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Abstract

This dissertation reformulates and streamlines the core tools of robustness analysis
for linear time invariant systems using now-standard methods in convex optimization.
In particular, robust performance analysis can be formulated as a primal convex op-
timization in the form of a semidefinite program using a semidefinite representation
of a set of Gramians. The same approach with semidefinite programming duality
is applied to develop a linear matrix inequality test for well-connectedness analysis,
and many existing results such as the Kalman-Yakubovich—Popov lemma and various
scaled small gain tests are derived in an elegant fashion. More importantly, unlike
the classical approach, a decision variable in this novel optimization framework con-
tains all inner products of signals in a system, and an algorithm for constructing an
input and state pair of a system corresponding to the optimal solution of robustness
optimization is presented based on this information. This insight may open up new
research directions, and as one such example, this dissertation proposes a semidefinite
programming relaxation of a cardinality constrained variant of the H., norm, which
we term sparse H., analysis, where an adversarial disturbance can use only a limited
number of channels. Finally, sparse H., analysis is applied to the linearized swing

dynamics in order to detect potential vulnerable spots in power networks.



Vil

Contents

Acknowledgments

Abstract

Introduction
1.1 Some historical remarks . . . . . . . . ...
1.2 Organization of this dissertation . . . . . . . ... ... .. ... ...

1.3 Miscellaneous published works . . . . . . .. ... .. ... .. ....

Preliminaries on signals, systems and semidefinite programming
2.1 Signalsand systems . . . . . . ...
2.2 Semidefinite program . . . . . ..o oL

2.3 Linear matrix inequalities in linear system theory . . . . . .. .. ..

A semidefinite representation of Gramians
3.1 A semidefinite representation of Gramians: Discrete time case
3.1.1 Set of Gramians . . . . . . .. ...
3.1.2  Controllability Gramian and relative interior . . . . . . . . ..
3.2 A semidefinite representation of Gramians: Continuous time case
3.2.1 Setof Gramians . . . . . . . ... ...
3.2.2  Controllability Gramian and relative interior . . . . . . . . ..
3.3 Input construction algorithm: Discrete time case . . . . . . . . . . ..
3.3.1 Numerical example . . . . . . .. ... ...

3.4 Input construction algorithm: Continuous time case . . . . . . . . ..

iv

vi

o o O W

11
11
15
21



Viil

4 Extended H. analysis 45
4.1 Heanalysis . . . . . ..o 45
411 Heanalysis . . . . . . ..o 45
4.1.2 A proof of bounded real lemma . . . . ... .. ... ... .. 51

4.2 Extended H., analysis . . . . . . .. ... oL 53
421 Dual problem . . . ... .. ... oo 59
4.2.2 Examples . . . ... 60
4.2.2.1 Squared Ho analysis . . . . . . ... ... L. 60

4.2.2.2  Principal component bound . . . . ... ... 62

4.2.2.3 Simultaneous excitation . . . . . ... ... ... .. 63

4.2.2.4 Minimal gain . . . ... ..o 64

5 Robust stability analysis 66
5.1 Well-connectedness analysis with uncertain systems . . . . . . .. .. 66
5.1.1  Well-connectedness . . . . . .. ... ... ... ... ... 66

5.1.2  An SDP for well-connectedness analysis . . . . . .. ... ... 67

5.2 LMI test for well-connectedness . . . . . ... ... ... ... .... 74
5.2.1 SDP dual problem . . . . ... ... ... ... ... 74
5.2.2  An LMI test for well-connectedness . . . . . .. .. ... ... 76

5.3 Examplesof A . . . . .. 81
5.3.1 Full block Linear Time Varying Uncertainty . . . . . .. . .. 81
5.3.2 Self-adjoint LTV . . . . .. ... . .o 82
5.3.3 Skew-Hermitian LTV . . . . . . ... ... ... ... ..... 83
534 Scalar LTV . . .. ... .. 83
5.3.5  Scalar self-adjoint LTV . . . .. . ... ... ... ... .... 84
5.3.6  Scalar pure imaginary LTV . . . . .. .. ... ... ... .. 85
5.3.7 Integral Quadratic Constraints. . . . . . . . .. ... .. ... 85
5.3.8 Block-diagonal structure . . . . . .. .. ... 86

5.4 Numerical example . . . . . .. .. oo 89



1X

6 Sparse H., analysis and synthesis 93
6.1 Sparse Hoo nOrm . . . . ..o 94
6.1.1 The k-sparse minimal gain of a system . . . . . ... ... .. 97

6.1.2 Connections to the Restricted Isometry Property and Regular-

ization for Design . . . . . . . .. ..o 98

6.2 SDP relaxation of k-sparse Hoo analysis. . . . . . .. .. .. ... .. 98
6.2.1 Extension to k-sparse minimal gain . . . . . .. .. ... ... 102

6.2.2 Rounding heuristic for solution refinement . . . . . . . .. .. 102

6.2.3 SDP Dual problem . . . . ... ... ... 103

6.2.4 Strong duality and Lyapunov stability . . . .. ... ... .. 105

6.3 k-sparse Ho, synthesis . . . . . .. Lo Lo 108
6.4 Numerical examples . . . . . . . . . .. ... 117
6.4.1 Alinear chain . . . . .. . .. ... ... L. 118

6.4.2 Random dynamical system . . . . . . . ... ... 119

6.4.3 Synchronization network . . . . ... ... oL 119

6.4.4 k-sparse Ho, synthesis . . . . . . ... ... 122

7 Power network analysis 124
7.1 System model . . . . . ... 125
7.2 Case study: New England benchmark power network . . . . . .. .. 128
7.2.1 Power network data . . . . . .. ... ... oL 129

7.2.2 Linearized swing dynamics . . . . . . .. .. ... L. 129

7.2.3 Nonlinear system analysis . . . . .. .. .. ... ... .... 132

8 Conclusion and Future work 137
A Proof of Lemma 3.1 and 3.3 141
A.1 Useful facts from linear algebra . . . . . . .. ... ... ... .... 141
A.2 Extreme points of Dgpp . . . . . . . ... 141
A.3 Extreme pointsof Cspp . . . . . . . . . ... 143

A.4 Some useful bounds on the size of A*¥ and et . . . . .. ... . ... 144



A5 Proofof Lemma3.1. . ... . .. ... ... ...
A.5.1 Technical lemmas . . . . . .. ... ... ... .. .......
A5.2 Proofof Lemma3.1. .. .. ... ... ... ... ...

A6 Proofof Lemma 3.3 . .. .. .. ... .. ... ... ...
A.6.1 Technical lemmas . . . . . .. ... ... ... .. .......

A6.2 Proofof Lemma3.3. . ... . . . . . .. ... ... ...

B Proof of results in Chapter 5
B.1 Proof of Proposition 5.2 . . . . .. ... ... 0L
B.2 Proof of Proposition 5.3 . . . . . . ... ... oL
B.3 Proof of Proposition 5.7 . . . . .. ..o oo
B.4 Proof of Proposition 5.8 . . . . ... ... oL
B.5 Proof of Proposition 5.9 . . . . . . ... ...
B.6 Proof of Proposition 5.10 . . . . . . .. ... ...
B.7 Proof of Proposition 5.11 . . . . . . . . . ... ...

C Appendix to chapter 7
C.1 Minimal representation of linearized swing dynamics . . . . . .. ..
C.2 New England 39 power network data . . . . . ... ... ... ....

C.3 Linearized swing dynamics of the New England 39 power network . .

Bibliography

162
162
164
165
165
167
167
169

172
172
176
179

183



x1

List of Figures

3.1
3.2
3.3
3.4

5.1

6.1

6.2

6.3

6.4

6.5

6.6

6.7

7.1
7.2

Approximation of Vi using wy. . . . .. ...
Approximation of V5 using wo. . . . . . ..o
Approximation of V3 using ws. . . . . . .. ..

Approximation of V usingw . . . . . .. ..o
Feedback configuration with an uncertain block A. . . . . . .. .. ..

The ratio, fi5(M)/||M||lo for n=5,---,30. . . ... ... ... ....
Homogeneous chain withn=5. . . . . . ... ... ... ... ...,
Sparse Ho, norm of a linear chain computed by SDP, rounding heuristic
and exhaustive search. . . . . . . .. ...
Average of sparse H,, norm of random LTI systems computed by SDP,
rounding heuristic and exhaustive search. . . . . . . .. ... .. ...
The Petersen graph. . . . . . . . . . . ...
Sparse Ho, norm of the Petersen synchronization network with the max-
imum degree rule computed by SDP, rounding heuristic and exhaustive
search. . . . . . . L
Sparse H,, norm of the Petersen synchronization network with the max-
imum spectral gap computed by SDP, rounding heuristic and exhaustive

search. . . . . L,

New England 39 power network configuration. Figure from [81]. . . . .
Topology of New England 39 power network and active power flow in

MW. Grey nodes are synchronous generator buses. . . . . . .. .. ..

121

121



7.3

7.4
7.5
7.6
7.7

7.8
7.9

Al

A2

xii

Eigenvalues of A in the linearized swing dynamics of the New England
power network. There are 7 of zero eigenvalues coming from Ker (M),
and the system is marginally stable. . . . . . ... ... ... ... ..
Eigenvalues of the system matrix in a minimal realization (A, By, C).
Hankel singular values of minimal realizations of (A, B,,,C). . . . . . .
Ho and k-sparse Ho, norm of the system. . . . . . .. ... ... ...
Frequency deviation at each bus in the linearized swing dynamics with
the worst-case disturbance. In the k-sparse H., analysis case, the buses
subject to the disturbance are in the legend in each plot. . . . . . . ..
Output norm comparison with various disturbance size, 5. . . . . . . .
Angular velocity of synchronous generators, wg, and the magnitude of
bus voltages, |V, at each bus when applying the disturbance from 3-
sparse Ho analysis. With § = 8, the system becomes unstable.

Examples of inputs and states for V' in Proposition A.9. By controlling
the size of the input, the contribution from the transient response can
be made small. . . . . . ... .. ...
Example of inputs and states for V' in Lemma 3.1. By padding inputs,

we can approximate a matrix in Dgpp arbitrarily close. . . . . . . . ..

130
131
132
132

133
134

135

149



Xlil

List of Tables

4.1

5.1

6.1

7.1

C.1

C.2

C.3

The linear operator Il and its adjoint [1*(P) = ¥ ® P for H, analysis. 49

ta (M) for various structures. If we assume 9; are real numbers, pa (M) =

0.5381 is given by the exhaustive search [43].. . . . . . ... ... ... 91

The k-sparse H., norms of the closed loop dynamics. The controller is
constructed using proposed synthesis method. The minimum value in

each column is highlighted. . . . . . . ... ... ... .00, 122

Disturbance configurations. The bus value in the table is the value in

the vector wg, otherwise 0. . . . . . . . . . .. .. ... ... ... ... 134

Parameters of synchronous generators in the New England 39 power
network. 60Hz, 100 MVA base. Table is from [81] . . . . . .. ... .. 176
Parameters of transmission lines in the New England 39 power network.
60Hz, 100 MVA base. Table is from [81] . . . .. ... ... ... ... 177
Power and voltage set points in the New England 39 power network.

60Hz, 100 MVA base. Table is from [81] . . .. . ... ... ... ... 178



List of Symbols



(Cn

(Cnxm

diag (A)

diag (A, -+, Ap)

A set of n-dimensional complex vectors.
A set of n-by-m complex matrices.
A set of n-by-n Hermitian matrices.
The ith entry of a vector x € C".
The ith entry of a signal x.
The (7, ) th entry of a matrix A € C"*™.
The two norm of a vector x € C™.
The maximum singular value of a matrix A € C"*"™.

The spectral radius of a matrix A € C"*™,

[z

n-by-n matrix of the form:

An n dimensional vector of the form

Ay
A block diagonal matrix of the form

A,
n dimensional vector whose entries are all ones.

m-by-n zero matrix.

n-by-n identity matrix.



Chapter 1

Introduction

Convex optimization, especially Semidefinite Programming (SDP), is an essential tool
in robust control theory, from system analysis with internal and external uncertain-
ties to robust feedback controller synthesis. Many existing results can be stated as
a feasibility problem with Linear Matrix Inequality (LMI) constraints, which can
be solved via SDP. For example, the celebrated Kalman—Yakubovich—Popov (KYP)
lemma concerns the following frequency domain condition, which plays a crucial role

in robust control theory:
Omax(C(jwl — A)"'B+ D) <1, foralwe€R, (1.1)

where 0,y is the maximum singular value of a matrix, and (A4, B, C, D) are matrices
that represent a linear time invariant system. Since the condition (1.1) consists of
an infinite number of inequalities parametrized by w, its exact verification seems
formidable. Remarkably, the aforementioned infinite number of inequalities can be

easily checked by the following finite dimensional single LMI:

A*P+ PA+C*C PB+C*D
there exists P > 0 such that =< 0. (1.2)

B*P + D*C D*D —1
In other words, if one can find a positive semidefinite matrix P that satisfies (1.2),
then (1.1) is also true.

Recent advances in numerical methods for solving SDPs, especially the develop-
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ment of interior point methods in the late 1980s and early 90s, render such a feasibility
test (1.2) relatively simple. Despite the infinite dimensionality of the condition (1.1),
we can easily check it via the condition (1.2) in a tractable manner using an existing
SDP solver. This tractability is arguably the most important reason why SDPs are
so popular in robust control theory.

In order to obtain an LMI feasibility test for robustness analysis, the popular S-
procedure is often used. However, the S-procedure only provides an implication from
an LMI feasibility test to robustness of a system. For example, in the KYP lemma,
the S-procedure can only be used to prove the implication (1.2) = (1.1), although
the converse direction, (1.1) = (1.2), is also true. When an LMI feasibility test is
also a necessary condition for robustness of a system, the corresponding S-procedure
is said to be lossless. Not surprisingly, checking whether the S-procedure is lossless
or not is not a trivial task.

For Linear Time Invariant (LTI) systems, a shift-invariant quadratic form is used
to establish losslessness results. Consider the following shift-invariant quadratic form

¢ Loy(—00,00) — R on signals,

p(u) = / " u(t)* Hu(h),

o0

where H is a given Hermitian matrix. It turns out that the closure of the following

set
F:={¢(u) :u € Lo(—00,00)}

is convez. Let u,v € Lo(—00,00) and ¢; := ¢(u), ¢2 := ¢(v). Using the time delayed

version of v, v, (t) := v(t — 7), we can show that

lim (¢(u) + ¢(v,)) = @1 + ¢,

T—00

and the above observation is an essential idea to show the convexity of cl (F).

In many cases, the convexity of cl (F) together with the separating hyperplane
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theorem establishes a sufficient and necessary LMI condition for robustness analysis.
This gives rise to a very important question: why SDPs? There are other types of
convex programming, such as linear programing and second order cone programming,
which are more efficient in practice and can often handle more decision variables than
SDPs.

This dissertation shows that the closure of a set of Gramains, which contains all
the quadratic information of an LTI system, is semidefinite representable and has
an explicit algebraic characterization. Since any shift-invariant quadratic form ¢ can
be represented by a Gramian, this semidefinite representation result subsumes the
convexity of cl(F) and this fact may explain why SDPs naturally arise in many
robustness analysis results. In addition, based on this observation, this dissertation
proposes a novel mathematical foundation of robust control theory with SDPs as
a modeling tool, extends many existing results, and unifies technical proofs in an
elegant manner. More importantly, since the decision variable in this formulation, a
Gramian, contains inner products between input and internal states of a system, an
input-state signal pair that solves the corresponding robustness optimization can be
constructed.

The key contributions of this dissertation are

e Establishing a semidefinite representation of the closure of a set of Gramians

generated by a stable linear time invariant system.

e Presenting an algorithm that constructs an optimal input-state signal pair for

robustness optimization.

e Extending H., analysis to capture various types of disturbance models and cost

functions.
e Extending well-connectedness analysis to various types of operators.

e Presenting an SDP based method for a cardinality constrained variant of H.,

analysis, “sparse” H., analysis, and synthesis.
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As an example, this dissertation illustrates how to use sparse H,, analysis to check

the stability of power networks.

1.1 Some historical remarks

This section briefly introduces relevant literature in robust control theory. Textbooks
such as [25, 95, 26| introduce basic concepts and detailed treatments of the central
subjects. Practical applications to many engineering disciplines from aerospace engi-
neering [43| to power systems [62] are also available.

Among many exciting results, arguably the most important ones are in robustness
analysis and robust controller synthesis. Robustness analysis quantifies the effect
of internal uncertainties in a system model (e.g., errors in parameters, unmodeled
dynamics, etc.) on the stability of a system and the effect of external disturbances on
the performance of a system. Robust controller synthesis designs a feedback controller
that compensates for undesirable effects from uncertainties.

There exist many robustness measures that quantify the effect of external dis-
turbances on the output. Among them, the H., norm stands out for many reasons
[25]. To compute the H., norm of a system, we assume a unit energy disturbance
and measure the output energy. However, depending on disturbance models and cost
criterions, other norms can also be considered for analysis and synthesis. For exam-
ple, the Hy norm [24]| assumes a unit peak disturbance with an output energy cost,
and the £, norm [18, 17] assumes a unit peak disturbance with an output peak cost.
More sophisticated robustness measures, such as the entropy of a system, [33, 51],
also exist and have a connection to risk-sensitive control [32]. Combinations of some
of those measures are also available, such as the mixed Ho-Ho, norm [41], and mul-
tiple performance criterions [67, 71]. A sinusoidal disturbance that only contains low
frequency components is considered by Iwasaki et al. [38], and an extension of this
result with more sophisticated frequency domain descriptions appeared in [37].

The most closely related robustness measure to the one in this dissertation is

from D’Andrea [20]. D’Andrea introduces squared H., analysis in [19], where each
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component of disturbance has unit energy, and this result is extended to capture more
general disturbance models, as well as cost criterions [20]. This dissertation extends
these results even further to any disturbance models that can be represented by a set
of Gramians and any arbitrary cost function that is convex in Gramians.

For analysis of systems with internal uncertainties, Zames showed that the H.,
norm in conjunction with the small gain theorem can be used to verify stability of
a system with a norm bounded intrinsic uncertainty [93], and proposed a general
framework for system analysis with internal uncertainties. Safonov generalized this
concept in [70, 69]. Doyle introduced p-analysis [56], a novel computational framework
for computing the stability margin of a system that contains internal uncertainties
in [23], and provided a scaled small gain test, which is a computationally tractable
upper bound of p. Although computing p is NP-complete in general [12], Shamma
proved that for a linear time varying block diagonal structure, the scaled small gain
test provides a tight upper bound [74]. Subsequently, Paganini showed that a scalar
linear time varying operator also has this tightness property [57]|, and Meinsma et al.
considered a scalar self-adjoint time varying operator [48].

In the robust control literature, the S-procedure [84, 64] is often used to derive a
sufficient condition for stability of a system with internal uncertainties. For the ne-
cessity of such conditions, losslessness of the S-procedure in shift invariant quadratic
forms over Iy (or L) space in [47] plays a crucial role. Although stated in a differ-
ent way, the aforementioned papers [57, 20, 48| and system analysis using integral
quadratic constraints [46| rely on this losslessness result.

In the paper [65], Rantzer proved the KYP lemma using elementary linear alge-
bra and basic convex analysis. In addition, excellent research monograph [3] from
Balakrishnan and Vandenberghe attempted to simplify the essential mathematical
tools for systems theory. Further, Scherer pointed out that the S-procedure in robust
control theory is nothing but a Lagrangian relaxation |72, 73|, and Ebihara presented
the dual of those programs in [28|. One of the difference of this dissertation is our
reinterpretation of those problems as primal problems, since those optimizations can

be directly derived from the definition of robustness analysis. The underlying philos-
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ophy of all these works is to use optimization as a main mathematical tool, and this
dissertation takes the same approach.

A covariance formulation of optimal control theory is extensively covered in [75]
and later extended in [76]. Recently, Gattami and Bamieh in [30] leveraged this
covariance formulation to derive an SDP for computing the H., norm, and the paper
[89] considered finite frequency disturbance models using the same approach.

This dissertation combines all these ideas to present a novel framework of robust
control theory for linear time invariant systems. In particular, Rantzer’s idea on de-
composing matrices in [65] and Shamma’s idea on padding signals in [74] are used to
construct a semidefinite representation of the closure of a set of Gramians, a deter-
ministic counterpart of covariance matrices. Based on this Gramian representation,

this dissertation shows how existing results can be elegantly stated using SDPs.

1.2 Organization of this dissertation

This dissertation is organized as follows. Chapter 2 gives the minimal background on
signals, systems, and SDPs. Chapter 3 presents key lemmas involving the semidefinite
representation of the closure of a set of Gramians. Chapter 4 extends H., analysis
using the key results from Chapter 3. Chapter 5 uses SDP duality theory to provide
alternative, unified arguments for well-connectedness analysis. Chapter 6 proposes
sparse H., analysis, and provides an SDP relaxation of analysis and synthesis. Chap-
ter 7 illustrates a potential application of sparse H., analysis to power networks.
Finally, Chapter 8 concludes the dissertation and proposes future research directions.

The preliminary results of Chapters 3, 4, 5 can be found in [90], and the conference

version of Chapter 6 can be found in [91].

1.3 Miscellaneous published works

e A Fast Linear Consensus Protocol on an Asymmetric Directed Graph [85]

In this paper, a linear consensus protocol design with a strongly connected
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directed communication topology is considered. A non-convex optimization
problem that minimizes the second largest eigenvalue of a system matrix is
formulated, and the cone complementary linearization method is applied to
design a procedure to find a sub-optimal solution of the corresponding non-
convex optimization. The effectiveness of the procedure is verified through

numerical simulations.

Convex-concave Procedure for Weighted Sum-rate Mazximization in a MIMO

Interference Network [87]

This paper concerns maximizing the weighted sum of communication rates in
a multi-input multi-output Gaussian communication channel subject to various
constraints, such as total power, per-link power, maximum beam power, and
condition number. Interference between channels introduces non-convexity in
the objective, and the convex-concave procedure is applied to handle this non-
convexity. The convergence of the procedure is shown by adding a damping
term, and numerical simulations show its effectiveness. In some cases, it is
shown that the damping term helps to find a solution with a better objective

value.

Reverse and Forward Engineering of Frequency Control in Power Networks [86]

In this paper, we analyze the stability of frequency dynamics in a power net-
work. In particular, the existing frequency feedback control scheme is shown to
be a distributed algorithm that solves a well-defined global optimization prob-
lem, and a novel framework is developed to analyze the effect of a deadband in
the control scheme. In addition, a small modification to the existing control ar-
chitecture is proposed in order to unify the secondary frequency control scheme,
which brings the frequency deviation back to the nominal operating frequency

range.

A Non-convex Alternating Direction Method of Multipliers Heuristic for Optimal
Power Flow [92]
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In this paper, an optimal power flow optimization problem that schedules
power supplies is considered. The optimal power flow problem is a non-convex
quadratic program, which is transformed to a semidefinite program with a rank
constraint. To handle the rank constraint, this paper proposes a non-convex
alternating direction method. Specifically, an iterative method, which requires
an optimal solution of a convex optimization and its projection onto a low rank
space, is proposed, and the local optimality of a stationary point is analyzed. In

addition, numerical simulations verify effectiveness of the proposed procedure.
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Chapter 2

Preliminaries on signals, systems and
semidefinite programming

This chapter introduces notations used throughout this dissertation and provides
a brief summary of relevant materials. More in-depth treatments can be found in

[15, 55, 52, 26] for signals and systems and [4, 11| for semidefinite programs

2.1 Signals and systems

A signal x is a function that maps a non-negative integer, or a non-negative real
number to a complex vector in C". For a discrete time signal, we use the bracket
notation, x[k|, to refer the value at time k, and for a continuous time signal, we use
the parenthesis notation, x(t), to refer the value at time t.

The Hilbert space of square summable sequences is denoted as

Iy == {x : ix[k]*x[k] < oo, zlk] € (C"} )

k=0

with the inner product

[e.e]

(x,y) =Y alk]"y[k],

T

where * = (Z)' is a conjugate transpose of z. Similarly, the Hilbert space of square
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integrable functions is denoted as
Ly = {x : /000 x(t) x(t) < 0o, x(t) € (C”} :
with the inner product
ey) = [ altratesie

We often drop the superscript n if the dimension can be easily inferred in the context.

The 2 norm of a signal is given by

VI wlklF k] if x €l

\/fo°° z(t)y*x(t)dt if x € Lo.

%12 :=

In this dissertation, we consider a causal Linear Time Invariant (LTT) system with
a state space realization (A, B,C, D).
A discrete time LTI system has the following description:

zlk+1] = Ax[k] + Bwl[k]
z[k] = Cuzxlk] + Dwl[k],

where w[k]| is the input (or the disturbance), z[k] is the state, and z[k] is the output
of the system.

Similarly, a continuous time LTI system has the following description:

= Azxz(t) + Bw(t)
2(t) = Cx(t) + Dw(t).

Since this dissertation assumes that the initial condition of the state is zero, the

following relationship holds between the state and the input [15]:
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k—1
w[k] =Y A" 'Buln),  k>1 (2.1)
x(t) = /t AT Bu(r)dr, t >0, (2.2)

where e is the matrix exponential of A. The above relationship reveals the linearity
of the LTI system. Therefore, it is natural to consider a linear operator which maps
the input signal w € Iy (or £5) to the state x. However, in order to determine the
co-domain of this linear operator, the notion of stability is required. For example,
the state x[k] may approach to oo as k — oo, if A contains the eigenvalue of which
magnitude is larger than 1. To avoid this situation, we introduce the Schur stability

and Hurwitz stability of a matrix A:

A is Schur stable < p(A4) <1

A is Hurwitz stable < All eigenvalues of A have the negative real part.

A discrete time LTT system is stable if A is Schur stable. In addition, for a Schur
stable matrix A, it can be shown that || Zi;o AR By[n]|ls < oo for all w € Iy
[40, 26]. Similarly, a continuous time LTI system is stable if A is Hurwitz stable,
and x in (2.2) is in £, for all w € Ls.

Therefore, for a stable LTI system, i.e., when A is stable, the following linear
operator is well-defined. For a discrete time signal, let us define a linear operator

Myup : ls — Iy such that x = M yg(w) if

zlk+1] = Azxlk] + Bwlk],

z[0] = 0,
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and for a continuous time signal, x = M4g(w), if

dx(t)
e Ax(t) + Bw(t),
z(0) = 0.

Before concluding this section, we introduce an important concept in control the-
ory: the controllability of the system. The pair (A, B) is controllable if we can reach
an arbitrary final state z/ € C" from any initial state 2° € C" using the input signal
w in a finite time, where n is the dimension of the state vector. In order to check the
controllability, the controllability matrix |B AB ... A"l B] is often used. That
is, (A, B) is controllable if and only if the controllability matrix has full row rank.

The following theorem provides equivalent conditions of the controllability.
Theorem 2.1: The following statements are equivalent.

1. (A, B) is conrollable.

2. [B AB .- A" 1B| has full row rank.

3. (TAT=Y, T7'B) is controllable for some invertible matriz T .

4. (A+ BK, B) is controllable for some matriz K.

5. (A, BT) is controllable for some invertible matriz T .

PROOF: The proof can be found in the standard textbook, e.g., |26, 15] except the

last condition. The controllability matrix for the pair (A, BT) is given by
B AB ... A1B|T.

Since T is invertible, the controllability of (A, BT') is equivalent to the second condi-

tion. ]
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2.2 Semidefinite program

Let H™ be the Hilbert space of n-by-n Hermitian matrices with the trace inner product
(X,)Y) =Tr(XY) = Tr(XY).

The Frobenius norm is induced by this inner product

IX|lr = v Tr(X*X) = /Tr(X?).

A matrix X € H is positive semidefinite (PSD) if all of its eigenvalues are non-
negative, and we use a generalized inequality X > 0 as a shorthand notation for X
being PSD. If all of eigenvalues of X are positive, then X is positive definite and
X > 0.

A standard semidefinite program (SDP) is a convex optimization which has the

following form [4]:

miniXmize (C,X)
(P) subject to  (A4;, X) = b;, i=1,-n, (2.3)

X =0,

where X, C, A; are real symmetric matrices, and b; is a real number. The feasible set
of this optimization is a set of X such that X > 0, and (A;, X) = b;. The above
program (P) is strictly feasible if there exists X > 0 in the feasible set.

A dual of SDP is given by

maxnmze E b;y;
Wne

(D) (2.4)
subject to C' — Z%Ai =0,

=1

T
where b = [51, e ,bnc] . The above program (D) is strictly feasible if there exists
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(Y1, ,Yn,) such that C' — > 7 y; A; = 0.
The optimization (P) is called the primal program, and (D) is called the dual

program. An SDP conic duality theorem relates this primal-dual pair.

