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ABSTRACT 

Theoretical and experimental studies were made on two classes 

of buoyant jet problems, namely: 

1) an inclined, round buoyant jet ln a stagnant environment with 

linear density - stratification; 

2) a round buoyant jet in a uniform cross stream of homogeneous 

density. 

Using the integral technique of analysis, assuming similarity, 

predictions can be made for jet trajectory, widths , and dilution 

ratios, in a density- stratified . or flowing environment. Such infor

mation is of great importance in the design of disposal systems for 

sewage effluent into the ocean or waste gases into the atmosphere. 

The present study of a buoyant jet in a stagnant environment 

has extended the Morton typ e of analysis to cover the effect of the 

initial angle of discharge. Numerical solutions have been pr e sented 

for a range of initial conditions. Laboratory experiments were 

conducted for photographic observations of the trajectories of dyed 

jets . In general the observed jet forms agreed well with the calculated 

traj ectories and nominal half widths when the value of the entrainment 

coefficient was taken to be a. = 0, 082, as previously suggested by 

Morton. 

The probl em of a buoyant jet in a uniform cross stream was 

analyzed by assuming an entrain1nent mechanism based upon the 

vector difference between the characteristic jet velocity and the 

ambient velocity. The effect of the unbalanced pressure field on 
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the sides of the jet flow was approximated by a gross drag term. 

Laboratory flume experiments with sinking jets which are directly 

analogous to buoyant jets were performed . Salt solutions w e re 

injected into fresh water at the free surface in a flume. The jet 

trajectories , dilution ratios and jet half widths were determined by 

conductivity measurements. The entrainment coefficient, a., and 

drag coefficient , Cd, were found from the observed jet trajectories 

and dilution ratios. In the ten cases studied where jet Froude number 

ranged from 10 to 80 and velocity ratio (jet: current) k from 4 to 16, 

a. varied from O. 4 to O. 5 and Cd from 1. 7 to O. 1. The jet mixing 

motion for distances within 250D was found to be dominated by the 

seif-generated turbulence, rather than the free-stream turbulence. 

Similarity of concentration profiles has also been discussed. 
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CHAPTER I 

INTRODUCTION 

Disposal of sewage into the ocean and lakes has been practiced 

by many coastal cities around the world. Inade quate dispersal of 

the pollutants has often resulted in serious contamination of the coastal 

areas. Controlling of such pollution problems relies on a clear 

understanding of the basic flow phenomena involved. 

The recent practice of marine disposal is to discharge the 

sewage effluent in jets through numerous ports widely spaced along 

the ocean outfall diffusers deep under the surface into the envi1·on -

ment as indicated by Rawn, Bowerman and Brooks (27) and Brooks (7). 

The initial mixing of the sewage effluent with the sea water is 

induced by the turbulent jet motion. The basic flow phenomenon can 

be regarded as a submerged turbulent jet. 

The simplest case of such turbulent jet flows is an ordinary 

momentum jet (or a simple jet) where the fluids involved are of 

identical density. But in marine disposal problems, the following 

environmental conditions must be taken into consideration: 

1. Buoyancy effect 

The density of the sewage effluent is different from the 

density of the sea water or brackish estuary water . Since sewage 

effluent has nearly the same density as fresh water, it is about 2. 5% 

lighter than sea water. Although the difference is small, the 

buoyancy effect on the jet behavior is drastic. For example, a j et 

discharging horizontally (or obliquely) into a heavier fluid will b e 
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deflected upwards. Such a jet, which has initial buoyancy flux as well 

as the momentum flux, is called a buoyant jet (or forced plume). The 

limiting case where the flow is generated solely by buoyancy flux is 

called a simple plume. 

Buoyant jets are also produced in fresh water lakes by discharge 

of warm water used for cooling in industrial processes and steam 

generation of electric power. 

2. Density stratification 

Oceans and lakes are frequently stratified in density due to 

non-uniform temperature and/ or salinity. In a stably stratified ocean, 

it is possible to prevent rising sewage jets from reaching the surface 

by inducing rapid mixing of the buoyant jets with heavy bottom water, 

thus producing a neutrally buoyant cloud (Brooks (7)). The sub

mergence of the sewage field is often the most favorable situation 

for pollution control. To be able to predict the conditions for the sub

mergence of the jet flow field and the dilution in the cloud produced is 

of great importance in problems of disposal of waste water. 

3. Current effect 

The ocean, like the atmosphere, is seldom stagnant. The 

ocean currents and regular tidal motions affect not only the movement 

of the sewage field established at or n ear the surface, but also the 

initial jet mixing characteristics. The waste gas disposal through 

smoke stacks is a similar problem. The effect can not be overlooked 

even if the current velocity is only a fraction of the jet discharge 

velocity. 
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Schematic diagrams demonstrating these environmental effects 

are shown in Fig. 1. These three effects are considered to be the 

most important in considering the jet behavior. Two other factors 

are described below. 

4. Ambient turbulence 

Turbulence in the environment also affects the jet behavior. 

However, the effects on initial jet mixing are believed to be of 

secondary importance unless the jet motion is relatively weak. There 

is little information on this subject. 

5. Jet interference 

When jets are closely spaced in a row they will gradually 

merge as they spread. For example, a row of round jets behaves 

like a jet from a two-dimensional slot far away from the source. 

Interference effects may be anticipated by prediction of the rate of 

growth of the diameter of a jet. 

It is difficult to solve a general problem including all these 

factors. Buoyant jet (or plume) problems have been under extensive 

studies by investigators from various fields (s ee Chapter II). The 

present investigation seeks solutions for two specific classes of 

buoyant jet problems: 

1) an inclined round buoyant jet (or forced plume) 

in a stagnant environment with l inear density 

stratification as shown in Fig. Za, 

2) a round buoyant jet discharging vertically into 

a uniform horizontal wind (or cross stream) of 

homogeneous density, as shown in Fig. Zb. 
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Fig. 1. Effects of the environmental conditions on 
the jet behavior 
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a) An inclined round buoyant jet (forced plume) in a stagnant 
environment with linear density- stratification 

p = constant a 

b) A vertical round buoyant jet in a uniform horizontal 
wind (cross stream) 

Fig. 2 . Buoyant jet problems studied 

~g 
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The solutions on jet behavior will be useful not only to the 

marine disposal problems but also to the problems of a similar 

nature such as the disposal of hot waste gases into the atmosphere 

or hot water from a thermal power plant into a lake. 

Previous studies related to the buoyant jet problems are 

described in Chapter II. 

Chapter Ill gives a summary of the basic assumptions and flow 

configurations for both classes of problems. 

Chapters IV and V are respectively theoretical and expe ri

mental investigations of the problem of an inclined buoyant jet in a 

stagnant, stratified environment. 

Chapters VI and VII are the corresponding studies on the 

problem of a buoyant jet in a uniform cross stream. 

The results are discussed in Chapter VIII. Chapter IX gives 

a summary of the present work and conclusions. 
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CHAPTER II 

PREVIOUS STUDIES 

In this chapter , a survey of previous studies on jet and plume 

problems is pr es ented. T he integral technique used by Morton, 

Taylor and Turner (23) in so lving the problem of a simple plume 

in a linearly density-stratified environment is briefly illustrated in 

Section II-C. The nature of the entrainment coefficient a is dis-

cussed in Section II-F. The scope of the present investigation is 

summarized in Section II-H. 

Il-A. Problem of Simple Jets 

A simple jet (or an ordinary momentum jet) is the turbulent 

flow pattern generated by a continuous source of momentum as shown 

in Fig. 3a . This is one of the most fundamental cases of free 

turbulent flows. The details of the flow have been determined by 

numerous investigators. 

Experimental results by Albertson , Dai, Jens en and Rouse (5) 

demonstrated the similarity of velocity profiles and linear expansion 

of nominal jet boundary (b,_.x). The velocity profile was shown to 

follow a Gaussian distribution closely. T he center- line longitudinal 

velocity u was found to be inversely proportional to the distance of 

- 1 
travel x (u,_.x ), and gross volume flux Q ove r a cross section 

increased linearly with x , i. e. , 
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where Q is the initial volume flux at the nozzle, and 
0 

D is the diameter of the nozzle as shown in Fig. 3b. 

Other studies concerning the problem gave the same relations. 

(l} 

Ricou a nd Spalding 1 s (29} measurement of entrainment into the jet 

confirmed eq. ( 1}. 

In a practical problem, the jet flow originates from a finite 

size nozzle with a column flow of uniform velocity. A short region, 

the so-called zone of flow establishment, exists before the velocity 

profiles develop fully into Gaussian distributions. The fully 

d eveloped region is called the zone of established flow as shown in 

Fig. 3b. The length of the zone of flow establishment is approxi-

mately 6. 2 d iamete rs of the nozzle based upon Albertson et al's 

result. A recent work by Sarni, Carmody and Rouse (31) gives 

detailed flow characteristics in the zone of flow establishment. 

Il-B. Problem of Simple Plumes 

A simple plume is the turbulent flow pattern generated by 

a continuous source of buoyancy such as caused by a steady release 

of heat. The main direction of flow is in the direction of buoyancy 

force. The plume has no initial momentum flux. Due to continuous 

action of the buoyancy force, the momentum flux of the plume 

increases with increasing height. 
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In separate studies by Schmidt (3 2) and Rouse, Yih and 

Humphreys (30), the velocity profiles as well as the buoyancy 

. profiles were found to be similar at all cross sections. Both studies 

showed that the center-line velocity followed negative one-third 

power of the distance of travel (u,.._,y- l 13 ) and the expansion of the 

nominal boundary was linear with distance (b ....... y). The velocity and 

buoyancy profiles can be represented well by Gaussian distributions 

as pointed out by Rouse et al. 

The experimental values of Schmidt were obtained by measure-

men ts over heated grids with an overall diameter of 5. 5 cm at l e vels 

up to 80 cm above. Rouse et al.covered longer distances by measur-

ing over a gas flame and their results were later confirmed by Ricou 

and Spalding (29). Therefore the numerical values determined by 

Rouse et al.are considered to be more reliable and adopted by most 

investigators such as Morton (22), Abraham (1, 3 ) and Fan and 

Brooks (12) in their studies. 

II-C. Problem of Simple Plumes in Environments with Linear Density 

Stratification - Integral Analysis by Morton, Taylor and Turner 

If a plume is in a stably stratified environment it will not rise 

indefinitely as a plume in a uniform environment as shown in Fig. 4. 

The mixing near the source makes the plume denser while density of 

the ambient fluid decreases steadily upwards. Eventually the buoyancy 

force acting on the plume will change sign and become negative. The 

plume will stop rising when the upward momentum vanishes 
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by the action of the negative buoyancy force. Thus the plume has a 

finite height of rise and will then spread out horizontally in a thin layer. 

Morton, Taylor and Turner (23) analyzed the problem by applying 

an integral technique as follows based upon the following three 

assumptions: 

1) The profiles of mean vertical velocity u*(y, r) and mean 
p -p >l< 

0 buoyancy force g in horizontal sections are of similar form: 
Po 

and 

-r2 /ba 
u>'.<(y, r) = u(y) e 

p - p>:< 
g a (y, r) 

Po 

pa-p -r2 /b2 
= g-- (y) e 

Po 

where u is a local characteristic velocity, 

b is a local characteristic length, 

p is the local characteristic density, 

p is the reference density. 
0 

2) The rate of entrainment at the edge of the plume is pro-

portional to some characteristic velocity at that height: 

dQ 
dy = 2ira.ub 

where ~~ is the rate of change of volume flux, and 

a. is defined to be an entrainment coefficient assumed to be 

constant in the analysis. 

3) The variation of density is small in comparison with the 

refer ence density p • 
0 

( 2) 

(3) 

(4) 
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The problem was then forinulat e d by taking a control volume 

as shown in Fig. 4b and applying conservation laws ; 

1. Conservation of volume flux: 

(5) 

By substituting eqs. (2) and (4), e q. (5) becomes: 

d ~
00 

-r 2 /b2 d 
d j 2 'Ti r u e d r = dy ir u b

2 = 2 'Ti au b 
y 0 

(6) 

2. Cons ervation of momentum: 

~ J p ':'u ::<2 d A = Jr ( p - p ::') g d A 
dy A A a 

(7) 

Sinc e the variation of density with respect to the r eference 

density p is assumed to be small, p ':' in the left-hand side 
0 

of eq. (7) is tak en to be approximately p • Thus, by applying 
0 

e qs. (2) and (3 ), eq. (7) becomes: 

3 . Conservation of density deficiency: 

The rate of change of heat (or salt deficiency) flux 

throug h a cross section of the plume is equal to the amount 

entrained from the ambient fluid. Since the variation of 

densit y was assumed to be small, in this range the density 

could be regarded as a linear function of the heat or salt 

content. The refor e the relation was indirectly expressed 

(8) 
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as conservation of the density deficiency: 

.i._ j' ( p - p ':') u ':' d A = 2 rr a. b u ( p - p ) 
dy A o o a 

The left-hand side was integrated as 

_i_ J [(p -p )u':' + (p -p':') u':'] dA 
dy A o a . a 

d .., 2 d Pa d [TI :a ( ) J = (p -p )-d (Tiub"') - Tiub -- + - -ub p - p 
o a y dy dy 2 a 

dp 
=Zr.a.bu (p -p ) - r.ub2 ~ +~ [:1::..ub2 {p -p)J 

o a dy dy 2 a 

Therefore eq. (9) becomes: 

~[:1::..ub2 (p -p) J = 1Tub2 dpa 
dy 2 a dy 

(9) 

( 10) 

Eqs . (6), (8) and (10) are three equations with three unknowns 

u, band p. The equations were normalized by introducing dimension-

less volume, momentum and buoyancy flux parameters and then 

solved numerically. 

The coefficient of entrainment a. was assumed to be constant. 

Gross behavior of the plume was determined by such integral technique . 

The technique has been adopted by many later inve stigators in solving 

jet and plume problems. The present investigation is also bas ed upon 
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such technique in solving inore general buoyant jet problems (see 

Chapters IV and V). The basic assumptions are summarized in 

Chapter Ill. 

II-D . P roblem of Vertical Buoyant Jets 

If the flow is generated fro1n a continuous source not only of 

buoyancy but also of .. initial momentum, then it is called a "buoyant 

jet" (or forced plume). The simple jet and simple plume are thus 

the. two limiting cases of buoyant jets. In a homogeneous envi ronment 

the vertical momentum flux will increas e with the distance of travel 

because of the action of buoyancy forces. 

Morton ( 22) analyzed the problem using the same technique 

mentioned in Section II-C by assuming a constant coefficient of 

e ntrainment. Abraham (1) obtained the jet gro ss behavior by setting 

up a scheme successively approximating the growth rate of th e j e t 

width as to match the limiting conditions of a simple jet and a simple 

plume. Frankel and Cumming (14) made concentration ineasure -

ments in the buoyant jets and thus determined the center-line dilution 

ratios S along the jet axi s . 
0 

Morton constructed the solutions from a virtual source, while 

in practical cases a jet is discharged through a finite size opening. 

A convenient pa r ameter ,of the problem is the jet Froude numb e r F 

defined as: 
u 

F = ___ o __ _ ( 11) 
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where u is 
0 

the initial jet discharge velocity , 

Pi is the initial jet discharge density , 

Pa is the ambient density, 

Di s the initial diameter of the jet. 

In order to compare Morton's typ e of anal ysis with A brahan1 's, 

ir .. tegra l solutions were carried out by the writer for v e rtical buoyant 

jets, following exactly the same approach of Fan and Brooks (1 2, see 

Appendix B - 2). Fig. 5 shows the volumetric dilution ratio S (i. e . 
0 

the inverse of the concentration of original jet fluid in the mixture) 

as a function of the ratio of the height of rise y' to the initial 

diame ter D for several values of F . Also shown are theor e tical 

curves by Abraham, and experimental curves by Frankel and 

Cumming , as previously presented by Fan and Brooks (11) . 

In a stably stratified environment a buoyant jet , like a plume , 

will not rise indefinitely. Morton (22) analyzed the problem of a 

vertical axisymmetrical jet in a linearly density-stra tified ambient 

fluid. The corresponding two-dimensional case was solved by Brooks 

and Koh (8) , and the results were applied to pr edict b ehavior of jets 

of se'\vage e ffluent from a diffuser into a density- stratified ocean . 

II-E. Proble m of Inclined or Horizonta l Buoyant Jets 

In many practical problems a buoyant jet is not discharged 

vertically. For example, in ocean disposal the common practice 

is to discharge sewage out horizontally , or sometimes in an inclined 

direction. Such i nclined buoyant j ets will take a curved path due t o 

combine d effects of gravity and initial horizontal momentum. Thus 

the trajectory of the jet becomes part of the solution to be determined . 
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Rawn , Bowerman and Brooks (27) obtained the variation of 

center - line d ilution after the jet has r eached the free surface as a 

function of i nitia l Frou de number F and verti cal distance ratio y' /D . 

Bosanquet , Horn and Thring (6) dete rinined the trajectories by 

explicitly using the entrainment relation of an ordinary momentum 

jet. Abraham (1, 2) obtained solutions covering jet gross behavior 

by specifying the rate of growth of jets as functions of local angle of 

inclination . However , his study did not include inclined jets of 

arbitrary initial angle of discharge. Frankel and Cumming ( 14) made 

measurement s of center -line concentration for jets of various degrees 

of inclination. B oth results of Abraham, and Frankel and Cum1ning 

were discussed by Fan and Brook s ( 1 2 , 13, see Appendix B) . Fan 

and Brooks (12) also carried out .a Morton type of analysis by assum

ing a constant coefficient of entrainment. All these result s for a 

horizontal buoyant jet are compared as shown in Fig . 6 along with 

analytical and experimental results by C ederwall ( 10) . The experi 

menta l res ults of Danish Isotope Center were based on those c i ted 

by Cederwall. Both Abraham ' s and Cederwall ' s analytical results 

collapsed into single curves by choosing dimensionless parameters 

as shown in the same figure. Fan and Brooks ' s results seemed to 

agree with the experimental data better , but their curves do not 

collapse as in the o ther analyses . 

All these i nvesti gations were limi t ed to buoyant jets in unifonn 

environments . 
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II- F . On th e Coefficient of Entrainn1ent 

A crucial probl en1 in determining buoyant jet behavior by the 

inte gral technique is to specify the rate of entrainment . Morton et al. 

(23) first proposed an entr ainment inechanis1n repres ented by eq . (4) . 

T hey assumed a constant coefficient of entrainment a in the ir analysis . 

For a simple jet, the coefficient ex. is constant and equal to 0. 05 7 

according to Albertson et al!s (5) results . For a sirn.ple p l ume , the 

coefficient is also a constant but equal to a different value of 0 . 082 

bas ed upon Rouse etal.'s (30) results. Therefore , the coefficient of 

entrainment cannot be a universal constant. The difference in these 

two values l eads to an i1nportant question whether the coefficient can 

b e assumed constant in analyzing buoyant jet proble1ns. 

Abraham ( 1 , 2 , 3) argued that such an assumption cannot hold 

since a buoyant jet should behave more like a momentum j e t near the 

source and like a plume at large distances. He bypassed the . continuity 

relation and solved the problems by explicitly assuming the rate of 

growth relations so as to match both limiting cases of a simple jet 

and a simple plume . Such relations were arbitrary in the inter

mediate range and complicated in application to rn.ore general 

problems. The results obtained showed little difference from those 

by assuming a constant a value of 0. 082 as shown i.n Figs . 5 and 6 . 

In fact, as shown in Fig . 6, the experimental da ta seem to agree with 

Fan and Brooks 1 s ( 12) analysis better than Abraham 1 s . 
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At present there is no direct determination on the rate of 

entrainn1.ent into a buoyant jet. The existing experimental results 

seem to justify the assumption of a constant entrainment coefficient. 

It is probably a reasonable approximation and consistent with 

numerous other assumptions made throughout the analysis (see 

Chapter III). However, the choice of the value of a is important. 

For a simple j e t an a value of O. 057 must be used; but for a simple 

plume or a buoyant jet a value of 0. 082 is adequate. The numerical 

value of a depends also on the shape of velocity and buoyancy profiles 

assumed. For example, if a top-hat profile is assumed, a factor of 

h must be multiplied to the above values of a as pointed out by 

Morton et al. 

A similar assumption was found to hold in Lee and Emmons's (20) 

study of two-dimensional buoyant jets. Their analysis using a constant 

coefficient of entrainment bas e d upon Rouse et al~s results agreed 

well with their experimental data. 

In a stratified e nvironment, the assumption of a constant co

efficien t of entrainment is a further approximation. Grigg and Stewart 

(16), by observ ing the mixing and depth of penetration of cylinders of 

fluid injecte d into both uniform and weakly density-stratified environ

m e nts, found that the smaller scale motions such as lateral spr ead 

of the puff w ere little a ffe cte d by the ambient stratification. The 

effect of density stratification was almost entirely upon the large 

scale motion such as the depth of penetration. Thus the use of an 
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entrainment coefficient for a buoyant jet in a density-stratified 

environ1nent is reasonable. But the analysis based on such an 

assumption should be verified experimentally. 

II-G. Problem of Jets in Streams 

The solution of the problem of an ordinary momentum jet in a 

coflowing uniform stream is a simple extension of the solution of a 

simple jet in a stagnant ambient fluid. Morton (21) analyzed the 

problem of buoyant jets in uniform coflowing streams using the 

integral technique assuming a constant coefficient of entrainment. 

The most general problem of a buoyant jet in a uniform stream 

will involve three vector quantities; namely, initial momentum flux, 

gravity,and the ambient current. It is thus very complicated. There-

fore, as a first step, a special case where the jet discharging at a 

right angle into a uniform stream is investigated. 

The trajectory of a jet into a cross stream will bend over 

toward the downstream direction due to the combined effects of the 

entrainment of horizontal momentum and the presence of pressure 

field induced by the interaction of the jet and the oncoming stream. 

