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AB3TRACT

The energy spectra of tritons and Helium-3 nuclei
from the reactions JHe(d,t)2p, JH(d,He)2n, JHe(d,3He)pn,
and JH(d,t)pn were measured betﬁeen 6° and 20° at a bombar-
ding energy of 10.9 MeV. An upper limit of 5 ub/sr. was
obtained for producing a bound dl-neutron at 6° and ?.50.
The 3He(d,t)2p and 3H(d,33e)2n data, together with previous
measurements at higher energies, have been used to investi-
gate whether one can unambiguously extract information on
the two-nucleon system from these three-body final state
reactions, As an ald to these theoretical investigations,
Born approximation calculations were made employing realis-
tic nucleon-nucleon potentials and an antisymmetrized final
state wave function for the five-particle system. These
calculations reproduce many of the features observed in the
experimental data and indicate that the role of exchange
processes cannot be ignored. The results show that previous
attempts to obtain information on the neutron-neutron
scattering length from the 3H(d,BHe)Zn reaction may have
seriously overestimated the precision that could be

attained.
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I. INTHODUCTION

In recent years a number of reactions involving three
strongly interacting particles 1n the final state have been
used to determine low energy scattering parameters. This
thesis describes an investigation of one of these reactlons,
3H(d,BHe)Zn. for making such a determination. The study was
motivated by the desire both to learn something of the
processes involved in thls reactlon and to determine to what
extent these processes might affect measuring the neutron-
neutron scattering parameters.

The neutron-neutron effective range parameters remain
a missing link in the study of the low energy nucleon-
nucleon system. A preclse determination of these parameters
would be helpful in confirming the charge symmetry of
nuclear forces and in understanding the finer detalls of the
nucleon-nucleon interaction. While it has been known for a
long time that nuclear forces are nearly charge symmetric
and, to a large extent, charge ilndependent, small deviations
from isospln conservation are to be expected. These
symmetry-breaking forces, mostly attributable to electro-
magnetic effects, are related to our basic understanding of
nuclear interactions. An accurate measurement of the
neutron-neutron effective range parameters would be helpful
in making the electromagnetic corrections necessary for

understanding these finer detalls.



The low energy nucleon-nucleon system has certain
advantages in studying small departures from 1sospln con-
servation. At very low energles, only S waves contribute
significantly to the scattering; accordingly, very accurate
phase shift analyses can be made. Since a short range
nuclear force dominates the interaction, the energy depen-
dence of the phase shift can very nearly be expressed in a
potential-independent way wlth the effective range expan-
slon. Furthermore, because the 130 state 18 almost bound,
the scattering length 18 a sensitive measure of the nuclear
interaction. Moravesik (1964) has shown that for the
nucleon-nucleon system a relative change in the scattering
length 18 about ten times greater than the corresponding
relative change in the potential. (For a review of isospin
conservation that emphasizes the low energy nucleon-nucleon
system, see the article of Henley, 1968).

The main problem in determining the neutron-neutron
effective range parameters has been to find a suitably
measureable neutron-neutron interaction. Direct scattering,
the best way to make the measurement, has, as yet, not been
feasible because of experimental limitations. There are no
neutron sources avallable with the high flux required for a
colliding beam experiment, and nuclear explosions have many
practical problems to overcome before they could be used.

Consequently, only indirect methods have been available for



determining the scattering parameters.

The desirabllity of measuring the neutron-neutron
scattering length, coupled with the inability to use dlrect
scattering, has prompted the development of the final

state interaction approach to measuring a It has been

HiFi®
recognized for a long time that lnteractlons among the
particles emerging from a nuclear reaction may strongly
alter the measured spectra and cross sections, A familiar
example of this effect 1s the influence of the Coulomb
interaction on B-decay spectra. For S-decay the number of
low energy electrons in the spectrum is increased by the
attractive Coulomb force between the daughter nucleus and
the electron, while, for S-decay, the number 18 reduced by
the repulsive force,

In interpreting the results of early plon-nucleon
experiments, it was recognized that final state interactions
profoundly influenced the observed spectra (Brueckner, 1951;
Watson and Brueckner, 1951), Watson and Stuart (1951) pro-
posed using the D(n,vy)2n reaction to study the neutron-
neutron scattering., They discussed how the interaction
between the two neutrons in the final state would distort
the y-ray spectrum and gave a prescription for extracting
the S-wave phase shift. In a later paper Watson (1952) gave
a more general discussion of final state interactions.

Migdal (1955) published a simllar theory sultable for



nuclear reactions wlth three strongly interacting particles
in the final state. In recent attempts to determine the
nucleon-nucleon scattering parameters, the Watson-Migdal
theory, or wvariations of it, has commonly been used to make
the extraction from the observed spectra.

In 1961 Ilakovac, et al. observed a pronounced peak
in the small-angle proton spectrum from the D(n,p)2n
reaction. Interpreting this peak as an enhancement in the
differential cross section due to a final state interactlion
between the neutrons, they determined the neutron-neutron
scattering length to be =22 + 2 F. This apparent violation
of the charge symmetry of nuclear forces helped to spark
new interest 1n the low energy neutron-neutron system.

Since 1961 there have been a number of determinations
of &nn from D(n,p)2n and other reactions with three strongly
Interacting particles in the final state. These experiments
have measured widely different values of 8 ne Currently
there is no adequate theory for reactlons with three
strongly interacting particles in the final state, and the

approximations necessary for extracting a

nn 8re unreliable.

It has been found that, for a glven spectrum, the extracted
8&n depends critically upon assumptions made about the
reactlion's mechanism. Unless these assumptions are proven
to be valid, the extracted value of a,, must be considered

unreliable,



Van Oers, et al, (1965) have proposed comparing
mirror reactions as a method for eliminating the uncertainty

in extracting an

reactions should be studied under conditions as similar as

from multinucleon reactions. The mirror

possible in order to match reaction mechanisms. This
procedure would supposedly test the analysis used to de-
termine 8.+ 8ince the proton-proton effective range para-

meters are accurately known from direct scattering.

Baumgartner, et al., (1966) used the comparison pro-
cedure to determine a = -16.1 + 1 F and the neutron-
neutron effective range r = 3.2 % 1,6 F from the
3H(d,BHe)Zn reaction. Use of the Watson-Migdal approxi-

nmation was justified on the basis that 1t gave

o = -7.69 t0:0l n crim the 3

PD -0.67
agreement with the value determined from proton-proton

He(d,t)2p reaction, in

scattering. While - has also been determined from the
D(7,v)2n reaction, the only experimental information known
about Ton is from the experiment of Baumgartner, et al.
Although the use of the Watson-Migdal approximation
by Baumgartner, et al. appears to be successful, there are
reasons for having reservations about the results. The
approximation is only successful in extracting app from
the 3He(d,t)zp reaction at very forward angles. The
method fails for other, presumably simpler, proton-proton

final state reactions like D(p,n)2p and JHe(p,d)2p and even



for the 3He(d,t)Zp reaction at more backward angles.
Because of the approximation's limited success, one wonders
Af it is only by chance that the Watson-Migdal prediction
agrees with the 3He(d,t)2p forward angle triton spectra.
This thesls describes a study of the 3He(d,t)Zp
and 3H(d.BHe)Zn reactlion mechanisms and the applicablility
of the Watson-Migdal approximetion for determining the
neutron-neutron effective range parameters from the
3H(d,%He)2n reaction. Part II discusses the Watson-Migdal
approximation and summarlzes some previous experimental
measurements of the proton-proton scattering length used
to test the theoretical analysis. Part III describes
experimental measurements of triton and 3He spectra from
the JHe(d,t)2p, JH(d,JHe)2n, JHe(d,He)pn, and SH(d,t)pn
reactions which provide empirical evidence for a complex
reaction mechanism that would violate the assumptions of the
Watson-Migdal approximation. Part IV describes a plane wave
Born approximation calculation of all the first order con-
tributions to the transition amplitude of the 3He(d,t)zp
and 3H(d,3He)2n reactions. The results of the calculation
show that reaction processes ignored in Justifying the
Watson~Migdal approximation for very forward angles may
make important contributions to the reaction cross section.
At the same time, the calculated spectra for the very

backward angles are in substantial agreement with the



experimental observations., Part V discusses the applica-
bility of the comparison method for the reactions studled
and shows that the method is of llimited value in determining
the effectlve range parameters. Part VI summarizes the
results of this study and concludes that values of the
neutron-neutron effective range parameters determined from
the 3He(d.t)2p and 3H(d,BHe)zn reactions are much more

uncertain than previously belleved.



II. FINAL STATE INTERACTIONS

The indirect method of measuring the neutron-neutron
scattering length has partially been prompted by the de-
velopment of easily applied theories. However, because of
assumptions made in analyzing the observed spectra, the re-
sults of these measurements are often of questionable wvalue.
In this Part we briefly review the Watson-Migdal approxima-
tlon, 1its limitations, and experimental results that illus-
trate some of the problems in 1ts application. We also
conslder the plane wave Born approximation as an alternative
model for analyslis. The theoretical models are discussed by
first introducing the concept of sequential reactions and
indicating how this concept can be used to obtain an exact
expression for the transition amplitude which includes the

final state interaction.

A, Sequential reactions
Reactions with a two-nucleon final state interaction

are often assumed to occur in two steps:

(1) 1 +2 =3 4+ (N + N)
(2) (N+ N)=—> N+ N

In Step (1), a primary reaction mechanism produces particle
3 and a virtual di-nucleon (N + N). Then in Step (2), a

very short time later, the virtual di-nucleon decays into



the two nucleons, Nrand N. Thls process 18 indicated
schematically in Figure 1. 1In order for thls sequential
assumption to be valid, the lnteractlion between particle 3
and either of the nucleons must be much weaker than the
interaction between the nucleons. This condition 1s often
met in practice if the relative energy between particle 3
and the di-nucleon state is sufficlently high.

From an argument due to Watson (1952), we can intul-
tively see that a strong, attractive nucleon-nucleon final
state interaction can significantly increase the transition
probability for the reaction. Consider the reaction to be
occurring in the time-reversed sense; then (referring to
Figure 1) the attractive nucleon-nucleon interaction U
causes the incident nucleons to momentarily "cling together"
in the dli-nucleon state until particle 3 interacts with them
to produce particles 1 and 2. Thus, we would expect the
amplitude for producing particles 1 and 2 to be enhanced if
the relative energy in the nucleon-nucleon system 1s close
to the resonance energy of the di-nucleon. We would also
expect that the probabllity for the reaction to occur is
roughly proportional to the nucleon-nucleon scattering cross
section. Therefore, from detailed balancing, we would
expect the corresponding three-body break-up reaction to be

enhanced,



FIGURE 1

Schematic diagram of the sequentlial reaction mechanism.
Incident particles 1 and 2 Iinteract via the primary process
Vproducing particle 3 and a virtual dl-neucleon. The di-
nucleon decays wla the final state interaction U into

nucleons N and N,
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These qualitative ideas indlcate how potential theory
can incorporate final state interactions. Since derivations
of the exact transition amplitude have been glven elsewhere
(see, for example, Watson (1952), Goldberger and Watson
(1964), or Gillespie (1964)), we shall only summarize the
results in the following discussion.

From standard perturbation theory the expression for
the differential cross section for transitions into the

continuum is
2
do = 21:'!T“Ip(E)/hv; (3)

where v, 1s the relatlve veloclity of the incident and
target particles, p(e) 1s the density of final states, and
Th is the transition émplitude between the initial and
final states.

Equation (3) can be rewrltten to allow a comparison
with the experlimentally observed energy spectra. From
van Oers and Slaus (1967), the center-of-mass differential
cross section for detecting only one particle in the final

state (which we have labeled particle 3) is given by

d’o _ pmukk dQ
den,~ e |Tal @ ()

The integration over df} can be made immediately if we
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restrict the energy of the relative motion of the unobserved
nucleons to less than 5 MeV so that they can be described by
an S-gstate wave function. The expression in the brackets
then becomes the absolute square of the transition ampli-
tude, I]}Jz » Which includes an average over initial spin
substates,

The transition amplitude, as shown in formal scatter-

ing theory, is glven by

T = <4 [Vilwi (5)

for an interaction H = HD + Vt' Here Ho represents the
unperturbed Hamiltonian, Vt the total perturbing inter-
action, and ¢ a plane-wave final state. ¥~ 1s the

solution to the integral equation

Y = ¢+ 'ET——HJ;TE?V'\I"M (6)
with outgoing spherical waves of energy E.