Theorem 2.2: Let p* be the optimal value of the optimization (P), and d* be the

optimal value of (D). Then we have,
o Weak duality: p* > d*.

e Strong duality from (P): If p* is bounded by below, and (P) is strictly feasible,
then p* = d*. In addition, there exists (yi,--- ,yy ) in the feasible set of (D)
such that —> ' biyr = d*.

e Strong duality from (D): If d* is bounded by above, and (D) is strictly feasible,
then p* = d*. In addition, there exists X* in the feasible set of (P) such that
(C, X*) =p*~.

The proof can be found in [4]. The strictly feasibility condition is often called Slater’s
constraint qualification for strong duality.

Although we use the term minimize and mazimize in the optimization, finding
an infimum /supremum is more precise since a feasible point that achieves such an
extreme value may not exist. In addition, there are primal-dual SDPs where the dual
program is solvable (there exists a dual optimal solution), but the primal program
is not solvable even though strong duality holds. Strum’s thesis [77] contains many
interesting examples on this subject and extensively studies the SDP duality.

SDP becomes an essential tool for many engineering disciplines. See [11] and
references there in for the recent progress and modern engineering applications.

Part of the reasons, if not complete, are from both practical and theoretical sides.

1. There exists a polynomial time solver for SDPs, such as the interior point

method [53], that is reliable.

2. Modeling capability of SDP is powerful enough to capture real world engineering

problems.
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3. SDP duality theorem, Theorem 2.2, often provides new theoretical insights.

In this dissertation, we use the primal-dual picture of SDP to provide interesting
theoretical insights on robust control theory.

An important remark in here is that standard SDP duality theory concerns the
real numbers, whereas our main result will rely on the complex numbers. Extending
real SDP results to the complex setting can be done by decomposing an Hermitian

matrix X = Xg +iX; where Xp is real symmetric and X7 is a real skew-symmetric.

Xr  Xi
Since X > 0 is equivalent to . > 0, and we can convert any complex

SDP to the standard real SDP (2.3). This approach can also be found in [34], and
therefore we can apply the existing software package for solving real SDPs, such as
[80], to solve complex SDPs. In addition, SDP duality theory can be extended to the
complex setting by considering the set of PSD complex matrices as the underlying
convex cone. Since all the results from [4] can be applied to a convex cone, this
extension is trivial, so this dissertation uses the complex SDPs as a primary modeling
tool.

Finally, we present the theorem of alternatives for SDPs, which is a special form
of a conic duality theorem. The proofs and related concepts can be found in the
excellent monograph from Balakrishnan and Vandenberghe [3].

Let V be a finite dimensional Hilbert space with an inner product (-,-)y and W
be a finite dimensional Hilbert space with an inner product (-, -)w. In addition, let
A 'V — H be a linear operator that maps an element in V to a set of Hermitian
matrices, and B : V — W be a linear operator that maps an element in V to W.

Then we have the following results:
Theorem 2.3 (ALT1): Ezactly one of the following is true.

(i) There exists an v € V with A(x) + Ay > 0.

(11) There exists a Z = 0 such that A*(Z) =0, Tr(A¢Z) <0.

Here Ay is a given matrix, and Z = 0 means Z = 0 but Z # 0, and A* is the adjoint

of A. The following results is without the matrix Aj.
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Theorem 2.4 (ALT2a): Exactly one of the following is true.

(i) There exists an x € V with A(x) & 0.

(it) There exists a Z = 0 such that A*(Z) = 0.

With an additional affine constraint from B, we have the following results.
Theorem 2.5 (ALT4): FEzactly one of the following is true.
(i) There exists an x € V with A(x) + Ao = 0, and B(x) = 0.

(it) There exists a Z 2 0, w € W, A"(Z) + B*(w) =0, and Tr(AsZ) <0.

Theorem 2.6 (ALT5a): Ezxactly one of the following is true.
(i) There exists an v € V with A(x) z 0, and B(z) = 0.
(11) There exist Z = 0, w € W such that A*(Z) + B*(w) = 0.
We often call the above pair as a strong alternative to each other because exactly
one of each pair is true.

The above theorems may seem restrictive because only one A and B are being

used. Suppose we have multiple constraints,

Ai(x) + Aip >0 fori=1,--- ,n, (2.5)

In this case we can form a block diagonal matrix to use Theorem 2.3.

.Al (ZE)
A(x) = diag(Ai(x), -, A, (2)) =

Ay = diag(Aip, -, An,0) =
Ana,O
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Then A(z) + Ap = 0 holds if and only if (2.5) holds. Before applying Theorem 2.3,
let us consider the adjoint operator of this block diagonal form of A(x), Ag. Notice

that
Zn o Zi, | |A(2)
Tr(ZA(z)) = Tr :
Zngt  Lngn, A, (2)
= DT = S A, = (3 AL ).,

where Z;; are properly partitioned according to the dimensions of A;(z) and A;(z).

Therefore we can conclude that
A(Z) =D A (Za),
i=1
and a strong alternative to (2.5) is given by

Z =0

i A (Zi) =0
i=1

Tr(AcZ) = > Tr(A0Zi) < 0.
=1

Notice that in the second and third inequality the non-diagonal part of Z is completely

irrelevant. Therefore the above condition is equivalent to the existence of Z3,--- , Z,,
such that
Z; =0
Na
Z Ai(Z;) =0
i=1

> Tr(AipZ;) <0,
=1
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where at least one Z; is not zero. This is because if (Zy, -, Z,,) exist then Z =
diag (7, --- , Z,,) satisfies the first condition, and for the converse, we can set Z; =

Zi;. This leads us to the following corollary of Theorem 2.3.
Corollary 2.1: FExactly one of the following s true.
(i) There exists an v € V with A;(z) + Aip >0 fori=1,--- n,.
(ii) There exist Z; = 0 such that > . A5(Z;) = 0, o Tr(AioZ;) < 0 where at

least one Z; is not zero.

Similar arguments can be used to show the following corollaries of Theorem 2.5,

Thoerem 2.4, and Theorem 2.6.
Corollary 2.2: FExactly one of the following s true.

(i) There exists an v € V with A;(x) + Aio = 0 fori =1,--- ng, Bi(x) =0, for

i=1,,m.

(ii) There exist Z; = 0, w € W; such that Y, Tr(A;0Z;) < 0, > 0 AN(Z;) +

Yot B (w;) = 0 where at least one Z; is not zero.

Corollary 2.3: FExactly one of the following is true.

(i) There exists an x € V with A;(z) = 0 fori = 1,--- ,n,, where at least one

A;(x) is not zero.

(ii) There exist Z; = 0, w € W; such that Y ;% A(Z;) + > 10, B (w;) = 0.

Corollary 2.4: Ezactly one of the following is true.

(i) There exists an x € V with A;(x) = 0 fori =1,--- ,n,, Bi(x) =0, fori =

1,---,ny, where at least one A;(x) is not zero.

(ii) There exist Z; = 0, w € W; such that Y ;% Af(Z;) + > 00, B (w;) = 0.

The same trick will be used when we apply the theorem of alternatives to the

block diagonal form of operators in the later chapter.
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2.3 Linear matrix inequalities in linear system the-

ory

A Linear Matrix Inequality (LMI) has the following form

n
> Fuai+ Fy = 0, (2.6)
i=1
for Hermitian matrices Fy,--- , F, and x1,--- ,z, € R. Here z;’s are variables, and

the question is to find x; which satisfies the above generalized inequality. Notice that
this is nothing but a feasibility problem, and can be formulated as an SDP with the
objective function being 0. This means that a set of x that satisfies (2.6) is a convex
set, and an element in the set can be obtained by solving an SDP. Many results in
system and control theory can be written in the form of (2.6). The excellent book
from Boyd et. al. [10] contains both the historical perspective and the role of LMIs
in system and control theory.

The following results use the LMI, often called Lyapunov LMI because the results
are originated from Lyapunov stability theorem, to verify the stability of an LTI

system,

Theorem 2.7: A matriz A is Hurwitz stable if and only if there exists P = 0 such
that AP 4+ PA* < 0.

Theorem 2.8: A matriz A is Schur stable if and only if there exists P > 0 such that
APA* — P < 0.

These are standard results and the proofs can be found in [3].

In Theorem 2.7 and 2.8, the matrix P itself is a variable. Although this may not
seem to be equivalent to (2.6) but we can convert it into the standard form (2.6) by
using a standard basis for Hermitian matrices. To this end, for P € C"*", let M;; =
S(eses + ejer) and Ny = L(e;er — ejer), where {eq, -+, e,} is the standard basis for
C". Then, we can represent any Hermitian matrix by P = ZZ i M;;x5+ Nijyij, where

Lijy Yij eR. In addition, A*P + PA = Zi7j(AMij + MZ]A*)ZL'Z] + (ANU + NZJA*)y”
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P 0
Finally, by embedding P and AP + PA* to a large matrix , We can
0 A*P+ PA
o : : 0
clearly see that the condition in Theorem 2.7 is equivalent to > 0.
0 AP+ PA*

This shows that we can treat the matrix as a variable and we can always convert the
corresponding constraint to the standard LMI by using the standard basis. Therefore
we call any expression of the form f(X) = 0, where X is a matrix variable and f(X)
is an affine operator that maps X to an Hermitian matrix, to be an LMI.

Moreover, we often encounter a non-linear version of (2.6). For example, in the
feedback controller synthesis problem, we require A*P + PA < 0, where A and P
are both variables. We call this type of constraint a Matrix Inequality (MI) since
the dependency is not linear. Unlike an LMI constraint, an optimization with ma-
trix inequality constraints is non-convex in general unless the corresponding matrix
inequality has a special structure.

The following Lyapunov equation is closely related to Lyapunov LMI in Theorem

2.7 and 2.8:

(CLE) AP+ PA*+Q=0 (2.7)
(DLE)  APA*—P+Q=0. (2.8)

Here A, (Q are given matrices, and we would like to find an Hermitian P satisfies
(CLE) or (DLE). Notice that @ has to be Hermitian, since AP+ PA* and APA*— P
are Hermitian.

Using the vectorization operator vec (P) = [[P]n [Plig - [P]nn]T for P €
C™™ and the Kronecker product
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where A € C"*", we can convert (CLE) and (DLE) to the systems of linear equation.

(CLE) (I, ® A+ A® I,)vec (P) = —vec (Q)
(DLFE) (A A-1,®1,)vec(P) = —vec(Q) .

Therefore the existence and uniqueness of P is completely determined by the
invertibility of I, ® A+ A® I, and A ® A — I, ® I,. By identifying ® with a
tensor product, we can see that the eigenvalues of I, ® A + A ® I,, are given by
Ai(A) + Xj(A), where \;(A) is the ith eigenvalue of A. Therefore if A is Hurwitz
stable, i.e., Re(\;(A)) < 0 for all 4, then Re();(4) + A;(4)) < 0. This shows that
all the eigenvalues of I, ® A + A ® I,, is not zero, and therefore I, ® A + A ® I, is
invertible and P uniquely exists. In fact, P = [~ e*'Qe*"'dt solves (CLE), and we
can easily see that if () > 0 then P > 0.

Similarly, for (DLE), since the eigenvalues of A ® A — I, ® I,, are given by
Ai(A)Xj(A) — 1, if A is Schur stable, then there is no zero eigenvalue. Therefore
A® A—I,® I, becomes invertible, and P uniquely exists. The analytical expression
of P is given by P =2 AFQ(A*)*.

We summarize all these results in the following and the formal proof can be found

in [26].

Theorem 2.9: If A is Hurwitz stable, then there exists the unique PSD matriz P =

i eMQeNtdt, which satisfies AP+ PA* +Q = 0.

Theorem 2.10: If A is Schur stable, then there exists the unique PSD matriz P =
S oo AFQ(A*)E, which satisfies APA* — P+ Q = 0.

Before concluding this chapter, we introduce a controllability Gramian. For a sta-
ble A, we define a controllability Gramian which gives an alternative characterization

of controllability.

e  ARBB*(A*)* if A is Schur stable
W, .=
IS eMBB e dt  if A is Hurwitz stable.
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From Theorem 2.9 and 2.10 we can easily see that the controllability Gramian satisfies

the following Lyapunov equation:

Discrete: AW A*—W,.+ BB* =0

Continuous: AW, +W._A*+ BB* =0

Notice that since BB* > 0, W, = 0.

Finally, we have the following result, and the proof can be found in [26].

Theorem 2.11: The pair (A, B) is controllable if and only if the controllability Gramian
W, = 0.

So far we present the minimal background on the concept used in this dissertation.
Complete and detail treatment of the subject can be found in the references given in

the beginning of this chapter.
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Chapter 3

A semidefinite representation of
Gramians

This chapter introduces Gramians generated by a stable LTI system which contains
complete quadratic information of the system. In turns out that these Gramians
admit a semidefinite representation. This chapter presents this result, and provides an
algorithm which constructs an input-state pair generating a Gramian. This algorithm

can be used to find the optimal solution of robustness optimization.

3.1 A semidefinite representation of Gramians: Dis-

crete time case

3.1.1 Set of Gramians

For a signal u € [, we define the Gramian A : [y — H" such that

oo

Aw) = ulkJulk]".

k=0

The Gramian is well-defined because each entry is finite. In addition, it should be

clear that A(u) = 0, for all u € [}. For a notational convienience, we often use

u

A(uy, uy) for A
Uy
Consider the following stable discrete time LTI system, P, which maps an input
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w to an output z,

z[k + 1] = Az[k] + Bwl[k] (3.1)
2[0] =0 (3.2)
2[k] = Cx[k] + Dwlk], (3.3)

where x € C™ ,w € C™,z € C™ and A is Schur stable. Since A is Schur stable, we
can consider the linear operator M yp : [5* — [5” such that x = M4p(w), where x is

the state of P, i.e.,

z[k] = A¥Buli]  for k > 0. (3.4)

We introduce the following set of discrete-time Gramians which is a primary object
in this dissertation.

Dcram = {V € H™™ :V = A(Mup(w),w) for some w € lg}

In other words, V' € Dgram if and only if there exists an input w € [, such that

where the state x = M yp(w) is from (3.4). Since x € I, for all w € [, a Gramian
A(x,w) is well-defined for all w € [,.

Notice that V' contains the complete second order information of the LTI system.



For example, since [Onzmz Inwi| k] = wlk],
wlk]
Il = 3 wlkulk = 3 Tr(olkuii)
k=0 k=0 )
 « (k] x[k]
B ZTr e 1] wlk] oo 1] wlk]
_ Tr([()nwxnz ]nw]V[()annz ]nwr):Tr Onexne  Ongxne v,

Onwxnz ]ﬁw

where the last equality is from the cyclic property of the trace operator. The examples

of the second order information include

Onzxnz Onzxnw

The norm of the input: ||w||3 = Tr Vv

nwxnx ]ﬁw

0
The norm of the state: ||x||3 = T X T

nwxnz Onwxnw

( c*C¢ C*D

The norm of the output: ||z||% =
D*C D*D

Onz XN C*
Passivity of the system: (z, w) = %Tr V
¢ D+Dr

Since the Gramians contain the quadratic information, we can use the Grami-
ans for robustness analysis. For example, the H,, norm of P is given by ||P|« :=

SUD||w||o=1 |z||2, i.e., an lo-l; induced gain. From the definition, we can easily see that

|P|2 = sup (Tr V]:Tr Vi]=1
VEDGram D*C D*D O’I’Lw XNy Inw

In order to compute |P||% from this definition, we need to search over the infinite

dimensional space Iy to check V' € Dgram, which is not a trivial task. In addition,
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many system analyses rely on the quadratic information of the system having the
same issue. This being said, it is desirable to find a convenient way to characterize
the set Dgram-

From the equation (3.1),

ok + 1alk + 1] = (Az[k] + Bwlk])(Az[k] + Bw[k])".

By taking the infinite sum, we have

i zlk zlk + 1] i k] + Bw(k])(Az[k] + Bwl[k])*, (3.5)

and since z[0] = 0, Y- z[k + Lz[k + 1]* = > 7 x[k]z[k]*.

Moreover,

= o 2lk]| "OIRY
x[k]x[k:]* = nz nzxnw nz nzxnw
= = <[ | Lm_) ( [ww])

B = | z[k] | | z[K] *
- [ nxan]Z |:w[k]] [k]] Inx Onxxnu}

k=0

i K] + Buw[k])(Az[k] + Buwlk])* = i([A B| [Z[Z]] ) ([A B| j{?}])

[A B]Z

k

o0

GINECI :
w[k]] w[k]] 48]

] € Dgram satisfies the following

0

This shows that _ g [l ek
is shows that any V' = )",
wlk] | [wlk]
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constraints:

By defining the set

Dop = {V €H:V =0, [L, Onin]V [l Ovn| = 1[4 B|V[4 B] }|

we can easily see that Dgram C Dspp. Therefore we obtain the following upper

bound of ||P||% by replacing Dgram with Dgpp:

) c*C C*D Onpxne  Ongxng
PIL = swp {Te V)i )=t
VEDGram D*O D*D Oannz Inw
cC C*D Onpxne  Ongxng
< sup (Tr V]:Tr Vi]=1
VeDspp D*C D*D Onoy xm I,

More importantly, since Dgpp is an intersection of a subspace in H and a semidefinite
cone, Dspp is a finite dimensional closed, convex cone that is SDP representable.
Therefore, computing the upper bound can be solved via finite dimensional SDP.
Based on this observation, the immediate, important question arises: Is Dgpp
equal to Dgram?! If so, the above upper bound becomes tight, and H., norm can be
exactly computed using SDP. However, the answer to this question is negative. Let

us see the following example.

4 2
Example 3.1: Let A = 3, B = 1, and V = . Then V € Dgpp, and
2 1

rank (V) = 1.
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Let w € Iy with w[0] = 1. Then z[0] = 0, and z[1] = 1.

* *

This shows for any w # 0, the corresponding Gramian is positive definite. Since any

non-trivial matrix in Dgpar is full rank, V' € Daram.

Although Dspp # Dgram, it turns out that we can go beyond the relationship
Déram C Dspp: the closure of Dgram, €l (Dgram), 1S Dspp, which is one of the main

contributions of this dissertation.

Lemma 3.1: For all V € Dgpp, € > 0, there exists a Gramian Ve Daram such that

IV =V]|r<e (3.8)

0., L]v-"o. 5] =0 (3.9)

The proof can be found in the Appendix A. The equation (3.9) implies that the
right bottom block of V', which corresponds to the Gram matrix of w, A(w), can be
matched exactly. However, as we have seen in Example 3.1, it may not be possible
to match other blocks. Nonetheless, our proof is constructive, which means that we
can always find an input w € Il whose Gramian A(x, w) is arbitrary close to a given

matrix V' € Dgpp. Therefore the following consequence is immediate.

[ Lemma 3.2: Dgspp = cl (Dgram)- ]

PROOF: Since Dgpp is closed and Dgram € Dspp, €l (Daram) C Dspp- In addition,

from Lemma 3.1, Dspp C ¢l (Dgram)- -

The above two lemmas are the key results of this chapter.
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3.1.2 Controllability Gramian and relative interior

In this section, we investigate the relative interior of Dgpp, {V : V € Dgpp, V > 0}.

Recall that the controllability Gramian W, > 0 if and only if (A, B) is controllable.

Wc Onm Nw
Since V = ) € Dspp, W, > 0 implies V' > 0. This means that Dspp

Onwxnz Inw
contains a positive definite matrix, which guarantees strict feasibility of optimization

in the later chapter. Remarkably, the converse is also true.

Proposition 3.1: There exists V' € Dgpp such that V = 0 if and only if (A, B) is

controllable.

PROOF: Suppose (A4, B) is controllable, then the controllability Gramian W, = 0.

Wc Onl Naw
Recall that AW, A* — W, + BB* = 0. Therefore V = - = 0 is in

Onw XMNg ]nw

Dspp, because

Now suppose that there exists a positive definite V' € Dgpp. Let us partition V' =

X R
, where X € C"=*"= R ¢ Cr=>*" W € C™*™. Then, since V € Dgpp,

R* W
AXA* — X + BR*A* + ARB* + BWB* =0,
Let W = TT*, and B = BT, K = T"'R*X~'. Then,
(A+ BK)X(A+ BK)*— X + BB* = 0.

Since X > 0, (A + BK, B) is controllable. This is equivalent to (A, B) = (A, BT) is

controllable, and therefore (A, B) is controllable. n
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3.2 A semidefinite representation of Gramians: Con-

tinuous time case

This section presents the continuous time result on Gramians.

3.2.1 Set of Gramians

For a signal u € L5, we define the Gramian A : £, — H such that

The Gramian is well-defined because each entry is finite.

Consider the following stable LTT system, P, which maps an input w to an output

e Ax(t) + Bw(t) (3.10)
2(0) = 0 (3.11)
2(t) = Cx(t) + Dw(t), (3.12)

where A is Hurwtiz stable, x(t) € C™, w(t) € C™, z(t) € C"=. Since A is Hurwitz
stable, we can consider the linear operator M 45 : £5* — L5 such that x = M sp(W),

where x is the state of P, i.e.,
t
z(t) = / A=) Buw(7)dr. (3.13)
0

Consider the following set of continuous-time Gramians:

[ Coram :={V €H : V =A(Mug(w),w) for some w € L5} ]

For the semidefinite representation of continuous-time Gramians, consider the

following set:
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: A
L Onn | V| | =0
B*

Cspp = {V € H'=*™ ./ = 0, [A B} y|

Onwxnz

Notice that Cspp is a closed convex cone that is semidefinite representable.

Now we have the following proposition.

Proposition 3.2: The set Cgram C Cspp-

PROOF: For all V' € Cgram, there exists w € Ly such that V' = A(x,w) where

x = Myp(w). Since & = Az + Bw, we have

d

E(x(t)az(t)*) = (Az + Bw)z* + z(AX + Bw)".

By taking an integration from 0 to oo, we have

/000 %(az(t)x(t)*)dt = /OOO(AJU + Bw)z* + x(Ax + Bw)*dt
A*

L, .
= [A B]V +[Inz onzmw} 14
B*

Onwxnz

Since w € Ly, x € Ly. Therefore z(00) = 0, and

Inr * A*
[ O] V] =0 mdVeChor

This shows [A B] V
B*

Onwxnx

Likewise in the discrete time case, we have the converse result.

Lemma 3.3: For all V € Cspp, € > 0, there exists a Gramian Ve Ccram Such that

|V =V]|r<e (3.14)

[OWM Inw} vV —7) [OWW ]nw]* —0. (3.15)



34

The proof can be found in the Appendix A.

In addition, the following consequence is immediate.

Lemma 3.4: CSDP =cl (CGmm)-

PROOF: Since Cgpp is closed and Cgram C Cspp, €l (Caram) C Cspp. In addition, from

Lemma 3.3, Cspp C ¢l (Caram)- n

3.2.2 Controllability Gramian and relative interior

As in the discrete time case, the relative interior of Cspp is not empty if and only if

when the pair (A, B) is controllable.

Proposition 3.3: There ezists a positive definite V' € Cspp if and only if (A, B) is

controllable.

PROOF: Suppose (A, B) is controllable. Since A is Hurwitz stable, the controllability

gramian W,
AW.+W.A*+ BB* =0

is positive definite. Let

W. 3B
B il

V=

Then [A B] Vv [I 0] + [[ 0} Vv [A B] = 0. Since W, = 0, V > 0 if and only if
tl — iB*Wc_lB > 0. Therefore, by taking sufficiently large ¢, we can make V > 0.

Now suppose there exists V' € Cspp such that V' = 0. Let us partition V =

X R
, where X € C"=*"= R € Ct=>™ W € C™>*™_  Since V € Cspp,

R W

AX + XA"+ BR*+ RB* =0,
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and X = 0. Let K = (R—1B)" X!, then (A+ BK)X + X(A+ BK)*+ BB* = 0.
This shows that the pair (A + BK, B) is controllable, which implies that (A, B) is

controllable. -

3.3 Input construction algorithm: Discrete time case

This section provides an algorithm for constructing an [y signal w € [5* that ap-
proximates V' € Dgpp. Detailed analysis can be found in the proof of Lemma
3.1 in the appendix. The first step is to decompose V in to rank one matrices
Vi € Dspp. This in turn relies on the construction of an unitary matrix U which
satisfies [A B] V12 = []nm Onmmw] V12U, To this end, we set F = [A B] vz
| V272, then find U such that F = GU,

Suppose we have two matrices F, G € C**("*+™) such that FF* = GG*. Now the

Onm X My

and G = [[nw

goal is to find U such that F' = GU. From the proof of Lemma A.1, we can conclude
that the left singular vectors F, G are the same, and so are singular values. Let r be
the rank of GG. Since the number of non-zero singular values of F' are same as GG, the

rank of F'is also r. Then, from singular value decomposition,

,

*

G = g U,
i=1
T

*

F = E aiuiti,
i=1

where o; > 0, and {uy,--- ,u.},{v1, -+ ,v.}, and {¢1,--- ,t,} are orthonormal vec-
tors. Since the psuedo-inverse of G, G = Yoy Uivzu;" , by multiplying it to F', we can

obtain

=1

Let {v,a1,- s Unam}, {tra1, -+ s tnim} be orthonormal bases for the null space of G

and F', respectively. Since their ranks are the same, so are the dimensions of their



36
null spaces.
Then a matrix U = Y 7™ v;t! is unitary, since UU* = Do vititivy = v =
L. In addition, GU = (3;_, alulvf)(zgjlm vit;) = > i owuit; = F. Therefore,
once we prepare G'F and orthonormal bases for null spaces, we can sum them up

to obtain a unitary U such that F' = GU. We summarize this observation in the

following algorithm.

Algorithm 1: Unitary matrix construction
Input: Complex matrices, F, G such that FF* = GG*
Output: A unitary matrix U such that F' = GU

1. Obtain an orthonormal basis, {v;}, for the null space of G
2. Obtain an orthonormal basis, {¢;}, for the null space of F’

Notice that GU = G(G'F + Y, vit;) = GG'F = F, because the left singular
vectors of F' and GG are the same.

Now the next step is to find a rank one decomposition of V' € Dgpp. Since
[A B} |4 [A Br = [[nz Onzxnw] |4 [[nz Onzxnw] , we set ' = [A B] Viz G =
[ I, Onmmw] V1/2 then find an unitary matrix U using the Algorithm 1. Using the

*

eigen-decomposition of U = Y. e%uu}, we can obtain V; = V¥2uu; V2. Then

*
we use eigen-decomposition of V; = and use w; to construct a sinusoid.
Wi Wy
These are the constructions in the proof of Proposition A.2. In fact, we can merge

some of these steps to obtain a simpler algorithm.
Recall that the ultimate goal of the above procedure is to find a pair (z,w) € C™ x

C™ and 6 such that ez = Az + Bw. It turns out this can be done by partitioning

T
V12, = and setting 6 = 6;. Since Vj, = V' 2uuV'/2 the above (x;, w;) results
w
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*

T
inV, = . In addition, from [A B] V2 = [[nz 0 Vl/QU, we have

w; Ww;

[A Bi| V1/2ui = |:]nz Onmxnw] Vl/QUUi = €i0i [[nm Onzxnwi| Vl/QUi? Wthh ShOWS

nzxnw}

Ax; + Bw; = %z,

Therefore the following algorithm constructs the frequency of the sinusoid, 6, and the

corresponding steady state vector x, and the input vector w.

Algorithm 2: Sinusoid construction
Input: A € C"*"= B € C"*™ and V &€ Dspp

Output: n, + n, number of triplets (#;, z;, w;) such that e%x; = Az; + Bw;

1. Computing V1/2 such that V = V1/21/1/2,
2. Using Algorithm 1, obtaining U with F' = [A B] V2 G = [[nz Onanwi| V12,

3. Performing eigenvalue decomposition U = Y7 efiquf.

x.
4. Partitioning V1/2u; = ' , where z; € C"™ and w; € C".
%

Now the final algorithm constructs an input w whose Gramian A(Myp(w), w) is

close enough to V' with the desired accuracy ¢.

Algorithm 3: Input construction
Input: A € C=*"= B € C"*"™ V & Dgpp, and & > 0
Output: A signal w such that [[A(Mag(w),w) — V]|r <e

1. Obtaining (6;, x;, w;) using the Algorithm 2.

2. Set N = 10,7 = 10.
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—Lelliky, fO0<k<N
3. Let w[k] = { YV .

0 iHfN<k

)

n[k] f0<k<N+T

ok — N —T] EN+T<k<2N+T)
4. Let wlk] =

if(n+m—-1)(N+T)

<k<n+m)N+T)

0 if (n+m)(N+T)<k

5. If |A(Mapw,w) — V|| < € then stop. Otherwise N < 10N, T < 107", and
go to the step 3.

3.3.1 Numerical example

To verify the effectiveness of our algorithm, we present a numerical example here.

