admitted in Step 4 plus the error due to
using Eq. 3. 37 which has been used as an approximation
to the exact solution, Eq. 3. 11.

-536)

The theoretical values of f and

of

on

at the boundary of the

domain are used to caluclate the value of f at some
points inside the domain by using Eq. 3. 37;

the values

off so obtained are compared with the theoretical
values.

The difference is solely due to the use of Eq.

3. 37 which approximates the exact equation, Eq. 3. 11.
It should be noted that these two examples (circle and square) are
not directly connected with the actual problem of wave induced oscillations in harbors, since the boundary conditions imposed by this test
program (steps 2 and 3) do not correspond to the boundary conditions
prescribed for the harbor oscillation problem (as described in Section
3. 1 ).

Rather, these examples are employed in a mathematical sense

serving as an analytical check for the approximate method that will be
used in solving the problem which is of major concern: wave induced
oscillations in an arbitrary shaped harbor.
3. 4. 1

The First Example : A Circle
The first example that will be investigated is a circular

domain, a definition sketch of which is presented in Fig. 3. 5.

The

Helmholtz equation is written in polar coordinates as:
(3 . 65)
The steps outlined previously are followed; the following particular solution which satisfies the Helmholtz equation, Eq. 3. 65, is
selected:
f ( r,

e) =

J l (kr) cos

e

(3. 66)
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direction ~f~
integratio/

1

/

of

=

of

or

Fig. 3. 5 Definition sketch of a circular domain

y

direction of
integration

of

f

1-

b

0
of

x

of

on = oy

af

Tn =-ax

b

of

-

of

on =ax-

Fig. 3. 6 Definition sketch of a square domain

-55thus, differentiating Eq. 3. 66 with respect tor one obtains:
(3.67)
Suppose a boundary of the domain is located at r=a, then the value off

af

and on on the boundary can be e xp ressed as:
f(a, 8) = J 1 (ka) cos 8

of
on

of (a, 8) =
(a, 8) =ai=°

(3. 68a)

[ kJ

a

(ka) - i J 1 (ka)

0

J

8

COS

(3. 68b)

The boundary is then divided into 36 seg ments (each segment
includes 10° of the central ang le).

On each se g ment the averag e

of

theoretical value of the functions f (a, 8 ) and on (a, 8 ) can be evaluated
as follows:

(f) .

=

l

J1 (ka )
8l- +l.
- 8.1-2
1.
2 .

_ J (k )
-

a

l

8 1-+ i

J8.

2 cos

ed8

i

1-2

sin 8 . . i
l -rz

8. , -

l+z

-

sin 8 .

i

l - 2

e.
1-t

(3. 6 9 a)

- ~J 1 (ka) J 8i+i
(oai:n )i = kJ 8.(ka)
- e.
cos 8 d 8
+t ··
2
8.
0

i

i

=

[

l -

kJ (ka) -

o

l.3 1 (ka)
a

1

1-z

J

sin 8 .

1

i

+2

8 . .i. J..

1 ·2

-

sin 8.

-

8.

i

l - "B"
i

(3. 69b)

1- 2

- and (\ of)
w here (f\
on . are the avera g e theoretical values on the boundary
l

of the domain off and

~fn

v

for th e ith segment, (a, 8 . i)· are the coori-2

dinates of the be ginning of the ith seg ment of t h e boundary, and
(a, 8 -.i..JJ
lo:z

are the coordinates of the end of the i t h segment of the

boundary.
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( ~~).,

presented in Eq. 3. 69 b for each

1

segment is used to calculate the v alue of f of e ach segment on th e
boundary by the approx imate method of Subsect ion 3. 2. 1.
computed values will be denoted as

f.
c

The value of

fc

be very close if the approximate method is to be useful.

These

and

f

should

Three

different values of ka, i.e. ka=O. 30, 2. 25, 3. 75 have been tested
(where k is the wave number i .n ft - i and a is the radius of the circular
domain and chosen as 0. 75 ft for this case).

The approximate result

(f) agreed with the theoretical values (f) within 0. 1% to 3 % for ka=O. 3

c

and 3. 75 respectively.

The effect of the magnitude of ka on the

solution will be discussed more fully in Chapter 6.
After the values of £ on the boundary, i.e.

T,
c

have been

obtained, the value of f at any interior point can be computed using
Eq. 3. 37 (Step 5).

The results for ka=O. 30, 2. 25 and 3. 75 are

presented in Table 3. 1.

For each value of ka, the value of

interior points are computed.

The theoretical value of

f at five

f at each

interior point is calculated usin g Eq. 3. 66 and presented in Col. 3.
The results of Step 5, i. e ..the computed approximate values of f at
each interior point, are presented in Col. 4.
the value in Cols. 3 and 4 can be attributed to:

The difference between
(i) the error admitted

in the approximate solution, Eq. 3. 15, which is used to approximate
the inte g ral equation (Eq. 3. 13) in evaluating the value of f on the
boundary (Step 4), and (ii) the error admitted in the use of Eq. 3. 37 to
approx imate the exact solution, Eq. 3. 11, in evaluating the value of
f for the interior points.

(I)

g.

ka

0
0

0.0 3997

- 0.03997

0.483 19
0. 27897

0

180

240
30

0.20

0.20

o. so
o. so
0. so
o.so

60

150

0

180

240

0.50
0 . 20

0.20

0. 50

k a = 3. 7S

I<=

0 .50

30

240

a.so
a.so

0.20

0
180

0.20

lS O

60

0
0

-0.08617

ISO

s. o ft- 1

ka = 2. 2S

k = 3. 0 ft - 1

ka = 0. 30

-0.248S4

- 0.44005

0.4400 5

-0.430SO

0.2485 5

- 0.27897
0.430 50

0.28670
- 0. 286 70

- 0.48319

-0.0497S

o. 0497S

60

0

0

0

0

0
0

0

0
0

0

0

0

0
0

0.0 86 17

30

(Step 2)
(3)
hnaginary
Real Part
Part

of f

Theore tical Value

-0. 24770

- 0.43854

-0. 42902
0.43854

0 . 24770

0.42902

-0. 28400

- 0. 2 9187

0 29188

0.28400
-0. 49191

0.49190

-0. 04967

- 0.03991

0.03991

0.04967
-0.08604

0.0860 4

-0.00354

-O.ll06l6

0.00626

-0. 006 13

0.00354

- 0.00342
0 . 00613

-0.003S l

-0. OO S92
0.003SI

0.00342

-0.00002
0. OOS92

-0.0000 1

- 0.00003
0. 00001

0.00002

0.00003

-0.24838

-0.43974

0.43974

-0.43020

0.24837

0.43020

-0 . 27871

-0.28643

- 0. 48274
0.28643

0 . 27871

0.48273

- 0 .04989

-0.04008

-0 . 08642
0.04008

0.04989

0.08612

0.00346

0. 006 13

-0 . 00613

-0 .00346
0.00599

-O. OO S99

0. 00 192

0. 00198

0.00333
-0.00198

-0 .00333
-0. 00192

0.00001

0 .00001

-0.0000 1

0.00001

- 0.00001

- 0.00001

N = 36
Computed Va lue
Computed Value
of f
of f
(Ste p 5)
(Step 6)
(4)
(S)
hnagina
ry
Imaginary
Real Part
Real Par t
Part
Part

-0.2479 1

-0. 43892

-0.42939
o. 43892

0.24791

0.42939

- 0.28988
-0.28206

0. 28988

-0. 488S1

0.28206

-0.04967
0.488S4

0.03991
-0.03991

-0 .08604

0.04967

0.08601

-0.00287

-0.00 508

-0. 00496
0.00508

0.00287

o. 00496

-0.00257

- 0.00264

0.00264

-0 .0044 6

0. 002S7

0.00446

-0. 00001

-0.0000 1

0.00001

- 0.00003

0.00002

0.00003

-0.24844

0.43986
-0.43986

-0. 43031

0.24844

-0.27880
0.43031

- 0.286S3

0.286S3

-0.48290

0.48290
0.27880

-0.04984

-0. 04004

0.04094

-0.08633

0.04984

0.08633

0.00222

0.00392

-0.00392

0.00384

-0.00222

-0.00384

0.00123

0. 00127

-0.00127

-0.00\23
0.002 13

-0.00213

0.00000

0.00000

-0. 00000

0.00001

-0.00000

-0. 00001

Computed Value
Computed Value
off
off
(Step S)
(Ste p 6)
(6)
(7)
Imaginary
Imaginary
Real Part
Real Part
Part
Part

N = 45

Comp arison of th e approximate solution with the theoretical
solution of the Helmholtz equation in a circular domain

so
o.so
o.so

0 (deg. )

(r, 0)
(2)

Inte rior Point

Position of

r (!t)

k=O. 40 ft - 1 0.

k

Table 3 . 1

I

\J1
--J

-58The results of Step 6 are shown in Col. 5; they are obtained by
using the theoretical values of f and

~~

at the boundary (Eqs. 3. 69) to

compute the value of f at the interior point by applying Eq. 3. 3 7.

The

difference between the theoretical results of Col. 3 and the approximate
results in Col. 5 is solely due to the use of Eq. 3. 37 which approximates the exact solution of Eq. 3. 11.
It should be noted that Step 6 applied to a given domain does not

correspond to a mathematically realistic boundary value problem,
simply because both the value of f and

~~

on the boundary are usually

not given in advance; usually one or the other is given.

However, it

does give an indication of how good the approximation of Eq. 3. 37 is,
if the correct boundary values f and

~~

are provided.

Step 5 does

correspond to a mathematically realistic boundary value problem and
in fact it is basically the procedure used for solving the harbor resonance problem, that is:

given a particular value of

~~

at the boundary,

calculate the value of f at the boundary and finally calculate the value
of

f at any interior point (r, 8 ).
It is expected that if the number of segments into which the

boundary of the domain is divided is increased, the results of the
approximate method will agree better with the theoretical results.
The results for N=45 (each segment includes 8° of the central angle)
are presented in Cols. 6 and 7 of Table 3. 1.

By comparing Cols. 3,

4, and 6 (also comparing Cols. 3, 5, and 7) it is seen that as the
number of boundary segment is increased the results of the approximate method compared to the theoretical results are improved only
slightly.

-5 9 3. 4. 2

The Second E xample:

A Square

Suppose the square has sides of length b as shown in Fig.
3. 6, then a simple particular solution of the function f that satisfies
the Helmholtz equation, Eq. 3. 5, can be chosen as:
f(x, y) = cos ( ;b x ) co sh (J(if;
f(x, y) = cos

(2~ x ) cos (Jk

2

-

r-

( 2~

k

2

r

y)

(for k <

'Tr

2

b )

(3 . 70a)
(3 . 70b)

y)

thus, the outward normal derivative of the function f at the boundary of
the domain can be evaluated as following:

of
on

of
oy ,

for y=O,

-b ::;xs: 0

oi _ of
on - -oy '

for y=-b,

-b s:x::; 0

of of
-=-

for x=O

-b::;ys:O

for x=-b,

-b s:y::;O

=

on

ox '
of of- = -Ox,
on

The steps outlined previously are followed.
square domain is divided equally into 40 segments.
value of

The boundary of the
The theoretical

f at any interior point (x, y) can be calculated by Eqs. 3. 70

once the value of wave number k is fixed.

The results for two different

values of kb, i.e. kb = 0. 50 and 2. 0 . (where k is the wave number and
the length of sides of the square domain is b = 0. 50 ft) are presented in
Table 3. 2.

For each value of kb the value of f at nine interior points

are computed.

The theoretical values of f at each point for kb = 0. 50

are computed using Eq. 3. 70a; the theoretical values of f for kb
are computed using Eq. 3. 70b.
in Col. 3 of Table 3. 2.

= 2. 0

These theoretical values are presented

The approximate results of the value of fin

(I)

g,

kb

-1

kb = 2.00

k:4.00ft

.

kb = 0 . 50

k =I. 00 ft- 1

k

- 0. 10

-0.40

-0. 10

- 0. 40

-0.40

-0. 10
-0. 10

-0. 40

-0.40

- 0.25
-0. 10

-0. 10

-0.25
-0. 2.5

-0.25

-0. 40

0.9220 5
0. 52. 153
0

0

0

o.
16946

0

0.29959

0

0

0

o. 77460

0. 68554
o. 38775

0

0
0

0

0

0

0

0
0

0

0

0.25168

I. 70957
0.57591

-0.40
-0.25

-0. 25

0.99355

-0. JO

-0. 10
- 0. JO

0. 32.2.82.
0. 55547

-0. 10

-0.40

1.2.7106

0. 73870

-0.40

-0. 2.5

I. 2.2. 707

o. 912.32.
0.39870

(Step 2.)
(3)
Imagina ry
Real Part
Par t

of f

Theoretical Value

- 0. 052.57

1. n833

o. 9 1932.
o. 52.32.0

0.30421
0. 173 10

0.39099

0.68740

0.2. 5607
0. 7753 8

o. 57861

- 0.00003

-0. 00672
0.00488

- 0.00363

-0. 00340

0.00032

-0. 005 10
0.00196

-0.00170

-0.05 149
- 0. 05082

- 0.05225

I. 02083

- 0.052.90

0. 357JO

-0. 052.90
-0 . 052.00

-0.05 166

-0 .052.93

o. 59341

l .30042.

o. 77000

0. 43391
l. 2. 5409

0. 94304

o. 92.4 10
o. 52244

0. 16957

0.29998

0. 38820

o. 77535
0.68623

0.25208

0.57660

0.99579
I. 7141 5

o. 55713

0.32.378

1.2.7284

0. 73985

1. 2.2.863

0.40008

0.91394

-0. 000 11

-0. 000 17
0.00000

-0.0000 6

-0.00015

- 0. 00003

- 0.00012
-0. 00006

-0. 00010

0.0009 5
0.00098

0. 00102.

0 . 00099

0.00097
0.00097
0.00101

0. 00 101

0. 00 100

N = 40
Computed Value
Computed Value
of f
of f
(Step 5)
(Ste p 6 )
(4)
(5)
Imaginary
Imaginary
Real Part
Real Part
P art
Part

o. 1722.3
o. 92.062
o. 52.335

0.30363

0. 39038

0.68714

0.25526
0. 77531

0. 5782.1

I . 01499
I. 72460

o. 58578

1. 2.9354
0.34948

0.00025

0.00432.

-0.00530

-0. 00273

-0.00250

0.00193
0.00058

-0.0039 1

-0 . 03934
-0.00107

-0 . 03989

-0.04052

-0 . 04 106

-0 . 0402.6

-0.03998
-0.04074

-0.04 102.

o. 42.6 17
1.2.4747
o. 762.7 3

-0 . 0407 1

0.93601

0. 00082

o. 996 18

0 . 52275

o. 92443

0. 16955

•O. 3002.5

0.388 18

0.68631

0. 77 540

0.25203

0. 57666

1.714 55

-0. 0001 l

-0.00000

-0 . 00006
-0 . 00017

-0 . 000 15

-0. 00004

-0.00007

-0.00013

-0.000 11

0.00085

0.00085
0 .00088

o. 32402
0 . 55790

0.00084
0 . 00087

0.00084

0.00087

0.00086

0.73994
I. 2.731 l

I. 22.860

o. 400 12.

0.91410

N = 48
Computed Value
Compute d Value
of f
of f
(Step 5)
(Step 6)
(6)
(7)
Imaginary
Imaginary
Real Part
Real Part
Part
Part

Comparison of the approximate solution with the theoretical
solution of the Helmholtz equation in a square domain

-0.40

-0 . 10

-0. 40

-0. 2.5

- 0. 2.5

-0. 2.5
-0. 2.5

y (fl)

-0. 10

- 0.40

-0. 2.5

x (ft}

(x,y )
(2.)

Interior Point

Position of

Table 3. 2

I

0

0--

- 61 Step 5 are shown in Col. 4, while the results of Step 6 are shown in
Col. 5.

Comparing the results in Cols. 3 and 4, it is seen that

dependent upon the position of the interior point the results agree
within 1% to 3%, and, as expected , the results in Col. 5 are closer
to the theoretical results (Col. 3 ).
The results for N=48 (each side of the boundary contains 12
boundary segments) are presented in Cols. 6 and 7.

Comparing the

results in Cols. 3, 4, and 6 (also Cols. 3 , 5 , and 7) it is seen that the
results for N=48 agree better with the theoretical value than when the
boundary is divided into 40 segments.
From the results of these two examples, a circle and a square,
which were used it is seen that this numerical method and the approximations it entails can be used to solve the Helmholtz equation with
reasonable accuracy.

Thus, the real problem of determining wave

induced oscillations in an arbitrary shaped harbor which may have
both curved and/or straight lined boundaries can be approached with
confidence.
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CHAPTER 4
THEORETICAL ANALYSIS FOR TWO HARBORS
WITH SPECIAL SHAPES

Two theories which deal with the wave induced oscillations in
a circular and a rectangular harbor are presented in this chapter .
A circular harbor represents one extreme case for which the tan gent
to the boundary of the harbor is continuously changing direction; a
rectangular harbor represents another extreme case whose boundary
is composed of four straight lines and along each line the tangent to
the boundary remains in the same direction.

Thus, these two

special theoretical solutions provide a useful analytical check for
the approximate theory developed in Chapter 3 for an arbitrary
shaped harbor as well as being used to compare to the results of
experiments conducted in the laboratory .

The results for these

particular cases and their comparison with the theory developed
for arbitrary shapes discussed in Chapter 3 applied to these two
harbors will be presented in Chapter 6.

-63-

4. 1

THEORETICAL ANALYSIS FOR A CIRCULAR HARBOR
The theory developed in Chapter 3 can be used for any

arbitrary shaped harbor.

However, if the harbor is a special shape

such as circular, the coordinates inside the harbor are separable
and a different method can be used to obtain a solution in Region IL
(For a list of separable coordinate systems see Morse and Feshback
( 1953) pp. 656 - 666 .)

The theoretical analysis for a circular harbor

based on this approach w ill be presented in this section.
In the analysis, the wave function f 2 which satisfies the Helmholtz equation, Eq. 3. 5, in Region II is found by the method of
separation of variables.

The solution for the open-sea, Region I,

which is used for this devebpment is the same as that presented in
Chapter 3.

By matching the solutions in both regions at the harbor

entrance, the complete sol':ltion of the wave induced oscillation in
a circular harbor can be obtained.

4. 1. 1

Wave Function Inside the Circular Harbor
For the wave function f 2 inside the circular harbor,

the Helmholtz equation, Eq. 3. 5, is written in cylindrical
coordinates:

( 4. 1)
The boundary conditions that the function £2 must satisfy are:

of

~(a

or

'

8) =

{

C(8)

for

0

for

e
e

e0
>e
0
s;

(4. 2)

-64where a is the radius of the circular harbor, 28

0

is the central

ang le of the harbor opening, and C( 8 ) is the initially unknown normal
derivative of the wave function f 2 at the harbor entrance.
sketch of the circular harbor showing both regions :

A definition

Region I (the

"open-sea") and Re gion II (inside the harbor), is presented in Fig. 4.1.
The solution of Eq. 4. 1 will be constructed by Fourier series,
by first seeking the solution of f 2 (r, 8) in the form of:

=I

f

m= -ro

m

(r )e,.{,m 8

(4. 3)

Substituting Eq. 4. 3 into Eq. 4. l, it is found that the function f

(r , 8)

m

must satisfy the following differential equation:
f

m

"(r)+lf '(r)+(k 2
rm

-

( 4. 4 )

m: )f (r ) =O.
r
m

This equation is a form of the Bessel equation; hence, its solution
can be expressed as :
f

m

wherein the function J
and Y

m

(r) = a

m

J (kr) + S Y (kr) ,
mm
mm

( 4. 5)

(kr) is the Bessel function of the first kind,

(kr) is the Bessel function of the second kind; a

m

and

Sm

are arbitrary constants to be determined.
The function Y

-

m

(kr) possesses a singular behavior at r=O, but

since the solution of the wave function f 2 (r, 8) must be smooth and
finite at r=O, the constant S

m

must be zero.

Thus, from Eq. 4. 3,

the solution of Eq. 4. 1 can be expressed as:
co

l

a J (kr)e
f 2 (r, 8) =
mm
m=-ro

,.{,m8

(4. 6)
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Region I (Open-sea)

y

9 2 fl

+k 2 f1

= 0

6s
x

6 s-x

---co

Re gion II (Harbor)
2

=0

\7 £2

+ k 2 f2 = 0

Fig. 4. 1 Definition sketch of a circular harbor

-66Because J

-m

(kr) is equivalent to (-1)

to:

J

m

(kr ), Eq. 4. 6 is equivalent

co

l (A

f2 (r, 8) =
m=O
where A

m

m

and B

be determined.

m

cos m e+

m

Bm

(4. 7)

sin m 8) Jm(kr) ,

are constants with real and imaginary parts to

For this particular case where the incident wave

propagates in the direction of e =O the wave function f 2 (r , 8) is an
even function of 8, i.e. the wave amplitude is symmetrical with
respect to the center line 8=0.
is set equal to zero.

Therefore, the constant B

in Eq. 4. 7

m

Hence, the g eneral solution to Eq. 4. 1 reduces

to:
co

f 2 (r, e) = \
J (kr) cos m e .
L A mm
m=O

(4. 8)

Differentiating Eq. 4. 8 with respect to r, and evaluating the resulting
expression at the boundary, r =a one obtains:
co

( 4. 9)

of2 (a, e) =I
[A
cos me • kJ I (ka)J '
or
m=O
m
m
where :

kJ

m

m
'(ka)=kJ
(ka)--J (ka).
m- 1
am

The coefficients A

m

must

be determined such that Eq. 4. 9 w ill satisfy the prescribed boundary
conditions , Eq. 4. 2.

To evaluate the coefficients A

m

, the method

of Fourier cosine transformation will be used , by first multiplying
both sides of Eq. 4. 9 by cos n 8 and inte grating the resulting
expression with respect to e from zero to 2'IT:
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I21T or

of2

-

(a, 9 ) cos n 9d 8 =

I 21T Iro
0

0

[

A

m=O

ro

m

cos m e •kJ

~

m

(ka) J cos n 8 d 8

I

21T

l

=
m=O

J

kJm' (ka)Am cos m8 cos n 8 d 8

0
2

co

l J

~( cos(m+n)8+cos (m-n)8 )de.

0

(4. 10)

=
m=O

1TkJm' (ka)Am •

If mfn, upon integration Eq. 4. 10 is equal to zero, and if m=n=O,

Eq. 4. 10 is equal to:

I 21T

21T of
. ~. ( a 8 )d 9 =
O vr
'

J

Therefore, the constant A

A

0

( 4. 11)

kJ '(ka)A d 8 .
o
o

can be evaluated as:

I

o

0

2 1T of
2
~ (a ,
0 vr

e)d 8

=-----21TkJ

I

0

(4. 12)

(ka)

on the other hand, if m=nrfO, Eq. 4 . 10 becomes:
21T

J

of

o ~
ur

.

21T

~1o

(a, 8 ) cos m 8d 8 =
·

Thus, the constant A

m

kJ

m

' (ka)A

m

d8

•

( 4. 13)

can be evaluated as:

r 2 1T of

J0 o/ (a, 8) cos m8d 8
A m =----------1TkJ

m

I

( 4. 14)

(ka)

Because the normal derivativ e of the wave function on the
boundary,

~(a,

8 ), is zero everywhere except at the harbor entrance,

as shown in Eq. 4. 2, Eqs. 4 . 12 and 4. 14 can be simplified further.