In the first paper explicitly dealing with final state
interactions, Watson consildered processes which could be
described by a Hamiltonian with two separable potentials,
H=H,+V+ U, As motivated by his qualitative discussion
of sequential processes which we just presented above, V

was taken to describe the production process, while U was
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assumed to occur only between two particles in the final
state. He showed that the transition matrix of Equation (5)

could be wrlitten
T, = <xCIvE™> +<x|u 6> (7)

where W is defined in Equation (6), x{ is the
scattering state function of the particles interacting in
the final state and is defined by

1 -)

) __
X'=%+ g,

Here ¢, and ¢, satisfy the Schrodinger equations

Ho(b; == Ea(b. (9)
H°¢‘ = Efd"

in the initial and final states, respectively. The second
term of Equation (7) is usually neglected in final state
formalisms, since it is assumed that the final state inter-
action U does not connect initial and final states. The
analysis can be extended for rearrangement colllslions,

following Gell-Mann and Goldberger (1953), with the result



1%

T = <X V¥ (10)
where
W= E—H°1U+ie Vi (113
and
XP= ¢, + L ux;’ (12)

E-H,— i€

Here H; represents the rearranged Hamiltonian of the final
state.

Expression (7) or (10) is the starting equation for
the approximate theorles used in interpreting experimental
spectra. Two different approaches have frequently been
taken in evaluating the transition amplitude. The most
straightforward approach is to explicitly calculate the
transition matrix by assuming sufficilently tractable forms
for the wave functions and potentials. This has been the
approach of the Born approximation calculations which will
be discussed in Section C., The other approach 1s that of
Watson. He recognized that for some reactions the effects

of the final state interaction would completely dominate
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the observed spectra, so that the important part of the
total transition amplitude would be the amplitude for
scattering between the interacting pair of the final state.
We shall describe Watson's approximation in the next

sectlon.

B, Watson-Migdal Approximation

If particle 3 does not interact with elther of the
nucleons in the final state, then the final state wave

function has the form
Xy = dtr,r) dir) diry, (13)

where ¢ubn represents the wave function of the relative
motion of particle 3 with respect to the center-of-mass of
the two nucleons; ¢(r) represents the bound state wave
function of particle 3; &r) represents the two-nucleon
scattering wave function; and w, represents the spin wave

function. Using Equation (13), the spatial representation
of the translition amplitude becomes

Tfi =f¢(r3,r)¢(f3) SirnV UHdr (14)

In the Watson approximation, &(r) 1s assumed to have

approximately the same momentum dependence as 1ts asymptotic



17

form throughout the spatial reglon of integration defined
by the finite range of V in Equation (14). Furthermore, the
momentum dependence is assumed to be factorable from the
radial dependence. The valldity of these assumptions 1s
crucial to the Watson-Migdal approximation, and we shall
discuss them in the next few paragraphs.

Suppose the nucleon-nucleon interaction is of range

b. Then, for r=>b, the asymptotic form of &) is

bk, r = e ¥(f cosi) + g,sin@)/kr (15)

where 6§ = 8(k) is the 150 phase shift. For an n-n or n-p

systen

fo = sin(kr)

8y = cos(kr)
and for the p-p system

fo = Fo(kr)

8o = G, (kr)

where F (kr) and Go(kr) are the regular and irregular
S-wave Coulomb functions, respectively. Now for r < b,
the radial shape of ¢r) 18 insensitive to the value of k
for the nucleon-nucleon energy range of interest.

Physically, this is because k at most corresponds to an
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energy of 4 MeV, which 1s small compared to a nucleon-
nucleon well depth of the order of 50 MeV. Inside the
range b the momentum dependence approximately becomes a
normalizing factor for the radlal dependence so that we

can write
Rk, n = N(k)v(r) (16)

This fact is born out by the numerical solutions to the
Schrodinger equation for a nucleon-nucleon interaction.
A similar factorization occurs for the region r =2 b

if kr<<1., To see this, assume kr<<1, so that if

£ = sin(ir) = kr - (0)’/3t + ...
or = Fo(kr) = C(Mkr(l + r/2R) + ...
and
g, = cos(kr) =1 - (ir)?/2t + ... (17)
or = Go(kr)
where = (1 + ((¢/R)(An(r/R) + h(n) + 2y - 1) + ...)/Cc(n)
c(n) = (2nnpAexp(2ny) - 1))
n(n) = M2 341/ (a(a2+ n2))} - 1nm - 0.57722
R = 12/2me? = 28.8 F (18)
7 = me/2rk
v = 0,57722

Using Equation (16), the effective range expansion for the
phase shift (Jackson and Blatt, 1950)

0% (mkoot(8) + h(n)/R = - 1/a + (1/2)r K + ... (19)
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and neglecting terms of order (kr)z. §' we obtain from
Equation (15)

18
Bik,e) = %ﬁl@ - r/a +r)kr/2 + L)/
-i
- o k)

so that the momentum dependence 1is approximately factored

(20)

from the radial dependence. Thls result also holds for the
n-n and n-p systems if we replace () by 1.
If we arbitrarily assume the normalization v(b) = 1,

we find from Equation (20) that for r < b

-id
N(k) = S—F(%i)%a—)(l - b/a + robk2/2 & 555 )0 (21)
Then, using Equations (20) and (21), we have from Equation

(14) _i5
g sin(8) 2 e 3
Tﬁz Tk (Vp)(1 - b/a + robk /2 + ...)nt/'.[(b(ra,r)cﬁ(r:)v(r)v\lﬁ.‘ 7’
+ M ﬁr/r)u—r/a»« nrki2+ ---)qbcr,.rm(r,)vwd%df] (22)
where the Iintegration is divided into two parts: an inner
core reglon of r < b and an outer region of r > b, If the
factor in the square brackets is i1ndependent of k, we

obtain the Watson-Migdal approximation

-id
in(&
Ti= o 1 (23)

where To glves the amplitude for three-particle break-up,
and e'iasin(c)/(q.q)k) 1s an enhancement factor due to the final

state interaction. Except for the negative sign of the
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phase shift 1n the exponential, thls enhancement factor is
the S-wave scatterlng amplitude between the final state
nucleons. The essential feature of the Watson-Migdal
approximation is the replacement of the momentum dependence
of ¢ir) with what amounts to the NN scattering amplitude.
Since the NN scattering amplltude 1is simply related to the
phase shifts and cross sections, it is easy to use in
analyzing experimental data.

The conditions requlred for the valldity of the
Watson-Mlgdal approximation can be determined from the
factor in square brackets of Equation (22). For nucleon-
nucleon final state energles under consideration
(0 < gyy < 4 MeV), the factorization will always be valid
in the inner core region, since kb is always significantly
less than 1, However, for the Watson-Migdal approximation
to be valid 1in the outer region, the function V“f" must
fall rapidly enough to cut off terms of order rork2 and
higher. Interpreting calculations due to Haybron (1968),
we find that the renge of V¥" must be less than 5 F,.
Thls condition 18 not often met in practice, as will be
shown in Section D.

Using the transition ampllitude given by Equation (23)
in Equation (4), the Watson-Migdal prediction for the
differentlal cross section per unit energy can be written

in the form
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2
2 C(n)kBKITOl

dB.8% a7 + rok2/2 - h(n)/R)? + C°(n)k°

(24}

For the n-n or n-p system we replace C(m) by 1 and set
h(n) = 0. In practice, Equation (24) i1s used to fit the
experimentally observed spectra with hb\e' a, and r, as

arbltrary parameters.

C, Plane Wave Born Approximation

The purpose of this Section is to direct attention
to the plane wave Born approximation (PWBA) as an alterna-
tive method of analysls of reactions with final state
interactions. The method has an even longer history of
application to multiparticle final state reactions than
the Watson-Migdal approximation. The PWBA has been used,
for example, by:

Wu and Ashkin, 1948

Gluckstern and Bethe, 1951

Frank and Gammel, 1954

Heckrotte and MacGregor, 1958

Koehler and Mann, 1964; Koehler, 1965

Yu and Meyerhof, 1966

Henley, Richards, and Yu, 1967

van Oers and Slaus, 1967
These calculations have brought out the complexity of the
total mechanism involved in reactions among the light
nuclei. To make the calculations tractable, most PWBA
calculations have included additional simplifications

beyond that of plane waves. Some calculations have

employed zero-range interactions to separate the coordinates
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in the overlap integrals. Others have assumed a dominant
reactlion mechanlsm such as a plckup process or a charge
exchange mode and have neglected the other posslible contri-
butions. It is not by accldent that the most complicated
processes are the ones that are neglected. Only the calcu-
lation for the simplest system (the D(n,p)2n reaction) by
Koehler and Mann 1nc1udés all the possible processes with
realistic interactions.

In contrast to the Watson-Migdal approximation, the
PWBA includes the effect of the primary reaction mechanism
on the predicted spectra via the function V¥" in
Equation (14). This allows study of the contributions of
different reaction processes to the total reaction mechanism
and provides a way to investigate possible interferences
among these different processes.

Of course, the PWBA also has severe limitations. The
approximation is questionable at low energles where distor-
tion effects in the incident and exit channels should be
appreciable. However, for reactions among light nuclei, the
interaction whilch causes a glven reaction is generally a
large part of the Ilnteraction whlch causes the elastic
scattering. Thus, the distorted wave Born approximation
(DWBA) 1s not such a good approximation, either, and the
PWBA may be somewhat better for lighter nuclel than for

heavier ones. The neglect of many-body forces 1s another
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limitation of the PWBA. While calculations are now belng
made based on the exact three-body equations of Fadeev
(1960), they also require simplifying assumptions about
the nuclear force. The effects of these assumptions are
not thoroughly understood; therefore, it would be somewhat
premature to use the method as a reliable analytical tool,
Despite its limitations, the PWBA 1s a logical first
step toward understanding the total reaction mechanism
among light nuclei. Unfortunately, the difficulty of
realistic PWBA calculations for even the simplest systems

has greatly diminished its appeal.

D, Comparison with Experiment

The Watson-Migdal approach to evaluating the transi-
tion amplitude is most reliable when applied to reactions
involving short range primary interactions such as D(n;7v)2n.
In such reactions, it is to be expected that the function

V¥"® will vanish sufficiently fast to separate the momen-
tum dependence from the spatial integration. Furthermore,
the observed particle cannot interact strongly with the
interacting pair of the final state, thus eliminating a
ma jor source of uncertainty. Bander (1964) has estimated
the theoretical uncertalnty in the value of arn determined
from the D(mw;y)2n reaction to be + 1 F, Several determin-

ations have been made using this reaction:
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Phillips and Crowe, 1954

Ryan, 1964
Haddock, et al., 1965
Nygren, 1968
Butler, et al., 1968
Haddock, et al, found a = -16.4 + 1.3 F, in agreement with

the calculations of Heller, et al. (1964), which were based on
the charge symmetry of nuclear forces and the low energy p-p
scattering results. However, re-analysis of the data of Had-

dock, et al., by Nygren gives a = -18.4 + 1,5 F. The most

=3 ¥
+2.,4

The application of the Watson-Migdal approximation

recent measurement by Butler, et al. finds &n = -13.1 F.
to nuclear reactions having three strongly interacting
particles in the final state is much more uncertain. In

some reactions the observed spectra can be fitted with the
approximation. Bacher (1966) has found that the high energy
region of the proton spectra from 3He(3He.p)5Li can be

fitted with the Watson-Migdal approximation and the known

5Li ground state phase shifts. A noteworthy feature of
these proton spectra is that the enhancement due to the

5L1 ground state break-up is prominent over a wide range

of angles (20° to 160°) and incident energies (3 to 18 MeV).
Thus, the observed spectra are not sensitive to the primary
interaction mechanism., On the other hand, the Watson-Migdal
approximation falls completely to predict the shape of the

neutron and deuteron spectra from the D(p,n)2p and

3He(p.d)Zp reactions with the known p-p effective range
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parameters (van Oers and Slaus, 1967; Tombrello and Bacher,
1965).

