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ABSTRACT

Mass transfer from wetted surfaces on one-inch cylinders
with unwetted approach sections was studied experimentally by
means of the evaporation of n-octane and n-heptane into an air
stream in axisyﬁmetrical flow, for Reymolds numbers from 5, 000
to 310, 000. A transition from the laminar to the turbulent boundary
layer was observed to occur at Reynolds numbers from 10, 000 to
15, 000. The results were expressed in terms of the Sherwood
number as a function of the Reynolds number, the Schmidt number,
and the ratio of the unwetted approach length to the total length.
Empirical formulas were obtained for both laminar and turbulent
regimes. The rates of mass transfer obtained were higher than
theoretic-al and experimental results obtained by previous investi~

gators for mass and heat transfer from flat plates.
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INTRODUC TION

Mass tr’ansfer between a solid surface a.nd a fluid is one of
the most important subjects in chemical engineering. It occurs in
many chemical engineering operétions, such as drying, absorption,
adsorption, extraction, heterogeneous chemical reactions (in
particular, surface catalytic reactions) etc. An understanding
of mass transfer is therefore essential to the design and operation
of process equipment. It is also important in the field of aero-
nautical engineéring in the study of problems such as ice formation
on aircraft and the maintenance of tolerable temperatures on the
surface of high-speed aircraft by the use of transpiration cooling.

In most cases of industrial importance, the fluid flows
relative to the solid surface and creates convective mass transfer
in addition to the molecular di_ffusion‘. It is therefore important
to study the relationship between fluid flow and mass transfer or,
more specifically, the dependence of mass transfer on fluid flow.
Industrial mass transfer processes usually involve complex
equipment, and the basic principles of mass transfer are often
cbrﬁplicated by the geometry and flow patterns. In order to
understand the basic mechanism of mass transfer, it is desirable
to study situations where boundary conditions are simple and well
defined. The most frequently studied cases are flow past a flat
Plate(1, 2, 3)*,- (1, 4, 5) (1,6,7) .-

sphere , cylinder perpendicular

“Numbers in parentheses indicate references listed on pages 64 to
68.

[
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(8,9) (10,11)

parallel to the flow direction and, of course, flow in pipes

and flow between parallel plates(ll' 12).

Aiisymmetrical boundary layers occur in flows past axially
symmetrical bodies. The axisymmetrical case differs from the
two-dimensional case by including the effect of curvature in a
plane transverse to the flow direction. The influence of this
curvature on the values of local skin friction and thermal transfer
has been studied fheoretically by Seban and Bond(s) by considering
the problem of forced convection from a heated cylinder into the
surrounding axisymmetrical, incompressible, laminar boundary
layer produced by a uniform stream. No satisfactory theoretical
treatment is yet available for the corresponding turbulent boundary
layer case, and experimental work on this problem is lacking.

The purpose of the present investigation was to study
experimentally the rate of mass transfer from a one-inch-diameter
porous cylinder to an air stream. The air stream flowed parallel
to the axis of the cylinder (axisymmetrical flow) and formed a |
boundary layer along the surface of the cylinder. The boundary
layer was either laminar or turbulent depending on the flow
conditions. The porous section was preceded by an unwetted
length. Thefe was no mass transfer between the unwetted
surface and the air stream, and thus the mass flux of the diffusing
component on the unwetted surface was zero. This unwetted length
is called the "approach 1ength“(13).

Liquid was injected at a predetermined rate to the porous
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section and raised by capillary force to form a thin film on the
porous surface. The Reynolds number was varied from 5,000
to 310, 000 by changing the air velocity as well as the length of
the approach section. ’
Two liquids, n-heptane and n-octane, were used as the
diffusing components. The difference in the .vapor pressures of
these two compounds served to study the effect of the surface
concentration of the diffusing component on the rate of mass
transfer.
Both isothermal evaporation and non-isothermal evapora-
tion were tested and the results were compared. The isothermal
evaporation was achieved by supplying energy from a heater
located inside the porous section.
In summary, the following problems were considered in
the present investigation: |
1. Dependence of the rate of mass transfer on the Reynolds
number.

2. Influence of the approach length on the rate of mass transfer.

3. Influence of the transverse curvature on the rate of mass
transfer.

4. Effect of the surface concentration of the diffusing component
on the rate of mass transfer.

5. Isothermal versus nonisothermal mass transfer.
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THEORETICAL CONSIDERATIONS AND LITERATURE REVIEW

Theoretical analyses relevant to this work are systematically
discussed in this chapter. For the convenience of comparing this
work with measurements made by other investigé.tors, previous
experimental results directly related to this work are reviewed.
Analogies and d-iffez‘-ences among momentum, heat, and mass

transfer will be discussed as the situation arises.

Differential Equations

For the case of two-dimensional, incompressible, steady
flow with negligible viscous dissipation, the boundary layer

equations can be written as follows

continuity:
d(pu) . 8(pv) _ *
0x + oy 0 . L
momentum:
) ) p B 1 9P
ox oy p oy p Ox
energy:
. 8g
ox oy pcp oy

*
Table of nomenclature is given on page 6l.



diffusion:

8(p,./P)

8{p, /p) dm
u tv E = -
9x oy oy

3
P

For the corresponding axisymmetrical case, the boundary layer

equations assume the following form

- d{rpu) , d{rpv) _
ox * 8r s

pou L, 0w 1 xr' 1 9P
Ox or = pr o1 p 0x
BT . _ 8T i Bl=a)
Uus— +tvg= = -
ox or pc_r or
13
3(py/p) ey /p) Blrmy )
[f e g e e £ et ey
ox or: pr dr

As is well known, no general solutions for the above
equations are available. It has been possible to obtain exact
solutions only for some simple problems such as laminar flow

past a flat plate at zero incidence(l’ 2).

Approximate methods
have been developed to solve more complicated situations. We
shall first discuss important results for the two-dimensional

case, which has been much better explored and usually gives a

good first approximation to the axisymmetrical case. The

(4)

(5)

(6)

(7)
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influence of the transverse curvature on the transport processes
will then be discussed to illustrate the difference between the

two-dimensional and axisymmetrical cases.

Laminar Boundary Layer

The momentum boundary layer equation was transformed
into an ordinary differential equation and solved exactly for
the case of flow along a flat plate at zero incidence by Blasius(l’ 14). ’

The local friction factor was found to be a.function of the Reynolds

number. as follows:

0. 664
Re
v x

The corresponding heat transfer problem for a flat plate with a

constant wall temperature was first solved by Pohlhausen(3’ 15)_

f = (9)

The rate of heat transfer was expressad in the form of the
Nusselt number as a function of the Reynolds number and the
Prandtl number., The result can be approximated by the
follbwing formula with good accuracy

Nu__ = 0.332 Prl/BReL/Z ' (10)

In the presence of an approach length the above equation

is not applicable because the thermal boundary layer does not
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start at the same position as the momentum boundary layer, as

(16)

shown in Figure 1. This problem was solved by Meyman

{17 by substituting a third-power polynomial into the

1)

heat flux equation'™’. This approximate method leads to the

and Eckert
following result

Nu_ = 0.332 prl/3Rel/ 2 . (11)

3%/1--( x_ /1 B/4

The function [1-(x /JZ)3/4] -1/3 represents the influence of the
)

inert approach length on the local Nusselt number and is called

the "approach-length function. "

The change of the surface
temperature in the form of a step function is of practical im-
portance. A solution to this problem opens the way to the
prediction of the heat transfer rates from surfaces of arbitrary
temperature distribution by meé.ns of the principle of super-
‘position, as one recalls that the energy boundary layer equation
is linear. Methods for solving the problem of arbitrary tem-
perature distributions along the surface of a flat plate have been
given by Lighthill'®), and Tribus and Kiein?),

It is seen that when the plate is heated over its entire
length, i.e. X, = 0, Equation 1l reduces to the result of
Pohlhausen, Equation 10.

Integrating Equation 10 from x =0 to x =£, one

obtains the following expression for the mean Nusselt number



Nu, = 0.664 Prl/?’Re}q/z (12)

Equations 10 and 12 can also be derived from the Reynolds analogy
and the Blasius solution for momentum transfer for the special
case of Pr = 1(1).

For mass transfer with small solid-fluid interfacial

velocities, an equation analogous to Equation 11 can be derived

Sh_=0.332 Sq1/3Reic/2 1 (12)

3%/1 - (xo/:z)3/4

If the entire length is maintained at a constant concentration,

Equation 12 becomes
Sh, = 0.332 Sc_l/3Rei/2 (13)

The mean Sherwood number is obtained by integrating the above

expression from x=0 to x=14,

Sh, =0.664 scl/3 Re}l/ & (14)

The analogy between heat and mass transfer in this case
can be easily visualized since the energy boundary layer equation
(neglecting the thermal dissipation term) and the diffusion

boundary layer equation are the same, and the only difference
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is that for heat transfer the normal velocity at the wall is zero
but for mass transfer it is greater than zero. They should have
the same form of solution if the interfacial velocity in the mass
transfer case is sufficiently small.

The Colburn analogy also holds for laminar boundary layer

flow along a flat plate. The Colburn j-factors(zo) are defined as

. 2/3
By = SthPr_
(15)
j_ =st_sct/3
m m -

for heat and mass transfer, respectively. A comparison of

Equations 9, 10, 13, and 15 gives the following simple relation

o = =82 » (16)

The preceding formulas for heat and mass transfer are in good

agreement with the measurements of Elias(Z]'), Edwards and

(22)

Furber , and Kestin, Maeder and Wang(23) for the transfer
of heat from flat plates, and the measurements by Albertson(2'4)

for the evaporation of water from a flat plate.

Transition

(15)

Since the celebrated experiment of Osborne Reynolds

it has been well known that the flow of a viscous fluid can be
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classified into two basic hydrodynamic models, laminar flow and
turbulent flow. At low Reynolds numbers, fluids flow along
stream lines (laminar flow). In this regime, mass transfer
in the direction normal to the flow depends only on the molecular
diffusion. When the Reynolds number is increased, the flow
undergoe sl a transition from the laminar to the turbulent regime,
where mixing of fluid particles in various directions takes
place. This macroscopic mixing is termed turbulence. In the
turbulent regime, macroscopic mixing dominates the mass
transfer process. |

Since the mechanism of the transport process is distinctly
different in these two regimes, the transition from the laminar
to the turbulent flow is of fundamental importance in the study
of momentum, heat, and mass transfer. It is a well known fact
that for flow in a circular pipe, the transition occurs approxi-
mately between Re = 2,000 and 4, 000.

The flow in a boundary iayer can also undergo transition,
as shown in Figure 2. The process of transition in the
boundary layer on a flat plate with a sharp leading edge has
been studied by many investigators(2'6’ &l 26 & 30). Near
‘the leading edge the momentum boundary layer is always
" laminar, but becomes turbﬁlent further down stream. On a
flat plate with a sharp leading edge and in an air stream of the
level of turbulence of the order of 0.5%, the transition takes

place at



.

Re};=3.5 %10° to 10°

| Theoretical studies based on the method of small disturbances

indicate that the point of instability of a laminar motion takes

i)lace at(1’31’32)
U 8"
( ‘f ) = 420
crit
. or
Uoox 4
Re'X.,Cl‘it: (——r) 26.0X10

crit

for the boundary layer on a flat plate at zero incidence. At
Reynolds numbers larger than this value, some disturbances
may amplify themselves and make the laminar flow unstable .
This point of instability (or the theoretical critical Reynolds
number) gives the lower limit of the point of transition (or
experimental critical Reynolds number).

The point of transition depends strongly on the experi-
mental conditions. Using a special wind tunnel with a level of
turbulence lower than 0.1%, Dryden and his coworkers(33’34)
were able to maintain a laminar boundary layer for flow along
a sharp-edged flat plate up to Rex = 2.8X 106. They also

found that when the level of turbulence was lower than 0.08%

further decreas‘es in the le{rel of turbulence did not increase

(17)

(18)

(19)
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the critical Reynolds number. Accordingly, there seems to exist
an upper limit for the critical Reynolds number as well as a lower
limit. A comprehensive review on the transition from laminazr

to turbulent flow has been given recently by Dryden(30).

In many experiments where the angle of incidence was
not close to zero, transition at a Reynolds number of the order
of 104 was observed. This is possible since the point of
transition depends not only on the Reynolds number but also
on other parameters. The most important ones are the level
of turbulence of the main fluid flow, the pressure distribution
in the external flow, and the roughness of the wall. The lowest
ﬁeynolds number employed in the mass transfer measurements

(13) was approximately 4 X 104, which

of Maisel and Sherwood
was already in the turbulent boundary .layer regime. The heat
transfer measurements of Jacob and Dow(35) for axisymmetrical
flow along a cylinder showed that the point of transition took

place at Reynolds number as low as 5 X 104.

According to the Rayleigh theorem(36)

» the velocity pro-
files which possess a point of inflection are unstable. The
pressure-distribution measurements by Sogin and Jacob(37) for
a cylinder with a hemispheric nosepiece in axisymmetrical
flow showed that there was a boundary layer separation
immediately after the hemispheric nosepiece, and consequently

there was a point of inflection. A hemispheric nosepiece will

therefore accelerate the transition from the laminar to the
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turbulent boundary layer. This was experimentally verified by
Jacob and Dow(35). They used a hemispherical nosepiece and
a hemi-ellipsoidal nosepiece and found that in the former case

there was a lower value of the critical Reynolds number.

