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Abstract

There is a growing interest in taking advantage of possible patterns and structures in data so as to extract the
desired information and overcome the curse of dimensionality. In a wide range of applications, including
computer vision, machine learning, medical imaging, and social networks, the signal that gives rise to the
observations can be modeled to be approximately sparse and exploiting this fact can be very beneficial. This
has led to an immense interest in the problem of efficiently reconstructing a sparse signal from limited linear
observations. More recently, low-rank approximation techniques have become prominent tools to approach
problems arising in machine learning, system identification and quantum tomography.

In sparse and low-rank estimation problems, the challenge is the inherent intractability of the objective
function, and one needs efficient methods to capture the low-dimensionality of these models. Convex op-
timization is often a promising tool to attack such problems. An intractable problem with a combinatorial
objective can often be “relaxed” to obtain a tractable but almost as powerful convex optimization problem.
This dissertation studies convex optimization techniques that can take advantage of low-dimensional rep-
resentations of the underlying high-dimensional data. We provide provable guarantees that ensure that the
proposed algorithms will succeed under reasonable conditions, and answer questions of the following flavor:

e For a given number of measurements, can we reliably estimate the true signal?

e If so, how good is the reconstruction as a function of the model parameters?

More specifically, i) Focusing on linear inverse problems, we generalize the classical error bounds known
for the least-squares technique to the lasso formulation, which incorporates the signal model. ii) We show
that intuitive convex approaches do not perform as well as expected when it comes to signals that have
multiple low-dimensional structures simultaneously. 1iii) Finally, we propose convex relaxations for the
graph clustering problem and give sharp performance guarantees for a family of graphs arising from the
so-called stochastic block model. We pay particular attention to the following aspects. For i) and ii), we
aim to provide a general geometric framework, in which the results on sparse and low-rank estimation can
be obtained as special cases. For i) and iii), we investigate the precise performance characterization, which

yields the right constants in our bounds and the true dependence between the problem parameters.
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Chapter 1

Introduction

The amount of data that is being generated, measured, and stored has been increasing exponentially in recent
years. As a result, there is a growing interest in taking advantage of possible patterns and structures in the
data so as to extract the desired information and overcome the curse of dimensionality. In a wide range of
applications, including computer vision, machine learning, medical imaging, and social networks, the signal
that gives rise to the observations can be modeled to be approximately sparse. This has led to an immense
interest in the problem of efficiently reconstructing a sparse signal from limited linear measurements, which
is known as the compressed sensing (CS) problem [42,43,45,73]. Exploiting sparsity can be extremely
beneficial. For instance, MRI acquisition can be done faster with better spatial resolution with CS algorithms
[140]. For image acquisition, the benefits of sparsity go beyond MRI thanks to applications such as the
“single pixel camera” [11].

Sparse approximation can be viewed as a specific, albeit major, example of a low-dimensional represen-
tation (LDR). The typical problem we consider is one for which the ambient dimension of the signal is very
large (think of a high resolution image, gene expression data from a DNA microarray, social network data,
etc.), yet is such that its desired properties lie in some low-dimensional structure (sparsity, low-rankness,
clusters, etc.). More recently, for instance, low-rank approximation has become a powerful tool, finding use
in applications varying from face recognition to recommendation systems [40, 94, 178]. The revolutionary
results that started CS are now a decade old; however, CS and LDR are still active research topics opening

doors to new applications as well as new challenges.



1.1 Sparse signal estimation

Sparse approximation aims to represent a signal x as a linear combination of a few elements from a given
dictionary ¥ € R"*¢. In particular, we can write x = Wa, where o has few nonzero entries. ¥ depends on
the application, for instance; one can use wavelets for natural images. The aim is to parsimoniously represent
x and take advantage of this representation when the time comes. The typical problem in compressed sensing

assumes the linear observations of x of the form
y =Ax+7z.

Here A € R™*" is the measurement matrix and z is the additive noise (statisticians would use the notation
y = X3 +z). Depending on the application, A can be enforced by the problem or it can be up to us to
design. To simplify the discussion, we will discard ¥ (or assume it to be identity) with the change of
variable AY — A and o — x. Assuming A is full-rank, the problem is rather trivial when m > n, as we can
estimate x with the pseudo-inverse of A. However,
e In a growing list of applications, the signal x is high-dimensional and the amount of observations m
may be significantly smaller than n.
o If we do know that the true signal is approximately sparse, we need a way of encouraging sparsity in
our solution even in the overdetermined regime m > n.
In the noiseless setup (z = 0), to find x, we can enforce y = AX’ while trying to minimize the number of

nonzero entries of the candidate solution x’
min|X'||p subjectto Ax' = Ax.

The challenge in this formulation, especially in the m < n regime, is the fact that the sparse structure
we would like to enforce is combinatorial and often requires exponential search. Assuming x has k nonzero
entries, X lies on one of the (’,:) k-dimensional subspaces induced by the locations of its nonzero entries.
x can be possibly found by trying out each of the m x k submatrices of A; however, this method becomes
exponentially difficult with increasing » and k.

Sparse approximation has been of significant interest at least since the 1990’s. Various algorithms have
been proposed to tackle this problem. Initial examples include the matching pursuit algorithms by Mallat

and Zhang in 1993 [143], the lasso estimator of Tibshirani in 1996 [201] and Basis Pursuit by Donoho and
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Chen [58,59]. Perhaps the most well-known technique is to replace the cardinality function with the ¢;
norm of the signal, i.e., the sum of the absolute values of the entries. This takes us from a combinatorially
challenging problem to a tractable one which can be solved in polynomial time. Moving from ¢y quasi-norm
to £1 norm as the objective is known as “convex relaxation”. The new problem is known as the Basis Pursuit
(BP) and is given as [58,59]

min||x'||; subjectto Ax = Ax (1.1)

As it will be discussed further in Section 1.2.1, convex relaxation techniques are not limited to sparse recov-
ery. Important signal classes that admit low-dimensional representation allow for convex relaxation.

In general, compressed sensing and sparse approximation techniques aim to provide efficient ways to
deal with the original combinatorial problem and reliably estimate x in the underdetermined regime m <
n. From a theoretical point of view, our aim is to understand the extent to which the data (x) can be

undersampled while allowing for efficient reconstruction. We will often try to answer the following question:

Question 1 How many observations m do we need to reliably and efficiently estimate x?

Preferably, the answer should depend on x, only through the problem parameters k and n. The answer is
also highly dependent on the specific algorithm we are using. It should be noted that the computational
efficiency is another important concern and there is often a tradeoff between the computational efficiency
and the estimation performance of the associated algorithm [49].

To address Question 1, since the late 1990’s there has been significant efforts in understanding the
performance of sparse approximation algorithms. In 2001, Donoho and Huo provided the initial results
on the recovery of a sparse signal from linear observations via BP [79]. Tropp jointly studied orthogonal
matching pursuit and BP and found conditions on A for which both both approaches can recover a sparse
signal [203].

In practice, BP often performs much better than the theoretical guarantees of these initial works. Later
on, it was revealed that with the help of randomness (over A), one can show significantly stronger results for

BP. For instance, when A is obtained by picking m rows of the Discrete Fourier Transform matrix uniformly

_m_

at random, it has been shown that signals up to & (1 S
gn

) sparsity can be recovered via BP'. This is in

fact the celebrated result of Candes, Tao, and Romberg that started CS as a field [43]. To see why this is

'We remark that Gilbert et al. also considered reconstruction of signals that are sparse in frequency domain using sublinear time
combinatorial algorithms [107].



remarkable, observe that m grows almost linearly in the sparsity &k and it can be significantly smaller than the
ambient dimension n. We should remark that no algorithm can require less than k£ measurements. We will
expand more on the critical role of randomness in CS. The measurement ensembles for which we have strong
theoretical guarantees (i.e. linear scaling in sparsity) are mostly random. For instance, an important class
of measurement ensembles for which BP provably works are the matrices with independent and identically

distributed entries (under certain tail/moment conditions) [45,73].

1.1.1 Overview of recovery conditions

In general, conditions for sparse recovery ask for A to be well-behaved and are often related with each
other. In linear regression, well-behaved often means that A is well-conditioned. In other words, denoting
maximum singular value by Opmax(A) and minimum singular value by Opin(A), we require % to be
small. For sparse approximation, in the more interesting regime m < n, we have Opin(A) = 0, hence, one
needs to look for other conditions. Some of the conditions that guarantee success of BP are as follows.

o Restricted Isometry Property (RIP) [32,45]: This condition asks for submatrices of A to be well-conditioned.

Let 1 <s < n be an integer. Then, A satisfies the RIP with restricted isometry constant &, if for all m x s

submatrices A, of A, one has,
(1=8)[IvII3 < A5 < (1+8)vl3

Observe that this is a natural generalization of conditioning of a matrix in the standard linear regression
setup. When the system is overdetermined, setting n = s, §; characterizes the relation between minimum
and maximum singular values of A. When RIP holds with 8, ~ 0.453, it is known that BP will successfully
get back to k-sparse x. RIP is alternatively known as the uniform uncertainty principle [46].

e Incoherence [79,203]: This asks for columns of A to have low correlation with each other. In particular,
the coherence of the matrix A captures the maximum correlation between any two columns of A and is

defined as follows: < >
A A
‘LLA —maX-——— < 5 -
i# A ll2llAg 2

Unlike the restricted isometry constant, ya can be easily calculated. However, the type of guarantees are
not as strong. We should remark that earlier results (before CS was introduced) on BP were based on

coherence. However, the number of observations m grew quadratically in sparsity rather than linearly. The



later works [41,205] show that, almost linear scaling can be achieved by introducing randomness to the
sparsity pattern of the signal.
o Null-Space Property (NSP) [74,85]: NSP is a condition on the null space of A. A typical version is the

following.

Definition 1.1 A satisfies the {,-NSP of order k; if all nonzero w that satisfies Aw = 0, also satisfies ||w|[; >
2||wk||\. Here, W is the k sparse approximation of w obtained by setting all entries 0 except the largest k

(in absolute value).

RIP and incoherence based conditions are often sufficient but not necessary for BP. Unlike these, NSP is “if
and only if” (see Proposition 1.1). If A satisfies ¢;-NSP, BP can recover any k-sparse x; conversely, if NSP
does not hold, there exists a k sparse signal for which BP fails. Consequently, careful analysis of NSP can
lead us to understand the exact characteristics of BP. The first such analysis is due to Donoho and Tanner

who developed precise undersampling theorems when A has independent standard normal entries [83].

Proposition 1.1 ([96]) Suppose A satisfies £1-NSP of order k. Then, (1.1) can recover any k sparse X.
Conversely, if A does not satisfy £1-NSP, there exists a k-sparse X, for which (1.1) fails.

Proof: Letx be a k-sparse vector and suppose X* is the minimizer of (1.1). Then, w =x* —x € Null(A).
Let S be a subset of {1,2,...,n} be the set of nonzero locations (support) of x. We will use the fact that, for

i €8, |xi+w| > |x;| —|w;]|. It follows that

0> [[x*[h = lIxllt > Y (i +wil = [xil) = Y wil > ) [wil =} [wil.

ieS iZS iZS ieS

Observe that ¥, [Wi| — Yics [Wil = [|W][1 —2 e |wi| > [|w||; —2||w¥|l; > O for all nonzero w. This implies

wl|1 < 2||wk||;. Then, choose x to be —w* and

w = 0. Conversely, if a nonzero w € Null(A) satisfies,

observe that || x4+ w||; < ||x||; and X is not the unique minimizer. [ |

1.2 Low-dimensional representation via convex optimization

The abundance of results on sparsity naturally motivates us to extend CS theory beyond sparse recovery. The
idea is to apply the powerful techniques developed for CS to new applications. It turns out that this is indeed
possible to do, both theoretically and algorithmically. Focusing on the convex optimization techniques, we

will exemplify how convex relaxation can be applied to other problems.



1.2.1 Examples of Structured Signals

¢ Block sparse signals and /; ; minimization: Block sparsity [91, 147,174, 175,195,204, 208] is a gen-
eralization of sparsity in which nonzero entries appear in blocks. One of the first work on such signals is
by Rao and Kreutz-Delgado in 1999 [174] (also see [56,204, 208] for earlier works). Assume n = bt for

some positive integers b and t. Given x € R”", partition its entries into ¢ vectors {x' Y., € R? such that

1 2

x = [x! x* ... x/]7. x is called a block sparse signal if only a few of its blocks are nonzero. The “structure

exploiting” function is the £ » norm, which is given as

t
12 = Y [l
i=1

Observe that, the ¢; norm is a special case of the /1 , norm where the block length d is equal to 1.
e Sparse representation over a dictionary: As we have mentioned previously, often the signal x is not
sparse but it has a sparse representation & over a known dictionary ¥ [34, 75, 89]. In this case, to estimate

the signal from compressed observations one can use
@ =argmin|o/||; subjectto Ax =A%/, (1.2)
a/

and let X = W&. There are several alternatives to (1.2) (see [34,211]). We remark that, often, instead of
recovery from linear observations Ax, we are simply interested in finding a sparse representation given the
signal x. Properties of W plays a critical role in the recoverability of o and x. A related topic is learning a

dictionary to sparsely represent a group of signals, which is an active research area by itself [88, 141].

e Low rank matrices and nuclear norm minimization: In this case, our signal is a low-rank matrix X €
R41%4 In order to exploit the low rank structure, one can use the nuclear norm heuristic [39,40,94,128,178].
This is convex relaxation of the rank function. Denoting the i’th largest singular value of a matrix X by
0;(X), its nuclear norm is denoted by || X||+ and is given as follows

min{d,,d}

X[= ) a(X).
i=1
e Discrete total variation: In many imaging applications [26,160,231] the signal of interest x rarely changes
as a function of the coordinates. Consequently, letting d; = x;1 —X; for 1 <i <n— 1, the difference vector

d € R"! becomes a sparse vector. To induce this structure, one may minimize the total variation of x,



namely,

1x[l7v = [} (1.3)
e Nonuniformly sparse signals and weighted ¢/; minimization: Sometimes, we might have prior infor-
mation regarding the sparsity pattern of the signal [48, 127, 165,212]. In particular, the signal x might be
relatively sparser over a certain region and denser over another. To exploit this additional information, we
can use a modified /; minimization where different weights are assigned to different regions. More rig-
orously, assume that the set of entries {1,2,...,n} is divided into ¢ disjoint sets Si,...,S; that correspond
to regions with different sparsity levels. Then, given a nonnegative weight vector w = [w; wy... wy|, the

weighted £; norm is given as

t
Il =Y wi Y Il

=l jes;
e Other examples: Low-rank plus sparse matrices (see Section 1.2.3); simultaneously sparse and low-rank

matrices, low-rank tensors (see Chapter 5); sparse inverse covariance in graphical models [102]; incorporat-

ing convex constraints (e.g., nonnegativity, {.-norm, positive semidefiniteness [84, 126]).

1.2.2 Generalized Basis Pursuit

These examples suggest that the success of the ¢; minimization is not an isolated case, and the power of
convex relaxation is a commonly accepted phenomenon. A natural question is whether one needs to study
these problems individually, or there is a general line of attack to such problems. If we focus our attention

to the linear inverse problems, we can consider the generalized basis pursuit (GBP),
min f(x') subjectto Ax' = Ax. (1.4)
X/

Here, f(-) is a convex function that tries to capture the low-dimensionality of x. f(-) is often obtained by
relaxing a combinatorial objective function. The core arguments underlying GBP are due to the paper of
Rudelson and Vershynin in 2006 [184], and subsequent work by Mendelson et al. [151, 153]. These ideas
are later on further generalized and polished by Chandrasekaran et al. [50]. Similar to (1.1), we can consider

a null-space condition that ensures success of (1.4). To introduce this, we shall first define the descent set.

Definition 1.2 (Descent set) Given a convex function f(-) : R" — R, the descent set of f(-) at X is denoted

by 9¢(x) and is equal to {w € R”}f(xjtw) < f(x)}.



The following lemma gives an equivalent of Proposition 1.1 for (1.4).
Proposition 1.2 x is the unique minimizer of (1.4) if and only if Null(A) N Z¢(x) = {0}.

Proof: Null(A) N Z(x) = {0} and x* is the minimizer. Let x* —x =w. If w # 0, w € Z/(x); which
implies f(x*) = f(x+w) > f(x) and contradicts with the optimality of x*. Conversely, if there exists a
nonzero w € Null(A) N Z;(x), we have f(x+w) < f(x). [ |
Proposition 1.2 shows that the descent set Zy(x), and the null space Null(A) determine the fate of (1.4). In
Chapter 2, we will see that Karush-Kuhn-Tucker optimality conditions will provide an alternative condition

which is dual to NSP. It will be more convenient to study NSP in terms of the tangent cone of f(-) at x.

Definition 1.3 (Tangent cone) Tungent cone is denoted by J(X) and is obtained by taking the closure of
conic hull of Zy(x) (see Chapter 2).

Clearly, Null(A) N 7(x) = {0} = Null(A) N Z¢(x) = {0}. We next introduce the restricted singular

value of a matrix.
Definition 1.4 (Restricted singular value (RSV)) Let S be a cone in R" and let A € R™". The minimum
and maximum restricted singular values of A at S are respectively defined as

os(A)= min ||Av|,, Zg(A) = max |[|Av],.

ves,||[v]2=1 ves,||v|.=1

It should be noted that similar definitions exist in the literature [50, 129, 206]. For instance, observe that the
restricted isometry constant defined in Section 1.1.1 can be connected to RSV by choosing the cone S to be
the set of at most s sparse vectors. The restricted singular value provides an alternative point of view on

GBP. Observe that, 07,(x)(A) > 0 is equivalent to Null(A) N J¢(x) = {0}. Hence, we have
07;(x) (A) >0 = x s the unique minimizer of (1.4). (1.5)

On the other hand, a larger restricted singular value will imply that (1.4) is better conditioned and is more
robust to noise [50].

When we have noisy observations y = Ax + z, we can consider the Basis Pursuit Denoising or lasso
variation of this problem.

1
minAf(x') + J[ly - AX'[|3 (1.6)
X



This version tries to induce a structured signal with the help of f(-) and also tries to fit the observations y to
the estimate x’ with the second term ||y — AX||3. There are several questions we wish to answer regarding

these approaches.
1. How many measurements do we need to recover X in the noiseless case?
2. What are the bounds on estimation error in the noisy setup?
3. Are there simple and intuitive quantities capturing the behavior of these problems?

4. Ts there a systematic way to construct convex f(-) given the signal structure?

91

. Is there a gap between what can be done in theory and the performance of the relaxed approaches?

These questions have recently been subject of considerable interest. One of our main contributions will
be a comprehensive answer to the second and third questions. In general, it is difficult to find answers that
work for all measurement ensembles. As we seek better guarantees, we need to sacrifice the generality of
the results. For instance, most results in CS require A to be randomly generated. The sharp guarantees we

obtain in Chapter 3 will require A to be i.i.d. Gaussian.

1.2.3 Demixing problems

Most of our attention will focus on the linear inverse problem (1.4). However, we shall now introduce the
closely related demixing problem, which will be important for Chapter 6. In demixing, we often get to
observe the true signal x; however, the signal originates from a linear combination of several structured
signals. The task is to identify these components.

Example: Robust principal component analysis. Suppose the matrix of interest X can be decomposed
into a low rank piece L and a sparse piece S, and hence it is a “mixture” of the low rank and sparse structures.
This model is useful in applications such as video surveillance and face recognition [36, 171,235]. The task
is to split X into its sparse and low-rank components. Often S is a dense sparse corruption on the desirable
data L, hence the name robust PCA. To decompose X, the natural optimization we wish to carry out has the
form

1.8} = inf k(L' S'llo.
{L,S} argyfsl/:xran( )+ YIS o



Candes et al. and Chandrasekaran et al. independently proposed relaxing both objectives to end up with the
infimal convolution of the #; norm and the nuclear norm, [36,51]

1.8} = i L slly. 1.7
{L,S} argL,ig,:XII I« + YIIS[1 (1.7)

The optimization on the right hand side simultaneously emphasizes sparse and low rank pieces in the given
matrix. In Chapter 6, we will cast the graph clustering problem as a low-rank and sparse decomposition
problem and propose convex approaches based on (1.7). The performance analysis of (1.7) focuses on the
allowable levels of rank (L) and ||So||o for which (1.7) succeeds in identifying the individual components.

The other major example is the morphological component analysis (see Elad et al. [90]). In this case,
the signal is a linear combination of signals that are sparse in different basis. x =¥ o + W2 . In this case,
we can minimize

{on, 60} =arg  min  [leqli +7lleg]. (1.8)

W o P =x
In a separate line of work, McCoy and Tropp proposed a general formulation for demixing problems
in a similar manner to (1.4) [144, 145]. In particular, they studied the case where one of the components is
multiplied by a random unitary matrix. This formulation allowed them to obtain sharper bounds compared
to the related literature that deals with more stringent conditions [36, 90,235].
The tools to study the convexified demixing problems (1.7) and (1.8) often parallel those of linear inverse
problems. For instance, subgradient calculus plays an important role in both problems. Consequently, joint

analysis of both problems appear in several works [4,36,133,221].

1.3 Phase Transitions
Returning to the basis pursuit problem (1.4), we can ask a stronger and more specific version of Question 1.
Question 2 What is the exact tradeoff between sparsity and measurements to recover X via (1.1)?

Focusing on the sparse recovery setup, in Section 1.1, we have mentioned that m ~ &' (klogn) samples are
sufficient for recovery. However, for practical applications it is crucial to know the true tradeoff between
problem parameters. Question 2 has first been studied by Donoho and Tanner for sparse signals and for
Gaussian measurement matrices. They obtain upper bounds on the required number of Gaussian measure-

ments which are tight in practice. In short, they show that m > 2klog %" samples are sufficient for successful
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Figure 1.1: The y-axis is the normalized number of measurements. x-axis is the normalized sparsity. The gradient
illustrates the gradual increase in the success of BP. As there are more measurements per sparsity (towards the red
region), the likelihood of success increases. The black line is the Donoho-Tanner phase transition curve.

reconstruction with high probability. However, they derive the precise behavior as well, which is known
as the Donoho-Tanner bound (illustrated in Figure 1.1). Due to the universality phenomenon that we dis-
cuss in Section 1.4.5, studying properties of Gaussian matrices gives a good idea about other measurement
ensembles as well.

In general, phase transition tries to capture the exact tradeoff between problem parameters and is not
limited to linear inverse problems. In Chapter 3, we will investigate a stronger version of Question 2,
namely, the precise error bounds for basis pursuit denoising. On the other hand, in Chapter 6, we will

investigate the phase transitions of the graph clustering problem where we make use of convex relaxation.

1.4 Literature Survey

With the introduction of compressed sensing, recent years saw an explosion of interest to high dimensional
estimation problems. There have been several theoretical, algorithmic, and applied breakthroughs in a
relatively short period of time, and signal processing, statistics, and machine learning have been converging
to a unified setting. Our literature review will mostly focus on contributions in the theory of high dimensional

statistics and convex optimization techniques. Let us start with the results on sparse recovery, in particular,
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{1 minimization.

1.4.1 Sparse signal estimation and /; minimization

Sparse signals show up in a variety of applications, and their properties have drawn attention since the
1990’s. Donoho and Johnstone used ¢; regularization on wavelet coefficients in the context of function
estimation [80]. Closer to our interests, the lasso was introduced by Tibshirani [201] in 1994 as a noise

robust version of (1.1). The original formulation was
min ||y — Ax|], subjectto ||x|; < 7.
X

where 7 > 0 is a tuning parameter. At the same time, Donoho and Chen studied BP from a sparse signal
representation perspective, where A is a dictionary and the aim is to represent y as a linear combination of
few elements (columns of A) [58,59,79]. We should remark that “orthogonal matching pursuit” is a greedy
algorithm and has been extensively studied as an alternative technique [203,207].

With the introduction of compressed sensing, randomness started playing a critical role in theoretical
guarantees. While guarantees for deterministic matrices require m > & (k2), for reasonable random mea-
surement ensembles one requires m > & (klogn). First such result is due to Candes, Tao, and Romberg [43].
They considered randomly subsampling the rows of the Discrete Fourier Transform matrix, and have shown
that sparse signals can be recovered from incomplete frequencies. Later results included guarantees for ma-
trices with i.i.d entries [42,45,73]. Today, state of the art results make even weaker assumptions which cover
a wide range of measurement ensembles. As a generalization of sparsity, block-sparsity and non-uniform
sparsity have been studied in detail [48,91, 127, 195]. We should emphasize that the literature on sparse

recovery is vast and we only attempt to cover a small but relevant portion of it here.

1.4.2 Phase transitions of sparse estimation

As we have discussed previously, it is desirable to understand the precise behavior of sparse estimation
problems, hence Question 2. For the Gaussian measurement ensemble it is known that the recovery of
a sparse vector x depends only on its sparsity level, and is independent of the locations or values of the
nonzero entries. Hence, we are interested in the relation between the sparsity k, ambient dimension n, and

the number of samples m that guarantees success of BP.
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Recovery types: Question 2 is interested in so-called weak-recovery, as we are interested in a recovery
of a particular vector x. There is also the notion of strong recovery, which asks for the same (random)
measurement matrix to recover all k-sparse vectors via BP. Observe that, Proposition 1.1 gives the condition
for the strong recovery. Clearly, strong recovery will require more measurements for the same sparsity level
compared to the weak recovery.

Neighborly polytopes: As we discussed in the previous section, Donoho and Tanner found upper
bounds on the required number of samples by studying neighborly polytopes and grassman angle com-
putations. They show that their bounds are tight in the regime where the relative sparsity % tends to zero.
Remarkably, these upper bounds were observed to be tight in simulation for all sparsity regimes [74, 83, 85].
The fact that the Donoho-Tanner bound is apparently tight gained considerable attention. As follow-up
works Xu, Khajehnejad, and Hassibi studied several variations of the phase transition problem by extending
the Grassman Angle approach. In [225,226], they showed that when m is above the bound, BP also enjoys
robustness when recovering approximately sparse signals. In [127,224,227] they have analyzed weighted
and reweighted ¢; minimization algorithms, and have provably shown that such algorithms could allow one
to go beyond the Donoho-Tanner bound.

Gaussian comparison inequalities: In 2008, Versynin and Rudelson used Gaussian comparison in-
equalities to study BP [184]. They found ~ 8klog 7 measurements to be sufficient with a short argument.
This is strikingly close to the optimal closed form bound 2klog 7. Later on, Stojnic carried out a more careful
analysis of comparison inequalities to obtain better bounds for ¢; minimization [192]. Remarkably, Stojnic’s
analysis was able to recover the Donoho-Tanner bound with a more generalizable technique (compared to
Grassman angle), which can be extended to other structured signal classes. The tightness of Donoho-Tanner
bound has been proven by Amelunxen et al. [4], as well as Stojnic [194]. Namely, they show that, below the
Donoho-Tanner bound, BP will fail with high probability (also see Section 1.4.4).

Approximate Message Passing (AMP) algorithms: Message-passing algorithms have been introduced
by Donoho, Maleki, and Montanari as an alternative to BP thanks to their computational efficiency [81].
Remarkably, it has been observed that the sparsity—measurement trade-off of AMP matches the Donoho-
Tanner bound; which makes it appealing as one can have as good performance as ¢; minimization with a
low-complexity algorithm. This was later proven by Bayati and Montanari [13, 14]. It should be noted that,

AMP can be extended to accommodate several other penalties in a similar manner to GBP [70]
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1.4.3 Low-rank estimation

The abundance of strong theoretical results on sparse estimation led researchers to consider other low-
dimensional representation problems. Low-rank matrices show up in a variety of applications and they
resemble sparse signals to a good degree. The rank minimization problem has first been considered in low-
order control system design problems [95, 178]. Convex relaxation for the rank minimization (RM) problem
is due to Fazel, who replaced rank function with nuclear norm and also cast it as a semidefinite program [94].
Initial results on RM were limited to applications and implementations.

The significant theoretical developments in this problem came relatively later. This was made possible
by advances in sparse estimation theory and similarities between sparse and low-rank recovery problems.
Recht, Fazel, and Parrilo studied the RM problem from a compressed sensing point of view, where they
studied the number of measurements required to recover a low-rank matrix [178]. They introduced matrix
RIP and showed that it is sufficient to recover low-rank matrices via NNM. For i.i.d subgaussian measure-
ments, they also show that matrix RIP holds with &' (rnlogn) measurements. This is a significant result, as
one needs at least & (rn) measurements to accomplish this task (information theoretic lower bound). Candes
and Plan improved their bound to & (rn), which is information theoretically optimal [39].

Another major theoretical development on RM came with results on matrix completion (MC). Low-rank
matrix completion is a special case of the rank minimization problem. In MC, we get to observe the entries
of the true matrix, which we believe to be low-rank. Hence, measurement model is simpler compared to i.i.d
measurements obtained by linear combinations of the entries weighted by independent random variables.
This measurement model also has more applications, particularly in image processing and recommendation
systems. Results on MC requires certain incoherence conditions on the underlying matrix. Basically, the
matrix should not be spiky and the energy should be distributed smoothly over the entries. The first result
on MC is due to Candes and Recht [40], who show that & (rzn . polylog(n)) measurements are sufficient
for MC via nuclear norm minimization. There is a significant amount of theory dedicated to improving
this result [37, 60, 125, 128]. In particular, the current best known results require & (rn log2 n), where the
theoretical lower bound is & (rnlogn) [47,177].

Phase transitions: When the measurement map is i.i.d Gaussian, Recht et al. obtained the initial
Donoho-Tanner type bounds for the nuclear norm minimization [179]. Their rather loose bounds were
significantly improved by Oymak and Hassibi who found the exact rank-measurement tradeoff by care-

ful “Gaussian width” calculations following Stojnic’s approach [163, 165]. In particular, as small as 6rn
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measurements are sufficient to guarantee low-rank recovery via NNM. Chandrasekaran et al. have similar

results, which will be discussed next [50].

1.4.4 General approaches

The abundance of results on the estimation of structured signals naturally led to the development of a unified
understanding of these problems. Focusing on the linear inverse problems, we can tackle the generalized
basis pursuit,

min f(x') subjectto Ax' = Ax. (1.9)

This problem has recently been a popular topic. The aim is to develop a theory for the general problem
and recover specific results as an application of the general framework. A notable idea in this direction is
the atomic norms, which are functions that aim to parsimoniously represent the signal as a sum of a few
core signals called “atoms”. For instance, if x is sparse over the dictionary ¥, the columns of ¥ will be
the corresponding atoms. This idea goes back to mid 1990’s where it appears in the approximation theory
literature [68]. Closer to our discussion, importance of minimizing these functions, is first recognized by
Donoho in the context of Basis Pursuit [58]. More recently, in connection to atomic norms, Chandrasekaran
et al. [50] analyze the generalized basis pursuit with i.i.d Gaussian measurements using Gaussian compar-
ison results. They generalize the earlier results of Vershynin, Rudelson and Stojnic [184, 192] (who used
similar techniques to study BP) and find upper bounds to the phase transitions of GBP, which are seemingly
tight. Compared to the neighborly polytopes analysis of [74, 83,224], Gaussian comparison inequalities re-
sult in more geometric and intuitive results; in particular, “Gaussian width” naturally comes up as a way to
capture the behavior of the problem (1.9). While the Gaussian width was introduced in 1980°s [111,112], its
importance in compressed sensing is discovered more recently by Vershynin and Rudelson [184]. Gaussian

width is also important for our exposition in Section 1.5, hence we will describe how it shows up in (1.9).
Definition 1.5 (Gaussian width) Ler g € R" be a vector with independent standard normal entries. Given

a set S C R", its Gaussian width is denoted by ®(S) and is defined as

o(S) =E[supv’g].

ves

Gaussian width is a way of measuring size of the set, and it captures how well a set is aligned with a random

vector. The following result is due to Gordon [112] and it finds a bound on the minimum restricted singular
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values of Gaussian matrices.

Proposition 1.3 Denote the unit {5-ball by "~'. Suppose S is a cone in R". Let G € R™" have indepen-

dent standard normal entries. Then, with probability 1 — exp(—%)
0s(G)>vVm—1—(SNA" ") —1.

This result is first used by Rudelson and Vershynin for basis pursuit [184]. Further developments in this
direction are due to Mendelson et al. [151, 153]. Chandrasekaran et al. have observed that this result can be
used to establish success of the more general problem GBP. In particular, combining (1.5) and Proposition
1.3 ensures that, if m > (&(Z5(x) N 2" ') +1)% + 1, GBP will succeed with high probability. Stojnic was
the first person to do a careful and tight analysis of this for basis pursuit and to show that Donoho-Tanner
phase transition bound is in fact equal to @ (.7, (x) N 2"~ 1) [192].

The Gaussian width has been subject of several follow-up works, as it provides an easy way to analyze
the linear inverse problems [4, 18,49, 163, 165, 175]. In particular o (.77(x) N %"1)? has been established
as an upper bound on the minimum number of measurements to ensure success of GBP. Remarkably, this
bound was observed to be tight in simulation, in other words, when m < @(Z;(x) N %"~ 1), GBP would
fail with high probability.

It was proven to be tight more recently by Amelunxen et al. [4]. Amelunxen et al.’s study is based on the
intrinsic volumes of convex cones, and their results are applicable in demixing problems as well as linear
inverse problems. Stojnic’s lower bound is based on a duality argument; however, he still makes use of

comparison inequalities as his main tool [194].

1.4.5 Universality of the phase transitions

Donoho-Tanner type bounds are initially proven only for Gaussian measurements. However, in simula-
tion, it is widely observed that the phase transition points of different measurement ensembles match [71].
Examples include,

e Matrices with i.i.d subgaussian entries

e Randomly subsampling rows of certain deterministic matrices such as Discrete Fourier Transform

and Hadamard matrices
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While this is a widely accepted phenomenon, theoretical results are rather weak. Bayati et al. recently
showed the universality of phase transitions for BP via connection to the message passing algorithms for
i.i.d subgaussian ensembles [12]%. Universality phenomenon is also observed in the general problem (1.4);
however, we are not aware of a significant result on this. For GBP, the recent work by Tropp shows that,
subgaussian measurements have similar behavior to Gaussian ensemble up to an unknown constant over-
sampling factor [206] (also see works by Mendelson et al. [129, 152] and Ai et al. [2]). In Chapter 4.1, we
investigate the special case of Bernoulli measurement ensemble, where we provide a short argument that

states that 70 (7%(x) N %" ~!)? Bernoulli measurements are sufficient for the success of GBP.

1.4.6 Noise Analysis

One of the desirable properties of an optimization algorithm is stability to perturbations. The noisy estima-
tion of structured signals has been studied extensively in the recent years. In this case, we get to observe
corrupted linear observations of the form y = Ax+z. Let us call the recovery stable if the estimate X satisfies
| —x]||2 < C||z|| for a positive constant C.

Results on sparse estimation: In case of ¢, minimization, most conditions that ensure recovery of a
sparse signal from noiseless observations also ensure stable recovery from noisy observations (e.g., RIP,
NSP). Both the lasso estimator (1.6) and the Dantzig selector do a good job at emphasizing a sparse solution
while suppressing the noise [19,31,201]. For related literature see [19,31,45]. There is often a distinction
between worst-case noise analysis and the average-case noise analysis.

Assume A has i.i.d standard normal entries with variance % and m> 0O (klog %”) It can be shown

that, with high probability,

X —x|[2 < C||z||2 for a positive constant for all vectors z [32, 43,45, 50,225].
This includes the adversarial noise scenario where z can be arranged (as a function of A,x) to degrade the
performance. On the other hand, the average-case reconstruction error ||& — x||3 (z is independent of A) is
known to scale as & (kk’% HzH%) [19,31,33,82,172]. In this case, z does not have the knowledge of A and
is not allowed to be adversarial.

Average-case noise is what we face in practice and it is an attractive problem to study. The exact error
behavior has been studied by Donoho, Maleki, and Montanari [13, 82] in connection to the Approximate
Message Passing framework. They are able to find the true error formulas (so-called the noise-sensitivity

bounds) which hold in high dimensions, as a function of the sparsity k, m, and the signal-to-noise ratio.

2They have several other constraints. For instance, the results are true asymptotically in m, n, k. They also require that the subgaus-
sian distribution has a small Gaussian component.
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Results on the generalized basis pursuit: For the general problem, Chandrasekaran et al. have worst-
case error bounds, which follows from arguments very similar to the noiseless case [50]. Negahban et al.
provide order-optimal convergence rates under a “decomposability” assumption on f [161]. The average-
case analysis for arbitrary convex functions and sharp error bounds with correct constants are studied by

Oymak et al. in [170,200] and they are among the contributions of this dissertation.

1.4.7 Low-rank plus sparse decomposition

In several applications, the signal X can be modeled as the superposition of a low-rank matrix L and a sparse
matrix S. From both theory and application motivated reasons, it is important to understand under what
conditions we can split X into L and S, and whether it can be done in an efficient manner. The initial work
on this problem is due to Chandrasekaran et al. where authors derived deterministic conditions under which
(1.7) works [51]. These conditions are based on the incoherence between the low-rank and the sparse signal
domains. In particular we require the low-rank column-row spaces to not be spiky (diffused entries), and
the support of the sparse component to have a diffused singular value spectrum. Independently, Candes et
al. studied the problem in a randomized setup where the nonzero support of the sparse component is chosen
uniformly at random. Similar to the discussion in Section 1.1, randomness results in better guarantees
in terms of the sparsity-rank tradeoff [36]. The problem is also related to the low-rank matrix completion,
where we observe few entries of a low-rank matrix corrupted by additive sparse noise [1,36,235]. In Chapter

6, we propose a similar problem formulation for the graph clustering problem.

1.5 Contributions

We will list our contributions in four topics. These are:
e A general theory for noisy linear inverse problems
e Elementary equivalences in compressed sensing
e Recovery of simultaneously structured models

e Graph clustering via convex optimization
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Figure 1.2: We plot (1.11) for sparse recovery. The black line is the Donoho-Tanner bound; above which the recovery
is robust. The warmer colors correspond to better reconstruction guarantees; hence, this figure adds an extra dimension
to Figure 1.1; which only reflects “success” and “failure”. Dashed line corresponds to the fixed reconstruction error.
Remark: The heatmap is clipped to enhance the view (due to singularities of (1.11)).

1.5.1 A General Theory of Noisy Linear Inverse Problems

In Chapter 3, we consider the noisy system y = Ax+z. We are interested in estimating x and the normalized

E |%—x|}3
E [l2II3

estimation error NSE = when A € R™*" has independent standard normal entries. When m > n,
the standard approach to solve this overdetermined system of equations is the least squares method. This
method is credited to Legendre and Gauss and is approximately 200 years old. The estimate is given by

where m —n

the pseudo-inverse & = (AA”)~'A”y and it can be shown that the error is approximately ——,
corresponds to the statistical degrees of freedom (here the difference between the number of equations and
the number of unknowns). When the system is underdetermined (m < n), as is the case in many applications,
the problem is ill-posed and unique reconstruction is not possible in general. Assuming that the signal has
a structure, the standard way to overcome this challenge is to use the lasso formulation (1.6). In Chapter 3,

we are able to give precise error formulas as a function of,

e Penalty parameter A e Convex structure inducing function f(-)

e Number of measurements m e Noise level z
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To give an exposition to our result, let us first consider the following variation of the problem.
min |ly — AX|| subjectto f(x') < f(x) (1.10)
X/

We prove that the NSE satisfies (with high probability),

B[R —x . o(Fxnz"")
Eldf ~m—o(Zx)nZ 1)

(1.11)

I3
Ef]lz]3]

Furthermore, the equality is achieved when signal-to-noise ratio approaches co. We also show that,

this is the best possible bound that is based on the knowledge of the first order statistics of the function.

Here, first order statistics means knowledge of the subgradients at x, and will become clear in Chapter 3.
From Section 1.4.4, recall that (. 77(x) N%"~!)? is the quantity that characterizes the fate of the noise-

less problem (1.4). When x is a k-sparse vector and we use ¢ optimization, (1.11) reduces to the best known

error bounds for sparse recovery, namely,

E|R—x|3 _ 2klog?
E|z|) ~ m—2klogh

This particular bound was previously studied by Donoho, Maleki, and Montanari under the name “noise

sensitivity” [13, 82]. (1.11) has several unifying aspects:

o We generalize the results known for noiseless linear inverse problems. Stable reconstruction is possi-
ble if and only if m > (T (x) N 2" 1)2.

e Setting f(-) = 0 reduces our results to standard least-squares technique where ®(.77(x) N %"~ 1) =n.

n

Hence, we recover the classic result ..

e We provide a generic guarantee for structured recovery problems. Instead of dealing with specific
cases such as sparse signals, low-rank matrices, block-sparsity, etc, we are able to handle any abstract

norm, and hence treat these specific cases systematically.

Penalized problems: (1.10) requires information about the true signal, namely, f(x). The more useful

formulation (1.6) uses penalization instead. In Chapter 3, we also study (1.6) as well as its variation,
min ||y — AX/||2 + A f(X'). (1.12)
Xl

For penalized problems, we come up with the quantity “Gaussian distance”, which is a natural generalization
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of Gaussian width. We show that the error bounds for (1.12) are captured by this new term, which can reflect
the precise dependence on A. In addition to error bounds, our results yield the optimal penalty parameters for
(1.6) and (1.12), which can achieve the bound (1.11). We defer the detailed analysis and rigorous statements

of our results to Chapter 3.

1.5.2 Elementary equivalences in compressed sensing

In Chapter 4, we present two results which are relatively short and are based on short and elementary

arguments. These are

e investigating properties of the Bernoulli measurement ensemble via connection to Gaussian ensemble,

e investigating RIP conditions for low-rank recovery via connection to RIP of sparse recovery.

1.5.2.1 Relating the Bernoulli and Gaussian ensembles

So far, we have discussed the importance of the Gaussian ensemble. In particular, one can find the exact
performance when the sensing matrix has independent .#"(0, 1) entries. We have also discussed the univer-
sality phenomenon which is partially solved for ¢;-minimization. In Chapter 4.1, we consider (1.4) when

A has symmetric Bernoulli entries which are equally likely to be 4-1. To analyze this, we write a Gaussian

2
G= \/;sign(G) +R

where sign(-) returns the element-wise signs of the matrix, i.e. +1if G; ; > 0 and —1 else. Observe that, this

matrix G as,

decomposition ensures sign(G) is identical to a symmetric Bernoulli matrix. Furthermore, R is a zero-mean

matrix conditioned on sign(G). Based on this decomposition, we show that,
m~T0(T5(x0) NB"1)?

Bernoulli samples are sufficient for successful recovery. Compared to the related works [2, 152,206], our
argument is concise and yields reasonably small constants. We also find a deterministic relation between the
restricted isometry constants and restricted singular values of Gaussian and Bernoulli matrices. In particular,

restricted isometry constant corresponding to a Bernoulli matrix is at most 7 times that of Gaussian.
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Figure 1.3: To illustrate the linear growth of the phase transition point in rd, we chose the y-axis to be 7; and the

x-axis to be the normalized measurements g—;. Observe that only weak bound can be simulated and it shows a good
match with simulations. The numerical simulations are done for a 40 x 40 matrix and when m > 0.1d2. The dark
region implies that (1.13) failed to recover X.

1.5.2.2 Relating the recovery conditions for low-rank and sparse recovery

The tools that are used for low-rank approximation often originates from the sparse approximation tech-
niques. For instance, the initial guarantee of Recht, Fazel and Parrilo [178] is based on a restricted isometry
property specialized for low-rank estimation. Similarly, the null space property proposed by [179] also par-
allels that of sparse estimation. Despite the efforts of [39, 156, 178], the restricted isometry constants for
low-rank estimation was weaker than that of the sparse recovery and required a more complicated analysis.
Furthermore, the low-rank null space property given in [179] was rather loose and not “if and only if”. In
Chapter 4.2, we first find a tight null space condition for the success of nuclear norm minimization that
compares well with Proposition 1.1. With the help of this result, we establish a framework to “translate”
RIP conditions that guarantee sparse recovery (which we call “vector RIP”) to RIP conditions that guaran-
tee low-rank recovery (which we call “matrix RIP”). Our eventual result states that if a set of “vector RIP”
conditions guarantee sparse recovery, than the equivalent “matrix RIP” conditions can guarantee low-rank

recovery. Our results yield immediate improvement over those of [39,87, 156, 178].
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1.5.2.3 Phase transitions for nuclear norm minimization

Related to Section 1.5.2.2 and as mentioned in Section 1.4.3, in [163,165] we study the sample complexity

of the low-rank matrix estimation via nuclear norm minimization’

. In particular, given a rank r matrix
X € R¥*4 we are interested in recovering it from .o (X) where &7 (-) : R¥*¢ — R™ is a linear i.i.d Gaussian
map, i.e. o/ (X) is equivalent to casting X into a d* x 1 vector and multiplying with an m x d*> matrix with

independent standard normal entries. We consider
argn;(i/nHX'H* subjectto 7 (X') = &7 (X) (1.13)

as the estimator. In [163], we find Donoho-Tanner type precise undersampling bounds for this problem (il-
lustrated in Figure 1.3). As mentioned in Section 1.4.2, the weak bound asks for the recovery of a particular
rank r matrix, while the strong bound asks for the recovery of all rank r matrices simultaneously by the
same realization of /. We showed that when m is above the bounds (1.13) will succeed. However, the
recent progress on phase transitions strongly indicates that, our “weak threshold” is indeed tight [4,77,194].
In [165], we provide a robustness analysis of (1.13) and also find closed-form bounds:

e To ensure weak recovery one needs m = 6rd samples.

e To ensure strong recovery one needs m 2 16rd samples.
Considering that a rank » matrix has 2dr — r?> degrees of freedom [40], the weak bound suggests that, one

needs to oversample X by only a factor of 3 to efficiently recover it from underdetermined observations.

1.5.3 Simultaneously structured signals

Most of the attention in the research community has focused on signals that exhibit a single structure,
such as variations of sparsity and low-rank matrices. However, signals exhibiting multiple low-dimensional
structures do show up in certain applications. For instance, in certain applications, we wish to encourage
a solution which is not only sparse but whose entries also vary slowly, i.e., the gradient of the signal is

approximately sparse as well (recall (1.3)). Tibshirani proposed fused lasso optimization for this task [202],
. / ! 1 /(12
argmin Ay, [[X'[|1 + A7y [[¥[l7v + S|y — Axl2.

Fused lasso aims to encourage a solution with two structures: sparsity and sparsity of the gradient.

3Due to time and space limitations, the technical details are not included in the dissertation.
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As a second example, we will talk about matrices that are simultaneously sparse and low-rank. Such
matrices typically arise from sparse vectors, with the mapping a — A = aa’, where a is a sparse vector
itself. This mapping is also known as lifting as we move from lower dimensional R” to a higher dimensional
space R"*". The new variable A has rank 1 and is also sparse. This model shows up in several applications,
including sparse principal component analysis [236] and sparse phase retrieval [44,92, 122].

