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Abstract

In this work two calculations are presented. In the first, we compute the vector
analyzing power (VAP) for the elastic scattering of transversely polarized electrons
from protons at low energies, using an effective theory of electrons, protons, and
photons. We study all contributions through second order in E/M, where E and
M are the electron energy and nucleon mass, respectively. The leading order VAP
arises from the imaginary part of the interference of one- and two-photon exchange
amplitudes. Sub-leading contributions are generated by the nucleon magnetic mo-
ment and charge radius, as well as recoil corrections to the leading-order amplitude.
Working to O(E/M)?, we obtain a prediction for A,, that is free of unknown pa-
rameters and that agrees with the recent measurement of the VAP in backward
angle ep scattering.

In the second part of this thesis the longitudinal asymmetry due to Z° exchange
is calculated in quasi-elastic electron-deuteron scattering at momentum transfers
|Q?| ~ 0.1 GeV? relevant for the SAMPLE experiment. The deuteron and pn
scattering-state wave functions are obtained from solutions of a Schrédinger equa-
tion with the Argonne v1g potential. Electromagnetic and weak neutral one- and
two-nucleon currents are included in the calculation. The two-nucleon currents of
pion range are shown to be identical to those derived in Effective Field Theory.
The results indicate that two-body contributions to the asymmetry are small (~
0.2%) around the quasi-elastic peak, but become relatively more significant (=~

3%) in the high-energy wing of the quasi-elastic peak.
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Chapter 1

Introduction

Over the years considerable effort has been put into the understanding of nuclear
structure. In the Standard Model, the fundamental theory that governs the strong
interaction is Quantum Chromodynamics (QCD), a renormalizable gauge theory.

QCD is a theory with asymptotic freedom, where the coupling constant is
small in the high-energy regime and large at low energies. As a consequence,
perturbative treatments break down in the low-energy region, where the nuclei
reside. To circumvent this problem, special methods for working within the theory
at low energy must be employed. The direct approach is to numerically solve the
functional integrals on a lattice of space-time points. The second method is to
base the field theory description on the physically observed degrees of freedom in
a way that reflects the symmetries of the underlying fundamental theory. Such an
approach is referred to as an effective field theory (EFT) (see [1], [2], [3]), and it
is the subject of this work.

Two different computations that make use of EFT are presented in this work.
In the first computation, the vector analyzing power (VAP) in electron proton
scattering is computed. This work was published in Physical Review C70, 2004,
054003 (nucl-th/0405044). For this computation, an EFT with the pionic degrees
of freedom integrated out is used. To leading order, the VAP arises from the in-
terference of one- and two-photon exchange amplitudes. The calculation done to

second order in p/M (where p is a small external momenta and M is the nucleon



mass) is free of unknown parameters and was compared against existing measure-
ments. The calculation is found to be in agreement with the VAP measurement
performed by the SAMPLE collaboration [4] and resolves a discrepancy with the
potential scattering computation of [5]. At the higher energies used in VAP mea-
surements performed at Mainz [6], the calculation was no longer able to match the
experimental results. This is not unexpected since at those higher energies one
expects the low energy expansion obtained from the EFT to break down. This
points to the need to include more degrees of freedom (e.g., 7’s) in the EFT for
the larger energy regime.

In the second computation, the two-body contribution to the parity violat-
ing (PV) asymmetry in electron deuteron scattering is computed. This work was
published in Physical Review C63, 2001, 044007 (nucl-th/0011034). An effective
theory with nucleons and pions as degrees of freedom is required in order to ob-
tain the one- and two-body current operators. These operators are then used
in conjunction with a successful phenomenological model in order to numerically
compute the PV asymmetry. The calculation is performed at Q> = 0.1GeV?,
which is relevant to the SAMPLE experiment [7] where the meson exchange cur-
rent contribution to the PV asymmetry was a theoretical unknown. At the time
this calculation was performed, a discrepancy between the SAMPLE measurement
and the existing theoretical models existed. This work was undertaken in order to
investigate if the meson exchange currents can account for this discrepancy. The
results show that the two-body contributions to the PV asymmetry are small (~
0.2%) around the quasi-elastic peak, but become relatively more significant (~ 3%)
in the high-energy wing of the quasi-elastic peak. This is too small a contribution
to account for the discrepancy in question. This discrepancy was later resolved by

a re-evaluation of the experimental data [8].



1.1 Effective Field Theory

To illustrate how one obtains the effective field theory from the underlying funda-
mental theory, a brief description of how to construct the pion-nucleon Lagrangian
is outlined. An effective field theory has two main features: it maintains the sym-
metry properties of the underlying fundamental theory, and it has an expansion
parameter, typically a small momentum or small mass scale, which permits cal-
culation to a given order in the theory to be performed in a systematic way. In
EFT, the small expansion parameter arises from the separation of scales between
the small momenta and masses involved and the characteristic scale of the EFT.
In the case of QCD the characteristic mass for chiral symmetry is A, ~ 1GeV, and
we immediately note that m, << A,. Thus, if the external momenta (p) involved
in the process are small, both ratios m,/A, and p/A, are small, and provide the
small expansion parameter that an EFT requires.

We begin the discussion by first looking at chiral symmetry. Consider a free,

massless spin 1/2 Dirac field:

L = Wy, 0"V (1.1)
We can define the projectors:
1+
Pry = 275 (1.2)
and the projected fields:
Upr =Prr¥ (1.3)

Substituting these back into the Lagrangian of equation 1.1 we get:
L= i(‘i/R’)/Ma”\IJR + ‘i/L’)/Ma”\IJL) (1.4)

Since the left-handed and right-handed fermions do not communicate, they both



have a global U(1) symmetry as can be seen by applying U(1) transformations
separately on the fields:

Up — PR

Uy — LUy (1.5)

The conserved currents for the Lagrangian of 1.1 are:

gho= U
Vi = ‘I”YM\IJ
A, = U970 (1.6)

where ¢ = R, L. Looking at the effect of the U(1), x U(1)g transformation on the

original field ¥,

. . ., Ep+e€ Ep—E€ .
U=Up+ U, — “RUp+ 00 =TT A5 = gilevtaa®) gy, (1.7)

where:

1
€y = 5(6R+6L)
1
€A = §(GR—6L) (1.8)

Invariance of the Lagrangian under Eq. 1.7 is called chiral symmetry.
Let us now look at the effect of a mass term in the Lagrangian of Eq. 1.1 on

chiral symmetry. We have:
UMY =V, MUp+VrMV,, (1.9)

which clearly breaks the symmetry.



We can now proceed and investigate chiral symmetry for the QCD Lagangian.
1 . , _
Locp = —g—QGZl,G’“”a + gy (0, —iGL)q — qMq (1.10)

where G, is the gluon field, Gj, is the gluon field strength tensor and M =
diag(m,, mq, ms,...) contains the quark masses. In the calculations presented in
this work, we will only consider nucleons and pions as the degrees of freedom.
As such, we will restrict the discussion here to u and d quarks. From our brief
look at chiral symmetry we know that the mass term will break the symmetry.
Furthermore, since the u and d masses are quite small, we will ignore the mass

term and rewrite Eq. 1.10 as:
L = i(Gryu0"qr + qrvu0"q1) (1.11)

This Lagrangian has SU(2)r x SU(2)r, x U(1)g x U(1), symmetry. We have
briefly discussed the U(1) symmetry, which is of no interest from now on. The

field transformation for the SU(2)r x SU(2)y, are:

4qrR — eiG%TGQR
qr, — i7"y, (1.12)
where we have defined:
a
T = % (1.13)

with 7% being the generators for the SU(2) group.
The conserved currents for the SU(2)g x SU(2)y, are given by:

Vi = qv.T%
A% = qun’T% (1.14)

From the above, we expect chiral symmetry to be manifest in the particle spectrum



of QCD as degenerate hadron doublets of opposite parity. This is not the case (e.g.
there are no neutral meson doublets of opposite parity), but there is approximate
flavor SU(2)y symmetry in the hadron spectrum. The chiral symmetry must
therefore be spontaneously broken to its vectorial subgroup. The three Goldstone
bosons that appear in the process are the pions.

The goal now is to construct effective low energy Lagrangians that contain
only pion and nucleon degrees of freedom that reflect the spontaneously broken
chiral symmetry. We must thus construct the most general Lagrangian with chiral
symmetry broken down to the SUy (2) subgroup.

One starts with constructing the pion field matrix:
U=¢e 7 (1.15)

where f is a constant with dimension of mass. The pion field matrix transforms

linearly under chiral transformations:

U'=RUL" (1.16)
with the R and L given by:
—  iagTe
R = e orT" (1.17)

To obtain the transformation for the unbroken SU(2)y group we must set g, =
ap, whereas the broken axial SU(2) 4 transformations are obtained by ay = —ap.
Since in the construction of the Lagrangian we need kinetic terms, a covariant
derivative on the chiral pion field is also required. The covariant derivative must

transform linearly under chiral SU(2)g x SU(2).

D,U — LD,UR"

DFUT — RDFUL™ (1.18)



and it includes the external vector and axial fields:

.
DU =" ; M iU (v, — ay) — i+ a)U + - (1.19)

Since we have constructed a pion field matrix and a covariant derivative, we
can write the desired Lagrangian for massless pion fields:

f2

L=">_
4

Tr[D*UTD, U] + ... (1.20)

where the ... represent higher order terms. We see that by direct substitution of
the covariant derivative into Eq. 1.20 we obtain the expected kinetic term for the
pions : 9,mo n". From the first term in the Lagrangian of Eq. 1.20 we can also
work out the Feynman rule for the pion axial-source interaction to be f6®e-k, and
from this we can identify the parameter f as the pion decay constant f; = 93MeV .

We can now turn our attention to the pion-nucleon system. We first collect

the proton and neutron in the field:

N = (1.21)

Further, we define the field u and its transformation as follows:

uw? = U =RULT (1.22)
Requiring the field u to transform as:

Ru=uK (1.23)



or
v — LuKt = KuR' (1.24)
sets K as a highly nonlinear function:
K = VLU+*R+*RVU (1.25)
Next we make the nucleon transform as an SU(2) field:
N' = KN (1.26)

where all the chiral nature of the transformation is contained in the function K.

As before, a covariant derivative must also be constructed:

D,N = 8,N +T,N

L, = %[qu,aﬂu] (1.27)

The above covariant derivative transforms homogeneously under chiral transfor-

mations:
D,=KD,K* (1.28)

At this point, the most general Lagrangian up to one derivative can be written

down:
L=iND~ "N + gaNA*vsN —mNN + ... (1.29)
where Au is an axial vector field built from the u’s:

A, = %{u+,Duu} =T (1.30)



and g4 is the bare axial coupling.

At this point we notice that the large mass associated with the nucleon is going
to present a problem when performing the systematic expansion since it is of the
same order as the characteristic mass of the EFT. To circumvent this issue, one
may write Eq. 1.29 in the extreme non-relativistic limit and integrate out the
heavy degrees of freedom. To accomplish this goal, the heavy degrees of freedom
must first be factored out by making use of the velocity four-vector v as described
in [2]. The velocity four-vector allows one to write the four-momenta of heavy

particle of mass M as:

Pp = Mvu+lu (131)
with [ being a small residual momentum and v? = 1. We can now write the velocity
projection operator and construct its eigenstates:

1 £yt

2
N = e—imv~$(H + h)

Pv:l: =

H = eimv-x v+N
h = ™7%p,_ N (1.32)
Substituting back into Eq. 1.29, we obtain:
L=iHAH + hBH + HyoByoh — hCh + ... (1.33)

Where the operators A, B, and C are:

= i(v-D)+ga(u-S)+...
T,
= i(v-D)+2m+ga(u-S)+... (1.34)

with PT = Y (9w — vuv,)DY and the ... representing higher order terms. Inte-
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grating out the heavy degrees of freedom the Lagrangian becomes:
L=iH(A+B*'vwB)H (1.35)

Next, we make use of the simplifications of the Dirac algebra in the heavy mass
formulation (again, see [2]) and change notation from H to N, in order to write

the leading order pion-nucleon Lagrangian:

= HiD -vH +gaH(A-S)H

A = i(v-D) (1.36)

All the effective Lagrangians that also include higher-order terms used in this work
are obtained in a similar fashion. Their derivations will not be presented here, but
references will be given to the relevant papers at the appropriate places throughout

the thesis.

1.2 Vector Analyzing Power in Electron-Proton Scat-

tering

The first computation presented deals with the vector analyzing power (VAP),
Ay, in polarized electron-proton scattering. The scattering of transversely polar-
ized electrons from protons has recently become a topic of considerable interest
in nuclear physics. The VAP is a time-reversal (T) odd, parity (P) even correla-
tion between the electron spin and the independent momenta associated with the
scattering process:

Ap ~ P P,S, KoK}y (1.37)

where S, P, and K (K') denote the electron spin, initial proton momentum, and
incident (scattered) electron momentum, respectively. A non-zero VAP cannot
arise at leading order in quantum electrodynamics (QED), but could be generated

by new T-odd, P-even interactions involving electrons and quarks. Searches for
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such interactions have been carried out in neutron and nuclear (-decay as well
as nuclear v-decays [9, 10, 11]. Indirect constraints may also be obtained from
limits on the permanent electric dipole moments of neutral atoms under various
assumptions regarding the pattern of symmetry-breaking [12, 13, 14, 15, 16]. The
sensitivity of direct searches for T-odd, P-even interactions is generally limited by
the presence of QED “final state interactions” (FSIs) that break the T-symmetry
between initial and final states and give rise to non-vanishing T-odd, P-even ob-
servables. Uncertainties in theoretical calculations of these final state interactions
would cloud the interpretation of a sufficiently precise T-odd, P-even measure-
ment in terms of new interactions. Observations of T-odd, P-even correlations in
nuclear y-decays are consistent with theoretical calculations of QED final state in-
teractions [17], while T-odd, P-even searches in neutron -decay have yet to reach
the sensitivity needed to discern these effects.