Turbulent Boundary Layer

The theoretical treatment of the laminar boundary layer
is rather straightforward, at least for flow along a flat plate,
and agrees well with the experimental results. The theoretical
analysis of the turbulent boundary layer has not been carried
out with such great confidence due to the complex nature of
turbulence which is not entirely understood. Mathematical
analyses of the turbulent flow always involve some semi~empirical
hypotheses. Since different investigators adopted different
hypotheses in deriving theoretical formulas, the results often
do not agree with each other. The agreement between experi-
mental measurements and theoretical formulas has not been as
good as in the laminar case. A detailed comparison of various
results has begn given by Christian and Kezios(38).

The classical method in the calculation of heat and mass
transfer in a turbulent boundary layer takes as its starting
point the Boussinesq expressions for shear stress and heat
flux (or mass ﬂu.x)(39’ 1), and assumes that the ratio between
the shear stress and the heat flux, T/, remains constant

across the boundary layer and the turbulent Prandtl number is
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equal to a constant in the turbulent core. The resulting relation
between the temperature gradient and the velocity gradient is
then integrated to yield expressions for the heat flux. 'Additional
assumptions concerning the velocity distribution across the
boundary layer have to be made when the integration is being
carried out. Consequently, different formulas have been
obtained by various investigators due to different assumptions

involved. The most widely accepted ones are those of

(42) (43)

Prandt1(4o) and Taylor(41), von Kirméan
(44)

, van Driest , and

Rubesin For the Prandtl number close to unity, the for-

mulas by Prandtl and by von Karman can be approximated by

(1)

the following simple expression with good accuracy

Nu_ = 0.0296 Prt/3Re 08 | (20)
p: 4 xX
or
Nu, = 0.037 Pr1/3Re£0'8 (21)

All the theoretical analyses indicate that the Nusselt number (or
Sherwood number, for mass transfer) is approximately pro-
portional to Re}?' 8 for turbulent boundary layer along a flat
plate, provided the Prandtl number is not too far from unity.
A new theoretical method for the analysis of heat transfer
in a turbulent boundary layer has been developed recently by
Spalding(45’ 46, 47) by making use of the von Mises transforma-

tion(48). The energy equation is transiormed into a form
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identical with the one-dimensional diffusion equation in which the
coefficients are functions of the space coordinates. By assuming
proper forms of the universal law of the Wa11(49) and of the
turbulent Prandtl number, the equation can be integré,t‘e,d
numerically to yield the heat transfer coefficient. This new
approach is more exact and elegant in the mathematical sense,
but the results are in the numerical form rather than the
analytical form obtained by the classical method. It is there“-
fore rather inconvenient for practical applications. A survey
of the present status of knowledge concerning the transfer of
heat by forced convection across incompressible turbulent
boundary layers has been given by Kestin and Richardson(so).
The influence of the approach length on the rate of heat
transfer through a turbulent boundary layer was first studied

(35)

experimentally by Jacob and Dow . They measured heat

transfer from a 1. 3-inch cylinder with a hemispheric nosepiece
in axisymmetrical flow for various approach lengths from 0.075
to 1. 026 feet and a heated length of 8 inches (xo/ﬂ = 0.101 to 0. 606).
Over a range of Rey= 2 ><105 to 1.5 X 106, the data were in

good agreement with the empirical relation

Nu, = 0.0280 [1 : 0.40(x0/1)2'75] Re) %0 (22)

(13)

Maisel and Sherwood measured the mean mass transfer
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coefficient* by evaporating water from a flat plate into a turbulent
air stream for air velocities between 16 and 32 feet per secoﬁd,
with wetted lengths of 2.03, 4.06, and 6.09 inches, and approach
lengths of 5.2, 10.4, 20.6, and 40.6 inches. Over the range

4 5

of the Reynolds number from 6.5 X10~ to 6.5 X 107, the data were

correlated by the following expression

: -0.11
Sh, = 0.035 Reg's [1 - (xe/i)o's] (23)

with an uncertainty of £15%. The approach-section functions
of Maisel and Sherwood, and of Jacob and Dow agree fairly well

for xo/l between 0 and 0.9. However, they behave completely
differently as xo/ﬂ - s

1+0.4(x0/ﬂ)2'75—>1.4  (24)

| [1 - (xo/ﬁ)o's]—o.n == 5 - (25)

*Maisel and Sherwood claimed that "In the present case Xq is
larger compared with x; with the 5.1 cm. wetted section and
103 ¢cm. approach section j,,, is essentially a point value and
not an average over a wetted length £." This is certainly not
true in view of the strong dependence of the mass transfer
coefficient on xo/l as £ —+ x,, as one can see from
Equation 23. ]
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Spielman and Jacob(51) measured the mass transfer rate
from a flat plate by evaporation of water into an air jet and
concluded that the approach-section function of Maisel and
Sherwood gave a better correlation. However, their results are
somewhat doubtful in view of the high uncertainties (£40%) in-
volved. It has been pointed out by Tribus(sn in discussing
Spielman and Jacob's paper that the boundary conditions required
that the equation have a singularity at the point where the tefn-
perature or vapor pressure discontinuity occurred, therefore
the formula by Méisel and Sherwood was more realistic than
that of Jacob and Dow.

Theoretical formulas for the influence of the approach
length have been obtained by'Seban(Sz) s Rubesin(Ss) , and Reynolds

et al. (54).

So far the experimental data are not extensive enough
to make a clear choice among the various empirical and
theoretical formulas.  This is also due to the difficulty that the
differences among the various formulas are of the same order

of magnitude as the uncertainties involved in most experimental

results.
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Influence of Transverse Curvature

The presence of curvature normal to the flow direction
affects the boundary layer structure, and hence the momentum,
heat, and mass transfer. In general, a transverse curvature
decreases the rates‘ of heat and mass transfer in the case of
flow in a pipe (concave curvature); whereas for flow outside
an external surface, a transverse curvature {(convex curvature)
increases the rates of heat and mass transfer. This can be
physically visualized since in the former case the surface
area normal to the heat or mass flux decreases as it moves
away from the solid-fluid interface, and the situation is re-
versed in the latter case.

The boundary layer equations for the axisymmetrical
flow of a viscous fluid past a body of revolution were first
derived by Boltze(ss). Millikan(56) solved these equations by
using an approximate integral method and gave numerical results
for an airship movel. Since the Boltze formulation is based on
 the assumption that the boundary layer thickness is much smaller
than the radius of the transverse curvature, the method developed
by Millikan does not apply when the influence of the transverse
curvature on the stzfucture of the boundary layer becomes

important.
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The influence of the transverse curvature on skin friction
and heat transfer in a laminar boundary layer from a cylinder in
axisymmetrical flow was first solved by Seban and Bond(8) in the
form of series expansions in terms of the ratio of flat plate
displacement thickness to radius curvature. Important
numerical corrections to their work have‘been made by Kelly(57),
and the resulting solution is referred to as the Seban-Bond-Kelly

solution. For a Prandtl number of 0. 715, the resglt for heat

transfer can be expressed as follows

(Nu_) . \ ) ,
x cylinder . 43, 30(%{)Rexl/2 (26)

The leading term of the expansion is the corresponding flat plate
express-ion-, and the subsequent terms are corrections for the
fransverse curvature. Since the convergence of the solution is
poor as the boundary layer becomes thick, the s_olutioﬁ is valid
only for the regime close to the leading edge of the cylinder. Since

(58), Stewartson(Sg), and Glauert and Lighthill(éo)

then, Mark
have obtained approximate solutions by means of the momentum
integral method for the skin friction which cover the entire

range from weak curvature effects close to the leading edge of the
cylinder to strong curvature effects far downstream. Asymptotic
solutions for the heat transfer rate in the regiines of strong and
moderate curvature effects have also been obtained by Bourne

(61) (62)

and Davies , and Bourne, Davies and Wardle . The combined
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effects of transverse curvature and mass injection have been

(63, 64) (65)

studied by Steiger and Bloom , and Wanous and Sparrow 3
The extension of the solutions to other bodies of revolution such
as cones and parabolas have been discussed by Yasuhara(66) and

Raat!?), (38)

Christian and Kezios measured the rate of mass
transfer by sublimation from the outer surface of a hollow
naphthalene cylinder in a parallel air stream. Their data indicated
a smaller effect of curvature than any of the theoretical results
discussed above. However, the range of their measurement
was not extensive enough to lead to a decisive conclusion,
particularly in view of the soundness of the theoretical analyses.
The picture for the turbulent boundary layer is still very
obscure. No rigorous theoretical analysis is available. Most
measurements in heat transfér from bodies of revolution in axisym-
metrical flow have been carried out with large objects at high flow
speeds by aeronautical engineers. Due to the small boundary
layer thicknesses and large radii of curvature involved, little
information concerning the influence of the transverse curvature
on the rate of heat transfer has been gained from those measure--
ments(67). Theoretica; analyses have been limited to approximate
methods based on a number of assumptions which have been
justified neither theoretically nor expe rimentaliy. Experimental
studies have not been satisfactory due to the fact that experimental

uncertainties involved in turbulent heat and mass transfer are

usually of the same order as the effect of the transverse curvature.
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(35)

Jacob and Dow derived an expression for the influence
of transverse curvature on the rate of heat transfer by means

of an appr'oximate integral method. In carrying out the integration
they as';sumed that for both the flat plate and the cylinder the 1/7-th
power velocity distribution law holds, ar-ld that the bouﬁdary layer
thickness is the same on the cylindrical surface as on a pl'ane for
equal Reynolds numbers.rThis leads to the following result

(Nuf)

(Nuy ),- plate

cylinder _ 1+0.3 k]
a

(27)

The thickness of the turbulent boundary layer, &6, can be deduced

from the 1/7 -th power law,

5 = 0. 37xRe;l/5

(28)

. Since the influence of curvature is a second-order effect (in com-
parison with the first term which corresponds to heat transfer
from a flat plate}, the use of an approximate method which involves
a number of unverified assumptions may give poor results. This
can be seen when one uses Jacob and Dow's method to evaluate the
influence of curvature on the heat transfer rate in a laminar

boundary layer. This leads to

{ Nux? cylinder 2

=1+ 3.94 \%:) Re;{l/ (29)
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A comparison of Equation 29 and the exact Sebaﬂ-Bond-‘Kelly solu-
tion, Equation 26, shows that the influence of curvature obtained
by Jacob and Dow's method is almost twice the exact solution.
Another Wea:k point of Equation 27 is that i£s convergence is poor.
From Equations 20, 27, and 28, one obtains the following expression
for heat transfer from a cylinder

| | u_ V5 o8

‘U 0.8 1+o.zzz"‘-2) o
0.02961{131'1/3(—‘}99) \0 2 -
- X o

tn.

' 0.8 , -1/5 4 |
85 U 0.6
0.0296kPr1/3k-v_°‘L) [ 10 5 + 0,222 (—5‘2) = ]
0.
(30)

The 1/x0' a term, which corresponds to the heat transfer from a

flat plate, indicates that the local coefficient decreases with
increasing x, as expected. DBut the second term, which is pro-
portional to xo' 6, increases with x at a much higher rate and
may overcome the decrease in the first term when the boundary
layer thickness reaches a certain high value. In other words,
the Jacob”-Dow formula predicts that the rate of heat transfer at
first decreases with x, reaches a minimum, and then increases
with x. This phenomenon has never been observed experimentally
'and is difficult to conceive physically.

A method which removes the assumption that the boundary

layer thickness is unaffected by curvature has been derived by
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Landweber(68) and H. U. Eckert(69). The results are expressed
as the ratio of friction factors in terms of the boundary layer

thickness and cylinder radius

- . 1/5
fcxhnder= i _15 _g) (31)
plate '
£ ' 1+0.30 2
cylinder _ * o (32)
£ 1 §.,4/5
plate 1+ 3 )
The boundary layer thickness, &, is evaluated from
4/5
5=0.37xRe /51 + L 5 (33)

which is obtained by the momentum integral method and the 1/7-th
power law.

The skin-friction measurements of Chapman and KesterWO)
show that the influence of curvature is lower than the prediction.of
the jacob-Dow analysis and higher than the prediction of the
Landweber-Eckert aLnalysis. No conélusion can be made from their

experimental results concerning the relative merits of these two

approaches.

Heat Transfer vs. Mass Transfer

In the above discussions we have considered heat and mass

transfer as identical problems. This is approximately true since
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the energy and diffusion boundary layer equafions have the same
form. However, it should be pointed out that heat transfer and
mass transfer are not exactly analogous since in mass transfer
the normal velocity at the phase interface is not zero, rather the
interface serves as a sink or source of the diffusing component.
This boundary condition makes the momentum boundary layer
equation no longer independent but coupled with the diffusion
boundary layer equation. The diffusion of a second component
from the interface to the fluid (or vice versa) directly affects the
boundary layer structure. In heat transfer the interfacial
velocity remains zero. Temperature variations across the
boundary layer can only change the velocity profile in an indirect
way, namely by changing the properties of the fluid. When the
temperature gradient is not very high, the momentum boundary
layer equation can be treated independently of the heat transfer
process.

(71)

Acrivos has developed asymptotic expressions for mass
transfer in laminar boundary layer flows in the two-dimensional

case. No general and exact method is available to treat the

problem of nonvanishing interfacial velocities.
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EXPERIMENTAL EQUIPMENT

The principal parts of the equipment employed in this study
were the porous cylinder, the liquid injection system, and the air
supply system. Auxiliary equipment included devices for
measuring temperature and humidity, pitot tube, and micro-
manometers.

The one=-inch porous cylinder with a hemispherical nose-
piece was placed vertically above a square air jet. Liquid was
supplied to the porous surface at predetermined rates from an
injector. A photograph of the experimental equipment is shown

in Figure 3.