Example: Sparse Phase Retrieval. Phase retrieval is the problem of estimating a signal from its
phaseless observations. For instance, assume we get to observe power spectral density (PSD) of a signal.
PSD is obtained by taking the square of the Fourier Transform and is phaseless. In certain applications, most
notably X-Ray crystallography, one only has access to PSD information and the task is to find a solution
to the given PSD. There are multiple signals that can yield the same power spectral density, and hence we
often need an additional criteria to optimize over. This criteria is often the sparsity of the underlying signal,
which yields the problem “sparse phase retrieval”. In finite dimensions, the noiseless phase retrieval problem
assumes phaseless measurements y; = {|a! x|>}, of the true vector x, where {a;}" | are the measurement

vectors. Hence, sparse PR problem is given as
|x'|lo subjectto |alx|>=y,.

This problem is nontrivial due to the quadratic equality constraints as well as the combinatorial objective.
Applying the lifting x — X = xx” proposed by Balan et al. [9], we end up with linear measurements in the
new variable X,

IX[lo subjectto (aa!,X') =y, rank(X') =1, X' = 0.

Relaxing the sparsity and rank constraints by using ¢; and nuclear norm, we find a convex formulation that

encourages a low-rank and sparse solution.
IX[li +A[IX||+ subjectto X' =0, (aa],X)=y; | <i<m. (1.14)

Traditional convex formulations for the sparse PCA problem have a striking similarity to (1.14) and also
make use of nuclear norm and ¢; norm [64].

Finally, we remark that low-rank tensors are yet another example of simultaneously structured signals
[103, 158] and they will be discussed in more detail in Chapter 5.

Our contributions: Convex relaxation is a powerful tool because it often yields almost-optimal perfor-
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mance guarantees, i.e., we don’t lose much by solving the relaxed objective compared to the true objective.
For example, countless papers in literature show that ¢; norm does a great job in encouraging sparsity. In
(1.14), the signal has two structures, and hence it has far fewer degrees of freedom compared to an only low-
rank or only sparse matrix. We investigate whether it is possible to do better (i.e., use fewer measurements)
by making use of this fact. We show that the answer is negative for any cost function that combines the ¢;
and nuclear norms. To be more precise, by combining convex penalties, one cannot reduce the number of
measurements much beyond what is needed for the best performing individual penalty (¢; or nuclear norm).
In Chapter 5, we will study the problem for abstract signals that have multiple structures and arrive at a more
general theory that can be applied to the specific signal types.

Our results are easy to interpret and apply to a wide range of measurement ensembles. In particular, we
show the limitations of standard convex relaxations for the sparse phase retrieval and the low-rank tensor
completion problems. For the latter one, each observation is a randomly chosen entry of the tensor. To give

a flavor of our results, let us return to the sparse and low-rank matrices, where we investigate,
X[ + A X[« subjectto X' =0, (G;,X')=y;, | <i<m. (1.15)

For simplicity, let {G;}", be matrices with independent standard normal entries and <7 (-) : R — R™ is

the measurement operator. Suppose the true signal is X = xx’ , where x € R" is a k-sparse vector. To simplify

the consequent notation, let us assume that the nonzero entries of x are comparable, i.e., Hi”; ~ O (\/I;)

Then, we have the following,
e Ifonly ¢y normis used (A = 0), CS theory requires & (k2 log %) measurements to retrieve X via (1.15).
e If only nuclear norm is used, results on rank minimization requires ¢ (n) measurements to retrieve X.
e Our results in Chapter 5 ensure that one needs at least Q(min{k?,n}) measurements for any choice
of 4.
e Replace the objective function in (1.15) by || X'[|o + Arank(X’). There is a suitable A, for which
7 (klog %) measurements are sufficient.
There is a significant gap between what can be done by the optimally tuned convex approach (min{k? n})
and the non-convex objective (klog 7). On the other hand, the optimally tuned convex approach is not better

(in order) than using only the best of the ¢ norm and nuclear norm.

25



1.5.4 Convex Optimization for Graph Clustering

Our results so far focused on the study of linear inverse problems. In Chapter 6, we consider a more
application-oriented problem, namely, graph clustering. Graphs are important tools to represent data effi-
ciently. An important task regarding graphs is to partition the nodes into groups that are densely connected.
In the simpler case, we may wish to find the largest clique in the graph, i.e., the largest group of nodes that
are fully connected to each other. In a similar flavor to the sparse estimation problem, the clustering problem
is challenging and highly combinatorial. Can this problem be cast in the convex optimization framework?
It turns out the answer is positive. We pose the clustering problem as a demixing problem where we wish to
decompose the adjacency matrix of the graph into a sparse and low-rank component. We then formulate two
optimizations, one of which is tailored for sparse graphs. Remarkably, performance of convex optimization
is on par with alternative state-of-the-art algorithms [6, 7, 146, 164] (also see Chapter 6). We carefully ana-
lyze these formulations and obtain intuitive quantities, dubbed “effective density”, that sharply capture the
performance of the proposed algorithms in terms of cluster sizes and densities.

Let the graph have n nodes, and A be the adjacency matrix, where 1 corresponds to an edge between
two nodes and O corresponds to no edge. A is a symmetric matrix, and, without loss of generality, assume
diagonal entries are 1. Observe that a clique corresponds to a submatrix of all 1’s. The rank of this submatrix
is simply 1. With this observation, Ames and Vavasis [6] proposed to find cliques via rank minimization,
and used nuclear norm as a convex surrogate of rank. We cast the clustering problem in a similar manner to
the clique finding problem, where cliques can have imperfections in the form of missing edges. Assuming
there are few missing edges, each cluster corresponds to the sum of a rank 1 matrix and a sparse matrix.

Let us assume the clusters are disjoint. Our first method (dubbed simple method) solves the following,
mingrélize |L{[«+A[[S|: (1.16)

subject to
1>L;;>0 foralli,je{1,2,...n}

L+S=A.

The nuclear norm and the #; norm are used to induce a low-rank L and sparse S, respectively. The hope
is that L; ; will be 1 whenever nodes i and j will lie in the same cluster, and 0 otherwise. This way, rank(L)

will be equal to the number of clusters.
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We investigate this problem for the well-known stochastic block model [117], which is essentially a
nonuniform Erdos-Renyi graph. While Chapter 6 considers a general model, let us introduce the following

setup for the exposition.

Definition 1.6 (Simple Block Model) Assume that ¥ is a random graph with n nodes with t clusters, where
each cluster has size d. Let A be the corresponding adjacency matrix. Further assume that the existence of

each edge is independent of each other, and

p ifi,jisinthe same cluster

q else

for some constants p > q > 0.

Assuming d, n are large, d = o(n) and A is well-tuned, for the simple block model, we find that,

e (1.16) correctly identifies the planted clusters if ¢ < 3 and d(2p — 1) > 4,/q(1 — g)n.

e (1.16) fails if d(2p—1) < \/gn or g > 3.
Here, d(2p — 1) jointly captures the size and density of the planted clusters; hence, we call it effective
density. Assuming g < %, d(2p — 1) is tightly sandwiched between ,/gn and 4,/gn. This result indicates
that cluster sizes should grow with \/n, which is consistent with state of the art results on clique finding
[6,7,61,67,185].

The simple method has critical drawbacks, as we require p > % > g. The algorithm tailored for sparse
graphs (dubbed “improved method”) is able to overcome this bottleneck. This new algorithm only requires

p > g and will succeed when

d(p—q) >2/q(1—qg)n.

This comes at the cost of requiring additional information about the cluster sizes, however, this new bound
is highly consistent with the existing results on very sparse graphs [146]. Unlike the comparable results in
the literature [3,5-7,61,62], our bounds are not only order optimal, but also have small constants that show
a good match with numerical simulations. We defer the extensive discussion and further literature survey to

Chapter 6.
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1.5.5 Organization

In Chapter 2, we go over the mathematical notation and tools that will be crucial to our discussion
throughout this dissertation.

In Chapter 3, we study the error bounds for the noisy linear inverse problems. We formulate three ver-
sions of the lasso optimization and find formulas that accurately capture the behavior based on the summary
parameters Gaussian width and Gaussian distance.

Chapter 4 will involve two topics. We first analyze Bernoulli measurement ensemble via connection to
the Gaussian measurement ensemble. Next, we study the low-rank approximation problem by establishing
a relation between the sparse and low-rank recovery conditions.

Chapter 5 is dedicated to the study of simultaneously structured signals. We formulate intuitive convex
relaxations for recovery of these signals and show that there is a significant gap between the performance of
convex approaches and what is possible information theoretically.

In Chapter 6, we develop convex relaxations for the graph clustering problem. We formulate two ap-
proaches, where one is particularly tailored for sparse graphs. We find intuitive parameters based on the
density and size of the clusters that sharply characterize the performance of these formulations. We also
numerically show that performance is on par with more traditional algorithms.

In Chapter 7, we discuss the related open problems and possible extensions to our results that are left to

be researched.
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Chapter 2

Preliminaries

We will now introduce some notation and definitions that will be used throughout the dissertation.

2.1 Notation

Vectors and matrices: Vectors will be denoted by bold lower case letters. Given a vector a € R”, a’ will be
used to denote its transpose. For p > 1, £, norm of a will be denoted by ||a|, and is equal to (Y, |a;|?)'/7.
The ¢y quasi-norm returns the number of nonzero entries of the vector and will be denoted by ||a||p. For
a scalar a, sgn(a) returns its sign i.e. a-sgn(a) = |a| and sgn(0) = 0. sgn(-) : R” — R” returns a vector
consisting of the signs of the entries of the input.

Matrices will be denoted by bold upper case letters. n x n identity matrix will be denoted by I,,. For
a given matrix A € R™*™_ its null space and range space will be denoted by Null(A) and Range(A),
respectively. To vectorize a matrix, we can stack its columns on top of each other to obtain the vector
vec(A) € R™™, rank(A) will denote the rank of the matrix. The minimum and maximum singular values
of a matrix A are denoted by Opmin(A) and Omax(A). Omax(A) is equal to the spectral norm [|A||. ||A||r will
denote the Frobenius norm. This is essentially equivalent to the £, norm of the vectorization of a matrix:
IAlIF = (E7, X2, A7))'/2. tr () will return the trace of a matrix.
Probability: We will use P(-) to denote the probability of an event. E[-] and Var[-] will be the expectation
and variance operators, respectively. Gaussian random variables will play a critical role in our results. A
multivariate (or scalar) normal distribution with mean g € R” and covariance £ € R™*" will be denoted
by A4 (U,X). “Independent and identically distributed” and “with high probability” will be abbreviated as
i.i.d and w.h.p respectively. The symbol “~” should be read “is distributed as”. There may be additional

definitions specific to the individual chapters and they will be introduced accordingly.
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Convex geometry: Denote the unit £, sphere and the unit £, ball in R” by ."~! and %", respectively.
dim(-) will return the dimension of a linear subspace. For convex functions, the subgradient will play a

critical role. s is a subgradient of f(-) at the point v, if for all vectors w, we have that,
Fv+w) > f(v)+s"w.

The set of all subgradients s is called the subdifferential and is denoted by d f(v). If f : R" — R is continuous
at v, then the subdifferential d f(v) is a convex and compact set [23]. For a vector x € R”, ||x|| denotes a
general norm and [|x[|* = sup;; <, (x,2) is the corresponding dual norm. Finally, the Lipschitz constant of
the function f(-) is a number L so that, for all v,u, we have that, |f(v) — f(u)| < L||v —ul|>.

Sets: Given sets 51,5, € R”, S| + S, will be the Minkowski sum of these sets, i.e., {v| + V2 ]Vl €81, V2E€8}.
Closure of a set is denoted by CI(-). For a scalar A € R and a nonempty set S C R”, AS will be the dilated
set, and is equal to {Av € R" | v € S}. The cone induced by the set S will be denoted by cone(S) and is

equal to {Av|A >0, v € S}. It can also be written as a union of dilated sets as follows,

cone(S) = U AS.
A>0

The polar cone of S is defined as §° = {v € R" | v'u < 0V u € S}. The dual cone is §* = —5°.

2.2 Projection and Distance

Given a point v and a closed and convex set %, there is a unique point a in ¢ satisfying a = argminy ¢ ||v —
a’[|y. This point is the projection of v onto ¢ and will be denoted as Proj(v) or Proj(v,%’). The distance
vector will be denoted by Iy (v) = v — Proj,(v). The distance to a set is naturally induced by the definition
of the projection. We will let dist¢ (V) = ||v — Proj,(v)||2.

When % is a closed and convex cone, we have the following useful identity due to Moreau [157].

Fact 2.1 (Moreau’s decomposition theorem) Ler € be a closed and convex cone in R". For any v € R",

the following two are equivalent:
I. v=a+bac¥,bec?° anda’b=0.

2. a= Proj(v,%) and b = Proj(v,€°).
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Fact 2.2 (Properties of the projection, [17,23]) Assume € C R" is a nonempty, closed, and convex set and
a,b € R" are arbitrary points. Then,
e The projection Proj(a,€) is the unique vector satisfying, Proj(a,¢) = argminycy
e (Proj(a,%¢),a— Proj(a, %)) = sups (s,a— Proj(a,%)).
e ||Proj(a,€)— Proj(b,%)|>» < |la—bl.

a—v.

Descent set and tangent cone: Given a function f(-) and a point X, descent set is denoted by Z;(x), and is

defined as
Zp(x) = {w € B | f(x+w) < f(x)}.

We also define the tangent cone of f at x as .77(x) := Cl(cone(Z¢(x))). In words, tangent cone is the
closure of the conic hull of the descent set. These concepts will be quite important in our analysis. Recall
that Proposition 1.2 is based on the descent cone and is essentially the null-space property for the GBP. The

tangent cone is related to the subdifferential d f(x) as follows [182].

Proposition 2.1 Suppose f: R" — R is a convex and continuous function. The tangent cone has the follow-
ing properties.

o 9¢(X) is a convex set and Ty(X) is a closed and convex cone.

e Suppose X is not a minimizer of f(-). Then, ¢(x)" = cone(d f(x)).

2.2.1 Subdifferential of structure inducing functions

Let us introduce the subdifferential of the /; norm.

Proposition 2.2 ([72]) Given x € R", s € d||x||, if and only if, s; = sgn (x;) for all i € supp (x) and |s;| < 1

else.
Related to this, we define the soft-thresholding (a.k.a. shrinkage) operator.
Definition 2.1 (Shrinkage) Given A > 0, shrink; () : R — R is defined as,
x—A ifx>A

shrink, () = { x4 2 ifx < —A

0 ifl<A
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While the importance of shrinkage will become clear later on in the simplest setup, it shows up when one

considers denoising by £ minimization [72].

Proposition 2.3 Suppose we see the noisy observations y = X+ Z and we wish to estimate X via X =

argmin A ||X'|| + ||y — X'||3. The solution % is given by
X/
%; = shrink) (y;) for 1<i<n.

This in turn is related to the distance of a vector to the scaled subdifferential, which will play an important
role in Chapter 3. It follows from Proposition 2.2 that I1(v,Ad||x||;); = v; — A sgn(x;) when i € supp (x;)
and shrink(v;) when i & supp (X;).

We will also discuss that subdifferentials of ¢; , norm and the nuclear norm have very similar forms to
that of #; norm, and the distance to the subdifferential can again be characterized by the shrinkage operator.
For instance, the nuclear norm is associated with shrinking the singular values of the matrix while the ¢ »

norm is associated with shrinking the ¢, norms of the individual blocks [50, 70, 77].

2.3 Gaussian width, Statistical dimension and Gaussian distance

We have discussed Gaussian width (Def. 1.5) in Chapter 1.4 and its importance in dimension reduction via
Gaussian measurements. We now introduce two related quantities that will be useful for characterizing how
well one can estimate a signal by using a structure inducing convex function'. The first one is the Gaussian

squared-distance.

Definition 2.2 (Gaussian squared-distance) Let S € R" be a subset of R" and g € R" have independent

A(0,1) entries. Define the Gaussian squared-distance of S to be,
D(S) = Elinf ||g - v|3]
ves

Definition 2.3 (Statistical dimension) Ler ¥ € R” be a closed and convex cone and g € R" have indepen-

dent ./ (0,1) entries. Define the statistical dimension of € to be,

§(€) =E[|[Proj(g, %)|13]

! Another closely related quantity is the “mean width” of [172]
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k-sparse, xo € R” Rank r, X, € R?*4 k-block sparse, x, € R’

0(T(x0)) 2k(log 7 +1) 6dr 4k(logi +b)

D(Adf(x0)) | (A2 +3)k for A > \/2log¥ | 22r+2d(r+1) for A >2vd | (A2 +b+2)k for A > vb+/2log

Table 2.1: Closed form upper bounds for §(.7%(xo)) ( [50, 101]) and D(A9 f(X¢)) corresponding to sparse, block-
sparse signals and low-rank matrices described in Section 1.2.1. See Section A.7 for the proofs.

The next proposition provides some basic relations between these quantities.

Proposition 2.4 Let C € R" be a closed and convex set, € = cone(C) and g € R" have independent ./ (0, 1)
entries. Then,

e O(ENAB)N<SE)<w(ENB ) +1.

e D(C)>D(¥)=96(¢").

Proof: Let us first show that for any vector a,

|Proj(a,%)|l= sup v'a.
veensp !
Using Moreau’s decomposition, a = Proj(a, %) + Proj(a,%”). For any unit length v € €, we have, a’v <
(Proj(a, %), v) < ||Proj(a,%)||» hence right hand side is less than or equal to the left hand side. On the other
hand, the equality can be achieved by choosing v = 0 if Proj(a, %) =0 and v = %
With this observe that, @(¢ N%"~!) = E[||Proj(g, € ) ||2]. From Jensen’s inequality E[||Proj(g, ¢)|2]* <
E[||Proj(g,%)||3], hence (€ N %" 1)> < §(€). On the other hand, since ||Proj(g,¢)|» is 1-Lipschitz

function of g, using Fact 2.3, §(%) < @(¥N%" )24+ 1. D(C) > D(%) as C C ¥ hence, the distance to C

else.

is greater than or equal to the distance to €. Finally, using Fact 2.1 again, dist(v, %) = ||v —Proj(v, %) || =
|Proj(v,%°)||2, hence E[||Proj(v,¢°)||3] = E[dist(v,%)?]. [
Gaussian distance is particularly beneficial when one is dealing with weighted combination of functions
involving Gaussians. In such setups, Gaussian distance may be helpful in representing the outcome of the

problem as a function of penalty parameters. The next section will provide an example of this.
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2.4 Denoising via proximal operator

Let us focus on the basic estimation problem, where the aim is to estimate Xg from y = Xy +z. One can use

the proximal operator to accomplish this task in a similar manner to (1.4) [157].
o 1 2
& =argmin ||y —x||3 + oA f(x) 2.1)

An important question is the estimation error which can be defined as E[||& — Xo||3]. When z has independent
A (0,0?) entries, the following proposition shows that, the error is related to the Gaussian distance. The

reader is referred to [18,49, 70, 167] for more details.

Proposition 2.5 Suppose A > 0, f: R" — R is convex and continuous and y = Xo +z € R" where z has

independent ./ (0,62) entries. Then,

B [[|% — xo[3]
o2

<D(A0f(x0)) 22

Proof: From the Karush-Kuhn-Tucker optimality conditions, there exists s € d f(X) such that y =

% + As. Using the change of variable W = X — X, equivalently,
Z=W+0oAs (23)

Now, choose sy € df(Xo) to be s) = G—leroj(z, oAdf(x0)) and wo =z — oAsy. We will first explore the

relation between wy and w. The following inequality follows from the definition of the subgradient.
Wwi's > f(xg+W) — f(x0) > W'sy = W/ (s—s0)>0 (2.4)
From (2.3) and (2.4), we will conclude that |W||» < ||[wo||2. These are equivalent to:
(W, (2~ W) — (z—wo)) = (W, W — W) >0 = [[W]]3 < (W, wo) < [[W]}2]|woll2

Hence, we find [|wol|> = dist(z, 6Ad f(X0)) > [|W||2. dist(z,6Ad f(xo)) = odist(Z,Adf(x0)) where Z has
A4(0,1) entries. Taking the square and then expectation, we can conclude. [ ]
It is important to understand what happens when A is optimally tuned to minimize the upper bound on

the error. This has been investigated by [4, 101, 167]. We will state the result from [4] which requires less
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assumption.

Proposition 2.6 (Theorem 4.3 of [4]) Suppose f:R" — R is a norm and xo € R" is nonzero. Then,

SUPse4 £(xo) [[s[l2

8 0x0)) < igD(AD w0) < 8(Ty () + 210

(2.5)
Here, D(AJ f(xo)),8(J¢(X0)) are solely based on the subdifferential, hence, as long as 9 f(Xo) remains

same, one can change X to obtain a tighter bound by making f (”;ﬁ) larger.

The left hand side of (2.5) is clear from Proposition 2.4 when we use the fact that D(Ad f(xp)) C
D(cone(df(x0))) = J5(x0)°. Let us consider the right-hand side, for a k-sparse xo € R”". Letting xo —
sgn (xo) do not change the subdifferential and results in ZW =2,/% whereas §(.75(xo)) ~ 2klog &

Hlz)
from Table 2.1. Hence, when k and # is proportional and large, 2\/% is not significant, and (2.5) is rather

tight.

Proposition 2.6 indicates that, min,~oD(1df(X¢)) =~ 6(7¢(x0)) and by optimally tuning A, one can
reduce the upper bound on the normalized error in (2.2) to as small as §(7y(xo)). Recall that, this is also
the sample complexity of (1.4) as discussed in Chapter 1.4. This relation between the estimation error
formula for (2.1) and the sample complexity of (1.4) is first proposed in [70] and rigorously established by
the results of [167] and [4]. In Chapter 3, we will find similar error formulas based on the Gaussian width

and distance terms for the less trivial lasso problem.

2.5 Inequalities for Gaussian Processes

Gaussian random variables have several nice properties that make their analysis more accessible. The fol-

lowing results are on the Lipschitz functions of Gaussian vectors.

Fact 2.3 (Variance of Lipschitz functions, [131]) Assume g ~ .4°(0,1,) and let f(-) : R” — R be an L-
Lipschitz function. Then,

Varlf(g)] < L*.

Fact 2.4 (Gaussian concentration Inequality for Lipschitz functions, [131]) Let f(-) : R? — R be an L-
Lipschitz function and g ~ A (0,1,,). Then,

2

P(f(g) ~Elf(g)]] 2 1) < 2exp(—55).
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Our proofs will often involve Lipschitzness to argue strong concentration around mean. For instance, ¢»
norm is a 1-Lipschitz function. More generally, given a subset A of R”, the distance function dist(x,A) =
infaea ||x —a||2 is 1-Lipschitz in x. Both of these essentially follow from application of triangle inequality.

The following lemma shows that restricted singular value is Lipschitz as well.
Lemma 2.1 Recall Definition 1.4 of 64(A) where € is a closed cone. 64 (A) is 1-Lipschitz function of A.

Proof: Given A,B € R™*", define vy = arginf,c¢r o1 ||Av||2 and vg similarly. We have that,

0 (B) — 04 (A) = || Bvg|2 — [|Ava 2 < [Bva (2 — [[Ava > < [B—Af[r

Repeating the same argument for 64 (A) — o¢(B) gives,

0¢(B) —0¢(A)| < [[B—AF. u

2.5.1 Gaussian comparison inequalities

Comparison inequalities will play a major role in our analysis in Chapter 3. Slepian’s Lemma is used to

compare supremums of two Gaussian processes based on their covariances.

Theorem 2.1 (Slepian’s Lemma, [131]) Ler {x;}! ,,{yi}"., be zero-mean Gaussian random variables.

Suppose, forall 1 <i<n, E[X,Z] = E[ylz] and for all 1 <i# j <n, E[xix;] <Elyy;]. Then,

E[ sup yi| <E[ sup x;].

1<i<n 1<i<n

We will use a generalization of this result due to Gordon. Gordon’s result will allow us to do minimax

type comparisons.

Theorem 2.2 (Gaussian Min-Max Theorem, [111,112]) Let {X;;} and {Y;;}, 1 <i<n, 1< j <m, be

two centered Gaussian processes which satisfy the following inequalities for all choices of indices
1. E[|Xi; — Xu*] <E[|Y;; —Yal?],
2. B[|Xi;—Xul?] ZE [l —Yul?], ifi#t

Then,

E[minmax ¥;;] > E[minmax X;;].
i j i j
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Suppose, we additionally have, E [X,ﬂ =E [Y,ﬂ foralli,j. Then,

(ﬂU 1/,]>A,,>>P<ﬁ6)(,]>zu>

i=1j=1
for all scalars A;; € R.

An immediate application of these lemmas is Proposition 1.3, which can be used to find sharp bounds
to minimum and maximum singular values of a Gaussian matrix. Chapter 3 will revisit these results for
our own purposes, in particular, we will use the following variations of this result that can obtain lower
bounds for certain linear functions of i.i.d Gaussian matrices. The first variation is available in Gordon’s

own paper [112] as a lemma.

Lemma 2.2 Let G € R™" g € R,g € R" h € R” be independent of each other and have independent
standard normal entries. Also, let . C R" be an arbitrary set and y : . — R be an arbitrary function.

Then, for any c € R,

P (imiy (Gl + xlag v} = ) = 7 (i (Ixlaligle - Wx- v} 2¢). 0

The next variation is a slight generalization of Lemma 2.2 and can be obtained by following techniques

that are similar to the proof of Lemma 2.2. The proof is provided in Section A.2.

Proposition 2.7 (Modified Gordon’s Lemma) Ler G, g h be defined as in Lemma 2.2 and let &1 C R”
be arbitrary and ®, C R™ be a compact set. Also, assume Y(-,-) : ®; x P, — R is a continuous function.
Then, for any c € R:

P TGx— >c | >2P — |lallh"x — >c)—1.
<§161g1| max {a"Gx—y(x,a)} > c) (gglmax{HXHzg a— ||aoh"x (X,a)}_c>

Observe that, one can obtain Lemma 2.2 from Proposition 2.7 by setting @, to be the unit ¢, sphere
"=1 and by allowing ¥ to be only a function of x. The remaining difference is the extra term ||x||»g
in Lemma 2.2, which we use a symmetrization argument to get rid of at the expense of a slightly looser

estimate on the right hand side of Proposition 2.7.
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Chapter 3

A General Theory of Noisy Linear Inverse
Problems

Consider the setup where we have noisy observations y = Axg + z. Recall from Chapter 1 that, a common

approach to estimate xo from y is to use the LASSO algorithm with a proper convex function f(-),

. 1
X&ssozargmln{ EHY—AX”%‘*‘Af(X) } (3.1
X

LASSO was originally introduced in [201] and has since then been subject of great interest as a natural
and powerful approach to do noise robust compressed sensing (CS), [13, 14, 19, 24, 25,57, 76, 148, 201,
217,234]. There are also closely related algorithms such as SOCP variations and the Dantzig selector
[31,138]. Of course, applications of (3.1) are not limited to sparse recovery; they extend to various problems
including the recovery of block sparse signals [147, 149], the matrix completion problem [37, 128] and the
total variation minimization [160]. In each application, f(-) is chosen in accordance to the structure of
xo. In this chapter, we consider arbitrary convex penalty functions f(-) and we will refer to this generic

formulation in (3.1) as the “Generalized LASSO” or simply “LASSO” problem.

3.0.2 Motivation

The LASSO problem can be viewed as a “merger” of two closely related problems, which have both recently
attracted a lot of attention by the research community; the problems of noiseless CS and that of proximal
denoising.

o Noiseless compressed sensing: In the noiseless CS problem one wishes to recover Xy from the random

linear measurements y = Axg. The standard approach is solving the generalized basis pursuit (1.4) discussed
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in Chapter 1. Recall that a critical performance criteria for the GBP problem (1.4) concerns the minimum
number of measurements needed to guarantee successful recovery of x¢ [4, 50,74, 83, 85,192, 194]. Here,
success means that Xq is the unique minimizer of (1.4), with high probability, over the realizations of the

random matrix A.

e Proximal denoising: As mentioned in Section 2.4, the proximal denoising problem tries to estimate
Xo from noisy but uncompressed observations y = xo +z, z ~ .4 (0,6°1,) via (2.1). A closely related
approach to estimate x(, which requires prior knowledge f(xo) about the signal of interest Xy, is solving the

constrained denoising problem:
min|ly —x||3 subjectto f(x) < f(xo). (3.2)
X

The natural question to be posed in both cases is how well can one estimate x via (2.1) (or (3.2)) [49,70,72,

166, 167]? The minimizer x* of (2.1) (or (3.2)) is a function of the noise vector z and the common measure

E [[x*—xolI3

of performance, is the normalized mean-squared-error which is defined as ——_;

3.0.2.1 The “merger” LASSO

The Generalized LASSO problem is naturally merging the problems of noiseless CS and proximal denoising.
The compressed nature of measurements, poses the question of finding the minimum number of measure-
ments required to recover Xg robustly, that is with error proportional to the noise level. When recovery is
robust, it is of importance to be able to explicitly characterize how good the estimate is. In this direction,
when z ~ .#(0,6°1,,), a common measure of performance for the LASSO estimate X} , sso 18 defined to be

the normalized squared error (NSE) :
1 * 2
NSE = 5 [IXLass0 —Xoll2-

This is exactly the main topic of this chapter: proving precise bounds for the NSE of the Generalized LASSO
problem.

In the specific case of ¢-penalization in (3.1), researchers have considered other performance criteria
additional to the NSE [76,217,234]. As an example, we mention the support recovery criteria [217], which
measures how well (3.1) recovers the subset of nonzero indices of x9. However, under our general setup,

where we allow arbitrary structure to the signal xg, the NSE serves as the most natural measure of perfor-
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mance and is, thus, the sole focus in this chapter. In the relevant literature, researchers have dealt with the
analysis of the NSE of (3.1) under several settings (see Section 3.0.4). Yet, we still lack a general theory
that would yield precise bounds for the squared-error of (3.1) for arbitrary convex regularizer f(-). We aim
to close this gap. Our answer involves inherent quantities regarding the geometry of the problem which, in

fact, have recently appeared in the related literature, [4, 13, 14,50, 101, 167].

3.0.3 Three Versions of the LASSO Problem

Throughout the analysis, we assume A € R"*" has independent standard normal entries and z ~ .4 (0, 6%1,,,).
Our approach tackles various forms of the LASSO all at once, and relates them to each other. In particular,
we consider the following three versions:

* C-LASSO: Assumes a-priori knowledge of f(xo) and solves,
X (A,z) = argmin ||y — Ax|], subjectto f(x) < f(xp). (3.3)
X
* 0,-LASSO': Uses l>-penalization rather than K% and solves,

xj,(A,A,2) = argmin { [y — Ax|» + Af(x) }. (3.4)

x £3-LASSO: the original form given in (3.1) :

1
a(n A —argmin{ v Ax(3 + o7/ }. (3.5)

C-LASSO in (3.3) stands for “Constrained LASSO”. This version of the LASSO problem assumes some
a-priori knowledge about xg, which makes the analysis of the problem arguably simpler than that of the
other two versions, in which the role of the penalty parameter (which is meant to compensate for the lack
of a-priori knowledge) has to be taken into consideration. To distinguish between the ¢,-LASSO and the
E%—LASSO, we use A to denote the penalty parameter of the former and 7 for the penalty parameter of the
latter. Part of our contribution is establishing useful connections between these three versions of the LASSO
problem. We will often drop the arguments A, 7T, A,z from the LASSO estimates defined in (3.3)-(3.5),

when clear from context.

1¢,-lasso is originally introduced by Belloni who dubbed it as “square-root lasso” [16].
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3.0.4 Relevant Literature

Precise characterization of the NSE of the LASSO is closely related to the precise performance analysis of
noiseless CS and proximal denoising. To keep the discussion short, we defer most of the comments on the
connections of our results to these problems to the main body of this chapter. Table 3.1 provides a summary

of the relevant literature and highlights the area of our contribution.

Convex functions £1-minimization
Noiseless CS Chandrasekaran et al. [50] | Donoho and Tanner, [83]
Amelunxen et al. [4] Stojnic, [192]

Proximal Donoho et al. [70]

Y o Donoho [72]
denoising Oymak and Hassibi [167]

Bayati and Montanari,
LASSO Our contribution [13], [14]
Stojnic, [193]

Table 3.1: Relevant Literature.

The works closest in spirit to our results include [13, 14, 142, 193], which focus on the exact analysis
of the LASSO problem, while restricting the attention on sparse recovery where f(x) = ||x||; . In [13, 14],
Bayati and Montanari are able to show that the mean-squared-error of the LASSO problem is equivalent
to the one achieved by a properly defined “Approximate Message Passing” (AMP) algorithm. Following
this connection and after evaluating the error of the AMP algorithm, they obtain an explicit expression for
the mean squared error of the LASSO algorithm in an asymptotic setting. In [142], Maleki et al. proposes
Complex AMP, and characterizes the performance of LASSO for sparse signals with complex entries. In
[193], Stojnic’s approach relies on results on Gaussian processes [111, 112] to derive sharp bounds for the
worst case NSE of the ¢-constrained LASSO problem in (3.3). Our approach in this chapter builds on the

framework proposed by Stojnic, but extends the results in multiple directions as noted in the next section.

3.0.5 Contributions

This section summarizes our main contributions. In short, this chapter:

o generalizes the results of [193] on the constrained LASSO for arbitrary convex functions; proves that

the worst case NSE is achieved when the noise level 6 — 0, and derives sharp bounds for it.
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e extends the analysis to the NSE of the more challenging ¢,-LASSO; provides bounds as a function of
the penalty parameter A, which are sharp when ¢ — 0.

e identifies a connection between the ¢,-LLASSO to the E%—LASSO; proposes a formula for precisely
calculating the NSE of the latter when ¢ — 0.

e provides simple recipes for the optimal tuning of the penalty parameters A and 7T in the ¢, and 6%—
LASSO problems.

e analyzes the regime in which stable estimation of X fails.

3.0.6 Motivating Examples

Before going into specific examples, it is instructive to consider the scenario where f(-) = 0. This reduces
the problem to a regular least-squares estimation problem, the analysis of which is easy to perform. When
m < n, the system is underdetermined, and one cannot expect X* to be a good estimate. When m > n, the
estimate can be given by x* = (ATA)~'ATy. In this case, the normalized mean-squared-error takes the
form,

E[x*—xo|* E[z'A(ATA) AT

p) -2 =Efr ()AATA)°AT)] = E[tr (() (ATA) 7).

AT A is a Wishart matrix and its inverse is well studied. In particular, when m > n+2, we have E[(ATA)~!] =

# (see [173]). Hence,
IE:HX*_XOHZ B n

o? m—n—1

(3.6)
How does this result change when a nontrivial convex function f(-) is introduced?

Our message is simple: when f(-) is an arbitrary convex function, the LASSO error formula is obtained
by simply replacing the ambient dimension n in (3.6) with a summary parameter D(cone(d f(xo))) or
D(Adf(x0)) . These parameters are defined as the expected squared-distance of a standard normal vec-
tor in R” to the conic hull of the subdifferential cone(d f(X¢)) and to the scaled subdifferential A3 f(xo),
respectively. They summarize the effect of the structure of the signal xo and choice of the function f(-) on
the estimation error.

To get a flavor of the (simple) nature of our results, we briefly describe how they apply in three commonly
encountered settings, namely the “sparse signal”, “low-rank matrix” and “block-sparse signal” estimation

problems. For simplicity of exposition, let us focus on the C-LASSO estimator in (3.3). A more elaborate
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discussion, including estimation via ¢,-LASSO and E%—LASSO, can be found in Section 3.3.4. The following
statements are true with high probability in A, v and hold under mild assumptions.
1. Sparse signal estimation: Assume xy € R” has k nonzero entries. In order to estimate xg, use the

Constrained-LASSO and pick ¢;-norm for f(-). Let m > 2k(log § 4-1). Then,

||X:‘.—xo||%< 2k(log 7 +1)
o2~ m—2k(logh+1)

3.7

2. Low-rank matrix estimation: Assume Xy € R?*4 is a rank r matrix, n = d x d. This time, xo € R”
corresponds to vectorization of Xy and f(-) is chosen as the nuclear norm || - ||, (sum of the singular values

of a matrix) [94, 178]. Hence, we observe y = A - vec(Xy) + z and solve,

min[ly—A-vee(X)]l2 subjectto [X].. < [Xo].

Let m > 6dr. Denote the LASSO estimate by X and use || - || 7 for the Frobenius norm of a matrix. Then,

XX} _ 6dr
o2 ~ m—6dr

(3.8)

3. Block sparse estimation: Let n = ¢ X b and assume the entries of Xy € R” can be grouped into # known
blocks of size b so that only k of these ¢ blocks are nonzero. To induce the structure, the standard approach
is to use the ¢; » norm which sums up the ¢, norms of the blocks, [91,175,191, 195]. In particular, denoting
the subvector corresponding to i’th block of a vector x by x;, the /1 » norm is equal to ||x||;2 = Y5 [|xi]|2.

Assume m > 4k(log £ +b) . Then,

||x§—x0H%< 4k(log f +b)
o2 Y m—4k(logi+b)

3.9

Note how (3.7)-(3.9) are similar in nature to (3.6).

3.1 Our Approach

In this section we introduce the main ideas that underlie our approach. This will also allow us to introduce
important concepts from convex geometry required for the statements of our main results in Section 3.2.

The details of most of the technical discussion in this introductory section are deferred to later sections. To
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keep the discussion concise, we focus our attention on the ¢,-LASSO.

3.1.1 First-Order Approximation

Recall the ¢,-LASSO problem introduced in (3.4):

xj, = argmin{ |ly ~ Ax|l> + A/(x) }. (3.10)

A key idea behind our approach is using the linearization of the convex structure inducing function f(-)

around the vector of interest x¢ [22, 182]:

f(x):f(xo)+ sup sT(x—xo). (3.11)
€10 f(xo)

df(xo) denotes the subdifferential of f(-) at xo and is always a compact and convex set [182]. Throughout,
we assume that X is not a minimizer of f(-), hence, d f(X¢) does not contain the origin. From convexity
of f(-), f(x) > f(x), for all x. What is more, when ||x — Xo|| is sufficiently small, then f(x) ~ f(x). We
substitute £(-) in (3.10) by its first-order approximation f(-), to get a corresponding “Approximated LASSO”
problem. To write the approximated problem in an easy-to-work-with format, recall that y = Axg +z =

Axy+ ov, for v~ .47(0,1,,) and change the optimization variable from x to w = x — X:

Wi, (A, 0,A,v) = argmin{ |AwW —ov|2+ sup s'w } . (3.12)
w seAf(xg)
We will often drop all or part of the arguments A,c,A,v above, when it is clear from the context. We
denote Wy, for the optimal solution of the approximated problem in (3.12) and w;, = X, — X for the optimal
solution of the original problem in (3.10)%. Also, denote the optimal cost achieved in (3.11) by Wwy,, as
jgz (A,v).

Taking advantage of the simple characterization of f(-) via the subdifferential 9 f(xo), we are able to
precisely analyze the optimal cost and the normalized squared error of the resulting approximated problem.
The approximation is tight when [|x}, —xo[|> — 0 and we later show that this is the case when the noise
level 0 — 0. This fact allows us to translate the results obtained for the Approximated LASSO problem to

corresponding precise results for the Original LASSO problem, in the small noise variance regime.

ZWe follow this conventions throughout the chapter: use the symbol “”™ over variables that are associated with the approximated
problems. To distinguish, use the symbol “ * ” for the variables associated with the original problem .
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3.1.2 Importance of 6 — 0

In this chapter, we focus on the precise characterization of the NSE. While we show that the first order
characteristics of the function, i.e. d f(xo), suffice to provide sharp and closed-form bounds for small noise
level o, we believe that higher order terms are required for such precise results when o is arbitrary. On
the other hand, we empirically observe that the worst case NSE for the LASSO problem is achieved when
o — 0. While we do not have a proof for the validity of this statement for the ¢,- and E%—LASSO, we do
prove that this is indeed the case for the C-LASSO problem. Interestingly, the same phenomena has been
observed and proved to be true for related estimation problems, for example for the proximal denoising
problem (2.1) in [70,78,167] and, closer to the present chapter, for the LASSO problem with ¢; penalization
(see Donoho et al. [82]).

Summarizing, for the C-LASSO problem, we derive a formula that sharply characterizes its NSE for the
small ¢ regime and we show that the same formula upper bounds the NSE when ¢ is arbitrary. Proving the
validity of this last statement for the #,- and E%—LASSO would ensure that our corresponding NSE formulae

for small o provide upper bounds to the NSE for arbitrary ©.

3.1.3 Gaussian Min-Max Theorem

Perhaps the most important technical ingredient of the analysis presented in this chapter is Gaussian Min-
Max Theorem [112]. For the purposes of our analysis, we will make use of Proposition 2.7. Here, it

suffices to observe that the Gordon’s original statement Lemma 2.2 is (almost) directly applicable to the

w
LASSO problem in (3.12). First, write ||AW — 6|, = max||,— a’ [A, —V] and take function y(-) in
c

the lemma to be supsc; 5 ¢(x,) s’w. Then, the optimization problem in the left hand side of (2.6) takes the
format of the LASSO problem in (3.12), except for the “distracting” factor ||x||»g. Proposition 2.7 takes care
of this extra term without affecting the essence of the probabilistic statement of Lemma 2.2. Details being
postponed to the later sections (cf. Section 3.4), Corollary 3.1 below summarizes the result of applying

Proposition 2.7 to the LASSO problem.
Corollary 3.1 (Lower Key Optimization) Ler g~ 47(0,1,), h~ 4(0,1,) and h ~ .4 (0,1) be indepen-

dent of each other. Define the following optimization problem:

f(g,h):min{ |w|%+ o2?||gll.—h"w+ max sTW}. (3.13)
w s€Ad f(xo)
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Then, for any ¢ € R:
P(Zu(Av)>c)>2P(Lgh)—ho>c)-1.

Corollary 3.1 establishes a probabilistic connection between the LASSO problem and the minimization
(3.13). In the next section, we argue that the latter is much easier to analyze than the former. Intuitively, the
main reason is that instead of an m X n matrix, (3.13) only involves two vectors of sizes m x 1 and n x 1.
Even more, those vectors have independent standard normal entries and are independent of each other, which
greatly facilitates probabilistic statements about the value of .Z’(g,h). Due to its central role in our analysis,
we often refer to problem (3.13) as “key optimization” or “lower key optimization”. The term “lower” is
attributed to the fact that analysis of (3.13) results in a probabilistic lower bound for the optimal cost of the

LASSO problem.

3.1.4 Analyzing the Key Optimization
3.1.4.1 Deterministic Analysis

First, we perform the deterministic analysis of .Z(g,h) for fixed g € R™ and h € R". In particular, we
reduce the optimization in (3.13) to a scalar optimization. To see this, perform the optimization over a fixed
£>-norm of w to equivalently write

.i”(g,h):m;g{\/oc2+62\|g|]2— max  min (h—S)TW}.
a>

[wll,=a se€Adf(xo)

The maximin problem that appears in the objective function of the optimization above has a simple solution.
It can be shown that
max min (h—s)’w= min max (h—s)'w
lw|,=a s€Adf(xg) seAdf(x) ||w|.=a

=o min ||h—s|».
seAd f(xo)

This reduces (3.13) to a scalar optimization problem over o, for which one can compute the optimal value
& and the corresponding optimal cost. The result is summarized in Lemma 3.1 below. For the statement of

the lemma, for any vector v € R” define its projection and its distance to a convex and closed set ¢ € R”" as
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Proj(v,%) := argming. [[v—s||2 and dist(v,%) := ||v—Proj(v,%)|>.

Lemma 3.1 Let W(g,h) be a minimizer of the problem in (3.13). If ||g||2 > dist(h, A9 f(x0)), then,

h — Proj(h, 10 f(x))

VIlgl —disr* (0, 2.0 f (x0))
dist*(h, A9 f(xo))
lll3 —dist®(h, 29/ (x0))

a) w(g,h)=o

)

b) |W(g,h)|3 =0’

0) Z(gh)=0\/|gl3—disr(h,20f (x0).

3.1.4.2 Probabilistic Analysis

Of interest is making probabilistic statements about .#(g,h) and the norm of its minimizer ||W(g,h)||>.
Lemma 3.1 provided closed form deterministic solutions for both of them, which only involve the quantities
||g||3 and dist*(h,Ad f(xo)). For g ~ .#(0,1,,) and h ~ .4/(0,1,), standard results on Gaussian concentra-
tion show that, these quantities concentrate nicely around their means E [||g||3] = m and E [dist*(h, A9 f(x))]
=:D(Adf(xo)), respectively. Combining these arguments with Lemma 3.1, we conclude with Lemma 3.2

below.

Lemma 3.2 (Probabilistic Result) Assume that (1—¢&,)m > D(Adf(Xo)) > €Lm for some constant g1, > 0.

DeﬁneS,

D(A9f(x0))

n=y/m-D(Adf(x)) and y= m—D(Adf(x0))’

Then, for any € > 0, there exists a constant ¢ > 0 such that, for sufficiently large m, with probability 1 —

exp(—cm),

w(g,h)|2
| Z(g,h)—on|<eon, and ’”(iz)”2_

}" < €Y.

30bserve that the dependence of 17 and y on A, m and 9 f(x), is implicit in this definition.

47



Remark: In Lemma 3.2, the condition “(1 —&.)m > D(Ad f(x0))” ensures that ||g||> > dist(h,Ad f(xo)) (cf.

Lemma 3.1) with high probability over the realizations of g and h.

3.1.5 The Predictive Power of Gaussian Min-Max Theorem

Let us recap the last few steps of our approach. Application of the “modified Gordon’s Lemma” Proposition
2.7 to the approximated LASSO problem in (3.12) introduced the simpler lower key optimization (3.13).
Without much effort, we found in Lemma 3.2 that its cost .Z’(g,h) and the normalized squared norm of its

o 2
minimizer Hw(fyﬂ concentrate around 61 and 7, respectively. This brings the following question:

- To what extent do such results on £(g,h) and W(g, h) translate to useful conclusions about Fy,(A,v)
and Wy (A,v)?

Application of Proposition 2.7 as performed in Corollary 3.1 when combined with Lemma 3.2, provide a

preliminary answer to this question: ﬁgz (A,v) is lower bounded by on with overwhelming probability.

Formally,

Lemma 3.3 (Lower Bound) Assume (1 —¢&.)m > D(Adf(xo)) > exm for some constant € > 0 and m is

sufficiently large. Then, for any € > 0, there exists a constant ¢ > 0 such that, with probability 1 —exp(—cm),
Fi,(A,v) > (1—€)on.

But is that all? A major part of our technical analysis in the remainder of this chapter involves showing
that the connection between the LASSO problem and the simple optimization (3.13) is much deeper than
Lemma 3.3 predicts. In short, under certain conditions on A and m (similar in nature to those involved in

the assumption of Lemma 3.3), we prove that the followings are true:

e Similar to .Z(g,h), the optimal cost .%,(A, V) of the approximated £,-LASSO concentrates around

on.
(A3

N 2 ~
e Similar to %, the NSE of the approximated ¢,-LASSO ¥, 52 concentrates around 7.

In some sense, .Z(g,h) “predicts” .%,,(A,v) and |[W(g,h)|> “predicts” ||W,(A,v)||2, which attributes
Proposition 2.7 (or more precisely to the lower key optimization) a “predictive power”. This power is
not necessarily restricted to the two examples above. In Section 3.7, we extend the applicability of this idea
to prove that worst case NSE of the C-LASSO is achieved when ¢ — 0 . Finally, in Section 3.12 we rely on

this predictive power of Proposition 2.7 to motivate our claims regarding the K%-LASSO.
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The main idea behind the framework that underlies the proof of the above claims was originally in-
troduced by Stojnic in his recent work [193] in the context of the analysis of the ¢;-constrained LASSO.
While the fundamentals of the approach remain similar, we significantly extend the existing results in multi-
ple directions by analyzing the more involved ¢,-LASSO and E%—LASSO problems and by generalizing the
analysis to arbitrary convex functions. A synopsis of the framework is provided in the next section, while

the details are deferred to later sections.

