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ABSTRACT

The problem of determining probability density functions of general
transformations of random processes is considered in this thesis. A
method of solution is developed in which partial differential equations
satisfied by the unknown density function are derived. These partial
differential equations are interpreted as generalized forms of the
classical Fokker-Planck-Kolmogorov equations and are shown to imply the
classical equations for certain classes of Markov processes. Extensions
of the generalized equations which overcome degeneracy occurring in the
steady-state case are also obtained.

The equations of Darling and Siegert are derived as special cases
of the generalized equations thereby providing unity to two previously
existing theories. A technique for treating non-Markov processes by
studying closely related Markov processes is proposed and is seen to
yield the Darling and Siegert equations directly from the classical
Fokker-Planck-Kolmogorov equations.

As 1llustrations of their applicability, the generalized Fokker-
Planck-Kolmogorov equations are presented for certain joint probability
density functions associated with the linear filter. These equations are
solved for the density of the output of an arbitrary linear filter
excited by Markov Gaussian noise and for the density of the output of an
RC filter excited by the Poisson square wave. This latter density is
also found by using the extensions of the generalized equations mentioned

above. TFinally, some new approaches for finding the output probability
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density function of an RC fillter-limiter-RC filter system driven by
white Gaussian noise are included. The results in this case exhibit
the data required for complete solution and clearly illustrate some of

the mathematical difficulties inherent to the use of the generalized

equations.
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CHAPTER I

INTRODUCTION

A. The Problem of Determining Probability Density Functions of Trans-

formations of Random Processes.

The work of this thesis is motivated by the problem of determining
the probability density function(s) of a random process {y(t)} which
is related to some other known random process {x(t)} through a pre-

scribed transformation law G or 3H:

y(t) = Gix(t)} or  x(t) = #{y(t)} (1.1)

where G and H are arbitrary function or functional transformations
(or operators) with or without inverses. {x(t)} will be referred to as
the input process and {y(t)} as the output. Many problems in communi-
cation and statistical control theory can be cast in these forms and are
largely unsolved. Few general techniques are known, except for the

case when the input is Gaussian and the transformation is linear. In
the communication problem, y(t) is usually a signal or noise at some
point in a communication link while in the control problem it may
represent position, velocity, acceleration, etc. We shall be primarily
concerned with input and output processes which can assume a continuous
range of values. However, we shall also have occasion to deal with

discrete random processes. In both cases, the processes will always

have a continuous time parameter.



It is often possible to express moments of the output process in
terms of operations on various moments of the input process. Such a
procedure gives a "solution" to the problem of characterizing the out-
put process. However, the computations soon become untractable even
in the simplest cases. Wonham and Fuller (20) employed this technique
to obtain the first order probability density function of the output
of an RC filter excited by a Poisson square wave; however their solu-
tion is somewhat involved and cannot be extended to the higher-order
density functions.

Many distribution problems can be reduced to solving a differen-
tial or integral equation (see, for example, Kac (8)). These methods
have usually applied only to the particular problem being solved.
Nevertheless, the idea of describing the unknown density by a differen-
tial or integral equation seems to offer much promise. In attempting
such a description, the characteristics of the input process and the
transformation, as well as the general properties of probability
density functions are the known data to be utilized. The two notable
techniques which have resulted from this approach are the Fokker-
Planck-Kolmogorov (9) method and the Darling and Siegert (5) meéhod.
This thesis is concerned with this approach to the description of out-

put probability density functions.

B. Historical Aspects of the Problem.

1l. The Fokker-Planck-Kolmogorov Equations. When the output

{y(t)} is a continuous random process and the input and the transfor-



mation law are suitably well behaved*, a pailr of partial differential
equations can be derived for the transition probability density func-
tion p(y,tlyo,to) (i.e., the conditional probability density func-
tion of y at time t given the value y_  at time ty,)- These
differential equations may be derived whenever the transition densities
of the output satisfy the Smoluchowski (or Chapman-Kolmogorov)

equation

p(¥,t]y,t,) =jdy'p(y,tly',t')p(Y',t'Iyo,to) 3ty <t <,
(1+2)
which is obviously satisfied if y(t) is a one-dimensional Markov
*%
process . The partigl differential equations are of the form
5 n A
(-1) 3

S pmtlygtg) = 9 S [a (% t)p(y,tly ,t)]
gl n! 0y

(1.3)
and
2 Il
3 1 3
- 5t M0ty ty) = Z = &, (rut,) —5 vintlrat.) 5
o oy B¢ Byo
‘ (1.14)

* We assume throughout this work that any regularity conditions are
satisfied; i.e., differentiability, integrabllity, existence of
limits, etc.

*¥%¥ TFor examples of non-Markov processes satisfying the Smoluchowski
equation see Rosenblatt and Slepian (12) and the references con-
tained therein.



where

lim % E[{y(t+at) - y()}"|y(%)], (1.5)

An(YJt)
At—o+

and we require

]

An(y,t) O;n=z3,

The first of these equations is called the Fokker-Planck equation or

the forward equation and the second the Kolmogorov equation or the

backward equation. In order to find the conditional density, the

conditional moments (1.5) are computed, the differential equations
solved and suitable boundary conditions applied. The conditional
moments are computed from knowledge of the transformation G or ¥
and the statistics of {x(t)}. For examples of derivations and appli-
cations, the reader is referred to the works of Kolmogorov (9), Wang
and Uhlenbeck (18), Uhlenbeck and Ornstein (18), Middleton (11) and
Bharucha-Reid (3).

One disadvantage of the Fokker-Planck-Kolmogorov equations is that
they can only be used when the output process satisfies the Smoluchowski
equation. For this reason, these equations are usually confined to the
study of output processes which are Markov, for these processes always
satisfy the Smoluchowski equation. For a given input and transforma-
tion, determining if the output is Markov may still be a formidable

task.



Stratonovich (15) applies the Fokker-Planck method to non-Markov
Processes by a perturbation technique. This method might be termed
quasi-Markov and has limited applicability.

The classical problem solved by use of the Fokker-Planck equation
is Brownian motion. However, in this case the input process is essen-
tially white Gaussian noise and the transformation is linear so that
simplier techniques may be used. Tikhonov (16) used the Fokker-Planck
equation to. obtain the steady-state phase-error distribution for a
first-order phase-locked loop. These results were later extended by
Viterbi (17) and are important because of the nonlinear nature of the
transformation. Applications of the Fokker-Planck equations to dynami-
cal systems have been made by Andronov, Pontryagin and Witt (1), Chuang
and Kazda (4) and Barrett (2). The Fokker-Planck-Kolmogorov equations
also play a central role in the Darling and Siegert (5) method. Their
role in this method will be considered presently.

The Fokker-Planck-Kolmogorov equations can be extended to multi-
dimensional (or vector) random processes which satisfy multidimensional
forms of the Smoluchowski equation.

When the output {y(t)} is a discrete random process which can
assume, say N values from a set S, we consider the transition

probability
P, (t|t)) = Pr{y(t) = r|y(t,) =k}, (1.6)

(i.e., the conditional probability that y at time t is equal to =



given that y at time t_  was equal to k). If the transition

probabilities satisfy the Chapman-Kolmogorov equations

_ 1 ] . '

Prk(tlto) - Z Pri(tlt )P, (£ |t0) Pty <t <t, (L.7)
ieS

differential equations analogous to the Fokker-Planck-Kolmogorov

equations of the continuous case may be derived. These equations,

called the Kolmogorov equations, are

)
$ Pa(tlte) = ) ay ()R (tlt,) (1.8)
ies
and
3
= aT' Prk(tlto) = Pri(tlto)aik(t()) ] (1'9)
(o]
ieS
*
where
1
a_.(t) = lim — [P_ (t+At]t) - 6.1 . (1.10)
ri ey At ri ri

* 6ri denotes the Kronecker delta; i.e., 5ri =1 1f r =1 and

5., =0 if r £1i.

ri



By analogy with the continuous case, (1.8) is called the forward

equation and (1.9) the backward equation. These equations are defined

for all r,keS so that in general we have N2 forward and Nz backward
equations.
Derivations and applications of these equations are given in any

of the standard texts on random processes.

2. The Darling and Siegert Method. Darling and Siegert (5) con-

sidered a class of problems in which the input is taken to be a vector
Markov process and the output a somewhat general functional of the input

which can be written in the form

t
sty = [ olx(m),wlar 5 v, <8, (1.11)
t
(o]

where &[x(1),7] is a known function. For continuous input processes
they derived a pair of differential equations of the Fokker-Planck-
Kolmogorov type from which the marginal density of the output can be

found. Darling and Siegert considered the function

o]
r(x,v,tlxo,to) = ‘]-edvy p(x,y,tlxo,to)dy. (1:12)

-

Since the input process is Markov it satisfies the Fokker-Planck-

Kolmogorov equations which we write in the operator notation

(L - 2p(x,t]x,t,) =0, (1.13)



d
(L, + E%;)P(x’tlxo’to) =0,
where L and L, are found from the multidimensional forms of (1.3)

and (1.4). The differential equations found by Darling and Siegert can

then be written*
o]
(L - 3¥)r(x,v,t|xo,to) =-jv§(x,t)r(x,v,tlxo,to), (1.14)
o]
(LO + aTo)r(x,v,tlxo,to) =-jv§(xo,to)r(x,v,t|xo,to), (1.15)

where, by analogy with the Fokker-Planck-Kolmogorov eguations, the

first of these will be called the forward equation and the second the

backward equation.

Darling and Siegert (5) and Siegert (13,14) have given examples
showing the usefulness of these equations. For example, they find in
closed form the characteristic functions of -}-xz(T)dT and
-?-XZ(T)eXP(-GT)dT when {x(t)} is a one-dimgnsional Gaussian Markov
;rocess. The reader is referred to their original papers. for details
and other examples.

When the 1nput 1s a discrete random process satisfying the
Kolmogorov equations (1.8) and (1.9), we obtain 2N & Darling and

*%
Siegert equations . These equations are

* See Appendix A for a derivation of these equations.

*%  Tbid.



EE: ari(t)Rik(v,tlto) - %E Rrk(v,tlto) = -Jvi[x(t):r]Rrk(v,tlto) B
458 (1.16)

j{: R (v,t[t )ay, (£)) + %E; Ry (Vst|t)) = -gvalx(t )=kIR  (v,t]t) ,
ieS (1.17)

where

R (v,t[t)) = B (t]t)) ,[ e Vply|x(t)=r; x(t,)=kldy ,

(1.18)

P (tlty) = Prix(t)=r|x(t )=k} ,

and aji(t) is defined by (1.10) for the process {x(t)}. The N°
equations (1.16) will be called the forward equations and (1.17) the

backward equations.

McFadden (1) used the backward equations to find the distributions

of outputs of several different linear filters excited by Poisson

square waves.

C. Notation.

In this thesis we shall use the letter "p" without subscripts to
denote all probability density functions. We also follow the conven-
tion of communication theorists for conditional probability density
functions and write the conditioning variables to the right of the
vertical bar.

Since both spatial and temporal derivatives are employed in this

thesis, we will explicitly denote the time dependence in writing
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probability density functions associated with random processes; i.e.,
p(yi,tl) represents the density of the random variable y(t) at time
B = tl. Occasionally we may suppress the time dependence and write
p(yi,tl) = p(yi) when there is no danger of confusion.

A few, well-known, symbols and notions of set theory are used

throughout.

D. Outline of the Thesis.

The primary goal of this thesis is to generalize the classical
Fokker-Planck-Kolmogorov equations. Generalized forms of the classical
equations are derived for the transition densities of arbitrary random
processes. These generalized equations are shown to imply the classical
equations for certain classes of Markov processes. Furthermore they
provide a means for obtaining a deeper insight into the mathematical
mechanisms underlying the nature of random processes and provide some
unity to previously existing theories.

Most of the theoretical results - generalizations and extensions
of the classical equations - are presented in Chapter II and are con-
veniently summarized as theorems and corollaries. In Chapter III the
equations of Darling and Siegert are derived as special cases of the
generalized Fokker-Planck-Kolmogorov equations. The remaining chapters

are devoted to applications.



CHAPTER II

GENERALIZATIONS OF THE FOKKER-PLANCK-KOLMOGOROV
EQUATIONS & EXTENSIONS

A. Introduction.

We begin this chapter by presenting a generalization of the one-
dimensional Fokker-Planck equation. The generalization is shown to be
valid for all continuous (regular) random processes and is termed a
"generalization" because it reduces to the classical Fokker-Planck
equation for the class of Markov processes. Examples illustrating the
validity and use of this generalized equation are given. Steady-state
forms of the generalized equation are considered and are seen to degen-
erate for a wide class of processes, thereby motivating the extension of
the generalized Fokker-Planck equation presented in Sec. D. Some
theorems concerning conditional moments arising in the derivation of
the generalized equation are proved and the multidimensional form of
the generalized equation is stated. A backward form of the generalized
equation is discussed and is shown to imply the classical Kolmogorowv
backward equation for a certaln class of stationary, continuous Markov
processes. Finally, we consider generalizations of the Kolmogorov

equations for discrete random processes.

B. The Generalized Fokker-Planck Equation.

let (Y,T) denote an arbitrary set of k random variables Y

and their times of occurrence T. For example
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(Y1) = (¥obys woe 5 Yoty Xp 080 05 <00 5 2,%,), (2.1)
where X, y and 2z might denote random variables from different
random processes. This notation will be employed extensively throughout
this chapter and, with it, we state the following:

Theorem 2.1 (Generalized Fokker-Planck Equation). If t £ T,
the conditional probability density function p(y,tIY,T) of every con-
tinuous random process {y(t)} satisfies the one-dimensional generalized

Fokker-Planck equation

3 o(y,t] (17 & :
3% p(y,t|Y,T) = - [An(Y:t:Y)T)P(Y)tIY;T)],
el n! 3y

(2.2)

where

L n
A (v, 65Y,T) = lim 2= E[{y(t+at)-y(£)} |y, t5v,71.  (2.3)
At—o+
Proof. Our proof of this theorem follows the derivation of the classi-
*
cal Fokker-Planck equation given by Stratonovich (Cf. Stratonoviech (15)

*¥
P.57). We begin with an integral form of Bayes’ Law

* We could also prove the theorem by suitably generalizing the deriva-
tion of the classical Fokker-Planck equation in the fundamental

paper of Kolmogorov (9).

*% Tn the derivation of the classical Fokker-Planck equation, the
smoluchowski equation is assumed at this point.
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p(y, t+at|Y,T) = fdy‘p(y;t+Atly',t:Y,T)P(y',tIY,T), (2.4)
-0
where At 1s a positive increment. We express the first term in the
integrand as the Fourier transform of the conditional characteristic
function of (y-y') and expand this characteristic function in a Taylor

series. Ilet

y(v,t+At |y, 5Y,T)

E[eJV(y"y,) ly',t;Y, T]

- fer(y'y')p(y,tMtIy',t;Y,T)dy-

-0

Then

(o]

-4 I L
fe Iv(y-y )ﬁ(v,t+A‘b]Y';t§Y:T)dV:

-0

_ Z a (y »t3Y,T) j(jv)ne -3v(y-y )dv

2m!

.

p(y,t+At Y'}tiY;T) on

n=0

@

T e £ je'“‘”" =
n=o

ay o

B Z S__L a_(v',:%,7) 2= 6(y-y')
3y
(2.5)

where

a, (¥, t5Y,1) = E[{y(t+at)-y" (£)}° [y, 57, 1] (2.6)
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Substituting (2.5) into (2.4) and performing the integration gives

= n \n
p(y,weat|n,m) = ) L2 2 o (3,65, Mp(y, 8l ] (2.7)
n.

n=0 ay

Transposing the first term of the summation, divliding through by At

and taking the limit At—o+ yields the desired result (2.2).

It is important to note that we have imposed no ordering upon the
times t; for t;, e T but have required merely that + £ T Eqg. (2.2)
will also be referred to as the forward equation because the conditional
moments An(y,t;Y,T) are computed by "looking forward"; i.e., examining
the incremental change in the process in a time At after the time of
occurrence of the random variable y(t). The significance of taking
At negative (note that the above proof still remains valid) and conse-
quently "looking backward" in computing the conditional moments will be
considered in Sec. G of this chapter.