Air Supply System

Figure 4 shows a schematic diagram of the air supply system.
The equipment used in this work was essentially the same as that
described by previous investigators in this laboratory(7’ 72), except
that a square jet was used instead of the original rectangular jet.
This open-circuit air tunnel was originally designed by Sage and
coworkers for the measurement of heat and mass transfer rates from
liquid dropsr, metal and porous spheres, at average air velocities
from 4 to 32 feet per second at the opening of the converging jet.

Air was press€d by two blowers, A, over wire grid heaters,

B, through a Venturi meter, V, into a system of 12-inch square

ducts, and then into a converging jet which has a 6-inch square
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opening. The air blowers were driven by a direct current motor.
A glass-fiber filter was installed at the air inlet to the blowers

to provide clean air to the system. The bends in the ductwork
were equipped with vanes to reduce disturbaﬁces to the air stream
due to sudden changes'in‘the flow direction. The smoothly con-
verging jet, shown in Figure 5, -with a nozzle-contraction ratio

of 4~.,é.nd‘th'e screens at the bottom of this section, S, were used
to reduce turbulence to a low value in the test region. They also
provided a relatively flat velocity profile at the jet opening.

(73), ‘the_ level of turbulence of the air stream

According 1;0 Hsu
1eav‘ing the converging jet was appreximately 1. 3%.

The duct and the converging séction were provided with
heaters which could be regulated independently to control the
temperature of the air stream. The reader is referred to
Corcoran et al. (74_) for details of the temperature control system.

Niné 36-gauge copper-éonstantan thermocouples were
located in the duct and jet to measure the temperature. The air
temperatures at the .Ven,turi meter and at a point upstream of the
converging section wére determined by means of platinum
resistance thermometers, shown at D and E, respectively, in
Figure 4«.. The resistance of the platinum resistance thermometers
was measured with a Mueller bridge, and the e. m.f. produced
by the thermocouples was determined with a White potentiometer.
The cold junctions of the thermocouples were maintained at the

ice point. All temperature measurement devices were calibrated
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by comparison with a standard platinum resistance thermometer
which was calibrated by the National Bureau of Standards.

The pressure difference across the Venturi meter was
used to establish the mass rate of air flow through the system.
Kerosene and mercury manometers along with a precision
cathetometer were used in the Venturi measurement. The
moisture content in the air was measured by means of wet--andr-

dry bulb thermometers.

Porous Cylinder

The cylinder is shown in Figure 6 before assembly and in
Figure 7 after assembly. It consisted of an approach section, a
porous section, and a downstream section. All parts, with the
exception of the porous section, were made of brass. The porous
‘section was made of medium-grade diatomacious earth manﬁ-
factured by the Allen Filter Coi‘poration.

Four different lengths of approach section of 1. 973, 4. 973,
9.973, and 19. 973 inches were used. By using different approach
lengths, the Reynolds number could be varied independently of
the air velocity and the influence of the approach length on the rate
of mass transfer could also be studied.

Two porous sections of 0. 500 inch and 0. 715 inch were
tested. The 0. 500-inch porous section is shown in Figure 8.

Due to its softness, the edges of the porous section tended to
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become rounded. Though extreme care was taken during the
machining and assembling, a discontinuous line with a width and
depth of approximately 0.002 inch still existed between the approach
section and the diatomacious earth. Fortunately, when liquid was
fed into the porous earth, the _liquid on the surface smoothed out
this discontinuity.

Isothermal mass transfer was achieved by supplying energy
from a heater coil placed in the helical grooves shown in Figure 8.
The use of a coil instead of a straight wire provided more uniform
heating and also made the assembly easier. The detailed specifi-
cations of the heater are described in Table I. The energy required
was supplied by 6-volt batteries. A resistor was used to adjust
the energy input to the heater.

The 18-inch downstream section provided a smooth air
stream after the porous section and thus prevented deformation
of the external flow by the cylinder support, shown in Figure 9.
The 3-inch gutter which supported the cylinder from the top also
contained the liquid line and the electrical wires. The downstream
section had an inner passage of 1/8-inch diameter, which served
as the liquid-supply line to the porous section. The thermocouple
and heater ieads were also passed through this passage.

The cylinder was carefully positioned so that the cylinder
axis and the jet axis were on the same line. It was believed that
the angle of attack was less than five tenths of a degree. This

introduced a negligible correction to the mass transfer data,
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as previous 1nvest1gators( ) already showed that the skin friction
was independent of the angle of attack variations up to the order of

one degree.

Liquid Injection System

The evaporating component was supplied to the evaporating
surface at a predetermined rate from a liquid injector. A method
of control of a predetermined flow rate developed by Reamer and

Sage(7 5)

was employed. Figure 10 shows a photograph of the
injector and some associated mechanisms. The speed of the

motor which drove the injector was controlled by a quartz oscillator
and a preset counter. For the details of the control circuit, the
reader is referred to the original paper by Reamer and Sage. The
liquid in the injector was maintained at a constant temperature of
100°F by means of an oil bath.

The liquid rate was so controlied that the evaporating
surface was completely covered by a very thin liquid film, but no
excess liquid was accumulated on the surface. In other words,
the liquid injection rate was equal to the rate of evaporation at
the porous surface. The attainment of this steady state was
determined with a manometer with a small diameter of 0.025 inch.

Figure 11 shows schematically the liquid feeding system.
Due to the rather small capacity of the injector (20 cc.), a large

reservoir, R, of 5-inch inside diameter was used to supply the
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liquid sample to the evaporating surface when no reading was
being taken. The liquid level in the reservoir usually dropped
by less than 3 mm. during a test period of one hour. The
relatively constant liquid level and the fact that liquid was raised
to the evaporating surface mainly by the capillary force enabled
the maintenance of a constant flow rate from the reservoir to

the evaporating sﬁr_face and kept the system at a steady state.
The liquid levei (relative to the porous section) in the large
reservoir could be adjusted conveniently by a traversing gear
which moved the reservoir iﬁ the vertical direction.,

As showﬁ in Figure 11, two manometers were used.
Manometer M'l’ which was taped close to the porous cylinder,
was used to determine the correct injection rate as described
above. The second manometer MZ’ which was taped close to
the reservoir R, was used along with M1 to dete:rmine the
pressure drop of the liquid from the reservoir to the cylinder.

The difference in the liquid levels in M‘l and M_ provided an

2
approximate value of the flow rate from which one could estimate
the injector speed to be used.

The whole liquid injection system was evacuated by means
of a vacuurﬁ pump before it was filled with liquid. This ensured
that the liquid in the system was free of air bubbles. The liquid
sample was purified and deaerated before adding to the injector

and the reservoir. To avoid the accumulation of impurities on the

evaporating surface, the porous section was washed periodically
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-with purified sample. When no test was being made, a test tube

was used to surround the porous surface. The slight loss of liquid
‘due’to diffusion into 'the . stagnant air was continuously compensated
by filling from the reservoir. The rather tedious liquid filling

process did not have to be repeated unless leakage was discovered.

Measurement of Evaporating Surface Temperature

The measurement of surface temperature is always an
important and difficult matter in heat and mass transfer experiments.
In heat transfer, the temperature difference between the solid-
fluid interface and the free stream is used directly to esta.bli.sh
the heat transfer coefficient. In mass transfer, due to the strong
dependence of vapor pressure on temperature, accurate meaSure.-
ment of the surface temperature is equally important. The depend-
ence of the vapor pressure on temperature for the samples' used
in this experirr;ent was not as strong as for most liquids, such as
water, but still amounted to 2. 5% for n-heptane and 2. 8% for
n-octane, per degree Fahrenheit. The evaporatioi‘x of a liquid on
the porous surface essentially formed an energy sink at the inter-
face, which established a large temperature gradient at the
neighborhood of the evaporating surface. This made accurate
measurements even more difficult. The position of the thermo-
couple became a very important problem in this experiment.

The direct extension of thermocouple wires from the inside
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of the cylinder to the outer surface would not be satisfactory for
two reasons. First, it is difficult to locate the junction at the
correct position. Secondly, the large temperature gradient inside
the porous earth would affect the reading‘of the thermocouple.

The thermocouple wires must travel through a distance of a
constant temperature region before they reach the junction in
order to obtain accurate measuremeénts.

During the construction of the porous cylinder, 0.003-inch
copper and constantan wires were passed from the inside of the
cylinder and extended to the surface at an angle of 45°, The
wires traveled through an equal distance on the surface to meet at
the junction which was soft soldered. A groove had been cut
beneath the wires so that about one half of the wire diameter
was under the surface. With this arrange’ment; the error in
the temperature reading due to the heat conduction along the
thermocouple wires was essentially eliminated. This fixed
thermocouple was located midway between the edges of the porous
section.

The thermocouple as arranged above was not sufficient to
determine the surface temperature. The temperature of the
evaporating-surface varied in the flow direction due to different
local evaporating rates and due to heat conduction between the
porous section and the neighboring parts. It was necessary to
use a traversing thermocouple to measure the surface temperature

at different positions in the flow direction. The readings were then
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averaged to obtain the surface temperature to be used in the calcu-
lation of the experimental results.

Figure 12 shows the traversing thermocouple and its probe
at a measuring position. When a reading was being taken, the
thermocouple was pressed against the porous surface to form an
arc. This provided isothermal regions on both si'cles of the junction
to minimize errors due to heat conduction along the wires. The
traversing thermocouple was also made of 0.003-inch copper and
constantan wires. The thermocouple probe was mounted on a |
traversing gear, which located the position of the thermocouple to

within 0.001 inch in the direction of the axis of the cylinder.

Local Velocity Measurement

Local velocities were measured by means of a pitot tube and
a micromanometer. The micromanometer was attached to .a
traversing mechanism which was able to determine the vertical

position of the liquid level to an accuracy of 0.0005 inch.
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MATERIALS AND THEIR PROPERTIES

N—heptane and n-octane
N*.heptane and n';-octane were chosen as the diffusing com-
ponents for the following reasons:

1. Their vapor pressures at room temperature are typical in many
chemical processes. They are of the same order as the vapor
pressure of water. The use of hydrocarbons instead of water
also avoids the .u.nce rtainties involved in the measurement of

- the moisture content in the air stream.

2. The dependence of their vapor pressures on temperature is
small compared to other compounds., This reduces the experi-
mental error due to the uncertainty involved in the measurement
of the temperature of the evaporating surface.

3. Physical properties required for the correlation of experimental

s data are available in the literature.

4, High-purity samples can be obtained at relatively low cost.

5. Small amounts of the sample present in the air do not give any
unpleasant odor or harmful affects.

The samples used were pure-grade n-heptane and ﬁ—octane
obtained from the Phillips Petroleum Company. They had purities

~ better than 99% according to the manufacturer. The sample was

first distilled through a laboratory”-scale distillation column before

being placed in the deaerating system described in Appendix I. The

liquid fed to the porous surface was free of air and had an esti-
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mated purity greater than 99.8%. The 0.2% ifnpurities probably
introduced little error to the final experimental results due to
the fact that they have approximately the same vapor pressure and
molecular weight as the main component. Therefore, for the
purpose of this work the samples could be considered as pure
substances.

The properties of n-heptane and n-octane used in correlating
the experimental data were as follows: |

1. Vapor Pressures: The vapor pressures were calculated

from the Antoine equations and the constants given by Rossini”é)

B
logp=4A- g7t
for n-heptane:
A= 5.21016
B = 2439, 227
= 345,131
for n-octane:
A= 5.18879
= 2282. 607
= 358.420

2. Diffusivities: The diffusivity of n-octane in air was

calculated from the following equation taken from the International

Gritical Tables' ')

.
.
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Dy 4 = 1.1274 X 107 (428) (14 6%) it% [sec

The diffusivity of n-heptane in air was taken from the data of

(78)

Schlinger et al. and was fitted into the following equation:

T 1. 64

_ -4 f 14. 696 2
Dy = 0.8336 X10 ( —5%3) (-—P—) ft%/sec
for 520°R = T = 660°R.

3. Specific Volumes: The specific volumes of liquid

n-heptane and n-octane were taken from Rossini(76). At 100°F

and 1 Atm.,

0.02388 ft> /1b for n-heptane

<
1l

0.02374 £t /1b for n-octane

<
I

Air

Air was considered as a single component in this work since
its composition was uniform. The specific volume of air was calcu-
lated from the pressure, temperature and humidity. The viscosity

(79

of air was taken from Hsu and Sage
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EXPERIMENTAL RESULTS

Flow Conditions

The first step during each test was to bring the air stream
to the desired flow rate and temperature. In order to ensure
the steady-state operation of the equipment during the course of
the measurement, the air flow was started at the desired velocity
about 4 hours before data were taken. During the stabilization
period, measurements of the temperatures in the air duct and
jet and of the pressure difference across the Venturi were made
periodically. Those measurements along with the atmospheric
pressure, room temperature and humidity measurements were
used to establish the flow rate. The average air velocity at the

jet opening was calculated from the following equation

m
L =g _ ZbT
Uavg - A P (34)

The weight flow rate and average velocity were not directly used
to evaluate the Reynolds number, but were important for the
establishment of flow conditions. The measurements of the flow
conditions were made also before and after each test to ensure
that steadf— state conditions were maintained throughout the
test period. Table II presents the conditions under which the
experimental data were taken.

All tests were made at an air temperature of 100°F, with

a maximum uncertainty of =+ 0. 3°F. The weight rate of the -
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air flow was kept within 0. 3% of the desired value throughout each

test. The average velocity ranged from 4 to 32 feet per second.