-68Using the relations:

m
kJ '(ka) = kJ
(ka) - - J (ka)
m
m- 1
a m

the constants A , A
in Eqs. 4. 12 and 4. 14 can be written in the
o
m
following forms:

s-e

80

A

=

0

C(S)dS
0

(4. 15a)

2TI"k(-J1 (ka))
e

A

where

m

=

J _ ~ 0 C (S)

cos m8d8
(4. 15b)

rr[kJ
(ka)-mJ (ka) J
m- 1
a m

e is a dummy variable of inte gration and C(S)

represents the

normal derivative of the wave function evaluated at the entrance.
Therefore, the solution to Eq. 4. 1 and the boundary conditions,
Eq. 4. 2,can be obtained by the substitution of Eqs. 4. 15 into Eq. 4. 8:

J 9 (kr)
f2 (r, 8 )=

J_~e

C(S)de

o
2rrk( -J 1 (ka))

co

+l

Jm (kr{

Je_~

C(S) cos mSdS] cos m e

-=-----o------=----m= 1
kJm - l (ka)-:i Jm (ka) J
(4. 16)

'IT[

Ii the harbor entrance is small, it is assumed that C( 8 ) can

be approximated by a constant
expressed as:

C,

and hence, Eq. 4. 16 can be

-6 9 J {kr) • C • 8

f 2 {r, 8 ) =

0

-rrkJ 1 {ka ) ·

0

co

+

I

2•J

m= 1

{kr ) •C•sinm8 •co s m8
o

m
I

1T

-r;:1 Jm {ka) J

{4. 1 7)

-

mlkJm-1 {ka )

In order t o determine the coefficient C , i.e . the average of
the normal derivative of the wave function across the harbor entrance,
the wave function f 2 e v aluated at the harbor entrance has to be set
equal to the wave function in Re gion I evaluated at the e n trance.

This

means that at the entrance the avera g e of the wave amplitude across
the entrance must be the same when determined either in Re gion I
or Region II.

For this purpose, the average of the w ave function

f 2 across the harbor entrance {designated as f

f2

=

1
ZS-

I so
-8

0

2 )

is determined as :

f 2 (a, 8 )d8

0

( 4. 18)

Eq. 4. 18 is written in abbreviated form defining the bracketed term
on the right-hand-side as M · therefore:
c'
(4. 19)

C • Mc
The series M

c

can be calculated once the radius a , the central a ngle

of the entrance 2 8 , and t h e wave number k are fixed.
0

It is noted

that Eq. 4. 19 is similar to Eq. 3. 35; in both of these equations the
wave function at the harbor entrance is expressed in terms of its
normal derivative at the harbor entrance.

(It should be recalled

-70that the normal derivative of the wave function is proportional to the
horizontal velocity. ) The next step in the solution is to express the
avera g e value of f 1

(for Region I) at the harbor entrance also as a

function of the average normal derivative of the wave function,

C,

so that by equating the solutions at the harbor entrance in both regions
the value of C can be determined.
4. 1. 2

Wave Function Outside the Harbor
As mentioned in Subsection 4. 1. 1, the harbor entrance

is considered small.

Thus, even though the harbor entrance is an

arc in Region II and a chord in Region I, the difference between the
length of the arc and that of the chord is assumed to be negligible.
As developed in Subsection 3. 2. 2. the wave function at the harbor
entrance obtained from the solution in Re gion I can be expressed as:

f 1 (x,O) = i+ f\ .,(,.)

J

of 3 (x ,O)H(l)(kjx-x !)dx
o
o
o
o
2 __ an
AB

=

l+(-~)

J C(x 0 ,0)H~l)(k[x-x 0 f)dx 0

(4 . 20)

AB

where AB is the chord at the harbor entrance, the function C (x , 0 )
0

is the normal derivative specified in Eq. 4. 2, the negative sign i s
specified for the adapted sign convention that the outward normal
derivative to the domain of interest is considered positive.

(Eq. 4. 20

is an integral form of the Eq. 3. 34 that was developed previously. )
The first term on the ri ght-hand-side of Eq. 4. 20 represents the
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incident wave and reflected wave at the harbor entrance if the
entrance is closed; the second term represents the radiated wave
from the entrance.
In order to facilitate performing the integration in Eq. 4. 20,
the origin of the coordinate system is shifted to the left corner of
the harbor entrance (point A in reference to Fig. 4 . 1 ).

To keep

the same approximation as mentioned in Section 4. 1. 1, the function
C(x , 0) is approximated by a constant C.
0

Thus, Eq. 4. 20 can be

simplified by taking the constant C outside the integral sign:

f 1 (x,O) =

1-~
2· C

J H(l) (kl x-x l)dx
--

0

0

(4. 21)
0

AB

The Hankel function H(l)(klx-x I) in Eq. 4. 21 can be separated into
0

0

its real and imaginary parts:
H(l)(k jx - x
0

I

where r= x-x

0

I

0

I)= H ( l)(kr) = J (kr)
0

+.),

0

Y (kr)

(4 . 22)

0

is the distance between the field point (x, 0) and the

source point (x , 0 ).
o

Substituting Eq. 4. 22 i n to Eq. 4. 21 and per-

forming the inte gr ation across the harbor entrance, it becomes:
.), C
-I
f 1 (x,0) = 1-l f. (x, 0)
2 L JO

where the terms f. (x, 0) and
JO

~f
'TT

yo

2
+ .),-f
'TT

yo

(x, 0)

J

(4.23)

(x, 0) ar e the results of the inte-

g r ation of the real part and imaginary part of the Hankel function

1
H( \kr) in Eq. 4. 21.
0

The interested reader is referred to Appendix

III for the detailed derivation off. (x, 0) and f (x, 0), (see Eqs . A. 3. 3
JO
yo
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and A. 3. 6 ).

In order to determine the value of C by the matching

procedure, the average of the wave function, f 1

across the harbor

,

entrance can be found as:
_

f1

1
=r;s

J6s

(4. 24)

f 1 (x, O)dx

0

whe re 6s is the length of the chord across the harbor entrance.
Substituting Eq. 4. 23 into Eq. 4. 24 one obtains:
(4 . 25)

where:
co

Jc=

(-

I

l)n(k~s)2n

2

n=O (n! ) (n+1) (2n+ 1)

(k~s )2 + ~~s )
= 1 6

60

4

(k~sJ+

fk6 s )
, - 2-

1008

25920

8

+ ......

(4. 26a)

2

co

=\

y

c

f:o

l)n(k 6s) n
·
- 2[io ( k 6 s \ + _
1
.
1
(n! )2 (2n+ i) (n+ 1)
g \ 2 ) 'Y 2(n+1) - 2n+ 1

(

k6s~
(
+ - 2J
60

[iog(k6s)+ 'Y
2

-~] 30

(k 6st
\- 2 )
1008

(k6s \,8
\-2) [
(k 6s )
826]
+
log -2- + 'Y - 360 + · · · · · ·
25920

J

[iog(k6s)+-y -~J
2

168

(4. 26b)

-73The development of the series for J
Appendix III.

4. 1. 3

and Y

c

c

are also presented in

(see Sections III. 3 and Ill. 4).
Matching the Solution for Each Region at the Harbor
Entrance
With the average wave function fa at the harbor entrance

('£;) for Region II obtained from Eq. 4. 19 and the average wave function

f 1 at the harbor entrance (f1

)

for Region I obtained from Eq. 4. 25,

the two solutions can now be matched to solve for the average normal
derivative of the wave function, C.

Eq. 4. 25 is simplified as:

f1 = 1+B C

(4. 27)

0

where B

0

=

-~
(J C +;,~y
)6.s
2
'ITC'

in which

J

C

and Y

C

are defined by

Eqs. 4. 26a and 4. 26b.
Equating Eq. 4. 19 to Eq. 4. 27, one obtains:
CM

c

= 1 + B ·C
0

(4.28)

thus, the average value of the normal derivative of the wave function
at the harbor entrance, C, can be determined from Eq. 4. 28 as:

c
where M

c

and B

0

=

1
M -B
c
0

(4. 29)

are defined by Eqs. 4. 19 and 4. 27 respectively.

After the value of the average normal derivative of the wave
function at the harbor entrance,

C,

has been determined from

Eq. 4. 29, the wave fu n ction f 2 at any position (r, 8) inside the harbor
can be calculated from Eq. 4 . 17.

It should be noted that the functions

C and fa (r, 9) are both complex numbers.
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Once the value of the complex number C has been determined
by Eq. 4. 29, the amplification factor, R, at any position (r, 8) for
a particular wave number k can be evaluated in exactly the same way
as discus s ed in Subsection 3. 2. 3 (as shown in Eq. 3. 38):
-.;{,at!
11 (r, 8 ;t)
IA/2 (r, 8 )e
1 2
I
R(r,8;k)= - - - - ' - - t =I
-.;(,otl
= jf 2 (r, 8 ) I
A.(£.+£ )e -.;(,a
A.• l •e

I

i

i

I

r

J (kr ) 8
0

i

ro

0

-rrkJ 1 (ka)

+I

cos m e
o
m
1
J (ka) j
m = l rrm [ kJ m - 1 (ka) - a m
2J

m

(kr) sin m e

(4. 3 0)

It should be mentioned that the analysis presented in this

section so far is concerned only with one complex constant C which
is determined through the matching procedure.

This means that the

quantities of interest are averaged over the full entrance; however,
if a better approximation is intended, the harbor entrance can be

divided into p segment.s .

Thus, there a r e p complex constants c

1

,

c2, ..... cp, i.e. the average normal derivative of the wave function
for eac h segment, to be determined by the matching procedure.

T he

average value of the wave function for each entrance segment is
expres s ed as a function of C , c , ..... Cp; thus, a set of equations
2
1
similar to those used in the approximate method and shown in Eq. 3. 35
can be developed .

As for the solution in Region I , Eq. 3. 34 developed

in Chapter 3 represents the wave functi on f 1 for each entrance se gment
and ·can be u s ed in the

solution instead of Eq. 4 . 25.

Therefor e,

by matching the average value of f 1 and f 2 at each entrance se gment,
a set of p simultaneous linear equations can be obtained; the value
of the normal derivative of wave function for each segment, i.e . C ,
1

-75CZ, ..... Cp' can be determined by solving this set of simultaneous
equations similar to what was discussed in Subsection 3. Z. 3.

After

evaluating the value of C , CZ, ..... Cp' the wave function f 2 (r, 8)
1
at any position inside the harbor can be calculated.
It should also be noted that even though there is no limitation
on the number of segments into which the harbor entrance can be
divided the entrance still cannot be very large.

This is because to

use the theoretical analysis presented in this section the arc and the
chord at the entrance must be approximately the same length.

In

addition if the harbor entrance is very lar ge , the harbor geometry
can no longer be considered as circular and the method of separation
of variables cannot be applied_.

For such cases it is necessary to

resort to the approximate methods described in Chapter 3.

4. Z

THEORETICAL ANALYSIS FOR A RECTANGULAR HARBOR
Another example for which the coordinates inside the

harbor are separable is a harbor with a rectangular shape.

Similar

to the circular harbor, for a rectangular harbor the solution inside
the harbor (R e gion II) can be obtained in an ei g en function expansion
with the coefficients to be determined by the boundary conditions.
The solution in Region II that will be presented below is the same
as the work of Ippen and Goda ( 1963 ), since it involves the standard
separation of variable method.

For the solution in Re gion I, the

method discussed in the previous section, i.e. Subsection 4. 1. Z, will
be used.

This method is different from the Fourier transformation

method that Ippen and Goda (1963) used in their work.

This theoretical

-76analysis can be used as a check both of the theory developed by Ippen
and Goda ( 19 63) as well as the theory developed in Chapter 3 for an
arbitrary shaped harbor.
4. 2. 1

Wave Function Inside the Rectangular Harbor
For the wave function f 2 (x, y) inside the rectangular

harbor, the Helmholtz equation, Eq. 3. 5, is written in rectangular
coordinates:

(4. 3 1)
the wave function £2 must satisfy the following boundary conditions:
(i)
(ii)

of2

ox

(0, y) = 0, and

Eia.
oy .(x, - -l)

= 0

of 2

ox

for --l <y < 0

(b, y) = 0
for 0 <x <b

(4. 32)

(1·1·1· ) -of2 (x, 0) = {o
oy
C(x)

for 0 < x < d
for d

0

0

or d

0

+d < x <b

S:x:S:d +d
0

A definition sketch of the rectangular harbo r showing both regi ons:
Region I and Regi on II, is presented in F i g. 4 . 2.
Using the method of separation of variables and considering
the boundary conditions (i) and (ii), the solution of the Helmholtz
equation, Eq. 4. 31,.can be represented by the following infinite
series :

(4. 33)

where f3m

=J(~rr

r

-k

2

and A

m

is an arbitrary constant to be
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y

Region I (Open-sea)

'i3 f1

+k

2

f1

= 0

= - C(x)

-CX>--

0

B

x

Re gion II (Harbor)

Fig. 4. 2

Definition sketch of a rectangular harbor

-78determined.

It is obvious that Eq. 4. 33 satisfies the Helmholtz

equation, Eq. 4. 31, and also satisfies the boundary conditions (i)
and (ii) in Eq. 4. 32.

Thus, the constants A

m

have to be determined

so that the solution f.2 (x, y) will satisfy the boundary condition (iii) in
Eq. 4. 32.
Differentiating Eq. 4. 33 with respect to y, one obtains:
(4.34)

Evaluating Eq. 4. 34 at y=O and expanding, one obtains:

CXl

af2

(x, 0) =A k(-sin kt)+ \

-<::i-

uy

A

L

0

S (sinhS t) cosmbrr x
mm
m

(4. 3 5)

m=l
The coefficients A

o

and A

m

can be determined by the Four ier

cosine transfo r mation method w hich w as used i n Subsection 4. 1. 1.
Using this method the follow ing expre ssions are obtained for A

~ Jb ~f2 (x, 0) dx
0 y

A

o

= - - - - -- -

:d +d

Ja
=

2k ( - sin kt)

° C (x)

(4. 36a)

bk sin k l

0

mrr
C(x) cos bxdx

0

=-----------=- - b--sinh
--S- -S
t
S
sinh S t
m

m

m

4. 36b can be evaluated as:

o

and A

(4. 36b)

m

If C(x) can be approximated by a constant

in Subsection 4.1.1, the coefficients A

and A
m

dx

0

rJad +d
Am

o

m

C,

as has been do n e

in Eqs. 4.36a and
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0

Cd

-

bk sin kt

2C [ sin qf-(d + d 0

=

Am

(4. 37a)

-----~

m1T f3

m

) -

sinh !3

m

s i n TdoJ
(4. 37b)

t

Substituting Eqs . 4. 37 into Eq. 4. 33, the solution of the wave function
f 2 inside the harbor can be written as:
(4. 38)
wherein:

s0

_ _ dcos k (y+ t)
bk sin k t

2 ( sin mbrr (d+d ) -sintnb'iT d )
o
o
mrr
cos bx, cosh f3m(y+ t )
m1T f3 sinh f3 t
m
m
The complex constant C, i.e. the average normal derivative of the
wave function across the harbor entrance , i n Eq. 4. 38 has to be
determined by a matching procedure similar to that used previously.
The matching procedure used for the rectangular harbor i s to
equate the average wave function f 2 evaluated at the harbor entrance
(f 2

)

to the average wave function f 1 evaluated at the harbor entrance

The average w ave function f 2 across the harbor entrance (f 2

)

can be evaluated as :

f2

= d1

I

do +d

d

=C

f 2 (x, 0) dx

0

(S

o

+ Sm

)

(4. 3 9)

-80where:

s0

d
= --cot kt
bk

CD

·2b [sin~ {d + d ) - sin TdoJ~
0
(mrr )2 j3
tanh j3 t
m

4. 2. 2

m

Matching of the Solution for Each Region at the Harbor
Ent rance
The average wave function, f 2

,

determined in Region II

at the harbor entrance can be obtained from Eq. 4. 39.

For the

solution in Region I, the relation developed in Subsection 4. 1. 2,
i.e. Eq. 4. 27, can be used for the average wave function,

f1•

Thus

by matching these two solutions at the harbor entrance, the average
normal derivative of the wave function across the harbor entrance, C,
can be determined.

Equating Eq. 4. 39 to Eq. 4. 27 one obtains :

C (S o + S m )

= 1

+ Bo C

(4. 40)

thus, the value of C can be determined as:

c

1

= -=---==----so + Sm - Bo

(4. 41)

After the value of Chas been determined from Eq. 4. 41, the
wave function f 2 at any position {x, y) inside the rectangular harbor
can be determined using Eq. 4. 38.

The absolute value of the wave

function f 2 {x, y) is equal to the amplification factor at the position
(x, y) as was shown in Eq. 3. 38 and Eq. 4. 30.

-81It is noted that in the circular harbor theory developed in
Section 4. 1, the harbor entrance is limited by the requirement
that the arc is approximately equal to the chord at the harbor
entrance.

This type of limitation does not exist in the rectangular

harbor theory developed in this section, since no matter how large
the harbor entrance is , the geometry in Region II is still rectangular
a n d the separation of variable method can be used.

For the case of

a wide harbor entran ce compared to the length of t he harbor the
entrance can be divided into a number of segments using the matching
procedure to equate the average value of f 1 and the average value of f 2
at each segment at the entrance.

Therefore, a set of simultaneous

equations can be obtained; the value of the normal derivative of the
w ave function C for each se gment can be determined by solving
these simultaneous equations.

After the normal derivative of the

w ave function for each entrance segment has been determined, the
wave function f 2 (x, y) at any position inside the harbor can be
calculated.
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CHAPTER 5
EXPERIMENTAL EQUIPMENT AND PROCEDURES

5. 1

WAVE BASIN
A wave basin 1 ft 9 in. deep, 15 ft 5 in wide, and 31 ft

5 in. long shown in Figs. 5. 1 and 5 . 2 was used for the experiments.
The v ertical walls of the basin were constructed of 3 / 4 in. marine
plywood with the floor constructed of 1 in. marine plywood .
basin floor was located 10 in. above the laboratory floor .

The

This can

be seen in Figs. 5. 1 and 5. 2 where a substructure supporting the
basin floor was built to allow for proper le v eling of the basin floor
and to raise the basin to a more comfortable working level.

This

substructure consisted of wood sills and joists ; seven wood sills
(1-5/8 in. x 3-5/8 in. with the short dimension vertical) were
fastened to the laboratory floor, 2 ft 8 in. on center runnin g the
length of the basin •

Perpendicular to these sills, a system of

joists ( 1-5 /8 in. x 7-5 /8 in. with the long dimension vertical) was .
fastened on 1 ft 4 in. centers .

The upper face of the joists was

. 1.

le veled to within . '. 1 /32 in.

by placing shim material between the

sill and the joist at each intersection.

The 1 in. plywood was then

g lued and screwed to the joists to become the basin floor and the
3 / 4 in. vertical walls and their supporting structure were fastened
in place.

(For additional details of the construction of the basin, see
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Fig. 5. 2

Over - all view of the wave basin and wave generator with
wave filter and absorbers in place

-84Raichlen ( 1965 ). ) In order to ensure watertightness and to provide
a level bottom, before this study was initiated, a layer of polyester
resin (1'CY BOND 2501 Part 1 11 manufactured by American Cyanamid
Company) approximately 1 /4 in. thick was poured into the basin.
The resin sought its own level before it solidified; therefore, a
bottom which was horizontal to within at least
by this treatment.

-::o. 02

in. was obtained

All the j oints were sealed by fiber glass cloth and

resin and the interior of the basin was then painted with an epoxy
base

paint.

After this treatment the wave basin remained free of

leaks throughout the course of the experiments.
Also shown in Figs. 5. 1 and 5. 2 are wave energy dissipaters:
a wave filter located in front of the wave machine and wave absorbers
located along two sides of the basin.

The details of the construction

and the characteristics of these units will be presented in Sections
5 . 6 and 6. 1 respective 1y.
5. 2

WAVE GENERATOR
The wave gener ator used for this study was a pendulum

type desi gned to operate either as a paddle- or piston-type wave
machine; its detailed description and design consideration were
given by Raichlen ( 1965 ).

A photograph of the wave g enerator and

the overhead support is shown in Fig. 5. 3.

It is seen that the plate

of the generator is obscured by the wave filter; however, this shows
the arrangement of the filter relative to the ge nerati n g surface.

The

gene rating surface was an aluminum plate 11 ft 8 in. long, 2 ft high,
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9322
Fig. 5. 3

Wave generator and overhead support with wave filter and
wave absorber in place

9333
Fig. 5. 4

Motor drive, eccentric, and light source and perforated
disc for wave period measurement

-86and l I 4 in. thick attached to a structural aluminum angle frame
which provided rigidity.

As can be seen in Fig. 5. 3, this assembly

was suspended from three pairs of arms connected to an overhead
structure which in turn was fastened to the reinforced concrete ceiling
beam.

Each supporting arm was 2 ft 9 in. long with the upper end of

each forward arm able to be moved along a slot which was an arc of
radius 2 ft 9 in.

Hence, when the forward arm at each support was

parallel to the rear arm the wave machine operated as a piston-type
generator; when the upper end of the forward supporting arm was
moved to the furthermost forward position, the wave machine operated
as a paddle-type wave generator with the bottom of the generating plate
acting as an imaginary hinge point.

This arrangement facilitated the

generation of shallow water and deep water waves.

The wave generator

was driven by two arms connected to independent eccentrics which in
turn were connected through a pulley system to a 1-1 /2 hp variable
speed motor.

This arrangement can be seen in Fig. 5. 4.

The

eccentrics allowed for a maximum wave machine stroke of 12 in. , but
careful adjustment was necessary to insure that both eccentrics had
identical settings.

This was accomplished by measuring the stroke of

the generator at two locations using dial gages, and it was possible
to adjust the eccentrics to within 0. 00 l in. of each other.

The motor

was a 1-1/2 hp U.S. Varidrive Motor with a 10:1 speed range and a
continuous variation over this range.

Wave periods ranging from O. 34

sec to 3. 8 sec could be obtained with this system.

-875. 3

MEASUREMENT OF WAVE PERIOD
A pulse counting technique was used for the determination

of the wave period.

As can also be seen in Fi g . 5. 4, the pulse was

generated by interrupting a light beam, which w as directed at a photocell, by a disc with 360 evenly spaced holes arranged in a circle near
its outer edge.

The disc w as directly conne cted to one eccentric of

the wave drive mechanism.

A schematic dia g ram and circuit of the

photocell device is presented i n Fig. 5. 5.

The voltag e pulses so

generated by the photocell circuit were counted over an interval of
10 seconds by a Beckman/Berkeley Division Industrial Counter Model
7351.

The wave period in seconds was obtained simply by dividin g

the product of the number of holes times the counting interval (3600 )
by the number of counts registered by the counter in 10 seconds .
Hence, the period measured was an average over a 10 second interval;
throughout an experiment this period varied at most by

5. 4

~O. 03%.

MEASUREMENT OF WAVE AM P LITUD E
5. 4. 1 Wave Gage
Resistance wave gages were used in conjunction with the

Sanborn (150 series) recorder for the measurement of wave amplitude.
A drawing of a typical wave gage is shown in Fi g . 5. 6.

The wave gage

consisted of two 0 . 010 in. diameter stainless steel wires 3-1/2 in.
long, spaced 1 /8 in. apart.

The wires were stretched taut and

parallel in a frame constructed of 1/ 8 in. diameter stainless steel.
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Drawing of a typical wave gage (from Raichlen ( 1965) )

-89The wires were insulated electrically from each other , except that
current could pass from one wire to the other throu gh the w ater in
which the g age was immersed.
A circuit diagram for the wave g a g e is shown in Fi g . 5. 7.

A

Sanborn Carrier Preamplifier (Model 150 - 1100 AS) supplied the
2400 cps - 4. 5 volt excitation for the gag es and in turn received the
output from the wave gages which after demodulation and amplification
were displayed on the recording unit.

The displacement of the stylus

of the recorder was proportional to the probe resistance, which in
turn was proportional to the depth. of immersion of wires.
The wave gage was calibrated before and after an experiment
(approximately one hour apart).

Three typical calibration curves

are presented in Fig. 5. 8 for a wave gage with three different
attenuation setting s of the amplifier, i.e. x50, x20, xlO.

The ordinate

shows the immersion plus withdrawal in centimeters while the
abscissa shows the stylus deflection of the recorder in millimeters.
The calibration of wave gage was performed manually by first
increasing its immersion 0. 05 cm , then returnin g to the original
position and withdrawing it 0. 05 cm.