Jordinson (17) measured total head distributions within jets 

into cross streams of different velocity ratios 4, 6 and 8. Here the 

velocity ratio k is defined as the ratio between the initial jet discharge 

velocity U and the oncoming stream velocity U . Cordier ( 15), con-
o a 

ducting experiments in a water tunnel, measured total and static 

head distributions for velocity ratios 4, 6 and 8. Trajectories and 
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decay of n1aximurn velocity were dcterrn.ined for these velocity ratios . 

The decay of velocity was found to be rnuch faster than in the jet in a 

stagnant fluid. Keffer and Baines ( 18) carried out experirn.ents 

in a wind tunnel using hot wire technique to n1easure the vel ocity 

distribution as well as some turbulence characteristics for the cases 

of velocity ratios of 2, 4, 6, 8 and 10. Th e inean velocity distribution 

in the lateral d irection was found to be similar if the proper length 

scale was chosen. The jet flows were found to displa·y similarity along 

the natural system of axes. Trajectories of these cases were obtained 

as well as the decay of maxinmm velocity. 

All these measurements were conducted quite close to the 

orifice because of the rapid decay of the velocity excess . Method s 

had been devised to eliminate the effect of the boundary layer. One 

- important characteristic of such flows that was observed in all these 

studies was the horse-shoe shaped distribution of velocity at ·a 

cross section. Keffer and Baines analyzed the problem by the integral 

type approach assuming an entrainment mechanism based upon the 

scalar difference of local maximum velocity and the free stream 

velocity. The coefficient of entrainment thus defined was found to b e 

variable and grew with distance of travel from their experimental 

results. 

Some other investigations with specific interest i n trajectories 

of the j et were made by Callaghan and Ruggeri (9) and sonJ.e Russian 

studies cited by Abramovich (4). Some empirical relations were 

derived either for the depth of penetration or trajectory including the 
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efiect of initia l density difference. Callagha n and Ruggeri performed 

their experiments in a rather narrow wind tunnel with a width of eight 

diameters or less. Viezel and Mostinskii (35) obtained analytical 

expressions for the jet trajectories by assurning that the j e t was b ent 

over entirely due to the effect of forces acting on the j e t as if it were 

an airfoil. But their values for the drag coeffici ents had to be larger 

than those for a solid body for the trajectories to fit the experin1ental 

results. 

Priestley ( 26) presented so1ne inethods in pr edicting the 

trajectories of smoke plumes in winds. He assu1ned that the plume 

- rose vertically and was then sheared over by the horizontal wind. 

The height of rise was found to follow the 3 /4th power of horizontal 

distance far from the source. Csanady (11) studied the behavior of 

a smoke plume at large distance where the plume, as he suggested, 

should be similar to a line thermal. Perturbation technique was us ed 

to analyze the laminar cas e which he suggested to be analogus to the 

turbulent case if the correct. rate of growth of the cloud was assessed. 

A vor t ex pair structure was found from the analysis with a tempera

ture excess of 28% at the centers of the vortices in comparison with 

the t emperatur e at the center of the plume . Turner (33) analyzed 

the b ehavior of a buoyant vortex pair and found that the rate of 

spreading of the pair was exponential with the height or linearly with 

the distance downwind. He also studied the case in a linearly 

stratified e nvironment. 
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II-H. Summary and Scope of Present Investigation 

The first part of the present study is intended to analyze the 

gross behavior of an inclined buoyant jet in a stagnant, stratified 

environment with linear density gradient. Such study will be an 

extension of the existing knowledge on buoyant jets and should be 

useful in many practical problems. Experimental studies were 

carried out in a tank to confirm the analysis. 

The second part of this study is concerned with a vertical 

buoyant jet in a horizontal current, analyzed by the integral approach 

to predict gross behavior. Experimental studies were carried out 

to verify the analysis and provide numerical constants involved in the 

analysis. Effects of ambient turbulence and different angles of dis

charge are not included in the investigation. 
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CHAPTER III 

FLOW CONFIGURATIONS AND BASIC ASSUMPTIONS 

In this chapter, the assumptions involved in the analyses are 

summarized. The general assumptions common to both classes of 

problems are presented first . The next two sections give the flow 

configurations and specific assumptions for each of the two types of 

problems, namely (1) an inclined buoyant jet in a stagnant, stratified 

environment with linear density gradients, and (2) a vertical buoyant 

jet in a uniform cross stream. 

III-A. General Assumptions 

The general assumptions underlying the analyses made in this 

investigation are listed as follows: 

1. The fluids are incompressible. 

2. Variations of fluid density throughout the flow field are 

small compared with the reference density chosen. The variation 

of density can be neglected in considering inertial terms but it 

must be included in gravity terms . Since the variation in density 

is assumed sina.11, this leads to the approximation that the conser

vation of mass flux can be replaced by the conservation of volume 

flux. This is commonly called the Boussinesq assumption. 

3. Within the range of variation the density of the fluid is 

assumed to be a linear function of either salt concentration or heat 

content above the reference level. 
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4. Flow is fully turbulent. Molecular transports can be 

neglected in comparison with turbulent transports. There is no 

Reynolds number dependence. 

5. Longitudinal turbulent transports are small compared with 

longitudinal convective transports. 

6. Curvature of the trajectory of the jet is small. In other 

words, the ratio of local characteristic length and the radius of 

curvature is small. The effect of curvature will be neglected. 

7. The velocity profiles are similar at all cross sections 

normal to the jet trajectory. Similarity is also presumed for pro-

files of buoyancy and concentration of any tracer. The specific 

forms of the profiles are given in the next two sections. Thus, the 

analyses apply only to the zone of established flow where all the 

profiles are fully developed. However, for practical applications, 

the initial conditions must be adjusted to take account of the zone of 

flow establishment, as discussed later in Chapters IV and VI. 

III-B. An Inclin e d Round Buoyant Jet in a Stagnant Environment 
with Linear D e nsity Stratification 

Fig. 7 shows a round buoyant jet issuing from the origin at an 

angle of inclination 8 with the horizontal. The axis of the jet is 
0 

taken as a parametric coordinate axis s. The angle between the s-

axis and the horizontal is denoted as 8. The radial distance to the 

s -axis at a normal cross section is chosen to be the r-coordinate. The 

angular coordinate cp is denoted as shown in Fig. 7. 
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u';' and p':' are respectively local mean velocity and density 

which are in general functions of r, sand cp, while u and par e 

characteristic velocity and density at the s -axis and are functions 

only of s. The corresponding ambient density values are similarly 

denoted as p >:< and p . a a 

The jet axis is first deflected upwards because of the increase 

of vertical momentum flux due to the action of buoyancy force. Be-

cause of the turbulent mixing the jet entrains the denser ambient fluid 

and grows heavier with reduction of the driving buoyancy force. Since 

the density of the ambient fluid is decreasing with height, the jet will 

eventually become as heavy as, and then heavier than, the ambient 

fluid at the same height. The buoyancy force thus reverses its 

direction and in the end will stop the rising of the jet at a terminal 

point (xt' yt) where the vertical momentum flux vanishes. The 

trajectory of the jet is therefore in general an S-shaped curve. Afte r 

reaching the terminal point the horizontal momentum flux will ke e p 

the jet moving in the x-direction. But the flow cannot maintain the 

characteristics of a turbulent jet soon after reaching the terminal 

level and collapses in the vertical direction because of the suppress ion 

of vertical motion imposed by the density stratification. Th e analysis 

will not cover that part. 

Specific assumptions related to the analysis are listed as 

follows: 

1. The entrainment relation is given by the equation: 

dQ/ds = 2'11"aub ( 12) 
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where a. is a constant coefficient of entrainment, b is the character-

istic length defined in eq. {13). 

2. Velocity profiles are assumed to be Gaussian, with no 

dependence on cp -coordinate: 

-r2/b2 
u >:< { s , r , cp ) = u ( s ) e { 13) 

where b = b{s) is a characteristic length defined by the velocity profile. 

n b{=2cr) is commonly defined to be the nominal half width of the jet. 

3. Profiles of density deficiency with respect to the ambient 

density are assumed to be Gaussian, with no dependence on cp: 

Pa~:'{s,r,cp) - p>:•{s,r,cp) p {s) - p(s) 
a =------ -r2 I {;\.b)2 

e 

where A. b is the characteristic length of the profiles. A. 2 is the 

turbulent Schmidt number and is assumed to be a constant. Such 

profiles can also be regarded as buoyancy profiles. 

( 14) . 

4 . Profiles of a certain tracer concentration are also similar 

and assumed to be Gaussian: 

-r2 I (A.b) 2 
c>:•(r,s,cp) = c{s) e 

5 . Pressure is hydrostatic throughout the flow field. 

( 15) 

The analysis will not cover the zone of the flow establishment . 

The results by Albertson et al (5) for this region will b e adopted in 

application to practical problems as indicated in Section IV-E. 
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III-C. A Round Buoyant Jet in a Uniform Cross Stream of 
Homogeneous D e nsity 

Fig. 8 shows a round buoyant jet discharging at a velocity U 
0 

into a uniform cross stream of velocity U . The densities of the dis
a 

charged fluid and the ambient fluid are respectively p 1 and Pa. The 

flow becomes fully developed into horse-shoe shaped profiles at a 

short distance s ' from the nozzle. The origin 0 is taken at the 
e 

beginning of the zone of established flow. Again the locus of maximum 

velocity points on the plane of symmetry is ta~en to be the jet 

trajectory and denoted as s -axis. e is the angle of inclination of the 

trajectory with respect to the _horizontal x-axis. 

The trajectory of the jet bends over toward the downstream 

direction due to two effects. First is the low pressure or wake like 

r e gion established behind the j e t. This effect is especially important 

when the jet trajectory is nearly normal to the oncoming stream. The 

second factor is the entrainment of ambient horizontal momentum a s 

the jet entrains the fluid of the cross str eam. These two factors also 

cause th e profiles of the veloc ity to d e form into horse-shoe shapes. 

But the j e t w ill continue to rise due to both initial vertical momentum 

flux and buoyancy flux p o ss e ss e d by the jet. 

By dimensional a nalysis, the flow is not only char acterized by 

the d ensimetric jet Froude numbe r F define d by eq. (11) ,but also by 

a ve loc ity ratio which repres e nts the relative strength of the jet to 

the cr o ss stream and is d e fine d as: 

k = U /U o a ( 16) 
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The ordinary momentum jet is then a li1niting case when k is infinity. 

For k less than 4 the jet was found to have its lower edge attached to 

the boundary. This case will not be covered in the present study . 

Specific assumptions adopted in the later analysis are listed 

as follows. 

1. The entrainment relation for a jet in a cross stream is 

assumed to be represented by the equation: 

( 1 7) 

where b is again a characteristic length defined by the assumed 

velocity profile by eq . ( 18). j U j - U a\ is the magnitude of the vector 

difference of the two velocities. a. is the coefficient of e ntrainment 

for the jet in a cross stream. It is assumed to be constant in the 

analysis. 

2. Velocity profiles are assumed to be si1nilar and Gaussian 

above the component of the ambient velocity u cos e : 
a 

2/b2 = u cos e + u(s) e -r 
a ( 18) 

where b is the local characte ristic l e ngth. This assumption is a 

gross simplification of the actual velocity profiles. A m ore realistic 

shape of the profiles can be used based upon exp erimental measur e -

ments, but i n view of the nature of othe r as s umptions involved in the 

analysis it s e ems to b e unnecessary and will make the calculation 

much mor e complicated. 



-34-

3. Buoyancy profiles are also Gaussian: 

p -p ':' (s , r, cp) 
a 

-r2/b2 
e 

Her e the turbulent Schmidt nun1ber A.'l. is taken to be unity. 

( 19) 

4. Concentration profiles of a certain tracer are Gaussian: 

c':' (s, r, cp ) 
-r2/b2 

= c (s) e ( 20) 

5. The effect of the presence of the pressure field can be 

lumped into a gross drag term proportional to the square of the 

velocity component of the oncoming stream normal to the jet axis. 

The drag coefficient is assumed to be a constant. 

The analysis based upon these assumptions will not be as 

reliable as the analysis for the problem of a buoyant jet in a stagnant , 

s tratified environment. But nevertheless these assumptions provide 

a quite reasonable description of the flow while on the other hand 

they pave the way for a simple formulation of the problem. The 

analysis and experimental studies are presented in Chapters VI 

and VII. 
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CHAPTER IV 

.THEORETICAL ANALYSIS FOR A ROUND BUOYANT JET 

IN A STAGNANT ENVIRONMENT WITH 

LINEAR DENSITY STRATIFICATION 

In this chapter theoretical solutions are obtained for an 

inclined round buoyant jet in a stagnant, density-stratified environ-

ment. The present study extends the Morton type analysis to cover 

the effect of the initial angle of discharge. 

Formulation of the problem is presented first based upon the 

assumptions listed in the previous chapter. Equations are norrnalized 

and expressed in dimensionless parameters. Numerical solutions 

are presented for certain specific cases to illustrate the effects of 

various parameters . Section IV-E gives relations important for 

practical applications . Limitations of the analysis are discussed in 

Section VIII-A. 

IV-A. Formulation of the Problem 

1. Conservation equations 

The equation of continuity, based upon the assumed entrain-

ment mechanism and a small variation of density, can be expressed as : 

d 
dS J~ co j 2rr 

u':'r drd cp = 
0 0 

2rr a.bu (21) 

The left-hand side can be integrated after substituting u .':' from eq. (13). 
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5!._(u b 2 ) = 2a. u b 
ds 

(continuity) ( 22) 

Since the pr e s sur e is assumed to be hydros ta tic and there is 

no othe r force acting in the horizontal direction, the x-mornentum 

flu.x should be cons e rved: 

d~ J00J2
rr p>:'u':' (u ':' cose)r drdcp = 0 

0 0 

After substituting u':'from eq. (13): 

(23) 

d u 2 b 2 
crs(-2-cos e) = 0 (x-momentum) (24) 

In the vertical direction there is a buoyancy force acting on 

the jet; therefore it is equal to the rate of change of y-momentum 

flux: 

Simplifying by using both eqs. ( 13) and (14), eq. (25) becomes: 

d u 2 b 2 . 
crs(-2- sin 6) (y-momentum) 

The heat content or the amount of shortage of salt released 

(25) 

{26) 

fro1n the origin must be conserved with r e spect to a chosen r eference 

level. By the assumption of small variation of density, this is 

directly equivalent to the conservation of density deficiency about the 
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refer ence density p • The relation can be expres sed as: 
0 

,. co ·' 27T .• 27T 
d~ j j u ':' (p

0 
-p':') rd rd cp = a,u b j (p

0 
-p'~ (s, b, cp )) d cp (27) 

0 0 0 

For linear ambient density gradient the relation can be simplified to: 

d r: bz ( )0 _ 1 +A. 
2 

bz -lu p -p - --
ds a ;.._2 

dp 
a 

u-
ds 

(density deficiency) (28) 

The relation of continuity for a certain tracer substance present 

in source flow only is: 

d Seo S 27T - c>:'u>:' rdrd CO = 0 
ds · 

0 0 

(29) 

by introducing eq . ( 15) it can be written as: 

(3 0) 

(continuity of tracer) 

2 . Geom.etric relations 

To determine the jet trajectory the following geometric e qua-

tions nrnst be solved simultaneously with the previous set of equations: 

dx e ds = cos (geometry) (31) 

and, 

~ = sin e ds (g eometry) (3 2) 
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Therefore, the problem h~s seven unknowns, namely, 

u, b, p -p, e. c, x and y to be solved from seven equations, i.e.' 
a 

eqs. (22), (24), (26), (28), (30), (31) and (32). 

3. Initial conditions 

The initial conditions given at the origin for this system of 

ordinary differential equations are: 

u(O) = U, b(O) = b, p(O) =Pi• 9(0) = 8
0

, 
0 0 

(33) 
c(O) = c

0
, x = 0 and y = 0 at s = 0 

Eqs. (24) and ( 30) can be integrated immediately. The equation 

of x-momentum is: 

u2b2 
-2- cos e = const. (x - momentum) (34) 

The equation of tracer concentration is simply: 

cub2 = const. = c U b 2 
0 0 0 (35) 

which is directly related to the solutions of u and b. Thus this equation 

will not be carried through the following calculation . 

IV-B. Normalized Equations and Dimensionless Parameters 

In order to transform the system of equations into a simple 

normalized form, dimensionless parameters are defined as follows: 
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Volume flux para1neter: µ = (36) 

1v1omentum flux parameters: 

m = { G/ [ ( 1 H.2 )F 
0

2 J } b 
4

u 
4 

I 4 (in s-direction) 

h = m cos 2 e 

v = m sin2 e 

Buoyancy flux parame ter: 

Coordinates: 

s; 

x; 

y; 

a dpa 
where G = -->':L. -- and 

Po dy 

less. 

F 
0 

(in x-direction) (3 7) 

(in y-dir ection) 

(3 8) 

(39) 

are not dimension-

Equations (22) , (24), (26), (28 ), (31) and (3 2) then become: 

dµ/dC 
1/4 

= m (40) 

h = h = const. (41) 0 

dv/dC = !3µ(v/m)l/2 (42) 

dp/dC = -µ(v /m) 
1/2 

(43) 

cty/<lC = (h/m) 1I2 
(4 4 ) 

ds/<lC = (v /m) 1I2 (45) 
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The corresponding initial conditions ( 33) are: 

µ (0) = µ , m(O) = m , 
0 0 

8 = 8 o' 13 = 1 

Tl = 0 and i; = 0 at <; = 0 (46) 

The solutions to the system of differential equations cannot be obtained 

in closed analytical form. Thus numerical integrations were carried 

out. 

IV-C. Method of Numerical Solution 

The numerical solutions were obtained by direct step-by-step 

integration on an IBM 7094 digital computer using a subroutine 

"DEQ/DIFFERENTIAL EQUATION SOLVER" at Booth Computing 

Center of California Institute of Technology. The subroutine was 

based upon Runge-Kutta-Gill method with automatic control of 

truncation error (CIT programmer's manual pp. 128-34). Integration 

step size was chosen so that four significant figures could be obtained. 

There are three relevant parameters for the problem, namely 

µ
0

, m and 8 . For each combination of these parameters a computer 
0 0 

run was made . The integration stopped at the terminal point of 

the jet. A substantial range of initial conditions was covered by the 

numerical computation. Only a portion will be shown in this report. 

More complete information useful for practical design purposes will 

be provided in a future report. 
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IV-D. Solutions of Gross Behavior of Jets 

Fig. 9 shows the variations of gross jet characteristics v, 13 

· andµ along the {;:-coordinate for the case m = O. 2, µ = 0 and 
0 0 

8 = O. The vertical momentum flux parameter v first increases with 
0 

C and reaches its maximum at the point where 13 changes sign and then 

d e creases under negative buoyancy and finally vanishes at the terminal 

point Ct· The buoyancy flux parameter 13 decreases monotonically 

from unity to a minimum at Ct• The volume flux parameter µincreases 

with C and reaches µt at Ct• 

The effect of initial angle of discharge e on the jet trajectory 
0 

is demonstrated in Fig. 10. Form = O. 2 andµ = 0, trajectories 
0 0 

are obtained for different 9
0 

values. The terminal height of rise st 

increases with increasing e • 
0 

The variation of the terminal height of rise St for the range 

µ = 0 to 0. 01 is shown in Fig. 11. The curve for m = 2. 0 shows 
0 0 

a faster rate of decrease in st as the angle eo decreases than the 

cases for smaller m values. For a simple plume where m 
0 0 

vanishes the height is independent of the initial angle of discharge. 

Fig. 12 shows the variation of the terminal volume flux parameter µt 

over the same range of initial conditions. A substantial increase in 

µt can be achieved by decreasing the 8 at large m values. Both 
o · o 

Figs. 11 and 12 demonstrate that the variation of the terminal 

quantities st and µtare almost independent of the initial volume flux 

parameter µ in the range to O. 01. Since the dilution ratio S is 
0 
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Fig . 9. Variation of volume flux parameter µ, buoyancy 
flux parameter f3 and vertical momentum flux 
parameter v along C -coordinate for a horizontal 
buoyant jet with µ = 0 and m = O. 2. 
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simply the ratio of the terminal and initial volume flux para mete rs, 

an increase in the terminal dilution ratio can b e obtained by 

decreasing µ . 
0 

Numerical solutions for horizontal buoyant jets were carried 

out covering a wide range of initial conditions. The variations of 

the S t and µt value s are shown in Figs. 13 and 14. For la rge m
0

, 

the terminal quantities seem to be independent of the µ whe n µ is 
0 0 

small. On the other hand,for large µ
0

, the quantities St and µt tend 

to be independent of the m when m is small. 
0 0 

IV-E. Application to Practical Problems 

For application to practical problems where the jet is is s u e d 

from a nozzle or orifice, it is necessary to consider the zone of 

flow establishment. Assuming that Albertson et al!s (5) result 

applies also for the zone of flow establishment of an incline d buoyant 

jet, the length of the zone is taken to be 6. 2D where Dis the initial 

jet diameter as shown in Fig. 15. The initial top-hat profile s at O' 

develop into Gaussian distributions given by eqs. (13), (14) and (15 ) 

at the end of the zone . 

The initial value b can be obtained by applying the mome ntum 
0 

relation between cross sections at 0 and O' assuming that the buoyancy 

force is negligible in such a short region: 

!.na U a = J u•:c<I dA 
4 0 A ato 

= (4 7) 



6.0 0 l'.>37 

1.0 

.... 
~ .., 

-I ::: 
~10 
0 
a.. 
>< 
::> 
r;: 
E 
-::> -c 
C) • 

E 
0 

0 
e 

-2 10 

0.79 

1.19 

1.58 

-
1.96 

,2.2 ... 

,_____ 

I 
€~· 0 .6 

I 
0 .8 

I 

L 
1l2 

I 
1.4 

I 

I 
1.6 

I 
1.8 

- 2·.10 -

I 
2.2 

·--- ·- >--

2,4 

----- -- _g.§__ -

2.56 

-;: 
10 

...... 2.5 9 GXIO 

Fig; 13. 