Velocity Distribution at Jet Opening

Although the smoothly converging jet with a high nozzlel—
contraction ratio and the turbulence-—damping screens succeeded in
providing a flat velocity profile at the opening of the air jet, the
velocity of the air strearn at the central core was considerably
hi‘;gher than the average velocity measured by the Venturi meter.
This was inevitable because the flow of a viscous fluid requires
that the velocity at the wall be zero. Consequently, there were large
velocity gradients close to the wall,

The velocity distribution in the air jet was measured by using
a pitot tube at a plane 1/4 inch below the jet opening. The results
for the average velocity at 32 and 8 feet per second are shown in
Figures 13 and 14, respectively. The velocity at the central core
was 4. 5% higher than the average velocity measured by the Venturi
meter at an average velocity of 32 ft/sec, and 14.5% at 8 ft/sec.

We shall call the air velocity at the central core of the jet as Uoo
for reasons to be discussed in the next section. Figure 15 shows

the values of Uoo/Uav as a function of the average velocity. The

g
dotted line represents extrapolated values. Higher flow rates gave
flatter velocity profiles as expected.

The velocity distributions were integrated over the entire

cross-sectional area and compared with the Venturi measurements.
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The average velocity obtained by integration agreed with the

Venturi measurement to within 0. 5% for Uavg = 32 ft/sec, and 1. 5%
for Uavg = 8 ft/sec. The deviations mainly resulted from the
diff'lculty» in measuring velocities at posﬁ;ions close to the wall,

The velocities at the corners of the square jet were very low.

This phenomenon was also observed by Prandtl(so) and Nikuradse(Sl).

Reynolds Number

Since the boundary layer thickness for flow along a plate
or a cylinder increases in the flow direction, the correct length
parameter should be the distance along the interface from the
stagnation-point as has been verified both theoretically and

1)

experimentally ™', In this work, the Reynolds number will be

defined as

Re, = (35)

where £ is the sum of the approach length and the wetted length,
4 = X, ch X The equivalent length of the nosepiece is assumed
equal to the length of a cylindrical section with the same externél-
surface area. For a hemispherical nosepiece, this equivalent
length happens to be equal to its radius. ZFigure 16's}dmws the
relevant coordinate system used in this work,

The air stream which emerged from the air jet had a nearly

constant-velocity core of approximately 5-inch diameter, as shown
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in Figures 13 and 14. During each test, a pitot tube was placed
parallel to the cylinder axis just outside the boundary layer at the
wetted section to measure the velocity of the external flow. It

was found that this ierloci’cy', ‘ Uoo’ was essentially independent of
the distance from the jet opening, except for the test made at

X, = 19. 973 inches and Uoo = 8.93 ft/sec.. During that test it

was found that the velocity at the edge of the boundary layer was
3% lower than the correct value. When a thermocouple was

placed in the boundary layer, temperature fluctuations larger

than 1°F were observed. It appeared that an interaction between
the boundary layer on the wall and the free jet mixing re‘gion,,'
occurred in this particular test. This was not observed in other
tests. The boundary layer on the cylinder wall remained well
within the potential core of the free air jet, with the one exception
just mentioned, and the velocity of the external flow could be taken
as equal to the air velocity at the potential core leaving the con-
verging jet.

A series of three or more tests was made at different air
velocities.a’c a fixed approach length. After the completion of each
series of tests, the approach section was ché,nged to a different
length and the position of the cylinder was readjusted to ensure
" that the stagnation point was at the jet cﬁperiing. ’

Four approach lengths of 1. 973, 4.973, 9.973 and 19.973 in,

were used. The Reynolds number ranged from 5,000 to 310, 000.
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Temperature of Evaporating Surface

When the air flow was adjusted to the desired conditions and
remained steady-state, the test tube surroundiﬁg the porous section
was r.emoved and electric energy was supgplied from the batteries
to the heater inside the porous section. One or two 6-volt batteries
were used depending on the rate of evaporation. Usually, it took
30 to 60 minutes for the surface temperature to reach a steady
value of 100°F as indicated by the fixed thermocouple at the middle
of the porous section. Suitable adjustment of the resistor kept
the surface temperature to within 0. 1°F of the desired value for
the duration of the test being carried out.

Tests: were also made without energy supply f{rom the heater
inside the porous section. Under this condition, the energy
required fox; the evaporation of the liquid from the porous surface
came from the air stream and the neighboring parts in contact with
the porous section. When steady - state conditions were reached, the
éurface temperature was 10 to 15 degrees lower than the tempera-
ture of the main air stream, depending on the rate of evaporation
and the position of the porous section. These tests will be referred

to as "nmonisothermal evaporation, a;ld the tests made under

nearly-isothermal conditions will be referred to as "isothermal
evaporation. "
Immediately after the evaporation rate was determined,

temperatures at 9 or more points along the porous surface in the

longitudinal direction were measured with the traversing thermo-
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couple for the purpose of evaluating the average surface tempera-
ture. The method of evaluating the average surface temperature
is described in Appendix IL

The traversing thermocouple agreed with the fixed thermo-
couple to within 0. 2°F when they were within 0. 005 inch. This
indicated that the temperature measurement by the traversing
thermocouple was reliable. It was also found that the presence of
this traversing thermocouple did not have any appreciable influence
on the rate of evaporation of the liquid. In other words, the
the rmocouple did not affect the boundary layer to a degree sufficient
to introduce errors to the measurement. Tests were made to
determine the dependence of the average surface temperature on
the angular positions. The difference in the average surface tem-
perature at different angular positions had a maximum of only
0.1°F, and could be neglected for practical purposes.

In spite of all the precautions, the uncertainties involved in
the measurement of the evaporating surface temperature probably
contributed the major share of errors to the final experimental
results, due to the inherent difficulties. It was estimated that the
uncertainty in the average surface temperature was probably up
to 0.4°F, mainly due to the errors in the measurement and in the

averaging process.



-43~

Rate of Evaporation

After the air flow, evaporation rate, and evaporating
surface temperature had reached steadf;state conditions, the
liguid injector was started at a spoed estimated from the pressure
drop between the liquid reservoir and the porous cylinder shown
in Figure 11. -The valve to the reservoir was then closed. The
liquid level in Manometer Ml was used as an indicator for
adjusting the liquid injection rate to the correct value by means
of the preset counter. The measurement was continued for
approximately 20 minutes to ensure that the injection rate was
correct and that the experimental conditions were steady. The
preset counter as well as the fixed thermocouple were read at
about 3-minute intervals. They agreed exactly except when
mechanical or electronic failures occurred. At the end of the
measurement the valve to the liquid reservoir was opened and
the injector was re-filled with liquid from a liquid loading system
described in Appendix I.

It was observed that when the liquid rate was at the vicinity
of the desired value, the liquid level in Manometexr Ml’ shown in
Figure 11, was very sensitive to the feed rate. A liquid rate of
0.3% higher than the correct value would cause the evaporating
surface to flood with excess liquid and the liquid level in the
manormeter would rise by more than 1 cm. On the other hand,
if the liquid rate was 0. 3% lower than the correct Valﬁe, the

liquid would retreat from the evaporating surface and the liquid
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level in the manometer would drop by more than 1 cm. This
sensitive method provided an accurate measurement of the injection
rate. It appeared that when the liquid sample was injected at the
correct rate, the evaporating surface was completely covered by
a very thin liquid film but no excess 1iquid was accumulated on
the surface. This phenomenon is independent of the porosity of
the porous material, provided that the material has a sufficienfly
high porosity and the pore diameters are small enough to give a
high capillary pressureT ¥ "

The results of this measurement are shown in Table IIL

The reproducibility of the liquid rate measurement was better than

1%, with a few exceptions.

Sherwood Number

" From the rate of evaporation, the surface temperature, and
physical properties of air and the diffusion substance, one can

calculate the Sherwood number from the following expression

& m. b T
Sh, = L = (36)
2z = 00
2Tax DM,k In (—L—Pjs

TThis method has been used by Sage and coworkers for measure-
ments of mass transfer rates from porous spheres. See, e. s s

references (79) and (83).

tAs suming that the diatomacious earth has pore radii of the order
of 1 micron, the surface tension will give a capillary pressure of
5 psi, which is sufficient to raise the liquid to a height of 15 feet
against the gravitational force. . This high capillary pressure
accounts for the high sensitivity of the method used.
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which is derived in detail in Aépendix III. The 1ogarithmic term
in Equation 36 results from the net flow due to the diffusion of one
) com}éonen’c into a second component. We shall call the Sherwood
| number defined by Equation 36 the "modiﬁred Shérwood nur:q-ber"
since it does not come directly frpm the conventional definition.
The validity of this expression will be discussed in a later
section.

VEquation 36 represents the average modified Sherwood

number because the average weight l;ate of evaporation was used

in the calculation. The partial pressure of the diffus;lng component
at the solid-air interface was assumed equal to the vapor pressure
of the liquid at the interface. The results of this calculation are
also shown in Table III.

Theoretically, fugacity difference instead of partial pressure
difference may be the more logical choice as the driving force for
(82)

mass transfer . However, the concentration of the diffusing

component in this _experimen‘c was low, thus the difference between
the fugacity and the partial pressure was small. The consistent
use of partial pressure throughout this work should introduce few
errors. The use of partial pressure also comes from the practical
reason that diffusivities obtained from the literature are based on

partial pressure rather than the fugacity.

A summary of the range of experimental data is given in

Table IV.
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Remarks on Variable Physical Properties

Since the diffusion boundary layer was thin relative to the
momentum boundary layer and the concentration of the diffusing
component was small, the mass transfer process had little effect
on the boundary layer ﬂow. The physical properties of the free
stream air were used to calculate the Reynolds number. On the
other hand, the Sherwood number and the Schmidt number are
directly related to the mass transfer process, and were therefore

evaluated at the mean temperature:
t . = 1/Z(ta + ts) (37}

The influence of the diffusing component on the kinematic viscosity

is not known and was neglected in the calculations.
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DISCUSSION OF RESULTS

Influence of the Interfacial Velocity

The mass transfer problem differs from the corresponding
heat transfer problem by the fact that the normal velocity at the
phase boundary is not zero. The evaporation and transfer of a
liquid into an air stream create an additional net flow in the gas
phase. The chemical engineer usually incorporates this net
flow into the Sherwood number by considering the diffusion of a
second component through a stagnant gas. With this method the
average Sherwood number, which we call the average modified
Sherwood number, can be expressed by Equation 36T on page 44,
for the particular system in this work. This method does not
take into account the influence of the interfacial velocity in an
exact way since we are dealing with a convective system, but it

gives a good approximation when the concentration of the diffusion
component is much smaller than that of the main stream fluid. |
This method is useful in engineering work because of its simplicity
and ‘usefulness in the direct compérison of various reéults fér heat
and mass transfer.

If the interfacial veloéity in mass transfer is neglected, the

" average Sherwood number assumes the following form

T

A similar expression has been used by Sage for mass transfer
from porous spheres. See, e.g., references (72) and (83).
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. ZWO’XWDM, k(pj o pjs)

which is analogous to the Nusselt number in the heat transfer case.

A comparison of Equations 36 and 38 gives the following relationship
%

between the average modified Sherwood number, Shﬂ , and the

average Sherwood number, Sh£:

£ P
® - 'f)_” : (39)
ShJz Jjm ;
whe re
b. - P;
P. = _&__JS_ (40)
Jm P: o
I
pjs

that is, the log mean value of p, and p. .
J @ Js
In order to determine the relative merits of Equations 36 and
38 in this experiment, a series of tests (Series A, Table III) was
made with n-heptane as the diffusing component. The results were
compared with the measurements with n-octane as the diffusing
component under the same experimental conditions.

Table V shows the results expressed in Sh;;‘/Scl/3 and in

Sh, PR e, Wi the o iiEied Bherwond naakey b e, He

TSee Appendix III for the details of the derivation.
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results for n-heptane and n-octane have excellent agreement at

low Reynolds numbers. At higher Reynolds numbers the agreement
is not so good and deviations up to 9. 5% are obtained. Over the
whole range of the experiment, the use of the unmodified Sherwood
nufnber, Equation 38, gives poor agreement between the results

for n-heptane -and n-octane, with deviations from 2.5 to 14%.

For all the tests shown in Table V, the use of Shf gives better
results than the use of Shﬂ. This indicates that the modified
Sherwood number as expressed by Equation 36 should be used in
correlating the results of this experiment.

The larger deviations at higher Reynolds numbers mentioned
above are probably because those data are in the transition region,
as will be discussed in the next section.

We have as surﬁed that the Sherwood number is proportional
to the one-third power of the Schmidt number in the above analysis.
This relationship is nearly true when the Schmidt number is not

(1). Since the Schmidt

far from unity according to Schlichting
numbers for the n-heptane-air system (2.18) and for the n-octane-air

system (2. 28) are quite close, any deviation from this assumption

would not affect the conclusion made above.

Transition from Laminar to Turbulent Boundary Layer

The transition of the boundary layer from the laminar to

the turbulent regime can be observed from mass transfer data. In
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the laminar regime the Sherwood numl-aer is approximately propor-
tional to the one-half power of the Reynolds number, and in the
turbulent regime approximately to the eighé-tenths power. When
the Sherwood number is plotted against the Reynolds number with
log‘-—log scales a change in the slope of the curve from 0.51t0 0.8
indicafes a transition from the laminar to the .turbulent boundary
layer.

In this experiment, the transition was observed only when
the porous section was at the lowest position, i.e., X, = 1. 973 inches.
Figures 17, 18, and 19 show evidence of the occurrence of transition
in three groups of data. It appears that the transition took place
at Rei = 104 to 1. 5 X 104. This relatively low critical Reynolds

(35)

number , as was also observed by Jacob and Dow ,» was probably

due to the use of a hemispherical nosepiece.

