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(2) 

Now suppose and 

is a subsolution on 1\. Also note 

that 

Hence 

( 3) 

\... ' ) 
on ;...i'"m· 

u.. - u E PN(R ) n.m m 

u -u >v: -v l,m n , m - 1 n 

and u1 -u >v1 -vn ,m n,:n -

on R. In particular. 

on bR 
m 

implies that 

l\,m+l - "1n,m+l - u n,m 

By the minimum principle IIo, (3) is true on i\n· Therefore 

(3) holds on It. a s well as on rt*. Conseriuently , 

(4) 

for all m. 

lim (u.... - u ) = u.... 
m-oo .L,m n , m J.. 

u 
n 

> l\,m - u n,m 

Since 

Axiom III2 • Hence lim v = 0 n on bRm. As 

(1), we have lim u = 0 n-oo ·n,m on Hm by the maY.imum principle. ( 4) 

implies that 

lim ( u.. - u. ) > lim ( u - u ) n-oo J.. ·n - n-oo l,m n,m 

= '1:1., m 

on f\n for all m. Since u.. - lim u.. we have 
J. m-oo J.., m' 

on R. As a result lim '1n 0, and therefore lim = O. Conseci u ently 
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m(E) = lim un(z
0

) = O. 

Together with (2), we see th.at m(~) > 0 if and only if 

m ~ (j-1cl!.:)) > O. 
J 

V:Lif. The following lemma is due to Nakai [)5]. 

LEZ'iN.A. If P is any c1 n-form on lt such that J l ' < =, then 
K 

there exists an isomorphism T of HB(R) onto FB(R) with the following 

properties: 

1) {un} C HB(R) is a decreasing sequence with limit 

u € HB(R) if and only if 

limit Tu 'E ?B(R). 

f Tu } is a decreasing sequence in l-B(R) with 
n 

2) Let {.i:\i} be a regular exhaustion of i{ •. for any u E HB(H.) 

let Tiu be a continuous function on R such that 

Tiu\K'-~\ = u!R'-Hi. Then Tu= B-lim Tiu. 

T.u!K € PB (H.) 
). l l 

for all u e nB(Il). 

and 

VIIg. COHDLLARY. h E HBO( R) if and only if Th € i .6ii:(R) 

for all h E HB(n). In this case 

Proof. Note that the sequence {Ti h} C h.J(Ri) 

Th unifonnly on compact subsets. 

converges to 

If h e HBD(R), then by hypothesis and the Dirichlet principle 

(IIIf) 

E(Ti+ j h) :S ;_.;(Tih) :S l:<:\h) <: "" • 

i'ior0over Gr oen':> formula (Illf) impl;l..e~; that 
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0 = i!:H. (T . ju, T. .u - 'l'. u) 
•j_ + j J. + J. + J 1 

= f£ (T . + .u) - C:(T . + .u, T.u). 
l.J l.J J. 

= !i:(T. + .u) 
]. J 

" ... ( 'I' C,,:!, • + . U 
]. J 

= i (T.+ .u) - E(T.u). 
1 J ]. 

, 1'. u) + !!:(T.u) 
J. J. 

i:ience [Tiu} i s a BE-Cauchy sequence. Since ~(R) i s 8~complete, we 

have Tu E FBE(R). 

Furthennore , it is clear that T.u - u E Vi (H) by IIIm. 
J. 0 

3ince l'Ill(R) is the i :D-closure of 1':
0 

(R), we have Tu - '.: E' Lf::.( i.(). Hence 

( Tu - u) I t::. = 0 , i . e • u I ti = Tu j fi . 

Th e proof for the sufficiency is exactly the sa:ne . 

VIIh. Now we are going to c ompl e t e the proo f of Theorem VIIc. 

Let q
0 

€ ~p such t hat m0 (q
0

) > O. l3y VIld, the r e exists a 

neighborhood Q of o-'O in R* f . }' < oo 
G("I R 

and Q ~ R is a r e5ion i n lt with 

piecewise smooth boundary. Cons i der the r ee;ion :.J = 2 f'"\ l~.. its closure 

G in H* and its Royden compactification G*. :.-;e als o consider the 

continuous mapping j from G* onto G given in 1111, which fixe s 3 

elementwise. Since j i s a homeomorphism from 0 vr1 CBC;)) to 

.:J v B(G) by Iliq, we have i s a point in 

i s the Royden boundary of G. ry Vlle , m~(q1 ) > O. 

I,., which 
l1 
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By VIIf, HB(G-) is isomorphic to i·B(;J) under the isomorphism 

T since JP < cc Note that 
(i 

h(z) = K~(z,q1 ) = (K~(z ,o)cf }(q)dm~(q) 
'J J J u • l q l 'J 

rG 
rv 

is a nontrivial function in HD(G) ("\ Hi3( G) since h(z ) = 1. Let 
0 

f Un} be a sequence of open sets in G* such that Dn ::> :Jn+ 1 7 q1 , 

and 

that 

f' E "'(;,.:) such 
n 

by the i.Jrysohn 

property: of H(G). ·;1e see that f fn} is a decreasing sequence converging 

to 0 mG a.e. as well as mG a. e. on Let 

u = n~f n 'J n 

where n~ is the harmonic projection on G (see IVf). Thus ~ E HBD ( G), 

11n I 6G = fn j 6 G and h ence { ,-\i} is a decreasin!S sequence by maximum 

principle IVb. de have 

= lim J~~~(z, q)u (q)dm~(q) 
u n u 

rG 

J KG (z,q) c{ } (q)dm~. (q) 
rG ql u 

= 

= h(z) 

by the monotone ~onvergence theorem. 

and 'i'u I{), ,, = U J b.r· n u n •J 
by Vllg . Also 
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Th = lim T~ by VIIf. Thus 

Th ( z) = lim '1'1\i ( z) 

= lim f K,..(z,q)'\i(q)dinr (q) r:, u v: 

= 

Lt 

J'r; (z,q )°{ ql} (q )ilinu (q ) 

rG 

by the monotone convergence t."1-ieorem a gain. Sinc e 

supG Th = 

we have mG(ql) > o. 

sup~ h > 0, 
\.1 

Ive apply VI Ie once more and see that m(q
0

) > 0 since 

.-1 ( \ 
J q J = q 

0 1° 
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