The same procedure w as then

repeated with a lar ger increment of immersion and withdrawal.

A

calibration curve representing an avera g e over the duration of an
experiment was used in the data reduction procedure .

Most cali -

bration curves we re essentially linear and showed very little chang e
during an experiment as can be seen in Fig. 5. 8.
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-925. 4. 2 Measurement of Standing Wave Amplitude for the Closed
Harbor
As mentioned in Subsection 3. 2. 3, the amplification
factor is defined as the wave amplitude at a particular location inside
the harbor divided by the sum of the amplitude of the incident and the
reflected wave when the harbor entrance is closed; this latter is the
standing wave amplitude.

Therefore, in order to determine the

amplification factor experimentally, both the wave amplitude inside
the harbor and the standing wave amplitude when the entrance is
closed must be measured.
The amplitude insid e the harbor is measured in a straightforward manner using the resistance wave gages just desc.ribed.

Due

to the variation in the standing wave amplitude along a crest, caused
by the diffraction of waves off the edges of the wave machine and by
the wave absorbers . (see also Ippen and Goda (1963)),it was necessary
to use an average amplitude of the standing wave across the entrance
in defining the amplification factor.
This average standing wave amplitude along the
obtained as follows.

11

coastline 11 was

With the harbor entrance closed, three wave

gages were placed 1/4 in. from the false wall (which represents the
11

coastline 1 ') with the wires in a plane parallel to the wall.

One wave

gage was located on the center line of t:ie harbor entrance, and the
other two gages were located 2 ft to either side .

After the wave

amplitude at these three locations had been determined, the wave

- 93amplitude at the two limits of the harbor entrance were determined
by interpolation after fitting a second order polynomial to the
measured values.

The subroutine "AITKEN /Polynomial Interpolation

Function" available at the Booth Computing Center of the California
Institute of Technology was used to accomplish this.

The average of

the wave amplitude m easured by the center gage and those interpolated
as just described was used to represent the standing wave amplitude.
Therefore, the amplification factor was determined by dividing the
measured wave amplitude at a given location inside the harbor by the
standing wave amplitude so determined.

5. 5

MEASUREMENT OF VELOCITY
T he velocity at the harbor entrance was measured using a

hot-film anemometer manufactured by Thermo -Systems, Inc. (Heat
Flux System Model 1020A).

The system minimized the effect of the

thermal inertia of the probe by keeping the sensitive e l ement at a
constant temperature (constant resistance) and using the heating
current as the measure of the heat transfer and hence the velocity of
the. flow.

The sensor was a glass cylinder (with a diameter of 0. 001 in.

or 0. 006 in. ) coated w ith a platinum film whi ch in turn was covered
with a sputtered quartz layer ; the platinum and quartz coatings were
each appr oximately 10

-5

in. thick.

T he sensor was supported by two

insulated needles, and for the experiments, the sensor w as aligned
with its longitudinal axis parallel to the bottom of the basin and per pendicular to the incoming wave ray.

A photograph of one sensor is

shown in Fig . 5. 9 with the associated electronics shown in Fig. 5. 10.
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Fig. 5. 9

Photograph of a hot-film sensor
(from Raichlen (1967))

9334
Fig. 5-; 10

Hot-film anemometer, linearizer, and recording unit

-95The output of the hot-film sensor is not linearly proportio n al to
the flow velocity; instead, it has the following g eneral relation (see
Hinze ((l959)):
( 5. 1)

where Eis the output voltage of the anemometer, I
to the sensor, R

w

a

is the current

is the operating resistance , Vis the fluid v elocity

normal to the axis of the hot-film sensor, and c 1 and c 2 are constants
which depend upon the properties of the hot-film and the temperature
difference between it and the fluid.

In steady flow , the exponent c 3 in

Eq. 5 . 1 is usually taken as l /2; such a relationship is referred to as
King 1 s law (see Hinze (195 9 )) .
For a constant temperature system, the operating resistance of
the sensor, R

w

, is kept constant b y electronic feedback.

The value

(RW -R a )jR a (wherein R a is the cold resistance of the hot-film sensor)
0

0

is usually called the

0

11

over -heat ratio 11•

For present experiments, an

over-heat ratio of 2% to 3 % was used.
Assuming King 1 s law applies for the present experiments (see
Subsection 6. 2. 5 for a discussion of the shortcomings of this
assumption), Eq. 5. 1 can be w ritten as :
_

.E

= (cl + C2 J v

1,.

)2

( 5 . 2)

providing a simple relationship which can be linearized so that the
output voltage is directly proportional to the fluid velocity.

In order

to accomplish this, a linearizing circuit built by Townes (1965) was
used .

-96The sequence of operation of the linearizer is as follows.

The

output of the anemometer was fir st amplified to the best operating
level for the linearizer (approximately 10 volts) and used as the input
to the first squaring circuit of the linearizer; the output from the first
squaring circuit, S 1

,

can be expressed as:
( 5. 3)

where c

a

is the amplification by the preamplifier.

It can be seen from Eq. 5. 3 that the output of the first squaring

circuit S 1 is not equal to zero when the fluid velocity is zero.

There-

fore, a mean voltage was subtracted from that shown in Eq. 5. 3 ,
when the velocity was equal to zero.

Hence, the signal can then be

expressed as:
( 5. 4)

This voltage was then amplified again to the best operating level
for the linearizer , and introduced to the second squaring circuit.
final output voltage from that stag e, S 2
S2

,

The

can be expressed as:

2
= (cb S b )2 = (c b c·a2 c 2 1\/rv)
=· a.v V
v

(5. 5)

Thus, after the linearizing operation, the output voltage from
the second squaring circuit, S 2
velocity, V.

,

is linearly proportional to the fluid

It should be noted that the relationship shown in Eq. 5. 5

implies that King's law (Eq. 5. 2) applies.
if one is to determine the constant a.

v

A calibration is required

in Eq. 5. 5 and thus the absolute

velocity; for the present experiments no attempt was made to calibrate

-97the sensor.

If the applicability of Eq. 5. 5 is assumed, the relative

velocity at two positions can be obtained as the ratio of the final
output voltage S 2 at those two positions.

For example, for the experi-

ments dealing with the velocity distribution across the harbor
entrance the output voltage at various positions can be normalized
with respect to either the value at the center or the average value
across the entrance; both normalizations yield information regarding
the shape of the velocity distribution across the entrance.

5. 6

WAVE ENERGY DISSIPATION SYSTEM
Two types of wave energy dissipators were employed in

the present experiments:

a wave filter placed in front of the wave

gene rator, and wave absorbers located along the side-walls of the
w ave basin.

This system was designed to simulate open-sea conditions

in the restricted laboratory basin, and the design criterion and
characteristics of the system will be discussed in Section 6. 1.
An overall view of the wave energy dissipators is shown in the
photograph, Fig. 5. 11.

The wave filter, shown in front of the wave

generator in Fig. 5. 11, was 11 ft 9 in. long, 1 ft 4 in. high and 5 ft
deep in the direction of wave propagation and was constructed of 70
sheets of galvanized iron wire screen in three sections each 3 ft 11 in.
long.

The wire diameter of the screens was O. 011 in with 18 wires

per inch in one direction and 14 wires per inch in the other.

As seen

in Fig. 5. 12 each section of the filter had three vertical stiffening
pleats located approximately 1 ft apart on each sheet;

in addition,

right angle bends each 0. 8 in. long were made at the top and bottom
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9320
Fig. 5. 11

Wave energy dissipators placed in the basin
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(a) Front view

9311

Side view
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Fig. 5. 12
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Fig . 5. 13

Bracket and structural frame for supporting wave absorbers

-100of each sheet to further stiffen them.

Seventy identical sheets were

then fastened together with 6 stainless steel rods of 1/8 in. diameter.
Spacers consisting of 1/8 in. I. D. lucite tubing 0. 8 in. long were
placed on each rod to maintain a uniform spacing.

These lucite

spacers can be seen from the side view of the filter in Fig. 5. 12.

The

right angle bends at the top and the bottom of each screen also served
as spacers.

The 70 sheets were then tacked together by soldering to

become a relatively stiff unit that could stand by its own rigidity in
the wave basin, resisting the waves without fixed supports.
While the wave filte r was built to stand in the wave basin by its
own rigidity without additional support, the wave absorbers, shown in
Fig. 5. 11, we re supported by structural frames outside the wave
basin.

(One of these structural frames is shown in Fig. 5. 13.) The

wave absorbers, placed along the side-walls of the basin, we re each
1 ft 6 in. high, 1 ft 10 in. thick, and 30 ft long and consisted of 50
layers of the same galvanized iron screen as used in the wave filter.
To construct these wave absorbers, a unit of 10 screens, each 30 ft
long, 1 ft 6 in. · wide spaced 3 /8 in. apart was held together by
brackets at each end of the screens.

The spacers were composed of

pieces of pressed fiberboard called Benelex (3 /8 in. thick, 2 in. wide,
1 ft 6 in. long) placed between each screen.

Benelex was used since

it absorbed only a small amount of water compared to some other
materials .

A bracket was fastened over the screens and spacers

clamping the 10 screens together firmly as a unit.

The screens in a

unit of 10 layers were then stretched taut by 3 /8 in. diameter stainless

-101steel rods which connected from the brackets at the ends of the units
to the structural frames located outside the basin.
into the wall of the basin for the rods; fittings with

Holes were drilled
11

0''-ring seals were

mounted in the wall to prevent the leakage around the rods.

Therefore,

the rods transmitted all the tension required to hold the screens taut
to the structural frames at each end; hence no significant forces were
applied to the basin walls .

Five identical units (a total of 50 layers of

screens) were built in this manner along each side of the basin

as

shown in Fig. 5. 11.
The wave energy dissipating system provided a large area of
galvanized iron in the wave basin, 9. 0 ft 2 of wire screen per ft 3 of
basin water.

Because of. the chemical reaction between the wire

screens and the water when the screens were initially installed the
zinc in the galvanized screens deposited in the basin .

This not only

decreased the amount of zinc that protected the wires of the screens
but the reaction also produced a coating of undissolved zinc on the
water surface.

The latter effect led to undesirable operating charac-

teristics of the wave gages.

For this reason, it was necessary to

introduce additives to the water to reduce and even prevent this
reaction.

A series of experiments were conducted in order to find

a proper additive.

It was found that a technical grade of sodium

dichromate (Na2 Cr 2 0

7

)added to the water in a concentration of 500 ppm

(by weight) could accomplish this.

The concentration of the sodium

dichromate was checked periodically by a li ght absorption technique
and if the concentration was found to be less than desired, more was

-102added.

In order that this additive could function properly as a

corrosion inhibitor, it was necessary to keep the pH of the water less
than 6. 5;

usually the pH was maintained in the range of 6. 2 to 6. 5 by

periodically adding hydrochloric acid (HCl).

This treatment of the

basin water proved to be successful in both preserving the wire
screens and eliminating the precipitate on the water surface, and it
had no observable effect on the wave gages.
5. 7

HARBOR MODELS
Four different harbors with constant depth were investi -

gated experimentally:

a rectangular harbor, a circular harbor with

a 10° opening, a circular harbor with a 60° opening, and a model of
the East and West Basins of the Long Beach Harbor (Long Beach,
California).

The harbor models were designed so that each would

fit into a false-wall simulating a perfectly reflecting

11

coastline 11 and

it was installed 2 7 ft 6 in. from and parallel to the wave paddle, i.e.
2 ft. 6 in. from the back-wall of the basin.

The false - wall was made

of lucite 3/8 in. thick and 1 ft 3 in. high mounted to a frame composed
of galvanized iron angles constructed in two identical pieces: the
east-wing and the west - wing.

Each wing extended 4 ft 9 in.from 1 ft

off the center of the wave basin
absorbers .

to the inner most screen of the wave

A photograph of the supporting frames and the walls is

presented in Fi g . 5. 14.

The walls we re weighted to hold them in

place without direct connections to the basin floor .

In line with the

false-wall, lucite spacers 3 /8 in. thick, 1 in. wide and 1 ft 6 in. high
were placed between each screen of the absorbers .

These spacers
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Fig. 5. 14

False-walls and supporting frames representing "coastline"

9318
Fig. 5. 15

Rectangular harbor in place in the basin

-10 4 which can be seen in upper left-hand-portion of Fi g . 5. 13 were placed
to prevent waves penetrating through the absorbers to the still water
region behind the false wall thereby creating undesirable oscillations
in the basin.
In the following, a brief description of the harbor models is
presented:
(i) Rectangular harbor:

The rectangular harbor was 12- 1I4 in.

long, 2-3/8 in. wide with a fully open entrance and it was constructed
of 1/4 in. thick lucite.

Fig. 5. 15 shows how the rectangular harbor

was placed in relation to the false-wall inside the wave basin.
should be mentioned that the false-wall,

11

It

coastline 11 , shown in Fig.

5. 15 was different from the false-wall described in the previous paragraph.

This wall was constructed from plywood (3 I 4 in. thick) and ·

painted with an epoxy based paint.

However, it w as found that this

wall expanded due to water absorption; therefore, after the experiments with the rectangular harbo r we re finished this false-wall was
replaced by the one constructed of lucite just described which was
used for all subsequent experiments.
(ii)

Circular harbors:

The two circular harbors (a 10° opening

and a 60° opening), shown in Figs. 5. 16 and 5. 17, were each 1 ft 6 in.
diameter and 1 ft 3 in. high, and they were constructed of 1I4 in.
lucite plate which was heated and bent to shape.

The cylinders were

each connected on the top and the bottom to two 1 /2 in. lucite reinforcing plates with holes cut to an inside diameter of 1 ft 6-1/2 in.;
this is clearly shown in Figs. 5. 16 and 5. 17.

These two reinfor cing
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9323
Fig. 5. 16

Circular harbor with a 10° opening

Fig. 5. 17

Circular harbor with a 60° opening

9325

-10 6 plates w ere necessary to keep the p lanform of the harbors circular .
The two vertical plates show n near the harbor entrance in both Figs.
5. 16 and 5. 17 connected to the parbor fitted into the two foot space
which had been left in the false-walls just described; thereby resulting
in a smooth

11

coastline 11 extending from the wave absorbers to the

limits of the harbor entrance.
(iii) Model of Long Beach Harbor:

The model of Long Beach

Harbor shown in Fig. 5. 18 w as also constructed from 1I4 in. thick
lucite plate.

The shape of the planform of the harbor was cut from

two lucite sheets using dimensions such that when the vertical
boun dary walls were cemen ted in place the inside dim e nsion of the
harbor w ould be as desired.

These supporting plates can be seen at

the top and bottom of the harbor model in Fi g . 5. 18.

This model was

composed of 15 pieces of lucite cemented to the supporting plates
and rubber cement was used as filets .in the corners.

The planform

of the model was simplified from the existing harbor and can be
compared to the prototype in the map (Fig. 5. 19) which was extracted
from the U.S. C . & G. S. map No . 5147.
5. 8

I NSTRUMEN T CARRIAGE AND TRAVERSIN G BEAM
A photo g raph of the instrument carriag e and traversing

beam is presented in Fig. 5. 20 ; also seen in this photo g raph is the
frame which was placed outside the model of the harbor to support
the instrument carriag e.

This frame, constructed of g alvanized

steel an gles, was bolted to four pads that were cemented to the basin
floor.

An aluminum plate 3/8 in. thick, 2 ft 4 in. square with a
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Fig. 5 . 18

Model of the East and West Basins of Long Beach Harbor
(Long Beach, California)

.... =·,,. .· ·

..• if!. .

;-

Fig. 5. 19

-

Nautical Milt

-~~Yards

-

Map showing the position of the E ast and West Basins of
Long Beach Harbor and the model planform. (The har bor
model is shown with dashed lines . )

-108circular hole of 2 ft inside diameter was mounted to the top of the
structural frame.

The carriage which was supported at three points

with ball bearings was free to rotate with the hole in the plate as its
guide and coupled with the traversing beam the wave gage could
therefore be moved to any position inside the harbor.

The complete

frame could be moved toward or away from the false-wall so that the
center of the circular hole on the aluminum plate coincided with the
center of the circular harbor.

In addition, the frame could be leveled

by adjusting the bolts on the supporting pads so that the wave gages
remained at the same immersion if moved to other positions within
the harbor.
The traversing beam shown in Fig. 5. 20 consisted of an aluminum channel to which two lead screws (16 threads per inch) were
mounted.

These screws were connected to a gear arrangement at

one end so that they could be rotated either alone or simultaneously.
The screws passed through two threaded blocks to which the wave
gages were attached.

As the lead screws were rotated these blocks

moved in slots cut in the channel thus positioning the wave gage s.

-10 9 -

9336
Fig. 5. 20

Instrument carriage and traversing beam shown mounted
above 10° opening circular harbor
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CHAPTER 6

PRESENTATION AND DISCUSSION OF RESULTS

Experimental and theoretical results are presented in this chapter
which deal with the wave induced oscillations of three harbors with
specific shapes:

circular harbors with 10° and 60° openings, a

rectangular harbor, arid a model of the East and West Basins of Long
Beach Harbor located in Long Beach, California.

All the harbors

investigated were of constant depth and were connected to the open-sea;
thus, an effective wave energy dissipating system was necessary to
simulate these open-sea conditions in the laboratory.

The character-

istics of the wave energy dissipaters chosen for this system will be
discussed first, followed by the presentation and discussion of the.
results for the three harbors mentioned.

All numerical computations

were accomplished using an IBM 360/75 high speed digital computer.

6. 1

CHARACTERISTICS OF THE WAVE ENERGY DISSIPATION
SYSTEM
The theories developed in Chapter 3 and 4 treat the case of

a harbor connected to the open - sea which lead to the existence of the
11

radiation condition", i.e. the radiated waves which emanate from the

harbor entrance decay to zero at an infinite distance from the harbor.
However, in the laboratory, experiments must be conducted in a wave
basin of finite size; thus, the radiated waves from the harbor will be

-111-

reflected from the wave paddle and the sidewalls of the basin unless
effective energy dissipators are provided.
dissipator s Ippen and Raichlen ( 1962)

Indeed in the absence of

(also Raichlen and Ippen (1965) )

have shown that the response curve of a rectangular harbor connected
to a highly reflective basin is characterized by numerous closely
spaced resonant spikes.

This result is strikingly different from the

response curve for a rectangular harbor connected to the open-sea
which was subsequently studied by Ippen and Goda ( 1963) where fewer
modes of resonant oscillation were observed over similar ranges of
wave period.

In this section the design

consider~tions

and character-

istics of the wave energy dissipating system (described in Section 5. 6)
which was used in these experiments to alleviate this problem will be
presented and discussed.
A theoretical and experimental .investigation of wave energy
dissipators composed of wire mesh screens aligned normal to the
direction of wave propagation was conducted by Goda and Ippen ( 1963 ).
In their analysis each screen was considered to be composed of
numerous equally spaced circular cylinders aligned vertically and
horizontally; it was assumed that there was no wave reflection from the
energy dis sipator, and the energy dissipated by each cylinder was
assumed to be independent of its proximity to the other cylinders.
Therefore, the total energy dissipation was taken to be equal to the
sum of that from each of the cylinders in the unit.

Based on these

assumptions, Goda and Ippen ( 1963) developed the following semiempirical equation for the transmission coefficient of such a
dissipator:

-112Kt= [ 1
where:

+

D ( oDL \ - o•6 ( Hi) o.6
J-2
13. 4 ms -v-;
L
cp (h/L)

(6. 1)

= transmission coefficient, defined as the ratio of the
transmitted wave height to the incident wave height,
Ht/Hi,
m = number of layers of screens,
D = diameter of the screen wire,
S = center to center distance between wires,

a = circular wave frequency (2rr /T),
v = kinematic viscosity of the fluid,
L = wave length, and
cp(h /L} = depth effect factor which is a function of the ratio of
depth to wave length. (The interested reader is referred
to Goda and Ippen (1963) Eq. 2. 29 for this expression;
for deep water waves it is equal to 1. 81. )
Based on the experimentally determined values of the transmission
coefficient, Kt' and the reflection .coefficient, Kr, for various dissipators, an empirical relation was obtained to correlate these
quantities:
(6. 2)

wherein K

r

is defined as the ratio of the reflected wave height to the

incident wave height, H /H ..
r

i

To confirm the validity of Eqs. 6. 1 and 6. 2 so that they could
be used with confidence in designing the wave ener gy dissipators for
this study (described in Section 5. 6) a series of experiments using
model dissipaters was

conducted .

These experiments were carried

out in a wave tank 1 ft 6 in. wide, 1 ft 9 in. deep, and 31 ft long using
a paddle t)rpe wave generator and using the procedures employed by

-113Goda and Ippen ( 1963 ).

Two model dissipaters were tested, denoted

here as Dissipater A and Dissipater B; their characteristics are
presented in Table 6. 1.
Table 6. 1 Model wave ener gy dissipaters

Dissipater

Mesh ( S)~<
Averag ed Center
to Center Spacing
of W ir es
(in. )

Numb er
of Layers
of Screens

(in . )

Distance
Between
Layers of
Screens
(in. )

Scr e en Wire
Di ameter
(D)

(m)

A

0 .0 625

o. 011

0.5

38

B

0.0625

o. 011

0 .375

50

..
,

"'For this study the horizontal and vertical spacing of the wires were
not equal and the value denoted as S is the average spacing (see
Section 5. 6).

A dis sipator is called a wave filter if it is placed between the
wave generator and the back-wall of the wave tank; it is called wave
absorber if placed against a reflecting surface o f the tank.

In order

to determine the transmission and reflection coefficients of the wave
filter, two w ave gages were used to measure the wave envelope in the
region ahead and behind the wave filter.

To determine the reflection

coefficient of the wave absorber one wave gage was used to measure
the wave envelope in the region in front of the wave absorber.

It can

be shown that the incident and reflected waves can be determined
simply from such wave envelopes (see Ippen, 1966, pp. 46-49) .
The experimental and theoretical vari ation of the reflection
coefficient, K, with the incident wave steepness, H./L, -£or Dissir

i

pator s A and B are presented in Figs. 6. 1 and 6. 2 respectively.
both Figs. 6. 1 and 6. 2, the experimentally determined reflection

In
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-115coefficients are presented for each dissipator used both as an absorber
and as a filter.

The former refers to the case where the dissipator

was placed against the back-wall of t he wave tank, while the latter
refers to the case where the dissipator was located between the wave
machine and the back-wall.

The theoretical curves presented in Fig s,

6. 1 and 6. 2 are computed in the following way: first, the transmission
coefficient, Kt, is computed from Eq. 6. 1, and the reflection coefficient, K , is then determined from the empirical relation, Eq. 6. 2.
r

The experimental data presented in Fig. 6. 1 show considerable scatter;
however, the data follow the trend predicted by Eqs. 6. 1 and 6. 2, i.e.
for a constant wave period the reflection coefficient, K , decreases
r

as the wave steepness, H. /L, increases, and for a constant wave
l

steepness, the reflection coefficient, K , increases as the wave
r
period, T, increases.
Similar data are presented in Fig. 6. 2 for Dis sipator B where
the number of screens has been increased from 38 to 50 and the
spacing of the screens reduced from O. 5 in. to 0. 375 in.

By comparing

Figs. 6. 1 and 6. 2, as expected, it is seen that Dissipater B is more
efficient than Dis sipator A.
In Fig. 6. 3 the experimentally determined reflection and transmission coefficients for these two dissipators are shown.

The experi-

mental data obtained by Goda and Ippen ( 1963) which were the basis
for their empirical relation, Eq. 6. 2, are also included in Fig. 6. 3.
Three relations: Kr= Kt
Fig. 6. 3 for reference.

2

'

Kr= Kt

2

•

5

and Kr= Kt

3

,

are shown in

It is seen that the experimental data show

considerable scatter; nevertheless, the results for Dissipator A agree
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best with the expression: Kr = K t 2
w ith: Kr = Kt3

•

0

•

•

5

,

and the results for Dissipator B

This difference for the two dissipators sug gests

that the wave energy dissipation characteristics mi ght be affected by
the spacing between the screens which was neglected in the analysis
by Goda and Ippen ( 1963 ).