Consider

0.8 01 O
A = 101 08 0.1
0 01 038
T
B = [1 1 1}
7.1020 9.0062 7.1020 0
9.0062 11.5724 9.0062 0
7.1020 9.0062 7.1020 0
1

0 0 0

Since p(A) = 0.9414 < 1, A is Schur stable. In addition, we can check that

*

(4 B]V[a Bl =[5 00|V [ 0w and rank(v) =3
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By using algorithm 2, we obtain

2.4019

6 =0, T = [3.2026] , wy = 0.1601
2.4019
[ 0.2755 — 10.7684]

0y = 0.9147, w3 = |-0.3674 —i0.7232| , w2 = 0.6980

—0.2755 —i0.7684
—0.2755 4 10.7684

03 = —0.9147, x3 = | —0.3674 +i0.7232| , w3 = 0.6980
| —0.2755 +10.7684 |
0

0, =0.8, e = (0], wy = 0.
0

Notice that there are only 3 non-trivial (z,w) because the rank of V' is 3. Since
w4 = 0, w, is not needed to approximate V. So from now on, we only consider wy, wo,

and ws.

€T; €T;
Let V; = . Then V; € Dspp, and rank (V;) = 1. Therefore by

W; w;
using the algorithm 3, we should be able to approximate each V; arbitrarily close.

In the proof of Proposition A.9 and in the algorithm 3, we use the construction

—Lelliky, fO0<k< N
wlk] = vy when rank (V) = 1.

0 it N <k
Then we claim that A}im |IA(Map(W), W) — V||p = 0. Therefore we should be
—00

able to verify this fact in the current example. Since A(Mp(W), W) requires the
infinite summation, which is hard to obtain numerically, we use sufficiently large K

to approximate A(Myp(W), W):

=
S
=>
S

A(Map(W), W) ~ > ,

bl

Il

o
S

S
S5

S
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where X = Mp(W). Since A* converges to zero exponentially fast, this numerical
approximation is fine.
Figure 3.1 - 3.3 shows the log-log plots of the approximation error between V;
and A(Map(Wi), w;). As we can see, the error decreases as N increases. In fact, the
figures suggest that [|A(Mag(W;),W;) — Vi||r &~ O(%), which is consistent with our

analysis in the proof of Proposition A.9.

Approximation error

10_4 L P T S R | L P R S R MR | L P S S R R | L P S S S W A
102 10° 10% 10° 10°
N
Figure 3.1: Approximation of V; using ;.
0 Approximation error
10 — T
=
SN
|
=~
5
10 L P T S R | L P R S R MR | L P S S R R | L P S S S W A
10° 10° 10% 10° 10°

N

Figure 3.2: Approximation of V5 using w,.



41
Approximation error

IV —V|r

10-52 | HHM‘S | ““““4 | ““““5 | 6
10 10 10 10 10
N

Figure 3.3: Approximation of V3 using ws.

The above construction only concerns rank one part of V. The signal for V =
V14 V5+ V3 is obtained by padding wy, ws, w3. In the algorithm 3, the spacing between
each signal is set to be T', and in the simulation we choose T' = 1000. Figure 3.4 shows
the error [[A(Mag(w), w) —V;||p &~ O(+) which is consistent with our analysis in the

proof of Lemma 3.1.

3.4 Input construction algorithm: Continuous time
case

In the discrete time case, the goal is to find (z,w) € C"™ x C™ and 6 such that
e = Az + Bw. On the other hand, in the continuous time case, the goal is to find
(z,w) and w such that iwxr = Az + Bw. To this end, we modify the above algorithms
to accommodate the continuous time setting.

Recall that V' € Cgpp satisfies [A B} V [[nz Onmxnwr—k[lnm Onzxnwi| V [A B]

*

0, which is equivalent to

[A+1, B|V[a+1, B =[a-1, B|v]a-1, B
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Approximation error

10_42 | HHM‘S | ““““4 | ““““5 | 6
10 10 10 10 10
N

Figure 3.4: Approximation of V' using w

Therefore, by using the algorithm 1, we can find an unitary matrix U such that
[A+ I, B} V2 [A e B} vy
Let €% be the ith eigenvalue of U and u; be the corresponding eigenvector. Then by
T
partitioning V1/2u; = , we have

wy

[AJF]% B] V2, = [A—Inx B} VYU,

Ti i0; i
A+1. B = ¢ [a-1, B
Wy W;
This shows that
(eiei + 1)1}2 = (eiei — 1)(141’1 + Bwl)
Therefore, if 6; # 0, then we can set w; = %ji—’j Since jZﬂ is purely imaginary,

w; € R, and we have iw;x; = Ar; + Bw; which is desired.
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If §; = 0, then this implies z; = 0. In terms of iwx = Az + Bw, this corresponds
to w = +o00. Therefore we will use a large enough w to generate this type of w, but

with some abuse of notation, let us use +o0 if ; = 0.

Algorithm 4: Sinusoid construction (continuous time case)
Input: A € C"™*"= B € C"*™ and V &€ Dspp

Output: n, + n, number of triplets (w;,z;, w;) such that iwx; = Az; + Bw;

1. Computing V2 such that V = V1/2y/1/2,
2. Using Algorithm 1, obtaining U with F' = [A + 1, B} VI/Q, G = [A — 1, B] V2,

3. Performing eigenvalue decomposition U = ) 1= ™" e%u;u;.

. i0;
4. Let lwl - Zigzi—}.

x.
5. Partitioning V/2u; = ||, where z; € C" and w; € C™.
Wi

Then we use these (w;, z;, w;) to construct the signal w such that A(Myp(w), w)

is close enough to V.

Algorithm 5: Input construction (continuous time case)
Input: A € C**" B € C"*"™ V € Cspp, and € > 0
Output: A signal w such that [[A(Mug(w),w) —V||r <e¢

1. Obtaining (w;, z;, w;) using the Algorithm 4.
2. Set N = 10,7 = 10, and w, = +10°.
%eiwitwi if0<t< N

3. If w; # oo, then w;(t) = N
0 it N <t



If w; = oo, then w;(t) =

4. Let w(t) =

\
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\/Lﬁei‘%twi ifo<t< N
0 if N <t
() f0<t<N+T
Bt — N —T) EN4+T<t<2N+T)

X if(n+m—-1)(N+T)
Wpam(t — (n+m —1)(N+1T))
<t<(n+m)(N+T)

0 if (n+m)(N+T) <t

5. If |A(Mapw,w) — V||r < € then stop. Otherwise N < 10N, T <« 107,

we < 10w,, and go to the step 3.
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Chapter 4

Extended H,o analysis

4.1 Hs analysis

4.1.1 H. analysis

In H,, analysis, we would like to find the worst-case disturbance that maximizes the

output norm. Specifically consider the stable LTI system M:

T = Ax+ Bw

z = Cz+ Duw,

where 7 is z[k + 1] for discrete time, & for the continuous time with initial condition

being zero, x € C"*, w € C™, z € C"+. Then the H,, norm of M is given by
IMloo := sup{[[Mwl|; : [|w]|z = 1},
which is an Iy — Iy (L2 — £2) induced norm. Using Gramian V = A(x, w), we have

c'C C*D )
fo(V) = Tr V| = IMwl;
D*C DD

0 0
Ng XNy Ny XNy Vv :Hwﬂa

Onwxnz Nw
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Therefore, the square of the H., norm can be obtained:

Discrete time: IM||2, = sup{fo(V):V € Daram, g1(V) = 1}

Continuous time: IM|2, = sup{fo(V):V € Caram, 91(V) = 1}.

As we pointed out, obtaining the optimal solution of the above optimization is
not trivial because Dgram and Caram are involved with the infinite dimensional space.
The celebrated Kalman—Yakubovich-Popov (KYP) lemma shows that computing the
Hoo norm can be done via SDP. In this section, we leverage the results from Chatper
3, Lemma 3.1 and 3.3, to show how to use SDP to compute the H,, norm without
relying on the KYP lemma.

Indeed, from Lemma 3.1 and 3.3, we have the following result.

Proposition 4.1: Let F ={V € H: g;(V) = 1}. Then cl(Dgram N F) = DsppNF,
and cl (CGmm N .F) = CSDP NnF.

PROOF: Since F is closed, and cl (Dgram) = Dspp, €l (Daram NF) C Dspp N F.
Consider V' € Dgpp N F. From Lemma 3.1, for any € > 0, there exists Ve Dcram

Onwxnw Onrxnw

such that ||V — V|| < ¢, and (V — V) =0, which shows g,(V) =

Onwxnz ]ﬁw

gl(f/) = 1. This shows V € Dgam N F. For CGram, We can apply similar arguments,

and this concludes the proof. m

The above proposition has a great implication on H, analysis. Since the objective
fo(V) is a continuous function, we can replace the feasible set by its closure, which

leads us to following optimizations.

o c*C C*D
maximize
V0 D*C DD
(Discrete-time) subject to [A B] Vv [A Br = [In, Onzmw} V |:In1 Onzxnwr (4.1)

Onmxnz Onzxnw

Tr V]=1

Onw XNg ]nw
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c*C C*D
D*C" D*D

maximize
V=0

*

(Continuous-time) subject to [A B}V{]M Onl_xnw} —i—[]nw Oannw}V[A B] =0

On,c XNy Onac XM

Tr Vi]i=1
Onwxnm Inw

(4.2)
Clearly, the above optimizations are SDPs, and therefore we can solve them very
efficiently. In addition, once we obtain the optimal solution, Algorithm 3 and 5 in
Chapter 3 can be used to construct an optimal input w, which achieves the optimal
value asymptotically. This is very different with the KYP lemma based approach,
where an optimal input is hard to find.
Since we have an SDP, it is natural to derive the SDP dual of the problem. Before
deriving the dual, let us firstly unify the discrete-time H,, analysis (4.1), and the

continuous-time H,, analysis (4.2) using the following observation:

*

A 5| [a B (4 B|V]a 8] 4 B|V[6. 0]

[nz Oannw [nz Oannw |:Inx Onxxnw:|v|:A B] |:Inx Onxxnw:|v|:1nx Onxxnw:|

*

Therefore, the linear equality constraint in (4.1) can be written as

*

A B A B
V

[nz Onzxnw [nz Onzxnw

X Y

where II; =X—-Z7Z X € CwxneY € C*™ 7 € C™*"=. In the
Y* 7

continuous time case,
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Y
where I1,. = Y +Y"*. This shows that by defining appropriate linear map
Y* Z
A B A B . o
I : H?"% — H"e of V we can unify the optimizations
[nz Onzxnw Inz Onzxnw

(4.1) and (4.2) in the following form.

o Cc*C' C*D
maximize
V=0 D*C D*D
A B A B
subject to II 1% =0 (4.3)
[nz Onzxnw [nz Onzxnw
On Ng Onac Naw
Tr o ey =1
Onwxnl [nw

Here we choose II = II; for the discrete time case, and Il = II. for the continuous

time case. Since II is a linear operator, the optimization (4.3) is still an SDP.

To derive the SDP dual of (4.3), we need the adjoint of II, IT*. For the discrete-

time case,
X Y P Opsn,| | X Y
Tr | PIl, =Tr(P(X - 2%2))="Tr :
Y* Z On,xn, —P Y* Z
. o . P Onac XNy . .
which shows the adjoint II};(P) = . We can further simplify the
Onzxnz -P
P 0n,xn, 1 0
notation using the Kronecker Product. Notice that = ®
Onanx _P 0 _]_
1 0
P, and therefore IT}(P) = ® P.
0 —1

For the continuous-time case,

X Y Onysn, P X Y
Tr | PIL, = Tr(P(Y +Y*) = Tr ,
Y Z P Opn | |V Z



X Y
) ) 1 0
Discrete-time X -7 0 —1
) ) 0 1
Continuous-time Y +Y* [ ) 0]

Table 4.1: The linear operator IT and its adjoint II*(P) = ¥ ® P for H., analysis.

0 1
which shows IT*(P) = ® P.

10
Therefore the adjoint operator is given by II*(P) = ¥ ® P with the appropriate

choice of ¥. We summarize this result in Table 4.1.

Now from the following Lagrangian,

*

c*C C*D A B A B
L(V,Pt) = Tr V| +Tr| PII |74
D*C D*D I, On,scng, I, Onpxng
n Ny Onz Naw
+t|1-Tr i ey
Onwxnz -[nw
A B A B c*C C*D
= t+Tr (Y® P) +
L. Opn.xn,, L. Op.xn, D*C D*D —tl,,

we can conclude that the SDP dual of (4.3) is given by

minimize ¢
P=P*t
A B A B c*C C*D
subject to (¥ ® P) + =< 0.
I, On,xn Lo, On,xng, D*C" D*D —tl,,

For the discrete time case, the above optimization becomes
minimize ¢
P=P*
A*PA—P A*PB| |C*C C*D (4.5)
+ <0

subject to 2 U,
B*PA —tl,, D*C D*D
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which is the same optimization derived from the KYP lemma. This shows that the
KYP lemma is not the only way to obtain the SDP representation of H,., analysis,
and it is also a dual of our well-defined primal optimization (4.1).
Moreover, we can show that the dual program, (4.4), is strictly feasible, and strong

duality holds.

Proposition 4.2: (4.4) is strictly feasible.

PROOF: The upper left block of LMI constraint in (4.4) is given by A*PA—P+C*C <
0 for the discrete time case, A*P + PA + C*C < 0 for the continuous time case. For
the discrete time case, since A is Schur stable, P = 7 77 (A*)FA* = 0 satisfies
A*PA — P = —11,,. For the continuous time case, P = 7 fooo eAteMtdt = 0 satisfies
A*P+ PA = —711,,,. Therefore, by taking sufficiently large 7 and ¢, we can make the
LMI strictly feasible. n

As a result, we have the following corollary from the Conic duality theorem [4].

Corollary 4.1: The duality gap between (4.3) and (4.4) is zero, and the primal prob-
lem (4.3) is solvable.

However, this does not guarantee the solvability of the dual program (4.4). Consider

the following example.

Example 4.1: Let A = %,B =0,C =1,D = 1. Then the optimal solution of (4.1)

is given by V* = , and the corresponding optimal value is +1. The optimal
01

value of the dual (4.5) is also +1, by taking \* = 1, and P* — oo. Clearly, the dual

optimum is not attained.

The pair (A, B) in the above example is not controllable, and this phenomena is
closely related to the controllability assumption in the KYP lemma. In order to ensure
the existence of a multiplier P (a dual optimal solution), we need the controllability

assumption.
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Proposition 4.3: The primal program (4.3) is strictly feasible if and only if (A, B)

18 controllable.

PROOF: From Proposition 3.1, there exists V' € Dgpp such that V > 0 if and only
if (A, B) is controllable. Also, from Proposition 3.3, there exists V' € Cspp such that
V > 0 if and only if (A, B) is controllable. n

As a corollary, we have the following result on strong duality.

Corollary 4.2: Suppose (A, B) is controllable. Then both the primal (4.3) and dual

program (4.4) are solvable, and strong duality holds.

4.1.2 A proof of bounded real lemma

Bounded real lemma is the special form of the KYP lemma which states the H ., norm
of the system is less than 1. Recall that the H., norm is from the primal optimization
(4.3), whereas the KYP lemma based optimization is the dual of (4.3). Therefore it

is easy to prove the bounded real lemma using SDP duality.

Theorem 4.1 (Bounded real lemma, strict inequality): For the stable LTI sys-
tem M whose state space form is (A, B,C, D), ||[M||« < 1 if and only if there exists
P € H such that

A B A B c*C C*D
(¥ ® P) + <0.  (4.6)
L, Opns L, Owxn.| |DC D'D-1,,

PROOF: In order to use the theorem of alternatives, let us consider

r *

A B A B
AP) = - (V@ P) :
Inz Ong;xnw [ng; Onxxnw
c*C C*D
AO - -
D*C D*D—1,,
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A B A B
Then Tr(VA(P)) = Tr| 11 1% P |, which shows

[nm Onmxnw ]nw Onxxnw
= =g

A B A B
V

A(V) =11
ITLJ; an; XN ]nx Onw XN
From Theorem 2.3, there exists P with (4.6) if and only if there is no V 2 0 such
A B A B c*C C*D
that II Vv =0,Tr V] >0.
[nz Oannw Inz Onzxnw D*O D*D — Inw
. . . . . Onlxnz Onzxnw
Since any feasible point in (4.3) satisfies Tr V| =1, we have
Onwxnw ]nw
c*C C*D Onyxcne  Ong xne
V]>Tr V]=1L
D*C" D*D Onwxne Iy

Therefore, there is no V' in the feasible set of (4.3) such that the objective value
fo(V) > 1. Since the primal program (4.3) is solvable, this shows that the optimal
value of (4.3) is less than 1 so as || M||%,. By reversing the argument, we can conclude

that proof. [

The corresponding non-strict inequality version is easier to prove thanks to the strong

duality.

Theorem 4.2 (Bounded real lemma, non-strict inequality): For the stable LTI
system M whose state space form is (A, B, C, D) with controllable pair (A, B), [|[M||s0 <
1 if and only if there exists P € H such that

*

A B A B cC C*D
(¥ @ P) + < 0. (4.7)
InI Onzxnw ]nz Onzxnw D*C D*D — Inw

PROOF: If |[M|loc < 1, them from Theorem 4.1 the result is obvious. Suppose
IM||.o = 1. Then the optimal value of (4.3) is 1. From strong duality, Corollary
4.2, the optimal value of (4.3) is 1 if and only if there exists a dual optimal solution

(*, P*) with t* = 1. .
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4.2 Extended H. analysis

In H, analysis, a disturbance w is assumed to have an unit energy, ||wl|s = 1.
Suppose more information about a disturbance is known beforehand. Then H., norm
becomes conservative since the analysis does not exploit this additional information.
Therefore, it is natural to ask the question of whether we can capture more general
disturbance sets beyond ||w||2 = 1, and formulate appropriate H, optimization.

The same argument may apply to the robustness measure. In H., analysis, we
seek the maximum output norm ||z||3 in order to measure the impact of the worst-case
disturbance. However, suppose we would like to measure the minimum level of each
output channel ||z;||3 instead of the lumped sum ||z]|3 = 3, ||z|3, which allows us to
measure the worst-case simultaneous excitation of the output channel.

Finally, we may also want to include the correlation-like information between the
state x and the input w. For example, the passivity (x,w) < 0 implies that the
disturbance is not supplying the energy to the system, which allows us to model the
passive type disturbance.

In this chapter, we make an extension of H., analysis to capture various dis-
turbance models as well as cost criterions when such a model and criterion can be
expressed in terms of the Gramian V' = A(x, w). Some of these results are known from
[19] in the form of the scaled small gain test. On the contrary, we explicitly propose
a well-defined optimization problem that can handle various disturbance models/ In
addition, the optimal input can be constructed using algorithms in Chapter 3.

Specifically, let us consider the following optimization with a continuous convex

function fo(V'), and affine functions f; : H — H, for i =1, -+, ny.

minivmize fo(V)
subject to  f;(V) <0, i=1,---m (4.8)

Ve DGram (OI‘ CGram)-

As in the H., analysis case, it may be natural to replace Dgram With Dspp to
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obtain a convex program. However, the following example shows that this procedure

can be problematic.

4 2
Example 4.2: Consider the LTI system with A = %, B =1. Let Vj = , and

2 1
consider the following optimization:
minimize 0
1%
subject to V =1} (4.9)

Ve DGram-

Clearly, the constraint V' = Vj can be represented by two affine function; f(V) =
V — Vo, and fo(V) = =V + Vj, and the objective is trivially continuous and convex.
Therefore it is in the form of (4.8). In Example 3.1, we show that Vi & Dgram, which
shows the optimal value is +o00 because the feasible set is empty. However, since
Vo € Dspp, if we replace Dgram by Dspp then the optimal value becomes 0. In fact,

if we perturb the optimization (4.9)

minimize 0
1%
subject to Vo —el XV < Vy+el (4.10)

Ve DGramu

then the optimal value becomes 0, because we can arbitrarily approximate V) € Dspp

by V € Dgram-

The difference between the above example and H., analysis, where replacing
Dgram With Dgpp is not an issue, is that the optimization (4.9) specifies entire com-
ponents of V. According to Lemma 3.1, only the right bottom block of V', which
corresponds to A(w), can be exactly matched, and not the entire component. In

order to avoid this situation, we need constraint qualification for the feasible set.
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To this end, let us modify the extended H,, analysis as the following optimization:

minivmize fo(V)
subject to  f;(V) 20, i=1--m
6 ([0nns L]V [0uin, L] ) 20, =1 my

V E DGram (Or CGram)7

where fo(V) is a continuous, convex function and f; : H***" — H and g; : H™ — H
are affine functions. Here g¢; is used to model the disturbance information which is
not related to the state or the output. For example, in H, analysis, only g;(W) =
Tr(W) — 1 and go(W) =1 — Tr(W) are used, and there are no f;.

The following examples illustrate the problems that can be handled using the

above optimization (4.11).

Example 4.3 (H o analysis): In the H,, analysis, the disturbance model is given

by ||w]||2 = 1. Therefore, by setting

c*C C*D
D*C D*D
(W) = Te(W) -1

(V) = -Tr

92(W) = 1-Te(W),

H analysis can be represented as (4.11).

Example 4.4 (Square H, analysis): In square H,, analysis [19], the disturbance
model is given by ||[w];|lo < 1, for i = 1,--- ,n,, where [w]; is the ith component of

w. Therefore,

c*C C*D
D*C D*D
gZ(W> = [W]” — 1,fOI' 1= 1, e, Ny

hV) = -Tr
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Example 4.5 (Grouped square ., analysis): Suppose w € I3, and the distur-
bance model is given by ||[w]i]|3 + [|[W]2]l5 < 1, |[[w]3]|3 + ||[[w]4]|2 < 1. In this case,

we have

c*C C*D
fo(V) = —Tr

D*C D*D
a(W) = W+ [Wlp -1
G@(W) = [Wlss + [Wly — 1.

Example 4.6 (Principal component bound): Suppose we know that the maxi-

mum eigenvalue of the Gramian A(W) is bounded by one. Then, we have

c*C C*D
D*C" D*D
gl(W) = W_Inw

Hh(V) = ~Tr

See [58] and references therein for the application of this disturbance model.

Example 4.7 (Minimum gain): In H., analysis, one would like to mazimize the

output norm. Instead, if we want to find a minimal gain of the system, then we have,

Cc*C C*D
D*C D*D
g(W) = Tr(W) -1

(V) =

92(W) = 1-=Tr(W),

Example 4.8 (Simultaneous excitation): Suppose we have multiple output chan-

nel, z, = C;x + D;w, for : = 1,--- ,n,, and would like to measure the impact of
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disturbance on the minimum level of output. In this case, we can use

C:C; CrD;
fo(V) = — min
=L mo D:C; D:D;
a(W) = Tr(W)-1

g(W) = 1-Tr(W).

By replacing Dgram and Caram With Dspp and Cspp, respectively, we obtain the
following convex program, which provides the lower bound of (4.11), since the feasible

set of the following program is larger than (4.11).

mlr‘l/lir_rouze fo(V)
subject to  f;(V) <0, i=1,--m
9i <|:Onw><nz [nw:| 14 [OW% Inw} > =0, i=1,---.ny (412)

*

A B A B
V

— ()’
Inx Onx X My Im Ong; X Ty
where II is from Table 4.1,
X VY X — Z Discrete time case
Y+ 7z Y +Y* Continuous time case.

Let

fi(V) =<0, fori=1,---ng,

'.j‘.]

I
—N

R

9i (|:0nw><nz [nwi| \%4 |:0nw><nz Inw] ) = 0, for 1 = 1, e >n2}
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FC = {V: fi(V) <0, fori =1,---ny,
9 ([0nns 1]V [Onin, £y] ) =0, fori=1,.- ,nQ}.

Notice that F° requires f;(V') to be strictly feasible. Then the following result provides

a sufficient condition for the exactness of relaxation (4.12).

Proposition 4.4: Suppose F° N Dgpp is not empty. Then cl(Dgram N F) = Dspp N
F. Similarly, if F° N Cspp is not empty, then cl(Cgrym NF) = Cspp N F.

PROOF: It is clear that ¢l (Dgram N F) C Dspp N F, since F is closed. Let Vj €
Dspp N F°. Since Dspp N F is convex, for any V' € Dgpp N F, 0 < 6 < 1, V =
(1—0)V +0Vy € DsppNF°. Let us pick 6 such that |V — V|| < £. In addition, from
Lemma 3.1 and continuity of f;, we can find V € Dgram such that ||V — V|[p < 5
and V € F°. Therefore, |V =V|[z < ||[V=V]|p+|V=V|r <&, and V € Dgram NF
because F° C F, which shows Dspp N F C ¢l (Dgram N F). For Cspp, we can apply

the same argument and this concludes the proof. n

Since fo(V') is continuous, we obtain the following corollary.

Corollary 4.3: If F°NDgpp (or Cspp) is not empty, then the optimal value of (4.12)
is equal to (4.11).

Recall that our proof of Lemma 3.1 and 3.3 explicitly constructs ly (L) signal ap-
proximates the optimal solution V* of (4.12). Therefore we can easily construct the

optimal disturbance and check whether the resulting disturbance is reasonable or not.
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4.2.1 Dual problem

In this section, we derive the Conic dual program of (4.12). Let us consider the

Lagrangian
L(V,P,S;,Y}) = +Z’I‘r Sifi(V +Z’I‘r<Ygz ([0 o]V [0nrns 1]))
A B A B
+Tr | PII V )
]nac Onac XM In”c Onm XNy

where P = P*S; = 0,Y; = 0. Since f; is affine, let f;(V) = f;(V) — £;(0), so that
f; becomes linear. Like-wise, for g;, let (W) = g:(W) — ¢;(0), so that g; is linear.

Then,
n2
L(V,P,S.Y;) = ZTr Sif:(0)) = > Tr(Y;g:(0))
=1
UL nz Ng nz Ny A B A B
rael (S 35| vor) v
=1 Onw XNy gz (}/'L) ‘[nx On'c XN ]nt Onz XN

Therefore, the dual problem of (4.12) is given by

P Z Te(Si/i(0 Z Te(¥igi(0
HES nxxnx nxxnw A B A B
—fi | D fi(s Z + (V@ P)
=1 Onwxnz gz (Y) Inz Onzxnw Inz Onzxnw
(4.13)

where

fi(U) = sup{Te(UV) — fo(V)},

V=0

the convex conjugate of fy over the domain V' > 0.
In addition, using this dual program, it is possible to derive an LMI test for

bounding the optimal value of (4.12). That is, if there exists a dual feasible point
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(P, S;,Y;) such that the objective function in the dual program (4.13) is greater than «,
then the optimal value of (4.12) is also greater than « from weak duality. Furthermore,
if strong duality holds between the dual program (4.13) and the primal program (4.12),
then this LMI test provides a tight lower bound.

4.2.2 Examples

In this section, we provide some specific examples of the extended H,, analysis, both

the primal (4.12) and the dual (4.13).

4.2.2.1 Squared H., analysis

In the square H,, analysis, we assume the two norm of the each disturbance channel
is independently bounded by a certain amount ,/c;. In addition, the cost criterion is
the output norm. Let n, be the dimension of the state x, and n,, be the dimension

of the disturbance w. Then, SDP version of square H,, analysis can be formulated

o cC C*D
maximize Tr
v D*C D*D
subject to  Viin, itn, < ¢, 1=1,-+ Ny,
. (4.14)
A B A B
II 1% =0,
Inm OTLT XNy I’I’LT OTLT XNy
VvV =0.

Here all the constraints can be represented by g;(W), and therefore this SDP relax-

ation is exact.
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The SDP dual of (4.14) is as follows:

Nw
minimize g CiYi
=P*y —y
i

*

subject to (I ® P)
Inz Onzxnw Inm
cC C*D
+
D*C D*D — diag (y1,- - -
yzz()’ i:17”'7nw7

where W is from Table 4.1,

Onac X Moy

(4.15)

I ynw )

T
1 0
Discrete time case
0 —1
\I/ = —
01
Continuous time case.
\ 1 0

Notice that the LMI constraint is very similar to the bounded real lemma case

(4.4), except the identity block is replaced by the diagonal matrix. In addition, strong

duality holds because the dual program (4.15) is strictly feasible. This can be easily

checked by choosing P so that the upper left block of the LMI is strictly feasible and

choosing y; = 7, where 7 is sufficiently large.