3.1.6 Synopsis of the Technical Framework

We highlight the main steps of the technical framework.
1. Apply Proposition 2.7 to .%, (A, V) to find a high-probability lower bound for it. (cf. Lemma 3.3)
2. Apply Proposition 2.7 to the dual of %y, (A, V) to find a high-probability upper bound for it.

3. Both lower and upper bounds can be made arbitrarily close to 61. Hence, ﬁgz (A,v) concentrates

with high probability around on as well.

A2
4. Assume Hwézzuz deviates from 7. A third application of Proposition 2.7 shows that such a deviation

would result in a significant increase in the optimal cost, namely 3/72 (A,v) would be significantly

larger than o 1.

(W, [13
o2

5. From the previous step, conclude that concentrates with high probability around 7.

3.1.7 Gaussian Squared Distance and Related Quantities

The Gaussian squared distance to the A-scaled set of subdifferential of f(-) at X,
D(Adf(xo)) :=E [dist*(h,Adf(x0))] , (3.14)

has been key to our discussion above. Here, we explore some of its useful properties and introduce some
other relevant quantities that altogether capture the (convex) geometry of the problem. Given a set ¢ € R”,
denote its conic hull by cone(%’). Also, denote its polar cone by %°, which is the closed and convex set

{ue R"!urv <Oforallve ¢}.

49



Leth ~ .47(0,1,). Then, define,

C(Adf(xo)) :=E {(h—Proj(h,l&f(xo)))TProj(h,?taf(xo))} , (3.15)

D(cone(df(xo))) := E [ dist*(h, cone(d f(xo))) ] - (3.16)

From the previous discussion, it has become clear how D(Ad f(x¢)) appears in the analysis of the NSE
of the ¢,-LASSO. D(cone(df(xp))) replaces D(A0 f(xo)) in the case of C-LASSO. This correspondence is
actually not surprising as the approximated C-LASSO problem can be written in the format of the problem in
(3.12) by replacing Ad f(x¢) with cone(d f(xo)). While D(cone(d f(xp))) is the only quantity that appears in
the analysis of the C-LASSO, the analysis of the /,-LASSO requires considering not only D(1d f(x¢)) but
also C(Adf(x0)). C(Adf(x0)) appears in the analysis during the second step of the framework described
in Section 3.1.6. In fact, C(1d f(xo)) is closely related to D(1d f(xo)) as the following lemma shows.

Lemma 3.4 ([4]) Suppose d f(Xg) is nonempty and does not contain the origin. Then,
1. D(AJf(x)) is a strictly convex function of A > 0, and is differentiable for A > 0.

2. WA — _2C(A9 f(x)).

As alast remark, the quantities D(cone(d f(xp))) and D(Ad f(xo)) also play a crucial role in the analysis
of the Noiseless CS and the Proximal Denoising problems. Without going into details, we mention that it
has been recently proved in [4]* that the noiseless compressed sensing problem (1.4) exhibits a transition
from “failure” to “success” around m ~ D(cone(d f(xo))). Also, [49,70, 167] shows that D(Ad f(x)) and
D(cone(d f(xp))) are equal to the worst case normalized mean-squared-error of the proximal denoisers
(2.1) and (3.2) respectively. Recall from Proposition 2.6 that D(cone(d f(xo))) is close to the optimally

tuned distance min, ~oD(Ad f(Xo)) under mild assumptions (also see [4, 101, 167]).

3.2 Main Results

This section provides the formal statements of our main results. A more elaborate discussion follows in

Section 3.3.

“4Recall from Chapter 2 that D(cone(df(Xg))) is same as the statistical dimension of the (cone(df(xp)))°, or equivalently (see
Lemma 3.11) of the descent cone of f(-) at xg.
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to 10°. Size of the underlying matrices are 40 x 40 and their ranks are 1,3 and 5. Based on [78, 163], we estimate Df(Xo,]Rﬂ =~

179,450 and 663 respectively. As the rank increases, the corresponding D f(Xo,R+) increases and the normalized squared error

increases.

Figure 3.1: We have considered the Constrained-LASSO with nuclear norm minimization and fixed the signal to noise ratio

3.2.1 Setup

Before stating our results, we repeat our basic assumptions on the model of the LASSO problem. Recall the

definitions of the three versions of the LASSO problem as given in (3.3), (3.4) and (3.5). Therein, assume:

e A € R™" has independent standard normal entries,

o z~ #(0,06°L,),

e f:R" — Ris convex and continuous,

e Jf(xg) does not contain the origin.
The results to be presented hold with high probability over the realizations of the measurement matrix
A and the noise vector v. Finally, recall the definitions of the quantities D(A10 f(xo)), C(1d f(x0)) and
D(cone(d f(xp))) in (3.14), (3.15) and (3.16), respectively.

3.2.2 C-LASSO

Theorem 3.1 (NSE of C-LASSO) Assume that m is sufficiently large and there exists a constant € > 0

such that, (1 —eL)m > D(cone(df(Xo))) > egm. For any € > 0, there exists a constant C = C(g,e1) > 0
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such that, with probability 1 — exp(—Cm),

D(cone(d f(xo)))
m —D(cone(d f(xp)))’

x5 —x0o3
62

<(1+e¢) (3.17)

Furthermore, there exists a deterministic number oy > 0 (i.e. independent of A,v) such that, if 6 < oy, with
the same probability,

[%¢ —Xo[l3 _ m—D(cone(df(xo)))
o2 D(cone(d f(xo)))

—1|<e. (3.18)

3.2.3 /(,-LASSO

Definition 3.1 (Zon) Suppose m > miny>oD(A0 f(xo)). Define Zon as follows,
Hon={A>0|m—D(AIf(xg)) > max{0,C(Adf(x0))}}.

Remark: Section 3.8 fully characterizes Zon and shows that it is an open interval.

Theorem 3.2 (NSE of /,-LASSO in ZoN) Assume there exists a constant €, > 0 such that (1 —¢&,)m >
max{D(Adf(xo)), D(Adf(Xo)) + C(AIf(x0))} and D(AJf(Xo)) > e€xm. Further, assume that m is suf-
ficiently large. Then, for any € > 0, there exists a constant C = C(g,€) > 0 and a deterministic number

.o . . . 2
0o > 0 (i.e. independent of A,v) such that, whenever ¢ < oo, with probability 1 — exp(—Cmin{m, "-}),

Ixt, ~ X3 m—D(29s(x0)
ot DRIl

—1|<e. (3.19)

Nonasymptotic bounds: In Section 3.10, we find a simple and non-asymptotic (which does not require
m,D(10 f(x)) to be large) bound for the ¢»-lasso which is strikingly close to what one would expect from

Theorem 3.2. This new bound holds for all penalty parameters A > 0 and all noise levels o > 0 and gives

® 2
the bound I, 2X0H2 < 4D(%9/(x0)) (see Theorem 3.7). Observe that, the difference between this and
5 ° (vm—1/D(29f(x0)))?
D(A9f(x0))

Do (o) 18 only a factor of 4 in the regime m > D(Adf(x0)).
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Figure 3.2: We considered £3-LASSO problem, for a k sparse signal of size n = 1000. We let % =0.1and % = 0.5 and normalize

2
the signal power by setting ||Xo||2 = 1. 7 is varied from 0 to 80 and the signal-to-noise ratio (SNR) H’:}# is varied from 1 to 10*. We

observe that, for high SNR (62 < 10_3), the analytical prediction matches with simulation. Furthermore, the lower SNR curves
are upper bounded by the high SNR curves. This behavior is fully consistent with what one would expect from Theorem 3.1 and
Formula 1.

3.24 /3-LASSO

Definition 3.2 (Mapping Function) For any A € Zoy, define

) m—Df(Xo,)L> — Cf(X(),A,)
m—Dy(xo,2)

map(A) = A (3.20)
Theorem 3.3 (Properties of map(-)) Assume m > miny>qD(Adf(xo)). The function map(-) : Zony — R*
is strictly increasing, continuous and bijective. Thus, its inverse function map~'(-) : RT — Zon is well

defined.

Formula 1 (Conjecture on the NSE of /3-LASSO) Assume (1 —&,)m > miny>oD(1df(xo)) > exm fora
constant €, > 0 and m is sufficiently large. For any value of the penalty parameter T > 0, we claim that, the

expression,
D (xo,map (7))
m—D(xo,map=' (1))’

I, %013

provides a good prediction of the NSE —2_— for sufficiently small 6. Furthermore, we believe that the

same expression upper bounds the NSE for arbitrary values of .
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3.2.5 Converse Results

Definition 3.3 A function f(-) : R" — R is called Lipschitz continuous if there exists a constant L > 0 such

that, for all X,y € R", we have |f(x) — f(y)| < L||x—y||2.

Remark: Any norm in R” is Lipschitz continuous [186].

Theorem 3.4 (Failure of Robust Recovery) Let f(-) be a Lipschitz continuous convex function Assume

m < D(cone(df(xp))). Then, for any Cypax > 0, there exists a positive number oy := 0y(m,n, f,Xo,Cpax)

such that, if o < oy, with probability 1 — 8exp(— (D(wne(aﬂf”)))_m)z) , we have,
X (A,z) —xo||3 ||X*2(Aaz)—X0H%
I, 02 O s and = > Conax- (3.21)

3.2.6 Remarks

A detailed discussion of the results follows in Section 3.3. Before this, the following remarks are in place.
e Known results in the noiseless CS problem (1.4) quantify the minimum number of measurements required
for successful recovery of the signal of interest. Our Theorems 3.1 and 3.2 hold in the regime where this
minimum number of measurements required grows proportional to the actual number of measurements .
As Theorem 3.4 shows, when m is less than the minimum number of measurements required, then the
LASSO programs fails to stably estimate xg.

e In Theorem 3.2, the exponent in the probability expression grows as min{m, %} This implies that, we
require m to grow at least linearly in /7.

o Theorem 3.1 suggests that the NSE of the Constrained-LASSO is maximized as o — 0. While we believe,
the same statement is also valid for the /- and ¢3-LLASSO, we do not have a proof yet. Thus, Theorem 3.2
and Formula 1 lack this guarantee.

e As expected the NSE of the /,-LASSO depends on the particular choice of the penalty parameter A.
Theorem 3.2 sharply characterizes the NSE (in the small ¢ regime) for all values of the penalty parameter
A € Zon. In Section 3.3 we elaborate on the behavior of the NSE for other values of the penalty parameter.
Yet, the set of values Zon is the most interesting one for several reasons, including but not limited to the

following:

(a) The optimal penalty parameter Apeq that minimizes the NSE is in Zon.
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(b) The function map(-) defined in Definition 3.2 proposes a bijective mapping from Zon to R*. The
inverse of this function effectively maps any value of the penalty parameter T of the @-LASSO to a
particular value in Zon. Following this mapping, the exact characterization of the NSE of the /-
LASSO for A € Zon, translates (see Formula 1) to a prediction of the NSE of the E%—LASSO for any

TeRT.

e We don’t have a rigorous proof of Formula 1. Yet, we provide partial justification and explain the
intuition behind it in Section 3.12. Section 3.12 also shows that, when m > minj »oD(Ad f(xo)), £3-LASSO
will stably recover xq for any value of 7 > 0, which is consistent with Formula 1. See also the discussion in
Section 3.3. We, also, present numerical simulations that support the validity of the claim.

e Theorem 3.4 proves that both in the ¢,- and E%—LASSO problems, the estimation error does not grow
proportionally to the noise level ¢, when the number of measurements is not large enough. This result can
be seen as a corollary of Theorem 1 of [4]. A result of similar nature holds for the C-LASSO, as well. For

the exact statement of this result and the proofs see Section 3.13.

3.2.7 Organization of the Chapter

Section 3.3 contains a detailed discussion on our results and on their interpretation. Sections 3.4 and 3.5
contain the technical details of the framework as it was summarized in Section 3.1.6. In Sections 3.6 and 3.7,
we prove the two parts of Theorem 3.1 on the NSE of the C-LASSO. Section 3.8 analyzes the ¢,-LASSO
and Section 3.9 proves Theorem 3.2 regarding the NSE over Zon. Section 3.12 discusses the mapping
between ¢, and f%—LASSO, proves Theorem 3.3 and motivates Formula 1. In Section 3.13 we focus on the
regime where robust estimation fails and prove Theorem 3.4. Simulation results presented in Section 3.14
support our analytical predictions. Finally, directions for future work are discussed in Section 3.15. Some

of the technical details are deferred to the end of the chapter as “Further Proofs”.

3.3 Discussion of the Results

This section contains an extended discussion on the results of this work. We elaborate on their interpretation

and implications.
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3.3.1 C-LASSO

We are able to characterize the estimation performance of the Constrained-LASSO in (3.3) solely based on

D(cone(d f(x0))). Whenever m > D(cone(d f(xo))), for sufficiently small o, we prove that,

Ixé —xofl3 _  D(cone(df(x0)))
o2 m —D(cone(d f(xo)))"

(3.22)

Furthermore, (3.22) holds for arbitrary values of ¢ when == is replaced with <. Observe in (3.22) that as m
approaches D(cone(d f (X)) ), the NSE increases and when m = D(cone(d f(X¢))), NSE = co. This behavior
is not surprising as when m < D(cone(d f(xp))), one cannot even recover X, from noiseless observations
via (1.4) hence it is futile to expect noise robustness. For purposes of illustration, notice that (3.22) can be

further simplified for certain regimes as follows:

X2 — o2 1 when m = 2D(cone(d f(xo))),

2
° w when m > D(cone(d f(xXo)))-

3.3.1.1 Relation to Proximal Denoising

We want to compare the NSE of the C-LASSO in (3.3) to the MSE risk of the constrained proximal denoiser
in (3.2). For a fair comparison, the average signal power E[||Axo||3] in (3.3) should be equal to ||xo||3. This
is the case for example when A has independent .4 (0, %) entries. This is equivalent to amplifying the noise
variance to mo? while still normalizing the error term ||x —xo||3 by 6. Thus, in this case, the formula (3.22)
for the NSE is multiplied by m to result in D(cone(d f(xo))) - m (see Section 3.3.5 for further
explanation). Now, let us compare this with the results known for proximal denoising. There [49, 167], it is
known that the normalized MSE is maximized when ¢ — 0 and is equal to D(cone(d f(xo))). Hence, we

can conclude that the NSE of the LASSO problem is amplified compared to the corresponding quantity of

m

proximal denoising by a factor of m

> 1. This factor can be interpreted as the penalty paid in

the estimation error for using linear measurements.

332 /(,-LASSO

Characterization of the NSE of the /,-LASSO is more involved than that of the NSE of the C-LASSO. For

this problem, choice of A naturally plays a critical role. We characterize three distinct “regions of operation”
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of the /,-LASSO, depending on the particular value of A.

3.3.2.1 Regions Of Operation

First, we identify the regime in which the ¢,-LASSO can robustly recover Xg. In this direction, the number
of measurements should be large enough to guarantee at least noiseless recovery in (1.4), which is the case
when m > D(cone(d f(xo))) [4,50]. To translate this requirement in terms of D(Ad f(x)), recall Proposition
2.6 and Lemma 3.4, and define Apes to be the unique minimizer of D(Ad f(xp)) over A € RT. We, then,
write the regime of interest as m > D (X, Apest) = D(cone(d f(Xo))).

Next, we identify three important values of the penalty parameter A, needed to describe the distinct

regions of operation of the estimator.

a) Apesr - We show that Ay is optimal in the sense that the NSE is minimized for this particular choice of

the penalty parameter. This also explains the term “best” we associate with it.

b) Amax : Over A > Apegr, the equation m = D(Ad f(xp)) has a unique solution. We denote this solution by
Amax- For values of A larger than Ay, we have m <D(Ad f(xo)).

) Acrir 2 Over 0 < A < Apegt, if m < n, the equation m —D(Ad f(xp)) = C(AJ f(Xp)) has a unique solution
0

which we denote A.;;. Otherwise, it has no solution and A := 0.

Based on the above definitions, we recognize the three distinct regions of operation of the ¢,-LASSO, as

follows,

a) Zon = {4 € RT|Aurit <A < Amax}-
b) Zorr = {A € R*|A < Aeric}.

0) Zow = {A ERY|A > Apax ).

See Figure 3.4 for an illustration of the definitions above and Section 3.8 for the detailed proofs of the

statements.

3.3.2.2 Characterizing the NSE in each Region

Our main result on the ¢,-LASSO is for the region Zpy as stated in Theorem 3.2. We also briefly discuss

on our observations regarding Zogp and Ze:
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Figure 3.3: We consider the ¢;-penalized ¢,-LASSO problem for a k sparse signal in R”. x-axis is the penalty parameter A. For
K'=0.1and = 0.5, we have Acig & 0.76, Apest = 1.14, Amax ~ 1.97.

e Zorr: For A € Zorr, we empirically observe that the LASSO estimate Xzz satisfies y = AXZ‘2 and the
optimization (3.4) reduces to:

min f(X) subjectto y = Ax, (3.23)

which is the standard approach to solving the noiseless linear inverse problems (recall (1.4)). We
prove that this reduction is indeed true for values of A sufficiently small (see Lemma 3.25), while our

empirical observations suggest that the claim is valid for all A € Zopp. Proving the validity of the

D (%0, Acrit)
m—D¢(Xo,Acrit)

would also give the NSE formula for the particularly interesting problem (3.23). Simulation results

claim would show that when o — 0, the NSE is , for all A € Zopr. Interestingly, this
in Section 3.14 validate the claim.
e Zon: Begin with observing that Zoy is a nonempty and open interval. In particular, Apes € ZoN

since m > D ¢(Xo, Apest). We prove that for all A € Zon and o is sufficiently small,

Ix;, —xoll3 _ D(A9f (%))
6> m-D(AIf(x0))’

(3.24)

Also, empirical observations suggest that 3.24 holds for arbitrary ¢ when = replaced with <. Finally,
we should note that the NSE formula % is a convex function of A over Zon.

e %... Empirically, we observe that the stable recovery of x is not possible for A € ...
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3.3.2.3 Optimal Tuning of the Penalty Parameter

It is not hard to see that the formula in (3.24) is strictly increasing in D(Ad f(x¢)). Thus, when ¢ — 0, the
NSE achieves its minimum value when the penalty parameter is set to Apesi. Now, recall that D ¢(Xo, Apest) ~
D(cone(d f(xp))) and compare the formulae in (3.22) and (3.24), to conclude that the C-LASSO and ¢,-

LASSO can be related by choosing A = Apes. In particular, we have,

HXZ(Abest)_XOH%% Dy(x0, Aest) _ D(cone(df(x0))) _ [Ixé—xoll3
o? m—D¢(Xo, Apest) m —D(cone(df(xp))) o2

(3.25)

3.3.3 (3-LASSO
3.3.3.1 Connection to /,-LASSO

We propose a mapping between the penalty parameters A of the £,-LASSO program (3.4) and 7 of the £3-
LASSO program (3.5), for which the NSE of the two problems behaves the same. The mapping function was
defined in Definition 3.2. Observe that map(A ) is well-defined over the region Zon, since m > D(Ad f(Xo))
and m —D(Ad f(x¢)) > C(Adf(xp)) for all A € Zon. Theorem 3.3 proves that map(-) defines a bijective
mapping from Zon to R™. Other useful properties of the mapping function include the following:

e map(Ayi) =0,

o limy_,; map(A) = oo,
Section 3.12 proves these properties and more, and contains a short technical discussion that motivates the

proposed mapping function.

3.3.3.2 Proposed Formula

We use the mapping function in (3.20) to translate our results on the NSE of the ¢,-LASSO over Zon (see
formula (3.24)) to corresponding results on the E%—LASSO for T € RT. Assume m > Df(Xq, Apest). We

suspect that for any 7 > 0,
Df(xo,mapfl (T))
m— Dy (xo,map (7))

)

X%, —xol13 x5, %03

. . L .

accurately characterizes ——— for sufficiently small ¢, and upper bounds ——— for arbitrary o.
(e} (o3
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Figure 3.4: We consider the exact same setup of Figure 3.3. a) We plot m—D(Ad f (X)) and C(Ad f(xo)) as a function
of A to illustrate the important penalty parameters Aci¢, Apest, Amax and the regions of operation Zogg, ZoN, %-. b) We

plot the é%—LASSO error as a function of ﬁ by using the map(+) function. The normalization is due to the fact that T

grows linearly in /m.

3.3.3.3 A rule of thumb for the optimal penalty parameter

Formula 1 provides a simple recipe for computing the optimal value of the penalty parameter, which we
call Tpey. Recall that Apegy minimizes the error in the £,-LASSO. Then, the proposed mapping between the
two problems, suggests that Ty.;; = map(Apes). To evaluate map(Apes) we make use of Lemma 3.4 and the
fact that W = —%C(l& f(xp)) for all A > 0. Combine this with the fact that Ayey is the unique

minimizer of D(Ad f(Xo)), to show that C#(Xo, Abest) = 0, and to conclude with,

Thest — Afbest \/m - Df (X07 )Lbest) . (3.26)

As alast comment, (3.26) simplifies even further if one uses the fact D ¢ (X, Apest) = D(cone(d f(xp))), which

is valid under reasonable assumptions, [4, 101, 167]. In this case, Tpes = Apest \/ m —D(cone(d f(xp))).

3.3.4 Closed Form Calculations of the Formulae

Table 3.2 summarizes the formulae for the NSE of the three versions of the LASSO problem. While sim-
ple and concise, it may appear to the reader that the formulae are rather abstract, because of the presence of
D(cone(df(x9))) and D(A9f(x0)) (C(2df(x0)) is also implicitly involved in the calculation of map~!(-))
which were introduced to capture the convex geometry of the problem. However, as discussed here, for
certain critical regularizers f(-), one can calculate (tight) upper bounds or even explicit formulas for these

quantities. For example, for the estimation of a k-sparse signal xo with f(-) = || - ||1, it has been shown that
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Normalized Squared Error

D(cone(d f(xp)))
C-LASSO m—D(cone(d f(x)))

D(A9f(xo))
(,-LASSO Wafgxo)) for A € Zon

D (xo,map~! (7))
2_ f{Xo,map +
GLASSO | o (e for T € R

Table 3.2: Summary of formulae for the NSE.

D(cone(d f(xo))) < 2k(log? +1). Substituting this into the formula for the NSE of the C-LASSO results
in the “closed-form” upper bound given in (3.7), i.e. one expressed only in terms of m,n and k. Analogous
results have been derived [50,101,163,191] for other well-known signal models as well, including low rank-
ness (see (3.8)) and block-sparsity (see (3.9)). The first row of Table 3.3 summarizes some of the results for
D(cone(d f(xp))) found in the literature (see [50, 101]). The second row provides our closed form results on
D(A0d f(x0)) when A is sufficiently large. The reader will observe that, by setting A to its lower bound in the
second row, one approximately obtains the corresponding result in the first row. For a related discussion on
D(Adf(x0)) and closed form bounds, the reader is referred to [101]. The derivation of these results can be
found in Section A.7 of the Appendix. In the same section, we also provide exact formulas for D(1d f(xo))
and C(A1df(xo)) for the same signal models. Based on those formulas and Table 3.3, one simply needs to
substitute D(cone(df(xo))) or D(Ad f(xo)) with their corresponding value to reach the error bounds. We

should emphasize that, examples are not limited to the ones discussed here (see for instance [50]).

k-sparse, xo € R" Rank r, X, € R?*4 k-block sparse, xi € R’

D(cone(d f(x0))) 2k(log 7 +1) 6dr 4k(log ¥ +b)

D(Adf(x0)) | (A*+3)k for A > /2log¥% | A2r+2d(r+1) for A >2vd | (A*+b+2)k for A >Vb+/2logt

Table 3.3: Closed form upper bounds for D(cone(d f(xp))) ([50,101]) and D(A0 f(x)) corresponding to (3.7), (3.8)
and (3.9).

It follows from this discussion, that establishing new and tighter analytic bounds for D(A0 f(x¢)) and
D(cone(df(xp))) for more regularizers f is certainly an interesting direction for future research. In the
case where such analytic bounds do not already exist in literature or are hard to derive, one can numeri-
cally estimate D(A0 f(x0)) and D(cone(d f(xXo))) once there is an available characterization of the set of

subdifferentials o f(xo). More in detail, it is not hard to show that, when h ~ .4(0,1,), dist?(h, A9 f(xo))
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concentrates nicely around D(Ad f(xo)) (see Lemma A.3) . Hence to compute D(A3 f(xo)):

(a) draw a vector h ~ .47(0,1,),

(b) return the solution of the convex program minge ¢(x,) ||h — As||3.

Computing D(cone(d f(Xg))) can be built on the same recipe by writing dist? (h, cone(d f(xp))) as N migl )
>0,s€0 f(xo
I — 13-
Summing up, our proposed formulae for the NSE of the LASSO problems can be effectively calculated,

either analytically or numerically.

3.3.5 Translating the Results

Until this point, we have considered the scenario, in which the measurement matrix A has independent

standard normal entries, and the noise vector z is equal to ov with v ~ .47(0,I,,). In related literature, the
1

entries of A are often assumed to have variance .. or % [13,14,33]. For example, a variance of % ensures
that in expectation ||Ax||3 is same as [|x||3. Hence, it is important to understand, how our setting can be
translated to those. To distinguish our setup from the “non-unit variance” setup, we introduce the “non-unit
variance” variables A’, 6", A’ and 7’. Let entries of A’ have variance % and consider the /,-LASSO problem

with these new variables, which can be equivalently written as,
min |A'xo +0'v—A'x|, + A f(x).
Multiplying the objective with \/m, we obtain,
min |vVmA'xg + /mo'v — /mA'x||, + /mA' f(x).

Observe that, /mA’ is now statistically identical to A. Hence, Theorem 3.2 is applicable under the mapping
0 < /mo’ and A < /mA’. Consequently, the NSE formula for the new setting for \/mA’' € Zon can be

given as,
Ix;, —xol3 _ IIx;,—%l3 _ D(Adf(x0)) _  Dy(xo,/mA)
(Vmo)2 62 “m—D(Adf(x)) m—Dy(xo,/mA)

Identical arguments for the Constrained-LASSO and £3-LASSO results in the following NSE formulas,

* 2
I —x0l3 . Dleone(@f(x0))) . I¥a7%0l2 - D(xo,map~!(vimt))
mac'> "~ m—D(cone(df(xp))) mo’> ™ m—Dy(xg,map~!(y/m1’))
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In general, reducing the signal power ||Axg ||% by a factor of m, amplifies the proposed NSE upper bound by

m times and the penalty parameters should be mapped as T <+— /m7’ and A +— /mA’.

3.4 Applying Gaussian Min-Max Theorem

First, we introduce the basic notation that is used throughout the technical analysis of our results. Some
additional notation, specific to the subject of each particular section is introduced later therein. To make
explicit the variance of the noise vector z, we denote z = ov, where v ~ .47(0,1,,). Also, we reserve the
variables h and g to denote i.i.d. Gaussian vectors in R" and R", respectively. In similar flavor, reserve
the variable s to describe the subgradients of f at x(. Finally, the Euclidean unit ball and unit sphere are

respectively denoted as
B ={xeR"||x], <1} and " li={xeR"||x[,=1}.

3.4.1 Introducing the Error Vector

For each candidate solution x of the LASSO algorithm, denote w = X — Xy. Solving for w is clearly equiv-
alent to solving for x, but simplifies considerably the presentation of the analysis. Under this notation,
|ly — Ax||2 = ||[AW — oV||». Furthermore, it is convenient to subtract the constant factor A f(xp) from the
objective function of the LASSO problem and their approximations. In this direction, define the following

“perturbation” functions:

Jp(W) = f(x0+wW) — f(xo0), (3.27)

fo(w) = f(xo+w)— f(x0) = sup s’w. (3.28)
s€d f(xo0)

Then, the ¢,-LASSO will write as

wi, = argmin {[|Aw — 6vs + A £, (W)} (3.29)
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and the C-LASSO as

w, =argmin ||[Aw — ov||2
w

st fp(w) <0.
or, equivalently,
W) :argmvén{ HAw—Gsz—l—ngkfp(w) } (3.30)

3.4.2 The Approximate LASSO Problem

In Section 3.1, and in particular in (3.12) we introduced the approximated £,-LASSO problem. We repeat the
definition here, and also, we define accordingly the approximate C-LASSO. The approximated ¢,-LASSO

writes:
Wi, :argrrgn{||Aw—Gv||2+Afp(w)}. (3.31)
Similarly, the approximated C-LASSO writes
W, = argmvén{ HAw—Gsz—i—r{lg())clfp(w) } (3.32)

Denote fjc(A,v) and %, (A,v) the optimal costs of problems (3.32) and (3.31), respectively. Note our

1 A

convention to use the symbo over variables that are associated with the approximate problems. To

distinguish, we use the symbol “ * ” for the variables associated with the original problems.

3.4.3 Simplifying the LASSO objective through Gaussian Min-Max Theorem

Section 3.1.6 introduced the technical framework. Key feature in this framework is the application of Gor-
don’s Theorem. In particular, we apply the “modified Gordon’s Lemma” Proposition 2.7 three times: once
each for the purposes of the lower bound, the upper bound and the deviation analysis. Each application
results in a corresponding simplified problem, which we call “key optimization”. The analysis is carried out
for that latter one as opposed to the original and more complex LASSO problem. In this Section, we show

the details of applying Gordon’s Theorem and we identify the corresponding key optimizations. Later, in
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Section 3.5, we focus on the approximate LASSO problem and we show that in that case, the key optimiza-
tions are amenable to detailed analysis.
To avoid unnecessary repetitions, we treat the original and approximate versions of both the C-LASSO

and the /»-LLASSO, in a common framework, by defining the following problem:
ZF(A,v) =min{ |[Aw — oV, + p(W) }, (3.33)
w

where p : R” — RUw is a proper convex function [182]. Choose the penalty function p(-) in the generic
formulation (3.33) accordingly to end up with (3.29), (3.30), (3.31) or (3.32). To retrieve (3.30) and (3.32),

choose p(w) as the indicator function of the sets {w|f,(w) < 0} and {w|f,(w) <0} [23].

3.4.3.1 Lower Bound

The following corollary is a direct application of Proposition 2.7 to .% (A, V) in (3.33).

Corollary 3.2 Let g ~ A4(0,1,,), h ~ 4(0,1,) and h ~ A (0,1) and assume all g,h,h are independently

generated. Let

() =min{ /1wl + 02l - Wt p(w) . (3.34)
Then, for any c € R:

P(Z(A,v)>c)>2-P(ZL(gh)—ho>c)—1.

Proof: Notice that |Aw — ov|2 = ||AyWs

2, where Ay := [A — V] is a matrix with i.i.d. standard
normal entries of size m x (n+ 1) and ws = [w” |7 € R"*!. Apply Proposition 2.7, with x = ws, ®| =
{Wg’W ER"}, @) =", G = Ay, ¥(ws) = p(w). Further perform the trivial optimizations over a on

both sides of the inequality. Namely, max o,—1 a’ A,[w" o]" = |A,W;||> and, max |y, g"a=[|g]>. =

3.4.3.2 Upper Bound

Similar to the lower bound derived in the previous section, we derive an upper bound for .% (A, v). For this,

we need to apply Gordon’s Theorem to —% (A, v) and use the dual formulation of it. Lemma A.3 in the
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Appendix shows that the dual of the minimization in (3.33) can be written as

—%(A,v) = min max {uT (Aw—ov) — p(w)}. (3.35)

<t W

Proposition 2.7 requires the set over which maximization is performed to be compact. We thus apply Propo-

sition 2.7 to the restricted problem,

- T
min  max Aw—ov)—p(w) .
llall2<1 \|w\\2§c,,p{u ( )=pl )}

Notice, that this still gives a valid lower bound to —.% (A, v) since the optimal cost of this latter problem is
no larger than —.% (A, v). In Section 3.5, we will choose C,;, so that the resulting lower bound is as tight as

possible.

Corollary 3.3 Let g ~ A4 (0,1,,), h ~ 4(0,1,) and h ~ A (0,1) and assume all g,h,h are independently

generated. Let,

wgn = min - max /w0 e mlhw - pn) . (336)
ll2<1 [[w[2<Cyp

Then, for any c € R:

P(ﬁ(A,V)gc)zllP(gZ/(g,h)— min a6h§c>—l.

0<a<l

Proof: Similar to the proof of Corollary 3.2 write |6V — Aw||2 = ||AyW||2. Then, apply the modified
Gordon’s Theorem 2.7, withx = i, o = wg, & = B!, &, = {WG | %W € %’”—1}, G=A,, y(ws) =
up
p(w), to find that for any ¢ € R:

PP = -c) 220 min max {1/Chy+ 02 -+ [lahw - plw) + aloh) > —c) - 1

[l2<1[w]2<Cyp

ZZIP’( — % (g,h)+ min ||p|,0h > —c> —1.
lull<t
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3.4.3.3 Deviation Analysis

Of interest in the deviation analysis of the LASSO problem (cf. Step 4 in Section 3.1.6) is the analysis of a

restricted version of the LASSO problem, namely

min  {|[Aw—ov|2+p(w)} (3.37)

HWH2ESdeV

Siey 1= {E |

O4ev > 0 is any arbitrary small constant and Cy,, > 0 a constant that will be chosen carefully for the purpose

where

14

dev

_1‘ > Sdev}‘

of the deviation analysis . We establish a high probability lower bound for (3.37). As usual, we apply

Proposition 2.7 to our setup, to conclude the following.

Corollary 3.4 Let g~ .4 (0,1,), h~ 4(0,1,) and h ~ A(0,1) and assume all g,h,h are independently

generated. Let

Lio(eh) = min { ||w||%+02||gu2—hTw+p<w>}. (3.38)

[Wll2ESaev

Then, for any c € R:

]P’(l min {HAw—osz—i—p(w)}zc) >2-P( Zyev(gh)—ho >c)—1.

‘WH2€Sdev

Proof: Follows from Proposition 2.7 following exactly the same steps as in the proof of Corollary 3.2.
|

The reader will observe that . is a special case of .%,, where Sy, = R™.

3.4.3.4 Summary

We summarize the results of Corollaries 3.2, 3.3 and 3.4 in Lemma 3.5. Adding to a simple summary, we
perform a further simplification of the corresponding statements. In particular, we discard the “distracting”
term o/ in Corollaries 3.2 and 3.4, as well as the term ming< <1 @ch in Corollary 3.3. Recall the definitions

of the key optimizations .%, % and .%,, in (3.34), (3.36) and (3.38).
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Lemma 3.5 Let g ~ A4 (0,1,) and h ~ A°(0,1,,) be independently generated. Then, for any positive con-

stant € > 0, the following are true:

E°m

1. P(F(Av)>c)>2P(Z(gh)—ceym>c)—4exp <—22> —1.

e’m
2. P(F(Av)<c)=>2P(%(gh)+oe/m<c)—4exp (—2> —1.

2
3. }P’( min {||AW—GV||2—|—p(W)}2c> ZZ]P’(Zdev(g,h)—Ge\/EZC)—4exp <—£2m> —1.

HWHZGSdev

Proof: Forh~ 4(0,1) and all € > 0,

€*m
B (|h] < evm) > 1 —2exp(——-). (3.39)

Thus,

P(Z(gh)—ho>c)>P(ZL(gh)—eoy/m>c, h<eym)

> B(Z(gh) - eovin = o) - 2expl(~ ).

Combine this with Corollary 3.2 to conclude with the first statement of Lemma 3.5. The proof of the third
statement of the Lemma follows the exact same steps applied this time to Corollary 3.4. For the second

statement write,

(% (e~ min [ulaoh<c ) > B(%(gh)+oli <o)
Hil2=

>P(%(gh)+eoym<c, |h<eym),

and use (3.39) as above. To conclude, combine with the statement of Corollary 3.3. [ |

3.5 After Gordon’s Theorem: Analyzing the Key Optimizations

3.5.1 Preliminaries

This section is devoted to the analysis of the three key optimizations introduced in the previous section.

In particular, we focus on the approximated C-LASSO and #,-LASSO problems, for which a detailed
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such analysis is tractable. Recall that the approximated C-LASSO and ¢,-LASSO are obtained from the
generic optimization in (3.33) when substituting p(W) = max; >0 maXse14 f(x,) sTw= MaXsecone(d f(xo)) sTw
and p(W) = maxec; 9 f(x) s”w, respectively. Considering this and recalling the definitions in (3.34), (3.36)

and (3.38), we will be analyzing the following key optimizations,

Z(g,h) = min{ w3+ o2|\g|l2 hTw+maé<sTw}, (3.40a)
w SEC
%(g,h)=— min  max { |w|)3+ o2 gT[J—H[JHQhTW—maXSTW}, (3.40b)
H”'HZSI HWHZZCup s€€
i) = min /Wl + o7l 7w s} (3.400
HWHZESdev S€E¥

where ¢ is taken to be either cone(d f(xp)) or Adf(xp), corresponding to the C-LASSO and ¢,-LASSO,
respectively. Notice that in (3.40b) we have constrained the feasible set of the inner maximization to the
scaled sphere rather than ball. Following our discussion, in Section 3.4.3.2 this does not affect the validity
of Lemma 3.5, while it facilitates our derivations here.

To be consistent with the definitions in (3.40), which treat the key optimizations of the C-LASSO and

¢>-LASSO under a common framework with introducing a generic set %', we also define
Z(A,v) :min{||Aw—Gv||2 +maxsTW}, (3.41)
w SE€E?
to correspond to (3.32) and (3.31), when setting 4" = cone(d f(xo)) and € = Ad f(Xo), respectively.

3.5.2 Some Notation

Recall the definitions in Section 2.2. Additionally, define the correlation induced by a convex and closed set
€ € R" by,
corr(x, %) := (Proj(x,%),I1(x,%)) .

Now, let h ~ 47(0,1,). The following quantities are of central interest throughout the chapter:

D(%) :=E[dist’(h,%) |, (3.42a)
P(¢):=E[ ||Proj(h,%)|3 ], (3.42b)
C(%¢):=E|corr(h,?%) ], (3.42¢)
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where the E[-] is over the distribution of the Gaussian vector h. It is easy to verify that n = D(%¢") + P(%) +

2C(%). Under this notation,

D(A9f(x0)) = D(29f(x0)),
C(A9f(x0)) = C(A9f(x0)),
D(cone(df(xp))) = D(cone(df(xp)))-

On the same lines, define P(1d f(xo)) :=P(Adf(x0)).

3.5.3 Analysis

We perform a detailed analysis of the three key optimization problems .Z, % and Zye,. For each one of
them we summarize the results of the analysis in Lemmas 3.6, 3.7 and 3.8 below. Each lemma includes
three statements. First, we reduce the corresponding key optimization problem to a scalar optimization.
Next, we compute the optimal value of this optimization in a deterministic setup. We convert this into a
probabilistic statement in the last step, which is directly applicable in Lemma 3.5. Eventhough, we are
eventually interested only in this last probabilistic statement, we have decided to include all three steps in
the statement of the lemmas in order to provide some further intuition into how they nicely build up to the

desired result. All proofs of the lemmas are deferred to Section A.4 in the Appendix.

3.5.3.1 Lower Key Optimization

Lemma 3.6 (Properties of .¥) Let g~ .4(0,1,) and h ~ 4 (0,1,) and
Z(g,h) —min{ ||w]%—i—GZHgHg—hTW—Fma};{sTW}, (3.43)
w SEC

Denote Wy,,,(g,h) its optimal value. The following are true:
1. Scalarization: .Z’(g,h) = ming>o {\/ a?+02|gll> — o - dist(h, ‘5)}

2. Deterministic result: If ||g||3 > dist(h,€’)?, then,

Z(g.h) = 01/ |gl} - dis’(h, %),
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and,
,  dist*(h, %)
lgll3 —dis* (b, %)

1Wion (g, 0)[17 = ©

3. Probabilistic result: Assume that m > D(€) + epm for some € > 0. Then, for any € > 0, there exist

c1,¢2 > 0 such that, for sufficiently large m,
P (.Z(g,h) > (1- g)m/m—n(%)) > 1 — ¢y exp(—cam).

3.5.3.2 Upper Key Optimization

Lemma 3.7 (Properties of %) Let g~ .4 (0,L,), h~ #(0,1,) and

%(g,h)=— min  max \/m Tu+ h”w — maxs’w . 3.44
(&h) =" me, |w|z-cu,,{ ip T O g b7 w = ma (344)

The following hold true:

1. Scalarization: % (g,h) = —ming<g<| {—Oc‘ Ci,+0?|gl +Cupdist(och,<€)} :

2. Deterministic result: Ifh ¢ € and

. corr(h,%)
pdist(h ' N7 2 2 , 4
Cupdist(h,6) + Cup iy </ Cip + 0 el (3.45)
then,
% (g.h) = /C2, +02||g|l2 — Cupdist(h, 7). (3.46)

3. Probabilistic result: Assume m > max {D(%),D(€) + C(%)} + eLm for some g, > 0. Set

Then, for any € > 0, there exist c1,c; > 0 such that for sufficiently large D(€),

P (%(g,h) < (1 +£)6\/m—D(<€)) > 1—crexp(—cay(m,n)).

where y(m,n) = m if € is a cone and y(m,n) = min {m, m%} otherwise.
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3.5.3.3 Deviation Key Optimization

Lemma 3.8 (Properties of .%,,,) Letg~ 4/ (0,1,) andh ~ 4 (0,1,) and

Ziev(g,h) = min { ||W!%+G2I|g\|2—hTW—|—rsn€e<lgxsTw},

Hszesl{EV

Sdev = {f |

O4ey > 0 is any arbitrary small constant and Cy,, > 0. The following are true:

where

14

dev

_1‘ > 5dev}7

1. Scalarization: .Z,,(g,h) = minges,,, {\/ a’+o?|gll. — o -dist(h,%)} )
2. Deterministic result: If

o -dist(h,€)
/llgl —dis’*(h, %)

¢ Sdeva

then,

zdev(g7h) = \/(1 + 6dev)2C§gv + GZHgHZ - (1 + e)cdevdiSt(ha%)'
3. Probabilistic result: Assume (1 —¢&r)m > D(€) > exm, for some € > 0 and set
Ciev=0

Then, for all 8., > 0 there exists t > 0 and c1,c3 > 0 such that,

P (zdev(g,h) > (1 +t)m/m—1)(<5)) > 1~ crexp(—cam).

3.5.4 Going Back: From the Key Optimizations to the Squared Error of the LASSO

(3.47)

(3.48)

(3.49)

Application of Gaussian Min-Max Theorem to .% (A, v) introduced the three key optimizations in Lemma

3.5. Next, in Lemmas 3.6, 3.7 and 3.8 we carried out the analysis of those problems. Here, we combine the

results of the four Lemmas mentioned above in order to evaluate . (A,v) and to compute an exact value for
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the norm of its optimizer W(A,v). Lemma 3.9 below formally states the results of the analysis and the proof

of it follows.

Lemma 3.9 Assume m > max {D(€),D(%¢)+ C(%)} + eLm and D(€) > exm for some g > 0. Also, as-
sume m is sufficiently large and let Y(m,n) = m if € is a cone and min{m, ’”72} else. Then, the following

statements are true.

1. For any € > 0, there exist constants cy,cy > 0 such that

ﬁ(A,v)—G\/m—D(%)‘ < ec/m—D(F), (3.50)

with probability 1 — cj exp(—c2y(m,n)).

2. For any 840, > 0 and all w € € satisfying

Il o[ 2= Gy [ 2 @)
there exists constant t(8y,,) > 0 and cy,c > 0 such that
HAW—GV||2+ISI£;55TWZ F(A,V) +to\/m, (3.52)
with probability 1 — ¢y exp(—c2y(m,n)).
3. Forany & > 0, there exist constants c1,cp > 0 such that
WAl -0y [ < 8oy [0 (353)

with probability 1 — ¢y exp(—c2y(m,n)).

Proof:
We prove each one of the three statements of Theorem 3.9 sequentially. Assume the regime where

m > max {D(%),D(%)+ C(€)} + e m and D(€) > e.m for some & > 0 and also m is sufficiently large.
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1. Proof of (3.50): Consider any € > 0. First, we establish a high probability lower bound for F (A,v).

From Lemma 3.6,

Z(g,h) > (1—¢)o/m—D(¥),

with probability 1 —exp(—¢& (m)). Combine this with the first statement of Lemma 3.5 to conclude that

F(A,v)> (1—€)o/m—D(€)—€ o/m, (3.54)

with the same probability.

Similarly, for a high probability upper bound for F (A,v) we have from Lemma 3.7, that

% (g,h) < (1+€)o\/m—D(%),

with probability 1 —exp (—& (y(m,n))). Combine this with the second statement of Lemma 3.5 to conclude

that

F(AV) < (1+€)o/m—D(F)+€cy/m, (3.55)

with the same probability. To conclude the proof of (3.50) fix any positive constant € > 0, and observe that

i ;o E - / Vm
by choosing &' = € Trye 0 (3.54) and (3.55) we ensure that € (1 + W) < &. It then follows from
(3.54) and (3.55) that there exist ¢, c> > 0 such that

<e, (3.56)

with probability 1 — ¢jexp (—c2y(m,n)).

2. Proof of (3.52): Fix any 84, > 0. In accordance to its definition in previous sections define the set

Sdev = {E ‘

{—o
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Clearly, for all w such that ||w||, € Sy., we have,

|Aw — ov||» + maxs’w > min { |AW — &v||2 + maxs” } .
SEE IW][2€S e SEC

Combining this with the third statement of Lemma 3.5, it suffices for the proof of (3.52) to show that there

exists constant #(Jy,) > 0 such that
Zyer(g,h) > .F (A, V) +2t0+/m, (3.57)

with probability 1 —exp (—& (m)).

To show (3.57), start from Lemma 3.8 which gives that here exists ¢’ (4,) > 0, such that

gdev(ga h) > (1 +t,)6 \% m_D(%)v (358)

with probability 1 —exp(—¢& (m)). Furthermore, from the first statement of Lemma 3.9,

!/

o t
y(A,V)S(H—E)G\/m—D(%), (3.59)
with probability 1 —exp (—& (y(m,n))). Finally, choose r = %\/a to ensure that
l,/
20y < 56\/m=D(%). (3.60)

Combine (3.58), (3.59) and (3.60) to conclude that (3.57) indeed holds with the desired probability.
3. Proof of (3.53).: The third statement of Lemma 3.9 is a simple consequence of its second statement. Fix
any € > 0. The proof is by contradiction. Assume that W(A, v) does not satisfy (3.53). It then satisfies (3.51)

for 84e, = €. Thus, it follows from the second statement of Lemma 3.9, that there exists 7(€) > 0 such that
F(A,v) > Z (A, V) +10/m, (3.61)

with probability 1 —exp (—& (y(m,n))). This is a contradiction and completes the proof.
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3.6 The NSE of the C-LASSO

In this section, we prove the second statement of Theorem 3.1, namely (3.18). We restate the theorem here

for ease of reference.

