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Abstract

We consider canonical systems with singular left endpoints, and discuss the concept of a scalar
spectral measure and the corresponding generalized Fourier transform associated with a canonical
system with a singular left endpoint. We use the framework of de Branges’ theory of Hilbert spaces
of entire functions [dB68| to study the correspondence between chains of non-regular de Branges
spaces, canonical systems with singular left endpoints, and spectral measures.

We find sufficient integrability conditions on a Hamiltonian H which ensure the existence of a
chain of de Branges functions in the first generalized Pélya class P<; with Hamiltonian H. This result
generalizes de Branges’ Theorem 41 in [dB68§|, which showed the sufficiency of stronger integrability
conditions on H for the existence of a chain in the Polya class Py. We show the conditions that de
Branges came up with are also necessary. In the case of Krein’s strings, namely when the Hamiltonian
is diagonal, we show our proposed conditions are also necessary.

We also investigate the asymptotic conditions on chains of de Branges functions as ¢ approaches
its left endpoint. We show there is a one-to-one correspondence between chains of de Branges
functions satisfying certain asymptotic conditions and chains in the Polya class Py. In the case of
Krein’s strings, we also establish the one-to-one correspondence between chains satisfying certain

asymptotic conditions and chains in the generalized Polya class Pg;.
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Chapter 0

Introduction

A canonical system of differential equations is a system of the form

QX(t)=zHt)X (), tel:=(_,t;) (1)

where 2 = and H(t) > 0 is a real symmetric matrix that is locally integrable w.r.t. ¢ € I,
-1 0

and is known as the Hamiltonian. By definition, solutions to (|l|) are absolute continuous functions
X =X(t): (t_,ty) — C?. We say the Hamiltonian H has a regular left endpoint if H is integrable
at t_, namely fti H(t)dt has finite elements for ¢ € I. Otherwise we say H has a singular left
endpoint.

The canonical system is of great importance as it has the most complete solution to the
inverse spectral problem, namely the one-to-one correspondence between regular spectral measures
and Hamiltonian with regular left endpoints (see below). This result was obtained by
Krein [Kre52|. de Branges [dB59, [dB60, [dB61a] obtained deep results for Hamiltonian with singular
left points. It is well known that Schrédinger equation, Dirac equation, or more generally any
second order self-adjoint system of differential equations with real coefficients can be transformed
to canonical systems (See .

The main tool de Branges used is the theory of Hilbert spaces of entire functions, which was de-
veloped by himself [dB59| [dB60, [dB61al [dB61bl [dB62al [dB6S] in the 1960s. de Branges investigated
Hilbert spaces (B, (-,)) which satisfy the following axioms:

(H1) If F € B and F(w) = 0 for nonreal w, then 2=2F(z) € B and

z—

("‘ — U p(z), 22 wG(z)) —(F,G), it F,GeB,F(w)=G(w)=0,

zZ—w zZ—w

(H2) The point evaluation F' — F'(w) is a continuous linear functional on B, for all nonreal w,
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(H3) If F € B, then F# € B (F#(z) := F(z)) and

(F#,G*) = (G,F), for F,G € B.

Such Hilbert spaces of entire functions are called de Branges spaces (dB-spaces).
Denote the set of analytic functions on a region A by A(A) and Hardy space H? on C, by
H?(C.). de Branges [dB68, Theorem 23] showed any nonzero dB-space can be written as

B=B(E):= {F € A(C): %,

F#
E € HZ(C+)}
where E € A(C) satisfies

|E()| >0, [|E(2)] > |[E#(2)], VzeC..

Such functions are known as the Hermite-Biehler functions or de Branges functions (dB-functions).
E is said to be non-degenerate if the second inequality is strict.

dB-spaces have a profound inherent chain structure. Let B be a nonzero dB-space sitting iso-
metrically in L?(u) for some positive measure p on R, then there exists a unique chain of dB-spaces

{Bi}tet_.t.) (up to re-parametrization of ¢) s.t.
(i) There exists a unique b € (t_,t4), s.t. By, = B,

(ii) B, sits almost isometrically in B., Vi_ < a < ¢ < t.,

(iii) B, sits almost isometrically in L?(pu), Vt_ < a < t,,

(iv) ||F|lB, is a continuous non-increasing function of ¢ € (a,t4), for F € B, and a € I,
(v) The reproducing kernels K; , satisfy lim; ,; K;,(z) =0, VzeC.

Namely, any nonzero dB-space sitting isometrically in L?(u) can be extended into a chain of dB-
spaces. In this case, p is said to be a spectral measure of the chain {B;}:c;. We point out the
conditions (iv) and (v) are assumed to ensure the chain is “saturated,” as explained below. For two
Hilbert spaces Hi and Ho, H1 C Hy means H; sits isometrically in Ho. Let B C B be a nonzero
dB-space, then B must be equal to B, isometrically for some a € (¢t_,b]. Any dB-space B sitting
between B and L2 (1), namely B C B C L2?(u), must be equal to B, isometrically for some ¢ € [b, ).
In this sense the chain is “saturated.” The formal definition of a chain of dB-spaces and the exact
meaning of “almost isometrical” inclusion will be given in The chain structure will be
discussed in detail in

The bridge connecting chains of dB-spaces and canonical systems is the corresponding chains of

dB-functions. A real entire function F is an entire function s.t. F' = F#. A matrix of real entire



functions M(z) = (=) is said to be a Nevanlinna matriz if det M (z) =1, Vz € C, and

>0, VvVzeC. (2)

A Nevanlinna matrix M is said to be normalized if M(0) = I5, the 2 x 2 identity matrix. A family
of non-degenerate dB-functions {E; }cr is called a chain of dB-functions (dB-chain) if there exist

normalized non-constant Nevanlinna matrices (M, ) s.t. M,_,p is continuous for a,b € I,

t_<a<b<ty

(C:) = Ma%b (Ca)7 Vio<a<b< tJr, (3)

and

and lim; ,, K;.(z) = 0,Vz € C, where K, , is the reproducing kernel of B(E;) at z. It can be
shown for any chain of dB-spaces {B;}.cr, there exists a (non-unique) chain of dB-functions {E; }ies
s.t. By = B(E:), Vt € 1. Moreover, for a chain of dB-functions, there exists a unique matrix-valued

function H(t) € R?**2 s.t. H(t) € L (I), H(t) > 0, and

loc

b
Q(éf;) -Q (’éz) =z /a H(t) (gZ) dt. (4)

The existence and uniqueness of such an H are shown in and the unique H is called
the Hamiltonian of the chain {E:}ier.

de Branges theory plays a pivotal role in the spectral theory of canonical systems for several
reasons. Firstly, a chain of dB-spaces has at least one spectral measure (see . Secondly,
for a chain of dB-functions {E;}icr s.t. E; has no real zeros and E;(0) = 1, V¢t € T (we will see
these assumptions are not restrictive at all), let H be the Hamiltonian of {E;}scs, then there
exists a generalized Fourier transform Wy which maps L?(H; (t_, c|) isometrically onto B(E.) = B,
for ¢ € (t_,ty) (with minor technical complications), therefore it maps L?(H; (t_,c]) into L?(u)
isometrically. The significance of these results is that it extends the spectral theory of canonical
system substantially beyond the regular case. Traditionally, the (scalar) spectral measure and the
generalized Fourier transform are only defined if ¢_ is a regular left endpoint of the Hamiltonian
H, while de Branges theory extends the limit to the class of Hamiltonian associated with a chain of
dB-functions, whose left endpoint may or may not be regular. In we will show H is the
Hamiltonian of a chain of dB-spaces if and only if the canonical system on (t_,c) has a discrete
spectrum for some ¢ € (t_,t4 ), or equivalently the corresponding Titchmarsh-Weyl m-function has
a meromorphic extension.

We here briefly introduce the results in the regular case. A dB-space B is said to be regular if

F(z) — F(w)

Z—w

eB, VFeB, VYweC.
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One can show that for a chain of dB-spaces {B; }+cy, if B; is regular for some t € I, the B; is regular

for any t € I (see|Proposition 1.32)). Therefore we call a chain of dB-spaces regular if any dB-space

in the chain is regular. A positive measure p on R is said to be regular if

o du(N)
/ 112 < 00.

— 00

We have the following one-to-one correspondence between Hamiltonian with regular left endpoints,
chains of regular dB-spaces, and regular measures on R. The results stated below are due to de

Branges.

Theorem A (Theorem [1.34). (i) Let {B(E}:)}ier be a dB-chain with Hamiltonian H and a spec-
tral measure p. If {B(E:)} is regular, then p is regular, t_ is a regular left endpoint of H, and
lim;; Fi(2) = w locally uniformly in z for some complex constant w which doesn’t depend

on z.

(ii) Let H = H(t), t € I be a Hamiltonian. If t_ is a regular left endpoint of H, then there exists
a reqular dB-chain {B(FE:)}ier with H as its Hamiltonian. The chain is unique if we specify
E(0)=1 fortel.

(11i) Let p be a regular positive measure on R, then there exists a chain of reqular dB-spaces {Bi}ier

s.t. w is a spectral measure of {B;}. The chain is unique up to re-parametrization of t.

Traditionally, the case where ¢_ and ¢4 are both singular endpoints of the Hamiltonian H is
treated as a full-line problem, where spectral matrices are derived instead of (scalar) spectral mea-
sures (cf. [Tit62], [CL55], and [LS7H]). In the case that there exists a chain of dB-functions with
Hamiltonian H, de Branges’ results have the benefit that we can investigate the (scalar) spectral
measure, rather than the spectral matrix which is more complicated and contains redundant in-
formation (cf. [Lev87), Section 6.1]). However, when ¢_ is a singular left endpoint of H, the nice
one-to-one correspondence in doesn’t hold anymore, and many questions on the corre-
spondence remain widely open. To name a few, we might have multiple chains of dB-spaces sitting in
L?(u) even if p is regular. For a given Hamiltonian H, there might be multiple chains of dB-spaces
with H as its Hamiltonian. Partial results have been obtained and will be discussed in
Nevertheless, the main focus of this dissertation is to construct chains of dB-spaces for a given
Hamiltonian with a singular left endpoint.

The existence of a chain of dB-spaces in the regular case (i.e., for Hamiltonian with regular left
endpoint) is straightforward. One can consider the matrix solution M; _,; to the canonical system
(1) with the boundary condition lim;_;_ M;_ _;(z) = I3, the 2 x 2 identity matrix. The first column
of M; _,;, denoted by (‘éf—ﬁ‘), generates a chain of dB-functions F;(z) := A;_ _,:(2) — iC;__,; and

t_—t

consequently a chain of dB-spaces {B(E¢)}te(:_+,)- There have been attempts to construct chains
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of dB-spaces for Hamiltonian with singular left endpoints, among which de Branges investigated the
case that Ey(z) doesn’t have a finite limit as t — ¢_, while instead F;(z)e?®* converges as t — t_
where §(t) is the anti-derivative of Hg;(t), the lower left element of the Hamiltonian H. Indeed,
de Branges [dB61al, Theorem IV] showed the existence and uniqueness of a chain of dB-functions
in the Pdlya class Py of entire functions, which is the set of nonzero entire functions that can be
approximated locally uniformly by polynomials with no zeros in C,, with H as its Hamiltonian if

the Hamiltonian H satisfies

alt_) = t1—1>rtn, at) =0, (5)
a(t) >0fortel, (6)
b
/ a(t)dy(t) < oo for some (hence for all) b € I, (7)
t
aft) B)) . L : o
where h(t) := is an anti-derivative of H. The precise statements are given in |The-
plt) ()

i) below. We make two remarks here: firstly, the Polya class Py of entire functions, which
arose when people study the limit functions of polynomials whose zeros lie in C_ U R, is of great
importance and interesting for its own sake. The background of the Polya class is presented by
[BJ54] and |Lev64], and we will discuss more of their properties in Secondly, the
conditions —@ are actually necessary conditions on the Hamiltonian H for the existence of a
chain of dB-spaces with H as its Hamiltonian, and only is the critical condition that ensures the
existence of a chain of dB-functions F; in the Polya class Py.

An alternative proof of i) is obtained in where the theory of Laguerre
classes of entire functions (cf. [dB68, Pages 288-292]) enters the proof. Moreover, we prove the
condition is also a necessary condition on the Hamiltonian H for the existence of a chain of dB-
functions in the Polya class Py with H as its Hamiltonian. Moreover, we investigate the asymptotic
condition F; satisfies as t — ¢_, and show certain asymptotic conditions on E; are equivalent to the
assumption that E; € Py. The precise statements are given in [Theorem Bf(ii) below.

A dB-function E is said to be strict if |E(z)| > |E#(z)], Vz € C4. E is said to be normalized if
E(0) = 1. We then conclude

Theorem B (Theorem 3.15). (i) Let H = H(t), t € I be a Hamiltonian. If H satisfies (5) —(7),
then there exists a unique dB-chain with H as its Hamiltonian, s.t. FE,; is strict, normalized,
and lim;_,;_ Ey(2)e8®* = 1 locally uniformly in z. For this unique dB-chain {B(E;)}, we also
have Ey € Py, Vt € 1.

(ii) Let {B(E{)}ier be a dB-chain with Hamiltonian H = H(t) s.t. Ey is strict and normalized for
some t € I, then:
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o If E, € Py for some t € I, then Ey € Py for all t € I, H(t) satisfies (7) and Ey(2)e’®?

converges to S(z) 1= €= 1% for some a,b € R locally uniformly in z, as t — t_.

o If S(2) :=limy_,;_ Ey(2)eP M= exists and is real entire, then H(t) satisfies (7)), and E; =
SE, where E;, € Py, Vt € I, and limy_,; Et(z)eﬁ(t)z =1 locally uniformly in z.

It can be shown that the Polya class consists of dB-functions of the form E(z) = e=9% Eqy(2)
where a > 0 and Ey is a dB-function of genus at most 1 (cf. [Lev64, Chapter VIII, Theorem 4]).
In fact, one can generalize the notion of the Polya class by considering F(z) = emaz™ " Ey(z) where
a > 0 and Ejy is a dB-function of genus at most 2k + 1. Actually, one of the main results of this
dissertation (see below) is to generalize [Theorem BJi) so that for a Hamiltonian H
which satisfies weaker integrability condition than , there exists a chain of dB-functions in the
first generalized Polya class P<; with H being its Hamiltonian, where the first generalized Poélya

class Py consists of dB-functions of the form e*“Z4E0(z) where a > 0 and Fy € dB has genus at

most 3.
. alt) B(t)
Theorem C (Theorem 4.11)). Let H = H(t), t € I be a Hamiltonian and h = h(t) =
Blt) ()
be its anti-derivative. Assume that
alt_) = tl_l)rg a(t) =0, (8)
)>0 fortel, 9)
/ / (s)dvy(t) < oo for some (hence for all) b € I, (10)
/ / (s))? da(s)dvy(t) < oo for some (hence for all) b€ I, (11)
i Ji

then there exists a unique dB-chain {B(E})}ier with H as its Hamiltonian, s.t. Ey € Py is nor-

malized, strict, non-degenerate, and

Jim Ey(z) exp <5<t>z—(/tl a(s)d(s) ) —2( / / w)) dau )dv(8)> z3>=1

locally uniformly in z.

Again, we point out that the conditions —@D are just trivial necessary conditions on the
Hamiltonian H for it to be associated with a chain of dB-functions, while conditions — are
the critical conditions that ensure the existence of a chain of dB-functions F; in the first generalized
Pélya class Pg;.

Krein’s strings are a special type of canonical system where the Hamiltonian H is a diagonal

matrix. Due to its comparative simplicity over the general canonical system, symmetry of the
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associated chain of dB-spaces (cf. [dB62b]), and relevance to other fields including the interpolation
problem and diffusion processes (cf. [Man68§|, [DMO08]), Krein’s strings have been studied extensively
by mathematicians including Gohberg and Krein [GK70|, de Branges [dB62b, [dB68], Dym [Dym71],
Dym and McKean [DM70, [DM0§|, Kats [Kat94], and Kotani [Kot75l [Kot07, Kot13]. For Krein’s
strings, the asymptotic condition in i) becomes

lim Fi(z) =1

t—t_

locally uniformly in z, which is similar to the regular case.

For Krein’s strings, as 5(t) = 0, condition becomes vacuous. We propose another method to
prove in the case of Krein’s strings, where we use the theory of Laguerre classes of entire
functions (cf. Pages 288-292]). Moreover, for Krein’s strings, we also prove the converse of
namely for a chain of dB-functions in the first generalized Pélya class P<; that are
symmetric about the origin, its associated (diagonal) Hamiltonian satisfies . These results are

summarized in which is analogous to for the Pélya case.

Theorem D (Theorem [4.20). (i) Let H = H(t), t € I be a diagonal Hamiltonian. If H satisfies
(8) —(T0), then there exists a unique dB-chain {B(E})}ier with H as its Hamiltonian, s.t.

lim Et(z)ef(ftlO‘(S)d“’(s))z2 =1
t—t_

locally uniformly in z. For this unique dB-chain {B(E})}, we also have Ey € Pgy, Vt € 1.
(ii) Let {B(E)}tcr be a dB-chain with diagonal Hamiltonian H = H(t), and E;(0) =1 fort € I.

o If E, € Pg1 for somet € I, then E, € Pgy for all t € I, H(t) satisfies and
Et(z)e_(ff«lO‘(‘S)GI'Y(S))Z2 converges to S(z) := exp (Zizl anz"> for some a,, € R locally
uniformly in z, ast — t_.

o IfS(z) :=limy_s_ Et(z)ef(ft1 @®)d7()2* epists and is real entire, then H(t) satisfies (10)),

_oF : , B (o= (1 ale)dn(9)=2 _
and B, = SE, where E;, € P<y, Vt € I, and lim,_,; E(z)e” \J: =1 locally

uniformly in z.

Last but not the least, we show for a dB-space B(E), the assumption that E € P is closely
related to the assumption that the Bezout operator T4 o € Gap2, the (2k 4 2)-th Schatten class,

where the Bezout operator T4 ¢ acts on B(E) and is defined to be
A(0)F(2) — A(2)F(0)

Tao(F)(z) = . , VF € B(E).

Therefore the Polya class corresponds to the Hilbert-Schmidt class of operators. The exact meaning

of the correspondence will be discussed in For any dB-space B(E) s.t. E is normalized
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and strict , the Bezout operator is a compact self-adjoint operator acting on B(E). Therefore, the

possible extensions of [Theorem B| and [Theorem C] will lead to a more complete solution to the

problem of the existence of chains of dB-functions for a given Hamiltonian. In other words, we
should expect to construct chains of dB-functions of generalized Pélya class Pgj for Hamiltonian
satisfying even weaker integrability condition near ¢_, and consequently the corresponding Bezout
operators Ty, o belong to the (2k 4 2)-Schatten class.

Even though our main focus is to apply de Branges theory to solve the spectral problems for
the canonical system, we should point out that de Branges theory is highly interesting for its own
sake, and is relevant to many other fields of mathematics. In particular, de Branges theory seems
to be relevant to number theory and the Riemann hypothesis. Actually, let £ be the Riemann &-
function, A¢(z) = & (3 —iz), Ce(2) := i€ (3 —iz), and E¢(z) := A¢(z) — iCe(z), then one can
check that the Riemann hypothesis holds if and only if E¢(z) is a dB-function (cf. Lagarias [Lag06]).
Consequently, this leads to two possible approaches to the Riemann hypothesis. Firstly, one can
construct a Hilbert space of entire functions and verify the axioms (H1)—(H3), and then prove
B = B(E¢). Alternatively, one can construct a Hamiltonian, or equivalently a canonical system, and
show the chain of dB-spaces are associated with E¢. Several interesting examples have emerged from
the interaction between de Branges theory and number theory, for instance the Mellin transform
and Sonine spaces (cf. [RR69|, [dB68]|, and [Bur02]). A more recent example is the one-dimension
Schrédinger equation with the Morse potential, namely

d 1y t
o + Vi(t) on [t_,400), Vi(t) = 1€ + ke

with fixed boundary condition at t_. The eigenfunction corresponding to an eigenvalue A is the
Whittaker function Wy, ». Lagarias [Lag09] showed F(z) := Wy, ._1(t) for fixed k and ¢ > 0 displays

Riemann-¢ behaviors, in the sense that:
e F'is a real entire function of order 1 and maximal type, and is real on the critical line &z = %,
o F(z) =F(1-z),
e Number of zeros in [-T,T] = 2T log T + 2 (2 log2 —1— logL) T+ 0(1),

e All but finitely many zeros of F are on Rz = 4. All other zeros are on the real line. All zeros

are simple, except possibly at z = %

For more discussion on the connection between de Branges theory and number theory we refer the
readers to [dB86], [Lag06], and [Suzl2]. We also point out that most interesting examples in the
application of de Branges theory belong to the non-regular case.

We outline the contents of this dissertation. In we review the spectral theory of

canonical systems with reqular left endpoints and singular right endpoints which was developed by
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Titchmarsh and Weyl (see [Wey09| Wey10al [Wey10b] and [Tit62]), and give a brief introduction
to de Branges theory of Hilbert spaces of entire functions. We show the de Branges theory is
related to canonical systems with regular left endpoints, and the one-to-one correspondence between
Hamiltonian with regular left endpoints, chains of reqular dB-spaces, and regular measures.

In we discuss the spectral matrix approach for canonical systems with both endpoints
being singular, then we give a necessary and sufficient condition for the existence of a chain of dB-
spaces for a given Hamiltonian, namely Israel Kats’ Theorem, which shows the de Branges theory
applies (i.e., the scalar spectral measure and the generalized Fourier transform exist) as long as the
canonical system has a compact resolvent near the left endpoint. We also briefly summarize results
from de Branges theory which apply to both the regular case and the non-regular case.

In we review some known results on the spectral theory of canonical systems. In
particular, we discuss Kotani’s results on Krein’s strings [Kot75l [Kot07] and de Branges’ results
[dB68| Theorem 41] on canonical systems with singular left endpoints under assumptions —.
In particular, de Branges showed the existence of a chain of dB-spaces in the Poélya class P, for a
Hamiltonian that satisfies —. We prove the converse that the assumptions — are also
necessary conditions on H for the existence of the chain of dB-spaces in the Pélya class Py with H
as its Hamiltonian.

In we introduce the generalized Polya classes Pgj, and show how to generalize de
Branges’ results [dB68, Theorem 41] for canonical systems with singular left endpoints from the
Polya class Py to the first generalized Polya class P¢;. We also show the condition that the chain
of dB-spaces are in Pg;, is related to the condition that the Bezout operator T4 o belongs to the

(2k + 2)-th Schatten class Gaj 2.
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Chapter 1

Half-line problems and chains of
regular de Branges spaces

In this chapter we review the spectral theory of canonical systems with regular left endpoints and
de Branges theory. In we explain how to transform any self-adjoint system of differential
equations with real coefficients to a canonical system, and briefly review the spectral theory of
canonical systems. In we give an introduction to de Branges theory of Hilbert spaces of
entire functions, and define the Fourier transform and spectral measures in the new settings. The

one-to-one correspondence between Hamiltonian with regular left endpoints, regular de Branges

chains and regular measures are explained in [Section 1.3] In [Section 1.4]we show that the classical

Fourier transform is a special case of the generalized Fourier transform.

1.1 Canonical systems with regular left endpoints

In this section we focus on canonical system, one special kind of self-adjoint system; yet any self-
adjoint system with real coefficients can be represented by a canonical system. We will show how

to do this momentarily. First let us give the definition of self-adjoint system and canonical system.

Definition 1.1. (i) A self-adjoint system of differential equations with real coefficients, or self-

adjoint system for short, is given by

QX(t)=zHHX(t)— Q)X (t), tel, (1.1)
0 1

where I is an interval on R, Q = ,and H(t), Q(t) € L, (I — R?**?) are symmetric
-1 0

and H(t) > 0 (i.e., H(t) is positive-semidefinite).

(ii) A canonical system of differential equations, or canonical system for short, is a self-adjoint
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system where @ =0, i.e.,

QX =z2HX, tel, (1.2)
and H is called the Hamiltonian (of the canonical system).

(iii) A real symmetric 2 x 2 matrix H is said to be a Hamiltonian on the interval I if H € LL (I)

loc
and H(t) > 0, Vvt € I. A Hamiltonian H is called normalized if tr(H(t)) =1, Vt € I.

Remark. We always assume there’s no interval on which H = 0 a.e. for the self-adjoint system (1.1
and canonical system (1.2)), otherwise we can just delete the interval and make some trivial changes

to the solutions.

We use h to denote some anti-derivative of H through out this dissertation, then the differential

equation (1.2]) can be re-written as an integral equation

b b
QX(b,2) — QX (a,z) = z/ H(t)X(t,z)dt = z/ dh(t) X (t,z), Vi <a<b<ts. (1.3)

We will use the two forms of canonical systems interchangeably.
Any self-adjoint system can be transformed into a canonical system. For any self-adjoint system,

let V(t) € SL(2,R) be the solution to the self-adjoint system with z = 0, i.e.,
Qv =—QV, (1.4)

s.t. V(to) = I is the identity matrix for some to € I. Let H(t) := V*(t)H(t)V(t) and X (t,z) be
the solution to the canonical system

OX =z2HX,

then Y := V X solves the self-adjoint system.

Remark. As V(t) € SL(2,R), V(t)* = V()T.

Example 1.2. The Sturm-Liouville equation
—(pu) +qu=2z2ru, tel

can be re-written in the form of self-adjoint system as

where X = (¥) and v = —pu.

From now on, we mainly consider canonical systems instead of general self-adjoint systems, and
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most of the results on canonical systems can be easily translated to results on self-adjoint systems.
WLOG let’s consider the case I = [0,+00). When we write the interval I as a closed interval or
half-closed interval, we assume it’s locally integrable at the endpoints that are contained in 1.

As H is locally integrable at the left endpoint 0, the solution to the canonical system

with given boundary values at ¢t = 0 exists (using Picard’s iterative method, see discussion below

Theorem 1.21J).

Now we consider the canonical equation with boundary condition at ¢t = b:

QX =zHX, te0,400),

<X(b, 2), (Z:g» _o, (15)

where the inner product (-,-) is defined to be

Uq U1 U1 _ _
<< >7< >>:(U1,U2)' ( ) = w101 + uglz, Vuy,up,v,ve € C
U V2 V2

Let Y1(t,2), Ya(t, z) be the solutions to the canonical system (1.2]) with boundary values

w0 = (1), w0 - (7).

For fixed nonreal z, any solution to the canonical system (|1.2) must be a linear combination of Y;

and Y5. Suppose

(00 -t (T5) ) =0, e o)

then
- Yll(b, Z) cot ﬂ + Ylg(b, Z)
Yo1(b, z) cot B + Yaa (b, 2) "

lb(Z)

Replace cot 8 by a complex variable w, and define

(2 w) = Y11(b, z2)w + Y12(b, z)’

Ya1(b, 2)w + Yao(b, 2)
then for fixed nonreal z, {,(z,w) is a meromorphic function of w and maps the real line to a circle
in C4 UR, denoted by Cp, which is known as the Weyl circle at t = b. 1,(z,-) also maps the closed
upper half-plane C to D, C C; UR, the closed disk having Cp as its boundary, which is known as
the Weyl disk at t = b.

Moreover, D, C Dy if ¢ > b, therefore the limit of Dy, as b — +o0 is either a circle or a point, and
we call it the limit-circle or limit-point, respectively. For nonreal z, let m(z) be the limit point or any
point on the limit circle, then (¢, z) := Yi(t, z) — m(z)Ya(¢, 2) is a solution to for t € [0, +00).

Such a solution is called a Weyl solution. The function m(z) is analytic on C\R and m(z) = m(z)
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for nonreal z, and is known as the Titchmarsh- Weyl m-function. We state the well known results in
this section without giving proofs. For proofs and a more detailed introduction to Titchmarsh-Weyl
theory we refer the readers to [Tit62], [CL55], and [LS75].