The results also show that for a constant

reflection coefficient, Kr' the transmission coefficients, Kt, obtained
from the present experiments are somewhat larger than those obtained
by Goda and Ippen ( 1963 ).
The most important characteristic of the wave ener gy dissipators
in simulating the unbounded open- sea is the reflection coefficient, K .
r

It was sug gested by Ippen and Goda ( 1963) that the reflection coefficient,
K , of wave filters and absorbers should be less than 20% for proper
r

simulation of open- sea conditions in a restricted wave basin.

The wave

absorbers finally chosen for this investigation consisted of 50 layers of
screens with a spacing of 0. 375 in. between screens (as described in
Section 5. 6).

Therefore, the wave energy dissipation characteristics

of the wave absorbers used are identical to those of Dissipator Bused
in these preliminary e x periments and shown in Fig . 6. 2.

With

ref erence to Fig. 6. 2, except for very small incident wave steepnesses
the reflection coefficient of the absorbers is estimated to be less than
20% for the majority of the harbor resonance experiments which were
conducted .
The wave filter used , which has been described in Section 5. 6,
consisted of 70 layers of screens with a spacing of 0. 8 in. between
layers of screens.

The reflection coefficient of the w ave filter is

expected to be less than that of the wave absorbers for comparable

-118incident wave steepnesses due to the smaller number of screens and
spacing in the latter.

Therefore, it is expected that except again for

the case of an extremely small wave steepnesses, the reflection
coefficient of the wave filter used is less than 20% .
In order to ensure that the open-sea condition was properly
modeled in the wave basin using the wave energy dissipators described,
in initial phases of this study the response to periodic incident waves
of a fully open rectangular harbor (2-3/8 in. wide and 1 ft 1/4 in. long
and identical to that studied by Ippen and Goda (1963) ) was studied
experimentally.

The results obtained agreed well with both the

theoretical "open-sea solution" and the experimental results obtained
by Ippen and Goda (1963).

Thus, the open-sea condition for the

radiated wave was considered to have been simulated properly in these
experiments.

The results of these experiments will be presented and

discussed in detail later in Section 6. 3.

6. 2

CIRCULAR HARBOR WITH A 10° OPENING AND A 60° OPENING
6. 2. 1

Introduction
As discussed previously, the wave induced oscillations in

a circular harbor connected to the open-sea can be evaluated by using
either the special theory developed in Section 4. 1 (if the chord which
represents the harbor entrance can be approximated by an arc of the
circle) or using the general theory developed in Chapter 3 for an
arbritrary shaped harbor.

In this section, the theoretical results

obtained from these two theories are compared to the experimental

-119results for harbors with a 10° and a 60° opening.

In order to verify

the theory the following results will be presented and discussed:
(i)

the variation of the amplification factor at a fixed position
inside the harbor as a function of incident wave number (or
wave period),

(ii)

the variation of the wave amplitude inside the harbor for
various resonant modes,

(iii)

the variation of the total velocity at the harbor entrance as
a function of incident wave number, and

(iv)

the distribution of velocity across the harbor entrance for
various wave numbers.

6. 2. 2

Response of Harbor to Incident Waves
The response of a harbor is defined, for this study, as the

variation of the amplification factor, R, with the wave number parameter ka (wherein k is the wave number and a is a characteristic
planform dimension of the harbor, the radius for the circular harbor) .
The function ka is of course dependent upon wave period and depth
whereas the amplification factor R is also a function of position.

The

amplification factor R is defined as the wave amplitude at the position
(r, 8) divided by the standing wave amplitude which exists in the wave
basin with the harbor entrance closed for the wave number (or period)
of interest.

Over some range of wave number the w ave amplitude

inside the harbor may be amplified while over another range it may
be attenuated.

Physically, for such a harbor this resonance results

from the trapping of incident wave energy inside the harbor at

-120particular wave numbers (or wave periods) which depend on the
geometry of the harbor as well as the depth.
Two response curves for a circular harbor with a 10° opening
are presented in Figs. 6. 4 and 6. 5, where the two theories described
in Chapters 3 and 4 are compared to experiments.

The experiments

were conducted in a circular harbor of 1. 5 ft diameter with the depth
of water constant and equal to 1 ft in both the harbor and the

11

open - sea 11 •

In both figures, the solid line represents the theoretical curve
computed from the theory for an arbitrary shaped harbor (Chapter 3);
the theory for the circular harbor (Section 4. 1) is shown with dashed
lines.

The theoretical amplification factor was calculated using Eq.

Eq. 3. 38 and Eq. 4 . 30 for the arbitrary shaped harbor theory and
the circular harbor theory respectively.

The experimental ampli-

fication factor was obtained by dividing the wave amplitude at the
point investigated inside the harbor (center of the harbor or the
position:

r=O. 7 ft, 8=45°) by the average wave amplitude of the

standing wave system at the harbor entrance.
system was measured at the

11

The standing wave

coastline" when the entrance was closed;

the procedure for obtaining the average wave amplitude of the standing
wave system was described in Section 5. 4.
Fig. 6. 4 shows the response at the center of the harbor while
Fig. 6. 5 shows the response at the postion r=O. 7 ft, 9 =45°.

The center

of the harbor is a unique position to investigate because i t is the
lo cation having an equal distance to any point on the boundary. . The
position: r=O. 7 ft , 8 =45° is near the harbor entrance and was chosen
because it was of interest to know whether the harbor entrance had any

<(

E

a.

~

0

0

c
.Q

-

~

t;

~

er
....
0

~

2

3

4

5

6

7

8

9

IO

Fig. 6. 4

ko

2.0

3.0

10° opening at th e center.

Response curve of the circular harbor w ith a

l.O

Arbitrary Shaped Harbor Theory
- - - - Circular Harbor Theory
o
Experiment (a= 0.75 ft., h = l.O ft.)

-,

4.0

......
I

......

N

E
<x:

Q.

.....

0

0

0

-

c:

LL..

0

0

0

'-

-

--a::

0

2

3

4

1

I

0

5

6

Fig. 6. 5

ff1.

r = O. 7 ft, 8=45

0

~

I

ka

2.0

3.0

4.0

1~~11

I\

0

Arbitrary Shaped Harbor Theory
Circular Harbor Theory
Experiment (a= 0.75ft.,h=1.0 ft.)

Response curve of th e c ir cul ar h arbor w ith a 10° opening at

1.0

10·

1--~~~~~...-~~~~~-.-~~~~~---~~~~~-r---.

.......
I

N
N

-123special influence on the response that might not be predicted by the two
theories.

In the experiments the wave amplitude at these two positions

was measured simultaneously; however, the gages were separated by
about one radius, thus any disturbance caused by one of the wave gages
would not be expected to seriously affect the other.
For the case of a circular harbor with a 10° opening the arc and
the chord at the harbor entrance are almost the same length, there- ·
fore the theory for the circular shaped harbor developed in Section 4. 1
can be considered to be applicable.

In using the theory for an arbi-

trary shaped harbor, the boundary of the circular harbor was divided
into 36 segments with each segment containing 10° of the central angle.
Since the harbor entrance was represented by one of these segments,
only one unknown complex constant of the normal derivative of the
wave function

(~~2 ~

needs to be evaluated by the matching procedure.

In Figs. 6. 4 and 6. 5 reasonably good agreement is seen between

the experimental data and the theoretical results.

Because the energy

dissipation due to viscous effects is not considered in the theoretical
analysis , the theoretical values near resonance are, as expected,
higher than the experimental values; more discussion of this will be
presented later in this subsection.

Four maxima in the range of ka

that were investigated can be seen in the curves in Figs. 6. 4 and 6. 5;
the values of ka for these four are:

0. 35, 1. 988, 3. 18, and 3. 87.

These correspond to four distinct modes of resonant oscillation; the
shape of the water surface for these modes of oscillation will be

-124discussed in detail in Subsection 6. 2. 4.

It can also be seen in Figs.

6. 4 and 6. 5 that the response in region of ka ~ 3. 87 is very peaked,
i.e. a large amplification factor and a narrow wave number band width (range of ka); the theoretical amplification factor at the center
of the harbor is nearly 10.
As the width of the harbor entrance increases, the difference
between the length of the chord and the arc at the entrance increases
and the theory for the circular harbor developed in Section 4. 1 may
no longer be satisfactory.

In order to examine the effect of the small

entrance approximation of the circular harbor theory on the harbor
response when the entrance to the open-sea is relatively large, a
circular harbor with a 60° opening was investigated.

In this case the

length of the chord and the arc at the entrance differ by almost 5%.
Two response curves for the circular harbor with a 60° opening
are presented in Figs. 6. 6 and 6. 7.

Fig. 6. 6 shows the response

curve for the center of the harbor; this position corresponds to that
shown in Fig. 6. 4 and experimental data from two circular harbors
( 1. 5 and O. 5 ft diameter) are included.

This smaller harbor was

used to obtain data at smaller values of ka than could be obtained
with the 1. 5 ft diameter harbor.
for the position:

r=O. 7 ft, 8 =45

Fig. 6. 7 shows the response curve

° corresponding in location to the

curve shown in Fig. 6. 5; experimental data for only the circular
harbor of 1. 5 ft diameter are included for that location.

As before,

at both locations theoretical curves obtained from each of the theories
are shown.
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-127In using the theory for an arbitrary shaped harbor, the boundary

of the harbor (including the harbor entrance) was divided into 36
segments, and for this case the harbor entrance was represented by
six of these boundary segments.

Therefore , six complex constants

of the normal derivative of the wave function

(~~2 )

at the harbor

entrance were determined by the matching procedure.

However ,

when applying the circular harbor theory, only one constant was used
at the entrance, i.e. the average normal derivative of the wave function
across the harbor entrance ( C) obtained by the matching procedure
discussed in Section 4. 1.
The theoretical results presented in Figs. 6. 6 and 6. 7 show good
agreement with the experimental data.

Note that in Fig. 6. 6, data

obtained from experiments conducted in a circular harbor of 0. 5 ft
diameter are denoted by solid circles.

These data combined with the

data obtained in the harbor of larger diameter ( 1. 5 ft) show that the
response curve of the harbor at a particular location is only a function
of ka .
From the theoretical results presented in Figs. 6. 6 and 6. 7,
it appears that for the two theories there is a small difference in the
value of the wave number parameter, ka, which is predicted at resonance.

This difference is probably caused by the different treatment

at the harbor entrance for the two theories:

for the circular harbor

theory one segment was used whereas for the arbitrary shaped
harbor theory the entrance was divided into six segments.

In fact,

-128it is seen from Figs. 6. 6 and 6. 7 that in the location of the peaks

the experiment agrees better with the arbitrary shaped harbor theory.
The values of ka for the four modes of oscillation shown in these
figures can be denoted by ka = 0. 46, 2. 15, 3. 38, 3. 96 which are the
average values from the two theories.
It should be noted that these four maxima are well defined in

Fig. 6. 7 whereas the third maximum is not obviously shown in the
response curve for the center of the harbor (Fig. 6. 6).

This problem

of defining the resonant mode of oscillation solely by a response curve
such as this will be discussed more fully in Subsection 6. 2. 5. 4.

The

amplitude distribution corresponding to these resonant modes will be
discussed in Subsections 6 . 2. 3 and 6. 2. 4.
By comparing Fig. 6. 4 with Fig. 6 . 6 and Fig. 6. 5 with Fig. 6. 7
one is able to observe the effect of the size of the harbor opening on
the amplification of waves inside the. harbor.

It is obvious from .these

figure s that the maxima which appeared in Figs. 6. 4 and 6. 5 for the
harbor with a 10° opening are replaced by peaks of smaller amplification factors and larger bandwidth for the harbor with a 60°
opening (see Figs . 6 . 6 and 6. 7).

This effect was called the "harbor

paradox" by Miles and Munk ( 1962 ).

In addition, in comparing these

figures it is seen that for the 60° opening, the values of ka of the
modes of resonant oscillation are larger than the values of ka for
the corresponding modes for the harbor with a 10° opening.

-129Another characteristic that can be observed from a comparison
of Fig. 6 . 4 with Fig. 6. 6 and Fig. 6. 5 w ith Fig. 6. 7 is that the
theoretical results agree with the experimental results better for the
harbor with the larger opening.

In order to explain this, some con-

sideration must be given to the effect of energy dissipation at resonance.

In the theoretical analysis it was shown that the radiation

of energy from the harbor to the open-sea, limits the amplification
at resonance.

In nature in addition to the radiation effect, viscous

dissipation of energy limits the maximum amplification even more.
Since the theory only treated the effect of radiation, one expects the
theoretical values of the amplification factor in the region of resonance to be larger than the experimental values.

Moreover, for the

same incident wave characteristics the energy dissipation at the
entrance due to viscous effects are relatively more important for the
harbor with a smaller entrance.

Thus a better agreement between

the experimental and theoretical results is apparent for the harbor
with a 6 0° opening.

On the other-hand the results in Figs. 6. 4 to 6. 7

demonstrate that the wave numbers (or periods) at resonance are
correctly predicted by the two theories.

These effects for the harbor

are similar to those for a single-degree-of-freedom oscillator where
viscous dissipation affects resonant amplification much more than it
affects the natural periods of oscillation.
The agreement between the theories and the experiment is even
more encouraging since the experiments conducted for the response
curves presented in Figs. 6. 4 to 6. 7 covered the range of waves

-130from shallow water waves to deep water waves.
method of classifying waves is:

The conventional

shallow water waves for h/L < 1/20,

intermediate waves for 1/20 < h/L < 1/2, and deep water waves for
h/L > 1/ 2 (wherein Lis the wave length, his the depth); thus , the
experiments conducted for ka < 0. 236 (a=O. 75 ft) are shallow water
waves, whereas those for 0 . 236 < ka < 2 . 36 are· intermediate waves
and for ka > 2. 36 the waves are deep water wave s.

It should also be

mentioned that the experiments w ere accomplished using a widerange of stroke settings of the wave machine (see Appendix IV).
Since this range of stroke settings results in a wide range of incident
wave steepne sses the good agreement between the theories and the
experiments also emphasize the applicability of these linear theories
even quite close to resonance.
It was mentioned in Chapter 3 that in using the theory for an

arbitrary shaped harbor, the boundary of the harbor must be divided
into a sufficiently large number of segments.

The word "sufficient 11

implies that the results obtained using the approximate theory must
agree with the exact solution within an allowable limit.

Obviously,

as the number of segments increases , the accuracy of the approximate
theory compared to an exact theory will improve; however, with this
increase both the required computer storage and computation time may
increase significantly.

Therefore, these factors may place a practi-

cal lower limit on the length of the segments into w hich the boundary
is divided, and therefore, consideration must be given to the relative
size of each segment.

-131The following considerations are necessary in determining the
segment length: when the boundary is divided and replaced by
straight-line segments these must be a good approximation to the
actual boundary, and the length of each straight-line segment, 6s,
must be small compared with the wave length, L.

To understand this

second criterion, it is recalled that in the approximate theory the
wave function along each boundary-segment is

represented by a

constant value located at the mid-point of the segment; thus, the
length, 6s, must be small compared to the wave length, L.

Therefore,

w i thin the distance of one wave length there are a number of these
segments along which the wave function is evaluated, thereby assuring
the proper representation of the wave form.
represented best by the parameter k6s.

This criterion can be

It was shown in Subsection

3. 4. 1 (Table 3. 1 ) that by using the same number of segments the
approximate solution agreed better with the exact solution for a
smaller wave number k than for larger wave numbers.

Thus, in

considering the size of 6s, the case of larger values of k (smaller
wave lengths) is more critical than the case of small k.

For the

circular harbors studied experimentally and simulated theoretically,
the length of the segments, 6s, used was 0. 13 ft (for N=36) and the
largest value of ka for which the experiments were performed was
approxi mately 4. 0 (which corresponds to k =5. 3 ft

-i ).

the critical value of k6s in the present case is 0. 69.

Therefore,
Judging by the

good agreement realized between the approximate theory and the

-132experimental results, it is concluded that the boundary of the harbor
was divided into se gments which were sufficiently small; this criterion
corresponds to the ratio:

t:, s/L ~

1/9.

Therefore, a conservative

statement of the criterion for se gment length can be stated. as: the
harbor perimeter should be divided into a number, N , straight-line
segments such that the ratio of the length of the largest segment to
the smallestwave length to be considered is less than about one-tenth.
6. 2. 3

Variation of Wave Amplitude Inside the Harbor:
Comparison of Experiments and Theory
The results presented in Subsection 6. 2. 2 on the response

of the two circular harbors to incident waves demonstrate that the
theoretical results obtained from the arbitrary shaped harbor theory
and the circular harbor theory a gree well with the experimental data.
Both theories will be tested further in this section by comparing the
theoretical results with the experimental results for the wave amplitude distribution inside the harbor for various values of the wave
number parameter ka.
The wave amplitude distribution within the circular harbor with
a 10° opening is presented in Fig. 6. 8 for a value of ka = 0. 502.

In

Fig. 6. 8 the variation of wave amplitude with angular location is
shown along two circular paths: the upper .portion of the figure for
r = O. 7 ft (r /a=. 935) and the lower portion for r = 0. 2 ft (r /a=. 267).
The abscissa in Fig. 6. 8 is the angular position, 8, in degrees and
the ordinate is the wave amplitude normalized with respect to the
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-134wave amplitude at the position of r = 0 . 7 ft, 8 = 180°.
amplitude at r

= O. 7

ft, 8

= 180°

(The wave

is chosen for normalization as it

is the maximum value which was measured along the two circular
paths , i.e . r = 0. 7 ft and 0. 2 ft. ) In Fig. 6. 8 and in other figures
throughout this section, the solid line repr.esents the theoretical
amplitude distribution obtained from the theory for an arbitrary
shaped harbor (Chapter 3) applied to this special shape; the amplitude
distribution obtained from the theory described in Section 4. 1 for a
circular harbor is shewn by a dashed line.

Since the theoretical wave

function, thus wave amplitude, inside the harbor is symmetrical about
a diameter which bisects the entrance (9 = 0°), the theoretical results
presented only cover the range of 9 from 0

0

0

to 180 .

Experiments were conducted to measure the wave amplitude for

o0

< 9 < 360° along certain radii:

for

o0

::::

in Fig. 6. 8 the experimental data

9 :::: 180° are denoted by an open circle while the data for

180° < 8 :::: 360° are denoted by a solid circle.

Reasonably good agree-

ment is seen between the theories and the experimental results; however, for r = 0. 2 ft, the theoretical results calculated from the theory
for the arbitrary shaped harbor differ by about 10% from the results
of circular harbor theory, the experimental results agreeing better
with the latter.

The experimental data for 0° < 9 :::: 180° agree well

with those for 180° < 8 :::: 360° thus demonstrating the symmetry of the
w ave amplitude inside the harbor with respect to the diameter at

8

= 00•

-135Fig. 6. 9 shows the wave amplitude distribution along circular
paths with r = 0. 7 ft and r = 0. 2 ft for ka = I. 988 for the harbor with
a 10° opening .

As in Fig. 6. 8 the wave amplitude at various locat ions

is normalized with respect to the wave amplitude at the position of
r = 0. 7 ft, 8 = 180° which is again the maximum of points measured.
This value of ka corresponds to the second maximum in the response
curves shown in Figs. 6. 4 and 6. 5.

It is seen that the theoretical

results agree well with the experimental data at the locations where
the measurements were made.

At this value of ka, the wave

oscillation inside the harbor is termed the

11

sloshing mode"; this

mode of oscillation will be discussed more fully in Subsection 6. 2. 4.
Fig. 6. 9 shows , for r = O. 7 ft a re gion of

negative water surface

displacements {negative wave amplitudes) in the region 0 ° < 8 < 97°
with positive displacements in the region 97° < 8 < 180°.

Similarly,

for r = 0. 2 ft two regions are seen with opposite phase, i.e. the
re gion

0° < 8 < 103° with negative displacements and the re gion

103° < 8 < 180° with positive displacements.
Similar results for a value of ka = 3. 188 are presented in
Fi g. 6. 10; this value of ka corresponds to that of the third maximum
in the response curves shown in Figs. 6 . 4 and 6. 5.

The ordinate

in Fig. 6. 10 is the relative wave amplitude normalized with respect
to the wave amplitude at the position r = O. 7 ft, 8 = 9 5°, where this
amplitude is the maximum which was measured along both circular
paths {r

= 0. 7

ft and r

= 0. 2 ft).

For this mode of oscillation two

-136-

10°

h= 1.0 ft.
ka = 1.988
Arbitrary Shaped Harbor Theory
- - - - Circular Harbor Theory
0
0
o
Experiment ( 0<8<180 )
•
Experiment (180°< e < 360°)

Ir=o.7 ft. I

0.5

_____________,

A

of-----~--------~~~,__

Ar•o.1'
8•180"

-0.5

0.5

.Jl_
Ql--~~~~~~~~~~~~--"_..,.r__~~~~~~~~~~
Ar•o.1'
8•180°

-1.0'-------'-----..___ _ ____.__ _ _ __.___ _ ___.__ _ ____,
0
360

30
330

60
300

90
270

8
Fig . . 6. 9

120
240

150
210

180
180

(Degrees)

Wave amplitude distribution inside the circular
harbor with a 10° opening for ka= 1. 988

-137-

10·

ka = 3.188
- - - o
•

h = 1.0 ft.
Arbitrary Shaped Harbor Theory
Circular Harbor Theory
0
0
Experiment (0<8<180)
Experiment (180°<8<360°)

0.5

1

A
0
A r•o.1'

r= o.1 tt.

J

1----------v---~~---------.--------1

8•95°

-0.5

I r=o.2 tt.

0.5

J

- 0.5

-l.0'-----~-----'-----"'-------'-------'----

0
360

30
330

60
300

90
270

120
240

150
210

8 (Degrees)
Fig. 6. 10

Wave amplitude distribution inside the circular
harbor with a 10° opening for ka=3. 188

180
180

-13 8 nodal lines exist in the harbor (see Subsection 6. 2. 4 for a more
complete discussion); thus, the nodal lines cross the two circular
paths at two locations along each path:
and 8 = 73° and 123° for r = O. 2 ft.

8

= 50 0

and 138

0

for r

= 0. 7

ft

Therefore, in the upper portion

of Fig. 6. 10 (r = O. 7 ft) negative water surface displacements are
evident in the re g ions 0° < 8 < 50° and 138° < 8 < 180° while positive
displacements are shown in the re gion 50° < 8 < 138°.

Positive and

negative water surface displacements can also be seen for r = 0. 2 ft.
To investigate whether the shape of the water surface is des cribed well by a linear theory experiments were conducted where the
wave a.rriplitude distribution inside the harbor at r = 0. 7 ft was
measured for various incident w ave a.rriplitudes.

These results are

presented in Fig. 6. 11 for three different incident wave amplitudes:
A.l

= 0. 0023 ft,

0. 0066 ft,- and 0. 0105 ft.

The value of k a for these

experiments was 3. 188 which corresponds to the third resonant mode
of oscillation (see Figs. 6. 4, 6. 5, and 6-. 10).

The theoretical curves

which are shown in Fig. 6. 11 are the same as those presented in the
upper portion of Fig. 6. 10.

The agreement of the experimental data

among themselves and with the two linear theories additionally
support the linearity assumption made in the theory (fo r these
expe riments the incide nt wave steepnesses are:

O. 003 < H. /L < 0 . 0 14).
l

T he major deviation from other data appears to be for the results
corresponding to the smallest incident wave amplitude where experimental problems of accurate measurement may arise.
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-140The variation of the wave amplitude radially at six, fixed,
angular positions:

8 = 0°, 30°, 45°, 90° , 135°, 180° is shown in

Fig. 6. 12 for ka = 3. 891.

The abscissa in Fig. 6. 12 is th e relative

radial position, r/a,and the ordinate is the relative wave amplitude
no rmalized with respect to the wave amplitude at the center of the
harbor where a maximum occurs.

Experimental results are also

shown for 8 = 270° and are included along with the data and theory
for 8 = 90° as the oscillation is symmetric about 8 = 0°.