- 46 -

I 

u.L 0 .79 0.79 
~ 

· 1 

. -·-
0.72 

Al.17 I.IS 
----+-._ 

.1.13 --... .. ...1 o.97 

I ----.......... .... 
........ 

"' -~: 1\1 
1.58 1.57 1.56 \. 1.16 

I -r---~·1\ \ 

- - \ \ 
- ---~- -........... I\ l.9S - -... .......... l.7S 1.27 

~92' ......... , \ I I --..... ------- ""' "\ \ \ 

11 
r--. 

" ~4\ \ \ 2.23 2.~ 2..IG'- I I .32 

'i"'-.. 

\ '~, \ \ \ I 

I 
- ,___ 

r---_ -.... 
"'-

' \ \ \ 
2.~ -" \ \ I 2 .43 2.31 2.0 I .34 

~ 
\ . \ I 

\ \ I 

I\ \ I I - --.... -r--. 
2.37\ 

I I ! 2 .53 2.5G \ 12.016 

" \ I 
I\ 

\ 
\ 

2.58 2.57 \ 2 .4 0 

1.0 

JJ-0 , Volume Fluit Porometer 

Variation of terminal height of rise St 
for horizontal buoyant jets (9 = o0

). 
0 



6.0 5_93 
I 

I 
I 

I 
4 .Q.4_ 

1.0 

2.19 
~ 

0 

-:; 
E 
0 
>-

10-1 0 
0.. 

>< 

-= LL. l_RR 

E 
:J 

-::: 
0 

E 
0 
:.: 
0 1.78 

E 

6XI0-4 _
3 10 

I 

I 

I 
I 

I 
! 

I 
I 

i 
I I 

I 

I 

I 

I 

I 
i 
I 

I 

I 
I 

I 

Note : Terminal 

-47-

11-1-1·5.5 I 
5.0 I I I 

I 4.5 
I I I 

I i I 4.0 
~-<J4 I --·--

I 

I 3.5 
I 

i 

I I 
I 

3.0 ! 
I I 

I .2.04 

2.5 I 
I 
I 

I 
2.1 9 I 2.19 

I 2 .0 I 
I 

I 
I ! 

I 

I RQ .L9 0 

I 
' i 
I 

1.8 I 
I 

I I 1.78 L78 

I I 
I 

1.74 .1.731 

I 

1.72 
I 

1.72 . 
I I I 

Diiution Ratio:.µ 11µ0 

I I I 

171 

10-2 

µ 0 , Volume Flux Parameter 

5.93 

i 
I 

I I 

I 

I I 
I I -

4.0 4 -------1 . . _;_I .15 

: • 3.07 I 

i I 
I 

I I 
I I 

2.00 .2.Sb 

I 

r--L 2.96 

I ! I 
I : 

j ' I 1----1'--
? IQ .2 21 2.41 

"'I 
I R9 .L90~ 2.14 

\ 
\ 

\ --.... 
1.78 ~ 1.00 -!. 

\I \ I 
I 
I 

2.04 

I I I 
I 

I ! ' 
L74 . 1.7• I I j 

2 .00 

I 
1.72 J.n l 1.99 

i I 

1.72 

1.0 

Fig. 14. Varia tion of terminal volume flux parameter µt for 
horizontal buoyant jets (9 =0°). 

0 



thus, 

b 
0 

-48-

D =--

The trace concentration c at 0, assuming that the concentration 
0 

(48) 

at 0 1 is unity, can be obtained by considering the continuity relation 

for the tracer: 

thus, 

~D2 U 
4 0 

= J u>:'c*dA 
Aat 0 

If a densimetric jet Froude number F is defined as: 

and a stratification parameter T as: 

T = 

(49) 

(50) 

(51) 

(52) 

it can be shown that the problem of an inclined buoyant jet in a linearly 

stratified environment is characterized by three parameters, namely 

F, T and 8 • The relationships between the set of parameters F, 
0 

T and the set m , µ are: 
0 0 
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(l+A.2)F2 = .....__,,.__., __ 

4A.
4

T 

(l+A.2) m 1/4 
T = o 

23 I 2 , 2 2 
a.11. µo 

(53) 

(54) 

(55) 

(56) 

The set of parameters m and µ is adopted in the analysis for 
0 0 

mathematical simplicity,and because the solutions found are indepGn-

dent of a.and A. values chosen. But in practical appli~ation it is 

more convenient to use F and T as parameters. 

The dilution ratio S is defined to be corresponding to the concen-

tration c at 0: 
0 

c 
S=~ =..!:!:._ 

c 

The dilution ratio S corresponding to the concentration at 0 1 is: 
0 

s 2A. 2 c 0 = 2A. 2 J:!:.... 
0 = l+A.2 c l+A.2 µ 

0 

Both Sand S refer to dilution ratios along the jet axis. 
0 

(5 7) 

(5 8) 
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The suggested values for the coefficient of entrainment a. and the 

turbulent spreading ratio ).._ are respectively O. 082 and 1. 16 based 

upon Rouse et al~s (30) data for a simple plume. The problem on the 

coefficient of entrainment has been discussed in detail in Section II-F. 

For application to jets in stratified environments it is a further 

generalization. However, experimental investigations on jet 

trajectories and nominal half widths presented in the next chapter 

have confirmed such a choice. 
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CHAPTER V 

EXPERIMENTAL STUDY FOR A ROUND BUOYANT JET 

IN A STAGNANT ENVIRONMENT WITH 

LINEAR DENSITY STRATIFICATION 

Experiments were conducted in a laboratory tank to observe 

trajectories of inclined buoyant jets in stagnant environments. In 

this chapter objectives of the experiments are defined first, a detailed 

description of the experimental procedure and apparatus is given next 

in Section V-B, and the experimental results are summarized and 

compared with calculated valu.es in Section V-C. 

discussed in Chapter VIII. 

V-A. Objectives of the Experimental Investigation 

The results are 

The main objective of this experimental study is to test the 

applicability of the theoretical solutions of inclined round buoyant 

jets in stagnant environments with linear density stratification (see 

Chapter IV). Experiments were conducted to observe photographically 

the jet trajectories and nominal half widths ( J2 b) over a range of 

initial conditions. The results were then compared with the values 

obtained by theoretical calculations. 

For a complete experimental check on the theory, it is 

necessary to determine values of the jet velocity and the density. 

Practically however, laboratory experiments on density-stratified 

flows are usually limited in scale and do not allow the time required in 
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measuring time -fluctuating quantities. On the other hand, the jet 

trajectories and nominal half widths can be determined conveniently 

by photographic methods. These two quantities are inter-related 

with other jet characteristics. Thus the comparison of the observed 

and the calculated values of these two quantities is believed to be 

indicative of the applicability of the theoretical solutions. The experi

ments carried out were limited to the determination of these values. 

V-B. Procedure and Apparatus 

The experiments were performed in a laboratory tank filled 

with a density-stratified fluid.. The tank was 226 cm long, 107 cm 

wide and 61 cm deep. It was lined with 1. 8 cm thick plane glass 

plates. The general experimental setup is shown in Fig. 16. 

The variation of density was modeled by using aqueous solutions 

of sodium chloride bas e d upon tables prepared by Owens (25). Tap 

wate r was used as the base fluid. For the runs where concentration 

measurements were made the tap water was filtered before use. The 

temperatures of the fluids were between 20 and 22°C for all experi

ments. The density variation induced by the temperature difference 

was neglected for any one experiment. Food grade 11 999 11 salt produced 

by Morton Salt Company was used in all experiments . 

The density stratification of the tank fluid was achieved by 

filling layer by layer with solutions of different densities. The filling 

· procedure follow ed the method described by Koh (1 9). Fir st, a 

solution of predetermined density was well mixed in an 180 lit e r tank . 



Fig. 16. Ge n e r a l exp e rimenta l s e tup for jets in 

stagnant environments 

I 
Ul 
~ 



-55-

The density of the fluid was checked by a calibrated hydrometer. 

Then the fluid was transferred into the tank gently through a plastic 

tube on a circular platform floating on the water surface. The fluid 

b eing added in this manner, spread out horizontally on top of the 

layers of heavier fluids already in the tank. Each layer was 3 to 5 cm 

thick. The resulting density profiles would not be step-like because 

of molecular diffusion as well as the mixing introduced by the dis-

turbance caused by filling. The density profiles were found to be 

smoothed out before running the experiments. Six different density 

1 dpa 
dy ranged from 7. 6 to 

-5 
50x 10 /cm. 

gradients were obtained; the values of -
Po 

The density stratification in the tank was determined by 

hydrometer measurements of the fluids withdrawn from different 

levels of the tank. The fluids were withdrawn through a 2mm wide 

slit at very small flowrate. For the last two fillings concentration 

m easurements were made to determine the density profiles. The 

technique and apparatus for concentration measurements by conductivity 

probe are described in detail in Section VII-B. The measured density 

profiles were found to be very close to the intended stratification. Two 

of the profiles are shown in Fig. 17. All of the profiles measured 

had layers of homogeneous fluid near the free surfaces . But these 

layers were thin and were avoided by setting the nozzle at a lower 

level. 

All the experiments except one run (Jet No. 16) were made by 

jetting heavier fluids into ambient of lighter fluids. The amount of 
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1 dpa -5 
----cr--=36.5xl0 /cm 

Po y 

(by hydrometer measurement) 

.',0 

10 

(p -l)xl03 gr/ml a 

....... ..... 

For Jet Nos. 28 to 33 

1 dpa -5 
- --- = 9. 5 x 10 I cm 

p dy 
(by0concentration measurement) 

1 2 3 

3 
( p - 1) x l 0 gr I ml a 

4 

Fig. 17. Two measured density profiles 

20 

5 



-57-

salt and labor us ed in mixing w as greatly saved because the volume 

of jet fluid was much smaller than the volume of the receiving fluid. 

It was also beneficial to the concentration measurements as discussed 

in Section VII-B. The positive y-axis was then pointing downwards 

in these experiments . 

Different nozzle types and sizes were used in the experiments. 

Fig. 18 shows the nozzles used except No. E and No. F which were 

used in experiments of jets in cross currents. For those straight 

tube nozzles the values of D were taken simply to be the diameters 

of the tubes. For sharp-edged orifices the D values were taken to be 

O. 8D
0 

(where the D
0

's were the diameters of the openings) to allow 

for jet contraction. 

Th e j e t fluid was stored in an 180 liter tank above the receiving 

tank. The nozzle was connected to the reservoir as shown in Fig. 19. 

A Fischer-Porter Tri-Flat Tube Flowrator meter was employed to 

measure the flow rate. The flowmeter was calibrated for fluids of 

different density used in the experiments. The error was estimated 

to b e l e ss than ±2%. 

The j e t flows were e stablished by gravity. Because of the 

small flow rate (20 cc per second or less in most cases) and the 

short durations of the runs (about 5 minutes or less) the rates of flow 

were a pprox imate ly constant even though no constant head device was 

p rovided. Checking of the flowm eter readings during each run 

reveale d very little change. The corresponding change in flow rate 

was less than 3%. 
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To trace the jet trajectories photographically, the jet fluids 

were mixed with concentrated blue vegetable dye (Blue A-5-G-3) 

produced by Krieger Color and Chemical Company. The dye concen

tration used was from 30 to 50 ppm. The effect of the dye concentra

tion on the density of the injected fluid was not detectable. 

A 4 in. x 5 in. Speed Graphic camera was positioned in front 

of the tank. Lighting was provided from the rear of the tank. Royal 

Pan black and white films (ASA400) were used to record the dyed 

trajectories of the jets. The scale was established by taking a photo

graph of a grid board marked with grids at fixed known distances. 

The board was set in the center plane of jet motion. By examining 

the grids from the photograph there was no detectable distortion (less 

than ±1 %) of the image in the region of interest. 

In each run at least two pictures were taken. Three runs (Jet 

Nos. 19, 20 and 21) were made to reproduce the dilution ratio along 

the jet axis of an ordinary momentum jet. The technique is described 

in Section VII-B. Six runs (Jet Nos. 22 to27) were made without 

ambient density stratification to test the trajectories predicted by 

Fan and Brooks (12). 

V-C. Experimental Results 

A total of thirty-three jet experiments were performed as listed 

in Table l. Runs except those with Jet Nos. 19 to 27 were carried out 

in linearly density-stratified environments. Jet Nos. 19, 20 and 21 

were simple jets (F = oo) where concentration measurements were 



Jet 
Number Angle 

ao 
deg. 

I 45 
z 45 
3 0 
4 90 
5 0 
6 Z6.7 
7 90 
8 S·~ . s 
9 -ZS 

10 90 
11 -13 . 6 
12 Z. 8 
13 - 28 . 2 
14 -28. 2 
IS 39. I 
16 0 
17 0 
18 4S 
19 0 
zo 0 
ZI 0 
2Z 0 
23 0 
24 0 
l5 0 
26 0 

I 
27 0 
zo 0 
29 0 
30 0 
3 1 0 
32 0 
33 0 

Table l, Summ.ory o! Experiments on Round Jets in Stagnant Environment• 

Initit'-l Jet Valu e s Ambient Dens ity Jct Jet Stra.t i!ica · 

I Diam- Dis-
etcr charge 

D Qo 
cm cc/sec 

0.69 7. 9 
0.69 23 
0. 69 !7 

· 0.69 29 
o. 22 4.3 
O.Z2 4.3 
o. zz 8. 2 
o.zz 8. 7 
O.Z2 8.9 
o. •16 8.4 
0.16 10. 2 
0 , 46 6.4 
o. ·16 6,4 
0.46 10. z 
0 .16 9. 7 
o. ZS 3. J 
o. ZS 4. 8 
o. 2S 4. 8 
o. 2S --
o. 2S -IZ 
0, ZS -IZ 
o.zs z. 5 
0 , ZS s.o 

I 0 . 2S 10. S 
0 . 2S z. 6 
0, ZS 3.S 
o. 2S 10.6 I 
0.25 z. 6 I 
0, ZS 3. 5 
0.25 10. 6 
o. 2S I. 8 
o. 2S 3. s 
o. 25 S.4 

Rcforence Gradient Reynolds Froude ti on 
Density (I) Number Number Parameter 

Velocity Density 

u P1 Po 

I 
I d pa U D F T 

0 R=-o- Eq. (51) Eq. (5Z) cm / sec gr/ml gr/ml - Po dY' v 

I 10' 5 /cm 
I 

ZI 1. 0087 I. 0004 Z5 I, 500 I 9. I 4 8 
6Z 1. 0087 I. 0004 Z5 4,300 I Z6 48 
·16 1. 0087 l . 0005 Z5 3 ,200 20 4 8 
79 I. 0087 l. 001 2 ZS 5 , 4CO 35 44 

110 I. OZ30 1.0048 50 Z,500 55 160 
109 I. 0230 I. 0036 50 2, ·100 53 170 
IOS I. 0230 I. 0046 50 2,300 S3 160 
11! I. 0230 l. 0038 so Z, SOO S4 170 
114 I. 0230 I. 0046 50 2, 500 57 160 

50 I. 02•10 I. 0070 36.S Z,300 18 JOO 
61 l. 02·10 l. 0059 36.5 2, 800 ZI 107 
38 l. 0240 J. 005Z 36.5 I, 800 13 11 0 
38 I. OZ40 1. 0082 36. 5 I , 800 14 93 
61 I. 0240 I. 0082 36.5 2, 800 23 93 
58 I. 02·10 I . C062 36.5 Z,700 20 106 
64 I. 0010 1.02·1 9 7.6 I , 600 26 I, ZOO 
99 I. 0 I 7S 1. 002! I 29.S 

I 
I, 900 51 210 

99 I. 0 I 7S I. 0021 29. S I, 900 . ~I (2) 210 

-- I. 0030 I. 0030 0 -- n!;n;te (2) --
- 240 J,OOIS I. 00 I S 0 -6, 000 . nhn; te( Z) --
- Z40 l,OOIS I. 0015 0 - 6 , 000 n!unte 

in!" ~ - (3) 
SI I. 0 101 1, 0000 0 I, 300 33 . :n;te(3) 

101 l. 0101 l,0000 0 2, 600 66 ;nf:n;tc(3) 
zos I. 0:01 I. 0000. 0 S,ZOO 130 ;nf;n;t e (3 ) 

S3 I. 118 1. 000 0 1 , 300 10 ;~1mte(3 ) 
73 I. 118 I. 000 0 l,800 13. 6 

Zl4 I. 118 I. 000 0 5 , 300 40 ~~~~~~=(3) 
S3 1. 118 I. 001 9 .5 I, 300 !O s. 000 
73 1. 118 I. CO i 9.5 1, 800 13.6 5 , 000 

Zl4 1. ! IS I. 001 9 . 5 5,300 40 5 , 000 
36 1.0134 I. 0013 9.S 900 zo 510 
72 1.0134 I. 0013 9.S 1,800 40 510 

104 1.0134 I. co !3 9.S Z,700 60 SI O 

Note: 

I) p
0 

!a taken to be the ambient density at the level o! the no~de . 

Z) F = infinity refers to a simple j et 

3) T :. infinity refers to a buoyant jet in a uniform environ ment 

Reference 
!or 

Detailed 
Re sults 

Figure 
Number• 

Z3, Z4a 
24b 
.. 
.. 
.. 
--------
2Z 
ZS a 
Z5b 
----
Z5c 
Z6a 
--

ZI, 26b 

--
31 
31 
Z9a 
30a 
30b 
Z9b 
29c 

28, 30c 
--
--
Z6c 
Z7a 

zo, Z7b 
Z7c 

I 

O' ...... 
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made along the jet axes. Jet Nos. 22 to 27 were horizontal buoyant 

jets in uniform environments (T =co). Three runs (Jet Nos. 9, 13 

and 14) were conducted with negative initial angles. 

1. Experiments in L inearly Density-Stratified Environments 

The exper iments in linearly stratified environments 

covered a range of initial conditions: F varied from 9 to 60 and 

T from 44 to 5, 000. 

Typical photographs of dyed jets are shown in Figs. 20 to 23. 

Fig. 20 shows a horizontal jet with F = 40 and T = 510 (Jet No. 32). 

Fig. 21 shows a jet discharging at 9 = 45° with F = 51 and T = 210 
0 

(Jet No. 18). Fig. 22 shows a vertical jet with F = 18 and T = 100 

(Jet No. 10). Fig. 23 is a set of photographs showing the development 

of a jet in the tank experiment and was used to study the transient 

effect (Section VIII-A). The total elapsed time was about 2 minutes. 

Traces of dyed jet boundaries were obtained directly from the 

negatives by using an enlarger. The calculated jet trajectories and 

nominal half widths ( Jib), obtained based upon a. = O. 082 and A.= 1. 16, 

were superimposed on the traces of experimental jet boundaries as 

shown in Figs. 24 to 27 . They agreed well. For vertical buoyant jets 

(8
0 

= 90°), the observed and calculated values of terminal height of 

rise y~/D are summarized in Table 2 . The calculated values tende d 

to u n cl ··· , ::· s t imate the height of rise when a. is taken as O. 082. Better 

agreement for the terminal height of rise is obtained by using a. = 0, 057 . 

However this needs more experiments to confirm the choice . 



Fig . 20. A horizontal buoyant j et in a stagnant, linearly stratified environment 
(Jet No. 32, F = 40 and .T = 510, Photo No. 7645.4) 

I 

a-. 
VJ 
I 



Fig. 21. 

+ 
An inclined (8 =4 5°) buoyant jet in a stagnant, linearly stratified 
environment (~et No. 18, F = 51 and T = 210, Photo No. 7642. 3) 

I 
O" ..,. 
I 



II 

Fig. 22. A vertical buoyant jet in a stagnant, linearly stratified environm.ent 
(Jet No. 10, F = 18 and T = 100, Photo No. 7660) 
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F=9.I, T=48, 0.=45° (JET NO. I) 

A) 

B) 

C) 

Fig. 2 3 . Deve lopment of a rou nd buoyant jet 
in a linearly stratified environment 

0 
(Jet No . 1, 8 =45 , F= 9.land 
T = 48 , Phota>No. 7661) 
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A) F= 9.1 , T= 48 , 

B) F=26 , T =48 , 

e .. 45° 
0 

e =45° 0 . 

(JET NO.I) 

PHOTO NO. 7661 

r---

(JET N0.2) 

PHOTO NO. 7662 

)<.,.-;.:-.---~----..!------'-'--,---~---
2 3 4 5 6 

LEGEND 

PRED!CTED JEl. TR A JECT0:=:1r.::s ( C! =0.082, A"l .16) 

PREDtc ·1rn f\:0:•1!lNAL JET 80UNDt.RlES 

TRt.CES OF DY ED JET BOUNDARIES 

(Note: inverte d in vertical dir ec tion) 

Fig. 24. Predicted and obs e rve d trajectories and nominal 
boundaries of buoy ant jets in linearly stratifie d 
environm cnts · 
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f 

LEGEND 

-- PREDICTED JET TRAJECTORIES 
la•o.os2, >..· 1.16) 

- -- PREDICTED NOMINAL JET BOUNDARIES 

,....,..,..... TRACES OF DYED JET BOUNDARIES 

{Note: inverte d in vertical 
dir ection} 

C) F•20, Ts:IOG 

1.. 
0 

JST NO. 15 

~$-_L_-_,_I _...._, -
o' o 5o 0 

o' )( ---0 

Fig. 25. Pr edicte d and observed tr a j ector i es and nominal 
boundaries of buoyant j e t s i n line2.r ly stratified 
environments 
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LEGEND . a. •O - PREDICTED JET TRAJECTORloS ( a•0.062, A•LIG) 

- - - PREDICTED NOMINAL JET BOVND:.R1ES 

~ TRACES OF DYED JE7 BOUNDARIES 

200r--,.~-,-~~-,.~~-~~~~~~--'--

IOO -r-r I 
B) F•51, T•210 , e. •45 

i . 