Isothermal vs. Nonisothermal Evaporation

The results for both isothermal and nonisothermal evapora-
tion are shown in Table III. The physical properties used in
calculating ;che average modified Sherwood number and the Schmidt
number were taken at an average temperature defined by Equation
37, page 46, that is, the average of the temperatures of the free
air stream and the evaporating surface.

With a few exceptions, the results for both cases agree

remarkably well.
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Empirical Correlation of Experimental Data

In Figure 20 the average modified Sherwood numbers are
plotted versus the Reynolds number for various ratios of the unwetted
approach length to the total length, xo/ﬁ. A theoretical curve by

Belitchiiag!

for mass transfer from a flat plate is shown in the
same figure for comparison. The slope for each series of data
taken at a fixed value of xo/£ varies from 0.76 to 0. 8 for

Re, > 15,000. The slight deviations from the well-known relation

for the turbulent boundary layer
Shl' ~ Re, (41)

are probably partially due to the influence of the transverse curva-
ture. This is understandable since at low velocities the boundary
layer thickness is greater and the influence of transverse curva-
ture on the mass transfer rate is accordingly greater, as discussed
in detail on page 18. In other words, one expects higher mass
transfer rates at low velocities than the prediction of Equation 41.
The effect of transverse curvature will be discussed further in the
next section.

From the scattering of the data shown in Figure 20, one can
see that the length of the unwetted approach section apparently had
an influence on the Sherwood number. In the presence of an approach
length the diffusion boundary layer does not begin at the same

position as the momentum boundary layer. It is physically clear
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that if x is close to Xd’ the presence of this section will notice-
ably increase the rate of mass transfer from the wetted surface to
the air stream due to the large concentrati;on gradient,

Several approach-length functions were tested. It was

found that the following formula

I

e

£ A
* = 0.8,0.11
(Sh, )x0=0 [1-(x,/2)"""]

Sh

(42)

obtained by Maisel and Sherwood™3) from their mass transfer data
for the evaporé.tion of water from a flat plate gave a good correla-
tion for the present data. |
The experimental results of Maisel and Sherwood indicate
that Equation 42 is applicable for xo/fz = 0.45to 0.95. This
formula also gives good correlation with the heat transfer measure-
ments of Jacob and DOW(35) for xo/i = 0.101 to 0.606. In this
work the range of data is xo/ﬂ = 0.734 to 0.975. Since as
xo/ﬂ — 0 the effect of the approach length becomes very small,
it appears that Equation 42 is applicable for xb/l = 0 to 0.975.
Combining Equations 41 and 42 and assuming that the

Sherwood number is proportional to Scl/s, one obtains anémpirical
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formula of the following form:

Sh), = CSc1/3Reg'8 T (43)
1= 100 51O

By fitting this formula to the experimental data, the constant C
was found to be 0.048. Thus we have the following empirical

relation

Sh;;< = 0.048 Scl/?’Re?'B 1 T
[1- = /007 "]

(44)

for Re, > 15,000. Equation 44, along with the experimental data,
is plotted in Figure 21.

As mentioned on page 40, an interaction between the boundary
layer on the cylinder surface and the mixing region of the air jet(84)
was observed for the test made at x, = 19. 973 inches and
UOO = 8.93 ft/sec. For this test, the mass transfer rate was about
20% higher than expected and was excluded from the above correla-
tion.

For Re,< 10, 000, the data agree well with the laminar
boundary layer relation

¢ 1/2
Sh, ~ Rei/ (45)

and therefore appear to be in the laminar boundary layer regime.

The application of the approach-length function, Equation 42, made
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the data fall nicely on a single curve represented by the following

expression

Shy = 0.755c1/33e}z/2_ L 57501 (46)
[1-(x_/x)°/% ,
for Rel = 5,000 to 10,000, as shown in Figure 21.

The dependence of the Sherwood number on the Schmidt number
has been assumed to be Shj; & 801/3. This was not tested experi-
mentally in this work since the difference between the Schmidt
numbers of n-heptane and n-octane was only 4. 7% and was not

sufficient to arrive at a meaningful conclusion.

Comparison with Previous Work

A. Laminar Boundary Layer
Mass transfer from a flat plate with a step-function variation
of surface concentration has been solved by means of an approximate

(3,17)_

integral method The results can be expressed by the following

equation:

ShY = 0.332 3c1/3Re;/2 L T (12)
[1- (e /0% )

In order to compare the data of this work with the theoretical pre-
diction, Fquation 12 was integrated to obtain the average Sherwood

number
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yi

Sh, = 0. 664 Sc1/3Rei/z {—‘-@—§ £z 173 ; (47)

2x_ o, RYCITE (Xo/ﬁ)o. 75

sny £ |
{ _ Vi g dx

. (48)
(Shy) . o s 25 Xl(z[ 1- (xo/ﬁ )O' 7 5] B3
o

(o]

The integration was carried out by a numerical method to give the

following results:

for x =1.973 inches, x = 0.500 inch
(6} W
*
Shﬂ
s 5 1 ] (49)
{(Shy), =0
fo}
for x =1.973 inches, x = 0.715 inch
fo} W

Shﬂ

Byl o5

o

Equations 49 and 50 were used to extrapolate the experimental
data in the laminar regime to X, & 0. The results of this calculation
are compared with the exact solution of Pohlhausen, Equation 14,
and the empirical correlation, Equation 46, as shown in Figure 22.

It is seen that the empirical formula gives an excellent correlation.
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The use of the theoretical expression, HKquation 12, results in a
deviation of 4% between the two different wetted lengths. Moreover,
the average Sherwood numbers for X, = 0. 500 inch are lower
than the corresponding flat plate case. This is in contradiction
to the fact that the transverse curvature should increase the
mass transfer rate.

Although the rather narrow range of the experimental data

in the laminar boundary layer regime in this work, Re, = 5,000

2
to 10, 000, makes one hesitate to draw a definite conclusion,

the inconsistency between the experimental data and the theoretical
prediction does suggest that the validity of the theoretical expres-
sion, Equation 12, for mass transfer from a flat plate with a

step-function variation of surface concentration is questionable and

requires further experimental verification.

B. Turbulent Boundary Layer

While the relation

Sk, ~ scl/3 (51)

has been well justified both theoretically and experimentally for

the laminar 'boundary layer mass transfer, the picture is far

from clear in the turbulent regime. This presents great difficulties
in comparing measufements with different Schmidt numbers. Diffi-
culties also exist in comparing experimental data with theoretical

analyses since the turbulent boundary layer equations can not be
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solved exactly and all theoretical analyses involve some éssumptions
which have not been fully justified. In this work, we have additional
complexities introduced by the presence of the unwetted approach
length and the transverse curvature. Therefore, the following
discussions can only be regarded as gqualitative comparisons of
various results.

In Figure 23 the empirical formula obtained in this work is
compared with the theoretical expression of Schlichting(l) for heat
transfer from a flat plate at zero incidence, Maisel and Sherwood's

(

measurements 13) for the evaporation of water (Sc = 0. 6) from a

flat plate in an air tunnel, Jacob and Dow's measurements(35)
for heat transfer from a 1. 3-inch cylinder to an air jet (Pr = 0. 71)*,‘

(

and Tessin and Jaéob's measurements a5 for heat transfer from
a 0. 624-inch cylinder. All the above results were based on the
assumption that the Sherwood number was proportional to the
one-third power of the Schmidt number. This comparison shows
that the results of this work are 15% higher than the data of Maisel
and Sherwood and 30% higher than the theoretical prediction of
Schlichting. The higher mass transfer rates obtained in this work
are probably partially due to the influence of the transverse
curvature ahd partially due to the inaccur.acy in assuming Sh ™ Scl/a.
The results of Jacob and Dow are lower than results for a
flat plate. This is difficult to understand since the convex transverse

curvature can only increase the rate of heat transfer from the wall

to the fluid stream.
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In Figure 24 the data of this work are compared with the

. o (86) (87)
theoretical formulas of Prandtl and Taylor and von Karman g,
which do not assume Sh ~ Sc1/3. For the convenience of comparison

Equation 44 is extrapolated to ¥, ® 0 and differentiated to obtain

the local Sherwood number

| Sh:: - 0.0384 Sci/3 Rei' 8 (52)

The comparison is made with Sc = 2. 28 (n—octane.-air system).
The experimental data are 5 to 10% higher than the prediction of
the Prandtl and Taylor equation, and 10 to 20% higher than the
von Karman equation. This comparison again shows that the
presence of a transverse curvature increases the mass transfer
rate.

In order to reach a more quantitative conclusion concerning
the influence of the transverse curvature on the rate of mass
transfer, it is suggested that cylinders of different diameters be
tested. A clearer picture may be obtained if the cylinder is wetted
from the leading edge to eliminate the complication due to ;che

unwetted approach length.
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SUMMARY

Mass transfer from wetted surfaces on one-inch cylinders
was studied by means of the evaporation of n-octane and n-heptane
into an air stream in axisymmetrical flow. The‘porous sections
had lengths of 0. 500 and 0. 715 inch with the ratio of the approach
length to the total length varying from 0.734 to 0. 975. The air
stream ejected from a 6-inch square jet had velocities from 4. 5
to 33. 4 feet per second and the range of the Reynolds number
was from 5, 000 to 310,000. The results were expressed in terms
of the Sherwood number as a function of the Reynolds number, the
Schmidt number, and the ratio of the approach length to the total
length.

The transition from the '1aminar to the turbulent boundary
layer was observed to occur at Reynolds numbers between 10, 000
to 15,000. The influence of the approach length on the Sherwood
number was in good agreement with the empirical formula of
Maisel and Sherwood(13). The data for the turbulent boundary

layer regime were correlated well by the following empirical

expression

sh¥ = 0.048 5ct/3Re 0- 8 1 T
[1-Gx /00771

2 2 (44)

for Re, = 15,000 to 310, 000. For the laminar boundary layer

regime, the data were in good agreement with the following
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empirical correlation

Sh2°=o.75 5c1/3Rej/2 1 e
(1~ G, /419 570"

(46)

The data of fhis experiment did not agree with the theoretical
formula by Eckert for the laminar boundary layer mass transfer
from a flat plate with a step-function variation of surface concentra-
tion.

The mass transfer rates were higher than the experimental
measurements and theoretical results by previous investigators.
This was interpreted as due to the influence of the transverse

curvature.
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NOMENCLATURE

radius of cylinder, ft

specific gas constant of the diffusing component,

o
(£2) (Ib) /(1B HOR)
Maxwell coefficient of component k, (1b)(sec)(ft)2/1b—m01e
igobaric heat capacity, Btu/(lb)(oF)
Fick diffusivity of component k, ftz/s ec

Maxwell diffusivity of component k, 1b /sec

local skin-friction factor, ZgCTé/U; P

average skin-friction factor, ch_'ﬁto/Uiop
local mass transfer coefficient, ft/sec
conversion factor, 32. 17(1bm)(ft)/(1b'f)(sec2)
heat transfer j-factor, defined by Eq, 15
mass transfer j-factor, defined by Eq. 15
thermal conductivity, Btu/(sec)(ft)z(oF/ft)

total length from leading edge of cylinder to the downstream
edge of wetted section, ft

total air flow rate, 1b/sec

local material flux of component k, 1b/(ft)2'(sec)
total material transfer rate of component k, 1lb/sec
molecular weight of component k, 1b/Ib-mole

local Nusselt number

average Nusselt number

partial pressure of diffusing component, 1’bf/f1:z

partial pressure of main stream fluid, lbf/f‘c2
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avg

g .8

<

el

total pressure, 1bf/ft2

Prandtl number

heat flux, Btu/(sec)(ft)z

radial distance from centerline of cylindex, ft or _i.n.
local Reynolds number, UOOX/V

total Reynolds number, UOO.Q [V

Schmidt number, va/DF’ Xk
average Sherwood numbezr

local Sherwood number

average modified Sherwood number

local modified Sherwood number

heat transfer Stanton number, Nu/(Re)(Pr)
mass transfer Stanton number, Sh/(Re)(Sc)
temperature, °rF

temperature of free stream air, OF

mean temperature, defined by equation 37, g
temperature of evaporating surface, °F
temperature, OR

veiocity in x~-direction, ft/sec

average velocity, ft/sec

velocity of free stream, ft/sec

velocity in y- or r-direction, ft/sec

specific volume, fts/lb

distance from the leading edge of cylinder in the direction
parallel to cylinder axis, ft or in.

unwetted approach length, ft or in.
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x wetted length, ft or in.

vy distance from solid surface in the direction normal to the
surface, ft or in.

z compressibility factor

& boundary layer thickness, ft

displacement thickness, ft

6d diffusion boundary layer thickness, ft

v kinematic viscosity, ftz/sec

0 density, 1b/ft>

T molal concentration, lb—rrmle/f’c3

T local shear stress, 1]}r/;(ff)(sec)2 or lbf/ftz'

T average shear stress, lbh,/;(ft)(sec)z or lbf/ftz
_ Subscripts:

a air

k diffusing component

J main stream fluid

s 7 evaporati:ﬁg surface

(e'0) free stream
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Fig. 5. Converging Air Jet




Fig. 6. Cylinder Before Assembly



Fig. 7. Cylinder After Assembly
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Fig. 10. Liquid Injector and Associated Mechanisms
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TABLE I. SPECIFICATIONS OF HEATERS
FOR POROUS SECTIONS

0. 500-inch 0.715-inch

Unit porous section porous section
" Material platinum constantan

Diameter of wire idn, 0.005 0.010
Resistance ohm /ft 2.56 2.99
Length of wire in. 38.5 35,0
Inner diameter :

of coil in.. ‘ 0.014 0.018
Quter diameter

of coil in. 0.024 0.038
Length of coil in. 20.0 11.5
Total resistance ohm 8.21 8.72
Pitch of coil in. 0,026 -0.032" 0.031-0.034%