There has been growing evidence that a detalled
knowledge of each of the possible processes which contribute
to the total reaction mechanism is needed to reliably
apply the Watson-Migdal approximation. Phillips (1964),
using the impulse approximation, has shown that the proton
and neutron spectra from the D(n,p)2n and D(p,n)2p reactions
may be markedly different from the Watson-Migdal prediction
i1f the reactlons occur through a long range charge-exchange
process. Without recourse to specific models, we see that
a long range interaction corresponds to the function VQ#"
falling too slowly to Jjustify Watson's approximation. A
PWBA analysis of the data of Jakobsen, et al. (1965) for
the 3He(d.t)Zp reaction by Henley, et al., has shown that
the experimental angular distribution can be qualitatively
explained by assuming different reactlon mechanisms in the
forward and backward hemispheres. For forward angles, a
simple stripping mechanlism was assumed, while, for backward
angles, a charge exchange process was assumed to dominate.
Extending thelir analysis to the DWBA (admittedly question-
able for such light nuclei), they found that both processes
contributed significantly at all c.m. angles. The applica-
bility of the Watson-Migdal approximation to the 3He(d.t)2p
reaction has bheen studied by Morton, et al. (1968), where
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triton spectra were measured for laboratory angles 5° and
180° at a center-of-mass energy of 20 MeV. For the 5°
spectrum, the Watson-Migdal prediction agreed, but at 180°
(measured using D(3He,t)2p at 0° with the appropriate 3He
incident energy), the measured spectrum was much narrower
than predicted. Re-interpreting their 180° spectrum using
the charge exchange mechanism formulated by Henley, et al.,
Morton, et al. obtalned much better agreement.

The above-mentioned studies using p-p final state
interactions demonstrate that 1t is difficult to know
a priori if the Watson-Migdal approximation (or any approxi-
mation that ignores the primary mechanism) will be appli-
cable to a multinucleon final state reaction. To remove the
uncertainty in extracting n-n effective range parameters
f:om such reactions, 1t has been proposed that the mirror
reaction be studled under as ldentical conditions as possi-
ble (van Cers, et al., 1965; van Oers and Slaus, 1967).
Thus, the theoretical analysls could be tested uslng the
known p-p effectlve range parameters.

Using this method of comparative analysis, Baum-
gartner, et _al. (1966) studied the mirror reactions
3He(d,t)Zp and 3H(d,BHe)Zn to determine the n-n scattering
length, Using the Watson-Migdal approximation to analyze a
JHe spectrum measured at 6° with an incident deuteron energy

of 32.5 MeV, they found a,, = =16.1 + 1.0 F. The use
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of the Watson-Migdal approximation was Jjustified on the
+0.61

basis that it also gave a = ~7.69 _p.67 F for the mirror
reaction (in agreement with the results of low energy p-p
scattering).

In the next Part we describe measurements of the
3He and triton spectra from the 3H(d,3He)2n, 3He(d,t)2p,
3H(d,t)pn, and 3He(d,BHe)pn reactlons at several forward
angles for a deuteron energy of 10.91 MeV, These measure-
ments were undertaken to determine if the Watson-Migdal
approximation could fit the observed spectra and, if so,

what wvalues of 8nn would be requilred.
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III. ENERGY SPECTRUM MEASUREMENTS

In this Part we describe measurements of the triton
and 3He energy spectra at very forward angles from the
3He(d.t)Zp. 3H(d.BHe)Zn. 3He(d.3He)pn, and 3H(d.t)pn
reactions. Accurate measurements were made to test how
well the Watson-Migdal approximatlion fitted the observed
spectra at seven laboratory angles between 6° and 20 ©, As
discussed in Part 11, a rapid variation in the observed
spectrum shape would indicate that the conditions necessary
for the vallidity of the Watson-Migdal approximation would
not be met, Addlitionally, accurate measurements of the
spectra would permit study of the value of the scattering
length extracted as a functlon of the energy reglion of the
spectra fitted.

In this experiment gaseous tritium and 3He targets
were bombarded with 11 MeV deuterons. Mass~three nuclel
from the nuclear reactions were detected by an array of
counters placed along the focal plane of a 61 cm double-
focusing magnetic spectrometer. Sectlon A of this Part
describes the apparatus used 1n thlis experiment, while
Section B discusses the experlimental procedures and data re-

duction, Section C presents the results of the experiment.

A. Apparatus

1. Deuteron Beam
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The beam of 11 MeV deuterons used in thls experlment
was obtailned from the ONR-CIT tandem van de Graaff accele-
rator (for a description of the production and acceleration
of lon beams in tandem accelerators, see the review article
by Rose, 1967). A negatively charged deuteron beam,
typically about 10 microamperes, was produced in a negative
ion source and injected in the machine. After acceleration,
the energy of the beam was measured by passing the beam
through a 90o uniform=-field analyzing magnet. The beam was
then passed through collimating slits and into the target
chamber of the spectrometer. Figure 2 shows the relation-
ship of the incident beam to the chamber's gas target cell
and to the position of. the spectrometer. After passing
through the target gas, the beam was stopped by the walls
of the target cell (held at + 300 V), and the resulting
current was integrated. An Eldorado model CI-110 current
integrator was employed, and leakage current was held to a
very small fractlon of the beam current. The beam current
on the target cell ranged between 100 and 400 nanoamperes,
depending upon the spectrometer's angle of observation and
the amount of acceptable dead time in the detection system.
The beam energy at the center of the target cell was cal-
culated to be 10.91 MeV using the stopping curves of
Whaling (1958). The beam's energy uncertainty was
+ 17 keV,
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2. Target Gases

The tritium target gas presented two additional
problems not encountered with the 3He gas. First, since
it is an isotope of hydrogen, tritium readily exchanges
with the normal hydrogen with which it comes in contact.
Therefore, tritium easily contaminates and is easily con-
taminated by any hydrogenous material., We attempted to
nminimize contaminating the tritium by using hydrogen-=free
materials in constructing those parts of the apparatus with
which the tritium came in contact., Second, because of 1its
radiocactivity, tritium is a serious health hazard and has
to be handled carefully. Ordinary laboratory radlation
detectors cannot be used with tritium since the g-decay
energy 1s so low the emitted electrons cannot penetrate the
detector's windows. DBecause of the gas's properties,
speclal techniques had to be employed in working with the
tritium. The methods used in thls experiment were essen-
tially those employed by Spiger (1967), and Appendix C of
his thesis should be consulted for a more complete descrip-
tion of how the gas was handled.

The tritium and 3He gases were used in the same tar-
get system so that the measurements of the mirror reactions
were made under as ldentical conditions as possible. Only
two cubic centimeters of tritium (STP) were used in the ex-

periment to limit the activity to approximately five Curies.
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The tritium was obtained from the Oak Rldge National Labora-
tory, Oak Ridge, Tennessee., The 3He target gas was obtalned
from the Mound Laboratory, Miamlisburg, OChlo, with an analy-
zed purlty of 99,36%. The 3He gas, of course, presented
none of the experimental difficulties assocliated with the
tritium,

3. Spectrometer Target System

Previously bullt gas targets for the spectrometer
were not sultable for tritium, and a new system had to be
constructed. The new spectrometer target system had to
meet several requirements set by the purpose of the experi-
ment, the properties of the tritium target gas, and the
existing apparatus. The design had to: (1) minimize
hazards to the laboratory equipment and personnel; (2) be
compatable with the target chamber and slit system of the
spectrometer; (3) allow measurements at very forward labora-
tory angles; (4) minimize contamination of the tritium
target with hydrogen; and (5) be easily tested and safely
stored. The system bullt to satisfy these requirements 1is
described in the following paragraphs.

From previous experiments with the tritium target
system of Spiger, target cell folls of the thickness re-
quired for this experiment were found to be quite stable for
long periods of time. Because of this past experience, it

was felt that a simple, straightforward design would be the
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best approach for safely using a tritlum target 1ln the
spectrometer. Figure 3 is a sectional vliew of the completed
target system as 1t would appear in use with the spectro-
meter,

The system was bullt around a Lucite disk that served
as the 1id to the spectrometer target chamber. The disk
insulated the target cell from the spectrometer so that
the cell could be used as a beam stop. The disk also made
the connection between chamber vacuum and the system's gas
manifold. Attached to the top of the dlisk was an aluminum
frame that supported the system's gas manifold, tritium
reservoir, differential pressure gauge, and lnterconnecting
plumbing.

A small-volume, brass target cell with internal
dimensions of 2.54 cm high by 5.08 cm in dlameter was
attached to the underslide of the Lucite 1lid. The small
volume of the cell minimized the amount of tritium required
for a useable target density. However, the internal dimen-
sions of the cell were still of sufficient size in relation
to the collimating slits that particles scattered from the
walls, top, and bottom of the cell were prevented from
entering the spectrometer. The cell had % inch thick
walls that provided structural rigidity for the relatively
long beam entrance window and that also provided part of

the heat sink required for the foll soldering when the
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FIGURE 3

A vertical section of the tritium target system as it

appears when placed in the target chamber of the spectro-

meter. The numbered items of the figure correspond to

those listed below:
(1)
(2)
(3)
(&)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)

Spectrometer Target Chamber
Gas Target Cell

Extenslon Tube

Primary Collimating Sl1lit
Entrance Foll

Exit Foil

Insulating Teflon Block
Manifold

Nupro Valve

Tritium BHeservolr

Uranium tritide

Metering Valve
Differential Pressure Gauge
Aluminum Frame

Lucite Chamber Lid
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cell was constructed. The beam entrance window was made by
milling a % inch slot through a 140° angular range in one
side of the cell and covering the slot with a 1/10 mil
Havar foil (obtained from Precision Metals Division,
Hamilton Watch Company, Lancaster, Pennsylvania). The
comparatively thick Havar was chosen because the entrance
window's large area required a strong material that was easy
to handle., At 11 MeV the incident beam only suffered a 1%
energy loss in passing through the Havar foil. Protruding
from the side of the cell was an extension tube that was
part of the target collimating system for the spectrometer.
A 1/16 inch vertical slot recessed in the end of the tube
served as the flrst collimating slit. The extension tube
increased the distance between the first slit and the target
region in the gas, thus permitting measurements at very
forward angles without unduly increasing the cell's volume.
The cell's exit window was a 6,150 K foil (obtained from the
Chromium Corporation of America, Waterbury, Connecticut),
soldered over the end of the extension tube. The exit foil
was as thin as possible (consistent with safety) to minimize
the 3He lons' energy loss and straggle in passing through
the foll. For the spectra at very forward angles, the

ma jor contribution to the energy resolution came from the
energy straggle in the exit foil (see Table 1I). Figure 2

shows the relationship between the entrance window,
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extension tube, and exlit window.

Both the entrance and exlt folls were soldered to the
cell to elimlinate adhesive Jjoints that would have contained
hydrogen. The entrance foll was soldered with commercial
50/50 solder that melted around 360° F, The exit foil was
soldered with Cerrobend (obtained from the Cerro de Pasco
Corporation, New York, New York). Cerrobend is a bismuth
based eutectic alloy that melts at 158° F. It was chosen
because of 1ts much lower melting temperature than the
50/50 solder; thus, the exit foll could be soldered to the
cell without endangering the seal of the previously soldered
entrance foll. Testg proved that Cerrobend could provide a
satisfactory seal, even though 1t 1s not normelly used as
a solder. As a safety precautlon against peeling, all the
soldered foll Jjoilnts were coated externally with epoxy
cement.

The target cell was connected to the gas handling
system through an insulating teflon block. Figure 4 is a
schematic diagram of the gas handling system. The gas
manifold interconnected the major components of the system:
the gas target cell, the tritium reservoir, the differential
pressure gauge, and the Helium inlet metering valve. The
manifold was fitted with three special all-metal bellows-
sealed valves (Nuclear Products Company, Cleveland, Ohio,

valve model B-4H) for handling the tritium. One of the
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FIGURE 4

A schematlic diagram of the tritium target gas handling

systen.

below:

The numbered items correspond to those listed

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

Spectrometer Target Chamber
Gas Target Cell

Manifold

Tritium Reservoir
Differential Pressure Gauge
Nupro Valve

Metering Valve

Safety Vacuum Pump-out Valve



10391

Wik:lm

FIGURE 4




4

Nupro valves led to a metering valve that admitted the
target 3He gas or the 4He gas used in leak testing. A
second valve led to the trltium reservoir. The third

valve led to the spectrometer target chamber and the vacuum
side of the differentlal pressure gauge. One slde of the
differential pressure gauge (a low volume aneroid type
obtained from Wallace and Tierman, Inc., Belleville, New
Jersey, model FA-141, pressure range O - 50 mm) was connect-
ed directly to the manifold and gas cell, whlle the other
side was connected to the spectrometer target chamber,
Thus, the gauge always ilndicated the pressure on the cell's
foil windows. All the Joints of the system were elther
soldered or sealed wlth teflon to minimize contaminating
the tritium. The gas lines were kept short and were of
small dliameter to minimize the volume of the gas handling
system.