As mentioned in Ch. I, we are tacitly assuming that any regularity
conditions are satisfied. Such a condition is that p(y,t|Y,T) be an
analytic function of y so that derivatives with respect to y are
defined. However, the proof of the theorem is valid on any interval of
y over which the transition density p(y,t[Y,T) is analytic. Hence if
there are discontinuities in p(y,tiY,T) and/or its derivatives, the
generalized Fokker-Planck equation must be solved over the regions of
continuity and the points of discontinuity sultably accounted for. If,

for example, the transition demnsity contains a 6-function and is
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otherwise analytic, we expect the generalized Fokker-Planck equation to
characterize only the continuous part of the density function.

By properly selecting the set of conditioning variables Y,
Eg. (2.2) can in principal be solved for any conditional probability
density function, say P(yk’tklyi’tl; cee syk-l’tk-l)’ of the process
{y(t)}; assuming, of course, that the conditional moments
An(yk,tk;yi,tl; cee ;yk-l’tk-l) can be evaluated and that suitable
boundary conditions are known. The joint density function
p(yi,tl; ces ;yk,tk) can then be found from this conditional density

function by using the identity

k
P(yl}-t‘li e ':yk’tk) =P(yl)tl) I I P(yi,tiiyl’tl; v ‘;yi-l’ti-l)
=2
where the factors on the right-hand side of this equation are computed
from the conditional density function p(yk,tklyl,tl3 i 5yk-l’tk-l)
by letting certain of the conditioning times go to minus infinity.
Hence, the generalized Fokker-Planck equation enables us to obtain a

complete statistical description of the random process {y(t)}.




16

We now consider the relationship between the generalized and
classical Fokker-Planck equations. If {y(t)} is a Markov process and
to < t, the conditional moments An(y,t;yo,to) in the generalized
Fokker-Planck equation for p(y,tlyo,to) reduce to the conditional
moments appearing in the classical Fokker-Planck equation [Cf. Egs.

(1.3) and (1.5)1; Lee.,

; 1 n
A (¥,8555,t) = Lim T EL{y(t+88)-y(£)}" |y, %55, t,]
At—o+

lin 55 ELly(b+6)-y(£) ]|y, ¢]
At—o+

A, (y,t) (2.8)

This observation leads to the following corollary.

Corollary 2.l. If to <t and if

(1) A (¥t55,,8,) = A (y,t) 50 =1, 2
(11) A (¥>t55,,t,) =05 n = 3,
then the generalized Fokker-Planck equation for p(y,tlyo,to) reduces

to the classical Fokker-Planck equation.

Necessary and sufficient conditions for the equivalence of the gen-
eralized and classical equations have not as yet been found. It is

sufficient for equivalence that the conditional moments be the same in
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both equations. Any condition implying this equivalence i1s therefore
sufficient, as the Markov condition leading to (2.8).

As an illustration of the validity of the generalized Fokker=-
Planck equation for processes whose transition densities do not
satlisfy the Smoluchowskl equation, we consider a case in which the
conditional moments An(y,t;Y,T) can be computed.

Example 2.1. Iet {y(t)} be a stationary Gaussian random

process with mean m and variance 02. We wish to show that

P(ykltklyl’tl 3 ome 3 )’k_l,tk_l) H tk }L tk_l, LS A 'tl

satisfies the generalized Fokker-Planck equation

® n .n
P _ Z (-1) o) [A (I’.E)p] (2.9)
ot n! 3y ? &
k n=l k

with

An(z)i) = An(yl)tl; L AL Yk;tk) = lim %E[{y(tkﬂlt)—y(tk)}nlz,ﬁj
At—o+

and
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= i
vy 21
Y ta
P = . ’ E = - 5
Y O
= = - il

In this case we can compute the conditional moments An(y,E)
since we know all multivariate probability density functions of the

process {y(t)}. Using these moments, we must then verify that the

generalized Fokker-Planck equation is satisfied.

The k-th order Jjoint probability density function of the process
*
{y(t)} 1is

P(Z:}"_) = N(EJK) s

where K 1s the covariance matrix

l plz . - - plk
5 P 21 1 . B . p2k

K = o ,
P Pxa e Prx

*  The notation p(y,t) = N(m,K) means that y is normal with mean

vector m and covariance matrix K.
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in which
pry = ety ) = = Ely-m) (rym)] -

As shown in Appendix B, the conditional density function required for
the computation of the moments can be written in terms of these covari-

ances as
-1
p(yk+l-y}s l¥) = N[(Ek.,.l'fk)K (y-m), |2]/|x]|]
where
Vi = Y(epy) = ¥(oHt) 5 Gy = & + 4T,

*
¢ is the augmented covariance matrix

_ ] _
- P12 . Plx | P1,k41
|
| P21 % P P
|
K | (£k+l)t . i . W | ;
@ - i = | = 0 . L - I .
T ! G2
...k+l l . - . |l .
pm p . e . l |p
k2 1Pk, k+1
________________ _i.____.
Pril,1 Prid,2 ¢ 0 0 Prelig 2 |

%  The subscript "t" will be used to denote the transpose of a
matrix.
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and

Tl = LPiy,a Py 2 o0 pk+1,k] ’

= [pkl Prg *=* pkk] = k-th row of K.

The conditional moments An(y,E) are now easily calculated using this

density function. We find

.1
lim o= Elyy 2-v, |¥,5] 5

Al (Z:E)
At—o+

- <%
lim 7= [z o -m K “(x-m) ],

At—o+
. Pr+1,17Px,1 Pre1,27Pk, 2 Pra1,x Pk, k| -1
. &S At AT mew sttt e
At—o+

2 - o) L4 . "l
c [pk.l pkz SRk pk,k—l p(O+)]K (_X-E) 2 (2.10)

where a dot denotes differentiation with respect to +t In a similar

K*

way,

) 1 2
lim 2E E[{yk+l-yk} IX;E] s

At—o+

lim %? [%l— + {(3k+l-_{k)K‘l(z-31,)}2J ’

At—o+
1 £ |81
= T’ lim = »
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Now consider |&|. Subtracting row k from row (k+l) leaves the
value of the determinant unchanged. Subtracting column k from

column (k+1) in this new determinant ylelds

The elements off the main diagonal in the partitioned matrix all go to
zero linearly with At and hence their contributions to the wvalue of

the determinant are of the order of (At)z. Therefore

2
20 lKl(l-p )
lim i%% = lim AT g s
At—o+ At—o+

2 .
-20°[K|p(o+) ,
and we get
2-
Az(Z’E) = -20“p(o+) . (2.11)

Since the moments of & Gaussian process for n = 3 can be written
as sums of products of the first and second moments, which we have just

shown are of order At, we have

An(I’E) =0; n= 3. (2.12)
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It is now a simple, but somewhat involved, matter of differentia-
tion to show that (2.9) is satisfied with the moments (2.10), (2.11)
and (2.12). We omit the details.

In this example, all conditional moments vanished for n =2 3. This
will also be the case in all problems which we later consider. However,
we will always write the generalized Fokker-Planck equation as an
infinite sum; and in each instance verify that all moments of suffici-
ently high ofder vanish.

If the autocorrelation function of a stationary Gaussian process is
differentieble at the origin, p(o) = 0. Eq. (2.11) then shows that the
second moment of the generalized Fokker-Planck equation must vanish and

the generslized equation becomes

-

%Pq o [ikK'l(z-I_n)p] (203}

where the dot again denotes differentiation with respect to t In

K
particular, this equation holds for any stationary Gaussian process that
is differentiable mean square (since it is well-known that a random
process is differentisble mean square if and only i1f its autocorrelation
function is twice differentiable).

We now consider a simple example which illustrates how the condi-

tional moments are computed when we are given a differential equation

relating the process of interest and some other known process.
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*
Example 2.2. Consider the differential equation

T - 2(y) +n(t) , (2.1%)

where f(y) 1s a prescribed function and n(t) is white noise with

E[n(t)] =0 and Rn(T) = ZNOS(T). We assume furthermore that n(t)

is independent of n(t') for +t £ t'. Let us derive the generalized
Fokker-Planck equation for P(Y,t[yo,to). To first order in At,

(2.14) can be rewritten

t+At
y(t+at) - y(t) = £ly(t)at +.Jf n(t)dt.
5

Assuming t > to, the conditional moments are now easily computed from

this equation. We find:
A (vot5y,t,) = £(¥),
Az(yit; o,tO) = ZNO

and

* This one dimensional system has been considered by many investigators-
originally by Andronov, Pontryagin and Witt (1) and later by Chuang
and Kazda (4), Barrett (2), Stratonovich (15) and others. TFor a
rigorous treatment, see Doob (6), p.273, where it is shown (under
suitable conditions) that the output process {y(t)} is a Markov
process.
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A (y,t57,,%,) =0 5 n=3.

The generalized Fokker-Planck equation can now be written

2
S ptlygty) = - SERtly,t,)] + N, :? (¥, by ,t,) , (2.15)

which is identical to the classical Fokker-Planck equation. However,

we have not found it necessary to show a priori that {y(t)} is a

Markov process or has a transition density satisfying the Smoluchowski

equation, as must be done in using the classical equation.

when f£(y) = -By, y(t) can be interpreted as the output of an
RC filter with a time constant P excited by white noise n(t)/B. 1In
this case (2.15) is easily solved using Fourier transforms [Cf.

Middleton (11), p. 459], and the solution satisfying the initial condi-

tion p(y,t,ly,,t,) = 8(y-y,) 1is

—\2
1 =
P(Y:tlyo;to) =;7::::: exp | - LX_Z%_ i T2, (2.16)
2 20
cht t

where

_ -B(t-t)

Y= yoe y
and

c - fﬁ lae-za(t-to)

t B i
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C. The Steady-State Case.

The case in which we are solving for the first-order probability
density function when the output 1s stationary will be called the

steady-state case. The first order density function can be obtained

from the conditional density function by letting the times of the con-

ditioning variables go to minus infinity; i.e.,

p(y) = p(y,t) = 1im p(y,t|Y,T) , (2.17)
TL._ @

where the notation T - - ® means ti -+ - ® if tieT. Then

1m 2 ply,tly,m) =2 _o,
e, 3T ot

and the generalized Fokker-Planck equation, Eq. (2.2) becomes an ordin-

ary differential equation

? - n n
o=y L Lo e, (2.18)
ke n?l dy
where
A (y) = Llim E[{y(t+st)-y(+)}"|y,t] . (2.19)
At—o+ At

The moments An(y) are now identical to those appearing in the

classical Fokker-Planck equation so that the generalized and classical
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equations are identical in the steady-state case (assuming An(y) =0
for n = 3, since the classical equation is defined only for this
case). As we shall see shortly, the Fokker-Planck equation in the
steady-state case becomes degenerate (i.e., O = 0) for a wide class
of random processes.

The limiting procedure in (2.17) is valid only when two values of
y(t) at times sufficiently far apart are statistically independent.

However, (2.18) is valid in any case since we could have derived it

directly from p(y) by following exactly the steps in the proof of

Theorem 2.1.

Example 2.3. Let us consider the steady-state generalized Fokker=-
Planck equation for the first order density function of the Gaussian
process of Example 2.l1l. Since the process is stationary and
p(t) =0 as |v| - ®, the conditional moments (2.10) and (2.11)

become

5(0*‘) (yk"m)

]

Al(y-k)

and

-2025(o+) .

1]

Ay(yy)

The generalized steady-state equation for p(yk) is therefore
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5 = 32 2
0 = - — [p(o+)(3-m)p(y )] + — [o%p(o+)n(x)] .

¥y oYy

When p(o+) = O, this reduces to

and evidently the generalized Fokker-Planck method breaks down. This
result motivates the next section in which we extend the generalized
Fokker-Planck equation to overcome this difficulty. However, let us
first consider an example illustrating the use of the steady-state
equation.

Example 2.4. The steady-state equation for the system discussed

in Example 2.2 is found from (2.15) to be

0 = - 2 (e + v, 22

The solution to this equation satisfying the boundary conditions

p(+ =) =0 1is
b
£
P(Y)=CexPjNZ dz| ,
(o]

@
where C 1s determined from the condition f p(y)dy = 1.

When f(y) = - « N, siny , a>0, and the boundary conditions

are
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7T
IP(Y)dy =1,
-7
and
P(ﬂ) =P("‘:) ]

the solution to the above steady-state equation is

p(y) = exg&g;?gs y) ly| < =,

where Io is a modified Bessel function of the first kind. Tikhonov
(16) and Viterbi (17) have shown that this is the steady-state phase-

error distribution of a first-order phase-locked loop.

D. An Extension of the Generalized Fokker-Planck Equation in the

Steady~State Case.

As mentioned above, the steady-state equation could have been
derived directly and in so doing we would have arrived at the steady

state form of (2.7); viz.,
- n .n
(y) = ) 2L e )T, (2.20)
S n! dy :

where

a,(¥) = EL{y(t+at)-y(+)1"|y(t)] . (2.21)
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To derive (2.18), we would now transpose the first term of the summa-
tion, divide both sides by At and take the limit as At—o+. However,
after transposing the first term of the summation, the left-hand side
of the equation 1s identically zero. Hence the possibility of dividing
through by a higher power of At before taking the limit is suggested.
We divide by (At)v and refer to the resulting equation as the

generalized y-th order Fokker-Planck equation; i.e.,

o

0=y L7 & O m, (2.22)
=l n! dy
where
(v) 1|V n
@) = (5] Bllyen) (0 w1 (2.23)
At—o+

This y-th order equation will clearly have meaning only when the
moments Aév)(y) exist. By analogy with Brownian motion, the case
v % 1 implies that the particles are constrained in such a way that

they can move only distances of the order of (Ay)l/v

in the time At,
where vy need not necessarily be an integer.

Most of our previous results had been quite similar to the classi-
cal Fokker-Planck equation, although containing an important differencej;
but the above result represents a significant departure. The y-th order

equations will later be used in a non-trivial example.



E. Properties of the Conditional Moments.

In many cases of interest, the output process possesses symmetry
about the origin which is reflected 1n a symmetry property of the condi-

tional moments. This property is summarized in the following:
Theorem 2.2. If »p(y',t'|y,t;Y,T) = p(-y',t'|-y,t;-Y,T), then

A (60,7 = (-1)"A (-3, 45-Y,T) . (2.24)

Proof. By definition of the conditional moments, Eq. (2.3), we have
1 n
A (v t5Y,1) = lim = E[{y(t+at)-y(£)} |y, t51,7] ©
At—o+

Hence

1
Lim 2 E({y(t+a8)-y(t)}°|-y,t;-v,7] ,
At—=o+

A (-¥,t3-Y,T)

(-1)* lin T BLL-y(t+8t)+3(£) }°| -y, 5-¥,7].
=0+

Making a change of variables in the expectation, letting

y(t+At) - -y(t+At), and invoking the hypothesis in the statement of

the theorem yields the result (2.24).

This theorem imposes certain constraints upon possible solutions

to the generalized Fokker-Planck equation. More specifically, the



theorem is a type of boundary condition which the solution must
satisfy and we will later use it for that very purpose. In the steady-
state case, p(y,t|Y,T) -~ p(y,t) as T - - » and the above theorem

ylelds
A(y) = (-1)"A (-y) . (2.25)

Hence An(y) is an even function of y for n even and an odd
function of y for n odd.

With little difficulty we could extend the above theorem to the
moments appearing in the vy-th order equation [Cf. Eq. (2.22)] and

obtain
A @) = 1P ) (2.26)

The following theorems make further explicit statements about the
behavior and existence of the conditional moments:

Theorem 2.3a. If {y(t)} is a stationary random process, then

EEAl(y,tsY,T)] is zero.

Proof. Interchanging the limit and expectation operations, we find

1im %—f Ely(t+at)-y(t)]

E[A (v,%57,T)]
At—o+

1]
(@)
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Theorem 2.3b. Iet {y(t)} be a stationary random process. If

the autocorrelation function Ry(T) is differentiable at the origin,
then

An(y,t_;Y,T) =0 forall n= 2.

