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ABSTRACT

When studying physical systems, it is common to make approximations: the contact
interaction is linear, the crystal is periodic, the variations occurs slowly, the mass of a particle is
constant with velocity, or the position of a particle is exactly known are just a few examples.
These approximations help us simplify complex systems to make them more comprehensible
while still demonstrating interesting physics. But what happens when these assumptions break
down? This question becomes particularly interesting in the materials science community in
designing new materials structures with exotic properties In this thesis, we study the
mechanical response and dynamics in granular crystals, in which the approximation of linearity
and infinite size break down. The system is inherently finite, and contact interaction can be
tuned to access different nonlinear regimes. When the assumptions of linearity and perfect
periodicity are no longer valid, a host of interesting physical phenomena presents itself. The
advantage of using a granular crystal is in its experimental feasibility and its similarity to many
other materials systems. This allows us to both leverage past experience in the condensed
matter physics and materials science communities while also presenting results with
implications beyond the narrower granular physics community. In addition, we bring tools
from the nonlinear systems community to study the dynamics in finite lattices, where there are
inherently more degrees of freedom. This approach leads to the major contributions of this
thesis in broken periodic systems. We demonstrate the first defect mode whose spatial profile
can be tuned from highly localized to completely delocalized by simply tuning an external
parameter. Using the sensitive dynamics near bifurcation points, we present a completely new

approach to modifying the incremental stiffness of a lattice to arbitrary values. We show how



v
using nonlinear defect modes, the incremental stiffness can be tuned to anywhere in the

force-displacement relation. Other contributions include demonstrating nonlinear breakdown
of mechanical filters as a result of finite size, and the presents of frequency attenuation bands
in essentially nonlinear materials. We finish by presenting two new energy harvesting systems

based on our experience with instabilities in weakly nonlinear systems.
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Figure 2.1: a) Schematic for the acoustic band (red) of a monoatomic granular crystal.

Effects of broken periodicity, finite size, and a defect mode are shown in blue.
The long wavelength speed of sound is shown as the tangent as the wavenumber
approaches zero (black). b) Setup by Man et al.*’ to measure (c) the linear acoustic
band and localized defect mode in a finite, 20 particle long, chain. Reprinted
pending permission from American Physical Society”’, copytight (2012).....eevvvverrnnneee.

Figure 2.2: Acoustic rectification by Boechler et al.” in the weakly nonlinear regime. The

Figure

Figure

nonlinear resonance of a localized defect mode is only excited in one direction
due to the broken mirror symmetry. Energy is transferred through nonlinearity to
lower frequency propagating modes when the defect mode is excited. Reprinted
by permission from Macmillan Publishers Itd: Nature Materials” , copyright
(20TT). it
3.1: (Top) Picture of the experimental setup used in the tunable stiffness
experiments (chapter 6). (Bottom) Schematic of the Experimental Setup. Each of
the different parts of the experimental setup are indicated with text. We use the
different input and output channels of the Lock-In amplifier to both excite and
monitor the state of our system. The physical setup consists of an array of
spherical particles aligned between two boundaries. In the schematic the boundary
conditions are considered as fixed boundary conditions. The particles are
supported by polycarbonate rods and are excited using piezoelectric actuators
(green). These actuators can be both embedded in particles in the array and placed
at the end of the array. Measurements are taken using either dynamic force
sensors, static strain measurements, or velocities from the laser vibrometer (red).
The voltage signals that need to be processed are indicated in blue. Each part of
this setup is described in the fOllOWING SECHON. ...uuvuuverreiereierieieiieiirieeieieeieeeeeeeeeeeeeneeneens
3.2: Schematic of the experimental setup used for the essentially nonlinear
frequency bands, Chapter 8.

Figure 4.1: A schematic representation of a periodic orbit in a system with two degrees of

freedom, position, and velocity. The solid line indicates a closed limit cycle orbit
while the dotted line shows that changing the initial condition to a point slightly
off the orbit tesults in a orbit that is not closed. The vatriational matrix, V,
deSCribes this SEASILIVILY. w.cueeererieercrrieeieriieierseeeietsisesessesessesesse s ssese s ssese s ssesessessssesscans

Table 4.1: IEEE Notation for derivation of the electromechanical coupling for

piezoelectric disks embedded between two half sphefes.........ocviniiiiviicicniniiicincines

Figure 4.2: A schematic of the embedded piezoelectric element and connected circuit.

Under certain conditions the electromechanical coupling can be ignored and we
can assume voltage is proportional to the applied force™. However, in many
applications such as energy harvesting, the dynamics of the electrical circuit
DECOMES ESSENAL ....vvvrierieiiiiiiiieii s
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Figure 4.3: Experimental Analysis of the Resonant Defect Particle. (a) The schematic of
the experimental characterization system. (b) A comparison between the
theoretical and experimental transmission spectra for the system in (). ..ccovvvveeevernnnes 51
Figure 4.4: Experimental Fits to determine Numerical Parameters. (Left) Fit of the static
response of the chain to Hertzian Force Law. (Right) Fit of the linear amplitude