The tritium reservolr is similar to the one used by
Spiger. For safety and convenlence in storage and in
handling, the tritium was kept in the reservoir in the form
of uranium tritide. Around the reservoir was wound a
nichrome-wire heater coll. When 1t was deslred to fill the
target cell, the reservoir was heated, decomposing the
uranium tritide and releasing the tritium. Later the cell
could be emptied by re-exposing the tritium to the cooled

uranium.
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A concerted effort insured that the target system was
leak-free., The system was tested many times with a Helium
leak detector at a pressure three times that which would be
obtailned with tritium. No detectable leak was acceptable,
and several sets of folls were trled until a leak-free

system was obtained.

4, Particle Collimation

For a gas target, a pair of collimating slits are
needed to define the target reglon seen by the spectrometer,
since, 1n a gas target, scatterings and reactions occur
along every point of the beam path. Flgure 5 illustrates
how the geometrical configuration ot the collimating slits
defines the target thickness seen by the spectrometer.

When extracting differential cross sections from the
measured particle yields, 1t was convenient to use the
“Go—factor". a geometrical quantity defined as the product
of the observed target thickness and the solid angle sub-
tended by the detection system. To first order this factor

is given by

— b W;R th = w,w, h
G, = Iesnder_ [dsin(aa)][ R?} ~ Rd ;i:\(os) (25)

Here

= solid angle subtended by the

Q)
det  setection system
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FIGURE 5

A schematic diagram of the collimation geometry for the
magnetic spectrometer, The target region along the beam
path which illuminates the spectrometer is defined by the
primary collimating slit and the detection aperture. The
diagram shows the parameters for determining the detection

solid angle and target thickness discussed on pages 42
and 45.
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For the spectrometer, the detection system
aperture width, w,, 18 determined by the O
slit; the height, h, is determined by the ¢
slit; and R is the distance from the center
of the target chamber to the entrance slits,

and

]

target thickness seen at the labora-
tory angle 6,
= MR __
~ dsin(6,)
where W, = wldth of the first collimation

slit, and 4 = separation between the first
slit and the detection aperture,
A more exact treatment which includes effects due to the
finite beam size and varliation of the differentlal cross
sectlion over the collimation angle has been given by

Silverstein (1959).

B, _Procedure

1. Data Acquisition

For a gas target, the differential cross section per
unit energy averaged over the energy and angular resolution
factors for the experimental configuration, at an angle 6

and energy E, is given by

(a%0/(AEAQ) ) gy = Y(E,0)/(£°Ny Ny 140« AE) (26)
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where
¢ = the detection efficiency
Nb = the number of incident particles
Nt = the number of target nucleli per cm3

1AQ = the target thiclmess times the solid
angle

AE = the energy resolution of spectrometer

Y(E,f8) = the number of particles observed in the
intervals AQ) and AE

Since cﬁrrent theories for final state interactions
do not prediect the absolute value of the differential cross
section, only a relative consistency between points in the
gspectrometer scans was required to study the shapes of the
spectra. Nevertheless, it is valuable to have a good
estimate of the absolute value to set a 1limit on the cross
section for producing a bound di-neutron and for more
refined calculations of the future. Therefore, a reasonable
degree of care was taken in the measurements required for
determining each of the parameters of Equation (26). The
Procedure used in acquiring these data with the previously
described apparatus will be outlined in the following para-
graphs. ”

The measurements were scheduled so that two consecu-
tive days were available with the spectrometer to minimize
handling the target system. To insure the correct

posltioning of the gas cell required for collimation, the
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system was aligned optically with respect to the spectro-
meter, With the magnet set at 90°, the beam line through
the target chamber was established with a transit by
aligning the beam entrance hole and the center of the 90°
access port in the side of the target chamber., The gas cell
was then positioned in the target chamber so that a refer-
ence index (scribed at 90° with respect to the cell's exit
slit) coincided with the beam line. With this procedure,
the observation angle was determined to the same precision
as the spectrometer could be set, + gl

Several safety precautions were taken when tritium
was used in the target cell. To protect the laboratory, a
closed liquild-nitrogen-cooled Zeolite trap was attached to
the exhaust port of the spectrometer's mechanical fore-pump.
In the event of a tritium leak, this trap would have pre-
vented contamination of the laboratory. The target room
was continuously monitored with a tritium "sniffer"
(Johnston Laboratories, Inc., Baltimore, Maryland; model
755B). Also, the pressure of the gas target cell was
continuously monitored from the accelerator control room
using closed-circuit television.

The energy spectra of the mass-three nuclei were
measured with the CIT 61 cm magnetic spectrometer and 16
counter array. The magnetic spectrometer provided both the

energy resolution and the particle discrimination required
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for the measurements. Good energy resolution was important
for accurately measuring the spectrum shape needed for
testing the Watson—Migdal final state interaction theory.
Particle discrimination wag important for measurements at
very forward angles, since the large number of elastically
scattered deuterons would have smothered the mass-three
particles without the separation of particle species. Even
with the spectrometer, regions of the 60, 7.50. and 10°
spectra were obscured by the elastically scattered
deuterons coming through the magnet. Groce (1963) has
given a detailed description of the construction and
operation of the magnetic spectrometer.

The spectrometer has a slow data accumulation rate
because 1t only measures a small segment of the energy
spectrum at a given magnetic field setting. This disad-
vantage was offset somewhat by using an array of 16 Au-Si
surface barrier semiconductor detectors mounted in the
focal plane of the spectrometer. A detailed description
of the design and use of thlis array and its associated
electronics has been given by ﬁcNally (L966) and by Moss
(1968). Most of the data were taken with the array.

The spectrometer measurements were made by starting
well above the kinematic three-body end point (the maximum
energy available to the observed particle) and then slowly

working downward in energy. The settings of the magnet
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were made (using an NMR probe) so that the spectrometer
scans would overlap by 504. This overlapping of scans
averaged out uncertainties in the spectrum introduced by
differences in the counters., When the triton spectra were
measured, a thin (.00636 mm) aluminum foil was placed in
front of the array. This was necessary because tritons
and (3He+) ions analyzed by the spectrometer at a fixed
field setting have equal energles. The aluminum foil
lowered the (3He+) ions' energy relative to the triton
energy, thus separating the particles.

The angular aperture of the spectrometer entrance
slits was on the order of 46= + 1° and ad = + 2°, A slit
in front of each counter defined the relative energy
resolution %% to be about 1/400, The total experimental
resolution, due to energy straggling in the entrance and
exit folls of the cell and the finite energy and angular
resolutions of the spectrometer, is summarized in Table I
for each angle of each reaction measured.

A different electronics system was used for the
3H(d,BHe)Zn three-body end polnt scans at 6° and 7.5° and
for the JH(d,t)pn scans at 6°. For these measurements,
eight counters of the array were selected and fed into two
RIDL 400 channel pulse helght analyzers, each operated
in the 4 x 100 channel mode. The increase from 64 to 100

channels lmproved the analysis of the detector pulses.
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Also, the system was felt to be more reliable than the
standard system using the Nuclear Data 160 analyzer because
of the improved pulse routing. 8Since the three-body end-
point scans were used to set a limit on the cross section
for producing a bound di-neutron, it was important to
minimize stray counts.

The number of deuterons incident on the target was
determined from the charge accumulated by the gas cell.
Bach scan with the spectrometer was terminated when the
charge reached a preset limit. After each scan, the tem~
perature and pressure of the target gas was measured,

About 15 mm of Hg pressure was used on all runs. The
temperature of the target gas was measured by assuming that
it was in equilibrium with the cell. (Localized heating

of the gas along the beam path was expected to be small
because of the small energy loss of the beam in the gas.)
An accurate thermometer (+ 0.05° C) was attached to the top
of the gas cell to monltor the temperature., From the
temperature and pressure data, the number of target nuclel

per cm3 was determined.

2, Data Reduction

In reducing the data, correctlons were made for:
changes 1in target thickness due to slight changes in tem-
perature and pressure; energy loss of the incldent beam and

detected particles in the folls and target gas; dead time
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of the electronics system; variatlons in the effectlive area
and efficlency of the counters; and the effective radial
position of each counter in the spectrometer. The correc-
tions for the varlations between the counters was made with
correction factors determined by requlring agreement with
the spectrum shape observed wlth the central counter of

the array. 3Several sets of correction factors were measur-
ed, and the sets were in agreement to within 5%. An array
data reduction computer program was written (largely by

Dr. A. D. Bacher) to make the above corrections. This
program is described in Appendix A,

In calculating the energy spectra wilth Equation (26),
the yleld, Y(E,f0), and energy resolution, AE, were handled
as a single quantity. For the magnetic spectrometer, the
relative energy resolution AE/E 1s constant so that the
quantity Y(E,6)/AE can be written as Y(E,0)/(Rgk) with
RE = AE/E. Since the particle energy E is proportional to
fz where f is the frequency measured with the NMR probe,
the spectra are proportional to I(E.O)/fz. It is this
quantity that the computer program mentioned above calcu-
lates.

A portion of each forward angle triton spectrum, in
the energy region around 7 MeV, is obscured by the tail of
the intense group of elastically scattered deuterons. 1In

these regions, the deuteron background was substracted as
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reliably as posslble, but many of the data points had to be
eliminated. This difficulty remains for the lower energy
reglons of the 6° triton spectra. This problem does not
occur for the 3He spectra because the (3He++) ions have an
energy greater than the deuterons for a given field setting
of the spectrometer.

As discussed in Section III-A-4, the target thickness
times the solid angle is given to first order by the geo-
metrical factor, Go‘ Go was calculated from the previously
measured dimenslons of the spectrometer, but, since the zero
settings of the entrance slits of the spectrometer were not
recalibrated, the geometrical factors had the largest un-
certainty of any of the parameters required for calculating
the absolute cross section., The calculated value of the
absolute cross section was checked by measuring the differ-
entlial cross section for 3He elastic scattering from
3He(d,’He)d at 33.3°., This callbration measurement was made
under the same conditions as the energy spectra measurements
so that differences due to the experimental configuration
would be minimized. The calibration elastic scattering
cross section agreed to within 6% with the previously
measured value of Tombrello, et _al. (1967) --- well within

the combined uncertainties of the two experiments.
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C. Results and Comparison with the Watson-Migdal
Prediction

The measured spectra for the 3He(d.t)Zp. 3H(d,3He)2n,
3He(d,BHe)pn. and 3H(d,t)pn reactions at laboratory angles
6°, 10°, 15°, and 20° are shown in Figures 6, 7, 8, and 9,
respectively. The data polnts are'shown as filled circles,
and the scatter in the points 1s indicative of thelr un-
certainty. The smooth curves are calculated spectra which
will be discussed below., The vertical scales in each figure
are in arbitrary unlts and are not related to one another,
The horizontal scales glve the energy of the observed parti-
cle and have been corrected for energy loss in the target
gas and exit foil. For the JHe(d,t)2p and JH(d, He)2n
reactions, spectra were also measured at ?.50, 12,5°9, and
17.5°, and for the JHe(d,’He)pn and JH(d,t)pn reactions at
7.5°, Figure 10 shows all the measured spectra plotted
together on the same vertical scale. Each division on this
scale corresponds to a differential cross sectlon per unit
energy of 52.5 millibarn/MeV-sterradian. These curves,
shown alternately solid and dashed for greater clarity, were
obtalned by drawing smooth curves through the data points.

Some general remarks can be made about these spectra,
For each reaction, the high-energy region of the spectra at
forward angles is enhanced over what one would predict from
three-body phase space with a constant transition matrix.