It is seen

that the theoretical results agree well with the experimental data
for all of the values of 8 which were investigated.

In Fig. 6. 13 these

results have been replotted in a manner similar to Figs. 6. 8 through

6. 11 again showing the amplitude variation along the two circular
paths: r = 0. 2 ft and r = 0 . 7 ft.
The previous discussions have shown the applicability of the
theories developed in predicting the wave amplitude distribution in a
circular harbor with a small opening ( 1C>

0

).

In a similar manner

experiments were conducted using a harbor with a 60° opening.

The

theoretical distribution of wave amplitude within the harbor is compared to the results of these experiments in Fig s. 6 . 14 through 6. 17.
Fig. 6. 14 shows the wave amplitude distribution along r = O. 7 ft
and r = O. 2 ft at ka = O. 540 for the harbor with a 60° opening.

This

value of ka is approximately the same as that which corresponds to the
first maximum in the response curves presented in Figs. 6. 6 and 6. 7.
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The wave amplitude is normalized with respect to the wave amplitude
at the position: r = 0. 7 ft, 8 = 180°.

Note that the theoretical curve

at r = 0. 7 ft computed using the arbitrary shaped harbor theory covers
only the region 30°

:5:

8

:5:

180°.

The experimental data obtained along

the circular path r = O. 7 ft for the region 8 < 30° are in fact outside
Region II as defined in the arbitrary shaped harbor theory (see Fig.
3. 1).

Therefore, it is unrealistic to compare these experiments to

this theory for 8 < 30° and r = 0, 7 ft.

However, in the theory for the

circular harbo r it was assumed that the a::.-c was approximately equal

to the chord at the harbor entrance, implying that the region along
r = 0. 7 ft for 8 < 30° is also contained in Region II.

Therefore, only

the theoretical curve computed using the circular harbor theory is
presented for comparison with the experiments in this region.
can be seen that the

wav~

It

amplitude is relatively constant along these

circular paths except in the region near the harbor entrance and that
the theoretical results agree well with the experimental data.

As

expected, there is some disagreement between the experimental data
and the circular harbor theory in the region near entrance (8 < 30° and
r = O. 7 ft>.

Similar results are presented in Fig. 6. 15 for a value of ka
equal to 2. 153.

This value of ka is the same as for the second maximum

i n the response curves presented in Figs. 6. 6 and 6. 7.

It can be seen

that the general shape of the water surface (wave amplitude distribution)
is similar to the one shown in Fig. 6. 9 for the case of a 10° opening.
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-146For tbis case the intersections of the nodal line with the chosen
circul ar paths occur at a lar ger value of 8:
116

0

for r

=O. 2 ft.

10 5

0

for r = 0. 7 ft and

This indicates that the nodal line for this mode

of oscillation is located closer to the back wall re gion than for the
case of a 10° opening.
Theoretical and experimental results are presented in Fig. 6. 16
for ka = 3. 38, which corresponds to the value of ka at the third
maximum in the response curve of Fig. 6. 7.

The wave amplitude has

been normalized with respect to the wave amplitude at the position of
r = O. 7 ft, 8 = 100°, where the amplitude at that location was the maximum of those measured.

The shape of the water surface for the

harbor with a 10° opening which corresponds to this mode of oscillation
has been shown in Fig. 6. 10.

By comparing Fig. 6. 16 with Fig. 6. 10

certain similarities and differences between the shape of water surface
for the two different openings readily can be seen:

the general shape

of the wave amplitude distribution is similar.

However, the i nter -

sections of nodal lines with the circular path r

= O. 7

larger value of

e (8

ft occur at a

= 54° and 145°) for the harbor with a 60° opening

and for this case the nodal line does not intersect the circular path
for r = O. 2 ft.

It is seen that the theories agree well with the experi-

mental data throughout.
Fig. 6. 17 shows the results at a value of ka = 3. 9 53; this
corresponds to the value of ka for the fourth maximum in the response
curves shown in _Fig. 6. 7.

The wave amplitude shown in
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Wave amplitude distribution inside the circular
harbor with a 60° opening for ka=3. 953

-149Fig. 6. 17 has been normalized with respect to the wave amplitude
at the center of the harbor, A .
c

It is seen that the agreement is

somewhat poorer between the two theories.

To understand this,

recall that in the fourth peak of the response curve shown in Fig. 6. 7,
some disagreement is evident between the theories, and the value
of ka at resonance predicted by the two theories also differs slightly.
Hence one would expect that for the same value of ka the two theories
could predict slightly different shapes for the amplitude distribution.
By comparing Fig . . 6. 17 with Fig. 6. 13 an obvious difference between
the two can be seen:

at r = 0. 7 ft in Fig. 6. 17 there is a limited

region, i.e. 100° < 8 < 130° in which a different wave phase is seen.
In Subsections 6. 2. 2 and 6. 2. 3 the agreement between the theoretical results and the experimental data has been shown.

The most

questionable element in the circular harbor theory (see Section 4. 1)
is the small entrance approximation where the arc and chord at the
harbor entrance are considered to be identical.

It is not surpr:lzing

that this approximation should apply well for the case of a 10

0

opening; however , the results have shown that this approximation
still applies well for the case of a 60° opening.

Thus, it appears

that the small entrance approximation can be applied at least up to
a 60° opening.

The good agreement between the two theories as well

as between the experimental data and these theories shown in these
two subsections confirms the applicability of the arbitrary shaped
harbor theory to the first extreme case:

a curved boundary with a

-150continuously varying tangent.

The application of the arbitrary shaped

harbor theory for the second extreme case, a harbor composed of
straight-lined boundaries will be presented and discussed in
Section 6. 3.
6. 2. 4

Variation of Wave Amplitude Inside the Harbor for the
Modes of Resonant Oscillation
As mentioned in Subsection 6. 2. 2, there are four distinct

modes of oscillation shown in the response curves for the circular
harbor with a 10° opening as well as 60° opening within the range of
ka that has been investigated.

In Subsection 6. 2. 3 wave amplitude

distributions along two circular paths inside the harbor for various
modes of oscillation have been described in order to compare the
theories to the experimental data.

However, the complete shape of

the water surface inside the harbor for various resonant modes has
not been presented yet.

In order to understand more fully the shape

of the modes of resonant oscillation for circular basins and how they
change with changes in the width of the entrance, for each resonant
mode described by the response curves of Figs. 6. 4 through 6. 7, a
figure will be presented showing the contour lines of the free surface
(lines of constant water surface elevation) along with photographs for
these modes.
It is of interest to compare the shape of water surface for each

mode of oscillation for the closed circular basin with the corresponding modes for a circular harbor with a 10° opening and with a

-151.
60 0 opening.

This comparison will indicate the effect of the size of

the harbor opening on the variation of the wave amplitud e inside the
harbor.
The wave oscillation in .a closed basin i s usually referred t o as
the free oscillation in a basin.

Suppose the wave function in a closed

circular basin of constant depth is f(r, 8), which satisfies the Helmholtz equation, Eq. 4 . 1, and also satisfies the condition that fluid does
not penetrate the boundary of the harbor, i.e.
a is the radius of the harbor.

~r f

(a, e ) = 0, where

As was discussed in Chapter 4, a

solution of the wave function f (r, 8 ) can be expressed as:
f(r , 8) = J

m

(6. 3)

(kr) cos m e

where mis zero or a positive integer .
The boundary condition and Eq. 6. 3 indicate that the following condition
must be satisfied:
[

0~ (Jm(krl )]r=a = J m

I

(ka) = 0

(6. 4)

This condition requires that in order to get a nontrivial solution for the
wave function f(r, 8 ), the values of ka must be restricted to those which
satisfy Eq. 6 . 4; these roots are often referred to as the eigenvalues.
The values of ka which satisfy Eq. 6. 4 have been tabulated , e.g. see
Morse and Fe s hback ( 1953), and several of these eigenvalues are:
7. 02,

m=O,

ka = 3 • 83

m=l,

ka = 1. 84, 5. 33,

m =2,

ka = 3. 05, 6. 70,

m=3,

ka = 4. 20, 8. 02,

I

....
....

(6. 5)

-152The value of ka for the free modes of oscillation that will be
used to compare with the wave induced oscillations in the circular
Thus, the wave functions which

harbors are : ka = 1. 84, 3. 05, 3. 83.

correspond to these values of ka are as follows:
f (r , 8 ) = J 0 (5. l lr)

(for m=O, ka = 3. 83)

f(r , 8 ) = J 1 (2. 45r) cos 8

(for m= l, ka = 1. 84)

(6. 6)

f(r, 8 ) = J 2 (4. 065r ) cos 2 8 (for m=2 , ka = 3. 05)
In deriving these, the value of "a 11 is taken as 0. 75 ft, the radius of
the circular harbor ( 10° opening and 60° opening) that was investigated
experimentally.

As shown in Eq. 3. 6, the value of the wave function,

f, is proportional to the wave amplitude;

the relative water surface elevation,

thus, for the closed basin

~

, can be obtained by evalmax
uating f from Eq. 6. 6 and normalizing with respect to its maximum
value.
Contour lines for these three modes of oscillation at the time of
maximum water surface displacement are shown in Figs. 6. 18 a, b, c.
The contour lines result from the intersection of a horizontal plane
with the disturbed free surface; the value of each line is the ratio of
the water surface displacement at that location normalized with respect
to the maximum displacement in the basin.

The positive water surface

elevations are represented by solid lines, while the negative water
surface elevations are described by shown dashed lines.

ka =3. 83

Fig. 6. 18 a, b, c
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-154The contour drawing of Fig. 6. 18 a shows a nodal circle located
at the position of r/a = O. 628; in this mode of oscillation the contour
lines are a series of concentric circles, so that the wave amplitude
(or water surface elevation) does not vary with respect to 8.

Fig.

6. 18 b shows a nodal diameter at the position 8 = 90° which divides
the basin into two re gions of opposite wave phases;
referred to as the "slo shing mode 11 •

this is usually

The contour drawing of Fig.

6. 18 c shows two nodal diameters at the positions 8 = 45° and 135°;
the basin is divided into four regions with each quarter 180° out of
phase with its neighbor.
It should be noted that if the basin is no longer completely

closed, however small the opening may be, the solution of the wave
function f(r, 8) is no longer limited to the eigenvalues described
by Eqs. 6. 5.

As discussed in Chapter 4, the solution of the wave

fun ction f(r, 8) inside the harbor is continuously dependent upon the
wave number k (or the incident wave period).
presented in Subsection 6. 2. 2

The response curves

show that resonant oscillations

may

occur for particular wave numbers producing a large amplification
of the wave amplitude inside the harbor.

Modes of resonant oscill-

ation .will be described in the following discussions with corresponding
modes for the case of the 10° opening and the 60° opening discussed
together.

Therefore, the similarities and differences between the

shape of the free surface for the two harbors readily can be seen.

-155A contour drawing and two photographs showing the water surface
for the circular harbor with a 10° opening are presented in Fig. 6. 19
for a value of ka = 0. 35.

This value of ka corresponds to the first

maximum in the response curves presented in Figs. 6. 4 and 6. 5.

The

value of the wave amplitude within the harbor presented in this contour
drawing (or in any other contour drawing that will be presented in this
subsection) is calculated from the circular harbor theory developed in
Section 4. 1.

As mentioned earlier, the value of each contour line

represents the water surface elevation normalized with respect to the
maximum elevation within the harbor; for this mode of oscillation
this maximum wave amplitude is located at the boundary of the harbor
(r = 0. 75 ft) at 8

= 180 0 .

It should be noted that all the contour lines

are perpendicular to the solid boundary corresponding to the boundary
condition that no fluid penetrates a solid boundary.

By observing this

contour drawing it is obvious that the wave amplitude is fairly uniform
throughout the harbor, and that either positive or negative water displacements occur simultaneously within the harbor.
of oscillation can be called the

11

Thus, this mode

pumping mode 11; there is no

11

pumping

mode" in the case of the free oscillation in a closed circular basin
because it is impossible to satisfy conservation of mass.

The two

photographs provided in Fig. 6. 19 show the case of a positive water
surface displacement, i.e. above the still water surface.

_Photographs

generally show only displacement along the boundary of the harbor,
not the variation of the water surface in the interior of the harbor.

Fig. 6. 19
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In the photographs, positive water surface displacement appears as
dark stripes along the boundary of the harbor.

Some indication of the

interior oscillation is provided by shadows on the bottom seen in
subsequent photographs; for this mode of oscillation the water surface
elevation is evidently so smooth that no such shadow appears in the
bottom.
For reasons of convenience, the pumping mode will be named
Mode No. 1, and other resonant modes which occur at larger values
of ka will then be named Modes No. 2, No. 3, etc.

These modes of

oscillation will be discussed later in this section.
A similar figure for Mode No. 1 (the

11

pumping mode 11 ) for the

harbor with a 60° opening is presented in Fig. 6. 20.

This mode of

oscillation occurs at ka = O. 46, which is the value of ka at the first
maximum in the response curves presented in Figs. 6. 6 and 6. 7.

As

can be seen from the contour drawing the water surface elevation is
fairly constant throughout the harbor and in the phase throughout.

The

shapes of the water surface shown in Figs. 6. 19 and 6. 20 are similar;
however, for the case of a 60° opening the variation is larger than for
the harbor with a 10° opening
The shape of Mode No. 2 ("sloshing mode 11 ) for the case of a
10° opening is presented in Fig. 6. 21.

This mode of oscillation,

which corresponds to the second maximum in the response curves
of Figs. 6. 4 and 6. 5 occurs at a value of ka = 1. 99.

The contour

drawing shows a nodal line located near a diameter of the harbor at

Fig. 6. 20
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8 = 90 .

As before, the lines of constant positive water surface

elevation are represented by solid lines, while the surface contours
below the still water level are shown dashed.

The two photographs

provided are for opposite phase: when the water surface displacement
is near a maximum or a minimum.

The upper photograph i n Fig. 6. 21

shows a positive water surface displacement approximately in the
region 90° < 8 < 180°.

The lower photograph shows a negative water

surface displacement in this same region.

In the photographs positive

water surface displacements appear as a dark stripe along the boundary
of the harbor; however, negative water surface displacements are not
easily seen.

The shadows which appear on the bottom of the harbor

are caused by a series of short wave length ripples on the water
surface; however, because their amplitude is small compared with
the main water surface displacement, they are not easily detected by
measurement except near the nodes.

For different modes of

oscillation, the pattern of the shadows change; this will be more
evident when other modes of oscillation are discussed.
A similar mode of oscillation is presented in Fig. 6. 22 for the
circular harbor with a 60° opening.

For this opening, this mode of

oscillation occurs at a value of ka = 2. 15 which corresponds to the
second peak in the response curve of Figs. 6. 6 and 6. 7.

For the 10

0

opening this mode occurs at ka = 1. 99 , and for the completely closed
basin it occurs at ka = 1. 84.

Therefore, the trend is for the wave

number at resonance to decrease as the entrance width decreases,

Fi g . 6. 22
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-162approaching the value of k for that mode for the closed basin.

The

upper photograph in Fig. 6. 22 shows a positive water surface dis placement in the region opposite the harbor entrance (approximately
100

0

0

< 9 < 180 ) and the lower photograph, shows a negative water

surface in this region.
It is of interest to compare the contour drawings of Figs. 6. 21

and 6. 22 with the one shown in Fig. 6. 18 b for the case of a closed
circular basin where the three figures represent the same mode of
oscillation: the "sloshing mode 11 •

A direct comparison of Figs. 6. 18 b

6. 21, and 6. 22 reveals chan ges in the water surface shape as the width
of the harbor opening increases .

In the case of a closed basin

(Fi g.

6. 18 b) the nodal line is a diameter ate = 90°, for a 10° opening
(Fig. 6. 21) the nodal line occurs at a position slightly off the center
and closer to the re gion of the back wall; for the case of 60° opening
(Fig. 6. 22) the nodal line occurs at a position further off the center
towards the back wall.

Specifically, the relative wave amplitude at

the center of the harbor is: A/ A
A/ A

max

max

= -0. 18 for 60° opening.

= -0. 08 for 10° opening,

The wave amplitude at the harbor

entrance changes significantly for the three cases: for the closed
basin, (Fig. 6. 18 b) a maximum amplitude (antinode) occurs at the
boundary at 9 = 0°; however, this antinode does not exist for the

.
.
case o f a lo o opening
or a 600 opening.

This disappearance of the

antinode at the entrance when the harbor is no l onger completely
closed contradicts the assumption made by McNown ( 1952) in his

-1 63 solution of oscillations in circular harbors.

(His assumption is that

an antinode exists at the harbor entrance for small openings.)
In Fig . 6. 23, a contour drawing and two photographs for Mode
No. 3 are presented for the case of a 10° opening.

This mode of

oscillation, which corresponds to the third peak in the response
curves shown in Figs. 6. 4 and 6. 5, occurs at ka = 3. 18.

In the

contour drawing, there are two nodal lines; maximum wave amplitude
occurs at the boundary at 8 = 95° and its symmetrical counterpart is
at 8 = 265°.

(The wave pattern is symmetric with respect t o 8 = 0°.)

The two photographs shown differ 180° in phase.

The upper photo-

graph of Fig. 6. 23 shows an oscillation with the same phase as the
contour drawing; thus, a positive water surface displacement is shown
in the photograph approximately in the· region 50° < 8 < 140°.

The

lower photograph of Fig. 6. 23 shows a negative water surface displacement in the same region.

It is seen that the shadows on the

bottom for this mode of oscillation are quite different from those shown
in Figs. 6. 21 and 6. 22, and hence they m:ust be related to the mode of
oscillation.
A similar mode of oscillation for the case of a 60° opening is
presented in Fig. 6. 24.

This mode occurs at ka = 3. 38 and corres-

ponds to the third peak in the response curve of Fig. 6. 7.

Two nodal

lines are seen in the contour drawing; the maximum wave amplitude
occurs at the boundary at 8 = 100

0

0

(and 260 ).

The upper photograph

in Fig. 6. 24 shows a wave motion in phase with that shown in the

Fig. 6. 23

a 10° opening, Mode No. 3, ka =3. 18
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-166contour drawing ; thus the positive water surface displacement along
the boundary is seen in the dark stripe in the region 55° < 8 < 145°.
The lower photograph shows the motion about 180° out of phase with
that on the upper photograph.

The shadows on the bottom as seen in

the photographs are similar to those shown in Fig. 6. 23; however,
they are certainly different from those shown in Figs. 6. 21 and 6. 22
for Mode No. 2.
For the case of a closed basin (Fig. 6. 18 c), the position of the
maximum amplitude occurs at four points on the boundary of the basin
8

= 00 ,

0

0

0

.

90 , 180 , and 2 70 , and the two nodal diameters ( 9

and 135°) are perpendicular to each other.

= 45 0

For the case of a 10

0

opening (Fig. 6. 23) the two nodal lines are shifted slightly and no
long er intersect, whereas for the harbor with a 60° opening (Fig.
6. 24) the two nodal lines are shifted even further apart.

The wave

amplitudes at the center have also changed considerably as the
entrance width increases:
A/ A

max

zero for the case of a closed basin ,

= -0. 125 for the case of a 10° opening, and A/ A

for the harbor with a 60° opening.

max

= -0. 44

As mentioned earlier, the wave

amplitudes at the harbor entrance also change with changes in the size
of the· opening: for the case of a closed basin (Fig. 6. 18 c) a maximum
wave amplitude (antinode) exists at the boundary ate = 0°; however,
for the case of a 10° opening or a 60° opening an antinode does not
exist at the entrance.

It should be noted that as the wave parameter

ka increases, the ratio of the harbor radius to the wave length a/L

-167also increases; thus, it is expected that the effect of the size of the
entrance on the resonant mode of oscillation becomes more significant
with increasing ka.
A contour drawing and two photographs are presented in Fig.

6. 25 for the harbor with a 10° opening.

This mode of oscillation

(ka = 3. 87) is termed Mode No. 4 and corresponds to the fourth maximum in the response curves shown in Figs. 6 . 4 and 6. 5.

From the

contour drawing it is seen that the maximum wave amplitude is at the
center of the harbor and the nodal line is a closed curve.

The w ater

surface displacement shown by the upper photograph of Fig. 6. 25 is
in opposite phase to what is shown in the contour drawing, however
the photograph at the bottom of Fig. 6. 25 is approximately in the same
phase as the drawing.

Although from the photographs it is difficult

to see the variation of wave amplitude at the interior of the harbor 1
the variation around the boundary of the harbor can be seen from the
dark stripe in the upper photograph.

The variation in the thickness

of the dark stripe appears to correspond to the amplitude variation
shown in the contour drawing.

The shadows on the bottom are nearly

circular in the region near the center of the harbor, quite different
from the shadows shown for Mode No. 2 (Figs. 6. 21 and 6. 22) and
Mode No. 3 (Figs. 6. 23 and 6. 24).
A contour drawing with two photographs for a similar mode of
oscillation for the case of 60° opening is presented in Fig. 6. 26 .
mode of oscillation occurs at a value of ka

= 3. 96 which is

corres-

This

Fig. 6. 25

'.

a 10° opening , Mod e No. 4, k a =3. 87

Contour drawin g and photographs showing the water surf ace for the circular harbor with
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-170ponding to the fourth peak in the response curves shown in Fig. 6. 7.
It is seen from the contour drawing that the maximum wave amplitude

is again located at the center of the harbor.

The nodal line is no

longer a closed curve as for the case of a 10° opening but in this case
it interesects the boundary of the harbor.

As in Fig. 6. 25, the upper

and lower photographs in Fig. 6. 26 are approximately 180° out of
phase .

The variation of the water surface elevation around the

boundary again can be seen from the dark stripe in the upper photograph; it shows a variation along the boundary similar to that shown
in the contour drawing, but with opposite phase.
It is interesting to compare the contour drawings of Figs. 6. 25
and 6. 26 and 6. 18 a: for the case of closed basin the contour line s are
a series of concentric circles and the n odal line is represented by a
nodal circle (Fig. 6. 18 a); however, for the case of a 10° opening
(Fig. 6. 25) the contour lines are no longer represented by a series
of circles, although in the region near the center of the harbor they
are in fact close to circular.

As the harbor opening increases to

60° (Fig. 6. 26) a significant change in the contour lines can be
observed: the nodal line is no longer a continuous closed line as in
the case of a 10° opening, or a circle as in Fig. 6. 18 a; instead it
intersects the boundary of the harbor, and even contours near the
center of the harbor are no lo nger circular in form.

However, the

center of the harbor still remains the position of the maximum wave
amplitude.

-171The results presented in this subsection showed the wave
amplitude distribution for four modes of resonant oscillation in the
range of ka investigated for both the cases of a 10° and a 60° opening.
Except for Mode No. 1 (the

11

pumping mode") which does not exist in

a completely closed circular basin, each mode corresponds to a free
mode of oscillation in the closed basin.

The results in this subsection

can be summarized as:
(1)

The corresponding modes of oscillation for the case of a
10° opening and a 60° opening are basically similar,
however, the detailed shape of the free surface is different.

(2)

The value of ka at which a particular mode of oscillation
occurs in the harbor with a 60° opening is lar g er than the
value of ka for the corresponding mode for the case of a

io 0

opening which itself is larger than the value of ka for the
corresponding mode in a closed basin.

Hence the tendency

is for the wave number · parameter (ka) at resonance to
approach the value for a closed basin as the entrance width
decreases.
(3)

No antinode exists at the harbor entrance although an antinode might occur at that position in a closed circular basin.

( 4)

The effect of the width of harbor entrance on the shape of
water surface elevation inside the harbor is more pronounced
for those modes of oscillation at higher frequencies,
i.e. larger values of ka.

-172-

6. 2. 5 Total Velocity at the Entrance of the Circular Harbor

6. 2. 5. 1

Introduction

In Subsection 3. 2. 4 the method for analytically evaluating
the velocity at the harbor entrance was discussed.