Table 4.2: Model Parameters (A,, A, masses, T are experimentally measured).......ccocvuveerieeenee 53
Figure 5.1: A schematic illustrating defect induced local modes and resonant defect
tunability. (a),(c), and (e), represent the lattice subject to lower compression, while
(b),(d), and (f) represent a higher compression. (a) and (b) show a mode due to a
small defect (green) that is highly localized and does not change its profile
between low (a) and high compression (b). (c) and (d) show that the mode due to
a larger (red) defect is less localized and still does not depend on compression. ()
and(f) show a mode created by a resonant defect (red) in which the localization
can be tuned to from highly localized to completely delocalized. (g) illustrates the
origin of this tunability. The small (green) and large (orange) defect frequencies
maintain a constant proportion with the band cutoff frequency, resulting in an
unchanged localization. In the case of the resonant defect (red) frequency, this
constant proportionality is not prescribed. Thus, compression changes the spatial
profile of a resonant defect MOdE. ..o 55
Figure 5.2: The acoustic band and defect mode profile evolution. The color scale shows
the steady state amplitude at the embedded force sensors as a function of the
frequency and the static compression (a) next to the defect and (b) at the crystal’s
edge. The defect mode, around 6.2 kHz, appears in the force sensor at the
crystal’s edge only after the band edge rises above the frequency of the defect
mode (at 4 N). The mode’s frequency increases very slightly as the lattice is
compressed. The dotted curve is the theoretical edge of the acoustic band. (c),(d),
and (e) show the local mode profile measured at three different compressions (0.3
N, 0.9 N, and 4.8 N), which are indicated as dotted vertical lines in (a) and (b). At
higher compressions, shown in (e), the mode transitions to being completely
extended and the dynamics are delocalized. The measurements are performed for
half of the chain and we plot their mirrored image of the other half for clarity............. 58
Figure 5.3: Tunable Localization of a resonant defect mode. (a) Localization factor
predicted analytically (solid line) for an infinite lattice and calculated
computationally for a 31 particle chain (dashed line). Three horizontal dashed
lines (i), (ii), and (iif) show localizations for different defect diameters, 11.1 mm,
14.3 mm and 17.5 mm, respectively. In addition, all parameters used in the
computation are the derived from the experimental setup. The inset in (a) is an
enlarged view, showing the deviation of the computational and analytical results
close to the when the defect frequency and band edge meet. (b) The
experimentally measured localization and a fit (red line) to the analytical
prediction. Each experimental run is shifted along the compression axis to have
the same zero point. The inset shows the mode profile used to measure the
experimental localization for the run indicated by the arrow. ..., 60



Figure 5.4: Resonant Defects in Hexagonal Lattices. The normalized mode profile due to
a resonant defect (red) placed in a two dimensional hexagonal lattice (grey). We
plot the amplitude of the particles displacement in the nearest neighbor direction,
a,. The mode becomes less localized as it goes from low (a) to high (b) isotropic
COMPIESSION. wouuiviiuiiiiisiitiscteisiessisae bbb bbbt b bbb bbb bbb bbb bbb bbb 61
Figure 5.5: Ultraslow velocity wave propagation. (a) A design proposal for achieving
tunable ultraslow acoustic or phononic propagation. (b) The wave velocity of the
high frequency narrow band waves in the schematic shown in (a). These results
were numerically calculated by applying Bloch conditions to the six particle unit
CELL e 62
Figure 5.6: Phonon Band Structure for a two dimensional hexagonal lattice . (a) The 2-D
band surface with associated cuts (b) along high symmetry directions of a
hexagonal lattice. This figure illustrates the acoustic transverse and longitudinal

PhONON BaNS. ..o 04
Figure 5.7: Analytical model. (a) A schematic for the analytical model including relevant
PALAMETETS..eovuviieeiiciiisiceise st b bbb bbb bbb bbb 04

Figure 5.8: Tailoring the Resonator Design. (a) The effect of varying defect parameters on
the mode frequency. The results for three resonant masses, m, (solid lines) and
one m, (dashed line). The arrow shows increasing m,. (b) The localization of the
defect mode for the same parameters shown in (a). For m; < m, (dashed line) the
mode never delocalizes but asymptotically approaches the value of the localization
for a mass defect of equivalent size, m,. The three vertical dashed lines indicate
the compression at which the modes delocalizes when m; < m. ....ccccoeuvivuvivenirininnns 70
Figure 6.1: Tuning stiffness through thermal expansion. a. Schematic diagram of the
tunable stiffness mechanism illustrated in a 1-D granular chain. The diagram
shows the static force on the lattice due to a prescribed displacement while
harmonically driving the defect mode. As the lattice is compressed (blue arrow),
the defect vibrational amplitude decreases (red arrows). This results in a negative
incremental stiffness due to thermal contraction of the defect mode. b. Changes
in the driving frequency and amplitude of the excitation control the incremental
stiffness, and c. the strain point at which the stiffness is being modified. The
curves are Offset fOr ClAIty. ..o 75
Figure 6.2: Response of the nonlinear defect mode. a. Theoretical defect mode (blue) and
acoustic band (green) frequencies’ dependence on prescribed displacement.
Experimental measurements are plotted as red dots with the four curves in panel
b marked with black crosses. b. Normalized experimental velocity of the defect
mode as a function of displacement of the lattice. Curves correspond to excitation
frequencies of 10(blue), 10.5(green), 11(red), and 11.5 kHz (cyan). c. Experimental
velocity of the defect mode for drive amplitudes of 4.2 (blue), 9.8 (green), and
15.4 nm (red) all at 10.5 kHz. d. Numerical results corresponding to c, for defects
driven at 20, 50, and 80 nm, respectively. Our simplified model (see Methods)
qualitatively reproduces the experimental results, but is unable to make precise
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Figure 6.3: Experimental tuning of the incremental stiffness. Force- displacement curves
for excitation amplitudes of a. 5.9 nm b. 6.4 nm c. 7.54 nm d. 10.9 nm. Shown
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