Recently, the SAMPLE collaboration has reported a non-zero measurement
of the VAP in polarized, elastic electron-proton scattering [4], making it the first
non-zero result for any T-odd, P-even observable in any electron scattering process.
The result has received widespread attention, as it differs substantially from the
simplest theoretical estimate of QED final state contributions that neglects proton
recoil and internal structure [5]. While one might speculate that this difference
reflects the presence of new physics, a more likely explanation lies in elements of
nucleon structure omitted from the simplest treatments of QED FSIs.

If so, then the SAMPLE result, as well as other VAP measurements that have
been completed or are under consideration, could have important implications for
the interpretation of other precision observables involving hadrons that require
computation of exchange QED corrections to the leading order amplitude.

The most interesting such observable is the ratio of proton electromagnetic
form factors obtained via Rosenbluth separation in elastic ep scattering [18]. The
reason for this is that, currently, there is a discrepancy between the Gg, /Gy, ob-
tained through the Rosenbluth separation technique versus the one obtained using

Generalized Parton Distributions. A two-photon exchange contribution might be
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able to resolve this discrepancy. Another set of observables where such a contri-
bution could be of interest are higher-order “box graph” contributions to weak
interaction observables [19]. Here, vZ and W W~ “box diagrams” are, in several
cases, the leading unknown contributors. Finally, QED final state interactions
must be accurately computed in direct searches for T-odd, P-even effects. In
each of these instances, a calculation of QED corrections requires a realistic and
sufficiently precise treatment of hadronic intermediate states, particularly those
arising in two-photon exchange amplitudes, M. -, or the analogous amplitudes in-
volving the exchange of one heavy gauge boson and one photon. Since the leading
QED contribution to A,, arises from Im M., experimental measurements of the
VAP provide an important test of theoretical calculations of M., needed for the
interpretation of other measurements.

At the same time, the VAP provides a new window on nucleon structure, as
M., probes the doubly virtual Compton scattering (VVCS) amplitude. In recent
years, virtual Compton scattering (VCS) on the proton has become an important
tool in probing the internal structure of the proton. VCS involves the coupling
of one virtual and one real photon to a hadronic system. In the case of the
proton, the VCS cross section is sensitive to the generalized polarizabilities of the
proton, and its measurement should provide insight in the proton structure [20].
In practice, however, this cross section includes Bethe-Heitler (BH) amplitudes
associated with radiation of a real photon from the electrons. Proper treatment of
the cross section must therefore be taken in order to obtain a correct interpretation
of the measurement. In contrast, the process involving the coupling of two virtual
photons to the hadronic system is immune to background BH amplitudes and,
thus, offers an alternative to VCS in probing the proton structure.

With the aforementioned motivation in mind, we study the VAP in the frame-
work of an effective theory of low-energy ep scattering. Since the SAMPLE mea-
surement corresponds to kinematics close to the pion electroproduction threshold,
we consider only the electron, photon, and nucleon as dynamical degrees of free-

dom. In this respect, our analysis corresponds to the use of heavy baryon chiral
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perturbation theory with the pions integrated out. To make the treatment system-
atic, we expand A,, in powers of p/M, where p is either the incident electron energy
(E) or mass (m) and M is the nucleon mass. Working to second order in p/M,
we obtain all contributions to A, that arise uniquely from one-loop, two-photon
exchange amplitudes and obtain a prediction that is free from any unknown pa-
rameters. We also write down the leading, non-renormalizable T-odd, P-even eepp
operators whose interference with M, can generate a non-zero VAP and show that
they contribute at O(p/M)*.

We find that inclusion of all one-loop effects through O(p/M)? in M., as well
as all terms in M, through this order is sufficient to resolve the disagreement
between the SAMPLE result and the simplest potential scattering predictions.
This resolution follows from several effects that occur beyond leading order in
p/M: recoil corrections to the pure charge scattering result obtained in Ref. [5],
the nucleon isovector magnetic moment, and the proton charge radius. In the
absence of dynamical pions, contributions from the nucleon polarizability arise at
higher order than we consider here and appear unnecessary to account for the
experimental result. Given that the incident electron energy E is of the same
order as m;, we have no a priori reason to expect agreement of our computation
with experiment. What it suggests, however, is that for this kinematic regime,
pions play a less important role in the VVCS amplitude than one might naively
expect. Future, low-energy A, measurements, taken over a broader range in ¢?
and scattering angle than the SAMPLE measurement, would provide additional,
useful tests of this conclusion.

We also consider A,, at forward scattering angles and energies somewhat higher
than those of the SAMPLE experiment. Results for this kinematic domain have
been reported by the A4 Collaboration at the MAMI facility in Mainz [6]. Al-
though we would not expect our framework to be reliable in this kinematic regime,
where the electron energy E is much closer to M, it is nonetheless instructive to
compare with the Mainz results as a way of pointing to the physics that may be

operative in this domain. Indeed, we find substantial disagreement (50 for the
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Q? = 0.106GeV? point and 30 for the Q? = 0.230GeV? point) with the Mainz
data [6]. The culprit could be that going to the Mainz kinematics exceeds the limit
of validity of our effective theory, and that we must include additional dynami-
cal degrees of freedom such as the 7 or A(1230) resonance, or both. Inclusion of
such degrees of freedom will result in the need of computing Feynaman diagrams
containing multiple loops. In such a case, one would be required to compute both
real and imaginary contributions from the loop integrals. As such, future studies
using alternative methods such as dispersion relations may be needed to explore
this kinematic domain.

Finally, we also consider A, for polarized Mgller scattering. The VAP for
this process has been measured by the E158 Collaboration at SLAC [21], and
theoretical computations given in Refs. [22, 23, 24]. Our computation agrees with
these earlier A, (ee) calculations, providing a useful cross-check on our study of

the VAP for ep scattering.

1.3 Parity-Violating Electron-Deuteron Scattering

The purpose of the second computation is to compute a theoretical value for
the electron-deuteron scattering parity-violating asymmetry including two-nucleon
currents. This theoretical value is of interest for the interpretation of the SAMPLE
experiment. The SAMPLE Collaboration measured the longitudinal asymmetry
in polarized elastic electron scattering on the proton [7] and polarized quasi-elastic
electron scattering on the deuteron [25]. In the experiment, elastically scattered
electrons are detected in the backward direction (130° < 6 < 170°) by a large
solid-angle air Cerenkov detector consisting of ten mirrors which image the target
onto ten 8-inch photomultiplier tubes.

The asymmetries measured by the experiment are sensitive to the nucleon’s

form factors:

—GrQ?
4/ 2c

eGLGZ + 7G},GZ, — (1 — 4sin? Oy )€ G, G4

A
«(GE)* +7(GYy)?

(1.38)
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where €,7 and € are kinematic quantities. One then gets the strange form factors
from the flavor structure of the electroweak coupling and isospin symmetry of the

nucleon:
o = (1—4sin® 0w)GEh, — GEhy — GERy (1.39)

Thus, if one performs the PV measurement for both electron-proton and electron-
neutron scattering and if other effects are under control, the two measurements can
be used to determine the values of the strange form factors. Neglecting two-nucleon
current effects, preliminary results at the time this calculation was performed were
in disagreement with theoretical predictions, in particular for the axial contribu-
tion [26]. This discrepancy has later disappeared through a re-analysis of the
data [8]. This calculation was, thus, undertaken in order to better understand the
size of the two-body effects in the quasi-elastic electron deuteron scattering. The
computation uses EFT to obtain the two-body leading order long-range current
operators, which are then combined with a phenomenological model of the initial
and final state.

Neutral charge and current one-nucleon operators are well-known (see, for ex-
ample, Ref. [27]). The contribution of such operators to the asymmetry was
computed at various momentum transfers in Ref. [28]. Several theoretical issues
were studied in detail. For the kinematical region relevant to SAMPLE, final-state
interactions were found to be important. It was also found that (except for very
low momentum transfers) the asymmetry in the vicinity of the quasi-elastic peak
is fairly independent of the choice of two-nucleon (N N) potential.

Two-nucleon charge and current operators have also been studied to some
extent. Electromagnetic heavy-meson exchange contributions were considered in
Ref. [29]. They were shown to be unimportant in a calculation of the asymmetry
that neglected final-state interactions. In Ref. [30], an impulse approximation
modified to incorporate gauge invariance was employed. The effects of parity-

violating NN interactions on the deuteron wave function were found to be small.
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Pion-exchange currents were included in the computation of the asymmetry, but
only in the electromagnetic sector.

In the present work these earlier calculations are extended. The leading one-
body and two-boy currents are calculated using EFT [3, 31]. For the two-body
currents we consider pion-exchange diagrams for both the electromagnetic and
weak contributions. These currents are then incorporated in a successful phe-
nomenological model [32]. The phenomenological model is used for two purposes.
First, it allowed for the generation of the result in a timely fashion and second, it
allowed for the inclusion of some higher order terms. If contributions from these
higher order terms turns out to be significant one would then need to go back
to the EFT and systematically compute higher order terms (see Section 3.3.2 for
further discussion).

Within the model, the one-nucleon currents considered here include phenomeno-
logical form factors and have the same form as those in Ref. [27]. In addition,
the model used can include effects from heavier mesons evaluated using the Riska
prescription [33]. Such contributions are beyond the leading-order contributions
obtained from EFT. As such, to make the connection between these effects and
EFT, higher-order terms in the diagrams considered and new diagrams must be
included in the EFT computation. Since including these contributions has no
significant impact on the final result, the relevant EFT diagrams will not be com-
puted. Finally, the asymmetry is calculated with deuteron and final-state wave
functions obtained from a realistic potential, the Argonne v1g model [34].

Since this calculation was performed, more work has been done on the subject.
A new operator that was not considered in this work is presented in Ref. [35].
Calculations that consider parity violation arising from hadronic PV were shown
to be small and are reported in Ref. [36] and Ref. [37].

The results for the kinematical region of interest to SAMPLE are presented.
(The calculation can be repeated at other momentum transfers, such as those of
the lower energy SAMPLE experiment [38] [8] and JLab’s GO experiment [39].)

The effects of two-body currents on the asymmetry, both near the quasi-elastic
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peak where one-body processes should dominate and away from the quasi-elastic
peak where these two-body currents could be important, have been studied. The
results show that most of the two-nucleon contributions to the asymmetry are
due to currents of pion range and, therefore, dominated by the leading operators.
Near the quasi-elastic peak, two-body currents give a small contribution to the
asymmetry. Away from the peak, they become more important and can increase
the magnitude of the asymmetry by as much as 3%. The contribution to the
asymmetry associated with the electromagnetic-axial current interference response
function is about 20%. The overall effect of two-nucleon currents on the data of the
SAMPLE experiment is indeed small, but not negligible, and has been incorporated
in the data analysis [26].
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Chapter 2

The Vector Analyzing Power in Elastic

Electron-Proton Scattering

2.1 Introduction

An introduction to this study of the vector analyzing power in elastic electron
proton scattering was presented in Section 1.2 and is discussed in detail in this
chapter. The work presented here was published in Physical Review C70, 2004,
054003 (nucl-th/0405044).

The chapter is organized as follows: in Section 2.2, we discuss general features of
the VAP and our approach to the computation. Section 2.3 provides details of the
calculation. In Section 2.4, we give numerical results and discuss their significance,
while Section 2.5 presents our conclusions. Technical details are provided in the

Appendices.

2.2 General Considerations

We are interested in computing the VAP in elastic ep scattering:

A, = =
doy + doy |M,|?

(2.1)

where doy () is the differential cross section for scattering of electrons with incident

spin parallel (anti-parallel) to K x K’. In a phase convention where the single
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€ (b)

Figure 2.1: Two photon exchange diagrams. The wavy lines indicate virtual pho-
tons, while k (k') and p (p’) denote the initial (final) electron and proton momenta,

respectively.

v-exchange amplitude M., is purely real, A, requires a non-vanishing imaginary
part of M,Y,Yl. To compute the latter, one must consider both the box and crossed-
box diagrams of Figure 2.1. Simple power-counting arguments indicate that the
contribution to M., arising from the leading-order yp couplings is ultraviolet finite
but infrared divergent. Thus, in general, one must also compute the contributions
to A, arising from the bremsstrahlung diagrams of Figure 2.2. As we show by
explicit calculation in Appendix A, however, the bremsstrahlung contribution to
A, vanishes identically, while ImM.,, is infrared finite. The resulting, leading-
order contribution to 4,, is O(p/M)°.

Additional contributions to M., arise from higher-order operators that couple
one or more virtual photons to the proton and electron. We neglect the latter
since they are suppressed by additional powers of the fine structure constant?. In

contrast, the yp operators are induced by strong interactions and have couplings of

!By ImM.,~, we mean the coefficients of the various products of fermion bilinears, ele NT'N,

etc. that appear in the amplitude.
2For high energy scattering, these higher-order QED contributions may receive logarithmic

enhancements [24].
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Figure 2.2: Bremsstrahlung contributions.

order e. In order to treat their contributions systematically, we adopt an effective
theory framework since we cannot compute the operator coefficients from first
principles in Quantum Chromodynamics. The natural framework for doing so is
heavy baryon chiral perturbation theory (HBxPT), which provides a systematic
expansion in powers of p/A, and p/M, where A, = 4nF; is the scale of chiral
symmetry-breaking and p is an external momentum or mass with magnitude much
less than M and A,. In the present case, where we integrate out the pions, we take
p = E or m (where E and m are the energy and mass of the incoming electron)
and use M as the heavy scale. For the kinematics of the SAMPLE experiment,
E >> m. Since there are no hard collinear infrared singularities in Im M., we
may drop all power corrections involving the electron mass and obtain our result
as an expansion in E/M.