200 

200 

I 
i 

100 

C) f•40, 

T•5000, 

e.·o· 
JETNO. 30 

100 

• o---

Fig. 26. Predicted and observed trajectories and nominal 
boundaries of buoyant jets in linearly stratified 
environments (note : tr aces inverted in the vertical 
direction except for J e t No. 16) 
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200 
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A) F• 20, T•5:0 JET N0.31 

1 ~ 

/ 

:t.. 
0 

----------. 
0 ' 

0 IOO 2 00 

" -o-

B) F•40, T•510 JET N0.32 

t 
y ---0 

C) F•60, T•510 JET NO. 33 

-6--
L EGEND 

- PR:::DJCTED JET TRAJ:'.CTORIZS (a • o . 0~2. A•l.16) 

--- PREDICTED NOMINAl. JET BOUNQt,R IES 

..,,_.. TRACES Of DYED JET BOU1'DARIES (inve rted lil 
vertical direction) 

Fig . 27. Predicte d and observe d tr ajectories and nominal 
b oundaries of horizontal buoyant j e ts in linearly 
stratifie d e n v ironments 
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Table 2. Terminal Heights of Rise yt' /D of Vertical Buoyant Jets 
in Linearly Stratified Environments 

Jet Froude Stratification Terminal Height of Rise y~/D 
No. Number Parameter 

F T Observed Pr e di cted 

a.=0.082 0 . 070 0.057 

4 35 44 45 36 39 41 

7 53 160 81 63 67 74 

10 18 100 43 39 . 42 45 

The· experiments are not . detailed enough to give the sure value 

of a,. The prediction by using a = O. 082 gives a reasonably good 

estimate of the jet trajectories and the half widths, although the results 

are not too sensitive to a. For vertical jets, the value a = O. 057 gave 

better results in estimating the terminal heights of rise. More 

experiments are needed to confirm such choice for vertical jets. 
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2. Experiments i n Uniform Environments 

Six horizontal buoyant j e t runs (Jet Nos. 22 to 27) were 

conducted in uniform environments. A typical photograph of the dyed 

jet with F = 40 (Jet No. 27) is shown in Fig. 28. The traces of jet 

boundarie s were compared with theoretical jet traj e ctories and 

nominal half widths as shown in Figs. 29 and 30. The observed jet 

boundaries matched well with theoretical values by using coefficients 

a.= O. 082 and A. = 1. 16. In Fig. 29, the jet trajectorie s given by 

Abraham's (1) analysis are also shown. His trajectories tended to 

overestimate the horizontal distance of travel. This may be due to an 

overstressing of the non-buoyant behavior of the jets in his rate of 

growth functions. 

Concentration measurements taken on the c e nte r plane of Jet 

No. 22 revealed that the maximum concentration values did occur 

midway between the dyed jet boundaries. The technique of concentra-

tion measurement is described in detail in Section VII-B. 

3. Experiments on Simple Jets 

Three runs (Jet Nos . 19, 20 and 21) w e re made without 

any density difference. The increase in density of the jet fluid due 

to salt concentration was balanced by adding a proper amount of sugar 

to the ambient fluid. Concentration measurements w e re made along 

the jet axes. The results are shown in Fig. 31 and agree well with 

the relation: 

s 
0 

x' = o. 185 D (59) 



Fig. 28 . A horizontal buoyant j e t in a stagnant, uniform 
environment (J et No. 27, F = 40, Photo No. 
7643-5) 
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LEGEND 

PREDICTED TRAJECTORIES (a•0.002, A•l.IGl 

PREDICTED NO:·.UNAL JET BOUNDARIES 

,..,.,._ T RACES OF DYED JET BOUNDARIES 

ABRAHAMS AN ALYSIS Al F•31.6 

Bl F• 10 

Cl F• 14.1 

0 JET AXIS BY CONCENTRATION MEASUREP.:ENTS 

C) F•13 .6 (JET N0.26) 

Fig. 29. Predicted and observed tr a j ectories and nominal 
boundaries of horizonta l buoyant j ets i n uniforn1 
env ironments 
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Fig. 30. 
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1.EGENO 

- PRco:cno JET TRAJECTORIES (0•0.002, "-•L16) 

--- PREDICTE O NOl.<:NAL JET BO~"Q/,~I ES 

~ TRACES OF DYED JET BOUNDARIES 

200 

_ .!. 
0 

(JET NO. 27) 

(PHOTO NO. 7643.5) 

Predicted and obs e rve d trajectorie s and nominal 
b ounda rie s of horizontal buoyant jets in uniform 
envi ronments 
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which can be derived from Albertson et al's (5) results, eq. (1), 

by taking A. = 1. 16, i.e. : 

2A.2 4:>._ 2 Q x' 
S ----1::!:...= -Q =0185 o - l+A.2 µ l + A.2 • o 

0 0 

The deviation of experimental values of S from this relation ranges 
0 

from +3% to -1 o/o. 
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CHAPTER VI 

THEORETICAL ANALYSIS FOR A ROUND BUOYANT JET 11"'\! A 

UNIFORM CROSS STREAM OF HOMOGENEOUS DENSITY 

In this chapter theoretical solutions are obtained for a round 

buoyant jet injected normally into a stream of homogeneous density. 

The problem is formulated based upon the assumptions listed in 

Chapter III. The equations are solved numerically after normalization. 

Solutions are presente d for some specific cases. Thos e solutions 

corresponding to ten experimental cases are given in Section VII-C. 

Limitations of the theoretical solutions are discussed in Section VIII-B . 

VI- A. Formulation of the Problem 

l. Conservation equations 

The basic assumptions are listed in Chapter III. The 

velocity and buoyancy profiles are assumed to be: 

u>:~ (s, r, cp) 

a nd 

-r2/b2 = U cos 8 +u(s) e a 

-r2/b2 
e 

( 18) 

( 19) 

A schematic diagram of a jet in a cross stream is shown in 

Fig. 3 2. The jet boundary is d e fined to be tf2 b from. the jet a.xis. 

The continuity relation, based upon the entrainment mechanism 

represented by eq. (i 7). can be expressed as: 



U0co~U0sin0 

· e ua 

AMBIENT 
VELOCITY 

uo 
,,,,,, ,, 

f 9 

Fx 

·Y \}F 
Fo e 

DRAG FORCE 

Fig . 32. S che matic diagram for the analys i s of a round buoyant jet in a 
c r oss stream· 
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: s j Au ~:'dA = 21T ab \ U j - U al 

= 2Tiab (U 2 sin2 9 +u2
}
1

/
2 

(60) 
a 

The left-hand side of eq. (60), by substituting eq. (18) for u~:<, 

becomes 

2 :s JA(Uacose+ue-r/b
2

}dA 

J2b -r
2
/b2 J 21Tr(Uacose+ue )dr 

0 

which, for simplicity, is approximated by: 

J ,/2b J ro - r
2
;b2 

21T r u a cos e d r + 21T rue d r 
0 0 

d - \1 
= dS (TI b2 (2Ua cos e +u)i 

Thus e q. (60) can be written as, 

:s (b2 (2Ua cos 8 +u)J= 2ab (Ua2 sin2 e +u
2

)
1

/
2 

(continuity) ( 61) 

The momentum e quations can be written in integral forms by 

assuming a gross drag t e rm with a drag coefficient Cd. In the x

direction, the rate of change of momentum flux is equal to the rate of 

entrainment of ambient momentum flux plus the drag force acting on 

the j et : 
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: s p>:'u':<(u* cos e )dA= p 2'lTa, bu ·I u . -U I +FD sin e (62) 
s A a a J a 

where FD is the drag force assumed to be: 

p u 2 sin2 e a a 
=Cd 2 

The left-hand side of eq. (6 2), by substituting eq. ( 18), becomes: 

d J[2b -r2 a 
ds p>:' 2'lTr (Ua cos 9 + ue /b )2 cos 9 dr 

0 

( 63) 

d J./7.b Jco -ra/ba -ra/ba 
,...,p -d . 2'lTrU 2 cos 2 9dr+ 2'lTr(2U cose+ue )ue drcose 
- a s a a 

0 0 

cos e) 

=Pa :s (; b 2 (2Ua cos 9 + u) 2 cos eJ 

By substituting the entrainment eq. (17) and dividing by p 'TT, eq. (62) a 

can be written as: 

d 
ds ( 

ba 
2 (2Ua cos .9 + u) 2 cos 9 J = 2a,bU (U 2 sin2 9 + u 2 )

1
/ 2 

a a 

(x-momentum) (64) 
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In the y-direction, the rate of change of the momentum flux 

is equal to the gravity force acting on the jet cross section less the 

y-component of the drag force: 

~ J p>:<u>:< {u ':' sin 8) dA = J g{p -p':') dA - F cos 6 (65) 
ds A A a D 

Integrating and dividing by p TI, a 

{y-momentum) 

The density deficiency flux, induced by heat content or salt 

(66) 

deficiency, should be conserved since the ambient fluid is homogeneous: 

d I •'•( •'-)d A 0 - u·.- p -p-.· = 
ds a · 

A 
(6 7) 

By substituting eqs . (18) and (19) into eq. (67): 

d .,rlb -r2/b2 -r2/b2 dr 
ds J 2Tir {Ua cos 8 + ue ) {pa-p)e 

0 

2 2 
d Joo -r /b2 -r /b2 

~ds 2Tir{Uacose+ue ){pa-p)e dr 
0 

= 0 
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Then, 

:s (b2 (2Ua cos 8 +u) (pa-p) J = 0 

(density deficiency) (68) 

The flux of any specific tracer of concentration c~:' contained 

in the jet flow should also be conserved, i.e. 

d 
ds 

Integrating by substituting eqs. (18) and (20), 

:s lb2 (2Ua cos 8 +u)cJ= 0 

(continuity of a tracer) 

2. Geometric relations 

(6 9) 

(70) 

The jet trajectories are determined by solving the following 

two equations with the set of equations listed above: 

d 
ds x = cos 8 (geometry) (71) 

and 

d 
ds y = sin 8 (geome try) (72) 

Therefo_re the problem has seven unknowns: u, b, 8, Pa -p, c, 

x and y to be solved from seven simultaneous ordinary differential 

equations (61), (64), (66), (68 ), (70), (71) and (72). 
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3. Initial conditions 

The initial conditions given at the beginning of the zone of 

established flow at 0 are: 

u(O) = u
0

, b(O) = b
0

, p(O) = p
1

, 9(0) = 9
0

, 

c ( 0) = c 
0

, x = 0, and y = 0 at s = 0 

where the initial angle 9 is no longer 90 degrees as stated in 
0 

Section III- C. 

(73) 

Eqs. (68) and (70) can be integrated immediately. The con-

servation of density deficiency is then expressed as: 

b 2 (2U cos 9 + u) (p -p) = canst. (density deficiency) (74) a a 

This e quation, with appropriate initial conditions, may be used to 

eliminate (p -p) in eq. (66). Furthermore, the continuity of the a 

tracer substance is: 

b 2 (2U cos 8 + u) c = canst. 
a 

(continuity of a tracer) (75) 

Therefore both (p -p) and c values can be determined easily from the 
a 

solutions of the term b 2 (2U cos 9 + u). Thus there are only five a 

unknowns remaining in the solution of a system of five simultaneous 

ordinary differential equations. 
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VI-B. Normalized Equations and Dimensionless Parameters 

The set of equations are then normalized by defining dimension-

less parameters as follows, using initial values: 

Volume flux parameter: 

µ = b 2 (2U cos 8 +u) A1-. 2 (2U cos 8 +u )) (76) a /l~o .a o o 

Momentum flux parameters: 

m 
b 2 (2U cos 8 +u} 2 

a 
- b 2 (2U cos 8 +u )2 

o a o o 

h = m cos e 

v = m sin 8 

(s -direction} 

(x-direction) 

(y-direction) 

Velocity ratio: k = (u + U cos 8 )/u = U /U o a o a o a 

Buoyancy parameter: 

Coordinates: 

s: ' 
2a. =b s 

0 

x: Tl 
2a. 

=b x 
0 

y: s 2a. 
=b y 

0 

(77) 

(7 8) 

(79) 

(80) 
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Equations (61), (64), (66), (71) and (72) are then normalized 

in terms of these dimensionless parameters: 

where, 

and 

dh = -
1
- _g_ (21lr + Cd 1 sin3 el 

dC k12 m T '.,! 

dv cd
1 

- = f.J:!:.. - - _2.._ sin2 8 cos e 
dC m k 1

2 m 

~ - cos e dC -

ds 
dC = sin e 

k 1 = k +cos e 
0 

~ = (sin2 8 + (m/µ-2 cos 9)2J l/ 2 

( 81) 

(82) 

(83) 

(84) 

( 85) 

Cd 1 =Cd /2/arr is defined as a reduced drag coefficient. 

The initial conditions at C = 0 are: 

µ(O) = 1, m(O) = 1, 8(0) = 8
0

, s(O) = 0 and r)(O) = 0 (86) 

The initial angle of jet inclination 8 , must be evaluated at the end of 
0 

the zone of flow establishment. In Secti on VI-E it will be shown that 

8 may be considered as a function of the velocity ratio, k. Thus , 
0 
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there are two parameters relevant to the problem; namely the 

velocity ratio k and the buoyancy parameter £. The value of Cd r 

is to be determined from the experiments as shown in Section VII-C. 

VI-C. Method of Numerical Solution 

The system of ordinary differential equations is similar in 

natur e to the equations for jets in stagnant environments shown in 

Chapter IV. Hence the numerical solutions were carried out by the 

same technique as stated in Section IV-C. 

For each set of values of k , f, and Cd a numerical calculation 

was made. The 8 values used are based upon eq. ( 87) shown in 
0 

Section VI-E. The coefficients a. and Cd' were determined by com-

paring experimental and calculated values of dilution ratios and 

trajectories as presented in Section VII-C. 

VI-D. Solutions of Gross Behavior of Jets 

Fig. 33 shows the calculated variations of the momentum flux 

parameter m and volume flux paramete r µwith the normalize d 

distance along the jet trajectory, (;, for the cases k = 4 and f = O~ 00269 

at two different drag coeffici ents Cd' = O. 7 and 1. 2. Both m and µ 

incr ease steadily with the distance of travel (;. Fig . 34 shows the 

variations for the c as e k = 8 and f = 0, 00103 at a chosen Cd' value 

of O. 5 . 

Fig. 35 s hows the decay of jet velocity along (;-coordinate for 

both cases of k = 4 and 8. The j e t v e locities appr oach the value of 
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1.0 ~ 
10 

I. 

Fig . 3 5. Variation of t he ratio of the j et cent er line 
vel ocity, U . , a n d jet d i s cha r ge vel o city 
u a l ong c -Jcoo rdinate for buoyant j e t s in 
uz?ifor m c r o s s str eams 
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the arnbient velocity rapidly. Such relations are probably affected 

little by the choice of the drag coefficient as implied by the case k = 4 . 

Jet traject'.nies for the case k = 4 are shown i.n Fi.g. 36 for two 

different drag coefficients Ca'· As Cd' increases the trajectory bends 

over more rapidly as expected . 

Solutions for ten experimental cases are presented i.n Section 

VII- C for comparison with the experimental jet trajectories, half 

widths and dilution ratios. 

VI-E. Application to Practical Problems · 

In practical applications the zone of flow establishment has 

to be defined. A definition sketch and the jet trajectories obtained 

by Gordier (15), Jordinson (17) and Keffer and Baines (18) near the 

nozzle 0' are shown in Fig. 37. The results shown were determined 

by vel ocity measurements in ordinary (non-buoyant) j ets in cross 

streams . Based upon Gordier ' s results the length of the zone s ' 
e 

is assumed to follow the relation expressed in Fig. 38. Th e initial 

angles e were then measured from the trajectories shown in 
0 

Fig. 37 and expressed as shown in Fig. 39. The relation can be 

assumed as: 

e = 90-1 1 0/k 
0 

(in degrees ) (87) 

The relations are obtained from the expe riments on ordinary 

jets but are assumed to be applicable to buoyant jets as w e ll. 

By considering the conservation of the flux of density d e fici ency 

at t w o cross sections at 0 and 0': 
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the value b is found to be related to the diameter D by: 
0 

b = D Jk/2k,' 
0 

The buoyancy parameter f is then related to the densimetric 

Froude number of the jet,F, defined by eq. (11), by: 

. 1 k s I 2] 
f = [ 2 a. (kl) I F2 

or, 

(88) 

(89) 

( 90) 

( 91) 

The dilution ratio of a certain tracer substance S along the j e t 

axis is directly related to the volume flux parameter µ by: 

(9 2) 

Value s of the entra inme nt coe fficients and d rag coefficients are 

determined in the n ext chapte r . By using these values the j e t gross 

behavior can be predicted from the the oretical analy sis . 

Li~itations of the analysis are discussed in Sec tion VIII-B. 
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CHAPTER VII 

EXPERIMENTAL STUDY FOR A ROUND BUOYANT JET IN 

A UNIFORM CROSS STREAM OF HOMOGENEOUS DENSITY 

Experiments on buoyant jets in cross streams are described 

in this chapter. First, the objectives are outlined, and then the 

experimental procedure and apparatus are described in detail. The 

results of the experiments are summarized in the final section and 

discussed in Section VIII-B. 

VII-A. Objectives of the Experimental Investigation 

The objectives of the experimental investigation are : 

1. to determine the gross b ehavior of the jet flows and 

compare with the theoretical solutions (see Chapter VI), 

2. to examine the validity of the assumptions made in the 

analysis, 

3. to provide the numerical values of the entrainment 

coefficient, a., and the drag coefficient, Cd. 

The velocity along the jet axis decays rapidly and approaches 

the value of the ambient velocity in a short distance. The excess of 

velocity is difficult to measure. Also, it is a vector quantity whose 

direction should be determined as well as its magnitude . . · Hence the 

velocity measurement was not carried out in this study. 
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Salt concentration in the jet flow, on the other hand, could be 

determined easily by conductivity measurements. The results of 

such measurements not only gave the variation of concentration but 

could also be used to locate the jet axis and the variations of the 

width of the jets. Therefore , conductivity measurements were made 

to determine these quantities. 

To make the experiments simpler, salt water was injected into 

the flowing stream of fresh water from the top, thus producing a 

sinking jet. Because of the very small density difference between the 

fluids, the analysis for the sinking jet discharged down is the same as 

for the buoyant jet discharged up, except for reversal of the gravity 

force. Photographs of a sinking j et may simply be turned upside 

down to show a buoyant jet. 

Vll-B. Procedure and Apparatus 

Experiments were conducted in flows covering a range of 

initial conditions with different jet densimetric Froude numbers and 

velocity ratios. The general setup for the experiments is shown in 

Fig. 40 and explained in detail in the following s ections. In each run 

a jet of heavy fluid was discharged into the flume flow from the free 

surface. Conductivity measurements were carried out at several 

cross-sections normal to the jet axis. A set of towed jet experiments 

was also performed in the flume without flow to d e termine the effects 

of ambient turbulence. 



Fig . 40 , Gen e r a l experimental setup for buoyant j e ts i n cross streams. 
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1. The flume and flume flows 

The experiments were carried out in the 40-meter pre

cision flume with a cross section of 110 cm wide and 61 cm deep in 

the W. M. Keck Laboratory of Hydraulics and Water Resources. 

The side walls are glass plates 1. 2 cm thick, and the bottom was 

lined with smooth stainless steel plates. A_ schematic diagram of 

the flume is shown in Fig. 41 (see Vanoni (34) for a detailed descrip

tion of the flume). 

For all the experiments the flume was filled with filtered tap 

water up to 50 cm deep. The total volume of water in the flume was 

approximately 33, 000 liters. The water was recirculated through 

the flume by a 30 hp pump. The flume flow rate was determined by 

a manometer connected to a Venturi meter (laboratory no. Q-39). 

Since the object of the experiments was to study a buoyant jet 

into a uniform ambient stream, not a turbulent shear flow, the main 

region of the downward jet flow was set at a region of flume flow that 

was relatively uniform. 

To seek such a region, velocity measurements in the flume 

without jet flow were performed by using a O. 32 cm Prandtl-Pitot 

tube. A typical measured velocity distribution is shown in Fig. 42. 

The maximum velocity occurred off the cente r of the flume to the west 

side indicating the presence of a counterclockwise (looking downstream) 

secondary flow. Such behavior was consistent from the upstream to 

the downstream end of the flume and its cause was unknown. A shaded 

region where the velocity distribution was relatively uniform was 
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chosen as shown in Fig. 43. The jet discharging point 0 1 was set off 

center 15 cm to the west side. The shaded zone was assumed to 

affect the jet flow most and the average velocity of the region was 

taken to be the value of the ambient velocity U . The values of U a a 

were obtained by velocity measurements in the shaded region and 

were related to the readings of the Venturi meter on the return pipe 

from the pump. In each run the ambient velocity U was s et by 
a 

adjusting the pump speed to get the appropriate value of the Venturi 

meter r eading for the desired ambient velocity. 

Iri the region chosen, the extreme deviations from the U values a 

are listed in Table 3 . In the main region of the jet flow, the maximum 

· deviations of the mean point velocities from the zonal mean were 

approximately + 6 to -9%. 

The flume was set at a fixed slope of 0. 00022 for all the runs 

except the towed j et experiments where the flume was set at a level 

position. The flow depth was set at 50 cm for all the runs at the test 

section. The depth probably varied very slightly along the f low 

direction, but in view of the short length of the test section (less than 

1. 5 m) the variation over such a distance was neglected. 

The turbulence intensities of the flume flow has not been 

determined. The turbulence intensity i s expected to be under 5% over 

the main region based on Raichlen's (28 ) data obtained in another 

flume flow. 
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Table 3. Deviation from ambient mean velocity U in the shaded zone 
shown in Fig. 43 a 

Aver age E xtreme D eviation 
Vel oc ity in th e of Veloci ty in th e Shaded Zone 

Shaded Zone 

u a 
% of U 

a 
cm/sec 

13. 2 +6 to -8 

19. 2 +4 to - 8 

25 . 8 +3 to - 6 

26 . 7 +5 to - 9 

32. 7 +3 to -4 
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2. Modeling of the gravity effect 

The variation of density was modeled by using aqueous 

solutions of sodium chloride - the same method as mentioned in 

Section V-B. The base fluid for the jet flow was taken from the flume. 