The canonical system can be thought as a formal differential operator H _19% acting on X
in the domain of the differential operator. We now define L?(H) for a Hamiltonian H on I and show
it’s indeed a Hilbert space. For that purpose we need to classify the points on I into H-ordinary

points and H-special points.

Definition 1.3. Let H(t), t € I be a Hamiltonian. A number b € I is said to be H-special if there

are a,c € I s.t. b € (a,c) and

cos? 6 cos fsin 0
H(t) = St ) vt € (G,C),
cos fsin 0 sin? 0

where s; € R and 6 € [0,7) is a constant which does not depend on ¢. Such an interval (a, ¢) is said

to be H-indivisible with type 0. t € I is called H-ordinary if it is not H-special.

Remark. (i) The above assumption on interval (a,c) is actually equivalent to the assumption
rank (h(c) — h(a)) = 1 where h(t) is an anti-derivative of H(t). The equivalence can be easily
checked using basic linear algebra. It suffices to show that for two 2 x 2 positive semi-definite

matrices A and B, det(A + B) = 0 implies det A = det B = 0 and AA + uB for some A, u € R.

(ii) An H-indivisible interval is called a jump interval in some of the literature. The H-ordinary/H-

special points were called regular/singular by de Branges [dB68|, Section 40].

The following definition of L?(H;I) was given by de Branges [dB68, Section 43]. The more
general situation was considered by Ka(ﬂ in [Kach0].

Definition 1.4. L?(H;I) consists of all pairs (g) of complex Borel measurable functions of ¢ defined

on I, which are constants on each H-indivisible interval, s.t.

H (j;) = /(fl(’f)’h(t))H(t) (fl(t)>dt < 00

L2y JI f2(t)
with inner product defined to be

<(2> @))LQ(H;I) = /I(fl(t)an(t))H(t) (%)dt, v@) (g;) € L*(H; ).

Remark. (i) We will denote L?(H;I) by L?(H) when there’s no ambiguity.

2

1Due to inconsistency in translation, Kac and Kats in this dissertation actually refer to the same mathematician
Israel Samoilovich Kats.
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(ii) It’s important to assume f; and fo are constants on H-indivisible intervals, otherwise the
Parseval’s identity of the generalized Fourier transform defined in below breaks

down.
de Branges [dB68, Theorem 43| showed L?(H) is a Hilbert space with the inner product defined
above. The binary relation (X,Y) where QX = zHY becomes a well-defined symmetric operator
on subspaces of L2(H). It’s possible to extend it to self-adjoint operators. For discussion along this
direction we refer the readers to [Kat83], [Kat84], [Kat02], [HISWOQ], and in particular [DMOS] for
Krein’s strings.
Now for the solution Y, (¢, z) (by abuse of notation) to the canonical system s.t.

—sin«

Ya(0,2) = ( ) a€[0,2r), (1.6)

COS «x

there exists a positive measure u, on R, s.t.

I(7)

= | FllL2(w) (1.7)
L2(H)

where F' is the limit of

Fu(z) = ((f 1),Ya(-,z>)L2(HM = [0, 2O,

in L?(j1q) as n — +0o0.
The measure i, is usually referred to as a spectral measure of the canonical system (1.2)) with

boundary value (|1.6)), and the equality (1.7)) is known as the Parseval’s equality. The transform

(N
f'<f2>HF

is known as the generalized Fourier transform, or the Titchmarsh-Weyl-Fourier transform, or the
Fourier transform for short.
Moreover, the spectral measure pu, is closely related to the Titchmarsh-Weyl m-function. In

particular, if we choose a = 0, then Y (¢, z) = Ya(¢, 2), and we have
m(z)a+bz+/+oo LI . dpo(N) (1.8)
N oo \z— X 142 Ko '
for some a € R and b > 0, and

b

1
b) — == i 3 jy)da. 1.9
#o(b) — po(a) = — lim ’ Sm(z + iy)dx (1.9)

We'll continue the discussion on the spectral theory on canonical systems in
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1.2 de Branges chains

de Branges theory is naturally involved because for any Hamiltonian with a regular endpoint, the
solution to the canonical equation forms a chain of de Branges functions and consequently, a
chain of de Branges spaces. On the other hand, once there exists a chain of de Branges spaces, we
can always construct the Fourier transform using a corresponding chain of dB-functions, as shown in
However, the Fourier transform and the spectral measures exist regardless of whether
the Hamiltonian of the chain of de Branges functions has a regular left endpoint or not.

In we’ll give the definitions of de Branges functions and de Branges spaces, and
present some basic results on them. In we introduce the Nevanlinna matrices and
use them to define de Branges chains (dB-chains). In we show how to construct a
dB-chain for a given Hamiltonian with a regular left endpoint, and conversely, how a dB-chain
uniquely determines the associated Hamiltonian. In we give the definition of a spectral
measure of a chain of dB-spaces, and investigate the structure of the chain based on whether t € T
is H-ordinary or H-special. In we define the Fourier transform from L?(H) to L*(p)
explicitly for H associated with a dB-chain {B(E})}+er.

1.2.1 de Branges spaces and functions

For a function F defined on dom(F) C C, we define F#(z):= F(Z) for z s.t. Z € dom(F). A function
F is called real entire if it’s entire and F'# = F. Namely, F/(z) € R for x € R. For a function F, we
use Z(F') to denote the set of zeros of F'.

Definition 1.5. The de Branges class dB (a.k.a. Hermite-Biehler class HI3) of entire functions is

defined as the set of entire functions E s.t. |E(z)| > 0 for z € C4, and
|E#(2)| < |E(2)|, Vze€Ci. (1.10)

FE € dB is called a de Branges function, or a dB-function for short.

E € dB is called strict if it doesn’t have real zeros.

E € dB is called degenerate if |[E#(2)| = |E(2)| for some (then all) z € Cy.
E € dB is called normalized if E(0) = 1.

Remark. We don’t use strict inequality in (1.10) because we want dB to be closed, namely, if
E,, € dB — FE locally uniformly and E # 0, then £ € dB. More discussion on de Branges functions
can be found in [Lev64, Chapter VII].

Through out this dissertation, £ € dB is denoted by £ = A — iC, where A = % and

C= E#;Z_E are both real entire. This is motivated by the Hermite-Biehler Theorem (cf. [Her05]),
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which states that for a polynomial £ = P — i@ where P, ) are polynomials with only real zeros, the

following are equivalent:
(i) E € dB,
(i) Z(E)cC_,
(iii) Zeros of P and @ are simple and interlacing, and Q'P — QP’ > 0 at some z( € R.

Example 1.6. (i) Any polynomial P with Z(P) C C_ UR is a dB-function. In particular, P is
non-degenerate if Z(P) C C_.

(ii) e~ is a strict non-degenerate dB-function for a > 0.

Definition 1.7. A Hilbert space (B, (-,-)) of entire functions is called a de Branges space, or a

dB-space for short, if it satisfies the following axioms:

(H1) If F € B and F(w) = 0 for some nonreal w, then =2 F(z) € B and

(Z_wF(z) z_wG(z)) = (F,G), if F,G € B,F(w)=G(w)=0,

Z—w Tz —w

(H2) The point evaluation F' +— F(w) is a continuous linear functional on B, for all nonreal w,

H3) If F € B, then F# € B and
( :

(F#,G*) = (G,F), for F,G € B.

A nonzero dB-space is a dB-space that contains at least one nonzero element.

Remark. For the inner product (-, -), we assume it’s linear in the first argument and conjugate linear

in the second argument.

de Branges introduced such Hilbert spaces as he tried to generalize the identity

Foo 9 T = nw
[ o=t 5% Jr(m)
where F' is an entire function of exponential type at most a > 0 that is also square integrable on
the real line. de Branges proved that a similar summation formula, namely the sampling formula
([2:25), holds for functions in a dB-space (cf. [dB68, Theorem 22]), which is much more general, as
we shall seen later in
dB-spaces are closely related to dB-functions and their relation is described by the following

proposition (cf. [dB68| Theorem 23]):
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Proposition 1.8. (i) For a non-degenerate dB-function E, let

with inner product

then B(E) is a nonzero dB-space, and the reproducing kernel of B(E) at w is given by

Ku(2) = E()E*(2) — B(z)E*(@) _ Aw)C(2) — A(z)C(w)
b 2mi(z — W) (2 — '

5) (1.11)

(i) For a non-degenerate dB-function E, a necessary and sufficient condition that an entire func-
tion I belongs to B(E) is that

2

+OOF
‘ ®) dt < oo

E(t)

IFOl = [

and that |F(2)|? < ||F(t)|\%(E)KZ(z) for all z € C.
(ii) For any nonzero dB-space B, there exists a non-degenerate dB-function E s.t. B = B(E).

Remark. Note that when we write B(E), we always assume F is a non-degenerate function.

We're mostly interested in strict non-degenerate dB-functions, as B(FE) is only defined for non-
degenerate dB-functions and any dB-space B(E) can be isometrically transformed to B(Ey) where

Ey is a strict dB-function, as stated in the following proposition.

Proposition 1.9. If B(E) is a nonzero dB-space, then E(z) = S(z)Ey(z) where Ey(z) is strict and
non-degenerate, and S(z) is real entire. F(z) — S(2)F(z) is an isometric transformation of B(Ep)

onto B(E).

Proof. This can be easily verified by [Proposition 1.8[i). O

For a given non-degenerate dB-function E, by definition it uniquely determines a dB-space B(FE).
On the other hand, however, it’s possible to have two different non-degenerate dB-functions F; and

Es, s.t. B(Ey) = B(E;). Although E; # E,, they're still closely related to each other.

Proposition 1.10. Let By = Ay —iCy, By = Ay — iCy be non-degenerate dB-functions, then the

following are equivalent:
(1) B(Ey) = B(E3),

(i) AV € SL(2,R), s.t. (21) =V (52).
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Proof. See [Section TA] =

Here are some examples of dB-spaces:

Example 1.11. (i) Let E, be a polynomial of degree n > 1, Z(E,) C C_, then F,, is a strict
non-degenerate dB-function. Obviously the set of all polynomials of degree at most n — 1 is
contained in B(E,). On the other hand, if F' € B(E,), we want to show F' is a polynomial of

degree at most n — 1.

First note that by , the reproducing kernel K, (z) is a polynomial of w and z which
consists of terms Py (w)(z —w)* where k = 0,--- ,n — 1 and deg P, < 2n — 1. Let w = 2, then
K.(z) is bounded by M|z|?"~* for |z| > 1, for some M > 0. Since |F(2)| < || F|5(z,) vV E-(2),
we get |F(z)] < M \z|”’%, for some M > 0. Then by Cauchy’s inequality for analytic function
we know F' is a polynomial of degree at most n — 1. Therefore B(E,,) is equal to the set of

polynomials of degree at most n — 1 as sets.

(ii) Paley-Wiener space PW, (a > 0) is the set of entire functions of exponential type at most a,
with inner product of L?(dt). Paley-Wiener Theorem (cf. [PW34]) says PW,, is the Fourier
transform of functions in L?(dt) which vanish outside of the interval [—a, a]. We claim PW, =

B(E,), where E, = e~1%* since the two spaces have the same reproducing kernel

Kou(2) = sin(az — aw) _ cos(aw) sin(az) — cos(az)sin(aw) _ Aa(w)Ca(z)Z—_Aa(z)C’a(w)

w(z —w) w(z —w) 7( ’

w)
where A,(z) := cos(az) and C4(z) := sin(az). For a complete proof please refer to [dB68|
Theorem 16].

(iii) Let’s consider B(E) = PW;. Since dB-space is invariant under multiplication by SL(2,R) on
(A) = (COSZ). For k > 1, let

C sin z

o W=
> o
7~
Q =
N
Il
=0
Q?r\:b
N

then VF € B(E),

|F(t)|2dt /“’O |F(t)|*k2dt (112)

“+oo
Fl%m = |IF|z :/ — = :
H HB(E) || HB(E}C) o %22,‘, +k3281n2t oo C082t+k4sin2t
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Let t,, = nm for some even n, then for small € > 0,

ke kdt sin e k*dz ,
—— = (x = sint)
tn—c cos2t+ k*sin®¢ —sine (14 (k* = 1)22)V/1 — 22

Vki*—1sine ds

k2 k
- N /_msine 1+ 2 52(1 +o(¢)) (s =kt — 1:c)
— (14 o(e))

goes to 0 except at zeros of

as k — 4oo. This holds for odd n as well. Since #]lsm%

k2dt
cos? t+k4sin? t

tn. Then letting k — 400 in (1.12]) we can get a summation formula:

sin(t), the limit measure of IS ™ ez (sin) Ot Where 0, is the Dirac measure at

+o0 +o00o
/ F)Pdt = [Flam =7 S |[Fm)l.

- n=-—o00

If we use instead we can get another summation formula:

x|

+o0 too 2
s
/ PPt = | Fllp =7 > ‘F(Eerr)‘ .

- n=-—o00

1.2.2 Chains of de Branges spaces and functions

One of the most intriguing result in de Branges theory is that for any dB-space, we are able to ex-
trapolate a chain of dB-spaces, ordered by “almost isometric” inclusion (cf. [dB61b, Theorem III}),
and the corresponding chain of generating dB-functions defines a canonical system via its Hamil-
tonian H. On the other hand, the solution to the canonical equation actually forms a chain
of dB-functions indexed by ¢, if ¢t_ is a regular left endpoint of the Hamiltonian H and the spaces
generated by the dB-functions are ordered by “almost isometric” inclusion. In this section we give
the definitions of chains of de Branges functions and spaces. Moreover, de Branges’ ordering theorem
(cf. |[dB68, Theorem 35]) is presented as well, which shows that a family of dB-spaces can be totally
ordered under certain assumptions.

de Branges’ ordering theorem uses the notion of functions of bounded type. An analytic function
I defined on a simply connected region A is said to be of bounded type, or in the Nevanlinna class
N(A), if F(z) = ggg for bounded analytic functions P and ) on A. An equivalent statement is
log™ | F(2)| has a harmonic majorant on 2. More information regarding functions of bounded type

can be found in [dB68, Chapter 1] and [Gar07, Chapter II].

Theorem 1.12 (Ordering Theorem). Let B(E,) and B(Ep) be nonzero dB-spaces which are con-

tained isometrically in L?(p1) for some positive measure p on R. If 2+ € N'(C4) and £ has no real
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zeros or real poles, then either B(E,) C B(Ey) or B(Ep) C B(E,).

The Ordering Theorem says if a family of dB-spaces sits isometrically in L?(u), then they're
totally ordered under some technical assumptions. It’s generalized from a theorem of Krein [Kre53],
where Krein proved a special case of the ordering theorem for B(E) s.t. E#(z) = E(—z). The
ordering theorem is arguably one of the most important results of de Branges theory, which makes
chains of dB-spaces of great importance. Before we give the formal definitions of chains of dB-
functions/spaces, we first study the case when B(E,) sits “almost isometrically” in B(Ej), where

Nevanlinna matrices play an important role.

A B
Definition 1.13. A matrix of real entire functions M (z) = (=) ‘ is said to be a Nevan-
C(z) D(z)
linna matriz if det M(z) = 1, Vz € C, and
M*(2)QM(z) — Q
M) =2 v ec (1.13)

A Nevanlinna matrix M is said to be normalized if M (0) = I, the 2 x 2 identity matrix.

Remark. Let J := i), we say a M € SL(2,C) is J-expansive (or J-unitary, J-contractive, respec-
tively) if M*JM > J (or M*JM = J, M*JM < J, respectively). The definition of Nevanlinna
matrix above is equivalent to say M (z) is J-contractive for z € Cy, J-unitary for z € R and J-
expansive for z € C_. Such matrices are also said to be J-inner. These properties have been studied

extensively in Arov and Dym’s monograph [ADOS|. It’s easy to verify
M is J—contractive <& M ™! is J—expansive & M is J—expansive < M7 is J—expansive. (1.14)

For a normalized Nevanlinna matrix M, we define ¢ (M)= tr (QM’'(0)). We can get a useful

inequality using ¢(M), which leads to a normality condition for a family of Nevanlinna matrices.

Proposition 1.14. Let M be a normalized Nevanlinna matriz, then QM'(0) >0, t (M) > 0, and

1+ || M(2) = L|lp <™l vzec,

where || - |F is the Hilbert-Schmidt norm (Frobenious norm) of a matriz.
Procf. Seo Secion T} -

For a Nevanlinna matrix M, let E := A—iC, E := B—iD, then both E and E are dB-functions,
although they might be degenerate. Actually, E, E are in a special class of dB-functions, namely
the set of regular dB-functions (cf. |Proposition 1.31]) which will be discussed in detail in

From now on, when we refer to a Nevanlinna matrix M, we always denote it by M =

¢ D
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and define E = A —iC, E = B — iD. Moreover, just like dB-spaces can be constructed from dB-
functions, we can construct Hilbert spaces using Nevanlinna matrices. The following theorems (cf.
[dB68, Theorem 28,33,34]) were given by de Branges, where the Bezout operator/Bezoutian Ts,, is
defined to be

) (o) - FES@) ~ Fl)s(2) w1

Z—

for function S, F' and complex numbers « and z.

Remark. We define
AssocB:={S € A(C): Tso(F)e B, VFeB, VacC}.

Namely, for S € AssocB, T acts on B. Functions S € AssocB are said to be associated with the
dB-space B and has been studied extensively by Trutt and de Branges [dB68, Section 25-28]. We
will occasionally use this notion and relevant results [dB68, Theorem 25-28] to simplify some of our

proofs.

A B
Theorem 1.15. Let M = be a Nevanlinna matriz s.t. E = A —iC # 0 on C4, then
Cc D

there exists a unique Hilbert space B(M), whose elements are pairs (i:j) of entire functions, s.t.

(M(;;z(zj\f(;)) - Q>T (1;) € B(M), Vu,v,weC (1.16)
and
(5 (E07) = (B0, (20 () ) o) <
and

e (G5) = (G ) () - (i) (o)
re-{(ay) (e
Proposition 1.16. Let M be a Nevanlinna matriz, then the following are equivalent:
(1) B(M) = {0},
(it) M is a constant matriz,

(iii) E and E are degenerate dB-functions.

Proof. This comes from de Branges’ construction of B(M) [dB68, Theorem 27,28]. O
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Nevanlinna matrices enter de Branges theory because they’re closely related to chain of dB-spaces
and the Hamiltonian. Actually, they are the key to relating two dB-spaces if one sits inside the other

one, as can be seen from the following theorem (cf. [dB68, Theorem 33,34]).

Theorem 1.17. (i) Let B(E,) and B(Ep) be two dB-spaces s.t. B(E,) C B(Eyp), and %‘; has no

real zeros, then %‘; also has no real poles and there exists a unique Nevanlinna matriz M,

AN\ A,
() = Mo ():

(ij) V2 (A Fy + CuF )

s.t.
and the transformation

takes B(My—p) isometrically onto B(Ey) © B(E,).

(i) Let M, be a Nevanlinna matriz. Let E, = A, —iC, be a non-degenerate dB-function. If

Ay A,
= Ma )
<0b> ” (C)
then E, = Ap—iCY is a non-degenerate dB-function and %‘; has no real zeros or poles. B(E,) C

B(Ey) as sets and ||F|gg,) = |Flls,), YF € B(EJ). If there is no nonzero constant (%) in
B(Ma—p) s.t. uA, +vC, € B(E,), then B(E,) C B(E}) and the transformation

(?j) s V2[AuFy + CuF.]

takes B(My—p) isometrically onto B(Ey) © B(E,).
Based on this theorem, we’re now ready to give the definition of dB-chains.

Definition 1.18. (i) A family of non-degenerate dB-functions {E;}icr (I = (t_,t4), or (t_,t4])
is called a chain of dB-functions if there exist normalized non-constant Nevanlinna matrices

(Ma—>b)t,<a<b<t+ s.t. t(Mg—yp) is continuous for a,b € I, and

A Aq
(C:) =M, (Ca)7 Vi_i<a<b< t, (117)

and for K , defined by (1.11)),

tlg,?, K;.(z)=0, VzeC. (1.18)

Such unique matrices M,_p, a < b € I are called the transition matrices of the chain {E;}. A

chain {E}}ier is called normalized if t(My—p) =b—a, Vi_ < a <b < t,.
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(ii) We say a dB-space B, sits almost isometrically, or a.i. for short, in another dB-space By, if B,
sits contractively in B, and dompg, (z) sits isometrically in By, where domp,_ (z) is the domain
of multiplication by 2z in B,. We say B sits almost isometrically in L?*(p) if dompg(z) sits

isometrically in L?(x) and domg(z)* sits contractively in L2(u).

(iii) A family of nonzero dB-spaces {B:}, t € I, (I = (t_,t4+), or (t_,t4]) is called a chain of
dB-spaces if:
e Va<bel, B, # By, as dB-spaces, B, sits a.i. in By,
e ||F||s, is a continuous function of t > a, for F € B,, Va € I,

e The reproducing kernels K; . satisfy

lim K;.(2)=0, VzeC. (1.19)

t—t_

Remark. (i) The transition matrices {M,_,;} are unique by [Theorem 1.1

(ii) We assume M,_,; is non-constant in (i) and B, # B, otherwise we could cut off the trivial
part of the chain to satisfy the constraints. This is analogous to removing intervals where the

Hamiltonian H = 0 almost everywhere.

(iii) The case I = (t4,t_] means there’s a largest (largest as sets) dB-space in the chain of dB-

functions/dB-spaces. Since we can always add a tail to a chain, namely, we can define

A 1 0) /A
@), ) @) e
Gy (t—t)z 1) \Ciy

then we can extend the chain beyond ¢,. Therefore, we can always assume I = (¢{_,t;) is an

open interval unless otherwise stated.

(iv) The assumption (1.18)) excludes the possibility that E;_ := lim;,;_F; exists and is a non-
degenerate dB-function. Therefore, the assumption (|1.18)) means the chain is “saturated” at

its left endpoint. Namely, one can not extend the chain beyond the left endpoint ¢_.

Actually, (1.18)) can be implied by a seemingly weaker condition, that

lim Ky .(z) =0, forsome z € C\R.

t—t_

The proof can be found in the proof of [dB68, Theorem 40]. In short, K,(z) = 0 for some

nonreal z means the dB-space is zero, and therefore K,(z) = 0 for all z € C.

(v) The assumption ¢(M,_) is continuous in a and b implies E;(z) is continuous in ¢ for a given

z € C. Similarly, for a chain of dB-spaces, we assume that ||F'||z, is continuous in ¢ > a for
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{E}

Figure 1.1: Uniqueness diagram for chains of dB-functions/spaces

F € B, to exclude the possibility that B, has a “jump.” Without these two assumptions, we
can “chop oftf” part of the chain and still get another chain. We add the assumptions here

because, as mentioned above, we want the chain to be “saturated,” namely any dB-subspace of

B, is equal to B for some s < t, as we will see in [Theorem 1.

(vi) The structure of the chain of dB-spaces and the meaning of “saturated” chain will be further

explained in [T'heorem 1.27|in [Section 1.2}

By |Theorem 1.17| we know if {E;}ics is a chain of dB-functions, then {B(E;)}icr is a chain of

dB-spaces. Conversely, for a chain of dB-spaces {B(F:)}icr, we can choose E; s.t. By = B(FE:),

Vt € I and {E:}ter is a chain of dB-functions.

Now we discuss the correspondence between chains of dB-functions and chains of dB-spaces. Let

{E:}ter be a chain of dB-functions, then by [Theorem 1.17} {B(E})}+e; is a chain of dB-spaces and is
uniquely determined by {E;}. On the other hand, given a chain of dB-spaces, as by [Proposition 1.10}

the representation of a dB-space by dB-functions is only unique up to a SL(2,R) transform on (é)

Then for t_ < a < b < ty, we can find non-degenerate dB-functions E,, E;, and a Nevanlinna

Ab Aa
(&) = ()

where Ej and FE, are unique up to SL(2,R) transforms V, on (éﬁ:) and V, on (é“), respectively. If

matrix M,_.p s.t.

we require M, to be normalized, i.e., M,_,5(0) = I, then V, = V,. Therefore, given a chain of
dB-spaces, it determines a chain of dB-functions which is unique up to a map: (‘gz) — V(’éj) for
V € SL(2,R). Consequently, for a chain of dB-spaces {B;}, the transition matrices of the chains of
dB-functions {E;} s.t. B(E;) = By, are unique up to a map: My, — V" M,V for V € SL(2,R).

From now on, we’ll use the term de Branges chain or dB-chain for short, denoted by {B(FE}) }er,
to denote a chain of dB-spaces formed by a prescribed chain of dB-functions {E;}ic;. Two dB-
chains are said to be equal if and only if they’re formed by the same chain of dB-functions. On the
other hand, as discussed earlier, two different dB-chains might be equal to each other as chains of
dB-spaces.

summarizes the uniqueness relation between chains of dB-functions and spaces, where
solid arrow means uniqueness and dashed arrow means non-uniqueness.

It is convenient to consider dB-chain {B(F:)}ies s.t. E; is a normalized strict non-degenerate
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dB-function, as we can use [Proposition 1.9| and [Proposition 1.10|to transform any dB-chain so that

FE; satisfies those requirements. We should point out that most results on dB-chain in later chapters
assume F}; is normalized, strict, and non-degenerate. Moreover, if F; is strict for some t € I, then

E; is strict for any t € I. This can be seen from [Theorem 1.17|ii). Therefore, we can give the

following definition.

Definition 1.19. A dB-chain {B(E})}:cs is said to be strict if E; is strict, for some (hence for all)
tel.

1.2.3 Hamiltonian of a dB-chain

In this section we’ll focus on the relation between a Hamiltonian and a dB-chain. Firstly, given
a Hamiltonian H(t), t € I with a regular left endpoint, namely [ H(t)dt has finite elements for
¢ € I, there always exists a dB-chain {B(E;)}ic; having H as its Hamiltonian as defined below,

and such a dB-chain is not unique (cf. [Theorem 1.21)). Secondly, given a dB-chain {B(E;)}, there
exists a unique Hamiltonian H(¢) s.t. (1.20) holds (cf. [Proposition 1.23). In|Section 2.3 we’ll give a

sufficient and necessary condition for a Hamiltonian to be the Hamiltonian of some dB-chain.

Definition 1.20. We say a Hamiltonian H(t), t € I is the Hamiltonian of dB-chain {B(E)}ier, or
H is associated with dB-chain {B(E})}ier, or a dB-chain {B(F:)}ter has Hamiltonian H, if

Ab Aa b At
Q - Q = H - . 1.2
(Cb> <0a> Z/a (t) (C)dt, Vio <a<b<ty (1.20)

For a Hamiltonian H(t), t € I with a regular left endpoint ¢_, we can get two dB-chains from

the matrix solution to the canonical equation.

Theorem 1.21. Let H = H(t), t € I be a Hamiltonian. If t_ is a regular left endpoint of H, then

there exists a unique continuous matriz-valued function

At,—nf(z) By —>t(Z)
Ot,—ne(z) Dt,—>t(2)

t— Mt,—>t(z) =

s.t.
b
QM; _p — Q= z/ H(t)M;_ _dt, Vbel. (1.21)
t_

Forbel, M; _, is a non-constant normalized Nevanlinna matriz, and
My oy =My oMy _q, Vio<a<b< ty,

where My is also a non-constant normalized Nevanlinna matriz. Moreover, H is uniquely deter-

mined by the transition matrices {M,—p}.
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Sketch of the Proof. The proof of this Theorem is quite straightforward. We use Picard’s iterative
method, namely we define Mo _¢ := Ip for t € I and Mpy1+ ¢ := ftt, H(s)My__sds, then
My _4(z) = Z:& M, + 42" is convergent because of the inequality (1.16), and obviously it

solves the canonical system (|1.2]). Uniqueness can be proved by taking the derivative of both sides of
(1.21) w.r.t. z and evaluating them at 0. For a detailed proof please refer to [dB68, Theorem 38]. O

Remark. M;__, and M,_,;, are not constant matrices because we assume H(t) # 0 almost every-

where.