From strong duality, the following LMI test from the dual program (4.15) can be

used to bound the optimal value of (4.14).

There exists (Y1, , Yn,, P) such that

Zciyi <1
i—1
A B A B c*C
(\If X P) +
Inz Onzxnw Inz Onzxnw

(4.16)

c*D
< 0.

D*C D*D —diag (y1, - ,Yn,)
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Proposition 4.5: The optimal value of the primal program (4.14) is strictly less than
1 if and only if (4.16) holds.

PROOF: Suppose (4.16) holds. Then the optimal value of the dual program (4.15) is
strictly less than 1, and from weak duality, the optimal value of the primal program
is also strictly less than 1. Now suppose the optimal value of the primal program is
strictly less than 1. From strong duality, the optimal value of the dual program is
also strictly less than 1.

Therefore, there exists (y1,- -+, Yn,, P) such that > c¢y; < 1, and

*

A B A B c*C C*D
(VY ® P) + =< 0.

I, On,xng, Lo, On,xn, D*C' D*D — diag (y1," - ,Yn,,)

In addition, since the dual program has a strictly feasible point, by taking a convex
combination of (y1,- -, yn,, P) and the strictly feasible point of the dual program,

we can conclude the proof. n

The above proposition in the discrete time case firstly appeared in [19], but the
proof is significantly simplified in here, and the above proposition contains the con-
tinuous time result.

4.2.2.2 Principal component bound

Suppose we have the bound on the Gramian, A(w) < I,,,. Then we have,

o c*C C*D
maximize Tr
v D*C D*D
. (4.17)
A B A B
11 Vv =0
‘[nn: On:r XNy Ingc Ongc XNy

V=0.
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Here all the constraints can be represented by g;(W), and therefore this SDP relax-

ation is exact.

The SDP dual of (4.17) is as follows:

minimize Tr(Y)

P=P*Y
c*C C*D A B A B
subject to + (I ® P) <0
D*C D*D - Y Inz Onzxnw ITLI Onzxnw
Y = 0.
(4.18)
4.2.2.3 Simultaneous excitation
Suppose we have multiple output variables, z; = C;x+ D;w, for i = 1--- ,n,. In this
case, the extended H,., analysis is given by,
- . Gl CPD;
maximize  min Tr V
v b D;C; D;D;
. OnT XNy On;c XN
subject to Tr ‘ Vi]=1
Onwxnm ]nw (419)
A B A B
IT Vv =0
[nl Onzxnw Inz Onzxnw
V =0.

Here the objective function is continuous and all the constraints can be represented

by g;(W), and therefore this SDP relaxation is exact. By introducing a slack variable
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t, we have
maximize ¢
Vit

Ng XNy OTLQ« XN

subject to Tr

Onw XMy ]nw

c:C, O D,
t<Tr ' V1, fori=1,---,n, (4.20)
D:C; D:D;

A B A B
IT V =0

‘[nx Onr XN InT OTLT XM

v

1Y

0.

The SDP dual of (4.20) is as follows:
e
A B A B 0 0
subject to (¥ ® P) +

- Onzxnw Inz Onzxnw 0 _yI
(4.21)

4.2.2.4 Minimal gain
The Ho, norm can be seen as the maximum gain of the LTT system. Instead, suppose

we would like to compute

min ||z|s.
l[wll2=1
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In this case, we have

C’*C’
D*C

Onrxny
Onwxnx

C*
D*D

nnnlnnze

Onz XN

1,

subject to

nzxnw

v

1Y

0.

The dual problem is given by

maximize t
P=P*t

subject to
L,

z Onzxnw

A
I,

=1
(4.22)
B
=0
Onzxnw
c*C C*D
+

D*C D*D —tl,,
(4.23)
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Chapter 5

Robust stability analysis

5.1 Well-connectedness analysis with uncertain sys-

tems

5.1.1 Well-connectedness

In this chapter, we would like to investigate when
I-MA

is invertible for all A € A. Here M is a stable LTI system that has a state space
realization (A, B,C, D), A is a bounded linear operator such that A : Iy — I (or
Lo — Ls), and I is the identity operator. Consider the following quantity:

naM) = inf flp —M(A(p))|2-

A€A ||p|l2=1

Since M, A are linear operators, I — MA is invertible if na(M) > 0. Therefore, we
say M is robustly well-connected with A if na (M) > 0. !
In fact, robust stability with an intrinsic uncertainty can be checked using robust

well-connectedness. For example, consider the following feedback configuration in

If M, A are matrices, then well-connectedness is equivalent to the invertibility of I — MA.
However since M, A are linear operators in an infinite dimensional space, the well-connectedness is
stronger than the invertibility of I — MA. See [60], and Chapter 8 in [26]. Our definition is in fact
uniform robust well-connectedness in [74].



67

Figure 5.1: Feedback configuration with an uncertain block A.

Fig. 5.1.

From the configuration we have

q = Ap
p B M;; M. q
V/ My, My w

We use ng, ny, n,,n, for the dimension of signal q, p, z, w, respectively.

Observe that if I — M1 A is non-singular, then the map from w to z is given by
Mas + Mo AT — My A) "My,

which shows the map w to z is well defined. In addition, since all operators are
bounded, we can conclude that the system remains stable for A. This shows that if
we can prove I — M1 A is non-singular for all A € A, then we can ensure that the
system M remains stable for all A € A. Chapter 8 and 9 of the standard textbook
[26] covers this topic and presents a systematic way to convert questions in robust

control theory to the above well-connectedness question.

5.1.2 An SDP for well-connectedness analysis

In order to check well-connectedness of a system, we need a method for checking
Na(M) > 0. One direct way is to sample many A € A and compute na(M). This
approach provides an upper bound of na (M), but this straightforward approach has
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two challenges:

1. It may not be clear how to choose A among A, especially, when there are an

infinite number of A in A.

2. Computing na (M) is not trivial because the underlying space is infinite dimen-

sional.

Instead, we use our key lemmas (SDP representation of a set of Gramians) to
show that the optimization na(M) becomes an SDP if A can be specified by a
Gramian, A(p, q), where p is the input of A and q is the output of A. The underlying

assumptions in this section are
1. A system M has a state-space representation (A, B,C, D).
2. A system M is stable.
3. There exists a constant aa such that ||All,, < aa for all A € A.

Since many engineering system models have a state-space representation, the first
assumption is not restrictive. The second assumption states that the nominal system
without the uncertainty is required to be stable. Otherwise, since the nominal system
is already unstable, it may not make sense to discuss the robustness of the system.
The third assumption restricts the size of the perturbation from the uncertainty A.
Recall that we would like to ensure I — MA to be invertible for all A € A. If there is
no bound on A, it is always possible to find A, which makes I — MA singular, unless
the range space of A is a subset of the kernel of M, a very exceptional case.

The first step is to eliminate dependency on A by providing an equivalent char-

acterization of q = Ap. To this end, let
Ra :={(p,q) : q = Ap, for some A € A},

which is a subset of [5” x I3 (or, £57 x £5). From linearity of A, it should be obvious

that (0,q) € Ra implies q = 0.
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Using this set notation, the infimum can be restated as

na(M) = inf Ip — Mql,.

(P, 9)ERA,lpll2=1

Further, suppose that the relationship (p,q) € Ra can be completely character-
ized by a Gramian A(p,q) in the following form:

RA = {(paq) : AZA(A(p7q)) t 07 for i = 1a c N,

BZA(A(p,Q)) = 07 for i = 17 e 7nb}7

where A;, B; are linear operators such that A; o : H"™ ™ — H and B; o : H"™ ™" — V,
for some Hilbert space V. In addition, since (A(p) =0) = (p =0) = (q = 0) from
q = Ap, if the (1,1) block of A(p,q), A(p), is zero then it should imply that the (2,2)
block of A(p,q), A(q), is zero.

Since we often rely on the partition of A(p,q) to describe A;o and B;a, let us
denote a partition of A(p,q) by

le ZIQ
A(p,q) = Z =
Ziy  Zoo

where Zy; € C"*" 715 € C"*"a 7y, € C"a*™a g0 that Z11 = A(p), Zo2 = A(q) and
[Z12)ij = ([Pli, [d];). Using this notation, it should be obvious that if Z has the form

Z _ OTLP Xnyp O?’LpXTLq then

an XNyp 222

Onpxnp Onpan Onpxnp Onpan

Aia = 0,Bia

an XNp Z22 an XMnp 222

=0 = ZQQZO,

(5.1)
from the fact that q = Ap.

The following example shows how to use A; o to describe A.

Example 5.1: Let A :={A: ||A]l,, <1}. Later, we will show that Ra = {(p,q) :
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Ipllz > |lallz2}. In this case, using the Gramian A(p,q), we can easily see that
Zu Zi
AA = 'I‘I'(ZH — ZQQ).
Ziy L2
Finally, let us find an expression for Mq—p. Recall that M is a stable LTT system

with the state space realization (A, B,C, D). Consider the following artificial stable

LTT system:
k
o[k + 1] = Ax[k] + [B Onzm,,} alk
(Discrete time) plk]
z[0] =0,
q(t
b= A00)+ [B 0y ] |
(Continuous time) p(t)

where n, is the dimension of x. Here we augment the signal p as an input that has
no effect on the state x.

From the following Gramian
V= A(x,q,p),
we have

Ma-pl3 = ([c p -1,|v[c D -1,])

A(p,q) _ anxnx anxnp Inq anxnx anxnp ]nq

Onp XNg Inp Onp XTyg Onpxnm ]np Onpan

Therefore, using the above Gramian, na(M) can be computed by

(Discrete time) na(M)? = ir‘}f {’I‘I‘([C D —Inp} V [C D —]npr> -V € Daram,

e]—“A}

an><nz anxnp Inq anxnz anxnp [nq

V

Onpxnx ]np Onpan Onpxnx Inp Onp Xng
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(Continuous time) na(M)? = ir‘}f {Tr([C D —Inp] Vv [C D —[np] *> : V' € Cirams

*

E.FA}

an XNy an XNp ]nq an XNy an XNy Inq

%4

Onpxnz Inp Onpan Onp XN [np Onpan

where

Here, Fa is being used for the constraint (p,q) € Ra and ||p||3 = Tr(Z1;) = 1.

Notice that we only have the constraint on

*

anxnz an Xnp Inq

4 )

Onp XNy Inp Onp Xng Onp XNg Inp Onp Xng

anxnz anxnp [nq

and this constraint does not contain x. Therefore, from Proposition 4.4, we can
conclude that the closure of the above set is given by replacing Dgram by Dspp, and

Caram by Cspp, respectively.

Proposition 5.1: The closure of the set

{V Ve DGmm, anxnz anxnp [nq v anxnz anxnp ng c J___A}
Onp XNg Inp Onp XNg Onp XNg Inp Onp XNg
s given by
On Ny On n In On Ny On n In
(V:VeDspp, | R 7 e T e Fad

Onpxnz Inp Onpan Onp XN [np Onp XNg
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Similarly, the closure of the set

{V Ve CG anxnx anxnp Inq v anxnx anxnp Inq c fA}
Np XNy Inp Onp XMNg Onp XMy Inp Onp XNg
s given by
{V Ve CG anxnz anxnp [nq Vv anxnz anxnp [nq c fA}
Np XNg Inp Onp XNg Onp XNy In,, Onp XMNgq
. X
PROOF: Let us partition V = where X € C=*"= R € Crex(natnp) T ¢
R W
Cratnp)x(ng+mp)  Then the constraint
anxnx anxnp Inq anxnm anxnp Inq c JT_.A
Onp XMy ]np Onp XNg Onp XN Inp Onp XMNg
. Onp XTyg np Onp XTNg Inp .
can be modeled using g;(W) = A; A w fori =
[nq an XNy [nq an XNy
17 sy N, and gj+na(W) = BlA v ' w v ’ » Jjtnetny, =
Inq an XNy Inq an XTNp
—Bia pa rolwo | v for j = 1,---,n,. Since there is no
Inq an XNp ]nq an Xnp
fi in this modeling, from Proposition 4.4, we can conclude the proof. =

This remarkable feature allows us to compute na(M)? using the following SDP.
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minimize TI‘([C D _[nP]V[C D _Inp]*>

V=0

*

A B Onzxnp A B Onz XNp
subject to 1I V =0,

Ny Onwan Onxxnp [ngc Onman Onxxnp

O(netng)x (netng)  O(netng)xn,

Tr VI=1,
Oan (nz+nq) ]np
A-A anxnz anxnp [nq Vv anxnz anxnp Inq ~0 fori=1---n
Onp X Mg [np Onp XMg Onp XNy [np Onp XNgq
B; Onpxne Ongxnyng 1y | Ongcne Ongeny Ly =0, fori=1,-ny,
Onp XNy Inp Onp XNg Onp XNy ]np Onp Xng
(5.2)
where II is from Table 4.1 in Chapter 4,
X1 Xio X11 — X9 Discrete time case
Xiy Xoo X12 + X7, Continuous time case

with X, € CeXme | X1y € Crax(atme) - Xy € Cnatne)x(natny),

Therefore, if the optimal value of (5.2) is greater than 0, we can conclude that
M is robustly well-connected to A. In addition, na (M) can be obtained using SDP,
and na (M) quantifies the distance from not being robustly well-connected. In other
words, if na (M) is not zero, but very small, then we may conclude that the feedback
configuration is practically fragile, because there exists A € A that makes I — MA
almost singular.

In summary, our argument shows that if the relationship q = A(p) can be com-
pletely characterized by the Gramian A(p, q), then the corresponding well-connectedness
problem becomes an finite dimensional SDP (5.2), although the original problem,

na(M), is seemingly impossible to solve.
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5.2 LMI test for well-connectedness

Recall that na(M) can be ezactly computed using the optimization (5.2). In this
section, we derive an LMI test for checking na (M) > 0 using SDP duality.

5.2.1 SDP dual problem

Let us derive the SDP dual of (5.2). Firstly, from the Lagrangian

cpey,s) = ([e o -1,|V[c p -1,])

O(natng)x(natng)  O(natng)xny

+t + Tr V
0np><(nx+nq) _tjnp
A B Onxan A B Onxan
+Tr | PII V
Inz Onzan Onzxnp ]nz Onzan Onzxnp
& O Oy Ty | o (O Oy Ty |
3 T (i [ | T ey | T D
i=1 Onpxnl Inp Onpan Onpxnz Inp Onpan
o [ S N [ P M A
_ZTI. QiBia a XN qX"p q 14 q XN qXTp a
i=1 Onpxnz ]np Onpan Onpxnz Inp Onpan
- onlle o e o -a]Y
OnI ng) X (nz+n Onz Ng)Xn
+Tr (na+nq) +nq) (na+mnq) Xnyp Vv
ny—s—nq _t[np
nzxnp A B Onzxnp
+Tr (¥ ® P) 1%
]nz Onwan Onxxnp ]nx Onxan Onxxn,,

N AT R A (000 Oy Ty |
_Zr]:\r g XNy g XMp q AZ*A<Y;) g XNy g XNp q V
] Onpxnz Inp Onpan Onpxnz [np Onpan
i anxnz anxnp Inq « anxnz anxnp Inq
) Onp X Mg Inp Onp XMNg Onp XNy ]np Onp XMNg
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where VU is from Table 4.1 in Chapter 4,

1 0
(Discrete time case)
0 —1
U = =
01
(Continuous time case),
\ 10

and Y; >~ 0. This shows that the dual problem of (5.2) is given by,

maximize t
t,P=P*Y;-0,Qi=Q;

* 0 Nz +n, ng+n 0 Ng+ng)Xn
SllbjeCt to [C’ D _[np:| |:C D _]np:| + (ne+ng) x(nz+ng) (na+nq)Xnp
O”px(nrf‘”q) _t]”p
A B Onmxnp A B Oannp
+ (T @ P)
Inz Onz Xng Onz XNy [nz Onz Xng Onz Xnp
e an XNg an Xnp Inq % an XNg an XNy [nq
- Aia(Yi)
=1 Oannx ]np Oannq Onpxngc ]np Onpan
0 Oy Ty | Onne Oy Ly
_Z g XN qXMp q B@;(@ﬁ) q XN qXMp q = 0.
=1 Onp XNy [np Onp XNg Onp XNy [np Onp XTg
) ) ) ~ (5.3)

Suppose there exists a dual feasible point (¢, P, Yy, - ,Y,,, @1, -+ ,@Qy,) of (5.3)
such that t > 0, then the optimal value of (5.3) is greater than 0. From weak
duality, we can immediately conclude that na(M) > 0 and a system M is robustly
well-connected to the uncertainty A. Since finding a dual feasible point is an LMI
problem, we have a sufficient LMI test for the well-connectedness analysis. However,
this is not in the usual form, e.g., a scaled small gain test such as [74, 19, 57, 48|,
and the dimension of this LMI test is larger than the usual scaled small gain test.
Moreover, this LMI test is only sufficient, not necessary. In the following section,
we derive a sufficient and necessary LMI test for na (M) > 0 using the theorem of

alternatives, and this recovers the scaled small gain test in [74, 19, 57, 48|.
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5.2.2 An LMI test for well-connectedness

Although (5.3) provides an LMI test for na (M) > 0, using the theorem of alternatives,

we can simplify the LMI test even further. Firstly, let us consider the following result.

Proposition 5.2: na(M) = 0 if and only if there exists V in the feasible set of (5.2)
such that

Tr([c D —an}v[c D —an]*>=0. (54)

The proof can be found in the appendix, and the underlying idea is to show the
compactness of the feasible set. The above proposition states that the optimization
(5.2) is solvable. Based on this result, we can find a low dimensional representation

of V' which achieves na (M) = 0, since (5.4) introduces the redundancy in V.

Proposition 5.3: For all V' in the feasible set of (5.2) such that (5.4) holds, there

exists W = 0 in H" " such that

]nl Onx XNg ]nl Onx XNg
V= anxnz Inq W anxnz [nq
C D C D

The proof can be found in the appendix. Using this representation of V', we have

A B Oyl |4 B Ou,
Inz Onz XTg Onzxnp Inz Onzan Onzxnp
K 7 Inz Onz XNg [nz Onz XNg
A B Opsn, A B Opn,
= an XNy [nq W an X Mg [nq
Inac Onman Onmxnp [ny Onman Onmxnp
- - C D C D

A B A B
w

[nz Onman [nI Onzan



I,
an XNy Inq
an XNy
Inp Onp XMNg
C

_O”p X (ng+ng) I”p]

- _Onpx(nw—l—nq) Inp]

- e owle 5

an XN an Xnp [nq v an XNg
Onpxnm ]np Onpan Onp XN

Onm XNg ]nm Onl XNg B
an XNy

Inq W an XNg Inq

Onp XN

D C D -

C D

4 |:Onp><(”z+nq) [np]

Inz Onz XNg InI Onz XNg

an XNg Inq W an XNg Inq [Onp X (nz+ngq) Inp

C D C D

*

Therefore, na(M) = 0 if and only there exists W = 0 such that

A B A B
IT w =0
Inz Onzan In1 Onzan
C D C D
AiA |44 tO, fOI‘iZl,---
an XNy Ngq an XNy [nq
C D C D
Bia w =0, fori=1,--
an XNy Inq an XNy Inq

] r q *

(e ofwe o]) -1

q *
anxnp [nq
Inp Onpan_
q *
anxnp Inq
[np Onpan_
*
¢ D

*

(5.5)
Mg (5.6)
, Ny (57)
(5.8)

Recall that our goal is to find a condition for na(M) > 0. Since existence of

W satisfying (5.5) - (5.8) guarantees na (M) = 0, if one can prove that there exists

no such W, then na(M) > 0, i.e., the system M is robustly well-connected to the

uncertain set A. Therefore it is natural to apply the theorem of alternative to find
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a condition for non-existence of W. Before applying the theorem of alternative, let
us firstly replace the condition (5.8) with more appropriate form. Notice that all
conditions (5.5) - (5.7) are homogeneous in W. Therefore if there exists W > 0 such
that 'I‘I'([C D} %% [C’ D]*> > 0 then we can rescale W so that W satisfies (5.5)
- (5.8). On the contrary, if ’I‘I‘([C D} %74 [C’ D] *> = 0, then W has to be zero

according to the following proposition.

Proposition 5.4: IfW = 0 satisfies (5.5) - (5.7) and Tr([C D} W [C DT) =0,
then W = 0.

PrROOF: Since W = 0 and Tr([C’ D] w [C’ D} *> = 0, we can easily see that

(c plw—o,
which implies
C D W C D _ Ongxne  Ongxng |
anxnz ]ﬁq anxnz ]ﬁq anxnz LvEZ

where Way is the (2,2) block of W. Since

OnzxnI Onzan Ny XNy Onzan

Aia = 0,Bia

anxnz LL52 anxnz L@EZ

=0

and from the requirement on the operators (A;a,Bia), (5.1), we have Wy = 0.

Moreover since W > 0, from Schur complement, we can easily see that W should

L@ql Onzan

have the form W = . For the discrete time case, since W satisfies

anxnz anan

(5.5), AW A* — Wy; = 0. Notice that Wi; = 0 is the unique solution for this
Lyapunov equation, since A is Schur stable. Similarly, for the continuous time case,
we have AWy, + W11 A* = 0, and Wy = 0 is the unique solution for this Lyapunov

equation since A is Hurwitz stable. n
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anxnz ]ﬁq
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The above proposition states that Tr([C D} w [C DT) = 1 is essentially

equivalent to the condition W # 0, which is the following result.

Proposition 5.5: There exists W = 0 such that (5.5) - (5.8) if and only if there
exists W 2z 0 such that (5.5) - (5.7).

PROOF: Suppose there exists W > 0 such that (5.5) - (5.8). From Proposition 5.4, we
can conclude that W # 0. For the converse direction, suppose there exists W 2 0 such
that (5.5) - (5.7). Since W # 0, from Proposition 5.4, Tr([C D] w [O D] *> =
o > 0. Then W = 0 satisfies (5.5) - (5.8). -

Now we are ready to apply the theorem of alternative to derive an LMI test for

7h3(h4) > 0.
Proposition 5.6: Ezactly one of the following is true.
(1) na(M

(i) There exist Yy, ,Y,, =0, Q1,---

) =0

, Qn,, and P such that

* *

re mo ¢ Dp| |A B A B
Z Aia(Yi) + Z Bia(Qi) +
i=1 i=1

anxnz ]ﬁq [nz Onzan

PROOF: From Proposition 5.5, na(M) = 0 if and only if there exists W = 0 such
that (5.5) - (5.7). This is equivalent to A(W) z 0, and B(W) = 0 where

w 0
= C D C D
14

anxnz [nq anxnz ]ﬁq

r *

A B A B
w

]ﬁx Onxan ]ﬁx Onxan

C D C D
w

anxnw ]nq anxnx ]ﬁq
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and

AA(X) - diag(AlA(X)a"'wAnaA(X))
Ba(X) = diag(BlA(X),~~,BnbA(X)).

Since the adjoints of A* B* are given by

C D e C D
anxm ]nq 1=1 anxnw ]nq
) A B B
B(Pqu"'aan) == (‘P@P)
[nI Onz XNg InI Onz XNg

C D AL C D
+ <Z BiZ(Qz‘)) 0 :

Mg XMNg Inq

from the theorem of alternative, Corollary 2.4, the strong alternative of (i) is that

there exist S > 0, Y; = 0, and P, ; such that

C D o b C D
S+ (Z Aia(Ye) + Z Bia(Q:))
anxnx ]nq =1 1=1 anxnx Inq
A B A B
+ (¥ ® P) = 0.
[nm Onzan [nz Onzan
By eliminating S, we obtain (7). -

Since M is not robustly well-connected with A if (7) holds and vice versa, we have

the following consequence on robust well-connectedness.

Corollary 5.1: The system M 1is robustly stable with respect to A if and only if there
exist Y1, -+, Yo, Q1, -+ ,Qn,, and P satisfying (5.9).

Unlike the SDP dual approach in the previous section, the above LMI test (5.9)

is sufficient and necessary. In addition, the total dimension of LMI is smaller than
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the test from the dual program (5.3). More importantly, the LMI test (5.9) includes

the existing results as a special case, as we will see in the following examples.

5.3 Examples of A

In this section, we provide examples of A and how Aa, Ba is being used to describe
this set. All the proofs can be found in the appendix. In addition, we also derive
the LMI test (5.9) to illustrate the procedure. Some of these results turn out to be
the scaled small gain test |74, 19, 57, 48|, a well-known LMI test for robust well-
connectedness analysis. In this point of view, Proposition 5.6 provides the proof of
well-known results while making a greater extension to the general A that can be

expressed using Gramians.

5.3.1 Full block Linear Time Varying Uncertainty

Consider the case when A = {A : ||Al,, < 1}, i.e., arbitrary uncertain linear
operator with the norm condition. Here [|All,, = sup [[A(x)[l2-

[[x/l2=1
The following proposition provides the set description of A.

Proposition 5.7: [26] There exists ||All,, < 1 such that q = Ap if and only if

lallz < [pll2-

In fact, the convolution operator can be used to describe A. For simplicity, consider

the discrete time case with ||plla = 1. Let s = A(r) = (p,r)q. Then

s[k] =Y plil*rlilalk] = > qlklpli]*r[i]) = > H[k,i]rli],
i=0 i=0 i=0
where Hlk,i] = q[k|p[i]*. Unlike the time invariant convolution kernel which only
depends on the difference, k — i, the kernel H[k,i| depends on k and i. This is the
reason why such A block is called the Linear Time Varying (LTV) uncertainty block,

because its convolution kernel is time-varying.
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y[np Onp XNyg

Now, Aa(Z) = Tr(Z11)—Tr(Za), and the adjoint is given by A} (y) =
anxnp _yInq
The LMI test (5.9) becomes

* *

¢ D| |yl Onwn|| C D A B A B
_l’_

anxnz Inq anxnp _yInq anxnm Inq ]nz Onzan ]nz Onzan

for some y > 0, and P = P*.

By dividing y both sides and expanding the first term, we obtain

*

cC C*D A B A B
+ (Y® P) =<0,
D*C' D*D — Inq ]nL Onwan ]nx Onwan

which is precisely the H,, norm condition, ||[M]/, < 1. This connection is pointed

out in the seminal paper from Zames [93].

5.3.2 Self-adjoint LTV

Consider A = {A: A = A" [|A],, < 1}. Here A is a self-adjoint operator, and the

following proposition provides a set description of A.

Proposition 5.8: There exists [|All,, < 1,A = A* such that ¢ = Ap if and only if

lallz < |Ipllz and (p,q) = (a,p).

From the above proposition, Aa(Z) = Tr(Z11 — Zss), and Ba(Z) = Tr(Z12 — Z7,),

y[np Onpan Onpan iq[np

and A% (y) = and Bj (q) =
anxnp _yInp _iq[nq anxnp
y > 0. Therefore, the LMI test (5.9) becomes

, where y,q € R and

C D yl,, iql,, C D A B A B
+ (v ® P) =< 0.

anxnz Inq _ianq _yInq anxnz [nq [nz Onman Inz Onzan
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By expanding the first term and dividing y, we have

*

cC C*D .| Ongxng C A B A B
+ig + (VY ® P) =< 0.
Dp*C D*D-1, —C* D*=D| |L, Onun, L, Opsen,

5.3.3 Skew-Hermitian LTV

Consider A = {A: A+ A* =0, ||All,, < 1}. Here A is a skew-Hermitian operator,

and the following proposition provides a set description of A.

Proposition 5.9: There ezists ||All,, <1, A+A* =0 such that q = Ap if and only

if lall2 < [Ipll2 and (p,q) + (q,p) = 0.

1\10\7\77 AA(Z) = TI‘(ZH—ZQQ), and BA(Z) = ’I‘I‘(Zlg—i—Zikz), and A*A(y) =

y[np Onp XNg Onpxnp q[np

and B} (q) =
an XNy _y]np q]nq an XNg
fore, (5.9) becomes

, where y,q € R and y > 0. There-

* *

C DI |y, ql, C D A B A B
+ (Y® P) =< 0.

anxnz Inq q[nq _y[nq anxnz Inq [nz Onzan [nz Onzan
By expanding the first term and dividing y, we have

*

c*C C*D Ongxng C A B A B
+q + (v ® P) < 0.