*The pitch was increased from one end to another. The denser
end was placed on the lower side of the porous section for
higher local evaporation rates.
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TABLE 11

EXPERIMENTAL OPERATING CONDITIONS

Weight Air stream Average air
Test Pressure - fraction’ temp velocity
No. psia water oF ft/sec
562 14. 33 0.0051 100.02 7.79
564a 14,32 0.0066 100. 10 9. 58
564b 14. 23 0.0068 100. 23 9.61
565  14.36 0.0045 99.94 7.76
566 14. 30 0.0071 99. 89 3.86
567 14, 40 0.0080 100.13 5.88
568 14.34 0.0062 100,06 9. 56
569 14. 30 0.0077 99. 96 16.00
570 14, 37 0.0084 100.08 20.18
571 14. 26 10.0079 100. 00 10. 56
572 14, 26 0.0065 100. 20 8.75
573 14.32 0.0066 100,09 7.79
" 587 - 14.30 0.0114 100. 21 T B2
588 14,26 0.0125 99.98 3. 86
589 14,25 0.0124 ©100.06 32.10
590 14, 25 0.0125 99. 98 16.08
591a 14. 26 0.0139 99. 97 20, 22
591b,c . 14.27 0.0135  100.23 20, 22
594 14. 27 0.0128 © 100. 14 9. 59
595 14,27 0.0125 99.99 5.94
612 14. 45 0.0051 99. 89 ' 7.69
613 14. 36 © 0.0053 99. 90 15.98

614 14. 35 0.0052 100,07 31.86
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TABLE II (Continued)

Weight Air stream Average air

Test Pressure fraction “temp velocity
No. psia . water . oF ft/sec
615 14, 36 0.0088 - 99.96 32.00
616 14, 30 0.0070 100.01 15. 96
617 14, 37 0.0090 99. 87 7.78
618 14. 39 0.0040 100.12 15.89
619 14,31 0.0061 100,10 : 31.95
620 14,41 0. 0057 99. 88 15.86
621 14,39 0.0053 ‘ 99. 99 7.74
622 14, 34 0.0063 99. 90 7.76
623 14, 27 0..0060 100, 21 16.03
624 14, 30 0.0044 99.96 31.92
625 14, 37 0.0054 99. 92 31.86
626 - 14,37 0.0066 99. 84 16.05
627 14.33 0.0076 100,13 3. 86
628 14, 31 0,0088 100,13 7.81
629 ~  14.32 0. 0080 100. 14 7. 80
630 14.31 0.0087 99. 65 16.04
631 14, 35 0.0096 100. 07 32.02

632 14. 30 ; 0.0080 100.14 24.04



X =1, 973 inches,

Test
No.

566a
566b

567a
567b

562
565
513

572a
572b

564a
564b
568

57la
571b

569a
569b
569c

570a
570b
570c

ts

F

. 20
. 07

« 89
s 8L

.41
.28
P

.92
» 58

15
s L
.76

; 80
. 94

.98
. 36
. 54

. 20
. 20
A

t

o}

99.
99:

99
99.

99.
99,
99.

100.
929.

99.
99.
99.

99.
99.

99.
99.
99.

99.
99.
99.

m

F

55
48

51
47

72
61
60

06
89

62
70
41

45
47

47
66
75

64
60
62

X
w

EXPERIMENTAL RESULTS (Series A)

TABLE III

= 0,715 inch,

Ua) Rel
ft /sec

4,60 5, 520
4, 60 5, 520
6. 82 8, 260
6.82 8, 260
8.92 10, 750
8. 89 10, 750
8.92 10, 730
9. 83 11,780
1 9.83 11,780
10.79 12,980
10. 81 12, 940
10.75 12, 940
11, 80 14, 140
11. 80 14, 140
17.39 20, 890
1787 20, 970
17. 37 20, 970
20.18 26, 090
20.18 26,090
20.18 26,090

m, X10
1b/sec

14.
13.

17.
1%,

21.
19.
20.

26.
26.

26.
26.
27.

32.
32.

41,
40.
40.

48.
48.
48,

10
99

02
14

13
26
41

48
33

62
T2
41

57
48

08
05
33

63
63
63

Sh,

4

85.
-83.

103.
104.

125.
114,
122.

154,
155,

159,
158.
166.

195,
194.

246,
237,
238.

291.
292,
292,

wWoos h OOy O OOW Ok hOOoON - 00®
NINID NINID VY DN DN NN NN DN

[1 - (XO/E)O. 8]0.11 = 0.8462,

%
Sh£

Sc [
SC1;3

18
w18

.18
.18

.18
.18
«18

.18
.18

.18
« EB
.18

18
« 18

.18
« 16
o 18

«18
.18
.18

1_(XO/.“o.s]o.ll

56.
54,

67.
68.

82.
74.
74.

100.
101,

103.
103,
108.

E25.
124.

160,
E55s
155.

190.
190,
190,

Sample: n-heptane

~NWOW VO O WU O® WVWOO Wy NO

...86_



TABLE III (Continued)
EXPERIMENTAL RESULTS (Series B)

x, =1.973 inches, x_ = 0.715 inch, [1—(xo/£)0'8]0'11= 0.8462, Sample: n-octane
Sh, -
. 6 o ) §.8,0,11
t - U Re m, X10 Sh Sc [1-(x_/2)""]
Test Os m o0 4 k 4 ‘ SC173 o
No. F O ft/sec 1b/sec
588 98.77  99.36 4. 60 5,490 4,92 85.4 2.28 54.9
595 98.59  99. 27 6. 89 8,240 6.01 105.0 2.28 67. 6
587 99.73  99.47 8.95 10,730 7.16 124.6 2. 28 80. 1
594a  98.34 99,24 10, 80 12, 900 8. 85 155.6 2.28 100.1 '
594b  98.41  99.28 10. 80 12,900 8. 89 156.1 2.28 99.7 =
5 y 1
590a  97.99  99.07 17, 46 20, 800 12.79 226.8 2.28 145, 8
590b  98.68  99.4l 17. 46 20, 800 13.08 227.4 2.28 146, 2
59la  97.76  98.87 21. 66 25, 800 15,07 269.5 2,28 173.3
'591b 97.48 98, 86 21, 66 25, 800 14,93 269.5 2.28 173, 3
591 ¢ 97.62  98.93 21. 66 25, 800 14,93 268, 2 2.28 172.5
589a  97.76  98.91 32,10 40,000 21,56 384.9 2.28 247
589b 97.85 98,96 32.10 40, 000 21.61 385.2 2.28 247
228 246

589c 97. 94 98.96 32.10 40,000 21: 51 362.3



X
e

Test
No.

612a
612bT
612N

613a
613b
613c
613N

614a
614b
614N

TTest numbers ended with N indicate nonisothermal evaporation

= 4,973 inches,

98.
98.
89,

97.
97
27
87.

7.
91.
85.

77
77
09

81
81
81
22

58
62
96

99.
- 33
94.

98.
98.
98,
93

98.
98.
93.

33
449

86
86
86
56

83
85
02

X
w

= 0.715 inch, [1-(x0/w)°'8]0'”
U Re mox10?  snt
(eo) £ =k Ji
ft/séc: 1b/sec
8. 81 22,700 6. 77 250,
8. 81 22,700 6.73 250.
8. 81 22,700 4,97 248,
17.35 44, 400 10.63 404
17. 35 44, 400 10. 34 394
17. 35 44, 400 10.39 395
17. 35 44, 400 7.27 383
33.23 84, 900 17. 26 661
33,23 84, 900 17. 24 659
33, 23 84, 900 11, 61 635

TABLE III (Continued)
EXPERIMENTAL RESULTS (Series C)

=0, 7779
5S¢

9 2

6 2

6 2

2

2

2

2

2

2

2

Sample:

.28
.28
.30

: 28
. 28
.28
. 30

.28
« 28
30

]
Sh y

Sc 173

n-octane

U'(XO/“O'S]Qll

148.3
148.1
146. 5

239
233
234
228

390
390
375

-001-



X, = 9.973 inches,

Test
No.

617a
617b
617N

6l6a
616b
616N

615a
615b
615N

98.
98.
89.

9.
T,
87.

9T,
91.
85.

22
22
04

81
85
27

62
62
96

9
. 04

98.

98.
98.
93,

- 98,
98.
9z.

04
46

91
93

63

79
i
96

EXPERIMENTAL RESULTS (Series D)

U
loe)

ft/sec

8. 91
8. 91
8. 91

17. 33
17. 33
17. 33

33, 38
33. 58
33.38

TABLE 1III (Continued)

42,700
42,700
42,700

83,100
83,100
83,100

159, 400
159,400
159,400

m, X10

1b/sec‘

~1 0O O

17

s 28
e H 1
.74

.73
s 4D
.00

.23
L7
L1.

22
49

o =0.715inch, [1-(x_/0)%81% 1 = 0.7252

Sh

444
446
442

693
695
689

1,239
1,239
L, 27

Sc

« 28
.28
.30

[V AN o8]

.28
.28
« 30

INSIN S o8

o 28
=26
2,30

[AS I a8

£

Shz

801/3

Sample: n-octane

[1%%ﬂWﬁwJ1

245
246
244

382
383
3y

683
683
649

=E0T~



TABLE III (Continued)

EXPERIMENTAL RESULTS (Series E)

X, = 1. 973 inches, Z o= 0.500 inch, [1- (XO/JZ)O' 8] L = 0. 8204 Sample: n-octane
o
‘ Sh -
. 6 * A 0.8:;0.11

- t " tm UOO Re.f _n_lkXIO Sh! Sc g—;ﬁ [1- (XO/,Q) ]
No. °p R ft/sec 1b/sec
627 99. 03 99, 58 4. 59 5,090 3.81 86.6 2.28 54.0
627N 90. 07 94. 99 4, 59 5,090 2.94 87.7 2. 30 54.5
628 99, 03 99. 58 8. 94 9, 880 5. 30 120.5 P 2B 15,2
628N 89.70 94, 92 8.94 9, 880 4,08 123..1 2.30 76.'5
626a  99.04 99,64  17.43 19,360 9.48  216.3  2.28 134.9
626b 99. 04 99. 64 17.43 19, 360 9, 46 215.,9 2.28 134, 7
626N 86, 57 93. 20 17.43 19, 360 6,09 203. 4 2.30 126.4
625a 98.79 99. 36 33.23 37,000 14, 69 338 228 211
625b 98.79 - 99.36 33.23 37,000 14. 68 337 2. 28 210

625N 85. 63 92.78 33,23 37,000 9. 71 334 2.30 208

-201-



TABLE III (Continued)

EXPERIMENTAL RESULTS (Series F)

x_ = 4.973 inches, x_ =0.500 inch, [1-(x /0)* %1% =0.7507  sample: n-octane

%

: Sh : '
. 6 i 0.8,0.11
t t U Re m, X10 Sh Sc -—7—[1—(X /1) 7]
Test s L e ; . K - 4 Sc1 3 g 2
No. °p °F ft/sec 1b/sec
622 98.93  99. 59 8. 89 21, 800 4,85 245 2.28 140.0
622N 90.07 94.77 8. 89 21, 800 3.72 246 2.30 139.9 é
) w
623a 98.57  99.39 17. 41 42, 500 7.96 405 2. 80 231 |
623b 98.57  99. 39 17. 41 42, 500 7.96 405 2. 80 231
623N 88.16 94.19 17. 41 42, 500 5.71 399 2.30 2277
624a  98.31  99.41 33,29 81,600 12.79 v 2.28 375
624b 98.31 99,14 33.29 81, 600 12,79 657 2.28 375
2.30 375

624N 86.85 93.4l 35.29 81, 600 9.02 659



TABLE III (continued)

EXPERIMENTAL RESULTS (Series Q)

x_=9.973 inches, x_ =0.500 inch, [1- (e /0% %19 ™ =0.6987  Sample: n-octane

atle
3

Sh -
. 6 # L ¢ A 0.870.11
by By, U, Re, m, X10°  Sh, Sc —5:173— F1-(x /%) "]
Test 5 & -
No. F ¥  ft/sec 1b/sec
62la 99.00  99.50 8. 86 41, 800 4, 81 466 2,28 248 ;
621b 99.00 99. 50 8.86 41, 800 4, 81 466 2.28 248 =)
621N 90,58 95.29 8. 86 41, 800 3. T4 468 2:30 248 ",“‘
620 98.86  99.37 17: 22 81,400 7.71 752 2. 29 399
620N 88.76  94.32 17, 22 81,400 5. 63 770 Z: 30 407
618N 86.27 94.00 17. 26 81, 500 5« 59 761 2. 30 403
619 98.08 99.09 33,32 156,300 12.723 1,261 2 &7 670

619N 86. 27 93.19 « 3%, 32 156,300 8. 86 ¥,262 2 30 668



x =19.973 inches, x_ = 0.500.inch? [ 1-(xo/&1)

Test
No.

629
629N

630
630N

632a
632b
632N

631la
631b
631N

98.
89,

98.
88.

96.
. 58
87.

96,
96.
87.

68
42

77
53

58
88
10

10
18

99.
.73

99.
94.

98,
98.
94,

98.
98.
3.

36

21
11

36
39
02

09
12
63

EXPERIMENTAL RESULTS (Series H)

Qo Co

17 .
17.

25,

~

20

25.

-
33
33.