Theorem 3.5 Assume there exists a constant €, > 0 such that, (1 — &,)m > D(cone(d f(x0))) > e,m and

m is sufficiently large. For any € > 0, there exists a constant C = C(g,¢&1) > 0 such that, with probability

1 —exp(—Cm),

D(cone(df(xo)))
m—D(cone(df(x9)))

Ix:—x0l3 _

-2 (1+¢€)

(3.62)
Furthermore, there exists a deterministic number oy > 0 (i.e. independent of A,v) such that, if 6 < oy, with
the same probability,

I =0l m—Dlcone(d(x,)
o? D(cone(d f(xo)))

-1 <e. (3.63)

First, in Section 3.6.1 we focus on the approximated C-LASSO and prove that its NSE concentrates

around D(cone(df(xop)))

=D (cone(F(x9))) for arbitrary values of o. Later in Section 3.6.2, we use that result and funda-

mental properties of the approximated problem to prove (3.18), i.e. that the NSE of the original problem

concentrates around the same quantity for small enough o©.

3.6.1 Approximated C-LASSO Problem

Recall the definition of the approximated C-LASSO problem in (3.32). As it has been argued previously,
this is equivalent to the generic problem (3.41) with 4 = cone{d f(xo)}. Hence, to calculate its NSE we
will simply apply the results we obtained throughout Section 3.5. We first start by mapping the generic

formulation in Section 3.5 to the C-LASSO.

Lemma 3.10 Let € = cone{df(xo)}. Then,
e corr(h,%) =0, forallh € R",
e C(%)=0.

Proof: The first statement is a direct consequence of Moreau’s decomposition theorem (Fact 2.1)
applied on the closed and convex cone cone{d f(Xo)}. The second statement follows easily after taking the

expectation in both sides of the equality in the second statement. |
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With this mapping, we can directly apply Lemma 3.9, where %’ is a cone, to conclude with the desired

result. The following corollary summarizes the result.

Corollary 3.5 Assume (1 —¢g.)m > D(cone(df(Xo))) > €Lm, for some g > 0. Also, assume m is sufficiently
large. Then, for any constants €1,& > 0, there exist constants cy,cy > 0 such that with probability 1 —

c1exp(—com),

Fe(A,V)

1
o +/m—D(cone(d f(xo)))

<817

and

[We(A,v)[3  D(cone(df(xo)))
c? m—D(cone(d f(xp)))

’gé‘z.

3.6.2 Original C-LASSO Problem

In this section we prove (3.18). For the proof we rely on Corollary 3.5. First, we require the introduction of

some useful concepts from convex analysis.

3.6.2.1 Tangent Cone and Cone of the Subdifferential

Consider any convex set ¢ C R" and x* € €. We define the set of feasible directions in € at x* as
Fe(x"):={u| (x"+u) e %}.

The tangent cone of ¢ at x* is defined as
T (x*) := Cl (cone(Fy (x"))),

where CI(-) denotes the closure of a set. By definition, tangent cone .7 (x*) and feasible set Fiz (x*) should
be close to each other around a small neighborhood of 0. The following proposition is a corollary of Propo-
sition F.1 of [167] and shows that the elements of tangent cone, that are close to the origin, can be uniformly

approximated by the elements of the feasible set.

Proposition 3.1 (Approximating the tangent cone, [167]) Let € be a closed convex set and x* € €. For
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any 0 > 0, there exists € > 0 such that
dist(u,Fy(x*)) < 0||ul|2,

forallu € T (x*) with ||u|; < e.

Assume ¥ is the descent set of f at xo, namely, ¢’ = {x | f(x) < f(xo)} for some convex function f(-).
In this case, we commonly refer to .7 (Xo) as the “tangent cone of f(-) at Xo” and denote it by .77(xXo).
Under the condition that X is not a minimizer of f(-), the following lemma relates .7;(xo) to the cone of

the subdifferential.

Lemma 3.11 ([182]) Assume f(-) : R" — R is convex and x¢ € R" is not a minimizer of it . Then,

(FF(x0))” = cone(d f(x0)).

3.6.2.2 Proof of Theorem 3.1: Small ¢ regime

We prove here the second part of Theorem 3.1, namely (3.18). For a proof of (3.17) see Section 3.7. For
the purposes of the proof, we will use ¢’ = {x|f(x) < f(xo)}. Recall that we denote the minimizers of the

C-LASSO and approximated C-LASSO by w; and W, respectively. Also, for convenience denote

ne = D(cone(d f(xp)))
" m—D(cone(df(x0)))

Recalling the definition of the approximated C-LASSO problem in (3.32), we may write

W = in{ |[Aw—o Af,
W, argrrgn{ || Aw VH2+I/{1§())( fp(w)}
= argmin{ |AwW —ov|+ max s'w }
w secone(d f(Xo))
=arg min ||AwW—oV|z,

we T (Xo)

where for the last equality we have used Lemma 3.11. Hence,

We € Tp(x0). (3.64)
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At the same time, clearly,
w,. € Fy(Xo). (3.65)

After Corollary 3.5, ||W,||3 concentrates around 61.. We will argue that, in the small noise regime, we can
translate our results to the original problem in a smooth way. Assume that the statements of Corollary 3.5,
hold with high probability for some arbitrary €;,& > 0. It suffices to prove that for any €; > 0 there exists
0y > 0 such that

w13
o2

— 1| < &, (3.66)

for all ¢ < op. To begin with, fix a & > 0, the value of which is to be determined later in the proof. As an

immediate implication of Proposition 3.1, there exists Gy such that
dist(w, Fz(X0)) < 6||w||2 3.67)

for all w € Z (o) satisfying ||w|» < C = C(0y,&) := 6o/ (1 +&)1.
Now, fix any ¢ < 0p. We will make use of the fact that the following three events hold with high
probability.

e Using Corollary 3.5, with high probability w, satisfies,

[Well2 <o/ (1+&)n:. <C. (3.68)

e A has independent standard normal entries. Hence, its spectral norm satisfies ||A|| < 2(y/n++/m)
with probability 1 — exp(—& (max{m,n})), [213].

e Using (3.52) of Lemma 3.9 with ¥ = cone(d f (X)), there exists a constant ¢ = 7(&3) so that for all w
satisfying |HZ:—|2‘% —Ne| > &, we have,

AW —ov|a+ max sTw>.Z.(A,v)+1(g)ov/m. (3.69)
secone(d f(xp))
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Consider the projection of W, on the set of feasible directions F (Xg),
p(W.) := Proj(W., Fg(X0)) = W —B(W,, Fg (X0)). (3.70)

First, we show that | Ap(W.) — o'v||2 is not much larger than the objective of the approximated problem,

namely .%.(A,v). Indeed,

|Ap(W.) —ov|2 < [|[AW, — ovl|2 + [[AW: — Ap(W,)|]2
< Fe(A,v) + || A dist(We, Fg (x0))
< Fe(Av) +]A]l08/(1T+e)ne
< Fo(AY) +2(vVm+n)o8\/(1+ &)1, 3.71)

The first inequality is an application of the triangle inequality and the second one follows from (3.70). For
the third inequality, we have used (3.64) and combined (3.67) with (3.68).

Next, we show that if (3.66) was not true then a suitable choice of § would make ||Ap(W.) — ov||, much
larger than the optimal ﬁc(A,v) than (3.71) allows. Therefore, concluding a desired contradiction. More

precisely, assuming (3.66) does not hold, we have

|Ap(We) —ov|2 > [AwW; — oVl

> Z.(A,v) +1(83)0/m. (3.72)

The first inequality above follows since p(W.) € Fz(Xo) and from the optimality of w} € Fiz(X¢). To get the

T

second inequality, recall that (3.66) is not true. Also, from (3.65), maXsccone(d f(x)) sTwi= MaXge( 7 (xy))° S’ We =

0. Combine these and invoke (3.69).

To conclude, choose oy sufficiently small to ensure 0 < 2(\/ﬁ+t\(ff))\%+€z)ng and combine (3.71) and

(3.72) to obtain the following contradiction.

Fe(A V) +2(vm+/n)86+/(1+&)n. > ||Ap(W.) — oV
> Fo(A,V) +1(e3)0\/m.

Oy is a deterministic number that is a function of m, n, f,Xg, ;.
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3.7 Constrained-LASSO Analysis for Arbitrary o

In Section 3.6 we proved the first part of Theorem 3.1, which refers to the case where ¢ — 0. Here, we
complete the proof of the Theorem by showing (3.17), which is to say that the worst case NSE of the C-
LASSO problem is achieved as ¢ — 0. In other words, we prove that our exact bounds for the small o
regime upper bound the squared error, for arbitrary values of the noise variance. The analysis relies, again,

on the proper application of the “modified Gordon’s Lemma” Proposition 2.7.

3.7.1 Notation

We begin with describing some notation used throughout this section. First, we denote
distg+ (h) := dist(h,cone(d f(x)))-

Also, recall the definitions of the “perturbation” functions f,(-) and f,(-) in (3.27) and (3.28). Finally, we

will be making use of the following functions:

F(W;A,v) .= ||Aw — oV||2,

Z(w:g,h) = /[|w]3+02|gll.—h"w, (3.73)
L(asa,b) := \/ a®+c2a— ab. (3.74)

Using this notation, and denoting the optimal cost of the (original) C-LASSO (see (3.3)) as .#}(A,v), we
write
FL(A,v)= min F(W;A,v) =7 (W,A,v). (3.75)
Jp(W)<0
3.7.2 Lower Key Optimization
As a first step in our proof, we apply Proposition 2.7 to the original C-LASSO problem in (3.75). Recall,

that application of Corollary 3.2 to the approximated problem resulted in the following key optimization:

Z(g,h) = min { |W||%—|—(72|g||2—hTW} = min Z(w;gh). (3.76)
Jp(w)<0 Jp(w)<0
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Denote the minimizer of (3.76), as W;,,,. Using Corollary 3.2, the lower key optimization corresponding to
the original C-LASSO has the following form:

Z*(g,h) = min w||2 + o2 —hTW}: min .Z(w;g,h). (3.77)
)= min {/lw3+olel: min | #(wigh)

Recall that in both (3.76) and (3.77), g € R™ and h € R". In Lemma 3.6 in Section 3.5 we solved explicitly
for the optimizer W,,, of problem (3.76). In a similar nature, Lemma 3.12 below identifies a critical property

of the optimizer w;,  of the key optimization (3.77): |w*||, is no larger than ||W;e||2.

Lemma 3.12 Let g € R" h € R" be given and ||g|» > distg+(h). Denote the minimizer of the problem
(3.77) as w;,, = w;, (g,h). Then,

HW;FowH% < diStR+(h)2 _ ”VAVIOWH%
o2 7 |lgll5 — distg+ (h)? o’

(3.78)

For the proof of Lemma 3.12, we require the following result on the tangent cone of the feasible set of

(3.77).

Lemma 3.13 Let f(-) : R" — R be a convex function and xo € R" that is not a minimizer of f(-). Consider

the set € = {w|f(xo+ W) < f(X0)}. Then, for all w* € €,

Tp (W) = cone(df(xo+w")) if f(xo+W") = f(x0), (3.79)

{0} if f(X0+WwW*) < f(Xo).

Proof: We need to characterize the feasible set Fiy (W*).

Suppose f(xo+Ww*) < f(xo). Since f(+) is continuous, for all directions u € R”, there exists sufficiently
small € > 0 such that f(xo+w*+ eu) € €. Hence, Z (W*) = cone(Cl(Fy(W*))) =R" = (T (W"))° =
{0} in this case.

Now, assume f(xo +W*) = f(xo). Then, Fg(w*) = {u|f(xo+w*+u) < f(x0) = f(Xo+ W)} =
Fg (X0 + W*), where Fg (xo+ w*) denotes the set of feasible directions in ¢” := {x|f(x) < f(xo+w*)}
at Xo +w*. Thus, T (W*) = J (X0 + W*) = cone(d f(xo + w*))°, where the last equality follows from
Lemma 3.11, and the fact that xo + w* is not a minimizer of f(-) as f(xo) = f(xo +wW"). [ |

Proof: [Proof of Lemma 3.12]

82



We first show that, w}, exists and is finite. From the convexity of f(-), f,(W) < f,(W), thus, every
feasible solution of (3.77) is also feasible for (3.76). This implies that -#*(g,h) > Z(g,h). Also, from
Lemma 3.6, (g, h) = 0 /|lg]3 — distz+ ()2 Combining,

Z*(g.h) > 61/ |g]}3 —distg (h)? > 0. (3.80)
Using the scalarization result of Lemma 3.6 with 4 = cone(d f(xo)), for any o > 0,

min Z(w;g,h) =L(a,|g|2,distg+ (h)).
Jp(W)<0

[wll2=e

Hence, using Lemma A.10 in the appendix shows that, when ||g||> > distg+ (h),

dim mgcéf (wig,h) = lim minZ(a, [|g|2, distg+ (h)) = <.

fp(w)<0

Combining this with (3.80) shows that .£"* (g, h) is strictly positive, and that ||w; ||>» and w;  is finite.

The minimizer w;, = satisfies the KKT optimality conditions of (3.77) [17]:

*
Wiow

Vw3 + o2

Igll2 =h—s",

or, equivalently,

h_ *
Wipy =G - , (3.81)
VIl = h—s[3
where, from Lemma 3.13,
cone (df(xo+wj, ) if fo(Wiw) =0,
s € ( i) ? (3.82)

{0} if f,(Wiow) <O.

First, consider the scenario in (3.82) where f,(w;, ) < 0 and s* = 0. Then, from (3.81) h = ¢,w;  for
some constant ¢, > 0. But, from feasibility constraints, w; € J(Xo), hence, h € J;(xg) = | /|2 =

distg+ (h) which implies equality in (3.78).
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Otherwise, f(xo+Wj},,,) = f(Xo) and s* € cone (9 f(xo + W},,,)). For this case, we argue that [[h—s*||; <
distg+ (h). To begin with, there exists scalar 6 > 0 such that 8s* € d f(xo +w;,,). Convexity of f(-), then,

implies that,
F(Xo+Wip,) = f(X0) = (X0 + Wiy, ) — (65", Wj,,) = (8", W,,,) > 0. (3.83)
Furthermore, w;, € 7(Xo) and s := Proj(h,cone(d f(xp))), thus
(Wigw,S0) < 0. (3.84)
Combine (3.83) and (3.84), and further use (3.81) to conclude that

<WTOW’S*_SO> >0 = <h_S*aS*_SO> >0

We may then write,

(disti () = || (h—s") + (5" —s0) |3 > [ —s"[3, (3.85)

X

and combine with the fact that the function f(x,y) = \/ﬁ,x > 0,y > 0 is nondecreasing in the regime
y —x

x <y, to complete the proof. [ |

3.7.3 Upper Key Optimization

In this section we find a high probability upper bound for .% (A, v). Using Corollary 3.3 of Section 3.4.3.2,

application of Proposition 2.7 to the dual of the C-LASSO results in the following key optimization:

U*(g,h) = max fr(nwi)rio Vw3 +o2u’g—||ullh"w 3, (3.86)
2> >
IW><0Cy

where

B D(cone(d f(xo)))
Cup = 2\/m —D(cone(df(x0)))
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Normalizing the inner terms in (3.86) by ||u || for pu # 0, this can be equivalently be written as,

)= max e min {\/lw+ olel -]
2> >
[wla<0C,p

=max{ 0, min .Z(w;gh)

fp(w)<0
[wll2<oCup
=max {0, £, (gh)}, (3.87)
where we additionally defined
£ (g,h) = in Z(w;gh). 3.88
() min (w:g,h) (3.88)
[wll2<cCup

Observe the similarity of the upper key optimization (3.87) to the lower key optimization (3.77). The next

lemma proves that .Z;,(g,h) and % *(g,h) are Lipschitz functions.

Lemma 3.14 (Lipschitzness of 7%/ *(g,h)) .Z;",(g,h) and, consequently, % *(g,h) are Lipschitz with Lips-

chitz constants at most 26, /C2, + 1.

Proof: First, we prove that .Z; (g,h) is Lipschitz. Given pairs (g;,h;), (g2,h;), denote w; and w, the
p up\8 p p g g

corresponding optimizers in problem (3.88). W.l.o.g., assume that £, (g1,h1) > £ (g2, h2). Then,

Zp(g1,h) — 2, (g,h) = L(wis81,h) — £ (Wai g, ho)

< Z(wygi,h) — Z(wag,h)

=/ Iw2[3+ 02 (llgi[l2 — llgall2) — (hi —hg) " w,

<4/0%C2,+c?||gi — g2+ |[hi —hy26C,), (3.89)

where, we have used the fact that [[w2[|» < 6C,,. From (3.89), it follows that .Z; (g, h) is indeed Lipschitz

and

"’g’ﬂu*p(gl 7h1) _"E/p;p(thQ)’ < 26\/C1%p +1 \/Hgl _gZH% + th _hZH%'
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To prove that % *(g,h) is Lipschitz with the same constant, assume w.l.o.g that 2 *(g;,h;) > % *(g>,hy).
Then, from (3.87),
%" (g1,h) — %" (g2, )| < |Z,,(81,h1) — £, (&, )|

3.7.4 Matching Lower and Upper key Optimizations

Comparing (3.77) to (3.87), we have already noted that the lower and upper key optimizations have similar
forms. The next lemma proves that their optimal costs match, in the sense that they concentrate with high

probability over the same quantity, namely E[.Z; (g, h)].

Lemma 3.15 Letg~ .4 (0,1,,),h~ A47(0,1,) be independent vectors. Assume (1 —€y)m > D(cone(d f(Xg)))
> gom for some constant & > 0 and m sufficiently large. For any € > 0, there exists ¢ > 0 such that, with

probability 1 —exp(—cm), we have,
1 |%*(gh) —E[LZ] (g h)]| < eoym.

In Lemma 3.14 we proved that .,%Lj‘p(g,h) is Lipschitz. Gaussian concentration of Lipschitz functions (see
Lemma 2.4) implies, then, that %, (g, h) concentrates with high probability around its mean E[.Z,(g,h)].
According to Lemma 3.15, under certain conditions implied by its assumptions, % *(g,h) and .-Z*(g,h)
also concentrate around the same quantity E[.Z;,(g,h)]. The way to prove this fact is by showing that when
these conditions hold, % *(g,h) and £*(g,h) are equal to £, (g,h) with high probability. Once we have

shown that, we require the following result to complete the proof.

Lemma 3.16 Let fi, f>:R" - Randh~ .4 (0,1,). Assume f is L-Lipschitz and, P(f,(g) = f2(g)) > 1 —¢.
Then, for all t > 0,

l2
B(f2(g) ~ELi(g)]| <1) > 1 —&—2exp (m) .

Proof: From standard concentration result on Lipschitz functions (see Lemma 2.4), for all ¢+ > 0,
|f1(g) —E[f1(g)]| <t with probability 1 —2exp(—

2

377 )- Also, by assumption f>(g) = f1(g) with probability
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1 — &. Combine those facts to complete the proof as follows,

P(f2(e) —Elfi(@)]l <1) = P(|f2(g) —Elfi(g)ll <1 fi(g) = f2(2)) P (f1(8) = /2(8))
=P(lfi(g) —Elfi(®)]l <P (fi(g) = f2(8))

1 —2exp(— 2L2)> (1—¢).

N

|
Now, we complete the proof of Lemma 3.15 using the result of Lemma 3.16. Proof: [Proof of Lemma
3.15] We prove the two statements of the lemma in the order they appear.
1. First, we prove that under the assumptions of the lemma, 77" = £, w.h.p.. By (3.87), it suffices to show
that £, > 0 w.h.p.. Constraining the feasible set of a minimization problem cannot result in a decrease in
its optimal cost, hence,

Zp(gh) = 27 (g,h) > Z(g h). (3.90)

where recall .Z(g,h) is the lower key optimization of the approximated C-LASSO (see (3.76)). From

Lemma 3.6, since m > D(cone(d f(Xo))) + €m, we have that

Z(g,h) > (1 —¢&)c+/m—D(cone(df(xg))) >0,

with 1 —exp(—& (m)). Combine this with (3.90) to find that .Z;,(g,h) > 0 or " = £, with probability
1 —exp(—& (m)). Furthermore, from Lemma 3.14, %" (g,h) is Lipschitz with constant L = 20, /C3, + 1.
We now apply Lemma 3.16 setting fi = .Z,,(g,h), fo = %" and t = £6/m, to find that

%" (g,h) —E[.Z, (g h)]| < ev/m,

with probability 1 —exp(—¢& (m)). In writing the exponent in the probability as & (m), we made use of the

fact that C,,, = 2 % is bounded below by a constant, since (1 — &)m > D(cone(d f(xp))) >

Eym.
2. As in the first statement, we apply Lemma 3.16, this time setting fi = %, f» = <" and t = £0+/m.
The result is immediate after application of the lemma, but first we need to show that #*(g,h) = .Z;,(g,h)

w.h.p.. We will show equivalently that the minimizer w; , of (3.77) satisfies w;, , € S,,. From Lemma

diStRJr (h)

312, Wigwll2 < =t ®y-

On the other hand, using standard concentration arguments (Lemma A.2),
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distp+ (h) 2D(cone(d f(xo)))
> ||g|lo—distg+ (h) — m—D(cone(df(xo)))

proof. [ ]

with probability 1 —exp(—& (m))

= C,p. Combining these completes the

3.7.5 Deviation Bound

Resembling the approach developed in Section 3.5, we show that if we restrict the norm of the error vector

||lw||2 in (3.75) as follows

D(cone(d f(xo))) } ’ (3.91)

Hw||2 € Sgey 1= {EV > (1 +Edev)G\/m_D(cone(af(XO)))

then, this results in a significant increase in the cost of C-LASSO. To lower bound the deviated cost, we
apply Corollary 3.4 of Section 3.4.3.3 to the restricted original C-LASSO, which yields the following key
optimization

Zi(gh)= min Z(w;gh). 3.92
der(&1) = min (w;g,h) (3.92)

HWHZESdev

Lemma 3.17 Letg~ .4 (0,L,),h~ A47(0,L,). Assume (1 —¢g)m > D(cone(d f(x0))) > €xm and m is suffi-
ciently large. Then, there exists a constant 84o, = 8jey(€4ev) > 0 such that, with probability 1 —exp(— 0 (m)),

we have,

Zjov(g,h) —E[Z,,(g,h)] > 6840/m. (3.93)

As common, our analysis begins with a deterministic result, which builds towards the proof of the proba-

bilistic statement in Lemma 3.17.

3.7.5.1 Deterministic Result

For the statement of the deterministic result, we introduce first some notation. In particular, denote

B D(cone(df(xo)))
Na = G\/m —D(cone(d f(x0)))’

and, for fixed g € R™ h € R",

nS = nb(g7h> =0 dlStRJr(h) °
/llgll3 —dist« ()2
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Also, recall the definition of the scalar function L(¢t;a,b) in (3.74).

Lemma 3.18 Let g € R™ and h € R" be such that ||g||2 > distg+(h) and 1s(g,h) < (14 €40y)Na. Then,

Lior(8h) =27 (g,0) > L((1 + €40 )Na; |82, disti- (h)) — L (15(g, h); [|g]|2, distr-+ (b)) (3.94)

Proof: First assume that £, (g,h) = . Since .£*(g,h) < _.Z(0;g,h) = o||g||» and the right hand
side of (3.94) is finite, we can easily conclude with the desired result.

Hence, in the following assume that £

(8, h) < oo and denote W), the minimizer of the restricted

problem (3.92). From feasibility constraints, we have f,(Wge,) < 0and ||W},,[|2 € Sgey. Define Wye, = cW),,

where ¢ := HW,TZW Notice, ||W},,||2 > (14 €4ev)Na > Ns(g,h), thus, ¢ < 1. Then, from convexity of f(-),

fP(WdeV) = fp(cw;;ev) S Cfp(wj;'ev) + (1 _C) fp(o) S 0
>

This shows that w,, is feasible for the minimization (3.77). Hence,
L (Wiey,8,h) > 27 (g,h).
Starting with this, we write,

Zjev(g’h) - (g’h) > X(erv;g,h) _g(v_vdev;gah)
= (I B+ 02 = /19 4 02l — B (Wi — W)

= (\/HwZevH% =+ 62 - \/”V_Vdev”% + GZ)HgHZ - (1 _C)hTWZev' (395)

Since, f,(W},,) <0, W), € J¢(Xo). Hence, and using Moreau’s decomposition Theorem (see Fact 2.1), we

have

hTWZev = <Pr0j (h> ‘%“(XO))7WZ€V> + <PI’Oj (h7 (‘%'(XO))O)v Wjiev>

<0

< distg+ (h) [ W |l2- (3.96)
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Use (3.96) in (3.95), to write

* * * — HW* HZ_n . *
Zjoleh) — 2" (@) >,/ llwdevn%wzwrwdevr%w%ﬁ;* - distes () W
dev

= (Wi I3+ 02— /12 + 0?)llgllz — (Wi ll2 — 0. )diste. (b)
— LOIWji 2. llg]2.distr (0)) — (s, ] st ()

2 L((1+€)Na, [|g]l2, distr+ (h)) — L(ny, [[g|2, distr+ (h)).

The last inequality above follows from the that L(a; ||g||2,distg+ (h)) is convex in & and minimized at 1

(see Lemma A.10) and, also, ||}, [l2 > (1 + €gev)Na > M- ]

3.7.5.2 Probabilistic result

We now prove the main result of the section, Lemma 3.17.
Proof: [Proof of Lemma 3.17] The proof is based on the results of Lemma 3.18. First, we show that
under the assumptions of Lemma 3.17, the assumptions of Lemma 3.18 hold w.h.p.. In this direction, using

standard concentration arguments provided in Lemmas A.5 and A.3, we find that,

1. |gll2 > distg- (h),

M . om
HgH%fdistﬂw(h) = (1 +8dev)m7D(cone(3f(x0)))‘

3. For any constant € > 0,

llgll3 —m| < em and |(distg+ (h))* —D(cone(d f(xo)))| < em, (3.97)

all with probability 1 —exp (—& (m)). It follows from the first two statements that Lemma 3.18 is applicable
and we can use (3.94). Thus, it suffinces to find a lower bound for the right hand side of (3.94).

Lemma A.10 in the Appendix analyzes in detail many properties of the scalar function L(a;a,b), which
appears in (3.94). Here, we use the sixth statement of that Lemma (in a similar manner to the proof of

Lemma 3.8). In particular, apply Lemma A.10 with the following mapping:

Vm <= a, \/D(cone(df(x9))) < b, |ig|l» < d, distg:(h) <= ¥/
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Application of the lemma is valid since (3.97) is true, and gives that with probability 1 —exp (—& (m)),

L((1+€)Na; |lgll2, distg+ (h)) — L(ny, [|g]2, distg+ (h)) > 20 84erv/m
for some constant J,,,. Combining this with Lemma 3.18, we may conclude
Zie(8h) — 27 (g.h) > 20840v/m. (3.98)
On the other hand, from Lemma 3.15,
|- (g,h) —E[.Z;,(g,h)]| < 604erv/m (3.99)
with the desired probability. Union bounding over (3.98) and (3.99), we conclude with the desired result. W

3.7.6 Merging Upper Bound and Deviation Results

This section combines the previous sections and finalizes the proof of Theorem 3.1 by showing the second
statement. Recall the definition (3.3) of the original C-LASSO problem and also the definition of the set
Sgev In (3.91).

Lemma 3.19 Assume there exists a constant € such that, (1 —&,)m > D(cone(df(xp))) > egm. Further

assume, m is sufficiently large. The following hold:

1. For any €&,, > 0, there exists c,, > 0 such that, with probability 1 — exp(fcupm), we have,

F:(AV) <ELZ(f.8.0)]+&,0v/m (3.100)

up

2. There exists constants 8j0, > 0,Cqey > 0, such that, for sufficiently large m, with probability 1 —

exp(—cgeym), we have,

min F(W;A,v) > E[Z; (f,8h)] + 8gen0/m (3.101)

HWHZESdEW fp(W)SO
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3. For any €40, > 0, there exists ¢ > 0 such that, with probability 1 — exp(—cm),

D(cone(d f(xop)))
m—D(cone(d f(xo)))

”Xj 7X0||% < 62(1 +8dev)

Proof: We prove the statements of the lemma in the order that they appear.
1. For notational simplicity denote § = E[.Z};,(g,h)]. We combine second statement of Lemma 3.5 with

Lemma 3.15. For any constant g,,, we have,

P(Zr(A,v) <& +20¢€,,/m) > 2P(%*(g,h) +oe/m < & +20€,,/m) — 1 —exp(—0 (m))
= ZP(%*(g7h> < (é + c;Sup\/’71> —1- exp(_ﬁ(m))

> 1 —exp(=0(m)),

where we used the first statement of Lemma (3.15) to lower bound the P(% *(g,h) < & + og,,/m).
2. Pick a small constant € > 0 satisfying € < % in the third statement of Lemma 3.5. Now, using Lemma

3.17 and this choice of €, with probability 1 —exp(—¢& (m)), we have,

P(  min F(W;A,v) > E+ 0'6[;” Vm) > 2P( %, (g,h) > & + 6800 v/m—€0/m) — 1 —exp(— 0 (m))

WES ey, fp (W) <0

> 1 —exp(=0(m)),

where we used (3.93) of Lemma 3.17.

3. Apply Statements 1. and 2. of the lemma, choosing €,, = 5‘{;".

Union bounding we find that

5
P( min  Z(WA,v)>Z(AV)+02%) > 1 —exp(—0 (m)),
WESdev, fp(W)SO 4

D(cone(d f(xo)))

which implies with the same probability ||W||2 & Szev, i.e., ||[Wi]2 < (1 4+ €4ey)O D (cons(37 ()]

3.8 /(>-LASSO: Regions of Operation

The performance of the ¢,-regularized LASSO clearly depends on the particular choice of the parameter A.

A key contribution of this work is that we are able to fully characterize this dependence. In other words, our
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analysis predicts the performance of the /,-LASSO estimator for all values A > 0. To facilitate our analysis
we divide the range [0,0) of possible values of A into three distinct regions. We call the regions Zorr,
Hon and Z... Each region has specific performance characteristics and the analysis is the same for all A
that belong to the same region. In this Section, we formally define those distinct regions of operation.The

analysis of the value of the NSE for each one of them is then deferred to Section 3.9.

3.8.1 Properties of Distance, Projection and Correlation

For the purpose of defining the distinct regions of operation of the ¢,-LASSO, it is first important to explore
some useful properties of the Gaussian squared distance D(Ad f(xo)), projection P(1d f(X¢)) and corre-
lation C(Adf(xo)). Those quantities are closely related to each other and are of key importance to our
analysis. We choose to enlist all their important properties in a single Lemma, which serves as a reference

for the rest of the Section.

Lemma 3.20 Consider fixed xo and f(-). Let d f(xo) be a nonempty, compact set of R" that does not contain

the origin. Then, the following properties hold
1. D(Adf(xo)) +2C(Ad f(x0)) + P(AI f(x0)) = n.
2. Ds(x0,0) = n, Ps(x0,0) = 0, and C(x0,0) = 0.
3. limy_,..D(Adf(Xo)) = oo, limy o P(A f(x0)) = oo, and limy .. C(Adf(xo)) = —oo.
4. P(AAf(x0)), C(Adf(xo)) and D(Af(xo)) are all continuous functions of A > 0.

5. D(AJf(xo)) is strictly convex and attains its minimum at a unique point. Denote Apey the unique

minimizer of D(Ad f(Xo)).
6. P(Adf(xp)) is an increasing function for A > 0.

7. D(AJf(x0)) is differentiable for A > 0. For A > 0,

dD(Adf(x0)) 2
CRED 2 e(af ().
For A =0, interpret W as a right derivative.
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>0 2 €0, Apest]
C(Adf(%0)) § =0 A = Apes
<0 A€ [Apest; o)
9. D(Adf(x0)) + C(AI[f(x0)) is strictly decreasing for A € [0, Apeg]-

Some of the statements in Lemma 3.20 are easy to prove, while others require more work. Statements 5 and
7 have been recently proved in [4]. We defer the proofs of all statements to Appendix A.6.
3.8.2 Key Values of the Penalty Parameter
We define three key values of the regularizer A. The main work is devoted to showing that those definitions
are well established.
3.8.2.1  Apest

The first key parameter is Apesy which was defined in Lemma 3.20 to be the unique minimum of D(A1d f(xo))
over A € [0,00). The rationale behind the subscript “best” associated with this parameter is that the estimation
error is minimized for that particular choice of A. In that sense, Apeg is the optimal penalty parameter. We
formally prove this fact in Section 3.9, where we explicitly calculate the NSE. In what follows, we assume
that D (X0, Apest) < m to ensure that there exists A > 0 for which estimation of X is robust. Also, observe
that, D r(Xo, Apest) < D (X0,0) = n.

3.8.2.2 Amax

The second key parameter Amax is defined as the unique A > Apes that satisfies D(10 f(xg)) = m. We

formally repeat this definition in the following Lemma.

Lemma 3.21 Suppose D¢ (X0, Apest) < m and consider the following equation over A > Apeg:

D(Adf(x0)) =m, A > Apes- (3.102)

Equation (3.102) has a unique solution, which we denote Amax.
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Proof: We make use of Lemma 3.20. First, we show that equation (3.102) has at most one solution:
D(Adf(x0)) is a strictly convex function of A > 0 and thus strictly increasing for A > Apese. Next, we show
that (3.102) has at least one solution. From assumption, D(Xg, Apest) < m. Also, limy _,., D(Xo, Apest) = oo.
Furthermore, D(A1d f(xp)) is continuous in A. Combining those facts and using the intermediate value

theorem we conclude with the desired result. [ ]

3.8.2.3  Agit

The third key parameter A is defined to be the unique A < Ay that satisfies m—D (A0 f(x0)) = C(Ad f(xo))

when m < n or to be 0 when m > n. We formally repeat this definition in the following Lemma.

Lemma 3.22 Suppose D(Xo, Apess) < m and consider the following equation over 0 < A < Apeg:

m—D(Adf(x0)) = C(AIf(x0)), 0< A < Apesy. (3.103)

If m < n, then (3.103) has a unique solution, which we denote as Acyi.

If m > n, then (3.103) has no solution. Then Ay = 0.

Proof: We repeatedly make use of Lemma 3.20. For convenience define the function

g(A) =D(Ad f(x0)) + C(A f(x0)),

for A € [0, Apest). The function g(A) has the following properties over A € [0, Apegt]:

- itis strictly decreasing,

- g(0)=n,

- 8(Abest) = Df(Xo, Apest) < m.

If m < n, from the intermediate value Theorem it follows that (3.103) has at least one solution. This
solution is unique since g(A) is strictly decreasing.

If m > n, since g(A) < nforall A € [0, Adpes, it is clear that (3.103) has no solution. [ |

3.8.3 Regions of Operation: Zorr, Zon, Zeo

Having defined the key parameters Apest,Acrit and Amax, we are now ready to define the three distinct regions

of operation of the £,-LASSO problem.
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Definition 3.4 Define the following regions of operation for the {,-LASSO problem:
o Zorr ={A|0<A < Aeir}s
o Fon =A{A | Acrit <A < Amax},
© Koo ={A| A > Anax}-

Remark: The definition of ZonN in Definition 3.4 is consistent to the Definition in 3.1. In other words,
Acrit < A < Amax if and only if m > max{D(1d f(x¢)),D(1d f(x0)) + C(Adf(x0))}. This follows after

combining Lemmas 3.21 and 3.22 with the Lemma 3.23 below.
Lemma 3.23 The following hold:
1. m—D(Adf(x0)) < C(AAf(Xo)) for all & € Zorr if Acrir 7 0.
2. m—D(Adf(xp)) > max{0,C(Adf(x¢))} forall A € Zon,
3. m<D(AIf(xq)) forall A € K.

Proof: We prove the statements in the order they appear. We use Lemma 3.20 throughout.
1. The function D(Ad f(x0)) + C(Ad f(Xo)) is strictly decreasing in [0, Apest]. Thus, assuming Acric # 0,
D(Adf(x0))+C(Adf(x0)) > Ds(X0, Acrit) + C (X0, Acrit) = m for all 4 € [0, Acyi].
2. Since D(Ad f(xo)) is strictly convex, m —D(Ad f(xXg)) is strictly concave and has a unique maximum at

Abest- Therefore, for all A € [Acrit, Amax]»

m—D(laf(X())) > max{ m—Df(Xo,)ucrit) s m—Df(Xo,).max) } > 0.

-~
=0

=C(x0,Acrit) >0

Furthermore, D(A9 f(Xo)) +C(Ad f(xo)) is strictly decreasing in [0, Apes]. Thus, D(Ad f(x0)) +C(Ad f(Xo))
<Df(X0, Acrit) + C (X0, Acric) < m for all A € (Acrit, Avest)- FOr A € [Apest, Amax ), we have m —D(Ad f(xo)) >
0> C(Adf(x0)).

3. D(Adf(xp)) is strictly convex. Hence, m —D(Ad f(xo)) is strictly decreasing in [Apest, o). This proves
that m —D(A0 f(x0)) < m—Dy(Xo, Amax) = 0 for all 1 > Apay.
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3.9 The NSE of the /,-LASSO

We split our analysis in three sections, one for each of the three regions Zorr, Zon and Z... We start from

Zon, for which the analysis is similar in nature to C-LASSO.

391 Zown

In this section we prove Theorem 3.2 which characterizes the NSE of the ¢,-LLASSO in the region Zon. We

repeat the statement of the theorem here, for ease of reference.

Theorem 3.6 (NSE of /,-LASSO in ZoN) Assume there exists a constant € > 0 such that (1 —¢&)m >
max{D(Ad f(xo)), D(Adf(x0)) + C(Adf(x0))} and D(AJf(x0)) > eLm. Further, assume that m is suf-
ficiently large. Then, for any € > 0, there exists a constant C = C(g,€.) > 0 and a deterministic number

.o . . . 2
0o > 0 (i.e. independent of A,v) such that, whenever ¢ < oo, with probability 1 — exp(—Cmin{m, -}),

I, —olI3 . m=D(A9[(x0))

p D29/ (x)) -1l <e. (3.104)

As usual, we first focus on the approximated ¢>-LASSO problem in Section 3.9.1.1. Next, in Section

3.9.1.2, we translate this result to the original #,-LASSO problem.

3.9.1.1 Approximated />,-LASSO

The approximated ¢,-LASSO problem is equivalent to the generic problem (3.41) after taking ¢ = A f (o).
Hence, we simply need to apply the result of Lemma 3.9. with D(%") and C(%’) corresponding to D(A1d f(xo))
and C(Adf(xo)). We conclude with the following result.

Corollary 3.6 Let m > miny ~oD(A1df(Xo)) and assume there exists constant & > 0 such that (1 —&)m >
max{D(Ad f(xo)), D(Ad f(x0)) + C(Adf(X0))} and D(AJf(x0)) > €Lm. Further assume that m is suffi-
ciently large. Then, for any constants €1,&, > 0, there exist constants c1,cy > 0 such that with probability

. 2
1 —crexp(—comin{m, 2-1}),

g’%gz(A,V)
—1 3.105
o m DRI | 10
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and

IWe,(A,V)[3 ~ D(A9f(x0))
62 B m—D(l&f(Xo)) =& (3.106)

3.9.1.2 Original /,-LASSO: Proof of Theorem 3.2

Next, we use Corollary 3.6 to prove Theorem 3.2. To do this, we will first relate £(-) and f(-). The following

result shows that, £(-) and f(-) are close around a sufficiently small neighborhood of xg.

Proposition 3.2 (Max formula, [21,22]) Let f(-) : R" — R be a convex and continuous function on R".

Then, any point X and any direction v satisfy,

fx+ev)—f(x)

lim = sup (s,v).
e—0* £ €I f(x)

In particular, the subdifferential d f(X) is nonempty.

Proposition 3.2 considers a fixed direction v, and compares f(xo +&v) and f(xo + €v). We will need a
slightly stronger version which says f (+) is a good approximation of f(-) at all directions simultaneously.

The following proposition is a restatement of Lemma 2.1.1 of Chapter VI of [116].

Proposition 3.3 (Uniform max formula) Assume f(-) : R" — R is convex and continuous on R" and x( €
R". Let f(-) be the first order approximation of f(-) around X as defined in (3.11). Then, for any & > 0,
there exists € > 0 such that,

f(xo+w) = f(x0+w) < 8|[wll, (3.107)
for all w € R" with ||w||> < &.

Recall that we denote the minimizers of the ¢,-LASSO and approximated ¢,-LASSO by w; and Wy,,

respectively. Also, for convenience denote,

. = D(Adf(xo))
2T m=DAIf(x0))

After Corollary 3.6, ||Wy,||5 concentrates around 6°1,. We will argue that, in the small noise regime, we
can translate our results to the original problem in a smooth way. Assume that the statements of Corollary

3.6 hold with high probability for some arbitrary €;,& > 0. It suffices to prove that for any & > O there
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exists oy > 0 such that

< &, (3.108)

A
‘ =M,

o2

for all 6 < 0p. To begin with, fix a § > 0, the value of which is to be determined later in the proof. As an

immediate implication of Proposition 3.3, there exists oy such that
f(xo+w) — f(x0+w) < 8||w| (3.109)

for all w satisfying ||w||» < C = C(0p, &) := 0p+/(1 +&)nN¢,. Now, fix any 6 < 6p. We will make use of

the fact that the following three events hold with high probability.

e Using Corollary 3.6, with high probability w,, satisfies,

[We,ll2 < o4/ (1+&)n0, <C. (3.110)

e Using (3.52) of Lemma 3.9 with ¥ = Ad f(xo), there exists a constant r = ¢(&3) so that for any w

2
satisfying |Hz—|2‘2 —Ny¢,| > €, we have,

|AW —ov|,+ max s'w>.%,(A,v)+1(e)0v/m. (3.111)
SEAaf(X())

Combine (3.110) with (3.109) to find that

|AW,, — ov]2+A(f(X0+ We,) — £(X0)) < [|AWg, — 0V|[2 + A(f (X0 + We,) — £(x0)) +6 W, [|2

~~

:U’d}l’,z(Aw)
< Z,(A,V)+ 804/ (1+&)ny,. (3.112)
Now, assume that ||wj ||> does not satisfy (3.108). Then,
AW, — V]2 + A (F(Xo+ W) — F(%0)) > 7, (A,¥) G.113)
> ||Aw;, — o A Tw; 3.114
> AW, —ovla+h _max sw, (.14
> F1,(A,V) +1(&3)0/m. (3.115)
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(3.113) follows from optimality of wy . For (3.114) we used convexity of f () and the basic property of
the subdifferential that f(xo+w) > f(xo) +s’w, for all w and s € df(x). Finally, (3.115) follows from

@3.111).

ty/m
(14+&)ne,

(3.115). Observe that, our choice of § and oy is deterministic and depends on m, X, f(-), €.

To complete the proof, choose 6 < . This will result in contradiction between (3.112) and

3.9.1.3 A Property of the NSE Formula

Theorem 3.2 shows that the asymptotic NSE formula in Zoy is %. The next lemma provides a

useful property of this formula as a function of A on Zon.
D(Adf(x)) :
Lemma 3.24 PD{Adf(xy)) 1S @ convex function of A over Zon.

Proof: From 3.20, D(Ad f(xo)) is a strictly convex function of 4. Also, —*— is an increasing function
of x over 0 < x < m and its second derivative is ﬁ which is strictly positive over Zon. Consequently,
the asymptotic NSE formula is a composition of an increasing convex function with a convex function, and

is thus itself convex [23]. [ |

3.9.2 Zorr

Our analysis, unfortunately, does not extend to Zorr, and we have no proof that characterizes the NSE in
this regime. On the other hand, our extensive numerical experiments (see Section 3.14) show that, in this
regime, the optimal estimate x;, of (3.4) satisfies y = Ax; . Observe that, in this case, the /,-LASSO reduces

to the standard approach taken for the noiseless compressed sensing problem,
min f(X) subjectto y = Ax. (3.116)

Here, we provide some intuition to why it is reasonable to expect this to be the case. Recall that A € Zopr
iff 0 < A < Auir, and so the “small” values of the penalty parameter A are in Zopr. As A gets smaller,
|ly — Ax||» becomes the dominant term, and ¢,-LASSO penalizes this term more. So, at least for sufficiently
small A, the reduction to problem (3.116) would not be surprising. Lemma 3.25 formalizes this idea for the

small A regime.
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Lemma 3.25 Assume m < on for some constant & < 1 and f(-) is a Lipschitz continuous function with
Lipschitz constant L > 0. Then, for A < M(l —o(1)), the solution X, of {,-LASSO satisfies y = Ax,

with probability 1 —exp(—C (n)). Here, o(1) term is arbitrarily small positive constant.

Proof: When m < on for some constant 0 < @ < 1, \/n—+/m = 0 (\/n). Then, from standard
concentration results (see [213]), with probability 1 —exp(—¢& (n)), minimum singular value G,,;,(A) of A

satisfies
Gmin(AT)
——=>1—0(1).
Vi
Take any A < M(l —o(1)) and let p :=y — Ax; . We will prove that ||p|» = 0. Denote w; :=
AT(AAT)~!p. Using (3.117), with the same probability,

HW HZZ T(AAT)fl < HPH% < HPH% (3117)
22 =P P= (Gnin(AT)? = (V= ym)(1—0(1))>’ '

Define x, = X}fz + w,, for which y — Ax; = 0 and consider the difference between the ¢,-LASSO costs

achieved by the minimizer x;, and X,. From optimality of x; , we have,

0> Iplla+Af(x5,) = Af(x2)

> |[pll2 = ALIx7, = X3l2 = [[pll2 = AL[[Wall2 (3.118)
L
(vVn—+y/m)(1—-o(1))

> [pl2(1-2 ). (3.119)

The inequality in (3.118) follows from Lipschitzness of f(-), while we use (3.117) to find (3.119). For the
sake of contradiction, assume that ||p||» # 0, then (3.119) reduces to 0 > 0, clearly, a contradiction. [ |
For an illustration of Lemma 3.25, consider the case where f(-) = || - ||1. ¢;-norm is Lipschitz with L = \/n
(see [168] for related discussion). Lemma 3.25 would, then, require A < 1 — \/% to be applicable. As
an example, considering the setup in Figure 3.3, Lemma 3.25 would yield A < 1 — \/g ~ (0.292 whereas
Acrit & 0.76. While Lemma 3.25 supports our claims on Zogg, it does not say much about the exact location

of the transition point, at which the £,-LASSO reduces to (3.116). We claim this point is A = Ac;.

393 Ze

g, ~ol3

7 > as

In this region m < D(Adf(xo)). In this region, we expect no noise robustness, namely,

6 — 0. In this work, we show this under a stricter assumption, namely, m < D(cone(df(xp))). See Theorem
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3.4 and Section 3.13 for more details. Our proof method relies on results of [4] rather than Gaussian Min-
Max Theorem. On the other hand, we believe, a more careful study of Gaussian comparison inequalities
(Proposition 2.7) can give the desired result for the wider regime m < D(1d f(X¢)). We leave this as a future

work.

3.10 Nonasymptotic results on /,-LASSO

The main result of this section is a closed and non asymptotic bound which approximately matches to what

one would expect from Theorem 3.2. Rather remarkably, this bound holds for all A > 0.