Such Nevanlinna matrices {Mq—p}¢_ <a<b<r, are said to be associated with the Hamiltonian H.
It is well defined for ¢t < a < b < t; regardless of whether ¢_ is a regular left endpoint of H or not.
The two columns are the solutions to the canonical equation satisfying Dirichlet boundary
condition and Neumann boundary condition at ¢_, respectively. Let F; := A; _,; — iC;__,+ and
E, := B, _,; —iD; _4. Since M, _,; — I, as t — t_, condition in the definition of a
dB-chain is satisfied, and {B (FE;)}icr, {B(F;)}icr are two dB-chains satisfying the same canonical
equation . Also from we can see the reproducing kernels of the two dB-spaces B (E};) and
B (Et) satisfy:

Ki0(0) = UM Hii(s)ds, K (0) = AU Has(s)ds,

s ™ Ji_ ™ ™ Ji_

and therefore K, ¢(0) is not necessarily equal to K;(0), thus a Hamiltonian might be associated
with more than one chain of dB-functions or chain of dB-spaces. However, under certain constraints,
for example if F; is strict and normalized, the dB-chain is unique up to multiplication by a zero-free

real entire function S, as we will see in [Section 2.4.4

On the other hand, once we have a dB-chain {B(FE})}tcs, we can get at least one Hamiltonian

associated with the chain (see [Proposition 1.22| below). The uniqueness of such a Hamiltonian will

be proved later, and we start with the following properties of the transition matrices {My_p}ter of

the dB-chain {B(E})}er.
Proposition 1.22. Let {M,_,;} be the transition matrices of the dB-chain {B(Ey)}icr, then
(i) Morye = Mpse Moy, Vie <a<b<c<ty,

(i1) For fivzed a € I, QM _,,(0) is a strictly increasing matriz-valued function of t. H(t) :=
4 (QM!_,(0)), a < t, exists for a.e. t € I. H(t) is independent of the choice of a < t,

and

QM e(2) — QM y—p(2) = z/ H(t)My—1(2)dt, t_-<a<b<e<ty, (1.22)
b
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Q(é:) - Q(‘é“) = z/abH(t) (‘éﬁ)dt. (1.23)

Proof. See [dB68l, Theorem 37,38]. O

and consequently,

For a given dB-chain {B(E})}+cr, the Hamiltonian that satisfies is unique. This can be
seen by taking the derivative of both sides w.r.t. z and evaluating the equation at 0, as discussed
earlier. Any Hamiltonian that satisfies satisfies as well. Actually, the Hamiltonian that
satisfies is also unique, as shown below.

Proposition 1.23. Let {B(E};)}ier be a dB-chain, then there exists a unique Hamiltonian H (t) s.t.

Ay AN\ [° A
o) -a(5) == [ mo(g)a
Proof. See [Section 1.C| O

In other words, there exists a unique Hamiltonian associated with given dB-chain. And from
we can see, if M,_p, Va < b € I are the transition matrices of the dB-chain {B(E})}c; whose
Hamiltonian is H, then M,_,; is associated with the Hamiltonian H.

A family of non-degenerate dB-functions {E;}:c; can form a dB-chain if the corresponding

At

vector-valued functions (Ct) solve the differential equation for some Hamiltonian H and satisfies

the asymptotic constraint (|1.18)), as shown in the following proposition.

Proposition 1.24. Let {E;}ier be a family of dB-functions. If

Ab Aa o b At
Q(Ob) . Q(Ca) — z/a H(@)da Vii<a<b<ty (1.24)

for some Hamiltonian H on I, then

Ab Aa
— M, v b<t,
(@) ﬁb(c) <a<b<t

where M,_,, are the transition matrices associated with H.

Proof. See O

Now we discuss the relation between chains of dB-spaces and Hamiltonian. We know a chain
of dB-spaces determines a dB-chain which is unique up to a SL(2,R) transform on (é) From the
discussion in we know for a given chain of dB-spaces {B,}, its transition matrices are
unique up to a map Moy — V1M,V for V € SL(2,R). As H(t) = & (QM/_,,(0)), using the
equality V*QV = Q for V € SL(2,R), we can see the Hamiltonian associated with dB-chain {B(E})}
s.t. B(E:) = B; as dB-spaces for any ¢ € I is unique up to a map: H(t) — V*H(t)V.
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Figure 1.2: Uniqueness diagram for dB-chains and Hamiltonian

summarizes the uniqueness relation between dB-chains, Hamiltonian and the transition
matrices. Again, solid arrow means uniqueness and dashed arrow means non-uniqueness.

Not all Hamiltonian H can be associated with a dB-chain. In[Section 2.3] we will give a sufficient
and necessary condition for H to be the Hamiltonian of a dB-chain, and here we give some simple
necessary conditions for H to be the Hamiltonian of a dB-chain {B(FE:)}ter s.t. E; is normalized,
vt e I.

Actually, for such a Hamiltonian H, although H may not be locally integrable at ¢_, the upper
left element of H, namely H;1, is always locally integrable at t_. Moreover, t_ is a point of growth

of v, namely, a(t) > a(t_) for ¢ > t_.
Proposition 1.25. Let H = H(t) be the Hamiltonian of a dB-chain {B(FE; }te], Et (0)=1,vtel,

then 0 < [ Hyi(t)dt < oo for ¢ € 1. Or equivalently, let h = h(t) = be an anti-

deriwative of H, then

a(t_) := lim at) exists,
e (1.25)
a(t) > a(t-), Vtel.
Proof. See [Section 1.F| O

Note that this statement holds only because we assume E;(0) = 1. Alternatively if we assume
E;(0) = —i, then the conditions become: y(t_) := lim; s ~(t) exists and v(¢) > v(¢t_) for ¢t € I.

Because H and h have such properties, from now on we always assume lim;_,;_ «(t) = 0 for
the anti-derivative h(t) of the Hamiltonian H(¢) if the dB-chain satisfies E;(0) = 1. Consequently,
a(t) >0fortel.

1.2.4 Spectral measures of a dB-chain

In this section we define spectral measures of a chain of dB-spaces, and classify the points in I into

H-ordinary/ H-special points. This classification enables us to further clarify the structure of chains
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of dB-spaces.

Definition 1.26. (i) A positive measure y on R is said to be associated with dB-space B, if B sits

almost isometrically in L?(u), and domp(z) C L?(u).

(ii) A positive measure p is said to be a spectral measure of chain of dB-spaces {Bi}ier, if p is

associated with By, Vt € 1.

Remark. The exact meaning of “almost isometric” inclusion is given in [Section 1.2.2]

From |[Proposition 1.8(ii) it’s easy to see for a strict dB-function E, ﬁ is a measure associated

with the dB-space B(E). In we will see any sampling measure of B(E) is associated
with B(E), hence a dB-space always has infinitely many associated measures as B(F) has infinitely
many sampling measures.

A chain of dB-spaces {B;} has at least one spectral measure . Moreover, under certain conditions

(for example, QM _,,(0) is unbounded as t — ¢4 ), the spectral measure of a chain of dB-spaces is

unique. These results will be discussed and proved in [Section 2.4.2| and [Section 2.4.3|

From the definition of a spectral measure we can see for any dB-space B; in the chain {B;}icr,
domp, (2) C L?(u) always holds where y is a spectral measure of the chain. However, there are two

cases for domg, (2)*:

e domgp, (2)* sits strictly contractively in L?(y).
e domgp, (2)* sits isometrically in L?(p).

The two different cases are closely related to another concept, namely the H-ordinary,/H-special
points of the Hamiltonian H(¢). For a dB-chain or a chain of dB-functions, since it has a unique
Hamiltonian H, we can classify points on I into H-ordinary/H-special points using this unique
associated Hamiltonian. For a chain of dB-spaces, as discussed in there are multiple
dB-chains corresponding to it but they are equal up to a SL(2,R) transform on (é), therefore their
Hamiltonian is unique up to transform H(t) — V*H(¢)V. From the remark following
we can see the H-indivisible intervals are invariant under such a transform, therefore we can define
H-ordinary/ H-special points for a chain of dB-spaces.

The following result (cf. [dB68, Theorem 40]) gives more insight into the structure of a chain of

dB-spaces and its relation with L?(u) where yu is a spectral measure of the chain.

Theorem 1.27. Let {B;}icr be a chain of dB-spaces. Let pu be a spectral measure of the chain.
Then:

(i) For H-ordinary a € I, B, C By for b € (a,ty), and B, = L?(u).

(ii) For H-special a € I, domg, (2)* sits strictly contractively in By for b € (a,ty) and L?(u).
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H — ordinaryr H — special 1H — ordinary 1 H — special +\H — special H — ordinary t

H — ordinary,point
1
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Figure 1.3: Structure of a chain of dB-spaces

(iti) For H-ordinary b € I, if b is not a left endpoint of an H-indivisible interval, then

B,= (] B

c>b
¢ H-ordinary

(iv) For H-ordinary b € I, if b is not a right endpoint of an H-indivisible interval, then

B= |J B

a<b
a H-ordinary

(v) For a maximal H-indivisible interval (a,c), B. © By = {udy + vC, : uv € R}, where E, =
A, —iCy is any dB-function s.t. B, = B(E,).

(vi) If B is a nonzero dB-space and B T By for H-ordinary b, then B = B, for some H-ordinary
a€ (t_,b).

(vii) If B is a nonzero dB-space and By © B T L?(u) for H-ordinary b, then B = B. for some
H-ordinary c € (b,ty).

The structure of a chain of dB-spaces is illustrated figuratively in To summarize, B;

keeps expanding continuously as a dB-space as t increases on an H-ordinary interval (i.e., an interval
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that contains only H-ordinary points). Here the continuity means the continuity of the reproducing
kernels of the dB-spaces. When ¢ enters an H-indivisible interval (a, ¢), elements uA, +vC,, uv € R
are added to the dB-space, and the norms of such elements are strictly decreasing (from oo) for
t € (a,c). When t reaches ¢, the norms of such elements are fixed as their norms in B. and they

sit isometrically in any B; for ¢ > ¢. And it’s possible to have two adjacent maximal H-indivisible

intervals, as long as they have different types (cf. [Definition 1.3)).

1.2.5 Generalized Fourier transform associated with a dB-chain

Once we have a dB-chain, we can define the generalized Fourier transform (a.k.a. the Titchmarsh-
Weyl-Fourier transform, or the Fourier transform) accordingly (cf. [dB68, Theorem 43-45]). Since
every dB-chain has at least one (scalar) spectral measure y as we will see in [Section 2.4.2] essentially
we get a transform from L?(H) to L?(u).

aft) Bt
Blt) ()

be one anti-derivative of H. Assume a(t) > 0 fort > t_, limy;_ a(t) = 0, and Ey is strict and

Theorem 1.28. Let {B(E}:)}ier be a dB-chain with Hamiltonian H(t). Let h(t) :=

normalized, then for any H-ordinary ¢ € I, x(;_ ¢(t) (éﬁfig) € L*(H). Let Wg be the map

s () o= (0 (55) = v feosoma(EE)a
(1.26)

then Wi maps L?(H; (t_, c]) isometrically onto B(E.). Moreover, if (g;) € L2(H; (t_,c]) is orthog-
onal to ((1)), then there exists (2) € L*(H; (t_,d]), s.t.

o) = ()

), then G(z) = zF(2).

Let F' .= WB( ) and G := WB(

f1 g1
f2 g2

This theorem is explained in [Figure 1.4)where p is a spectral measure of the dB-chain {B(FE;)}.

L2(H; (t_,c]) «=— D (H-'Q4) N L2(H; (¢ _, DT 2 () — S L2(H)

lWB lWB lWB Wn

B, = domgp, (2) £ B,

Iml

L?(u)

Figure 1.4: The generalized Fourier transform Wg

The significance of is that it applies to a dB-chain regardless of whether it’s regular
or not. This enables us to extend the whole theory from the regular case to certain singular cases.

Namely, the canonical system (the Hamiltonian) can have a singular left endpoint, but as long as
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there exists a dB-chain with H as its Hamiltonian, we can get a scalar spectral measure and the

generalized Fourier transform Wpg as defined in [Theorem 1.28] In [Chapter 2| we show that for a

given Hamiltonian H, there exists a dB-chain {B(E})}ie; with H as its Hamiltonian if and only if

the Titchmarsh-Weyl m-function for the canonical system on (¢_,c| has a meromorphic extension.

In [Chapter 3| and [Chapter 4] we show how to construct a dB-chain for certain Hamiltonian (or

equivalently, canonical systems) which satisfy the sufficient and necessary condition for the existence

of a dB-chain given in

1.3 Regular de Branges spaces

In this section we focus on regular de Branges spaces, which are closely related to Hamiltonian
with regular left endpoints and regular measures. The main result of this section is the one-to-one
correspondence between regular dB-chains, Hamiltonian with regular left endpoints, and regular
measures. We will give the precise statements in

For a Hamiltonian H = H(t), recall that it has a regular left endpoint if H is locally integrable

att_, ie., fti H(t)dt has finite elements for some ¢ € I. Note that this is equivalent to the condition

ot t
limy_,;  a(t) +v(t) > —oo, where h(t) = ® A is an anti-derivative of H(t). A positive

Blt) ()

measure g on R is said to be regular if

112 < 0.

/ T du(N)

— 00

In order to define regular dB-functions/spaces, we introduce the Cartwright class of entire func-
tions. The Cartwright class Cart, consists of entire functions F' of exponential type at most a that

satisfy a weaker integrability condition on R:

+<>Ol +F
/ g 1P o,
e L4t

and Cart:= U,»oCart,. Cartwright functions are considered in detail in [Lev64], [BJ54], and [dB6S)].
The following Krein’s theorem will be used in later proofs: an entire function F' belongs to the

Cartwright class Cart if and only if it belongs to the Nevanlinna classes A'(Cy) and N(C_).

Definition 1.29. (i) A dB-function F is said to be regular if E' € Cart and

—+o00 d)\ -
/,oo IEOVPI+A2) ~
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(ii) A dB-space B is said to be regular if

F(z) - F(w)

zZ—w

eB, VFeB, YweC

Remark. From the definition we can see that regular dB-functions must be strict, i.e., zero-free on

the real line.
The two definitions are equivalent in the following sense (cf. [dB60, Theorem III]):
Proposition 1.30. Let E be a non-degenerate dB-function. Then E is a reqular dB-function if and

only if B(E) is a reqular dB-space.

Moreover, for a dB-chain {B(E;)}icr, if B(E:) is regular for any ¢ € I, then B(E}) is regular for
all t € I. This can be proved using the transition matrices between any two dB-spaces in a dB-chain.

The following proposition shows how the Nevanlinna matrix is related to regular dB-functions.

Proposition 1.31. Let M(z) := ) be a Nevanlinna matriz, then E = A —iC,

E := B —iD are reqular dB-functions.

Proof. See Section T} =

Remark. The dB-functions E or E might be degenerate, even if M(z) is a non-constant Nevanlinna

matrix. For example,

1 0
M(z) =
z 1
is a non-constant Nevanlinna matrix where B(M) = {() : w € C} # {0}, but E(z) = —iis a

degenerate dB-function.

Based on this result, the following proposition establishes the regularity for a dB-chain in terms

of the regularity of every individual dB-space.

Proposition 1.32. Let {B(E;)}ier be a dB-chain. If B(E;) is regular for some t € I, then B(Ey)

is reqular for all t € 1.

Proof. Assume B(Ep) is a regular dB-space for some b € I. For ¢ € (b,ty), (éj) = My, (’éf;) Since
Ay, By

E, = Ay — iCy is regular, then we can find (gg) s.t. My = is a Nevanlinna matrix,
Cy Dy

according to [dB68, Theorem 27]. Then M, := My, .M, is a Nevanlinna matrix as well. Therefore
E. = A, —iC., where (é‘i) is the first column of M., is regular.

On the other hand, for a € (¢_,b), note that

Aq = Dasp Ap — Bo5pCh.
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It can be shown Ay, Cy, Dy—p, Ba—p all belong to Py, the Polya class of entire functions which will
be discussed in One of the most important properties for function F € Py is that for
any fixed x € R, |F(z + iy)| is a non-decreasing function for y > 0, therefore sup,~; ‘m’ < 0.
Similarly we have sup,>; ‘m‘ < 00, therefore sup, > ’m’ < 00 as Eq(0) # 0. The rest follows
from [dB68, Theorem 26], a criterion to determine whether B(E) is a regular dB-space or not based

on an estimate of m on the imaginary axis.

O
Based on this proposition, we can define a regular dB-chain as below.
Definition 1.33. A dB-chain {B(E})} is called regular if any dB-space in the chain is regular.

Now we give the precise statements on the one-to-one correspondence between Hamiltonian with
regular left endpoints, chains of regular dB-spaces, and regular measures. This is the most important

result in the regular case, which gives a complete solution to the inverse spectral problem.

Theorem 1.34. (i) Let {B(E}:)}ier be a dB-chain with Hamiltonian H and a spectral measure p.
If {B(E:)} is regular, then u is regular, t_ is a reqular left endpoint of H, and lim;_,;_ Fy(z) =

w locally uniformly in z for some complex constant w which doesn’t depend on z.

(i) Let H = H(t), t € I be a Hamiltonian. If t_ is a regular left endpoint of H, then there exists
a reqular dB-chain {B(E)}ier with H as its Hamiltonian. The chain is unique if we specify
E(0)=1 fortel.

(iii) Let p be a regular positive measure on R, then there exists a chain of regular dB-spaces {Bi}ier

s.t. p is a spectral measure of {B:}. The chain is unique up to re-parametrization of t.
Proof. See Bection .G} O
Remark. (i) From part (i) of [Theorem 1.34] we know if {B(FE}:)}:er is a regular dB-chain, then

lim;_,; F, exists and is a constant function. The converse, however, is not true. In

[tion 3.2.2) [Theorem 3.13|shows that it’s possible to construct a dB-chain s.t. lim;,; E; =1

(B(t) = 0 in the setting of [Theorem 3.13)), and E} is of Polya class but is not regular.

(ii) For part (ii), if we do not assume regularity of the dB-chain, then there would be multiple
chains sharing the same Hamiltonian H: for example, we can multiply any real entire function
S to the regular chain to get another {B(SE}:)}ier, which would have the same Hamiltonian
H as {B(E})}ier-

(iii) Similarly, for part (iii), let E be a regular dB-function. If B(E) C L?(u) for regular u, the

dB-space B(E) is not necessarily regular. For example, for regular B(E) C L?(u), p is regular.
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exists

exists exists % un(lq)ue :f
unique unique t,z(%2)—>+00 2
H ‘ B(E,) w=—r s p mmmmte e 12(1)
exists . exists . exists
unique unique up to unique up to
transform VESL(2,R) reparametrization of ¢

Figure 1.5: Correspondence between H, {B(E;)}, {B:}, and u in regular case

Let E = ¢ F and dji = e~ dy, then B(E) C L2(f1), while E is not a regular dB-function as

it’s not of exponential type and ji is regular.

Moreover, by [Theorem 1.34(iii) we know there exists one regular dB-chain whose spectral

measure is [, then the dB-chains having i as the spectral measure is not unique if we don’t

require the chain to be regular.

(iv) For part (iii), by the ordering theorem, loosely speaking, the uniqueness of the dB-chains sitting
in L?(u) can be achieved in the Cartwright class. Actually, any dB-chain of Polya class Py
sitting in L?(u) for regular p, is a regular dB-chain if F; doesn’t have real zeros (cf.
Section 26]). The Polya class Py will be introduced in and

regular C dB N Cart C dB NExp C Po.

Combining with the unique correspondences discussed in and the
uniqueness of the spectral measures that is given by we can get which

illustrates the one-to-one correspondence between the Hamiltonian H, the dB-chain {B(F;)}, and
the spectral measure p.

We point out again is the most important result in the theory of regular dB-spaces.

In [Chapter 3] and [Chapter 4] we will see such an one-to-one correspondence does not hold for dB-

spaces which are not necessarily regular. Partial results have been obtained for certain classes of

dB-functions, among which the results on dB-functions of Pdlya class and the first generalized Polya

class will be presented in [Section 3.2 and [Section 4.2| respectively.

1.4 Example: the classical Fourier transform

The simplest example is the Schrodinger equation with zero potential (i.e., ¢ = 0):
—g§=zy, te0,+00), (1.27)

or alternatively

QY =zHY —QY, tel0,+00), (1.28)
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10 0 O ;
where H = and QQ = . It’s easy to see yi1(t,2z) = cos(VAL), ya(t, 2) = 7%
0 0 0 -1

are the solutions to (1.27) with initial conditions (boundary conditions) ¢ (0, z) = 1 and y»(0, 2) = 0,
respectively. In the special case where z = 0, y2(¢, z) should be interpreted as the linear function
y2(t,0) = t. Equivalently,

cos(+/zt) —%

Vzsin(y/zt)  cos(y/zt)

Y(t,z2):= (Yi(t, 2), Ya(t, 2)) =

is the solution to ([1.28) s.t. Y (0, 2) = Is.

1
Let V(¢) :== Y (¢,0) = , then the self-adjoint system ([1.28]) can be transformed to a
0 1

canonical system

QX =zHX, tel0,400), (1.29)

~ _ 1 _
where H = H(t) :=V*(t)HV (1) = , for ¢t € [0,400). It’s easy to see H doesn’t have any
—t t
H-special points.

As discussed in

At z (2
My(z) := B i) =V (t) (Vi(t, 2), Ya(t, 2))
Ci(z) Di(z)

is the solution to the canonical system (1.29) and it defines a dB-function E; := A; — iC;.

then implies
(N 1 f1 At(2)>

maps L?(H; [0, c]) isometrically onto B(E.), for any ¢ > 0.

In particular, for any f € L?(R. ), obviously

(]) e 22t 0. 450
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then the map

[z

[uaomo(4E) )
/Oc(f(m OV VTHHV ()L V() (’éz(z)> dt
—__\¥

H(t)

¢ 1 0
- / (f().0) ( )mt,z)dt
0 0 0

- /0 " F(t) cos(v/at)dt

- (3)

Yl(t7z)

is an isometry from L?([0,¢c]) to B(E.).
Now let’s calculate the Titchmarsh-Weyl m-function and the spectral measure for the canonical

system (T.29). It’s easy to see m(z) := iy/z satisfies y1(t,2) — m(2)ya2(t, 2) = e"V? € L*(Ry),

therefore
[t mepaney ) (s )
= [ aemen (i e (R ) (S e
= [ nte.2) - mente )P e < o
Then

(6i) = () < FHf0-4on,

and m(z) = mp(z) is the Titchmarsh-Weyl m-function for o = 0 in (1.6). Note that the transform
(1.30]) uses (é:gz;), therefore the corresponding Titchmarsh-Weyl m-function corresponds to oo = 37”,
and is given by

ms%(z):— =

Then according to (1.9)), the spectral measure is given by

2V, A>0,

0, A <0.

n(A) =
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1.A Proof of |[Proposition 1.10|

First assume B(E;) = B(FE>). Since B(E;) = B(F>), they have the same reproducing kernel K, (2),

ie., Vz,w € C,

In particular, let z € C; and w = € R which is not a zero of A, Cy, Ay, Cy. Writing it in matrix
form we get
0 1 Al(z)> 0 1 <A2(2)>
Aq(x),Ci(x < = (Az(x), Co(x .
(A1(), Cr()) (1 0) o) =@ | (e

41 s not a constant, we can choose y € R s.t. éig; + éi gg,

Since &+
Ai(z) Ci(x) 0 1 <A1(z)>: Asx(z) Ca(z) 0 1 (Az(z))
Ay) Gily)) \~1 0] \C1(2) As(y) Oo(y)) \ =1 0] \Ca(2)/’

then

Note that

det

Ai(z) Ci(z) oy — 0K (y) = det Az(z)  Ca(z) 40,
Ai(y) Ci(y)

1
) , then

0
recall Q =
-1 0

And since A4y, C1, Ag, Co are real entire, we know V € SL(2,R).

Now assume (gi) = V(gg), then
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hence B(E;) and B(E,) have the same reproducing kernels and then B(E;) = B(E2).

1.B  Proof of |[Proposition 1.14]

Since M (z)*QM (x) = Q for z € R, we have

M* (ZG)QM(’LG) —Q  (Ia—ieM™(z) + o(€)) Q Iz + ieM'(x) + o(€)) — Q

21€ 21€

— —%(M’*(O)Q —QM'(0)), ase—0.
Taking derivatives w.r.t. = in the equation M (z)*QM (z) = 2 we can get
M*' (2)QM () + M* (x)QM’ () = 0.
Since elements of M are all real entire, then M*'(x) = M'*(z), and therefore
M (2)QM (z) + M* (x)QM’ () = 0.

In particular, M’*(0)Q = —QM’(0), then

QM'(0) = —%(M’*(O)Q —QM'(0)) = lim

and consequently (M) = tr (QM’(0)) > 0.
Now pick any ¢ > 0, by [dB68, Theorem 37] we know there exist Nevanlinna matrices M, for
a€l0,c,st. M =M., t(M,)= 2t(M), and

QM,(z) — Q= Z/O‘l dh(t)My(z),

where h(t) := QM. (0) := afa) PBla)

Bla) ~(a)

z and evaluate it at 0 we know

) . Choosing a = ¢ and taking derivatives of both sides w.r.t.

o), =

/ " )M ()

F

For n = 1, RHS becomes /a(c)? + 2|B(c)|? +7(c)? < a(c) +7(c), and inductively one can show

[P < @@ +r@), ez,
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then
1+ || M(2) = L|r < elale)+v(e)lzl — et(M)IZI7 vz e C.

1.C Proof of [Proposition 1.23]

The existence of the Hamiltonian follows from [Proposition 1.22] Now suppose there exists another

Hamiltonian H (t) that satisfies

Ay A, b A
Q -0 = H(t dt.
(&) -2(G)=:[ a0(g
Let Maﬁb be the Nevanlinna matrices associated with H (t), then for fixed a € I,

b
NI,y — O = 2 / A ()N,

(@) o) == [ &)
(@)= (@)

Taking the difference of the canonical equations that (‘éf), (’g:) satisfy, we can get

where

Ay — Ay b A — Ay
Q ~ | = H(t ~|dt. 1.31
(Cb—Cb) Z/a © Cy — Gy (1.31)
As (ézgg;) = (?)ZES;) = (C:{Eg;), by taking derivatives of both sides of (1.31) at 0 we can show
A (o A (o i .
(CE")EO;) = (C'E")EO;) for n > 0, hence (‘é:) = (gi) Then from [Theorem 1.17|we know M,_,;, = M,_p,
(

and therefore H(t) = H(t) almost everywhere.

1.D Proof of [Proposition 1.24]

For each a € I, let

then ~ .
Ap Ad\ At
Q<éb>9(ca)z/a H<Ct>dt, Vi_ <a<b<i,.

Comparing this equation with (1.24) we can get

Ab Ab b At*At
Q") =0 = H( - _ . 1.32
(Cb> <Cb) z/a <Ct_ct dt, Vi_<a<b<ty (1.32)
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Evaluating this equation at z = 0 we know

Ab(0)> (Ab(0)>

~ = , Vi <a<b<ty.

<Cb(0) Cy(0) *

Taking the n-th derivative w.r.t. z for both sides of (1.32]) and then evaluating the equation at z = 0

we can inductively show

(5158 v

Therefore

Ab Aa
= M, - .
(Cb> a_ﬂ,(Ca), Vii <a<b<ty

1.E  Proof of |[Proposition 1.25|

The first row of (|1.23)) gives

b
Cp(2) — Cu(2) = z/ (Hi1(t), Hyo(t)) <g§g;>dt, Vii <a<b<t,.

Taking derivative w.r.t. z on both sides and letting z = 0, then as A,(0) = 1 and C;(0) = 0, we have

a0 - o= [ H ().