The leading terms in heavy baryon Lagrangian for nucleons and photons rele-
vant to our computation are:

_ 1 _
Ly, = Byiv-DB,+ 5B, (v D)* - D?| B,
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ef

_ C
+mewaﬁFanBysﬁBy _ &

WB’U'U“Bva)\FHA —+ .. (22)

where B, is the field for a heavy proton of velocity v,, where D, = 0, — ieA,,
and where we have shown explicitly all yp interactions through O(p?). The latter
arise from the subleading kinetic term in Eq. 2.2 as well as from the operators
containing the field strength, F'*”. The coeflicient p = 2.793 is the proton magnetic

moment, while C}. determines the proton Sachs, or electric, radius:

M? dGo,(t
Cr= T<r?>E =M Tb;()'t:‘) (2.3)
where t = ¢?. The experimental value for (r?)p = 0.743 fm? [40, 41] implies

C, = 2.81. When included in the loop diagrams of Figure 2.1, these interactions
generate contributions to the ep amplitude M., and M., through order (p/M)?
relative to the leading term. To this order, operators associated with the nucleon
polarizability (see Figure 2.4) do not contribute, as they are given by

«

e F" F,,B,B, (2.4)

and thus occur at O(p?) in Ly~ when the pion is treated as heavy. Furthermore, as
can be seen from Figure 2.4, there is no way to cut this diagram and end up with
on-shell intermediate states. As such, we conclude that there is no absorptive con-
tribution from the loop integral, thus, even if we were to include the polarizability
it would not contribute to the VAP.

Higher-order contributions to A, can also arise from effective T-odd, P-even
eeN N interactions. The origin of such operators could be either physics that we
have integrated out, such as contributions to M., from 7N or A intermediate
states, or explicit T-odd, P-even interactions arising from new physics. As shown
in Appendix B, there exist no Hermitian, four-fermion operators at dimension six
that contribute to A,,. The lowest dimension T-odd, P-even four-fermion operators
have dimension seven and would nominally contribute to A, at O(p/M)3. We

show, however, that contributions from these operators vanish to this order and
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Figure 2.3: Contributions to the VVCS amplitude appearing in Figure 2.1. Open
circles indicate the leading order YN couplings, solid circles indicate the contri-
butions from O(p/M) corrections to the leading couplings, such as the magnetic
moment and recoil corrections. The O(p/M)? corrections arising from the charge

radius are denoted by a solid circle inside an open circle.

first arise at O(p/M)*. Since we truncate our analysis at two orders lower, we
may neglect these operators and obtain a parameter-free prediction for the VAP.
Nevertheless, we discuss these operators briefly in Section 2.4 when considering
the possible size of neglected, higher-order contributions.

As we show in detail in Section 2.3, the leading one-loop contributions to A,—
generated by two O(p) p insertions in the VVCS amplitude (Figure 2.3a)-are
finite, non-analytic in p, and occur at O(p/M)", whereas those generated by the
dimension seven T-odd, P-even operators arise at O(p/M)*. Thus, the leading
contributions are uniquely determined from the one-loop calculation. Similarly,
contributions to M., involving one O(p) and one O(p?) vp interaction (Figure

2.3b, c¢) contribute to A, at O(p/M), are also finite and non-analytic in p, and
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Figure 2.4: Polarizabilty diagrams. This appears at O(p/M)? and is not included

in the computation.

are unique to the loop calculation. The O(p/M)? loop contributions arise either
from two O(p?) yp operators (e.g., two insertions of the nucleon magnetic moment
operator, Figure 2.3d) or one O(p) and one O(p?) term (viz, the proton charge
radius). We find, however, that the O(p/M)? components of M., arise only
from the vp magnetic moment interaction as well as from recoil order terms in
Ln~. Contributions to M, from the proton charge radius vanish, though it does

contribute to A,, as a higher-order term in M,

2.3 Two-Photon Exchange

The evaluation of four-point functions for general kinematics does not readily lend
itself to evaluation using standard Feynman parameterization in the loop integrals.
Alternate methods for evaluating these integrals that do not rely explicitly on
Feynman parameters have been worked out in Refs. [42, 43] and have become
standard. In the present case, where we are interested in backward angle scattering

at nonzero ¢, we would ideally like to use this formalism. However, the form of
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the heavy-baryon propagator does not permit one to adopt the t’Hooft-Passarino-
Veltmann formulation directly.

We circumvent these difficulties by carrying out the computation with rela-
tivistic baryon propagators and by expanding our result in powers of p/M. Doing
so allows us to evaluate the loop integrals using the standard formulation of Refs.
[42, 43]. It has been shown in other contexts [44] that doing so allows one to
recover the heavy-baryon result so long as the external momenta are sufficiently
small. Moreover, our loop results are entirely non-analytic in p and, thus, must
match the corresponding non-analytic results obtained with heavy-baryon prop-
agators. To the order of our analysis, there exist no four-fermion operators that
could account for differences between relativistic and non-relativistic treatments
of A,.

The one-loop M., is nominally infrared singular and must, therefore, be reg-
ulated with an IR regulator such as a photon mass. On general grounds, the
regulator dependence should be cancelled by a corresponding dependence of the
bremsstrahlung contribution to the spin-dependent cross section. As is well-known,
such a cancellation occurs for unpolarized scattering cross section. In Appendix B,
we work out the corresponding bremsstrahlung contribution to A, and show that
it vanishes identically. Consequently, ImM.,, must be IR regulator-independent.

In general, the amplitude M., depends on each of the eleven integrals obtained

in Ref. [43]. The imaginary part, however, depends on only four:

Do = Zin(g) Ol — (mo+ M)
Col1.23) = J=ln <§>@< ~ (m+ M)?)
)=

Co(1,3,4) = Co(L,

Bo(1,3) = W\/T_@(s—(m—i-M)Q) (2.5)

where the three labels associated with the By and C functions indicate which

propagators are used for the two-point and three-point integral as discussed in
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Appendix C, A is the photon mass, and:
A = s% —25(M?* +m?) + (M? — m?)? (2.6)

These integrals have been previously computed in Refs. [43, 45] (In [45] they
are obtained by the use of dispersion techniques). The Dy and Cy loop integrals

diverge as A\ — 0, but the combination:

2w A

2Cy + Dot = —= In(—

)O(s — (m + M)?) (2.7)

is finite in this limit and is the only combination of Dy and Cj integrals that is so.
As such, the two-photon contribution to A, must only contain terms proportional
to this combination or to the By integral.

In evaluating the loop contributions to A,, it is most efficient to identify the
terms in M., that generate the correlation of Eq. 1.37 by carrying out the Dirac
algebra in the interference term ImM.,, M before evaluating the momentum
integrals.> After carrying out the momentum integration, the contribution from
the box diagram of Figure 2.1a is:

B (4ra)? 16mn?(4nq)
At (A st)

2Im MO M, PP, S, KoK}y

{ {4(1\42 —m? —35)M?R + k[(6R + 2)A — ((m* — M? — 5)R + 2s)t]
1
2 3 2\ A2
|2 16M2)A
+ KR8M2(A+St)[(3m+ 6M7)
4+ A(11m* —2(13M? + 8s)m? + 15M* 4 11s% 4 14M?s)t
4+ 4s(2m* — (5M? 4 4s)M? + 3M* + 25* — 3M?s)t?] | (2Cy + Dot)
A+t
- 4#(# + 4k + 2)30} (2.8)

s, t, and u are the Mandelstaam variables, kK = p — 1 is the nucleon anomalous

3This procedure introduces no ambiguities because Im M., is finite to the order of our analysis.
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magnetic moment and:

R—lzt[ il Cr}

—_— - — 2.9
AM?2 M2 (2:9)
To obtain the result consistent with our power counting, we expand Eq. 2.8 in

powers of p/M up to second order relative to the leading term:

(4mar)? 32m2amMet P P, S, K. K},

t  VEZ—m2[(E2 —m?2+t/4) + Lt + mt)

{ [m [M] —2E/M + (2E? — m2)/M2]

box *
MMM, = —

X

{ N 3E N 2m? N K? 32(E% —m?)? +t2/2 + 10(E? — m?)t
M ' M2 M2 4(E? —m?2) 4+t
2
9 9 K +4k+2[, o oyt
S

(s — (m+ M)?) (2.10)

where the ©-function arises from the integrals 2Cy + 2Dgt and By. Note that we
have retained the m-dependence purely for illustrative purposes, as m << E for
the experiments of interest here. The corresponding contribution from the crossed-
box diagram can be obtained by crossing symmetry with the replacement s — u.
In this case, the ©-function vanishes, so only ImMB?YXMTY contributes.

In the expression 2.10, the terms that go as powers of E/M or m/M but do not
contain factors of x or C) arise purely from recoil effects. The proton charge radius
contributes solely via M,. Although it also contributes to the absorptive part of
M., the resulting terms do not contribute to the spin-dependent correlation of
Eq. 1.37. Including the magnetic moment, charge radius, and recoil-order terms in

M., along with the loop contributions in Eq. 2.10 leads to the following expression
for the VAP:

l

2atm

VE? —m2[(E? —m? +t/4) + Lt 4 mt]

4M?

X { [m [M] —2E/M + (2E2 — m?) /M2

A, = -

=
X
8
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3E  2m? k% 32(E% —m?)? +12/2 + 10(E? — m?)t
Rt +om+2 DR~

M M2 M 4(E2 —m?) +t
4k, 4 9 K2 +4k+2[, 9 t

4Ft
8E? + 4t)R? + —
X [( + 4t)R* + i

tt+2m2+2n(t+2m2)+H2[t+4(m2—E2)]/2]1 (2.11)

2
Dropping all terms that go as powers of E/M, m/M, or t/M? yields the result
obtained in Ref. [5] that was obtained for scattering from an infinitely heavy,

point-like proton.

2.4 Results and Discussion

The expression for A, given in Eq. (2.11) provides a parameter-free prediction
for low-energy electron scattering. In Figure 2.5 and Figure 2.6, we plot A,, as a
function of energy for fixed laboratory frame scattering angles 6 = 146.1° (Figure
2.5) and 6 = 30° (Figure 2.6), while in Figure 2.7 we show the VAP for fixed energy
E =192 MeV while varying 6. In all cases, the leading-order calculation is shown
for comparison. In Figure 2.7, the relative importance of the recoil, magnetic
moment, and charge radius contributions are also indicated.

The result obtained in the SAMPLE measurement is also shown. While the
leading-order calculation overestimates the magnitude of A,, by a factor of roughly
four, inclusion of the higher-order terms considered here produces agreement with
the experimental value. Interestingly, there appears to be scant evidence that
dynamical pions or the A play a significant role in A,, for this kinematic region
(E =192 MeV), despite one’s expectation that they might.

At higher energies, our result for A, cannot be considered reliable, since the
convergence of the effective theory expansion breaks down for £ ~ M. The A4
collaboration at Mainz has measured A,, at £ = 570.3 MeV and E = 854.3 MeV
and 25° < 6 < 35°. Results for the higher-energy VAP have been reported in Ref.

[6]. A comparison with our computation indicates that the experimental values for
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Figure 2.5: VAP vs. energy for fixed scattering angle, 8 = 146.1°. The dashed blue
line is the leading-order result, and the solid red line shows the full calculation.

The SAMPLE result [4] is also shown at E = 192 MeV.
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Figure 2.6: VAP vs. energy for fixed scattering angle, § = 30°. The dashed blue

line is the leading-order result, and the solid red line shows the full calculation.

forward-angle scattering and higher energies are substantially larger in magnitude
than we are able to obtain via the low-energy expansion to O(E/M)?. Presum-
ably, a resummation of higher-order contributions in £/M using non-perturbative
techniques, such as dispersion relations, would be required to compute reliably A,
in this domain [18, 46, 47, 48, 49]. We would also expect that inclusion of nucleon
resonances and pions as explicit degrees of freedom would be needed to account
for the experimental results.

One indication of the possible strength of these higher-order contributions may
be given by considering the T-odd, P-even dimension seven operators. As shown
in Appendix B, there exist two d = 7 operators that could, in principle, contribute.
From an explicit calculation, we find that only one of the twof(’)Z?Vfleads to a non-
vanishing A,,. Here, it is useful to consider the form of this operator for relativistic

proton fields, N:

a207 _ v =S ~
Mgaea“ 75(3 + D)ye Nvysy, N (2.12)

Ta __
OeN -
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Figure 2.7: VAP vs. scattering angle for the SAMPLE kinematics (E = 192 MeV).
The dotted black line gives the leading-order result, the blue dashed line adds the
recoil corrections, the green dash-dotted line adds the magnetic corrections, and

the solid red line shows the full calculation through O(p/M)2.
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Figure 2.8: Possible contribution from the dimension seven, T-odd, P-even opera-

tor O7% to the backward angle VAP (f = 146.1°).

Re-writing this operator in terms of the heavy fields B, leads to:

2
~ [0 07 _ — _
Olfy = —2— 3" e0"15(D + D)ye B,S"B, (2.13)
where S is the nucleon spin. The contribution from @Zj‘(, to the interference
amplitude Im MZ?\, M, goes as etveB Suvpva K /’g and, thus, vanishes. On the other
hand, using the relativistic form of the operator, (’)Zj‘{;, leads to the correlation
eBS, p,PLK ;3 that is non-vanishing for P # P’. The resulting contribution to

the VAP is: L
aCq, t2|K||K'| sin 6

A —
" At MZ?[8M?2E? + 2(2E + M)tM + t?

(2.14)

a result that is O(p/M)*. In short, the only heavy baryon operators that can
contribute involve either fields with two different velocities (viz, B, and B,s) whose
contribution requires non-zero proton recoil, or dimension eight operators involving

the B, fields only and carrying an additional p/M recoil suppression.



32

The SAMPLE result for A,, allows for a non-vanishing, but small, coefficient for
the leading, higher-order T-odd, P-even operator. Using the relativistic operator
074 for illustration and including the loop contributions through O(p/M)? leads
to C7, = 3.07+6.64. Naive dimensional analysis would have suggested a magnitude
for C'7, or order unity, so the SAMPLE results do not appear to imply the presence
of any unnatural hadronic scale physics. We may now use this range for C%, to
estimate the possible size of higher-order effects at other kinematics. The resulting
band is shown in Figure 2.8 for backward angles (f = 146.1°) and in Figure 2.9
for forward angles (f = 30°). For the Mainz measurement at £ = 570 MeV and
0 = 30°, we find —2.0 < Aﬁf) < 0.7 ppm, while A = —0.64 ppm. Thus,
one might expect the impact of the physics we have integrated out to grow in
importance relative to the loop effects considered here as the energy of the beam
is increased, and it appears reasonable to expect a magnitude of a few ppm at the
Mainz kinematics. We caution, however, that the precise value obtained in our
calculation is unlikely to be correct in this energy regime, where the convergence
of the F/M expansion is slow at best.