At 6° and at 7.5°, the enhancements are about equal, but
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they rapidly diminish with laboratory angle and have nearly
disappeared at 20°. In the 3H(d,3}le)2n spectra, the sharp
peaking at forward angles, due to the n-n flnal state inter-
action, is quite pronounced. The 3He(d.t)2p spectra, on the
other hand, are broadened and reduced in peak height by the
repulsive Coulomb interactlion between the flinal state pro-
tons. The additional triplet p-n state is the likely cause
of the broader energy spectra observed in the 3He(d,3He)pn
and 3H(d,t)pn reactions. For these reactions, one expects
from isospin algebra that the part due to the 150 p-n inter-
action should be half the size of the n-n and p-p cross
sections. Strong evidence for the hypothesis that the
enhancements are due to the lSo nucleon-nucleon final state
interaction is the absence of the effect in the kinematical-
ly similar reaction, uﬂe(d,a)pn (Tombrello and Bacher, 1965).
Isospin conservation should strongly inhibit the s-wave,
singlet p-n final state interaction in this reaction.

The curves shown in Figures 6, 7, 8, and 9 are fits
to the data made with the Watson-Migdal approximation. The
curves were calculated by using Equation (24), converting
to the laboratory system, and folding in a Gaussian reso-
lution function that corresponded to the total of the ex--
perimental energy resolutions listed in Table I. KEach

curve was normalized to the maximum of the spectrum. The

values of the effective range parameters for the p-p and
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and p-n systems were taken from Preston (1962).

For the JHe(d,t)2p reaction at 6°, 10°, and 15°, the
solid curves were calculated wlth the Watson-Mlgdal approxi-
mation using a . = -7.75 F (see Figure 6). At 6° and 10°
the observed spectra appear to be adequately described by
the approximation down to a triton energy of 6 MeV,
although the prediction does not quite fit the leading
edges. The 6 MeV triton energy corresponds to an excitation
energy greater than 3 MeV in the p~-p flnal state system. The
dashed lines on the 6° data indicate the sensitivity of the
Watson-Migdal prediction to a change of + 1 F in the p-p
scattering length.

For the JH(d,’He)2n reaction at 6°, 10°, and 15°, the
solld curves were calculated with the Watson-Migdal approxi-

mation using a = -16.4 F, the value of the n-n scattering

nn
length determined by Haddock, et al. from the D(m;y)2n
reaction. <The dashed curve shows the same calculation using
8. = -20.4 F. If one arbitrarily limits the region of
fitting to include only polnts below an n-n relative energy
of 1 MeV, then the former value gives a quite adequate fit.
However, 1f the entire spectrum is used, then the shape of
the prediction 1s no longer adequate, and the best compro-
mise fit is for a value of a,,, = -18 + 2 F. This same un-

certainty in the value of a is found for the JHe spectra

nn

for laboratory angles of 7.5° and 12.5%, although the exact



value of a,, required is somewhat more negative at o
and is less negative at 12.50.

The solid curves in Figures 8 and 9 were calculated
With the Watson-Migdal approximation using anp = -23.7 F.
For the 3He(d,3ﬁe)pn and 3H(d,t)pn reactions, the presence
of the additional triplet p-n interaction is apparent even
at the most forward angles.

The measurements included a search for evidence of a
bound di-neutron. Figure 11 shows the results of a scan of
the region above the three~body end point for the
3H(d,%He)2n reaction at & laboratory angle of 7.5°. The
solid curve is a Watson-Migdal it to the data using
B -16.,4 F, This scan covers an n-n relative energy
range down to about =675 keV and determines a cross section

1limit on the production of a bound di-neutron of 5 ub/sr.

The same limit was also set with data taken at 6°,

D, Discussion

The measurements show that at very forward angles
(6, < 12.5°) the two-nucleon final state interaction plays
an important role in determining the energy distribution of
the mass~three nucleli. For angles greater than 12.50,
however, the effect of the final state interaction dimin-
ishes and other processes become important. The reaction

mechanism changes rapildly over a small angular interval,
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FIGURE 11

The measurement of the region above the three-body end
points for 3H(d,BHe)Zn at a laboratory angle of 7.5°. The
so0lid dots and curve show the data and corresponding fit
up to a 2n excltation energy of about 800 keV. The open
clrcles and the dashed curve give a one hundred fold
expansion of the vertical scale. The vertical error bars
represent the statistical uncertalnty in the individual
points, and the horizontal bars indicate the experimental
energy resolutlon of 59 keV,
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indicating an interference between the final state inter-
action and the primary mechanism which initiates the
reaction.

The observed behavior of the spectra leads one to
guestion the applicability of the Watson-Migdal approxi-
mation at very forward angles even though its predictions
agree with the measured spectra. As discussed in Fart II1,
the Watson-lligdal approximation is based on the assumption
that the primary interaction 1s 1solated from the final
state interaction. The observations, on the other hand,
indicate that the interactions are not separated over the
limited angular range measured. Thus, the theoretical
assumptions necessary for the Watson-Migdal approximation
may not be justified, and perhaps it is merely fortuitous
that the forward angle spectra and the Watson-Migdal
predictions are in agreement. wWhat one needs is a better
understanding of the total mechanlsm occuring in these
reactions. 1In Part 1V we describe a calculation that pro-

"vides additional information regarding this question,
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IV. PLANE WAVE BORN APPROXIMATION CALCULATIONS

In Part I1I1 we have seen that the quality of the
Watson-Migdal fits to the observed spectra rapidly decreases
with increasing laboratory angle. BExcept for effects due
to phase-space kinematics, the Watson-Migdal approximation
predicts no change of shape in the spectra with laboratory
angle. Furthermore, each predicted spectrum must be norma-
lized at each angle. Thus, the Watson-Migdal approximation
does not glve a systematic description of the observations.

As indicated in Section II-C, Born approximation cal-
culations provide a2 way to study the contribution of the
primary interaction to the reaction mechanism. Predictions
are possible for both spectra and angular distributions.

An understanding of the primary interactlion'®s contribution
to the JHe(d,t)2p and ~H(d, He)2n reaction mechanisms is
interesting both for its own sake and, as we have seen, for
the proper application of final state interaction theories
used to extract nucleon-nucleon scattering parameters,

Two PWBA calculations for the 3He(d.t)Zp and
3H(d,BHe)Zn reactions are described in this Part. The
calculation described in Section A assumes that the reaction
proceeds via a direct neutron pickup process. This process
was postulated by Henley, et al, (1967) in their calculation
of triton angular distributions from the 3He(d,t)Zp reaction

at forward angles, While the results of our first
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calculation are in quallitative agreement with our observed
spectra, the more extensive calculation described in
Section B shows that such simple models for the primary

reaction mechanism are not Jjustified.

A. Neutron Pickup Calculation

The calculation presented in this Section is intended
to illustrate the results obtalnable with the direct neutron
pickup model (Bilaniuk and Slobodrian, 1963, Jakobsen,
et al., 1965; Henley, et al., 1967) and to provide a com-
parison for the results obtained with the calculatlion of
Section B. Since the calculation methods used very closely
follow those described by Banerjee (1960), we shall, in the
interest of brevity, only sketch the calculation.

The reaction was assumed to proceed as a direct pick-
up of the neutron of the 3He target by the incident deute-
ron, producing a triton and two interacting protons in the
final state. The interactlon was assumed to occur between
the neutron and the deuteron as a whole. Exchange effects
and the spins of the particles were ignored, The 3He wave
function was assumed to be factorable into a product of
two wave functions, one which described the two protons and
one which described the neutron. Similarly, the triton was
assumed to be 2 product of two wave functions, one describ-
ing the proton and neutron, the other describing the re-

malning neutron. In keeping with the assumed peripheral
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nature of the plckup reaction mechanlism, the wave functions
describing the neutron were taken to have the asymptotic
radial form. The flnal state interactlion between the
protons was included by using the proton~-proton scattering
wave function. In calculating the overlap integral, the
explicit potential dependence was eliminated using Green's
theorem. To approximate distortion effects, a cutoff radius
was applied to the integrals describing the transfer of the
neutron.

Pigure 12 compares the calculated spectra with our
data. The curves are normalized with respect to the 6°
data. A cutoff radius of 3 F has been used. The effect of
this pilckup process 1s very nearly to superimpose a Butler
type angular distribution on the Watson-Migdal spectrum
shape. The apparent difference in the shapes of the curves
would be removed if they were redrawn on different scales,
for the curves are almost congruent when their maxima's are
matched.,

Pigure 13 indicates the change in the angular distri-
bution with cutoff radius. The filled circles were obtalned
by integrating the regions of the spectra corresponding to
relative energies in the final state p-p system from O to 2
MeV, while the barred lines correspond to the maximum value
of each spectrum. The shapes of the calculated spectra are

not sensitive to the cutoff radius for values less than 3 F,.
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FIGURE 13

Comparison of PWBA (direct neutron pickup) calculated
angular distributions with our 3He(d,t)Zp data. The

filled clrcles indicate the angular distribution obtained

by integrating the regilons of the spectra corresponding to
relative energies from 0 to 2 MeV in the final state
proton-proton system. The barred lines indicate the

angular dilistribution obtained by taking only the maxima of
the spectra., The curves were calculated with the assumptions
described in Section IV-A, Cutoff radil of 0.0, 1.5, and

3.0 F were applied to the integrals describing the transfer

of the neutron. The best fit was obtailned with the cutoff
radius of 3.0 F.
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For cutoff radil greater than 3 F, the fits to the observed

spectra raplidly deteriorate.

B, Antisymmetrized Calculation

Desplte its qualitative agreement with the data, the
calculation described in Section A falls in one respect.
The assumed direct plckup mechanism cannot predict the
observed change in spectrum shape at very forward angles
because the final state interactlon occurs as a multipli-
cative factor in the transition amplitude. This 1s true in
both the PWBA and DWBA formulations and only depends upon
the assumption that the wave functions are of the product
form. Since we are calculating the collislion of two loosely
bound systems, exchange effects may be important. Other
reactlon processes may contribute, perhaps significantly, to
the total transition amplitude, and an estimate should be
made of thelr contributions. If the contributions of other
processes were significant, they could interfere with the
direct process and cause the rapld change in shape observed
in the spectra.

Our calculatlons assume that the observed triton or
JHe 1on does not interact with the nucleons of the final
state. However, the influence of the p-3H and n-BHe inter-
actions upon the triton and JHe spectra is unknown. These
interactions should have thelr greatest effect somewhat

below the mass-three three-body end point. Whlle in most



studies these effects have not been observed, Jakobsen,
et al, did find a statistically relevant "bump" at 6°,
By = 21 MeV for the D(3He,t)2p reaction which occurred

at the appropriate place in the triton spectrum. Since

no other evidence of the p-3H resonance was observed, they
chose not to attribute it to a p-3H final state interaction.
Because such effects have not been observed by others or
ourselves, we make the assumption in our calculations that
the nucleons do not ilnteract elther individually or as a
unlit with the observed maess-three nucleus. Nevertheless,
the effect may be important in the tall regions of the
spectra, and it remains as another point on which to
question the wvalidity of the Watson-Migdal approximation as
applied to this reaction.

In the following calculations, we included only two-
body interactions and neglected three-body forces. We used
an antisymmetrized final state wave function and a symmetrli-
cal, finlte-range, spin-dependent, central interaction in
evaluating the first order transition amplitudes. Thus, we
included all of the possible first order contributions to
the total matrix element. Our purpose was to estimate the
relative importance of the processes that contribute to the
total transition amplitude and to relate the 3H(d.BHe)Zn
and 3He(d,t)Zp reaction cross sections in order to study

the comparison method for determining 8 ne
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Since the mathematical methods used were stralilght-
forward, we shall only outline the calculations. Further-
more, we shall only describe the calculation of the
3He(d.t)Zp reaction in any detall; the results for the
SH(d,%He)2n reaction are easily obtained by ad justing the

Coulomb interactions between the nucleons.

1. JHe(d,t)2p Reaction

a. Description

The five particle gsystem was treated as if it were
composed explicitly of three protons and two neutrons,
designated as particles 1, 2, 4, and 3, 5, respectively.
Explicitly keeping track of the protons and neutrons has
the advantage that one can see how each process arises from
the exchange nature of the interactlions and the antisymme-
trization of the final state wave function.