Since C7,(0) = mK40(0) > 0, we must have
b
/ Hir(H)dt < CL(0), Vi_ <a<b<ty.

Hence ftb_ Hyp (t)dt = limg_yy_ f; Hy, (t)dt is finite.
By definition of a dB-chain, lim,_,; C/(0) =lim,,; 7K, 0(0) =0, then

b
Hyy (t)dt = C}(0) >0, Vbel,

t_

where the last inequality is strict because F; is normalized and non-degenerate.
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1.F  Proof of [Proposition 1.31]

(We'll need some notations and results from [Chapter 2|) Note that M is J-expansive for z € C,
then 7;7(C4) C C4 by |[Proposition 2.10, where

In particular %ég?
Cx

then we get 35 < 0 for z € C; where C(z) # 0. Then F = A —iC is a dB-function although it

= Q7y7(00) = 0, for z € C4 where C(z) # 0. Since A and C are real entire,

~—

might be degenerate. By considering 77 (0) we can show E is a dB-function as well. Both E and E

are regular by [dB68, Theorem 27].

1.G Proof of [Theorem 1.34l

(i) Fix b € I. As Ej is regular, by [dB68, Theorem 27| we can find another regular dB-function

- A
Ey, = By, —iDy s.t. M, = b b is a Nevanlinna matrix. In order to show H has a
Cy Dy

regular left endpoint, it suffices to show lim,_,;  t(M,—p) < 0.

(&) = vemal(er) =20 o)

As F, is non-degenerate, there exists a Nevanlinna matrix M (cf. [dB68|, Section 36]), s.t.

A, 1
<Ca> - M(O)’ Mo = Mo

The second equation implies t(M,—p) = t(Mp) — t(M) < t(My), hence t(M,—p) is uniformly
bounded from above. Then fab H(t)dt = QM _,,(0) is uniformly bounded by QM;(0) as well.

a—b

We know

Let M; _,, :=lim,_y; M,_,p, then M; _,; is a normalized Nevanlinna matrix. Note that

(Aa> _ M_l (Ab) o Da—>b _Ba—>b (Ab>
Ca o Cb _Ca—>b Aa—>b Cb .

Then
At, 1 Aa _ —1 Ab
(Ct> = Jm (C) =Ml (1.33)
exists. From the definition of a dB-chain we know E;_ := A, — iC;_ must be a degenerate

dB-function. We now show it’s of Cartwright class and is zero-free, therefore it must be a

constant. F;_ is of Cartwright class by (1.33)) and Krein’s theorem on Cartwright functions.
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Suppose E;_(z) =0, then F;_(Z) =0 as E;_ is degenerate, hence we can assume z € C; UR.
Obviously, A;_ and C;_ can’t have same zeros, otherwise we get Ay(z) = Cy(z) = 0 for some
z € C; UR, a contradiction. As A;_ and C;_ are linearly dependent, we can find ¢,d € R s.t.
cA;_ +dC;_ =0. WLOG c¢ # 0, then C;_ must be zero-free by above arguments. As C;_ is of

Cartwright class, by Hadamard’s factorization it’s easy to see C;_ is a constant, and so is A;_.
The spectral measure p is regular by [dB68, Theorem 32].

The existence of a dB-chain comes from [dB68, Theorem 38]. The uniqueness comes from part

(i), as E; is uniquely determined by E;_:

Ay Ay
= M, ).
(Q) to—t (Q)
The existence of a chain of regular dB-spaces is given by [dB61al Theorem XII|. It can be

obtained via approximating u weakly by finite discrete measures p,,, for which it’s easy to find

a polynomial E,, s.t. B(E,) C L*(u,).

The uniqueness comes from the ordering theorem
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Chapter 2

Full-line problems: spectral matrices,
Israel Kats’ Theorem, and chains of
non-regular de Branges spaces

Our main focuses in this chapter are the spectral theory of canonical system where both endpoints
of I = (t_,t;) are singular and the de Branges theory of non-regular dB-spaces. The case t_, ¢, are
singular is known as the full-line problem as one can normalize the Hamiltonian s.t. tr H(¢) = 1,

Vt € I, in which case an endpoint is singular if and only if it’s infinite. The spectral matrix

approach is introduced in [Section 2.1} In [Section 2.3| we give a necessary and sufficient condition

on a Hamiltonian H s.t. there exists a dB-chain with H as its Hamiltonian, in which case one can

always define a (scalar) spectral measure and corresponding generalized Fourier transform according

to [Theorem 1.28] In [Section 2.4 we present some results on chains of dB-spaces which are not

necessarily regular, to better illustrate the correspondence between dB-chains, spectral measures,
and Hamiltonian. In particular, the nice one-to-one correspondence given by [Theorem 1.34] for the

regular case doesn’t hold in the more general setting.

2.1 More on the spectral theory of canonical systems on the

half-line

In this section we list some well known properties of the Weyl disk and the Weyl solution. These
results will be used in the proof of the main theorem of this chapter, namely
WLOG we assume the Hamiltonian is normalized and the interval I is (—oo, +00). Therefore
tl_l)rg_a(t) () = t—13+moot -

tl_l)rtn_ o) + (1) = t_l}r_noot -
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a(t) pB(t)

where «, 7 are the diagonal elements of the anti-derivative h(t) := of H, s.t. aft)+
Blt) ()
~v(t) = t, Vt € (—00,4+00). Moreover if there’s no mazimal H-ordinary point, then by [dBG68|

Theorem 42], we’re in the Weyl limit point case at the right endpoint since
VLG 2) 2oy = +00, Y2 (s 2) L2 (arijo.)) — +00,

as b — +oo for nonreal z, where Y7, Y5 are defined as the solutions to the canonical system with

w0 = (1), w0 - (7).

respectively. Similarly, if there’s no minimal H-ordinary point, then we’re in the Weyl limit point

boundary values

case at the left endpoint as
1Y1(s )M 2 (arfas0) — 00, [1Y2(5 2) L2 (aia,0) — +00,

as a — —oo for nonreal z.

Remark. Actually, [dB68, Theorem 42| only states that [|Y1(:, 2)| z2(r;[0,5)) — +00. By considering
the Hamiltonian H := QHQ*, then Y5 = Y] and it follows that Y2 (-, 2)l| 22 (500,6)) — 400 as well,

as H and H have the same ordinary/special points structure and same trace.

The Lagrange’s identity is introduced here and will be used in the proof of following lemmas,

and it also plays an important role when we determine the uniqueness of the dB-chains sharing the

same Hamiltonian, as we will see in [Section 2.4.4

Lemma 2.1 (Lagrange’s Identity). Let X1(t,z), Xa(t,w) be solutions to the canonical system
OX =zHX, tel, (2.1)

then Vi_ < a <b<ty,

(QX1(b, 2), Xa(b,w)) — (X1 (a, 2), Xa(a,w)) = (z — w)/ (H(t)X1(t, 2), Xo(t,w))dt 22)

= (z —w) (Xu(t, Z)aX2(t7w)>L2(H;[a,b]) .
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Proof. From the canonical system (2.1)) we know

QX1 (1, 2), Xo(t,w))" = <QX1(t,z)',X2(t,w)> - <X1 (t,z),QXg(t,w)'>
= (ZH)X1(t, 2), Xa(t,w)) — (X1 (£, 2), wH (£) Xa(t, w))

= (2 — @) (H) X1 (t, 2), Xa(t,w)).

O

Remark. Both Lagrange’s identity and [Lemma 2.2]are classical facts in the spectral theory of ordinary
differential equations. The readers may refer to [Tit62, Chapter II], [CL55, Chapter 9|, [LST5,
Chapter 2|, and [LS90, Chapter 2,8| for more details. Nevertheless we give the proofs in the appendix

using notations that are consistent with this dissertation.

First let’s take a closer look at the Weyl disk. Recall the definition

(2, w) = Yin(b, 2)w +Yia(b,2) _ Ap(z)w + C(2)
vz, Ya1(b, 2)w 4 Yas (b, 2)  By(2)w + Dy(2)

In particular, since [ (z, — Db(z)) = 00,

(L _Do(2) _ AyDy — ByCy
“\” ByDy, — ByDy

is the center of Weyl disk at ¢t = b. Since [(z,0) lies on the circle, we can get the radius of the Weyl
disk:

AyDy — By,C, Gy 1
r(z) = | me—— - = (2.3)
BbDb — BbDb Db ‘BbDb — BbDb
which goes to 0 by [dB68, Theorem 42], for nonreal z.
Moreover, by Lagrange’s identity (2.2)), we have
Bbﬁb - FbDb = _<Qi/2(b7 Z)a }/Q(bv Z)>
b
= —21’%2/ (H(t)Ya(t, 2), Ya(t, 2))dt (2.4)
0
= —2i82||Yal| 72 (41,j0,0))
hence the Weyl disk at ¢ = b has radius 55 = for z € Cy.
S22 (41,100

Then let’s look at the asymptotic behavior of the Weyl solution (¢, z) = Y1 (¢, z) — m(2)Ya(¢, 2)

as t — +oo.

Lemma 2.2. Let H(t), t € I := [0,+00) be a Hamiltonian with no mazimal H-ordinary point, then
for z € C\R, one has lim;_,+ oo (Q)(¢, 2),9(t, 2)) = 0 where 1 is the Weyl solution to the canonical
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system

QX =zHX, te]0,400). (2.5)

Proof. See [Section 4] O

We should also point out that the Titchmarsh-Weyl m-function depends on the choice of the

boundary values. In general, one may consider the following boundary value problem

OX =zHX, tel:=|0,+0),
g (2.6)
X(O,z)z( sma),

CcCos @

for o € [0,27). Let Y7 4, Y2 o be the solutions to the canonical system with boundary values

Y1.0(0,2) = <C°SO‘>, Y2.0(0,2) = (‘Smo‘>, (2.7)

sin o COs «

and similarly we can define m,(z) for z € C\R s.t. Y1 o, —maYa o € L2(H;[0,4+0)), and a measure

tee 1 A
Ma(2) = o +baz + [m (z—)\ - 1+>\2) dpia (M)

Lo on R s.t.

for some a, € R and b, > 0.
From the definitions we can see that the previously defined Y7, Y2, m are actually Y7 o, Y20, mo.

In particular, as sin (a + g) = cos« and cos (a + %) = —sin a, we then obtain
Yl,aJr% = Y2,aa Y2,a+% = _Yl,om

where o + 5 is interpreted as a4+ 5 mod 27, and as a special case we have

mo(z) = - 1(2), vz € C\R. (2.8)

As mentioned in the formal differential operator can be extended to a self-adjoint
operator on a proper domain, as shown in [GK70] and [Kat07]. Moreover, the spectrum of the
self-adjoint operator is discrete if and only if the spectral measure ., of the boundary value problem
has a discrete support which coincides with the spectrum of the self-adjoint operator. Note that
the spectral measure p, has a discrete support if and only if the corresponding Titchmarsh-Weyl
m-function m,, for has a meromorphic extension, according to the relation between my,
and . The poles of the Titchmarsh-Weyl m-function m,,, accordingly, are the spectrum of the
boundary value problem .

There is an intuitive explanation for this correspondence. If Y3 o (-, 2) is a L?(H) solution to the

canonical system for some z € C, then m,(z) = oo, as otherwise Y , is a L%(H) solution as well
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since it’s a linear combination of the Weyl solution, which is in L*(H), and Y2, € L*(H). Thus
if Y1(+,2) = Yy 32 (,2) is a L?(H) solution to the canonical system, and msz has a meromorphic
extension, then m( has a meromorphic extension by , and mo(z) = 0. We'll need this result to
prove the main theorem of this chapter.

2.2 The spectral matrix approach

In this section we introduce the full-line problem and the spectral matrix approach. The approach
below for full-line problems is well known for the Schrédinger equation, Dirac system and Sturm-
Liouville equations (see [Tit62] Chapter III], [CL55L Section 9.5], and [LS75, Chapter 2,3]). Here we
state the classical results without giving proofs.

For the full-line problem
OX =zHX, tel:=(—o00,40c0), (2.9)

where H is a normalized Hamiltonian on I. We can approximate I by expanding finite intervals
A := [a,b] so that a = —o0 and b — +o0.

Let [a,b] be an arbitrary finite interval, consider the boundary value problem:

OX =zHX, tel:=A,

<X(b7 2); (Z?ﬁg» =0, (2.10)

(e (32} =

where a, f € [0,7). It can be shown for boundary value problem ([2.10)), there are countably many
+oo

n=—oo

+oo

n—=—oo

eigenvalues {\,} and a complete set of orthonormal vector-valued eigenfunctions {X,,}

s.t. X,, corresponds to eigenvalue A,,.

Let Y (t, 2), Ya(t, z) be the solutions to the canonical system (2.9) s.t.

1.2 = () 0= (}),

then there exist 8,, v, € R s.t.

X0 () = BaY1(t, An) + 1 Ya(t, An).
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Let oy, == || Xy || 22(m;a), We can use Parseval’s identity to get: Vf = (g) € L*(H;A),

+oo
2 1 2
113y = > — (f,Xn)Lz(H;A)‘
=1 _
= _z: ?%(faXn)Lz(H;A) (f’Xn)LQ(H;A)
+oo 62 ~
= Z ?%(f?yl)Lz(H;A) (fayl)LZ(H;A)
= By .
+ Z o2 (/;Y1) r20m) (fayz)Lz(H;
= Batn (g
T Z a2 (fﬂyl)LZ(H;A) (vKZ)Lz(H;
+oo 72 ~
+ Z ﬁ(f7y2)L2(H;A) (f7}/2)L2(H;A)

We introduce the notation
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NOEEDY 5 for A>0,

0K, <A

na(A) = Z Oy

n
5 for A >0,
«
0<A, <A "

2
a(N) = —2 for A >0,

2
NOEID S

A<, <0

INOEEDY %forAg(),

A<AR <0 n

a(N) = Z %21

A<, <0 P

A)

A)

for A <0,

for A <0.

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Let FA(A) == (f,Y1) r2(m.n)» Ga(A) == (f,Y2)12(51,n), then the Parseval’s identity (2.11)) can be

written as

+oo
2
Hf||L2(H;A) :/

— 00

(Fa,Ga)d Sa 1A <FA>
na  Ca Ga

It can be shown the limits of Fa, Ga exist as A — (—o00,4+00). We denote them by F, G

respectively. Moreover, one can show £a, 7, (A have finite total variation on any bounded interval,

and the upper bound is independent of A. Therefore, by Helly’s selection theorem, there exist limit

functions &, n and (, s.t.

2
A

“+o0

— 00



50

for all f € L?(H;(—00,+00)). The matrix measure "] is known as the spectral matriz of the

n <
boundary value problem (2.10)).

Similar to the half-line problem, the spectral matrix can be calculated using the Titchmarsh-
Weyl m-functions. Let my, my be the Titchmarsh-Weyl m-functions for the canonical system on
[0, 400), (—o0, 0], respectively, then

I 1
&(A) = lim — - - —dx, (2.17)
y=07 Jo mi(x +iy) — ma(z + iy)
1 A7%1m1($+iy)+m2(m+iy)

A\) = lim — d 2.18
77( ) yl—%ﬂ' 0 2m1(a:+iy) —m2($+iy) * ( )
1 >\ . .
() = tim L [ _g_malz T iy)ma(z +iy) (2.19)
y=0m Jo o ma(z+iy) — ma(z +iy)

See [LS75, [LS90] for more details.

2.3 Israel Kats’ Theorem

In we showed if Hamiltonian H has a regular left endpoint ¢_ (i.e., H integrable on a
neighborhood of ¢_), then there exists a regular dB-chain {B(E:)}icr with H as its Hamiltonian. In
this section we discuss the necessary and sufficient conditions for the existence of a dB-chain, for a
given Hamiltonian with a singular left endpoint. These results are summarized in the main theorem
of this section, namely which was announced by Kac in 1995 in [Kac95|, and proved
in 2007 in [Kat07]. Here the proof of the sufficiency part of was given by Kats, and we

present a simpler proof of the necessity part.

Theorem 2.3. Let H(t), t € I := (—00,400) be a normalized Hamiltonian, s.t. there is no minimal

H-ordinary point and 0 < ffoo Hq1(t)dt < 400, then the following are equivalent:

(i) There exists a dB-chain {B(E)}icr with H as its Hamiltonian, i.e.,

Ay Aq b Ay
Q -0 = H _
(Cb> (Oa) Z/a (t) (Ct)dt’ Vieo <a<b<ty,

(ii) The Titchmarsh-Weyl m-function m(z) for the corresponding canonical system on interval

(—00,0] can be extended to a meromorphic function.

Remark. As discussed in the spectrum of the boundary value problem

OX =zHX, tel:=][0,+o),
g (2.20)
X(0,2) = ( “““),

Ccos &
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is discrete if and only if the Titchmarsh-Weyl m-function m, (z) has a meromorphic extension whose
poles coincide with the spectrum. Recall that m(z) = mg(z), therefore we can replace the condition

(ii) by: the spectrum of the boundary value problem (2.20) for a = 0 is discrete.

The reason we only consider the case that H doesn’t have a minimal H-ordinary point is that

this condition is necessary for the existence of a dB-chain when ¢_ is a singular left endpoint of H.

Proposition 2.4. Let {B(E;)}ier be a dB-chain with Hamiltonian H. If t_ is a singular left
endpoint of H, then there exists no minimal H-ordinary point on I. Namely, there is no tg € I s.t.

(t_,to) is an H-indivisible interval w.r.t. H.

Proof. WLOG we assume the Hamiltonian H is normalized and defined on I := (—00, 00). Suppose

the minimal H-ordinary point ¢ exists, WLOG we assume ty = 0, then

cos? 6 cos fsin 0 u*  uv
H(t)= = , Vt<O.
cos fsin 0 sin? 0 w2

Consequently,

M, (z) = 1—(b—a)uvz —(b—a)v’z Vi <a<be<t
a— - ) — +-
(b—a)uz 14+ (b—a)uvz

Note that for t < 0 and z € C\R,

K, .(z)=

e (o) ()
- o (o () ()
- aeae (T et ) (G)

wemn) WEOEITEEL T  a

1 tu(z — 7) 0 (Ao(z))

tu? tv?
= Ko-(2) + — [Ao(2)]” + — [Co(2)]".
7r ™
Then for z € C4, as |Ao(2)] > 0 and |Cy(2)| > 0, we get Ky .(z) - —o0 as t — —o0, a contradiction
to the asymptotic assumption in the definition of a dB-chain. O

First we consider the case I = [0, 4+00) and lim;_, 4 o a(t) < co. The main idea of the proof of the

sufficiency part of [Theorem 2.3| (i.e., (ii)=-(i)) is to “flip” the interval [0, +00) to get the existence of
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a dB-chain for ¢t € (—00,0]. This will be explained in the proof of the sufficiency part of [Theorem 2.3

below.

Lemma 2.5. If the canonical system
QX =zHX, tel=][0,+00) (2.21)

satisfies limy_, 1 oo (t) < 00, H is normalized and doesn’t have a mazimal H-ordinary point, and
if the Titchmarsh-Weyl m-function m(z) has a meromorphic extension, then m(0) = 0, and there
exists a vector function 0(t,z) = (Z;Eig) s.t.

(i) Vt € I, 01(t, z) and 02(t, z) are real entire functions of z,
(i) 0(t,0) = (}), Vte I,

(i1i) Vz € C, 0(t, z) is a nonzero solution of the canonical equation s.t.

w0=(%1).

where P,Q are real entire, have no nonreal zeros and no common real zeros, P(0) = 0 and

Q) =1,

(iv) Vz € C,

lim (Q4(t, 2),0(¢,2)) = tlilfoo (91(75, 2)0s(t, 2) — 01 (¢, 2)0a(t, 2)

t——+oo

Proof. By definition in [Section 1.1} Yj(¢,2) is a solution to (2.1) s.t. Yi(¢,0) = (é), Vvt € I. Let
X1 = X5 =Y in the Lagrange’s identity (2.2), then

=0.

N—

+o0 1 +o0
W50 B0, n = [ 0O ()t = [ Hutyar < .

Therefore 0 is in the spectrum of the boundary value problem

OX =zHX, tel0,+00),

X(0,2) = ((1))

Then by the discussion at the end of [Section 2.1| we know m(0) = mg(0) = 0.

As m is meromorphic and m#(z) = m(z) for = € C\R, we can find real entire functions P and

Q s.t.
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Since m doesn’t have nonreal zeros or poles, we can choose P, (Q not to have nonreal zeros or common
real zeros.

Now let

(Z;Eﬁj i) = 0(t,2) = Q)(t, 2) = Q()a(t.2) — P(2)Yalt, 2) = Q=) (éED - P(2) (B(D

then it’s easy to see (i) and (ii) hold.
To prove (iii), note that for fixed z, 0(-, z) is a linear combination of Yj(-, 2) and Ya(:, z), and

hence is a solution to the canonical equation (2.21)), and

000.2) = QI(0.2) - P)o00.2) = ) o) - P (1) = ()

And since P, @ don’t have nonreal zeros and no common real zeros, 6(t, z) is a nonzero solution to

the canonical system (2.21)).
(iv) follows from the asymptotic behavior of the Weyl solution 1,

(Q0(t,2),0(t, 2)) = Q) (W (t, 2),¥(t,2)) = 0, VzeC\R

as t goes to infinity, by The case z € R is obvious as both 6 (¢t,) and 65(¢,-) are real

entire. O

Based on we then “flip” the Hamiltonian H to get the following theorem, which
establishes the sufficiency of the condition that the Titchmarsh-Weyl m-function is meromorphic,

for the existence of a dB-chain.

Proof of[Theorem 2.3, the Sufficiency Part. Let H(t) := H(—t),Vt € I = [0,+00). By [Lemma 2.5
we can get 6(t, z), a solution to the canonical system corresponding to H with spectral parameter

z. Let u(t,z) = 0(—t, —z) for t € (—o0,0]. Let s = —t, then

Qdu(t,z) Qdﬂ(s, —z)ds

Denote u(t, z) by
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then by )

lim (At(z)m - At(z)Ct(z)) =0, VzeC. (2.22)

t——o0

Now we show F; := A; — iC} is a strict, non-degenerate dB-function for ¢ € I. By Lagrange’s
identity (2.2) and (2.22), we know

t

uq (to, 2)us(to, 2) — ui(to, 2)us(to, z) = (Qu(t, z),u(t, 2)) = —21’%2/ (H(t)u(t, 2),u(t, z))dt,

— 00

S(ua (to, 2)us(to, 2) — ui(to, 2)us(to, 2)) = =232[[ull72 (5. (—oo.se) <O

for z € C. Hence

At - a0ee - (a(32). (5))

= (Qu(t, 2), u(t, 2))
= 22%2”“”%%&[)»

SA(2)Ci(z) = Szllullfe sy >0, z€Cy.

The last inequality further implies A, C; don’t have nonreal zeros. Then for z € C,

Cy(2)
Ai(2)
FrE Rl e

= |Cy(2) +iAi(2)| > |Cel(2) — iA(2)],
)

> 0,

)

= |Et(Z

)

1240

therefore E} is a non-degenerate dB-function. Then by|Proposition 1.24]together with the asymptotic
condition (2.22)), {B(E})}ter is a dB-chain with H as its Hamiltonian.

Moreover, as (¢, z) is a nonzero solution to the canonical system, we can’t have A;(z) = C¢(z) =0
for real z. Therefore Ei(z) = A¢(z) —iCi(z) # 0 for real z. Namely, E; is a strict non-degenerate

dB-function. The conclusion F;(0) = 1 comes from evaluating the equation

(&) -0(e) == [ oG

at z = 0, and the fact
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Therefore E;(0) =1, Vt € (—o0,0]. O

So far we have shown (ii)=-(i) in [Theorem 2.3| For the necessity of m being meromorphic, we

show m(z) = — €0(2) and hence m(z) is meromorphic as it’s the quotient of two entire functions.
Ao(2)

Proof of [Theorem 2.3, the Necessity Part. Let Y1(t, z), Ya(t, z) be the solutions to the canonical sys-
tem

OX =zHX, te(—o0,0], (2.23)

¥i(0,2) = (é) Y30, 2) = ((1))

<u1(t, Z)> =u(t, z) == Ao(2)Y1(t, 2) + Co(2)Ya(t, 2),

us(t, z

with boundary values
respectively. Let

then u(t, z) is a solution to the canonical system ([2.23]) and

o -() () - (43)

By uniqueness of the solution to the canonical system with given boundary values, we must have

For nonreal z, by|Theorem 1.28 (‘é:gg) € L?(H; (—00,0]). Moreover, since Ag(z) # 0, we must have

Y1 + %’)Yg € L?(H;(—00,0]). Since we're in the Weyl limit-point case, then m(z) = —iﬁgzg is the

Titchmarsh-Weyl m-function for z € C\R, and obviously it’s meromorphic. O

2.4 General de Branges spaces

In this section we introduce results on chains of dB-spaces which are not necessarily regular. In
particular, in we discuss the Bezout operator T4 o and its eigenfunctions. We discuss the
existence and uniqueness of the spectral measures for a given chain of dB-spaces in and

Section 2.4.3| respectively. For a given Hamiltonian H, the uniqueness of the dB-chains {B(E}) }ier
with H as its Hamiltonian is discussed in [Section 2.4.41

2.4.1 Bezout operators and their eigenfunctions

In this section we give an orthogonal set of elements (functions) in B(E). The orthogonal functions
are actually also the eigenfunctions of some particular Bezout operator, namely T4 o. We will use

this property to show that the Bezout operator T4 ¢ is compact in certain circumstances.
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+oo +o00 )
[T wora-1 5 |r () 220

holds for F' € PW,, and is a well-known result in Fourier analysis. One of de Branges’ motivations

The sampling formula

to develop his theory of entire functions was that he found a similar “sampling formula” in a totally
different way, and the result itself was meaningful even without any knowledge of Fourier analysis.

([2.24) is just a special case of the more general sampling formula where E = e~%%* and B(E) = PW,,.

Theorem 2.6 (Sampling Formula). Let B(E) be a nonzero dB-space. For a given a € R, the

functions {I;("it(z))}, where {t,,} = {t € R: e'*E(t) € R}, form an orthogonal set in B(E). The only

elements of B(E) which are orthogonal to this set are constant multiples of e'*E — e **E#. If this

function does not belong to B(E), then

2

LR |F(tn)|?
/ ‘E(t) W=D K (229)

— 00

and
Ho i= il
t:et* E(t)ER K (t)
are called the sampling measures of B(F).
In the special case E is strict and normalized, if we choose a = %, then e’*E(t) € R if and only
if A(t) =0. Let t,s be the (real) zeros of A, then
A - A A
Ko (2) = (tn)C(z) = Ctn)ALz) _ Cltn) Al2)
m(z —ty) T oz—ty
_ C(tn A (2)
K1, (2) < _ Ota) A

HKthB( /_ A/ tn)z_tn7

where the £+ depends on whether C(t,,) > 0 or not. Therefore we can get an orthonormal basis

T Clta) A(2) et Aw A
{ ﬂA/(tn)Z_tn }tnEZ(A) { 7"-A/(t'n)Z_tn}tnez(A)LJ{14|B}7

of B(E), depending on whether A € B(E) or not.

The constant multiples of e!*F — e~**E# are actually very special in B(E). de Branges [dB68|
Theorem 29| proved that the only elements in B(E) that are orthogonal to domp(g)(z) must be of

this form:
Theorem 2.7. For F € B(E), the following are equivalent:

(1) F L domgg(2),
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(2) F =uA+vC foru,v s.t. ud €R,
(3) F=c(e"E —e " E#) for some c € C and o € R.

With this theorem we can have a better understanding of the structure of a dB-chain as discussed
in For any B(E;) in a dB-chain {B(E})}c; s.t. €®E, — e *Ef for some o € R, ¢
must be H-special or a right endpoint of an H-indivisible interval. If such elements are absent in
B(E}), then t must be H-ordinary except for being a right endpoint of an H-indivisible interval.