Proof. Interchanging the limlt and expectation operations, we find

E[A,(y,t5%,1)] = Lim = E[{y(t+at)-y(t)}%]
At—o+
l ro.2
= Aﬁm [2y® - ZIS,(At)]
= o Zhy(o'f') °

TF Ry('r) is differentiable at the origin, ﬁy(m) must vanish since
Ry(T) is an even function of T. Since A,(y,t3Y,T) is non-negative
: *

with mean zero, 1t must then be identically zero (a.e.) . Finally,

using Schwarz's inequality, we find for n > 2,

‘ 2
L
A %(y,65%,T) = lim T Elly(tat)-y(0) Py, t5v,m)
At~o+

1 20, .
< lim | = El{y(t+at)-y(£)}° |y, 51,71 x
At—o+

b4 %E E[{Y(t+ﬂt)'Y(t)]2(n‘l)lY:tiY:T] P)

*  The notation (a.e.) following a statement means that the statement
is true almost everywhere; i.e., except possibly on a set of
Lebesgue measure Zero.
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2
A (0 8T) < A9, 65, T Ay 1y (3, 85Y,T)

(where we have tacitly assumed Ar(y,t;Y,T) <o for all r). This

completes the proof of the theorem.

The validity of this theorem was demonstrated .in Example 2.1 for
stationary Gaussian processes. In particular, the theorem holds for
all stationary random processes which are differentiable mean square..

The above two theorems imply the following:

Corollary 2.3. Iet {y(t)} be a stationary random process with

ﬁy(o+) = O. Then Al(y) = 0 and the steady-state generalized Fokker-
Planck equation becomes degenerate.
Proof. Since f(y(o+) =0, A(y) =0 forall n =22 by Theorem 2.3b.

The steady-state generalized Fokker-Planck equation then follows from
(2.18)3 wviz.,

%:‘r (A, (¥)p(¥)] =0 .

If A () £ 0, this equation has the solution



H
c
p(y) = 5 ¢ = constant £0 .
Aliyi

Since we have shown in Theorem 2.3a that the expected value of Al(y)
is zero, Al(y) must either be zero or assume both positive and nega-
tive values. In the latter case we would not obtain p(y) = 0 for all
Y. Therefore Al(y) must be zero and the generalized steady-state

Fokker-Planck equation degenerates to

'F. Generalization of the Multidimensional Fokker-Planck Equation.

The generalization of the classical multidimensional Fokker-
Planck equation follows in exactly the same way as in the one-dimen-
sional case. Iet I(t) denote an M-dimensional vector whose compon-

ents are the M-random variables y(i)(t), (=1, e+ ,M); 1i.e.,
(¥,t) = y(1) (2 00 ) (2.27)

where the y(i) are from different random processes. The multidimen-

sional form of (2.4) can then be written

p(y,t+at|Y,T) = fdz'p(x,t+At|_y_',t;Y,T)p(z',tIY,T) . (2.28)
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Writing the first term in the integrand as the Fourier transform of the
M-dimensional conditional characteristic function of (y-y') and
following the other steps in the proof of Theorem 2.1 leads to the
result:

Theorem 2.4. (Multidimensional Generalized Fokker-Planck Equation).
If t £ T, the conditional probability density function p(y,t|Y,T) of
every M-dimensional continuous random process {y(t)} satisfies the

M-dimensional generalized Fokker-Planck equation

o

& % n
3 E -1 1
5t P(%,t]Y,T) = I ] -(—;-v—(ni — D, [Anl"'“ (1,t5Y,T)p(z,tlY,T)],
M
My~ eaiogh SR (2.29)

where
1 - (1) () eyy
AL ...p (LHL,T) = lin T E ' (eat) -y P (0)3 Hy, sy,
1° "y At-ot OF l:l'[
(2.30)
and
D, = a/ay() (2.31)

The two-dimensional form of the above equation will later be used.

Setting y(l)(t) = x(t) and y(z)(t) =y(t) we find for M = 2
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3 ® ( <1 )m+n am+n
= P(x;Y)t]Y)T) = z: (A (x:Y;tiY:T)P(x:V:tIYJT)] ’
% nin! aTdyr o

m,n

(2.32)

m+nto

where

1 m n
A (%,y,45Y,T) = Lim 3 E[{x(t+at)-x(t) ] {y(t+at)-y(t) " [, 5, £33, 7] «
At—o+
(2.33)
As a matter of convenience, we shall confine most of our results
to0 the one-dimensional case with obvious generalizations to the
M-dimensional case by the above theorem - considering the M-dimensional

case only when it is germane to the discussion at hand.

G. The Generalized Kolmogorov Equation.

As mentioned in Sec. B, we could have taken At negative in the
proof of Theorem 2.1 and would have ¢ tained:

Theorem 2.5. (Generalized Kolmogorov Equation.) If t £ T,
the conditional probability density function »p(y,t|Y,T) of every
continuous random process {y(t)} satisfies the one-dimensional gener-

alized Kolmogorov equation

n n .n
- 2 (v t|v,) = Z-(i}— S [8,(y,%5,D0(y,t|Y,m)] , (2.34)
n! 9y
n=1
where
B, (y,65%,T) = lim I EL{y(t-at)-y()}"|y, 457,71 . (2-35)

At—o+
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The conditional moments Bn(y,t;Y,T) are now computed by examining
the 1ncremental change in the process in a time At > 0 prior to the
occurrence of the random variable y(t). Once again we have imposed no

ordering upon the times ti’ t, € T, and have allowed the set Y to

;i
be arbitrary.

Note that in general

Ay, t5Y,T) £ B (v,t3Y,T) (2.36)

since equality would imply from (2.2) and (2.34) that

S o(y,tly,T) =0,
which is physically unrealistic for most of the processes which we
shall have occasion to consider (except in the steady-state case).

Eq. (2.34) has been termed the generalized Kolmogorov equation
even though we have not been able to establish the equivalence between
(2.34) and the classical Kolmogorov equation (1.4) for the class of
Markov processes. However, this equivalence does exist for a certain
class of Markov processes possessing a type of temporal homogeneity.

¥
We will say that a random process is absolutely stationary if it is

stationary and if its Jjoint probability density function at two

%  Absolute stationarity implies wide-sense stationarity and in the
case of a Gaussian or Markov process strict sense stationary (also
note that every statlionary Gaussian process is absolutely
stationary).
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instants of time depends only upon the gbsolute value of the time
difference. We then have the following equivalence:

Theorem 2.6. Iet {y(t)} be an absolutely stationary Markov
process with a first order probability density function p(y) satis-

fying the steady-state equation [Cf. Eq. (2.18)]

2
:_yé [a,()P(0] - & [y (eI =0,

| -

with (2.37)
A (y) =0 for all n= 3.

Then the generalized Kolmogorov equation (2.34) for p(yo,toly,t);to<:t,

reduces to the classical Kolmogorov equation (1.4) for

p(¥,t|y st )st, <t, If and only if

3% me] - 4 e =0 . (2.38)

Proof. The generalized Kolmogorov equation for p(yo,toly,t) is

n an
: = B (¥ t59,8)R(v,, 8, |5t 1,

- 2 p(y,,t,lvst) = zz: -
5 n
=t © (2.39)

Bto

where
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t sy,t) = lim
B (¥grtoi¥st) m == EL{y(t -at)-y ()} [¥grtosvst] -
By the Markov hypothesis, the conditioning yariable y may be dropped
in the conditional expectation. Application of absolute stationarity

then yields

B (¥,,to3y,t) = lim At E[{y(ty-0t)-y(t,)}" |y 51,0 »
At—o+

= lim At E[{y(t +at)-y(t 1 [y ,t,]
At—o+

= An(yo) ’ (2.40)

where the An's are the moments of the steady-state equation [Cf. Eq.
(2.37)]. For a stationary Markov process, these moments are also equal
to the moments of the classical Kolmogorov equation, Eq. (1.4). Since
An(yb) =0 for all n = 3 by (2.37), (2.40) then shows that
Bn(yb,tosy,t) =0 for all n = 3. Using the moments (2.40), Eq. (2.37)

and employing Bayes' law enables us to put (2.39) into the form

. 2
3 A (v,) ¥
—a?; P(y:tlyoyto) F E Y P(Y:tlyo:to)

1
| n! Byo

(2.41)

- = 5T§"7 [gy p(y,tlyo,taﬂ[ LA, (v )p(y IFAy (v )p(y,) }
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(1) (:) Assuming (2.38) to be true, (2.41) reduces to the classical
Kolmogorov equation for p(y,t]yo,to).
(i1) (:) When the generalized Kolmogorov equation for p(yb,toly,t)
reduces to the classical Kolmogorov equation for p(y,t[yo,to), the
left-hand side of (2.41) must be zero. Hence

[2— (35t |7t )] [la—— (A, (30)P(¥o) 1=y (v,)B (¥ )} 0.

Vg o’ "o 2 ayo 2*70 o 1Yo o

If the first factor on the left-hand side of this equation vanishes for
all o the classical Kolmogorov equation for p(y,tlyo,to) implies
that Bp(y,t|yo,to)/ato = 0 and, as previously mentioned, this is

physically unrealistic for the processes which we shall consider.
Hence

_32__%; LA, (v )p(v,) 14, (v Jp(y,) =0 .

The Gaussian Markov process in an example of a random process
satisfying the hypotheses of this theorem. Observing that the left-
hand side of (2.41) is the classical Kolmogorov equation for
p(y,t[yo,to), we can state the following:

corollary 2.6. If {y(t)} 1is an absolutely stationary Markov

process with a transition density p(y,tlyb,to); to < t, satisfylng

the classical Kolmogorov equation, then
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-lé% LA, (¥)p(y)1-A; ()2 (y) =0 . (2.k2)

This corollary is one application of the generalized Kolmogorov
equation and shows that absolute stationarity is a sufficient condition
for (2.42). Other sufficient conditions are given by Andronov,
Pontryagin and Witt (1) (in Russian) and are summarized by Barrett (2)
(in English). The condition (2.42) is used, for example, in the work
of Wong and Thomas (19). We shall later consider other applications of

the generalized Kolmogorov equation.

The generalized Fokker-Planck and the generalized Kolmogorov

equations can be summarized in the single -equation

°

> n .n
2 p(y,tly,T) = Z =0 2 o (v, 85Ty, 5,11,
nl nfoov (5,45)

where

c, (¥5t5%,T) = limi—tE[{y(t+At)-y(t)}nly,t;Y,T] s (2.4
At—o

in which the right-hand limit At—o+ gives the generalized Fokker-

Planck equation and the left-hand limit At—o- the generalized

Kolmogorov equation.‘ In general, the right and left hand limits are

different as is easily demonstrated in the steady state case when

{y(t)} is a Gaussian Markov process. For example
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I

lim E[y(t+At y(t) |y(t)]

plo+)y(t) ,
At—o+ At

and

1im At Ely(t+at)-y(t) |y(£)] = -p(o+)y(t)

At—o-

H. The Generalized Kolmogorov Equations for Discrete Random Processes.

Most of the above results can be extended to the case in which
{y(t)} 1is a discrete random process which can assume a finite number

of states, say N, from a set S. We shall employ the notation

(tlltZ’ s :tn) = Pr{.Y(tl) = JlIY(tz) = JZ" s o :Y(tn)=jn}:
(2.45)

which, in conjunction with the notation (2.1), will also be written

Py a
didg eee

P Y(tlT) = Priy(t)=3|Y,T} . (2.L46)

We then state the following:
Theorem 2.7. Iet {y(t)}] be a discrete random process with N

states from a set S. If t© f T, the N conditional probabilities

PJY(tlT), J € 8, each satisfy the generalized Kolmogorov equation

5 PJY(tlT) = :E: aJiY(t,T)PiY(t[T) (2.47)
ieS

where
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(t,T) = 1im = [Pr{y(t+At)=]|y(t)=L;Y,T}-5

. (2.48
At—o OF gl o« (2:48)

831y

Proof. We begin with the discrete analog of (2.4); namely,

Py (t+at]T) = E: Pr{y(t+at)=y|y(t)=15Y, 1}, (t|T)
ies

Subtracting PJY(tIT) from both sides of this equation yields

Py (t+at|T)-Py, (t]1) = zz: [Pr{y(t+at)=3 [y (t)=15Y,13-5,; 1Py (t]T)
ileS

Dividing through by At and taking the limit At—o gives the result

(2.47) with the moments defined by (2.48).

The equations resulting from the right-hand limit At—o+ will be
called the generalized forward equations and those from the left-hand
limit At—o- +the backward equations. Theorems relating the generalized
and classical equations in the case of discrete Markov processes can
easily be formulated and proved as was done in the continuous case.

By suitably combining the ideas behind the generalized equations
for the continuous and discrete cases, we can handle the situation in
which the desired probability density function is a joint density func-
tion with both continuous and discrete components. We illustrate this
case by considering the Jjoint transition probability distribution -

probability density function of an input-output pair when the input
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{x(t)} is a discrete random process with a set of states X, and the
output {y(t)} a continuous random process. We then desire to find a

generalized Fokker-Planck-Kolmogorov type equation for

P (7 t]yorto) = Lyt [x(e) =35y (), x(t,)=kIPrix(t)=3 [y (t,), x(t ) =%} .
(2.49)
Combining the steps in the proofs of Theorems 2.1 and 2.7, the desired

equation is easily shown to be

@

o)
ot ij(y’tlyo’to) = Z nt
n=1 &

(_l)n an
n
Y

[Anjk(‘y,t} o’to)PJk(y’t lyo}to)]

Q/

" Z ajik(y’tiyo’to)l’ik(y:tlyo:to) » (2.50)
ieX

where

1
A E[{y(t+at)-y(t)}" |[x(t+at)=4;

Y(t);x(t)'—'JSY(to):x(to):k] )
and

AT IR Jam L [er{x(b+at)=3|y(£),x(8) =15y (t,),x(t,) K}- 6,4 1.

Again, the right-hand limit will be called the forward equation and the

left-hand limit the backward equation and theorems concerning the
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equivalence of these equations and their classical forms can be stated
and proved without difficulty. Eq. (2.50) is useful, for example, in
finding the probability density function of the output of a filter
excited by a Polsson square wave.

We do not attempt to write the generalized Fokker-Planck-Kolmogorov
equations for an M-dimensional process with an arbitrary combination of
continuous and discrete components since such a general formulation
would be quite cumbersome with our present notation, and we shall not

have occasion to use it. However, the general form is suggested by

(2.50) .
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CHAPTER III

THE METHOD OF DARLING & SIEGERT AS A SPECIAL CASE CF THE

GENERALIZED FCOKKER-PLANCK-KOLMOGOROV EQUATIONS

A. Introduction.

As we demonstrated in the last chapter, there is complete
equivalence between the generalized equations derived therein and the
classical Fokker-Planck-Kommogorov equations whenever the output
processes belong to certain classes of Markov processes. In this
chapter we show the equivalence of the generalized equations of the
last chapter and the equations of Darling and Siegert whenever the
EEEEE processes belong to the very same classes of Markov processes.

We work with a slightly more general form of Darling and Siegert's
output throughout and hence obtain more general results. A method for
treating non-Markov processes by studying closely related Markov pro-
cesses 1s proposed and is seen to yield Darling and Siegert's equations
directly from the classical Fokker-Planck-Kolmogorov equations. The
generalized steady-state Fokker-Planck equation is also derived for

the above output without restricting the input to be Markov and is seen

to provide explicit evaluation of a certain conditional expectation.

B. The Output Process.

The output process considered by Darling and Siegert (Cf. Ch. I,

*
Sec. B) when the input is one-dimensional is

* The results of this chapter can be extended to the multidimensional
case by using Theorem 2.4 in the appropriate derivations.
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t
y(t,t,) =f e[x(7),7ldT 5 t, <t , (3.1)
t
o
where &[x(T),7] is a known function and {x(t)} is a continuous
Markov process with a transition density satisfying the Fokker-Planck-

Kolmogorov equations

(L - %E)P(x:tlxoxto) =0, (3'2)

(L

o e %)P(x’tlxo’to) =0 . (3.3)
(o]

We shall consider the slightly more general output

t
z(t,to) = g(t,tO)Jr [x(r),rlar ; ty, <t . (3.4)
Y
One distinct advantage in including the function g(t,to) in the out-
put, instead of merely defining y(t,to) = z(t,to)/g(t,to) is that the
random process {z(t,to)} can be stationary even if the process
{y(t,ty)} is non-stationary. For example, it is well known that if
the input, say {x(t)}, to an RC filter is stationary, then the output
is stationary - this output is given by (3.4) with t, = - %
[x(1),7] = x(T)(RC)_lexp(T/RC) and gft,-») = exp(-t/RC). However, the
output given by (3.1l) is now non-stationary.