Theorem 3.7 Assume m > 2, z € R™ and xo € R" are arbitrary, and, A € R™" has i.i.d A (0,1) entries.
Fix the regularizer parameter in (3.4) to be A > 0 and let X be a minimizer of (3.4). Then, for any 0 <t <
(vVm—1—/D(Adf(x0))), with probability 1 — 5exp(—t>/32), we have,

12[2 D(Adf(xo)) +1
Vm \/m—1—/D(Adf(x0)) —t

[X—x%oll2 <2

(3.120)

3.10.1 Interpretation

Theorem 3.7 provides a simple, general, non-asymptotic and (rather) sharp upper bound on the error of the
regularized lasso estimator (3.4), which also takes into account the specific choice of the regularizer param-
eter A > 0. In principle, the bound applies to any signal class that exhibits some sort of low-dimensionality
(see [169] and references therein). It is non-asymptotic and is applicable in any regime of m, A and
D(A0f(xp)). Also, the constants involved in it are small making it rather tight>.

The Gaussian distance term D(Ad f (X)) summarizes the geometry of the problem and is key in (3.120).
In [4] (Proposition 4.4), it is proven that D(Ad f(xp)), when viewed as a function of A > 0, is strictly

convex, differentiable for A > 0 and achieves its minimum at a unique point. Figure 3.5 illustrates this

behavior; v/m—1—/D(2df(x0)) achieves its unique maximum value at some A = Apeg, it is strictly
increasing for A < Apest and strictly decreasing for A > Apes. For the bound in (3.120) to be at all mean-
ingful, we require m > miny »oD(A0 f(X0)) = D(Apestd f(Xo)). This is perfectly in line with our discussion

so far, and translates to the number of measurements being large enough to at least guarantee noiseless

SWe suspect and is also supported by our simulations (e.g. Figure 3.6) that the factor of 2 in (3.120) is an artifact of our proof
technique and not essential.
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Figure 3.5: Illustration of the denominator v/m — 1 — /D(Ad f (X)) in (3.120) as a function of 2 > 0. The bound is meaningful
for A € (Amin, Amax) and attains its minimum value at Apegi. The y-axis is normalized by +/n.

recovery [4,50, 81,101, 167]. Lemma 3.21 in Section 3.8 proves that there exists a unique A, satisfy-

ing Aax > Apest and \/ D(Aaxd f(x0)) = v/m— 1. Similarly, when m < n, there exists unique A < Apest
satisfying /D (Amind f(X0)) = v/m — 1. From this, it follows that v/m—1 > /D(19 f(xo)) if and only if

A € (Amin, Amax). This is exactly the range of values of the regularizer parameter A for which (3.120) is
meaningful; see also Figure 3.5.

The region (Auin, Amax), Which our bound characterizes, contains Apegt, for which, the bound in (3.120)
achieves its minimum value since it is strictly increasing in D(Ad f(X¢)). Note that deriving Apesy does not
require knowledge of any properties (e.g. variance) of the noise vector. All it requires is knowledge of the
particular structure of the unknown signal. For example, in the ¢;-case, Apes; depends only on the sparsity of

Xq, not X itself, and in the nuclear norm case, it only depends on the rank of xg, not xg itself.

3.10.2 Comparison to related work
3.10.2.1 Sparse estimation

Belloni et al. [16] were the first to prove error guarantees for the /-lasso (3.4). Their analysis shows that
the estimation error is of order O ( kk”ff")) when m = Q(klogn) and A > \/m(’. Recalling Table
3.3 for sparsity with A = \/Wﬁ) and applying Theorem 3.7 yields the same order-wise error guarantee.
Our result is non-asymtpotic and involves explicit coefficients, while the result of [16] is applicable to more

general constructions of the measurement matrix A.

6 [16] also imposes a “growth restriction” on A, which agrees with the fact that our bound becomes vacuous for A > Anax (see
Section 3.10.1).
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3.10.2.2 Sharp error bounds

In Section 3.9, we performed a detailed analysis of the regularized lasso problem (3.4) under the additional
assumption that the entries of the noise vector z are distributed .#(0,6?). In particular, when ¢ — 0 and m

is large enough, they prove that with high probability,

D(A9f(x0))

VD23 (a)) o

X —xol2 = ||z]|2

for A belonging to a particular subset of (Ayin, Amax). As expected, our bound in Theorem 3.7 is larger
than the term in (3.121). However, apart from a factor of 2, it only differs from the quantity in (3.121) in
the denominator, where instead of y/m —D(A9 f(xo)), we have the smaller v/m — 1 — y/D(A9 f(xo)). This

difference becomes insignificant and indicates that our bound is rather tight when m is large. Although in
Theorem 3.2 we conjecture that (3.121) upper bounds the estimation error for arbitrary values of the noise
variance 62, we will not prove so. In that sense, and to the best of our knowledge, Theorem 3.7 is the
first rigorous upper bound on the estimation error of (3.4), which holds for general convex regularizers, is

non-asymptotic and requires no assumption on the distribution of z.

3.10.3 Simulation results

Figure 3.6 illustrates the bound of Theorem 3.7, which is given in red for n = 340, m = 140, k = 10 and for
A having .4 (0, %) entries. The upper bound from Section 3.9 is asymptotic in m and only applies to i.i.d
Gaussian z, is given in black. In our simulations, we assume Xy is a random unit norm vector over its support
and consider both i.i.d .#'(0,5?), as well as, non-Gaussian noise vectors z. We have plotted the realizations
of the normalized error for different values of A and 6. As noted, the bound in Section 3.9 is occasionally

violated since it requires very large m, as well as, i.i.d Gaussian noise. On the other hand, the bound given

in (3.120) always holds.

3.11 Proof of Theorem 3.7

It is convenient to rewrite (3.4) in terms of the error vector w = x — X as follows:

min [[Aw —z]|> + A (£ (50 + W) — £(x0)). (3.122)
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Figure 3.6: The normalized error of (3.4) as a function of 1.
Denote the solution of (3.122) by W. Then, W = X — x and (3.120) bounds ||W||,. To simplify notation, for
the rest of the proof, we denote the value of that upper bound as

e DA/ (x0)) +1
Vi Jm—1—\/DRIfF(x0) 1 (3129

0t):=2

It is easy to see that the optimal value of the minimization in (3.122) is no greater than ||z||,. Observe that
w = 0 achieves this value. However, Lemma 3.26 below shows that if we constrain the minimization in
(3.122) to be only over vectors w whose norm is greater than £(¢), then the resulting optimal value is (with
high probability on the measurement matrix A) strictly greater than ||z||>. Combining those facts yields the

desired result, namely ||W/||, < £(¢). Thus, it suffices to prove Lemma 3.26.

Lemma 3.26 Fix some A >0 and 0 <t < (v/m—1—+/D(Adf(x0))). Let {(t) be defined as in (3.123).

Then, with probability 1 — 5exp(—t%/32), we have,

min ){HAW—lez +A(f(x0+w) = f(x0))} > ||z]}2. (3.124)

[[wll2>£(e
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3.11.1 Proof of Lemma 3.26
Fix A and, as in the statement of the lemma. From the convexity of f(-), f(Xo+W) — f(X0) > maXse) (x,) S’ W-

Hence, it suffices to prove that w.h.p. over A,

min {HAW—Z||2+ max s W}>Hz|]2
[[wll2>£(7) s€AA f(xo)

We begin with applying Gordon’s Proposition 2.7 to the optimization problem in the expression above.
Rewrite || Aw —z||; as max ,,— {a’ Aw—a’ z} and, then, apply Proposition 2.7 with G = A, .7 = {w | [|[w]||2 >

((t)} and y(w,a) = —a’ z+maxee . /(x,) 8’ W- This leads to the following statement:
P((3.124)istrue ) > 2-P( . Z(t;8,h) > ||z|]2 ) —
where, £ (t;g,h) is defined as

. T . T
min max w —z)’a— min (h—s)" w}. 3.125
iy max, {(wllog =2)"a = _ min | (h=s)"w} G129

In the remaining, we analyze the simpler optimization problem defined in (3.125), and prove that £ (¢;g,h) >
||z||> holds with probability 1 — %exp(—t2 /32). We begin with simplifying the expression for .Z(¢;g,h), as

follows:

Zgh) = min {|[wlg—zl:~ min (h—s)"w}

Iwlh= SeA0f(x0)
= IEEH {||oeg —z||» — aedist(h,Ad f(x0)) }
o
= min {y/e2]lg]}3 + 2]} — 20087z — xdist(h, A9 f (x0)) ). (3.126)
o>{(t)

The first equality above follows after performing the trivial maximization over a in (3.125). The second, uses
the fact that maxy|,—q Minges g (x,) (h—5)TW = minge; 5 f(x,) Max|w,—o (W —s)"w = a - dist(h, 19 f(xq)),
for all & > 0. For a proof of this see Section A.4.

Next, we show that Z(¢;g,h) is strictly greater than ||z, with the desired high probability over realiza-
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tions of g and h. Consider the event &; of g and h satisfying all three conditions listed below,

1. |lgla > Y —1/4, (3.127a)
2. dist(h, A9 f(x0)) < v/D(AIf(x0)) +1/4, (3.127b)
3.8z < (1/4)||z]). (3.127¢)

m+1

In (3.127a) we have denoted ¥, := E[||g||2]; it is well known that ¥, = \@rlg(é)) and %, < y/m. The
2

conditions in (3.127) hold with high probability. In particular, the first two hold with probability no less

than 1 —exp(—#2/32). This is because the £;-norm and the distance function to a convex set are both

1-Lipschitz functions and, thus, Fact 2.4 applies. The third condition holds with probability at least 1 —

(1/2)exp(—12/32), since g’ z is statistically identical to .4 (0, ||z||3). Union bounding yields,
P(&) > 1—(5/2)exp(—1%/32). (3.128)

Furthermore, Lemma 3.27, below, shows that if g and h are such that & is satisfied, then £ (¢;g,h) > ||z]|>.
This, when combined with (3.128) shows that P(.Z(t;g,h) > ||z2) > 1 — (5/2)exp(—t?/32), completing

the proof of Lemma 3.26.

Lemma 3.27 Fixany 0 <t < (v/m—1—+/D(Adf(x¢))). Suppose g and h are such that (3.127) holds and
recall the definition of £ (t;g,h) in (3.126). Then, £ (t;g,h) > ||z||>-

Proof: Take any o > £(t) > 0. Following from (3.127), we have that the objective function of the

optimization in (3.126) is lower bounded by

() =

1
\/az(ym — 2P+ 123 - Salizlor — a(v/D(AIF(x0)) + )

We will show that ¢ (a) > ||z||2, for all & > £(t), and this will complete the proof. Starting with the desired

condition ¢(a) > ||z||2, using the fact that & > 0 and performing some algebra, we have the following
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equivalences,

9(a) > llzll2 & & (Y —1/4)* + |2l|3 — (1/2)tlf2]|r >

(a(v/D(Adf(x0)) +1/4) + |z]2)?

oo 2lEb(/DUI) 1/2) 129
2~ D(A0f(x0)) — § (ot + /D 2T (50)))

Observing that y2 > v/my/m—1 [86], %, < +/m and \/D(Adf(Xg)) < /m, it can be shown that £(¢) is
strictly greater than the expression in the right hand side of (3.129). Thus, for all & > ¢(t), we have ¢ (o) >

||z||2, as desired.

3.12 (5-LASSO

As we have discussed throughout our main results, one of the critical contributions of this chapter is that, we
are able to obtain a formula that predicts the performance of ﬁg—penalized LASSO. We do this by relating
£>-LASSO and E%—LASSO problems. This relation is established by creating a mapping between the penalty
parameters A and 7. While we don’t give a theoretical guarantee on ﬁ%—LASSO, we give justification based

on the predictive power of Gaussian Min-Max Theorem.

3.12.1 Mapping the /,-penalized to the E%-penalized LASSO problem

Our aim in this section is to provide justification for the mapping function given in (3.20). The following

lemma gives a simple condition for £,-LASSO and E%—LASSO to have the same solution.

Lemma 3.28 Let xj, be a minimizer of £,-LASSO program with the penalty parameter A and assume 'y —

*
llAx;, vl

Ax;, # 0. Then, X, is a minimizer of (3-LASSO with penalty parameter T = A z

Proof:  The optimality condition for the E%—LASSO problem (3.4), implies the existence of sy, €
df(x;,) such that,

AT (Ax: —
(Ax;, y)—o (3.130)

Asp, + —————— =
’ HAxez -y}
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On the other hand, from the optimality conditions of (3.5), X is a minimizer of the E%—LASSO if there exists
s € d f(x) such that,
ots+AT(Ax—y) =0. (3.131)

AX; —y
Observe that, for 7= 4 - lax;, vl

, using (3.130), Xzz satisfies (3.131) and is thus a minimizer of the Z%-
LASSO. ]

In order to evaluate the mapping function as proposed in Lemma 3.28, we need to estimate ||y — Ax, Il2.
We do this relying again on the approximated ¢,-LLASSO problem in (3.31). Under the first-order approx-

imation, xz‘2 ~ X+ W}fz := X¢; and also define, fp(w) '= SUPge) f( s"w. Then, from (3.31) and Lemma

Xo)
3.9,
ly — A%, 2 = Z, (A, V) = Afp(W,)
~ 0/m—D(Af(X0)) — A fp(W],). (3.132)
Arguing that,
R C(Ad
Afp(wi,) (A9f(x0)) (3.133)

O Jm—D(Aaf(x))

and substituting this in (3.132) will result in the desired mapping formula given in (3.20).

In the remaining lines we provide justification supporting our belief that (3.133) is true. Not surprisingly
at this point, the core of our argument relies on application of “modified Gordon’s Lemma” Proposition 2.7.
Following the lines of our discussion in Section 3.5, we use the minimizer wj, (g, h) of the simple optimiza-
tion (3.13) as a proxy for wj and expect fp(wjz) to concentrate around the same quantity as f,(w, (g,h))

does. Lemma 3.29 below shows that

(T1(h, 20 (x)). Proj (h, A3 (0)))
VIl — dist(h, A0 (x0))*
o CIS(x0)
/m—D(A3f (%)’

A‘fp (W}kow(ga h)) =0

where the second (approximate) equality follows via standard concentration inequalities.

Lemma 3.29 Assume (1 —e.)m > D(Ad f(x0)) and m is sufficiently large. Then, for any constant € > 0,
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with probability 1 —exp(— O <min{m, m72}> ),

< eym. (3.134)

C(A9f(x0)) |

A fp(Wip) — 0 V/m—D(Adf(x0))

* M(h,% - o
Proof: Recall that wj,, (g,h) = & NI diitz(h,)xaf(xo)) for ¢ = Adf(Xp). Combining this with Fact

2.2, we obtain,
£ w I1 h, © s Proj h, 6
fp( l()w) —1’1’1&(1X<Wl()w’s> < ( ) J( )>

e llgll3 — dist(n, )2

C(A9/(x0))
m—D(29f(x0))

Fix a constant € > 0. Consider the denominator. Using Lemma A.5, with probability 1 —exp(—& (m)),

What remains is to show the right hand side concentrates around with the desired probability.

l1gl3 — dist(h, %2

—1l<e. (3.135)
V/m—D(Adf(x¢))
We now apply Lemma A.3 for C(%’) where we choose t = \/% and use the fact that m > D(%’). Then,
max{m,n

with probability 1 —exp(—& <min{m, ’"72}) ), we have,
|corr(h, %) — C(%)| < em.

Combining this with (3.135) choosing € > 0, sufficiently small (according to &7), we find (3.134) with the

desired probability. ]
C(A9f (%))
m—D(Adf(Xo))

tain the 3 formula by using f,(wj, ) as a proxy for A Jp(w},). Can we do further? Possibly yes. To

The lemma above shows that, A f,(w}, ) is around with high probability and we ob-

show fp(wzz) is indeed around f,(w}, ), we can consider the modified deviation problem £, (g,h) =

Minyes, -Z(w;g,h) where we modify the set Sy, to,

dev

Afp(w) C(Adf(x0))
W=~ Tm Doy eV

Sdev =

We may then repeat the same arguments, i.e., try to argue that the objective restricted to S, is strictly greater
than what we get from the upper bound optimization w (g,h). While this approach may be promising, we

believe it is more challenging than our ¢ norm analysis of ||w7 ||> and it will not be topic of this chapter.
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The next section shows that there exists a one-to-one (monotone) mapping of the region Zoy to the

entire possible regime of penalty parameters of the E%—LASSO.

3.12.2 Properties of map(1)

The following result shows that P(A%),D(A%"), C(L%) (see (3.42)) are Lipschitz continuous and will be

useful for the consequent discussion. The proof can be found in Appendix A.1.

Lemma 3.30 Let € be a compact and convex set. Given scalar function g(x), define the local Lipschitz

S|l2 = R. Then, viewing P(A€),D(A%),C(AE)

/ —
7g<xx),_§(x> . Let maxgcy

constant to be Lg(x) = limsup,_,

as functions of A, for A >0, we have,
max{Lp(1),Lp(1),Lc(A)} <2R(v/n+ AR).
The following proposition is restatement of Theorem 3.3. Recall the definition of Zon from Definition 3.4.

m=D(A9f(x0))—C(Ad f(x0))
\/m=D(Adf(x0))

Proposition 3.4 Assume m > D (Xo, Apest). Recall that Zon = (Acrit, Amax ). calib(A) =

and map(A) = A - calib(A) have the following properties over { Ayit} U Zon — {0} URT.
e calib(A) is a nonnegative, increasing and continuous function over { Acpit } U Zon-
e map(A) is nonnegative, strictly increasing and continuous at all A € {Acpir} U Zon.

o map(Acrir) = 0. limy _,y_ map(A) = eo. Hence, map(A) : {Acrir} UZon — {0} URT is bijective.

Proof:  Proof of the first statement: Assume A € Zon, from Lemma 3.23, m > max{D(Adf(xo)),
D(Adf(x0)) +C(Adf(x0))} and A > 0. Hence, calib(2) is strictly positive over A € Zon. Recall that,

m—D(Adf(x0)) — C(Adf(x0))
v/m—D(19f(x0))

C(A9f(x0)
V/m=D(A2f(x))

calib(1) = = /m—D(LIf(x0)) —

Let 4 > 0. We will investigate the change in calib(A) by considering calib(A + i) — calib(A) as h — 0.
Since D(19 f(x)) is differentiable, /m —D(1d f(xo)) is differentiable as well and gives,

dv/m—D(Adf(x0))  —D(Adf(x0))
oL ~ 2/m—D(If(x0)) 0
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For the second term, consider the following,

Cr(xo,A+h)  C(AIf(x0))
\/m—Df(Xo,l +h> \/m—D(laf(Xo))

= h[E\ (A, h) + Ey(A,h)],

where,
1 Gl C(AIf(x)
El(l’h)_h[\/m—Df(Xo,ﬁ,—i-h) \/m—Df(X0,7L+h> ,
_ 1 CAdf(x))  C(Adf(x0))
Ez(lvh)_h[\/m—Df(Xo,k—l—h) \/m—D()yaf(Xo))].
As h — 07, we have,
a 1
. Vm-D(Adf(x))) _ C(Adf(%0))D(Ad[f(x0))’
Jim E>(%,h) = C(A9f (x0)) - = 2(m_D°(A 5 f(XO)));}2 <0, (3.137)

since sgn(C(19f(x0))) = —sen(D(LIf(x0))).
Fix arbitrary &p > 0 and let R = supyc s(x) [Is|l2. Using continuity of D(Ad f(x0)) and Lemma 3.30,

choose & sufficiently small to ensure,

1 1
NV rrri ) M T W Ty

’ < &p, ‘Cf(X(),A, —I—h) — C(laf(XO)” < 3R(\/ﬁ+ A,R)h.

‘We then have,

C(x0, A +h) — C(Ad f(x0)) 1
h v/m—D(A9 f(x0))

Ei(Ah) < +3epR(v/n+AR). (3.138)

Denote SLX0AN_C(A97(0)) Dyxo A +h) DIA9/00)) 1, & and D). Combining (3.137), (3.138) and (3.136), for

sufficiently small &, we find,

lim sup calib(A +h) —calib(4) _ lim sup| -D B C
B0+ h 10 2¢/m—=D(Adf(x)) +/m—D(Adf(xo))
- C(Aaf(XO))D()“af(XO))/ —|-38DR(\/E+ A,R)]

2(m—D(29f(x0)))*

We can let &p go to 0 as &1 — 0F and —D — 2C is always nonnegative as P(Adf(xo)) is nondecreasing

due to Lemma 3.20. Hence, the right hand side is nonnegative. Observe that the increase is strict for
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A # Apest, as we have C(Ad f(x0))D(A9 f(x0))" > 0 whenever A # Apest due to the fact that D(A0 f(xo))’
(and C(A1d f(x0))) is not 0. Since increase is strict around any neighborhood of Ayeg, this also implies strict
increase at A = Apeg:.

Consider the scenario A = A. Since calib(A) is continuous for all A € {Ai} UZon (see next state-
ment) and is strictly increasing at all A > Ay, it is strictly increasing at A = Ay as well.

To see continuity of calib(4), observe that, for any A € Zon U {Acrit}, m — D(Adf(xp)) > 0 and
from Lemma 3.30, D(A1df(x0)),C(Adf(xp)) are continuous functions which ensures continuity of m —
D(Adf(x0)) — C(Adf(x0)) and m —D(AJ f(x)). Hence, calib(A) is continuous as well.

Proof of the second statement: Since calib(A) is strictly increasing on Zon, A - calib(A) is strictly
increasing over Zon as well. Increase at A = A follows from the fact that map(Agi) = O (see next
statement). Since calib(A) is continuous, A - calib(A) is continuous as well.

Proof of the third statement: From Lemma 3.22, if calib(Acq) > 0, Aeie = 0 hence map(Agq) = 0.
If calib(Acric) = 0, then map(Acrit) = Acrit - calib(Agi) = 0. In any case, map(Aqic) = 0. Similarly, since
Amax > Abests C£(X0, Amax) < 0 and as A — Apax from left side, calib(A4) — co. This ensures map(A) — oo
as well. Since map(A) is continuous and strictly increasing and achieves the values 0 and oo, it maps

{Aerit} UZon to {0} UR™ bijectively. [ ]

3.12.3 On the stability of /3-LASSO

As it has been discussed in Section 3.12.2 in detail, map(-) takes the interval [Acrit, Amax) to [0,00) and
Theorem 3.2 gives tight stability guarantees for A € Zon. Consequently, one would expect K%—LASSO to
be stable everywhere as long as the [Acrit, Amax ) interval exists. Acrir and Amax is well defined for the regime
m > Dr(Xo, Apest). Hence, we now expect E%—LASSO to be stable everywhere for T > 0. The next lemma

shows that this is indeed the case under Lipschitzness assumption.

Lemma 3.31 Consider the K%—LASSO problem (3.5). Assume f(-) is a convex and Lipschitz continuous

function and X¢ is not a minimizer of f(-). Let A have independent standard normal entries and GV ~

N (0,0%1,,). Assume (1 —¢g,)m > D(cone(df(xo))) for a constant €, > 0 and m is sufficiently large. Then,

there exists a number C > 0 independent of &, such that, with probability 1 — exp(—0 (m)),
||Xz% —Xo ||%

= (3.139)
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Remark: We are not claiming anything about C except the fact that it is independent of o. Better results
can be given, however, our intention is solely showing that the estimation error is proportional to the noise

variance. Proof: Consider the widening of the tangent cone defined as,
Ty (x0,€) = Cl({a- W[ f(x0 +W) < f(Xo) + €0[|W|]2, & > 0}).

Appendix A.8 investigates basic properties of this set. In particular, we will make use of Lemma A.14. We

can choose sufficiently small numbers £y, €; > 0 (independent of ¢) such that,

min |Aw||2 > €, (3.140)
we T (Xo,80),[|wll2=1

with probability 1 —exp(—¢& (m)) as v/m — 1 — \/D(cone(d f(x0))) = (1 — /T — €,)y/m. Furthermore, we
will make use of the following fact that ||z, < 20+/m with probability 1 —exp(—& (m)), where we let
z = oV (see Lemma A.2).

Assuming these hold, we will show the existence of C > 0 satisfying (3.139). Define the perturbation

*

function f,(w) = f(xo+ W) — f(Xo). Denote the error vector by w), = X7, —Xo. Then, using the optimality
2 2

of x;fz we have,
2

1 * (12 * 1 * (12 * 1 2
EHY—AngHz"'GTf(Xg) = §||Z_Awg%||2+cffp(w[%) < §||Z||2-

On the other hand, expanding the terms,

SlI2l3 > S llz— Awp 3 + o1, (w) > Sllzl3 — 2l ] Awg 2 + 5 AW |13+ o2 f (ws ).
Using ||z||> < 26+/m, this implies,
* * 1 * *
20w > 2] Awy 2 > £ A 3+ 02/, (wi). (3.141)

Normalizing by o,

1 *
2v/ml|AW) 2 > S [[AWg 13+ 7 (wp).

The rest of the proof will be split into two cases.
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Case 1: Let L be the Lipschitz constant of f(-). If wj, € F¢(xo, &), using (3.140),
2 =

1 s 1 , 1L
2| AWy o > 5 AWy I3 = LW 2 = 5 AW 3 = = Aw o

w2
Further simplifying, we find, 20(2/m + Z—IL) > HAWZ% 2 > & ||WZ% ||l2. Hence, indeed, —2— is upper bound
4\/r
by ‘8/? + ZSLIZL

wh,
Case 2: Assume w}f% & Tr(x0,&). Then fp(w;f%) > SOHWZ‘%HZ. Using this and letting W = %, we can

rewrite (3.141) without o as,
L . R
EHAWH% —2v/m||AW||2 +2m + (T€||W]|2 — 2m) < 0.

Finally, observing 3 [|AW||3 —2/m||AW||2 +2m = 5 (||AW|> — 2y/m)?, we find,

gl _ 2

T&||W|2 —2m <0 = < :
o TE

3.13 Converse Results

Until now, we have stated the results assuming m is sufficiently large. In particular, we have assumed that
m > D(cone(df(xp))) orm > D(Ad f(Xp)). It is important to understand the behavior of the problem when
m is small. Showing a converse result for m < D(cone(d f(xg))) or m < D(Ad f(xop)) will illustrate the
tightness of our analysis. In this section, we focus our attention on the case where m < D(cone(d f(xo)))
and show that the NSE approaches infinity as ¢ — 0. As it has been discussed previously, D(cone(d f(xo)))
is the compressed sensing threshold which is the number of measurements required for the success of the
noiseless problem (1.4):

min f(x) subjectto Ax = AXo. (3.142)
X
For our analysis, we use Proposition 3.5 below, which is a slight modification of Theorem 1 in [4].

Proposition 3.5 ([4]) Let A € R™*" have independent standard normal entries. Let y = AXo and assume

Xq is not a minimizer of f(-). Further, for some t > 0, assume m < D(cone(d f(Xo))) —t\/n. Then, X is not
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a minimizer of (3.142) with probability at least 1 — 4exp(—%).
Proposition 3.5 leads to the following useful Corollary.

Corollary 3.7 Consider the same setting as in Proposition 3.5 and denote X* the minimizer of (3.142). For

a given t > 0, there exists an € > 0 such that, with probability 1 — 8exp(—%), we have,

f(xX7) < f(xo) —¢€

Proof:  Define the random variable ¥ = f(x*) — f(Xo). x is random since A is random. Define
the events E = {x < 0} and E, = {y < —1} for positive integers n. From Proposition 3.5, P(E) > 1 —

2

4exp(—T). Also, observe that,
oo n
E=|JE and E,=]JE,

i=1 i=1
Since E, is an increasing sequence of events, by continuity property of probability, we have P(E) =
lim, .. P(E,). Thus, we can pick ng such that, P(E,,) > 1 — Sexp(—é). Let € = n, ', to conclude the
proof. ]

The results discussed in this section, hold under the following assumption.

Assumption 1 Let my,e := D(cone(df(x0))) —m > 0. Xq is not a minimizer of the convex function f(-).

For some L >0, f(-) : R" — R is an L-Lipschitz function, i.e., for all x,y € R", |f(x) — f(y)| < L||x —y]|2.

3.13.1 Converse Result for C-LASSO

Recall the C-LASSO problem (3.3):
min ||Axp+ ov—Ax||> subjectto f(x) < f(Xo). (3.143)
X

(3.143) has multiple minimizers, in particular, if x* is a minimizer, so is x* +v for any v € ./ (A). We
will argue that when m is small, there exists a feasible minimizer which is far away from xy. The following

theorem is a rigorous statement of this idea.

Theorem 3.8 Suppose Assumption 1 holds and let A, v have independent standard normal entries. For any

2
given constant Cpgy > 0, there exists 6o > 0 such that, whenever o < 0y, with probability 1 — SCXp(—mA’l—;"‘),

116



over the generation of A, v, there exists a minimizer of (3.143), X, such that,

x5 — X013

2 > G (3.144)

2
Proof: From Corollary 3.7, with probability 1 — 8exp(—%), there exists € > 0 and x’ satisfying
F(x') < f(x9) — € and Ax' = Axg.Denote w' = x’ — x and pick a minimizer of (3.143) namely, xo + w*.
Now, let w3 = w* 4+ w’. Observe that ||ov — Aw*|, = ||[ov — Aw}||>. Hence, w; + X¢ is a minimizer for

C-LASSO if f(xo+wj3) < f(xo). But,

fxo+w3) = f(x'+w) < f(x) + LW,

Hence, if |[w*||2 < w, W} + X is a minimizer. Let C,, = min{w, 3[Iw'||2} and consider,

w* i [[wHll2 > Cy,
w, otherwise.

From the discussion above, Xo + wj is guaranteed to be feasible and minimizer. Now, since f(x') < f(xo) —€

w51l £
c 2 2Lc

and f(-) is Lipschitz, we have that ||w'|| > £. Consequently, if ||w*||z > C,, then, we have,

Otherwise, ||w*||, < w, and so,

* * / _ * /
Iwsll2 _ [IW3llz o [Iwll2 = [wllal o W2 o &

o o o 20 ~ 2Lo’

w312

In any case, we find that, ==2** is lower bounded by 5 with the desired probability. To conclude with

. 2
(3.144), we can choose oy sufficiently small to ensure “L‘i—cg > Chax-

3.13.2  Converse Results for /,-LASSO and /3-LASSO

This section follows an argument of similar flavor. We should emphasize that the estimation guarantee
provided in Theorem 3.2 was for m > D(Ad f(X¢)). However, hereby, the converse guarantee we give is
slightly looser, namely, m < D(cone(d f(xp))) where D(cone(d f(xp))) < D(Adf(xp)) by definition. This
is mostly because of the nature of our proof which uses Proposition 3.5 and we believe it is possible to get

a converse result for m < D(Ad f(xp)) via Proposition 2.7. We leave this to future work. Recall /,-LASSO
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in (3.4):
min ||Axg + ov — Ax||2 + A f(x) (3.145)

The following theorem is a restatement of Theorem 3.4 and summarizes our result on the ¢,-LASSO when

m is small.

Theorem 3.9 Suppose Assumption 1 holds and let A, v have independent standard normal entries. For any
2
given constant Cpgy > 0, there exists 6y > 0 such that, whenever ¢ < oy, with probability 1 — 8exp(— ’“f" ),

over the generation of A, v, the minimizer of (3.145), ng, satisfies,

17, = Xol[3

e > Crnax- (3.146)

2
Proof:  From Corollary 3.7, with probability 1 — 8exp(— "“k ), there exists € > 0 and x’ satisfying
f(x') < f(x0) — € and AX’ = Ax,. Denote w = x’ —x¢. Let W* +X( be a minimizer of (3.145) and let w5 =
w*+w. Clearly, ||Aw} — 0v||» = || AW* — 0V||>. Hence, optimality of w* implies f(xo +W3) > f(xo+w").

Also, using the Lipschitzness of f(-),
fxo+ws) = f(X' +w) < f(X) +L[[w|2,
and

(o +w") = f(x0) — L[[w||2.

Combining those, we find,

FE) LW |2 = f(x0+W3) = f(x0+ W) = f(x0) — LW |2,

> %ﬂxl) > 2L’ and gives the desired result (3.146) when oy < < m. [ |
For the E%—LASSO result, let us rewrite (3.5) as,
1
min§||Ax0+Gv—AxH%+GTf(X) (3.147)
X
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Figure 3.7: Sparse signal estimation with n = 1500,m = 750,k = 150. a) ¢;-penalized ¢,-LASSO NSE. b) /¢;-
penalized E%—LASSO NSE. Observe that the minimum achievable NSE is same for both (around 1.92).

The next theorem shows that £3-LASSO does not recover xq stably when m < D(cone(df(xo))). Its proof

is identical to the proof of Theorem 3.9.

Theorem 3.10 Suppose Assumption I holds and let A, v have independent standard normal entries. For any

2
given constant Cpgy > 0, there exists oy > 0 such that, whenever ¢ < oy, with probability 1 — 8€Xp(—%),

*

over the generation of A, v, the minimizer of (3.147), x s
2

satisfies,

Iy ~ %ol

o2

3.14 Numerical Results

Simulation results presented in this section support our analytical predictions. We consider two standard

estimation problems, namely sparse signal estimation and low rank matrix recovery from linear observations.

3.14.1 Sparse Signal Estimation

First, consider the sparse signal recovery problem, where X is a k sparse vector in R” and f(-) is the ¢,
norm. We wish to verify our predictions in the small noise regime.

We fix n = 1500, % =0.1 and % = 0.5. Observe that, these particular choice of ratios has also been used
in the Figures 3.3 and 3.4. xo € R" is generated to be k sparse with standard normal nonzero entries and then
normalized to satisfy ||Xo|| = 1. To investigate the small o regime, the noise variance is set to be 6 = 1075,

We observe y = Ax( + z where z ~ .4(0, 61,,) and solve the /,-LASSO and the E%—LASSO problems with
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£, penalization. To obtain clearer results, each data point (red square markers) is obtained by averaging over
50 iterations of independently generated A, z,xo. The effect of averaging on the NSE is illustrated in Figure
3.7.

0,-LASSO: A is varied from O to 2. The analytical predictions are calculated via the formulas given in

Appendix A.7 for the regime % =0.1and 7! = 0.5. We have investigated three properties.

e NSE: In Figure 3.7(a), we plot the simulation results with the small ¢ NSE formulas. Based on
. D(A0 D »/erit

Theorem 3.2 and Section 3.9, over Zon, we plotted % and over Zogr, we used %

for analytical prediction. We observe that NSE formula indeed matches with simulations. On the left

hand side, observe that NSE is flat and on the right hand side, it starts increasing as A gets closer to

A'ma)p
e Normalized cost: We plotted the cost of £,-LASSO normalized by ¢ in Figure 3.8(a). The exact

function is Z(|ly — Axj || +A(f(x;,) — f(x0))). In Zon, this should be around Vm—D(AIf(x0))

due to Theorem 3.9. In Zogg, wWe expect cost to be linear in A, in particular ﬁ \/ m—D f(xo, Acrit)-

ly—Ax] |
o

e Normalized fit: In Figure 3.8(b), we plotted

, which is significant as it corresponds to the

calibration function calib(A) as described in Section 3.12. In Zon, we analytically expect this to be

m=D(A9f(x0))—C(Adf(x0))
m=D(Adf(xo))

have y = Axy,. Numerical results for small variance verify our expectations.

. In ZoFr, as discussed in Section 3.9.2, the problem behaves as (1.4) and we

/3-LASSO: We consider the exact same setup and solve £3-LASSO. We vary 7 from 0 to 100 and test the
accuracy of Formula 1 in Figure 3.7(b). We find that, E%—LASSO is robust everywhere as expected and the
minimum achievable NSE is same as ¢,-LASSO and around 1.92 as we estimate D (X, Apest) to be around

330.

3.14.2 Low-Rank Matrix Estimation

For low rank estimation, we choose the nuclear norm || - ||+ as a surrogate for rank [178]. Nuclear norm is
the sum of singular values of a matrix and basically takes the role of ¢; minimization.

Since we will deal with matrices, we will use a slightly different notation and consider a low rank matrix
X € R¥*?_ Then, xo = vec(X) will be the vector representation of Xo, n = d x d and A will effectively be

a Gaussian linear map R4*d _ R™. Hence, for /,-LASSO, we solve,

min[[y—A-vee(X) |+ 2 X]..
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Figure 3.8: ¢,-LASSO with n = 1500, m = 750, k = 150. a) Normalized cost of the optimization. b) How well
the LASSO estimate fits the observations y. This also corresponds to the calib(4) function on Zon. In Zorr,
(A < Agrit & 0.76) observe that y = AXZ indeed holds.
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Figure 3.9: d = 45, m = 0.6d%, r = 6. We estimate D (X0, Apest) ~ 880. a) £,-LASSO NSE as a function of the
penalization parameter. b) @—LASSO NSE as a function of the penalization parameter.

where y = A - vec(Xo) + 2.
Setup: We fixed d = 45, rank(Xq) = 6 and m = 0.6d> = 1215. To generate Xg, we picked i.i.d. standard
normal matrices U,V € R*" and set Xg = ﬁ which ensures Xg is unit norm and rank r. We kept
062 = 107>, The results for ¢, and E%—LASSO are provided in Figures 3.9(b) and 3.9(a) respectively. Each
simulation point is obtained by averaging NSE’s of 50 simulations over A,z, Xj.

To find the analytical predictions, based on Appendix A.7, we estimated D(Ad f(xo)),C(Ad f(xo)) in
the asymptotic regime: n — oo, 5 =0.133 and % = 0.6. In particular, we estimate D z(Xo, Apest) ~ 880 and
best case NSE % ~ 2.63. Even for such arguably small values of d and r, the simulation results

are quite consistent with our analytical predictions.
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Figure 3.10: X is a 40 x 40 matrix with rank 4. As o decreases, NSE increases. The vertical dashed lines marks the
estimated D(cone(d f(xo))) where we expect a transition in stability.

3.14.3 C-LASSO with varying o

Consider the low rank estimation problem as in Section 3.14.2, but use the C-LASSO as an estimator:

i [y~ A-vee(X) | subjectto |X].. < [

This time, we generate A with i.i.d. Bernoulli entries where each entry is either 1 or —1, with equal proba-
bility. The noise vectorz, the signal of interest X and the simulation points are generated in the same way
as in Section 3.14.2. Here, we used d = 40,r = 4 and varied m from 0 to 2000 and ¢ from 1 to 10~*. The
resulting curve is given in Figure 3.10. We observe that as the noise variance increases, the NSE decreases.
The worst case NSE is achieved as o — 0, as Theorem 3.1 predicts. Our formula for the small o regime
% indeed provides a good estimate of NSE for 62 = 10~* and upper bounds the remaining
ones. In particular, we estimate D(cone(d f(xp))) to be around 560. Based on Theorems 3.4 and 3.1, as m
moves from m < D(cone(df(X¢))) to m > D(cone(d f(xp))), we expect a change in robustness. Observe

that, for larger noise variances (such as 6 = 1) this change is not that apparent and the NSE is still relatively

small. For 62 < 1072, the NSE becomes noticeably high for the regime m < D(cone(d f(xp))).

3.15 Future Directions

This chapter sets up the fundamentals for a number of possible extensions. We enlist here some of those

promising directions to be explored in future work.

e (3-LASSO formula: While Section 3.12 provides justification behind Formula 1, a rigorous proof is

arguably the most important point missing in this chapter. Such a proof would close the gap in this
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chapter and will extend results of [13, 14] to arbitrary convex functions.

Error formulas for arbitrary o: Another issue that hasn’t been fully explored in this chapter is the
regime where ¢ is not small. For C-LASSO, we have shown that the NSE for arbitrary values of o is
upper bounded by the NSE at o — 0. For ¢,-LASSO, our results in Section 3.10 are slightly weaker
than the 0 — 0 bound given by Theorem 3.2; however, the empirical observations suggest that our
prediction (that ¢ — 0 is the worst case) is correct both for the ¢, and E%—LASSO. Proving that this is
the case is one open issue. What might be even more interesting, is computing exact error formulae
for the arbitrary o regime. As we have discussed previously, we expect such formulae to not only
depend on the subdifferential of the function.

A better understanding: Part of our discussion consists of repeated applications of Proposition 2.7
to the lasso problem and its dual to tightly sandwich the cost. We believe a more concise treatment to
the lasso objective may be possible by carrying the duality arguments into Proposition 2.7. Towards
this direction, our recent work shows that, under additional compactness and convexity assumptions,
the comparison inequality of Proposition 2.7 can be shown to be tight [199]. This can help us obtain
the upper and lower bounds on the objective in a single application. For the sake of completeness, we

provide the result of [199].

Theorem 3.11 Let G € R™*", g € R™ and h € R" have i.i.d. ./ (0,1) entries that are independent
of each other. Also, let @1 C R", &, C R™ be nonempty convex and compact sets and y(-,-) be a

continuous and convex-concave function on ®1 x ®,. Finally, define

G) := mi G
9(G) min max y x+y(x,y),

Z(g,h) := min max [|x|g"y +[|ly[-h"x+ y(x,y).
xeP| yed,
Then, for any c— € Rand c; € R:

P(4(G) <c ) <2P(ZL(gh)<c ), (3.148)

P(4(G) > c;) <2P(ZL(g,h) >c,). (3.149)

Observe that (3.148) is basically identical to Proposition 2.7, while (3.149) is new.
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o Extension to multiple structures: Throughout this chapter, we have focused on the recovery of a
single signal x¢. In general, one may consider a scenario, where we observe mixtures of multiple
structures. A classic example used to motivate such problems includes estimation of matrices that
can be represented as sum of a low rank and a sparse component [36,51,144,221]. Another example,
which is closer to our framework, is when the measurements Ax, experience not only additive i.i.d.
noise z, but also sparse corruptions sy [101, 133]. In this setup, we observe y = Axg + Sg + z and
we wish to estimate Xo from y. The authors in [101, 145] provide sharp recovery guarantees for the
noiseless problem, but do not address the precise noise analysis. We believe, our framework can be

extended to the exact noise analysis of the following constrained problem:
min ||y — Ax —sl|> subjectto g(s) < g(so) and f(x) < f(Xo)-
X,S

where g(-) is typically the ¢; norm.

o Application specific results: In this chapter, we focused on a generic signal-function pair Xg, f and
stated our results in terms of the convex geometry of the problem. We also provided numerical
experiments on NSE of sparse and low rank recovery and showed that, theory and simulations are
consistent. On the other hand, it would be useful to derive case-specific guarantees other than NSE.
For example, for sparse signals, we might be interested in the sparsity of the LASSO estimate, which
has been considered by Bayati and Montanari [13, 14]. Similarly, in low rank matrix estimation,
we might care about the rank and nuclear norm of the LASSO estimate. On the other hand, our
generic results may be useful to obtain NSE results for a growing set of specific problems with little
effort, [91, 144,160, 168, 181,221]. In particular, one can find an NSE upper bound to a LASSO
problem as long as he has an upper bound to D(Ad f (X)) or D(cone(d f(xo))).

e Mean-Squared-Error (MSE) Analysis: In this chapter, we focused on the ¢-norm square of the
LASSO error and provided high probability guarantees. It is of interest to give guarantees in terms of
mean-squared-error where we consider the expected NSE. Naturally, we expect our formulae to still

hold true for the MSE, possibly requiring some more assumptions.
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Chapter 4

Elementary equivalences in compressed
sensing

This chapter consists of several results that provide useful and concise equivalences for the linear inverse
problems. We will first illustrate that the sample complexity of i.i.d Bernoulli measurements can be related
to that of Gaussian measurement ensemble, by establishing a relation between the two matrix ensembles. In
the next section, our focus will be establishing a similarity between the signal structures. We will show that
the strong recovery conditions for the sparse and low-rank approximation problems are inherently related,
and hence, one can “translate” the RIP constants and the associated recovery guarantees from sparse vectors

to low-rank matrices with no effort.

4.1 A comparison between the Bernoulli and Gaussian ensembles

Recall that, the Gaussian measurement ensemble has particular importance in low-dimensional representa-
tion problems

X = argmin f(x) subjectto Axp= AX, 4.1
X

as one can carry out sharp and nonasymptotic analysis of the performance of BP when A has independent
A4(0,1) entries. Our interest in this section is to lay out a framework to obtain results for i.i.d nongaus-
sian measurements by constructing a proper similarity to the Gaussian measurements. We will restrict our
attention to symmetric Bernoulli (i.e. Rademacher) measurements, which are equally likely to be 41 and
—1. However, the proposed framework can be trivially extended from Bernoulli to, first, other discrete dis-
tributions and then to continuous distributions with more effort. Focusing on Bernoulli measurements will

make our results cleaner and arguably more elegant. Bernoulli measurement ensemble is interesting in its
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own right as it is advantageous both from computation and storage points of view [176,232].

We show that Bernoulli measurements can be used for linear inverse problems in a similar manner to
Gaussian’s by paying a price of constant multiplier in front of the sample complexity. This is along the
lines of [206], which provide similar guarantees for the subgaussian ensemble up to unknown constants.
We present a novel strategy that allows us to measure the similarity between two distributions, which yields
explicit constants.

To give an initial intuition, we start with a basic comparison between a matrix with independent .47(0, 1)

entries and one with symmetric Bernoulli entries.

Proposition 4.1 Let . be a closed subset of the unit sphere in R". Let G € R™*" and B € R™*" be matrices

with independent . (0, 1) and symmetric Bernoulli entries respectively. Suppose, for some € > 0, we have
(1—¢&)m < Emin ||Gv||3 < Emax||Gv|j3 < (1 +&)m. 4.2)
ves ves
Then, we also have
T T
1—Z¢&)m < Emin|Bv||3 < Emax ||Bv|? < (1+ =¢&)m.
(1->&)m <Emin [Bv|; < Emax |Bv]j; < (1+5&)m

Observe that, for a fixed unit length vector v, we have that
2 2
E[|Gv[; =E|Bv[j; =m.

On the other hand, when . is not a singleton, it is less nontrivial to estimate minye » ||Av||2 and maxye.» || Av/|2.
From the discussion in Chapter 1, we know that, these quantities are important for the analysis of (4.1) and
has been the subject of interest recently. A standard example is when we let . to be the set of at most k&

sparse (and normalized) vectors, i.e.
S ={veR"|v]o <k, [v]2=1}

In this case, the smallest possible € in (4.2) effectively corresponds to the k-Restricted Isometry Constant &
of the Gaussian matrix. Hence, Proposition 4.1 relates the & (G) and & (B), namely, & (B) < Z6(G). For
the following discussion, probability density functions (p.d.f) will be denoted by lower case letters and the
cumulative density functions (c.d.f) will be denoted by the corresponding upper case letters. Given a p.d.f

f(-), mean(f) and var(f) will correspond to the mean and variance of the associated random variable. Also,
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let us recall the definition of restricted singular value.

Definition 4.1 (Restricted Singular Value) Given a closed cone ¢ and a matrix A, the restricted minimum

and maximum singular values of A at € are defined as,

oz(A)= min [|AV|, Z¢(A)= max ||Av]|s.

VED,[|v]2=1 VED,[Ivll2=1
We will now describe how to establish a similarity between symmetric Bernoulli and standard normal

distribution.

4.1.1 Proportional Mean Decomposition

Given a piecewise continuous density function fc and discrete distribution fp, we propose the following

partitioning of the continuous distribution in terms of the discrete one.