As a final comparison, we also consider A, in fixed target, polarized Mgller
scattering. The VAP for this process has been measured at SLAC by the E158
collaboration [21], and one expects results to be forthcoming in the near future.
Calculations of this quantity have been performed by several authors [22, 23, 24].
As a cross-check on our VAP for ep scattering, we carry out the analogous cal-
culation here. It can be performed completely relativistically without performing
an expansion in electron energy. However, since we are now dealing with identi-
cal particles in the final state, we need to compute the interference between tree
diagrams in Figure 2.10b and the box diagrams of Figure 2.10a. For the SLAC
measurement, one has F = 46 GeV. Performing the calculation in the center of

mass frame we obtain:
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Figure 2.9: Possible contribution from O7% to the VAP at § = 30°, given con-
straints on the operator coefficient C7, implied by the SAMPLE result.

do!  dot o m o 4m?
— —— = ————5sinfy/1 — —
aQ  dQ 8 /s s
2 2 —1

2 —U
do!  do! 2
AR [(tQ+tu+u2)2+4m2(m2—t—u)(t2—tu+u2)}

a0 T aa 951202

Our results are in agreement with those of Refs. [22, 23, 24].* The resulting
asymmetry is plotted in Figure 2.11 and agrees with the corresponding figure in

Ref. [24] (note that in Ref. [24], the VAP is plotted vs. cos @ rather than vs. 6 as

“In Ref. [24], O(a®) contributions arising from initial and final state radiation effects were
also computed. The corresponding contributions for the ep VAP are smaller than the hadronic

uncertainties arising at O(c), so we do not consider them.
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Figure 2.10: Diagrams contributing to the VAP for Mgller scattering.

we do here).

2.5 Conclusions

In this study, we have computed the low-energy, backward-angle VAP using an
effective theory involving electrons, photons, and protons and have obtained a
parameter-free prediction through O(p/M)?. The VAP to this order is determined
entirely by the imaginary part of the interference between the two-photon ex-
change, one-loop amplitude and the tree-level one-photon-exchange amplitude. In
the limit that M — oo, our result exactly reproduces the VAP obtained in Ref.
[5] for scattering from a structureless, infinitely heavy proton that over predicts
the magnitude of A,, at the kinematics of the SAMPLE experiment. We find that
inclusion of all contributions through O(p/M)? leads to agreement with the ex-
periment and leaves little room for important effects arising from dynamical pions
or nucleon resonances at these energies. The leading counterterm contributions
arise at O(p/M)* and are consistent with zero. Thus, the SAMPLE measurement

provides no evidence for unusual hadronic physics effects at these scales. The data
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Figure 2.11: The Mgller VAP vs. CM scattering angle at the K158 kinematics.

also constrain the magnitude of the counterterm coefficients to be of natural size
and lead one to expect the VAP as measured by the A4 collaboration at Mainz to
be at most of the order of a few ppm. Given the range of validity of our effective
theory, however, we cannot produce a reliable prediction for VAP at the Mainz
energies.

In this context, the results of the SAMPLE measurement have notable con-
sequences for studies of weak interaction processes. In the case of both neutron
(B-decay and parity-violating ep scattering, theoretical consideration of final state
QED corrections to the leading-order weak amplitudes is important for the inter-
pretation of various measurements [19]. To the extent that these measurements
involve relatively low lepton energies, an analogous effective field theory computa-
tion of one-loop graphs involving the exchange of one weak vector boson and one
photon should be reliable at the ~ 20% level relative to the size of other O(«)
corrections. Future, more precise measurements of the VAP at low-energies and

over a range of angles would provide important tests of this provisional assessment.
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One might also ask how competitive the SAMPLE measurement is with other di-
rect searches for new T-odd, P-even interactions. As discussed in Refs. [12, 13],
direct searches are most relevant in symmetry-breaking scenarios wherein parity
is broken at or above the scale for the breakdown of T. Existing direct searches
imply that ap S few x 1073, where ar is the ratio of a typical T-odd, P-even
nuclear matrix element to those of the residual strong interaction. When trans-
lated into bounds on generic, dimension seven operator coefficients C7 [under the
normalization of Eq. (2.12)], one obtains |C7| < 2. The sensitivity of the SAMPLE
measurement is comparable. Given that conventional, hadronic final state effects
that have been integrated out in our computation naturally imply a value of Cz,
with a magnitude of order unity, it appears unlikely that one will be able to cir-
cumvent the corresponding theoretical hadronic uncertainties as needed to make
the VAP a direct probe of new physics. On the other hand, low-energy studies of
A, could provide important information for the theoretical interpretation of other

precision, electroweak observables.

Appendix A: Bremsstrahlung Computation

Here, we show that the Bremsstrahlung amplitudes corresponding to Figure 2.2

give a vanishing contribution to the VAP. The amplitudes are:

M = SR ey e a5 () al) e ulp)
M = () e o e iy, L0 eyt e )
M = LR ey u(K iyt o e oty

M = SR ey u()al) ey ea LI M) oy ) (2.16)

Here, [, is the radiated photon momentum. The square of the invariant amplitude:

(2.17)

MB:‘MaJr---Jer‘Z



37

depends on ten different products of leptonic and hadronic tensors. The leptonic

tensors are:

o -

A+ m)

1 +75$

o —L+m)

- a _xf3
puv [(I)( +m)7ﬂ(K l)2 T)’L2 Ya G){—i_ ) (K—Z)Q—T)’LQ’YV]E €
+m) 1+75$ '+ 1 +m)
Lab — GK /l a _x03
pv [(I)(‘*‘m)’Yu(K l)2 m2 a 2 G){—i_m) V(K/+l)2_ 27 ]6 €
BK—1+m) 1498
L(IC — (04
v [(I)( + m)’y“ (K l)2 _ m2 Yo 9 G){ + m)ﬁyl/]e
ad __ ac
Ly = L
/ !
b _ K +1+m) 1+958 K +L+m) o
Lo = Tl mhegep ey € g sl
. "+14+m) 1+ o
L = T+ m o R g e
bd _  gbe
Liw = Ly
1+
L5 = Toll + mp I g4 m)y)
cd cc
Liw = L
dd __ cc
Ly, = L, (2.18)
The corresponding hadronic tensors are:
Hiy = Tr[(p + M)y (p+ M)
HEY = Hp
v -+ M vk
iy = Tl wn* EEEE N
v L, W+ I+ M .
HY = T+ M M R 0,
my = H
my =
Hy = Hag
HE = Tl M S o My P e
v o (b= 1+ M) +A+M) 0 .
Hly = Tr{(p' + M)y mV“(ﬁ + M)’Yﬁ(p/—i—l)—Q—WV Jeats
y +A+M)
gy = ool + 2o L sy
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5 @+ 1+ M)

—(p’ )P MQ’YV]GaGE (2.19)

We now need to compute:

1
ME = / d4l{ p [LZ‘;H% + L HY 4 LHM + Lo H" + L% 1LY

v

+ h.c.}
1

= Eq/fﬁgbﬁszmbwﬁ+L%»+&%@%+L$+Lﬁ>
pol

pol

b v bd v d v dd v
+ LucquéLc + L/lel)ji + LZCVHECV + L/CWHéLd + L;waiLd

+ LE(H, + i+ Hiy)

+ h.c.} (2.20)

where the sum is over all polarizations of the radiated photon. We are only inter-
ested in the terms proportional to ea@.ygSo‘kﬁ k"'p%. First the momentum integrals

are investigated:

1 1 1 1
. 278 4
1° = d*l
e B s e e e T e Vel e
1 1 + 1 1
=07 =P (=P =2 W+ 02— m? (W + 12— m?

4 ] (2.21)

_|_

We can evaluate the generic two point integral as defined by:

iWQB(p2;m%,m%) =

d"q

M4—n
1 1
X 2.22
[qQ—l-m%—ie (q+p)? +m3 —ie (2.22)
We are only interested in the imaginary part of B. We find that above the physical
treshold s = —p? > (m1 + ms)? this integral develops an imaginary part [50]:

(s, mi, m3)

ImB(p?;m?,m3) = 1+————""0(s — (m1 +ma)?) (2.23)
s
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Evaluating the B functions for the kinematics involved here one finds that none
of the integrals of Eq. 2.21 develop an imaginary part. As such, evaluating the

traces and performing the integration, a result of the form:

MB = film, M, s, t,u) + fa(m, ]\4,5,t,u)ieafgwg.5’0‘/<:ﬂ,1<:“’p‘S + h.c.

= 2f1(m, M, s, t,u) (2.24)

is obtained. Hence, there is no contribution to A,,.

Appendix B: Local Operators

As discussed in the text, we are interested in computing the contribution to the
VAP from local, four-fermion eeN N operators. The lowest-dimension operators of
this form have dimension six. First, we show by explicit calculation that all d = 6
operators give vanishing contributions to A,,. The most general form for the d = 6

operators are:

2

o _
o = Wé(Cl + Co75)eN(C] + Cyys)N
2
Ie% _
o = Wé(czs + Cyys)7y"eN (Cy + Cyys )y N (2.25)
2 —_
O = 258(Cs+ Cors)o™ eN (G4 + Ciys)ou N (2.26)

where we have used relativistic nucleon fields N (the corresponding argument car-
ries over straightforwardly in the heavy-baryon formalism). To make the above
hermitian we require all the constants Cé N to be real. We now compute the inter-
ference of the amplitudes associated with these operators and the tree amplitude
M., retaining only the desired structure eamgSO‘pﬁK YK, The corresponding

leptonic and hadronic tensors are:

1
Lg, = Tr[l"+m)(C1+ Cayys)

Ly = Trli +m)(Cs + C4’YS)’YVT(K + m)y*]
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LEY* = Tr|l" +m)(Cs + Cgvys)o”* ———— L+ ’YS$ H + m)y*]
Hg, = Tr((p' +m)(C + Cyys)(p + m) “]
Hg' = Tr((p +m)(Cs + Ciys)7" (b + m)y"]

Hg* = Tr(p/ +m)(C5 + Cg3)0" (p + m)"]

(4ma)a?

tM?2
LgaHu(ﬁa) + Lgtl,/H;w(Gb) + ngaH,ulla(Gc) +h.c. (2'27)

MGM: +hec =

Evaluating the traces and keeping only the terms of interest we obtain:

(47Toz)a2
tM?
( CL1CIM — C4Cim)enprsS°pP KYK” +he.  (2.28)

MeM: +he. = il6

Since all the C’s are real we see there is no contribution from dimension six terms.

This result is as expected, as the operators Og,_. are even under both T and P.
Now consider d = 7 operators. As for the d = 6 operators, all contributions

from T-even P-even d = 7 operators will vanish. We may, however, write down

two Hermitian T-odd, P-even d = 7 operators:

2

(6 — — _
Ol = 77C7e10™ (D + D)eNqsy,N (2.29)
2
(0% _ — U=
OZ?V = W07b6’y5’y“€]\7750“ (D —1—3)”]\[ (2.30)

As before, we evaluate the interference of the above with M.,. The corresponding

leptonic and hadronic tensors are:

1+’75$

75$

Ly = iTr[i +m)’750“aqa B+ m)y"]

Ly = Trle’ +m)yyt # +m)y]
ag, = Tr{(p +m)ysy"(p + m)'y ]
HE = iTr[(p' + m)ys g (p + m)y"]
. (4ma)a?
M7M7+h.c. = 11—

tM3
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A 4
A 4

Oy
oY

Figure 2.12: Momentum routing for the two-photon box graph integrals.
CralbY H 70y + Cu Ly H 7y | + hoc. (2.31)

Evaluating the traces we note that only the L5, H uv(7a) contributes:

16(4 2Cq
MiM, +he. = %eawsawm'é (2.32)

We are intrested in the contribution such a term gives to the VAP. Keeping only
the leading piece of the tree amplitude we get:

i oCra t2|K|| K| sin 0

A\ =
" 4t MZ2[8M2?E? 4+ 2(2F + M)tM + t2?

(2.33)

Appendix C: Loop Integrals

Here, we provide additional details about the computation of M,,. As noted in
the text, the contribution from the crossed-box diagram vanishes, so we consider
only ImMggxM:';. We may express the latter in terms of the leptonic and hadronic

tensors:
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1458

e = a( ey T ey L

12 — m2

Huo = a(p)lie(+r(l+ Ky = S22 (1 + K))

(1 + K)Ju(p)
KO any

2M

d*l —i —i —i
box * vo
= L* H,upo 2.34
Moy My / 2m2"  (+ K2 (+K)2 (K- K2 " (2.54)

u(K)u(K)(ie)y"u(K')

i+ + M)
(I+K'+9p')?—M?

ROy§
2M

x u(p)[ie(1 +r(K — K')?)ya +

x [lie(Q 4+ 71+ K)*y, +

(K — K')"u(p’)

We define the loop integrals from above as follows:

WDy = [ e R AT R
in"Da = /d4l(z2 —m2)(l + K")2[(I +l;(’ +p)? = M?|(L+ K)?
in"Dag = /d4l(z2 —m?)(l + K")?[(l Jiall?’ +p')? = M?)(1 + K)?
in*Dagy = /d4l 2 —m?)(1+ K')?[(l ljlfju P')? = M|l + K)?
i Doy = / & )l + K")? [(llilﬁflgfli 77— ke &)

In order to evaluate these integrals, we follow the methods of Refs. [42, 43], and our
notation follows that of Ref. [43]. To this end, we need to compute the following

three point functions:

/d4z -

(2 —m2)(1+ K')?[(l+ K'+p')? — M?|
/d4l =
2—m2)(l+ K')2( + K)?

in?Coy(1,3,4) = /d4 !
0o\, 9y Z+K,+p) M2](l+K)2

1
s o T (e o

in?Cy(1,2,3) =

in?Co(1,2,4)

in2Cy(2,3,4)

(2.36)



and two point functions:

in?By(1,2) =
it?By(1,3) =
in?By(1,4) =
in?By(2,4) =
in?By(2,3) =

in?By(3,4) =

43

1
/ & Z—m2)(l + K')?