25
.93

42

42

46
46
46

40
40
40

TABLE III (Continued)

81, 800
81, 800

159, 500
159, 500

233,000
233,000
233,000

306,000
306,000
306,000

0.8]0.11: 0. 6489
m, X10°  Sh, Sc
1b/sec
5,78 1,099 2.28
4.40 1,110 2.30
%.56 1,434 2.28
6. 60 1,55] 2.30
9. 47 1,916 2.28
9.42 1,906 2.28
7.34 1,940 2.30
11.08 2; 285 2.28
11,08 2, 285 2.28
8.43 2, 286 2: 30

Sarnplef n-octane

Shy

SC173

[1—(xo/f)0'8]0'11

=G 0L



Item
Wetted length
Approach length
Total length
Length ratio
Air velocity
Reynolds number

Partial pressure of
diffusion component
at interface

Modified average
Sherwood number

Schmidt number

TABLE IV, RANGE OF EXPERIMENTAL DATA

Symbol

Sc

Unit Minimum

in, 0. 500

in, 1.973

in, 2. 4’?3
0. 7-‘34

ft/sec 4, 59

5,090
psia 0.3528
54.0

2.18

Maximum

0.715

19. 973
20,473

0. 975
33.38

306,000

1.617

1,127

2,340

=201~



: :
TABLE V. COMPARISON OF EXPERIMENTAL RESULTS EXPRESSED IN Shy AND IN Shy

(x =1.973 inches, x_ =0,715 inch)
o W

Re Shj/SCl/ . Sh, /scl/3
n-octane n-heptane %o dex/'ia.tiorztar n-octane n-heptane % deviationT

5, 490 64.9 bh. 2 0.5 66.1 69.1 4.5

8, 240 79. 8 - 79.8 0.0 81.3 84.5 3.9
10,730 94.7 93.2 - 1.6 96. 5 98. 8 2.4
12,900 118.4 125.9 4.6 120.6 13%.3 8.9
20, 800 172.6 185.0 7.2 175. 8 196.1  11.6
25, 900 204.5 224.0 9.5 208. 2 257 2 13,9
o doviat (ShJ:"/.S<:1/3)C7 - (szaf/sclﬂ)c8 (Sh, /sCl/?’)C7 - (sh, /5c1/3)C8

o deviation = or

(5:11;2“/5(:1/3)C (Sh, /scl/3)C

8 8

-L0T-
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APPENDIX I

LIQUID LOADING SYSTEM

The principal function of the liquid loading system was to
deaerate the ligquid sample. It also improved the purity of the
liquid injected to the evaporating surface. Complete deaeration of
the sample was necessary for the accurate measurement of the
liquid injection rate since dissolved air might generate bubbles
between the liquid injector and the porous surface.

The arrangement of this unit is shown in Figure AI. The
sample, which had already been purified by distillation, was loaded
into Boiler Cl and the top wa.bs sealed. The sample was then
deaerated with vacuum until no fu.rther bubbles were generated
in the liquid. The first 10% distillate was discarded, and the next
80% was trapped in C2 by using liquid nitrogen as the cooling
medium. The deaeration was continued during this step so that
complete deaeration of the sample was ensured. After the sample
in C2 was liquified, it was transferred to ampule D by cooling
with a trichlorethylene-dry ice mixture in a large beaker around
ampule D, at a temperature just above the freezing point of the
sample. By keeping the temperature in CZ slightly higher than
that in Cl’ it was possible to retain a constant liquid level in Cl.
Therefore the second distillation step essentially involved only
Boiler CZ and Ampule D, After this step was completed, valve 1

wags closed and valve 5 was opened, and part of the sample flowed



-110-
into the injector which had been evacuated beforehand. The pressure
in Ampule D was maintained slightly higher than the atmospheric
pressure by adjusting the level of the mercury leg B on the end

open to the atmosphere. The capacity of ampule D was 250 cc.

and the injector 20 cc.
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APPENDIX II

METHOD OF AVERAGING THE EVAPORATING
SURFACE TEMPERATURE

Due to the different local rates of evaporation in the flow
direction and heat conduction between the porous section and the
neighboring parts, it was difficult to maintain the evaporating sur-
face at a uniform temperature. Typical temperature distributions
on the evaporating surface are shown in Figure AIIl-1 and AII-2
for isothermal and non-isothermal evaporation, respectively.

A difference of 1°F in temperature gives a difference of
2. 8% in the vapor pressure of n-octane and 2. 5% in the vapor
pressure of n-heptane. An error of 1°F in the temperature measure-
ment therefore would introduce an error of 2.8% or 2.5% to the
final results. It is therefore very important to use the correct
surface temperature for the calculation of the Sherwood number.

As a first approximation the arithmetic average value of
the surface temperature was used to calculate the Sherwood number.
Th‘e results were then used to obtain an empirical expression of
the form of Equation 43, The surface was then divided into interwvals
of 0.100 inch, and different weighing factors according to the
empirical e(juation and the relation between the Sherwood numbezr
and the mass transfer rate, Equation 36, were used to calculate a
new average surface temperature. The experimental data were then

recalculated by using this average surface temperature. It was
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found that these two averaging methods agreed with each other to
within 0.1°F, which would contribute an error of only less than
0. 3% to the final results. Therefore, it is relatively unimportant

which averaging process was used.
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APPENDIX III

DERIVATION OF THE MODIFIED SHERWOOD NUMBER

Using partial pressure as the driving force, the Maxwell

theory for the diffusion of gas k through gas j can be expressed

as

apk N
R T PR

(AILI-1)

Assuming an ideal gas, the molal concentrationscan be written as

p.
T, = =
7 RT
Py
L™ BT

The mass flux of component k is, by definition

Combining Equations 1, 2, and 3, one obtains

op ‘
¢ “Py

. _ Mk& or )
Tk
RT Pj

The Maxwell diffusion coefficient is defined as

_ ReT
DM,k_ c

(AIII-2)

(AIII-3)

(AIII-4)

(AIII-5)
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Equation 4 becomes

, 9p, ;0P

k j

- Dy, 1M\ 52 ) - M) (AIII-6)
= RTPJ- - kapj

Upon integration from the solid-gas interface to the boundary layer

edge, one obtains

D In -2 D
o= Mk Pis . _ "M,k Pjo” Pjs (ATII-7)
k ka Axr kaAr ij ‘

The log mean value of p, and pjs is defined as

joo
i
pjm = _,-1.991.3_..__;13 (A’HI-S)
I e
Pis
For the case where the concentration of the diffusing component
is small, i.e. pjs/pj o™ 1, Equation AIII-7 reduces to
b Prg™ P '
. M, k ks k o
M= AT TP (AIIL-9)
k
The mass transfer coefficient is conventionally defined by
P .~ P
S _ _ ks "koo =
m, = hm(o'ks o oo) = hm —-—-—-—-————ka (AIII-10)

The Sherwood number can be expressed as



«118 -

h_x m, xb, TP
Sh =2 ~ Kk
- 4 DF,k/P D

sy ) (AIIi-11)
M, k'Pks " Pk o
The above expression is applicable when the interfacial velocity
and the net flow resulting from diffusion are very small.

From Equations AIII-9 and AIII-10, one obtains the following

relation

hm ol (AIII-12)
A comparison of Equations AIIl-11 and AIIl-7 gives the following

expression for the mass transfer coefficient for the general case

of non-vanishing interfacial velocities

h & —eeen— (AIIL-13)

- m, xb, T
gh o= = B (AIII-14)
* D, . B
s
M, k Pjs

and the average modified Sherwood number as
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m, £b, T
Sh!l = — P (AILI-15)
ZwaxWDM, k in —-li

which is the expression used in this work.
It should be pointed out that the use of the modified Sherwood
number does not give an exact solution for convective mass transfer,

but rather gives an approximate method to take account of the non-

vanishing interfacial velocity.
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PROPOSITIONS
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PROPOSITION I

It is proposed that the solution obtained by Chu and Hougen(l)
for the effect of adsorption on the effectiveness factor of catalyst
pellets can be simplified by properly grouping the dimensionless

parameters

One of the disadvantages of the numerical solution of differ-
ential equations is the lack of generality. I_n order to partially
overcome this weak point, one usually obtains a spectrum of
‘solutions which covers a wide range of values of each parameter
involved. While this does not cause much difficulty when only twé
or three parameters are involved, it becomes impractical when
there are more than three parameters, owing to the _laz;ge amount
of time needed for the computation and the space required for
presenting the solutions in graphical form. Therefore, it is
important to group the variables and parameters in prope r> forms
and reduce them to a minimum number before the computation is
carried out. We shall consider here an important example in the
heterogeneous catalytic process.

The effectiveness factor of a catalyst particle is defined as
the ratio of the actual rate of reaction to the rate which would

exist if the concentrations in the interior of a porous particle

Th1s proposition was formulated in 1962. A similar treatment

appeared in a recent paper by Krasuk and Srn1th(2)
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were the same as the concentrations in the bulk fluid bathing the
particles, This concept was first developed by Thiele(3) and later

(4)

discussed in detail by many authors'™'. It was pointed out recently
by Chu and I—Iougen(l) that Thiele's derivation was based on the
faulty assumption that the same reaction model applied to the
surface-catalyzed reaction as for the corresponding homogeneous
reaction. They took the effect of adsorption into consideration

and developed new mathematical results for the following irreversible

first-order reaction
A—=Q | (1)

catalyzed by porous flat plates. By assuming that the surface
reaction is the rate-controlling' step, the rate equation for the

disappearance of component A is

_ BEaPy
0 +K

APA T EgPg)

rA—-

(2)

whe re KA and KQ are adsorption equilibrium constants and k
is the surface reaction rate constant. From the definition of the

effective diffusivity, De’ we obtain the molar flux of A as

dCA

NA= De dx ‘ (3)

A material balance of component A leads to

2
dVA _ 2 YA *
de (1-z)y‘A +
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where
¥ 5 = molal fraction of component A =C ,v
g = KQ/KA
1
L=z +
K,P
am o S
- D
e
v =

mol al volume

Equation 4 was solved numerically by Chu and Hougen(l) with the

boundary conditions

¥a® ¥as gl x5 L2
(5)
dYA .
3 =0 at x =0 (center of slab)
X _
The resultant effectiveness factor is given by '
E = E(y g0 2 6 M) e
The modulus M is defined as
M= Za | (7)

The presentation of the effectiveness factor in terms of four
parameters, as shown in Equation 6, in a graphical or a numerical
form is highly impractical.

Equations 2 and 5 can be simplified by using the following
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- parameters

u= y,/yas 5 t=x/(L/2)
FS=0.(I.'_. 2); y'As(l—z)
vt - - a(L/2)

The differential equation becomes

dzu _ u
at? g2 +—1-£
B

u=1 at -t =1
du _ L
?&——0 at £=0

The solution of Equations 9 and 10 can be expressed as

u = U(t, B: g)

By deﬁnition, the effectiveness factor can be written as

N
E = As

Ze(J2)

se= T, 2

== ¢ L (3),

Ta (L/Z) - kYA
B v e

(8)

(9)

(10)

(11)

(12)

(13)
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or
E = E(8,£) | (14)

Thus, the results can be presented iﬁ a singlé chart by plotting the
effectiveness factor E vs. P for various values of §. This has
been done by Krasuk and Smith(z).

For z =1, the probleﬁ reduces to Thiele's formulation and

the solution is simple:

E::Eﬂ%lﬁ | (15)

and B becomes the conventional Thiele modulus. The transfor-
mations used in this proposition also have the advantage that

the problem reduces automaticé,lly to the Thiele case for z =1. The
- results of Chu and Hougen for z =1 differ from the Thiele solution

by a factor and are not convenient for a direct comparison.

References:
1. Chu, C. and O. A. Hougen, Chem: Eng. Sci., 17, 167 (1962). .

2. Krasuk, J. H. and J. M. Smith, I&EC Fundamentals, é, 103
(1965).

3. Thiele, G. W., Ind. Eng. Chem., 31, 916 (1938).

4. See, e.g., O. A, Hougen and K. M. Watson, "Chemical Process
Principles, " part III, John Wiley & Sons, Inc., N.Y., 1947,
and A. Wheeler, in "Catalysis," wvol. II, pp. 105-165,
Reinhold Publishing Corporation, N.Y., 1955.
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PROPOSITION II

A mathematical analysis of the kinetics of the following

competitive-consecutive reaction system

k

1
. MR — ! ' ' (1)
-k,
A + B i € (2}

is proposed.

Rate. constants of chemical reactions are usually not
obtained directly from measurements, but rather the concentrations
are observed as functions of time. It is therefore necessary to
integrate the differential rate equations into integrated forms in
order to determine the rate cénstants. Moreover, even if this
step is accomplished, difficulties still exist in fitting the experi-
mental data to the integrated equations which are often complicated
in form. Experiments must be designed based on mathematical
anaiyses in order to arrive at accurate results. A general method
for the determination of the rate constants of complex first-ofder
reactions from p>roper experimental data haé been developed
recently by Wei and Prater(l). This was possible because the
problem of solving first-order kinetic equations can be reduced
to the problem of finding the ei:genvalues and eigenfunctions of
matrices. | Since this method -depends on the linearity of the

kinetic equations, it is not applicable to reactions other than the
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first order. No general method is available for the solution of
higher-order ki_netic eciuations, and éach case has to be solved
individually. The solutions to some rate equations which can be
solved in terms of elementary functions have been compiled by

(2)

. Some irreversible consecutive reactions

(3) (4)

Moelwyn-Hughes

have been solved by Chien and Pearson et al. in terms of

transcendental functions. A system of two competitive-consecutive
reactions have been solved by Frost and Schwemer(S’ 6). Here we
propose to study mathematically the system of cornpetifive-
consecu‘ttive reactions represented by Equations 1 and 2 and discuss
methods for fitting experimental data to the integrated equations

.to obtain the rate constants.