The values of density were determined by hydrometer measurements 

to the nearest O. 0001 gr/ml for p < 1. 038 gr/ml and O. 001 gr/ml for 

p > 1. 04 gr /ml. The specific gravity of the jet fluids used varied 

from 1. 01 to 1. 15. The flume water was fresh with a specific gravity 

around 1. 000. The fluids were at temperatures between 20 to 22°c. 

The effect of the temperature difference was neglected. 

3. The nozzles and jet flows 

The setup of the jetting unit is shown in Figs. 44 and 45. 

The jet was produced by a sharp-edged orifice either O. 95 cm or 

O. 64 cm in diameter (see Fig. 18, nozzles E and F, in Section V-B). 

The jet fluid was pumped from three reservoir tanks with a total 

volume of 900 liters into a small constant head tank, then into a 15 cm 

x 15 cm x 20 cm box. Each orifice plate was attached to the bottom of 

the box facing down and just touching the water surface in the flume. 

The flow rate was determined by an open ended manometer connected 

to the side of the jet box. The manometer was calibrated to give the 

volume flow rate. The initial jet diameter,. D, was taken to be O. 8 D 
0 

to allow jet contraction. The nozzles E and F are hereafter denoted 

by the contracted jet diameters, namely O. 76 cm and O. 51 cm respec

tively. The calibration curves for the manometer reading vs discharge 
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velocity, based upon the flow rate divided by the initial contracted jet 

cross-sectional area, were identical for both nozzles. 

The jet flow was controlled by a set of valves. The jet dis-

charge velocity could be adjusted to within 1% of the desired value. 

In each run th e density difference between the flume water and 

the jet fluid was determined first. Then the required jet discharge 

velocity was calculated from the jet Froude Number F desired. The 

intended velocity ratio determine d the ambient velocity U • The a 

error in control of the velocities was estimated to be less than ±2% 

for U , and ±1% for U • The range of the jet discharge velocity was o a 

from 104 to 296 cm/ sec. 

4. Conductivity measurements and apparat us 

The salt in solution in the jet fluid not only served to model 

the gravity effect but also was convenient as a tracer for the conduc-

tivity measurements. 

A conductivity probe (45. 5 cm long) developed by the Hydro-

dynamics Laboratory at the Massachusetts Institute of Technology was 

used. The electrodes were 0. 32 cm x 0. 32 cm x 30 mil platinum 

plates O. 32 cm apart as described by Koh (19) . The conductivity 

measurement technique was similar to Koh' s method. Fig. 47 shows 

the probe both schematically and photographically. A single channel 

Sanborn recorder (Model l~O) with 1100 AS Carrier Pre-Amplifier 

were used. The bridge circuit used in conjunction with the Sanborn 

recorder for the measurement of the conductivity is shown in Fig. 48. 
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recorder for the measurement of the conductivity. (From Koh (19), p. 59) 



-111-

The probe was mounted on a tiltable point gage as shown in 

Fig. 46. The gage could move in the transverse direction on the 

carriage. 

Since the purpose of the probe was to measure concentration c>!' 

of the original jet fluid in a mixture of jet fluid and flume water, the 

calibrations were determined in terms of standard reference mixtures 

prepared from the jet fluid and flume water for each run. It was not 

necessary to relate recorder readings to absolute salt concentration 

or electrical conductivity. Calibration of the probe was obtained by 

immersing the probe into these standard solutions of different con

centrations of the jet fluid in mixtures with flume water and reading 

the corresponding deflections on the Sanborn recorder. Since the 

calibration drifted slightly with time in each run, several calibra

tions were made during the run. Fig. 49 shows the calibration curves 

for a typical run. Note that all concentrations c>!' used hereafter are 

not salt concentrations, but are jet fluid concentrations, whereby the 

original jet is represented as c>:' = 1. The curves were nearly linear, 

but curved slightly at large concentrations. 

By visual observation of the dyed jet, the probe was first lined 

up normal to the jet axis at the section to be measured. The location 

of the probe relative to the jet was determined from a photograph 

taken with the probe set at a known point gage reading. The photo -

g raphic technique was the same as mentioned in Section V-B. The 

concentration distribution across the section was then measured point 

by point. The measuring time for each point was about 100 seconds 

when the fluctuation was large and less time was allowed in case 0£ 
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small fluctuations. A sample of the record is shown in Fig. 50. The 

average value of the reading was obtained by visual estimation. The 

error in ci.< was estimated to be less than ±2% near the jet axis and 

±10% near the jet edge. 

5. Correction for the change of ambient salt content 

Since the flume water was recirculated, the salt content of 

the flume increased slowly during the run. The measured apparent 

concentration · c was reduced to the actual concentration of jet fluid 
m 

in flume water (c>.'<) by the formula: 

c -c 
m b 
1 - c 

b 
(93) 

where cb was the apparent background concentration inferred from 

the calibration curves, such as Fig. 49. The error of the formula 

was estimated to be of the order of cm cb 2 • The value of cb for all the 

runs was less than 3%; thus the error involved was extremely small. 

The change of the Froude number due to increase of ambient density 

was then less than 1. 5% and neglected. 

The concentration measurements were made mostly on the 

vertical center plane to locate the jet axis and the width. The maxi-

mum concentration values of these vertical profiles were used as the 

c(s) values in the analysis. Several complete concentration profiles 

were also obtained to examine the distributions over whole cross 

sections. The results are presented in the next section. 



:-'---~ 

RUN 20-4 , pape;T 'Speed = 1 division (m m) per s e cond from righ t t o left 

-·- -·----·--·- --- -----------·-------· 
·------- -.-· :-.f-, --i-- -·:· · c. i-· -;·r-:« - ; ~.( -_ ·· :·~ - - - .: 

J ~ ~ . 7' :..; .. ·~ ·i..!?... 

.;. ___ __ -;-·-·- :'· ~~~~~ 

~" L LL '- I' . . , .... ' 
~-~C;t~=~i;~'.: --P+t~(~):_' - ·~·=_ : . .• n. 
I 

:...:.....::_.J....:.: .. __ :_ 

·- ; -: 
7_'.' : ~ -: 

i 

Edge of the jet N e ar jet axis Back g round 
concentrati on 

A) Se' /D=9. 5; at different positions w ith p o i n t gage readings: (a ) 1. 425 ft, (b) 1. 45 ft, 
(c) 1. 4·z;:5 ft, · and {cl) l. 5 ft. 

.::;::+;_ •.. , ·. :J-L) r~n~:H.t· >~J :-:-:--f\Y :-! ._;j_i;L ):~-1~. ' ·vv' • . v ·1 ' "- - -· L.~_, _- ~ __ ! __ ,_, - ~ - : ·; ' f 1---· ·°(b)-~-~-i- ~ .· ·· -· (cf 1 ' ~ ~_I I- . . . · (~) ' ~ · ··:~ ~ 
• 

1 
- - -- - _,_ ·"- -! _ _. __ ! __: ___ "_!"" .: ··- ··· -__ _,_ __ · --~ -==-1 -' ... _, I L~ .. L .. I..'. .' -~ ~--_ ---...:... -- · - ·-·-· .. ·-

I 

Near jet a x is Edg e of the j e t 

B) se'/D=l23; at differre nt positions with p o int gag e r e ading s: (a) 1. 55 ft, (b) 1. ~ ft, · 
(c) 1. 7 ft, and (d) 1. 6 ft. 

Fig . SO. A sam ple of th e r ecord of the c oncentration m easurement s 

I 

Backg rou nd 
concentra tio 

I ,_. ,_. 
.:>. 



-ll5-

6. Photographic techniques 

The same photographic technique was used here as 

described in Section V-B. The technique served one more purpose 

here, that being to determine the location and the inclination of the 

probe at each section measured. 

The jet fluid was mixed with the concentrated blue dye at a 

concentration of about 50 ppm. The density of the jet fluid was not 

affected by the dye concentration. The dyed solutions were used only 

for photographic purposes and in aligning the probe positions. In 

actual concentration measurements solutions without the dye were used. 

For each experimental case, at least two photographs of the 

dyed jet were taken. Motion pictures were also taken for specific 

runs. 

7. Towed jet experiments 

Runs were made with the jetting device mounted on the 

motorized carriage, moving along the flume at a constant speed. The 

flume was set at horizontal slope and used as a towing tank. The 

towing distance was about 32 m. A Minarik speed control was used 

to set the speed of the D. C. motor drive on the carriage . The speed 

was established to within ±1% of the desired values to simulate 

previous runs. The jet fluid was pumped to the jetting unit through 

a long hose. 

Photographs were taken for the dyed jets. Concentration 

measurements were made at several sections with the probe mounted 
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on the carriage at fixed positions. Each towing yielded the concentra

tion value at one point. Motion pictures were also taken to compare 

visually with the runs with fixed jet into flowing water in the flume. 

VII-C. Experimental Results 

Twenty-six runs were conducted in this investigation as shown 

in Table 4. The run numbers were designated by two numerals: 

first, the jet Froude number, F, and second, the velocity ratio, k. 

The letter S was used to denote the runs where complete concentration 

profiles over the cross-sections wer e made; and T for the towed jet 

runs. The range of Froude number was from 10 to 80, the velocity 

ratios from 4 to 16. 

The results are presented in the following sequence: photographs 

of dyed jets; concentration profiles and maximum concentration values 

c(s); the location of the jet axe s, trajectories, dilution S, and half 

widths, r O. 5 ; values of the coefficient of entrainment, a., and the 

drag coefficients, Cd (or Cd). 

1. Photographs of the dyed jets 

A s et of photographs of dyed jets with k = 4, 6, 8, 12 and 16 

at F = 20 are shown in Figs. 5l(a) to {e ) d emonstrating th e e ffect of 

the ambient current. Figs. 52(a) and (b) show the cases of F:: 10 and 

20 at k = 8. Figs. 53(a) to (c) show the cases of F = 20, 40 and co at 

k = 16. These two sets of pictures demonstrate t h e e ffect of gravity 

on the jets. All these jets were issued from the 0. 76 cm orifice . 

Figs. 54(a) and {b) are cases for k = 12 and 8 at F = 40 u s ing the 
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F = 20, ( 0.76 cm ORIFICE) 

A} k:: 4 (PHOTO NO. 76 28.10) 

+ ::L 

8} k = 6 (PHOTO N0.7628.7) 

C} k = 8 (PHOTON0.7628.4) 

Fig. 51. Buoyant jets in cross streams with F = 20 
at variou s ve l ocity ratios k = 4, 6 and 8 
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F= 20, ( 0 . 76 cm ORIFI CE) 

D) k=l2 (PHOTO NO. 7620.3) 

E) k = 16 (PHOTO NO. 7620 .5) 

Fig. 51. Buoyant j e ts in c ross streams with F = 20 
at various v e locity ratios k = 12 a nd 16 
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k= 8 t (0.76cm ORIF ICE) 

A) F= 10 (PHOTO N0.7615.8) 

B) F= 20 (PHOTO NO. 7628.4) 

C)NON-BUOYANT (PHOTO NO. 7625.1) 

Fig. 52. Buoyant jets in cross streams wi th k = 8 at v a rious 
Froude numbers F = 10, 2.0 and infinity 
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k = 16. ( 0 .76 cm ORIFICE) 

+ 

A} F = 20 (PHOTO NO. 7620.5) 

B} F=40 (PHOTO NO. 7628.I) 

C} NON-BUOYANT (PHOTO N0.7625.15) 

Fig . 53. Buoyant jets in cross streams with k = 16 at various 
Froude numbers F = 20, 40 and infinity 
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F=40, (0.51cm ORIFICE) 

A) k= 8 (PHOTO NO. 7655.6) 

8) k = 12 (PHOTO NO. 7650.5) 

Fig. 54. Buoyant j ets in cross streams w i th F = 40 
at v elocity ratio k = 8 and 12 
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O. 51 cm orifice. Fig. 55(a) and (b} are respectively stationary and 

towed jet cases at F= 80 and k = 16. The photograph of the dyed jets 

revealed no detectable difference between the stationary and the 

towed jet cases. 

The dyed jet boundaries were traced directly from the negatives 

by using an enlarger. These were superimposed on the jet trajectories 

based on concentration measurements as shown in Figs. 60 (a) to (j}. 

2. Concentration profiles and the location of the jet axis 

The concentration profile measured across the jet in a 

vertical center-line plane was first plotted for each section as shown 

in Fig. 56. A curve was then fitted through the data points by 

inspection. The center-line concentration of original jet fluid, c, was 

obtained as the maximum c>:< value from the curve. The location of 

the point was taken as the axis of the jet and later laid out on the trace 

of the photographs of the probe locations. The jet half width r
0

• 
5 

was 

here taken to be the distance from the axis to the point where c>:•=O. Sc 

and designated as r O. 5 as shown in Fig. 56. The value of r O. 
5

, based 

upon a Gaussian distribution, is equal to O. 833b. 

The profiles show little skewness at the plane of symmetry. 

A complete profile of the concentration distribution over a cross 

section is shown in Fig. 5 7. The overall maximum concentration has 

peaks on each side of the plane of symmetry and showed an excess 

over the c-value chosen of more than 75%. The jet half width r 0. 5 

was only one half of the transverse half width, r 'o. 5 as shown in Fig. 57. 
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F=80, k=l6 ( 0.51 cm ORIFICE) 

A) STATIONARY JET (PHOTO NO. 7655.2) 

+ -+- . 

8) TOWED JET (PHOTO NO. 7657.4) 

Fig. 55. St ationary a n d towed buoyant jets for the case 
F = 80 and k = 16 
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RUN 20- a s 

; ' • 37.0 

C• Q,036 

ro.5 + 

.. 

. ro.~ 't .. 
+ 

.. 

SCALE 
0 3cm 

Fig . 5 7. A comple~e concentr ation profile for the case 

Fig . 5 8 . 

F = 20 and k = 8 (0. 76 cm orifice). As shown, 
the ambient flow component is from the top, and 
the wake is below 

----r;.5 

+ 

+ 

.. + + .. 

RUN 40- 8 SB 

i·32.5 

C • 0 .059 • 

.. 
LEG ENO 

+ MEASURED POINTS 

0 
SCALE 

3 cm 

A complete concentration profil e fo r the case 
F = 4 0 a nd k = 8 (0 . 7 6 cm orifice). As shown, 
the ambi e nt flow component i s f rom t h e top, and 
the wake is below 
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Similar results were obtained for the case of F = 40 and k = 8, as 

shown in Fig. 58. The excess over the c-value was slightly less (60%), 

but the overall shapes were similar and the transverse half widths 

r
0

. 5 were nearly always twice the value of r 0 • 5 as shown in these two 

figures . . 

The concentration profiles on the planes of symmetry were 

normalized by c and r 0 . 5 and presented as shown in Fig. 59. The 

distributions were close to a Gaussian error curve. 

3. Trajectories, dilution ratios, S, and half widths, r
0

. 
5 

Measured trajectories with the dyed jet forms traced from 

the photographs are shown in Figs. 60(a) to (j). Since a photograph is 

an instantaneous view, the irregular boundary sketched is just one 

sample of the jet boundary. 

1 
of the dilution ratio, S = -c • 

of travel, s '/D. 

Figs. 60(a) to (j) show also the variation 

and half width, ro. 5' along the distance 

The theoretical solutions were computed over a range of Cd 1 

and a. values for each case to compare with the trajectory and the 

dilution ratios. An approximate best fit was obtained by a choice of 

Cd 1 and a. for each run. The corresponding r 0 . 5 /D values fitted the 

solutions fairly well for each case. 

4. Entrainment coefficients, a., and dra coefficients, 
Cd 1 (or Cd 

The values of the coefficients of entrainment and pressure 

coefficients obtained are summarized in Table 5. 
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Fig. 60. Comparison of observed and theoretical trajectory, 
half widths, r 0 5 JD, and center-line dilution ratios, 
S, of a buoyant'Jet in a uniform cross stream. 
(a) F = 10 and k = 4 
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Fig . 60. Comparison of observed and theoretical trajectory, 
half widths, r 0 5 /D, and center-line dilution ratios, 
S , of a buoyant

0

Jet in a uniform cross stream. 
(b) F = 10 and k = 8 
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Fig. 60. 
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Comparison of observed and theoretical trajectory, 
half widths, r 0 5

/D, and center-line dilution ratios, 
S, of a buoyant" Jet in a uniform cross stream. 
(c) F = 20 and k = 4 · 
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Comparison of observed and theoretical trajectory, 
half widths , r 0 5

/D, and center-line dilution ratios, 
S, oi a buoyant

0

Jet in a uniform cross stream. 
{d) F = 20 and k = 8 
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F=20 
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(PHOTO NO. 7620.3) 
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Fig. 60. 

10 100 200 

Comparison of observed and theor etical traj e ctor y , 
half width s, r 0 5 

/D, and center-line dilution ratios, 
S, of a buoyant 0 3et in a uniform eras s stream. 
( e ) F = 20 and k = 12 
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Fig. 60. 
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0 

Comparison of obs e rve d and th e or etical traj e ctory , 
half widths, r 0 5

/D, and center-line dilution ratios, 
S, of a buoyant.Jet in a uniform cross stream. 
(f) F = 40 and k = 4 
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TRACES OF JET BOUNDARIES (0.51cm ORIFICE) 

,....,..,.,,,,. STATIONARY JET EXPER IMENT (PHOTO NO. 7646.4) 

--, _ _... TOWED JET EXPERIMENT (PHOTO NO. 7656A) 
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Comparison of observed and theoretical tra jectory, 
half widths, r 0 5

/D , and c ente r-line dilution ratios , 
S, of a buoyant"Je t in a uniform cross stream. 
(g } F = 40 and k = 8 
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Comparison of observed and theoretical traj ectory, 
half widths , r 0 5

/D, and center-line dilution ratios, 
S, of a buoyant"Jet i n a uniform cross stream. 
(h) F = 40 and k = 12 · 
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Fig . 60. Comparison of observed and theoretical trajectory, 
half widths, r 0 5

/D, and center-line dilution ratios, 
S, 0£ a. buoya.nt 'J ct in a. uniform cross stream. 
(i) F = 40 and k = 16 



250 

L 

Q 
I • 
t·250 

-139-

-i 
200 150 100 50 

i:i50 
D TRACES OF JET 80UNDARIES(0.51cm ORIFICE) 

F=80 

LEGEND 

- THEORY, a•0.4 c:ro.2 
0,"1 DATA (0.76 cm ORIFICE) 

Q,'1 DATA (0.51cm. ORIFICE ) 

o DATA (0.51 cm ORIFICE) 

TOWED JET EXPERIMENT 

,___.--STATIONARY JET EXPERIMENT(PHOTO N0.7646.1 

"--'°'TOWED JET EXPERIMENT(PHOTO NO. 76t>"f.4) 

k=l6 

l.._..._ ....... ~.._..._~~~..._~~~ ....... ~--.~ ....... ---~~~--"~~~--
4 10 

s' 
100 400 

-rs-

0 

Fig. 60 . Comparison of observed and theoretica l trajectory, 
half w idth s ," r 0 5

/D , and c enter-line dilution ratios, 
S, of a buoyant· Jet in a uniform cross stream. 
(j) F = 8 0 and k = 16 

~o 

y 
I 

0 
~ 

100 



Table 5 . Va lue s of th e Entra inn.1.ent Coeffici ent s , a. , and Drag Coefficients , 
Cd and Cd, De t e rmined from the Expe rimental Results 
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a.= o. 5 0.5 o. 5 

4 C I = 0. 7 0.9 1. 5 -
d 

Cd = O. 8 1. 0 1. 7 

a.=0.5 0. 45 0.4 

8 C I = 0, 1 0.2 0. 5 -
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c d = o_. 1 0.2 0.4 

a. = o . 4 0.4 

12 - cd• = o.2 0.4 -

Cd = O. 2 0,4 
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...... 
~ 
0 
I 



t 
!t 

, 
A) _Cd VALUES 

20 I I I I I J..- --J.-1"" I I I 
I 0\ / *O:"t _...... - ..rQ,2 .-- -;. ·/ ._... 

I ::?......- oi. ,... .,. . .,..,.... 
s O.'l;:s; / 0 

0.4. 

IOrl / / / '-:.0·<:> / / . co .· 
8 ·0:1 // •0.2 -- -:;;,5 ~ 

/ ,,.,... . 0 J' ,,.. c-:.'· 
6 ./ / ,,,,.."" 6 - . 

L ,, / 1 
7 ~"' '-\5 r C .. • 410.7 ! lo:.?= / I J~:r ,a I I l 

t 
lt 

10 20 40 GO 80 100 

F --c> 

8) a VALUES 

2or--~,-.;;:-.----r---.---.--T-------
't

' ', 0 .4 ° 0.4 ° 
' 0.4 • 0)-' ,,,. 

' ''<~a 10 I-- ...... . '·</. 
...... . ' 

8k- '"' . . 0 ' ~ 0.5 0.45 .......... Q~o o.4 ' 
' ·<J.~· 

6 t- '~ 
,ct-~o ' 

t: 
'-·S ........_ """' ., 4 .5 0.5 0.5 

10 20 40 80 100 

F--".> 

Fig. 61. Variations of the entrainment coefficient a. and the reduced drag 
coefficient Cd' for buoyant j<=>ts in uniform cross streams 

I 
...... 
~ 
...... 
I 



-142-

The coefficient of entrainment a. var ied from 0. 5 to O. 4 and the 

drag coefficients, CJ, from O. 1 to 1. 5, or Cd' (Cd =rz CJ), from 

0. 1 to 1. 7. (The drag coefficient CJ is more convenient for this 

analysis, although Cd is the drag coefficient as usually defined in fluid 

mechanics.) Both coefficients a. and Cci increased as the velocity ratio 

decreased. The entrainment coefficient a. decreased with increasing 

Froude number but the drag coefficient increased with the Froude 

number for a given velocity ratio. 