D*C D*D -1, C* D*+D I, Opxn, I, Opxn,

5.3.4 Scalar LTV

Consider the scalar uncertainty structure A = {A : A = 01, [|All,, < 1}. Here 67
is a shorthand notation for [q]; = d([p];) for all i, where § is a linear operator which

maps 3 — I3 or LI — L3

Proposition 5.10: There exists [|0]|,, < 1 such that q = 6I(p) if and only if A(q) =
A(p).
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Now since A(p) = A(q), Aa(Z) = Z11 — Zss. Since the adjoint is given by

Y Onpan
AL(Y) = , the test (5.9) becomes
anxnp -Y
¢ D Y Onyxn, C D A B A B
+ (Y ® P) <0,
anxnz Inq anxnp -Y anxnl Inq Inz Onzan Inz Onzan
]nx Onxan

where Y > 0. By left and right multiplying , we can conclude that

IYMY 2 < 1,

which is the scaled small gain test with a full complex matrix Y. This result can be

found in [59].

5.3.5 Scalar self-adjoint LTV
Consider A = {A: A =61,0=06"[|All,, < 1}. Here ¢ is a self-adjoint operator.
Proposition 5.11: The following conditions are equivalent:

(i) AMa) = Ap), (lali [pl;) = ([Pl [dl;) for all (i, 7).

(ii) There exists |||, <1, 6 = 6" such that q = JI(p)

Y On n
NOW, AA(Z) = ZH — ZQQ, and BA(Z) = Zlg—ZTQ, and A*A(y) = v
anxnp =Y
Onpxnp Q . L :
and By (Q) = , where Y > 0, and @) is a skew-Hermitian matrix.
_Q anan
Therefore, the LMI test (5.9) becomes
C D Y @ C D A B A B
+ (VY ® P) =< 0.

anxm Inq _Q -Y anxm Inq Inw Onxan Inl- Onxan



85
This result in the infinite dimensional form is appeared in [48|. In contrast, the

above LMI contains the finite dimensional matrices.

5.3.6 Scalar pure imaginary LTV

Consider A = {A: A =061, + 6" = 0,[|All,, < 1}. Here § is a skew-Hermitian
operator. In this case, (p,q) € Ra if and only if A(q) < A(p), ([al;, [p];)+{[pi, [a];) =

0 for all (4,7). This can be shown by Proposition 5.10 with the pair (p,iq). Now,
Y Onpan

AA(Z) = le — ZQQ, and BA(Z) = Zlg + ZTQ? and A*A(y) = and
anxnp -Y
" Onpxnp Q@ . "
Bi(Q) = , where Y > 0, and @) is Hermitian.
Q anan
Therefore, (5.9) becomes
C D Y @ C D A B A B
+ (Y® P) =< 0.
anxnz [nq Q _Y anxnz Inq [nz Onzan [nx Onzan

5.3.7 Integral Quadratic Constraints

Consider the case where (p,q) € Ra can be represented by the integral quadratic
constraints

*

. . — |plk] plk]
(Discrete-time): H >0
z; q[k] q[K]

*

(Continuous-time):

for some constant matrix H and the norm bound condition, ||q||s < ||p||2- The latter

requirement is not severely restrictive, since one can always rescale p and H appro-

priately to make [|A[l,, < 1. In this case, Aa(Z) = diag (Tr(HZ), Tr(Z11 — Za2)),
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and A (y1,y2) = y1 H + diag (yo, —y21). Therefore, (5.9) becomes

*

cC D oI, 0 cC D
+y H
anxnz [nq 0 _yQInq anxnI Inq
A B A B
+ (V@ P) < 0.
Inz Onz XNg Inz Onz XNg

By dividing ys, and re-label y; by y > 0 we have

ES

C*C C*D A B A B
+yH + (V& P) < 0.
D*C D*D I, Ongxn, L, Onyxn,

5.3.8 Block-diagonal structure

Let us consider the block diagonal structure, that is A = {A : diag (A, -+, A,),i =
1,--+,n}. Here all of the previous modeling on A can be used, for example A; = Af,
or A; = 0;1 to name a few. Let E; be the projection matrix such that A; = E;AE?.
Then (p,q) € Ra if and only if (E;p, Fiq) € Ra,-

For example, if

o 0
0 &

A:

?

where d; = d5, then (p,q) € Ra if and only if ||[d]1]l2 < |[pl1ll2, lalzllz < |l[p)2]]2,
and ([q]2, [pl2) = ([p]2, [d]2). In this case,

and the test (5.9) becomes

* *

C D Y @ C D A B A B
+ (VY ® P)

anxm Inq _Q _Y anan Inq Inx Onxan Inl- Onxan

=<0,



87

0 0 0
with Y = v where y; > 0,y > 0, and Q) = for some imaginary q.

0 v 0 ¢
E Ef 0

Z ,and Ba(Z) =
0 I 0 E;

1

In the general case, Aa(Z) = diag [ Aa,

E, 0 Er 0

diag | Ba, Z| "
0 E 0 E
Therefore,
. "B o . |E 0
Ax(r, - yn) = Aia(yi)
-1 |0 E; E;
"B o . |E 0
BA(Qlu 7Qn) = BlA(QZ)
=1 0 Ez 1
and the test (5.9) becomes
C D . . C D
(AA(yh T 7yn) + BA<q17 e 7Qn))
anxnz Inq anxnz Inq
A B A B
+ (¥ ® P) =< 0.
Inz Onzan Inz Onzan

For example, assume A = {A : diag (A, -+ ,Ay), ||Ai]] < 1,i =1,--- ,n}, ie.,
the repeated full blcok LTV structure in [74]. Then

AA(yh e 7y’ﬂ) = Z

i=1 0 —yi B E;
: Yi 0 o
since Ap (v;) = . Therefore the test (5.9) is given by
c D © Ouun|| ¢ D A B A B
+ (Y ® P) =<0,

an><n,C Inq anxnp _@ anxnm Inq ]nx Onxan ]nx Onxan
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where © = > .y, X E;. Since y; > 0, clearly © > 0.

Ny OnI XMNg

to the above LMI and expanding
an X Ty @71/2

By left and right multiplying

the first term, we can obtain

c*ecC C*ODO~1/? A BO? A BO12
+ (Y ® P) =< 0.
e-'2p*eCc e~Y:p*epe~? -, L, Onyxn, L, On,xn,

From the bounded real lemma, this is equivalent to
[0 MO 12|, < 1,

the famous scaled small gain test with the form © = )", v, B, EF = diag (v, -+, ynd),
where y; > 0.

Similarly, for the repeated scalar block LTV structure in [57],
A = {A . diag(51[7 7§n-[)7”AZ|| S ]_77, — 1’ ,TL}

we have

Y, 0

0 Y
Using the similar argument, we can obtain

since A (Vi) =

c*oC C*ODO~1/? A BOY? A BO71/?
+ (Y® P) < 0.
e-'2D*eC ©-':D*eDe~? -1, L. Onyxn, L, Onoxn,

From the bounded real lemma, this is equivalent to

loY*Me~1?||. <1,



89
the famous scaled small gain test with the form © =), E}Y;E; = diag (Y1,--- ,Y,)

where Y; = 0.

5.4 Numerical example

We consider the following dynamics from Example 5.4 in [43]

0 1 0 0 0
0  —13046(146,) 1 —02142(1£4,) 0
Ay = 0  47.7110(1+65) 0 —104.83(1+4dy) 0 |,
0 0 0 0 1
275100 49059 3753 —16861 ~163 |

where each ¢; is a fixed but unknown real parameter. In [43], the author tries to verify

stability of an autonomous dynamics %x = Apzx, but here we modify this example to

illustrate how to use well-connectedness analysis.

Consider the following autonomous system

T = Ao.fC.
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By introducing additional variable p, q, we have

[ 0 1 0 0 0 ]
0 —1.3046 1 —0.2142 0
T = 0 47.7110 0 —104.83 0 T
0 0 0 0 1
275100 49059 3753 —16861 —163
G . 4
[ 0 0 0 0 ]
—1.3046 —0.2142 0 0
+ 0 0 477110 —104.83]| ¢
0 0 0 0
0 0 0 0
G - 4
-O 1 00 0-
00010
p = r+_0 ¢
01000 b4
00010
G ~ 4
_51 0 O 0_
0 9% 0 0
T 0o 0 s 0|7
0 0 0 d4
G ~ 4

Although in [43], §; is assumed to be a fixed but unknown real number, but we assume

that each §; is an operator which maps £} — L3 to illustrate how to use our analysis

tool. It should be clear that the above representation of autonomous dynamics is
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Structure fa (M)

Full block LTV 0.3427

Full block self-adjoint LTV 0.3427
Scalar block diagonal LTV 0.4644
Scalar self-adjoint block diagonal LTV | 0.4644

Table 5.1: ua (M) for various structures. If we assume ¢; are real numbers, ua (M) =
0.5381 is given by the exhaustive search [43].

a feedback connection between p and ¢q. As we discussed in the beginning of this
chapter, stability of this feedback connection is equivalent to well-connectedness of M,
which has a state representation (A, B, C, D) with respect to the uncertain operator

0. Further, we would like to obtain the allowable size of uncertainty
pa(M) = inf{[|All,, : T-MA,A € A}.

Recall that in all previous examples, we assume [|A[[,, < 1, but the above quantity
requires to handle different norm bound [|Al[,,. This can be easily done by rescaling
C, D matrices.

Suppose [|All,, < p. Since well-connectedness only concerns the product (or
cascading) M A, (M, A) is robustly well-connected if and only if (uM, %A) is robustly

well-connected. Therefore, in order to check that M is robustly well-connected to A

with [|All,, < u, it suffices to check pM is robustly well connected to HA
: 2,2

/%AHM =L
Since uM can be easily obtained by scaling (C, D) by (uC, uD), in order to find
pa(M) = inf{|[All,, : T — MA,A € A}, it suffices to find the minimum g such
that uM is not robustly well-connected to A assuming the norm bound [[Al[,, < 1.
Since we can easily check that whether uM is robustly well-connected to A or not
using the test (5.9) for the class of structures, we combine the bisection search on p
to provide pua(M).
Here A has a block diagonal structure, but we apply the LMI test from the full
block LTV, full block self-adjoint LTV, scalar block diagonal LTV, and scalar self-

adjoint block diagonal LTV structures for an illustrative purpose.
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The table 5.1 shows pua (M) assuming various structures on A. Since full block
LTV does not exploit the block diagonal nature of A, with relatively small norm
bound 0.3427, M lost robust well-connectedness. Here since all problem parameters

are real numbers, exploiting the self-adjoint nature of A does not change pa(M).
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Chapter 6

Sparse H~o analysis and synthesis

This chapter proposes a new robust analysis tool motivated by large-scale systems by
leveraging a novel, primal formulation of H,, analysis in Chapter 4. The H., norm
of a system measures its robustness by quantifying the worst-case behavior of a sys-
tem perturbed by a unit-energy disturbance. However, the disturbance that induces
such worst-case behavior requires perfect coordination among all disturbance chan-
nels. Given that many systems of interest, such as the power grid, the internet, and
automated vehicle platoons, are large-scale and spatially distributed, such coordina-
tion may not be possible, and hence the H., norm, used as a measure of robustness,
may be too conservative. We therefore propose a cardinality constrained variant of
the H, norm in which an adversarial disturbance can use only a limited number of
channels. As this problem is inherently combinatorial, we present a semidefinite pro-
gramming (SDP) relaxation based on the ¢; norm that yields an upper bound on the
cardinality constrained robustness problem. We further propose a simple rounding
heuristic based on the optimal solution of SDP relaxation, which provides a lower
bound. Motivated by privacy in large-scale systems, we also extend these relaxations
to computing the minimum gain of a system subject to a limited number of inputs.
Finally, we also present an SDP based optimal controller synthesis method for mini-
mizing the SDP relaxation of our novel robustness measure. The effectiveness of our

semidefinite relaxation is demonstrated through numerical examples.
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6.1 Sparse H,, norm

Consider the stable LTT system M

T = Ax+ Bw

z = Cx+ Dw,

where a1 is x[k + 1] for discrete time, & for the continuous time, with initial condition
being zero. In addition, x € C™, w € C", z € C"=.

Recall that the H,, norm of M is given by,
M|oc := sup{|[[Mw||; : [|wlls = 1}.

The H,, norm has well known implications on the robust stability of the system with
uncertain blocks [26], as well as many practical interpretations [25].

One such interpretation is that an attacker seeks to maximize their disruption
of the system using the disturbance w — in this case, the optimal disturbance w* is
precisely a disturbance that maximizes the attacker’s impact on the system. Taking
an opposite perspective, from the viewpoint of a system designer, the maximizing
disturbance denotes a weak point of the system that may need to be addressed.

A seemingly innocuous assumption in the above analysis is that the attacker can
simultaneously coordinate all of the disturbance channels: although reasonable in a
centralized setting, this assumption may prove to be quite conservative if M is a
distributed system. In particular, if there are many possible disturbances (B has
many columns), and these disturbances enter through channels that are physically
separated, it may be overly conservative to consider the response of the system to a
centralized attack. In order to alleviate this conservativeness, we propose a cardinality
constrained variation of H.,, analysis, (4.3), in which we assume that at most k
disturbance channels can have non-zero energy. Here we define the cardinality of the
input signal, Card (w), as the number of components that has non-zero energy, i.e.,

the number of indices i such that ||[w];||2 > 0. This means the adversary can choose
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up to k number of input channels to disturb the system, which is equivalent to choose

up to k number of columns of B to form the low dimensional input in 1§ (£5).
fr (M) == sup{||Mw]||5 : |w| < 1,Card (w) < k}.

We refer to fip (M) as the k-sparse Ho, norm of system M.

It should be clear that fi (M) < || M]| for all k£, but what is not clear is whether
the gap between the two quantities can be made large. Indeed, if the gap is in general
small, then the additional effort needed to accommodate the cardinality constraint
on the disturbance may not be justified. Before elaborating on other interpretations
of the k-sparse H,, norm of a system, we show that the gap between [ (M) and
|M||o can be made arbitrarily large for a fixed k by increasing the state dimension

of the underlying system.

Example 6.1: Consider the stable discrete time system M with the state space
realization (A, I,,, I,,,0,,) where A = 0.99(7,, — %1711;) + O.l%llT. Thanks to the
permutation invariance of the system, ||M|o, and fi, (M) can be easily obtained, and

it can be shown that the ratio ﬁ‘l’{/ﬁfj =0 <\/%) Thus for a fixed k, the gap between

fr (M) and ||[M]|» ca ben made arbitrarily large by letting n — oo. Fig. 6.1 shows

ﬁﬁﬂg for k=5, and n=5,...,30.

Example 6.1 shows the existence of systems for which standard H., analysis can
be overly conservative if indeed only at most k disturbances can be expected to coor-
dinate their efforts to disrupt the system. We now outline two concrete engineering
applications in which such an analysis may arise.

Robustness analysis for distributed system: Quantifying the robustness of
a distributed system, such as the power grid, allows the system designer to plan for
and mitigates the worst case effects of un-modeled dynamics and disturbances. The
need for robustness is increasingly important in the context of the power grid as it
becomes more reliant on intermittent distributed energy resources, such as renew-

ables. However, as mentioned, H,, analysis assumes that all such distributed energy



96

S—sparse H infinity
1 ‘ |

0.9r 1

0.8

o -

0.6

0.4 10 15 20 25 30

n

Figure 6.1: The ratio, fi5(M)/||M||e for n =15, -, 30.

resources coordinate with each other to destabilize the power network, which may
be overly conservative and lead to loss of efficiency. Rather, we propose using the
k-sparse Ho, norm of the system to identify and quantify vulnerabilities of the system
to potentially more realistic disturbances.

Robustness analysis for consensus network: The well-studied problem of
consensus (or synchronization) [54, 9, 39] is one in which a set of agents seck to
converge to a common value using simple local averaging rules. When these local
rules are linear and time invariant, the consensus protocol can be modeled as an LTI
system. In this case, a system dynamics A satisfies the following properties [83]:
Al =1, AT1 = 1, and p(A — %llT) < 1, where n is the number of nodes in the
network.

Although typically considered in a disturbance free setting, it is also natural to
ask how much local disturbances applied to individual agents can affect the system’s
ability to reach consensus. Concretely, assume that each agent can be corrupted by
a separate disturbance, i.e., B = I,,, and we measure the effect of the disturbances
on the deviation of each state xi from the consensus value, as encoded by zi =
xi — % >, @, such that C' = I, — %llT, and D = 0. Note that the marginally stable

mode of A is unobservable with respect to the measured output defined by C', and
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the system has a finite H., norm and k-sparse H., norm.

Whereas the H., norm of the resulting system measures the effects of a worst-
case attack on all agents, the k-sparse H,, norm measures the effects of worst-case
attack on only k agents. From an attacker’s perspective, this may result in a more
realistically implementable strategy, and from a system designer’s perspective, this
provides valuable information as to which agents should be most closely monitored

and protected from attack.

6.1.1 The k-sparse minimal gain of a system

We can also define the minimal k-sparse gain of system M, which we denote by p, (M)
as
{1, (M)}? := minimize ||Cx + Dwl||3

w,X

subject to 27 = Az + Bw
2[0] = 0 (6.1)
[wll3 > 1
Card (w) < k.

Privacy: An immediate interpretation of this optimization problem is in terms
of privacy. Suppose that a publicly available variable is defined by z = Cx, and that
a user wishes to transfer at least v units of power to y = Gx + Hw while minimizing
their effect on the public variable. The optimal action for the user to take can be

determined by solving optimization problem (6.1) with the added constraint
IGx + Hwl5 > 7*. (6:2)

System security: One can also view the user in the above scenario as an attacker,
and the publicly available variable as a system monitor: in this case, the optimal
input w, corresponds to the least detectable input that still disrupts the y by =~
units of power. Allowing for sparse optimal inputs w, makes for more realistically

implementable actions by either a user or an attacker.
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6.1.2 Connections to the Restricted Isometry Property and

Regularization for Design

Our problem formulation seeks the minimal and maximal gains of a linear operator
restricted to k-sparse subspaces. When the linear operator is a static matrix D,
instead of a dynamical system (A = B = C' = 0), then the cardinality constrained
optimization problems (6.3) and (6.1) compute precisely the maximal and minimal
restricted eigenvalues [6] of the matrix DT D, that is the maximal and minimal gains
of D restricted to sparse subspaces. They are also closely linked to the Restricted
Isometry Property (RIP) constant of the matrix, which can be used to state conditions
for the recovery of sparse vectors [13] via convex optimization, and can be used to
perform sparse principal component analysis (sPCA) [21]. We can therefore view
optimization problem (6.3) as a tool for bounding the restricted eigenvalues of an
infinite dimensional LTI operator acting on signals in /5 and Ls.

Moreover, the k-sparse H,, norm and the k-sparse minimal gain of a system
also have natural connections to the Regularization for Design (RFD) framework
developed in [45]. In the RFD framework, atomic norms [14] are added as convex
penalties to traditional model matching problems in order to design architecturally
simple controllers. Further, control theoretic analogs to the recovery conditions found
in the structured inference literature are stated in terms of restricted gains that are

closely related to the k-sparse H., norm and k-sparse minimal gain of a system.

6.2 SDP relaxation of k-sparse H., analysis

Although we propose k-sparse Ho, analysis fi, (M) in a concrete manner, the prob-
lem formulation has two intrinsic challenges. First of all, the variables are in an
infinite dimensional space, and therefore the optimization is an infinite dimensional
optimization. Secondly, the combinatorial nature of the cardinality constraint on w
may require the exhaustive search. In order to overcome these challenges, we propose

an SDP-based convex relaxation of the k-sparse H., analysis.
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Since [A(w)],; = ||w;||3, Card (w) < k if and only if A(w) has up to k& number
of non-zero diagonal entries. This shows that we can formulate k-sparse H., analysis

using Gramian

c*C C*D

maximize Tr
v D*C D*D

subject to V' € Dgram (0 Ciram)

~ (6.3)
On N Onz Nw

Tef | ™" lv<a
Onwxnz Inw

Card ([V]nz+17nz+17 T [V]nz+nwynz+nw) S k?

where n, is the state dimension, and n,, is the input dimension. Since the cardinality
constraints only affects the right bottom block of V/, [Onwxnz [nw} V [Om’n [m] we
can easily see that Lemma 3.1 and 3.3 justify the replacement of Dgram and Caram by

DSDP and CSDP .

c*C C*D
maxnnlze
D*C'" D*D
A B
subject to I %4 =0,V >0
nac XM ITLy Onwxnw (64)
Ty nzxnz nzxnw V S 1
Card nx+1 ng+1s [V]n$+21nm+27 Tty [V]nx+nw,nx+nw) S k?
X1 Xio X1 Xy
where I1 = X11 — X9y for Dgpp, and 11 = X2+ X7,
Xiz Xz Xiy Xoo

for Cspp. The optimal value of (6.4) is equal to Jiy (M)>.
In order to circumvent the intractability of the cardinality constraint, we use an [y
norm relaxation [79]. This approach is inspired by [21], in which the authors consider

the [; relaxation of an analogous cardinality constraint to obtain an SDP relaxation
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of the sparse PCA problem, in which one seeks the leading sparse singular vector
of a matrix (as mentioned previously, this is closely related to the RIP constant of
a matrix and to analogous quantities in RFD). In order to adapt this idea to our

problem formulation, we need the following observation.

Proposition 6.1: Consider W € C"" such that W = 0, Tr(W) < 1. Then,
17|W)1 < n.

Proor: Consider a Hermitian matrix H where

1 if i =j
Hij -
e if i £ j,

for some 6;;. If we construct H such that H;; = Wi then 17|W|1 = Tr(H*W).
This shows that 17|W|1 < sup, Tr(H*W), and from the Von Neumann’s trace

inequality [49], we have
Tr(H'W) <) 0:i(W)oy(H),

where o; is the ith singular value of the matrix. Furthermore, by definition of H we

have 01(H) < ), 0,(H) = Tr(H) = n. Therefore,

< nTr(W) < n,

and 17|W1 < supy Tr(H*W) < n. Notice that this upper bound is achieved by
W = %1 1! . which shows the inequality is tight. n

MNaw ~ Ty ?
Now we are ready to connect the /; norm bound with the cardinality constraint.

Proposition 6.2: Consider a positive semidefinite matriz W with Tr(W) < 1 and
Card (diag (W)) < k. Then, 1T|W|1 < k.
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PrOOF: Without loss of generality, we can assume that Wi, ---  W,; are not zero,
where ¢ < k. Then from the Schur complement, we can easily check that W should

have the form

Wl o
W =
0
where W is a i x i Hermitian matrix. Therefore, from the Proposition 6.1, 17|W|1 =

1T|W|1 < 1 < k, which concludes the proof. -

In the cardinality constrained problem (6.4), the right bottom part of V', W =
|:Onw><nz [nw} V [()m’n [m] " matrix satisfies the requirement in Proposition 6.2. This
shows that if we replace the cardinality constraint by a [; norm bound, then we have
a larger feasible set. Although this procedure provides an upper bound of (6.4),
the resulting optimization becomes a semidefinite program, so we can solve it very
efficiently [11]. Therefore, we propose the following I; relaxation of (6.4), ;™ (M),

which is the main optimization problem in this section.

o cC¢ C*D
maximize Tr
W D*C D*D
A B A B
subject to 1l V =0
Inl Onzxnw Inz Onzxnw
6.5
Vo (6.5)
W = |:0nw><nx ‘[nw] V [Onw XNy ]nwi|
Tr(W) < 1
17wl <k,

and we denote the square root of the optimal value as i, (M). It should be obvious

that i, (M) < i (M),
A careful remark is that for a complex matrix, |I¥| should be treated as a second

order cone constraint, not a linear programming constraint [42].
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6.2.1 Extension to k-sparse minimal gain

In the previous section, we introduced a k-sparse minimal gain. A similar approach

can be used to obtain the following SDP relaxation of p, (M).

o c*C C*D
minimize
viw D*C D*D
A B A B
subject to IT V =0
Inz Onzxnw [nz Onzxnw
V=0
U [ A R0 [ (6.6)
Te(W) <1
17wl <k,

and we denote the square root of the optimal value as {p*% (M)},

6.2.2 Rounding heuristic for solution refinement

Let W* be the optimal solution of (6.5). Since this matrix contains an information
on the worst-case disturbance, we can extract potential candidate for the worst case
disturbance channels that solves (6.3). The basic idea is to obtain the top k entries
in diag (W), say {Wi,i,, Wiy, -, Wi, }, and then adjust B and D such that only
these disturbance channels can be used. Then we solve H., analysis with the new B
and D. Since we choose a specific disturbance channel, we obtain a lower bound of

(6.3). We summarize the procedure as follows.

Rounding heuristic:

1. Solve (6.5) to obtain W*.
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2. Find the indices {7y, -- , i} such that W3, >-.. > W, >-.. > W7, .
3. Construct E := [eil eik] € C™** using a standard basis {e;} € R™».
4. Let B := BE, D = DE, and the stable LTI system M with the state space
realization (A, B, C, D). Then define fi;?*" (M) := ||M]|s.

Notice that the third step chooses 71, - -7, to be the active disturbance channels.

From this rounding procedure we obtain the inequality
—roun - —sd
e (M) < iy (M) < i (M)

Therefore, if the gap between ;" (M) and fi;”” (M) is not large, then fi;*"¢ (M)
effectively solves the k-sparse H,, problem and returns the candidate the disturbance

channels.

6.2.3 SDP Dual problem

As optimization problem (6.5), it is natural to consider its SDP dual problem. To do

this, let us begin with the following observation.

Proposition 6.3: Forw >0, A € C,

0 ifAlSw
sup{—wl|z| + Re(\z)} = .

vet +o00  otherwise

PROOF: Suppose || > w. Let z = a\*. Then
—wl|z| + Re(Azx) = af| A|(|A] — w).

By taking o — oo, we obtain the result.
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Suppose |[A| < w. From Cauchy-Schwartz inequality,
—wlz| + Re(Ar) < —wlz| + [Az] < (]A] —w)|z| <0,

for all € C. Since the upper bound is achieved by x = 0, we can conclude the
[

proof.

With this technical tool in hand, we may proceed to derive the dual to optimization

problem (6.5). First, we form the Lagrangian function in terms of V,

L(V,P,Q,\t)
c*C C*D
= Tr(QV)+ Tr
D*C'" D*D
A B A B
+Tr | PII \%4
Inz Onzxnw Inz Onzxnw
Onl Ny Onz N On:z: Na Onz Nw
A [1-Tr ) v e[ k—Tx ) v
Onw XMNg ]nw Onw XNy 17‘Lw 17—’L|—w

where P=P*, Q> 0, A>0,t>0.
Using cyclic property of the trace operator and from Proposition 6.3, we can

obtain the dual function d(Q, P, A\, t) := supy_y+ L(V, P, A\, t), which becomes A+ k - ¢

when,
c*C C*D A B A B Onpxng  Onyxng
Q + + (v ® P) < :
D*C" D*D — A, I, O, xn, Lo, On.xn, Onyxn, tla, 1;
(6.7)
where the inequality < is a component-wise inequality, and ¥ = for the
0 -1

for the continuous-time case. In addition,

discrete-time case, and W
10
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d(P,\,t) = +oo if (Q, P, \,t) does not satisfy (6.7). By defining Y = Y™* to be a
right bottom block of (6.7), we obtain the following dual program of (6.5).

minimize A+k-¢

PYAt
c*C c*D A B A B
subject to + (¥ ® P) <0
D*C D*D — )\, —Y L, Onyxng L, Ongsxen,
y|<t,,1,

P=PY=Y"t>0,\X>0.

(6.8)
Notice that if we set ¢ = 0, then we recover the SDP derived from the bounded real
lemma which computes H., norm of the system. It is clear that ¢ = 0 is a suboptimal
solution of (6.8), and therefore we can easily see that the H., norm is an upper bound

of (6.8), and this is consistent with the definition of k-sparse H., norm.
Another observation is that if we assume (A, B,C, D) are real matrices, then a
similar argument as in [88] shows that all matrices in (6.8) can be taken as real
matrices. In this case, the absolute value constraint becomes —t1,,1, <Y <

t1,. 1" | a familiar LP constraint for /; optimization.

Taw Ty ?

6.2.4 Strong duality and Lyapunov stability

In this section, we investigate strong duality between the primal (6.5) and the dual
(6.8), and modify the dual program in order to ensure the stability of A. This
modification plays an important role in the following synthesis method, in which the
optimal controller that minimizes (6.5) is to be found.

We can show that when A is stable, the dual program (6.8) is strictly feasible, and
therefore the strong duality holds between (6.5) and (6.8).

Proposition 6.4: Suppose A is stable. Then the dual program (6.8) is strictly fea-

stble.
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PROOF: In the discrete-time case, the LMI constraint in the dual problem (6.8)

becomes

A*PA - P+ C*C C*D+ A*PB <0

D*C'+ B*PA B*PB+D*D -\, =Y

If A is Schur stable, P = 7 77 (A*)*A* is well-defined and satisfies the Lyapunov
equation A*PA — P = —71. Therefore, by taking sufficiently large 7, we can make
A*PA — P 4 C*C strictly negative definite, and with sufficiently large A, the above
LMI constraint can be made strictly feasible.