In the following, we shall have occasion to regard one of the

times t or to as a fixed quantity with respect to certain operations

and will adopt the shorthand notations
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z(t)

z(t,to) zo(to) = z(t,to)
or 5(3.5)

g(t,t,) g,(t,) = e(t,t,) ,

g(t)

/

using the first set in dealing with the forward equation and the

second set in the case of the backward equation.

C. The Forward Equation of Darling and Siegert as a Special-Case of

the Generalized Fokker-Planck Equation.

Taking the inverse transform of the function considered by Darling
and Siegert, Eq. (1.12), we find p(x,y,tlxo,to) as the density
function to consider in relating the forward equation of Darling and
Siegert and the generalized Fokker-Planck equation for continuous
input and output processes. We are thus led to consider p(x,z,tlxo,to)
in the more general case of (3.4). The two-dimensional generalized
Fokker-Planck equation for this density function can be written from

(2.32) as

5 - (-1)TH D

3T p(x,z,tlxo,to) = oD [Amn(x)z'ytixo;to)l’(x:z:tlxo.vto)]:
& min! 0Ox oz

$ &

m+n20 (3.6)

where

5 L m
Amn(x,z,t;xo,to) - Ai:g; T E[L{x(t+At)-x(t)} {z(t+At)-z(t)}nlx,z,t;xo,to].

(3.7)
We must now evaluate these conditional moments from (3.4). We now

write (3.4) as
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t

2(t) = &(c) | alx(r),lar . (3.8)
t
o
We first consider the case n = 0. Employing the Markov property of

{x(t)}, we find

Ao (%2,t5x 58 ) = lim it E[{x(t+at)-x()}"[x,t] , (3.9)
At—o+

which shows the moments Amo to be identical with those appearing in
the operator L in the Fokker-Planck equation for p(x,t|x°,to),
(3.2). Therefore, we can separate the terms corresponding to

= 0 in the double summation in (3.6) and rewrite (3.6) as

(T - 5p)p(x,z, tlx ,t,)
i l)m+n m+n
E:: E: —s [Amn(x,z,t;xo,to)p(x,z,tlxo,to)] .
s el m!n! 0ox Jz

(3.10)
We next consider m,n = 1. For At small, from (3.8) we have to first

order (assuming &[x(T),T] to be sufficiently regular)

t+AL t
z(t+At)-z(t) = g(t+At)d[ [x(7),7lar-g(t) |@[x(7),7ldT ,
t

o o
t+At %

= g(t+At)J[ §[x(7),vlar+[g(t+At)-g(t)] [@[x(T),rldT ,

t to

']

® 0=
C"
~—

" (g(t+At)§[x(t),t] + & z(t)) (3.11)
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where the dot denotes differentiation with respect to +. For m,n = 1,

A (%,2,t5x,t,) = lim (at)* TR {x(t+at)-x(£)]™ x
At—o+

x {g(t+At)d(x,t) + %%%% z(t)}nlx,z,t;xo,toj .

Denoting the expectation conditioned on (x,z,t;xo,to) by Ec and

using Schwarz's inequality we find

|a_(x,2,85%,t.)| < lim Ec[lx(t+At)~x(t)lmlg(t+At)§(x,t)+é(t)z(t)ln],

At—o+ &(t)
2m L
< lim (B []x(t+at)-x(t) "] % x
At—o+
g(t
x [B []e(t+at)e(x, )+ E%E%z(t)|2n])% )
5(t) n .. am-| &
< |e(t)e(x t)+g( z(t)|" lim [E_[|x(t+at)-x(t) ] ])
el Ao+ © '
= 0. (3.12)
The only moments remaining to be evaluated are Aon’ n=21l. Using
(3.11) again, we find
g(t)d(x,t) + %%%% z; n=1 ,
Aoy (%pz,t5%,t0) = (3.13)

03 >l .
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Substituting these moments (3.12) and (3.13) into (3.10) gives the

generalized Fokker-Planck equation

Qe
—

(¢ - 3002, 5lxg50) = Llla(e)a(r,t)+ £ 23n(x,z,t]x,10)]

€

(3.14)

We now specialize to the output process of Darling and Siegert by

setting g(t) = 1. The above equation is then

o}
5p)P( Y, e, b)) = é(x,t}%;p(x,y,tlxo,to), (3.15)

{

which, upon Fourier transformation* with respect to y becomes the
forward equation of Darling and Siegert [Cf. Eq. (1.14)].

When the input is a discrete random process we can derive discrete
forms of the above equations by beginning with (2.50) and consequently

derive the discrete Darling and Siegert equation, Eq. (1.16).

D. The Backward Equation of Darling and Siegert as a Special Case of

the Generalized Kolmogorov Equation.

In this section, we follow essentially the steps of the previous

section. However, we shall find it necessary to further restrict the

% We tacitly assume that all terms corresponding to "initial condi-
tions" of the Fourier transformation cancel. We know that they must
since (3.15) and (1.14) were derived independently. An example in
which these terms are present 1s considered in Sec. C, Ch. IV, where
they are computed in detail.
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input process; namely, we assume that the input is absolutely station-
ary and is such that the generalized Kolmogorov equation for
p(xo,tolx,t) reduces to the classical Kolmogorov equation [Cf.

Theorem 2.6]. We now write the output (3.4) in the form

t
z (t,) = go(to)df e[x(7),7lar 5 t <t . (3.16)
t
o
Beginning with the two-dimensional form of the generalized
Kolmogorov equation (2.34) for the density function p(xo,zo,tolx,t)
and following exactly the steps of the previous section we find the
generalized Kolmogorov equation
. d 9 éo(to)
(L3 + ggg)P(Xo:Zo:tolx:t) = N g, (t )e(x,,t )+ E;T%ZTZO p(xo,zo,tOIX,t)
(3.17)
where the dot denotes differentiation with respect to to and where
Lé, which depends only upon X, and to, is defined by the general-

ized Kolmogorov equation for p(x,,t |x,t); viz.,

(L) + 2Bl b, |%,t) = 0 . (3.18)
o]

We desire to rewrite (3.17) in terms of p(x,zo,t[xo,to) and the
operator L, of the classical Kolmogorov equation, (3.3). From Bayes'

law, we have
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P(x > T )
P(xolzo,tolx’t) = _p(}(L_tC)L' P(x:zo.vtlxo)to) . (3019)

Substituting this equation into (3.17) and following the steps in the

proof of Theorem 2.6 leading to Eq. (2.41) yields the desired result

i ) (%)
(Lo + ggg)P(x;Zo:tlxo:to) - S;; [go(to)@(xo"to)+ ESTEET %o P(X’ZO’tlxcmo)

(3.20)

where we have employed the condition of absolute stationarity. Note
that we could just as well write =z instead of zg since they are the
same quantity. Setting go(to) = 1 so that we get the output of

Darling and Siegert, B, =¥y

=y, the above equation becomes
(Lo + S0p(%,3,b]3x0,8,) = 8(x,80)5 p(x,7, %, 80)
- Yy o’ ’o
(3.21)
which is recognized as the inverse Fourier transform of Darling and
Siegert's backward equation, Eq. (1.15).
Again, when the input is a discrete random process, we begin with

(2.50) and, following the above procedure, can derive the discrete form

of (3.21), Eq. (1.17).

E. Markovization - Extension to Arbitrary Transition Densities.

The concepts of time and the evolution of time are intimately
involved in the definition of a Markov process - with such terms as

"past", "present" and "future" used extensively to describe the course
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of certain physical phenomena. However, the idea of a Markov process
can be viewed simply as a mathematical property of certain conditional
probability density functions expressing independence of certain random
variables upon other random variables when the times of occurrence are
ordered. The time parameter need not be the actual time (with respect
to the real world) of occurrence of events but could conceivably be
some other parameter such as a time-constant, delay, truncation, etc.
For example, let {y(t)] be the output of a linear filter excited

by a zero-memory transformation of the Markov process {x(t)}; i.e.,

t
y(t) = J[ h(t-1)v[x(T)ldT .

In general, {y(t)} is not a Markov process nor can it be regarded as
the projection of a higher-dimensional Markov process. ILet us introduce

a parameter, say €, in the upper limit of the integral, writing*

t+e
w(e)_:[ n{t-ryvixlv) 1

-0

and consider the evolution of w(e) as € wvaries, holding t fixed.

We write w, = w(e and x; = x(t+ei) and will now show that the

i i)
joint process {wi,xi} is a two-dimensional Markov process, with

i

respect to the parameter €. For g, 2 EJ’ we can write

* h(t) is now to be considered as the analytic continuation of the
impulse response.
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E.
i
Wy o= W +.j- h(-u)v[x(t+u) Jdu .
€
J
Hence, the statistical properties of LA depend only upon those of

CE.. KN Eg. Civs L

W and X for e,:< eq S €;. Thus, if €1 P 3 -

J q J i
we have

P(wn’xnlwlxl; o ;wn-l’xn-l) - p(Wn’xnlwn-l"xn--l)
and conclude that [wi,xi} is a two-dimensional Markov process.
Consequently, the transition densities of the process must satisfy

two-dimensional.classical Fokker-Planck-Kolmogorov equations; viz.,

9 "
ﬁﬂ - EE; p(wi,xile,xj) =0 ; e <€ s
L, # S p(w,,x, |w.,x.) =0 ; e, <€
J aaj i A B i * 53 .
where Li is an operator depending only upon LATRSY and €4 and LJ

an operator depending only upon W ,}c'j and €3¢

We note furthermore that if {x(t)} were a white process with
x(t) and x(t') independent for +t £ t', that {w;} would be a
one-dimensional Markov process with respect to the parameter . We
could then characterize the transition densities of the process [wi}
by the classical Fokker-Planck-Kolmogorov equations. Many of our

results of this chapter and the next can be obtained by employing the
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artifice of Markovization and using the classical equations. However,

we choose to work directly with the generalized equations since they

are valid in all cases.

The output process considered by Darling and Siegert [cf. Eq.

(3.1)] can be written in the form

5

¥y =,[ 8[x(T),rldT ; >t ,

t
o

where y, = y(ti) and t_ is a constant. As was done above, we can
show that the joint process {yi,xi} is a two-dimensional Markov
process and, using the classical equations, can derive Darling and
Siegert type equations for the arbitrary transition densities
p(yi,xilyj,xj) 3 to < tj < ti ;5 1l.e., the conditioning variables need
not be taken at t = to. These same equations can be found from the
generalized Fokker-Planck-Kolmogorov equations as was done in the pre-

ceding sections.

F. The Steady-State Case for Arbitrary Inputs.

In this section, we consider the output process {z(t)} defined
by (3.4) but do not require the input process {x(t)} to be Markov.
when {z(t)} 1is stationary, the steady-state generalized Fokker-Planck

equation* for p(z) follows from (2.18)

* Note that we have not let t_— ~® even though the steady-state
equation was heuristically derived in this way. However, in
arriving at (3.11), we have tacitly assumed t independent of t
8o that to will indeed be - in most cases to insure that z(t)
is stationary. Examples in which 1t £ -* are considered in the
next chapter.
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- (-1)" g°
O = e 4/ ’
EL T m (A, (z)p(z)]

where

A (z)= lim %E [{z(t+at)-z(t)}%|z,t] .
At—o+

These moments are easily computed from (3.11) and we find*

]

Al(Z)

e()El(x,1) |2(8)] + £ a(v)

]

An(z) O, %2

Therefore the steady-state equation can be written in the form:*

& [ (2)p(z)1 = 0,

vwhich implies that Al(z) must vanish [Cf. proof of Cor. 2.3].

(3.24) yields

B8 (x,t) |z,t] = - L 2(3) .
g (t)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

Hence

(3.87)

* A bounded autocorrelation function for &(x,t) is quite sufficient
to insure that A _(z) =0, n =2 2, which in this case serves as the

regularity condition mentioned before (3.11).



58

Note that the first order generalized Fokker-Planck equation for p(z)
degenerates In this case; nevertheless, it has enabled us to
explicitely evaluate the above conditional expectation. This result
is important for two reasons:
(1) The conditional expectation (3.27) cannot be evaluated
directly, and
(11) The information given by the conditional expectation
can be used advantageously as a boundary condition
and/or to compute the conditional moments of higher-
order generalized Fokker-Planck equations (this use of
(3.27) will be illustrated in later examples).
When z(t) is the output of an RC filter excited by a zero-
memory transformation of the stationary process ({x(t)}, say V(x),

we have

t
T/RC
2(t) = e ¥/RC f"_ﬁ vix(r)lar . (3.28)

Hence &(x,t) = (RC)—lexp(T/RC)VEX(T)] and g(t) = exp(-t/RC) 8o that

(3.27) yields
E[v(x)lz] =% » (3.29)

Thus, when the input to an RC filter is stationary, the expected value

of the input conditioned on the output is equal to the output.
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As another application of (3.27), we consider the case when the
joint process {x(t),z(t)} is stationary, with {x(t)} Markov. The

steady-state equation for p(x,z) can be written from (3.14):

(x,2) = 3 He()a(x,t) + E&In(x,2)] . (3.30)

Assuming again that z(t) is stationary, we integrate this over all
x and apply (3.27). This results in the following null property of

the Fokker-Planck operator L:

e o]

pr(x,z)dx =1 4 (3.31)

-00
where we recall that I was defined as the operator in the classical
Fokker-Planck equation for p(x,tlxo,to) 3 t, <t ; that is,

(L - S)p(x,t]x ,t.) = 0.



CHAPTER IV

THE LINEAR FILTER

A. Introduction.

The output process (3.4) considered in the last chapter is quite
similar in form to the output of a linear filter. By suitably modify-
ing the results of the last chapter, we present in this chapter
generalized Fokker-Planck-Kolmogorov equations governing certain joint
probability density functions associated with the general linear filter.
We consider the output process

t-£

y(t,h,e) = f h(t-7)vix(r)ldr 3 A 20, A = e, (4.1)

t-A
where {x(t)} is a one-dimensional Markov process, V(x) a prescribed
Zero-memory transformaﬁion of x and h(t) the impulse response func-
tion of the filter*. Our primary objective is to determine the output
probability density function p(y) for both continuous and discrete
input processes {x(t)}; however, our approach requires in most cases
that we first find the joint density function of y and x(t') at
some time t' and then integrate out x(t'). To illustrate the
methodology of solution of the generalized Fokker-Planck-Kolmogorov

equations found herein, we solve them for the case in which

% h(t) will always denote the analytic continuation of the impulse
response function of an untruncated filter. The filter will be
truncated by our choice of limits of integration.
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V[x(t)] = x(t) is the Gaussian Markov process for an arbitrary impulse
response h(t). The discrete generalized Kolmogorov equations are also
presented and their solution considered when {x(t)} is the Poisson
square wave. The output probability density function of an RC filter
excited by the Polsson square wave is found by solving the generalized
Kolmogorov equations and also by using the y-th order generalized
Fokker-Planck equations. Wonham's results (21) for the transition
density of this process are extended. Finally, we illustrate the use

of the y-th order equations in finding asymptotic solutions.