The values of the entrainment coefficient are considerably 

larger than the values used for jets in stagnant environments. The 

effect of the ambient current tends to increase the dilution. Since the 

entrainment coefficient value depends on the shape of the profile 

assumed, smaller numerical values of the coefficients may have re-

sulted if a profi l e close to the shape of the real profile was assumed. 

5. Comparison of results for stationary and towed jet 
experiments 

The results of the towed jet experiments show e d little 

difference from oth e r experiments . The concentration measurements 

from Runs 40-8T, 40-12T and 8 0-16T revealed the dilution ratios 

were slightly smaller than those obtained from stationary jet experi -

ments as shown in Figs. 60(g), 60(h) and 60(j). The jet trajectorie s 

also checked well as shown in Figs. 60(g), 60(h), 60(i) and 60(j). 



-143-

The comparison of the motion pictures taken for both cases 

further confirmed this conclusion. Therefore, the effect of ambient 

turbulence and flow non-uniformity can be neglected as a first approxi

mation for practical purposes in the range of these experiments. At 

still larger distances from the source, the ambient turbulence will 

ultimately become dominant in the mixing processes. 



-144-

CHAPTER VIII 

DISCUSSION OF THE RESULTS 

The discussion of the results is given in two parts . First the 

results on the problem of a buoyant jet in a stagnant , stratified 

environrnent are discussed, then the problem of a buoyant jet in a 

uniform cross stream. 

VIII - A. A Round B~~yant J e t in a Stagnant Env ironment with Linear 
Density _?tratification 

1. Limitati011s of the the oretical solutions 

The theor e tica l solutions obtained in Chapte r IV are based 

on the assumpt ions li s ted in Chapter III. The applicability of the 

solutions deper,ds upon the validity of these assumptions. 

The assu1nptions on the s imilarity of bot h ve locit y and buoyancy 

profiles for jets in stratified e nvironments have no~ b een proved 

experin1enta.lly. However, b2.sed on the results for plu;mes in uniform 

environments obtained by Rouse, Yih and Hmnphreys (30), the assun1p-

tions are probably reasonable. But for j ets in stratified e nvironments 

the assu1npticnf' are not uniforrnly valid throughout the flow field. The 

assum}Jtions arc not expected to hold near the terl11inal points where 

the UP'·'·ard jet flows are interfered "\vith b y the sinking j e t fluicl fron1 

the top. The deviatio n s are different for different type s of the jct 

flo"\vs . Th e jet .flows in d e nsity-stratified cnvironm<;:)r.ts are claf'sifi ec! 

into thr ee t ypes; rn'..me ly, vertically rising, nea.rly ver tically rising 
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and jets with strong horizontal momentum. fluxes as shown in Fig. 6 2. 

For a verticci.lly rising or nearly vertically rising jet, the interference 

is expected to be great near the top region. But in the case of a jet 

with strong horizontal momentum flux the flow after reaching the 

terminal point will proceed predominantly in the direction of the 

horizontal momentum with little or no interference with the main jet 

flow. Thus the solutions can well be applied to the whole flow region 

for the jets with strong horizontal rn.omenturn flux. But the solutions 

for the other two types near the terrninal points can be erroneous. 

The distinction between the last two types of flows can be established 

by exan1ining the jet trajectories near the terminal points. If the 

local curvature is large then the flov1 belongs to the second type, i.e. 

a nc~trly vertically riuing jet; otherwise it belongs to the third type. 

The curvature effect of the jet trajectory is neglected in the 

analysis. The error involved is of the order of the ratio of the local 

characteristic length and the radius of curvature of the jet trajectory. 

Such e:!·ror is small except near the terminal point for a nearly 

vertically rising jet. For inclined jets with low Froudc number the 

initial sharp curving of the jet trajectory may also lead to som.e error. 

Such error can be roughly estimated by examining the solutions on the 

jet trajectories and jet half ·widths. 

The Boussinesq assumption involves an error of the order of 

t:.p/p
0

• Therefore the soluUons can be applied 0!1ly >vhen the density 

var.iation throughoat the flow field is small. The approximation i..s 

good for the case of the sev;Cl.'.je jets cli~;charging into the ocean where 
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the maxinrnrn diffe rence in density is about 2. 5%. But in experin>ents, 

son•etimes the difference could reach 10% esp e cially for modeling the 

low Froude numb e r ca.ses; the error will be correspondingly larger. 

The density stratification of the ambient fluid can either be 

caused b y temperature or salinity variations. The requirem ent that 

the d e nsity differ ence is small implies that th e density gradient 

should also be weak. Such weak density stratifica tion is not expected 

to significantly affect the detailed characteristics of a turbulent jet 

when th e jet characteristic length is small. When the jet cha racter

istic length is lar ge , such as near the terminal point, the density 

stratification can actually suppress the jet into a flat layer of fluid as 

that observed after reaching th e tern1inal point. Therefore th e 

solutions can not be continued b eyond the terminal points ba sed upon 

the same formulation. 

The density of the fluid may be related t o the heat or salt content 

by the density defici ency equation (28) only ii th e density of the fluid 

varies linearly with the h ea t or salt content. The degree of approxi

mation depends upon the properties of the fluid and its salt solutions. 

But f o r th e small range of der:sity variation as assume d h ere the 

approxima tion i s reasonable and consistent with other assurnptions. 

The density d eficiency equation can also be appli~ cl if the density 

change involves both heat and salt provided t_1 p is a linea r function of 

the temperature change and th e salt concentration increment. 
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In applying the theoretical solutions the zone of flow establish-

men.tis taken to follow exactly the results by Albertson, Dai, Jensen 

and Rouse (4) on simple jets. For low Froude number cases the zone 

may be deflected by the buoyancy forces acting on the jets. But from 

what was observed in the experiments with the lowest Froude number 

F = 10, there seemed to be no substantial curving of the jet axis for 

distances s'/D less than 6. 2. 

2. Limitations of the experimental investigation 

Experiments were carried out in a tank of finite size over 

time duration of about 5 minutes for each run. The transient effect 

on the jet flows was tested by taking time lapse photographs of the 

development of the dyed jet trajectories. Superpositions of the traces 

fo1· both Jet Nos. 1 and 2 are shown in Fig. 24. There seemed to be 

little difference between the traces for the region of interest. Thus 

the transient effect on the jet trajectories can be neglected shortly 

after the jet reaches the terminal point. At this moment the effect 

of the walls of the tank would probably not be felt by the jet flow. The 

change of the ambient density stratification was also negligible con-

sidering the dimension of the tank and the volume of jet fluid 

As stated by Ricou and Spalding (29) the entrainment rate of an 

axisymmetric jet could be considered independent of the jet Reynolds 

number, R = u D/'J, only if R is greater than 25, 000. All the experi
o 

ments in this study had R less than that number because of the 

necessity of modeling the gravity effect and the limitation of the 
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dimensiqns of the apparatus as shown in Table 1. Concentration 

measurements for ordinary jets with R = 6, 000 revealed deviations of 

less than 3% on center-line dilution values from the established results 

(see Fig . 31). Therefore the effec.t of low Reynolds number could 

affect the results probably within 5% for the range of R in the experi

ments . 

In all the experiments for jets in density - stratified environments 

only photographs of the dyed jet trajectories were taken. Concentra 

tion or velocity measurements in the jet flow field have not been made 

because of the practical difficulty in performing such measurements 

in a stratified environment. 

3. Comparison of the theoretical and experimental results 

The comparison of the jet trajectories and the nominal jet 

boundaries is shown in Section V-C . Using a.= 0, 082, the agreements 

are in general good except for the case of a vertical jet. For a vertical 

jet, the theory tends to underestimate the terminal height of rise; for 

this problem the best value of a. appears to be O. 057, although more 

experimental evidence is needed. The discrepancy may also be due 

to breakdown of many of the assumptions near the terminal region of 

the jet. 

For a buoyant jet in a uniform environment, the theory by using 

a. = O. 082 and A. = 1. 16 predicted trajectories and nominal jet 

boundaries that agreed well with the observed dyed jets . Without 

measured velocity and concentration distributions, it was not possible 

to determine whether other values might be slightly better. 
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4. Coefficient of entrainment a 

The value of the entrainment coefficient a used in comparison 

of theory and experiment was O. 082, the same value as obtained from 

the results of Rouse, Yih and Humphreys (30) on simple plumes. 

Although the comparison covered only two quantities, i.e. the jet 

trajectory and the nominal jet width, it should provide the overall indi -

cation on the jet gross behavior. Both quantities are inte r-related with 

the complete jet gross characteristics such as the volume flux and 

components of momentum flux parameters, and detailed profiles of 

velocity and density. 

As long as the buoyancy force is in the same direction as the flow, 

similarity can be reasonably assumed. But as the jet overshoots its 

position of neutral buoyancy, the buoyant force becomes negative and 

decelerates the jet until it sinks back to a neutral l evel. During this 

flow reversal, similarity undoubtedly is a poor approximation. For 

vertical buoyant jets (three experiments), the maximum height of rise 

is predicted better by a = O. 05 7 than O. 082; present results do not 

permit a closer determination of a. 

5. Turbulent Schmidt number A. 2 or spreading ratio A. 

The d iffer ent .rates of spreading of velocity and buoyancy 

profiles are considered by taking the turbulent spreading ratio A. to be 

1. 16 based upon Rouse et al. 1 s (30 ) data. The A. chosen gives a dilution 

ratio S about 15% greater than the case when the value of A. is taken 
0 

to be unity as indicate d by e q. (58) in Section IV- E . 

With out detail ed profiles it was not possible to determine A. 

directly from the present experiments . 
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VIII-B. A Roun d Buoyant Jet in a Uniform Cross Stream of 
Hornog ene ous Densit y 

1. Limitations of the theoretical solutions 

The theoretical solutions are obtained based upon the 

assumptions listed in Chapter III. 

The velocity and buoyancy distributions were assumed to be in 

the following forms across a section normal to the jet axis: 

and 

... 
'I' 

u (s, r, cp) 
-r2/b2 

= U cos 8 + u(s) e 
a 

pa - p ':' ( s , r, cp) 
-r2/b2 

e 

The actual observed cross sections in the jets are in horse-shoe 

( 18) 

( 19) 

shape s, because the cross current develops two vortices within th e 

jet flow and a wake behind it (s e e Fig. 57). Thus the assumed 

profiles are not entirely realistic. But the integ ral technique employed 

in the analysis will still give good results on gross b ehavior if 

reasonable si1nilarity exists and the relative importance of the t e rms 

are pr e served even though the exact shape of the profile s are r e placed 

by some simpler profiles in the analysis. For example, in the 

analysis of buoyant jets in stagnant e nvironments and in parallel 

ambient currents, 11top-hat 11 distributions were used by Morton (21). 

The results are the saine as for Gaussian profiles if an appropriate 

numerical value of the coe ffici e nt of entrainment is used. 
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In the integration over the jet cross section, the profiles were 

truncated at the distancefi b for the terms like U cos 8 which do not a 
-r2/b2 

contain factors of e . This inconsistency of limits of integration 

involves a discrepancy of about 13% in the u terms in comparison with 

the case where the limit is taken to be Fz b for all the terms. 

The different rate of spreading between the velocity and 

buoyancy profiles was neglected for simplicity in the formulation 

i.e. A. was assumed to be 1. This could lead to an underestimation of 

the dilution ratios. But due to lack of experimental information the 

exact spreading ratio A. is unknown. The error involved in determining 

the dilution ratios is believed to be of the same order of that for jets 

in stagnant environments, that is about 15%. 

The rate of entrainment was assumed to be proportional to the 

vector difference of the local characteristic velocity and the ambient 

velocity as given by: 

dQ 1- -- = 2TI ab U - u. \ 
d s a J (17) 

The value of the entrainment coefficient a was assume d to be constant. 

Becaus e the entrainment m echanism here is affected greatly by the 

normal component of th e ambient velocity the nature of the coefficient 

a is expected to be different from the a for j e ts in stagnant environ-

ments (see Section VIII-B-3 below). 

The effect of the presence of the wake region produced by the jet 

flow was assumed to be repr esent ed by a gross drag t e rm with a drag 

coefficient Ca'· This is a rough but nec e ssary approximation. The 
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jet bends over toward the downstream direction not only due to the 

entrainment of the ambient horizontal momentum but also becaus e of 

the drag force . (For lack of a better assumption, the drag is based 

on the velocity component normal to the jet.) The values obtained 

will be discussed in Section VIII-B-3 below. 

The effect of the ambient turbulence. was not considered in the 

analysis . Thus the results should only be applied in a uniform non-

turbulent stream. The theoretical solutions are however expected 

to be applicable with reasonable accuracy to the cases where the 

ambient stream is weakly turbulent and to the region close to the 

nozzle. The effect could only be determined by experimental studies. 

In summary the analysis based upon these assumptions should 

provide a reasonably good theoretical model of the gross jet 

behavior in cross streams. At the same time experimental studies 

were made to provide the necessary numerical coefficients and 

examine the comparison between the theoretical and observed 

results. 

In application to practical problems, the zone of flow establish-

ment is assumed to follow the relations shown in Section VI-E. For 

the cases of the velocity ratio k greater than 8 there was no available 

information on the length of the zone of flow establishment . except k = co 

which gives s 1 /D = 6. 2. Relations were obtained by simple interpola7" ·e 

tion from the cases of k = 4., . 6, 8 and 00 • The e rror involved is un-

known, although probably small. 
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In evaluating the local maximum concentration c, an excess of 

60 to 80% over the predicted value c should be added in view of the 

observed concentration profiles. The lateral widths r 1 O. 
5 

are twice 

the widths r 0 •
5 

as shown in Figs. 57 and 58. 

2. Limitations of the experimental inve stigation 

Concentration measurements were made in all the experi

ments to determine the jet trajectories,half widths,and variation of 

dilution ratios (Chapter VII). No velocity measurements were made 

in the jet flows. 

The experiments were carried out in a flume flow. The boundary 

laye.;· of the flume flow was largely avoided by injecting the jets from 

the free surface. Two sizes of orifice plate s were used in the experi

ments and the results reproduced well in the overlapp.ed region of 

measurements. Thus the effect of the presenc e of the flume walls 

was considered to be n egligible in the experiments. 

The point concentration values were determined by a finite size 

probe as shown in Fig . 47 . Since the measurements w e r e carried out 

in the regions where the j et widths were lar g e in comparison with the 

probe size, such sampling error was consid e red to be negligible. This 

was also confirmed by the reproducibility of the r e sults from runs 

using two orifices of different size. 

T he minimum v alue of the jet Reynolds numbers for the runs of 

this study was 6, 800. The effect was unce rtain but believed to be 

unimportant in the range studied . 
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The maximum range of the measurements was up to s 1 /D = 250 

from the orifice. It was not feasible to carry out experiments at 

larger distances by the present technique. In _the runs where only the 

larger size orifice plate was used the distance s 1 /D was around 140 or 

less. 

3. Determination of the entrainment coefficient a. and 
the drag coefficient Cd 1 

The coefficients of entrainrnent a. and the drag coefficients 

Cd 1 were determined by matching the theoretical and experimental 

results on jet trajectories and the dilution ratios S for jets of different 

initial conditions. The values of the coefficients are summarized in 

Table 5. The comparison of the results are shown in Figs. 60(a) to 

(j) in Section VII- C. _ Although the choice of a. and Cd 1 values for each 

case was based upon the best fitted results, certain deviation still 

existed. But such deviations are not out of proportion to the approxi-

mations made throughout the analysis. 

The entrainment coefficient a. and the drag coefficient Cd 1 were 

found to vary for the different cas es . This variation is probably caused 

mainly by the assumptions of constant shape of profiles for different 

velocity ratio cases since the shape of the profiles is e:h.rpected to vary 

as the velocity ratio changes. 

Th e value a. varied from 0. 4 to 0. 5 for the cases studied. The 

values are considerably larger than the value used for buoyant jets 

in stagnant environments, which is a.= O. 082. The basic entrainment 

mechanisms for these two cases are believed to be different. The 

component of the ambient velocity normal to the jet axis is a main 



-156-

contributing factor to the entrainment for the jets in cross streams 

while in stagnant environments the jets entrain the ambient fluid by 

pure aspiration due to the jet flow. The value of a for jets in cross 

str earn.s could be smaller if a more realistic velocity distribution is 

assun1ed. 

The value of a tends to decrease as the velocity ratio k increases 

(see Fig. 61). This is reasonable because in the limiting case when k 

becomes infinite (or the ambient fluid is stagnant), a should approach 

the value O. 082. The value of a also decreases slightly as the F 

increases (i.e. as the buoyancy effect decreases). However, the 

overall. change of the a value is not large for the range studied. 

The drag coefficient Ca' varies from 0. 1 to 1. 5, or Cd from 0. 1 

to 1. 7, decreasing as the velocity ratio k increases. The effect of 

including the drag terms changes the location of the jet axis at large 

distance but makes relatively less change in other jet quantities such 

as the dilution ratio and the half width . Neglecting the drag terms 

will be permissible only when the velocity ratios are large and the 

Froude numbers small as indicated by the results obtained. 

4. Comparison of the theoretical and experimental results 

The comparison of the the oretical and experimental results 

on jet trajectories, widths and dilution ratios are shown in Figs. 60(a) 

to (j). The overall agreements are considered to be good . Although 

the values of the coefficients were based on the comparison of the jet 

trajectories and dilution ratios from both experimental and theoretical 

results, the predicted jet half widths r 0 . 5 agreed fairly well with the 
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measured values. Thus the theoretical solutions can be used for 

practical purposes in predicting the gross jet behavior. 

The deviations are generally bigger for larger velocity ratio 

cases. The theory tends to underestimate the dilution ratios at s'/D 

over 100. From towed jet experiments it was confirmed that the dis

crepancy was not caused by ambient turbulence in the flume flow. 

This error may be caused by the error in the assumption on the zone 

of flow establishment. Before the profiles transform into the horse

shoe shapes there may exist a fairly long transition region between the 

assumed end of the zone of flow establishment and the fully developed 

region. 

5. Effect of the ambient turbulence 

The effect of the turbulence in the flume flow was determined 

by conducting a set of towed jet experiments as described in Chapter VII. 

For s' ID less than 250 with an ambient turbulence intensity under 

5%, the effect was found to be unimportant on the jet gross behavior. 

Therefore under these conditions the jet mixing is dominated mainly 

by the interaction of the jet and the mean ambient stream. The self

generated turbulence is then the main factor in jet diffusion. 

At l?.;r gc;r dj.stq.nces or in the p;r esenG~ of. more in.ten§e ambient 

turbulence intensity the jet will undoubtedly diffuse at a faster rate. 

This has not been investigated in this study. 
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CHAPTER IX 

SUMMARY AND CONCLUSIONS 

IX-A . Previous Knowledge about a Round Buoyant Jet in a Stagnant 
Environment. 

The problem of a round jet in a stagnant environm.ent is 

sumn1arized in Table 6. The flow configurations, investigators, 

their approaches and results are all listed in the table . 

Morton, Taylor and Turner {23 ) first applied the integral type 

ana l ysis with an assumed entrainment relation: 

dQ <ls - 2n a. u b { 12) 

where Q is the volume flux at a nonnal cross section 

u is the local characteristic velocity 

b is the local characteristic length 

a. is the coefficient of entrainment. 

They analyzed the problem of a plume in a linearly density-stratifi ed 

environment by assuming a constant a. . Morton {22) subsequently 

investigated the problems of vertical buoyant jets in both uniform 

and stratified environn1ents based upon the same approach . 

Abraham (1, 3) pointed oet that the a value s for simple jets 

and shnple plurnes were different (0 . 057 vs 0 . 082). Since the 

behavicr of the buoyant jet initially was like a simple jet and later 

a plun<e , he argued tha.t a. could not be assurned constant in solv i ng 

buoyant jet p:':'oblems. Instead, he proposed a semi-e1npirical method 



Table 6. 

Type of 
J et Flow 

Flow 
Configu

ration 

Contents 

Investi 
gators 

Nume rous 

Albertson, 
Dai, Jensen 
& Rouse 

(5) 

R icou & 
Spalding 

(2 9) 

Pr esent 
Study 

(Section 
V - C) 
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A brief summary of the studies on jets in stagnant 
environments 

A SIMPLE JET (AN ORDINARY MOMENTUM JET) 

A continuous source 
of momentum only 

(axisymmetric) 

Methods of Approach 

Vario us methods; an 
important branch of 
free turbulent flows. 

Expe rimental studies 

Measur e ments of 
entr a inrnent r a t es . 

Concentr a t ion measure 
ments a long j e t a.xcs. 

Results 

1. 

2. Velocity profiles 

- 1 1. u~x , b~x 
2. Similarity of velocity 

profiles (Gaussian). 
3. Data give a. = 0. 057. 

1. Data agree with 
Albertson e t al. 

2. Entrain m e n t rate 
independ ent of R 
ifR>25,000 

s 
0 

x = 0. 185 1S for 

R ~ 6, 0 00 a s shown 
in Fig. 31 (indicates 
)..·=l.16). 
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Table 6 (continued) 

Type of 
Jet Flow 

A SIMPLE PLUME 

Flow 
Configu

ration 

Contents 

Investi
gators 

Schmidt 
(32) 

Rouse, 
Yih & 

A continuous source 
of buoyancy only. 
(axisymmetric) 

lv1ethods of Approach 

Analysis based on 
mixing length hypo the sis 
Measurements over 
heated .grids. 

1. Analysis based on 
similarity assumptions . 
l-.1easurernents over 
flarr1es. 

Humphreys 2. 
(30) 

R icou & 
Spalding 

(2. 9) 

M easurements of 
entrainment rate s. 