For the continuous-time case, we have

A*P+ PA+C*C C*D+ PB
D*C+ B*P D*D — M\, =Y

=0

If A is Hurwitz stable, then by letting P = 7 fooo eA"teAtdt, together with sufficiently

large 7, we obtain the same conclusion. =

This shows that the dual program (6.8) is strictly feasible, and from the Conic

duality theorem we have the following strong duality result.

Corollary 6.1: The duality gap between the primal (6.5) and its dual (6.8) is zero,
and the primal (6.5) is solvable.

If A is Schur stable, any Hermitian P such that A*PA — P =< 0 is necessarily
positive semidefinite. Similarly, if A is Hurwitz stable, any P such that A*P+PA <0
is necessarily positive semidefinite. This shows that in the dual program (6.8), we
can add the constraint P > 0 without changing the problem. In fact, we can obtain

the stability of A by means of P > 0.
Proposition 6.5: The following are equivalent.

(i) A is stable, and ;™ (M) < a.
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(i1) There exist P > 0, \,t,Y such that

*

A B A B cC Cc*D
(¥ ® P) + <0
]nx OTZxan I’nx Onxan D*C D*D — )\Im -Y
(6.9)
Y]i; <t, foralli,j (6.10)
Akt < a (6.11)

PROOF: Suppose (i) holds. From Strong duality, there exists P = P* A\ t,Y which
satisfies (6.10)-(6.11) and

*

A B A B c*C C*D
(v ® P) + < 0.

I, Ongxn, Ly Onyxna, D*C D*D -\, —-Y|

Since the dual (6.8) is strictly feasible, there exists a strictly feasible point (P, Ao, to, Yo).
Then we can find € > 0 such that (P,\,1,Y) = (1 — €)(P,\,t,Y) + €(Py, Ao, to, Yo)
satisfies (6.9) - (6.11). Furthermore, for the discrete time case, the upper left block
becomes A*PA — P < 0, and since A is Schur stable, P = 0. Similarly, for the
continuous time case, we have A*P + PA < 0, and since A is Hurwitz stable, P = 0.

Now suppose (ii) is true. For the discrete-time case, since A*PA — P < 0 for
some P > 0, A is Schur stable. For the continuous-time case, since A*P + PA < 0

for some P > 0, A is Hurwitz stable. Therefore, from strong duality, 7;” (M) < o.m

From the above proposition, we have the following dual problem without the sta-

bility assumption on A.
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minimize A+k-¢

PYAt
' cC C*D A B A B
subject to + (VY ® P) <0
D*C" D*D -\, —-Y In, On,xn, I, On,xn,

P=0,Y =Y*t>0,\>0.
(6.12)

Here if the optimal value of (6.12) is finite, then A is stable, and ﬁzdp (M) is equal
to the optimal value of (6.12). This formulation is very important for the synthesis

method where the stability of A is unknown and required to be stable.

6.3 k-sparse H, synthesis

In this section, we consider the following system:

s+
|

= Az, + Biw+ Bu
z = 01$ + Dllw + D12’LL

y = Cyxr+ Dyyw

with the following linear feedback controller

v, = Agw.+ Bgy

(¢}

u = Cgz.+ Dgy,

where x, € C" is the state of the plant, w € C" is the disturbance, u € C™ is the
control input, z € C" is the performance output, y € C™ is the measured output,
and z. € C™ is the state of the controller. Here z" is x[k + 1] in the discrete time
case, and ‘ji—f in the continuous time case.

After the closing the loop, i.e., substituting u back to x, we have the following
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closed loop system, M,;, with the state space realization:

z, + B A+ ByDygCy ByCi _xp N Bi + ByDg Doy "
Te BrCs Ag Te B Dy
z = |C1+ D1aDgCs DlQCK- xp + | D11+ Do Dg Doy | W

The goal in this section is to design the controller A, By, Ck, Dk such that
e Internally stabilizes M, i.e., A, is stable.
e Minimizes ;% (M).

The actual performance metric we are interested in is fix (M), but due to com-
binatorial nature of this performance metric, we change our attention to its upper
bound, ;" (M), which can be obtained via SDP. Using the dual formulation of

computing ﬁzdp (M,,), we can state this optimal control problem as follows:

minimize ANkt
Ax,Br,.Crc,Dic P, YAt
subject to y|<,,1,
Acl Bcl Acl Bcl C:[ Ccl O:l Dcl (6 1 3)
(¥ ® Py) + <0,
I, Opm I, Opm DxCy DiDg— N =Y

Py=0Y=Y"t>0\>0

where n = n, + n., i.e., the total sum of number of states in the plant and the
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controller, m = n,,, and

o
1 0
Discrete time case
0 -1
U = -
0 1
Continuous time case.
\ 10

Notice that we use strictly inequality and P; > 0 in (6.13) to ensure the sta-
bility of A,. As long as the optimal value of (6.13) is finite, the corresponding
(Ak, Bk, Ck, Dk ) successfully stabilizes the plant. In other words, if there is no
feasible point of (6.13), then there exists no controller stabilizes the system, so the
synthesis problem makes no sense. Therefore we assume that there exists at least one
feasible point of (6.13), i.e., (A, By, Cs) is stabilizable and detectable.

The above synthesis problem (6.13) is not convex, because the matrix inequality
constraint contains many products between (A, By, Py), which is not an LMI in
terms of decision variables (Ag, B, Ck, Dk, Py). In order to circumvent this diffi-
culty, we follow the LMI based approach for H., synthesis [29], but we use the refined
results from [26].

The first step is to eliminate Ax, Bi, Ck, Dk in the matrix inequality constraint

in (6.13).

Acl B cl Acl B cl C:l Ccl C:l D cl
(V@ Pa) + <0, (6.14)
[n On,m [n On,m D:lccl DzZDcl -T

where P, > 0, and T" = A\, + Y. Since DD, —T < 0,T > 0, so we can decompose

I 0
T = TY2T'2. By left and right multiplying s to (6.14), we have
0 T~
Acl BclT‘il/2 Acl -Bclzﬁil/2 C:lCcl C’:chlT‘il/2
(Y@ Py) + < 0.
Opm I, Opm T=Y2D5Cy TY2D4DyT—V? — 1

(6.15)
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We can easily see that the above condition is in the bounded real lemma form, and the
condition (6.15) is equivalent to the system (Ay, BqT /2, Cy, DuT~/?) has H ., norm
less than 1. Therefore, for a given T = A\ +Y, there exists (Ax, Bk, Ck, Dk, Py) that
satisfies (6.14) if and only if there exists an H., suboptimal controller of which H,
norm is less than 1, and we can use the standard suboptimal H., controller synthesis

results.

Let Bl = BlT_l/Q, [jll = DllT_l/Q, and DQl = D21T_1/2. Then, since

Jp— BT %+ ByDy Dy T~/
cl

By Dy T71/2
Dcljj_l/2 - l)HT’_l/2 + D12DKD21T_1/2 )

from Lemma 7.8 and Lemma 11.3 in [26] there exists (Ag, By, Ck, D, P,;) that
satisfies (6.14) if and only if there exists (P, P, @) such that

*

| A I, A I, 0 0 B

N.| 0 (T®Q) |- i N.| 0
Ci 0 C; 0 0 I, D1y <0
0 | I, o 0 | I,
[Bi“ D}‘J —1In,
(6.16)
* A B By 0 0 Cy
(¥ ® P) -
I, 0 I, 0 0 I, Dy,
(. Du I,
(6.17)
where
Range (N,) = Ker ([B; DED N, has full column rank

o) = Ker ([C’Q Dzl]) N, has full column rank
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P =1, 0.]P[0, 0.]
Q = [, 0.)P:t[n, o]
Py = 0,

n, is the dimension of the state of the plant, x,, and n. is the dimension of the state

of the controller, ., i.e.,

P x
Pcl:

* %

*
Pcsz

¥k

Notice that we completely eliminate Ay, By, Ck, D, and the condition (6.17)
and (6.16) are LMIs in P and @, respectively. However, we still have following two

challenges.
1. Bl, f)21 and NO depend on T'= Al + Y which is a decision variable.

2. P, () are from P,, chl which are also decision variables. Therefore an arbitrary

pair (P, (Q)) causes the problem because there may not exist P, results in P, Q).

To resolve the first part, let us find the equivalent conditions of (6.16) and (6.17).
For (6.16), since B, = ByT"Y2, Dy; = D;;T~2, we have

*

I, A I, 0 0 B
(T®Q) - N
Cl 0 Cl 0 0 Inw Dll
B Dy 1.
Ao, AT, 0 0B
Il 0 (T®Q) - Il 0
- Cl 0 Cl 0 0 Inw D11
0 T—1/2 0 T—1/2
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Furthermore, using the following identity,

I \ 0 N,
0 \ T-1/2 0

0 N.
I, 0

0 I \ 0
I.. 0 \ T-1/2

together with the invertibility of T, we can conclude that the matrix inequality (6.16)

is equivalent to

*

* A I, A I, 0 O B
N.| 0 (T®Q) — N.| 0
C, 0 C, 0 0 I, Dy < 0.
0 |7, 0 |7,
B Dy 7

For (6.17), let us investigate the null space of [CQ [)21} which spans the range

- - v -
space of N,. Since Dy = Doy T2, we have [02 D21] - Cyv1+ Doy TY?vy. This
(%)

v
shows that | | € Ker ([CQ D21]> if and only if
vy T1/2'U2

Therefore, for any N,, there exists N, such that

e er ([cy D).

- 1, 0
0 T1/2

where Range (N,) = Ker ([02 D21] > and N*N, = 1.
Thus, (6.17) is equivalent to

L, 0 A B A B 0 0 C L, 0
(U ® P) — N N, | 0
0 T2 L, 0 L, 0 0 L.|||Dy 0 T2
0 I, ¢ Dy 1, 0 I,
x A B A B 0 0 C
N, |0 (Y ® P) — N, |0

= L, 0 L, 0 0 T|| |Dy
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In the above two expressions, 1" shows up in the LMI, and all other matrices are
completely determined by the problem parameters.
The second challenge is to find a condition on (P, Q) such that there exists Py > 0
such that P = (I, 0,.,..| Pa |I,, Onn] and @ =[5, 0,0 ] Pa" [1, OM}
From Lemma 7.9 in 26|, a necessary and sufficient condition for this is

P I,
P i O
I, Q
P I,
rank i < ne+n,
L, @
P>=0,Q=0

Furthermore, if (P, Q) satisfies the above conditions, we can construct P, in a fol-

lowing manner. Since P — Q! = 0 from Schur complement, there exists R such that

P R —QR
RR* =P — Q_l. Then P, = , and Pczl = ¢ @ )
R I, ~R°Q I, +RQR
P I, .
However, the rank constraint rank < n. + n, is not a convex
L, @

constraint, and hard to handle in general.

One way to fix this is to require n, > n., which makes the rank constraint trivially
hold. In other words, when the controller order, n,, is greater than equal to the plant
order n., then entire synthesis problem becomes convex. Therefore we assume that
n, > n. so that the resulting synthesis problem is convex.

With all these tools in hand, we obtain the following SDP, which computes the
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achievable limit of ﬂzdp (M) and constructs the corresponding P:

minimize A+k-¢

P.QY AL
P I,
subject to 1 =0
L, @
Ao, A L] lo o B | |
C, 0 0 0 I, Dy <0
0 | I 0 | In.
B D] M, +Y |
N, |0 v ® P) - N, |0
L, 0 L, 0 0 M, +Y|||Ds <0
0|7 0|7
[01 Dn} —1I, |
P=0,Q=0,Y =Y*t>0,\>0.
(6.18)

Notice that the above optimization (6.18) is clearly an SDP. As we mentioned, the

optimal value of (6.18) is the achievable lower bound of (6.13). More importantly,

P R
we can recover P, = , where RR* = P — Q~'. and this choice of P,

R I,
guarantees the existence of controller (Ag, Bi,Ck, Dk ) that achieves the optimal

value of (6.18).
In order to construct the controller (Ag, By, Ck, Dk ) that achieves this limit, let
us revisit the problem (6.13). Recall that the matrix inequality constraint in (6.13)

is given by

A:chlAcl - Pcl + C:lccl A:chchl + C:chl
B4 PyAg + D5Cy DDy — AN =Y

Discrete time:

A:chl + PclAcl + C:lccl Pcchl + C:chl
BYPy+D4yCy  DyDg— A —Y

Continuous time:

For a given P, > 0, by taking Schur complement, we have the following equivalent
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LMIs:

—P;' Ay By 0
. . Ay —Fa 0 Ca
Discrete time: <0 (6.19)
B, 0 -I, D

cl

0 Cu Dy —M,-Y

Azlpcl + PclAcl Pcchl C:;kl
Continuous time: B} Py —1I,, Dy, < 0. (6.20)
Ccl Dcl _)\I’I’Lz - Y

Therefore, the following SDP constructs (Ag, Bk, Ck, Dk), which achieves the

optimal value of (6.18).

minimize A+ k-t
A Br.Cx. D .Y\t
subject to (6.19)
1 A+ ByDgCy ByCg
c —
Bk Cy Ag
By + BaD Doy
Discrete time: By = (6.21)
i By Doy

C’cl = |:C1 + D12DK02 D12CK}
Dy = [Dn + D12DKD21:|
Y| <t1,,1)

Nw Ny

Y =Y*t>0,A>0.
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minimize Akt
Ag,Bi,Cri,Dic, Y\t
subject to (6.20)
A A+ ByDgCy ByCik
c —
Bk Cs Ak
. . Bl + BQDKDgl
Continuous time: By = (6.22)
| BxDa

C’cl - |:01 + D12DKCQ Dlch]
Dy = [Dn + D12DKD21}
Y| <t1,,1)

Nw Ny

Y=Y*t>0\>0.

We summarize the overall synthesis procedure in which two SDPs is required to

be solved as follows:

Optimal sparse H., norm controller synthesis

1. Solve (6.18) to obtain P, Q.

P R
2. Construct P5 = , where RR* = P — QL.
R I,

3. Fix P%, and solve (6.21) or (6.22) to construct (Ag, Bk, Ck, D).

cl»

6.4 Numerical examples

In this section, we demonstrate the usefulness of our approach on various types of

systems. As will be seen, in many cases, the gap between our upper and lower bounds
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(DA DDA DA DD

Figure 6.2: Homogeneous chain with n = 5.

is very small, indicating that our relaxations are fairly tight. For the optimization,

we use CVX [35] with SDPT3 [80].

6.4.1 A linear chain

Here we consider a linear chain with 2n + 1 nodes. Each subsystem has one internal
state, and these states interact with adjacent states. We assume that a disturbance
can hit each state with unity gain, and the performance is the total sum of energy in
each state. This resultsin B =1, C = I, and D = 0, and A € R?"*1x2"+1 has the

following form:

(

alrt=il if =
A i=4p ifi=j74+1lori=75—-1,
0 otherwise

\

where we pick a = 0.8, and p = 0.1. See the Fig. 6.2.

Thanks to the system’s symmetry, we can easily obtain the k-sparse H,, maxi-
mizing disturbance analytically. The solution is to select the center node disturbance
channel when k = 1, and as k increases, including the right (or left) closest node from
the center. See Fig. 6.3 for the result. Here the semi-definite relaxation provides an
upper bound and our rounding scheme provides a lower bound. Due to its symme-
try, the SDP relaxation has a hard time to find the actual solution, but interestingly
enough, our rounding scheme returns the true optimal value. We also compute the
H . norm of the system, and the ratio between 1-sparse norm and H., norm is around

0.85.
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k—Sparse H infinity for a chain

9.5 !
9; ””””””””” B
g5 —SDP |
~Rounding
8 —Exhaustive| |
7 5t ~—H infinity |-
T 4 6 8 10

k

Figure 6.3: Sparse H,, norm of a linear chain computed by SDP, rounding heuristic
and exhaustive search.

6.4.2 Random dynamical system

For this example, we construct an Erdgs-Renyi graph with (n, p). The weight of each
edge is drawn from the standard normal distribution to construct A. Here, B = 0.11,,,
C=1, and D =0.

After obtaining values of 20 samples, we plot the mean of the upper bound and
the lower bound (see Fig. 6.4). We also perform exhaustive searches up to k = 5
to find the true optimal value. In this case, we can see that the exact solution has

matched with our rounding scheme.

6.4.3 Synchronization network

To construct the example of a synchronization network, we choose the Petersen graph
for the graph topology.

Based on this topology, we generate two synchronization networks. The first one
is based on the maximum degree rule, and the second one is based on the fastest
protocol synthesis method via semidefinite programming [83|. See Fig. 6.6 and 6.7

for the result.
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k—Sparse H infinity for a random LTI system

60

50 1
—SDP

40r , .
~Rounding

30 ~—Exhaustive| _

20 5 10 15

k

Figure 6.4: Average of sparse H,, norm of random LTI systems computed by SDP,
rounding heuristic and exhaustive search.

Figure 6.5: The Petersen graph.



121

k—Sparse H infinity for Petersen graph with a max degree rule

2 . .
1.8f | | 1
L6 —SDP

' ~Rounding
L% 2 4 ) 6 3 10

Figure 6.6: Sparse H, norm of the Petersen synchronization network with the max-
imum degree rule computed by SDP, rounding heuristic and exhaustive search.

k—Sparse H infinity for Petersen graph with an FDLA

2 ‘
1.5¢ —SDP 1
~Rounding
o 2 4 6 3 10

k

Figure 6.7: Sparse H, norm of the Petersen synchronization network with the max-
imum spectral gap computed by SDP, rounding heuristic and exhaustive search.
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k-sparse k-sparse H, norm
controller 1 2 3 Hoo
1 1.1826 1.3939 1.5078 1.7152
2 1.2289 1.3340 1.4116 1.5258
3 1.2509 1.3539 1.4053 1.5159
Heo 1.3832  1.4172  1.4389 1.5050

Table 6.1: The k-sparse H,, norms of the closed loop dynamics. The controller is
constructed using proposed synthesis method. The minimum value in each column is

highlighted.

6.4.4 k-sparse H, synthesis

To illustrate the effectiveness of our synthesis approach, we apply our method to the

following system:

0.5 0.2 0
A= 0.2 0.5 0.2], B, = [[3 03><3:| ) By = ]3
0 0.2 0.5
I3 0353
C, = , D11 = 0gxe, Di2 = g
_03><3 I

Cy =13, Dy = |:03><3 [3] , Dy = 0343.

Based on our approach, we obtain the controller that minimizes the SDP relaxation
of the k-sparse H., norm using convex optimization. Then we compute the actual
k-sparse H,, norm via exhaustive search to compare the results; see the Table 6.1 for
the result.

Since our synthesis method is based on the SDP relaxation of the k-sparse H.,
norm, the resulting controller may not be the true optimal controller. However, as
we can see, the controllers computed with respect to relaxations of the k-sparse Hoo
norm exhibit better performance with respect to k£ disturbances than the general H .,
optimal controller. In particular, if only %k disturbances are allowed to coordinate
their attack, then we see that if a controller is designed to mitigate the worst case

effect of a larger number of disturbances, this can in fact lead to a degradation in the
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closed loop k-spare H ., norm of the system.
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Chapter 7

Power network analysis

Power network consists of set of electrical power sources, loads and the transmission
lines connecting them. Upon successful steady-state operation, the power network
supplies the demand power from the load. The dynamics of power network has a
different notion of stability depending on the time-scale. For example, in the sub-
second scale, the voltage stability is a primary concern, whereas in the hour level
scale, the power flow balance is more important to guarantee the stability of power
network.

In this chapter, we focus on the stability of the swing dynamics which captures
the transient response of the power network in the second scale. The swing dynamics
concerns the power balance in the power network and failure of such assessment may
result in the significant impact on the power network: cascading failure, a major
source of massive black out.

The stability of the swing dynamics often relies on the large inertia in the syn-
chronous generator and local power system stabilizer, which provides a strong damp-
ing in the power network. However, due to recent integration of intermittent, low
inertia power sources such as solar panel and wind farm, the stability may be com-
promised. These sources are essentially the disturbances to the power network.

Using sparse Ho, analysis tool, we propose a method to locate the vulnerable
nodes in the linearized swing dynamics. Then we verify this result with the more

detailed nonlinear swing dynamics model.
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7.1 System model

Consider a power network modeled by a connected graph (N, &), with a set N of
buses and a set £ of power lines connecting the buses. We assume that the power
network is initially at the steady state (or equilibrium). The nominal frequency is
w?, the voltage magnitude at the ith bus is v;, and the nominal phase angle at the
ith bus is 69. All the variables introduced in the following are deviations from this
nominal steady state.

We consider the linearized swing dynamics in the following form [5, 94]. At the

ith bus,
hiw; = —dw; + w; + Z Py, for the generator bus (7.1)
je€
0= —dw; +w; + Z Pji, for the load bus (7.2)
je€

where w; is the frequency deviation from the nominal frequency w®, h; is the inertia
of the synchronous generator, d; is a damping term from the frequency sensitive load
and power system stabilizer, and w; is the sum of active power injection at the ith
bus. If w; > 0, then ¢th bus has the additional power injection from renewable sources
or unplugged loads, and w; < 0, then ith bus has the excessive power consumption
due to the shortage of the renewable sources or plugged loads.

In addition, P;; is the branch power flow from the ith bus to the jth bus, which

is given by the following dynamics:
Pij = yij(wi — wj), (7.3)

where y;; = % cos(6y — 09), v; is the nominal bus voltage at ith bus, and x;; the
reactance of power line (i, 7).

In order to apply our analysis method, we firstly need to eliminate the algebraic
equation (7.2). This procedure is typically done by the Kron reduction method (see

e.g., |22]) which generates a reduced, equivalent circuit model of power dynamics,
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but this reduced model does not admit the disturbance from the load side. Since we
assume that the load can also be subject to the disturbance, let us develop another
equivalent model.

Let M € RWVIXEl be the signed incidence matrix of the graph (N, &), P be the
branch power flow vector, and wg,w; be the frequency at the generator bus and
the load bus, respectively. Let ng be the number of generator buses, and ny be
the number of load buses. Then, by partitioning M by M; = [[nG ()annL] M,
M, = [OnGXnG InL} M, we have

HCJG = —DGwG + w; + M1P
0= —DLWL + wy + MQP

P=—(YMwe+YM, wp),

where H, D¢, Dy, Y are diagonal matrices whose entries are given by h;,d;,y;; ac-
cording to the indices of wg,wy, and P.

From the second equation, we have
Wi, = DZI(U)Q + MQP)7
and by substituting this back

P = YM/wg+YM, D (wy + M,P)

= YMwg+YM,) D;'MyP 4+ Y M, D} fws.

Therefore we obtain the following state space model of the linearized swing dynamics.

d |wa —H_IDG H_lMl wa n H! 0 w1
dt | p ~YM] —YMD;'M| | P 0 —YM/ D' |w

Before presenting the output variable we use, let us investigate the stability of
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autonomous dynamics @ = Ax. Consider the following Lyapunov function:

.
w H 0 w 1 1
“ “| = ~wlHuwg + P Y"'P.

V(wg, P) =
P 0o Yy ' |P 2 2

N | —

Here the first term is the kinetic energy stored in the synchronous generators, and
the second term can be seen as the potential energy in the power network. In fact,
this Lyapunov function is closely related to the energy function used in [5] to analyze
post-fault transient stability of power network. Notice that since H and Y are positive
diagonal matrices, the above Lyapunov function is positive definite.

By taking the time derivative of V', we have

T -

v 1 |we H 0 —~H 'Dg H'M,
a2 ( 0 Y- ~-YM] —YM,)D;'M,
—DeH™! — MY H 0 w(;_
MIHY —MD;'M;Y| |0 Y1 ) P
_ —Dg 0 e <0
P 0 —M;D;'M,| | P

for all (wg, P), since D¢, Dy, are positive diagonal matrices. Therefore, from LaSalle’s
. . .. d Ve wa
invariance principle (see e.g., [40]), the autonomous system 3 =A con-

P
verges to the invariance set

7 := {(wg, P) : V(wa, P) = 0}.

Notice that V(wg, P) = 0 when wg = 0 and MyP = 0. In addition, from the
dynamics, wg = —Dgwg + M1 P = 0, we can conclude that M; P = 0 for all elements

in Z. Therefore,

I:{((JJG,P)ZWG:O,MP:O}.
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Since M P is the sum of the branch power flow at each node bus, in the invariant set,
the branch power flow is totally balanced at each bus.

In fact, the above invariant set is the null space of A, Ker (A), and the above
Lyapunov function proves that except this 0 eigenvalue, all other eigenvalues of A
have negative real part, i.e., A is marginally stable. Since our proposed analysis tool
assumes that stable A, it may seem prohibitive to apply our tool to linearized swing
dynamics. However it can be shown that this marginally stable mode is uncontrol-
lable. Since we assume that the initial condition is zero, a minimal representation
of linearized swing dynamics, which is stable, can be used. See the appendix of this
chapter for detailed arguments.

For the output variable, since V(wg, P) can be seen as the energy stored in the
power network, we use the following choice of the output:

H'/? 0 wa

z = s
0o Y Y2 |P

c

so that

/Ot (1) 2(r)dr = 2/; V(r)dr.

7.2 Case study: New England benchmark power net-
work

In this section, we apply k-sparse H.,, analysis to linearized swing dynamics, then
identify the potential weak spots of the New England 39 bus system 2|, a widely used
benchmark power network. In addition, we use Power System Toolbox [16], a more
realistic power system dynamics simulator which captures nonlinear phenomena, to
simulate the New England 39 bus system with disturbances returned by our analysis

tool.
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7.2.1 Power network data

The New England 39 bus system originally used in 2] and all the parameters can be
found online [81] or in the book [61].

Fig. 7.1, 7.2 show the configuration of the New England 39 bus system and active
power flow in MW. As the name suggests, it consists of 39 buses, and 9 of them
contain the synchronous generator, and the 39th bus is connected to the rest of the
US power grid. The totaled sum of supplied power is 61.9293 MW, and consumed
power is 61.5050 MW. Detail operating conditions, as well as system parameters, can

be found in [2], and we attach those parameters to the appendix of this chapter.

W L I
25> <25 [ |82 | ] €20

6

6> 4122 T
423>T

“13= s \f \/

o

1

3= 10> YV s a3

@
1 G2 l v »
el Y- se

Figure 7.1: New England 39 power network configuration. Figure from [81].

7.2.2 Linearized swing dynamics

Although most of the necessary parameters for (A, By, C) can be found in the ap-

pendix, the damping terms in the load buses are not provided. In practice, those
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Figure 7.2: Topology of New England 39 power network and active power flow in
MW. Grey nodes are synchronous generator buses.

terms are hard to be found exactly, so we assume a small damping term at each load
bus, d; = 0.1 in order to construct (A, By, C'). All those matrices can be found in the
appendix of this chapter.

For the eigenvalues of A, see Fig. 7.3. There are 7 zero eigenvalues, and real parts

of all other eigenvalues are negative.

Top 10 Eigenvalues of A

Eigenvalues of A

400 : 60 X
"0 ¥ 40}
0
= ¥ > 20}
g % g
c
5 0 * — Kok HECHERBHE S oF * %
o] * ©
E € ool
-200 i B
{ 401
-400 : : : : ) L ‘ ‘
-4 -3 -2 -1 0 1 60.8 6 4 2 0 2
Real x10* Real
(a) All eigenvalues of A. (b) Top 10 eigenvalues of A.

Figure 7.3: Eigenvalues of A in the linearized swing dynamics of the New England
power network. There are 7 of zero eigenvalues coming from Ker (M), and the system
is marginally stable.

We then find the minimal realization of (A, B,,C). The invariant subspace
Ker (A) is eliminated because it is uncontrollable, and this minimal representation is

stable. See Fig. 7.4 for the eigenvalues of this minimal representation.
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300 Top 4 eigenvalues of minimal realization

400 Eigenvalues of minimal realization

*
*
200 i 2007
> % > 100}
g I3 3
> 0 * * * kKKK SHORORRICRERRK £ of
(@] 1 (o))
£ £
£ E 100}
200 1
Ed 200}
*
-400 L L L - - - -300 L L L | | *
-3.5 -3 2.5 2 -1.5 -1 0.5 0 232 231 23 229 228 227 -2.26
Real x10* Real

(a) All eigenvalues of the system matrix in a (b) Top 4 eigenvalues of the system matrix in
minimal realization. a minimal realization.

Figure 7.4: Eigenvalues of the system matrix in a minimal realization (A, B, C).