B. Continuous Input Processes.

In this section {x(t)} is assumed to be a continuous one-dimen-
sional Markov process with a transition density satisfying the

classical Fokker-Planck-Kolmogorov equations

(L - $p(e,tlx ,6) =05 6, <t , (4.2)
(L, + %;)p(x,tlxo,to) 0t <t, (k.3)

and the generalized Kolmogorov equation

we

(L] + S)p(x, b, xt) =0 5 b, <t . (4.14)
(o}

l. The Forward Equation. If we think of the time t as a fixed

quantity, (4.1) can be written in the form
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%

j #[x(1),7ldr 3 t, <t , (.5)

t
o

y(ty)

where &[x(7),T7]

h(t-7)v[x(T),7], t; = t-e and t_ = t-A. This
form is identical with (3.4) when g(tl,to) = 1. The generalized

Fokker-Planck equation for p(x,y,tllxo,to) follows at once from

(3.15); viz.,

e} d
(L - sz)P(x;y)tllxo)to) = Q[x(tl):tl] §§P(x’y’tl‘xo’to) .
(4.6)
Upon changing the independent time variable from pl to € and using

the above definitions, this becomes
0 9
(L + 52)P(x, 35 t-e [x g, t-1) = h(e)VIx(t-e)] Sp(x, ¥t x5 t-1) 5, (b.7)

where x = x(t-A). This is our desired result and is a partial
differential equation (usually of second order) in the three variables
X, ¥y and €. Fourler transformation with respect to y simplifies
the equation somewhat by eliminating the derivative with respect to
Y. |

The solution to (4.7) must possess the usual properties of
probability density functions and must also satisfy the obvious boundary

condition

P(X)Y;t‘klxo)t'l) = 5(y)5(x-xo)- (u’8)
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As we shall later see, this boundary condition is sufficient for
unique solution of (4.7) for a large class of problems. We can let
A= o in (4.7) and obtain the generalized forward equation for

p(x,y,t-e); 1.e.,
(L + 200y, t-6) = n(e)Vlx(t-e)] TR,y tme) 5 (4.9)

however, the boundary condition (4.8) has no meaning in the limit.
Hence, it appears necessary to first solve the truncated case, A\ < =,
and let )\ —- @ 1in the solution to obtain the solution for the
untruncated case. This is unsatisfactory in that we intuitively
expect the joint first-order demsity p(x,y,t-e) to be simplier than
the transition density p(x,y,t-elxo,t-K). On the other hand, the more
complicated case yields much more information. However, we have not as
yet been able to determine an appropriate boundary condition for (4.9).
Moreover, we have not even been able to find a generalized equation for

p(y) with appropriate boundary conditions for the general linear filter.

2. The Backward Equation. The generalized Kolmogorov equation for

p(xb,y,t-klx,t—e) can be found in the same way as in the last section.

Beginning with (3.17), we find
(5 - 20B(x s ¥r bk tme) = BVER(8-1)T B,y o[y tme) 5 (4.20)

and have the boundary condition



p(xo,y,t-e|x,t-e) = 8(y)6(x-x) . (4.11)

The backward equation for p(x,y,t-elxo,t-x) can also be easily found
by beginning with (3.21) (or the Fourier transform of the Darling and
Siegert backward equation if we do not assume absolute stationarity).

We get
e} 0
(Lo - ‘gx)P(x,Y;t'E lxo:t‘)\) = h(R)V(XO) 'E;P(X:YJt"elxozt")\) ) (&.12)
which is to be solved with the boundary condition
p(x,¥,t-e [x ,t-e) = 8(y)8(x-x) . (k.13)

Once again, the truncated case must be solved first, then the limit

A — @ taken to obtain the solution to the untruncated case.

3. The Linear Filter Excited by RC Noise. Iet {x(t)} be a

stationary Gaussian Markov process with mean zero, unit variance (for

convenience) and autocorrelation function
R (1) = exp(-a|T|) . (4.14)

The Fokker-Planck equation satisfied by p(x,tlxo,to)j t, <t, 1s

found from Example 2.1 to be
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2
a §_§ p(x,tlxo,to) + a é—[xp(x,tlxo,to)] - B p(x,tlxo,to) =0, (4.15)
ox ox ot

from which we find the operator 1L +to be

2
L(-) =a 25 (+) +a 2[x(-)] .
X ox

We desire to solve the generalized Fokker-Planck equation, Eq. (4.7),
for the joint density p(x,y,t-e) when V(x) = x. Our method of
solution, with slight modifications, can also be used to find the
transition density p(x,¥,t-e|x_,t-A); but, for simplicity, we con-
fine our attention to the first-order Joint denslty. Averaging out the
variable x, in (k.7) and using the operator L from (4.15) results

in the equation

2
a§_2+a_a_(,@)+§l'i=xh(e)@, (4.16)
ox ox e oy

o

where p = p(x,y,t-e). The boundary condition (4.8) becomes
2

]
NlN

P(x:y:t'h) = 8(y) LS (&.17)

B

To solve (4.16) we employ the two-dimensional Fourier transform

B(e,v,e) = f ae f ay IV, (5 v tee) (4.18)
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Transforming (4.16), we obtain the first-order equation

ag-va(e)] & - X - ety , (.19)

with the boundary condition (4.17) transforming to
2

g(e,vy1) = e LI (4.20)

U

Eq. (4.19) is in the form of the standard first-order linear partial

#
differential equation . The system of characteristic equations is

dE B B dg
at-vh(e) 4k = -a§2¢ - WvEl)

We seek two independent solutions of this set in the forms fl(g,e,¢)=cl
and f2(§,£,¢)=c2 with ¢y and c, constants. The general solution

to (4.19) can then be written £, = H(fl) where H is an arbitrary
function to be determined from the boundary condition. The equation

determined by the first pair in (4.21) is

— + at = vh(e) , (k.22)

* See, for example, Martin, W. T. and Reissner, E., Elementary
Differential Equations, Addison-Wesley, Reading, Mass, 1950.
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which has the solution

E

£1(66,9) = £ [ n(we™an = o - (.23)
o

From the second pair we get

agzde = 2% ’

or
€
ga e (c:L +fh(p)ea“dp) @e = Eg .
o

This equation has the solution

3 v 2
=-2a
f2(§,5,¢) =@ exp -jdv g ¥ cy + vfh(p)ea“du = c,
o o

Using (Lt.23) to eliminate Cqs this equation can be put into the form

3 3 2
fz(§:5;¢) = @ exp -fdv ae-Zav §eae-vf h(p.)ea“dp. =Cy -
? ¥ (4. 24)

From (4.23) and (4.24), the general solution can now be expressed as

3 € £
#(t,v,e) = H §eae-vjh(p)eap‘dp exp]dvae-zav geae-vj e®Mn(u)dy| |.
. 9 4 (4725)
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Applying the boundary condition (4.20) yields

A A X
E 2

i geal"’j n(w)e™au| = exp|- 3- 'jd"aepzav ﬁeal‘vjeauh(“)d“ '
o o v

Since this must hold for all ¢, we can replace ¢ by

A
gea(e-k) +'Vd[-h(p)ea(“-h)dp

E

to obtain
£ A 2
H §eae-vfh(p)ea“dp = exp|- % gea(‘:"‘)+vfh(“)ea(“'7‘)du
o 3
A £ 2
_-/'dvae-zav geae-v‘[ e*Mn(pdul| |
o v

Substituting this equation into (4.25), we obtain after some

manipulations

L
¢(§:V,~5) = exPl:‘ 2 (52 ik ZnyEV + Gyzvz):l ) ()‘"'26)
where
A
Pxy =jh(u)e_a(“'e)du = B[x(t-e)y] ,
€

and
A

%
cyz fd“f ava(wn(v)edH vl _ gy "

Il

E E
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(the equivalence between the second and third members of these last

two equations is easily verified from the definition of y, Eq. (k.1)

with V(x) = x). The case of the untruncated filter is obtained by
setting € =0 and letting A = .

Hence, (4.26) shows that x(t-e) and y are jointly Gaussian.
Although this problem can be solved by other (in fact simplier) methods,
it has not been heretofore solved by the Fokker-Planck-Kolmogorov
method for arbitrary h(t). The solution is important from the stand-
point that any reasonable method for finding probability densities
should enable us to handle this Gaussian case*.

The results of this section are also valid for the output

t-€

y=f B(s, T)x(r)ar (4. 27)
t-A

if we replace h(t-1) by h(t,7) in 8ll of the equationms.

C. Discrete Input Processes.

{x(t)} 4is now taken to be a discrete one-dimensional Markov
process with a transition density satisfying the Kolmogorov equations

(cf. Egqs. (1.8) and (1.9)]

%  Following methods similar to those of this section, we can also
obtain and solve the generalized Fokker-Planck equations for the
first-order density p(y) when the input {x(t)} is white
Gaussian noise and the filter weighting function h(t) is
arbitrary.
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a‘b rk(tlt ) = Z ari(t)Pik(tlto) b (k.28)
ies

- 'a"E‘ i) = Z P (]t )ag, (t,) - (4.29)
ieS

As a matter of convenience, we also assume that {x(t)} is absolutely
stationary. We now consider the output process

t-g .

y(t,\,e) = f h(t-1)x(7)dt 3 A 20, A 2€ , (4.30)

t-A
and seek discrete forms of the forward and backward equations of Sec.
B, Eqs. (4.7) and (4.12). Egs. (4.7) and (4.12) could have been
obtained directly from the continuous Darling and Siegert equations as
could their discrete counterparts. As a matter of simplicity, we shall
use the discrete Darling and Siegert equations as our starting point
instead of beginning with forms of (2.50). We now consider the joint

probability density = probability distribution function

prk(y,t—elt-x) = p{y|x(t-e) = r,x(t-0) = k]Prk(t-elt-)L)
(4.31)

1l. The Forward Equations. Again, regarding the time variable t

as a fixed quantity, (4.30) can be written in the form

g

y(t,t,) =j e[x(7),7ldr 5 £, <ty , (%.32)

o
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where &[x(7),7] = h(t-1)x(7), t, = t-¢ and t, = t-A. This is now

.
in the form of Darling and Siegert's output. Hence, the inverse

Fourier transform of (1.16) gives

o) 3
Y. e (0P (0t [tg) - S 2yt ltg) = xale-ty) G5 2ty [t
ies

Changing the independent time variable from tl to & yields the

desired result

E: ari(t-e)pik(y,t-elt-x) % gg prk(y,t-e[t~h) = rh(e) g§ prk(y,t—elt-h).
ies (4+.33)

Upon Fourlier transformation with respect to Yy, +this ylelds a system

of Nz (N denoting the number of states of x) ordinary differential

equations which are to be solved with the Nz boundary conditions

P (¥ t-A|t-1) = 8(¥)6,, - (4. 34)

2. The Backward Equations. Beginning with (1.17) and following

the above procedure, we easily obtain the system of N2 backward

equations

by (¥rtmet-n)ay, (5-1) = S5 By (7t-e|t-0) = () S5 2oy (v t-e |-0),
ies (4.35)

which are to be solved with the N2 boundary conditions
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prk(y,t-slt-e) = é(y)érk - (&.36)

3. The Linear Filter Excited by the Poisson Square Wave. ILet

x(t) be the Poisson square wave assuming the values +1 and -1 with
equal probability and with an average number of traversals per unit
time equal to a. The probability that K +traversals occur in the

time T 1is then given by the Poisson distribution

K =aT
P(K,T) _{am)"e " ‘ (4. 37)

K!

There 1s a non-zero probability that no traversals occur in the time

interval (t-A,t-e); namely
P(o,h-e) = e 2(A-€) | (4. 38)

so that the output (4.30) takes on the values

t-¢

Y=y 5 ¥ = f h(t-T)d7|, (%.39)
£=A

with non-zero probabilities. The conditional probability density

functions

P, (v,t-e) = p(y|x(t-) = +1) (%.k0)
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will then have the discrete components
a,(y,t-e) = e @M Eg(y 4y (b.k1)

We wish to consider the generalized Fokker-Planck-Kolmogorov
equations for the transition densities pi(y,t-e); however, because
of the presence of the 6-functions, we must consider instead these

equations for the continuous parts of the density functions; i.e., for

a,(v,t-¢) =p (y,t-e) - 4 (y,%-¢) - (k.k42)

We confine most of our attention to the forward equations, keeping A
fixed and allowing € to vary. Fram (4.30), the output is constrained
to lie between the values

t-€
Iyl sv, 5 vy = j [n(t-7)[aT , (4.43)

t-A

with y, =y; when h(t) = 0. The evolution of the density functions

p*(y,t-e) as € varies is indicated in Fig. 4-1. As curves (c)

of the figure show, when € — A, the density functions reduce to a

§-function of unit area and a point at y = 0.

The moments ari(t) of the Kolmogorov equations for the transi-

tion probability of the input are found from (1.10) and (4.37) to be



h

p_(y,t-¢) p (¥, t-e)
.
-a(A-g) -a(\-€)
© A ® a
r——'—-—— N e
v Iy
L =y
Y2 - I Tg
a) & <<\
p_(y,t-¢) p, (¥v,t-€)
e-a(l-e) e-a(h-e)
I I
% 1 2N ‘]
-y Y
I'V'z"'yél - Vz""yé"
b) & <A
P_(y:t"e) P+(ylt‘5)
‘I\(l) l (1)
[ ] L]
. -
e) e =121
Fig. 4-1. The evolution of pi(y,t-s) with €.
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e
H
]

i,

o, (t) = {-a (k. k)

aj3r==1.

since ), b (¥,t-€|t-A) = p{y|x(t-e)=r}, suming (4.33) over the
keS

index k and employing the moments (4.44) ylelds the pair of forward

equations
aq+ 8q+
-aq, +8q_+ g~ =h(e) =5 |yl <v, (4.45)
dq_ ogq_
-aq, + 8aq_ - 5— = h(e) 5 ¢ ly| < Yo s (4.46)

where g, = qi(y,t-e). Appropriate boundary conditions for this

equation are not directly available but must be determined from our
knowledge about qi(y,t-e) and use of the differential equations

(%.45) and (4.46). Our eventual solution of (4.45) and (4.46) will be
by means of Fourier transforms and hence we will require boundary condi-
tions only for the transformed variables. However Fourier transformation
will require knowledge of certain initial conditions on the functions
qﬁ(y,t-s). Therefore we consider calculation of qi(y,t-l) to illus-
trate that appropriate boundary conditions for the equations (4.45) and
(4.46) can indeed be found and at the same time obtain results which

we will later need.
Consideration of Fig. b-lc shows that as e — A, the functions
q*(y,t-s) become zero everywhere except at the origin, where they may

assume some non-zero value. The value of the point functions
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qt(y,t-x) is determined as follows. Assume h(t) > O on the inter-
val (e,\). Then y; = Y, and integration of (k.h2) ylelds
Ty
f a, (y,t-¢)ay = 1-a~RlAE) (L. 47)
vy
Differentiating this equation with respect to e and employing the
fact that ayl/ae = -h(e) [cf. Eq. (%.39) for h(t) = 0] gives
b

d
f e q¢(y,t-s)dy = -ae

28] 4 n(e)la, (v tee)4a, (-3, t-e) ]

Using these last two equations to integrate (4.45) over all y

results in
ae-a(h-e)
q+(-yl,t-s) = ——zma— » (ll--lI-B)
whichy; for € = A can be written
a
m 35 ¥y=0,
a, (y,t-1) = (4.9)
0 3 elsewhere.

We had assumed h(t) >0 on (e,\); however, as & — A +this assump-
tion is equivalent to h(A) > O and can be removed by using |h(})]|
in the above equation. Hence, the desired boundary conditions are
a8
T P Y= °

a, (y,t-2) = (4.50)
(¢) 3 elsevhere. )
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Other boundary conditions can be found in a similar way.
Solving the pair (4.45) and (4.46) for %(q+ +q_), Wwe obtain an
equation for the continuous part q(y,e) of the unconditional proba-

bility density function p(y,e); namely

q - [2a+§§)]é-h2(e)f%=o 5oyl <y, (.51)
oy

where q = q(y,e) and a dot denotes differentiation with respect to «.
Suitable boundary conditions for this equation can be determined;
however, the form of the equation suggests that Fourier transforms be
used to solve it, so we will focus our attention on the transformed
equation and boundary conditions for the transformed variable.

Rather than transforming (4.51) directly, it is easier to trans-
form (4.45) and (4.46) and solve the resulting set for the function of

interest. For simplicity, we assume h(t) = 0 (so that y, = ¥o)e

Define
. 1
Q (v,e) = Fla, (y,t-¢)] =f edq, (y,t-e)ay , (k.52)
= ‘
and
R, (v,€) =5{P¢(y’t'5” 3 D, (v,e) =3Fa (y,t-e)} - (4.53)

Differentiating (4.52) with respect to e and rearranging we find

5 > vy RCALHY
33 0, 0t00) = 3 4 ne) + g lptee F e a oyt
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Using this equation to transform (4.45) glves

aQ+ ‘JW]_
-aQ, + 8Q_ + 5— = Jvh(e)q, - Za(e)q (-¥y,t-¢c)e ;
or
+ '8‘<}\-E)'le
-aQ, + 8Q + 5— + Jvh(e)Q+ = -ae .

where we have employed (4.48). Since Di(v,s) = exp[-a(r-£)x Jvy; 1,

a simple calculation shows that

aD+ -a(h—e)-dvyl
“al), & 8D _ & w=— & jvh(e)D+ = ae .