Now we consider the Bezout operator T4 o acting on dB-space B(E) where E is strict and

normalized. By the definition of Bezout operator ([1.15)) in [Section 1.2.2] we know

F(2) =~ A()F(0)

(TaoF)() = =2

From the discussion above we know there is a complete orthogonal set in B(E):

S R e

A 1 A(z)
T =— Ta0A =0 € B(E). 2.26
A Tt thz—t, M €B(E) (2.26)

Obviously, we have

Since A(0) = 1, |¢,] has a positive lower bound. T4 ¢ is a well-defined bounded operator which maps
B(E) to W(E)(z). Actually, the Bezout operator T4 ¢ is the left inverse of multiplication by z at
0: it’s easy to check VF' € domp(g)(z), we have Ty o(2F) = F.

By it’s easy to see that we can approximate T4 ¢ (in the norm topology) by finite rank
operators, therefore T4 o is compact. This fact echoes and explains why the de Branges
theory only applies if the formal differential operator H ’19% has a compact resolvent on (—oo, 0]
(in the full-line problem). The case that T4 ¢ belongs to the (2k + 2)-th Schatten class is discussed
later in and we will show it’s closely related to the assumption that the generating

dB-function E is in the generalized Poélya class Pgy.

2.4.2 Existence of scalar spectral measures

In this section we show that any strict dB-chain {B(E})}+c; has at least one spectral measure. The
uniqueness of the spectral measures will be established under certain assumptions in
In[Section 1.2.4] we say a measure y is associated with dB-space B if B sits almost isometrically in
L?(1). In order to show the existence and uniqueness of the spectral measures, we give an equivalent
statement for u to be a spectral measure of a dB-chain, which is technical and less intuitive compared
to the definition, but easier to work with in order to do calculations. The following theorem was

proved by de Branges [dB68, Theorem 32].
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Theorem 2.8. Let B(E) be a nonzero dB-space. If a positive measure p on R is associated with a

dB-space B(E), then there exists W € A(C.) that is bounded by 1 and p > 0, s.t.

R

E(z) + E#(2)W(2) y / T B Pdu() (2.27)

EG) —EFew(z) )L O—af 1y

where z = x + iy € C4. Moreover, domB(E)(z)J‘ sits isometrically in L*(p) if and only if p = 0.

On the other hand, for any analytic function bounded by 1 on Cy, there exists p > 0 and a
positive measure  on R s.t. holds. Any measure u satisfying 18 associated with the
dB-space B(E).

Based on this theorem, the spectral measures of a dB-chain can be similarly characterized as

well.

Theorem 2.9. Let {B(E:)}ier be a dB-chain. A positive measure i on R is a spectral measure of

{B(E})} if and only if there exists W, € A(C4) which is bounded by 1 and p, > 0 fort € I, s.t.

R

=py+ =

Ey(2) + Eff (2)Wi(2) y /+°° |E,(N)[Pdu(N)
Ei(z) — E#(Z)Wt(z) T) oo A=2)2492

(2.28)

where z = x + iy € C,. Moreover, t € I is H-ordinary if and only if p; = 0.

Based on we can construct the functions W; for ¢ € I and then get a spectral

measure for the dB-chain. Before we do that, we first give an important property of the Nevanlinna

a b
matrices. For a matrix M = € SL(2,C), we define
c d

aw +b
v (w) = e T eC.

Then for Nevanlinna matrices, we have:

Proposition 2.10. If M is a Nevanlinna matriz, then 7p,7(Cy) C C4. Moreover, if B and D are

1
|B(2)D(2)~B(2)D(2)|

linearly independent, then Tyrr(Cy) is a disk contained in C4 with radius
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Proof. For w e Cy, let ( ) =MT (11”), then by ([1.14) we know M* is J-contractive,

w1
w2

sy =it i) = (2(22), (%)
= (o ()0 (7))

= —(w,1)M Q) M* <“’>
~~ 1
J

)

> —i(w, 1)9(

— g

= 23w > 0.

Therefore STy rw = %% > 0 for w € C4. Proving 73,7 (C4) is a disk is the same as proving the

Weyl disk is a disk and the proof can be found in [CL55]. O

Remark. For M € SL(2,C), 73s(C4) C C, is actually a necessary and sufficient condition for M to

be J-expansive.

Theorem 2.11 (Existence of a Spectral Measure). Let {B(E;)}ter be a strict dB-chain, then there
exists a family of analytic functions Wy € A(C4.) which is bounded by 1, py = 0 fort € I, and tehre

exists a positive measure p on R, s.t.

1-W, 1-W,
= Maﬂb

, Vio<a<b<ty,
Z1—|—VVb> “ +

where M, are the transition matrices associated with the Hamiltonian H of the dB-chain, and

Ei(2) + Ef (2)Wi(2) y [ BN 2du())
NG B R /_m =222

Proof. First we show the existence of W,, Va € I. By [Proposition 2.10}

Eaop .
=" =Qryr (i) >0, VzeCy.
E a—b
a—b
Define B
. y ~a~>b
w Ea—>b ( 7/1 - Wa,b) 1 — Waq,b t FEa._p
ah = = =i—", ab = = = - )

E, 1+Wa,b 1+ Wb 7+ Basp

En,—>b
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then W, € A(C4) and |W,(2)| <1 on C;. Since M, = M, MTI,  we have

a—b""b—c

Ea—)c ) ) Aa—)b Ba—)b Eb—)c
~ = Mg;)c (1> = Mgﬁle;T%c (1> = ~ )
Ea%c Ca%b Da%b Eb~>c

1 - Wa,c w (w ) 11— Wb,c
— = =T =7 — .
T W, 707 M0l = M T
Since W, are bounded by 1, we can choose a sequence b,, s.t. Wo;, goes to W, € A(C,) locally

uniformly for z € C,, therefore

1-w, 1-W,
= Ma%b

Vi_ b<ty. 2.29
Trw, 21+Wb)’ Se<v<iy (2:29)

As for the second part, by [dB68, Theorem 32|, for each b € I, there exists a positive measure

wy on R s.t.

Ey + EfW, Y dpp(t)
R Dy + f/ B A 2.30
E, — Ef W, R AR (2:30)

2
dpy, = dpg. Let

for y > 0. Now we’ll show ‘%‘;

Aa(z) —Ca(2)
Cu(z) Au(z)

Mu(z): =

Ab(z) Bb(Z)
My(2) : = Mayp(2)Ma(z) := ,
Co(z)  Du(2)
then it’s easy to check both M,, M, are dB-matrices (defined as in [dB68, Theorem 27]) with
associated function S = E,. By (2.29) it’s straightforward to check that

Eo+ E*W,  E,—EfW,
=1 .
E,—EfW, E,—EW,

(2.31)

We know for a given dB function Fj and associated function S, the dB pair function (defined as in

[dB68, Theorem 27]) is unique up to adding a product of Ej, and a linear function in z. In particular,
Ey (iy)
iy By (iy)
to adding a real multiple of E. Now by [dB68, Theorem 32|, we have

by [dB68, Theorem 27| we can choose E st. limy 4 = 0. Note that such E is unique up

Eb - E#Wb Yy 1 FE, 2
Ri—— > = p(E,. E +7/7—“ duy(t). 2.32
Ebebe ( a a)y T R(t*$)2+y2 E, M() ( )
Let p = —limy_4 ”iﬁiiz(i’;) > 0, since both f% and fEb"’Tp:& have nonnegative imaginary parts

on C, and the same limits on the positive imaginary axis, can be continuously extended to R, and
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have the same imaginary parts on R, then they differ by a real number. We can choose E, s.t. the

real number is 0, then Ey, = Ej + pzEp. Plug this in (2.32)), we get:

.Eb — E#Wb y 1 Ea 2
Ri———2— —py = p(Eq, Ea —1—7/7— dpp(t).
By — E#Wb by p( )y ™ JR (t - 1‘)2 + y2 Ey Mb( )
Combining this with (2.31]) we get:
E. + EfW, y/ 1 E,|?
——— 20— = Ea E)+p)y+ = | ——— || dw(?).
R A AR A G el oA B

On the other hand, by our definition of p, (see (2.30)), we have

E, + E*W, y dpa(t)
R—2— =py+ —/ —_— .
E,— EfW, ™ g (t— )2 +y?
512
Since such a representation is unique, we can conclude p, = p(FE,, E,) +p and du, = ‘E—Z duy. Let
du = “dg%*‘g, then (2.30) becomes
E, + Ef W, Ey)2du(t
R———b 2 =pby+g/7| d 2“()2
E, — EFW, T Jr (t—2)* +y
and then the proof is complete. O

2.4.3 Discussion on the uniqueness of the spectral measures

In this section we give a necessary and sufficient condition for a strict dB-chain {B(F:)}ter to have a
unique spectral measure. Let H be the Hamiltonian of {B(E})}, then the uniqueness of the spectral
measures depends on the properties of H near the right endpoint ¢,. If there exists a maximal H-
ordinary point b € I, then it’s easy to check any measure associated with B(E}) is a spectral measure
for the dB-chain {B(FE:)}. Note that if ¢, is a regular right endpoint, namely fj* H(t)dt has finite
elements for some ¢ € I, then there must exist a maximal H-ordinary point or we can extend the
interval to be (¢t_,t;] so that ¢t is the maximal H-ordinary point. The results are summarized in

the following theorem.

Theorem 2.12 (Uniqueness of the Spectral Measures). Let {B(FE:)}ier be a strict dB-chain with
I a(t)  B(t) o , ‘
Hamiltonian H, and h(t) := be an anti-derivative of H. If there’s a maximal H -
At) ()

ordinary point b € I, then any measure associated with B(Ey) is a spectral measure of {B(E}:)}.

Assume there’s no maximal H-ordinary point, then:

(i) If lim;_¢, a(t) + y(t) < oo, then By, :=limy_,, E; exists and is strict non-degenerate, and

any measure associated with B(Ey, ) is a spectral measure of {B(E;)}.
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(i) If limy_,, ot) 4+ ¥(t) = oo, then the spectral measure yi of dB-chain {B(E;)} is unique and

U BE) =L*w.

b H-ordinary

Proof. In the case b € I is a maximal H-ordinary point, it’s easy to check any measure associated

with B(E}) is a spectral measure of the dB-chain {B(E})} by [Theorem 2.8 and [Theorem 2.9|

If there’s no maximal H-ordinary point and lim; ., at) + y(t) < oo, then limy ¢, Mo_sp =:

M, ¢, exists and is a Nevanlinna matrix, and we can define

Ay Aq )
<Cti> I:Ma_>t+<0a>, Et+ Z:At+—’llct+.

It’s easy to see Vt € I, B(E;) sits almost isometrically in B(E;, ), therefore any measure associated
with B(E,, ) is a spectral measure of the dB-chain {B(E;)}.
If there’s no maximal H-ordinary point and lim,_,; «(t) 4+ v(t) = oo, the uniqueness of the

spectral measure is given by [dB68, Theorem 42], and the fact

U B =L w

b H-ordinary

comes from [dB60, Theorem VIII]. O

2.4.4 Discussion on the uniqueness of the dB-chains for a given Hamil-

tonian

In we showed in the regular case, namely for Hamiltonian H with a regular left endpoint,
there is a unique regular dB-chain {B(E;)}ier with H as its Hamiltonian s.t. E.(0) = 1, Vt € I.
The proof uses the fact that the limit function lim;_; F; exists and is a constant. Actually, a
more general result holds for Hamiltonian with singular left endpoints. In this case, the uniqueness

we get is up to a multiplication by a zero-free real entire function.

Theorem 2.13 (Uniqueness of the dB-chains for a given Hamiltonian). Let H(t) be a Hamiltonian
fort € I. If H is associated with strict dB-chains {B(E1 i)} er and {B(E4 ) her s.t. Ey(0) =

E_1(0) =1, then there exists a zero-free real entire function S, s.t. E_; = SE ;.

Proof. WLOG we assume t; = oo. If t_ is a regular left endpoint of H, WLOG we assume
t_ = 0. Let {B(FE:)}ter be a dB-chain with H as its Hamiltonian, then Ey := lim;_,o F; exists as
Moy = limy_,o My exists, for b € I. Since limy_,o Ky .(2) = 0, let Ey := Ay — iCp, then Ay and
Cp must be linearly dependent. Since Ap(0) = 1 and Cy(0) = 0, then Cy = 0. Therefore Ay must
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be zero free. Let S(z) := A=0(2) "then from

= AroG)
()25
we can see E_ (2) = S(2)E4.4(2).

If t_ is a singular left endpoint of H, WLOG we assume t_ = —co. By there
is no minimal H-ordinary point. Let {B(F:)}tcr be a dB-chain with H as its Hamiltonian, then

similar to the proof of [Theorem 2.3| we define H(t) = H(—t) for t > 0. Since (gzgzg) solves the
canonical system for H and is contained in L?(H;(—o0,0]) by [Theorem 1.28| then (é:g:z;) is a

solution to the canonical system for H that is in L?(H; [0, +00)). As H(t) is not integrable on any

neighborhood of 400 and there is no maximal H-ordinary point, we are in Weyl limit point case

and the Titchmarsh-Weyl m-function is unique. It’s easy to see Sﬁg:’zg is the Titchmarsh-Weyl

m-function, therefore

Cio(=2) _ C_o(=2) >
Ay o(—2) B A_o(=2) vEe C\R

Let w = Z in the Lagrange’s identity (2.2)), we can see

Cirp(2)A_ 4 (2)—C_ p(2) A 1(2) = Cy o(2)A_ o(2) —C_ o(2) A4 4(2), YV—o0<a<b<oo. (2.33)

Then we know for any b € I,

Chp(2)A-p(2) = C-p(2) Ay p(2).

Since Ey p is strict, Ay, and C4 can not have common real zeros, and since A, ,(z) and A_ ,(2)

do not have nonreal zeros, we can conclude

A_
S(z) := 2(2)
At p(2)
is a zero-free real entire function. By (2.33|) we know E_ , = SE, ,, Vt € I. O

Applying this theorem to chains of dB-functions of Cartwright class we get the following result.

Corollary 2.14. Let {B(Ey ) }ier, {B(E_+)}ier be two strict dB-chains sharing the same Hamil-
tonian H, s.t. E_;(0) = E44(0) = 1. If EL,E_, € Cart for somet € I, then E_; = E,,
vt el.

Proof. By we know E_,; = SE,,; for some zero-free real entire function S. Since

E_:, E;; € Cart, then S € Cart. Any zero-free real entire Cartwright function must be a constant

according to its canonical factorization, and since S(0) = 1 we get S = 1. O
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2.A  Proof of Lemma 2.2

In particular, l;(z,00) = ‘%: lies on the Weyl circle at ¢. Since m(z) lies inside the (closed) Weyl disk
at t, we have

[1(2) — 1:(z,00)| < 214(2).

Since A; — li(z,00)By = Ay — %Bt =0, we have
QY (t, 2) — le(2,00)Ya(t, 2)), Yi(t, 2) — le(z, 00)Ya(t, 2))
0 0
=(Q ,
< (Ct_%> (Ct—%>>
[ (Co— AP 0
- 0 ’ Ct _ A;Bl?t

=0.
Therefore

(Q(t, 2) = (li(2,00) —m(2))Ya(t, 2)),9(t, 2) — (It(z, 00) — m(z))Ya(t, 2)) = 0,
(QY(t, 2),¥(t, 2))
= 2R (Q(t, 2), (I:(z,00) — m(2))Ya(t, 2)) — |l:(z,00) — m(2)|*(QYa(t, 2), Ya(t, 2)) .

I II

For I, by Lagrange’s identity (2.2), we know

|<Q¢(t7 Z)v }/Q(tv Z)> - <Q1/’(07 2)7 Y2(07 Z)>| =2 |C\\yz| (w(tv 2)7 )/2(t7 Z))LQ(H;[O,t]) .

Then by the Cauchy-Schwarz inequality,

‘<Q¢(t7 Z)v YQ(t7 Z)>| < O(l) +2 |%Z‘ Hw(tv Z)||L2(H,[O7t]) ||}/2(t7 z)||L2(H[O,t])

= O (|Ya(t, )|l 2(ar:j0.17)) -

Note that by the formula of radius r; (2.3) and (2.4),

1

le(z,00) = 1(2)] < 2r4(2) = |
, N 22l o
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Then
1

I=0
(YQ(t7Z)||L2(H
For II, similarly, by Lagrange’s identity (2.2]) and Cauchy-Schwarz Inequality,

) — 0, ast— +oo.
50,¢])

(QYa(t, 2), Ya(t, 2)) = O(1) + 232 Ya(t, 2)l|72 (41,0041

Hence
1

II=0
( Y2 (t, 2172 1,10,

which completes the proof of this lemma.

>%O, as t — 400,
)
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Chapter 3

Krein’s strings, entrance type

condition, and de Branges’ Theorem
41

In this chapter we review some known results in the spectral theory of canonical systems with
singular left endpoints. We introduce Krein’s strings and treat them as a special type of canonical
system, and we show the relation between Krein’s strings (or equivalently, diagonal Hamiltonian),

symmetric (i.e., even) measures and dB-spaces which are symmetric about the origin. We briefly

discuss Kotani’s results [Kot75l Kot07, [Kot13] on Krein’s strings in |Section 3.1} In [Section 3.2| we

introduce de Branges’ Theorem 41 in [dB6§| on the existence of a dB-chain for a given Hamiltonian
satisfying certain integrability condition near t_. de Branges’ Theorem 41 is more general than some
of the results on Krein’s strings as it considers more general asymptotic condition on F; as t — t_,
instead of assuming E; converges to an entire function as ¢t — ¢_. We also prove the converse of
t)z

de Branges’ Theorem 41 and show the connection between the assumption that lim;_,; Et(z)eﬂ (

exists and the assumption that F; is in the Polya class Py.

3.1 Krein’s strings

Krein’s string is a special type of canonical system where the Hamiltonian H is diagonal. It was first
studied in early 1950’s by Krein [Kre52] as a generalization of the classical theory of Stieltjes on the
moment problem and continued fractions. Since then Krein’s strings have been studied extensively
due to its comparative simplicity over the general canonical system. Krein’s strings also appear
in other contexts, for instance in the one-dimensional diffusion processes [Fel57], in the prediction
of stationary Gaussian processes [DM70, [DMOS8]. In this section we formulate Krein’s strings in
the framework of de Branges theory, and present partial results on the direct and inverse spectral

problems for Krein’s strings with singular left endpoints.
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3.1.1 Canonical systems with diagonal Hamiltonian

A Kreln’s string is a second order ordinary differential equation
—t=zpu, tel:=(t_,ty),

where p = p(t) is a locally integrable function which takes positive values almost everywhere, and is
interpreted as the “density of the string.” The formulation of Krein’s string we consider is slightly

different. Indeed, we use the spectral parameter z2, rather than z:

—ii=2%pu, tel:=(t_,t;). (3.1)

For z # 0, let v = —%, then (3.1]) can be written as

z

. r 0
QX ==z X, tel

r
where the Hamiltonian is diagonal. By re-parametrization, this is equivalent to the following
0 1

form which is more general.

Definition 3.1. A Krein’s string is a canonical system
OX =zHX, Vtel, (3.2)

where the Hamiltonian H is diagonal.

de Branges [dB62h] showed Krein’s strings correspond to a certain type of de Branges space
which has certain “symmetry” property that F(z) € B implies F(—z) € B. Such de Branges spaces
are called even or symmetric about the origin, and the generating de Branges functions are also

“symmetric” in the following sense (cf. [dB62b, Theorem IJ).

Proposition 3.2. Let B be a nonzero dB-space, then the following are equivalent:
(i) F(—z) € B whenever F(z) € B,
(ii)) B = B(E) for a dB-function E s.t. E#(z) = E(—z).

If B contains an element F' s.t. F(0) # 0, then E may be chosen to be normalized, and such E is

unique.

Remark. Note that E#(z) = E(—z) is equivalent to A(z) = A(—2) and C(z) = —C(—=2).
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If a dB-space B is symmetric about the origin, then any of its dB-subspaces is also symmetric
about the origin, as shown in the following proposition. This result was stated by de Branges
in [dB68, Section 47| as a problem without giving a proof. More results can be found in [dBG6S,
Section 47], especially for dB-chain s.t. E}(—z) = Ei(z), but that’s beyond the scope of this

dissertation and it’s inevitable to include too many other preparatory results to give complete proofs.

Proposition 3.3. (i) Let E be a strict non-degenerate dB-function s.t. Ezg;)z) e N(Cy), B(E) C

L2(u) for a symmetric measure u, then B(E) is symmetric about the origin.

(i) Let E,, Ey be two strict non-degenerate dB-functions. If B(E,) C B(Ey) and B(Eyp) is sym-

metric about the origin, then B(E,) is also symmetric about the origin.

(iii) Let {B(E;)}ier be a strict dB-chain. If Ef (—2) = Ey(z), Yt € I, then its Hamiltonian H is

diagonal.

Proof. (i) Firstly, E(z) := E#(—z) is a strict non-degenerate dB-function as well as

‘E(z)’ = |E*(=2)| = |E(=5)| > |E(=2)| = |E#(~3)| = ‘E(z) , VzeC,.

Then B(E) is a nonzero dB-space, and it’s easy to see F(z) € B(E) if and only if F(—z) €
B(E) by ii). Since p is symmetric, B(E) sits in L?(u) isometrically. By the
ordering theorem, namely [Theorem 1.12| either B(E) C B(E) or B(E) C B(E). We now show
B(E) = B(E). If B(E) C B(E), let G € B(E) © B(E), then

/ " POG@du(t) =0, VF € B(E).

— 00
Since p is symmetric, we can get

o F(—t)G(—t)du(t) =0, VF € B(E).

— 00

Since F(z) € B(E) if and only if F(—z) € B(E), then G(—z) € B(E) is orthogonal to B(E).
Therefore G(—z) = 0 and we can conclude B(E) = B(E). Similarly if B(E) C B(E) we can
show B(E) = B(E) by the same arguments. Therefore B(E) is symmetric about the origin.

(ii) Since B(E}) is symmetric about the origin, we have B(E,) T B(Ep). Then by the ordering
theorem again, either B(E,) C B(E,) or B(E,) C B(E,). Using the same arguments as in
part (i) one can show B(E,) = B(E,). The condition B (-2)

Eq(z
#(—z a2
Bel 2 e N(Cy) and 242 € N(Cy).

€ N(C,) is satisfied because

(iii) Since B (—z) = Ey(z), then A;(z) = A;(—z) and Cy(z) = —Cy(—2), Vt € I. In particular,
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AL(0) =0 and C;(0) = 0. From the canonical system

Ab Aa b At
Q -Q = H(t dt
(&) -(e) == mo G,
it’s easy to see Ay(0) = A,(0) = E,(0) # 0, and by taking derivatives w.r.t. z on both sides
and evaluating the equation at 0, we can get
b
~A5(0) + 44(0) = 440) [ Haa(0i.
Since A(0) =0, Vt € I, Hy; =0 for a.e. t € I, then H is diagonal.
O

On the other hand, for a diagonal Hamiltonian H, its transition matrices M,_,; also have some

symmetry properties as shown below.

Lemma 3.4. Let H = H(t), t € I be a diagonal Hamiltonian with transition matrices M,_y, then

Aa%b(z) = Aa—)b(_z)a Ba%b(z) = _Ba—)b(_z)u

Ca—)b(z) = *Ca%b(*z)a Da—>b(z) = Da—>b(*z)7

(3.3)

i.e., Aap, Da_sp are even, B,_p, Cq_sp are odd, E* (2) = Eassp(2) and E* (—2) = —Ea%b(z).

a—b a—b

Proof. By [dB68, Theorem 38| the associated transition matrices M, _,;, must be unique, and it’s

easy to check
Aa%b(*z) *Ba—>b(*z)
_Ca%b(_z) Da%b(_z)

solves the same canonical system for strings, namely (4.26)). O

Therefore, if t_ is a regular left endpoint of the diagonal Hamiltonian H, the unique dB-chain
{B(E})}:e; with Hamiltonian H satisfies Ef (—z) = E4(z). For a detailed introduction to the theory
of Krein’s strings from the point of view of de Branges theory, we refer the readers to [Dym71]. A

survey of known results on the spectral theory of Krein’s strings was presented by Kac [Kac95].

Later in [Section 3.2/ and [Section 4.3| we will see such a “symmetric” dB-chain can also be constructed

when t_ is a singular left endpoint of H if H satisfies certain integrability conditions near ¢_.

3.1.2 Entrance type condition

We're interested in the case when a diagonal Hamiltonian H is the Hamiltonian of a dB-chain.
From [Theorem 2.3 we know for this purpose, the spectrum of the canonical system on (¢_, ¢] must

be discrete for some ¢ € (t_,t). The exact condition on H s.t. the spectrum is discrete is unknown
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for general canonical systems, but for Krein’s strings, Kac and Krein [KK58| give a necessary and

sufficient condition for the discreteness of the spectrum, hence the existence of a dB-chain with

Hamiltonian H. By [Proposition 1.25| we’re mostly interested in the case

alt-) = tl—lgl, a(t) =0,

(3.4)
a(t) >0, Vtel,

ot 0
where h(t) := 0 is an anti-derivative of the Hamiltonian H. In this case the necessary

0 ()
and sufficient condition given by Kac and Krein [KK58| has a simple expression.

Theorem 3.5. Let H(t), t € (t_,t+) be a Hamiltonian satisfying (3.4), then the spectrum for the
canonical system (3.2) on (t—,c| is discrete if and only if lims—+_ a(t)y(t) = 0.

Kotani [Kot75] considered the entrance type condition (named by Feller [Fel66] in the context of

diffusion processes)

/C a(t)dy(t) < oo, ce€ (t_,t4), (3.5)

which clearly implies lim;—,; «(t)y(t) = 0. Kotani proved if a Hamiltonian satisfies and ,
then there exists a dB-chain {B(E;)}+cr with H as its Hamiltonian. The proof is similar to the proof
in the regular case, where one uses Picard’s iteration method on (¢t_,t) for ¢t € I to get a solution
and show it forms a chain of dB-functions. Alternatively, one can show F,_; has a finite limit as
a — t_, under the assumption .

The original formulation in [Kot75] of entrance type condition is different from but actually
equivalent to (3.5). Later in we will see this condition on H is both sufficient and
necessary for the existence of a dB-chain {B(E;)}ic; having Hamiltonian H in the general case
(i.e., H is not necessarily diagonal), and the dB-functions E; belong to the Polya class Py of entire
functions, which will be discussed in detail in For this reason, is also known as
the Pdlya condition.

On the other hand, Kotani [Kot75, Theorem 4.4] showed a symmetric measure p is a spectral
measure of a dB-chain in the Polya class (see under certain assumptions, as shown

below.

Theorem 3.6. Let o be a symmetric measure on R. Let . = ps + g be the decomposition where
s 1s singular w.r.t. the Lebesgue measure on R and p, is absolute continuous w.r.t. the Lebesgue

measure, then if

and either of the following holds:
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(i) f0+oo e "Wdu, < oo with a positive increasing r s.t. f;roo %dt < 00,
(i) log pl, (t) is uniformly continuous in t € [0, +00),
then there exists a dB-chain {B(E;)}e; with H as its Hamiltonian, s.t. E, € Py and Ef (—z) =
E(z), Yt e I.

In the simpler case that the singularity of H is of “polynomial type,” Kotani [Kot07, Theorem 7]
showed it corresponds to a “polynomial growth” condition on the corresponding spectral measure.
Here the meaning of the spectral measure is described in [Kat94] without using dB-chain as inter-

mediates.

Theorem 3.7. Forn > 1, if a diagonal Hamiltonian H satisfies

/C o)z < 0o, ¢ € (t_,ty), (3.6)

then the spectral measure satisfies

/+Oo dnlt) _ (3.7)

e 1 +t2n

Conversely, if a symmetric measure u on R satisfies (3.7)), then it’s the spectral measure for a Krein’s

string that satisfies (3.6)).