However, when we use a semidefinite program to compute H,, norm, CVX [35]
together with SDPT3 [80] and MOSEK [1], the solvers fail to find a solution although
the system has the H,, norm as 9.8383, which can be obtained other methods, e.g.,
[7]. We conjecture that this is related to the volume of the relative interior, which
is an empty set when (A, B,,) is not controllable. In order to increase numerical
stability of the interior point method, we apply the balanced model reduction [50] to
the minimal realization.

Fig. 7.5 shows the distribution of Hankel singular values of minimal realization
of (A, By, C). We truncate the system after the 21th Hankel singular value, and the
resulting H,, norm is given by 9.8390. Here the relative error is given by 1%, and we
proceed with our analysis with this truncated system. After this treatment, SDPT3
is able to solve all semidefinite programs for H,., analysis as well as k-sparse Hoo
analysis successfully.

Fig. 7.6 shows the k-sparse H., norm obtained from rounding heuristic and H.,
norm of the system. The gap between k-sparse H,, norm and H., norm is almost
negligible even with a relatively small number of disturbance channel.

We also extract the weak spots in the network based on the solution of each k-
sparse H., analysis and corresponding disturbance using our algorithm in Chapter 3.
Fig. 7.7 shows the time simulation with the disturbance from each analysis. Since
the extracted worst-case disturbance is always sinusoid, after a transient response,

the frequency deviation settles down to the sinusoidal steady state response.
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Hankel Singular Values of Minimal Realization
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Figure 7.5: Hankel singular values of minimal realizations of (A, B, C).
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Figure 7.6: H., and k-sparse H,, norm of the system.

7.2.3 Nonlinear system analysis

In this section, we simulate nonlinear swing dynamics, a more realistic dynamics
model for power grid, of the New England 39 bus system using the Power System
Toolbox [16]. In addition, we apply the worst-case sinusoidal disturbance from 1-
sparse and 3-sparse H,, analysis of linearized swing dynamics to check the effective-

ness of proposed approach, locating the weak spots of the system. For comparison,
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Figure 7.7: Frequency deviation at each bus in the linearized swing dynamics with
the worst-case disturbance. In the k-sparse H., analysis case, the buses subject to

the disturbance are in the legend in each plot.

we also design two additional sinusoidal disturbances. All these disturbances have

the form

w(t) = S cos(0t)wy,

where 3 controls the size of the disturbance, wy € R* with |Jwgllz = 1, and 6 € R.

We summarize the disturbances in the Table 7.1. Here the value in Bus 7 is the value

of [wo);, otherwise [wy]; = 0.

We then apply these disturbances to the system using the Power System Toolbox
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1-Sparse 3-Sparse 1-Arbitrary 3-Arbitrary
0 -0.245 0.3013 0 0.1 0.1
Bus 37 1 0.8799 Bus 1 1 0.8243
Bus 30 - -0.4593 Bus 10 - -0.2085
Bus 25 - -0.1222 Bus 30 - 0.5264

Table 7.1: Disturbance configurations. The bus value in the table is the value in the
vector wy, otherwise 0.

up to 7' = 30s. Fig. 7.8 shows the size of the output measured by \/ftiO z(t)*z(t)dt.
The impact of the disturbances from 1-sparse H, analysis and the arbitrarily designed

disturbance hitting Bus 1 is negligible compared to the disturbance from 3-sparse H.,

analysis.
20
—--1-Sparse
—--1-Arbitrary
e 151 3-Sparse
5 —--3-Arbitrary
c
= 10+
o
>
O 5!
05— 2 1 0 s
10° 10 10 10 10

Disturbance size

Figure 7.8: Output norm comparison with various disturbance size, [.

As we can see, the disturbance from 3-sparse H., analysis has the most significant
impact on the output norm which shows the great potential of proposed approach.
In fact, in the 3-sparse H., analysis case, for the large size of disturbance 5 = 10, the
Power System Toolbox stops the simulation because there is no solution of the power
flow equation. In other words, the system becomes unstable when we apply the large
size of the disturbance from 3-sparse H., analysis.

Fig. 7.9 shows the angular velocity of synchronous generators, w¢, and the voltage
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profile at each bus when we apply the disturbance from 3-sparse H., analysis with
size f = 1,10. When the disturbance size is small (§ = 1), the system remains stable,
and converges to another equilibrium point, whereas when the size is large (5 = 10),
the simulation breaks down after t = 1.0s. As we can see, when § = 10, the bust
voltage starts to collapse, which causes the global instability of the power network.
This phenomena is observed that when we apply the disturbance from 3-sparse H.,
analysis but not when we apply the arbitrarily designed disturbances. This suggests
that the identified buses from 3-sparse H,, analysis are potential weak spots in the
power network, and if this type of disturbance is expected to happen, the power
system operator should design the additional protection mechanism in order to stop

the voltage collapsing, a potential source of massive black out.

Rotor speed of synchronous generators Rotor speed of synchronous generators

68

\¢/ Wi 4 VAR el
6 8 10 . .
Time (s) Time (s)
(a) wg with g = 1. (b) we with g = 10.

Bus voltage profile Bus voltage profile

Bus voltage (p.!

Time (s)

(c) [V with 8 = 1. (d) V| with £ = 10

Figure 7.9: Angular velocity of synchronous generators, wg, and the magnitude of bus
voltages, |V, at each bus when applying the disturbance from 3-sparse H., analysis.
With § = 8, the system becomes unstable.

In summary, we identify the 25,30, 37 buses as the vulnerable spots of New Eng-
land 39 power network as well as the worst-case disturbance using our proposed sparse
H, analysis tool, and show that with large size of disturbance, we can collapse the

voltage which may cause the global instability of the corresponding power network.



136
This case study suggests that our proposed analysis tool may serve as a tool for ad-
dressing robustness of the power network by identifying vulnerable buses, although
more in-depth study with various real power network operation data is needed to

confirm the effectiveness of our approach.
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Chapter 8

Conclusion and Future work

So far we have developed a novel mathematical foundation for robust control theory.
Based on our new observation on a set of Gramians, extended H., analysis is pro-
posed to handle various disturbance models that can be described by the quadratic
information of a system. Moreover, this Gramian based approach is also proven to
be effective for well-connectedness analysis. An SDP duality theory together with
our key lemmas on Gramians gives us a fruitful, rich extension of existing results and
unifies the proofs in an elegant fashion. Therefore, it may be possible to open up new
research directions by leveraging this novel formulation. As one such example, sparse
H~ analysis is proposed, and its SDP relaxation as well as an optimal controller
synthesis method is developed. Finally, sparse H., analysis is used to identify the
potential weak spots in the power networks, and the case study shows the potential
of this approach.

Here are possible future research directions.

e New robustness measure

In H., analysis, the objective function is an output norm, which is a linear
function of Gramians and this objective function results in an SDP. Since the
feasible set is convex, any convex function of Gramains results in a convex

program to solve. For example, the following objective

log det (Z :c[k]x[k}*)

k=0
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can be represented by a Gramian V =3 .~

logdet([[ o} 1% [[ o})

Compared to the norm type objective such as Y, z[k]*z[k] = Tr( [[ 0} 1% [[ 0] ) ,
the above log-det objective quantifies the “area” of ellipsoid spanned by the state
x, instead of focusing on the total size of each directions. With the unit norm

disturbance, ||w]||2 = 1, the corresponding robustness analysis becomes

maximize  log det ([I 0} v [I OD
subject to [A B}V[A BT: [I
w(lo o] vfo 1) =1

V=0,

Jv ] of

which is a max-det optimization [82], which is a convex program that can be
solved using a polynomial time algorithm. In addition, the dual program of

(8.1) is given by

minimize A —logdet(S) —n

A*PA—-P+ S A*PB
subject to <0 (8.2)

B*PA B*PB — A\

S >0,

where n is the dimension of the state x. For comparison, consider the dual

program of H,, analysis with C' = I,,, and D = 0:

minimize A
PA

| A*PA—P+C*C  A*PB (8.3)
subject to =<0.
B*PA B*PB — )\l
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Since C*C = 0, we can easily see that if we choose S = C*C' in (8.2), then the
(8.2) and (8.3) are equivalent. In this point of view, the adversary not only tries
to design the disturbance to maximize the overall gain of the system, but also
design the output measurement matrix C'. In terms of the primal optimization
(8.1), since the goal is to maximize the area of the ellipsoid >, z[k]z[k]*, the
adversary does not know which output is going to be chosen, and so maximizes
the entire area, hoping that any measurements are equally bad. Depending
on the application, this new type of robustness analysis may be useful. Other
objective functions can be used, and as long as the objective is convex in terms

of a Gramian, the corresponding optimization remains as a convex program.

Efficient algorithm for robustness analysis

Although all the optimization and LMI test in this dissertation in the form
of convex optimization, it heavily relies on the semidefinite programming. A
generic semidefinite programming solver can handle only up to hundreds of
variables. This being said, for a large scale system, the existing off-the-shelf
algorithm may not be an appropriate tool for robustness analysis. Fortunately,
in the KYP lemma case, exploiting special structures in the LMI results in
an efficient algorithm [8, 63]. Therefore, it may be possible to exploit the
structure in the LMI from extended H., analysis, sparse H., analysis, and well-
connectedness analysis, to design an efficient algorithm. More importantly, if
the system has special properties, such as positivity, it has been shown that the
variables in the LMI can be reduced significantly |78, 66]. Therefore exploiting
structure may allow us more scalable, and efficient algorithm for robustness

analysis.

Extension to nonlinear systems

For the polynomial system, for example, z[k + 1] = az[k] + axx?[k] + wlk],
(22,2%) (2%,2) (2% w)
we can also define the Gram matrix V = (z, x2> (x,z) (z,w)| =0, and

(w,z?)  (w,z) (w,w)
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find a necessary condition for V. In the linear system case, this also provides
a sufficient condition, but in the nonlinear system case, we may have to go up
higher dimension including 3, 2%, and so on. This may give us the natural

hierarchical approach to a nonlinear input-output analysis.
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Appendix A

Proof of Lemma 3.1 and 3.3

A.1 Useful facts from linear algebra

The first formula we need is Gelfand’s formula [31], which relates a matrix norm || A||

and the spectral radius p(A). The proof can also be found in [44].

Theorem A.1 (Gelfand, 1941): For all A € C™", klim | AR ||V/F = p(A).
—00

An example of a matrix norm includes the operator norm of A,

[Ally2 = sup [[Az]ls = omax(A),

l[=]l2=1

where ||z||; = Vz*x, and opax(A) is the maximum singular value of A. Throughout
in this appendix, we shall use this norm for a matrix.

The following observation is also useful.
Proposition A.1: Forz,y € C", ||lzy*||r = ||z]l2]|yl|2-

PROOF: ||zy*||% = Tr((xy*)*(yz*)) = ||lz|3/|yll3- m

A.2 Extreme points of Dspp

The following lemma is crucial to analyze the extreme points of Dgpp.

Lemma A.1 (Rantzer, 1996): Let F,G complex matrices with same dimensions.

Then FF* = GG* if and only if there exists a unitary matriz U such that F' = GU.
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PROOF: The original proof can be found in [65], but we present alternative proof
based on singular value decomposition. Since F'/F* = GG*, the left singular vectors of
F and G are the same and so are singular values. Therefore F' = U XUy, G = ULXUS,
where Uy, Up, Ug are unitary matrices. By setting U = UgUj,, we can conclude that

F = GU. For the converse direction, FFF* = (GU)(GU)* = GUU*G* = GG*. n

From the above lemma, we can conclude that any non-zero element in Dspp can

be represented as a sum of rank one matrices in Dgpp.

Proposition A.2 (Rank one decomposition): ForallV € Dgpp C H™ " there
exists Vi, Vi.1n, € Dspp such that V = Zzgn“’ Vi and rank (V) < 1 for
k=1, ng+ ny.

PROOF: Suppose V € Dgpp. Since V = 0, we can decompose V = V1/2V/1/2 Then,

from

|:‘[77/x OanTLw] V1/2 V1/2 |:Inx Onxxnw:| = [A B:| Vl/2 V1/2 [A B] I

J/ J/ . N J/
-~ -~

F F* G G*

there must exist a unitary matrix U such that
L O | VY2 =[a B]VU

Being unitary, U = >, _, e uguj. Let Vi = VY 2u,u; VY2 = 0. Clearly, rank (V;) <
1. Moreover, >, Vi, = V23" VY2 = VI2V12 = v,
Finally, since [[nz Onzmw} VY2, = [A B} V12U, = el [A B] V2,

we have []nw Onxxnw] Vi [[nw Oannw} = [A B] Vi [A B] which shows V}, €

Dgpp. ]

Note that the eigenvalue decomposition of V' may not work because there is no guar-

antee that each eigenvector of V' is in Dgpp.
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A.3 Extreme points of Cspp

The following lemma is crucial to analyze the extreme points of Cspp.

Lemma A.2 (Rantzer, 1996): Let F,G complex matrices with same dimension.
Then FG*+GFEF* = 0 if and only if there exists a unitary matriz U such that F+G =
(F—-G)U.

PROOF: Notice that FG*+GF* = 0 is equivalent to (F+G)(F+G)* = (F—G)(F —

G)*. Invoking Lemma A.1, we can conclude the proof. n

As in the discrete time case, any element in Cspp can be expressed by a sum of

rank one matrices.

Proposition A.3 (Rank one decomposition): For allV € Cspp C H™ ™ there
exists Vi, , Vi, iny € Cspp such that V = > "1™ V; and rank (Vi) < 1 for k =

Lo my + N

PROOF: Suppose V' € Cqpp. Since V = 0, we can decompose V = V1/2V1/2 Then,

from

L O | V2V B 4[4 Bl VEVEL 0, ] =0,

N / \\ J/ (. / \\ J/
-~ -~ -~

—
F G* G F*

there must exist a unitary matrix U such that
[A+ I, B} V2 [A 1, B} V2
Since U is unitary, U = Y, _, e%upu}.
Let Vi, = VY2uu;VY? = 0. Clearly, rank (V) < 1. Moreover, >, Vi =

VIS upupVY? = VI2V12 = V. Finally, from

A+ 1. BV =|A-1, B|VVUw =% |A-1, B|Vu,
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we have

(on s]reud ([aes, o) veon)

= ([a-5. B]vu) ([a-1, B]Vu)

By rearranging terms, we can conclude that

*

4 BVl 0] + [ 00| Vi[a B] =0

and this shows V, € Cgpp. n

A.4 Some useful bounds on the size of A* and e4

In this section, we will show that for all positive integers p, > ;- HA"’HS , < 00 when
A is Schur stable, and fooo ||eAtH§ ,dt < oo when A is Hurwitz stable. These facts are
being used to control the transient error terms in the main proof.

From Gelfand’s formula, Theorem A.1, the following consequence is immediate.
Proposition A.4: Suppose p(A) < 1. For all integers p > 1, > 7~ HA’“HZQ)2 < 00.

PROOF: Let € = (1—p(A))/2 > 0. Then from Theorem A.1, there exists N € N such
that

|45, < (p(A) + €)",

for all K > N. Then,

oo N oo N 00
DA, = oMM+ D A%, < DU lIAMG, + D (p(A) + ).
k=0 k=0 k=N+1 k=0 k=N+1

Since p(A) + € < 1, the second term in the last inequality is finite. -

For the continuous time case, we need the following bound on e4*. The summary

of this type of result can also be found in [36].
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Proposition A.5: For a square matriz A, let p = max;{Re(\;(A))}, where Re(\;(A))

are the real part of ith eigenvalue of A. Then for any o > p, there exists a constant

B such that

AtH at
el < Be”.

PROOF: Let the Jordan canonical form of A = TJT~!. Then e4* = Te/*T~!. Recall
that the matrix exponential of the ith Jordan block with the multiplicity k is given
by

1 k-1
1 =
eJZt — €>‘it .
0 1
Since Re()\;)—a < 0, we can conclude that lime~*e’i* = 0, and therefore lim e~*te/t =
t—o00 t—o00

0. Notice that

lete®]ly, = llemTe" T, < Ul (|77 e,

dl
2,2

Therefore 1tli}m He_ateAth = 0, and from continuity, there exists  such that
le=e™]l,, < 8. .

The above proposition shows the exponential convergence nature of HeAt”2 , Wwhen A
is Hurwitz stable. By leveraging this fact, we can show that HeAtH2 , 18 in L, a set

of pth power integrable functions.

Proposition A.6: Suppose A is Hurwitz stable. For all integersp > 1, fooo HeAtHZ ,dt <

Q.

PROOF: Let u = max;{Re(\;(A))}, where Re()\;(A)) are the real part of ith eigen-

value of A. Since A is Hurwitz, p < 0, we can therefore find o such that p < a < 0.
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From Proposition A.5, there exists [ such that
At t
le*]l,,5 < Be™.

Then,

[e's) o] ﬁp
eM|D dt < | prectldt = ——,

2,2
0 ’ 0 ap

since a < 0. =

A.5 Proof of Lemma 3.1

A.5.1 Technical lemmas

In this section, we provide technical results to find a bound on the terms appears in
the proof of our key lemma, Lemma 3.1. Since we only consider a stable LTI system,

the system dynamics A is assumed to be Schur stable. Recall that x = Mp(w), if
z[k + 1] = Az[k] + Bwlk],

where z[0] = 0, z[k] € C"*, w[k] € C™.

The first result concerns a finite truncation of A(u):

Proposition A.7: Suppose w has finite number of non-zero entries. For any e > 0,

there exists N € N, such that for alln > N,

JAMLs (W), W) — A, (Map(w), W)l < &.
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PROOF: Let x = Mypw, and T = argmin{7T : w[k] = 0,for all k > T}. Then
xlk] = AR Tx[T] for all k > T.
For N > T, we have

[AMap(W), W) — An(Map(w ZA’“ T[T (A aT))"

< ZHAk TomI3 < AN LTRSS A4,
k=0

w)llp =

F

From Proposition A4, Y 72 HA”C 2

H2,2 < 00. Therefore

Jim [AMLip(w), w) = Ax(Mag(w), W)l =0,
since lim [|[AN=Tz[T]||3 = 0.
N—oo

Recall that any signal in x € Iy, limg_,o ||2[k]||]2 = 0. Therefore, the infinity norm

1|0 = maxy [[z[k][2 < oo.

Proposition A.8: Let x,w € I, and y € ly such that y[k] = A*yy for all k > 0.

Then there exists a constant C' such that

IAGe+y, w) = AGx, w)| < Cmax{ (%l + [Wlloo) [3oll2; [l50l3}-
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A(x+y.w) = Al W),

M 10

e
I

0

3o
k=0

+
I

olt] +ylR)] [tk + 90|

I wlk] w(k]

y[K] xm*+ ok [ylk)

| 0 w|k] w[k]_ 0
2[k] [k

Since x, w € [y, we have

Z2lly[k]llz\/llﬂf[k]lli + [[wlk]13 + [ly[K]]

ECIREGIR

it {wikl| |
IECIRECIE

a L 0 O F

2
2-

\/Hx[k]l\% + [wlK][5 < lIxllo + [[Wlloc,

for all k. Moreover, since y[k] = A*y,, we have

A +y, w) — A, W)l

o0

IN

k

=0

o0

IN

k

IN

where C' = ZZOZO 2||AkH2+HAk

the proof.

=0

I,
2,2°

A.5.2 Proof of Lemma 3.1

D 20xloe + 1w lloo) 14 o1z + 14 013

C'max{(]|x[loc + [Wlloo)l[%o]l2, lolI2}.

> 201l + [1Wlloo) [[A5[|, 5 l1molla + [14%]]5., l19oll3

From Proposition A.4, C' < 0o, and this concludes

Now we are ready to prove Lemma 3.1. The main idea of the proof is as follows.

e Firstly, we will show that any rank one matrix in Dspp can be generated by a
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Input 1 State 1 Input 2 State 2

W A O

Figure A.1: Examples of inputs and states for V' in Proposition A.9. By controlling
the size of the input, the contribution from the transient response can be made small.

sinusoidal input w. However since sinusoids are not in Iy, we construct an [,
signal which approximates the sinusoidal input using finite number of non-zero
entries. In H., analysis [25], the worst case signal is sinusoid which is not in ls.
So one has to approximate this sinusoid using an [, signal and the supremum is

not achieved. Therefore, this procedure should not be surprising.

e For a matrix in Dspp with arbitrary rank, we use Proposition A.2 to decompose
it to rank one matrices in Dgpp. Since rank one matrices in Dgpp can be
approximated by an input with finite non-zero entries, we pad them together to
approximate the target matrix in Dspp. This padding idea also has been used

in robustness analysis with linear time-varying uncertainty [74].

Input 1+ 2

State 1+ 2

Figure A.2: Example of inputs and states for V' in Lemma 3.1. By padding inputs,
we can approximate a matrix in Dgpp arbitrarily close.



150

Proposition A.9: Suppose V € Dgpp, and rank (V) < 1. Then for all € > 0, there

exists w with a finite number of non-zero entries such that

IAMw, w) — V][ < & (A1)

AW) = [ ]V [0 1] (A.2)

PROOF: Suppose V = 0. Then w = 0 satisfies (A.1) - (A.2).
Now, suppose V' € Dgpp and rank (V) = 1. Then there exists x5, w, such that

Ts Ts .
V= . Since V' € Dgpp, we have
Ws Ws
r = * *
1 | Ts T * T T *
A B [A B} = |:[nz Onzxnw] |:[nz 0“z><”wi| )

T Ws Ws Ws Ws
f I* g g*

and from Lemma A.1, there exists # € R such that ez, = Az, + Buws,.
Let wy be

\/LﬁeiekwS fO<k<N

0 if N <k.

U)N[k] =

Then wy has N number of non-zero entries. In addition, A(wy) = Yoo wy[klwn[k]* =
S wn [kwy [k = wawt = [Onwm,c ]nw} V [Onwmw [nw} , and therefore wy sat-
isfies (A.2).

For x = Myp(wy), let us define the following signals, x, and xj,:

L ik if 0 <k<N
TNE s if 0 <

zplk] = N )
\/LNAk_NeleNxs if N <k,

l‘h[k}] = —
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where x,, is the particular solution due to the input wy, and x;, is the homogeneous
solution due to the initial condition z[0] = 0. We can easily check x = x,, + x; by
substituting it to z[k + 1] = Ax[k| + Bwl[k].
Notice that

Therefore,

[A(xp, wN) = V][F = Z
k= wN[k’] wy (K]

1 || | Afxg | | ARy IS e o

N2 < 5 2 4k

0 0 k=0

= 2 ol F
> 1415,
—_——

Cy

IN

IN

where €] < oo from Proposition A.4. Finally,

[A(x, W) = V= [[A(xp +xp, Wy) = V|£

INE

(
1A%y, W) = V[ + [[A(x + xn, W) = Ay, wa)| 7
o,

213

N

—~
=
=

IN

+ Cymax{([[xp ]l + W llo) 12 [0]ll2, [l 0][12},

for some positive constant Cy < co. Here (a) is from the triangle inequality and (b)
is from Proposition A.8.
ince the initial condition of the homogenous solution z,[0] = ——<x,, we have
Since the initial condition of the h luti 0 7 h
zp[0]]]2 = —=||7s|]2- In addition, from the definition of x,, we can easily see tha
0 Vi In addition, from the definition of x, ily see that
Xplloo X —=. combining all these bounds, we can conclude that there exists a
» \/lﬁBy bining all these bound lude that th ist

positive constant C' which only depends on A, x,, w, such that

C
[AMap(Wn),wn) = V|r < N
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Therefore, A}im IAMag(W)n,wWn) — V| F=0. -
—00

Now we are ready to present the proof of our key lemma, Lemma 3.1, which

considers V' with an arbitrary rank.

PROOF (PROOF OF LEMMA 3.1): From Proposition A.2, V = >"""V; where V; €
Dgpp, and rank (V;) < 1. Let us rearrange these terms, so that V =37 | V; where
rank (V;) = 1. We now use an induction argument on 7, that is there exists w with

finite non-zero entries such that

IAMyg(w),w) = V]p<e

O L]V O, L] = Alw),

for all € > 0.
Suppose r < 1, then from Proposition A.9, the proof is done.
Assume the induction hypothesis holds. Then for E:;ll Vi € Dspp, there exists w

with finite non-zero entries such that

r—1
. 1
A(MAB(W),W)—Z% < ZFE,
i=1 F
r—1 %
AE) =3 [0nns Lo Vi [0, 1]

Similarly, for V,. € Dspp, there exists w with finite non-zero entries such that

1
[AMW, %) = Vill < 42,

A= [ 1] e o 1]

Let T = argmin{T : w[k] = 0, for all k¥ > T'}. From Proposition A.7, we can find
Nj such that

AV (), ) = Ay (Mg (), )] < e
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for all n > Nj.

Consider the following signal w
wlk] ifO<k<N+T
wk—N-T] if N+T <k,

where N > Nj. Clearly, w has a finite number of non-zero entries, and A(w)

A(W) + A(W), which shows
A) = [0 Loa |V [0in, 1]

Let x = MAB(\X/), X = MAB(W>, and x = MAB(W). Then,

(

(K] fo<k<T

L

z[k] = { AFTF[T) HfT<k<N+T

Bk — N —T]+ ATFT] f N+T <k

A(X> W) = AN+T(3~Q W)
N f: ik = N = T]+ AFTET] | | ilk — N = T] + A*TZ[T]
k=N+T wlk — N —T) W[k — N —T]
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Therefore,

[A(x, W) = V|[F
r—1
< AvsrE W) =D Vil + ARy, W) = Vil
=1 F
r—1
< HAN+T(5&7 ‘X’) - A<i7 vI’)HF + A(i,ﬁ/) - ZV;
i=1

F
A +y, W) = AR W)[p + AR W) = Vi[5

3 . X
< e+ Cmax{(|&]l + W]l 19[0]ll2, lly[0]]153

where the first and second inequalities are from the triangle inequality, and the last
inequality is from Proposition A.8.

Notice that X, w do not depend on N, the spacing between w and w in w, whereas
ly[0]|]2 = ||ANZ[T]||. Therefore, the second term in the last inequality goes to zero as
N — 00, and by taking sufficiently large N, we can bound the last term by ie. Now

it is easy to see that V= A(x,w) gives the result. -

Remark A.1: The above proof constructs an input w which approximates V € Dgpp.
In terms of optimization, once we obtain the optimal solution V* € Dgspp, we can

always find an input w € ly that achieves the same optimal value in the limit.

A.6 Proof of Lemma 3.3

We basically need to modify the previous result to the continuous-time setting, but

the proof strategy is identical.

A.6.1 Technical lemmas

For a Hurwtiz stable A, recall that x = M yp(w) if

dx(t)
dt

= Ax(t) + Bw(t),
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where 2(0) = 0.

Likewise, the first result considers the finite truncation of A(u):

Ar(u) = /0 u(t)u(t) dt.

Proposition A.10: Suppose w € Lo has finite support. Then, for any € > 0, there
exists T' > 0, such that for allt > T,

[AM4p (W), ) — Ay(M.ag(w), W)l < <.

PROOF: Let x = Myg(w), and 7 = argmin{7 : w(t) = 0,for all ¢ > 7}. Then
z(t) = At g(7), for all t > 7.

For T > 7, we have

[AMAp(W), W) — Ar(Map(w), w)]|

/ eA(t_T)x(T)x(T)*eA*(t_T)dt‘ §/ HeA(t_T)x(T)Hidt
T F T

< ATl [ et

From Proposition A.6, [~ HeAtH; , dt < 0o. Therefore
T Mg (), ) — Ar (Mo (), W)l =0,

and together with continuity, this concludes the proof. =

Recall that any signal in x € Lo, the infinity norm ||x||,, = ess. sup,||z(t)||2 is

finite.

Proposition A.11: Let x,w € Ly, and y € Ly such that y(t) = e*yy for all t > 0.
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Then there exists a constant C' such that

[A(x +y, w) — Alx, w)|

< Cmax{(Jx]loc + [Wllso) I5oll2 [lwoll2}-

PROOF: Notice that,

o y<t>] [x(t] +[x<t>] [y@) +[y@) {y@) B
t=0| 0 w(t) w(t) 0 ] 0 0

. F

< [0 o] || [e0] [s0] |,
S 0 | [w®)] |, 0 0.

= [ 21Ol O + w13 + (o e

Since x, w € Lo, we have

' t 2 2 = o) 00+
ess. supy\/[lz(t)[13 + [[w(t)[3 < [1x[|lo + [IW]
Moreover, since y(t) = eyy, we have

A +y,w) = A(x, W)l

| 2l + Il e ol + ol
0

IA

IN

| 2 ) [ ol + e

< Cmax{(x[l + [Wllo) l50l2; llmoll},

where C' = [ 2 HeAtH2’2+ HeAt”;2 dt. From Proposition A.6, it is clear that C' < co.m
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A.6.2 Proof of Lemma 3.3

Now we are ready to prove Lemma 3.3.