With the PWBA, the expresslon for the total transition

matrix, Equation (10), becomes
Tei =< ¥ V¥ > (27)

where the initial and flnal state wave functions are de-

fined as
¥, = G Poxp (A, By Wy (7 7 o7 Wy (), 57 10, (12305)

i

(28)
A{( 1)3/ exp(lx Rlyp (r3,rh,r5)b (rl,r )nf(123h5)}

Ve
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with the operator A signifying the antisymmetrization of
the final state wave function wlith respect to the exchange
of all palrs of protons and the palr of neutrons. The
initial state plane wave describes the relative motion of
the incident deuteron (nucleons 4 and 5) with respect to
the target JHe nucleus (nucleons 1, 2, and 3) with the
wave vector Ki and the displacement ﬁi « Similarly, the
final state plane wave describes the relative motion of
the outgoing triton (nucleons 3, 4, and 5) and the p-p
system's center-of-mass with the wave vector Kf and the
displacement R . The functions Yy (FysTpsT5)s vy (F) T,
\Ift(fyfhsgs)and (‘Dpp(;l’;Z) describe the spatial structure
of the 3He. deuteron, triton, and singlet p-p state,
respectively. Each of these functions are assumed to be
spatially symmetric. The function ﬂiOEBHS)describes
the initial spin state, while nfUQBhS) describes the
final spin state. The spin wave functions are taken to
be antisymmetric. After antisymmetrization, the final

state wave function can be written

-

1 1 - - - = =
V= (;:)'572‘ N [ex_p(in- 1@\1)~|,1_)(1~1,1~2,r3)d:pp(r12 M (12345)
—exp (1K By W (7] 575 7B (1) 5 M (42315) (29)
g (4 Ty (700 ) 1, 11325 |

Here, in terms of the nucleon position vectors Ty, T, 53-

;h’ and 55, the coordinate varliables are defined as



i] i 3

ﬁi = (fh + 55,)/2 - (fl + 52 + 53)/3

R =(r, +7.)/2 - (f, + 7 +7.)/3

R ¥ hTE (30)
f{? = (1:2 + Eh)/E - (fl + 1-3 + 55)/3

Ry = (F) + 5,)/2 = (5, + £ + £)/3

With the above definitions for the wave functions,
the perturbing interactlon is the sum of the remalning six
nucleon-nucleon interactions
3 5
DRI
i=1 i“‘
The nucleon-nucleon interaction V(ij) is assumed to have the

scalar form
V(ij) = vN(rij) (w + bpgj + mPli" + hPt jP ) + € 5 Vc(r ) (31)

where VN(riJ)and Vc(rij) describe the radial shapes of the
nuclear and Coulomb potentlals, respectively. This choice
of nucleon-nucleon interaction conserves channel spin so

that only singlet configurations 1n the entrance channel
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o B o
P13 and P1J are

the spin and space exchange operators, respectively, whille

contribute to the transition amplitude.

eij is equal to one Af 1 and J are protons and 1is equal to
zero otherwise., The constants w, b, m, and h are the co-
efficilents for the relative strengths of the Wigner,
Bartlett, Majorana, and Helsenberg forces, respectively.

They are normalized so that

W+ b+m+h=1 (32)
for the triplet lnteraction, and

W-b+m-h-= ,63 (33)

for the singlet interaction. The exact force mixture has
not been established, but nucleon-nucleon scattering data
requlre that 1t be close to a Serber mixture. The method
of Thompson and Tang (1967) was used to vary the force
mixture, With thelr method, the nucleon-nucleon potential

was expressed in the form

V(L) = yvserber + (1 - y)Vsymmetric (34)
where Vg ... ... 18 the potential of Equation (31) with w = m
and b= h, and V is the potential with m = 2b and

symmetric
h = 2w, The parameter y can then be varied to determine an

intermediate force mixture, but y should not be too differ-

ent from 1.



With the above assumptions and approximations and
after a lengthy but strailghtforward calculatlion, the total
matrix element for the reaction can be expressed as

Tps = N (?w+b-m - 2h)Ilh(r1h) + (2w +b-m- 2h)12h(r2h)

= mIBh(rlh) = mIBh(r2h) + 2(w + m)IBh(TBh) + (2w + b)IlS(rlS)

+

(2w + b)IQS(r2S) +2(w-b +m - h)I35(r35)

- (w+2b ~ 2m - h)th(rlh) ~(w-b+m =~ h)th(rzh) (35)

wJBh(rBh) + (2m + h)JIS(rlh) - (w+b+m+ h)Jls(rILS)

WJES(r25) -{w-b+m- h)JBS(rBS) -(w-b+m - h)th(rlh)

(w+ 2b - 2m - h)Keh(reh) - WKBh(rBh) - WKTLS(rlE)
(2m + h)KES(rZh) -(w+b+m+ h)KZS(r25)

G-t - BiEggleged < bl gl o) = Alipg(is)

+

where

Ip.w(rkl) =[exp{ iK " Rl}q) (rlz)\y (rB,rh,rS)V (r )
‘B, }*H(rl,rg,r )wd(rus)dr
Z}q)w(th Nt(rl ,1‘3 :rs) ‘u,y(rkl )
iﬁl.g}\yH(Fl,Fz,F W4 (5,5 )ar (a5}
-iK }CD (rlh)vt(rz,ryrs)v s

i
Lﬁ‘-”(rkl) =/exp —1ﬁ ﬁ}(‘l) (rhs)\yt(rl,rz,r )V (r )

{-iK
{
-1,
exp{iﬁ }#H(rl,r TNy () gdar
!
exp{iﬁi- i} H(rl ,r2 ,r3 )Wd(rhs)d‘r



and N is a normallzatlon constant. The subscripts on the
potentials indicate the interacting palr of particles.

EBach of the above integrals can be classified as
belonging to one of the seven schematlic diagrams shown in
Figure 14. The diagrams are only intended to represent
the "topology" of the reaction mechanisms, and each diagram
may correspond to a number of different physical processes,
The lines in each dlagram schematically represent the
"paths" taken by the nucleons in going from the initlal to
the final state. There are three different patterns for
these paths, corresponding as to whether none, one, or two
nucleons are transferred from the -He nucleus to the
deuteron. The ellipse represents the final state inter-
actlion between the protons. The dashed line represents
the interaction between a particular nucleon of the target
and of the projectile; it distinguishes the manner in which
the transfer mechanism occurs. For example, Diagrams 1 and
2 both represent a neutron plckup process, but, in Diagram
1, the interactions do not include the neutron belng
transferred, while, in Diagram 2, they only include this
neutron. Thus, we would refer to Diagram 2 as a direct
pickup process and to Diagram 1 as an indirect or re-
arrangement process, Listed below the dlagrams are the
integrals to which the dliagrams correspond. Diagrams 3,

4, 5, and 6 represent reaction modes in which two nucleons
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FIGURE 14

Schematic diagrams of the radial integrals of the transi-
tion matrix. The straight lines represent the "paths"
taken by the nucleon 1n going from the initial to the final
state; the dashed lines represent the perturbing nucleon-
nucleon interaction; the ellipses represent the final state
interaction between the protons. The functions listed
below each diagram indlicate the radial integrals associated

with that diagram and are defined in the text.
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are transferred. Dlagram 7 represents the case of no
nucleons being transferred. Thls case can only occur
through a MajJorana exchange force and can be plictured, if
one s0 deslires, as a charge exchange process,

The evaluation of all of these integrals may be done
analytically if Gaussians are used for each of the functions
in the integrals. Therefore, 1t 18 convenlent to express
the bound state functions and the lnteraction potentials as

sums of Gausslians. For the deuteron, we use the expansion

3
va(r) = Zcie"p('“irz) (37)

i=1

where the parameters C; and a, are from van Oers (1967).
They are:

1 Cy Ay

1 .01388 .01691
2 .05583 .09018
3 11784 42836

For r > 1 F this function closely approximates the Hulthen
wave function, and for r < 1 F it approaches the origin in
a manner required by a hard-core potential. Gaussian,
Irving, and Irving-Gunn wave functions (Griffy, et al.,
1964) were used in the calculation to describe the mass-
three nucleil in order to study the effect of the mass-three

nuclei's spatial distribution on the predicted spectra.
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Bach of these wave functions only depends upon the sum of
the squares of the separations between the particles. We
may write this sum as
2 g 7R G -y (F, -7 (38)
z = (I'»l = 1"2) ® rl Sl 2 3 3
With Equation (38) the Gaussian, Irving, and Irving-Gunn

functions can be written

33 i
uG(z) = 375—@(13(*-*{ 7z /2)
3/ 3 ) (39)
U»I(Z) = __——7’-7-93' [ exp(~-v"2/2)
Vizon’*
and
3/L 3
uI(‘(z) = —3—}7}-exp(—yzz/2 )/z
2 ‘\/571‘ ’
Gausslan expansions, defined by the equation
2 X
u(e) = D Ajexp(-5,r°) (40)

were made to the Irving and Irving-Gunn functions; their
parameters, along with those of the Gaussian functlon, are

liéted in the following table;
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1 Gaussian Irving Irving-Gunn
Ay 8y Ay 83 A 8y

% 1.0 0.1200 0.00450 0.06900 0,00526 0.05142

2 0.02244 0.22961 0.03681 0.22450

3 0.03727 1.34010 0.10072 0.99642

The fits of these expansions to the Irving and Irving-Gunn
functions are neither unique nor probably the best possible
fits obtainable wlth the method. Nevertheless, they are
sufficiently accurate for the purposes of our calculation.
As with the deuteron expansion, the fits only differ sub-
stantially from the functlions in the region near the origin
where the contributions to the integrals are small,

The spatial form of the nuclear interaction was taken

to be a single Gaussian
Vy(r) = -V_ exp(-g? r?) (41)

where VO is the strength and B8 is the lnverse-range of the
potentlial. As a convenlence 1n studying the relative im-
portance of the contribution of the Coulomb potential to
the matrix element, the Coulomb part of the interaction
was handled separately from the nuclear part. Thus, in
calculating the total matrix element, there were six

additional Coulomb terms corresponding to those integrals
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which have interactions between protons. The Coulomb

interaction
e2
Vglr) = £ (42)

r

was expanded in the same manner as the bound-state

functions:
. 2
Vo = 2 Byem(-Lyr) (43)

The parameters used were:

! By £y

1 2.0454 X 107 5.8174 X 10~
5 3.2967 X 1072 8.1899 X 10~7
3 7.7669 X 1072 b7kl X 1072
n 1.7965 X 1072 2.8663 X 107+

This expansion approximates the potential function between
2 and 38 F to better than + 5%.

The singlet p-p scattering wave function ¢bp(r) was
obtalned by numerically solving the corresponding
Schrodinger equation with the boundary condition that the
solution match the asymptotic Coulomb wave function. A
Yukawa potential was used for the nuclear part of the p-p
interaction. The solutions were checked by calculating the

phase shift at each energy.
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Because of the simple analytic forms and symmetries
present in each of the terms of Equation (35), they could
be analytically reduced to seven terms, each a product of
a Gausslan function and a numerical integral over the
separation distance between the two protons in the final
state, These seven terms correspond to the seven dlagrams
of Figure 14, The terms corresponding to Diagrams 1, 3,
and 4 also occur with the Coulomb force. For all of the
terms except number 2, the integral over the final state
interaction is explicitly dependent upon the initial and
final momentum states.

A computer program was written to calculate the
differential cross section from Equation (4) after de-
termining the transition matrix from Equation (35) in the
manner just outlined. After converting the energy spectra
to the laboratory system, the experimental resolution was
folded into the calculated curves for comparison with the
experimental results. Except where noted, the calculated
spectra were arbitrarily normalized at theilr maximum points

to the data. Appendix B describes thls computer program
in more detail.

bs Comparison with Data
Besides the experimental work presented in this
theslis, several others have measured the 3He(d.t)2p and

3H(d,3He)2n reactions:
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Morton, et al., 1968

Malanify, et al., 1967

Baumgartner, et al., 1966

Jakobsen, et al., 1965

Tombrello and Bacher, 1965

Conzett, et al., 1964

Bilaniuk and Slobodrian, 1963

Brolley, 1958
Most of these data consist of 1solated spectra taken at
various incident energies and at very forward angles., Most
experiments have concentrated on measuring the shape of the
spectra and have not determined absolute cross sections.
Only one complete angular distribution has been reported
(Jakobsen, et al.).