Therefore, the transform of (4.45) can be written finally as

-a(q, +D,) +a(Q_ + D) + g—e(c.;z+ +D,) + Jvh(e)(Q + D) =0,

with a similar result for the transform of (4.46). Noting that

R, = Q& - Di' we get the set of transformed equations

+
aR+
-8R, # @R 4 g 4 Jvh(s)R+ =0,
(4.54)
oR
-aR, + aR_ - EE: + Jvh(e)R_ =0 .
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The boundary conditions for these equations are found from the condi-

tion
p, (v,t-2) = 8(y) + q,(y,t-2)
to be

R*(v,l) g (4.55)

Solving the set (4.54) for %(R+ + R_) ylelds an equation for the
unconditional characteristic function R(v,e) =F{p(y,e)} ; viz.,

ﬁ-[2a+i§]f{+v2h2(e)a=0, (14.56)

where a dot denotes differentiation with respect to &. By adding and
subtracting the pair (4.54) and applying (4.55), we find the boundary

conditions
R(v,A) =1 and R(v,A) =0 . (4.57)

These are the desired results. Observe that (4.56) can be obtained
from (4.51) by writing p for q and ignoring all "initial condi-
tions" when Fourier transforming. However, (4.51) does not hold for
P because of the presence of 6-functions.

The backward equation corresponding to (4.56) is obtained by

beginning with the set of backward equations (4.35). We find
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oo hl . 2
R, + [2& - w5 ] R, + voh (A)Rl =0, (4.58)
where R, = R, (V,}) = F{p(y,0)} (e held fixed), the dot now denotes
differentiation with respect to A\ and the appropriate boundary

conditions are
Ry(v;e) =1 and R (v,e) =0 . (4.59)

McFadden (10) has previously obtained this equation for the case
€ =0 and has solved it for some impulse responses h(t).
k. The RC Filter Excited by the Poisson Square Wave. In the

case of an RC filter with time constant RC = B-l, h(t) = B exp(-Bt).

Eq. (4.56) then becomes

¥ - (2a-B)R + vop2e~2Peg o .

The solution to this equation satisfying. the boundary conditions

(4.57) 1is
R(vse) = § velz M (va)y, ) (ve)-Y (va)a ) (v2 )],

where J and Y are Bessel functions of the first and second kinds

1

respectively, z = exp(-PBe), z, = exp(-pA) and n =% - % « BSetting

e =0 and letting A - =@ glves the characteristic function of the
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output of the untruncated filter (10)

a 1
3o} =rG+pEP 2 L ) .

v a_1
B~ 2
¢ a
Consequently 1_y2 B~ 1
Qod 5 pl=1,
B('E_E)
p(y) = ¢ (4.60)

0 3 vl =1,

where B denotes the beta function. This solution has also been
found by Wonham and Fuller (20) by a different method.

5. The RC Filter Excited by the Polisson Square Wave-Output

Probability Density Function from y-th Order Fokker-Planck Equations.

The above solution (4.60) can be found without first solving the
truncated case by utilizing the v-th order generalized Fokker-Planck
equations of Sec. D, Ch. II. Setting € =o and A =« in (L4.30),
the output of interest can be written in the more convenient form

BeBTx('r)d'r .

-B(t-t_)  -B(t-t )
y@) =ytede O we [

t
o

Since the output is stationary, we can take to = 0 without loss of

generality and restrict our attention to the output
t
y = yoe_ﬂt +j_ ﬁe_ﬂ(t-T)x(T)d'r ’ (4.61)
o

vhere y = y(t) and Y, = y(to). Stationarity also enables us to
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write the v-th order generalized Fokker-Planck equations from (2.22) as

. n .n
> L M mewi -0, (4.62)
nel °AF

where

An(v)(yo) = tim i—v E[(y-yo)nlyo] . (4.63)

The first-order equation (v=l) has already been considered in

Sec. F, Ch. III and was seen to degenerate ylelding the result

Elx[y]l =¥, (L. 64)

where x = x(t). We now turn to the second-order equation (v=2) and
begin by computing the moments An(z) (yo). From (4.61) we see that

ly-y | ~ (28t)" @8 t ~0 so0 that the first two moments at most

are non-zero; i.e.,
(2) -
A (yy) =0 3 n23. (4.65)
We have from (4.61) and (4.63) for n =1,

t
Al(z)(yo) = t}:%z(yo(e-ﬁt'l) +lﬂe-B(t-T)E[x(T)lyoj(li-rl;)
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The conditional expectation in the integrand can be evaluated from the
properties of the Poisson square wave. ILet N(o,T) denote the number
of traversals in the time interval (o,7). N(o,T) 1is a random
variable independent of x(t) for t <O and consequently independent
of 9 since - depends only upon ‘x(t) for t < o. Hence, for

TZ 0,

ELx(m) |7, = B[x (-1 |y ] ,

Blx, |y Je [(-0)¥ (> ™)),

-2at . (4.67)

Y€

where x_ = x(t ). Using this result in (4.66), we obtain
2
M (y) = -pay,. (k.68)
The second moment is found in a similar fashion:

t 2
Aéa)(yo) = 11m'l—z E yo(e'ﬁt-l) +jae-B(t-T)x(T)dT lvo| >
t—o+ t o

%
= limiz yg(e-ﬂt-l)2 4 Zyo(e-ﬁt-l)jﬁe-ﬂ(t-T)E[x(T)[yo]d'r
t—-o+ t °
t t

+ e'ZBtE(fdujdvﬁzea(u+v)x(u)x(v)lyo g

o] o
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Note that the double integral goes as tz s0 that we need not evaluate
the conditional expectation (since xz(t) =1 for all t) and that the
second term can be evaluated as was done in computing Agz)(yo). Wwe

get
A(g)(yo) = !32(1-y§) : (4.69)

The second-order Fokker-Planck equation is then

g a8
. [E— (l—yz)p(y)] + S lpayp(y)] =0 5 |y| <1, (4.70)
dy” L2 dy

Integrating once and noting that p(y) must be an even function of y

‘glves

2
%; [—(-l'—%l p(:r)] +g¥R(y) =0 (%.71)

We now have a first-order ordinary differential equation and hence the
general solution contains only one arbitrary constant. This constant

is determined by normalizing the solution to unity. We find

. .a
-1
2B
3] 3o lvl=1,
B(‘E:B) '
p(y) = <«
0 3 IYI >1 ,

“

which is the same as that found in the previous section.
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In comparing the methods of the last two sections it is observed
that the latter is 'simplexr and more direct than the former. However,
the former is the more general of the two since the moments Aév)(y)
cannot be evaluated for a general weighting function h(t).

6. The Transition Probability Density Function. The transition

probability density function p(y,tlyo,to) 3 to < t, for the output of
an RC filter excited by the Poisson square wave has been considered
previously by Wonham (21). Wonham assumes that the transition density
is completely described by p(y,t]O,to) with suitable transformations
applicable for ¥ # 0. However, as we now show, this is not the case.
The transition density can be written as the sum of two terms as

follows

p(y,t|y,t,) = 2 (v,8|yg b )Prix =+ly } + p_(3,t]y,,t ) Prix =1y} ,
(k.72)

where pi(y,t]yo,to) = p(y,tlyo,to 3 Xg= & 1). As Wonham shows, the

densities pi(y,tlyb,to) are completely described by pi(y,tlo,to)

*
through the relationship
=Bt
Pi(y:tlyo:to) = Pi(Y‘yoe e ,th,’bo) .

However, the conditional probabilities Pr[xo=il|yo} are not completely

described by Pr{xo=il|y0=0}.

%  See Womham (21), p. 377, Eq. (10).
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The conditional probabilities Pr{xb=il|yb] can be evaluated from
the first-order generalized Fokker-Planck equation by observing from
(4.64) that

n

Yo = Elx |y ] = Prix =t1|y} - Prix =1[y} -

Also, we have

(=
]

Pr{xo=+llyo} + Pr{x°=-l[yb} .

Hence

liy
Pr[xo=i.l|yo} = 2 b

and (4.72) becomes

P_(Y:tlyo,to) .
(%.73)

The conditional densities pi(y,tlyo,to) can be found from the results

p(y,tly,,t,)

1l+y
=

l—yb
P+(Y:tlyo:to) + (—g——

of Wonham and are expressed in terms of hypergeometric functions. These
results can also be obtained from the transition probability density
function of the truncated RC filter (10,21).

T. Asymptotic Solutions Using the y-th Order Fokker-Planck

Equations. Assuming that the generalized vy-th order Fokker-Planck
equations have a unique solution for some prescribed boundary conditions,
the equations can be viewed as representations of probability density

(

functions in terms of the conditional moments Anv)(y). Hence, if we

can approximate the moments in some way and solve the resulting

equations, we can obtain an approximate solution for a desired density
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function. In this section, we apply this idea to find an asymptotic
solution for the probability density function of the output of an RC
filter excited by a Poisson square wave. As mentioned in the last
section, the actual solution can be written in terms of hypergeometric
functions. However, the purpose of this section is not to solve & new
problem, but rather to illustrate a methodology of solution.

We consider the output

t
y(t) = f pe~P(*T)x(r)ar (. 7h)
t=-A
and desire to find P(y) for sufficlently large A Dy using the y-th
order generalized Fokker-Planck equations (4.62). We observe that the
density function p(y) must contain two 6-functions, which arise
because there is a non-zero probability that no traversals occurred

in the time interval (t-A,t); namely,
-a\
P(O,A) = e . (4.75)

Since the input assumes the values i1 with equal probability, the

output attains each of the extreme values 1Yy

t
yl - f ﬁe-a(t-T)dT 3
t-A

= 1-e"P (4.76)

b
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-a\

with probability Pr{y=y;} = Prly=-y;} =%e - Hence p(y) must

have the discrete components

-ai

= [8(y-y)+6(y+y;] - (4.77)

The v-th order generalized Fokker-Planck equations are now
solved in the interval |y| < |y1| and the solution normalized to
account for the presence of the §-functions at the endpoints of the
interval. Since the output is stationary, we take t =0 without loss
of generality and compute p(yo). For computation of the conditional

moments, we write (4.74) in the more convenient form

t

y =f pe™P(=x(r)ar
t-A
t t-A
1
o =-A t t-A
AP
t
- yoe"ﬁt +-]-ﬂe_ﬁ(t_T)EX(T)-X(T—K)G-BA]dT p (4.78)
)

where y = y(t) and Yo = y(0). From this equation we obtain the

bound
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ly-7,1 = 17,1 @-e7P%) + 2(1-e7P%)
= 3(l-e_5t) .

Hence iy—yo|n ~ (38t)" as t =0 so that the v-th order equation
contains at most vy non-zero terms. Since the first-order equation
contains only one term, Ail)(yb) must vanish by the argument of

Sec. F, Ch. III. From the definition of A§l)(yo) and (4.78), we then

find the truncated form of (4.64), namely
E(x(t)-x(t-2)e P |y (£)] = y(t) (4.79)

Tet us now compute the moments of the second-order eguation. This
is where our approximations are made, so the computations will be
carried out in some detail. By the statement of the last paragraph,

only the first two moments can be non-zero. The first of these is

=
TN
0o
~—
]
Il

1 5
17/(y,) = lim = Ely-y |y 1,
t-0+ t

t—-0+ T

T
vim 2 |y (ePP1) 4 j pe P(5Tplx(m) x(r-2)e Py Tar
° (4780)
The first term in the integrand is [Cf. Eq. 4.67 and the discussion

immediately preceding]
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I

Blx(1) |y,] = ELx (-10M |y 1,

~2aT
Elx |y le 5 (4.81)
and the second term is

Blx(r-0)e Py ] = Elx(-2)e PN ™M)y 7

We now assume that the average nuMber‘of traversals occurring in the
time interval (-A,0) is very large, or Aa >> 1. We then expect the
pumber of traversals occurring in the interval (=A,T-A) to be
approximately independent of the value Yo and the above equation

yields

Elx(t-0)e Py ] = Blx(-0)e P [y 1727 .

Using this, (4.79) and (4.81) in (4.80) gives

- t
Aiz) (v,) = 11m:—L—2- yo(e'ﬁt-l) + E[xo-x(-x)e“ﬁﬂyo]j pe-B(t-T)-2a74 |
t-o+ t 2
i -2at _-Bt
1 -pt (e -e )
= tiif ;ﬁ v (e 77-1) + By, - ;-
=-peXy (4.82)

Iikewise, for the second moment we have
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A (y) = 1 2 2y )

1lim }ﬁ yg(e
t—o+ t

-Bt_1y2

t
+ Zyo(e-Bt-l).jpﬁe-B(t-T)E[x(T)-x(T-l)e'al]yo]dT
)

t 2
+E (}PBe'ﬁ(t-T)[x(T)-x(T-l)e"Bl}dT lyo

= B%BL{x ~x(-\)e PP |y, 1-8%7

We now assume the number of traversals occurring in the interval
(-Ar,0) to be approximately independent of Y,» Wwhich also seems

reasonable for JMa >> 1. Then

EL{x_-x(-\)e P12y 1 = 1 + ™% 2 Pry[x x(-1) |y 1 ,

=1 + e-ZBK-Ze-(B+ZBA) 3

and we find

Aéz)_(yo) - B%l1 + e'zm-Ze'(B‘Lzal)-ygl . (4.83)

The second-order Fokker-Planck equation can finally be written as

2 Tal
— [B—(kz-yz)p(y)] + 2 [payp(y)] =0 ,
dy 2 dy
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dhere: K- = 1_2e-(B+2a)x 3, e~ 2P S 0.

p(y) 1s even in y gives

d 2 .2 2a
3z L&y (] + 5= yo(y) =0,
which has the general solution
a
-1
p(y) = Cl(kz".‘fz)B 5 ¢, = constant.

The complete solution with é-functions [Cf. (4.77)] is then

ak
(12 )B

+

o |
p(y) =

o ;3 lyl>y

where cq is found by integrating over all y +to be

y -1

- 1
ey - )| [T Y o

We note also that

%% = 1.= 2e-(B+Zah) + e-zﬁ’:’L - Ze-BA + e~ 2P

]
Fro

Integrating once and noting that

(4.84)

[8(y-¥1) + 6(y+yl)] s vl =y

(4.85)
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Hence kz > yf so that p(y) is always real and positive. It was
indeed necessary to check this point because our solution is an
approximation to a probability density function and we had not
necessarily restricted ourselves to a class of real, non-negative
approximate solutions.

Letting A = @ in (4.85), we get the density function of the

output of the untruncated filter, Eq. (4.60).
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CHAPTER V

NONLINEAR FUNCTIONAL OF RC NOISE

A. Introduction.

As our final example, we consider the problem of determining the

first-order probability density function of the functional
t
-B(t-
y(6) = [ Bt ypx(mJar - (5.1)
-00
where V(x) = sgn x and {x(7)} is RC noise (Markov Gaussian noise*)

with autocorrelation function R (1) = exp(-a|T|). y(t) can be inter-

preted as the output of a "filter-limiter-filter" system as shown in

Fig . 5"10
White

RC Filter Ideal RC Filter
gﬁgzzian x(t) Limiter VLX(t)] i)
S-2/a RC=1/a V(x)=sgn x RC=1/p

Fig. 5-1. "Filter-limiter-filter" system.

The purpose of this chapter is to apply the methods and results
of the preceding chapters to the solution of the above problem. We
do not obtain a complete solution to the problem - an expression for

the first-order density p(y). However, our approaches are new and

* This noise process is sometimes called the Ornstein-Uhlenbeck process.
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exhibit the unknown data which we are lacking for the solution. Also,
some of the mathematical difficulties inherent to the problem are
clearly illustrated.

Employing the techniques of the preceding chapters, it is appar-
ently not possible to obtain a differential equation for p(y)
directly, but we must work through the joint density p(x,y) and
obtain p(y) wupon integration over x. The generalized Fokker-Planck-
Kolmogorov equations for the densities p(y) and p(x,y) are consid-
ered in Sec. B. In Sec. C a comprehensive study is made of the
boundary conditions for the generalized Fokker-Planck equation for
p(x,y). The results of Doyle, McFadden and Marx (7) are summarized in

Sec. D and the last section contains our approaches to the problem.