1
/d4l 2—m?)[(l+ K'+p')? — M?]
1
/d4l —m2)(l + K)?
[ o
(I +KN2(l + K)2
/d4l !
I+ K)?[(l4+ K +p)?— M?
/d4l L
(l+K'+p)? -

M2+ K)2

(2.37)

For all the B, C' and D integrals above we are interested only in the imaginary

part. The only two-, three-, and four-point integrals with non-vanishing imaginary

parts are:

Im DO
Im C()(l, 2, 3)
Im C()(l, 3, 4)

Im By(1,3)

In the above A is the photon mass and A = s2 — 2s(M? + m?) +

2 —t. 1

= _—tln(ﬁ)ﬁ@(s_(m"’_M)Q)
A
_ ﬁln(m)@(s—(m-i-M)Q)

= Im[Cy(1,2,3)] = Cy

= ﬂ\/TKG(s — (m+ M)?)

(MQ_mQ

(2.38)

)2.

The four-point intergrals are evaluated using the Passarino and Veltman pro-

cedure. First one sets up the required framework for the calculation. For the
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kinematics considered here, the Passarino and Veltman momenta and masses are:

pp=K mp=m

b2 =p mg =

(2.39)
ps=-p mzy=M
P4 = —K/ my = 0
The f-functions are given by:
fr = mi—mj—pi=2m?
fo = mi-m3+pi—p5=(s—M>—m?
fs = mi—mi—pi+pi=—f (2.40)

For space considerations not all the intermediate steps to obtain the integral coef-
ficients are shown. The Passarino-Veltman R-functions will be shown only for the

D, integral:

D1y Rao
Im D12 — Xfl:[m R21 (241)
D13 R
where:
1 1 2
RZO = §[f1DO + CO(]., 37 4) - 00(27 37 4)] = 5(2D0m + CO)
1 1
Ry = §[f2DO +CO(172>4) - CO(1>374)] = 5[2D0(8_M2 _m2) _CO]
1
R22 = i[ngO —|—C()(1,2,3) - CO(1>274)]

_ %[—QDO(S — M2 —m?) + Gy (2.42)
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and where the inverse of the momentum matrix X is:

-1
P% bip2 Ppi1p3

—1
X = p1p2 p% P2p3
pips pop3 P

4M2—t 3M2+4m2—s—t M2—m?+s
A+ts A+ts A+ts
_ BM?m? st 2AM2fstym?—(stt=M)2-m!  M2-m? _ 1 |(2.43)
A+ts t(A+ts) A+ts t ’
M?-—m?+s M2—m? 1 -
A+ts A+ts t A+ts t

Puting things toghether we have:
D = p{' D11 + p5 D12 + p3 D13 (2.44)

After performing the necessary algebra we obtain:

_ Do[2A + (m? — M? + s)t] — 2Cp(s + M? —m?)

tmlDu] = 2(A + ts)
Do |m* + [t — 2(M? + s)m? + (M? — 5)(M? — s — 1)
tm[Dio] = = 2(A + ts)
N 2C0(m? — M?)
2(A +ts)
—DoA 4+ 2Cys
D] = —a

(2.45)
Looking at the integral with two powers of momenta in the numerator we have:

D*® = Dyip§p} + Dasp§ps + Dasp§ps + Daalpr, pa]™”

+  Das[p1,p3]*P + Dag[pa, p3]*® + Dazg®® (2.46)
where:

[a,b]*% = a®b’ + b (2.47)



46

and after evaluating the coefficients we get:

Im[D21]

Im [DQQ]

IHl[DQg]

IHl[D24]

Im[D25]

IHl[DQ(,]

IHl[D27]

2Bo(A + st)(—m? + M? + s)?
2A(A + st)?

2Cy {2A(m2 —2M? — 8) + [(m? — M?)? — 2sM? — 52]4

2(A + st)?

Do [21\2 + 20(m? — 2M? + s)t + [m* — 2M?m? + (M? — s)Q]tQ}

2(A + st)?
DoA[2t? — 4(M? — s)t + 2A]
4(A + st)?
4Co[(m? — M?)? —2M?(s + A)]
4(A + st)?
4B0(A + St)
At

(M? — 5)%s + (M* + sQ)t]

{(5 +t)m* = 2[(s + t)M? + s*|m?

DoA3t + CoAst(2A + st)t + 2Bgs(A + st)(A + 2st)
2A(A + st)?t
2Bo(A + st)(m? — M?)(m? — M? — 5)?
2A(A + st)2
2CHA [A(m2 — 3M?) + [(m? — M?)% — 28M2]t]

2A(A + st)?

Dy [AQ + A(m? — 3M? + 2s)t + [m* — 2M?*m? + (M? — S)Q]tﬂ

2A(A + st)?
DoA[A + (m? — M?)t]
2(A + st)?

Co[2A(m? — M? — 2s) — 5?]

2(A + st)?
Bo(—m? + M? 4+ 5)(s + A)s

A(A + st)?
2DgA(A +m? — M? + 5) + 4Co[A(m? — M? — s) — s°t]

4(A + st)?
Bos[A + (M? —m? + s)t]
(A + st)At
(2Cy + Dot)A
4(A +ts)

(2.48)
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Looking at the integral with three powers of momenta in the numerator, we have:

DBy

D31P?P?p¥ + D32ng’gpg + D33p§p§pg + Daa[p1,p1, pa]®™

+  Dss[p1, p1, 03] + Das[p1, pa, p2]*® + Dsz[p1, ps, p3]**7
+  Dag[p2, p2, 03] 4 Dsg[pa, p3, p3]*?Y + Daio[p1, p2, p3)*>

+  Dayi[p1, 9% + Daialpa, 9|*?7 + Dayslps, |7 (2.49)

After evaluating the coefficients we get:

Il’n[Dgl]

Im[Dgg] =

Im[D33] =

Dy
2(A + st)3
3A(m* — 3M2?m? 4+ 2M* + 5% — 3M>s)t?

[[(mQ S M2 4 6P — 3M262 4 3M2(M2 — m?)s]t®

3A%(m?* — 3M? + s)t + 2A3}

2(AQfOSt)?) [[(mz _M2)P — 3022 4 3M2(M? — m2)s)t2
3A(m* — 3M*m? + 2M* — s* — 3M?s)t + 3A%(m? — 3M? — 5)
By 2 2 8 2y, 6

[6M* — 165M? + 3s(t — 4s)]m*
[—4MS + 26sM* + 25(10s — 3t) M? + 145%]m?
M8 —12M%s — 6M2s°t — s3(5s + 3t) + M*s(16s + 3t)}

4D,
8(A + st)3

3t°A[M (m + M) — s][M(m — M) + s] + 3tA*(m?* — 5) — Aﬂ

(Afiostp [[(m2 _ M) = M2 + 3MA(M — m?)s]

3A(m? — M? + 25)M? — 3A* M>

B
2(A + st)?Ast

[— t3[(m?* — M?)? 4+ 8% — 3M?s> + 3M?(M? — m?)s]

{— 3s[(m2 — M2)? + 55 + 2M2(M? — m?)s]t
A[(m? — M?)? 4 65° 4 6M?(M? — m?)s]t — 35°A®

A3
Dy
O2(A + st)3
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Cos 2 2,2
————(3A A2
+ (A+5t)3(3 + 3stA + 25%t?)
Bos[s(—%—f)) _3]
2 | (A+st)? At

Dq
Im[D3y] = AT P {A[(mZ — M? 4 5)t3 4 2m* — TM?*m? + 5M* + 35> — 8M?s]

+ A%(m? — 6M? + 3s) + A3]

- ﬁ [(m2 — 6M2)2A2 + (2m* — TM2m? + 5M* — 8M2s)At

4+ [(m? = M*)3 — 3M?s? + 3M?(M? — m?)s]t?

By
2sA(A + st)3
[ 22[3(m2 — M2 — (m? — 5M2)s? — 2(m* + M2m? — 2M4)s]
4+ stA[d(m?* — M?)? — (m?* — 3M?)s* + 3M*(M?* — m?)s]
4+ A%[(m? = M*)3 — (3m? — TM?)s® + 2(m* — 5M*m? + 4M4)s]}
Im[Ds5] = Q(ADfOt)S [ — A3+ (2m? — BMAtA? + [(m? — M*)? — MQS]tZA]
S
O o (o 22 342
+ 2(A+5t)3[2[ sM* + (m* — M*)* — 3s7]tA
— [4m? — (M2 + )]A — 283]
B
+ m [ — [m* — (2M? + 35)m? + M* + 55% + 8M 25| A

bOAGBM? — 2m? 4 25)s%A + [352 — (m2 — M2)2 — 2(m? — 2M2)]st2}

Im[D3s] = 72(/\203@3 [ — [(m® = M?)® + s — 3M?s® + 3M*(M* — m?)s]t?
—  (m* = 5M%m® + AM* + 35% — TM?s)At? + (4m? — 35)A%t — A?’]
+ e fost)?’ {[(m2 — M?*3 4 3M?*(M? — m?)s — 3M?s°|t?
—  (m* = 5M%m? + 4AM* — TM?s)At — 4M>A\?
+ m { — 25%(A + st)A?

— [(m = M?*)3 +45% + 2M?s% + (m* — SM*m? + TM?)s]tA

— [3(m? = M?)? +25% + 2M?s* — (m* 4 4AM>m? — 5M*)s]st?



Im [D37]

Im[Dgg]

Im [Dgg]

Im[Dglo]
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Dy
2(A + st)3
Co
(A + st)3

By
2(A + st)3At
(m? — M? — 5s)st? + 3(m* — M? — 3s)At]
Dy
2(A + st)3

Alm* + (s — 2M*)m? + (M? — s%)t?

_ G
(A + st)3

252 4 (m? — 2M2)s]t]

[A% — (m? — M?)A%]
[2t25% 4 65°tA — 2(m* — M? — 35)A?]

(A + st)s[—2A*

[A3 + A%t(m? — 2M?* — 25)

{ﬂ 3 (m? — 2M? — A% — A[(m? — M?)?

By
2(A + st)3At
s2[(m? — M*)? — 3s% 4+ 2(m? — 2M?)s]t?

[381\3 + [m* = 2(M? + s)m? + M* + 95 + 4M?s]tA?

(4m? — 8M? — 98)A82t2:|

Dy
2A(A + st)3
L[—2é(m2 — M?% — 25) + 65°tA% 4 2532
2A(A + )3t

By 3sA3
2A(A + st)3 ==
s%(4m? — 4M? — 13s)tA + s*(m? — M? — 5s)t?)

DgA
(A + st)?

A3 [m4 F [t = 202 + 8)m2 + (M2 — §) (M2 — s — 1)

+ s(=3m? 4+ 3M? + 11s)A*

[QA2 + [2(m* — M?)? + 5% + (m?* — 3M?)s]t?

(3m?* — 5M? + 35)tA}
2C

21263 _ 9t(m2 — M2)2 — 5g2

4(A—|—5t)3[t8 t(m )* —bs

(m? — 3M?s)A — (3m* — 5M?* — 3s5)A?]
Bo 3 4_ 2 2 4 2 2 142
2At(A+5t)3[28A + [m" —2(M* +25)m” + M” + 7s* + 6M“s]A°t

2(3m? — 5M? — 45)As*t? — s°[(m? — M*)? — 3s% 4+ 2(m? — 2M?)s]t?
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—2Bg(m? — M? — s)(A + st) — (2Co + Dot)A[2A + (m? — M? — s)t]

m[Dsn] = 8(A + st)?
Im[D312] = _QBO(T;LEA__Si;)Q(A + 5t)
(2Co + Dot)A[A — (M? — m? — s)t]
B 8(A + st)?
_ 2
13{ D] 2Bos(A + 22\ +(§;)2t +200)A 2.50)

Looking at the integral with four powers of momenta in the numerator, we have:

D% = Dyp?pplp} + DaapSpip3ph + Dasp§pspiph + Daalpr, p1, pr, po] 7
Dus[p1,p1,p1, 03] + Daglp1, p2, p2, p2]*° + Daz(p2, p2, p2, p3]**"°
Dus[p1, p3, p3, p3]*?7° + Dug[p2, p3, p3, ps]“*° + Daio[p1, p1, p2, p2] 7
Dai1[p1, p1,p3, 03] + Dara[p2, p2, p3, 3] + Dars[p1, p1, p2, ps]
Da14lp1,p2,p2,p3]*""° + Dass[p1, p2, p3, ps]***° + Dass[p1, p1. g]*""°
Da17[pa, p2, 917" + Dars[ps, ps, 9)*"° + Darolp1, p2, 9|77

Daso[p1, 93, 9]°%7 + Dag1[pa, p3, 91%?7° + Diaga[g, g]**° (2.51)

+ 4+ o+ o+ o+ o+

and after evaluating the coefficients, we get:

Dq
2A(A + st)ds?

Im [D41]

[m® — 4M?*mS + (6M* — 4M?s)m* — 4(M3 — M s)*m? + (M? — s)*]t

4+ 4A[mS — 4MPm* + (BM* — 4AM?s)m?* — (M? — 5)(2M? — 5)]t3
+ 2A%(3m* — 12M2*m? + 10M? + 35% — 12M?s) ¢
4+ 4A3(m? — AM? + s)t + 2A*
L G

A(A + st)ts?