' 

y 

0, ~=~ 
0 

g 

Results 

2. Velocity and ten1pera
turc profiles. 

2. V e locity and buoyancy 
profiles (G a ussian ). 

3. Data give a. = 0 . 082 
A. = 1. 16 

Data agree with Rouse 
et al. 
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Table 6 (continued) 

Type of 
Jet Flow 

Flow 
Configu

ration 

Contents 

Investi
gators 

Morton, 
Taylor & 
Turner 

(2 3) 

A SIMPLE PLUME IN A LINEARLY DENSITY
STRATIFIED ENVIRONMENT 

A continuous source 
of buoyancy only 

(axisymmetric) 

Methods of Approach 

1. Integral type analysis 
based on: 

a. Similarity as sump
tions. 

b. Entrainment relation 
(4) with a 
constant coefficient 
of entrainment. 

2. Photographic observa
tions. 

y y 

~o 

m>O 
j3 

Results 

Gross flow behavior 
obtained by numerical 
integration. 

a = 0. 093 suggeste d. 
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Table 6 (continued) 

Type of 
Jet Flow 

A VERTICAL BUOYANT JET (FORCED PLUME) 

Flow 
Configu

ration 

Contents 

Investi
gators 

Morton 
(22) 

Abraham 
( 1) 

Frankel & 
Cumming 

(14) 

A continuous source 
of buoyancy and . 
momentum 

(axisymmetric) 

Methods of Approach 

Integral type analysis 
based upon constant 
a and A values. 

Integral type analysis 
based upon specified 
jet width functions. 

Cone entr a ti on 
m .easuremcnts. 

Fan & Morton type analysis 
Brooks used for nurnerical 

\ I m>m 
-l-----l---+- (.\ = 13 0 

I t-' 0 

Res ult s 

Gross flow behavior 
suggesting a= 0. 082 
and f-. = 1. 16 

Gross jet behavior-- on 
u, b and concentration 
variations. 

1. Concentration varia
tions along jet axes . 

2. Fluctuations of the 
concentrations. 

1. Gross jet behavior . 

(in pre pa- integration of equations 2. Comparison of the 
ration, for a wide variety of results shown. in 
same cases. Fig. 5 . 

technique ~J as shown 
in (12}} 

....______.__~--
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Table 6 (continued) 

Type of 
Jet Flow 

Flow 
Configu

ration 

Contents 

Investi
gators 

Morton 
(22) 

Present 
Study 

(Chapter 
IV) 

A VERTICAL BUOYANT JET (FORCED PLUME) 
LINEARLY DENSITY-STRATIFIED ENVIRONMENT 

A continuous source 
of buoyancy and 
momentum 

(axisymmetric) 

Methods of Approach 

Integral type analysis 
assuming constant 
coefficients a. and A. 

1. Morton type analysis. 
Numerical solution of 
differential equations 
for variety of cases 
at e = 90° 

0 

m>O 
(3~(30 

2. . Experiments compared 
with theory. 

t 
g 

l 

Results 

1. Gross jet behavior 
2. Suggesting a. = 0. 082 

and A. = 1. 16 

1. Gross jet behavior 

2. Comparison of the 
predicted and observed 
terminal heights by 
using A.=L.16 and 
different a.values (see 
Table 2) 
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Table 6 (continued) 

Type of 
Jet Flow 

Flow 
Configu

ration 

Contents 

Investi
gators 

Abraham 
( 1, 2) 

Frankel & 
Cumming 

(14) 

Cederwell 
( 10) 

Fan & 
Brooks 

( 12) 

Present 
Study 

(Sec. V-C) 

AN INCLINED BUOY ANT JET (FORCED PLUME) 

13 = ~o J 
A continuous source 
of buoyancy and 
momentum at an 
angle 9 with the 
horizon~al direction 

m>m 

(three dimensional) 

Methods of Approach 

Integral type analysis 
by specifying jet width 
as a function of 9 

Concentration 
measurements. 

Integral type analysis 

Morton type analysis 
for numerical integration 
of equations for many 
cases 

Experiments 

h =h 0 

0 

Results 

~ g 

GrossJet behavior for 
9 = 0 

0 

Variations of concentr a
t ions along jet axes for 
various 9 values. 

0 

Concentration variations 
along jet axes. 

1. Gross jet behavior 
for 9 = 0° 

0 

2. Con1parison of the 
present results with 
Abraham's, 
Cederwell's and 
Frankel and Cumming's 
are shown in Fig . 6. 

Compar i son of pr e dict e d 
and obs e rved j e t traj e cto 
ric s and nominal half 
widths (Figs. 29 and 30) . J 

L--~~~~~~-'-~~~~~~~~--~~~~~~~~~~~~~ 
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Table 6 (continued) 

Type of 
Jet Flow 

Flow 
C onfigu 

ration 

C ontents 

Investi 
gators 

Pr e sent 
Study 

(Chapters 
IV & V) 

AN INCLINED BUOYANT JET {FORCED PLUME) IN 
A LINEAR LY DENSITY-STRATIFIED E:NVIRONMENT 

A continuous source 
of buoyancy and 
momentum at an 
angle e with the 
horizon~al dir e ction 

{three dimension a l) 

M e thods of Approach 

1. Morton type analysis 

2. Experime nts 

< 0 

~ 
g 

R esults 

1. Gross j e t b e havior 

2. Comparison of 
p redicted and observe d 
jet trajectorie s and 
nominal half widths j 
using a. = 0. 0 82 , 
A. = 1. 16 
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to account for this variable growth of the jet for horizontal and 

vertical discharges. Fan a.nd Brooks (12) analyzed the same 

horizontal jet problem assuming a constant coefficient of entrainment 

as an approximation. Their results,. using a = O. 082 agreed well 

with the experimental r esults {Chapt er II), previous experiments , 

and A bra ham 1 s analysis. 

All the analyses were based upon integral approaches covering 

the gross behavior of the jets. The details of the j et flows were 

forsaken for simplicity in the analysis. 

IX-B. Contribution o:f the Present StudL!.?_the Problem of a Round 
Buoyant Jet in a Stag nant Stratified Environment. 

1. Theoretical Predictions. 

By adopting the Morton-type integ:::·a l approach, using 

similarity assumptions, the problem of an inclined round buoyant jet 

in a stagna nt linearly density-stratified environrnent has been solved 

theoretically {see Chapter IV}. The results, especially for horizontal 

discharge, are u seful in prediction of the gross b ehavior of the 

inclined buoyant jets arising in pollution control problems. {Mor e 

detailed results covering a wider range of initial conditions t ogether 

with two -dimensional jet cases will be presented in a future r e port.) 

The problem >vas fo rmulated based upon th e assumptions li s t ed 

1n Chapter III. Th e equations with seven unknowns were solved 

nun1e rically. There were three relevant dimensionless p a ramet e rs 

t o the problem, na1nely the initial angl e of dis charg e , e ' the initial 
0 

volume flux para meter,µ ·, and th e initia l n1omentum flux para1neter 
0 
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m ( s e e Fig. 1 1 ) • 
0 

The density gradient and strength of the buoyancy 

source are included in the dimensionless parameters. For finite 

nozzles (diameter D), the m and µ were related with the jet Froude 
0 0 

number F and a stratification parameter T defined as: 

and 

u 
F =----o __ _ 

T = 
dp 

(-~)D 
dy 

(51) 

(5 2) 

Either set of parameters (8 , m , µ or 8 , F, T) can be used to 
0 0 0 0 

define the problem, but the second set is more convenient to use in 

practical problems. 

2. Experimental Investigation. 

Thirty-three jet experiments were carried out in a 

laboratory tank. Trajectories of dyed jets were determined photo-

graphically. (See Chapter V.) 

Theoretical results on the jet trajectories and nominal half 

widths were compared with the observed dyed jet form_s by using a 

constant coefficient of entrainment a. = O. 082. In general, the agree"" 

ment was good. But, for vertical jets in stratified envii·onments the 

prediction of terminal heights of rise by using a.= O. 057 seemed 
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to give better results. For round buoyant j e ts in uniform environ-

ments the solutions for jet trajectories by using a. = 0. 082 agr eed 

better with observed jet flows than Abraham's {l) solutions by 

specifying a rate of growth function. 

Therefore, based upon the findings of the present study, a 

constant coefficient of entrainment a. = O. 082 and a turbulent spread-

ing ratio A.= 1. 16 are recommended for the analysis of the round 

buoyant jet in a stagnant environment, either uniform in density or 

linearly-stratified. The theoretical solutions obtained in this study 

based upon various assumptions are considered to be sufficiently 

accurate and satisfactory for practical purposes. The e rror of 

predictions may still be of the order of ± 10 to 20%; however, this 

is reasonably good for turbulent stratified flow. 

IX-C. Previous Knowledge About a Round Jet in a Uniform Cr o ss 
Stream. 

The previous studies on round jets in uniform cross streams 

ar e summarized in Table 7. The investigations were mostly 

experimental and on the det e rmination of the jet trajectories. For 

ordinary momentum jets, measurements were made by Gordier (15), 

Jordinson (17), Keffer and Baines (18) on jet velocities. B ecause 

of the rapid rate of decay of velocity, such measurements were 

l imited to the region close to the nozzle. An integral type analysis 

was attempted by Keffer and Baines by assuming a n entrainment 

mechanism based upon scalar difference of the velocities . For 

buoyant jets, measurements were mad e on jet trajectories by 
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Table 7 . A Brief Summary of Studies on Jets in Cross Streams 

Type of AN ORDINARY JET (A NON - BUOYANT JET) IN 
J et Flow A UNIFO RM CROSS STREAM 

Flow 
C onfigu-

ration u 
a ----- /" -

Pa 

~" Pa 

--iir 
P 1, u o 

Contents 

Methods of Approach Results 

Investi -
gators 

Gordier Total head measurements 1. Total head distr ibuti on 
( 15) near the nozzle (hors e-shoe shape) 

2. Jet trajectories and 
veloc i ty distribution 
along jet axes 

Jordinson T otal head measurements 1. Total head distribution 
(17) near the nozzle (horse - shoe shape) 

2. Jet trajectories 

Keffer & 1. Velocity .measurements 1. Similarity of velocity 
Baines near the nozzle distribution along s - axis I 

( 18) 2 . Integral type analysis 2 . Jet trajectories and 
assuming entrainment velocity distribution 
r e lation based on seal ar along jet axes deter-
difference of velocities mined from experiments 

3. Turbulence 
characteristics 
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Table 7 (continued) 

Type of A BUOY ANT JET (A FORCED PLUME) IN A 
Jet Flow UNIFORM CROSS STREAM 

Flow 
Configu- u ---ration 

a 

r -
Pa l 

g 
~ir P1<Pa 

P1 ,Uo 

Contents 

Methods of Approach Results 

Inves ti-
gators 

Callaghan Experimental determina- Jet trajectories expressed 
& Ruggeri tion of jet trajectories in ernpirical forms · 

(9) 
>--· 

Priestley Study of a smoke plume Jet trajectories 
(26) in a horizontal wind as 

·a sheared-over vertical 
plume. 

Csanacly Analysis of smoke plume 1. Jet trajectories at 
( 11) as a weak line thermal large distance 

2. Excess of temperature 
over the center-line 
maximum: 28% 

Vizel & Analysis of jet trajecto- 1. Jet tr aj ectorie s . 
Mostinskii ries based on th e drag 2. Drag coefficients by 

(3 5) mechanism only fitting experimental 
results . 

Pres ent 1. lntegral type analysis 1. Jet gross behavior 
Study based on the entrain- 2. Numerical values of a. 

(Chapters m.ent r elation ( 17) and a and Cd (Table 5) 
VI & VII) gross drag assurnption. 3. Concentration profiles 

J 
2. Concentration measure-

(horse- shoe shape) 
men ts 
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Callaghan and Ruggeri (9), and Vizel and Mostinskii (35). The latter 

obtained an analytical expression based entirely on a drag model 

without considering the entrainment. The drag coefficients were 

found to be much greater than those for a solid body of corresponding 

size. 

There was no previous investigation which could be used in 

predicting the gross behavior of a round buoyant jet in a uniform 

cross stream with results covering not only trajectories but also 

dilution ratios and jet half widths. (See Chapter II). 

IX-D. Contribution of the Present Study to the Problem of a Round 
Buoyant Jet in a Uniform Cross Strea1n of Homogeneous 
Density. 

1. Theoretical analysis. 

Integral type analysis was carried out (Chapter VI) by 

assuming an entrainment mechanism based upon the vector difference 

of the velocities: 

dQ 1- -1 -d = 2TI a. b U . - U 
s J a 

(17) 

where U. and U are respectively the jet center-line velocity and the 
J a 

ambient velocity. The effect of the pressure field was assumed to be 

lumped into a gross drag term with a constant drag coefficient Cd. 

Although the observed profiles were actually horse-shoe shaped due 

to vortices, the profiles were assumed to be circular in shape and 

similar. 

The relevant parameters to the problem are the jet Froude 

nur.o.ber F and a velocity ratio k defined as: 
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u 
F = ~~~-o~~-

J Pa -p, 
---gD 

Pa 

u 

(11) 

k=u
0 

(16) 
a 

The initial angle of discharge was limited t o the right angle. The 

effect of ambient turbulence was not included in the analysis. 

2. Experimental inve stigations. 

E xperiments were carried out in a laboratory flume by 

discharging heavy salt solutions into fresh water flowing in the flume. 

Ten cases with F varied from 10 to 80 and k from 4 to 16 were studied. 

Concentration n1easurements were conduct e d to determine the jet 

traj ect ories , half widths and dilution ratios. By matching both the 

trajector i es a n d variation of dilution ratios between analytical and 

experimental results the values of Cd and a. were determined for 

each case. As presented in Chapt er VII, the theoretica l jet half w idths 

agreed well with the observed values. Thus the analysis based upon 

the gross assumptions made d e scribes th e jet flow adequately and is 

applicable in practical problems. 

3. Values of the coefficients a. and Cd. 

The values of the entrainment coeffici e nt a. w e re fauna to 

vary frorn 0. 4 to 0. 5 as shown in Table 5 , Chapte r VII. Also list ed 

were valu.e s of the drag coe fficients Cd whi ch varie d from 0. 1 to 1. 7 . 

Approximate valu e s can be chosen from the table for practi cal 
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applications. The large variation in Cd has not been explained, and 

must indicate some difficulty with the mathematical model. 

Here the value of a. is much larger than that for a jet in a stagnant 

environment. It is probably caus ed by the difference in the entrainment 

mechanism. For a jet in a stagnant environment, the entrainment is 

mainly due to an aspirator action of the jet, whereas in a er os s stream, 

the component of U normal to the jet is of considerable importance in 
a 

the entrainment of the ambient fluid. The value of a. is also related to 

the shape of assumed profiles. The value of a. drops from O. 5 to O. 4 

as k varies from 4 to 16 indicating a correct trend, since as k becomes 

infinite the value of a. should be equal to the a.-value for a jet in a 

stagnant environment. The a.-value varies also with the jet Froude 

number. Over a range of F from 10 to 80,a. changed from 0.5 to 0.4. 

Th e values of Cd are roughly e qual to or less than th e drag 

coefficient for a solid body. The values indicate the importance of 

the effect of the pressure field. 

The theory gives better results for low velocity ratio cases. For 

high velocity ratio cases, a long transition region may exist b e tween 

the assumed zone of flow establishment and the region where the 

distributions of velocity and concentration become similar (in a horse-

shoe pattern). This may account for the discrepancy between theoretical 

and experimental results. 

4. Effect of ambient turbulence. 

The effect of ambient turbulence was not included in the 

analysis. A special set of experiments was carried out by towing 
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the jet along the stagnant ambient fluid. Results on jet trajectories 

and dilution ratios agreed well with results obtained in flume flow 

experiments . Thus under the flume flow conditions where the 

turbulence intensity was estin1ated to be under 5% the jet gross 

behavior was dominated by its self-generated turbulence up to a 

distance of travel of about 250D. (Chapter VII.) 

5. Concentration profiles . 

Several complete cross - sectional concentration profiles 

were obtained. (Figs. 57 , and 58 , Chapter VII.) The profiles 

are horse-shoe shaped with maximun1 concentration at two sides of 

the plane of sym1n e try. The maximum concentrations have excesses 

ranging frorn 80 to 60% of the value cat the jet axis . For practical 

applications such excesses should be considered. The lateral half 

width r'o. 
5 

was observed to be about twice of the half width r
0

• 
5 

on 

the plane of symmetry. 
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APPENDIX A 

SUMMARY OF NOTATIONS 

a subscripts denoting quantities of the ambient fluid 

A jet cross section normal to the jet axis 

b local characteristic length or half width of the jet 

b 
0 

half width of the jet at the end of zone of flow establishment 

initial concentration at the end of the zone of flow 

establishment, i.e. at 0 

c concentration at jet axis 

c>:' local concentration value 

C' 
d 

drag coefficient 

reduced drag coefficient = 

D initial jet diameter 

D
0 

diameter of a sharp-edged orifice 

e exponential function 

f dimensionle ss buoyancy parameter 
u 

densiinetric jet Froude number defined as ----0
---

F 
0 

g 

G 

initial jct buoyancy flux 

gravitational acceleration, 
dp 

_JL a 
P dv. 

0 

2 
98lcrn./sec 

J 
pO-pl 

g D 
. po 

h dimensionles s horizontal or x-mon1entuni. flux parameter 
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SUMMARY OF NOTATIONS (continued) 

k velocity ratio 

k' k +cos e 
0 

u 
0 = U (jet: current) 
a 

m dimensionless morn.entum flux parameter 

m initial di1nensionless momentum flux parameter 
0 

o subscript denoting initial values 

0 origin of the coordinate systems (x, y). beginning of 

the zone of established flow 

0' origin of the coordinate system (x', y'). point of the 

r 

r 
1

0. s 

R 

jet discharge 

radial distance measured fro1n the jet axis on A 

rat which c':' = 0. Sc on the plane of symmetry for jets 

in cross streams 

r at which c':' = O. Sc on the plane normal to the plane 

of symmetry and the jet axis 

initial jet Reynolds number defined as 
U D 

0 

\) 

s parametric distance along jet axis 

S center-line dilution ratio = c / c 
0 

S center-line dilution ratio with respect to jet dischar ge 
0 

. 2A.2 
concentration = T+ A. 2 - S 

st t erminal dilution rat io, l. e . sat the terminal point 

t subscript d e n oting values at the t erminal poi nt 

T stratif ication pararneter 
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SUMMARY OF NOTATIONS (continued) 

u jet velocity at the center-line of the jet (excess over 

the ambient velocity component U cos 8) 
a 

u':' jet velocity at a local point 

U ambie nt velocity 
a 

U . velocity along the jet axis 
J 

U jet discharge velocity 
0 

v dim.ensionle ss vertical or y-momentum flux parame t er 

x coordinate axis in horizontal direction on the s ame 

plane as jet axis with origin at 0 

x' coordinate axis in hori z ontal direction on the san1e 

plane as j et axis with origin at O' 

xt x-coordinate of the terminal point 

y coordina te axis in vertical dir ection, same direction 

as gravitation, with origin at 0 

y' coordinate axis in vertical dir ection, same direction 

as gravitation, with origin at O' 

yt t erminal h eight of rise; y-coordinate of the t e rmina l 

point 

a: coe fficient of e ntrainment 

13- : buoyancy flux pa rameter 

S: dime nsionless vertical distance (y ) 

i;t: dimensionless terminal height of r i se (yt) 

Tj: dirr1e nsionles s horizontal distance (x ) 

t\: dime nsionless horizontal distanc e (x t) 
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SUMMARY OF NOTATIONS {continued) 

C: dimensionless distance along s-axis (s} 

ct: dimensionless distance (st) 

9 angle of inclination of the jet axis (with respect to x-axis) 

e. initial angle of inclination {with respect to x-axis} 
0 

A.: spreading ratio between buoyancy and velocity profiles; o:r A.2 

µ: 

~: 

\) : 

p : 

p >:< : 

p >:< • a • 

cp: 

is the turbulent Schmidt number 

dimensionless volume flux parameter 

dimensionless initial volume flux parameter 

dimensionless terminal volume flux parameter 

kinematic viscosity in cm2 I sec 

density along the jet axis in gr /ml or center-line density 

density of the ambient fluid 

reference density taken as p (0) 
a 

initial j e t d e nsity 

local density within a jet 

local ambient d e nsity 

angular coordinate on a cross section normal 

to the j e t axis 

a : standard deviation 
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APPENDIX B 

PUBLISHED DISCUSSIONS 

1. Discussion by the author and Professor Norman H. Brooks of 

"Turbulent Mixing Phenomena of Ocean Outfalls 11
, by Richard F. 

Frankel and James D. Curnming. Published in the Proceedings of 

A1nerican Society of Civil Enginee rs, Journal of Sanitary Engineering 

Division, 92, SAl , February, 1966, pp. 296-300. 

TURBULENT :MIXING PHENOi'.\IENA OF OCEAN OUTF ALI.Sb 

Discussion by Loh-Nien Fan and Norman H. Brooks 

LOH-NIEN FAN22 AND NORMAN H.BROOKS,23M.ASCE.-Thelaboratory 
research by Frankel and Cumming has provided greate r insight into the prob
lem of mixing of a buoyant plume in a homogeneous environment. This type of 
flow pattern is generated by jet discharges of sewage effluent from ports in an 
ocean outfall diffuser, when the ocean is not density-stratified. 

The authors' results indicate that better dilutions are obtained for horizontal 
jets than for any upward inclination of jet discharge. In recent years, it has 
been the usual practice to use horizontal ports in multiple-port diffusers. How
ever, were it not for the problem of bottom scouring, do\lonward jets would be 
even better. 