B. The Generalized Fokker-Planck Equations.

There are several Fokker-Planck-Kolmogorov equations which we
might consider in attempting to find the first~order probability
density function p(y). Three of these are

(1) The y-th order generalized Fokker-Planck equations for
p(¥),

(ii) The generalized Fokker-Planck-Kolmogorov equations for
the joint probability density - probability distribution
function p(y|V)P(V), and

(111i) The generalized Fokker-Planck equations for the joint

probability density function p(x,y).

The v-th order generalized Fokker-Planck equations for p(y) follow
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in much the same way as the equations for the output of an RC filter
excited by the Poisson square wave [Cf. Sec. C-5, Ch. IV]. The first-
order equation is degenerate; however, we are not able to compute all
of the moments of the second-order equation as we did in Sec. C-5,

Chs IV. We find

A () = 255 , (5.2)

O for nz 3, (5.3)

B (y)

but are not able to evaluate A§z)(y). We found Aiz)(y) for the
output of the RC filter excited by the Poisson square wave by using

the zero-crossing properties of the Poisson square wave. However, the
zero-crossing properties which we employed are unknown in the case of
Vv(x) = sgn x where {x(t)} 1is Markov Gaussian noise. It is known
that Markov Gaussian noise has an expected number of zero-crossings per
unit time equal to infinity. But this anomaly of V(x) does not imply
that A£2)(y) does not exist for the present problem. Using the
definition of AJ(_z)(y), Eq. (3.23), and 1'Hospitals rule we obtain

1im 2 E[y(t)-y,lv,]

a8y ) Jn 2

a

t
Lot P yoe-?f + e_ﬁt-j’ﬁe-auE[V{x(u)}lyojdu 5
t—o+ t . o

]

B
2

o]
. b
<t E[V{X(t)}lyo])t— (5 )
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Another expression for A§2)(yo) can be obtained by integrating the
generalized Fokker-Planck equation for p(x,tlyo,o), which is seen

from (4.15) to be

2
9 o)
a S;E P(thlyo:O) + a = [xp(x,tlyo,O)] = gf P(x:tIYb:O) .
(5.5)
Integrating this equation over all x and using (5.4) ylelds
ap(x_|y,)
o
al¥(y.) = -pa — (5.6)

xo=0

The generalized Fokker-Planck-Kolmogorov equations for the joint
probability density - probability distribution function »p(y|V)p(V)
presuppose knowledge of the classical Kolmogorov equations for P(V).
To compute the conditional moments of these classical equations, we
again need certaln zero-crossing properties of V(x) which, as previ-
ously mentioned, are not known. Therefore, we turn to the generalized
Fokker-Planck equation for p(x,y).

From (4.15) and the steady;state form of (3.14) we find the gener-
alized Fokker-Planck equation for p(x,y); viz.,
32 d 3 .
S p(x,)+ 5z De(o¥)] - a5 HVx)-ylp(x,y)] =0 5 lyl<1s|x| <=
> (5.7
where o= B/a. Although this equation has been simple enough to write
down, it does not uniquely determine a Joint probability density func-

tion unless we can specify appropriate boundary conditions which the
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density function must satisfy. As we shall see in the following
sections, our inability to deduce appropriate boundary conditions for
p(x,y) prevents us from solving the problem, except for one particular
value of the parameter «@; namely, «a = 2. However, we will be able

to make further statements about the first-order density p(y).

C. Boundary Conditions.

Because of the discontinuity in V(x), we interpret (5.7) as the

pair of equations

2

% p(x,y) + -§; [xp(x,¥)] - a—g; [(A-¥)p(x,5)] =0 ; |y|<y x> o,

: 5 P(%,¥) + 5 [xp(x,y)] +ass [@w)p(x,y)] =05 |y|<1; x <o.
(5.9)

The solution to these equations must satisfy the obvious symmetry

condition

p(x,y) = p(-x,-y) (5.10)

so that any solution to either (5.8) or (5.9) uniquely determines a
solution to the other equation. Hence, without loss of generality, we
can restrict our attention to (5.8). Nevertheless, as a matter of
completeness, we will consider the boundary conditions for both

equations.



Another condition which the solution must satisfy follows from

(3.29); namely

Elv(x) |yl =y . (511)

Writing out this equation and using the fact that p(x,y) is a Jjoint

density function yields the pair of equations

® o
fp(x,y)dx - fp(x,y)dx =yp(¥) »
o) -0
and
© o
[ ptmran + [ 2tax = 20 -
o -0
Adding, we obtain
fp(x,Y)dx = _(1_21)_ »(y) (5.12)

(o]

which, evaluated at y = -1 gives

=]

f I

(o]

I
o

Hence we obtain the boundary condition

p(x,-1) =0 (a.e) ; x>0, (5.13)
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and, by symmetry
p(x,+1) =0 (a.e.); x<O0 . (5.14)

We next consider continuity properties of the solutions to (5.7).
The type of continuity which we shall be concerned with is equality of
right and left-hand limits at x = 0. If the solutions were discontinu-

ous in this sense; that is if

lim p(x,y) # lim »p(x,y) ,
X—0+ X—0=

then for b € (-1,1) we would have

1im Pr{y <b|x} # lim Pr{y <b|x]} .

X—0+ X—0-
However, since the second RC filter in Fig. 5-1 tends to smooth varia-
tions in the output y due the changes in x, 1t is inconceivable that
a slight change in our knowledge of x would result in a gross change
in our knowledge of y. For example, we expect Pr{y <b|x = 10-50]

to be approximately equal to Pr{y <b|x = -10"50]. We conclude that

lim p(x,y) = lim p(x,y) . (5.15)
X—0+ X—0=-
Continuity of the first derivative of p(x,y) with respect to x
is demonstrated as follows. Integrating (5.8) and (5.9) over their

respective ranges of x (and assuming 3p/dx =0 at x =+ ®») gives
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-

-

lim a’é#z = ag— (l—y)fp(x,y)dx =0,
X—0+ Y i 5

( o
1lim ap(x,¥) +al (l+y)-j—p(x,y)dx

— =O-
i ax oy
- =
Subtracting and using (5.12) and (5.10) yields
op(x,y OP(X,y
lim a:,c . lim (}’( . (5.16)

X=0+ X—0~-

We are not able to conclude that the second derivative is continu-

ous at X = o. However, we make the following observation: if

2 2
1m 2209Y) gy 3200Y) (5.17)
X—0+ ox X—0=- ox
then
plo,7) mm——= , |¥] <1 . (5.18)
2/2n

This result is proved by taking the limits x—o+ in (5.8), adding the

resulting equations and using (5.15), (5.16) and (5.17). We obtain

aPéo,yZ -0
Y

which has the (suitably normalized) solution (5.18).

The above boundary conditions and other evident properties of the

joint density function p(x,y) are summarized below:



(1)

(11)

(1i1)

(1v)

(v)

(vi)

(vii)

(viii)

and finally,

(ix) If
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p(x,¥) = p(-x%,-y) (5.19)
p(x =»y) =0 (5.20)
+1
[ 2tonay = (@0 Fexp(2) (5.21)
-1 @
BV I] -y @ [ntoyar - awe)  (s.22)
p(x,-1) =0 (am.e.) ; x>0 (5.23)
p(x,+1) =0 (a.e.) ; x <o (5.24)
lim p(x,y) = lim p(x,¥) (5.25)
X—0+ X—0=-
14m 22 g;y = 1im P S (5.26)
X—0+ X—0-

2 2
1im 2 P(%Y) _ 14 E_ELEL%l s then p(o,y) = 2
ox

X Y -
X—0+ ax° X—0- 2/2x
(5.27)

With the exception of (ix), these are all known properties of the

solution to (5.8) and (5.9); however, we have not demonstrated the

sufficiency of these conditions for determining a unique solution to

the differential equations. To this end, we make a change of variables

in (5.8). Iet the variable ¢ be defined by

y = 1-2"% & (5.28)
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and write

p(x,1-2¢"% &) = £(x,¢) . (5.29)

Making this change of variables in (5.8) yields

2
2 f(xég) » x 2E(%8) | (1 + a)f(x,¢) - oe(x,8) 2 o 30<x,8 <o,
ox ox 13

(5.30)
This equation is in the form of a parabolic differential equation in
the region £, x > 0. Hence, we expect the boundary £ = «® to be open
and require Dirichlet or Neumann conditions on the other three boundaries.
We know conditions at ¢ =0 (y =-1) and at x = and thus if we
knew a condition at X = o we could uniquely solve (5.30). This means

(in terms of x and y) that if we knew either

p(0,¥) (5.31)

or

() (5.32)
X=0

we could uniquely solve (5.30) and consequently determine p(x,y).
However, our above considerations of the boundary conditions have not
yielded (5.31) or (5.32) except in the case of (5.27).

Eq. (5.6) shows that if we knew (5.32), we would then know

Aiz)(y)p(y) and could solve the 2nd-order generalized Fokker-Planck
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equation for p(y). Hence, we see here a connection between the y-th
order generalized Fokker-Planck equations for p(y) and the general-
ized Fokker-Planck equation for p(x,y). Our ignorance about

Aiz)(y) in the y-th order equations for p(y) manifests itself as

ignorance in the boundary conditions for the equation for p(x,y).

D. The Solution of Doyle, McFadden and Marx.

Using the method of Darling and Siegert; Doyle, McFadden and Marx

(7) have found the density function p(x,y) for the case «a = 2. Their

result is
x2 2
p(x,y)72x el - l(l—xz) ¥ 1 |xe -(1—x2)Erf(xn) 3 x> o0;5 |yl<| s
_ 2 I 27
(5.33)
» where
. 1-y
=Vzuay
and

V4
-tz
Erf(z) =je at .
(¢)

The first-order density p(y) for this case (& = 2) is found by
integrating (5.33) and using (5.22):

a2 lyl<a,

p(y) = (5.34)

0 3 elsevhere.
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The solution procedure of Doyle, et al. becomes untractable for o £ 2

and it is this fact which motivates our work in the following section.

E. Solutions of the Generalized Fokker-Planck Equation.

In this section, we consider two methods for sélving (5.8)¢ In
the first method we use Laplace transforms to solve the equivalent
equation (5.30) and in the second we use separation of variables to
solve (5.8) directly.

1. Laplace Transform Solution. Define [Cf. Eq. (5.29)]

Loe]

-g -
F(x,s) =fe *le”® br(x,8) Jat (5.35)
o
where the factor e & & is included to insure that F(x,s) converges
for s 2 0. Using this definition to transform (5.30) and (5.23) to
evaluate the initial condition of the Laplace transform results in the

ordinary differential equation

a%r(x,s) | . aF(x,s)
dx2 ds

+ (1-s)F(x,8) =0 . (5.36)

Making the substitution F(x,s) = exp(-xz/k)c(x,s) to eliminate the

first derivative term gives

ax2 2 I

a%a(x,5) +[i e xz](}(x,s) 0. (5.37)

Two linearly independent solutions to this equation are the parabolic
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*
cylinder functions D_s(x) and Ds_l(_-h Jx). However,
2
Sl /A)Ds-l(_t Jx) '"blows up" at x =+ @ for s >1 and hence
cannot be a solution to (5.36) since we expect the Laplace transform
F(x,8) to exist for all s > o. Thus the solution to (5.36) can be
written
a
-x“/L
P(x,8) = c(s,0)e™ /¥p__(x) , (5.38)
where c(s,a) 1is a constant to be determined from the boundary

conditions.

In order to proceed further, we assume at this point the boundary

condition (5.27); i.e.,

p(0,y) =

2

2v2x

or in terms of f(x,t) [cf. (5.29)],

X

A (5.39)

f(olg) =

Using this equation in (5.35), we find the boundary condition for
F(x,8); viz.,

F(0,s8) = e,

2¥2n(s+q)

*  The parabolic cylinder functions are discussed by Erdélyi, et.al.,
Higher Transcendental Functions, Vol. 2, Ch. VIII, McGraw Hill Book
Co., New York, 1953.
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This equation determines c(s,a) in (5.38). Consequently, the
*
solution can be written
2
e-x /LI'D‘S (X)

F(x,s)
2/2x(s+a)D__(0)

=1,

I }%3)2 2 o /un s (x)

- - . (5.40)
2n(s+a)

We need only invert and change back to our original variables to
obtain p(x,y)._ Applying the inversion formula for ILaplace transforms

to the above equation, we have

27, O+je _[l+s s-1 )
-x°/h r|—= = .2
I(x)E) = 5z %—27()17 z2 % /l‘D_S(X)e(B*’a)gds “ (5.41)

Since D_S(x) is an entire function of x for all s, +the only poles
of the integrand are s = - and those due to the gamma function at

s =-(2n+l1); n =0, 1, *++ . The residue of TI'[(1+s)/2] at the pole

s = -(241) 1is 2(-1)%/n!. Hence, for « # (odd integer), (5.L41)

1]

yields

= |
*  Ibid., p. 117, Eq. (¥), D_ (o) = ¥/x z'v/z[l"(b%z)] :
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r1z9 - (o + 1)/2 5
£(x,£) = ( 2 )szE e™* /M Da(x) #
= n-n _(a-2n-1)¢ 2
(-1)"2 e &% /4 <) .
* ngo e S Dopa (%)
(5.42)

The case « = (odd integer) results in a second-order pole at s = -q.
The effect of this second-order pole is that the first term of (5.42)
and the term in the summation corresponding to « are missing.

Finally, changing back to our original varisbles, we obtain

r(&_—ég)z-(aJr 1)/2

() = —E— X7 5 (x) + -
N 1.y~ (a-20-1)/2
1R (—2_) -x2/l .
. I;) 2t o-2n-1 © Dane1 (%)
B (5.43)

which is valid for Iy]< 1l and x> 0.

For a =2, Eq. (5.43) can be summed and yields the result of
Doyle, McFadden and Marx, (5.33). Moreover, «a = 2 is the only value
of a for which (5.43) satisfies all of the boundary conditions (5.19)
through (5.27). We demonstrate the necessity o requiring o = 2 by
deriving a condition from (5.22) which the correct solution must
satisfy and then show that (5.40) satisfies this condition only for
the case «o = 2. Considering (5.22) for both positive and negative 7y

and eliminating p(y) between the resulting equations gives



(o}

o5 [ pteiax = 25 [ a(x-vlax - (5.4)
(o]

Define

ax | X (lé—y) /e p(x,y)

Employing condition (5.44) in this equation yields

F(s) jax_[ (1+y)(1‘°’ T

(o]

N MLt

]
0\8
&
mlm
RI<
o
ol 1
L |
%
oo+
o=

Finally, transforming back to x,t variables gives

7(s) = [ ax [ ag &% [1oe /O (5.45)

From this equation, it follows that

FlQ

el =2, (5.46)
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which is the desired condition. We now apply this condition to our

solution. Integrating (5.40) over positive x, we £ind"

1+s
1 F(‘E‘
bz (s+@) T (2_*2'8

F(s) = (5.47)

Using this equation in (5.46), we get the transcendental equation in «

28] e
T % v a) E a| ' S

It is easlly argued that both sides of this equation are monotone
decreasing in «a and intersect at only one polnt for «a > O. Hence,
there exists only one «a > 0 which satisfies this equation and it is
readily verified that = 2 1s the solution.

That our solution with « = 2 satisfies the other boundary con-
ditions follows in a straightforward way and will not be considered.

That fact that our solution does not satisfy the boundary
conditions for a # 2 implies that condition (5.27) does not hold

unless Q = 2.