Definition 4.2 (Proportional mean decomposition (PMD)) Let fc be a zero-mean probability distribution

and fp be a zero-mean discrete distribution with alphabet size of K, given by,

K
folx) = ; pib(x—a;)

where Y& | pi=1and {a;}_, ’s are ordered increasingly and & (-) is the Dirac delta function. We say { f:}X |

is a proportional mean decomposition of fc with respect to fp with the similarity constant cs, if, there exists

probability distributions { f;}X_| satisfying,
K
fe=Y.pifi
i=1
mean(f;) = csa;

Additionally, let 6; = \/var(f;) and Oymax = Max<i<k O;.

4.1.1.1 Examples

To provide a better intuition, we provide two examples on PMD when f¢ ~ .47(0,1).
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Figure 4.1: Dashed black lines correspond to mean( f;).

e Suppose fp is symmetric Bernoulli 1. Let

f1(X)=\/zexp(—xzz) for x>0,
2
fz(x):\/gexp(—xz) for x < 0.

—6l—g2— 2
=0 =0,=1—1%.

2_2 2
Then, c5 = % and Oy,

e Suppose fp is the ternary distribution,
1 1
o= 15()(—1- V2) + 55()6) +-8(x—V2).

Let Q be the tail function of .#7(0,1). Then, let

2
Hx)= \/zexp(z) for |x| <Q (1/4),
f(x) = fi(—x) for x< —Q*1(1/4).

as described in Figure 4.1. In this case, 62, = 07 = 07 ~ 0.242, 65 ~ 0.143 and c} ~ 0.808.

4.1.1.2 Properties of PMD

PMD satisfies the following properties.
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Lemma 4.1 Consider the setup in Definition 4.2.
o The set of achievable similarity constants cs is convex and contains 0.
K 2 2

e Suppose xp € R is distributed with fp (i.e. xp ~ fp). Define xc conditioned on xp as follows,

Then, xc ~ fc. Furthermore, xc — csxp has variance 1 — cg and conditioned on xp, xc — csxp is

zero-mean.

Proof: First statement: cg = 0 can be achieved by choosing f; = fc for 1 <i <K as f¢ is zero-mean.
Let ¢y, ¢, be two similarity constants with the corresponding p.d.f’s {fi;}; 1,{f21 . One can achieve

cs=ac;+ (1 —a)c; for 0 < a < 1, by choosing,

fai=afii+(1—a)f;

and using the linearity of expectation.

Second statement: For each i, we have that, var(f;) + mean(f;)> = [*_xfi(x)dx, and,

1 = var(fc) / 2Zszz dx—Zp,/ xfl

Recalling mean(f;) = csa;, and var(fp) = YX | pia? = 1, we find,

K K
1 =cgvar(fp)+ Y pio7 =cs+ Y picy
i=1 i=1

Third statement: Focusing on the c.d.f of x¢,

=
5

A
£

I
ngle

P(xc < alxp = a)P(xp = ax)

T
I

:Fc(Ol).

Il
(agle
=

=~
E

o~
Il
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Hence, p.d.f of x¢ is indeed fc. Similarly, conditioning over xp,
E[xc — CSXD’)CD = a;] = E[xc|xp = a;] — csa; = 0.

Using the mean is equal to zero,

K

K
var(xc — csxp) = E[(xc — csxp)?] = ZE[(xC —csxD)z‘xD =aj|pi= Z[/thfi(t)dt]p,- - Z cialpi=1-ci.
i—1 i=1 i=1

4.1.1.3 From scalars to i.i.d matrices

Our next aim is to use PMD to obtain results on random matrices.

Definition 4.3 (Sensing matrices) Consider Definition 4.2. Let D € R™*" be a matrix with i.i.d entries
distributed as fp. Let C be a matrix satisfying,

Cij~fiifDij=ar, V1<k<K, 1<i<m,1<j<n.

Finally, define the residual matrix to be R :=R(fc, fp) = C — csD.
The following proposition provides an initial motivation on PMD.

Proposition 4.2 (Bound in Expectation) Suppose D and C are as defined above. Let Gy = min|<g<x O;.

Then, for any closed cone € € R",

E[G%(C)z] - Gr%laxm E[ch(D)z] < E[Z(f(c)z] — cyr%lin’n
5 , < .

Elo (D)?] > - 5
N S

Proof: To prove the first statement, given D and %, let,

V=arg min |Dv|s.
veens -1

where .#"~! is the unit ¢, sphere. Conditioned on D, ¥ is fixed and C — c¢sD has independent, zero-mean
entries. Hence,

Ecip[l|C¥]12] = [lesD¥][3 +Ecpp | (€ — esD)9]13] (4.3)
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Since v has unit length and the entries of C— csD has variance at most 6;,, Ecjp[||(C— csD)¥]3] < o m.

Hence, taking the expectation over D, we find,

Elo7(C)] < E[||CY[3] < E[[|csDV|3] + Omaxm = 5 E[0% (D)?] + O (4.4)

max max

To prove the second statement, let ¥ = argmaxyce 01 |[Dv]|2 and observe that Ecip[[|(C — csD)¥[3] >

o2

min

m. Instead of (4.4), we use,

E[2%(C)] > E[||C¥|[3] > E[[lesDV3] + Oginm = S E[Z4 (D)?] + 0.

in

4.1.1.4 Proof of Proposition 4.1

We are in a position to prove Proposition 4.1; which is essentially a corollary of Proposition 4.2. For

fc ~#(0,1) and fp is symmetric Bernoulli, we have 3 = 2, 62,, = 6%, = 1 — 2. Hence, if E[c2(C)] >

min =
(1—¢&)m,

Bloe 0] > 1O DT,

S

Similarly, using E[X2 (C)] < (1 +¢€)m,

2
s (I+&)m—(1—2)m T
E[Zs(D)7] < 3 — = +§8)m.
T
Proposition 4.2 considers the crude bounds involving 62. and 62,, in the statements. In fact, one can

always replace them with 1 — c_% by moving from a deterministic statement to a probabilistic one. This can
be done by arguing that, with high probability (for large m), each a; occurs at most (1 + €' )mp; times at
each column of D. For such D’s, the expected energy of each column of C — ¢sD can be upper bounded by
(1+€")m(1 —c%). One can similarly obtain lower bounds on the column sizes with (1 — ') multiplicity and

then repeat the argument in Proposition 4.2 to get results that hold with high probability over D.
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4.1.2 On the sample complexity of Bernoulli ensemble

We will obtain results for Bernoulli matrices by using Gordon’s Comparison Theorem. Recall that, for
success of (4.1), we need, 0.7, (x))(A) > 0 where J¢(xo) is the tangent cone of f at xo. Recall that 5(¢’)
is the phase transition point for (4.1) when the measurements are Gaussian. The next result, obtains a

probabilistic success result for symmetric Bernoulli’s in terms of §(%).

Theorem 4.1 (Sample complexity bound for Bernoulli) Ler f: R" — R be a convex and continuous func-
tion. Suppose B € R™" is a matrix with independent entries that are +1 equally likely. Fix a tolerance

level p. Then, X is the unique solution of (4.1), with probability 1 — exp(—%), whenever

Vm > 2.6(0( T (x0) N B ) +c+4).

Proof: Let € = J5(xo). Define G € R™*" with i.i.d fc ~.4(0,1) entries based on B as in Definition

4.3. From Proposition 4.2 (in particular (4.3)), we know that
2 2 2
Elog(G)|B] = oz (B) + (1 _)m. (4.5)

In order to estimate the left hand side, we will use a probabilistic argument. Combining 1-Lipschitzness of
RSV and Proposition 1.3, for t < y, — (% N %"~ 1), with probability 1 — exp(—%),
067(G) > (fn—0(CNB" ") —1)%.

Now, let let E be the event {64 (G) < ¥ — 0(€' N 1) —t} and given p := exp(—%z) >0,SC{1,—-1}""
be the set of B such that P(E|B) > p~! exp(—%). We have,

exp(—=)>P(E)= ) PEB=APB=A)
2 Ac{l,—1}mxn
>P(E|B e S)P(BES)
2

>p! exp(—%)P(B €s).
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It follows that, P(B € S) < p. Hence, with probability 1 — p over B,

2
Hence, with the same probability,
/2
E[0¢(G] > (fu— (€N 2" ) 1) (1—p ' exp(~3)).

Choose t = \/2logp~!+3. This ensures, (1 —pflexp(—g)) >0.98. Using ¥, > v/m— 1, to show 64 (B) >

0, from (4.5), we wish to guarantee,

Vm—(o(ENB" ) +1+1)> ﬁ\/l —%m.

Hence, we simply need /m > 2.6(® (¢ NA" 1) +t+1). [

4.1.3 Concluding remarks

We have introduced the “proportional mean decomposition” as a way to capture similarity of one distribution
to another and discussed how it can be useful in compressed sensing, especially when the measurement
matrix has i.i.d Bernoulli entries. While we are able to obtain small explicit constants in Proposition 4.1
and Theorem 4.1, our basic approach fails to capture the universality phenomenon, which is the common
belief that, the sample complexity for i.i.d Bernoulli (and more generally i.i.d subgaussian) and i.i.d Gaussian
ensembles are asymptotically equal. This remains as an important open question, which is partially answered

by Montanari et al. in the case of ¢; minimization [12].

4.2 An equivalence between the recovery conditions for sparse signals and

low-rank matrices
The Restricted Isometry Property (RIP) was introduced by Candés and Tao in [32,45] and has played a
major role in proving recoverability of sparse signals from compressed measurements. The first recovery

algorithm that was analyzed using RIP was ¢; minimization in [32,45]. Since then, many algorithms includ-

ing Reweighed ¢; [159], GraDes [104] have been analyzed using RIP. Analogous to the vector case, RIP
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has also been used in the analysis of algorithms for low rank matrix recovery, for example Nuclear Norm
Minimization [178], Reweighted Trace Minimization [156], and SVP [150]. Other recovery conditions have
also been proposed for recovery of both sparse vectors and low-rank matrices including the Null Space Prop-
erty [163,233] and the Spherical Section Property [87,233] (also known as the ‘almost Euclidean’ property)
for the nullspace. The first matrix RIP result was due to Recht et. al. [178] where it was shown that the RIP
is sufficient for low rank recovery using nuclear norm minimization, and that it holds with high probability
as long as number of measurements are sufficiently large. This analysis was improved in [39] to require
a minimal order of measurements. Recently, [156] improved the RIP constants with a stronger analysis
similar to [27].

In this section, we show that if a set of conditions are sufficient for the robust recovery of sparse vectors
with sparsity at most k, then “extension” (defined later) of the same set of conditions are sufficient for
the robust recovery of low rank matrices up to rank k. In particular, we show RIP for matrices implies
extension of RIP for vectors hence one can easily translate the best known RIP conditions for vector recovery
to low rank matrices. While the recovery analysis in [156] and [39] (Theorem 2.4) is complicated and
lengthy, our results (see “Main Theorem™) are easily derived due to the use of a key singular value inequality
(Lemma 4.2). The best known bounds on the RIP constants &; and &, for sparse vector recovery using ¢}
minimization are 0.309 and 0.5 respectively [27,130]. A simple consequence of this section is the following:
O < 0.309 or &y < 0.5 are sufficient for robust recovery of matrices with rank at most k improving the
previous conditions of dy; < 0.307 in [156]. Improving the RIP conditions is not the focus of this section,
although such improvements have been of independent mathematical interest (e.g., [27,28]).

Our results also apply another recovery condition known as the Nullspace Spherical Section Property
(SSP) hence it easily follows from our main theorem that the spherical section constant A > 4r is sufficient
for the recovery of matrices up to rank r as in the vector case [233]. This approach not only simplifies the
analysis in [87], but also gives a better condition (as compared to A > 6r in [87]). Our final contribution
is to give nullspace based conditions for recovery of low-rank matrices using Schatten-p quasi-norm mini-
mization, which is analogous to £, minimization with 0 < p < 1 for vectors and has motivated algorithms
such as IRLS [65, 155] that have been shown to empirically improve on the recovery performance of nuclear

norm minimization.
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4.2.1 Section specific notation

% denotes the vector obtained by decreasingly sorting the absolute values of the entries of x, and x* denotes
the vector obtained by restricting X to its k largest elements (in absolute value). Let diag(-) : R"*" — R”
return the vector of diagonal entries of a matrix, and diag(-) : R” — R™*" return a diagonal matrix with
the entries of the input vector on the diagonal. Let n; < ny. Denote the ith largest singular value of a
matrix X by 0;(X). Let £(X) = [01(X),..., 0, (X)]T be vector of decreasingly sorted singular values of
X. X* denotes the matrix obtained by taking the first k terms in the singular value decomposition of X.
Let Ix = diag(X(X)) € R"*™M. We call (U, V) a unitary pair if U'U = UU” = V'V = I. Then, for the
rest of the section, we’ll use the following singular value decomposition of X: X = UZxV’ where (U, V)
is some unitary pair. Obviously U € R"*™ V € R"™*™ _ Notice that the set of matrices UDV’, where
D is diagonal, form an n; dimensional subspace. Denote this space by S(U,V). Let &7(-) : R"*" — R™
be a linear operator. .4y y(-) : R" — R is called the restriction of ¢/ to unitary pair (U, V) if we have
Ay (x) = o/ (Udiag(x)VT) for all x € R™. In particular, 7 v () can be represented by a matrix Ay.y.

Consider the problem of recovering the desired vector Xg € R" from corrupted measurements y = Axg +
z, with [|z||» < € where € denotes the noise energy, and A € R™*" denotes the measurement matrix. It
is known that sparse recovery can be achieved under certain conditions by solving the following convex
problem,

minimize ||x][;

(4.6)
subjectto  ||Ax—yl, <&,

where recovery is known to be robust to noise as well as imperfect sparsity. We say x* is as good as Xg if
|Ax* —y|l2 < & and ||x*||; < ||x0[|1. In particular, the optimal solution of the problem 4.6 is as good as X.
With a slight abuse of notation, let Xy € R"*"2 with n = n; < ny and let &/ : R"*™ — R™ be the
measurement operator. We observe corrupted measurements y = .o/ (Xo) + z with ||z|, < €. For low rank
recovery we solve the following convex problem,
minimize || X]|«

4.7
subjectto ||/ (X) —y|2 <e.

Similar to the vector case, we say that X* is as good as X if ||« (X*) —y|l» < € and ||X*||« < || Xo||». We

now give the definitions for certain recovery conditions on the measurement map, the Restricted Isometry
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Property and the Spherical Section Property.

Definition 4.4 (Restricted Isometry Constant) J; of a matrix A is the smallest constant for which
(1= 80 Ix[13 < [|Ax]I3 < (1+8)]IxI[3

holds for all vectors x with ||x||op < k.
RIP constant & for matrices is defined similarly, with X instead of X, </ instead of A and rank(X) < k

instead of ||x||o < k.

Definition 4.5 (Restricted Orthogonality Constant) 6 v of a matrix A is the smallest constant for which
(< AX,AX') > | < Oepllx]2]X]|2

holds for all vectors x,X' with disjoint supports and ||x||o < k and ||x'||o <K .

Our definition of matrix ROC will be slightly looser than the one given in [156]. For an operator <7,

Ok i is the smallest constant for which
(< Z(X), (X)) > | < O X[IFIX||F

holds for all matrices X, X' such that rank(X) < k, rank(X') < k' and both column and row spaces of X, X'

. . . . X1 O . 0 0
are orthogonal, i.e., in a suitable basis we can write X = and X' =

0 0 0 X

As it will be clear in the subsequent sections, Restricted Isometry Property (RIP) is basically a set of condi-

tions on restricted isometry constants of the measurement operator.

Definition 4.6 (Spherical Section Constant) Spherical section constant A(<7) is defined as follows:

2
Z||«
A) = < min 12 ) .
zeNull(/)\{0} || Z||F
Furthermore, We say </ satisfies A Spherical Section Property (SSP), if A(</) > A.

The definition of SSP for a matrix A € R™ for analyzing recovery of sparse vectors is analogous to the

above definition. Another way to describe this property is to note that a large A implies the nullspace is
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an almost Euclidean subspace [233], where the ratio of ¢; to ¢, norms cannot be small and therefore the

subspace cannot be aligned with the coordinate planes.

4.2.2 Key Observations

Throughout this note, many of the proofs involving matrices are repeated applications of the following useful

Lemma which enables us to “vectorize” matrices when dealing with matrix norm inequalities.

Lemma 4.2 ([/719]) (Key Lemma) Let Z = X — Y € R"*"™2, Then we have the following inequality:
]
Y [6:(X) — 6i(Y)| < [|Z].. (4.8)
i=1

We now give a useful application of Lemma 4.2.

Lemma 4.3 Given W with singular value decomposition USw V7, if there is an Xo for which ||Xo+ W]||, <
I X0l then there exists X € S(U, V) with £(X;) = X(Xo) such that ||X; +W||,. < [|Xi||« In particular this
is true for X; = —UZx, V7.

Proof: From Lemma 4.2 we have
\|X0+W||*2;|6,~(X0)—0,~(W)]. 4.9)
On the other hand, for X; = —UZXOVT,W we have
IXi + W= —XZx, +Zwl|+« = 2," |0:(Xo) — 0;(W)|. (4.10)
Then from (4.9) and (4.10) it follows
X1+ W] < [[Xo + W]l < [IXoll« = (Xl

|
Although, Lemma 4.3 is trivial to prove its implications are important. It suggests that if there exists a
“bad” Xy for a particular perturbation W, then there is also a “bad” X, which is “similar” to Xg, but lies

on the same restricted subspace S(U, V) as W. On the other hand, as will be clear in a moment, if we have
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a guarantee that none of such subspaces contains a bad (X, W) pair, then we can also guarantee that there
won’t be a bad (Xo, W) pair even if we consider a union of subspaces.
To further illustrate the similarity between sparse and low rank recovery, we state the null space condi-

tions for noiseless recovery.

Lemma 4.4 ( [96]) Null space condition for sparse recovery
Let A € R™" be a measurement matrix. Assume € = 0 then one can perfectly recover all vectors X with

IXol|o < k via program 4.6 if and only if for any w € Null(A) we have:

k n
Vi< Y o, (4.11)
i=1 i=k+1

where w; is the ith entry of W defined previously.

We now state a critical result, that provides an “if and only if” condition for the strong recovery of

low-rank matrices via NNM. Our condition is strikingly similar to Lemma 4.4.

Proposition 4.3 (also see [163]) Null space condition for low-rank recovery
Let o7 : RM>*" — R™ be a linear measurement operator. Assume € = 0 then one can recover all matrices

Xo with rank(Xo) < k via program 4.7 if and only if for any W € Null(</) we have:
k
Y ai(W)< ) a(W). (4.12)

Proof:  Suppose (4.12) holds for all W € Null(%7). Then, for any feasible perturbation W, using
Lemma 4.2,

Z!Gt (Xo) = Gi(W)[ < [[Xo + Wl

Now, to conclude with || Xo+ W||. > [|Xo

«» observe that 0;(Xy) = 0 for i > k and,

M»

Z|cl (Xo) — 0i(W)| > Y (6i(Xo) — +ZGI ) > [ Xo]l.

1 i=k+1

To show the failure result, assume there exists a W € Null(.27) for which (4.12) does not hold. Assume W
has SVD Udiag (w) V7 and choose X = Udiag (d) V! where d; = —w; for 1 <i < k and 0 else. Clearly,

138



rank(Xp) < k and

ni k
Xo+ Wl =lld+wli= } c(W)<Y oi(W)=wli=IXoll
i=k+1 i=1

hence, Xg is not the unique minimizer. [ ]

4.2.3 Main Result

Definition 4.7 (Extension) Let P be a property defined for matrices in R" — R"™. We denote extension of P
by P¢ which is a property of linear operators </ : R"*" — R™ as follows:

< () has property P¢ if all its restrictions, Ayy, have property P.

In this section, we state our main result which enables us to translate vector recovery to matrix recovery via
extension. In particular, as we discuss later, standard RIP and SSP based conditions for matrices implies
extensions of RIP and SSP based conditions for vectors, thus enabling translation of results from vectors to
matrices as an application of the main theorem. Let || - ||, be an arbitrary norm on R” with ||x||, = [|X]|, for
all x. Let || - ||,» be the corresponding unitarily invariant matrix norm on R"*"2 such that ||X[|,, = || Z(X)||y-
For the sake of clarity, we use the following shorthand notation for statements regarding recovery of vectors,
in the main theorem:
e Vi: A matrix A : R" — R™ satisfies a property P.

e V,: In program 4.6, for any Xy, ||z||2 < €, y = Axo +z and any x* as good as xo we have,

Ix* —xo||y < h(xp,€).

e V3: For any w € Null(A), w satisfies a certain property Q.
We also use the following shorthand for statements regarding recovery of matrices, in the main theorem:

e Mi: A linear operator o7 : R"*"2 — R™ satisfies the extension property P¢.

e M,: In program 4.7, for any Xo,

z||» < e,y = (Xp)+z and any X* as good as Xy we have,

X" —Xollm < h(2(Xo), ).

e Mj: For any W € Null(.27), £(W) satisfies property Q.
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Theorem 4.2 (Main Theorem) For a given P, the following implications hold true:
(V] — Vz) — (M] — Mz). (4.13)

Vi = W) = (M} = M3). (4.14)

PI’OOf.‘ (V] — VQ) — (M] — Mz).
Assume V; = V; and & satisfies P¢. Consider program 4.7 where measurements are yo = 7 (Xo) + 2o

|7 (X0 + W) — yo||2 < €. Then, from Lemma 4.3 for X; = —UZx,V’ (where W has SVD UZwV’) we

with ||zo]]2 < €. Also let X* = X+ W be as good as X¢. This implies that ||Xo + W/, < ||Xo]|« and

have || X; + W|x <||Xi]l«. Now, lety; = 7 (X ) +z¢. Clearly

|« (X1 +W) =yil2 = |7 Xo+W)—yol2< €

hence X 4+ W is as good as X. Now consider program 1 with Ay y as measurement matrix, y; as measure-
ments, X; = —X(X) as unknown vector and w = (W) to be perturbation. Notice that x; + W is as good as

X. Also since .7 has P¢, Ay y has P. Using Vi = V, we conclude

Wil = lIwlly < h(%1,€) = h(E(Xo), €)

Hence, we found: M; — M,.

Using similar arguments, now we show that (V; = V3) = (M| = M3).
Assume V|, = V; and < has P°. Consider any W € Null(.<7) with SVD of W = UZwV’. Then, &/ (W) =
Ay vEI(W) =0. Also Ay y satisfies P. Using V; = V3, we find £(W) satisfies Q. Hence M| = M3;. &

As it can be seen from Main Theorem, throughout this section, we are actually dealing with a strong
notion of recovery. By strong we mean, P guarantees a recovery result for all xy (Xg) with sparsity (rank)
at most k instead of a particular x( (Xj). For example, matrix completion results in the literature don’t have
strong recovery. On the other hand it is known that (good) RIP or SSP conditions guarantee recoverability
for all vectors hence they result in a strong recovery.

To apply the main theorem, we require linear maps on matrices to satisfy the extensions of the properties

of linear maps on vectors. Below, we apply our results to RIP and SSP.
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4.2.3.1 Applications of Main Theorem to RIP based recovery

We first show that RIP for matrices implies extension of RIP for vectors thus Theorem 4.2 is applicable for

0.

RIP. We say f(9;,,...,0; IR

0;,.;;) < cis an RIP inequality where ¢ > 0 is a constant and f(-) is an

m?

increasing function of its parameters (RIC and ROC) and f(0,...,0) = 0. Let F be a set of RIP inequalities

namely fi,..., fy where k’th inequality is of the form:

fk(&-k_l gouoy 5,-k_mk y 0jk~17jllc.l gueoy ejk«ﬁk’jl,c,nk) S Ck.

Lemma 4.5 If o7 : R"*"2 — R™ satisfies a set of (matrix) RIP and ROC inequalities F, then for all unitary
pairs (U, V), Ay will satisfy the same inequalities, thus RIP for matrices implies extension of RIP for

vectors.

Proof: Let §/,6 ,, denote RIC and ROC of of Ay vy and &, 6; » denote RIC and ROC of <7 (-). Then
we claim: §; < & and 6], < 6. For any x of ||x||o < k, let X = Udiag(x)V”. Using |x|> = ||X]|r and

Ayvx =« (X) we have:

(1= &) Ix[1Z < [l (X)|[7 = | Au,vxII3 < (1+8)lIx]3

Hence 8, < &. Similarly let x,x’ have disjoint supports with sparsity at most k,k’ respectively. Then

obviously X = Udiag(x)V? and X’ = Udiag(x') V7 satisfies the condition in ROC definition. Hence:

’<< AUVVx,AU7Vx,> > ‘ = ’<< ﬂ(X),M(X/» > |

< O XN FIX N 7 = e X 12]1% 2

Hence 9,2_ ¢ < O Thus, Ay satisfies the set of inequalities F as fi(+)’s are increasing function of &;’s and
Gk’k/’s. |
By using this observation and the main theorem, we can smoothly translate any implication of RIP for vec-

tors to corresponding implication for matrices. In particular, some typical RIP implications are as follows.

Proposition 4.4 (RIP implications for k-sparse recovery ( [32])) Suppose A : R" — R™ satisfies, a set of
RIP inequalities F. Then for all X, ||z||2 < € and X* as good as Xy we have the following {, and {1 robustness

results,

141



[Ixo —x*[]2 < XOH1—|-C2€ (4.15)

\[HXO_

%0 —x*[|1 < C3|jx0 —x§ 1

For some constants C1,Cp,C3 > 0.
Now, using Theorem 4.2, we translate these implications to matrices in the following lemma.

Lemma 4.6 Suppose of : R"*"™ — R™ satisfies the same inequalities F as in (4.15). Then for all Xo,

||z||2 < € and X* as good as X we have the following Frobenius norm and nuclear norm robustness results,

X0 —X*||r < —=| X0 — X« + Cae

= |
\[
X0 — X" < C3|Xo — X5

4.2.3.2 Application of Main Theorem to SSP based recovery

The following lemma suggests that SSP for linear operators on matrices implies extension of SSP for linear

operators on vectors.

Lemma 4.7 Let A > 0. If o7 : R"*"2 — R" satisfies A-SSP, then for all unitary pairs (U, V), Ay y satisfies
A-SSP.

Proof: Consider any w € Null(.2yy). Then, </ (Udiag(w ) ) = 0 and therefore W = Udiag(w)V? €

Null(.«7). Since <7 satisfies A-SSP, we have ‘|“VV¥‘||‘* = | |' > \/A(&/) > V/A. Thus Ay.y satisfies A-SSP. B

Now we give the following SSP based result for matrices as an application of main theorem.

Theorem 4.3 Consider program 4.7 withz =0, y = o/ (Xo). Let X* be as good as Xo. Then if <f satisfies
A-SSP with A > 4r, it holds that
[1X* = Xoll+/| < ClIXo0 —Xp [«

2
r/A

where C =

Note that the use of main theorem and Key Lemma simplifies the recovery analysis in [87] and also improves
the sufficient condition of r < % in [87]tor < %. This improved sufficient condition matches the sufficient

condition given in [233] for the sparse vector recovery problem.

142



4.2.4 Simplified Robustness Conditions

We show that various robustness conditions are equivalent to simple conditions on the measurement operator.
The case of noiseless and perfectly sparse signals, is already given in Lemmas 4.4 and 4.3. Such simple
conditions might be useful for analysis of nuclear norm minimization in later works. We state the conditions
for matrices only; however, vector and matrix conditions will be identical (similar to Lemmas 4.4, 4.3) as
one can expect from Theorem 4.2. The proofs follow from simple algebraic manipulations with the help of

Lemma 4.2.

Lemma 4.8 (Nuclear Norm Robustness for Matrices)
Assume € = 0 (no noise). Let C > 1 be constant. Then for any Xy and any X* as good as Xy we are

guaranteed to have:

X0 — X[ < 2C|[Xo — Xg|l«
if and only if for all W € Null( /) we have:

Cc—-1
HWkH* < m|’W—Wk”*

Lemma 4.9 (Frobenius Norm Robustness for Matrices)
Let € = 0. Then for any Xy and X* as good as Xy,

C
X0 —X*|[F < ﬁllxo = X5k,

if and only if for all W € Null(</),

2Vk

[W = WL [WH > = W]

Lemma 4.10 (Matrix Noise Robustness) For any X, with rank(Xg) < k, any ||z||» < € and any X* as good

as Xy,

|1 X0 —X*||F < Ceé,

if and only if for any W with ||[W¥||, > |[W — Wk

C
IWllr <51 (W)l2
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4.2.5 Null space based recovery result for Schatten-p quasi-norm minimization

In the previous sections, we stated the main theorem and considered its applications on RIP and SSP based
conditions to show that results for recovery of sparse vectors can be analogously extended to recovery of low-
rank matrices without making the recovery conditions stronger. In this section, we consider extending results
from vectors to matrices using an algorithm different from ¢; minimization or nuclear norm minimization.

The ¢, quasi-norm (with 0 < p < 1) is given by ||x||5 = Y7, |x;|P. Note that for p = 0, this is nothing
but the cardinality function. Thus it is natural to consider the minimization of the ¢, quasi-norm (as a
surrogate for minimizing the cardinality function). Indeed, ¢, minimization has been a starting point for
algorithms including Iterative Reweighted Least Squares [65] and Iterative Reweighted ¢; minimization
[29, 100]. Note that although ¢; minimization is convex, £, minimization with 0 < p <1 is non-convex.
However empirically, £, minimization based algorithms with 0 < p < 1 have a better recovery performance
as compared to /; minimization (see e.g. [54], [100]). The recovery analysis of these algorithms has mostly
been based on RIP. However Null space based recovery conditions analogous to those for £; minimization
have been given for £, minimization (see e.g. [219]).

Let Tr|A|? = Tr(ATA)% = YL, 67 (A) denote the Schatten-p quasi norm with 0 < p < 1. Analogous
to the vector case, one can consider the minimization of the Schatten-p quasi-norm for the recovery of

low-rank matrices,

minimize  Tr|X|?
(4.16)
subjectto &7/ (X) =y
where y = o7 (Xp) with X being the low-rank solution we wish to recover. IRLS-p has been proposed as
an algorithm to find a local minimum to (4.16) in [155]. However no null-space based recovery condition

has been given for the recovery analysis of Schatten-p quasi norm minimization. We give such a condition

below, after mentioning a few useful inequalities.

Lemma 4.11 ([210]) For any two matrices A, B € R™" it holds that Y*_,(6” (A)— o/ (B)) <Y* , o/ (A—
B) forallk=1,2,...,n.

Note that the p quasi-norm of a vector satisfies the triangle inequality (x,y € R", Y1 | |x; +yi|? <Y |x:|P +

Y, [yil?). Lemma 4.11 generalizes this result to matrices.
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Lemma 4.12 ([118]) For any two matrices P,Q it holds that

Cr15-1(P+ Q) < 6;(P) +05(0Q)

wheret+s—1<nandt,s > 0.
The following lemma easily follows as a consequence.

Lemma 4.13 For any two matrices, A,B with B of rank r and any p > 0,

nir Gf(A—B)Z i Gip(A

i=r+1 i=2r+1

Theorem 4.4 Let tr((Xo)) = r and let X denote the global minimizer of (4.16). A sufficient condition for
X =Xy is that Y, 67 (W) <Y .., 67 (W) for all W € Null(</). A necessary condition for X = X is
that Yi_ o (W) < Y7 .., 6" (W) for all W € Null(<7).

Proof: (=) For any W € Null(«)\{0},

Tr|Xo—|—W\p—ZG” (Xo+ W)+ Z o’ (Xo+W)
i=r+1

v
- I

I(Gip(XO) —o/(W))+ Y, of(W)
Tt [Xo|

Y

where the first inequality follows from Lemma 4.11 and Lemma 4.13. The necessary condition is easy to
show analgous to the results for nuclear norm minimization. [ ]

Note that there is a gap between the necessary and sufﬁcient conditions. We observe through numerical
experiments that a better inequality such as Z c’(A-B) > Z |o?(A) — 6/ (B)| seems to hold for any two
matrices A,B. Note that this is in partlcular true for p=1 (Lemma 4.2) and p = 0. If this inequality is
proven true for all 0 < p < 1, then we could bridge the gap between necessity and sufficiency in Theorem
4.4. Thus we have that singular value inequalities including those in Lemma 4.2 and Lemma 4.13, 4.11 play
a fundamental role in extending recovery results from vectors to matrices. Although, our condition is not

tight, we can still use the Theorems 4.2 and 4.4 to conclude the following:
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Lemma 4.14 Assume property S on matrices R" — R™ implies perfect recovery of all vectors with sparsity
at most 2k via £,, quasi-norm minimization where 0 < p < 1. Then 8¢ implies perfect recovery of all matrices

with rank at most k via Schatten-p quasi-norm minimization.

Proof Idea: Since S implies perfect recovery of all vectors with sparsity at most 2k, it necessarily implies a
null space property (call it Q) similar to the one given in Lemma 4.4, (4.11) but with p in the exponent (see
e.g. [219]) and k replaced by 2k. Now the main theorem, (4.14), combined with Theorem 4.4 implies that

S¢ is sufficient for perfect revovery of rank k matrices.

In particular, using Lemma 4.14, we can conclude, any set of RIP conditions that are sufficient for recovery
of vectors of sparsity up to 2k via £, minimization, are also sufficient for recovery of matrices of rank up to
k via Schatten-p minimization. As an immediate consequence it follows that the results in [53, 100] can be

easily extended.

4.2.6 Conclusions

This section presented a general result stating that extension of any sufficient condition for the recovery of
sparse vectors using #; minimization is also sufficient for the recovery of low-rank matrices using nuclear
norm minimization. As an immediate consequence of this result, we have that the best known RIP-based
recovery conditions of & < 0.309, &y, < 0.5 for sparse vector recovery is also sufficient for low-rank matrix
recovery. We also show that a Null-space based sufficient condition (Spherical Section Property) given in
[233] easily extends to the matrix case, tightening the existing conditions for low-rank matrix recovery [87].
Finally, we gave null-space based conditions for recovery using Schatten-p quasi-norm minimization and
showed that RIP based conditions for £, minimization extend to the matrix case. We note that all of these
results rely on the ability to “vectorize” matrices through the use of key singular value inequalities including

Lemma4.2,4.11.
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Chapter 5

Simultaneously Structured Models

There are many applications where the model of interest is known to have several structures at the same
time (Section 5.0.8). We then seek a signal that lies in the intersection of several sets defining the individual
structures (in a sense that we will make precise later). The most common convex regularizer (penalty) used
to promote all structures together is a linear combination of well-known regularizers for each structure.
However, there is currently no general analysis and understanding of how well such regularization performs
in terms of the number of observations required for successful recovery of the desired model. This chapter
addresses this ubiquitous yet unexplored problem; i.e., the recovery of simultaneously structured models.

An example of a simultaneously structured model is a matrix that is simultaneously sparse and low-rank.
One would like to come up with algorithms that exploit both types of structures to minimize the number of
measurements required for recovery. An n x n matrix with rank r < n can be described by & (rn) parameters,
and can be recovered using & (rn) generic measurements via nuclear norm minimization [39, 178]. On the
other hand, a block-sparse matrix with a k x k nonzero block where k < n can be described by k> parameters
and can be recovered with & (k2 log %) generic measurements using ¢; minimization. However, a matrix
that is borh rank r and block-sparse can be described by & (rk) parameters. The question is whether we can
exploit this joint structure to efficiently recover such a matrix with & (rk) measurements.

In this chapter we give a negative answer to this question in the following sense: if we use multi-objective
optimization with the ¢; and nuclear norms (used for sparse signals and low rank matrices, respectively),
then the number of measurements required is lower bounded by & (min{kZ, rn}) In other words, we need
at least this number of observations for the desired signal to lie on the Pareto optimal front traced by the ¢,
norm and the nuclear norm. This means we can do no better than an algorithm that exploits only one of the

two Sstructures.
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We introduce a framework to express general simultaneous structures, and as our main result, we prove
that the same phenomenon happens for a general set of structures. We are able to analyze a wide range
of measurement ensembles, including subsampled standard basis (i.e. matrix completion), Gaussian and
subgaussian measurements, and quadratic measurements. Table 5.1 summarizes known results on recovery
of some common structured models, along with a result of this chapter specialized to the problem of low-
rank and sparse matrix recovery. The first column gives the number of parameters needed to describe the
model (often referred to as its ‘degrees of freedom’), the second and third columns show how many generic
measurements are needed for successful recovery. In ‘nonconvex recovery’, we assume we are able to find
the global minimum of a nonconvex problem. This is clearly intractable in general, and not a practical
recovery method—we consider it as a benchmark for theoretical comparison with the (tractable) convex
relaxation in order to determine how powerful the relaxation is.

The first and second rows are the results on k sparse vectors in R” and rank r matrices in R"*" respec-
tively, [43,45]. The third row considers the recovery of “low-rank plus sparse” matrices. Consider a matrix
X € R™" that can be decomposed as X = X; + Xg where X, is a rank r matrix and Xg is a matrix with
only k nonzero entries. The degrees of freedom of X is & (rn + k). Minimizing the infimal convolution of ¢,
norm and nuclear norm, i.e., f(X) = miny || Y|, + 24| X —Y]||; subject to random Gaussian measurements on
X, gives a convex approach for recovering X. It has been shown that under reasonable incoherence assump-
tions, X can be recovered from & ((rn + k) log? n) measurements which is suboptimal only by a logarithmic
factor [222]. Finally, the last row in Table 5.1 shows one of the results in this chapter. Let X € R"*" be a rank
r matrix whose entries are zero outside a k; x k, submatrix. The degrees of freedom of X is & ((k; +kz)r).
We consider both convex and non-convex programs for the recovery of this type of matrices. The noncon-
vex method involves minimizing the number of nonzero rows, columns and rank of the matrix jointly, as
discussed in Section 5.2.2. As shown later, & ((k; + k2)rlogn) measurements suffices for this program to
successfully recover the original matrix. The convex method minimizes any convex combination of the indi-
vidual structure-inducing norms, namely the nuclear norm and the ¢; » norm of the matrix, which encourage
low-rank and column/row-sparse solutions respectively. We show that with high probability this program
cannot recover the original matrix with fewer than Q(rn) measurements. In summary, while nonconvex
method is slightly suboptimal, the convex method performs poorly as the number of measurements scales

with » rather than k; + k5.

148



Model

Degrees of Freedom

Nonconvex recovery

Convex recovery

Sparse vectors k 0 (k) O (klog?)

Low rank matrices r(2n—r) O (rn) O (rn)

Low rank plus sparse | & (rn+k) not analyzed O ((rn+k) log” n)
Low rank and sparse | & (r(k; +kz)) O (r(ky +ky)logn) | Q(rn)

Table 5.1: Summary of results in recovery of structured signals. This chapter shows a gap between the performance
of convex and nonconvex recovery programs for simultaneously structured matrices (last row).

5.0.7 Contributions

This chapter describes a general framework for analyzing the recovery of models that have more than one
structure, by combining penalty functions corresponding to each structure. The framework proposed in-
cludes special cases that are of interest in their own right, e.g., sparse and low-rank matrix recovery and

low-rank tensor completion [103, 114]. Our contributions can be summarized as follows.

Poor performance of convex relaxations. We consider a model with several structures and associated
structure-inducing norms. For recovery, we consider a multi-objective optimization problem to minimize
the individual norms simultaneously. Using Pareto optimality, we know that minimizing a weighted sum of
the norms and varying the weights traces out all points of the Pareto-optimal front (i.e., the trade-off surface,

Section 5.1). We obtain a lower bound on the number of measurements for any convex function combining

the individual norms. A sketch of our main result is as follows.

Given a model Xy with T simultaneous structures, the number of measurements required for
recovery with high probability using any linear combination of the individual norms satisfies
the lower bound

m> CMpip = ¢ min m;
i=1,...,T

where m; is an intrinsic lower bound on the required number of measurements when minimizing

the ith norm only. The term c depends on the measurement ensemble we are dealing with.

For the norms of interest, m; will be approximately proportional to the degrees of freedom of the ith model,
as well as the sample complexity of the associated norm. With my,, as the bottleneck, this result indicates
that the combination of norms performs no better than using only one of the norms, even though the target

model has a very small degree of freedom.
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Different measurement ensembles. Our characterization of recovery failure is easy to interpret and de-
terministic in nature. We show that it can be used to obtain probabilistic failure results for various random
measurement ensembles. In particular, our results hold for measurement matrices with i.i.d subgaussian

rows, quadratic measurements and matrix completion type measurements.

Understanding the effect of weighting. We characterize the sample complexity of the multi-objective
function as a function of the weights associated with the individual norms. Our upper and lower bounds
reveal that the sample complexity of the multi-objective function is related to a certain convex combination
of the sample complexities associated with the individual norms. We give formulas for this combination as

a function of the weights.

Incorporating general cone constraints. In addition, we can incorporate side information on xp, ex-
pressed as convex cone constraints. This additional information helps in recovery; however, quantifying
how much the cone constraints help is not trivial. Our analysis explicitly determines the role of the cone
constraint: Geometric properties of the cone such as its Gaussian width determines the constant factors in

the bound on the number of measurements.

Sparse and Low-rank matrix recovery: illustrating a gap. As a special case, we consider the recovery
of simultaneously sparse and low-rank matrices and prove that there is a significant gap between the per-
formance of convex and non-convex recovery programs. This gap is surprising when one considers similar

results in low-dimensional model recovery discussed above in Table 5.1.

5.0.8 Applications

We survey several applications where simultaneous structures arise, as well as existing results specific to
these applications. These applications all involve models with simultaneous structures, but the measurement

model and the norms that matter differ among applications.

Sparse signal recovery from quadratic measurements. Sparsity has long been exploited in signal pro-
cessing, applied mathematics, statistics and computer science for tasks such as compression, denoising,
model selection, image processing and more. Despite the great interest in exploiting sparsity in various

applications, most of the work to date has focused on recovering sparse or low rank data from linear mea-
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surements. Recently, the basic sparse recovery problem has been generalized to the case in which the
measurements are given by nonlinear transforms of the unknown input, [15]. A special case of this more
general setting is quadratic compressed sensing [189] in which the goal is to recover a sparse vector X from
quadratic measurements b; = x’ A;x. This problem can be linearized by lifting, where we wish to recover a
“low rank and sparse” matrix X = xx’ subject to measurements b; = (A;,X).

Sparse recovery problems from quadratic measurements arise in a variety of problems in optics. One
example is sub-wavelength optical imaging [189, 197] in which the goal is to recover a sparse image from
its far-field measurements, where due to the laws of physics the relationship between the (clean) measure-
ment and the unknown image is quadratic. In [189] the quadratic relationship is a result of using partially-
incoherent light. The quadratic behavior of the measurements in [197] arises from coherent diffractive imag-
ing in which the image is recovered from its intensity pattern. Under an appropriate experimental setup, this
problem amounts to reconstruction of a sparse signal from the magnitude of its Fourier transform.

A related and notable problem involving sparse and low-rank matrices is Sparse Principal Component

Analysis (SPCA), mentioned in Section 5.8.

Sparse phase retrieval. Quadratic measurements appear in phase retrieval problems, in which a signal is

to be recovered from the magnitude of its measurements b; = |a! x|, where each measurement is a linear
transform of the input x € R" and a;’s are arbitrary, possibly complex-valued measurement vectors. An
important case is when alx is the Fourier Transform and b7 is the power spectral density. Phase retrieval
is of great interest in many applications such as optical imaging [154, 218], crystallography [115], and
more [97,105, 120].

The problem becomes linear when X is lifted and we consider the recovery of X = xx! where each
measurement takes the form bi2 = <al~aiT,X>. In [189], an algorithm was developed to treat phase retrieval
problems with sparse x based on a semidefinite relaxation, and low-rank matrix recovery combined with
a row-sparsity constraint on the resulting matrix. More recent works also proposed the use of semidefinite
relaxation together with sparsity constraints for phase retrieval [121,134,139,162]. An alternative algorithm
was recently designed in [188] based on a greedy search. In [121], the authors also consider sparse signal
recovery based on combinatorial and probabilistic approaches and give uniqueness results under certain

conditions. Stable uniqueness in phase retrieval problems is studied in [92]. The results of [35,44] applies

to general (non-sparse) signals where in some cases masked versions of the signal are required.
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Fused lasso. Suppose the signal of interest is sparse and its entries vary slowly, i.e., the signal can be
approximated by a piecewise constant function. To encourage sparsity, one can use the ¢; norm, and to

encourage the piece-wise constant structure, discrete total variation can be used, defined as

n—1
IX[l7v =Y [%is1 —xil.
i=1

|| - [|[7v is basically the ¢; norm of the gradient of the vector; and is approximately sparse. The resulting

optimization problem is known as the fused-lasso [202], and is given as
rr;ionH] +AX||ry st (x) = (x0). (5.1

To the best of our knowledge, the sample complexity of fused lasso has not been analyzed from a compressed
sensing point of view. However, there is a series of recent work on the total variation minimization, which
may lead to analysis of (5.1) in the future [160].

We remark that TV regularization is also used together with the nuclear norm to encourage a low-rank
and smooth (i.e., slowly varying entries) solution. This regularization finds applications in imaging and

physics [110, 187].

Low-rank tensors. Tensors with small Tucker rank can be seen as a generalization of low-rank matrices
[209]. In this setup, the signal of interest is the tensor Xy € R"1**" "and X is low-rank along its unfoldings
which are obtained by reshaping Xy as a matrix with size n; X nﬂi, where n = [[;_, n;. Denoting the i’th
unfolding by %;(Xy), a standard approach to estimate Xy from y = 7 (Xp) is minimizing the weighted

nuclear norms of the unfoldings,
t
ngn ZMVZ/,(X)H* subjectto 'y = ./ (Xp) (5.2)
i=1

Low-rank tensors have applications in machine learning, physics, computational finance and high dimen-
sional PDE’s [114]. (5.2) has been investigated by several papers [103, 137]. Closer to us, [158] recently
showed that the convex relaxation (5.2) performs poorly compared to information theoretically optimal
bounds for Gaussian measurements. Our results can extend those to the more applicable tensor completion
setup, where we observe the entries of the tensor.

Other applications of simultaneously structured signals include Collaborative Hierarchical Sparse Mod-
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Figure 5.1: Depiction of the correlation between a vector x and a set S. s* achieves the largest angle with x, hence s*
has the minimum correlation with x.

eling [190] where sparsity is considered within the non-zero blocks in a block-sparse vector, and the recovery
of hyperspectral images where we aim to recover a simultaneously block sparse and low rank matrix from

compressed observations [109].

5.0.9 Outline of the chapter

The chapter is structured as follows. Background and definitions are given in Section 5.1. An overview of the
main results is provided in Section 5.2. Section 5.3 discusses some measurement ensembles for which our
results apply. Section 5.4 provides upper bounds for the convex relaxations for the Gaussian measurement
ensemble. The proofs of the general results are presented in Section 5.5. The proofs for the special case
of simultaneously sparse and low-rank matrices are given in Section 5.6, where we compare corollaries
of the general results with the results on non-convex recovery approaches, and illustrate a gap. Numerical
simulations in Section 5.7 empirically support the results on sparse and low-rank matrices. Future directions

of research and discussion of results are in Section 5.8.

5.1 Problem Setup

We begin by recalling some basic notation. In this chapter, the ¢; » norm will be the sum of the ¢, norms
of the columns of a matrix. With this definition, minimizing the ¢; » norm will encourage a column-sparse
solution, [175,204]; see section 5.5.4 for more detailed discussion of these norms and their subdifferentials.