[(m? — M)t — s* —4M?s® + 2M?(3M? — 2m?)s* — 4(M3 — m?M?)s]t?
4+ AA[mS — 4M®m? + (BM* — 4AM?s)m? — 2M° — s® — 4AM?s? + 5 M5t
4+ 2A2(3m* —12M2m? + 10M* — 352 — 12M?s)t + 4A3(m? — 4AM? — )
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ANMPm* — 2(M* — M2s)m? 4 (m? — 5)3)t3
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Co
A(A + st)ts?t

[(m? — M)t — 4M?s® 4 2M?(3M? — 2m?)s® — 4(M3 — m2M?)s]t?
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2A2(2m?* — 3M? 4 65)M?t — 4A3M2}

By
6A(A + st)ts?t
[2(m? — M*)* + 33s* + 12M?(3M? — 2m?)?s® — 12(M3 — m> M )?s]tA>

(A + st) {11531\3

s2[11(m? — MH* + 11s* + 12M?(3M? — 2m?)s* — 36(M> — m>M)?s]t3
s[7(m? — M?)* 4+ 33s* + 24M?(3M? — 2m?)s? — 48(M3 — m>M)%s]At?

1
6(A + st)?
%(A + st)(11A® + 59stA? + 645%82A + 225°13)
Dy
SA(A + st)is?
4(M3 — Ms)*m? + (M? — s)*]t!

[3[D0A4 + 2Cos(—4A> — 65tA? — 45* 2N — 53t3)]

{[mS —4AM*mS + (6M* — 4M?s)m*

A[3mS — 13M>m* + (17TM* — 14M?s)m? — (TM? — 4s)(m? — s2)]t3

A%(3m?* — 16 M%m? 4+ 15M? + 65% — 20M%s)t + A3 (m? — 10M? + 4s)t + A*
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2A(A + st)ts?
2(m? — M?)* — AM25® 4+ 2M2(3M? — 2m?)s® — 4(M® — m?M?)s]

+ 2A[-1582M2 + 2(9M2 — Tm2)sM?2 + (3m?% — TM2)(m2 — M?)2]¢

+ A*(6m* — 32M*m® 4 30M* — 40M?s)t + 2A° (m* — 10M?)

R (M o) N2 = MY Bt 5 M )s(m )

— (11m?* — 47M?)s® 4 6(m* — 9M>*m?* + 10M*)s?]
+ *[11(m?* — M*)* — 6(m? + 5M?)s(m* — M?)?

— 2(2m? — 13M?)s® — 3(m* — 5M*)s%]t?

4+ As[7(m? — M) + 3(5m? — 21M?)s(m? — M?)?
— (Tm?* — 67TM?)s> — 3(5m* + 6M>*m? — 19M*)s*]t

Dy 4 30,2 2
Im|D = A* + 3A —2M
[Dis] 2A(A + 8t)48[ A% (m )t

4+ A?(3m* = 8M?m? + 5M* — 4M?s)t? + (m? — M?)°

— 2(m? 4 2M?)s(m? — M?)3 — M?s* + 4M*s® + (m® 4+ 5M*m? — 6M%)s?]
Co
2A(A + st)ts
4+ 2A2(3m* — 8M?*m? + 5M* — 65% — 4M?s)t

[21\3(3m2 — 6M? — 4s)

+ 2A[(m? — M?)3 — 453 — M?s* + 2M*(M? — m?)s)t* — 2513
__ B
6A(A + st)is?
— 3(11m? — 19M?)s? + 6(m* — 3M*m? + 2M*)s]

(A + st) [AQ[W _ MY 4 2658

+ S 2(M?% — m?)3 + 1153 — 6(m? — 3M?)s% — 3(m* — 4AM>*m? + 3M*)s]t?
4+ As[5(m? — M?)? — 155(m? — M?)? 4 315 — 3(Tm?* — 19M?)s?]t

Dy
Im[Dys] = AT STAT [m® — 4M?*mS + (6M* — 4M?s)m?

— 4(MP — Ms)*m?® 4+ (M? — s)Y)t*
+ Am® —7M3>m* + (11M* — 10M?s)m? — (5M? — 45)(M? — 5)?t3
4+ 2A%(4M* — 3m>M? — TsM? 4 35%)t? — A3(5M? — 4s)t + A

Co
(A + st)*As?t4
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[(m? — M)t — 4M?s® 4 2M?(3M? — 2m?)s® — 4(M3 — m2M?)s]t?

A[—135°M? + 2(TM? — 5m?)sM? + (m? — 5M?)(m? — M?)?]¢?

_l’_

— 2A2M*(3m? — 4M? + 7s) — 5A3M?

By
+ m 983A3 + [2(’/77,2 — M2)4 + (m2 - 13M2)5(m2 - M2)2
+ 275 + 6M2%s% + 6 M2 (TM? — 5m?)s?|tA>
+ $211(m? — M?)* — 2(m? + 17TM?)s(m? — M?)? + 95 + 6M2s®
+ 6MZ%(5M? — 3m?)st® + As[7(m? — M?)*
+  (5m? — 53M?)s(m? — M?)? 4 27s* + 12M?s® + 24 M*(3M? — 2m2)82]t2:|
DOA 2 4 2. 2 2 2142
Im[Dy;] = ———>——|A —2M M? -
m[Dy7] IACA + st)ist + [m m* + ( s)°Jt
— 2At(M?* —5) [m4 + [t = 2(M? + 8)Jm?* + (M? — s)(M? — s — t)”
LG
A(A + st)tst
A[(m? — M?)? —35% + (m? — 3M?)s? + (m* — 4M?m? + 3M*)s]t?
4+ A*m* + (25 — AM?*)ym? + 3(M* — 2sM? — s3]t + (m? — 3M? — 5)A® — t?’sﬂ
By 243
— (A t)|11s“A
T GAG et TS|
4+ [(m? = M?)3 + 3353 — 6(m? — 3M?)s® — 3(m* — 4AM>*m? 4+ 3M?)?s]tA>
4+ As[5(m? — M?)? 4 3353 — 12(m? — 3M?)s%]t?
4+ s2[2(M?% —m?)? + 1153 — 6(m? — 3M?)s> — 3(m* — 4M>*m? + 3M4)S]t3:|
DO 4 4 2 2 2 2 2 :|
Im[Dyg] = ———oF——3tA t—2(M M? — )% — M?t
m[Dyg] 60A T sD)TAL m* + [t = 2(M* + s)lm” + ( s)
CO 3.4 2.3 2,.2 2 2 3
—————6[—t°s" — 4At*s® — 6A“t — M~ —4s)A
+ 67A + 517 [—t°s s s° 4+ (m s)A”]
b B0 gat L (C1im? 4 1102 + 625)¢A3
6(A + st)*At

4+ 3s(—6m? + 6M?2 + 375)t2A% + 253 (—m? + M? + 10s)t*

— 3(3m?* — 3M? — 265)Ast?]

Im[Dyy] = m [6D0A4 [m4 bt = 202 + 8)[m2 + (M2 — ) (M2 — s — 1)
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1
+ 2 Co[12(m?* — M? — 3s)tA* — 725%t2A% — 485313 A% — 12571 A]
4+ Bos[22A* + (—11m?2 + 11M? + 59s)tA3 — 65(6m?* — 6M? — 35s)t2A?

— 25%(9m?* —IM? — TTs)t3A — 453 (m? — M? — 105)H

Dy
Im[D = ——— _
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Co
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—  (5m* + 38M?*m? — 67M4)32]t2]
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Im[D = _ — M?)2 —2M2s|A% + 30 + 2 — AM?*)tA
m[Dy11] 67A + 517 [[S(m ) s|A* 4+ 3A" +2(3m )t
CO 3.4 342 2 2 3
— — 245°2A + 4 — 4M? — 65)A
+ 6(A—|—8t)4[6t8 st°A +4(3m 65s)
4+ 2[-2sM?* 4+ 3(m?* — M*)? — 1852]tA2}
BO 3 4 2 2 4 2 2 2
— L 16sA® +2[m* — (2M? + 11 M* 42252 + 14M?s|tA
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m[D 2] 12(A+st)4[3 + 2[3m* + (4s — 6M“)m~ + 3( $)7]
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2A3(2m? — 3M? + 38)t]
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6s2A3
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1
24s(A + st)3

l(Dot +2C0)sA [3A2 + A(4m? — 6M? + 5s)t

2[m* + (s — 2M*)m? + (M? — S)Q]tﬂ
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1

2Bo[—(m* — M? + 25)t*s” — 6Ats® + (m* — M* — 48)A2@

1

e [(Dot +2C))

mi 4 [t — (M2 4 5)[m? + (M2 — s)(M? — 5 — t)]AQ

2By~ (m? — M? + 2s)t%s® — dAts® + (m® — M? — QS)AQ]]

A

2[(M? — 5)? + (M?* + 2s)t}m? + (M? — 5)24

2Bo(A + st) (2.52)
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Chapter 3

Parity-Violating Electron-Deuteron

Scattering

3.1 Introduction

An introduction to the parity-violating electron-deuteron scattering was presented
in Section 1.3. This work was published in Physical Review C63, 2001, 044007
(nucl-th/0011034). This work also includes a numerical computation that was
performed using software developed by Rocco Schiavilla at Thomas Jefferson Na-
tional Accelerator Facility (TJNAF). The Thomas Jefferson National Accelerator
Facility also provided computing time on their computing facility.

This chapter is organized as follows: a summary of the relevant formulas for
the calculation of the asymmetry is given in Section 3.2. The computation of
the current operators in EFT can be found in Section 3.3. Sections 3.4.1 and
3.4.2 contain a description of the inclusion of the one- and two-body currents into
the phenomenological model. The numerical computation of the asymmetry is

described in Section 3.5. Results and conclusions are presented in Section 3.6.

3.2 The Parity-Violating Asymmetry

Parity-violating electron-nucleus scattering results from the interference of ampli-

tudes associated with photon and Z° exchanges as shown in Fig. 3.1. The initial
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and final electron (nucleus) four-momenta are labeled by k* and k'* (P* and P'*),
respectively, while the four-momentum transfer Q* is defined as Q" = k* — k'V =

(w,q). The amplitudes for the processes in Fig. 3.1 are then given by [51]:

dra
M:—@(MMMZ) (3.1)
M7 = ﬂ"y”uj;ﬁ (32)

1 G,0Q2 . e )
M?Z = 47r\/§MTQE,'YU(g$/)+QE4)'YS)UJ£ﬁ (3.3)

where o and G, are the fine-structure constant and Fermi constant for muon decay,
respectively, ggfe) = —1 + 4sin%fy and gff) = 1 are the Standard Model values for
the neutral-current couplings to the electron given in terms of the Weinberg angle
Oy, u and u' are the initial and final electron spinors, and j ff and jfi’a denote

nuclear matrix elements of the electromagnetic and weak neutral currents, i.e.:

337 = {770 = (p}i(a), () (3-4)

and similarly for jfi’a. Here |i) and |f) are the initial and final nuclear states.
Note that in the amplitude M? the Q? dependence of the Z° propagator has been
ignored, since here we restricted ourselves to |Q?| < m%.

The parity-violating asymmetry in the quasi-elastic regime is given by:
do™ do~ do™ do~
A= — 3.5
<dew dew) / (dew " dew) (3:5)

where do” /dQdw is the inclusive cross section for scattering of an incident electron

with helicity h = £1. It is easily seen that, to leading order:

R (MYM?*)

A x BYEEE

(3.6)

Standard manipulations then lead to the following expression for the asymmetry

in the extreme relativistic limit for the electron [51]:
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Figure 3.1: (a) Single photon-exchange and (b) Z-exchange diagrams in parity-
violating quasi-elastic electron-deuteron scattering. The blobs denote the nuclear

currents.

1 G.Q* gif)vLRz’O + gff)vTR%’O + gg,e)v’TR%"r)

- 22 « v R} 4+ vr R} (3.7)
where the v’s are defined in terms of electron kinematical variables:
v, = ?—j (3.8)
vp = tan®(0/2) + |2Q—;2| (3.9)
v = tan(0/2)\/tan2(9/2) + % (3.10)

0 being the electron scattering angle in the laboratory, while the R’s are the nuclear

electro-weak response functions, which depend on ¢ and w, to be defined below.

7,0

To this end, it is first convenient to separate the weak current 77 into its vector

0,0

4% and axial-vector j%° components, and to write correspondingly:

.Z7o' .0,0 5,0 __ . .
05 =330+ 33 = W@, 3% (@) + (o), i%i(a) (3.11)
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The response functions can then be expressed as:

RY™(g,w) = >0 3 8(w+mi — Ep) R [} (@i (a)] (3.12)
i f
Ry (g,w) = 30 30 0w +mi — Ep) R [77 p(@)ii(a) + 53 (@) ()] (3.13)
i f

Ry (qw) = .3 6w +m; — Ef)S 32 pi(@iypi(a) = gy pu(@iiyi(@)]  (3.14)
i T

where m; is the mass of the target (assumed at rest in the laboratory), Ey is the
energy of the final nuclear state (in general, a scattering state), and in Eqs. (3.12)
and (3.13) the superscript a is either v or 0. Note that there is a sum over the
final states and an average over the initial spin projection states of the target,
as implied by the notation Y_,. In the expressions above for the R’s, it has been
assumed that the three-momentum transfer q is along the z-axis, which defines

the spin quantization axis for the nuclear states.

3.3 Operators in Effective Field Theory

The purpose of this section is to obtain from EFT the one and two-body operators
required in the computation. We consider only up and down quarks, in which
case the QCD Lagrangian has an approximate SU(2)r, x SU(2)g chiral symmetry.
This symmetry is spontaneously broken by the vacuum to the diagonal SU(2)y
subgroup, and three pseudoscalar Goldstone bosons, the pions 7., appear in the
spectrum. Chiral symmetry provides important constraints on the description of
low-momentum processes involving pions. In particular, it allows one to estimate
the relative size of various contributions.

