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· 1-±. Dis c ussion of the Results of § 13 

The r esu.l t::; of§ 1 3 , whi.ch cs tah.1 i sh an f!quivalc11n· b1d:w1,c11 Uw 

l\ . .i1·11 l '. i.gt•nva.lue in the ex tended Jnain cas<! a1 1d the di::;pla c1' -

rnent boLmdary-value problem of plane strain for simply-connected re-

gions, e nable us to deduc e properties of the K- spectrum from the 

kJlown r e sults on the \!-spectrum for the displacem e nt boundary-v alue 

problem, which were given in Chapter IV. W e recall here e quation 

(13.55), 

K( \! , a) = 
2 2 

a -2crv-v +3v-l 
2 

(1 - \I )( 2 a - 2 a+ v ) 
(14. 1) 

"" hi<-h r e lates eigenvalues \! to the eigenvalues K . It can be 

shuwn that, for fixed CJ in (-1,i), K(\!, CT ) is a monotonic in c reasing 

function of \I in [i, 1). Thus, the largest eigenvalue K of the Korn 

problem is obtained by using the largest eigenvalue \! in the interval 

n, 1) of the displacement boundary-value problem in e quation ( 14. 1 ). 

W e consider first the c ase of a circle and state the following result. 

(i ) The c ircle. 

From equation (9. 9) of Chapter V, we know that for a circle, 

\J-s p c ctrurn consists o f the disc rete set \J =- l, 1/4, 1/2, e a c h oc-

c urring with infinite mu.ltiplicity. Thus, from T h eorem 13 . 4 we de-

duce that the K- spectrum for a c ircle in the exte nde d main cas e con-

s ists of the values 

er ) -- l K(3/4,0) ::. 
2 

160 -240+ 11 
8a2 -8a+3 

(14. 2) 



· -89-

each occurring w ith infinite multiplicity. The largest eigenvalue i s 

K(3/4,cr) = 

which lies in the inl crval 

16cr
2

-24cr+ ll 
2 

Ba -8cr+3 

51/19 < K(3/ 4 ,cr) ~ 4 , 

( 14. 3 ) 

( 14. 4) 

f1.H - I < a < ·} The maximum value of K( 3 / 4, a) is attained w h en 

er =: 1/4, so that 

K(3/4, 1/4) = 4 (14. 5) 

Recalling equation (9. 11 ), w e see that the largest e igenvalue for a 

circle in the extended main case is always less than the c orrespond-

ing e i genvalue in the s econd case, unless a = l / 4 , in which event 

IJOtl1 eigenvalues are equal. The l a tte r observation is c onsis t ent with 

Ren1a rl;. 5 of § 12 c oncerning the e igenvalue K = 1/0 . 

(i i ) R egions n1apped conformally onto the unit d i s c by a rational 

mapping . 

Recalling Theorem 8 . 8 regardin g the eigenvalue v =-= 3 / 4 , we 

deduce the result that K(3/4,a), d efin e d by (14. 3 ), is an ei$enva l ue 

for the Korn eigenvalue problem in the extended main case if and only 

if the region R can be mapped c onformally onto the unit dis c b y a 

rational fun c tion. Moreover, whe n K(3/ 4, a ) is an eigen valu e , it has 

infinite nmltiplicity. 

In §9.(ii), we found the spectrum 

v 
1 3 

2' 4 

2 
m 

2 
(1 4.6) 
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for Pascal's li1nacon, whe r e the v alue s 1/2, 3 /4, 1 oc c ur with in-

{i ni.l e ni.ultiplicity a nd the uther eigenvalues h ave f :inU:e Tnultiplic ily. 

0 ~:in< 1. Usin g 'f h eo r en1 1 3.4, a nd equation (14.1), we find I.hat 

the largest eigenvalue for Pas c al's lamac on in the extended m a in case 

is g iven by 

K -
2 2 2 4 

160 - 0 (24+16m )+11+12m -4m 
2 2 2 

{1-Zm )(80 -80+3-t-2m ) 

3 m
2 

corresponding to the eigenvalue \) = 
4 

+ 2 of ( 14. 6 ). 

(iii ) The largest e i genvalue . 

(14. 7) 

A~• in §9 (ii·i ), we may conclude that for a g ive n region R , 

I.h ere is in fa c t a largest eigenvalu e K in the extende d n1-ain cas e , but 

that there i s no upper bound for the eigenvalues K valid for all re-

gions. For regions which c an be mapped conformally onto the unit 

dis c by a rational transformation, the largest eigenvalue K in the ex-

tended in ain case is not l ess than K(3/4, 0 ) as given in (14. 3 ). 
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