The cases n = 2,3 can also be found in [DMO0S8], Section 6.12]. This result was later enhanced by
Kotani in [Kot13].

A more recent result was obtained by Eckhardt [Eck13|, where the one-to-one correspondence
between discrete measures satisfying certain summability condition and diagonal Hamiltonian sat-
isfying the entrance type condition at both endpoints is established.

Theorem 3.8. Let H(t) be a Hamiltonian on a finite interval I = (t_,t1) and h(t) =

be its anti-derivative s.t. ot_) :=limy_;_ ot) = 0. If aty) := limy .y, a(t) < oo and

/t " a(t)dy (1) < oo, / " (alty) — at)) dy(t) < oo, (3.8)

then the spectral measure p is discrete and

> % < 00, (3.9)

A€o

where o is the support of u. Conversely, if a symmetric measure p is discrete and satisfies (3.9)),
then it’s the spectral measure of some Krein’s string that satisfies (3.8]).
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3.2 dB-functions in the Pdlya class

In this section we introduce the Polya class Py of entire functions and de Branges’ Theorem 41 in
[dB68|, which shows the existence of a dB-chain in Py with Hamiltonian H s.t. E;(0) = 1, if H
satisfies conditions (3.14)—(3.16)) at the left endpoint. Moreover, we’ll show (3.14)—(3.16) are also

necessary for the existence of a dB-chain in the Poélya class Py s.t. E¢(0) = 1. The main result of

this section is for the Polya case, which is analogous to for the regular

case, so before we prove that we introduce the Polya class Py first.

3.2.1 The Pélya class P,

The Polya class first arose as people studied the limit functions of polynomials whose zeros lie in a
given region, usually the real line, the lower half plane C_, and the sector 6; < argz < 6y where
|02 — 61] < w. The first results in this direction are due to Laguerre |[Lag98|] and Poélya [POI13]. A
summary of the theory of functions of Polya class can be found in [dB68|, Section 7,14| and [Lev64],
Chapter VIII].

Definition 3.9. An entire function E having no zero on C, is said to belong to the Pdlya class Py

if there exist polynomials {P,} with no zeros on C,, s.t. P, converges to E locally uniformly.

Remark. The definition excludes the possibility that F' € Py and F' = 0.

From the definition we can see that Py is closed in the following sense: if E,, € Py and F,, —» FE
locally uniformly and E # 0, then E € Pj.

Here are some sufficient and necessary conditions for E € Py that characterize Py from different
angles (cf. [dB68| Section 7], [Lev64, Theorem 4, Chapter VIII]). Recall that an entire function F

is said to have genus k if it admits the following (unique) factorization

N(F) -
zmeQ(z) H (1 — Z) eﬁJrJrﬁ(i) ,
n=1 “n

N(F)

where @ is a polynomial and p is chosen to be the smallest integer s.t. >~ ")

is defined to be max{deg @, p}.

1
W<oo,andk

Proposition 3.10. Let E be an entire function, then the following are equivalent:
(i) E € Py,

(i) E € dB, and its zeros {zn}gz(?) satisfies

n

Y. oo
|20 |? ’
n=1
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and it admits the product representation
N(E)
. z 1
E(z) = czel(F)mihz H (1 — ) e Ran (3.10)
n=1
where P(z) = p222 + p1z is a real polynomial, po <0, h >0, ¢ € C and r € Ny.
(iti) E = 67“22E0, where a > 0 and Ey is a dB-function with genus at most 1,

(iv) E € dB and |E(x + iy)| is a nondecreasing function of y > 0 for each fized x.

Condition (iii) above implies that E € Py has order at most 2, while on the other hand, not

all dB-functions of order at most 2 belong to Py. Actually, the exceptions for the converse can

be characterized precisely by [Proposition 3.10[(ii): let E be a dB-function of order at most 2, then

E ¢ Py if and only if E has order 2, and in its canonical factorization

. N S\ e
E T 3221 1—- = E 3.11
(2) = exe 13 ( ) , (3.11)

either ij:(]f) |Zi|2 = 00 or Zg:(? \ziP < oo and ¢ + fo:(’f) % > 0 (entire functions of order 2

s.t. ZN(E) L < oo are said to be of convergence class, see [BJ54, Definition 2.5.20]). Such a

n=1 |z,|

relation holds for the generalized Polya classes Py, as we shall see in [Section 4.1| (Proposition 4.5|in

particular), where we show Upen, P is a partition of the set of dB-functions of finite order, and the
partition is closely related to the order of the dB-functions.

Condition (iii) also implies
regular C dB N Cart C dB NExp C Po.

Condition (iv) is interesting for its own sake, as it implies that for any E € Py, we can “shift” E
downwards and get another dB-function, namely, E(z) := E(z + ic), ¢ > 0. Moreover, for E € Py,
|E(x +1y)| is a strictly increasing function of y > 0 for fixed z, unless E(z) = E(0)e"* for some real
number A (cf. [dB68|, Section 7]).

Here are some examples of functions of the Pélya class Py:
Example 3.11. (i) Any polynomial with no zeros in C belongs to Py.

(ii) e=9%" ¢ Py if and only if a > 0. Note that e=*° = lim,_,o (1 - ‘I—ZZ) , and (1 - “Tzz) is a

n

polynomial with no zeros on C,. Later in [Section 4.1| we’ll see = P1ifa < 0.
(iii) e~ € dBNExp C Py for a > 0, sin z,cos z € dB N Exp C Py.

(iv) ﬁ € Py as ﬁ =z [0, (1 + %) e, where v is the Euler-Mascheroni constant.
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Despite the many interesting properties £ € Py has, the main benefit we gain from using Py

rather than the set of dB-functions of order at most 2, is the normality condition that Py has. Let

E € Py s.t. E(0) =1, then by factorization (3.11]) and inequality (4.3),

N(E) - N(E) 1
log |E(2)e™1F)*| < —ga|2|* + log H (1— ) exn | < | —q2 + Z PAE |2|%. (3.12)
n=1 n

Zn

n=1

N(E) 1
n=1 |z,]|?

Moreover, the factor —ga +

in the RHS can be bounded above by the derivatives of FE

at 0, as shown by the following lemma.

Lemma 3.12. Let E = A—iC € Py be normalized, i.e., E(0) =1, then

log |E(z)e"n(B)7| < % (A'(0)2 — A”(0) + C'(0)%) |2]>, Vz€eC, (3.13)

where q1(E) is the coefficient in the canonical factorization (3.11)). Moreover, A’(0) — A”(0) > 0.

Proof. The inequality comes from |[dB61al Lemma 5|. The last statement is actually a special case

of a more general inequality given by O

Now let F C Py be a family of normalized dB-functions. If A’(0)? — A”(0) + C’(0)? is uniformly
bounded for E := A —iC € F, then {Ee~@(¥)? . £ € F} is a normal family of entire functions.

The inequality is critical to prove de Branges’ Theorem 41, where we use it to get a
“limit” dB-function from the family {Eaﬁbe_‘h(Ea%)z ta € (to, b)} for fixed b, as we shall see in

bection 3.2.2)

3.2.2 Chains of dB-functions in the Pélya class P,

The main result of this subsection is which establishes the one-to-one correspondence
between a Hamiltonian that satisfies conditions — at its left endpoint, and a dB-chain
in Py that is unique up to a factor @ +b% for a,b € R if we assume E;(0) = 1. In particular, if a
Hamiltonian H has a regular left endpoint, then it satisfies (3.14)—(3.16)), while the converse is not
true.

de Branges’ Theorem 41 below shows the existence of a dB-chain in Py for a given Hamiltonian
H that satisfies —. As a byproduct, the chain always has a certain type of asymptotic

behavior, and is unique if the asymptotic behavior is specified (e.g. (3.17)).

Theorem 3.13 (de Branges’ Theorem 41). Let H = H(t), t € I be a Hamiltonian and h = h(t) =
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a(t) Bt . o
be its anti-derivative. Assume that
pt) At
alt_) = tlg?, a(t) =0, (3.14)
a(t) >0 fortel, (3.15)
b
/ a(t)dy(t) < oo for some (hence for all) b € I, (3.16)
t

then there exists a unique dB-chain {B(E:)}ier with H as its Hamiltonian, s.t. Ey € Py is normal-
ized, strict, non-degenerate, and

lim Ey(z)e’? =1 (3.17)

t—t_

locally uniformly in z.

Remark. E;(0) =1 can actually be implied from the asymptotic condition (3.17).

de Branges’ original proof can be found in [dB68| Section 41]. An alternative proof using theory
of functions of Laguerre classes will be presented in

Note that conditions , are necessary because of [Proposition 1.25(and the assumption
E;(0) = 1. Only the condition is critical for F; to belong to Py. Actually, (3.16) is a also
necessary condition on H if H is the Hamiltonian of a dB-chain {B(E})}ier s.t. Ei(0) =1, E; € Py

or lim;_,; Et(z)eﬁ(t)z = S(z) locally uniformly in z, for some real entire function S.

Theorem 3.14. Let {B(E:)}ier be a dB-chain with Hamiltonian H, s.t. Ey(0) =1 fort € I. Let
a(t) B(t)

h = h(t) = be an anti-derivative of H s.t. a(t-) = 0. If B, € Py fort € I, or
Blt) ()
limy ¢ Fi(2)e?* = S(2) locally uniformly in z where S is real entire, then H satisfies (3.16) as
well.
Proof. WLOG we assume t_ = 0. We can re-write the canonical equation as
Ap(z) — A :—z/ Ai(2)dB(t —z/ Ci(z)dv(t)
(3.18)
Cy(z) — C, (z)—z/ Ay(z)da(t +Z/ Ci(2)dp(t),
then

C3(0) = C4(0) = a(b) — a(a).

Since C},(0) = K4,0(0) > 0, lim,_04 K4,0(0) = 0 by definition of a dB-chain, lim,—_,o4+ a(a) = 0 by
assumption, then C’(b) = «(b).
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Moreover, by (3.18]) again we know

Ap(0) = A5 (0) = —(B(b) — B(a)),
b

b
Aﬁo»—Aﬂor:f2/“Axmdﬂu>72/"cxom7@>
ab ‘ b (3.19)
=—g/umm—Aumwmw—Z%mxmw—ﬁm»—z/<wa%w
b
=0%®—MMV—Z%WXMM—BMN—2/CWM%W

Now suppose F; € Py for all ¢ > 0, then by (3.19),

b
AL(0) ~ 450 =AL(0) + (3(b)  5(a))* ~ 24,0)(50) ~ B(e)) =2 | ale)dr(e)
(AL0) — (B(b) — B(a)))?
b
;ﬂ@—AmN—z/ammm,

b
2/ a(t)dy(t) = (A5(0) — 45(0)%) = (A5(0) — 43(0)*) < —(A(0) — 44(0)*) < oo,
a —_——

<0

where the first term is nonpositive by (3.12]). Therefore fob a(t)dy(t) < —1(A}(0) — A}(0)?) is finite.
On the other hand, suppose lim;_ .o, F;(2)e?®* = S(2) locally uniformly in z and S is real entire,

then by (3.19),

b
—2/ a(t)dy(t) = Ay (0) — B(b)? — | A7(0) +2A4,(0)(a) + B(a)® | +26(b)(A,(0) + 5(a)),
a ——

—S5'7(0) —S7(0)

where the second and third terms have finite limits as a — 0+ because the derivatives of A,(z)ef(®)?

converge to derivatives of S(z) as a — 0+. Thus the proof is complete. O

Combining [Theorem 3.13] [Theorem 3.14] and [Theorem 2.13| we get a one-to-one correspondence

between dB-chain in Py up to a factor ea22+bz, a,b € R if we assume F;(0) = 1, and Hamiltonian
H that satisfies (3.14)—(3.16). Actually, for a chain {B(E})}+cr to belong to the Polya class Py, it

suffices to have E; € Py for one t € I. This is a special case of which states that if E;
belongs to the generalized Polya class Py, for some ¢t € I, then E; € Py, for all ¢t € I.

Theorem 3.15. (i) Let H = H(t), t € I be a Hamiltonian. If H satisfies ([3.14) —(3.16)), then
there exists a unique dB-chain with H as its Hamiltonian, s.t. Ey s strict, normalized, and
limy_,; Ey(2)e®* =1 locally uniformly in z. For this unique dB-chain {B(E}:)}, we also have
E,ePy, Vtel.
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(ii) Let {B(E{)}ier be a dB-chain with Hamiltonian H = H(t) s.t. Ey is strict and normalized for

some t € I, then:
o IfE, € Py for somet € I, then Ey, € Py for allt € I, H(t) satisfies ([3.16) and Eq(z)e’1)?
converges to S(z) := a2’ +b2 for some a,b € R locally uniformly in z, ast — t_.
o If S(z) := limy_,;_ Ey(2)eP®? exists and is real entire, then H(t) satisfies (3.16), and

E, = SE; where E, € Py, Vt € I, and limy_4_ Et(z)eﬁ(t)z =1 locally uniformly in z.

Proof. (i) The proof can be found in [dB68|, Section 41]. An alternative proof using theory of
Laguerre classes of entire functions is given in

(ii) From [Proposition 1.25| we know conditions (3.14)—(3.15) are satisfied. Assume E; € P, for

some t € I, then by we know E; € Py, Vt € I. From we know
the Hamiltonian of {B(E;)}.cr also satisfies (3.16]). Then from [Theorem 3.13| we know there

exists a dB-chain {B(Et)}tel with Hamiltonian H, E; € Py and limy_,; E’t(z)eﬁ(t)z = 1. Now

we have two chains in Py with the same Hamiltonian, then by [Corollary 2.14} % is of the
t

form S(z) := €=+ for some a,b € R, therefore Ey(2) = S(2)E, converges to S(z) locally

uniformly in z as t — t_.

On the other hand, if S(z) := lim;_,;_ F;(2)e®®* exists and is real entire, then by the same
arguments as above, we know S = % where Et € Py and lim;_,; Et(z)eﬂ(t)z = 1 locally

uniformly in z.

O

In we'll see for any dB-space in the dB-chain given by [Theorem 3.15(i), the Bezout

operator T4 o is in the Hilbert-Schmidt class G2. Conversely, for a strict normalized non-degenerate
dB-function E, if the Bezout operator T4 ¢ is in the Hilbert-Schmidt class &5, then E = SEj where
S is a zero-free real entire function and FEj is a strict normalized non-degenerate dB-function in the
Polya class Py. We will see the correspondence actually holds for larger classes of Bezout operators

(i.e., Schatten classes) and larger classes of dB-functions (i.e., generalized Polya classes).

3.3 Example: Bessel functions and the Hankel transform

We take Bessel’s equation as an example to illustrate some of the above results. Bessel’s differential

equation of order v is given by

2y d
t2d—ty + tdit/ (22— )y =0, t>0. (3.20)
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By means of the substitution u = 3/t (3.20) reduces to the form

e
— U+

2 u = zu,

t>0.
Namely it becomes the Schrédinger equation with potential ¢(t) :=

we define v = —4 and let Y = (¥), then (3.21)) reduces to

(3.21)
Vi;%. Similar to [Example 1.2
. 1 q 0
WY =2 Y- Y. (3.22)
0 0 0 -1
To reduce it further to a canonical system, let z = 0, and then
1
V(t) = —

t3tv

equation

tzv
VI \= (i

where

)
is a solution of ([3.22)) with determinant 1. Let X := V=Y, then X satisfies the following differential
OX =zHX,

t> 0,

(3.23)
1 t1+21/ t
H(t) = V*(t) V(t)=
0 0 2v ¢ -2
is a Hamiltonian which has no H-indivisible intervals.

We now show it satisfies conditions (3.14)—(3.16)) in [Theorem 3.13| Let

(3.24)
For v > 1, obviously, H is not integrable near 0, then ¢{_ = 0 is a singular left endpoint of H.

1 t2+2|/ t2

= | 201+ 2
wo= o [ TF 2,
2

2(1-v)
be the anti-derivative of H, then (3.14)—(3.15) follow directly. For (3.16]),

1
/ a(t)dn (1)
0

1
1
- t2+21/t1721/dt _
402 2(1 +v) /0

3221 +0) =%
Note that since lim; o 5(t) = 0, [Theorem 3.13| then asserts that there exists a unique dB-chain
{B(E¢)}te(0,4+00) 8-t- limy_so E¢(2) = 1 locally uniformly, and

(&) -o(E) =+ [ o (G

dt, Vb 0.
Q) , >a >
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Let p= 5. It is well known that

_ 0 (_1)71 t 2(n+p) ntp
\/iJu(t\/g) = \/727;) m <2> 2" (3.25)

is a solution to (3.21)), where J,, is the Bessel function of the first kind. Since the radius of convergence
is

1
n!(n+2p)!

2
(5)” wrnrasr

r= lim

= 4»007
n—-+o0o

then L /¢J,(t\/z) is an entire function of z for ¢ > 0. From the series expansion (3.25)) we know

1 2P 1 1
t.9) = it o (£H)

Similarly we have
1 2P 1 1 1
y — _ —5+2p —5+2p
it.2) = o (2+2p>t +o(t )

Let y(t,2) i= VT, (ty/2), then Y (t,2) := (“07)) solves (:22), and X (t,2) := V(£)"'Y (¢, 2)

solves (3.23). Denote X(t, z) by (“Et’z)), then by construction we know

z2(t,2)

1
) =25 (= (5 - 2) E 000 + )

() s+ (b))

DO

t_%“py(t, z) + t%“py(t, z))

=2 o) L2y (L) L e oy
=23t %) Gyiom 2 " P) @p) 2z

1 t4p
= ( + 2p> (2\/]52” + o(t*P).

)22

By the same arguments as in the proof of [Theorem 2.3| we know {Z (z1(t, 2) — iz2(t, 2)) }e(0,+00)

is a chain of dB-functions, then by the uniqueness in we must have
At(z) — 1 .Tl(t,2> — 1 V(t)_l y(tz)
Cyi(2) CpzP \z2(t, 2) CpzP —y(t,2))’

3
— p2
= s

where

Let f € L*(R), then V~*(]) € L?(H). [Theorem 1.28| then gives the following Fourier transform
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from L2(H; (0, c]) to B(E.):

To summarize, we get a “multiple” of the classical Hankel transfrom which maps L?(R) isometrically
into B(E,):
1

f= CpzP

| revinava
0

For comparison, the Fourier transform using the associated spectral matrix can be found in
[Tit62, Section 4.11]. See also |[LS75l Section 5.2,5.3] to find a different approach without using de
Branges theory, where the generalized Fourier transform is shown to be well-defined as v/t.J, (/%)

is in L? ((0, ¢]) according its asymptotic values as t — 0.
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Chapter 4

(Generalized Poélya classes

In this chapter we use the theory of the generalized Polya classes of entire functions to extend
to get the existence of a dB-chain in a broader class, namely the first generalized Pélya
class when we impose weaker integrability assumptions on the Hamiltonian near its left endpoint.
The generalized Polya classes were introduced by Kaltenbéck and Woracek in [KWO05], and we
will present their main results in In particular, we will present one special sub-class
of generalized Polya classes, namely the Laguerre classes which were defined and studied by de
Branges in [dB68| Problem 305-313]. In we show how to construct a dB-chain in the
first generalized Polya class P<; assuming given integrability conditions on the Hamiltonian near the
left endpoint, which is analogous to for the existence of a dB-chain in the Pélya class
Po. In we show how to apply the theory of the Laguerre classes of entire functions to
extend [Theorem 3.13|for Krein’s strings beyond the Polya class Py, and in[Section 4.4 we show how to
prove de Branges’ Theorem 41 using this theory. We continue our discussion on the Bezout operator
in by showing the connection between the assumption that E is in the generalized Pélya
class Pgj, and the assumption that the Bezout operator T4 ¢ is in the (2k + 2)-th Schatten class.

4.1 Generalized Pélya classes and Laguerre classes

From |Proposition 3.10| we know Py = {e*“Z{ZEO :a > 0,Ey € dB has genus at most 1}. The

corresponding normality condition is crucial in the proof of Theorem 41. It’s natural to
consider functions of the form e—9=*"" Ey, where a > 0 and Ey € dB has genus at most 2k + 1 for
k € Np, and try to get a similar normality condition. Such sets with k € Ny, called the generalized
Polya classes, actually form a partition of the set of dB-functions of finite order (see,
and are the main subject of this section.

Generalized Polya classes were first introduced by Kaltenbick and Woracek in [KWO05], as a

natural extension of the Polya class Py. de Branges proved for a normalized dB-function F, if we
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define log E' continuously on C; U {0}, then
EePy «— ——=Z c N,

where N is the set of Nevanlinna functions (a.k.a. Herglotz/Pick/R functions). Motivated by this
relationship between Py and Mg, Kaltenbick and Woracek defined Py and proved for E € dB s.t.
E(0) =1 and log E is defined continuously on C; U {0}, then

_log E(2)

EeP, — GJ\[k,

where N, are the generalized Nevanlinna classes whose definitions can be found in [KW05].

The formal definition of the generalized Polya classes is given below.

Definition 4.1. An entire function E is said to belong to the class Pgy, if it’s a dB-function, and

its zeros {zn} satisfy

n= 1
N(E)

Z |Z |2k+2 00,

and it admits the product representation

N(E) ,

z
n=1 n

where P(z) = p2k+222k+2 + .-+ 4+ p1z is a real polynomial with pogi1o <0, h > 0, ¢ € C and r € Ny.

For k > 1 we put Pr:= Pgi\P<r—1 and refer to Py as the k-th generalized Pélya class, and
denote P¢g by Py, which is the Polya class.

E € Py, is said to belong to L if E € Pgy, has only real zeros, E(0) = 1, and p; = --- =
pak+1 = h =0.

For k > 1 we put Ly := {1} U L« \L<k—1 and refer to L, as the k-th Laguerre class, and denote
Lo by Lo.

As mentioned in the Polya class first arose as people studied the limit functions
of polynomials whose zeros lie in certain regions. The limit functions are of the Polya class Py if
the region is the closed lower half plane; and if we choose the region to be the real line, then the
limit functions are of the so-called Laguerre-Pdlya class, which is a subset of L£y. Actually, the 0-th
Laguerre class £y consists of functions F' of the Laguerre-Polya class, s.t. F'(0) =1 and F’(0) = 0.

From the definition of L¢; and Lj we can see

Ly, ={1YU{FeP,:F=F* F0)=1,F(0) =---= F®*Y(0) = 0}. (4.2)
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We define £y, in this way so that L is closed when taking limits of entire functions (in the sense of

Corollary 4.4]). To prove this, we first give some equivalent conditions for F' € L in|Proposition 4.3
below. In order to prove it, the following inequality for the canonical factor (a.k.a. primary factor)

is needed.

Lemma 4.2.

22 2" r41
(1—z)eXp(z+2+~--+>—1 <ell™ —1, vzecC, VrenN. (4.3)
r
Proof. See Section 4.4] O

Proposition 4.3. Let F be a real entire function s.t. F(0) =1 and F(z) # 0 for z € C\R. Then
F e Ly if and only if

(i) F'(z) has a zero of order at least 2k + 1 at the origin,

(ii) RS >0 for 2 € Ty

Proof. See O

Remark. de Branges [dBG68| defined k-th Laguerre class to be the set of real entire functions s.t.
F(0) =1, F(2) # 0 for z € C\R and 3%225/71% > 0 for z € C,. However it seems necessary to
include the assumption that F’(z) has a zero of order at least 2k + 1 at the origin for the results on

[dB68, Pages 288-292] to hold.
Corollary 4.4. For F,, € Ly, n > 1. If F}, goes to F locally uniformly and F # 0 then F € L.

Proof. Firstly, we show F' doesn’t have any nonreal zeros. For any zy € C\R s.t. F, we can choose

small 7 s.t. D,-(z9) € C\R and F' doesn’t vanish on dD,.(z), where D,.(zg) is the open disk centered

at zo with radius r. Since F,(z) # 0 for z € C,, we have

1 27‘{' .
log | Fy(20)| = %/0 log | F,, (20 + rew)\dﬁ.

Let n — 400, then the RHS has a finite limit, therefore log|F(zp)| is finite as the limit of the

LHS must be finite. Therefore F' is a real entire function that has only real zeros, and F(0) = 1.

The conditions (i) and (ii) in [Proposition 4.3| are automatically satisfied since F,, — F', therefore
Fe L. ]

As mentioned earlier, {Py}, .y, forms a partition of the set of dB-functions of finite order. The

following statements are from [KW05].



84

Proposition 4.5. We have

{E € dB: E is of finite order} = U Pr.
keNo

More exactly:
o If E € Py, then E € dB and the order p of E satisfies p € [2k, 2k + 2].
e [f E € dB and has order p, there are two subcases:

— If p is not an even integer, then E € Py where k is the unique integer with p € (2k,2k+2).

— If p is an even integer, then F € Ps 1 if E is of convergence class and the coefficient of

the power zP in the polynomial Q) in the Hadamard product

lV(E) B ( )p71
E e r (Z) 1 _ —_— zi —1 zi
(2) = cz"e? | I1 - e »

is nonpositive. Otherwise E € Pe.

Remark. This proposition explains why = Py for a > 0 and = P1 for a < 0.

The following proposition and corollaries imply that for dB-chain {B(F:)}ier, if By € Py for

some t € I, then F; € Py, for all ¢t € I. This result is analogous to [Proposition 1.32| for regular dB
functions. [Proposition 4.6l was proved by Kaltenbéck and Woracek (cf. [KW05, Theorem 1.3]).

Proposition 4.6. Let E, F be dB functions, E(0) = F(0) =1, and £ € N(Cy). For k € Ny,
EePy < FeP.

For a non-degenerate dB function £ = A — iC, we have %% > 0 on C4, thus % € N(C,), and

£ —=1-4i€ € N(C4). Then by A € Py < E € Pi. The case FE is degenerate

and normalized simply means C = 0 and F = A, therefore we have:

Corollary 4.7. Let E = A —iC be a normalized dB-function, then

AeP, < FE € Py,

AeLy=FEeP,U{l—ipz:p=>=0}C Pgy.

Now for a dB-chain {B(E;)}er, for t- < a < b < t4, by definition of a dB-chain we have

(Ab> i Aa—)b Ba—)b <Aa>
Cb Ca—)b Da—>b Ca 7
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then

A C,
IZ = Aa—>b + Ba—>bA7a~

By |Proposition 1.31L Aq_sp, Ba_yp are of Cartwright class, hence they belong to A(C,). As %Z €

N(C,) as well, we get ﬁ—z e N(Cy) for t_ < a < b < ty. To summarize, we have:
Corollary 4.8. Let {B(E:)}ier be a dB-chain. If Ey € Py for some t € I, then Ey, € Py, Vt € I.

Similar to functions in Py, functions in £ have upper bounds which are closely related to their
derivatives at 0. Actually, the inequality for functions in £; is more elegant and easier to prove,

as any function in Ly is just the product of a factor e—az”

and a product of canonical factors.
The bound for the product of canonical factors can be derived from . With this result, we can
prove the following proposition for Laguerre classes which says functions of Laguerre classes can be
uniformly bounded if the (2k+2)-th derivatives at 0 are uniformly bounded. This property is critical

and we will use it in to get a normal family of entire functions and then a convergent

subsequence.
Proposition 4.9. If F(z) belongs to the k-th Laguerre class Ly, let 6 := —lim,_,q %, then
5 o F(2k+2) (0) > 0 d
= T Rrpr Z Y an
log(1 + |F(2) — 1) < §|z[*2. (4.4)
Proof. Note that any F' € L; admits the canonical factorization
k+ N () z ( )2k+1
F(z) = ep2r+22™"" 1— 2 et o
where por12 < 0 and z, € R are the zeros of F. Let §(F) := —lim,_,q % and if I = GH s.t.
F(0) =G(0) = H(0) = 1 and §(G), §(H) exist, then 6(F) = 6(G) + 6(H). Note that
1+jab—1<A+|a—1)A+[b—1]), Va,beC,
. 2k+2 P i+“‘+#(i)2k+l
then it suffices to prove (4.4)) for factors ePzr+2% and (1 — —) ezn 2RFT\ 20 For the

Zn

factor ePze+22"""? the proof is straightforward and the inequality for the canonical factor of degree

2k + 1 comes from O

For convenience we also compare the factorization (4.1)) in the definition of the generalized Polya
classes and the canonical factorization. The following proposition can be proved via direct calcula-

tion.