Overlines denote normalization, i.e., for a vector X and a matrix X, X = m and X = H??HF . Thesetof n xn

positive semidefinite (PSD) and symmetric matrices are denoted by S’ and S” respectively. <7 (-) : R" — R"™
is a linear measurement operator if .27 (x) is equivalent to the matrix multiplication Ax where A € R"™*". If

X is a matrix, 7 (x) will be a matrix multiplication with a suitably vectorized x.
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Figure 5.2: Consider the scaled norm ball passing through xq, then k¥ = i
the scaled norm ball to the origin.

where p is any of the closest points on

Definition 5.1.1 (Correlation) Given a nonzero vector x and a set S, p(X,S) is defined as

. IxTs|
x,8):= inf ——.
P(8) = nt TTllsTs

p(x,S) corresponds to the minimum absolute-valued correlation between the vector x and elements of

S. Letx = H;{Hz‘ The correlation between x and the associated subdifferential has a simple form.

.. %g X
pxalxl) = inf X&KL
gcdllx| [|gll2  supgey |y Il8ll2

Here, we used the fact that, for norms, subgradients g € d||x|| satisfy x’ g = ||x||, [220]. The denominator
of the right hand side is the local Lipschitz constant of || - || at x and is upper bounded by the Lipschitz
constant L of || -||. Consequently, p(x,d|x||) > HLLH We will denote @ by k. Recently, this quantity
has been studied by Mu et al. to analyze the simultaneously structured signals in a similar spirit to us for
Gaussian measurements [158]'. Similar calculations as above gives an alternative interpretation for k¥ which
is illustrated in Figure 5.2.

K is a measure of alignment between the vector x and the subdifferential. For the norms of interest, it
is associated with the model complexity. For instance, for a k-sparse vector X, ||%||; lies between 1 and vk
depending on how spiky nonzero entries are. Also L = y/n. When nonzero entries are 1, we find x> = %

Similarly, given a d x d, rank r matrix X, || X||, lies between 1 and +/7. If the singular values are spread (i.e.

IThis chapter is based on the author’s work [168]. The work [158] is submitted after initial submission of [168]; which was
projecting the subdifferential onto a carefully chosen subspace to obtain bounds on the sample complexity (see Proposition 5.5.1).
Inspired from [158], projection onto X( and the use of k led to the simplification of the notation and improvement of the results
in [168], in particular, Section 5.3.
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+1), we find k> = 7= 2%. In these cases, k2 is proportional to the model complexity normalized by the

ambient dimension.

Simultaneously structured models. We consider a signal xo which has several low-dimensional struc-
tures S1, So, ..., Sz (e.g., sparsity, group sparsity, low-rank). Suppose each structure i corresponds to a norm
denoted by || - |;y which promotes that structure (e.g., £1, £1 2, nuclear norm). We refer to such an x as a

simultaneously structured model.

5.1.1 Convex recovery program

We investigate the recovery of the simultaneously structured x( from its linear measurements < (xp). To
recover Xg, we would like to simultaneously minimize the norms || - ||;y, i = 1,.. ., 7, which leads to a multi-
objective (vector-valued) optimization problem. For all feasible points x satisfying 7 (x) = <7 (xo) and side
information x € ¢, consider the set of achievable norms {||x||(; }7_; denoted as points in R. The minimal
points of this set with respect to the positive orthant RY. form the Pareto-optimal front, as illustrated in

Figure 5.3. Since the problem is convex, one can alternatively consider the set
{veR": IXeR"st.x€C, & (x) = (X0), v > |[x[| sy, fori=1,...,7},

which is convex and has the same Pareto optimal points as the original set (see, e.g., [23, Chapter 4]).

Definition 5.1.2 (Recoverability) We call xg recoverable if it is a Pareto optimal point; i.e., there does not

exist a feasible X' # X satisfying o (x') = o/ (x0) and X' € €, with ||X'|| ;) < [[xol|) fori=1,...,7.

The vector-valued convex recovery program can be turned into a scalar optimization problem as

minimize f(x) = h(|x[| ), -, %]l (z))

subjectto .7 (x) = .27 (Xy),

5.3)

where /1: RT — R is convex and non-decreasing in each argument (i.e., non-decreasing and strictly increas-
ing in at least one coordinate). For convex problems with strong duality, it is known that we can recover
all of the Pareto optimal points by optimizing weighted sums f(x) = Y. Ai[|x[|(;), with positive weights
Ai, among all possible functions f(x) = h(||x]|(1),- -, [|x[/(z)) . For each xo on the Pareto, the coefficients of

such recovering function are given by the hyperplane supporting the Pareto at xq [23, Chapter 4].
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Figure 5.3: Suppose xq corresponds to the point shown with a dot. We need at least m measurements for X to be
recoverable since for any m’ < m this point is not on the Pareto optimal front.

In Figure 5.3, consider the smallest m that makes xg recoverable. Then one can choose a function 4 and
recover Xg by (5.3) using the m measurements. If the number of measurements is any less, then no function
can recover Xg. Our goal is to provide lower bounds on m.

Note that in [50], Chandrasekaran et al. propose a general theory for constructing a suitable penalty,
called an atomic norm, given a single set of atoms that describes the structure of the target object. In
the case of simultaneous structures, this construction requires defining new atoms, and then ensuring the
resulting atomic norm can be minimized in a computationally tractable way, which is nontrivial and often

intractable. We briefly discuss such constructions as a future research direction in Section 5.8.

5.2 Main Results: Theorem Statements

In this section, we state our main theorems that aim to characterize the number of measurements needed to
recover a simultaneously structured signal by convex or nonconvex programs. We first present our general
results, followed by results for simultaneously sparse and low-rank matrices as a specific but important
instance of the general case. The proofs are given in Sections 5.5 and 5.6. All of our statements will

implicitly assume xq 7 0. This will ensure that X is not a trivial minimizer and 0 is not in the subdifferentials.

5.2.1 General simultaneously structured signals

This section deals with the recovery of a signal xq that is simultaneously structured with Sy,S>,...,S¢ as
described in Section 5.1. We give a lower bound on the required number of measurements, using the

geometric properties of the individual norms.
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Theorem 5.2.1 (Deterministic failure) Suppose € = R" and,

p(x0,0f(x0)) := inf [g"%o|> (5.4)

g€d f(xo) Omin(AT)’

Then, Xq is not a minimizer of (5.3).

Theorem 5.2.1 is deterministic in nature. However, it can be easily specialized to specific random
measurement ensembles. The left hand side of (5.4) depends only on the vector X and the subdifferential
df(xo), hence it is independent of the measurement matrix A. For simultaneously structured models, we
will argue that, the left hand side cannot be made too small, as the subgradients are aligned with the signal.
On the other hand, the right hand side depends only on A and x( and is independent of the subdifferential.
In linear inverse problems, A is often assumed to be random. For large class of random matrices, we will
argue that, the right hand side is approximately ~ \/% which will yield a lower bound on the number of
required measurements.

Typical measurement ensembles include the following,

e Sampling entries: In low-rank matrix and tensor completion problems, we observe the entries of
Xo uniformly at random. In this case, rows of A are chosen from the standard basis in R"”. We
should remark that, instead of the standard basis, one can consider other orthonormal bases such as
the Fourier basis.

e Matrices with i.i.d. rows: A has independent and identically distributed rows with certain moment
conditions. This is a widely used setup in compressed sensing as each measurement we make is
associated with the corresponding row of A [38].

e Quadratic measurements: Arises in the phase retrieval problem as discussed in Section 5.0.8.

In Section 5.3, we find upper bounds on the right hand side of (5.4) for these ensembles. As it will be
discussed in Section 5.3, we can do modifications in the rows of A to get better bounds as long as it does
not affect its null space. For instance, one can discard the identical rows to improve conditioning. However,
as m increases and A has more linearly independent rows, Gp;n (AT) will naturally decrease and (5.4) will
no longer hold after a certain point. In particular, (5.4) cannot hold beyond m > n as Gy (AT) = 0. This is
indeed natural as the system becomes overdetermined.

The following proposition lower bounds the left hand side of (5.4) in an interpretable manner. In partic-

ular, the correlation p(Xg,d f(Xp)) can be lower bounded by the smallest individual correlation.
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Proposition 5.2.1 Let L; be the Lipschitz constant of the i’th norm and x; = % for 1 <i< 1. Set
Kmin = min{k; : i =1,...,7T}. We have the following,

e All functions f(-) in (5.3) satisfy, p(Xo,0.f(X0)) > Kin’-

e Suppose f(-) is a weighted linear combination f(x) = Y| Ai||X||; for nonnegative {A;}7_,. Let

Ai = ?f;'@i_L_ for 1 <i<1. Then, p(x0,0f(x0)) > ¥, Aiki.

Proof: From Lemma 5.5.3, any subgradient of f(-) can be written as, g = Y., w;g; for some nonneg-

ative w;’s. On the other hand, from [220], (%o, g;) = [[Xo||(;- Combining, we find,

T
g% =) will%ol|)-
i=1

1

From triangle inequality, ||g||2 < Y.7_, wiL;. To conclude, we use,

Y1 will%oll i) o i willRoll 5

= Kpnin- 5.5
Yo wili T ki<t wily i (5-5)

For the second part, we use the fact that for the weighted sums of norms, w; = A; and subgradients has the
form g =Y" | Aig;, [23]. Then, substitute A; for A; on the left hand side of (5.5).

|

Before stating the next result, let us recall the Gaussian distance definition from Chapter 2, which will

be useful throughout.

Definition 5.2.1 (Gaussian squared-distance) Let .# be a closed convex set in R" and let h € R" be a

vector with independent standard normal entries. Then, the Gaussian distance of # is defined as

— ; _vl2
D) = Efinf |Ih—v]}}

D(.A)

For notational simplicity, let the normalized distance be D(.#) = o

We will now state our result for Gaussian measurements; which can additionally include cone constraints

for the lower bound. One can obtain results for the other ensembles by referring to Section 5.3.

Theorem 5.2.2 (Gaussian lower bound) Suppose A has independent A (0,1) entries. Whenever m <

Moy, Xo WIll not be a minimizer of any of the recovery programs in (5.3) with probability at least 1 —

2The lower bound K, is directly comparable to Theorem 5 of [158]. Indeed, our lower bounds on the sample complexity will
have the form & (Kémn).

158



10exp(— ¢ min{myoy, (1 — /D(%))?n}), where

L 0= B@),
low 100 .

2

Remark: When ¢ = R”, D(%’) = 0 hence, the lower bound simplifies to m,,, = "IK(')“&“ .

Here D(%’) depends only on € and can be viewed as a constant. For instance, for the positive semidefi-
nite cone, we show D(S") < %. Observe that for a smaller cone ¢, it is reasonable to expect a smaller lower
bound to the required number of measurements. Indeed, as € gets smaller, D(%’) gets larger.

As discussed before, there are various options for the scalarizing function in (5.3), with one choice being
the weighted sum of norms. In fact, for a recoverable point xg there always exists a weighted sum of norms
which recovers it. This function is also often the choice in applications, where the space of positive weights

is searched for a good combination. Thus, we can state the following theorem as a general result.

Corollary 5.2.1 (Weighted lower bound) Suppose A has i.i.d .4 (0,1) entries and f(x) = ¥ Ail[x[|(;)
for nonnegative weights {A;}7_,. Whenever m < mj_ , Xo will not be a minimizer of the recovery program

(5.3) with probability at least 1 — 10exp(— 1 min{mj,,,, (1 — /D(¥))*n}), where

s n(1=+/D()) (L, Aiki)?

! =
mlow - 100 )
and A; = 71136{1 I
Observe that Theorem 5.2.2 is stronger than stating ““a particular function A([[x[[ (1), .., [[X[|(r)) will not

work”. Instead, our result states that with high probability none of the programs in the class (5.3) can return
Xo as the optimal unless the number of measurements are sufficiently large.

To understand the result better, note that the required number of measurements is proportional to &2,

min’?
which is often proportional to the sample complexity of the best individual norm. As we have argued in
Section 5.1, k?n corresponds to how structured the signal is. For sparse signals it is equal to the sparsity, and
for a rank r matrix, it is equal to the degrees of freedom of the set of rank » matrices. Consequently, Theorem
5.2.2 suggests that even if the signal satisfies multiple structures, the required number of measurements is
effectively determined by only one dominant structure.

Intuitively, the degrees of freedom of a simultaneously structured signal can be much lower, which is

provable for the S&L matrices. Hence, there is a considerable gap between the expected measurements
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Model () L | ||%] < | nx? <

k sparse vector I -1 v | Vk k

k column-sparse matrix | ||-[/12 Vd | Vk kd

Rank r matrix Il [« Vd | 7 rd

S&L (k,k,r) matrix h(J[ s N1 | — | — min{k?, rd}

Table 5.2: Summary of the parameters that are discussed in this section. The last three lines is for a d x d S&L (k,k,r)
matrix where n = d?. In the fourth column, the corresponding entry for S&L is Ky, = min{ Ke,, K}

based on model complexity and the number of measurements needed for recovery via (5.3) (k2

minn)'

5.2.2 Simultaneously Sparse and Low-rank Matrices

We now focus on a special case, namely simultaneously sparse and low-rank (S&L) matrices. We consider
matrices with nonzero entries contained in a small submatrix where the submatrix itself is low rank. Here,
norms of interest are || - |[12, || - ||; and || - || and the cone of interest is the PSD cone. We also consider
nonconvex approaches and contrast the results with convex approaches. For the nonconvex problem, we re-
place the norms || - [|1, || - ||1.2, ]| - | with the functions || ||, ]| - ||0,2,rank(-) which give the number of nonzero
entries, the number of nonzero columns and rank of a matrix respectively and use the same cone constraint
as the convex method. We show that convex methods perform poorly as predicted by the general result in
Theorem 5.2.2, while nonconvex methods require optimal number of measurements (up to a logarithmic

factor). Proofs are given in Section 5.6.

Definition 5.2.2 We say Xo € R1*% is an S&L matrix with (ky,ky, r) if the smallest submatrix that contains
nonzero entries of Xo has size ki X ky and rank (Xo) = r. When Xy is symmetric, let d = dy = dp and
k = ki1 = ky. We consider the following cases.

(a) General: Xg € R4*% js S&L with (ky,ky, 7).

(b) PSD model: Xy € R"*" is PSD and S&L with (k,k,r).

We are interested in S&L matrices with k; < d,ky < d, so that the matrix is sparse, and r < min{k;,k;}
so that the submatrix containing the nonzero entries is low rank. Recall from Section 5.1.1 that our goal
is to recover Xg from linear observations <7 (Xy) via convex or nonconvex optimization programs. The
measurements can be equivalently written as A vec(Xp), where A € R"*41% and vec(Xg) € RY1% denotes

the vector obtained by stacking the columns of Xg.
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Based on the results in Section 5.2.1, we obtain lower bounds on the number of measurements for con-
vex recovery. We additionally show that significantly fewer measurements are sufficient for non-convex pro-
grams to uniquely recover Xy; thus proving a performance gap between convex and nonconvex approaches.

The following theorem summarizes the results.
Theorem 5.2.3 (Performance of S&L matrix recovery) Suppose </ (-) is an i.i.d Gaussian map and con-
sider recovering Xo € R1*% yjg

minin;ize f(X) subjectto o/ (X)= o (Xop). (5.6)
Xe%

For the cases given in Definition 5.2.2, the following convex and nonconvex recovery results hold for some
positive constants ci,C».
(a) General model:
(al) Let f(X) = | X|li2+A|IXT |12+ A2 || X ||« where A1, A2 > 0 and € = R4 >4, Then, (5.6) will fail
to recover X with probability 1 —exp(—c1mo) whenever m < comg where my = min{d, k, dk1,
(dy+da)r}.
(@2) Let f(X) = £ Xllo2+ £ 1X" [lo2 + +rank(X) and € = RY*%. Then, (5.6) will uniquely re-
cover X with probability 1 — exp(—cim) whenever m > cymax{(k + ka)r,k; log Z—I‘,kg log %}
(b) PSD with {1 5:
(b1) Let f(X) = ||X|l12+ 2|/ X||x where A > 0 and € =S Then, (5.6) will fail to recover X with
probability 1 —exp(—cird) whenever m < cyrd.
(b2) Let f(X) = £[Xllo2 + Lrank(X) and € = S?. Then, (5.6) will uniquely recover Xo with prob-
ability 1 — exp(—cym) whenever m > ¢, max{rk,klog%}.
(c) PSD with {y:
(cl) Let f(X)=|X|[i + A||X||« and € = S. Then, (5.6) will fail to recover X with probability
1 —exp(—cimo) for all possible A > 0 whenever m < camg where mo = min{||Xo|[3, || Xo||2d}.
(c2) Suppose rank(Xo) = 1. Let f(X) = k%HXHo +rank(X) and € = S%. Then, (5.6) will uniquely

recover X with probability 1 — exp(—cim) whenever m > cyklog %.

Remark on “PSD with ¢;”: In the special case, Xo = aa” for a k-sparse vector a, we have mo =min{||a||{,d}.

When nonzero entries of a are +1, we have my = min{k*,d}.
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Setting Nonconvex sufficient m | Convex required m
General model | ¢ (max{rk,klog?}) Q(rd)

PSD with {1, | 0 (max{rk,klog?}) | Q(rd)

PSD with ¢; | O (klog9) Q(min{k?, rd})

Table 5.3: Summary of recovery results for models in Definition 5.2.2, assuming dy = d, = d and k; = kp = k. For
the PSD with /| case, we assume M and % to be approximately constants for the sake of simplicity. Nonconvex
approaches are optimal up to a logarithmic factor, while convex approaches perform poorly.

The nonconvex programs require almost the same number of measurements as the degrees of freedom
(or number of parameters) of the underlying model. For instance, it is known that the degrees of freedom
of a rank r matrix of size k; X ky is simply r(k; + k, —r) which is & ((k; +k2)r). Hence, the nonconvex
results are optimal up to a logarithmic factor. On the other hand, our results on the convex programs that
follow from Theorem 5.2.2 show that the required number of measurements are significantly larger. Table
5.3 provides a quick comparison of the results on S&L.

For the S&L (k.k,r) model, from standard results one can easily deduce that [43,178,195],

e /; penalty only: requires at least k2,

e /15 penalty only: requires at least kd,

e Nuclear norm penalty only: requires at least rd measurements.

These follow from the model complexity of the sparse, column-sparse and low-rank matrices. Theorem
5.2.2 shows that, combination of norms require at least as much as the best individual norm. For instance,
combination of ¢; and the nuclear norm penalization yields the lower bound & (min{k2,rd}) for S&L
matrices whose singular values and nonzero entries are spread. This is indeed what we would expect from
the interpretation that k?n is often proportional to the sample complexity of the corresponding norm and,
the lower bound Kﬁlmn is proportional to that of the best individual norm.

As we saw in Section 5.2.1, adding a cone constraint to the recovery program does not help in reduc-
ing the lower bound by more than a constant factor. In particular, we discuss the positive semidefiniteness
assumption that is beneficial in the sparse phase retrieval problem,, and show that the number of measure-
ments remain high even when we include this extra information. On the other hand, the nonconvex recovery
programs performs well even without the PSD constraint.

We remark that, we could have stated Theorem 5.2.3 for more general measurements given in Section
5.3 without the cone constraint. For instance, the following result holds for the weighted linear combination

of individual norms and for the subgaussian ensemble.
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Corollary 5.2.2 Suppose Xo € R?*? obeys the general model with ki = ky = k and </ is a linear sub-
gaussian map as described in Proposition 5.3.1. Choose f(X) = Ay || X1 + Ad||X|l«, where Ay, = B,

A= (1— B)\/ZZ and 0 < B < 1. Then, whenever, m < min{my,,,,cin}, where,

(BIIXoll1 + (1 = B)[IXol.vd)
2 9y

Miow =

(5.6) fails with probability 1 — 4exp(—camy,,,). Here ci,cp > 0 are constants as described in Proposition

5.3.1.

Remark: Choosing Xo = aa! where nonzero entries of a are +1 yields (8k+ (1 — )Vv/d)? on the right
hand side. An explicit construction of an S&L matrix with maximal || X]|1, ||X]|« is provided in Section 5.6.3.

This corollary compares well with the upper bound obtained in Corollary 5.4.1 of Section 5.4. In par-
ticular, both the bounds and the penalty parameters match up to logarithmic factors. Hence, together, they

sandwich the sample complexity of the combined cost f(X).

5.3 Measurement ensembles

This section will make use of standard results on sub-gaussian random variables and random matrix theory

to obtain probabilistic statements. We will explain how one can analyze the right hand side of (5.4) for,

e Matrices with sub-gaussian rows,
e Subsampled standard basis (in matrix completion),

e Quadratic measurements arising in phase retrieval.

5.3.1 Sub-gaussian measurements

We first consider the measurement maps with sub-gaussian entries. The following definitions are borrowed

from [213].

Definition 5.3.1 (Sub-gaussian random variable) A random variable x is sub-gaussian if there exists a

constant K > 0 such that for all p > 1,
(E|x?)!/? < K/p.

The smallest such K is called the sub-gaussian norm of x and is denoted by ||x||w,. A sub-exponential random

variable y is one for which there exists a constant K’ such that, P(|y| > t) < exp(1 — ). x is sub-gaussian
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if and only if x* is sub-exponential.

Definition 5.3.2 (Isotropic sub-gaussian vector) A random vector x € R" is sub-gaussian if the one di-
mensional marginals X' v are sub-gaussian random variables for all v € R". The sub-gaussian norm of X is
defined as,

Ixlle, = sup [Ix" v}y,
Ivli=1

X is also isotropic, if its covariance is equal to identity, i.e. Exx! =1I,.

Proposition 5.3.1 (Sub-gaussian measurements) Suppose A has i.i.d rows in either of the following forms,
e a copy of a zero-mean isotropic sub-gaussian vector a € R", where ||a||, = \/n almost surely.
e have independent zero-mean unit variance sub-gaussian entries.

Then, there exists constants ci,cy depending only on the sub-gaussian norm of the rows, such that, whenever

m < c1n, with probability 1 — 4exp(—cym), we have,

|ASol3 _ 2m

Gr%lin (AT) on

Proof: Using Theorem 5.58 of [213], there exists constants ¢,C depending only on the sub-gaussian

norm of a such that for any # > 0, with probability 1 —2exp(—ct?)
cymin(AT) > \/ﬁ_c m—t

Choosing t = C\/m and m < Toocz Would ensure Omin(AT) > %.
Next, we shall estimate ||AXol|2. ||A%ol|3 is sum of i.i.d. sub-exponential random variables identical to
|]a”%o|2. Also, E[|a”%o|?] = 1. Hence, Proposition 5.16 of [213] gives,
2

]P’(HA)"(OH% >m+1t) < 2exp(—c'min{—,¢})
m

Choosing = 22, we find that P(||A%ol|3 > 322) < 2exp(—c”m). Combining the two, we obtain,

Aol 2
P( Hz XOH]% < ﬂ) > 1—dexp(—c"m)
o (AT) 7 n

The second statement can be proved in the exact same manner by using Theorem 5.39 of [213] instead

of Theorem 5.58. [ |
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Remark: While Proposition 5.3.1 assumes a has fixed ¢, norm, this can be ensured by properly nor-
malizing rows of A (assuming they stay sub-gaussian). For instance, if the ¢, norm of the rows are larger
than c+/n for a positive constant ¢, normalization will not affect sub-gaussianity. Note that, scaling rows of

a matrix do not change its null space.

5.3.2 Randomly sampling entries

We now consider the scenario where each row of A is chosen from the standard basis uniformly at random.
Note that, when m is comparable to n, there is a nonnegligible probability that A will have duplicate rows.
Theorem 5.2.1 does not take this situation into account which would make Gpmin(A7) = 0. In this case, one
can discard the copies as they don’t affect the recoverability of xg. This would get rid of the ill-conditioning,
as the new matrix is well-conditioned with the exact same null space as the original, and would correspond
to a “sampling without replacement” scheme where we ensure each row is different.

Similar to achievability results in matrix completion [40], the following failure result requires true signal

to be incoherent with the standard basis, where incoherence is characterized by ||Xo||«, which lies between

ﬁand 1.

Proposition 5.3.2 (Sampling entries) Let {e;}" | be the standard basis in R" and suppose each row of A

is chosen from {e;}"_, uniformly at random. Let A be the matrix obtained by removing the duplicate rows

in A. Then, with probability 1 — exp(—m), we have,
II§XOU% < m
cymin(‘A) n

Proof: Let A be the matrix obtained by discarding the rows of A that occur multiple times except one of
them. Clearly Null(A) = Null(A) hence they are equivalent for the purpose of recovering xo. Furthermore,
Omin(A) = 1. Hence, we are interested in upper bounding || AXo||,.

Clearly ||A%o||2 < ||A%ol|2. Hence, we will bound ||AXo||3 probabilistically. Let a be the first row of A.
|]a”%|? is a random variable, with mean % and is upper bounded by ||%o||2. Hence, applying the Chernoff
Bound would yield,

_ m md?
P(||A%olf5 > ;(1 +8)) < exp(—5

DL
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Setting & = 1, we find that, with probability 1 — exp(—m), we have,

HAXOAH% < ”Aioﬂ% Szﬂ
Gmin(A)2 Gmin(A)z n

|

A significant application of this result would be for the low-rank tensor completion problem, where we
randomly observe some entries of a low-rank tensor and try to reconstruct it. A promising approach for this
problem is using the weighted linear combinations of nuclear norms of the unfoldings of the tensor to induce
the low-rank tensor structure described in (5.2), [103,114]. Related work [158] shows the poor performance
of (5.2) for the special case of Gaussian measurements. Combination of Theorem 5.2.1 and Proposition
5.3.2 will immediately extend the results of [158] to the more applicable tensor completion setup (under

proper incoherence conditions that bound ||X||c)-

[A%o]3

Remark: In Propositions 5.3.1 and 5.3.2, we can make the upper bound for the ratio _— A2

arbitrarily
close to % by changing the proof parameters. Combined with Proposition 5.2.1, this would suggest that,

failure happens, when m < nkpip.

5.3.3 Quadratic measurements

As mentioned in the phase retrieval problem, quadratic measurements |v7a|? of the vector a € R? can be
linearized by the change of variable a — X, = aa’ and using V = vv’. The following proposition can be

used to obtain a lower bound for such ensembles when combined with Theorem 5.2.1.

Proposition 5.3.3 Suppose we observe quadratic measurements </ (Xq) € R™ of a matrix Xo = aa’ € R4*9,
Here, assume that i’th entry of <7 (Xo) is equal to |v! a 2 where v; ' are independent vectors, either with
ry q i i=1 D
AN(0,1) entries or are uniformly distributed over the sphere with radius Vd. Then, there exists absolute

constants ci,cy > 0 such that whenever m < %, with probability 1 — 2ed 2,

I/ Xo)ll2 _ c2/mlogd
O'min(AT) - d
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Proof: Let V; = v;v; . Without loss of generality, assume v;’s are uniformly distributed over sphere

with radius v/d. To lower bound Gy, (AT), we will estimate the coherence of its columns, defined by,

‘<VHVJ>| (V'TV')2
AT max LI
HA) =M GV - @

Section 5.2.5 of [213] states that sub-gaussian norm of v; is bounded by an absolute constant. Hence,

(v vj)

conditioned on v; (which satisfies ||v;||» = v/d), is a subexponential random variable with mean 1.

Hence, using Definition 5.3.1, there exists a constant ¢ > 0 such that,

vV,

> clogd) < ed™*

Union bounding over all i, j pairs ensure that with probability ed > we have u(A”) < c%. Next, we use
the standard result that for a matrix with columns of equal length, Opin(AT) > d(1 — (m — 1)u). The reader

is referred to Proposition 1 of [205]. Hence, m < gives Omin(AT) > %.

2clogd logd ’

It remains to upper bound |.<7(Xo)||2. The i’th entry of <7 (Xy) is equal to v/ a|?, hence it is subex-
ponential. Consequently, there exists a constant ¢’ so that each entry is upper bounded by C7'/logd with
probability 1 —ed 3. Union bounding, and using m < d, we find that ||.<7 (Xo)|» < %\/ﬁ logd with proba-

bility 1 —ed 2. Combining with the Gpin(AT) estimate we can conclude. [ |

Comparison to existing literature. Proposition 5.3.3 is useful to estimate the performance of the sparse
phase retrieval problem, in which a is a k sparse vector, and we minimize a combination of the ¢; norm
and the nuclear norm to recover Xy. Combined with Theorem 5.2.1, Proposition 5.3.3 gives that, whenever
m < 1§‘g[2 and Czﬁlogd < min{‘=} [Xoll HXOH*} the recovery fails with high probability. Since || Xo|/x = 1 and
Xollr = I}

1, the failure condition reduces to,

min{[a[[},d}.

¢
m<
log?d

When a is a k-sparse vector with &1 entries, in a similar flavor to Theorem 5.2.3, the right hand side has the

form min{k?,d}.

lo 2d
We should emphasize that the lower bound provided in [134] is directly comparable to our results. Au-

thors in [134] consider the same problem and give two results: first, if m > & (||a||{klogd) then minimizing

|IX|l1 + A tr(X) for suitable value of A over the set of PSD matrices will exactly recover X, with high
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probability. Secondly, their Theorem 1.3 gives a necessary condition (lower bound) on the number of mea-

surements, under which the recovery program fails to recover X with high probability. In particular, their

max(||a][j—£/2.0)>

. e . d -
failure condition is m < min{my, W} where mg = 5001022 d

First, observe that both results have m < & (@) condition. Focusing on the sparsity requirements,

when the nonzero entries are sufficiently diffused (i.e. ||a||? ~ k) both results yield & <1 oy

> as a lower
bound. On the other hand, if ||a]|; < k , their lower bound disappears while our lower bound still requires
4 (1!2” d) measurements. ||al|; < f can happen as soon as the nonzero entries are rather spiky, i.e. some

of the entries are much larger than the rest. In this sense, our bounds are tighter. On the other hand, their

lower bound includes the PSD constraint unlike ours.

5.3.4 Asymptotic regime

While we discussed two cases in the nonasymptotic setup, we believe significantly more general results can
be stated asymptotically (m,n — o). For instance, under finite fourth moment constraint, thanks to Bai-Yin
law [8], asymptotically, the smallest singular value of a matrix with i.i.d. unit variance entries concentrate

around /n — /m. Similarly, ||A%o||3 is sum of independent variables; hence thanks to the law of large

. || A% |2 . 1A%l vm
numbers, we will have = =2 — 1. Together, these yield om(AT) 7 Ja—ym

5.4 Upper bounds

We now state an upper bound on the simultaneous optimization for Gaussian measurement ensemble. Our
upper bound will be in terms of distance to the dilated subdifferentials.

To accomplish this, we will make use of the characterization of the linear inverse phase transitions via
Gaussian width; which has been discussed in Chapter 2 and Chapter 3. The works due to Chandrasekaran et
al. [50], Amelunxen et al. [4] and Donoho and Tanner [83] focus on signals with single structure and do not
study properties of a penalty that is a combination of norms. The next theorem relates the phase transition

point of the joint optimization (5.3) to the individual subdifferentials.

Theorem 5.4.1 Suppose A has iid. A (0,1) entries and let f(x) = Y| Ail[x[|(5. For positive scalars
-1
{a}E,, let 4; = )L T and define,

2
mup({04}iy) = (ZZiD(%mXOHU))I/Z)
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Ifm > (\ /M, +1)* + 1, then program (5.3) will succeed with probability 1 — 2exp(—§).

Proof: Fix h as an i.i.d. standard normal vector. Let g; be so that o;g; is closest to h over 0;|[xol| ;).

Lety=(Y; %’;)_1. Then, we may write,

inf h—g|, < inf |h—

gecon iy I8z = inf =7l

< h— 7Y Al
Ai =
= h—y)_ _ oigil> = [h =} Aicigil>
i % i
SZLHh—O@'gin
i

=Y %4 inf |h—ogl
T gi€d|xollg
Taking the expectations of both sides and using the definition of D(-), we find,

D(cone(9f(x0)))"/> < Y AiD(cd[xoll1) >

Using definition of D(-), this gives, m,, > D(cone(d f(xp))). The result then follows from Proposition

1.3, which gives that when m > (D(cone(df(xo)))'/? 4+ 1) + 1, recovery succeeds with probability 1 —

2exp( —%) To see this, recall that,

D(cone(df(x0))) > o(Tf(x0) N A" 1)? (5.7)

For Theorem 5.4.1 to be useful, choices of ¢; should be made wisely. An obvious choice is letting,
o; = argminD(a;0[|%|y)- (5.8)

With this choice, our upper bounds can be related to the individual sample complexities, which is equal to

D(cone(d|[xo(iy))- Proposition 1 of [101] shows that, if || - [| ;) is a decomposable norm, then,

D(cone(9|[xo]l)))"/> < D(e§'d[x0|())'/* < D(cone(d||xolly))' "> +6
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Decomposability is defined and discussed in detail in Section 5.5.4. In particular, ¢1,¢; > and the nuclear
norm are decomposable. With this assumption, our upper bound will suggest that, the sample complexity of
the simultaneous optimization is smaller than a certain convex combination of individual sample complexi-

ties.

Corollary 5.4.1 Suppose A has i.i.d A (0,1) entries and let f(x) = Y., Ail[x]|(;) for decomposable norms

% . . . 7 % Ai 7 -1
-l Yy Let {af}r, be as in (5.8) and assume they are strictly positive. Let A = % and
define,

mup({05 1) = Zii*D(COHe(a\IXoH(i)))”z+6

Ifm > (\/iy, +1)*+ 1, then program (5.3) will succeed with probability 1 — ZCXP(*%).

Here, we used the fact that ) ; Zi* =1 to take 6 out of the sum over i. We note that Corollaries 5.2.1 and

5.4.1 can be related in the case of sparse and low-rank matrices. For norms of interest, roughly speaking,

e nk} is proportional to the sample complexity D(cone(||xol|;)))-

NG

.
o

e [; is proportional to
Consequently, the sample complexity of (5.3) will be upper and lower bounded by similar convex combina-

tions.

5.4.1 Upper bounds for the S&L model

We will now apply the bound obtained in Theorem 5.4.1 for S&L matrices. To obtain simple and closed

form bounds, we will make use of the existing results in the literature.
e Table ITof [101]: If xo € R" is a k sparse vector, choosing oy, = /2log 7, D(ay, d||xol|1) < 2klog .
e Table 3 of [170]: If Xo € R?*? is a rank r matrix, choosing o, = 2v/d, D(0.0d||Xo||x) < 6dr+2d.

Proposition 5.4.1 Suppose A has i.i.d A (0,1) entries and Xo € R4 is a rank r matrix whose nonzero
entries lie on a k x k submatrix. For 0 < B <1, let f(X) = Ay, || X[l + A|[ X[ where Ay, = B+/log % and
A= (1— B)\/;l Then, whenever,

2
d
m> <2ﬁk, /log% +(1 —ﬁ)\/6dr+2d+t> +1,

X can be recovered via (5.3) with probability 1 — Zexp(—g).
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Proof: To apply Theorem 5.4.1, we will choose oy, = \/4log% and o, = 2v/d. X is effectively an
(at most) k? sparse vector of size d2. Hence, o, = 1/2log i—; and D(ay, || Xol1) < 4k*log %.
Now, for the choice of o, we have, D(¢,||Xo||«) < 6dr+2d. Observe that Oc[llkgl = g a; ' = %

and apply Theorem 5.4.1 to conclude. [ ]

5.5 General Simultaneously Structured Model Recovery

Recall the setup from Section 5.1 where we consider a vector xg € R" whose structures are associated with
a family of norms {|| - ||;}7_; and xo satisfies the cone constraint Xy € €. This section is dedicated to the
proofs of theorems in Section 5.2.1 and additional side results where the goal is to find lower bounds on the
required number of measurements to recover Xo. For a subspace M, denote its orthogonal complement by

M.

5.5.1 Preliminary Lemmas

We first show that the objective function max<;j<z \HX%‘H(E)) can be viewed as the ‘best’ among the functions

mentioned in (5.3) for recovery of x.

Lemma 5.5.1 Consider the class of recovery programs in (5.3). If the program

minimize  fest(X) émaxizl,...,r [R3IID

Xc? HXOH(i) (59)
subjectto o/ (X) = o/ (Xo)

fails to recover X, then any member of this class will also fail to recover Xy.

Proof: Suppose (5.9) does not have x( as an optimal solution and there exists X’ such that fyes(x') <

fbest (XO ) , then
1

[Ixoll ;)

HX/H(i) S fbest(xl) S fbest(XO) = 17 fori= 17‘ -y T

which implies,

HX’H(,’) < ||X0H(i)a foralli = 1,...,17. (5.10)

Conversely, given (5.10), we have fies(X') < foest(X0) from the definition of fyes.
Furthermore, since we assume /(+) in (5.3) is non-decreasing in its arguments and increasing in at least

one of them, (5.10) implies f(x") < f(xo) for any such function f(-). Thus, failure of fye(+) in recovery of
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Xo implies failure of any other function in (5.3) in this task. [ ]

The following lemma gives necessary conditions for Xy to be a minimizer of the problem (5.3).

Lemma 5.5.2 Ifxq is a minimizer of the program (5.3), then there exist v € €*, z, and g € d f(Xo) such that
g—v—ATz=0 and (x,v)=0.

The proof of Lemma 5.5.2 follows from the KKT conditions for (5.3) to have xq as an optimal solution [17,
Section 4.7].
The next lemma describes the subdifferential of any general function f(x) = A(|[x[[(1), .-, [[X[|(r)) as

discussed in Section 5.1.1.

Lemma 5.5.3 For any subgradient of the function f(x) = h(|[x[|(1),.-.,[[x[/()) at x # O defined by convex

function h(-), there exists non-negative constants w;, i = 1,...,7 such that

T
g= Zwigi
i=1
where g; € d||Xo||;)-
T
Proof: Consider the function N(x) = [Hx”(l), s ||XH(1)} by which we have f(x) = h(N(x)). By

Theorem 10.49 in [183] we have

df(x) = J{I(y'N(x)): y € In(N(x))}

where we used the convexity of f and 4. Now notice that any y € dh(N(x)) is a non-negative vector because
of the monotonicity assumption on A(-). This implies that any subgradient g € d f(x) is in the form of
d(wI'N(x)) for some nonnegative vector w. The desired result simply follows because subgradients of
conic combination of norms are conic combinations of their subgradients, (see e.g. [182]). [ |

Using Lemmas 5.5.2 and 5.5.3, we now provide the proofs of Theorems 5.2.1 and 5.2.2.

5.5.2 Proof of Theorem 5.2.1

We prove the more general version of Theorem 5.2.1, which can take care of the cone constraint and align-

ment of subgradients over arbitrary subspaces. This will require us to extend the definition of correlation to
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handle subspaces. For a linear subspace % € R" and a set S € R”, we define,

Proj,,
o#ses  ||s]a

[1Proj (A2) ]2

Proposition 5.5.1 Let o¢(A”) = infj,,—1 15z,

. Let # be an arbitrary linear subspace orthogonal
to the following cone,

{yeR'|xjy=0,yecc"}. (5.11)

Suppose,

1Proja(®)l2 _ Omun(Projs(AT))

R,0 = '
PUOTBD = o™ gl oo (AT)oma(AT)

Then, Xq is not a minimizer of (5.3).

Proof: Suppose X is a minimizer of (5.3). From Lemma 5.5.2, there exist a g € d f(X¢), z € R™ and

v € €* such that

g=ATz+v (5.12)

and (xo,v) = 0. We will first eliminate the contribution of v in equation (5.12). Projecting both sides of

(5.12) onto the subspace Z gives,
Proj,(g) = Proj,(A”z) = Proj,(AT)z (5.13)
Taking the ¢, norms,
IProj 5 (g)l|2 = [|Proj»(AT)zl|2 < Gmax (Projz, (AT))][2]2. (5.14)
Since v € ¢™*, from Fact 2.1 we have Proj, (—v) = Proj,(ATz —g) = 0. Using Corollary B.1.1,
lgll2 > ||Proj, (A" z)l2. (5.15)
From the initial assumption, for any z € R, we have,

o5 (AT)||A"z]2 < [|Proj, (A" 2)|2 (5.16)
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Combining (5.15) and (5.16) yields ||g||» > o« (AT)||ATz||,. Further incorporating (5.14), we find,

[[Proj(8)ll2
Omax (PI‘Oj% (AT))

[ATz])2 Igll2
<lz|2 < < .

121l = G AT) = G (AT)Guin(AT)
Hence, if X is recoverable, there exists g € d f(X¢) satisfying,

[Proj,(g)l)2 < GmaX(PrOj%(AT))
gl ow(AT)omin(AT)

|
To obtain Theorem 5.2.1, choose % = span({xo }) and ¢’ = R". This choice of % yields Opax (Proj,(AT)) =
|%0x2 AT||2 = || Aol and ||Proj,(g) |2 = |x]g|. Choice of € = R" yields 64 (A) = 1. Also note that, for

any choice of &, xq is orthogonal to (5.11) by definition.

5.5.3 Proof of Theorem 5.2.2

Rotational invariance of Gaussian measurements allow us to make full use of Proposition 5.5.1. The follow-

ing is a generalization of Theorem 5.2.2.

Proposition 5.5.2 Consider the setup in Proposition 5.5.1 where A has i.i.d A (0, 1) entries. Let,

n(1-D(%)"?)p(%,9f(x0))*
100 ’

Miow =

and suppose dim(Z) < my,,,. Then, whenever m < my,,,, with probability 1 — 106Xp(—11—6min{ml(,w, (1—

D(%)'/?)?n}), (5.3) will fail for all functions f(-).

Proof: More measurements can only increase the chance of success. Hence, without losing gen-

erality, assume m = my,,, and dim(#) < m. The result will follow from Proposition 5.5.1. Recall that
(1-D(¢)"/*)n
m< 00
e Proj,(AT) is statistically identical to a dim(%) x m matrix with i.i.d. .#7(0,1) entries under proper
unitary rotation. Hence, using Corollary 5.35 of [213], with probability 1 —2exp(— ), Omax(Proj,

(AT)) < 1.5\/m+ /dim(Z) < 2.5\/m. With the same probability, Opin(AT) > /n— 1.5\/m.

e From Theorem B.1.2, using m < %, with probability 1 — 6exp(—%21/2)2"), G% (AT) >
1-D(%)!/2 1-D(%)!/?
A14D(@) ) = 8§
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Since % < 55, combining these, with the desired probability,

30°
Omax (Proj, (AT)) - 8 2.5/m 10/m
04 (A)wn(AT) =\ T=D(6) 172 V=15V~ \/(T-B(@) ")

Finally, using Proposition 5.5.1 and m < % (%, f(x0))?, with the same probability (5.3) fails.

]
To achieve Theorem 5.2.2, choose % = span({xo}) and use the first statement of Proposition 5.2.1.

To achieve Corollary 5.2.1, choose % = span({xXo}) and use the second statement of Proposition 5.2.1.

5.5.4 Enhanced lower bounds

From our initial results, it may look like our lower bounds are suboptimal. For instance, considering only ¢;
norm, K = H’:OFH‘ lies between —= and f for a k sparse signal. Combined with Theorem 5.2.2, this would
give a lower bound of ||X Hl measurements. On the other hand, clearly, we need at least &'(k) measurements
to estimate a k sparse vector.

Indeed, Proposition 5.5.1 gives such a bound with a better choice of %. In particular, let us choose

# = span({sign(xo)}). For any g € d||x¢l|1, we have that,

mgnx
\/7 = p(sign(xo),d|xo([1) = \/7

Hence, we immediately have m > & (k) as a lower bound. The idea of choosing such sign vectors can be

generalized to the so-called decomposable norms.

Definition 5.5.1 (Decomposable Norm) A norm || - || is decomposable at x € R" if there exist a subspace

T C R" and a vector e € T such that the subdifferential at X has the form
]| ={z€R" : Projr(z) =e, || Zr.(z)||" < 1}.

We refer to T as the support and e as the sign vector of X with respect to || - ||.

Similar definitions are used in [30] and [221]. Our definition is simpler and less strict compared to these
works. Note that L is a global property of the norm while e and T depend on both the norm and the point

under consideration (decomposability is a local property in this sense).
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To give some intuition for Definition 5.5.1, we review examples of norms that arise when considering
simultaneously sparse and low rank matrices. For a matrix X € R4 %2 et X, j, X;. and X ; denote its (i,7)

entry, ith row and jth column respectively.

Lemma 5.5.4 (see [30]) The {1 norm, the {1 > norm and the nuclear norm are decomposable as follows.

e /1 norm is decomposable at every x € R", with sign € = sgn (X), and support as
T=supp(x)={yeR": x;,=0 = y;=0fori=1,...,n}.
o /1 norm is decomposable at every X € R4 % The support is
T:{YERM@:XJzﬂiYﬁzﬂﬂnzlww@k

and the sign vector e € R *% s obtained by normalizing the columns of X present in the support, e ;=

X.j
X[l

if |X_jll2 # 0, and setting the rest of the columns to zero.

e Nuclear norm is decomposable at every X € R4 *%_ For a matrix X with rank r and compact singular

value decomposition X = UEVT where £ € R"™", we have e = UV! and
T={YeRrM % 1-UU)Y(I-VV') =0}
—_ {Z]VT +UZg ‘ Z1 c Rdlxr’zz c dew} )

The next lemma shows that the sign vector e will yield the largest correlation with the subdifferential

and the best lower bound for such norms.

Lemma 5.5.5 Let || - || be a decomposable norm with support T and sign vector e. For any v # 0, we have

that,

p(v.9Ixo) < p(e,dxol)) (5.17)
Also p(e,d||x|) > 15,

Proof: Let v be a unit vector. Without losing generality, assume v’ e > 0. Pick a vector z € T+ with

||z||* = 1 such that z v < 0 (otherwise pick —z). Now, consider the class of subgradients g(a) = e + oz for
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& TProjr-(g)

Figure 5.4: An example of a decomposable norm: ¢; norm is decomposable at Xy = (1,0). The sign vector e, the
support 7', and shifted subspace T are illustrated. A subgradient g at xo and its projection onto 7 are also shown.

1> o > —1. Then,

Vigla)] o Vg le”v—afz"v]|

e = i
izt gl odast g(a)]2  0fazt (o3 +a2[[3)' 2

If |z"v| > eT'v, then, the numerator can be made 0 and p (v, d||xo||) = 0. Otherwise, the right hand side is

decreasing function of &, hence the minimum is achieved at & = 1, which gives,

vig(o)| _ le"v—[z"v]] "] ]l o [e7g(a)]

in < < = inf ———~—
—1<as<t flg(a)ll2 (flell3+1z[3)"2 = (lellz+1z[5)'2 = (lefl5+[zll3)/?  —1<e<t [lg()]l2

where we used e’ g(a) = e’ e = ||e||3. Hence, along any direction z, e yields a higher minimum correlation
than v. To obtain (5.17), further take infimum over all z € T+, ||z|* < 1 which will yield infimum over
d||xo||. Finally, use ||g(@)||2 < L to lower bound p (e, d||Xo||).
|
Based on Lemma 5.5.5, the individual lower bound would be & (H%\%) n. Calculating ”%‘%n for the
norms in Lemma 5.5.4, reveals that, this quantity is k for a k sparse vector, cd; for a c-column sparse matrix
and rmax{d;,d,} for a rank r matrix. Compared to bounds obtained by using X, these new quantities are
directly proportional to the true model complexities. Finally, we remark that, these new bounds correspond
to choosing X that maximizes the value of ||Xo||1, ||Xo||. or ||Xo||1 2 while keeping sparsity, rank or column
sparsity fixed. In particular, in these examples, e has the same sparsity, rank, column sparsity as Xo.