Proposition A.12: Suppose V € Cspp, and rank (V) < 1. Then for alle > 0, there

exists w with finite support such that

IAMup(w),w) —V|]r<e (A.3)
AW) = [ o]V [0 1] (A1)

PROOF: Suppose V = 0. Then w = 0 satisfies (A.3) - (A.4).

Now, consider V' € Cspp such that rank (V) = 1. Then there exists x,, ws such

*

Tg Tg
that V = . Since V' € Cspp, we have
w | | ws
T Ty * Ts Ts *
Wy Wy Wy W
b g v P

and from Lemma A.2, there exists # € R such that Az, + Bw,+x, = ew(Axs + Bwg —

7). In other words, (¢ + 1)z, = (i — 1)(Ax, + Bw,).

Firstly, let us consider the case where 6 # 0. In this case, z:Z—f}xS = Az, + Bw,.

.. . elf11 . . . - elf 11
In addition, since St is purely imaginary, let w = Im(ew_1 , then

iwr, = Az, + Bws.

Let us define wy

Lewty, f0<t<T
wr(t) = VT
0 it T <t
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It is easy to see that A(w) = [~ w )*dt = wsw?, and therefore w satisfies (3.15).

For x = M yp(w), let us define x, and xj, such that

1 jwt i
o) = N fo<t<T
\/LfeA(t*T)ej”sz if T <t,
1
zp(t) = _ﬁeAtha

then x = x, + x;,. Notice that

and this shows

p(t) | | 7p(t)
IA(x,, wr) = V|F = / r dt
r(t)| |wr(t) h
<5/
< l/mue =Ty |24t
= T T S22
<

1 oo
el [ e e

& J/
-~

C

Here '} < oo from Proposition A.6. Now we have

[AGx, wr) = V|p = [|A(xp +xn, Wr) = V|7

(@)

< A, W) = Ve + [[A(Xp + Xn, wr) — A%y, Wr )|

© N3

< Crm— + Comax{([3%]loo + [Wrlloo) |24 (0) ]2, [l2 (013},

- T
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for some positive constant Cy. Here, (a) is from the triangle inequality and (b) is from
Proposition A.11. Recall that ||x,||« o \%T, |Wrlloo = \/LTHwSH7 |zr(0)]]2 = ﬁ”xsﬂ

Therefore,

1

max{([%p[lo + [[Wrlloo) [0l [1Ro]3} o¢ =

By combining all these bounds, we can conclude that there exists a positive constant

C which only depends on A, z,, w, such that

Q

IA(x, wr) = V][ < =

~

Therefore

lim [|A(x,w7)—V|r =0,

T—o00

and this concludes the proof for 6 # 0.
Now consider the case # = 0. Then, Az, + Bw, + v, = €%(Az, + Bw, — z,)

*

implies x, = 0. This shows the rank one matrix V' = for some w,. In
W W

fact, @ = 0 corresponds to w = +00. So the main idea is to choose large enough w to
approximate +oo.

Since A is Hurwitz stable, iwl — A is invertible for all w € R. Let z, =

Ts| | s

(iwl — A)~'Bw,, and V= > 0. Then V € Cspp, and rank (V) < 1.

Ws | | Ws

Furthermore, there exists 6 2 0 such that w = ﬁ. Therefore, we can apply the

construction in the case § # 0 (w # +00) to find w with finite support such that
IAM (W), w) = V|r < 5 and satisfies (A.4).
Finally, notice that

A A A

Tw

» %

IV =Vllr= < 1213 + 2012 |2 llws|l-.

F
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Since lim ||(iwl — A) 7, , =0, and ||Z5||2 < [[iw] — A) 7|, , || Bws]|2, there exists w
Ww—00 ’ ’
such that ||V — V||p < 1e.

Therefore, we can conclude that
IAM4p(w), W) = V|[p < [A(Map(w),w) = Vg + ||V = Vr <e. n

Now we are ready to prove Lemma 3.3.

PROOF (PROOF OF LEMMA 3.3): From Proposition A.3, we can decompose V =
> =1 Vi where V; € Cgpp, and rank (V;) < 1. Let us rearrange these terms, so that
V =3, Vi, where rank (V;) = 1. We now use an induction on r, that is, for any r

and € > 0, there exists w with finite support such that

IAMup(w),w) —V]r<ce (A.5)

AW) = [0 Lo |V [0n, 1] (A.6)

Suppose r < 1, then from Proposition A.12, the proof is done.

Now assume the induction hypothesis holds. Then for z:;ll V; € Cspp, there
exists W with a finite support such that (A.5) with £ and (A.6) hold. Similarly, for V.
let w satisfies (A.5)-(A.6). Let 7 = argmax{7 : w(t) = 0,for all ¢t > 7}. Then from
Proposition A.10, there exists 7" such that for all t > T,

1
AV, W) — Ao(MW, W)]| < e
Consider the following signal wy:
w(t) fO<t<N~+T

wy(t) =
Wt —N—-T) f N+T<t

Clearly, wy has finite support, and A(wy) = A(W) + A(W), which shows

A<WN) = |:Onw><nx Inw:| V |:0nw><nm Inw] *
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Now, let x = Mw, X = MW, and xy = M p(w). Then,

#(t) if0<t<T

T (t) = § eA-TIE(T) fT<t<N+T

Notice that

where y(t) = e
Finally,

||A(XN7 WN) - V”F

—
S
N

Ayr(X, W) — Zv +||Ax+y,) Vellp

AR, W) Zv
FAXK+y, W) — AX, W) + [[AX, W) — VrHF

© 3 X )
< get Cmax{([Rlleo + [Wlso)ly(0)ll2, [l (0) 2},

IA

[Anir(X, W) — AX, W) +

where (a) and (b) are from the triangle inequality, and (c) is from Proposition A.11.

Therefore,

lim [[A(Mag(wn), wy) — V][p =0,
N—

and this concludes the proof. =
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Appendix B

Proof of results in Chapter 5

B.1 Proof of Proposition 5.2

The proof of Proposition 5.2 relies on the compactness of the feasible set of the
optimization (5.2). Recall that the feasible set of (5.2) is the closure of the following

set

On XNy On Xn, In On XNy On X1 In

{V:V € Dgram, ! re ! g v g € Fa} Discrete time
an XNg Inq an XNp an XNg Inq an XNp

*

On XNy On Xn, In On XNy On X1 In

{V:V € Cqram, ! re g g v : € Fa} Continuous time,
an XNg Inq an XNp an XNy ]nq an XNy

where

BzA(Z) :Oa 1= 17 , b,y

Tr(Zy) = 1}.

Here, Fa is being used for the constraint (p,q) € Ra and ||p||3 = Tr(Zy;) = 1.
The following proposition states that Fgram is bounded.

Proposition B.1: F.,, is bounded.
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PROOF: Let V' € Fyam. Then there exists a signal triplet (x,p,q) and A € A such
that

x = Mq
q = Ap
Ipll = 1.
Since [[Ally, < aa, we have
lallz < aa.

In addition, since M is stable, [|[M]|,, = 8 < oo (see e.g., [26]), and

X[l < Bllall < aap.

Therefore,
Tr(V) = Tr(A(x,q,p)) = [Ix[5 +[lall3 + [pl5 < aaf +aa +1 < oo,

which concludes the proof. =

Now we are ready to present the proof.

Proposition B.2: na (M) = 0 if and only if there exists V in the feasible set of (5.2)
such that

m(lc b -1,|V[c p -1,]) =0

PROOF: Since the feasible set of (5.2) is the closure of Fyam, the feasible set of (5.2)
is compact. Since the optimal value of (5.2) is bounded below by 0, from the extreme

value theorem (see e.g., [68]), we can conclude that (5.2) has the solution. n
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B.2 Proof of Proposition 5.3

This section contains the proof of Proposition 5.3.

Proposition B.3: For all V in the feasible set of (5.2) such that (5.4) holds, there
exists W such that

]nm Onx XNgq ]nt Onx XNg
V= anxnz ]nq w anxnz Inq
C D C D

PROOF: Recall that any V' in the feasible set of (5.2) is positive semidefinite. Let us

*

T Tk
decompose V=3, ¢, | | qe| - Here ax, g, pr are vectors, not signals. Then from
Pr| Pk
(5.4),
(¢ p -1,|v]c D -1,]) =0,
we have

> " |ICxy, + Day, — pell3 =0,
K

which implies C'xy, + Dqr = pi. Therefore,

*

k
Cxy + q Cxy + Dqy
InT Onx XNg * ]nx OnT XMNgq
Tl T
- an XNy ]nq Z an XNy ‘[nq u
E |9k dk
C D . C D
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B.3 Proof of Proposition 5.7

Proposition B.4: [26] There exists ||All,, < 1 such that q = Ap if and only if

lallz < [pll2-

PROOF: Suppose there exists [|A[l,, < 1. Then,

lallz = 1AP[l2 < 1Al [Pl < [Pl

Conversely, suppose ||q|2 < |[p]l2. For p # 0, let A(r) = {22 q. Then A(p) = q, and

Ipll3
(p,r) (p,1)
[Ally, = sup [[A(r)lla= sup ||7==4q| = sup |T—=|llall,
Iefla=1 Ielo=1 || IPI3 “llo o=t | IPII3
[x]l2]lpl]2 lall>
< sup ———5— [laf[, < <1
iell=1  IPI3 >~ el
If p=0, then q=0 and A = 0. n

B.4 Proof of Proposition 5.8

Firstly, let us consider the following result.

Proposition B.5: Let u,v € C". Then the following statements are equivalent.
(i) u*u > v*v and u*v = v*u.
(i) There exists H € C™" such that H = H*, ||H||,, <1, and v = Hu.

PROOF: (ii) = (i) is easy to check. So let us consider (i) = (ii). If u*u = 0, then

H = 0 satisfies (ii).

Now suppose u*u > 0. Without loss of generality, we can assume u*u = 1.
Otherwise we can scale i = 4, 0 = —%—, and H = £
flll2 flell2 llull2

Let a = vw*v. Then a = u*v = v*u = u*v = «, which shows « is a real scalar. In

addition, |o] = |u*v| < ||ul|2||v]l2 < 1, since ||v]]s < ||ull2 = 1.
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Consider 7 = v — au. Clearly, r*u = 0, i.e., r and u are orthogonal to each other.
If r =0, then v = au, and H := aquu* satisfies (ii). Suppose r # 0, then the following
choice of H,

*

rr

H: =« (uu* — ) + ur® +ru*,

r¥r

satisfies (ii). The reason is as follows. Firstly, since « is real, H* = H. In addition,

since r*u = 0, Hu = au + r = v. Lastly,

« a
H? = (quu* — —rr* +ur* + ru*)(auu® — —rr* + ur* + ru*)
rrr r¥r
o?
= *uu* + our® + —rr* — aru® — aur® + (rrjuu’ + aru® +rr
r*r
* 2
Tr 4o
= (r*r + o) uu* + ———rr*
r¥r

*

Since r*r = (v — au)*(v — au) = v*v — a?, we have

*

H?* = (vv)uu* + (v U)_||7"H2_||7”||2

Y

which shows that the maximum singular values of H is ||v||3. Since ||v|ls < [Julls = 1,

we can conclude that [[H||,, < 1. n

Now we are ready to present the proof.

Proposition B.6: There exists [|All,, < 1,A = A* such that q = Ap if and only if

lallz < |lpll2 and (p,q) = (q,p).

PROOF: Suppose q = Ap where A € A. Then from Proposition 5.7, ||qll2 < [|p|2-
Moreover, (q,p) = (Ap,p) = (p,A'P) = (p,Ap) = (p. q).

Conversely, consider an orthonormal basis V for T := span{p, q}, subspace of [ or
L. Let d =dim7 <2, and Ly : T — C? be a coordinate representation of a vector
in 7 with respect to the basis V. For u = Ly(p),v = Ly(q), since V is an orthonormal
basis, we have u*u > v*v and u*v = v*u. Therefore from Proposition B.5, there exists

H such that [|H|,, <1, H = H*, and v = Hu. Then for Ay := L' HLy, we have
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A7l < 1,Ar = A% and Ay(p) = q. We can extend the linear operator A to the
T

entire space using the projection operator Il : ls — 7. Let

A(r) = Ar(Iy(r)).

It is routine to check A satisfies (ii). n

B.5 Proof of Proposition 5.9

Proposition B.7: There exists [|All,, < 1,A + A" = 0 such that q = Ap if and

only if ||all2 < [pll2 and (p,q) + {(q,p) = 0.

PROOF: Suppose q = Ap. Then |[qll> = [|Ap|l2 < [[All,, [[pll2 < [[pll2. Morover,

(p,qa) = (p,Ap) = (AP, p) = —(Ap,p) = —(q, p), which shows (p,q) +(q,p) = 0.
For the converse direction, suppose ||q||2 < ||p||2 and (p,q) +(q, p) = 0. Consider

q = iq. Then ||q|]2 < ||p|l2, and (p,q) = (q, p). From Proposition 5.8, there exists
A such that ||A|| <1, q = Ap, and A* = A. By setting A = —iA, we can conclude

the proof. n

B.6 Proof of Proposition 5.10

Like in Self-adjoint LTV case, the following auxiliary result turns out to be useful.
Proposition B.8: Let F,G € C"*™. Then the following statements are equivalent.
(i) F*F = G*G.

(i1) There exists H € C™™" such that |[H||,, <1, and G = HF.

PROOF: Following proof is from [65].

For (ii) = (i), notice that

|Gzllo = [[HFz||2 < [[Fzlf2,
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for all x, which shows z*G*Gx < z*F*F'x.
For (i) = (ii), since F*F > G*G, there exists a matrix X such that G*G =
F*F + X*X. This shows

F F G G
x| |x ol o]’
) ) ) Un Ui
and from Lemma A.1, there exists an unitary matrix U = such that
Usi U
Ui Ul |G
P x| -
Usi Uy 0
Therefore ' = U, G, since U is unitary, ||U11||272 <1 -

Proposition B.9: There exists ||6]|,, <1 such that g = 1(p) if and only if A(q) =<
A(p).

PROOF: Firstly, suppose q = 61(p). Then, for any u € C",
lu*allz = [[u*dI(p)[l2 = [|61(u"P)[l2 < |A[ly, lu"Pll2 < [[u"Pll2-,

which shows u*(A(p) — A(q))u > 0. Therefore, A(q) = A(p).

Conversly, let us consider an orthonormal basis V for

T :=span{[p|1, -, [P|n, A1, ", [d]n},

a subspace of I3 or £3. Let d = dim7 < 2n, and Ly : T — C¢ be a coordinate

representation of a vector in 7 with respect to the basis V. Define u; := Ly ([p];) € C?



169

and v = Ly([q];) € C% Since V is an orthonormal basis, we have

([pli [Pl;) = ujy,
(lali, [d];) = v

(Ipli,[al;) = wjvy.
Let us define following matrices

U = |u - un]

R —_—

—

Then since

e; (A = > elk = > [plHL [k

k=0

[pl), [Pli) = wju; = :Uej)*(Uei) = e;U"Ue;,

we have A(p)T = A(p) = U*U. Similarly, we have A(q)" = A(q) = V*V. Since
U*U = V*V, there exists H such that ||H|[,, <1, and V = HU.

Since v; = Ve; = HUe; = Hu;, we can easily see that 07 := L;lHLV satisfies
107l < 1,6% = d7 and d7([p];) = [q];- We can extend the linear operator d7 to the

entire space using the projection operator Il;. Let

6(r) := o7 (Il7(r)),
and it is routine to check if [|d]|,, < 1. n

An alternative proof can be found in [59].

B.7 Proof of Proposition 5.11

We firstly need a matrix extension of Proposition B.5.
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Proposition B.10: Let F,G € C"*™. Then the following statements are equivalent.
(i) F*F = G*G and F*G = G*F

(ii) There evists H € C™*™ such that H = H*, ||H||,, <1, and G = HF.

PROOF: The proof can be found in [38, 27]. -

Now we are ready to present the proof.

Proposition B.11: The following conditions are equivalent:

(i) AMa) 2 A(P), Doz GhPh = Dk—o Prli-
(ii) There exists |||, <1, § = 6" such that q = J1(p)

PROOF: (ii) = (i) is trivial. For (i) = (ii), consider an orthonormal basis V for
T :=span{[pl, -, [Pln,[d]1, - ,[q]n}, a subspace of IJ. Let d = dim T < 2n, and
Ly : T — C9 be a coordinate representation of a vector in 7 with respect to the basis
V. Define u; := Ly([p);) € C? and v = Ly([q);) € C% Since V is an orthonormal

basis, we have

([pli [Pl;) = ujy,
(ldli; [al;) = viv;

(plisldly) = wv;.

Let us define following matrices:

U = [ul un]
S
Then since
(A = ie:p[k]pm*e]=i[p[kmp[km
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we have A(p)" = A(p) = U*U. Similarly, we have A(q)" = A(q) = V*V, and since
A(q) < A(p), V*V < U*U. In addition, from) ;"  qxpj = > rey Prds, We have

¢; Y alklplk]'e; = ¢ Y plklalk]"e;

([l [al:) = (lal;, [P))
(Uej)*(Ve)) = (V) (Uey)
e;UVe; = e;V'Ue

which shows U*V = V*U. Therefore, from Proposition B.10, there exists H such that
[Hlly, <1, H=H"and V = HU. Since v; = Ve; = HUe; = Hu;, we can easily see
that 67 := L,' HLy satisfies |67 < 1,6% = 07 and é7([p];) = [q);» We can extend

the linear operator d7 to the entire space using the projection operator Ilr,

6(r) = o7 (Il7(r)),

and it is routine to check if ¢ satisfies (ii).
For the continuous time case, we replace I, by Lo and the infinite sum by the

integral to reach the same conclusion. n
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Appendix C

Appendix to chapter 7

C.1 Minimal representation of linearized swing dy-
namics

This section derives the null space of A, and AT, and show that (4, B,,) is uncontrol-

lable.

Proposition C.1: The null space of A is given by

wa
Ker (A) := twg=0,MP =0
P
e
PRrROOF: If € Ker (A), then
P
—DGwG + M1P =0 (Cl)
M, wg + My D;'MyP = 0. (C.2)

From (C.1), we have wg = D' M, P. By substituting this to (C.2), we have

D;' 0
MT| ¢ MP =0, (C.3)
0 D;!
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where we use the identity

My =1 o| M
%:hdM

Recall that the null space of M is spanned by 1, the all one vector, because M is

the incidence matrix. This implies that

D;t 0
MP = al,
0 D;!
for some «, and
dy
dy
MP =« ,
dy

where d; is the damping term at each bus. In order to obtain o, let us multiply 17

to to the both sides. Then,

1"MP = a1’

and since Zi\il d; > 0, a = 0. Therefore MP = 0, and wg = 0 if (wg, P) € Ker (A).m

Since all trajectories from the autonomous dynamics & = Az converge to Ker (A),
we can conclude that the real parts of all other eigenvalues are negative. In addition,

we can prove that the eigenspace of A corresponding to 0 eigenvalue is uncontrollable
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under B,,. To begin with, let us present the null space of Ker (AT).

Proposition C.2:

0
Ker (AT) = cMYu=0

u

Uy

PROOF: Let be a vector in Ker (AT). Then,
Uz
AT ur| —DeH™! —MY ur| —DeH'uy — MY u, _0
(%) MlTH_l —MQTDleQY (%) MFH_lul - M;DleQYUQ

Thus u; = —HDg,lMlYuQ and

—1
(M DZIMY + M, D MoyY )uy = M7 De 0 =
L Do MY + My Dy MoY )ug = M MY uy = 0.
0 Dy

Since Ker (M T) is spanned by 1, there exists « such that

-1

Dg 0
MY us = al.
0 Dy
Therefore
dy
MY uy, = «
dn
Since 1M = 0, we have
N
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which implies @ = 0 since Zﬁl d; > 0. Now we can conclude that MY us = 0 and
Uy = 0. ]
Now we have the following proposition.

Proposition C.3: Consider & = Ax + By,w. Then Ker (A) is an uncontrollable

invariant subspace of A.

PRroOF: Using Jordan decomposition of AT, we can find a matrix J and an invertible

matrix 7" such that

where k is the dimension of Ker (AT) and the first £ columns of T form a basis for

Ker (A"). In other words, if {u;,--- ,ux} form a basis for Ker (MY'), then

pt Iy, _ 0 0
0 Uy Uy,
Therefore,
0 u )
I H~ 0
oo TTB = | )= |t 0
0 0 —-YM,D;'
0 ul
since MyYwu; = 0 for all ¢ = 1,--- k. Therefore, using the following coordinate trans-
formation,
0 0
TTA<TT>_1 —
0 J
0
T'B, = |_ |,
B,

where B,, = [0 I ] T B,, it is clear that Ker (A) is uncontrollable. n
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C.2 New England 39 power network data

GenNo. | H |R,| x T, Tq | Tg, | T X
1 500.0 | 0 | 0.006 | 0.008 | 0.02 |0.019| 7.0 | 0.7 | 0.003
2 30.3 | 0 [0.0697 | 0.170 | 0.295 | 0.282 | 6.56 | 1.5 | 0.035
3 35.8 | 0 | 0.0531 | 0.0876 | 0.2495 | 0.237 | 5.7 | 1.5 | 0.0304
4 28.6 | 0 |0.0436 | 0.166 | 0.262 | 0.258 | 5.69 | 1.5 | 0.0295
5 26.0 | 0 | 0.132 | 0.166 | 0.67 | 0.62 | 5.4 | 0.44 | 0.054
6 34.8 | 0 | 0.05 |0.0814 | 0.254 | 0.241 | 7.3 | 0.4 | 0.0224
7 264 | 0 | 0.049 | 0.186 | 0.295 | 0.292 | 5.66 | 1.5 | 0.0322
8 243 | 0 | 0.057 |0.0911 | 0.290 | 0.280 | 6.7 | 0.41 | 0.028
9 345 | 0 | 0.057 | 0.0587 | 0.2106 | 0.205 | 4.79 | 1.96 | 0.0298
10 42.0 | 0 | 0.031 | 0.008 0.1 ]0.069 | 10.2 | 0.0 | 0.0125

Table C.1: Parameters of synchronous generators in the New England 39 power
network. 60Hz, 100 MVA base. Table is from [81]
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Line Data Transformer Tap
From Bus | To Bus R X B Magnitude | Angle
1 2 0.0035 | 0.0411 | 0.6987 0.000 0.00
1 39 0.0010 | 0.0250 | 0.7500 0.000 0.00
2 3 0.0013 | 0.0151 | 0.2572 0.000 0.00
2 25 0.0070 | 0.0086 | 0.1460 0.000 0.00
3 4 0.0013 | 0.0213 | 0.2214 0.000 0.00
3 18 0.0011 | 0.0133 | 0.2138 0.000 0.00
4 5 0.0008 | 0.0128 | 0.1342 0.000 0.00
4 14 0.0008 | 0.0129 | 0.1382 0.000 0.00
5 6 0.0002 | 0.0026 | 0.0434 0.000 0.00
5 8 0.0008 | 0.0112 | 0.1476 0.000 0.00
6 0.0006 | 0.0092 | 0.1130 0.000 0.00
6 11 0.0007 | 0.0082 | 0.1389 0.000 0.00
7 0.0004 | 0.0046 | 0.0780 0.000 0.00
8 9 0.0023 | 0.0363 | 0.3804 0.000 0.00
9 39 0.0010 | 0.0250 | 1.2000 0.000 0.00
10 11 0.0004 | 0.0043 | 0.0729 0.000 0.00
10 13 0.0004 | 0.0043 | 0.0729 0.000 0.00
13 14 0.0009 | 0.0101 | 0.1723 0.000 0.00
14 15 0.0018 | 0.0217 | 0.3660 0.000 0.00
15 16 0.0009 | 0.0094 | 0.1710 0.000 0.00
16 17 0.0007 | 0.0089 | 0.1342 0.000 0.00
16 19 0.0016 | 0.0195 | 0.3040 0.000 0.00
16 21 0.0008 | 0.0135 | 0.2548 0.000 0.00
16 24 0.0003 | 0.0059 | 0.0680 0.000 0.00
17 18 0.0007 | 0.0082 | 0.1319 0.000 0.00
17 27 0.0013 | 0.0173 | 0.3216 0.000 0.00
21 22 0.0008 | 0.0140 | 0.2565 0.000 0.00
22 23 0.0006 | 0.0096 | 0.1846 0.000 0.00
23 24 0.0022 | 0.0350 | 0.3610 0.000 0.00
25 26 0.0032 | 0.0323 | 0.5130 0.000 0.00
26 27 0.0014 | 0.0147 | 0.2396 0.000 0.00
26 28 0.0043 | 0.0474 | 0.7802 0.000 0.00
26 29 0.0057 | 0.0625 | 1.0290 0.000 0.00
28 29 0.0014 | 0.0151 | 0.2490 0.000 0.00
12 11 0.0016 | 0.0435 | 0.0000 1.006 0.00
12 13 0.0016 | 0.0435 | 0.0000 1.006 0.00
6 31 0.0000 | 0.0250 | 0.0000 1.070 0.00
10 32 0.0000 | 0.0200 | 0.0000 1.070 0.00
19 33 0.0007 | 0.0142 | 0.0000 1.070 0.00
20 34 0.0009 | 0.0180 | 0.0000 1.009 0.00
22 35 0.0000 | 0.0143 | 0.0000 1.025 0.00
23 36 0.0005 | 0.0272 | 0.0000 1.000 0.00
25 37 0.0006 | 0.0232 | 0.0000 1.025 0.00
2 30 0.0000 | 0.0181 | 0.0000 1.025 0.00
29 38 0.0008 | 0.0156 | 0.0000 1.025 0.00
19 20 0.0007 | 0.0138 | 0.0000 1.060 0.00

Table C.2: Parameters of transmission lines in the New England 39 power network.
60Hz, 100 MVA base. Table is from [81]
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Load Generator
Bus | Type | Voltage [p.u] MW | Mvar | MW | MVar | Gen No.
1 PQ - 0.0 0.0 0.0 0.0
2 PQ - 0.0 0.0 0.0 0.0
3 PQ - 322.0 2.4 0.0 0.0
4 PQ - 500.0 | 184.0 0.0 0.0
5 PQ - 0.0 0.0 0.0 0.0
6 PQ - 0.0 0.0 0.0 0.0
7 PQ - 233.8 | 84.0 0.0 0.0
8 PQ - 522.0 | 176.0 0.0 0.0
9 PQ - 0.0 0.0 0.0 0.0
10 PQ - 0.0 0.0 0.0 0.0
11 PQ - 0.0 0.0 0.0 0.0
12 PQ - 7.5 88.0 0.0 0.0
13 PQ - 0.0 0.0 0.0 0.0
14 PQ - 0.0 0.0 0.0 0.0
15 PQ - 320.0 | 153.0 0.0 0.0
16 PQ - 329.0 | 32.3 0.0 0.0
17 PQ - 0.0 0.0 0.0 0.0
18 PQ - 158.0 | 30.0 0.0 0.0
19 PQ - 0.0 0.0 0.0 0.0
20 PQ - 628.0 | 103.0 0.0 0.0
21 PQ - 274.0 | 115.0 0.0 0.0
22 PQ - 0.0 0.0 0.0 0.0
23 PQ - 247.5 | 84.6 0.0 0.0
24 PQ - 308.6 | -92.0 0.0 0.0
25 PQ - 224.0 | 47.2 0.0 0.0
26 PQ - 139.0 | 17.0 0.0 0.0
27 PQ - 281.0 | 75.5 0.0 0.0
28 PQ - 206.0 | 27.6 0.0 0.0
29 PQ - 283.5 | 26.9 0.0 0.0
30 PV 1.0475 0.0 0.0 250.0 - Genl0
31 PV 0.9820 9.2 4.6 - - Gen2
32 PV 0.9831 0.0 0.0 650.0 - Gend
33 PV 0.9972 0.0 0.0 632.0 - Gen4
34 PV 1.0123 0.0 0.0 508.0 - Genb
35 PV 1.0493 0.0 0.0 650.0 - Gen6
36 PV 1.0635 0.0 0.0 560.0 - Gen7
37 PV 1.0278 0.0 0.0 540.0 - Gen8
38 PV 1.0265 0.0 0.0 830.0 - Gen9
39 PV 1.0300 1104.0 | 250.0 | 1000.0 - Genl

Table C.3: Power and voltage set points in the New England 39 power network. 60Hz,
100 MVA base. Table is from [81]
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C.3 Linearized swing dynamics of the New England

39 power network
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