Proposition 4.10. Let E € Py, then the factorization (4.1)) can also be written as the canonical
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factorization
N(E)
)2k+1

E(2) = cz"e?® H < >6zn+ + e (5 , (4.5)

where ZN(E) S+

V), a0 = 0 - e (TP

4.2 Chains of dB-functions in the first generalized Pélya class
P

The main result of this section is which extends in the sense that for a
given Hamiltonian H satisfying certain integrability conditions which are weaker than 7
in de Branges’ Theorem 41, there exists a dB-chain {B(E;)}ier with H as its Hamiltonian, s.t. E;
is of the first generalized Pélya class P<;, which by definition is larger than the Pélya class Py.
Here we briefly discuss the main idea of the proof. Note that the Hamiltonian is locally integrable
at a, for any a € (t—,ty). Therefore, we can treat a as a regular left endpoint of H for ¢ € (a,ty). The
corresponding de Branges functions are denoted by F,_;. Although F,_.; doesn’t have a finite limit
as a — t_ for fixed b, we can multiply some “controlling polynomials” P,(z) to it so that the product
E,_(2)ef) is uniformly bounded in @ and thus forms a normal family for fixed b and a € (t_,b).
The “controlling polynomial” de Branges used in proving [dB68, Theorem 41] is (8(b) — f(a)) 2, a
linear polynomial of z. This choice naturally leads a limit function E’t = limg, ¢ Eaﬁb(z)ep o (2)
in the Polya class, which is intuitive as Ea%b(z)epa(z) is a dB-function of order at most 1. We use

a polynomial of degree at most 3 instead of a linear polynomial:

b
(ﬂ(b)—ﬁ(an))z+< / (a(t) — aan)) dr (1 ) +2< / / 5))da(s )dv(t)>

and this choice leads to a limit function FE, that is contained in the first generalized Polya class
P<1, which is intuitive as Eq_yi(2)el a(2) is clearly a de Branges function or order at most 3. The
normality of the family is established by replacing inequality (3.13]), which plays a pivotal role in

proving de Branges’ Theorem 41, by a more general inequality as we will see in the proof below.

Theorem 4.11. Let H = H(t), t € I be a Hamiltonian and h = h(t) = (® be its
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anti-derivative. Assume that

alt_) = tl_l)rg a(t) =0, (4.6)

a(t) >0 fortel, (4.7)

/ / dy(t) < oo for some (hence for all) b€ I, (4.8)

/ / )? da(s)d(t) < 0o for some (hence for all) b e I, (4.9)
t

then there exists a unique dB-chain {B(E})}ier with H as its Hamiltonian, s.t. Ey € Py is nor-

malized, strict, non-degenerate, and

lim Et(Z)exp<ﬁ(t)z—</t a(s)d(s) ) —2(/ / )) dau )dv(8)> 23>:1

locally uniformly in z.

The conditions (4.6)), (4.7) are necessary because of [Proposition 1.25 The condition ([3.16)), i.e.,
ftb_ a(s)dy(s) < oo, is stronger than (4.8) and (4.9) combined because

2

/ / i< | "t / a(s)dy()d(t) < ( / a(t)dv(t)> 7
/cb / (B(t) - B(5))* do / / ) (4(8) — 1(5)) da(s)d (1), |
< [fa / (als) — (&) dr(s)a(t) < ( [ a(t)dww) |

And by letting ¢ — ¢_ we can get (4.8) and (4.9). On the other hand, (4.8) and (4.9) combined are

strictly weaker than the condition ftli a(s)dy(s) < oo, and here’s an example showing this:

Example 4.12. Let I = (0, ¢) where € is very small, a(t) = logt7 B(t) = log (—logt), v(t) = — 5=

be defined on I. This defines a Hamiltonian as

. 2t? N t 11 2
« = — —- = = s
i logt ~ log?t) t3 = t2log’t
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and
b b 1 b
/O a(t)dv(t):—/o ogit =~ 1o8(~log(t)| = oo,
b b 2
2 . t b
/o oty () 7/0 lothdt s 21log? b <o
bt b oagr 11 P 1
2 P [
/0 /0 a(s)2dy(s)dn (1) < /0 ST = ~TeT|, ~ ~Foms <
! 2 k to2s
| (8= B dats) =2 [ a(e) (30) — B d3(e) < [ 5 tog (- log ) s
t 2s 12
< ds < ,
</0 Cloas) 20 S Clogty? =%
bt 2 R e
[ [ o0 - sy < [F—En = [ i<

Before proving[Theorem 4.11] we’ll first prove some intermediate results. To simplify calculation,
we'll introduce the notation N;(E) for an entire function E s.t. E(0) = 1. The reason we use N;(E)

is to get rid of the first to the (2k + 1)-th derivatives of E at the origin, which leads to a simpler
inequality as shown in below.

Lemma 4.13. Let E be an entire function s.t. E(0) = 1, then for k > 1, there exists a unique
polynomial P of degree at most k and P(0) = 0, s.t. (Eep)/ has a zero of order at least k at the

origin. Moreover, if we define

7

i (5+1)
Njy1(E) = (E(z) exp (— Z Nl.(!E) 21>> 0), =1,

i=1

then P(z) = — Z?zl NiE) 5.,

Fii

Proof. Let P(z) = — 25:1 N J'].(!E ) i , and we’ll show P satisfies the constraint inductively. For k = 1,

(B exp(—Ni(E)2)) (0) = E'(0) - Ny(E) = 0.

. AN/
Now for k£ = j + 1, we know that (E exp (— y Ni(E) zl)) has a zero of order at least j at the

!



origin.

For the uniqueness, suppose there are two polynomials P and @ of degree at most k, s.t. (Eep )l
and (EeQ)/ have zeros of order at least k at the origin, then F (eP — eQ) has a zero of order at least

k + 1 at the origin, and by taking the first k£ derivatives at the origin we can get P = Q. O

From now on, for an entire function E of finite order, we use ¢;(E) to denote the coefficient ¢; in
the polynomial Q(z) in its canonical factorization . Actually, for finite order entire function
E, N/(E) and ¢q;(F) are closely related to each other. Moreover, we prove inequality which
generalized . It is crucial to our proof and we use it to get the normality of the family of entire

functions.

Lemma 4.14. Let E be an entire function s.t. E(0) =1 and has factorization
N(E)

= @) H ( )e;+"'+<2k1+1>(z2)2k+17 (4.11)

2642 4 ... N; (E)

where Q(2) = qog122 + q1z, then ¢; = ,j=1,---,2k+1, and

2k+1 N(E)
N(E) 1 [T | (L)ZkJrl
E(Z) exp | — 3_723 QQkJrZZ (1 _ > ewn @+ \zn , (4.12)
20 i
2k+1 N(E)
N;(E) .
log |E(z)exp | — Z jj(' )ZJ < | lazk+2| + Z |2k+2 2|2k 42, (4.13)
Jj=1 ) n=1

and Nojpyio(E) = (2k + 2)! (Q2k+2 2k+2 EN(E i'}”). Moreover, if A € Py, A0) = 1 and
A# = A, then N2k+2(A) S 0.

Proof. Tt’s easy to see the derivative of E(z)exp (— Zjlﬁl_l gz ) has a zero of order at least 2k + 1

at the origin. Then by the uniqueness in [Lemma 4.13|we know ¢; = % forj=1,---,2k+1. The

formula for Nogyo(E) comes from the definition of Nogi2(E). The rest comes from O

For E € P¢1, qu(E) = ps(E) < 0, therefore we have:
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Corollary 4.15. Let EE € Py be normalized, then

~ Nu(E)
4!

NE)
=—qs4+ Z %5

=1

-

2 3

1 N

1
log | E(z)e= 07" 2" —nz| < [ _ a1 S .
0og (2)6 X qs + ‘Zn|4 |Z| X qs + 4 o] ‘Zn|4 |Z|

(B)
=1
The first few N;(F)s are listed here for future reference:

Ni(E) = E'(0),

Na(E) = E"(0) - E'(0)?,

(4.14)

(4.15)

(4.16)

Now that we have the inequality (4.15)) for E € P¢q, and by (4.14) we know the factor —qs +
% ZN(E) L+ has an upper bound that is closely related to Ny(E). The next step, is to relate the

n=1 |z,|*

derivatives of A,_p, Cy—yp and furthermore Ny(A,—p), | € N, with the associated Hamiltonian H.
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o . ) " . Aassy Bassp
Lemma 4.16. For a Hamiltonian H with associated transition matrices M,_, = s
Ca—)b Da—>b

s (0) = ~(B0) — Ba),
(-(0) = a(t) - aa)

b
L0 = (5(0) = 5(0))* 2 [ (alt) - ala)dr(0),

b

(0) = ~2(a(b) - al@)(50) ~ @) +4 [ (alt) -~ al@)ds()

a

b (4.17)

N1(Agosp) = —(B(b) - B(a)),
b
No(Agoss) = —2 / (a(t) — a(a))dr (1),

Na(Ayo) = <12 | b / (8(1) — Bls))do(s)d(),
Na(Aa—b) 24(// ) — afa))?dy(s)dy(t +2// ))2da(s )dfy(t)).

Proof. See Section 1.0} =

Following all these preparations, we can now state the proof of

Proof of [Theorem .11 The proof can be divided into three parts. Firstly, based on

. . IEPE SR . 3 N;j(Easp) _i
we prove an inequality for E, ,,e” 9% ~R% -1z = F . exp (— ijl %zﬂ

gous to inequality (3.13)) for Py. Secondly, using|[Lemma 4.16, we show the bounds in the inequalities

are uniformly bounded above if conditions (4.6)—(4.9) hold, and thus we can find a convergent sub-

sequence of E, ., exp (— Z?Zl WZJ) for fixed b € I and a — t_, and then construct the

, which is analo-

dB-functions E;. Thirdly, we show the dB-chain is unique if we specify the asymptotic condition
(4.10). WLOG we assume t_ = 0.

Part 1: Inequality and the Normality Condition

Let’s consider E, ., := Aq_p — 1Cqyp for b > a > 0, where (‘é“:i) is the left column of M,_,y.

By |Proposition 1.31] A, ., — iC,_p is regular, hence A, ., Cy_p are of exponential type and
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Eq.y € ExpNdB C Py C Pgy. By and the fact g4 = p4,

3 N(Eaab)
N:(E, . 1
log |Ey—p(2)exp | — E J(ﬂwzj <4 | —ps+ 1 E

j=1 : n=1

1

|2 |4

|2|*. (4.18)

N(Ea%b) 1
n=l  Tzal®

Our goal is to find an upper bound for —py + %Z which is uniform in a for each

fixed b. We'll split it into a multiple of RN, (E,—;) and some remainder. To simplify notation, we’ll
omit the subscripts for now and denote F,_, by E, A, by A, and Cy,_; by C. Let z,, = x,, — iyn,
then y, > 0 and

Nu(E) +1N(E)i
A~ Ty =2y
RNu(E) ] R a4yl - 622y
- ] N 2 ] 2 AV
4! 4= (27 +y)
PINT L ) N e
PETY 2 T, 4 < (@2 +y2)t

First, let’s look at RN, (F). By (4.16) it’s easy to get

RN4(E) =N4(A) + 36A47(0)C’(0)? — 12A4”(0)C'(0)* — 6C”(0)*
— 24 A'(0)C"(0)C"(0) + 3C"(0)2 + 4C"(0)C®)(0).

On the other hand, by the relation between p; and ¢; described in [Proposition 4.10],

N(E) 1 N(E) y N(E) y
C'0)=-Sq¢ =h+ F—=h+ > " >0,
©) ! ,; Zn n;w%ﬂLy% ,;$%+y%

N(E) 3

C/(O)S > Z Yn

(a2 +y2)"

n=1
N(E) N(E) 2 3 NE) . o 3
1 =35 Yn + Y 622y, — 2y
SN3(E) = 3!19¢q3 = —2 J— =-2 Z2ndn T In 2n¥n ~ 2Yn
5 N(E) Un N(E) 61‘2 Un N(E) 61‘2 y2
C'(0) (SN3(E) + 2C"(0)3) > —_—mdn | ——mnIn__
O BN #2000 > | 2 i [\ 2 Geir ) 2 & ey

By (4.16]) again we can get

SN3(E) = —6A'(0)2C"(0) + 34" (0)C"(0) + 2C"(0)% + 34'(0)C” (0) — C)(0).
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To summarize,

17 N 4ga2y2
A —patrs S | = — Ry nYn
PG 8 Z @)

=1

— RN4(E) + 8C"(0) (SN3(E) + 2C"(0)%)

c®)(0) (4.19)
3

= — N4(A) +38C"(0)* —36 ( = A”(O)C’(O)) c'(0)

—3C"(0)? 4 48A4'(0)C’(0)C" (0) — 84A’(0)2C"(0)?.

11

Part 2: Existence of a dB-chain

Now we show for fixed b > 0, the terms in the RHS are bounded uniformly in a € (0,b) under

assumptions (4.6)—(4.9)).
Firstly, for —N4(Aq—s), by [Lemma 4.16

—Ny(Aasp) 24(// ) — of d'y )dy(t +2// d’Y())

(4.20)
<// )2dry(s)dry(t +2// d’y())
is uniformly bounded above (uniform in a € (0,b)).
Secondly, by again,
Cl(0)" = (ab) — a(a))* < a(b)" (421)
Thirdly, by for term I in , we have:
c® (o (0) b
= =(B(b) — B(a))*(a(b) — a(a)) - 2/ (a(b) = a(s))(a(s) — a(a))dy(s)

— AL (0)C44(0) = — (B(b) — B(a))*(a(b) — a(a))

3 b b
Comtll) 41,0100 =2 [ (a(s) - ata))?dr(s) = 450) ~ (@) [ (@(t) — ala)ds(0)
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On the other hand, for term II in (4.19)),

II=-3 (Ctlz/%b(o)z - 16A;ﬁb(0)cc/uab(o)cgﬁb(o) + 28A:l*>b(0)2ct/l*>b(0)2)

=-3 (Czlzlﬁb(o) - 2A:1—)b(0)0;~>b(0)) (Ct/l/ﬁb(o) - 14A;»b(0)0;4b(0))
b b
= —12 (/ (a(t) — a(a))dﬁ(t)> (4/ (a(t) — afa))dB(t) + 12(a(b) — a(a))(B(b) — ﬂ(@))

b 2 b
— s < [ e - a(a))dﬂ(t)> — 144(a(b) — a(a)) (3(5) — B(a)) ( | - a(a))dﬂ(t)> .

Combining the above calculation we know

b b
L+11 = — 72(a(b) — a(a)) ( [ @)~ at@pars) +2 [ (650 - ﬂ(t))zda(ﬂ)
2 (4.22)

a8 (/ (a(t) - a(a))dﬁ(t)) .

From (4.8)—(4.9) we know both f; a(s)?dy(s) and fob(ﬁ(b) — B(t))?da(t) are finite, and by Holder’s

inequality we have

/ (a(t) — (@) dB() / (B(b) — B(1))da(?) <\/ / (B(b) - B(1))? do(t) /a(b) — ala),

thus I 4+ IT in (4.19) are uniformly bounded above, and moreover the RHS of (4.19) is uniformly
bounded above.

To summarize, we get a uniform upper bound for

E.p(z)exp (— 23:1 W}:J) ‘ Now

we'll show for fixed b, N;(Eq—p) — N;(Aq—p) remains uniformly bounded for j = 1,2, 3:

N1(Easp) — N1(Aasp) = —iC._,,(0) = —i (a(b) — afa)),
N2 (Eq-sb) = Na(Aap) =Cq3(0) — i (C5_p(0) — 247, (0)C,4(0)) (4.23)

b
— (a(b) — a(a)) — 4i / (a(t) — a(a))dB(b).
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N3(Ea—sb) — N3(Aasb) =3C74(0) (C44(0) — 24;,,(0)C7(0))

3
~3 (C“§b< L AL, 0
A (0) (L (0) — 24, (0) ;abm)))

b
~12(a(b) - ala)) / (a(t) — a(a))dB()

(4.24)

b b
— G </ (a(s) — ala))?dvy(s) + 2/ (B(b) — ﬂ(t))Qda(t)> :

a

and by the arguments above it’s easy to see all terms above are uniformly bounded for a € (0,b),

for any fixed b. Therefore, as a — 0, we have a convergent subsequence

b
Ea,spexp [ (B(b) = Blan)) z + (/ (a(t) — afan)) dv(ﬂ) 2?

n
_Nl(AaT,,*)b)

 Na(Aay5p)
2!

b t
2 ( / n / 00 - ﬂ(s))da(s)dww) Sy

_ NS(Au7L4>b)
3!

Let By = Ay — iCy, then Ej is a normalized dB-function which might be non-degenerate. We also

have A, = limy,—s 400 Aa,,—b €XP (— Z?:l Wzl) € L1, since by |Corollary 4.4] the Laguerre

classes L, are closed. Therefore Eb € P« according to |Corollary 4.7]

Now let

By = Byexp (~00): + (/ a(tar(0) +2(/ / Ddaer(0) )

then Ej € P<y. Let P,yp(2) be defined as

Paqb<z>exp<ﬂ<a>z+/a (alt) — afa)) dr(1)> +2//

Multiplying P, 1 to the following equation

Aa —>b> (Aa —>a) /b (Aa —>t)
QCenmt) _q S} = [ om0t ) at,
<Can~>b Can%a a ( ) Can—)t

) da(s )d’y(t)23> .
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and letting n — +o00, we can get

Ab Aa b At
Q - Q = H .
(cr)-o(e) == [ ()
Moreover, for b > 0,

Ap(0) = Ap(0) = lim A, 4(0) =1,

n—-4o0o

Cy(0) = Cp(0) = lim C,, _p(0) =0,

n—-+oo

CH(0)=Cy(0) = lim C! ,,(0)= lim a(b) —afa,) = a(b) > 0.

n—-+oo n n—+oo

Then A, and C, must be linearly independent, Fj is non-degenerate, and therefore the dB-space
B(E}) exists.

As for the asymptotic condition, we have

i B2 exp (50): -~ ( [ 1 atarv) -2 ( [ 1 / (6800) — B(s)) (sl (1) )

where the last equality comes from inequalities (4.18), (4.19), (4.20), (4.21), (4.22), (4.23)), and
@E24).

The asymptotic condition implies
Jim By () B (i) 0 00OV =1,y >0,
—t_

therefore lim;_,; K, ;,,(iy) = 0 for y > 0. Then {B(E};)} is a dB-chain.

By [Theorem 1.17] if Ep(c) = 0 for ¢ € R, then E,(c) = 0 for all a € (0,b), which contradicts
the asymptotic condition (4.10)). To summarize, we showed the existence of {B(E;)} with H as its

Hamiltonian, s.t. E; € P« is strict and non-degenerate, and it satisfies the asymptotic condition
(14.10).
Part 3: Uniqueness of the dB-chain

Suppose there are two chains satisfying the same asymptotic condition (4.10). Plug w = Z in
Lagrange’s identity ([2.2)), then

a

Ef,E_.-E..E"

Ga(z) == Cya(2)A-a(2) = A a(2)C-a(?) %
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is independent of a. On the imaginary axis,

i Bssen (50 + ([ a@aro) o2 ([ [ 66 s o >dv<t>)y3)=1,
Jim B (i) exp (-i5(0)y + (/ a1 (1) 2 —22(/ / Ddar(0) ) =1

then
lim Gy (ig)e* - OO — 0, vy e R.

For a < 1, fal a(s)dy(s) = 0, then
' )| < i )| €2 Ja a(s)dv(s)y® _
ahr&_ |Go(iy)| < ahr&_ |Go(iy)| e =0.

Thus Gp(z) = 0 on the imaginary axis as Gp(z) is independent of b. Therefore Gy(z) = 0 for all
z € C. By definition of Gy(z), we now have

Cip(2)A_p(2) — Ap p(2)C_p(2) =0, VzeC.

By the same arguments as above we know both E ; and E_ ; are strict non-degenerate dB-functions

given the asymptotic conditions, then Ay, and Ci 4, A_p and C_; can’t have the same zeros,

therefore
Sp = ) = O
Avp  Cip
is real entire and zero free, and
E_,=5E,

Since

A Agp At Sy A, Sp (A_p
S 7 = SyM, ) = =M, ) = = 7,
(C— > b<0+,b) et <C+,a Sa N\Ca) T S \Cy
we have S, = S,. As E_, and FE,, satisfy the same asymptotic condition (4.10) as ¢ — 0,
Sy = limy_,04 St = 1, hence E_, = E 3, Vb > 0. To summarize, we proved if there are two dB-

chains with the same associated Hamiltonian, which satisfy the same asymptotic condition (|4.10)),
then they must be the same dB-chain. O

To summarize, for a Hamiltonian H that satisfies (4.6)—(4.9) we can find a dB-chain {B(E;)}ier
with H as its Hamiltonian, then by the spectral measures and the Weyl-transform
are well-defined. We should also point out that unlike the case F; € Py, the necessity conditions
of and haven’t been proved yet, and we expect this to be completed in the near future.
Nevertheless, in next section we’ll show that for Krein’s strings where 8(t) = 0, condition is
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both sufficient and necessary for the existence of a dB-chain in Pg; for a given Hamiltonian H (t).

4.3 Krein’s strings: beyond the Pélya class

In this section we focus on Krein’s strings, namely the canonical systems with the Hamiltonian

H(t) being a diagonal matrix, then [Theorem 3.13|and [Theorem 4.11| together show the existence

of a dB-chain {B(FE}:)}ger with H as its Hamiltonian under certain assumptions on H. Namely, if

a(t_) =0 and a(t) > a(t_) for t € I, then

/ a(t)dy(t) < co = I{B(E;)} with Hamiltonian H s.t.

E; € Py,

limt*)ti Et(Z) =1.
(4.25)

c t
/ / a(s)?dy(s)dy(t) < co = F{B(E;)} with Hamiltonian H s.t.
toJe_

Et € Pgl,

lim; ¢ Ei(z)e” JEals)dy(s)z® _ 1

In this section we will give a different approach, which uses the theory of function of Laguerre classes

(most importantly, [Proposition 4.9)), to prove the above results. Moreover, this approach further

leads to possible generalization to P¢o and a new proof of de Branges’ Theorem 41. The latter will

be presented in [Section 4.4

First we will discuss some basic results for Krein’s strings. For Krein’s strings, The canonical

equation (1.23)) becomes

b
_ — [ C z)dy(t
(A‘Hb(z) 1) _ z( {“ an(2)d( )). (4.26)
Ca—b(2) [, Aassi(z)da(t)
Taking the derivatives w.r.t. z at 0 on both sides, then for n > 1,
(n) ? (n-1)
Aa~>b<0) = —’I’L/ Ca%t (O)d’y(t)’
@ (4.27)

mp(0) =n / b AT (0)dalt).

This simple recursive relation between Al(l"_))b and C(Yi)w makes the calculations of N;(A,—,»(%)) and
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N; (Zc‘ﬁﬂib((zo))) feasible. Moreover, since the Hamiltonian H is diagonal, by [Lemma 3.4 we know

Aq—p is even and C,_yp is odd, which simplify the recursive relation and calculation even further.
Now we present the theorem on the existence of a dB-chain for diagonal Hamiltonian, which is

a special case of The key to the proof is the normality condition for functions in £y,

namely and the facts that A, _,,exp (—W%) € L and F,_,pexp (—Wﬁ) €

L1, where Fy_yp = ZCC,""i—"E()) is an entire function s.t. F,_;(0) = 1.
a—b

t 0
Theorem 4.17. Let H = H(t), t € I be a diagonal Hamiltonian and h = h(t) = o) be
0 (@)
its anti-derivative. Assume that
alt_) = tlirgl_ a(t) =0, (4.28)
a(t) >0 fortel, (4.29)
/ / (s)dv(t) < oo for some (hence for all) b e I, (4.30)

then there exists a unique dB-chain {B(E;)}ier with H as its Hamiltonian, s.t. Ey € Pgy is strict

and non-degenerate, and

lim By(z)e” (e e@h@)= g (4.31)
locally uniformly in z.

Proof. The proof has three parts. First, we show

Ny(A, Ny (F,
Aq_spexp (-2(2%)22> €L<i, Faspexp <—w22) €L

and get the normality condition accordingly. The second part is to show lim,_¢  No(Fuosp) —
Ny(Au—p) exists, therefore we can find a convergent subsequence for E,_j, exp (—sz) as
a — t_. The third part is to construct the dB-chain from the limit function, which would be the
same as the proof of [Theorem 4.11] WLOG we assume {_ = 0.

Part 1: Normality Condition

Let b, Aa—sp, Ca—sp be as defined in the proof of [Theorem 4.11] As a(b) > 0 and a(a) — 0 as a — 0+,

we have C/_,,(0) = a(b) — a(a) > 0 for a small enough. Let F,_,(2) := Cc,“i—’() Because of the
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symmetry conditions (3.3]), (4.16]), and (4.17]) can be simplified to

N1<Aa~>b) = Nl(Fa%b) = NB(Aa—)b) = NS(Fa—)b) = Oa

b
No(Ag—p) = Z—>b(0) = M/ (a(t) — ala))dy(1),
1" b
Na(Fuss) = FIL,y(0) = 30%%)) =2 [ () - alo) (a9 - at@)in(s). (@3

b t
Ni(Aam) = A2, (0) = 342,02 = =21 [ [ (als) - al@)dr(s)ar(0),

Ny(Fossp) = Féﬂb(o) —3F; ., (0).

Basically, we want to show that for fixed b > 0, both {Aa_,b exp (—Wﬁ) :a € (0, b)} and
{Fa_ﬂ) exp (fw,ﬂ) :a € (0, b)} are normal families of entire functions, and therefore we can
find the limit functions and follow similar arguments as in the proof of

As A,_p, Cu_p of exponential type, we know

Ny(A, Ny (F,
Aq—spexp (-2(2_@«32) € P<1, Faspexp (—2(2_ﬂ7)22) € P<i-

Furthermore, by definition of Nyj(A,_;) and the facts that A,_,p, F,_; are real entire and each of

them has value 1 at the origin,

Ny (A Ny(F,
Aqspexp <—2(;Hb)z2> € L<1, Fapexp <—2(2‘Hb)z2) € Lgr.

There are two cases here. Firstly, for fixed b > 0, if No(Aq—p) = 0 for all @ € (0,b), then
fob a(t)dy(t) = 0 and we're reduced to the regular case, and the results obviously hold. Secondly, if
No(Aq—sp) > 0 for some a € (0,b), then Ny(A,—p) > 0 for all a small enough, and therefore

Ny (A, Ny (F,
A, _pexp <—Wz2> €Ly, F, .pexp <—2(2Wz2) €Ly

for a small enough.

By the inequality (4.4) for functions in £; we know

No(A Ny(A

log |1 — Ag_yp exp (_2(;—”’)22)’ < —%M{
No(F, N,(F,

log |1 — Fy_yp exp (_2(2_”7)22>’ < _%Mé
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Because of (4.30)),

—Ny(Aasp) —24// )2dy(s 24// dy(t) < oo

is uniformly bounded for a € (0,b) and fixed b > 0. Next we will show —Ny(F,_;) is uniformly
bounded too.