The large observed fluctuations of the concentr2.tion with time at a fixed 
p oint in a plume emphasize the difficulty of samplin~ to determine a mean 
concentration, either in the laboratory or the ocean. The authors are correct 

a April , 19G5 , by Ch1rles ~!. Proctor (Proc. Pape.,- 4'.!'lS) . 
b Aprll, 1965, by Richard J. Fr:i.nkel o.nd James D. Cumming (Proc. Po.per 4297). 
22 Gradu:ite Resear c h Asst ., W. )!. Keck Lab. of Hydraulics a.-.d Water Resources, 

California Inst. of Tech. , P as1dena, Calif. 
23 Prof. of Civ. Engrg., W. ~I. Keck Lab. of Hydraul ics :ind Water Resource!', 

California Inst. of Tech. , Po.so.de:la, Calif. 
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in stating that individual samples with concentrations as much as twice as 
bigh as the time-avernge should be expect ed. However, in the ocean these 
spots of high concentration (and high (;radient) will quickly disappear as a re
sult of the natural oceanic turbulence . 

The observations of the effect of the free surface, as shown in Figs. 9 and 
10, are helpful. As the authors indicate, it is necessary to distinguish be tween 
data or solutions that apply at the surface from those which apply at the same 
height of r ise within a deep body of water. The authors' curves are for mea
surements made below the · surface transition zone, ar.d apparently no direct 
observations were made of t he thickness of surface t ransition zone. Their 
empirical estimate of the thickness of the transitio:-i zone (one-quarter of the 
depth) is apparently based on comparison of their experimental data with that 
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of Rawn and Palme r (as analyzed by P.awn, Bowerman, and Brooks?) which 
apply to the surface. 

Fig. 12 shows a comparison of various results for a horizontal jet at 
Froude number F = 10. A more compk~e comparison for horizontal jets is 
shown in Fig. 18, for F = 2, 4; 8, and 16, in which S represents the commonly 
used dilution ratio, defined as S = c,/c. Frankel and Cumming's results 
(solid lines) show higher dilution (lower concentration) in all cases; to make 
their results applicable to the surface they propose a shift of the curves to 
the right (as shown) corresponding to a one-third increase in depth-diameter 
ratio, y /d. The amount of this shift appears somewhat arbitrary and does not 
produce complete consistency for all Froude numbers and depths, but in 
general the a greement is good. 

However , the question r emains as to whether the difference in results 
is primarily the result of the surface zone rather than to a combination of 
experimental errors, various differences in e>..-per imental arrangement and 
procedure, and possibly Reynolds number (which is not specified in the 
paper). The thickness of the surface transition zone , Hs, should be con
sidered not only as a simple proportion of the depth but also as a function 
of the parameters of the rising plume, y/d, F, and the discharge angle. Fur
thermore, Hs should also be related to th'.! character of the horizontal surface 
flow layer as well as the ris ing plume. The thickness of the horizontal flow 
layer depends on the dynamics of th;;.t current, including factors such as 
duration of experimental run, late ral cc::straints, and s econaary circulation 
in the tank (or currents in the ocean). Cons idering these factors, the writers 
believe that, in most cases, Hs would be conside r ably less than 1/4 d. 

It is also interi:'st ing to note in Fig. 18 that Abraham's theory,8,24 which 
t'eglec ts the ~urface trans ition zone, giYes lower dilutions than the curves by 
Rawn, Bowerman, and Brooks, with best agreeme!1t at low Froude numbers. 
If a surface zone correction were applie-:i in the same manner as for Frankel 
and Cumming, the difference between the curves for Abraham and Rawn, 
Bowerm<m, and Brooks would be greatly .increased. Thus, the wide discrepancy 
between Frankel and Cumming's experiments and Abraham' s theory is not 
explained by the effect of the surface zo::ie. In a recent paper Abraham24 has 
also commented on this discrepancy. 

In performing expe riments in the laboratory, the writers have found it more 
convenient to injc:ct salt solutions into fresh water and observe the pattern of 
the falling plume. Because similarity is according to Froude's law, it ma.kes 
no difference whether the apparent gravity acts up or down. Because friction 
and wave effects at the free surface are negligible, it can be simulated by the 
solid bottom of a laboratory t ank. 

The size of the probes used by the auU1ors seems to be too la rge for small 
y/d where the jet width was small. By Fig. 3, the probes have a diameter of 
approximately 0.36 in, whereas the diameter of the nozzle used was only 
0.365 in.13 Thus, the dimension of the probe was of the same order as the j et 
width for a considerable range of y/d . In this range , the m easured concentra
tion, C, ".>.'ould neC':Ssarily gi\'E a smaller value than the actual C value on the 
jet axis, because the probe would re::.J only the averaged C values over a 

------- ----- - ---
24 Aun ham , G. , "Horizontal J e:ts in Stagn:,nt Fluid of Other Density, ' .J0·1rnal of the 

Hydra1Jlics Division , ASCE, Ve!. 91, !\o. Hn, Proc. Paper -l411, Jul), i9···.;, pp:-139.:-
154. 
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regloq around the probe . The error would be less for larger y/d because the 
jet width would be proportionally bigger. 

Fig. 19 presents a comparison of the results for vertical jets with 
Abraham's theoretical solution on log-log scale.8 From y/d ~ 15, the mea
sured values of S{or C0 /C) arc consistently lower than Abraham's solution 
but tending to the latter as y /d increases. This may be a result of the probe 
being too large. However, the r everse curvature of the curves between y/d 
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= 10 and 15 remains to be explained. Also, in F ig. 17, the sharply curving 
parts of the curv~s for horizontal jets at low values of y / d do not seem plau
sible, and are not consistent with Fig . 15. 

To simplify the discussion of the asymptotic rate of change of C with y, it 
is best to plot the curves on log-log graphs as in Figs. 18 ~.nd 19 rathe r than 
as semi-log graphs used by the authors (Figs. 12, 15, 16, and 17) . On log-log 
graphs the slope n is simply the exponent in the equation S -yn or c- y-n, and 
it is not necessary to make derivative graphs as in Fig. 11. Theoretically, 
for vertical jets near the source, C-y-1, and far away, c-y- 5/3; except for 
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the anomoly arcund y/d = 10, the authors' curves do show an increasing slope 
in Fig. 19 as y /d increases . For F = 4, y /d = 70, the slope or e:>..-ponent is n 
=· 1.4, which is not far from 5/3. For the horizontal jets (Fig. 18) the asym
ptotic slope of the solid curves (authors' experiments) is approximately 1.8 
(for F = 8 and 16), again no.t far from 5/3. It is difficult to determine the 
slopes accurately because the e:>..-periments were not conducted at constant 
F and variable y/d. Therefore, the curves shown for each Froude number 
have been Interpolated. 

These values of slope apparently contradict the authors' conclusion (page 
58) that for large y/d the exponent approaches one. The writers do not agree 

. with the authors' statement u ••• for ocean outfalls where density differences 
(and hence buoyancy) are small, relative changes in the concentration dis
tribution for large values of y/d are similar for cases of both buoyancy and 
nonbuoyancy and can be approximated by (y /d)-1." Whether density differences 
are relatively large or small can only be expressed through the Froude 
number in this problem; therefore, Eq. 9 giving the 5/3 relationship 
ts not subject to any lower limit on the values of density differences 6p/ Pc· 
In fact the total buoyancy of a plume is preserved with distance, and a cons tad 
upward driving force is applied, causing a gradual increase in the over-all 
momentum flux above its initial value . The citation to Morton, Taylor, and 
Turner12 on this point is not appropriate because their analysis pertains to a 
stratified ambient environment. 

The writers disagree with the conclusion, page 57, that uFurther increases 
in depth beyond y /d = 50 give minimal advantages to mixinr; in the vicinity of 
the discharge point.• This statement is not based on data, but is jus t an 
.opinion; for example, at F = 16, y / d = 50, S = C0 / C = 40 by Fig. 17, whereas 
at y /d = 80, S = 90, which is surely better than 40. There is no phenomenon 
limiting growth of plumes for y / d > 50. A reasonable value of y/ d can only be 
decided as part of a particular design problem. For ex:>.mple, the 120-in. 
outfall with 742 ports built in 1965 by the Sanitation Districts of Los Angeles 
County at Whites Point has minimum port diameters of 2.0 in. at depths of 
approximately 165 ft (y/d = 1,000) and maximum of 3.6 in. at 195-ft depth 
(y/d = 650). Port spacing is at 12 ft on both sides of a 4,440-ft-long diffuser 
pipe. The use of small ports was desirable to take full advantage of the natural 
density stratification in the ocean to produce a submerged sewage field. Design 
problems must also consider interference between adjacent rising plumes, 
which may sometimes be done by assuming a line source.25 

25 Brooks , N. H., and Koh, R. C. Y., "Discharge of Sewoge Effluent from a Line 
Source Into a Stratified Ocean," XIth Conzress, ln ternatl. Assn. for Hydr. Research, 
Lenlngrad, USSR, September, 1965. 
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PUBLISHED DISCUSSIONS (continued) 

2. Discussion by the author and Professor Norman H. Brooks 

of "Horizontal Jets in Stagnant Fluid of Other Density 11
, by Gerrit 

Abraham. Published in the Proceedings of the American Society 

of Civil Engineers, Journal of Hydraulics Division, 92, HY2, 

(March, 1966), pp. 423-429. 

(Note: The values of the dilution ratios from Fan and Brooks analysis 

in Fig. 8 on page 429 should all be multiplied by a factor of i~:2 , 

about 1. 15, and consequently the agreement with Abraham 1 s curve is 

not quite as close as indicated.) 
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HORIZONTAL JETS IN STAGNANT FLUID OF OTHER DENSITYa 

Discussion by Loh-Nien Fan and Norman H. Brooks 

LOH-.NIEN FAN19 AND NORMAN H. BROOKS, M. ASCE.2o_In this paper, 
Abraham has successfully analyzed the gross behavior of a turbulent buoyant 
jet (discharged horizontally), and compared the theory favorably with experi
ments. The analytical results are useful in the design of ocean outfall diffu
sers and may be used with reasonable confidence at a scale beyond the reach 
of laboratory experiments because of the physical basis of the analysis . It 
advances beyond the dimensional analysis approach presented previously for 
this problem by Rawn, Bowerman, and Brooks.14 · 

Abraham's solution follows the integral approach by assuming that the ve
locity and buoy:rncy profiles are Gaussian acros s the jet, and integrating them 
over the jet or plume cross section. This procedure simplifies the relation
ships for the variation of gross properties along the path of the jct. One of the 
main difficulties in . analysis of turbulent jets is to specify the rate at which 
fluid is entrained in the jet, or alternatively to specify the rate of growth of 
the plume or jet. From the present ( 1966) knowledge of free turbulent shear 
flows it is not clear how best to express this entrainment, especially in a suf
ficiently simple manner to permit a solution to the over-all problem of the 
curving buoyant jet. 

The writers believe that the author's representation of the entrainment rate 
is not entirely logical. The author makes an assumption concerning the rate 
of growth of the jet by taking the velocity profile as in Eq. 6, namely 

u = u e 
-k(r/s) 2 

m 

in which k is not taken as constant but as an empirical function of fl , the local 
angle of inclination of the plume ( Eq. 16). Because the angle, J3 , varies with 
distance along the axis, s, then k is also variable with s. The profile may also 
be expressed as 

u = u e 
m 

-(r/b)2 
•. ( 36) 

in which b = the nominal radius of the jct ( =12 a) and changes, of course, with 
distance s along the axis. Abraham, in effect, takes the nominal radius to be 

a July, 1965, by Gerrit Abraham (Proc. Paper ·1.Jll). 
19 Graduate Research Ass t . , W. l\l. Keck Lab . of Hydraulics and Water Resources, 

Califon1ia !Hst. of Tech., Pasade na, Calif. 
20 Prof. of Civ. Eng q ,_ , \\'. '.\!. l~cck Lah. of .Hydraulics and Water Res our ces, Cali

fornia Inst. of Tech., Pasacle n:>., Calif. 
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b = ................... (37) 

in which k( s) indica tes k is a function of s. Thus , the rate of spreading by his 
assumption is. not linear with distance. 

Abraham invented ,Eq. 16 to match two supposedly asymptotic cases-the 
horizontal momentum jct ( f3 = 0 and F = oc) and the vertical buoyant plume 
( f3 = ;r / 2 and F = O). The fact that k is different for these two cases does 
not prove that k should be a simple function of /3; rather, the writers believe 
that the variation of k results Crom the difference in the internal structure of 
the jet between the cases when buoyancy is insignificant and when it is a major 
driving force. This distinction is not a function of /3. Furthermore, in the 
asymptotic cases cited, k was used as a constant, not varying with distance, 

·and e xperimental values have considerable scatter. 
The rate of entrainment by the author's analysis may be shown to be 

dQ 
. ds d~ (11 

l\m kc:>) 
2 11 u s 

m ·=----
t 

11 u s 
m 

2 
dk . 
ds •••••••••••• ( 38) 

(Eq. 35 in the paper should also have included a second term with dk/ds.) 
This result is dubious because itimplies that the entrainment rate is not unique
ly de termined by loca l conditions of the jet but rather by its distance from the 
origin and the geometry of its trajectory. 

A better and more simple alternati\·e is to assume that the rate of entrain
ment is proportional to the local characteristic (or maximum) velocity, um, 
and the local characteristic radius of the jet or plume, following the tech
niques used successfully by Morton, Taylor and Turner21 and Morton.22 Thus 

dQ d ' ( 2) · . . 
ds = ds 11umb = 211 ab um ••••••••••• (39) 

in which um and b are de fine d by Eq. 36, and a = a dimensionless constant of 
proportionality. The effect of curvature is neglected, as the author has also 
done. By this means, full use is made of the continuity equation, which is ac
tually bypassed by Abraham's assumption of k and µas functions of angle f3 
(Eqs. 16 and 17). 

The value of a for buoya nt plume s based on data of Rouse, Yih, and Hum
phreys6 in 0. C82, while for mome ntum jets the value i s 0. (157 based on data 
by Albertson, Dai, Jensen, and Rouse.2 Therefore, a cannot be a universal 
constant but should vary somewhat as the relative buoyancy or a local Froude 
number changes. 

However, the coefficient a v.-ill b e assumed constant for simplicity, as others 
have done successfully. Morton fil ~.21 found th:tt in the case of buoyant 

21 ~rorton, B. !'l., Taylor, G. I., and Turner, J . S., "Turbulent Gravitatlonal Convec
tion frorn :.laint.1lne:d and Ir.stant.~ncous So<Jrces," Proceedings, Royal Society, Sc7lcs 
A, l.ondon, England , Vol. 234, 1956, pp . 1-23. 

22 ;11orton, B. n., •Forced P!umcs,• Jo•Jrnal of Fluld '.\!cchan.tcs, Vol. 5 , 1959, pp. 
151-163. 
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plumes in a stratified environment the results ba.sed on a constant a agreed 
with experimental observations. Later, Lee and Emmons23 also reached the 
conclusion that C'i can be considered as a constant in their study of line sources 
of buoyancy and momentum. 

The analysis that follows will demonstrate how the problem solved by 
Abraham (depicted in Fig. 7) can a ls o be readily solved using the continuity 
equation with constant entrainment coefficient a as in Eq. 39. The writers 
believe that this assumption provides a fairly good approximate solution to 
the problem and it is consistent with the order of approximation implicit in 
various other assumptions made throughout the analysis . The results agree 

y 

rJET AXIS 

I 

PROFILE 

FIG. 7 .-SCHEi\!ATIC DIAGRAM OF A BUOYANT AXISYl\L\!ETRIC JET, 
DISCHA!lGED HORlZOl'TALLY 

well with Abraham's and thus suggest that the simple entrainment formula is 
as valid as the author's approach using Eqs. 16 :>end 17. 

First, the similarity assumption is made on both velocity and buoyancy 
profile s for the jet cross-section (Fig. 7), as in Eqs. 6 and 7 but ·.vritten in 
slightly differ ent forms 

-(r/b)2 
u = um e .... . ......... . .. (36) 

- -------·-- - ---
2~ Lee , S. L., and Enirnons , H. W., "A Study of :>:atural Col1\·e ction a bo1·e a Line 

Fire," Jour!J.~lof Fl!Jid '.\lecj1:rnic~. London , England, \·o: . 1 , 1902, pp. 353-368. 
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in which b = a locai characteristic length; and 

•. •• .••.••• • •• (40) 

in V.·hich A = 1/,f'/i = a dimensionless spread ratio between velocity and buoy
ancy profiles, or the ratio of the turbulent diffusion coefficient for mass to that 
for momentum. The rate of increase of volume !l\LX dQ/ds, based on the defi
nition of a, has been given by Eq. 39. Eqs. 11, 14, 13, 12, 9, and 10 then be
come r espectively (see Fig. 7 for coordinate system): 

Continui ty ~(u b
2
) = 2 a u b .......•••••••• (41) ds m m · 

Horizontal momentum 
2 

cos f3 = constant •••••• • •••••• • (42) 

Vertical momentum 

_!!.(um 
2 

b?. ~ 2 2 pa-pm 
ds 2 sin fJ = g A b ••••••••• (43) 

Pa 

Buoyancy flux 2 
u b (p -p ) = constant .•...•••••••• (44) 

m a ru 

Geometry ~ 
ds 

sin f3 ••••••••••••••••••• (45) 

dx 
ds = cos f3 •• ••••• ••••• •••• • •• (46) 

The usual Boussinesq assumption of small density difference has been made. 
For convenience of normalizing the equations, define dimensionless quan

tities as follows: 

Volume flux parameter: 

Momentum flux parameters: 

m 

u 2 b2 
m 

u ~2 
m 

y=~ ••••••••••••••• • •• (47) 

0 0 

( ">.. 2 u 3 b 6 ( _ ) ) - 2/5 
) g o o iPa Po ( 

l 4 v'2 a pa ~ 
•••••• . (48) 

h = m cos f3 •••••••••••••• · ••••• (49) 

v = ro sin f3 ••••••• • •• • •••••••• (50) 
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Distance: 

Then Eqs. 41 to 46 can be written in the following dimensionless form: 

h 

in which m 

dy 
d~ 

~. 

constant 

dv 
~ 
d~ 
d~ 

L 
m 

v 
m 

h 
0 

. ........ .. .•. (54) 

..•. (55) 

..•• (56) 

.. (57) 

... (58) 

. .••. . . (59) 

Thus norma lized, the initial conditions for a hor i zontal je t at ~ = 0 are 

y = 1, h = h = m , v = 0, T/ = 0, and ~ = 0 ...•• . (60) 
0 0 

The zone of flow establishment is neglected because of its small extent in most 
applications; nevertheless, the initial values arc b:i.sed on Gaussian distribu
tions of velocity and density defect, such as would occur a t the end of the zone 
of flow establishment. 

Solutions to this system of four ordinary differential equations (Eqs . 54, 
56, 57, and 58) were obtained for values of the parameter m0 ranging from 
0.3 to 20.0. The nume rical integrations were pe rformed by an IBM 709-1 com
puter, adopting the Runge -Kutta method with automatic control on truncation 
errors. The results yield the four variables i' , v, ~, and 11 as functions oi C 
One of the advantages of this method of solution in no rmalized form i s tha t 
the entrainmi.:n t coefficie nt, a, and the mixing ratio, A, have not yet been 
specified, and may be c hosen as dl's ired. 

The dilution of any contaminant may now be determined as follows. Let c 
b e t he concentration, which follows the same profile equation as for (Pa -p), 
Eq. 40, 

-(r/Ab) 2 
c = c e ............... ( 61) 

m 
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Because the flux of the contamin:mt is conserved, 

1 + lh..
2 

constant •• •••• •••• •• ( 62) 

Therefore, related to initial values c0 , u 0 , b 0 , the product Cm um b2 evalu 
ated at any point along the plume is simply 

C U b
2 = c u b 2 (63) 

m m o o o • • • • • • • • • • • • • • 

Defining Sm as the dilution on the centerline, and using Eqs._ 47 and 60 

c u b
2 

s = -2. = _!!!_2 = y ••••••••.••••• (&1) 
·m cm u b 

0 0 

For the convenie nce of comparison with existing res,;lts, the Froude num
ber f (Eq. 3) i s found to be rela ted to the dimensionless initial momentu m 
flux parameter m0 by 

u 
0 

-~---:~ .l' --p; 

). s/4 
1/ 4 

m 
2 ./a 0 

••••••••• ( 65) 

In deriving Eq. 65, the initi:ll jct diameter D has been assum~d to be .f2 b0 
based on results of Albertson et al.2 !or zone of flow establishment. It should 
be noted th1t the quantity F 172--;sed by Abraham is the same as F used by 
Rawn, Bowerman, and Brooks.14 

Also found is the follov.-fog relationship b etween y/ D and ~.,rm; 

~ = 1 ~Im .. ......... ..... (66) 
2.f2a 0 

· 

With suitable numerical values of the dimensionless coefficients, a a nd A, 
the results of the numerical solutions to the diffe rential equations can now be 
given in the form Sm = f(y/ D, fl / 2), as s hown in Fig . 8. Assuming that the 
over-all mixing is more similar to th at of a buoyant plume than th;;.t of a mo
mentum jet in the range of Fig.8 , the values a = 0.082 and X = 1.16 have been 
selected as being most r eason:.ble, based on the literatllrc .6,22 The a&ree
ment in dilution values obtained by Abraham and by the writers is r e markably 

· good in the r anr;e covered in Fig. 8 . Although not shown here , the computed 
t rajectories al so check reason:ibly well: For exampl.::, the writers' trajectory 
for fl /.2 = 24 ma tches the allthor's for fl/2 = 20 (r.ot a laq;e discrepancy). 

One of th~ princ ipa l ad~·ant:tges of the entrainment ~quation ( Eq. 39) over 
the author's approach is that it is more flexible a :ld c;in be used on a wide r 
V<\rlety of problems, such as those involving buoy:u1t jets and plumes in a 
stratifi<:d environment. The variation of i'.) lume width b with distance ne ed not 
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be specified in advance, a s by the author, but can actually be derived from the 
equations of motion and continuity _21,24 This is a necc:ssity in problems where 
the den s ity stratification actually s tops the rising buoyant plume at l).n inter
mediate level, with the solutions21,24 yie lding in the limit um--. 0, and b-co . 
Further research, including the cases of buoyant jets discharged into strati
fied environments at various angles, is in progress by the writers at the 
California Institute of Technology. 
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