%  Tbid. p. 122, Eq. (20):

@

je'xz/’*na(x)dx _ 4z 2la1)/2

=)

.

o]



2. Separation of Variables Solution. In this section we

apply the technique of separation of variables to solve the pair (5.8)
and (5.9). Assuming p(x,y) = X(x)Y(y) in Eq. (5.8), we find
X" 4 XX' Cx(l-y)Y'

LK LW | (140) = -k, (5.49)

where k 1s the separation constant. Solving the equation for Y

ylelds the solution

-(l40rk)/a

¥(y) = (1-y) (5.50)

The equation for X,
X" +xX' + KX =0,

is transformed by the substitution X(x) = exp(-x2/4)W(x) to the
equation of the parabolic cylinder functions; viz.,

2
W"+(k-l+-]£',-1}:—)W=O.

Two linearly independent solutions to the equation are D, ;(x) and
D_, (x 3x) but exP(-xz/h)D‘k(i Jx) does not remain finite as x — w

and hence cannot be part of the solution. Thus



-xz/h

x(x) = e p_ (x) . (5.51)

Using superposition, we then can write

2
-(l+ork)/a -x“/4
) = a ey @Ry () x>,
k
- (5.52)
where the set K and Ak are to be determined from the boundary con-

ditions. Similar considerations for x < Q0 lead to the equation

p(x,y) = Z Bk(l+y’)'(l+a'k)/a e'xz/h D._,(x) 3 x<o0.
= (5.53)
where again K' and Bk are to be determined from the boundary
conditions.
Applying the symmetry condition p(x,y) = p(-x,-y) to (5.52) and

(5.53) we see that K and K' should be the same set and obtain

0= @ R/ p @D (0 (5.54)
keK

For this to vanish for all x,y, we require that each term vanish.
Therefore Dk-l(x) and Dk_léx) are linearly dependent and we con-

S
clude that k must be an integer . For k integral,

Dk_l(x) = (-l)kalnk_lex) so that

% Tbid. p. 117.
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A = (-1, . (5.55)

Furthermore, requiring (5.52) to be integrable term-by-term over y

leads to the conclusion

<1 or k>1. (5.56)

The solution can now be written in the form

/

@ k- 5
a _-x"/4
> oa G ® e M) s x>0,
k=1
- p(%,5) =4 - ek (5.57)
—_— 2
k a _-x“/k
ZAk(—-l) (1+y) e D (x) 3 x <0 .
k=1
\
We cannot proceed to evaluate the coefficients A without

k

further information. However the parabolic cylinder functions are

not orthogonal on the half-line and the functions (1 + y)u are not
recognized as a set of orthogonal functions. It is unclear how much
more information is required. Furthermore, expansions in the parabolic
cylinder functions on the half-line usually do not converge to the
functions they represent at the origin so that knowledge of p(o,y)
does not help us here as it does in the Laplace transform solution.

Let us attempt to solve (5.57) for the first-order density

function p(y). Integrating the pair (5.57) over their respective
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*
ranges of x gives the equations

fp(x,y)dx = ZAZH+1(-1)n(2n-l)”(l-y)(zml'a)/a s (5.58)
(o) n=0o

fo) ™
[pmax = § a0 (1 (@) @) ERD/ (5 5

- n=o0

Adding these two equations, we obtain

p(y) = ZAZn+1('l)n(2“'1)” [(1-y)(2n+1'a)/a+ (l+y)(2n+l-a)/a] .
n=o 5.5}
Using this equation and the boundary condition (5.22) leads to the

following requirement

0= ZAZIH_l(-l)n(Zn-l)!! [(1-y)(2n+1)/“ . (1+y)(2n+1)/°‘] . (5.61)

n=0

Furthermore, integration of (5.60) over all y gives

= (20+1)/a
1= ZAZIH_:L(-J.)H(Zn-l)!! L %an : (5.62)

n=0

* (1) see footnote in connection with Eq. (5.47).
(11) The notation
{n(n-z) ¢++ (2) 3 n even ,
! =

n(n-2) «++ (1) 3 n odd

n!
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(2n+l)/a,

Letting c = A2n+l(-l)n(2n-l)1! 2 a2 the above three

2n+1

equations become

==}

(k-)/a (k-0) /cx
1 . 1
p(¥) =15 Z ey (—%) + (%) 3 lyl<a,
odd
- (5.63)
where the coefficients Sy must satisfy
- k/a k/a
1- L
o= 3 o |- B s, G
k odd
and
& = Z x . (5.65)
k
k odd

If the conditions (5.64) and (5.65) were sufficient to uniquely

determine the c we would then have a unique solution for p(y)

k}
given by (5.63). However, we have not been able to solve (5.64) and

(5.65) for the c,'s.

The discussions of this and the preceding sections clearly illus-
trate the two primary difficulties we encounter in applying the
generalized Fokker-Planck~Kolmogorov equations and/or the y-th order
generalized Fokker-Planck equations:

(1) We may not be able to compute the conditional moments,

and
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(1i1) Even if we can find the conditional moments, we may
not be able to determine sufficient boundary conditions
for the resulting partial differential equation.

For the problem of this chapter, we saw at the end of Sec. C. that

these two difficulties were to some degree equivalent.
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CHAPTER VI

EPILOGUE

A+ Summary and Conclusions.

In the foregoing chapters, the classical theory of the Fokker-
Planck Kolmogorov equations was generalized from the class of random
processes with transition densities satisfying the Smoluchowski (or
Chapman-Kolmogorov) equations to the class of all (regular) random
processes. For the transition density p(y,t|Y,T) of a one-dimensional

continuous random process it was shown that the single equation

n n
S 2(tlym - P SR CRCAR LR L P
7 D g
e (6.1)

with

C, (7, 83%,m) = lim F B[{y(t+at)-y()}%]y, 457,71 ,
At—o

can be interpreted both as a forward and as a backward equation by
taking the right (At—o+) and the left (At—o-) hand limits respect-
ively in the definition of Cn(y,t;Y,T). For certain classes of Markov
processes this palr of equations was seen to imply the classical Fokker-
Planck-Kolmogorov equations. Generalizations for the transition densi-
ties of discrete and of mixed random processes and also for multidimen-
sional random processes were also presented. Varlous properties of the
conditional moments Cn(y,th,T) were examined in a series of theorems

in Ch. II.
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In the steady-state case, the generalizations degenerated for a
large class of random processes. This degeneracy enabled us to
evaluate certain conditional expectations and also motivated the

derivation of the generalized y-th order Fokker-Planck equation

0= LT M pm, (6.2)
- n! 4y

with

v

Ay o im %ﬁ) EL{y (t446)-y(£) 1 |y(£)] -

a At—o+

The equations of Darling and Siegert were derived in Ch. IIT as
special cases of the generalized equation (6.1). A method termed

Markovization for treating non-Markov processes by studying closely

related Markov processes was considered and was seen to lead to the
derivation of Darling and Siegert's equations directly from the classi-
cal Fokker-Planck-Kolmogorov equations. It was observed that many of
the problems considered in the later chapters could alsc be solved by
Markovization and use of the classical equations. However, in that
using Markovization 1s equivalent to showing that certain processes are
Markov, we chose to work directly with the generalized equations.

The generalized Fokker-Planck-Kolmogorov equations for joint
probability density functions associated with the linear filter were
presented in Ch. IV for both continuous and discrete input processes.
These equations were solved for the joint input-output probability

density of a general linear filter driven by Markov Gaussian noise and
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also for the output probability density function of an RC filter
excited by the Poisson square wave. The latter density function was
also found by solving the y-th order equations and the transition
density corresponding to this output was considered.

In the final chapter we considered the problem of finding the
output density function of an RC filter-limiter-RC filter system
driven by white Gaussian noise. Our analysis ylelded previously ob-
tained results for a certain ratio of the filter time constants. 1In
the general case, this example clearly illustrated the major difficul-
ties encountered in applying the Fokker-Planck-Kolmogorov equations -
the difficulty in computing the conditional moments and the difficulty
in determining appropriate boundary conditions for the resulting partial

differential equations.

B. Suggestions for Further Study.

At the onset of this work we had desired to develop a technique
for handling non-Markov processes and to apply this technique to the
solution of practical problems. It is hoped that this thesis presents
a start toward the development of such a technique; however, there is
much more work to be done in thg more difficult area of application, as
evidenced by the problem considered in Ch. V. Another area which might
be termed application is the development of means for evaluating and/or
approximating the conditional moments Cn(y,t;Y,T).

Several interesting theoretical questions remain unanswered.

Probably the most obvious of these is, "Do the generalized equations
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imply the classical equations 1f the transition density satisfies the
Smoluchowski equation?”

A second question arises from physical considerations of the con-
ditional moments. It can be argued that Cn(y,t;Y,T) should vanish for
n =2 3 [Cf. applications of the Fokker-Planck equations to Brownian
motion]. By an application of the Chebyshev inequality it can be shown

that if Cz(y,t;Y,T) < @, then

n
1im H[IY(t+Atg;y(t)| 2 e |y,t;Y,T] =0 (6.3)
At-0 .

for all € >0 and n = 3. We then ask under what conditions does this
convergence in probability imply convergence in meanl, i.e. under what

conditions does (6.3) imply that

1
1im — E[{y(t+at)-y(t)}"|y,t;¥,T] =0 12

AT
At—=0

Finally, it is hoped that the techniques developed and the examples
considered in this thesis will themselves be suggestive of other areas

for further study.
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APFENDIX A

DERIVATION OF THE DARLING & SIEGERT EQUATIONS

As a matter of completeness, we present in this appendix
heuristic derivations of the Darling and Siegert equations.

1. Continuous Input Process. We assume the input to be a con-

tinuous vector Markov process with a transition density p(x,tlxo,tc)

satisfying the Fokker-Planck-Kolmogorov equations

(L - gE)P(x’tlxo’to) =0 ; to <y, (A.1)
(Lo + Sp-IB(xtx,8) =05 6, <4, (a-2)
o

where L 1s an operator depending only upon X and t and L0 an

operator depending only upon X and to. The output is related to the

input by
t
y(t,t,) =f #(x,7)AT 3 £, <t , (A.3)
1;C>

where x_ = x(t) and & is a prescribed function. Consider the

function
(s ]
r(x,v,tlxo,to) = 'j.ejvyp(x,y,tlxo,to)dy : (A.4)
-0

We now think of the integral defining y(t,to) as the limit of an
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approximating sum of the form

Z§(xq,tq)Atq . (A.5)
q

Then the expectation over y in (A.4) 1s equivalent to (the limit of)
an expectation over the xq. Without introducing limits and summation

signs, we write this expectation symbolically as

r(x,v,tlxo,to)

@ t
_[-dpr(x,t;fT,I[xo,to)exp jvd[ @(xT,T)dT "

— t
o
@ T
- ‘[ dETP(x’tlfT’I)P(fT’I[xo’to)exP jv‘[ Q(xT’T)dT 3
- %o (A.6)

where Xx_ 1s a vector with components (which are also vectors) deter-

mined by the xq of (A.5). Applying the operator (A.l) to both sides

of this equation yields the Darling and Siegert forward equation; viz.,

o =%
d . .
(L‘ﬁg)r(xJV}tlxo:to) = ,[ QETP(Eq:IIxo:tO)exP JV_]-Q(XT:T)dT X
-0 b v
(o]

=0

3
x (1 - 2oz, 1)

o &
- fd_:ng(x,t;fT,f_lxo,to) % exp JVI@(XT;T)dT ’
g

-0

° 1

= -Jvé(xt,t) J[dpr(x,t;fT,llxo,to)exp jvl[.Q(xT,T)dT .

-00
(o]
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Hence
(L - STl v,tlx,ty) = -3vae,t)r(x,v,tlx,,t) - (A7)

ILikewise, applying the operator of (A.2) to (A.6) yields the Darling

and Siegert backward equation

(L, + %E;)r(x,v,tlxo,to) = -jv@(xo,to)r(x,v,t]xo,to) .
(A.8)

2. Discrete Input Processes. When the input is a discrete Markov

process satisfylng the Kolmogorov equations [Cf. Egs. (1.8) and (1.9)]

% P (tlt,) = z a_; (8)P (Ety) (A.9)
iesS :
- %E; Prk(tlto) = 2{: Prk(tlto)aik(to) s (A.10)
€S

we consider the function [Cf. Eq. (1.18)]

Rik(v’tlto) = Pik(tlto) jejwp(ylx(t) =1, X(to) = k)dy ’
- (A.11)

where

Pik(tlto) = Pr{x(t) = 1]|x(t;) =k} .

As in the continuous case, we think of y(t,to) as the limit of the

approximating sum (A.5) and average over the X let (Xq,Tq) denote
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the vector with components determined by the components of the sum

(A.5). Then (A.11l) can be written symbolically as"

Rik(v,tlto) =Z exp (jvz @(xq,tq)Atq)Pin(tqu)Pqu(quto) ’
X q
q

Multiplying through by ari(t), summing over i1eS and using (A.9)

yields the result (in the limit),

Z ari(t)Rik(v,t]to) - 2_1: Rrk(v,‘t]to) = -Jvé[x(t):r]Rrk(v,t]to) "
leS

which is the discrete Darling and Siegert forward equation. In a

similar way, the discrete backward equation can also be derived:

Z Ry ([t )ay (8)) + %E; R, (vyt[t,) = -avelx(t )=kIR  (v,t]t)) -
ieS

* We are using the following notation: ILet x be a discrete random
variable and

(A,T) = (ap,ty 3 agt, 5 o0 5 a,%)

(B,T")

I

(oy,t 5 Byt 5« 5 b ,t') .
Then

Pp(T|T") = Pr{x(tl)zal,“_,x(tn)=anlx(ti)=bl,___,x(tn'l)=bm} .
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APPENDIX B

THE CONDITIONAL GAUSSTAN DISTRIBUTION

This appendix contains the derivation of a convenient representa-
tion for the probability density function of the Gaussian variate
[yk+l(tk+l)-yk(tk)] conditioned on the k (aussian variables
yl(tl), --~,yk(tk). The random varisbles y, are assumed to be from
the stationary random process {y(t)} with mean m and variance o°.
The multivariate probability density function of the conditioning

variables can then be written

P(l)_'_t,) = N(E)ﬂ) s (B.1)

where K 1s the covariance matrix

1 plz - - - plk
K o 0" Poy ; 4 . e Poye | (B.2)
pkl pk o o e 1
in which
A
pid = P(lti'tj ) = ? E[(yi-m)(yj-m)] . (B'3)

Likewise, the multivariate probability density function of all (k+l1)

variables is
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P(Yotsyy 1oty) = N(m,8) , (B.4)
where
: P1,k+1
I P2,k+1
3 = o EE | .
= B | " (B.5)
| .
J_pk,k+l
Pre1,1 Prel,2 T 7T Pk : o ]

Denoting the cofactors of the covariance matrix & by ¢iJ’ (B.4)

can be written in more detail as

k+1
exp|- EliT D (rymgy y(vyom)
(Y5, 90t 1) = T . (B.6)
B k+17 "k+1 (zﬂ)(k+l)/zl§ll/z

Completing the square for (yk+l—m) and observing that ¢k+l kel = IKI
6 |

glves
k 2
IKl i,k+1
Eexp|- zl§l Yk+l-m + Z (yk_m) —T_l_-
i=1
P(I’E;yk'.-l,tk-}-l) = f(z’z}‘°‘) 1/2 ]
21|§|
( || (B-T)

where f(I’E!"' ) 1is a function not containing Yiei1® Integration of

(B.7) over all Yy, Shows in fact that f(y,t,+++ ) 1is equal to
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p(y,;t). Therefore it follows from (B.T) and Bayes' Law that

k

¢
1,k+1
P(Vy 1ot [3o8) =N m-z (yk_m)—&, le|/|x]]| - (B.8)
=) x|
Hence
K
(#; + 85,)
P Rlz®) = w (- ) (em) EE I e/ L (8.9)
i |k |
#; xe1 18 bY definition (-1)****L  tines the determinant of & with

row 1 and colum k+l suppressed. This determinant can be expanded

along the bottom row [Cf. Eq. B.5] giving

k
Pyjeer = - Z Prsd, 513 (8.10)
J=L
where the K are the cofactors of the covariance matrix K. We could

13

Just as well subtract the row above the bottom row from the bottom row

before expanding the determinant and get

k

¢i,k+l = z: (pk+l,J-ka)Kij HE O 3 (B.11)
J=L .

A slightly more detailed analysis shows when 1=k that

k
¢k,k+1 - Z (pk+1,J'PkJ)KkJ . (B.12)
3=1
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Using (B.11l) and (B.12) in (B.9) gives the desired result

P Y lt) = N[ (meg-mk m),  el/Ikl],  (8.23)
where

Tkl T ["k+1,1 Pre1,2 """ pk+l,k] ’ (B.1k)

and

Iy = [pk.l Pgo °°° pkk] . (B.15)
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