The velocity at the

harbor entrance is of interest because it is directly related to the
kinetic energy transmitted into the harbor.
value of the wave function, f 2
the derivative

~,

,

For the present study, the

its normal derivative,

~~2 ,

as well as

evaluated at the harbor entrance are determined

during the process of computing the response curves for various values
of the wave number parameter, ka.

Hence, the theoretical value of

the total velocity at the harbor entrance can be obtained readily from
Eq. 3. 41.
As mentioned in Section 5. 5, the velocity was measured at the
entrance of the circular harbors f..vith a 10° opening and a 60° opening)
using a hot - film anemometer with a linearizing circuit.

In steady flow,

either in air or in water, the output from a hot-film anemometer generally has been found to follow King's Law (Eq. 5. 2 ).

Thus, after em-

ploying the linearization procedure described in Section 5. 5 the voltage
is directly proportional to the velocity as reported by Townes ( 1965),
Raichlen (1967) and Lee (1967).

However, at the time of the present

experiments the use of hot-film anemometers in oscillatory flows had
not been reported in the literature.

Considering the relation of these

velocity measur ements to the major objectives of the experimental
program, a basic assumption was made in reducing these experimental

-173data: King's Law was assumed to apply equally well for oscillatory
flows; thus, after using the linearizer the output signal was assumed
to be linearly proportional to the fluid velocity.

Therefore, the ratio

of two output voltages from the linearizer was considered to be equal
to the ratio of the two corresponding velocities.
Recently, Das (1968) used a single hot-film sensor in water to
measure turbulence in an oscillatory flow.

The results showed that

with one of the hot-film sensors which was used, the relation between
the voltage output and the fluid velocity was: E 2 ~ Y 0

•

25

(wherein E

is the hot-film anemometer output voltage and Y is the resultant fluid
velocity in a direction perpendicular to the axis of the hot-film sensor),
E 2 ~ Y0

while another sensor behaved as:
is close to King's Law (E 2 ~ Y 0

•

5

)

•

45

The latter relation

•

whereas the former is quite

different.
A typical output from the linearizing circuits as recorded on the
Sanborn recorder (described in Section 5. 4) is presented in Fig. 6. 27
(Column C).

This velocity measurement was made at the center of the

entrance of the harbor with a 10° opening with a wave period of O. 684
sec.

The record cor.responds to the velocity at three depthwise

locations:

z = -0. 10 ft, -0. 15 ft, and -0. 25 ft.

As expected, the

velocity decreases as the distance between the hot-film sensor and
the water surface increases.

In Fig. 6. 27 also

is shown at two positions inside the harbor,
and r

= 0.

0

7 ft, 8 = 215 .

l .

the wave amplitude

e. r = 0. 2 ft,

e=

It is seen that the waves in these two

35°,
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-175positions are 180° out of phase (this was also shown in the contour
drawing of Fig. 6. 21 evaluated .for the same wave number). From Fig.

6. 27, it is seen that within one wave period, the velocity reaches its
maximum value twice, since in a periodically oscillating flow the
hot-film sensor cannot differentiate the directio n of the velocity.
In determing the velocity from such records the peak value of the
output si gnal from the linearizing circuit as recorded was averaged.
This average value, using the notation of Section 5. 5, is denoted as S 2
If this value, S 2

,

•

is truly linearly proportional to the fluid velocity,

then from Eq. 5.5 it is equal to a V.
v

Therefore, assuming this

proportionality to be true, the relative velocity at any two positions
can be obtained from the ratio of the corresponding values of S 2 without prior evaluation of a

v

from calibration.

(This assumption was

used to determine the relative veloc;:ities that will be presented in the
following subsections even though there is some conflict with the
results of Das, 1968. )
6. 2. 5. 2

Velocity distribution in a depthwise direction

The vertical distribution of the velocity at the entrance
of the harbor with a 10° opening, averaged across the entrance, is presented in Fig. 6. 28 for three different values of the wave number
parameter, ka, (three wave periods): ka = O. 482, 1. 988, 3. 922.

The

ordinate of Fig. 6. 28 is the relative depthwise position, z/h, (where
z/h = 0 refers to the still water surface) and the abscissa is the
relative velocity normalized with respect to the velocity measured

z/h
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-177nearest the water surface (z/d = - 0. 03).

The theoretical velocity

distribution was calculated using Eq. 3. 42 (since the hot-film sensor
is p rimarily sensitive to the v and w velocity components); the value

Bfa
of f 2 and By at the entrance were obtained from the arbitrary shaped
harbor theory.

In these experiments, measurements of velocity were

made at five lateral locations across the harbor entrance for each
vertical position (z/h) and each experimental point shown in Fig. 6. 28
is therefore the average of the results at these lateral locations.
(The locations will be described fully in Subsection 6. 2. 5. 3. )
According to the conventional method of classifying water waves,
the distribution curve for ka

= O. 482

in Fi g. 6. 28 is similar to the

typical vertical distribution of fluid particle velocities for shallow
water waves.

(For the present experiments, as mentioned in Sub-

section 6. 2. 2, shallow water waves occur in the region 0 < ka < 0. 236,
intermediate waves in the region 0. 236 < ka < 2. 36, and deep water
waves in the region ka > 2. 36.) The . distribution curve for ka = 1. 988
belongs to intermediate wave category and the curve for ka = 3. 922
corresponds to deep water waves in which the velocity decreases
rapidly as the distance from the wate r surface increases.

1t is seen

that the experimental data for ka = 0. 482 (wave period T = 1. 838 sec)
and ka

= 1. 988

(T

= 0. 685

sec) agree well with the theoretical curves;

however, the experimental data for ka = 3. 922 (T = 0. 485 sec) differ
considerably from theory.

This may indicate that the assumption of

linearity between the fluid velocity and the output voltage from the

-178linearizer is reasonable for ka = O. 482 and 1. 988 but not for ka = 3. 922,
where the wave frequency is larger.

In the following, some of the

weakness in the experimental procedure and the method of data
reduction will be discussed.
From Eq. 3. 42, it is seen that the total velocity at the harbor
entrance is proportional to the incident wave amplitude A., and
1

inversely proportional to the wave frequency a.

In the experiments,

for the same stroke of the wave machine, the standing wave amplitude
at the harbor entrance (with the entrance closed) for ka

= 3. 922

was

approximately one-half of that for ka = 1. 988 because the wave filter
is more efficient at higher frequencies; without the filter wavemaker
theory implies the reverse.

Therefore, experimentally the velocity

at the entrance for ka = 3. 922 was small compared to the velocity for
ka = 1. 988.

Specifically for the hot-film sensor placed at the center

of the entrance at the position z/h = -0. 03, for ka = 1. 988 (T = O. 685
sec) . the output voltage from the linearizer was 28. 5 volts; however,
for ka = 3. 922 (T = O. 485 sec), the output voltage was only 2. 66 volts,
at this location.

As the sensor was moved to the

position z/h = -0. 25

the recorded output voltage was less than O. 3 volts for ka = 3. 922.

It

is felt that the dis agreement between the experimental and theoretical
results for ka

=3. 922

as shown in Fig. 6. 28 could be due to experi -

mentcµ error in measuring the small voltage or velocity.

-1796. 2. 5. 3

Velocity distribution across the harbor
entrance

The velocity distribution across the entrance of the
circular harbor with a 10° opening is presented in Fig. 6. 29 for
ka = 0. 482, 1. 988, and 3. 922.
position,

x/~

The abscissa is the relative lateral

(where d is the width of the harbor entrance;

refers to the center of the entrance, and
lateral limits of the entrance).

x/~ ·=

0

d
xl-z
= +
- 1 refers to the

The upper portion of Fig. 6. 29 shows

the velocity distribution normalized with respect to the average
velocity across the entrance while in lower portion of the figure the
velocities are normalized with respect to the velocity at the center.
The theoretical curves shown are obtained from the arbitrary shaped
harbor theory (Eq. 3. 42), where the entrance was divided into five
equal segments with each segment having a central angle of 2° and
the boundary was divided into 35 equal segments.
f 2 and its normal derivative

~~2

The wave function

at the mid-point of each segment at

the entrance were obtained by the matching procedure (Subsection
3. 2. 3) .

With these values of f 2 and

~fa,

uy

the velocity V

0

at the mid-

point of each entrance segment was calculated from Eq. 3. 42 for a
particular vertical position z.

The average velocity across the

entrance, denoted as (V )
, was obtained by computing the aritho ave
meti~

average of the velocities V

five segments.

0

at a particular elevation for the

In Fig. 6. 29 the normalized theoretical velocities so

computed are denoted by "plus signs" and a solid line fitted through

~
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- 181these values is drawn for reference.
velocity V

0

For a specific value of ka, the

is a function of vertical position z (see Eq. 3. 42); however,

in the range 0 > z/h > -0. 15 corresponding to the experimental data
shown, the relative velocity V /(V )
at the entrance is essentially
o
o ave
independent of z.

Therefore, in Fig. 6. 29 only one theoretical curve

is presented for each value of ka.
Experimental measurements were conducted by placing the hotfilm sensor parallel to "the coastline 11 and the bottom at five lateral
positions :

x/~

= 0, -0 . 32, -0. 64, 0. 32, O. 64.

In the upper portion

of Fig. 6. 29, these experimental data are shown in terms of
V /(V )
for each lateral position at:
o
o ave
and -0. 15.

z/h = -0. 0;3, -0. 07, -0. 10,

Comparing the theoretical and experimental results , the

experimental data are generally larger than the theoretical values,
although they qualitatively follow the trend predicted by the theory,
i.e. the velocity increases toward the two limits of the entrance.

It

is felt that in part the reason for the disagreement could be caused by
underestimating the experimental value of (V )
.
o ave

Due to the

relatively large value of the ratio of the length of the hot-film sensor
to the width of the harbor entrance, measurements could not be made
close to the ed g es of the entrance where the velocities were large.
Thus, the average value of the data at the five locations is probably
smaller than the true average velocity.

In order to reduce the influ-

ence of the experimentally determined average velocity and to more
positively confirm the theoretical velocity distribution across the

-182entrance, the same data were normalized with respect to the velocity
at the center of the harbor entrance, (V ) .
o c

These results are pre-

sented in the lower portion of Fig. 6. 29 with the theoretical curves
shown for comparison.

It is seen that the experimental data quali-

tatively agree with the theory; the major disagreement again is for the
case of ka = 3. 922 (T = 0. 485 sec) where one possible reason for this
has been discussed in Subsection 6. 2. 5. 2.

From Fig. 6. 29 it is seen

that for the case of a 10° opening the velocity distributions for these
three values of ka are similar in that the velocity increases toward
the entrance limits.
Similar results for the harbor with a 60° opening are presented
in Fig. 6. 30 for four values of ka, i.e. ka= 0. 64, 2. 22, 3. 30, and
4. 01.

In obtaining the theoretical curves the arbitrary shaped harbor

theory and Eq. 3. 42 were used again with the harbor entrance divided
into six equal segments (each segment having a 10° central angle) and
the boundary divided into 30 equal segments.

As before, in Fig. 6. 30

for each value of ka presented, a curve is drawn through the theoreti.,.
cally computed values of V I (V )
which have been plotted at the
o
oa~
mid-point of each segment.

The theoretical curve for ka = 0. 64 can

be considered as representing the velocity distribution corresponding
to Mode No. 1 (the 11pumping mode 11 ).

(For a description of the shape

of this resonant mode of oscillation the reader is referred to Subsection 6. 2. 4. ).
11

The velocity distribution for Mode No. 2

(the

sloshing mode 11 ) is represented by the curve for ka=2 . 22, while
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-184Modes No. 3 and No. 4 correspond to ka = 3. 30 and 4. 01 respectively.
It is interesting to note that the velocity distribution for the third mode

(ka = 3. 30) is strikingly different in appearance than those of the other
three.
For the harbor with a 60° opening, the length of the hot-film
sensor is much smaller compared with the width of the entrance than
for the 10° case just discussed; hence, measurements could be made
relatively closer to the entrance limits.

Therefore, it is felt that the

experimentally determined average across the entrance, (V )
,
o ave
is reasonably good, and the results are only normalized with
respect to the average velocity in comparing experiments to theory.
Experimental data at two vertical positions:
are shown in Fig. 6. 30.

z/h

= -0. 05

and -0. 15

Considering the assumptions made in the

data reduction procedure it is somewhat surprizing that the experimental data agree as well with· the theory as they do.

The major

disagreement between experiments and theory again is at the largest
value of ka, i. e. ka =4. 01.
6. 2. 5. 4

Velocity at the harbor entrance as a function
of wave number parameter, ka

It is possible in determining the response curve for a

particular harbor that because of the location chosen the amplification
factor at that position is small for all incident wave numbers whereas
a nearby location has associated with it large amplification factors for
particular wave numbers.

Therefore, one response curve alone may

-185not always clearly indicate all resonant conditions.

A parameter

which may be used as an indicator of resonance, which is independent
of location, is the total velocity at the harbor entrance.

Since this

velocity is associated with the energy input into the harbor, a larger
velocity at the entrance at one wave number compared to another would
mean a larger kinetic energy input and resultant larger

potential

energies and hence water surface amplitudes inside the harbor for
that wave number.

Therefore, a curve showing the variation of the

entrance veloeity with the incident wave number parameter, ka, may
prove to be a useful tool to indicate resonance.

In this subsection

such curves for the case of a circular harbor with a 10° opening and
a 60° opening will be presented and discussed .
As mentioned earlier, Eq. 3. 41 can be used to calculate the
total velocity at the entrance,

-·v···,
0

and if both sides of Eq. 3. 41 are

normalized with respect to the maximum horizontal water particle
velocity for a shallow water wave, one obtains:

v"''

--~-. =
Jib hl

J"ij! [ Af + ~; + A~ + ~ (Ai + A~ + A~ + 2Af A~ cos 2(a.

1

+ 2A~
whe rein A 1

,

A; cos 2(a2 -a.3}

A 2 , A3

,

a.1

Eq. 6. 7 the value of A 2
obtained since £2 and

~~2

,

a.2 ,

+ ZAr

~cos

-a.2 )

1
2

Z(a.1

-as) )~J

and a.3 are defined in Eq. 3 . 41.

(6 . 7)
In usin g

and A 3 at the harbor entrance are eas ily
for each entrance segment are determined

.
f rom th e mat c h ing
proce d ure.

The value of

~
vA

· A 1 is
· approx1ma
·
ted
in
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~2 ,

wherein Af.2 represents the difference in the value of wave

function f 2 of two neighbo r ing entrance segments and b.x represents the
distance between them.
Fi g. 6. 31 shows the variation of the total velocity at the entrance
of the circular harbor with a 10° opening as a function of the wave
number para.ineter ka.

This curve is calculated from Eq. 6. 7 for

z=O (the water surface) and as before, the water depth, h, is 1 ft. The
~
A.
~
1
ordinate in Fig. 6. 31 is (v···)
h (wherein (v···)
represents
o ave
o ave

/Jih

J .

the average total velocity, v ~', across the harbor entrance); the
0

abscissa is the wave number parameter ka.

There are four maxima

in the curve shown in Fig. 6. 3 1, the value of ka associated with each
maximum is: ka = 0. 35, 1. 98, 3. 18, and 3. 87 and these values
correspond to those associated with the four modes of resonant
oscillation predicted by the arbitrary shaped harbor theory and shown
in the response curves , Figs. 6. 4 and 6. 5.
In an attempt to compare the theory with the velocity measurements usin g the hot-film anemometer, Eq. 3. 42 is used for the theoretical calculations.

(Since the hot-film sensor in these experiments

was primarily sensitive to the v and w velocity components, it is
unrealistic to compare the experiments with Eq. 6. 7. ) Fig. 6. 32

J

shows the variation of (V )
j [(v o )ave ka = 1.
as a function of
o ave
988
ka; the curve shown as a solid line was evaluated from Eq. 3. 42 using
values of f 2 and

~~2

at .the entrance determined by the method discussed

in Chapter 3 (arbitrary shaped harbor theory).

The velocity ratio
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-188computed from Eq. 3. 42 using the values of f 2 and

~~<l

det e rmined

by the method of Section 4. 1 (circular harbor theory) is shown in
Fig. 6. 32 as a dashed curve . In using Eq. 3. 4 2 , the value of the
incident wave amplitude A. is taken as a constant for all values of
l

ka.
Experiments were conducted by placing the hot-film sensor at
z= -0. 03 ft; for each value of ka, measurements were made at five
lateral locations across the entrance
-0. 64).

(x/~= 0 .

0, 0. 32, 0. 64, -0. 32,

The average of the output voltage from the linearizer at these

five locations is denoted as S 2

•

As just mentioned in the theory the

incident wave amplitude was considered constant for all wave numbers.
However, in the experiment it is impossible to maintain this condition,
in fact for the range of ka investigated the wave amplitude varied
more than a factor of three.

Therefore, to compare the experimental

data to the theory, this effect of the varying incident wave amplitude
must be eliminated.
S2

,

This was accomplished by dividing the voltage,

by the incident wave amplitude at that wave number.

This ratio

was then normalized with respect to that at ka= 1. 988 and the resulting
data are shown in Fig. 6. 32.
ln Fig. 6. 32 it is seen that the two theoretical curves agree well

and the experimental data agree reasonably well with these theories.
However, at large values of ka, again, the data and theories show
poorer agreement.

-189The variation of the velocity at the harbor entrance with ka is
presented in Fig. 6. 33 for the harbor with a 60° opening.

The curve

is again obtained from Eq. 6. 7 evaluated at the water surface for a
total depth of 1. 0 ft.

It is seen that the values of ka for the four

maxima in Fig. 6. 33 are: ka=O. 50, 2. 18, 3. 38, 3. 97.

Again, these

values correspond to those predicted by the arbitrary shaped harbor
theory.

(See the response curves in Figs. 6. 6 and 6. 7.) It should be

noted that the third maximum was not clearly defined in the response
curve shown in Fig. 6. 6 because of the location chosen (it did appear
at the other location,see Fig. 6. 7); this clearly emphasizes the importance of the entrance velocity as an indicator of resonance.

Comparing

Fig. 6. 33 with Fig. 6. 31, it appears that the average velocity across
the entrance at resonance is significantly less for the case of a 60°
opening; however, the wave number hand-width associated with the
maxima is larger for the 60° case compared to the harbor with a 10°
opening.

This phenomenon is similar to that shown by the response

curve presented in Subsection 6. 2. 2.
For the 60° opening, the velocity at the center of the harbor
entrance also was measured using the hot-film anemometer.

The

sensor was located at a vertical position . z= -0. 05 ft at the center of
the entrance (the water depth again was 1. 0 ft).

The voltages from the

linearizer at various values of ka were then normalized with respect
to that at ka=2. 2'5 using the Sa.Ille correction procedure as was just
described for the harbor with a 10° opening.

These data are presented

in Fig. 6. 34; in contrast to Fig. 6. 32 where average velocities
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across the entrance were used, here the normalized velocity is that
obtained at the center of the entrance.
For this case only the theoretical curve obtained from the
arbitrary shaped harbor theory is shown, since the circular harbor
theory had not been used to determine the values of f2 and

rn
3£

at the

center of the entrance (it was used only to determine the average

of
·
values of f 2 and - 2 across the entrance}.
on
Although the experimental data show
agree qualitatively with the theory.

considerable scatter, they

The results from experiments

performed at four different times are shown in Fig. 6. 34 providing
additional confidence in the experimental procedure.

The value of ka

associated with the maxima in Fig. 6. 34 are different from that of
Fig. 6. 33 especially the third and fourth peaks.

This is because for

different values of ka, the shape of the velocity distribution across the
harbor entrance is not the saine (see Fig. 6. 30).
velocity at the center of the entrance, (V )
0

c

Thus, the relative

j[(v0 )

J

c ka=2. 25

, is not

necessarily equal to the relative average velocity across the entrance,
(V )
/LI (Vo ) ave ] k a= 2 . 25 shown in Fig. 6. 33.
o ave
The results presented in this subsection have demonstrated that
a maximum average total velocity at the harbor entrance corresponds
to a resonant mode of oscillation inside the harbor.

It is obvious that

such velocity considerations will be even more useful for a harbor
with a complicated shape; more discussion of this will be given in
Subsection 6. 4 . ~.
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RECTANGULAR HARBOR
6. 3. 1

Introduction
In the initial phases of this investigation a series of

experiments was conducted to study the response of a narrow, fully
open rectangular harbor to incident waves.

As mentioned in Section

6. 1, the primary purpose of these experiments was to ensure that the
"operi -sea 11 condition was simulated properly in the laboratory basin
when using the dissipaters described in Section 5. 6.

This was done

by comparing the experimental results to the experiments and the
theoretical analysis for a rectangular harbor presented by Ippen and
Goda ( 1963 ).

Their theoretical solution had been confirmed reason-

ably well by experiments conducted by them using a fully open rectangular harbor (2-3 /8 in. wide, 1 ft 1/ 4 in. long) installed in a basin
11 ft long and 9 ft wide with

11

satisfactory 11 wave energy dissipaters

placed for the simulation of the ·11open-sea 11 •

In this study the harbor

dimensions were identical to theirs and the only difference was the
basin was larger and the dissipaters were more efficient than theirs
{see Sections 5. 1 and 6. 1).
In addition these early experiments also served to provide data
to compare to the theory for an arbitrary shaped harbor presented in
Chapter 3 as well as the rectangular harbor theory presented in
Section 4. 2.

In the following subsection these theoretical results will

be compared to the experimental data of this study as well as to the
theory and experimental results obtained by Ippen and Goda ( 1963 ).
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6. 3. 2

Response of Harbor to Incident Waves
The response of a fully open rectangular harbor to

periodic incident waves is presented in Fig. 6. 35.

The abscissa is

the wave number parameter kt (where t is a characteristic dimension
of the harbor, in this case the length of the harbor).

The ordinate

is the amplification factor, R, defined as the wave amplitude at the
center of the backwall of the harbor divided by the average standing
wave amplitude at the harbor entrance when the entrance is closed
(see Section 5. 4 for a more complete discussion of the latter ).
E xperimentally it is not possible to measure the wave amplitude
exactly at the backwall; in fact the measurements were made at a
point 1/4 in. from the backwall and about 3/4 in.off-center.

Since

the slope of the water surface so near the backwall is essentially zero
and the motion of this narrow harbor over the range of kt considered
is practically two-dimensional, this difference between the location
of the experiments and the point of definition of the theoretical value .
of R is considered unimportant in the comparison of theoretical and
experimental results.

The depth of the water was constant and equal

to O. 8 44 ft in both the harbor and

11

open -sea 11 , and the range of the

stroke of the wave machine fo r these experiments is presented in
the table in Appendix IV.
In Fig. 6. 35, the solid line represents the curve computed from
the theory for an arbitrary shaped harbor (Chapter 3); the theory for
the rectangular harbor (Section 4. 2) is .shown with long dashed lines,
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-195while the theory developed by Ippen and Goda ( 1963) is represented by
a line composed of short dashes.

The experimental data obtained

from the present studies are denoted by open circles while the experimental data of Ippen and Goda (1963) are shown as solid circles.
In using the arbitrary shaped harbor theory the boundary of the
harbor is divided into 47 segments (N=47) of unequal length including
three segments at the harbor entrance.

Since the boundary of the

rectangular harbor is composed of straight lines, as discussed in
Subsection 3. 3. 1, the diagonal elements of the matrix G
to zero, i.e.

in Eq. 3. 5 7, ( G ) .. = 0 for i=l, 2 ..... 4 7.
nu

n

are equal

After following

the procedures described in Chapter 3 the response curve shown is
obtained.
In using the rectangular harbor theory the method described in
Section 4. 2 is used.

For a fully open rectangular harbor, Eq. 4. 38,

which describes the wave function f 2 in the region inside the harbor,
can be simplified, since the entrance and the width of the harbor are
equal (b=d).

Therefore, the term Sm (x, y) defined in Eq. 4. 33· is equal

to zero and can be simplified to:

( 6. 8)
Thus, the average normal derivative of the wave function at the
harbor entrap.ce shown in Eq. 4. 41 can be simplified also as:

c

=-- 1- -

s0 -

B

0

(6. 9)
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where S

0

1
= -k cot kl and B
.