Comparison of the results of this calculation with
the data of Morton, et al., is of particular interest. Of
a2ll the measurements available, these were made at the
highest 1ncident energies, the energy region most valid for
our PWBA calculation. They found that the Watson-Migdal
prediction agrees with the forward angle spectra, but
markedly disagrees with the backward angle spectra. Thus,
the reaction occurs through different mechanisms at the
very forward and backward angles. Henley, et al, (1967)
postulated a simple neutron pickup mechanism for the forward
hemisphere and a charge exchange mechanism for the backward
hemisphere. As shall be shown, the assumptions of Henley,

et al., are an over-simplification of the reaction mechanism

that is occurring.
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Figure 15 presents PWBA (antisymmetrized) calculated
fits to the 52, 36 MeV and 0°, 53 HeV data of Morton,
et al, The curves were calculated wlth parameters of
‘"hompson and Tang for the nucleon-nucleon potential and the

mass~-three Gaussian wave functions:

Vo = 72.98 MeV

B = o0.u6 ¥ (L)
¥ = 1.0 (pure Serber force mixture)

8,= .12 F~%

1

The relative contribution of all the first order processes
to the total transition amplltude is illustrated below the
measured spectra in Figure 15. Bach curve is labeled to
correspond to the type of integral diagrammed in Figure 14;
the signs enclosed in parentheses indicate the relative
sign of each term.

As shown in Figure 15, our calculated spectrum for
the 50, 36 lieV data approximately agrees with the measured
spectrum. If only the simple neutron pickup process (term
2) were included, our calculated spectrum would be the same
as the Watson-iligdal predicted spectrum (neglecting the
small dependence on the initial and final relative motion
momentum states). However, other possible processes do
influence the spectrum shape, and our spectrum is slightly

narrower than the Watson-Migdal prediction. The sinple



FIGURE 15

The upper dlagrams present the data of Morton, et _al.,
(1968) for the JHe(d,t)2p reaction at 6., = 5° and the
D(BHe,t)Zp reaction at eLab = 0°, The incident energies
were chosen so that both reactions had approximately the
same center-of-mass energy (21.6 MeV). The dashed curves
indicate the Watson-Migdal fit (app = =7.7 F) calculated by
Morton, et al., (1968), while the solid curves show the
results of the present PWBA (antisymmetrized) calculation.
The lower portions of the figure indicate the relative
contribution of each of the dlagrams of Figure 14 to the
total matrix element. In thls calculation the mass-three
wave functlon was assumed to be a single Gaussian; the
nucleon-nucleon interaction was taken to have a Serber mix-
ture whose range and depth were taken from Thompson and

Tang (1967).
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neutron pickup term 1s about a factor of ten more probable
than the other processes, but, including the other reaction
mechanlsms, preferentially welghts the transitlion amplltude
for the higher triton energy region. Consequently, we
obtain a somewhat narrower peak than the Watson-Migdal
prediction.

Although broader than the measured spectrum, our
calculated spectrum for the O°. 53 MeV data of Morton,
et al. 1is consliderably lmproved over the Watson-Migdal
prediction. Our calculation shows that lmportant changes
have been made in the reaction mechanlsm. Except for term
5, the terms have inverted in importance when compared with
forward angle term contributions. In contrast te the for-
ward angle case, there 1s no domilnant reaction mechanism
for the backward angle. Term 7 corresponds to the charge
exchange process assumed by Henley, et al,; it arises purely
from the Majorana interaction. Term 6 is very similar to
term 7, but it arises from a pure Wigner interaction, and,
in the 1limit of a zero range force, it becomes identical to
term 7. Term 5 1s one of the more complicated rearrangement
terms; 1t corresponds to a neutron pickup reaction from
states generated by antlsymmetrizing the system. The
dominant term in the forward angle spectrum makes a neglig-

ible contribution to the backward angle spectrum.



Similar results are obtained for the 0°, 74 leV data
of Morton, et al. (see Figure 16), using the same calcula-
tion parameters. The fit to the data 1s better, perhaps
indicating that the plane wave Born approximation is better
at the higher incident energy. In comparison with the 0°,
53 MeV calculation, term 5 is slightly suppressed with
respect to term 7 and term 6, while term 2 has become even
less important. The contributions of the terms are spread
over a wider range of values than at OO, 53 MeV.

When the incldent beam energy 1s lowered, the terms
tend to bunch together. Calculations for our 6°, 11 MeV
data on the 3He(d,t)Zp reaction (see Figure 17) show that
all the terms are within a factor of 150; whereas, for 59,
36 MeV, the terms are spread by a factor of 3000. At the
lower energy, the negative terms have substantially in-
creased in ilmportance., These negative terms have two im-
portant effects. First, when they are subtracted from the
positive terms, they make the predicted spectrum narrower
than the observed spectrum. (The positive terms, by them-
selves, fit the data well.) Secondly, interference effects
between the positive and negative terms will occur at more
forward angles at the lower energy than at the higher
energies,

The predicted spectra from our antisymmetrized PWBA

model are compared with our data in Figure 18. The only
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FIGURE 16

Watson-Migdal and PWBA (antisymmetrized) fits to the 74 MeV,
D(3He,t)2p data of Morton, et al,, (1968). The curves are

calculated with the same assumptions listed in Filgure 15,
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FIGURE 17

The PWBA (antisymmetrized) fit to our 6°, 3He(d,t)Zp data,
The curves are calculated with the same assumptions listed

in Figure 15.
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arbitrary parameter used in calculating these curves 1s the
normalization to the data at 6°.

We do not approximate distortlon effects by applylng
radial cutoff parameters to the integrals in our antlsymme-
trized calculation. That method makes evaluating most of
the integrals very difficult. However, 1t ls easy to apply
radial cutoff parameters to terms 2 and 7. Henley, et al.
has done so, and they have obtalned qualitative fits to the
angular distributions of Jakobsen, et al. with a cutoff
radius of 5 F. But employing a cutoff parameter can marked-
1y change the shape of the predicted spectra. How distor-
tion effects would change the predicted spectrum shapes and
interference effects remailns the greatest uncertainty in
our calculation. The angular distribution fit to the data
of Jakobsen, et al. 18 poor using the present model (see
Figure 19). The calculation does exhlibit, however, the
gross feature of the dominance of direct terms at forward
angles and exchange terms at backward angles with about the
correct relative magnitude for the cross sections. Desplte
its limitations, the present calculation indicates that
complex rearrangement terms are ilmportant in determining the
transition amplitude at lower incident energies and at
intermediate angles.

We have studied the effects of changing: {1) the

force mixture; (2) the potential parameters; and (3) the
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wave functions of the mass-three nuclel on the energy
spectra and the relative contributions of the reactlon
processes.

There are two reasons why the results are not
strongly affected by changing the force mixture. First,
for terms 2, 4, and 5, the coefficients w, b, m, and h
appear in groups that are simple combinations of the sing-
let and triplet interactions. Since the ratio of the
singlet to triplet interaction is taken to be fixed, these
terms are not affected by changing the Serber-symmetric
force ratio, y. Secondly, the terms 1 and 3 and the terms
6 and 7 almost compensate for one another when y is varied,
because the sum of each palr is approximately independent
of y. Changing y, for example, may decrease term 1, but,
at the same time, term 3 will increase by approximately the
same amount, Thls compensation effect would not necessarily
be true if (1) the force mixture were chosen in an arbitrary
manner and not on the basis of belng a combination of Serber
and symmetric type forces, and (2) if the range of the
nuclear potential were significantly different than the
1.47 F used.

We have calculated the relative lmportance of the
seven terms for several different sets of perturbing nuclear
potential parameters. Table II lists the four sets of para-

meters used for the nucleon-nucleon interactions. The
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TABLE II

Nucleon-nucleon potential parameters used in studying the
effects of the range of the potential on the reaction

mechanism.,



TABLE II

g° (FP~2) V., (MeV) Reference

2669 46.8 Laskar, et al., (1960)
. 3906 51.5 Baker, et al., (1962)
L4600 72,98 Thompson and Tang (1967)
« 5636 86 4 Frank and Gammel (1954)
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contributions from the reaction processes were calculated at
5%, 36 MeV, and at 0°, 53 MeV for a p-p center-of-mass
energy of 1.0 MeV. For the 50, 36 MeV calculation, terms

1 through 6 oscillate slightly about mean values which are
approximately the values given in Figure 15. Term 7, the
charge exchange process, 1s approximately proportional to

BZ

range of 82 calculated, For the reversed reaction, 0°,

and changes by a factor of five in magnitude over the

53 MeV, the antisymmetrization terms 3 through 7 also
osclllate slightly about mean values gilven approximately

by the values in Figure 15. Terms 1 and 2 approximately
double in value when BZ varies from .2669 to .5636. Thus,
the predicted spectra are not strongly dependent on the
range of the force used if 32 is within the region calcu-
lated. For very long range interactions (5-6 F), the
contributions of the antlsymmetrizations terms 3 through 7
increase as expected, The magnitude of the Oo, 53 MeV

cross section is enhanced relative to the 5°, 36 MeV cross
section. In agreement with the work of Phillips (1964), the
long range interaction narrows the peak of the energy
spectra. In the limit of a zero range interaction, term 1
equals term 3, and term 6 equals term 7, while all the terms
are enhanced by a factor of nearly 1000, The relative
ordering of the terms is the same, except for term 4, which

drops below terms 6 and 7,
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The calculated spectra for the data of Morton,
et al., using the Irving-Gunn and Irving wave functlons,
are shown in Figures 20 and 21, respectively. The para-
meters for the nuclear potential and the force mixture is
the same for the curves in these figures as for Figure 15.
The Irving-Gunn prediction for the forward angle spectrum
is narrower than the prediction using the Gaussian wave
function. The spectrum calculated with the Irving wave
function falls between the Gaussilan and Irving-Gunn pre-
dicted spectra. For the reversed reaction, the three wave
functions predict about the same spectrum shape.

The relative contributions of the terms to the
total matrix element are plotted on the same scale in
Figures 15, 20, and 21. The contributions of the terms for
the Gausslian and Irving wave functions are quite similar.
For the calculation with the Irving-Gunn wave function at
50, the contribution of term 2 is comparatively greater
than in the calculations with the other two wave functions.
This indicates that the simple pickup process is preferen-
tially favored if the mass-three nuclel have a spatial
distribution that i1s neither compact (Gaussian) nor

diffuse (Irving).

P 3H(d,BHe)Zn Reaction

a. Description
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FIGURE 20

The PWBA (antisymmetrized) fits to the data of Morton,
et al., (1968) as in Figure 15, except that the mass-three

wave functions have the Irving-Gunn spatial dependence.
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FIGURE 21

The PWBA (antisymmetrized) fits to the data of Morton,
et al,, (1968) as in Figure 15, except that the mass-three

wave functions have the Irving spatlial dependence.
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The 3H(d,BHe)En calculation proceeded in the same way
as the 3He(d,t)2p calculation except for two modifications.
The first modification was to "turn off" the Coulomb inter-
action in the Schrodinger equation used to calculate ¢hn(r).
while keeping the nuclear parameters the same. Thus, by
assuming the charge symmetry of nuclear forces, we directly
related the results of the 3He(d,t)Zp calculation to those
of the 3H(d,BHe)2n reaction. The second modification was
to change the Coulomb interactions among the nucleons in
the perturbing interaction. Except for these modifications,

the calculation was identical to the 3He(d,t)zp calculation,

b. Comparison with Data

The results for our 6°, 11 MeV data are shown in
Pigure 22. Without the Coulomb interaction to mask its
effect, the low energy nucleon-nucleon interaction markedly
enhances the high energy region of the 3He spectrum. The
nuclear effects, of course, are the same as in the mirror
reaction (compare with Figure 17). The predicted energy
spectra are compared to our observed spectra in Figure 23.
The results are similar to those obtained for the

3He(d,t)zp reaction.