To accomplish this, the most general effective Lagrangian with broken SU(2), x
SU(2)g is constructed. This effective Lagrangian includes terms with an arbitrary
number of derivatives and powers of the quark masses; however, higher-dimension
operators are suppressed by inverse powers of the characteristic mass scale of QCD,

M, = 4nfr ~ 1 GeV. Thus, pion interactions are determined as a power series in
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(g, mz)/M,, where ¢ is the typical external three-momentum. At low energies this
is a small number and hence only the lowest-order terms are considered here. The
diagrams that need to be included at the next order in the expansion are shown
but they are not evaluated.

We start with the 77 and 7N Lagrangians. Details can be found, for example,
in Refs. [3, 31]. As described in the introduction, the pions are described by the
field U =u? =1+ir-w/fr — w%/2f2 + ..., where f; = 93 MeV is the pion decay
constant. We denote the nucleon field of velocity v, and spin S, by N. In order
to obtain the currents required for the computation of the asymmetry we must
use the proper covariant derivatives. The covariant derivatives on the pion and
nucleon field are constructed in terms of external vector and axial-vector fields V),

and A, in the usual manner. They are given by:
D, U =0,U—-iV,+A)U +iUV, — A,) (3.15)

D,N = 8,N + %[ut duulN — % W (VP + A+ u(VP) — APt N =31V N

(3.16)
where the superscripts (0) and (3) denote isoscalar and isovector components. It
is convenient to construct also other quantities that transform covariantly. For

example:

a, = iul,Dyuly, (3.17)
fll, = uTFﬁ,u—I—UFfl,uT (3.18)

where Ffbl = 0, FfF — 9, R —i[FRE FRL] with FF =V, + A, and FF =
Vi — Ap.

One can find the relation between the external fields and Z° or photon by
considering the covariant derivative on the quark fields (see, e.g., Ref. [52]):

g Tz

m= 2cos Oy 2 (3.19)
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g Tz .
V. = m(5 —2sin? 0w Qy) Z, + eQqA, (3.20)

where @, is the quark-charge matrix.

From these building blocks we can write the chiral Lagrangians:

2
Lo = Z”T&“[D“UTD“U] +... (3.21)

1
LN = NT[iv~D+gAS'a]N+2—NT[(v~D)2—D~D—igA[S-D,v'v]+ N
m

N+... (3.22)

— NS, [ﬂ L+ g0 = R T

where k; = —0.12 and k, = 3.71, and ... denote terms with more derivatives
and/or powers of the pion mass. One can also write down interactions containing
four or more nucleon fields [31, 53], which are important for a fully consistent
description of systems involving two or more nucleons. One- and two-body currents

can be obtained from these interactions.

3.3.1 Ordering of Terms

The symmetries allow an infinite number of interactions, so an ordering scheme is
necessary for predictive power. We want to estimate the size of matrix elements
of one- or two-body currents between NN wave functions. These matrix elements
involve: the final NN wave function, a two-nucleon propagator, the current oper-
ator, another two-nucleon propagator, and the initial NN wave function. Let us
now investigate the order of the current operators and the required diagrams.
Contributions to the amplitude M7 start at O(e?/q?) with the tree-level one-
body charge operator shown if Figure 3.2. First corrections come in tree-level one-
body currents from O(q/A,) magnetic corrections in the Lagrangian. These are
shown in Figure 3.3. Second corrections are of two types: (i) one-loop corrections
and O(q*/A3) interactions in one-body currents shown in Figure 3.4, and (i) tree-

level two-body currents of Figure 3.5. As such, we see that two-body currents
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Figure 3.2: Electromagnetic charge one-body diagrams.

of interest in this work enter the calculation two orders below the leading order
one-body currents.

Contributions to the amplitude M? follow the same pattern, but have an extra
overall factor of O(¢?/M%) = O(G,q?/e?) due to the different coupling of the Z
to the nucleon versus the photon.

Interesting also are the contributions to the asymmetry that come not from the
exchange of a Z° between electron and deuteron, but from Z° exchange between
hadrons (and photon exchange between electron and deuteron). Also, the contri-
bution from PV interactions between the pion and the nucleon must be considered.
Let us denote these contributions by M%), How does M%) compare to MZ%?
The contributions from the pion nucleon PV interaction were discussed in [54] and
a more recent computation of these contribution shows that they are small [36].
Direct Z exchange between nucleons (PV in the deuteron initial state) are not
included in the computation. These have been recently calculated and shown to
be small [37].

This calculation involves all other contributions suppressed by O(g? /Mi) com-

pared to the leading one-body term. The leading two-body currents in the am-
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Figure 3.3: Electromagnetic one-body diagrams (magnetic corections) at O(q/M,)

relative to leading orger charge operators.

plitude M? stemming from pion exchange are being calculated here for the first
time.

Figures 3.2 to 3.6 show the order by order contributions in the electromagnetic
sector. The leading order term is the one-body charge operator shown in Figure
3.2. Figure 3.4 shows the first order correction (magnetic corrections) to the charge
operator. Both these diagrams are included in the computation.

At the next order in the expansion, we have the one-body contributions from
Figure. 3.4 which are not included and the leading order two-body diagrams of
Figure 3.5 which are included. Finally, Figure 3.6 shows the first order corrections

to the two-body contribution, however these are not included in the computation.

Figures 3.7 to 3.10 show the order by order contribution for the weak sec-
tor. They are exactly as the electromagnetic ones except for the overall factor of

O(GLq?/e*) as described above.
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Figure 3.4: Electromagnetic one-body diagrams at O(q? /M)%) relative to leading

orger charge operators.

3.3.2 Connection with Phenomenological Model

The operators obtained from the EFT will be used in conjunction with a successful
phenomenological Lagrangian. The reason for doing this is three-fold. First, the
model and necessary software to perform the numerical computation already ex-
isted, and as such there was no need to generate an EFT description of the initial
and final state. This in turn, allowed the results to be generated and communi-
cated to the SAMPLE collaboration in a timely fashion. Second, the model allows
for inclusion of higher-order terms as will be discussed in this section. Although
this is not consistent with EFT, a sizable contribution from these terms would im-
ply that the EFT was truncated too early in the expansion, and more terms need
to be considered. Finally, the use of a phenomenological potential in conjunction
with currents derived from EFT has already been proven to be successful [31].
As noted above, the phenomenological model used in this computation has the
ability to include higher-order contribution through different techniques such as
the Riska prescription [33] where the pion meson exchange currents are extended

to account for heavier mesons. All these techniques, when translated into an
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Figure 3.5: Electromagnetic two-body diagrams at O(qu/Mi) in EFT. Solid

(dashed) lines denote nucleons (pions).

EFT language correspond to the inclusions of terms beyond the ones considered in
the previous section. Furthermore, these techniques lack the systematic approach
found in the EFT; that is to say they may include some of the terms at a given order
in the expansion but not all. Nonetheless, their inclusion has been successful in
past computations, and as such in this computation we will investigate their impact
on the final result. As stated earlier, if they turn out to have a significant impact,
the implication is that the EFT expansion was truncated too early. One would
thus need to go back to the EFT expansion and rework the currents to include the
next order terms. In this case, that would mean including the diagrams shown in
Figure 3.6 and Figure 3.10.

After performing the computation, the results show that these higher-order
contributions are negligible and, as such, there is no need to include the next order

in the expansion.
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Figure 3.6: Electromagnetic two-body diagrams at O(eq®/M3?) in EFT. Solid

(dashed) lines denote nucleons (pions).

3.3.3 One- and Two-Body Currents

The one-body currents contributing to the processes in Fig. 3.1, depicted in Figs.
3.2, 3.3, 3.7 and 3.8, are given to O(eg/A,) by:

1
prr) = 5D (95 +gpTa)d(r —1y) (3.23)
. 1
i r) = o > (9% + 95 72)[6(r — r;)p; + Pid(r — 1;)]
+ga + 95720 VO(r — 13) X 0 (3.24)
1

po(r) = A Z[Ui “pib(r — 1) +6(r —ri)o - pilTa (3.25)
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Figure 3.7: Leading order weak neutral one-body diagrams.

) 1
) = —594 Z 6(r — 1)o7z (3.26)
i
where a = v or 0, the coupling constants gg’v) and g](\f;’v) are given in Table 3.1,
and g4 is the nucleon axial coupling constant. These results are in agreement with
those presented in Ref. [27]. These coupling constants acquire, in higher orders, a
Q? dependence, as described, for example, in Ref. [55]. In our calculation we use

a phenomenological parametrization of the @Q? dependence, as described in Secs.

3.4.1 and 3.4.2.
Form Factor ¥ Z
gz 1 —2sin? Oy
gy 1 1 — 2sin? Oy
9}?/[ 1+ ks —(1 + Ks) sin® Oy
of 1+ ky | (1+ ky)(1 — 2sin? Oyy)

Table 3.1: Coupling constants appearing in one-body currents to O(eq/Ay) in
EFT.
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Figure 3.8: Next to leading order weak neutral one-body diagrams.

Note that L., contains a m-Z° mixing term in the form Z - O7%. The corre-
sponding diagram is shown in Figure 3.11 which has a contribution proportional
to @, the four-momentum transfer. Its contraction with the leptonic current
produces a contribution proportional to the mass of the electron. In the extreme
relativistic limit for the electron under consideration here, this contribution can
be neglected.

The two-body contributions to the processes shown in Fig. 3.1 are depicted in
Figs. 3.5 and 3.9, where again contributions from 7-Z° mixing are neglected in
the extreme relativistic limit. To O(eq?/ Ai), they are given in momentum space

by:

ja(kl,kg) = 319%(7’1 X Tg)z Uﬂ(k‘g)dg . k20'1 — Uﬂ(k‘l)a'l . k10'2

_Uﬂ(kg) — Uﬂ-(k}l)
k12 — ko?

(k1 - kg)a'l . kla'g . kg (327)

where k; = p; — p; with p; (p}) denoting the initial (final) momentum of nucleon
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Figure 3.9: Weak neutral two-body diagrams at O(eq? /M)%) in EFT.

3. In the formula above:

1 /ga)\* 1
ve (k) __§<E> — (3.28)

Note that there is no contribution to the axial current operator or the electromag-
netic charge operator up to the order considered here. There is a contribution to
the axial charge operator which, however, does not enter in the asymmetry compu-
tation. These results are in agreement with Ref. [56], where the Fourier transform
of the above expressions are also given in detail.

In higher order other currents appear. There exist shorter-range currents,
which are expected to be smaller than the ones from pion exchange with leading-
order interactions. These higher-order effects are parameterized in our calculation
through the Riska prescription as outlined in Sections 3.4.1 and 3.4.2. In particular,
we do not use Eq. (3.28) for v,(k), but the pseudoscalar component of the v;g

potential.
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Figure 3.10: Weak neutral two-body diagrams at O(eq? /Mfz) in EFT.

3.4 Phenomenological Model
This section describes how the model incorporates the different currents.

3.4.1 Electromagnetic Operators

The nuclear charge and current operators consist of one- and two-body terms that

operate on the nucleon degrees of freedom:

Pl = D@+ 0 (@) (3.29)
Pa = 35+ 5 @ (3:30)
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Figure 3.11: Contributions from pion-Z mixing.

The one-body operators p;f’l and jZ’l have the standard expressions obtained from
a relativistic reduction of the covariant single-nucleon current and are listed below

for convenience. The charge operator is written as:
1 _ .l 1
p;"(a) = pZNR(CI) + pZRC(Q) (3.31)

with:
ping(a) = € €97 (3.32)

1 i i i
e’ — 4;2 (2pi — &) a-(oixp;)e ™ (3.33)
m

7,1 — -1
P%Rc(CI) ( T+ |Q2]/4m? ) i
where |Q?| = ¢> — w? > 0 is the four-momentum transfer defined earlier, and m is

the nucleon mass. The current operator is expressed as:

. 1 i i i
J;%l(q) = %fi [pi, e rl]_,_ — %Mi qx o; e (3.34)
where [-- -, -+ -] denotes the anticommutator. The following definitions have been

introduced:
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GH(1Q%) + GR(IQ) -] (3.35)

(G507 + G (1@ ] (3.36)

N — N =

Hi

and p, o, and T are the nucleon’s momentum, Pauli spin, and isospin operators,
respectively. The two terms proportional to 1/m? in pZﬁC are the well-known
Darwin-Foldy and spin-orbit relativistic corrections [57], respectively. The dipole
parameterization is used for the isoscalar (S) and isovector (V) combinations of
the electric and magnetic nucleon form factors (including the Galster form for the
electric neutron form factor [58]).

The most important features of the two-body parts of the electromagnetic
current operator are summarized below. The reader is referred to Refs. [56, 59, 60]

for a derivation and listing of their explicit expressions.

Two-body current operators

2

The two-body current operator has “model-independent” and “model-dependent”
components, in the classification scheme of Riska [33]. The model-independent
terms are obtained from the two-nucleon interaction (in the present study the
Argonne v1g interaction [34] is employed) and by construction satisfy current con-
servation with it. The leading operator is the isovector “m-like” current obtained
from the isospin-dependent spin-spin and tensor interactions. The latter also gen-
erate an isovector “p-like” current, while additional model-independent isoscalar
and isovector currents arise from the isospin-independent and isospin-dependent
central and momentum-dependent interactions. These currents are short-ranged
and numerically far less important than the 7-like current.

The model-dependent currents are purely transverse and, therefore, cannot
be directly linked to the underlying two-nucleon interaction. The present calcu-

lation includes the isoscalar pmy and isovector wm~y transition currents as well

as the isovector current associated with excitation of intermediate A-isobar reso-
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nances (for the values of the various coupling constants and cutoff masses in the
monopole form factors at the meson-baryon vertices, see Ref. [61]). Among the
model-dependent currents, those associated with the A-isobar are the most impor-
tant ones. In the present calculation, these currents are treated within the static
A approximation. While this is sufficiently accurate for our purposes here, it is
important to realize that such an approach can lead to a gross overestimate of A
contributions in electro-weak transitions (see Refs. [62, 63, 64] for a discussion of
this issue within the context of neutron and proton radiative captures on deuteron
and 3He, and the proton weak capture on *He).