0

The Fourier transformation method used by Ippen and Goda ( 1963)
for the evaluation of the radiation wave function f 3 in the region outside
the harbor is different from the present rectangular harbor theory 1n
which Green's identity formula and the Hankel function are used.
However, the method used for Region II, i.e. inside the harbor, is the
same.

Therefore, the difference between the results of the theory of

Ippen and Goda ( 1963) and this theory can be attributed to the difference
between the methods used to evaluate the radiation function f 3

;

from

Fig. 6. 35 any differences appear to be quite small.
From Fi g. 6. 35 it is seen that the three theoretical curves agree
fairly well w ith the experimental results, although

the theoretical

curve obtained from the arbitrary shaped harbor theory agrees better
with the experiments near resonance than the other two theoretical
c~rves.

This may be because in using the arbitrary shaped harbor

theory, the entrance was divided into three segments and the solution
was matched at each segment as compared to the other two theories
where only the average solution across the entrance was matched.
Another feature of Fig. 6. 3 5 is that the present experimental data
agree better with the theoretical curves than do the experimental data
of Ippen and Goda (1963), especially in the vicinity of resonance.

This

is probably because the wave basin for the present experiments is both
wider and longer than the wave basin used by Ippen and Goda, hence
the incident wave is more nearly two dimensional; also the present

-197energy dissipaters are more efficient than those used by Ippen and
Goda ( 1963) and therefore the "open- sea 11 condition is simulated more
satisfactorily.

This is supported by the fact that the data of Ippen and

Goda (1963) show fluctuations in the region 1.10 <kt < 1. 70

indicating

that the "open-sea" condition is not properly simulated in this frequency
range where the incident wave length is large resulting in small wave
steepness.

Such fluctuations do not appear in the data corresponding

to the present experiments.
As mentioned before, these experimental results led to the
conclusion that the open-sea condition was being properly simulated
in the laboratory and no additional modification of the wave energy
dissipaters was necessary.

Moreover, the agreement between the

theoretical and experimental results as shown in Fig. 6. 35 has demonstrated that the arbitrary shaped harbor theory can also be applied
successfully to a harbor with straight sides and sharp interior corners.

6. 4

A HARBOR WITH COMPLICATED SHAPE:

A MODEL OF THE

EAST AND WEST BASINS OF LONG BEACH HARBOR
6. 4. 1

Introduction
As discussed in Sections 6. 2 and 6. 3, the theoretical

solution of the wave induced oscillations· in the two specially shaped
harbors:

circular and rectangular, can be obtained by using the

general theory for an arbitrary shaped harbor developed in Chapter 3.
The theoretical results for these special harbors obtained from the
arbitrary shaped harbor theory have been shown to agree well with

-198the more exact theories developed in Chapter 4, and with the
experimental results.
These two special shaped harbors are of importance because, as
mentioned earlier, the circular harbor represents an extreme shape in
which the boundary of the harbor is curved and the tang ent to the
boundary is continuously changing direction whereas the rectangular
harbor represents the other extreme where the boundary is composed
of straight .lines, along each side the tangent to the boundary does not
change direction.

The boundary of any arbitrary shaped harbor is in

fact usually a combination of these two cases.
In order to test the arbitrary shaped harbor theory further, a
harbor of complicated shape was studied both theoretically and experimentally.

In planform this harbor model is slightly modified from the

existing harbor of the East and West Basins of the Long Beach Harbor
located in Long Beach, California; the horizontal scale is 1 to 4700.
Also it differs only slightly from the hydraulic model studied by
Knapp and Vanoni ( 1945) wherein a distorted hydraulic model was used
with attention given to the bathymetry.
A sketch of the model of the East and West Basins of Long Beach
Harbor which was used in this investigation is presented in Fig. 6. 36
which shows the width of the harbor . entrance as 0. 2 ft and the
characteristic dimension of the harbor, a, equal to 1. 44 ft.

The depth

of the water in the experiments was constant in both the harbor and
the

11

open-sea 11 and equal to 1 ft.

Fig. 6. 36
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-200The theory for an arbitrary shaped harbor developed in Chapter
3 is used to calculate the response curves, the wave amplitude
distribution inside the harbor, and the total velocity at the harbor
entrance.

In applying the theory, the boundary of the harbor is

divided into 75 unequal
for the harbor entrance.

straight-line segments including two segments
The segments are numbered counter-clock-

wise starting from the right-hand limit of the harbor entrance and this
numbering system is shown in Fig. 6. 36.
6 . 4. 2

Response of Harbor to Incident Waves
Response curves at four different locations inside the

harbor are presented in Figs. 6. 37 to 6. 40.

The four points are

designated as point A, B, C, D and, for convenience, they are shown
in Fig. 6. 36 along with their coordinates in the model:

A(O. 30 ft,

-0. 525 ft), B(O. 30 ft,-0. 96 ft), C(l. 32 ft, -0. 96 ft) and D(-0. 45 ft,
-1. 245 ft), where the first number inside the bracket is the x-coordinate and the second number is the y-coordinate.

For all of the

response curves, the abscissa is the wave number parameter, ka
(where again k is the wave number, and

11

a 11 is a characteristic length

equal to 1. 44 ft and shown in Fig. 6. 36); the ordinate is the ampli fication factor R, as defined earlier.
It is seen that the theoretical results agree well with the experi-

mental data at all four locations and show that the response of this
harbor to periodic waves is much more complicated than the response
curves for either a circular or a rectangular harbor.

As discussed
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-205in Section 6. 2, the shape of the modes of resonant oscillation inside
a harbor is simpler for an incident wave of smaller wave frequency,
i.e . a smaller value of ka.

As the incident wave frequency increases,

the shape of mode of oscillation inside the harbor becomes more
complex.

The results shown in Fi g s. 6. 37 to 6. 40 also confirm this.

For exa.nlple, at the first resonant mode (ka= O. 61) the amplification
factors at the four different
only slightly.

positions (Points A, B, C, and D) differ

However, for the mode corresponding to ka= 7. 62, the

amplification factors at the four locations differ considerably; the
a.nlplification factors at the points B and D are much smaller than those
at the points C and A.
One common feature of the four response curves is that while
the theory has predicted the frequency of every resonant mode of
oscillation correctly, the theoretical a.nlplification factor at resonance
is slightly larger than the experimental data especially for the
resonant modes at lar g er values of ka.

This can be attributed to the

observation made in Subsection 6. 2. 2 that in using the Sa.Ille number
of segments for the boundary of the harbor at all wave periods, the
theoretical results for a smaller value of ka are more accurate than
the results which correspond to large ka; therefore, better agreement
between the theory and experiments is expected and observed for small
values of ka.

(This means that the value of k bis is smaller for the

former case than the latter case. ) In addition the energy dissipation is
lar g er at resonance for large values of ka, thus also tending to
decrease the experimental amplification factors compared to those
determined theoretically.

-20 6 It can also be seen from the response curv es that th e a g reement

between the theoretical solution and the experimental data is reasonably good at each of the locations; t h ere is no location where better
agreement is seen compared to another.

This uniformity of the agree-

ment between the theory and experiments sug gests that the t h eory has
also accurately predicted the wave amplitude distr i bution inside the
harbor for each mode of resonant oscillation.
In the application of the arbitrary shaped harbor theory
(Chapter 3) the singularities are always assumed to be located at the
mid-point of each boundary se gment.

Therefore if an interior point ·

(x, y) is too close to the mid-point of a particular boundary se gment,
the wave function f 2 (x, y) calculated from Eq. 3. 37 mi ght be in error
because of the excessive influence of that particular singularity
(possibly as large as 10 or 20 %).

To avoid this it was found that the

interior point investigated should be more than one-half of the length
of the segment (i 6s) away from the harbor boundary.

If the wave

function desired is at a location very close to the boundary it can be
obtained either by: interpolating between the value at the boundary
(Eq. 3. 22) and the value of f 2 (x, y) at a point which is at a distance
of approximately i 6 s from the boundary or by reducing the length of
the segment to allow the interior point of interest to be closer to the
boundary.

-207As mentioned before, a response curve at a particular location
inside the harbor does not necessarily show the maximum amplification
within the harbor.

The variation of the maximum amplification within

the entire basin plotted as a function of the wave number parameter,
ka, is presented in the response curve of Fig. 6. 41.

The ordinate

is the ratio of the maximum wave amplitude within the harbor, regardless of location, to the standing wave amplitude with the entrance
closed.

This curve shows every possible mode of resonant oscillation

for the range of ka that has been investigated, as .well as the maximum
amplification for each mode.

It is obvious that the maximum ampli-

fication does not always occur at the same location within the harbor
for different values of ka.

This can be seen by comparing Fig. 6. 41

with Figs. 6. 37 through 6. 40.
The experimental data from a model study conducted by Knapp
and Vanoni ( 1945) are included in Fig. 6. 41 for comparison.

Data

corresponding to the harbor with a 600 ft harbor opening are represented by open circles while the data for a 2000 ft opening are represented by solid circles.

The prototype gate opening corresponding

to the present model is 940 ft.

It should be mentioned that the

original data (see Knapp and Vanoni, ·1945, p. 89) were plotted as the
maximum amplification factor as a function of prototype wave period.
In order to compare these data with the present theory the wave period
has been converted to the w ave parameter, ka.

For this conversion,

the prototype water depth was taken as an average of 40 ft, and the
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-209prototype characteristic dimension of the harbor a = 6768 ft was used.
(The experimental data shown in Fig. 6. 41 corresponds to prototype
wave periods which range from 2 ~ min. to 15 min.)
The experimental data from Knapp and Vanoni ( 1945) show
decreasing amplification factors with decreasing harbor opening
contradicting one conclusion made in the study of circular harbors
(Subsection 6. 2. 2):

decreasing the harbor opening increases the

wave amplification in the harbor at resonance.

However, if one

considers the other conclusion made in Sub section 6. 2. 2 that the
viscous dissipation of energy is more important for a harbor with a
smaller opening this contradiction may be resolved.

Since it is

entirely possible in Long Beach Harbor that energy dissipation for the
harbor with a 600 ft opening is so lar ge compared to that for the
harbor with a 2000 ft opening that the increase in the resonant amplification due to closing the entrance is more than compensated by
energy dissipation.

It is possible that if the harbor entrance were

much larger than 2000 ft, the amplification factor at resonance would
be less, thus, in agreement with the ''harbor paradox".

This has not

been investigated in this study.
Both the data and the theoretical curve presented in Fig. 6. 41
more emphatically show
studies.

an important requirement of harbor resonance

That is,.in order to insure that certain modes of oscillation

are not missed in hydraulic model studies, a sufficient small interval
between wave periods must be used in evaluating the response.

-2106. 4. 3

Variation of Wave Amplitude Inside the Harbor for One
Mode of Resonant Oscillation
Experiments were not conducted specifically to measure

the distribution of wave amplitude inside the Long Beach Harbor model
at resonance as was done in the investigation of circular harbors.
However as mentioned previously, the theoretical amplitude distribution
inside the harbor had been reasonably confirmed by the experiments
shown in the response curves of Figs. 6. 37 through 6. 40.

The

distribution of wave amplitude inside the harbor for one particular
mode of resonant oscillation determined from the arbitrary shaped .
harbor theory is presented in Fig. 6. 42 for a value of ka =3. 38.

The

magnitude of this resonant peak can be seen in any of the response
curves (Figs. 6. 37 through 6. 41); attention i:s directed to the fact
that this is the second largest maximum amplification among the nine
resonant modes presented in Fig. 6. 41.

In the prototype, for this

value of ka, using the average depth of 40 ft the wave period is 6. 1
minutes.
In Fig. 6. 42 the wave amplitude has been normalized with
respect to the wave amplitude at point C; the coordinates of this
position have been presented in Fig. 6. 36.

Positive water surface

displacements are shown by solid lines and negative displacements
by long dash lines.

Two ·nodal lines are seen, one in the East Basin

and one in the West Basin with maxima

occurring at the ends of each

basin and the minimum occurring near the confluence of the two.

For
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-212this mode of oscillation it can be seen that neither a node nor an
antinode exists at the entrance.
In the model study conducted by Knapp and Vanoni ( 1945) meas urements were made of the wave amplitude distribution inside the
harbor for various modes of resonant oscillation, and contour drawings
similar to Fig. 6. 42 were constructed.
distribution is shown in Fig. 6. 43.

One such wave amplitude

It is apparent from comparing

Fi gs. 6. 42 to 6. 43 that in this investigation the boundary of the model
has been simplified, especially the East Basin.

The contours of

constant water surface elevation are shown as all solid lines in Fig.
6. 43 since the positive and negative displacements were not differentiated in that study.

It is seen that two nodal lines exist, one in each

basin, and the maxima exist at the end of each basin as well as near
the entrance.
By comparing Figs. 6. 43 to 6. 42 the similarities in the amplitude distribution are striking.

Except for the region near the entrance

the location of the two nodes and the maxima are similar for the two
models even though the boundary of the model used for present study
has been simplified.

Difference between the amplitude distribution

near the entrance can probably be attributed to the difference of
11

coastlines "for the.two cases.

the

Another difference between the two

models which may contr.ibute to the differences between the amplitude
distribution shown in Figs. 6. 42 and 6. 43 is that all boundaries were
vertical and the depth was constant in the model of this investigation
compared to the more realistic treatment of the boundaries and
bathymetry in the distorted hydraulic model of Knapp and Vanoni (1945 ).
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6. 4. 4

Velocity at the Harbor Entrance as a Function of Wave
Number Parameter, ka
The theoretical curves and the experimental data

presented in Subsection 6. 2. 5. 4 established the proposition that the
fluid velocity at the harbor entrance reaches a maximum when a
resonant oscillation develops inside the harbor.

For the model of the

East and West Basins of the Long Beach Harbor, no velocity
measurements were made at the harbor entrance; however, theoretically this variation was investigated using the arbitrary shaped harbor
theory.
The variation of the average velocity at the harbor entrance
A.
(normalized with respect to Jgh
as a function of the wave number

r:)

parameter, ka, is presented in Fig. 6. 44.

Recall that the harbor

entrance of the Long Beach Harbor model was divided into two
segments (see Fig. 6. 36 ); thus, the ordinate in Fig. 6. 44 represents
.,,
A.
1
the average value of V~
h at the water surface for the two

/$

entrance segments.

(As before, the velocity is computed using

Eq. 6. 7. )
It is seen that there are 9 maxima in the range of ka presented
in Fig. 6. 44; the values of ka associated with these are: 0. 61, 1. 50,
3. 38, 4. 96, 5. 30, 5. 70, 6. 60, 7. 10, and 7. 64.

These values of ka

are exactly the same as those associated with the maxima in the
response curve of maximum amplification presented in Fig. 6. 41.
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-215This clearly demonstrates that each maximum of the total entrance
velocity is associated with a mode of resonant oscillation inside the
harbor , no matter how small the value of the peak.
A curve like Fig. 6 . 41 is not easy to obtain, because in order to
obtain a value of the maximum amplification anywhere inside the harbor
for a particular wave number the amplification factor at many points
inside the harbor must be determined.

However, the curve shown in

Fig. 6. 44 is relatively easy to obtain since one needs only the values
of the wave function f 2 , the normal derivative

~~2 , and

~

the derivative

at the harbor entrance when evaluating the total velocity from Eq. 6. 7.
For a harbor with a complicated shape, it is possible that an
interaction of wave motion between interconnected basins inside the
harbor may develop and produce a resonant oscillation with only a
small velocity at the harbor entrance .

For example, the peak

associated with ka = 1. 50 in Fig. 6. 44 is ind eed very small; however,
at this value of ka, a resonant oscillation does exist inside the harbor
as can be seen from the response curves in Figs . 6. 40 and 6. 41.

The

s arne is true for ka = 5. 30 and 5. 70 at which the peaks in the velocity
curve (Fig. 6. 44) are also small, but considerable resonant oscillation
does develop in the harbor as shown in the response curves in Figs.
6.38, 6.39, and 6.41 (forka = S.30) and Figs. 6 . 40 and 6 . 41 (forka=
5. 70 ).

Therefore, i n using this method of determining the periods of

the resonant modes care must be taken that a small interval in wave
period is used in the computations.

-21 6 Fig. 6. 44 shows that the velocity at the entrance for the pumping
mode (ka = 0. 61) is nearly four times that which exist for any other
mode of oscillation.

Using the prototype dimensions described

previously the period of this mode of oscillation is approximately 33
minutes and could

possibly be excited by tsunami.

If the amplitude

of an incident wave were O. 5 ft (using the average depth of 40 ft) Fig.

6. 44 indicates that the maximum average entrance velocity for this
mode would be about 10 fps and for modes of smaller wave period the
velocities are in the order of 2 fps.

Such velocities could cause

significant damage to structures located near the entrance.
The results presented in Section 6. 4 have shown good agreement
between the theoretical analysis and the laboratory ex periments demonstrating again the applicability of the arbitrary shaped harbor theory
to harbors with complicated planforms and constant depth.

The

variation of the velocity at the harbor entrance as a function of th_e wave
number parameter ka proves to be a good indicator for resonance
inside the harbor.

It has also been shown that the present theoretical

results agree qualitatively with the experimental data obtained from a
model study conducted by Knapp and Vanoni ( 1945), although the plan form of the model investigated by them was more complicated and
also included depthwise variations.
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·CHAPTER 7
.CONCLUSIONS

The major objective of the present study has been to investigate,
both theoretically and experimentally, the response of an arbitrary
shaped harbor (with constant depth) to periodic incident waves.

In

order to ensure that the general theory which was developed (termed
the arbitrary shaped harbor theory) could be applied to a harbor with
a complicated shape ;.this theory was first applied to two special shaped
harbors:

a circular harbor and a rectangular harbor.

Fo·r these two

cases different theories termed the circular harbor theory and the
rectangular harbor theory were developed and compared to the general
theory.

Experiments were then conducted for the circular and rectangu -

lar harbors to verify the theoretical solutions. The general theory (the
arbitrary shaped harbor theory) was also applied to a harbor of more
complicated shape:

a simplified, constant depth, model of the East

and West Basins of the Long Beach Harbor.

Experiments were also

conducted to confirm the theoretical predictions.
From this study the following major conclusions, applying to the
circular harbors, the rectangular harbor, and the Long Beach Harbor
model, can be drawn:

-218I.

The present linear-inviscid-theory termed the arbitrary
shaped harbor theory predicts the response of an arbitrary
shaped harbor (with constant depth) to periodic incident
waves quite well even near resonance.

2.

The theoretical prediction of the resonant frequencies (or
the wave number parameter, ka, at resonance ) agree well
with the experimental data.

The theoretical amplification

factor at resonance is generally somewhat larger than the
experimental data especially for the resonant modes at
larger values of ka.
3.

The open-sea condition has been simulated properly in the
wave basin used for the experiments; the reflection
coefficient for the wave energy dissipaters which we re used
is estimated to be less than 20% for most of the experiments
which were conducted.

4.

Because of the wave radiation from the harbor entrance to
the open-sea region which has been considered in this
inviscid theory, the amplification of the wave amplitude
inside the harbor at resonance is finite.

The effect of

viscous dissipation, which has not been considered in this
theory, is to decrease the amplification near resonance
even more.
5.

The average total velocity across the harbor entrance
reaches a maximum when a resonant oscillation develops
inside the harbor; thus, the variation of the velocity at the

- 21 9 harbor entrance with wave number has been found to be a
good indicator for resonance.
Since a relatively more detailed study has been made for circular
harbors some of the important conclusions concerning this shape can be
stated as follows:
6.

The theoretical solution for a circular harbor with a 10°
opening obtained using the arbitrary shaped harbor theory
agrees well with those obtained from the circular harbor
theory and the experiments.

These results included the

resonant wave numbers, the amplification factors, the
shape of water surface inside the harbor for various modes
of oscillations, and certain velocities at the harbor
entrance.
7.

For the circular harbor with a 60° opening both theories
only differ slightly in the prediction of the value of the wave
number parameter (ka) at resonance; the arbitrary shaped
harbor theory agrees better with the experimental results
in this respect.

The shapes of the modes of oscillation

also have been predicted correctly by both theories; thus,
the small entrance approximation for the circular harbor
theory can be applied at least up to a harbor opening with a
60° central angle.
8.

As the width of the harbor entrance increases, the amplification at resonance decreases, but the wave number band -

-220width at resonance increases; thus, the ''harbor paradox 11
was confirmed both theoretically and experimentally for
this shape.
9.

Experiments show that the effect of viscous dissipation of
energy which is neglected in the present theories is more
important for harbors with a smaller opening.

10.

There are four modes of resonant oscillations in the range
of ka investigated for the harbors with a 10° and a 60°
opening.

Except for the "pumping mode", whi ch does not

exist in a completely closed circular basin, each mode
corresponds to a free mode of oscillation in the closed
basin.

The corresponding modes of oscillation for the two

harbors and the closed basin are basically similar; how ever, the detailed shape of the free surface differs among
the three.
11.

The wave number parameter (ka) at resonance approaches
the value for a closed basin as the entrance width decreases.

12.

No

antinode, or node, exists at the harbor entrance

although an antinode might occur at that position for a
closed circular basin.
13.

For a lar ger entrance width the distribution of the velocity
across the harbor entrance varies significantly for different
modes of oscillation.
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14.

The experimental data regarding the variation of entrance
velocity with the wave number parameter agree reasonably
well with the theoretical results.

In addition to the general conclusions the following conclusions
can be added for the rectangular harbor:
15.

The theoretical results obtained from the present
rectangular harbor theory are almost identical to those
obtained by the theory of Ippen and Goda ( 1963 ); thus, any
difference in the two methods for evaluating the radiated
waves appear to be quite small.

16.

The theoretical results obtained from the arbitrary shaped
harbor theory applied to the rectangular harbor agree
better with the experiments near resonance than the
rectangular harbor theory developed in this study or the
theory of Ippen and Goda ( 1963 ).

Perhaps this is due to the

fact that when using the arbitrary shaped harbor theory
three segments were used in the matching procedure while
in the other two theories only the average solution across
the entrance was matched.
17.

The present experimental data agree better with the theoretical results than do the experimental data of Ippen and
Goda ( 1963) especially in the vicinity of resonance , probably because the wave basin used for present experiments
is both wider and longer and the present wave energy
dis sipators are more efficient than in that study; thus the

-222incident wave is more nearly two-dimensional and the
' 'open-sea" condition is simulated more satisfactorily.
The following conclusions may be drawn for the model of the East
and West Basins of the Long Beach Harbor in addition to the conclusions
stated earlier.
18.

The theoretical results agree well with the experimental
data for the response at four different positions within the
harbor.

The uniformity of agreement at the four locations

suggests that the theory has also predicted correctly the
shape of the various modes of oscillations.
19.

The present theoretical results also agree qualitatively with
the experimental data obtained from a model study
· conducted by Knapp and Vanoni ( 1945) although the planform
of the model investigated by Knapp and Vanoni was more
complicated and their study included depthwise variations.

20.

The results show that the present theory can be applied
with confidence to prototype harbors with relatively uniform
depth and reflective interior boundaries.
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-231LIST OF SYMBOLS
Wave amplitude.

A

A.

Incident wave amplitude.

A

M~imum

l

max

w ave amplitude within the harbor.

Functions represe nting the magnitude of the velocity
components (defined in Eq. 3. 41).
Characteristic dimension of a harbor, the radius of a
circular harbor.

a
B

0

A function representing the averag e radiation effect at
the harbor entrance (defined in Eq. 4. 27).
,{,

b

0

A constant equal to -2.

b

Width of a rectangular harbor.

c

Normal derivative of the wave function at the harbor
entrance.

c

Averag e of the normal derivative of the wave function
across the harbor entrance.

c

A vector representing the no rmal derivative of the wave
function at the mid-point of each entrance se gment .
Constants associated with the hot-film sensor and the
linearization procedure.

D

Diameter of the screen wires of the wave energy
dissipator.
Used in Appendix I and Appendix II representing various
domains of interest.
Width of the harbor entrance.

d
d

0

Distance from left-hand boundary of the rectangular
harbor to the left -hand limit of the harbor entrance.