By (4.26)), and noting that C‘,ia(t()o) is a probability measure, we can get
a—b

20 = S0 [y o) 00

3Czlzﬁb( ) Ct,lﬁb(o)’
da( )
" " 2
740 / AL (0) ,
—b Y —t C;*)b( )
(5)
(4) Casn(0) do(t)
F 0 AY
a—)b( ) 50(;_>b / a~>t a_}[)( )7
—Na(Fuoss) = —F2,(0) + 3F),,(0) / Na(Aas) 220 < Ny (Aa),
a—)b(o)

where we applied Jensen’s inequality to get the inequality on the second row. Thus we get normality

conditions for both A,_,; exp (—%‘H*’)%) and F, ., exp (—sz)

Part 2: Convergent Subsequence and Limit Function

Now we show No(Fy_p) — No(Aq—p) is uniformly bounded as well. By (4.32)),

b
No(Fosy) — Na(Ausy) = 2 / (a(s) — a(a))? dr(s)

is uniformly bounded under the assumption (4.30). Therefore, there exists a sequence {a,} s.t.

a, — 0 and
No(Fy, -
lim A, —pexp < 2(Fasb) 22) = Ay,
n—-+ 2
. NZ(Fa—>b) 2\ _ F
nll)I}_l F, _pexp (— 9 27 ) = Ly,
. No(Faosp) ~ ~
pim  Ca,—b exp (_ 2 =2 ) = Gy = za(b)a(b) Fy,
Ny (F, o
lim E,, ,exp <— 2( 5 ~b) z2> =F,=A, —iBy
n—

Part 3: Existence and Uniqueness of the dB-chain

Let By := Ebefbl O‘(t)d”*(t)z2, and the rest is the same as the proof of |Theorem 4.11 O

Remark. For Krein’s string, we may apply the same method to Pgj for k > 2. For example, for
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k = 2 the condition becomes

R / / / dy(u)dy(s)dy(t) < oo

This approach leads to possible generalization of

On the other hand, the condition fo fo (5)%dy(s)dy(t) < oo is also necessary for the existence
of a dB-chain in Py, for a given diagonal Hamiltonian H(¢). To prove this, we need the following

lemma.

"
Lemma 4.18. Let E = A—iC be dB-function, A(0) # 0, then (ZC;‘ ZZ)))
then

F"(0) — F(0)A”(0) — 2(F'(0) — F(0)A’(0)A’(0)) > 0. (4.33)
Proof. See[Section 4.D] O

Remark. Inequality (4.33) can also be used in proving [Theorem 3.13] to show No(Fo—p) = F.',,(0)—
F'_,(0)? is bounded below. See for more details. Moreover, this inequality can also be

a—b

used to simplify the proof of To be more specific, the proof of boundedness of I-+II
can be simplified using (4.33).

Theorem 4.19. Let {B(E:)}ier be a dB-chain with diagonal Hamiltonian H, and E;(0) = 1 for

ot 0
tel. Leth=h(t ®) be an anti-derivative of H s.t. a(t_) = 0. If E, € Py for some
0 ~()
tel orlim,; E(z e~ ([ a(®)dv(9))= = S(z) locally uniformly in z where S is real entire,then H
satisfies (4.30) as well.
Proof. WLOG we assume ¢ = 0. Since H = H(t) is a diagonal matrix, the canonical equation

(1.23) can be re-written as

b
()~ Aa2) == | G g o)

(4.34)
Co(2) _ Cal / Ay(2)da(t

z

from which we can see that Aj(0) = A/(0) = A € R. WLOG we assume X\ = 0, otherwise we
can multiply e ** to the dB-chain. Let Fy(z) := C*(Z) , then F(0) = C{(0) — 0 as t — 0+, by
definition of a dB-chain. Evaluating at the origin, we know Fy,(0) — F,(0) = a(b) — a(a), then
as lim, 04 Fo(0) = lim, 04 a(a) = 0, we get F(0) = «a(b), ¥b > 0. Taking the derivatives of
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and evaluating them at 0, we get:

AL(0) - 410 =2 | (b))
R - F0) = | " AZ(0)da(t) = AL(O)(a(b) — a(a) 2 / /
~ AL(0)(a(b) ~ a(e) -2 | b(a(b) ~ a(s))a(s)d(s),
AP (0) = AD(0) = —12 / " B 0) (1)

b
= —12F/(0)(v(b) —v(a)) — 12AZ(0)/ (a(t) — a(a))dr(t)

b t
+2 / / (a(t) — a(s))als)dy(s)dr (1)

b

= —12F;(0)(v(b) — v(a)) — 1245(0 )/ (a(t) = afa))dy(t)
(/ i (s ) SINES
Therefore

Na(Ay) =A§Y(0) — 347(0)2

b
=A((0) — 347(0)* — 12F7/(0)(7(b) — v(a)) — 1247(0 )/ (a(t) — a(a))dr(t)

+12A”(/ £ (1 _24//

bt
= Ni(Ag) +12 (AL(0)F4(0) — FL(0)) (+() — (@) — 24 / [ atrarsan
We now show the second term is always nonnegative. By [Lemma 4.18 and the assumption Aj(0) =0,
F(0) — Fy(0)A(0) > 0

And because (b) = y(a), the second term is always nonnegative. Therefore

b t
24 / / a(s)dy(s)dy(t) < Na(Aa) — Na(Ay). (4.35)

If B, € P«a, then A, € P¢q by |Corollary 4.7, and by (4.35)) we have

bt
24/ / afs)?dy(s)dy(t) < —Ny(Ap)

is uniformly bounded for a € (0,b).
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On the other hand, if lim, o1 Eq(2)e?(®* = S(z), then as S is real entire,

Aa(z)e” UHa@d)  g(z),

A7(0) 2 / a(s)dr(s) — 8"(0),

a(s)dy(s) + 4 ( / 1 a(S)dv(S)) S 8(0)%,

1

A7(0)? — 447(0) /
a 1 2

AW (0) — 124"(0) / 1 a(s)dy(s) + 12 ( / a(s)dv(s)) — S®(0),
as a — 0+. Therefore

Ny(Aq) = AD(0) — 3A47(0)* — S™(0) — 35”(0)* = Ny(S5)

is finite.

Then in either case,

a—0+

/Ob/ota(s)de(S)dv(t)z lim /ab/ata(s)zdv(s)dy(t) < oo,

O

Combining [Theorem 4.17] [Theorem 4.19| and [Theorem 2.13| we get a one-to-one correspondence

between a dB-chain in Pg¢; up to a factor exp (Zi:l anz"), an, € R, and a diagonal Hamiltonian

H that satisfies (4.28)—(4.30). This is analogous to |[Theorem 1.34|for regular E; and [Theorem 3.15
for E; € Py.

Theorem 4.20. (i) Let H = H(t), t € I be a diagonal Hamiltonian. If H satisfies (4.28]) —(4.30)),

then there exists a unique dB-chain {B(E:)}er with H as its Hamiltonian, s.t.

lim B (z)e~(F a@dr()=* _

t—t_

locally uniformly in z. For this unique dB-chain {B(E})}, we also have Ey € Pgy, Vt € 1.
(ii) Let {B(E})}ter be a dB-chain with diagonal Hamiltonian H = H(t), and E;(0) =1 fort € I.

o If E, € P<y for somet € I, then E, € Pgy for all t € I, H(t) satisfies (4.30) and
Et(z)e_(ftlD‘(S)”l'Y(S))Z2 converges to S(z) := exp (Zizl anz”> for some a,, € R locally
uniformly in z, ast — t_.

o If S(z) := limgys_ E,g(z)e—(ftl"‘(S)d"Y(S))Z2 exists and is real entire, then H(t) satisfies
(4.30), and E; = SE, where E, € P, Vt € I, and limy_y; Et(z)e_(ftla(s)d"(s))zz =1

locally uniformly in z.
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Proof. The proof is essentially the same as the proof of O

4.4 An alternative proof of de Branges’ Theorem 41

The approach we used to prove can also be used to prove de Branges’ Theorem 41.
Firstly, we show the uniform boundedness of No(A,_p) and Na(F, ). Secondly, we show that
Ni(Aa—p) — N1(Fy—p) is uniformly bounded, and therefore we can find a convergent subsequence

of {anbe*Nl(A“—’b)z} asa —t_.
Proof of de Branges’ Theorem 41. WLOG let t_ = 0. Let A,_p, Co_sp, Fa_sp be defined as usual.
The canonical equation (1.23) becomes
b b
Aassp(z) — 1= fz/ Aai(2)dB(t) — z/ Casi(2)dy (),
ba ba
Cosp(2) = z/ Aasi(2)da(t) —|—z/ Cassi(2)dp(1), (4.36)

Cao(2) / Agose(2)do(t / Case(2)dB(2).

As A,—p(2), Cayp are of exponential type, and by definition of £y and N7 we know
AgpeNAaon)z e £ B e NilFasn)z ¢ pg)

By (4.17), , .
—No(Agp) = 2/ (a(t) — ala)) dy(t) < 2/0 a(t)dy(t)

is uniformly bounded under assumption .
There are at least two ways to show Na(F,_p) is uniformly bounded from below. Firstly, by
as5(0) = Aqp(0) = 2 (F,,3(0) — Aq5(0)) Ag i (0).

Therefore
NQ(Fa—>b) = F(;/—H)(O) - (i—)b(o)2
=2 Z—»b(o) +2( a—»b(o) - :1—>b(0)) :1—>b(0) - é—»b(0)2
= NoAassy = (Fay(0) = 4,,(0))°.
By again,
" b
ol0) = 530 = 40+ s [ (e — a@) s
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As

is bounded uniformly, we can get
b b
0> No(Fasy) > No(Agy) — / a(t)dy(t) > —3 / a(t)dy(t) > —o,
0 0
b
Ma(Faa) = Mi(Aam)] <) [ et <
0

Secondly, we can verify by direct calculation that Ny(F,_;) is uniformly bounded from below.

From (4.17) we know

Filp(0) = Fo o (0)?

= / '(a(t) — afa) (3(2) - B(a))ds e / / (5)dB (1)
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Using integration by parts, we can get

1V = s [0~ a@)60 - s

remav=- ot | (1) — a(@)(B(0) — Ba))dB(0),
e vavi= ' (alt) — ala) (B0) — H()aB(),
Ve | '(a(t) - ala) (5(6) — BB,
[+II+IV+V+VI= W /ab(oz(t) — a(a))(B(b) — B(t))dB(1)

4 ’ i
VII = —W (/a (ﬁ(b) - B(t))da(t)>

I+II+IV+V 4+ VI+VII> 0.
Hence
F"(0) — F'(0) > 11
b
> -2 [ (a(t) - a@)ir (1)
b
> 9 / a(t)dy ().
0
To summarize, for fixed b > 0, we get local uniform boundedness of

Ca—b
A, yeB®O-8@)z _Caob _ (50)-(0)=
7 2C;_,,,(0)

for all small enough @ > 0. The rest is similar to the proof of

Remark. Although the theory of Laguerre classes might lead to possible generalization of
for Krein’s strings, we should point out that the approach via direct calculation we

presented here becomes intractable for Ny(F,_p) if H is not diagonal. It’s probably because we

treat A,_;, and C,_,;, separately, while the other approach uses the interaction between A, ,; and

Cyu_sp, namely To extend even further, an inequality for higher order

derivatives which is analogous to [Lemma 4.18|is desired.
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4.5 Bezout operators and Schatten classes

In[Section 2.4.1) we showed for a strict normalized non-degenerate dB-function E, the Bezout operator
T’ o is a compact self-adjoint operator acting on B(E). Moreover, the nonzero spectrum (eigenvalues)
of Ty o consists of i where t,s are the zeros of A.

The p-th Schatten class &, consists of bounded linear operators T from a (separable) Hilbert
space H; to another (separable) Hilbert space Hz s.t. the p-th Schatten norm

1T, = (e |TP)7 = [ Y s2(T)

n>1

is finite, where s1(T) > so(T) = -+ 2 $,(T) = --- > 0 are the singular values of the operator T.
Some basics of the Schatten classes can be found in [Wei80] and [Tes00]. More discussion on the

Schatten classes as ideals of operators can be found in [GK69], [Sim05], and [Pie80].

Remark. Some authors use Cp, €, Jp, or B, to denote the p-th Schatten class. We adopt Gohberg
and Kreln’s notation &,, in [GKG69).

For A € Py, by definition Zﬁ[:(f) ”I%HQ < 00, therefore the Bezout operator T4 ¢ is of (2k+2)-
th Schatten class Gapt2 (in our case Hy = Ha = B(E)). Conversely, if T4 g € Gapy2, we can find a

zero-free real entire function S s.t. F = SEy where Ey = Ay — iCy for some Ay € Loj42.
Theorem 4.21. Let E be a strict normalized non-degenerate dB-function.
(i) If E € Pgy, then Ta o € Sopto and
N(A)
ITaollaiis = D ers <o
n=1

where {tn}gz(]f) are the zeros of A. Moreover if A € Ly, then

A(2k+2) (O)
2k+2
ITaolle < = gpggyr <o

(1) If Ty € Gopta, then E = SEy where S is a zero-free real entire function and Ey € Py, s a
strict normalized non-degenerate dB-function s.t. Ag € L.
Proof. (i) From the discussion above we know
N(A)

22
1T4,0ll2542 = § : kT2 < 0
n

n=1
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as A € Popyo. If A € Ly, then it admits the following factorization:

N(4)

A = e ] <1 - ) et ()
n=1 tn
where p > 0, and it’s easy to see
ARK+2)(() L A0) Ok +2) J\f) 1
2k +1)! 200 2R AT p — (2hF27
and this proves the second inequality.
(ii) Let {t,,} be the zeros of A, then I: thk% < 0. Let
N(4) z 1 2k+1
n=1 n

then Ay belongs to k-th Laguerre class. Let S = A%? it’s real entire and zero-free by the
definition of Ag, and S(0) = 1 as A(0) = Ap(0) = 1. Let Ey = %, then Ej is a strict
normalized non-degenerate dB-function, as E is strict and non-degenerate. We get Ey € Py,

by [Corollary 17
O

Remark. We should point out that one can replace the assumption that E(0) =1 by A(0) =1, and

the results still hold with minor modifications of the proof.

Therefore, dB-chains in the generalized Pélya class P, correspond to Bezout operators T4 o in
the (2k + 2)-th Schatten class in the sense of In other words, the meaning of our
extension of de Branges’ Theorem 41, namely is to obtain the Bezout operators in
the the 4-th Schatten class &4, which is larger than the Hilbert-Schmidt class G2 that de Branges
considered. Since in general the Bezout operator T} o is always compact, we expect to employ this

approach even further to obtain Bezout operators of p-th Schatten class for p = 2n, n > 3.
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4.A Proof of [Lemma 4.2l

Let F(z) := (l—z)exp(z+§+--~+%>—l, then F(0) =0, and

F'(z):(—1+(1—z)(l—i—z—i—n-—i—z’"_l))exp(z+22+~-~+Z:>

T

et
=—zepl|lz+—+--+—].
2 r

We'll prove the following inequality first:

x+%+...+f<xr+l+log(l+7“), Yz > 0. (4.37)

r k T k o
1 1 1
f(l)él—i—i / Ed8<1+g / fds:l—f-/ —ds =1+log(r) <1+log(l+r)=g(1).
- 1

S

For x > 1,
) — = : S+---+s"1)ds IrsTs wr s"ds = g(x) — . .
fa)=10) = [[Qrstessas< [rsas< [ nsds = o) o). @39

Now we show (4.37) holds for < 1. First we’ll show f (Tj;—l) < log(1 + 7). This is because

r Tl — " ] 1
f<r+1> /0 1—s 8</0 1—s" /1 [l = log(L+7)

1

r+1

For 75 < z < 1, we claim that if f'(z) < ¢'(z), then f(z) < g(x). Suppose f'(z) < ¢'(z),

Hence for 0 <z < 5, f(2) < f( r ) <log(1+7) < g(x).

then g(z) —log(1+r) = F5¢'(x) > F7 f'(x). On the other hand, as f’ is positive and monotone

increasing, f(z)— f (rj_l> = f% f(s)ds < (:c - HT_1> fl@). Ase <1,z7 < g, le,2— 57 <

X
P then

fl) < f (70_:1> + (m - r;) J'(@) <log(1+7) + == f'(x) < g(a).

Suppose there exists xg € 47 < @ < 1s.t. f(zo) > g(xo), then f'(zg) > ¢'(x0). Let x be
the smallest number in (z¢,1) s.t. f'(z) = ¢'(z), then f(z) < g(z). Such an z exists because
f/(1)=r <r+1=g¢'(1). But this is impossible as f(zo) > g(zo) and f'(s) > ¢'(s), Vs € (xo, x).

Hence such zg doesn’t exist, therefore f(x) < g(x) for any > 0.
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‘F(z)—F(O)’ </OZ F <t|z|>’dt

|z tr
</ t’"exp<t+-~-+>dt
O T

|2]
g/ (1+r)t" exp(t™1)dt
0

Now

= exp(|z|") — 1.

4.B Proof of [Proposition 4.3

Assume F' € Ly, then by the factorization (4.1) we know

2k+42 N z 1 2k+1
F(z) = eP2r+2? H (1 - ) ettt (E) )
n=1 “n

where pori2 < 0 and 2, € R are the zeros of F. Taking its derivative we get

N(F)

F'(2) = (2k + 2)par 122" F(2) — F(2) Z - —
n=1 (1 — f) ezn Tt (Tn

1 ZQk:Jrl

(4.39)

2k+1 i
) z%k+2

which clearly shows F'(z) has a zero of order at least 2k + 1 at the origin.

For the last statement RF(z) > 0 for z € C; where

~ 1F' (2
F(z):= Z%}‘E(Z/)

As (Fng)~ — F, + F, it suffices to show the condition holds for each factor of F. For G(z) =

P22 cloarly RG(z2) = %Zﬁgz) = —(2k+ 1)pakt2-y = 0for z =z +iy € CL as papi2 < 0.
. 2 \2k+1
For Fn(Z) = (]. — ?) 62+"'+T1+1(Z) , one can show
- iF)(2) s 1 z 1 Sz
RE,(2) = R—2 =R = R = >0, VzeCy.
n(7) 22 (2) 1— 2 21— 2 ke ‘ =z i

On the other hand, assume F is real entire s.t. F(0) =1, F(z) # 0 for z € C\R, and F’(z) has
iF'(2)

a zero of order at least 2k + 1 at the origin and RF(z) = R a7

> 0 for z € C4. The proof is
divided into two parts. Firstly, we show if F' is zero-free, then it is of the form eP2e+22"" " fo1 some

Pakto < 0. Secondly, if F' has a real zero z; with multiplicity M;, let F; be the canonical factor of
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Z of degree 2k + 1, namely

. . 2k+1
Fuz) = (1- 2) it (5)
21
We show G := FTFH satisfies the same conditions which F' satisfies, namely, G; is real entire s.t.

1

G1(0) =1, G1(z) # 0 for z € C\R, and G/ (z) has a zero of order at least 2k + 1 at the origin and
RG1(2) =R &) (0 for 2 € C,.

225Gy (2) ©

The proof of the first part is straightforward. By assumption F (2) is a zero-free entire function.

Since RE(z) > 0 for z € C4., by the Poisson representation formula we know

%F(z)zpy+i/:o (t_c%%, Vz=ua+iy € Cy4, (4.40)
where p > 0 and p is a positive measure on R. Since RF(z) = 0 for z € R, then du = 0 and
RF(z) = py, V2 = x + iy € C. As F(0) = 0, we can conclude F(z) = —ipz, ¥z € C and therefore
F(z) = e P,

Now assume F' has a real zero z1, and let I, G; be defined as above. It suffices to check %él >0
for z € C, as other assumptions are automatically satisfied. Since R (zz%%/) > 0, by the Poisson

representation formula again there exists p > 0 and a positive measure p on R s.t.
+oo
= y dp(x) ,
RF(z) = = — Vz= e C,.
(2) py+ﬂ/_oo o eoetwely
Since RE = 0 on the real line except at zeros of F and u(b) — pu(a) = limy, o4 f: RE (x + iy)dx

at points of continuity a,b of u, then u is a discrete measure and has jumps only at z,. Now let’s

calculate jump of i at z;. Note that
RF = RG + M RF}.

As for RE}, by (&.40) we know

- 1 Sz
z1+€

1 Y 1
_ —6) = M;— L S
ato—pa—g=Mz In | e M
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Hence

~ 1
n>1 Z ‘Z |
RG1(z) = RF(z) — MyRF1(2) =py+ Y _ M sz m >0, VzeC,.

n>1

. N . . .
Now it suffices to show ], _, FMn converges to an entire function as N — oo. This is because

F'(z)
lim
y—=0+ Yy §Rz—no+ 2k <0
where the upper bound is independent of N, then the limit function F., exists by Let
G .= FL, then G = e~ 7*""" for some p >0, and F € L, since it admits the canonical factorization

(E.39).

4.C Proof of Lemma 4.16

Note that the first column of the canonical equation (|1.21]) can be re-written as

Auon(2) - :—z/ Ausi(2)dB(E —z/ Cost(2)r (1),
(4.41)

Cosp(z) = z/ Aasi(2)da(t) + z/ Cast(2)dB(t).

Taking the first two derivatives w.r.t. z in (4.41) and evaluating them at z = 0, we can get

a—p(0) = —(B(b) = B(a)),
a—(0) = a(b) — afa),
Ni(Aasp) = A, 3(0) = =(B(b) — B(a)),
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A7 (0) —_2/ AL (0)dB(t _2/ "
— (B(6) - Bla))? —2/@( (t) - a(@)d (1),
€l (0) = / A, (0)dat) +2 /ab Ci_,(0)d5()
= (5(0) — Blay)dat) +2 / (1) - afa)ds(0)
= —2(a(h) — ala))(50) - f(@) +4 | '(a(t) ~ ala))ds (),
Na(Auot) = ALy (0) = 4, 0F = =2 [ '(a(t) ~ ala))dx(®)

Taking the third derivative w.r.t. z in (4.41) and evaluating them at z = 0, we can get

A%, (0) /AH )a() - 3 / CL O (1)
- /(B( 2t +6// ()48
+6[<a<> a(@)(3(1) — Bla))dr( —12// ()dr(t)
= (50) 3"+ [ (ate) — al@)(300) ~ B6)ar(5)
+o [ (a(t) — a(@)(30) — @)t (1) - 12 / b [ (@) - at@passan
— — (8) - Bla))? + 6(B(E) - Bla)) /:m(s)a(a))dv(s)
12 / [ ts ()1 (1)

,0) / AL (0)da(t) +3 / CL (0)dB()
/(/3( )?dat —6// (s)do(t)
—6/:<a<> a(@)(B() ~ Bla))ds(t +12// ()dB(0)
=3(8(6) — B(a))(a(t) - ala —6// (s)dar(t)

b
12 / (a(t) — (@) (B(t) — Bla))dB(t) + 12 / (a(s) — (@) (B(b) — B(s))dB(s).

a
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We can get a simple expression for N3(A,—p):

N3(Aassp) =AY, (0) — 3A1_,,(0) A, (0) + 24, _,(0)>

—b
=A®) (0) — AL, (0)% = 3AL_,(0)(AL_,(0) — Al,_,,(0))
—6(5(b) — B(a)) / (a(s) — a(a))dy(s) — 12 / / (s)dy(t)

b
—6(8(b) — ﬁ(a))/ ((t) — a(a))dr(t)

:—12// () (1)
:—12// $)d(1).

Now let’s look at Agib( 0):

/ A®) (0)dp(t) = / (B(t) — Ba))*dB(t) + 6 / / ~ a(a))dr(s)dB(2)

19 / / / d(s)dB(t)
= 5 o / / afs) = a(@)(B(0) ~ Ba))dr(5)d5(0)
b t
12 / / (a(s) — a(a)) (B(B) — B()dB(s)d (2),
b

/ ' (0)dy(t) =3 / (B(t) — Bla)*(alt) — ala))dr (1)
—12// — B(a))dB(s)dr (1)
—6/ / (a(t) — a(s))(a(s) — ala))dy(s)dvy(t)
+12// — B(s))dB(s)dy(2)

3 / — B(a))2(alt) — a(a))dr(t)

_12/a/a — Bla))dB(s)dv (1)
6 / / () (1) — (/abm(t)—a(a))dw(t))
+12// — B(s))dB(s)dy(t).

2
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Now we can get a simple formula for Ny(A,—p),

AL,(0) = B(AL,(0) — A, (0)%) — Ay (0)" =24 / / £) — B(a))dv()d5(¢)
N2(Aa—v) Y
+48// — B(£))dB(s)d(t)
12 / (8() = Ba)*(a(t) - ala))dy(t)
+48// — B(a))dB(s)dr (1)
—u / / (3 (t)
—48// — B($))dB(s)dn ().

Notice that

= [

— B(a))dB(t)d

(s)

— 12 / (a(s) — a(a)) ((BB) — B(a)? — (B(s) — B(@))?) dr(s)

=6A/

a—b

(0)*(AFs

—12(B(b) — Ba))? / (a(s) — a(a))dry(s) + 12 / (a(s) — a(a)) (B(5) — B(a))2dn(s)
(0) = Auma0) +12 [ (as) = al@)(3(5) - Bla) Par (),
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hence

AW (0) = 3(A1_,(0) — AL, (0)2) — AL, (0)* — 64, (0)2(A1_,(0) — Ass(0)?)

N2(A ab)

:—m/"/ 2 (3)dy (t)

+48/ / a(s) — ala))(B(b) — B(t)dB(s)dy(t)

+@// — Bla))dB(s)dy (1)
_@//' — B(s))dB(s)d(t)
=—M//' 1(s)d (1)
+m/ /as—aa B(b) — Bla) — 2(B(t) — B(5)))dB(s)d(2)
ff%//‘ 2 (5)dy (t)

+48(3 / / (s)dv(t)

_%//‘ — B(s))dB(s)d(t).

It’s easy to see I =4A! ,(0)N3(Aq—p), then

Na(Aassp) =AY, (0) = 3(AL_,(0) — AL, (0)2)2 — AL, (0)* — 64, _,(0)2(A1_,(0) — Aass(0)?)

— 44, (0)(AD,(0) — BAL_,(0) AL, (0) + 24, _,,(0)°)

=—2g/l/ 1 (s)d (1)
f%//’ — B(s))dB(s)dx (2).

Note that

/ (als) — () (B(t) — B(s))dB(s) = — / (a(s) — a(a))(B(t) — B(s))d(B(t) — B(s))

o/ (B(1) ~ B(s))*
=~ [ (ats) —alaa =LA

_ [T (B = B(5))?
*/a fda(s)v
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therefore we can get the final formula for Ny(A,—p):

N(H,——24<// ) — a(a))?dy(s)dy(t +2// da()d’y(t)).

4.D Proof of Lemma 4.18§|

Since F is dB and %% > 0 on C,, by the Poisson representation formula, we get

C
S—(z +iy) = py+%/

e dp(t)
o =02t

D>

+oo du(t)
oo 1-+t2

for y > 0, where p > 0, 41 is non-decreasing and [~ < 00. By the Stieltjes inversion formula,

if a and b are points of continuity of u, a < b, then

R S
Since & is well-defined in a neighborhood of the origin, say (—¢,€), and S5 () = 0 for z € (—¢, ),

oo dpu(t)

i is not supported on (—e,€). Consequently, fioo 7~ < 00. Now by dominated convergence

theorem,

Cly) 1 /+°° dp(t)
3?iyz‘l(iy) R T

0 g Cliy) _ 2/+°° ydu(t)

dy iyA(y) 7w (D)2

0% . Cliy) 2 [0 42 32

S Ay = x| ()
0% . Ol(iy) 2 [teo1
- = —— — < 0.
8y2%iyz4(iy) ‘yo ™ /_oo ) <0

On the other hand, let 26;1((2)) = u + iv where u and v are real harmonic functions, then

(52

Let F(z) := @, then

B = Upz (0) + 1032 (0) = g (0) = —uy, (0) > 0.

(F)’ _ F'A-FA

A A2
F\" (F'A-FA")A-2(F'A-FA)A
A) A3 ’

(5) ©=F"0) - FO4'© 250 - FOA©40) >0
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