3 gelat onship of the 3He(d,t)Zp Spectra to the
H(d, He)2n Spectra
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FIGURE 22

The PWBA (antisymmetrized) fit to our 6°, 3H(d,BHe)Zn data.
The curves are calculated with the same assumptlions used

for Figure 15.
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We have compared our antisymmetrized PWBA calculation
Wwith our 11 MeV data 1in a way that largely cancels out the
effects of distortion, We integrated the area under each
experimental and theoretical spectrum that corresponded to
center-of-mass energles from 0 to 2 MeV in the nucleon-
nucleon system. Table III lists the ratio of these areas,
In determining the theoretical ratios, we folded the
experimental resolution into the calculated spectra so that
the ratios could be compared directly with the experimental
ratios. The errors given for the experimental ratios are
the rsmss8. errors arising from the determination of the area
under each spectrum for both reactions. The error in deter-
mining the area under the experimental points was estimated
from the data‘'s spread. While this comparison test does
not depend strongly upon the details of the reaction
mechanism, the good agreement obtained between the ratios

verifies the overall final state interaction process.
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V. COMPARATIVE ANALYSIS

We can use the calculation of the previous Part to
estimate the preclslon with which the neutron-neutron
scattering length can be determined., The results of the
last Section of Part IV emphasized the interrelationship
between the mirror reactions. It has been proposed
(Slobodrian, et al,, 1968) to exploit this interrelationship
in order to aid in removing the theoretical uncertainties
in the analysis,

In our expression for the transition amplitude,
Equation (10), we can factor the plase shift dependence
out of the integral that corresponds to the Watson-Migdal

factorization, That 1is

_ exp(-i§)sind - +)
Ly = SRE O SRR i

(45)

exp(-i&)sind
Pkc(,” T_(8,k)

where the notation is the same as that for Equation (23).
As we have previously seen, the uncertainty of the
analysis is in the evaluation of the function To(e.k). The
Watson-Migdal approximation assumes the To(s,k) function to
be constant. However, even the theoretically unsophistica-
ted calculations made in Part III indicate that the TO(G,k)
function cannot, a-priori, be considered constant. The
calculation emphasizes the complex nature of the processes

contributing to TO(O,k) and shows that To(e,k) is not
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readily evaluated with reallstlc wave functlons and inter-
actions.

The experimental work reported here and that of
Baumgartner, et al. (1966) show that T (6,k) is approxi-
mately constant as a function of k for the 3He(d,t)Zp
reaction at very forward angles. Thls has not proven to be
true for the D(p,n)2p and 3He(p.d)zp reactions (van Oers,
1967) and even for the 3He(d,t)Zp reaction at very backward
angles (Morton, et al.,, 1968). Furthermore, our experi-
mental work shows that To(a,k) 1s a very sensitive function
of 0.

Slobodrian, et _al. have tried to obviate the need for
evaluating the To(o.k) function by experimentally determin-

2
TDP(B,k)! from the 2p final state enhancement in the

ing

mirror reaction assuming that

. 2 . 2
|’[m(9,k)l Consta.ntl'[‘pp(e,k)] (46)

This method could be appiled to all of the reactions listed
above, and, perhaps, the wide discrepancles in extracted
scattering lengths could be resolved.

We have used the calculation described in Section
III-B as "experimental data" to study this proposal. Our
calculation served as a useful tool in two ways: (1) The

predicted spectra are qualitatively correct at both very
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forward and very backward angles wlthout simplifying
assumptions about the reactlon mechanism. All first order
reaction processes were included; thus, we expected the
T(0,k) functions to have some semblence of reality for
these angles., (2) The interrelationship of the "data" for
the two reactlons was precisely known. Thus, we could
judge the precision with which the method could determine
the scattering length and effective range.

Our procedure was to determine the lTpp(e,k)|2
function by calculating the ratio of our PWBA calculated
spectrum ("the triton data") to the Watson-Migdal spectrum
using the known p-p effective range parameters. This was
done at 25 selected points in the p-p center-of-mass system
energy range from 0 to 4 MeV. Using Equation (24), a number
of comparison spectra were then calculated corresponding to
various cholces of a and r_ . In this way our comparison

nn nn
spectra were generated with the equation,

2 PWBA
do
2 WM
dEG comp. dEd S PP d%s .
dEdR = 2 WM dEde (47)
By a T d g %nn’"nn
nn nn
dE4dR PP

The normalization constant, @, for each comparison

spectrum was chosen by minimizing a measure of the goodness

of fit, defined by
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2 mp .
dgo (PWBA _a A% (CO p 2
drdey . dEdf ;
a1 N ‘l sat‘m’rnn"l
i "Z: 2 ey
Na=. 3&(, €Pw1m (48)
dkdse i

Figure 24 shows several of these spectra compared to the
PWBA calculated spectrum. The kinematic conditions in this
figure were chosen to correspond to data taken at over-all
center-of-mass energy of 20 MeV (the experimental conditions
of the data of Morton, et al.). The PWBA spectrum in this
figure and all other PWBA spectra used in studying the com-
parison method were calculated with the Irving-Gunn wave
function, the nuclear potential of Thompson and Tang, and a
pure Serber force mixture. The fits were made over those
parts of the spectrum that corresponded to 2n relative
energies up to 4 MeV.

Heal data have experimental uncertainty that affects
the determination of a,,. For the reaction under discussion
the scatter in the data points above and below the average
value of the spectrum tends to be uniform over most of the
spectrum. However, for simplicity, we shall discuss our
results in terms of a constant + # deviation about the
predicted PWBA spectrum to simulate the effects of experi-
mental‘undertainty. At the present tlime good experimental
data typically have a deviation of + 5% in the region of the

maximum of the spectrum.
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The quality of fits obtalned with the comparison
procedure for wvarious combinatlions of 8n and Rrn is con-
veniently described in terms of contour plots of the
goodness of fit parameter,llz. Figure 25 presents four
such plots. The curves represent constant values of 0?2
corresponding to the various combinatlons of an and Mt
which give equally good fits to our PWBA spectrum. The
contours are labeled according to the constant percentage
uncertainty that corresponds to the value of 02 calculated
with Equation (48). All the plots in this figure are for
an overall center-of-mass energy of 20 MeV, FPlot a
presents the results for a laboratory angle of 50 when the
fitting is made over 2n relative energles from 0 to 2 IleV,
while in Plot b the fitting 1s made for energies from 0 to
4 MeV. In Plots ¢ and d, we have had to make a modification
of our fitting procedure. We have excluded the leading
edges of the spectra corresponding to 2n relative energles
from O to 150 keV, In this region the agreement between the
comparison spectra and the PWBA spectrum was poor, and very
large values of()z were obtained if the region were in-
cluded. Even though we have made this exclusion, the com-
parison of the spectra is still reasonable, since the ex-
perimental resolution is typlcally of the same width as the
excluded reglon, and the discrepancy in the spectra would be

difficult to observe.
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In each plot of Figure 25, the position of the
circled cross indicates the correct values of a8, 8nd T ...
These values were obtained directly from the phase shifts of
the neutron-neutron scattering wave functions. The value
of a,, = -19.2 F is a result of the use of the Yukawa poten-
tial for the nucleon-nucleon interaction; a different value
would be obtained 1f some other potential shape were used.

The plots of Figure 25 show clearly that many combl-
nations of &n and Ton give equivalent fits to the PWBA
spectrum. Even though our plots cover the region of the
expected values for the effective range parameters, the
contours indicate that many more combinations would give
comparable fits 1f the range of the parameters were exten-
ded, The four plots have a simllar pattern; they show a
strong correlation between 8nn and X ow for obtalning equiva-
lent fits. The correlation pattern covers roughly the same
values of tThe effective range parameters for both the for-
ward and backward angles, particularly when judged with the
5% uncertainty that is typical of actual data. When made
over larger 2n relative energles, equivalent fits have a
tendency to become less sensitive to the wvalue of 8y 8S
shown by the change in pattern of the contours when Plot b
is compared with Plot a and Plot d 1s compared with Plot c.
The correct value of a and Ton 1s not located at the

nn
ninimum point of the surface defined by the contours in any
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of the plots. For the 5° plots, the minimum points lie in

the reglon of larger a and larger Tn’ while, for the 180°

nn
plots, they are in the region of smaller 8nn and smaller

T Contour plots made from comparison with actual data

-
should be similar to those shown in Figure 25, because the
calculated PWBA spectra are similar in form to that of the
actual data.

Baumgartner, et al., in fitting thelr data for the
57(d,3He)2n reaction, first assumed r , = 2,65 F and obtained
a best fit with a = -16,1 + 1.0 F, Then, using an =
-16,1 F, they found a best fit with Ton = 3.2 + 1.6 F.

(They used a X2 criterion for determining the best fit to
their data, Our goodness of fit parameter Q2 differs from
the usual X2 criterion in that all parts of the spectrum
used in our fits are equally weighted.) If we use the
fitting procedure of Baumgartner, et al., then, for a 5%

uncertainty and r,,, = 2,6 F, we find a__ from each of the

nn
plots to be:
a: =18.75 + 2.7 F
bt =-19.25 + 2.0 F
c1 =18.0 + 3.4 F
d: -17.5 + 3.0 F
Using the above values for 8’ We find the values for A

respectively, to be:
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as 3.0

I+

2.5 B

b: 3.2 1.4 F

I+

ct 2.5+ 2,8F

d: 2.3 +1.,8F
The four palrs of wvalues of 8n and. Ton obtained from the
plots are in agreement within the assigned errors,

When viewed in terms of the information provided by
the contour plots, the fitting procedure of Baumgartner,
et al. is seen to be too limited 1in scope. If they had
chosen the initial value of ;O to be 1 or 3 F instead of
2.65 F, they would have obtained a very different value of
8,ne While a  has been determined from the D(w,¥)2n
reactlon, the only experimental measurement of 2 . is that
of Baumgartner, et al. From the above study we see that

thelr value of rnn is of 1little value unless a., were

assumed from the D(m,Y)2n reaction.
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VI. SUMMARY AND CONCLUSIONS

The rapld change in shape of the measured spectra
with forward laboratory angle indicates that complicated
processes are involved in the 3H(d.BHe)Zn reaction. A
peripheral, direct neutron pickup reaction mechanism cannot
adequately explain this behavior, even in principle, because
the final state interaction appears as a simple multiplica-
tive factor. Assuming that contributions from non-central
interactions are small for the direct process, other
reaction modes are required to explain the observations.

By properly antisymmetrizing the five particle systen
and using the plane wave Born approximation, we have found
that other reaction processes may significantly contribute
to the transition amplitude. While the calculations are
not in quantitative agreement wlth our measurements, they
exhiblt the gualitative features required to explain our
data. The competing reaction processes may interfere with
one another to provide the measured change in spectrum
shape. The calculation provides a systematic description
for both forward and backward spectra; the relative magni-
tudes of the differential cross section at 0° and 180° is
in agreement with the data of Jakobsen, et al., (1965).

At higher energles, where the approximations made in

our calculation are more nearly Jjustiflied, better agreement
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is obtained with the available data. Even at these higher
energies; our calculation indicates that more than one
reaction process may dontribute significantly to the total
matrix element. Measurements at even higher energies and
at more angles are important in further establishing the
validity of this calculation.

Thus, simplifying assumptions about the reaction
mechanism, such as that of Henley, et al., (1967), are not
adequate in analyzing the observed spectra. At the present
time, the use of the Watson-Migdal approximation for ex-
tracting a,, from the spectra can only be Jjustified with an
empirical knowledge of the production form factor yguﬁe,k)z
If this form factor 1s determined from the mirror reaction
by assumlng the charge symmetry of nuclear forces, the

measurement 1s prejudiced in determining 8nne

Beside this
logical inconsistancy, effects due to direct breakup or
other final state interactions may inadvertently be included
in the form factor lTnn(B,k)I2 if it 1s determined empiri-
cally in the manner of Slobodrian, et al., (1968), Without
a thorough understanding of the reactlion mechanism, the
method of Slobodrian, et al. is not adequate.

For plots a and b of Figure 25, the way in which the
value of Ton changes in fltting our calculated spectrum 1s
similar to the way in which it changes for the data of

Baumgartner, et al.,, (1966). Because of strong correlations
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between ay,, and r as shown in Part V, a limited fitting

nn
procedure such as used by Baumgartner, et al., glves an
incomplete and misleadling picture of the fits obtalilnable
Wwith the effective range parameters. Within the uncertainty
of the experimental data, the fltting of a spectrum de-
termines many sets of effective range parameters. Unless
the uncertainty of the data is fairly small, the allowable
effective range parameters may extend over a large region.

If, however, a particular value of r is assumed, our

nn
study indlcates that a  can be determined to about<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>