E

Output voltage of the hot-film anemometer.

e

Base of the Naperian logarithm.
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Wave function which describes the variation of the velocity
potential in the x and y directions.

f

Wave function in Region I (in the open- sea).
Wave function in Region II (inside the harbor).
Radiated wave function.

f.

Incident wave function.

f

Reflected wave function.

l

r

f.
JO

An infinite series defined in Eq. 4. 23 and Eq. A . 3. 3.

f

An infinite series defined in Eq. 4. 23 and Eq. A. 3. 6.

yo

An N x N matrix defined in Eq. 3. l 7d (elements of the
matrix are defined in Eqs. 3. 5 9 and 3. 60 ).

G

G

An N x N matrix defined in Eq. 3. l 7b (elements of the
matrix are defined in Eqs . 3. 43 and 3. 57).

n
-+

g(x,

='

s)

Green's function.
Acceleration due to gravity.

g
H ..

Radiation matrix (a p x p matrix, see Eq. 3. 33 ), the
elements of the matrix are defined in Eqs. 3. 62 and 3. 63.

H

Wave height.

lJ

H.

Incident wave height.

H

Reflected wave height.

l

r

Transmitted wave height.
Zero and first orders of the Hankel function of first kind.
h

Water depth.

I

Indentity matrix.

I

a

Electrical currents to the hot-film sensor.
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..... ..... .....
i, j , k

Unit vectors in the directions x, y, x respectively.

J

Bessel function of the first kind and order m.

m

J

An infinite series defined in Eq. 4 . 26a and Eq. A. 3. 7.

c

K

Reflection coefficient.

r

Kt

Transmission coefficient.

k

Wave number.

L

Wave length.

t

Length of a rectangular harbor.

log

Logarithm to the Naperian base (e =2. 7128) .

M

A N x p matrix defined in Eq. 3 . 21.

M
M

An infinite series defined in Eqs. 4. 18 and 4. 19.

c

A p x p matrix defined in Eq. 3. 35, (a matrix formed by
the p rows and p columns of the matrix M).

p

m

Number of layers of screens.

N

Total number of se gments into which the boundary of the
harbor (including entrance) is divided.

n

Outward normal to the boundary of the domain.

0

Order of magnitude.

p

AN-dimensional vector representing the normal derivative
of the wave function at the mid-point of the straight - line
segments of the harbor boundary.

p

Total number of segments into which the harbor entrance
is divided .

Q

A function used in Appendix II representing the contribution to the value of wave function as the field point
approaching a boundary point .

.....
q(x )
0

Source strength along the reflecting boundary (see Eq. 2. 3) .
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R
R

R

.Anlplification factor.
0

w

Radius of a large circle.
Operating resistance of the hot-film sensor.

r

Distance between points or radial position in a polar
coordinates.

s

Center to center distance between the screen wires.
Output voltag e of the fir st squaring circuit of the linearizer of the hot-film anemometer.
Output voltag e of the linearizer of the hot-film anemometer.
Output voltage of the bias control, · after using the first
squaring circuit of the linearizer of the hot-film
anemometer.

so ,sm

Special functions defined in Eq. 4. 38.

s o ,sm

Average of S , S
across the harbor entrance (defined in
o
m
Eq. 4. 39 ).

s

Tangent to the boundary of the domain in a counter .clockwise direction.

6s

Length of the boundary segments.

T

Wave period.

t

Time.

um

AN x p matrix with the diagonal of the first p rows equal
to unity, all other elements equal to zero (Eq. 3. 19).

u, v, w
.....

Velocity components in x, y, z directions.

u

Velocity vector with components u, v, w.

v

Resultant fluid velocity in the direction perpendicular to
the longitudinal axis of the hot-film sensor.

v*

Total velocity defined as (u 2

1

+ v2 + w 2 )2 •
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LIST OF SYM BOLS (Cont'd)
Maximum total velocity with respect to time at a location.
_._

Averag e of

v··-0

across the harbor entrance.

Maximum resultant velocity of the components v and w
with respect to time at a location.
Averag e of V
Value of V

0

0

across the harbor entrance.

at the center of the harbor entrance.

A N -dimensional vector defined in Eq. 3. l 7a representing
the wave function at the boundary of the harbor .
Coordinate axis in horizontal direction parallel to the
coastline.

x
-+

Position vector for the point (x, y).

x

y
y

m
c

Bessel function of the second kind of order m.
An infinite series defined in Eq. 4. 26b and Eq. A. 3.

9.

y

Coordinate axis in horizontal direction perpendicular to
the coastline.

z

Function w hich describes the variation of the velocity
potential in depthwise direction z.

z

Coordinate axis in vertical direction.
Quantities at the }h segment of the boundary.
First, second partial derivatives with respect to the tangent
of the boundary.
Spatial averag e value.

1

A p-dimensional vector w ith each element equal to unity.

a

Interior angle of a boundary point (see Fig. A. 2 . 2).
Phase angles defined in Eq. 3. 41.

av

Calibration constant of the hot-film sensor.
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A constant defined in Eq. 4. 33.

r

A large circle.
Euler 1 s constant (-y=O. 577216 ..... ).
Difference operator.

6

Kronecker delta.
Radius of a circle.
Displacement of water surface elevation f rom the mean
water level.

e

Angular position.

\)

Kinematic viscosity of the fluid.
3. 14159 .. .•.

p (n)

Sum of an infinite series, p(n)

co

=I~

n=l
A small circle or a half circle with a radius

E:.

Circular wave frequency (2ir/T).
Velocity potential.
c,o(h/ L )

Depth effect factor (Eq. 6. 1).
Potential function for standing wave system (Eq. 2. 3 ).

cpt

Total potential function (defined in Eq. 2. 3 ).
Gradient operator.
Laplacian operator.

an

Boundary of a domain.

I I

Absolute value.
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APPE NDIX I

WEBER'S SOLUTION OF THE HELMHOLTZ EQUATIO N

The derivation of Weber's solution of the two dimensional
Helmholtz equation in a bounded domain (as used in Eq. 3. 11) and an
unbounded domain (as used in Eq. 3. 29 ) will be presented in th is
appendix.

This subject has been discussed by Baker and Copson (1 9 50);

the interested reader is referred to that book for other related topics
as well.
I. 1 W eber 1 s Solution in a Bounded Domain

Let

oD

be a closed curve bounding a domain D in the x -y

plane, if f and g are two functions whose first- and second-order partial
derivatives are continuous w ithin the domain D and on the boundary

oD,

then Green's identity formula gives (see Kellog ( 1953)):

J

(f* - g

~~)

ds =

oD
whe re

J J(f V g
2

2

- gV f) dxdy

(A. 1. 1)

D

of on

means differentiation along the outward normal to the

boundary of the domain.
If the functions f and g are both solutions of the two-dimensional
Helmholtz equation,
(A. l. 2)

-238then the

right~hand- side

reduces to:

J
an
In particular, if g =
.....

(f

of Eq. A. 1. 1 equals to zero, thus, Eq. A. 1. 1

*-

g

~~)

H~l)(kr),

ds = 0

(A. 1. 3)

where r denotes the distance from a point

......

x(x, y) and if the point x(x, y) lies outside the domain

J

[fa:

(H~l}(kr))

-

H~l)(kr) ~~]ds

n,

one obtains
(A. 1. 4)

= 0

an
.....
However, if x(x, y) lies inside the domain D, Eq. A. 1. 4 no longer

holds since H( l) (kr) has a logarithmic singularity at the point ;;(x, y)
0

( H(l)(kr)
0

""..<,~log
TI"

kr, as r .....

o).

To avoid this singularity, Green's

identity formula will be applied to the region
an and internally by a circle p
(see Fig. A. 1. 1).

0

n 1 , bounded

externally by

.....
with its center at x and with radius e:

Thus, Green's identity formula, Eq. A. 1. l,

becomes:
(A. 1. 5)

Since the singularity is now outside the domain

n1 ,

the right-hand-side of Eq. A. 1. 5 is equal to zero.

by taking

g=H~l} (kr),

Thus, one obtains:

(A. 1. 6)

Note that the direction of n on the boundary p

as shown in the right.....
hand-side of Eq. A. 1. 6 is inward toward the center x(x, y), i.e. out-

o

-239ward from the boundary of the domain D 1 (see Fi g . A . 1. l ); for
convenience this differentiation is changed to the r direction (ne g ative
n direction).

JoD[ on

Thus, one obtains:

f-1... ( H(l)(kr) ) - H(l)(kr)_Ei] as = J[f-1... ( H(l )(kr) - H(l ) (kr ) .££. ] as
0

on

0

or

0

0

or

(A. 1. 7)

Since the integral around the boundary

oD

does not depend upon the

radius e: of the circle p , the right-hand-side of Eq. A. 1. 7 can be
0

evaluated at a radius e: as small as desired.

Thus the right-hand-side

of Eq. A. 1. 7 can be written as:
(A. 1. 8)

By using the asymptotic behavior of the Hankel function for r--+O:
H ( l){kr)

.-oJ

1

0

__£_ (H( l) (kr ))

or

0

+,,{,~log (kr)
TI'

.-oJ

.l~ _!.
TI' r

the limit of Eq. A. 1. 8 can be evaluated.

Since the functions f and

~~

are continuous at ~(x, y), the second term and the first term of Eq.

A. 1. 8 can be evaluated as follows :
2
limJ
TI' ( l+.l'll'log
2
=e;-+O
(ke:) ) e:d 8 ar(x)+o( e: )
0

(of __.

)=0

(A. 1. 9a)

(A. 1. 9b)

Substituting Eqs. A. 1. 9 a and b into Eq. A. 1. 7, one obtains:
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£(~)

=

-~

J [£ 0: (H~1 )(kr))-H~ 1 )(kr)~~Jds

(A. 1. 10)

8D
This completes the proof of the following theorem due to Weber:
Let f be a solution of the Helmholtz equation

in a closed domain D, whose first- and second-order partial
derivatives are continuous within and on the closed boundary

an .

....

Then the function off at any interior point x can be expressed as:

= _..l4 J[f_£_
an (H(l)(kr))
0

f(~)

- H(l)(kr)££] ds

an

0

oD

....

.

where r is the distance from the interior point x to the boundary,
and

aI on means

differentiation along the outward normal to the

boundary 8D.
I. 2

Weber's Solution in an Unbounded Domain
Suppose the function f is a solution of the Helmholtz

equation, '17 2 f

+ k 2 £ = 0, <?utside

the domain D, i.e. in the unbounded

domain, whose first- and second-order partial derivatives are continuous on/and outside the closed curve

oD.

Then the Green's identity

formula can be applied to a region D 2 bounded internally by the closed
curve

oD

and externally by a circle

that the circle

r

r

with radius R

encloses the closed curve

oD

0

which is so chosen

(see Fig. A. 1. 2).

Thus, from the theorem presented in Section!.. 1 one obtains:
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f(~)= -~[(J +J)[f 0:(H~l}(kr}) -H~l )(kr)~~Jds
oD r
-+
if x is in the domain D 2

oD

bounding curves,

J

(A.1.11)

wherein n denotes the outward normal to the

,

and f

(see Fig. A. 1. 2).

The outward normal to the circle

r

is in r direction, thus Eq.

A. 1. 11 can be rewritten as:

f(~}

= -

~

J[ fn (H~ )
1

f

(kr)) -

H~ 1 ) (kr) ~~

J

ds

oD
- ,(, J[f _E_ (H (l)(kr)). - H(l}(kr)Ef_ J ds
4 ..
or
0
.
0
or

(A. 1. 12)

r

For simplicity, the second integral in the right-hand-side of Eq. A. 1. 12
is denoted as J(~).

The radius of the circle

r,

R , can be made as
0

large as desired to cover the entire unbounded domain, i.e. R -+CD.
0

Thus the function J(~) can be rewritten as:

2

J(~) = _,(,4 lim
J TI'[f _E_ ( H ( l)(kr}) - H( l )(kr)~J
r-+<D 0
or
or
0

The asymptotic behavior of

o(

a;

H

(1)
0

(kr)

)

H~l)(kr}

J2

H ( l)(kr},...,
o

rd8

0

and

0~ ( H~l)(kr))

(A. 1. 13)

for r-+00 are:

e,(,(kr -.[)

TI'(kr)
(l)

= -kH1

I 2

(kr) ,..., -k'l/-TI'(_k_r)-

TI' TI')
,{, (kr---e
4 2

(A. 1. 14)

Substituting Eq. A. 1. 14 into Eq. A. 1. 13, one obtains:

J(~) = - ,(,4 lim
r
r-+CD J

J

211

0

2
TI'(kr)

e,(,(kr - i)[-kfe

-,{,¥- _Ei..Jrd8
Or
(A. 1. 15)
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Thus the function J(x) tends to zero, if the function:

7 af

,;-:; \~- -<-kf

)

-

(A. 1. 16)

0

uniformly with respect to

CJ

as r __, co.

This condition,

referred to as the "Sommerfeld radiation condition ' 1•

Eq. A. l. 16 , is
A sufficient

condition for this is that the function f should behave like H ( l )(kr) for
0

large values of r .

Since for f

= H(l)(kr),
o

and

~f = -kHp)(kr),

or

the

Sommerfeld radiation condition is satisfied as r __,co:

--

•

'IT

-- - k J - 2 e,<,(kr-4) r
I -,<,.
'irk
L

+ ,<,.1 --

0

j

This completes the proof for the following Weber 1 s theorem in an
unbounded domain:
02

02

L e t f b e a so1u ti on o f ax:af T· oyf2 + k 2 f --

o,

w h ose f'irs t - and second -

order partial derivatives are continuous outside and on a closed
curve

an

and let

-I

uniformly with respect to 8 , as r - co, then the function f(x) at a

-

fixed point x located outside the domain bounded by
inside the unbounded domain,can be expressed as:

an,

i. e.
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£(~)

=

-~

J [£a~ (H;1)(kr) )

-

H~1 )(kr) ~~ ]as

oD
_..

where r is the distance between the fixed point x and the boundary
and n denotes the outward normal to the boundary
direction out of the unbounded

domain~.

an

(in the
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D(D1 + D )
E:

n
r

Fig. A . 1. 1

Fig . A. 1. 2

Definition sketch for a bounded domain

Definition sketch for an unbounded domain
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APPENDIX II
DERIVATIONOF EQ. 3.12

The Weber's solution of the two-dimensional Helmholtz equation
-+

expressed the wave function f at an interior point x as a function of the
wave function and its normal derivative at the boundary as follows
{see also Eq. 3. 11):

f{J;)

= -~ J [f(~0 )
s

a: (H~l)(kr) ) - H~l)(kr) a: (f(J;0 ))]ds(~0 )

(A.2 .1 )

In order to determine the wave function f(~ ) along the boundary, the
0

-+

-+

field point x is allowed to approach the boundary at a point x.; the path
l

of integration is deformed around a small half circle, p , with radius
0

·e: (see Fig. A. 2. 1).

Then Eq. A. 2. l can be written as:

l f(;; )-!-f H(l)(kr))._
o ~ o
s-p

H(l)(kr).f-(f(~
))Jds(J; )
o
un
o
o

0

-~J[f(~0 )

a: (H~l)(kr))

-

H~l)(kr)

a: (f(~0 ))]ds(;;0 )

•

(A. 2. 2)

Po
The ·radius of the half circle p , e:, can be made to approach zero,
0

i.e.

e:-+

O; using the definition of Cauchy principal value Eq. A. 2. 2 can

thus be rewritten as:
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f(~i)= -~ J[f(~0 ) 0: (H~l)(kr))

-

H~l)(kr)

s

a: f(~0 )]ds(X'0 )

+

Q(~i)

(A. 2. 3)

where the first integral represents the Cauchy principal value and the
second term, Q(;;.), represents the limit of the integration along the
l
.....
small half circle p as E: ..... 0. This limit value,Q(x.),can be evaluated
0

l

by the procedures which will be discussed in the following.
Since
along ·the small half circle p 0 , the direction of n is in the
.

.....

Q(x ~· )

direction of r, the function

Q(;;i) =

-~~i~

I

l

can be rewritten as:

a~ (H~ 1 )(kr)) ~ H~1 )(kr) a~ (f(X'o))Jas

[f(X'o)

(io) . (A. 2. 4)

Po
The asymptotic formulas of the Hankel functions for very small
argument (r -+ 0) are:
H (1 ) (kr ) ,.., 1 + )., ~ log (kr)
0

lT

(A. 2. 5)

Substituting Eq. A. 2. 5 into Eq. A. 2. 4 one obtains:

a(X'.) = _).,

lim
4 E:-+0

i

I

[f (X'

Po

o

)().,~ ..!.) .

...<.. l im
'
l'Ti' ...{,. -2 -E:
= -. 4 E:-+0 0 1T €

)., lim
+ 4 _, 0
8

,

.....

= ~f(x.)
l

I ir \I
Jo

'TT

r

(

2

\ a

.....

l+.,i,,-log(kr)/~(f(x ))
'TT
.. vr
o

Jds(x)
. . .o

.....
\
de ( f (x.
) + 0 (€))
l

2
)
( o ...
)
1 +).,;log (ke:) e:d9 arf(xi) + o(e:)

(A. 2. 6)

since as e:-+O the limit of the second integral in Eq. A. 2. 6 is zero.

-247Substituting Eq. A. 2. 6 into Eq. A. 2. 3, it becomes:

f(~i) =-~ J [f(~0 ) 0~(H~ 1 )(kr))
s

-

H~1 )(kr) 0~(£(~0 ))Jas(~0 )+if(~i),

(A.2.7)

If the point~- is a corner point on the boundary (see Fig. A. 2. 2),
l

-+

-+

the result of Eq. A. 2. 1 as x approaching x. can be expressed as:
l

s-

(A. 2. 8)
where the interior angle
curve a, is equal to

TI",

Cl

is defined in Fig. A. 2. 2.

For a smooth

thus Eq. A. 2. 8 is identical to Eq. A. 2. 7 .

(The approach used for these derivations can also be found in a
number of books; for example, see Muskhelishvili (1946) and Dettman
(1965).)
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direction of
integration

-+

x
/

/

/

I

/

/

s

I

/

I

/
/

Fig. A. 2. 1

Definition sketch for an interior point approaching a
boundary point on a smooth curve .

....

x

/\

I \
I

I

I

I
I

x
Fig. A. 2. 2

I

I

\

\

\

\

\

\
\

a.\

0

Definition sketch for an interior point approaching a
corner point at the boundary
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APPENDIX III

EVALUATION OF THE FUNCTIONS fjo' fyo' Jc' AND Ye

III. 1 The Evaluation of the Function fjo
The function f . in Eq. 4. 23 is defined as:
JO
f. (x, 0)
JO

rx

=[ j 0

r6s -x ]
+j
J (kr)dr
0
0

where 6s is the width of the harbor entrance.

(A.3.1)

The Bessel function

J (kr) in Eq. A. 3. L can be represented in an infinite series as:
0

J (kr)
0

=

n! n!

(A. 3. 2)

Substituting Eq. A. 3. 2 into Eq. A. 3. 1 and interchanging the order
of integration and summation one obtains:

f . (x, o)
JO

=~
L

r

Ix

( - 1 )n
L (kr
n=O .( n! )2
0
2

)2 n dr + I6 s ...;x (kr2 )2 n dr J
0

CD

=\ ,
L

n=O
III. 2

(-l)n (k\2) n[_x2n+1. ' (6s - x)2n+1J·
(n! )2 2
2n + 1 T
2n + 1

The Evaluation of the Function f
The function f

yo

(A. 3. 3)

yo

in Eq. 4. 23 is defined as:

(A. 3. 4)

-250The Bessel function Y (kr) can be represented in an infinite series as:
0

2[

Y (kr)=TT
0

f'

kr
nt:i.
(logy+-y)J (kr)+L (-1)
p(n)
0
n= 1

(~r)2nlj
(n!)
,

(A.3.5)

2

where: -y = 0. 577215 7 . .. .•. is the Euler's constant,
p(n) = l+~+t+ •.•... +i:i,
and J (kr) is defined in Eq. A. 3. 2
0

Thus, substituting Eq. A. 3. 5 into Eq. A. 3. 4 and interchanging the
order of integration and summation one obtains:

(k)an

CD

f

yo

(x, 0) = \

ko

(-l)n 2
(n! )2

CD

+

l

\'

n=l

( -1 )

[(J O + .rO
x

6s -x

)

k
( 1og ___!:. +-y)r 2 ndr
2

n+1

(k)an
p(n) [/Jx Jt:,s -x )
.
2
\
+
ranar
2
(n!)
0
0

CD

CD

J

J

tl

1
+\ (-l)n+ p(n) •x (kx)2 n +\_( -l )n p(n)(t:,s-x)(k(6s-x)) 2 n
L (n! )2 (2n+ 1) \ 2
nL__ 1 (n! )2 (2n + 1)
\
2
n=l

CD

+\

n
2D.
(
)
(k(6s-x))an
(-1) •( 6 s-x)r,(k(6s-x)) (ioO'(k 6s-x )+ \ .
2
2
2
° · 2
"/)
2n+l

~~ 0 (n!) (2n+l)L

J.

(A. 3. 6)
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The Evaluation of t he Function Jc
According to Eqs. 4. 24 and 4. 25, the function J

c

t:is is

equal to the average off (x, 0) across the harbor entrance.
yo
the function J

c

Thus,

can be evaluated as follows:

=_l_~ J.:..!.L
(t:is) 2

oo

=

( k ) anJ t1s[x:an+1 (6s-x)211+.i]
(n!) 2 \2/
L2n+l +
2n+l
dx
0
n=O

l

(-

l

1 )n(k~s

)2 n

(n! )2 (n+l)(2ntl)

n=O

(~ ) + _(k~s)4 (~)6
2

= 1 -

III. 4

6

(~)8

1008 . + 25920

60

(A. 3. 7)

+..... .

The Evaluation of the Function Y c
The function Y tis is equal to the average of f
(x, 0)
c
yo

across the harbor entrance: therefore, the function Y

c

can be

evaluated as follows:
1

ye= (tls)2

I

tis
0 fyo(x,O)dx

(A.3.8)

Substituting Eq. A. 3. 6 into Eq. A. 3. 8 and interchanging the order of
integration and summation, after performing the integration the
function Y

c

can be expressed as:
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2

co

n ( klis) n

\
y c =1_,

( - 1)

-2-

[

(n! )2 (2n+ 1) (n+ 1)

n=O
+co

l

n=l

+

(- 1 )n+ l p (n)(k~s

l

( k li s \ .
1
1
lo g \ -2-) + "/ - 2 (n + 1) = ·-2 n_
+ _l_J

rl'l.

(n! ):a (Zn+ 1) (n + 1)

(-kli2s ~J i 1 (klis ) + -~l
60
L og 2
"( 30 J
8

(kli s )
\ -2- [
(klis )
8 26
+ 25920 lo g -2- + -Y - 360

_

(klis t
\-2-/ [
(klis )
353 ]
1008
lo g -2- +"I - 168

J+. · · · ·

(A. 3. 9)
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APPE N DIX IV
SUMMARY OF THE STROKES OF THE WAVE GENERATOR
USED IN EXPERIMENT AL STUDIES

Stroke of Wave
Harbor Model

Range of ka

Generator

Covered in

(inches)

Experiments

o.

128

3. 180,....., 3. 190

0.295

3. 767,....., 3. 959

0.424

3. 188

0.673

o. 976,....., 3. 293

0.758

o. 231,....., 0. 522

o. 792

o. 337,.....,

0.842

0. 337 ,....., 3. 940

0.425

o. 365 ,....., 4.

0 .758

0. 129,....., 0. 852

0.294

1. 735,....., 5. 010

0.675

1. 49

,....., 2. 08

0 . 835

o. 765

,....., 1. 648

Long Beach

0 . 423

3. 746,....., 7. 985

Harbor

0. 758

o. 420,....., 3. 600

Circular Harbor
(10° Opening)

Circular Harbor
(60° Opening)

Rectangular
Harbor

'

1. 9 91

123