Finally, it is worth pointing out that the contributions associated with the
pry, wry, and A-excitation mechanisms are, in the regime of low to moderate
momentum-transfer values of interest here (¢ < 2 fm™!), typically much smaller
than those due to the leading model-independent 7-like current [65] as expected

from power counting.

Two-body charge operators

While the main parts of the two-body currents are linked to the form of the two-
nucleon interaction through the continuity equation, the most important two-body
charge operators are model-dependent and should be considered as relativistic
corrections. Indeed, a consistent calculation of two-body charge effects in nuclei
would require the inclusion of relativistic effects in both the interaction models
and nuclear wave functions. There are nevertheless rather clear indications for the
relevance of two-body charge operators from the failure of the impulse approxi-
mation in predicting the deuteron tensor polarization observable [66] and charge
form factors of the three- and four-nucleon systems [65, 67]. The model commonly
used [59] includes the 7-, p-, and w-meson exchange charge operators with both
isoscalar and isovector components, as well as the (isoscalar) pmy and (isovector)
wmy charge transition couplings, in addition to the single-nucleon Darwin-Foldy
and spin-orbit relativistic corrections. The - and p-meson exchange charge oper-

ators are constructed from the isospin-dependent spin-spin and tensor interactions
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(those of the Argonne v1g here), using the same prescription adopted for the cor-
responding current operators.

It should be emphasized, however, that for ¢ < 2 fm~! the contributions due to
these two-body charge operators are very small when compared to those from the
one-body operator. This is because as shown previously they enter at O(p/M)?

relative to the leading term and for small p they become very small.

3.4.2 Weak Operators

In the Standard Model the vector part of the neutral weak current is related to
the isoscalar (S) and isovector (V') components of the electromagnetic current,
via:

denoted respectively as j§” and 57,

507 = —2sin20y 5277 + (1 — 2sin20yy) 577 (3.37)

and, therefore, the associated one- and two-body weak charge and current opera-
tors are easily obtained from those given in the preceding section.
The axial charge and current operators also have one- and two-body terms.

Only the axial current:

Pla) =325 @)+ 3255 (@) (3.38)

1<j
enters in the calculation of the asymmetry. The axial charge operator is not needed
in the present work. The one-body axial current is given, to lowest order in 1/m,

by:

. Tz, iq-rs
i (a) = ~Ga(IQ%) 5 oy el (3.39)

where the nucleon axial form factor is parametrized as:

Here g4 is the nucleon axial coupling constant, g4 = 1.2654, and the cutoff mass
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A 4 is taken to be 1 GeV/c?, as obtained from an analysis of pion electroproduction
data [68] and measurements of the reaction v, p — p* n [69].

There are relativistic corrections to j>! as well as two-body contributions aris-
ing from 7-, p-, pm-exchange mechanisms and A excitation [64]. All these effects,
however, are neglected in the present study. The reasons for doing so are twofold:
firstly, axial current contributions to the asymmetry are small, since they are pro-
portional to the electron neutral weak coupling g$) ~ —0.074 (see Eq. (3.7));
secondly, axial contributions from two-body operators are expected to be at the
~ 1 % level of those due to the one-body operator in Eq. (3.39). For example, in
the proton weak capture on proton at KeV energies [70] (this process is induced
by the charge-changing axial weak current) the 7, p, pr, and A two-body opera-

tors increase the predicted one-body cross section by 1.5%. Such an estimate is

expected to hold up also in the quasi-elastic regime being considered here.

3.5 Calculation

In this section we describe the calculation of the deuteron response functions given
in Egs. (3.12)—(3.14). The deuteron wave function is written as:

u(r) y,n, | w(r)

[d, Ma) = | ==Voif + =Y | X6 (3.41)

where the y%' ', are standard spin-angle functions, XTMT is a two-nucleon T', Mt
isospin state, and u(r) and w(r) are the S- and D-wave radial functions. In the
2H(e, €/)pn reaction the final state is in the continuum, and its wave function is

written as:

la; p, SMg, TMy) = 4R 1/}(T5)*MS,TMT(I') (3.42)

where r =r; —ry and R = (r; + r2)/2 are the relative and center-of-mass coor-
dinates. The incoming-wave scattering-state wave function of the two nucleons

having relative momentum p and spin-isospin states SMg, T Mt is approximated
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as [71]:

(-) I 7 ipr S+T —ipr| S T 4 L

Vp smsrrp(f) = —=[ePT —(-1) e XM XMy T —F—= g g 1" 0rsT

A \/5[ } ST V2 A
J<Imax

x| 1= '
[Zg%\js(p)] [;“5:'124(7?177 JST) — 0/, jr(pr) yi‘gjx%

(3.43)

where:
Spst = 1—(=1)E+SHT (3.44)
ZI. ) = S (LMp,SMs|JMj) YL, (D) (3.45)

My,

The dr g7 factor ensures the antisymmetry of the wave function, while the Clebsch-
Gordan coefficients restrict the sum over L and L’. The radial functions US‘;}J are
obtained by solving the Schrédinger equation in the JST channel, and behave

asymptotically as:

1 1 .
~up (i JST) ~ S {pnhi (pr) + (ST) R (br) (3.46)

—00

where Si/SLT is the S-matrix in the JST channel, and the Hankel functions are
defined as h(Ll’Q) (x)=jr(x)£ing(z), j; and nz, being the spherical Bessel and Neu-
mann functions, respectively. In the absence of interactions, u(;%(r; p, JST)/r —
Srr jr(pr), and () (r) reduces to an antisymmetric plane wave. Interaction ef-
fects are retained in all partial waves with J < Jpax. In the quasi-elastic regime of
interest here, it is found that these interaction effects are negligible for Jyax>7.

The response functions are written as (only R} is given below for illustration):

RM(qw)= > R}"(qw;S.T) (3.47)
S, T=0,1
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where the contributions from the individual spin-isospin states are:

RPesT) =5 Y [ ® L (qps MeM)Po (w4 B L 2
L s Wy iy 3MM (271')32 sT\4, P, MSiVlg d 6m m
als
(3.48)
with A%, defined as:
Alr(q,p; MsMg) = (q; p, SMsT, M = 0]p7(q)|d, Ma) (3.49)
Here E; = —2.225 MeV is the deuteron ground-state energy, the factor 1/2

in Eq. (3.48) is included to avoid double counting, and the states |d, M) and
la; p, SMsT, My = 0) are represented by the wave functions in Egs. (3.41) and

(3.43), respectively. By integrating out the energy-conserving §-function one finds:

mp

VY . —
RL (q,agS,T) - 4871'2

+1
Z/ d(COSQP)|AgT(q,p,C089p;Mst)|2 (3.50)
Md’MS -1

where the magnitude of the relative momentum p is fixed by p = \/m(w + Ey) — ¢2/4,
and 6y is the angle between q and p. The initial- and final-state wave functions
are written as vectors in the spin-isospin space of the two nucleons for any given
spatial configuration r. For the given r the state vector pY(q)|d, My) is calculated
with the same methods used in quantum Monte Carlo calculations of, for exam-
ple, the charge and magnetic form factors of the trinucleons [65]. The r and 6,
integrations required to calculate the amplitudes and response function are then
performed by means of Gaussian quadratures.

Finally, note that, since the deuteron is a 7' = 0 state, one finds:

R}°(q,w; S, T =0) = —2sin’6y R} (q,w; S, T =0) (3.51)

R}°(q,w; S, T =1) = (1-2sin%0w) R} (q,w;S,T =1) (3.52)
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with similar relations holding between the transverse response functions.

3.6 Results and Conclusions

The asymmetry has been calculated at the kinematics relevant to the SAMPLE
experiment. The incident electron energy was set to F = 193 MeV. SAMPLE mea-
sures the asymmetry at four different angles (0 = 138.4°,145.9°,154.0°,160.4°).
Different electron final energies E’ correspond to different momentum transfers
Q?, |Q?% ~ 0.1 GeV? in the SAMPLE experiment, which is small enough to jus-
tify the use of a non-relativistic formalism with leading interactions obtained from
EFT.

The calculated asymmetries, as functions of the electron final energy, are shown
in Figs. 3.12, 3.13, 3.14, and 3.15, for the four different electron scattering angles.
For each set of kinematics, the left panels display the asymmetry and the total
inclusive cross section, with different curves representing one-body contributions,
one- plus two-body contributions from pion-exchange currents only, and the sum
of all contributions. The ratios of one- plus two-body contributions from pion-
exchange only and full currents to one-body contributions for both asymmetries
and cross sections are displayed in the right panels.

As is apparent from the figures, the results at all angles are qualitatively similar.
Near the quasi-elastic peak two-body effects in the asymmetry are negligible, less
than 1%, while away from the quasi-elastic peak they become relatively more
important, increasing the asymmetry by at most 3%. Note, however, that the two-
body current contributions are large in the inclusive cross section, indeed dominant
in the left-hand side of the quasielastic peak. In this region the contribution
associated with the currents of pion range is more than 50% of the total two-body
contribution.

It is interesting to examine more closely the reasons for the relative unimpor-
tance of two-body current contributions in the asymmetry. At backward angles,

the expression for the asymmetry can be approximated as:
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A R}’ + (—1 +4sin®0w) R}
GuQ?/(2v2a) Ry”

where terms proportional to the longitudinal response functions are suppressed by

(3.53)

the factor vy /vr < 1/tan?(0/2), a small number at the angles under consideration
here (note that the R} and R}:™ response functions are of the same order of
magnitude). It is useful to identify the contributions from 7" = 0 and T = 1
pn final states, and to use Egs. (3.51) and (3.52), relating the R%’O(T =0,1) to
R}:7(T =0,1). One then finds:

A 12wy (L) (Sl dsin®) et

GMQZ/@\/éa) a 14 r7Y )
r = RPN(T =0)/RyN(T =1) (3.55)
PP = RP’(T=1)/R}7(T =1) (3.56)

Note that the R%":’ response function only receives contributions from 7" =1 pn
final states, since the current j>! is isovector. The ratio 777 is much smaller than
one, since the transverse response is predominantly isovector. For example, at
E' =55MeV and § = 160.5°, R (T = 0) = 0.769x107°(0.935x1075) MeV ! and
RI(T =1) =10.3 x 107°(25.9 x 107°) MeV !, and hence r77 = 0.0748 (0.0361)
with one-body (full) currents. In contrast, the ratio 77°° is of order one; again at
E' =55 MeV and 6 = 160.5°, R}>(T = 1) = —18.3 x 107%(—26.0 x 1075) MeV ™1,
and hence r7° = —1.78 (—1.00) with one-body (full) currents. However, it is
multiplied by the small factor (—1 4 4sin?6y) = —0.074, and so the asymmetry
turns out to be largely independent of nuclear structure details.

Finally, if A denotes the asymmetry obtained by ignoring the contribution of

the axial current, one finds:

Al (=1 + 4sin®fy) r7°
|A°] 71— 2sin®0y (1 4 )

(3.57)

The computed value for this ratio is shown in Fig. 3.16 for one of the kinematics of
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the SAMPLE experiment. The contribution of the axial current to the asymmetry
is of the order of 13% to 24% throughout the kinematical range considered. Note
that in Fig. 3.16 we have included the small contribution from the longitudinal
response.

As a last remark, we should emphasize that the calculated transverse (R}”)
and longitudinal (R}'”) response functions-including one- and two-body operators-
reproduce [72] existing Bates data [73].

Since we have performed the computations at the SAMPLE kinematics, the
above results may be used to account for two-body current corrections in the anal-
ysis of the experimental data. The SAMPLE experiment measures a convolution
of the asymmetry A and the cross section (do/d2dE’) over a certain range of
electron final energies:

[ A(do/dQE") dE'
[ (do/dQdE") dE'

Agotal = (358)

The goal of the experiment is to extract the one-body part of Asuq;- To accomplish
this, a model that includes only one-body contributions is used to generate the
cross section. One can now use our results for the ratios of total to one-body
contributions in the asymmetry and cross section to adjust for two-body effects in
the experiment.

In conclusion, we have presented a calculation of the asymmetry in quasi-elastic
electron-deuteron scattering arising from Z° exchange. The calculation includes
one- and two-body contribution to both the electromagnetic and weak currents up
to O(p/M)? relative to the leading one-body charge current. Parity violation in
the deuteron initial state or in the pion-nucleon vertex (anapole moment) are not
included. Since we find that, when the cross section is large at the quasi-elastic
peak, the change in the asymmetry due to two-body currents is negligible, we
expect that these two-body corrections will produce a modification in the analysis
of the SAMPLE experiment at the percent level, too small to affect significantly the

extraction of the strange and axial form factors of the nucleon. As discussed earlier
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the work to examined whether the same holds for effects from Z° exchange that
manifest themselves within the two-nucleon system through the parity-violating
pion-nucleon coupling has been completed since the completion of this computation

[36], [37].



84

1.02
1.01
/
—r| l _ - —_ —
< e
<o0.99 e
-
re
0.98 -
7/
7/
0.97
30 50 70 90 110 130 150 30 50 70 90 110 130 150
E'(MeV) E'(MeV)
0.4
2.4
2.2 N
=03 T
v 2 \
> N
So2 o8 A
o~ [&} \
[ 1.6 \
::, AN
© \
0.1 1.4 N
1.2 S o
0 — - 1 ~ T
30 50 70 90 110 130 150 30 50 70 90 110 130 150
E'(MeV) E'(MeV)

Figure 3.12: Results for scattering of an electron with incident energy £ = 193
MeV on a deuteron at rest, as function of the electron final energy E’ in MeV,
for a scattering angle § = 160.5°. Left panels: longitudinal asymmetry |A| (top)
and cross section ¢ in fm?/MeV /sr (bottom). Shown are one-body contributions
(dotted line), one- plus two-body contributions from pion-exchange currents only
(dashed line), and the sum of all contributions (solid line). Right panels: ratios
of one- plus two-body contributions from pion only (dashed line) and full currents
(solid line) to one-body contributions for the asymmetry |A|/|A1| (top) and cross

section o /o1 (bottom).
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Figure 3.13: Same as Fig. 3.12, but for 8 = 154.0°.
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