The rate equations for this system of equations can be

written as

dA

T = " A kAl | (3)
dB _ )

5 = kyA - k,AB (4)
dC _ ‘

—EF = kZAB _ (5)

where A, B, and C represent the molar concentrations of the
corresponding chemical species. If the initial concentration of A is
A_andno B and C are present at the beginning of the reaction,

a material balance gives

A+B+2C=4A, - (6)
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Introducing the following dimensionless variables
T = klt e K= kZAo/kl i
a=A/Ao\; ﬁ:B/Ao ; \/:C/A0

Equations 3, 4, 5, and 6 become

da _ _ _

T = e kef
aB _ ..

d7 = @aﬁ
gy _

dTr Kaﬁ

atp+ay=1

Solving the above equations, we obtain

d
r=§ oy T
o (L-kp)[1+p +=1n(l - kB)]

a=1+p+ Zin(l - kp)

It does not appear feasible to integrate Equation 12 in terms of
known functions, but the numerical integration is fairly simple.
The results, expressed in a, B, and vy as functions of 7T for

various values of K, are plotted in Figures 1, 2, and 3.

(7)

(8)

(9)

(10)

- (11)

(12)

(13)
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The above analysis can be used for the determination of the
rate constants kl and kz. We first tabulate the values of T as a
function of ¥ and a as shown in Table 1, and then the time ratios
calculated. from the first table as shown in Table 2 The T-ratios
are equal to the time ratios _acc:o.;-ding to the definition 7 = klt.

We can then determine the values of Kk for a particular experiment
by comparing the experimental time ratios with Table 2. Once k
is determined, the rate constant kl can be obtained from the
relation T = klt and Table 1. The second rate ‘consta.nt, kZ’ can
be evaluated from the definition K = kZAo/kl'

Due to the nature of the reaction system, a and B approach
different constant values for different values of Kk as t — oo, This
particular phenomenon also can be used to determine the value of k.

The writer was unable to find an actual system which follows
the mechanism considered above. Nevertheless, it is hoped that

the analysis might be found useful for some organic reactions.
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Figure 1
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( t;o is the time for 70 per cent reaction, i.e.,%=0.3 )

taq/bsﬂ

4.36

3494
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tg0/ta0

tBa/tso

taﬁ/tso
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1.641

tro/tao

tro/ a0

2.33
2.23
ST
2.11

2.09

t7o/ts0

1.689
1.675
1.6486
1.630

1.617
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PROPOSITION III

Equations for the critical diameter.and the effective diameter
of spherical insulation are derived in this proposition. The results
show that the selection of good insulating materials is more im-~
portant for a spherrical surface than for a plane or a cylindricai

surface.

When thermal energy is transferred across a plane wall,
any additional insulation will reduce the heat loss if tfie heat
transfer coefficient between the wall and the .sﬁrrounding air
’ - remains constant. This is not generally true for a curved surface.

(15 243) that for a cylindricai surface there

It has been shown
exists a critical thickness of insulation. An insulating layer
thinner than this critical value not only results in no insulation
but increases the thermal flux. In this‘ proposition we shall
extend the treatment to the spherical case,' which is of practical
importance as it may arise when considering the problems of
insulating a spherical conta'inér or a spherical reactor.

Consider a hollow sphere with an inside diameter D1 and
an outséde diameter DZ' On the .oqter surface of the sphere is a
layer of insulation whose diameter is Dins' Let hl be the heat
transfer coefficient between the inner surface of the sphere and

the fluid in the sphére,. and hz that between the insulation and the

surrounding air. For steady-state heat conduction, ;:he total
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thermal resistance can be written as

_1fa 1 41 1 1 /11 1
B s to (B D)+ i \D. " T, }*. >— | @
h D s 1 2 it 2 ins h. D, ]
hl 1 . 27 ins

- where ks and ki are the thermal conductivities of the sphere and
the insulation, respectively. For simplicity, assume that the
thermal conductivities and heat transfer coefficients are constant
_and, in particular, assume hz independent of the diameter.

Differentiating Equation 1 with respect to Dins’ we obtain

B8R _ 1 i 2 . @
8D, e T | 2k.D% h.D>
1 ins 2 ins

The derivative vanishes for

2k.D. 3
i ins 2 ins

Hence at a certain critical diameter of insulation
Yol ™ 5, (4)

the total thermal resistance is a maximum or a minimum.

Differentiating again, we have

2 S ‘ |
G Bl i e | )
8D k, D h,D

ins i7ins 27 ins
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at =D .
ins cri
4 & 4
’R__ __1 N, (6)
sD> 128 m 3
ins 2
Therefore, at D. = D __., the thermal resistance of the sphere is
ins Ccri

minimum and the heat loss from the sphere is maximum. If a

poor insulating material (ki large) is used, the critical diameter
may become larger than the outside diameter of the sphere, DZ’
. and the insulation will increase the heat loss before it reaches a

thickness of -12 (DC - Dz). The above result can be explained

P
physically as follows: the addition of an insulating layer to a sphere
- increases the outer surface area which is proportional to the square
of diameter and increases heat convection to the surroundings.
Although the insulation increases the thermal resistance due to
conduction, this term is only proportional linearly to the diameter.
If the insulating material does not have a low thermal conductivity,
the insulating effect may be smaller than the increase of heat loss
due to the increase of the outer surface area of the sphere. The
better the insulating material the smaller becomes the éritical
thickness of the insulation. The critical diameter of insulation is
independent of the diameter of the sphere, the heat transfer coef-
ficient in the sphere, hl’ and the thermal conductivity of the
sphere, ks" This implies that the critical thickness of insulation
is a more important problem for a small sphere than for a large

sphere.
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The critical diameter of cylindrical insulation is

- i :
(Dcri)cylinder T h (7)

For the same insulating material and same heat transfer coefficient,
the critical diameter of insulation for é sphere is twice that for
a cylinder. The selection of good insulating materials is therefore
more important for a sphere than for a cylinder and, of course,
than for a flat wall. This can also be understood physically by
" realizing that for a sphere the surface area is proportional to the
. square of diameter, but for a cylinder it is proportional linearly to ‘
the diameter. | The surface area is independent of the thickness of
insulation for a plane.

| It is also interesting to evaluate the effective thickness of
insulation, that is, the thickness of insulation at which the heat
loss is équal to the heat loss of an uninsulated sphere. 'i‘his can

be found from

1 .
1 1 ( 1 1 ) 1
—_— F — _ = = F—
st \o "D 3
nDZ s VP 2’ hDs
~ 1
= O R T 71 1 T
I PR S A 1 ) "
h_lDz' ek (Dl Dz) - Rk NPy Dy o/ nops
1 _ - T2 ins

Hence, insulation starts to be effective when
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DcriDZ
Dins = 2Dl st T .. . (9)
2 cri ;

The diameter of the insulation must be greater than the above value
in order to gain insulating effects. Equation 9 also contains an
important qualitative feature. If the critical diameter of insulation
is equal to or larger than 2 times the diameter of the uninsulated

sphere, the "insulatioh, A

‘no matter how thick it is, can only
increase heat loss to the surroundings. This important fact does
not exist in cylindrical insulation as can be seen from the formula

 which determines the effective diameter of cylindrical insulation:

D ., D
crify &
DZ \ Dins>

D, = D_e (10)

This comparison again shows that the selection of good insulating
materials is more important for a sphere than for a cylinder.

The results of the above analysis are illustrated in Figure 1,
which shows the relationship between the heat loss from a sphere
and the thickness of insulation.

It may be pointed out that one can increase the heat flux
from a sphere by increasing the thickness of the wall with good

conducting materials.
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PROPOSITION IV

It is proposed that the application of the Mangler transfor-
mation to the axisymmetrical, laminar boundary layer flow of a

non-Newtonian fluid may introduce serious errors,

In a recent publication Acrivos, Shah and Pete rson(l) pre-
sented asymptotic solutions for the two-dimensional laminar
boundary layer equations for a power-law non-Newtonian fluid. .
They stated that the solutions also applied to the axisymmetrical

case since the axisymmetric'al boundary layer equations:

du ou _ .. dU, K 8 [ ou\"
11—8—;(+V-8—};~de+p-—a-;(—a—§) . (1)
and
(ru) . 8(xv) _ 4 2)

ox oy

can be reduced to the two-dimensional case by means of the Mangler
transformation(z).'

The Mangler transformation becomes‘ possible through the
assumption that the radial coordinate, whenever it occurs
explicitly in the boundary layer equations, may be replaced by the
local body radius. In other words, the axisymmetrical boundary

(3)

layer equations can be wﬁtten in the Boltze form'™ ', that is,

Equations 1 and 2. This assumption implies that the radius of
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the transverse curvature is very large compared with the boundary
layer thickness. Without this assumption the laminar boundary layer

equations for the axisymmetrical flow of a power-law non=Newtonian

fluid are as follows:

du ,. ov _ .dU , K 1 @ ‘aun-l
u—é-;c +V-a—y_- = U——X— + E‘ ‘-83' [(T+Y)('§§) B (3)

=0 (4)

The Mangler transformation does not apply to Equations 3 and 4.

Since the Boltze formulation neglects the transverse cu'rva—
ture, for the axial flow along a cylinder (r = constant) Equations 1
and 2 automatically reduce tc the boundary layer equations for
flow along a flat plate. This is not true for the more rigorous
formulation, Xquations 3 and 4.

For the flow of a gas at high velocities along a body of
revolution with a small transverse curvature, the assumptions
implied in the Mangler transformation is usually satisfactory.

This is the reason for the wide acceptance of the transformation

by aerodynamicists. However, the chemical engineer often deals
with flows of high-viscosity fluids at relatively low velocities.

The assumption that the boundary layer thickness is much smaller
than the radius of the transverse curvature may not hold, and the
applicability of the Boltze formulation and the Mangier transforma;

tion becomes questionable.
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Let us consider, for example, a Newtonian liquid with a
density of 55 1b/£t3 and a viscosity of 10 centipoises flowing .along
a l-incﬂ-diameter cylinder at a velocity of 5 ft/sec.r This problem
has been solved by Seban and Bond(4) and Kelly(s). The solution

can be expressed in the following form

_ HlAA . 2. -1 .
fcyl/fF_ p =14 2.10(x/r)ReX 1. 92(x/r) Re ' *... (5)
- where fcyl is the local skin-friction coefficient for axisymmetrical
flow along a cylinder of radius r, and fF P is the local skin-
friction coefficient for flow along a flat plate. For the specific

problem considered, at a distance x = 1 foot from the leading edge

of the cylinder

fcyl/fF_ b = L.22 | (6)

This- indicates that the application of the solutions of Acrivos, Shah
and Peterson to the above case would give an error of 22%. This
example leads one to believe that the application of the Boltze
formulation and the Mangler transformation to the axisymmetrical
flow of a non-Newtonian fluid may result in serious errors.

It is suggested that the influence of thé transverse curvature
on the skin friction and heat transfer for the axisymmetrical flow
of a power.-.law non-Newtonian fluid along a body of revolution

" should be studied. ZFor flow along a cylinder‘, the method used by
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4 . . . .
Seban and chd( ) for the Newtonian fluid case, i.e., the expansion
of the solution in the form of series in terms of suitable transverse
curvature parameters, may also be useful for the non-New onian

fluid case.

Nomenclature:

fcyl = local skin-friction coefficient for a cylinder

fF p. = local skin-friction coefficient for a flat plate

K,n = parameters in the power law model

Re, = Reynolds number, pUx/p

r(x) = a distance of a point on the surface from the axis of
symmetry

U = velocity at the edge of the boilndary

u = velocity in x-direction

v = velocity in y-direction

x = distance along the surface from the leading edge

v = distance normal to the surface

P = density

1 = viscosity
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PROPOSITION V

In order to study experimentally the influence of transverse
curvature on heat and mass transfer in turbulent boundary layers,
cylinders of different diameters should be tested. It is proposed
that boundary layer trips be used to insure turbulent boundary

layers over a large range of Reynolds numbers.

Due to the inconsistent results for heat and mass transfer in
turbulent boundary layer flows obtained by various investigators,
it has been difficult to determine the influence of transverse curva-
ture on heat and mass transfer from bodies of revolution to fluids
in axisymmetrical flows by comparing results for cylinders and
for flat plates(l). In order to arrive at a quantitative conclusion,
it appears necessary to study heat or mass transfer from cylinders
of different diameters under the same experimental conditions. To
obtain conclusive results, it is important to have turbulent boundary
layers cover a large range of Reynolds numbers.

As is well known, when a fluid is forced to pass an external
surface, the boundary layer is always laminar near the leading
edge (assuming that the leading edge is smooth enough not to cause
boundary layer separation or to trigger turbulence) and becomes
turbulent further downstream. To carry out the experiment

suggested above, it is necessary to restrict measurements to

downstream sections of the cylinders where turbulent boundary
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layers have been fully developed. This somewhat narrows the
Reynolds number range available for the experiment. Furthermore,
transition from the laminar to the turbulent boundary layer may
take place at different positions for cylinders of different diameters.
This brings additional complication to the experimental data. To
avoid the above difficulties, it is proposed that boundary layer '

(

trips 2,3) be used to promote transition at a position near the
leading edge to insure that a large range of Reynolds numbers is
available for the experiment. Chapman and Kester(z) have
successfully émployed a 0. 02-inch wire trip to obtain turbulent
boundary layers on a one-inch cylinder for skin-friction measure-

ments by the direct-force method. Wire trips may be adequate for

the experiment described in this proposition.
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