The next lemma gives a correlation bound for the combination of decomposable norms as well as a

simple lower bound on the sample complexity.

Proposition 5.5.3 Given decomposable norms ||-||;y with supports T; and sign vectors e;. Let Tn = << Ti-

Choose the subspace % to be a subset of Th.
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o Assume (Projg(e;),Projz(e;)) > 0 for all i, j and min | <i<¢ W > v. Then,

v
p(Z%,df(x0)) > 7 lfglgrp(eia3!!X0|!(i))-

Consider Proposition 5.5.1 with Gaussian measurements and suppose % is orthogonal to the set
(5.11). Let f(x) = X._; Aillx|| iy for nonnegative {A;}’s. Then, if m < dim(Z), (5.3) fails with proba-
bility 1.

Proof: Letg =Y |wg; for some g; € d||xol|(;). First, |[g|[2 < X wil|gi|l2. Next,

2

. T ) T ) T ) T
IProj., (g)13 = | ) wiProj(en)l|3 > ) wi|[Projy(en)ll7 > v* ) willeill > 7(Zwi||e,~\|2)2.
i=1 = i=1 =1

To see the second statement, consider the line (5.13) from the proof of Proposition 5.5.1. Proj,(g) =
Y7 | AiProj(e;). On the other hand, column space of Proj,,(AT) is an m-dimensional random subspace of
Z.1f m < dim(Z), Proj(g) is linearly independent with Proj,,(AT) with probability 1 and (5.13) will not
hold. ]

In the next section, we will show how better choices of % (based on the decomposability assumption)

can improve the lower bounds for S&L recovery.

5.6 Proofs for Section 5.2.2

Using the general framework provided in Section 5.2.1, in this section we present the proof of Theorem
5.2.3, which states various convex and nonconvex recovery results for the S&L models. We start with the

proofs of the convex recovery.

5.6.1 Convex recovery results for S&L

In this section, we prove the statements of Theorem 5.2.3 regarding convex approaches, using Theorem
5.2.2 and Proposition 5.5.2. We will make use of the decomposable norms to obtain better lower bounds.
Hence, we first state a result on the sign vectors and the supports of the S&L model following Lemma 5.5.4.

The proof is provided in Appendix B.2.

Lemma 5.6.1 Denote the norm | X” |12 by ||-T ||12. Given a matrix Xo € R *%, letE,,E.,E, and T}, T,,T,

T'\|1 2 respectively. Then,

be the sign vectors and supports for the norms || - ||«, || - |12,

178



e E,E E. € LNT.NT,
. (E*,E,> >0, (E*,EC> >0, and <EC,Er> >0.

5.6.1.1 Proof of Theorem 5.2.3: Convex cases

Proof of (al) We use the functions |- ||12,]|-7 ||1.2 and || - || without the cone constraint, i.e., ¢’ = R%1*%,
We will apply Proposition 5.5.2 with & = T, N T, N T,.. From Lemma 5.6.1 all the sign vectors lie on % and
they have pairwise nonnegative inner products. Consequently, applying Proposition 5.5.3,

1 ki k r

2 .
p(%,af(xo)) ngln{jl,jz,m}

If m < dim(Z%), we have failure with probability 1. Hence, assume m > dim(Z%). Now, apply Proposition

5.5.2 with the given my,,,,.

Proof of (b1) In this case, we apply Lemma B.2.2. We choose #Z = T, N T. N T, NS", the norms are
the same as in the general model, and v > f Also, pairwise inner products are positive, hence, using
Proposition 5.5.3, p(%Z,df(X))? > mm{ 7> 71 Again, we may assume m > dim(%). Finally, based on
Corollary B.1.1, for the PSD cone we have D(%’) > %. The result follows from Proposition 5.5.2 with the

given my,,,.

Proof of (c1) For PSD cone, D(%) > % and we simply use Theorem 5.2.2 to obtain the result by using

X017 [Xoll2

2 _
1 e and kg ]

Kj =

5.6.1.2 Proof of Corollary 5.2.2

To show this, we will simply use Theorem 5.2.1 and will substitute k’s corresponding to ¢ and the nuclear

norm. K, = H\/%I* and Ky, = = X 0”“ . Also observe that, Ay, Ly, = Bd and AL, = (1 —B)d. Hence, Y2, Lik; =
a|Xoll1 + (1 — @)||Xo||lxv/d. Use Proposition 5.3.1 to conclude with sufficiently small c1,c; > 0.
5.6.2 Nonconvex recovery results for S&L

While Theorem 5.2.3 states the result for Gaussian measurements, we prove the nonconvex recovery for
the more general sub-gaussian measurements. We first state a lemma that will be useful in proving the

nonconvex results. The proof is provided in the Appendix B.3 and uses standard arguments.
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Lemma 5.6.2 Consider the set of matrices M in R"*% that are supported over an s\ x s, submatrix with
rank at most q. There exists a constant ¢ > 0 such that whenever m > c¢min{(s; + s2)q, s log f—]',sz log %}
with probability 1 —2exp(—cm), o () : RN*% — R™ with i.i.d. zero-mean and isotropic sub-gaussian rows
will satisfy the following,

o/ (X)#0, forall XeM. (5.18)

5.6.2.1 Proof of Theorem 5.2.3: Nonconvex cases

Denote the sphere in R4 *“2 with unit Frobenius norm by .#¢1*42,

X" Jlo.2 + rank(X)
IXFlloz ' rank(Xo)

Proof of (a2) Observe that the function f(X) = m;;()“”f’(;zz +

and we have f(Xo) = 3. Hence, if all null space elements W € Null(.27) satisfy f(W) > 6, we have

satisfies the triangle inequality

fX) = f(X=Xo) = f(=Xo) >3,

for all feasible X which implies X being the unique minimizer.

Consider the set M of matrices, which are supported over a 6k; x 6k, submatrix with rank at most 6r.
Observe that any Z satisfying f(Z) < 6 belongs to M. Hence ensuring Null(.«#) "M = {0} would ensure
f(W) > 6 for all W € Null(.27). Since M is a cone, this is equivalent to Null(.e7') N (M N.741%%) = (. Now,

applying Lemma 5.6.2 with set M and s1 = 6k, s, = 6k, g = 6r we find the desired result.

Proof of (b2) Observe that due to the symmetry constraint,

_ IXlo2 | [IX"[lo , rank(X)

X - .
) HXOHO,Z HXSHO,Z rank(Xo)

Hence, the minimization is the same as (a2), the matrix is rank » contained in a k x k submatrix and we
additionally have the positive semidefinite constraint which can only reduce the amount of required mea-

surements compared to (a2). Consequently, the result follows by applying Lemma 5.6.2, similar to (a2).

Proof of (¢2) LetC={X# O’f(X) < f(Xo)}. Since rank(Xp) = 1, if f(X) < f(Xo) = 2, rank(X) = 1.
With the symmetry constraint, this means X = +xx’ for some /-sparse x. Observe that X — X has rank at
most 2 and is contained in a 2k x 2k submatrix as [ < k. Let M be the set of matrices that are symmetric

and whose support lies in a 2k x 2k submatrix. Using Lemma 5.6.2 with ¢ = 2, 51 = s, = 2k, whenever

180



m > cklog %, with desired probability all nonzero W € M will satisfy <7 (W) # 0. Consequently, any X € C
will have o7 (X) # </ (Xo), hence Xo will be the unique minimizer.

5.6.3 Existence of a matrix with large «’s

We now argue that, there exists an S&L matrix that have large ky,, k¢, , and K, simultaneously. We will have
a deterministic construction that is close to optimal. Our construction will be based on Hadamard matrices.
H, € R"™" is called a Hadamard matrix if it has £1 entries and orthogonal rows. Hadamard matrices exist
for n that is an integer power of 2.

Using H,,, our aim will be to construct a d; x dy S&L (ki,ka,r) matrix Xo that satisfy || Xo||? ~ kika,
1Xo||2 ~ r, ||X0H%72 ~ k and HXgH%z ~ k;. To do this, we will construct a k; X k, matrix and then plant it

into a larger d; x d, matrix. The following lemma summarizes the construction.

Lemma 5.6.3 Without loss of generality, assume ky > ki > r. Let H:=H|1o0 1,|- Let X € Rb>k2 be 50 that,

i’th row of X is equal to [i — 1 (mod r)] + 1’th row of H followed by 0’s for 1 <i < ky. Then,

_ kiky o
Xolf > =52, [1Xoll2 >

_ kb o
=, Rolt2 2 2, IXEIR, = k.

|
2 )
In particular, if ky = 0 (mod r) and k; is an integer power of 2, then,

Xollf = kika, [XollZ =1, [Xolli, = ke, X5 lIT2 = k.

Proof: The left k; x 2l°22%2] entries of X are +1, and the remaining entries are 0. This makes the

calculation of 1 and /; » and Frobenius norms trivial.

[logp kp |

In particular, ||Xo[|% = [ Xo||1 = k12102l || Xo 12 = vEi2U°2%) and ||X]||;2 = k22 . Substitut-

ing these yield the results for these norms.
To lower bound the nuclear norm, observe that, each of the first r rows of the H are repeated at least L’%J
times in X. Combined with the orthogonality, this ensures that each singular value of X that is associated

with the j’th row of H is at least /2K | X | for all 1 < j < r. Consequently,

k
X[, > ry/2lozak) | 2L |
;
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Figure 5.5: Performance of the recovery program minimizing max { T ;0 ‘H;(OHHIIZ } with a PSD constraint. The dark

region corresponds to the experimental region of failure due to insufficient measurements. As predicted by Theorem
5.2.3, the number of required measurements increases linearly with rd.

Hence,

2llog ko) | Ky zuogzszL’%J T &

X|, > = =
Xl = K 2llog: k2 2 log; k2 k1L

~

]

Use the fact that Lklj kl ask; >r. [
If we are allowed to use complex numbers, one can apply the same idea with the Discrete Fourier Trans-
form (DFT) matrix. Similar to H,,, DFT has orthogonal rows and its entries have the same absolute value.

However, it exists for any n > 1; which would make the argument more concise.

5.7 Numerical Experiments

In this section, we numerically verify our theoretical bounds on the number of measurements for the Sparse
and Low-rank recovery problem. We demonstrate the empirical performance of the weighted maximum of
the norms fest (see Lemma 5.5.1), as well as the weighted sum of norms.

The experimental setup is as follows. Our goal is to explore how the number of required measurements
m scales with the size of the matrix d. We consider a grid of (m,d) values, and generate at least 100 test
instances for each grid point (in the boundary areas, we increase the number of instances to at least 200).

We generate the target matrix X¢ by generating a k X r i.i.d. Gaussian matrix G, and inserting the k X k
matrix GG in an d x d matrix of zeros. We take r = 1 and k = 8 in all of the following experiments; even

with these small values, we can observe the scaling predicted by our bounds. In each test, we measure the
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(X)X

Figure 5.6: Performance of the recovery program minimizing max{ } with a PSD constraint. » =1,k =8

tr( Xo [Xoll:
and d is allowed to vary. The plot shows m versus d to illustrate the lower bound Q(min{k?, dr}) predicted by Theorem
5.2.3.

. X-X, . . —
normalized recovery error w and declare successful recovery when this error is less than 10~*. The

optimization programs are solved using the CVX package [113], which calls the SDP solver SeDuMi [196].

We first test our bound in part (b) of Theorem 5.2.3, Q(rd), on the number of measurements for recovery

X1 .2

il Xo \IXo\Iiz} over the set of positive semi-definite matrices. Figure 5.5

in the case of minimizing max{
shows the results, which demonstrates m scaling linearly with d (note that » = 1).

Next, we replace /1 > norm with ¢; norm and consider a recovery program that emphasizes entry-wise
sparsity rather than block sparsity. Figure 5.6 demonstrates the lower bound Q(min{k?,d}) in Part (c)

of Theorem 5.2.3 where we attempt to recover a rank-1 positive semi-definite matrix Xy by minimizing

X
tr Xo [IXoll1

max { } subject to the measurements and a PSD constraint. The green curve in the figure shows
the empirical 95% failure boundary, depicting the region of failure with high probability that our results have
predicted. It starts off growing linearly with d, when the term rd dominates the term k2, and then saturates

as d grows and the k% term (Which is a constant in our experiments) becomes dominant.

X1
tr Xo Xoll

The penalty function max{ } depends on the norm of Xj. In practice the norm of the solution
is not known beforehand, a weighted sum of norms is used instead. In Figure 5.7 we examine the perfor-
mance of the weighted sum of norms penalty in recovery of a rank-1 PSD matrix, for different weights. We

pick A =0.20 and A = 0.35 for a randomly generated matrix X, and it can be seen that we get a reasonable

X 11X
Xl )

In addition, we consider the amount of error in the recovery when the program fails. Figure 5.8 shows

two curves below which we get a 90% percent failure, where for the green curve the normalized error
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n n

Figure 5.7: Performance of the recovery program minimizing tr (X) + 24| X||; with a PSD constraint, for A = 0.2 (left)
and A = 0.35 (right).

10 20 30 40 50 60

n

Figure 5.8: 90% frequency of failure where the threshold of recovery is 10~* for the green and 0.05 for the red curve.

max{ ttrr&?) , HH;()HHll } is minimized subject to the PSD constraint and the measurements.

threshold for declaring failure is 10™#, and for the red curve it is a larger value of 0.05. We minimize

w(x) X],
max{ ey X,

} as the objective. We observe that when the recovery program has an error, it is very likely
that this error is large, as the curves for 10~ and 0.05 almost overlap. Thus, when the program fails, it fails
badly. This observation agrees with intuition from similar problems in compressed sensing where sharp
phase transition is observed.

As a final comment, observe that, in Figures 5.6, 5.7 and 5.8 the required amount of measurements
slowly increases even when d is large and k*> = 64 is the dominant constant term. While this is consistent
with our lower bound of Q(k?,d), the slow increase for constant k, can be explained by the fact that, as

d gets larger, sparsity becomes the dominant structure and ¢; minimization by itself requires & (k2 log%)
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Figure 5.9: We compare sample complexities of different approaches for a rank 1, 40 x 40 matrix as function of
sparsity. The sample complexities were estimated by a search over m, where we chose the m with success rate closest
to 50% (over 100 iterations).

measurements rather than & (kz). Hence for large d, the number of measurements can be expected to grow
logarithmically in d.

In Figure 5.9, we compare the estimated phase transition points for different approaches for varying
sparsity levels. The algorithms we compare are,

e Minimize ¢; norm,

e Minimize ¢; norm subject to the positive-semidefinite constraint,

e Minimize trace norm subject to the positive-semidefinite constraint,

(X)X
tr(Xo) * [ Xoll1

Minimize max{ } subject to the positive-semidefinite constraint

Not surprisingly, the last option outperforms the rest in all cases. On the other hand, its performance
is highly comparable to the minimum of the second and third approaches. For all regimes of sparsity, we
observe that, measurements required by the last method is at least half as much as the minimum of second

and third methods.

5.8 Discussion

We have considered the problem of recovery of a simultaneously structured object from limited measure-
ments. It is common in practice to combine known norm penalties corresponding to the individual structures
(also known as regularizers in statistics and machine learning applications), and minimize this combined ob-

jective in order to recover the object of interest. The common use of this approach motivated us to analyze
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its performance, in terms of the smallest number of generic measurements needed for correct recovery. We
showed that, under a certain assumption on the norms involved, the combined penalty requires more generic
measurements than one would expect based on the degrees of freedom of the desired object. Our lower
bounds on the required number of measurements implies that the combined norm penalty cannot perform
significantly better than the best individual norm.

These results raise several interesting questions, and lead to directions for future work. We briefly outline

some of these directions, as well as connections to some related problems.

Defining new atoms for simultaneously structured models. Our results show that combinations of in-
dividual norms do not exhibit a strong recovery performance. On the other hand, the paper [50] proposes
a remarkably general construction for an appropriate penalty given a set of atoms. Can we revisit a simul-
taneously structured recovery problem, and define new atoms that capture all structures at the same time?
And can we obtain a new norm penalty induced by the convex hull of the atoms? Abstractly, the answer is
yes, but such convex hulls may be hard to characterize, and the corresponding penalty may not be efficiently
computable. It is interesting to find special cases where this construction can be carried out and results in
a tractable problem. Recent developments in this direction include the “square norm” proposed by [158]
for the low-rank tensor recovery; which provably outperforms (5.2) for Gaussian measurements and the

(k,q)-trace norm introduced by Richard et al. to estimate S&L matrices [180].

Algorithms for minimizing combination of norms. Despite the limitation in their theoretical perfor-
mance, in practice one may still need to solve convex relaxations that combine the different norms, i.e.,
problem (5.3). Consider the special case of sparse and low-rank matrix recovery. All corresponding opti-
mization problems mentioned in Theorem 5.2.3 can be expressed as a semidefinite program and solved by
standard solvers; for example, for the numerical experiments in Section 5.7 we used the interior-point solver
SeDuMi [196] via the modeling environment CVX [113]. However, interior point methods do not scale
for problems with tens of thousands of matrix entries, which are common in machine learning applications.
One future research direction is to explore first-order methods, which have been successful in solving prob-
lems with a single structure (for example ¢; or nuclear norm regularization alone). In particular, Alternating

Directions Methods of Multipliers (ADMM) appears to be a promising candidate.
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Connection to Sparse PCA. The sparse PCA problem (see, e.g. [64, 124, 236]) seeks sparse principal
components given a (possibly noisy) data matrix. Several formulations for this problem exist, and many
algorithms have been proposed. In particular, a popular algorithm is the SDP relaxation proposed in [64],
which is based on the following formulation.

For the first principal component to be sparse, we seek an x € R” that maximizes x’ Ax for a given
data matrix A, and minimizes ||x||p. Similar to the sparse phase retrieval problem, this problem can be
reformulated in terms of a rank-1, PSD matrix X = xx’ which is also row- and column-sparse. Thus we
seek a simultaneously low-rank and sparse X. This problem is different from the recovery problem studied
in this chapter, since we do not have m random measurements of X. Yet, it will be interesting to connect this

chapter’s results to the sparse PCA problem to potentially provide new insights for sparse PCA.
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Chapter 6

Graph Clustering via Low-Rank and Sparse
Decomposition

Given an unweighted graph, finding nodes that are well-connected with each other is a very useful prob-
lem with applications in social networks [69, 99], data mining [228], bioinformatics [229, 230], com-
puter networks, sensor networks. Different versions of this problem have been studied as graph cluster-
ing [52,98,106, 185], correlation clustering [10, 66, 108], graph partitioning on planted partition model [20].
Developments in convex optimization techniques to recover low-rank matrices [36,40,43,50,51] via nuclear
norm minimization has recently led to the development of several convex algorithms to recover clusters in a

graph [3,5-7,61,62,164,223]".

Let us assume that a given graph has dense clusters; we can look at its adjacency matrix as a low-rank
matrix with sparse noise. That is, the graph can be viewed as a union of cliques with some edges missing
inside the cliques and extra edges between the cliques. Our aim is to recover the low-rank matrix since it is
equivalent to finding clusters. A standard approach is the following convex program which decomposes the
adjacency matrix (A) as the sum of a low-rank (L) and a sparse (S) component.

Simple Convex Program:

mingrélize |L{[«+A[[S|: (6.1)
subject to
1>L;;>0 foralli,je{1,2,...n} (6.2)
L+S=A

IThis chapter is based on the works [164,214,215].
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Figure 6.1: Feasibility of Program 6.1 in terms of the minimum effective density (EDy;p).

Failure Success Gap Failure

\
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Figure 6.2: Feasibility of Program 6.1 in terms of the regularization parameter (1).

Figure 6.3: Characterization of the feasibility of Program (6.1) in terms of the minimum effective density and the value of the
regularization parameter. The feasibility is determined by the values of these parameters in comparison with two constants Agycc
and Ag,jj, derived in Theorem 6.1 and Theorem 6.2. The thresholds guaranteeing the success or failure of Program 6.1 derived in
this chapter are fairly close to each other.

where A > 0 is a regularization parameter. This program is very intuitive and requires the knowledge of
only the adjacency matrix. Program 6.1 has been studied in several works [36,51, 61, 62], including [164]
which is due to the author.

While (6.1) requires only the knowledge of adjacency matrix, it is not difficult to see that, when the edge
probability inside the cluster is p < 1/2, (as n — o) Program 6.1 will return L? = 0 as the optimal solution
(since if the cluster is not dense completing the missing edges is more costly compared to treating the cluster
as sparse). As a result our analysis of Program 6.1, and the corresponding Theorems 6.1 and 6.2, assumes
p > 1/2. Clearly, there are many instances of graphs we would like to cluster where p < 1/2, most notably
social networking. If the total size of the cluster region (i.e, the total number of edges in the cluster, denoted
by |#]) is known, then the following convex program can be used, and can be shown to work for p < 1/2
(see Theorem 6.3).

Improved Convex Program:

minlirélize IIL||«+A[S]] (6.3)
subject to
1>L;;>8;;>0 foralli,je{1,2,...n} (6.4)
L;; =S, ; whenever A; ; =0 (6.5)
sum(L) > |Z| (6.6)
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As before, L is the low-rank matrix corresponding to the ideal cluster structure and A > 0 is the regularization
parameter. However, S will now correspond to the sparse error matrix that accounts only for the missing
edges inside the clusters. This program was first proposed by the author in [164]. The similar approaches
include work by Ames [5,7].

If Z is not known, it is possible to solve Problem 6.3 for several values of % until the desired perfor-
mance is obtained. Intuitively, as the right hand side of (6.6) is increased, Improved Program should return
a larger group of clusters. Hence, one can start from a small estimate of |%| and increase it as long as he

gets a reasonable performance. Our analytic results, however, will assume the exact knowledge of |Z|.

6.0.1 Our Contributions

e We define the “effective density” of a cluster (which depends on the program we solve). Effective
density is a function of the size and density of the cluster as well as inter-cluster edges. Our results
are in terms of the effective density, i.e. when a cluster has large effective density, it is recoverable
via the proposed convex approaches.

e We analyze the Simple Convex Program 6.1 for the SBM. We provide explicit bounds on the regu-
larization parameter as a function of the parameters of the SBM, that characterizes the success and
failure conditions of Program 6.1 (see results in Section 6.2.1). Our success and failure conditions
show a good match (the gap is a constant factor of 4); hence our analysis is helpful in understanding
the phase transition from failure to success for the simple approach.

e We also analyze the Improved Convex Program 6.3. We explicitly characterize the conditions on the
parameters of the SBM and the regularization parameter for successfully recovering clusters using
this approach (see results in Section 6.2.3). Our bounds not only reflect the correct relation between
the problem parameters; but also have small constants in front.

e Our findings are shown to match well with the numerical experiments.

We consider the popular stochastic block model (also called the planted partition model) for the graph.
Under this model of generating random graphs, the existence of an edge between any pair of vertices is
independent of the other edges. The probability of the existence of an edge is identical within any individual
cluster, but may vary across clusters. One may think of this as a heterogeneous form of the Erdds-Renyi
model. We characterize the conditions under which Programs 6.1 and 6.3 can successfully recover the

correct clustering, and when it cannot. Our analysis reveals the dependence of its success on a metric that
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we term the minimum effective density of the graph. While defined more formally later in the chapter, in
a nutshell, the minimum effective density of a random graph tries to capture the density of edges in the
sparsest cluster. We derive explicit upper and lower bounds on the value of this metric that determine the
success or failure of Program 6.1 (as illustrated in Fig. 6.1).

A second contribution of this chapter is to explicitly characterize the efficacy of Programs 6.1 and 6.3
with respect to the regularization parameter A. We obtain bounds on the values of A that permit the recovery
of the clusters, or those that necessitate Program 6.1 to fail (as illustrated in Fig. 6.2). Our results thus lead
to a more principled approach towards the choice of the regularization parameter for the problem at hand.

Most of the convex algorithms proposed for graph clustering, for example, the recent works by Xu et
al. [223], Ames and Vavasis [6,7], Jalali et al. [61], Chen et al. [62], Ames [5], Ailon et al. [3] are variants of
Program 6.1. These results show that planted clusters can be identified via tractable convex programs as long
as the cluster size is proportional to the square-root of the size of the adjacency matrix. However, the exact
requirements on the cluster size are not known. In this chapter, we find sharp bounds for the identifiability
as a function of cluster sizes, inter cluster density and intra cluster density. To the best of our knowledge,
this is the first explicit characterization of the feasibility of the convex optimization based approaches (6.1)
and (6.3) towards this problem.

The rest of the chapter is organized as follows. Section 6.1 formally introduces the model considered
in this chapter. Section 6.2.1 presents the main results of the chapter: an analytical characterization of the
feasibility of the low rank plus sparse based approximation for identifying clusters. Section 6.3 presents
simulations that corroborate our theoretical results. Finally, the proofs of the technical results are deferred

to Sections C.1, C.2 and C.3.

6.1 Model

For any positive integer m, let [m] denote the set {1,2,...,m}. Let G be an unweighted graph on n nodes,
[n], with K disjoint (dense) clusters. Let %; denote the set of nodes in the i’ cluster. Let n; denote the size
of the " cluster, i.e., the number of nodes in %;. We shall term the set of nodes that do not fall in any
of these K clusters as outliers and denote them as Gk := [n] —UX| €. The number of outliers is thus
ng+1:=n— YK n;. Since the clusters are assumed to be disjoint, we have ¢;N%; = 0 for all i, j € [n].

Let & be the region corresponding to the union of regions induced by the clusters, i.e., Z = U{i] G x

¢; C [n] x [n]. So, Z° = |n] x [n] — Z is the region corresponding to out of cluster regions. Note that
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|%| =YX n? and | %¢| = n> — YK | n?. Let ny, := min n;.
1<i<K
Let A = AT denote the adjacency matrix of the graph G. The diagonal entries of A are 1. The adjacency
matrix will follow a probabilistic model, in particular, a more general version of the popular stochastic block

model [63, 117].

Definition 6.1 (Stochastic Block Model) Ler { pl-}f(zl,q be constants between 0 and 1. Then, a random
graph G, generated according to stochastic block model, has the following adjacency matrix. Entries of A

on the lower triangular part are independent random variables and for any i > j:

Bernoulli(p;) if both {i, j} € € for some | <K
o Bernoulli(q)  otherwise.

So, an edge inside i’* cluster exists with probability p; and an edge outside the clusters exists with
probability g. Let py, 1= 1r§nii§nK pi. We assume that the clusters are dense and the density of edges inside
clusters is greater than outside, i.e., pyin > % > g > 0. We note that the Program 6.1 does not require
the knowledge of { pi}{il,q or K, and uses only the adjacency matrix A for its operation. However, the

knowledge of {p; IK: 1»q Will help us tune A in a better way.

6.2 Main Results

6.2.1 Results on the Simple Convex Program

The desired solution to Program 6.1 is (LY, 8%) where L? corresponds to the full cliques, when missing edges
inside % are completed, and S° corresponds to the missing edges and the extra edges between the clusters.

In particular we want:

1 if both {i, j} € % for some [ < K,
LO. — (6.7)

l,]
0 otherwise.

—1 ifboth {i,j} € ¢; forsome [ <K, and A, ; =0,
ng =31 if {i, j} are not in the same cluster and A; ; = 1,

0 otherwise.
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It is easy to see that the (LY, S°) pair is feasible. We say that Program 6.1 succeeds when (L°,S°) is the
optimal solution to Program 6.1. In this section we present two theorems which give the conditions under
which Program 6.1 succeeds or fails.

The following definitions are critical to our results.

e Define ED; :=n; (2p; — 1) as the effective density of cluster 4; and EDy,;, = 1r<nl_i<nKED,-.

o Let %uce 1= lrggﬁl%(q(l —q)+pi(1 —pi))ni, o

n2

. vK i
Yhail = i -

1 1
———— and A, =
V Q(nf'yfai]) suee 4 q(lfq)'H’YSucc

Theorem 6.1 Let G be a random graph generated according to the Stochastic Block Model 6.1 with K

o Agil =

clusters of sizes {n;}X, and probabilities {p;}X | and q, such that pym, > % > g > 0. Given € > 0, there

exists positive constants 0,c1,cy such that,
1. Forany given A >0, if EDp, < (1— S)A];”.ll then Program 6.1 fails with probability 1 — cj exp(—ca|Z¢|).

2. Whenever EDp, > (1+¢€)A,L., for A = (1 — 8)Aguce, Program 6.1 succeeds with probability 1 —

c1n?exp (—cafmin)-

As it will be discussed in Sections C.1 and C.2, Theorem 6.1 is actually a special case of the following

result, which characterizes success and failure as a function of A.

Theorem 6.2 Let G be a random graph generated according to the Stochastic Block Model 6.1 with K

clusters of sizes {n;}X_| and probabilities {p;}X, and q, such that py, > % > q > 0. Given € > 0, there

exists positive constants c',cs such that,
1. If A > (14 €)Agir, then Program 6.1 fails with probability 1 — ¢} exp (—c|Z°]).
2. If)v < (1 - S)Asucc then,

o IfEDy, < (1— 8)%, then Program 6.1 fails with probability 1 — ¢ exp (—chnmin).

o IfEDy, > (1+ 8)%, then Program 6.1 succeeds with probability 1 — ¢|n* exp (—Cchnmin)-

We see that the minimum effective density EDpyin, Aguce and Ag,j; play a fundamental role in determining
the success of Program 6.1. Theorem 6.1 gives a criteria for the inherent success of Program 6.1, whereas
Theorem 6.2 characterizes the conditions for the success of Program 6.1 as a function of the regularization

parameter A. We illustrate these results in Figures 6.1 and 6.2.
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Figure 6.4: Simulation results showing the region of success (white region) and failure (black region) of Program 6.1 with
A =0.99Agycc. Also depicted are the thresholds for success (solid red curve on the top-right) and failure (dashed green curve on
the bottom-left) predicted by Theorem 6.1.

—Success
Failure
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Figure 6.5: Simulation results showing the region of success (white region) and failure (black region) of Program 6.1 with
A= 2ED;]iln. Also depicted are the thresholds for success (solid red curve on the top-right) and failure (dashed green curve on the

bottom-left) predicted by Theorem 6.2.

6.2.2 Sharp Performance Bounds

From our forward and converse results, we see that there is a gap between Ag,y and Agyec. The gap is //\\‘—a” =
Succ
4 1—q)n+Ysuce . . .
Al —gmi e ies I the small cluster regime where max n; = o(n) and Y'X | n? = o(n?), the ratio —/I\\“‘”
q(n_’yfail) 1<i<K succ

takes an extremely simple form as we have Y < n and Ygyee < /. In particular, % =4\/1T—qg+o(1),

which is at most 4 times in the worst case.

6.2.3 Results on the Improved Convex Program

The following definitions are critical to describe our results.

e Define ED; := n; (p; — q) as the effective density of cluster i and EDp, = l1;1,i<nKE~D,-.
SIS
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o Fouce i = 21@1.::13%\/%\/(1 —pi)pi+(1—q)q

i Z\;uEx =2 V nq(l _q) + Psuce-

We note that the threshold, Agycc depends only on the parameters of the model.

Theorem 6.3 (Improved Program) Consider a random graph generated according to the SBM of Defini-
tion 6.1, with adjacency matrix A, K disjoint clusters of sizes {n;}X_,, and probabilities {p;}X_, and g, such
that pmin > q > 0. Further assume each edge of A is independently observed with probability r. Given
€ > 0, there exists positive constants ¢, c) such that: If 0 <A < (1— €)Aguce and ED i > (1+ 8)%, then

Program 6.3 succeeds in recovering the clusters with probability 1 — ¢ n? exp(—chhmin)-

Discussion:
1. Theorem 6.3 gives a sufficient condition for the success of Program 6.3 as a function of A. In partic-

ular, for any A > 0, we succeed if E~Dr;iln <A < Aguee

2. Small Cluster Regime:
When nmax = 0(n), we have Ayl = 2+/ng(1 — q). For simplicity let p; = p, V i, which yields EDyyi, =
Nmin (P - q) Then EMl)min > Ayl implies,

succ

24/ng(1—gq
i > VU=, (6.8)
P—q
which gives a lower bound on the minimum cluster size that is sufficient for success. This lower

bound on the minimum cluster size will increase as the noise term ¢ increases or as the clusters get

sparser (smaller p) which is intuitive.

Note: The proofs for Theorems 6.1, 6.2 and 6.3 are provided in Appendices C.1, C.2 and C.3.

6.2.4 Comparison to the literature on graph theory

While we approached the clustering problem from a convex optimization view point, it is crucial that our
results compare well with the related literature. Fixing densities, and focusing on the minimum recoverable
cluster size, we find that, we need nyi, = O(y/n) for the programs to be successful. This compares well with
the convex optimization based results of [5-7,61,62, 164].

Now, let us allow the cluster sizes to be O(n) and investigate how small p = p; = --- = pg and ¢ can

be. For comparison, we will make use of McSherry’s result which is based on spectral techniques [146].
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Corollary 1 of [146] essentially states that, their proposed algorithm will succeed if,

— 1
P—q . Jo8% ., | " o cﬁ. (6.9)
P pn logn = p—q

In this regime, we have to take ¥y term in the account as n;,n is comparable. Hence, our bound yields the

condition,
ni=0(n) > Y (6.10)
P—q

Ignoring the logn term in (6.9), it can be seen that the two bounds are identical. We remark that the extra
logn term in (6.9) and the minimum density of p ~ 0(1"%) is indeed necessary. For instance, to be able to

identify a cluster, we require it to be connected, which requires p ~ O(k’%) [93]. The reason it does not

log
)

exist in our bounds is because we assume p,q are constants independent of n. We believe p,q ~ O(
regime can be handled as well, however, our arguments should be modified to accommodate sparse random

matrices, which will change the spectral norm estimates in our proof.

6.3 Simulations

We implement Program 6.1 using the inexact augmented Lagrangian multiplier method algorithm by Lin et
al. [136]. We note that this algorithm solves the program approximately. Moreover, numerical imprecision
prevents the output of the algorithm from being strictly 1 or 0. Hence we round each entry to 1 or O by
comparing it with the mean of all entries of the output. In other words, if an entry is greater than the overall
mean, we round it to 1 and to 0 otherwise. We declare success if the number of entries that are wrong in the
rounded output compared to L (recall from (6.7)) is less than 0.1%.

We consider the set up with n = 200 nodes and two clusters of equal sizes, n; = ny. We vary the
cluster sizes from 10 to 100 in steps of 10. We fix ¢ = 0.1 and vary the probability of edge inside clusters
p1 = p2 = p from 0.6 to 0.95 in steps of 0.05. We run the experiments 20 times and average over the
outcomes. In the first set of experiments, we run the program with A = 0.99A,.. which ensures that A <
Asuce. Figure 6.4 shows the region of success (white region) and failure (black region) for this experiment.
From Theorem 6.1, we expect the program to succeed when EDpi, > Ay, which is the region above the

solid red curve in Figure 6.4, and fail when EDy, < Af_aill, which is the region below the dashed green curve

in Figure 6.4.
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In the second set of experiments, we run the program with A = ﬁ. This ensures that EDp;, > %
Figure 6.5 shows the region of success (white region) and failure (black region) for this experiment. From
Theorem 6.2, we expect the program to succeed when A < Agyec Which is the region above the solid red
curve in Figure 6.5 and fail when A > Ay, which is the region below the dashed green curve in Figure 6.5.

We see that the transition indeed happens between the solid red curve and the dashed green curve in both

Figure 6.4 and Figure 6.5 as predicted by Theorem 6.1 and Theorem 6.2 respectively.

6.4 Discussion and Conclusion

To tackle the task of graph clustering, we proposed convex programs 6.1 and 6.3 based on decomposing
the adjacency matrix into low-rank and sparse components. (6.1) was already being used for low-rank
and sparse decomposition task, however, we showed its viability for the specific problem of clustering and
also developed tight conditions it fails. For sparse graphs, Improved Program 6.3 is shown to have a good
performance comparable with existing literature. We believe, our technique can be extended to tightly
analyze variants of this approach. These results can be extended in a few ways, for instance studying the
case where the adjacency matrix is partially observed, or modifying the Programs 6.1 and 6.3 for clustering

weighted graphs, where the adjacency with {0, 1 }-entries is replaced by a similarity matrix with real entries.
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Chapter 7

Conclusions

There are several directions in which our results can be extended.

7.1 Generalized Lasso

In Chapter 3, we considered three formulation of the lasso problem. We give a full proof for the case of

constrained lasso. For the ¢5-lasso, our analysis holds in the large SNR regime. For arbitrary SNR levels, the
. . 2D(LIf(x0)) . . . : D(Ad f(x0))

results in Section 3.10 show that NN T is an upper bound; however, in simulation DRI (x0))

looks to be the correct upper bound. It would be interesting to prove that this is indeed the case.

We also state the conjecture on E%—lasso, which is the most popular variation. The proof of this conjecture
would complete the missing piece in Chapter 3. Chapter 3 can be extended in several ways. An obvious

direction is to investigate different loss functions, in particular, the problem,
min. % (y — AX') + A f(x').
X/

The typical choices of .Z would be ¢; and /. norms. ¢; norm has resilience to sparse noise and /. is
advantageous when the noise is known to be bounded (for instance +0¢). Minimax formulation we used for
£>-loss would work in these setups as well by making use of the corresponding dual norms. For instance,

for the ¢; loss, we have that
min ||y — AX'[|; + A f(x') = min max (y—Ax',v)+Af(x).
x/ x/

[[vllee<1

Consequently, Gaussian Min-Max Theorem would be applicable to find bounds on the objective function.
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Another direction is the exact characterization of the noise behavior in the arbitrary SNR regime. While
high SNR error bound is a function of subdifferential, when the SNR is arbitrary we need more than first
order statistics. For an arbitrary convex function f(-), it is not possible to give a simple formula as we do
not know the curvature of the function. However, from Section 3.7, we have argued that the error bounds
can be related to the solution of the key optimization (3.77). Hence, one possibility is to give the error in
form of an outcome of the simpler optimization (3.77). The other option is the explicit calculation for well-
known functions with a reasonable signal model. For instance, in [82], Donoho et al. attempts to analyze ¢;
recovery (lasso) where they assume x to be a sparse signal whose nonzero entries are i.i.d. Gaussian with a

certain variance, which determines the SNR.

7.2 Universality of the Phase Transitions

There is a mature theory on phase transitions when the measurement ensemble is i.i.d. Gaussian. In par-
ticular, we have seen that Gaussian width and statistical dimension can fully capture the behavior of linear
inverse problems. The usefulness of these quantities extends to the more challenging problems such as the
demixing problem and noise analysis [101, 144, 170]. In Chapter 3, we have seen that the noisy problem
(lasso formulation) requires the related quantity Gaussian distance. For linear inverse problems, these quan-
tities are based only on the subdifferential d f(x) (i.e., first order characteristics). In summary, with few
parameters we are able to know what to expect from structured signal recovery problems.

Itis widely accepted that the phase transitions exhibit universality [71]. In the simplest case, for noiseless
£1 minimization, Donoho-Tanner bound characterizes the PT for a wide variety of ensembles including i.i.d.
matrices. In Chapter 3, we have seen that numerical experiments indicate:

e Phase transitions are universal for different problems.

e Error (robustness) behaviors are universal.
Based on these, an obvious direction is to study the precise characteristics of i.i.d. subgaussian measurement
ensembles. We expect Gaussian width and Gaussian distance to asymptotically (large dimensions) capture
the behavior for these ensembles. In fact, there is already a significant amount of work dedicated toward
this goal. In [129, 152], Mendelson and coauthors introduce comparison theorems for subgaussians. Using
these techniques, Tropp shows that for a wide class of measurement ensembles, the required oversampling
is proportional to the Gaussian width (up to a possibly large constant) [206]. Along the similar lines, in

Chapter 4.1, we gave a short argument to obtain small constants for the Bernoulli ensemble. While these
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results are powerful, they are far from capturing the true behavior: the asymptotic behavior is the same as
Gaussians. Further study and generalization of message passing algorithms and their relation to BP is an
alternative approach towards this goal. As of today, the universality phenomenon is proven for the case of
sparse recovery thanks to the significant advances in AMP [12]. We believe proper applications of standard
techniques such as the Lindeberg replacement might be promising directions towards this goal [55, 198].
Related directions include the investigation of universal behavior when we have nonlinear measurements.

The notable examples are the phase retrieval and the one bit compressed sensing problems [35, 172].

7.3 Simultaneously structured signals

In Chapter 5, we have shown that for simultaneously structured signal (SSS), performance of convex opti-
mization can be far from being optimal. This creates a challenge for several applications involving sparse
and low-rank matrices and low-rank tensors. This bottleneck is also theoretically intriguing as for sparse
and low-rank recovery, the performance of convex relaxation is on par with the performance of minimizing
the (non-relaxed) cardinality and rank objectives. A natural direction is to overcome this limitation. This

can be pursued in two ways.

e Find a better convex relaxation for SSS: Linear combination of the individual structure inducing
norms is a tempting approach; however, it does not have to be the best convex relaxation. Can we
construct a better norm which exploits the fact that the signal is simultaneously structured? If so, is
this norm computationally efficient?

e We know that nonconvex approaches are information theoretically optimal; however, they have expo-
nential complexity. Can we find an efficient algorithm tailored for SSS?

These problems are already getting attention. For instance, [132] proposes a new algorithm for the recovery
of S&L matrices that can outperform the standard convex methods in certain settings (also see [158] and
[180]).

In Chapter 5, we focused on the compressive sensing of simultaneously sparse and low-rank matrices,
which shows up in quadratic CS and sparse phase retrieval. These signals also show up in important es-
timation problems such as sparse principal component analysis and graph clustering [64, 164,236] (also
see Chapter 6). It would be interesting to relate the computational and statistical challenges arising in these

problems and have a unified theory that connects them.
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7.4 Structured signal recovery beyond convexity

As we have argued throughout, for a structured signal estimation problem, when the problem is convex or it
can be relaxed into a convex one, we have a good idea on how to approach it. For instance, in the case of
linear inverse problems, subdifferential determines the characteristics of the problem. In various important
problems, there is no nice convex formulation or the convex approaches are not computationally efficient.
These include important machine learning problems such as the dictionary learning, nonnegative matrix
factorization, and several formulations of the matrix completion [88, 125, 135, 141]. The formulations of
these problems are often based on alternating minimization; however, we can additionally take advantage
of the fact that the signal to be recovered is structured. As an example, consider the following formulation
of the matrix completion problem. We wish to represent X € R as X = UV’, where U,V € R are
variables and r is an upper bound to rank(X). Assume we have the measurements y = .o/ (X) € R™. We
wish to solve the problem

i — o/ (UVT)|],.
U7VHgR{}nX,Hy (UVH)ll2

The problem is not convex, however, it is convex in U for fixed V and vice versa. Hence, we can start from
an initial point Uy, Vy and alternate between U and V until convergence. This formulation has been studied
extensively, and it has been recently shown that one can provably recover the low-rank X with a “good”
initialization and for reasonable measurements <7 (-) [123]. It would be interesting to have a general theory

of such approaches when the objective signal is structured in some sense.
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Appendix A

Further Proofs for Chapter 3

A.1 Auxiliary Results

Lemma A.1 Let f(-) : R? — R be an L-Lipschitz function and g ~ A (0,1,). Then, with probability 1 —

2
2exp(—372),

E[(f(8))?] —L?—1 < f(g) < \/E[(f(g))*] +1.

Proof: From Fact 2.4, |f(g) — E[f(g)]| <t holds with probability 1 — Zexp(—%). Furthermore,

E[(f(g))*] —L* < (E[f(8)])* < E[(f(g))*]- (A1)

The left hand side inequality in (A.1) follows from an application of Fact 2.3 and the right hand side follows
from Jensen’s Inequality. Combining |f(g) —E[f(g)]| <t and (A.1) completes the proof. [ |

For the statements of the lemmas below, recall the definitions of D(%),P(%") and C(%’) in Section 3.5.2.

Lemma A.2 Letg~ 4 (0,L,),h~ 4(0,1,) and let € € R" be a closed and convex set. Givent > 0, each
of the followings hold with probability 1 —2exp (‘T’z)

o« Vn=T—1< gl < Vit

o /D(@)—1—1t<dist(h,%) < /D) +1

o VP(E)—1—1<|Proj(h,E)|» < /P(¥)+1

Proof: The result is an immediate application of Lemma A.1. The functions || - ||2, ||Proj(-,%)||» and
dist(+,%) are all 1-Lipschitz. Furthermore, E[||g||3] = m and E[Proj(h,%)?] = P(¥), E[dist(h,%¢)?*] = D(%)

by definition. [ ]
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Lemma A.3 Leth ~ .#(0,1,) and let € € R" be a convex and closed set. Then, givent > 0,
o |dist(h,€)*> —D(€)| < 2t \/7 €)+12+1.
o ||Proj(h,%)|3—P(€)| <3ty/n+D(E) +1>+1.
o |corr(h,%)—C(%)| < \/I/L—FT—F 2 +1.
(=

with probability 1 — 4 exp ’7)

Proof: The first two statements follow trivially from Lemma A.2. For the second statement, use again
Lemma A.2 and also upper bound P(%") by 2(n+D(%)) via Lemma A.4. To obtain the third statement, we
write,

n— (|[Proj (h, %)} + dist(h, %)?)

corr(h, %) = >

and use the fact that first two statements hold with probability 1 — 4exp(—§). This will give,

cort(h, €) — C(€)| < 1(v/D(€) + /P(€)) +1* + 1,
which when combined with Lemma A.4 concludes the proof. [ ]

Lemma A.4 Let € € R" be a convex and closed set. Then, the following holds,
max{C(%),P(¥¢)} <2(n+D(%¥)).
Proof: From triangle inequality, for any h € R”,
[[Proj(h,€)||> < [/h]|> + dist(h,%’).

‘We also have,

n+D(C€).

E[|h| - dist(h, )] < > (E[||h])3] + Eldist(h,%)]) =

| =

From these, we may write,

C(%¢) =E[(II(h,%),Proj(h,%))]

< E[dist(h,%)|[Proj(h,%)||2]
< "+32D<<5>.
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Similarly, we have,
P(%) = E[||Proj(h, %3] < E[|[h[|2 +dist(h,%)?] <2(n+D(%)).

Lemma A.5 Let g ~ A(0,1,,) and h ~ A4 (0,1,). Let € be a closed and convex set in R". Assume
m(1—g) > D(€) > ggm for some constant €1 > 0 and m is sufficiently large. Then, for any constant € > 0,

each of the following holds with probability 1 —exp(—0C (m)),
o lgllo > disi(h.%).

g3 —dist’ (h,')
o Bl <e
dis* (h,%) m-D(%)
* ‘Hgné—d:‘stz(hff) be) 1 <&

Proof: Let 8 be a constant to be determined. For sufficiently large m, using Lemma A.2, with proba-

bility 1 —exp(—& (m)), we have,
lgl3 —m| < &m, |dist(h,%)* ~D(€)| < ém

Now, choose 0 < %L, which gives,

lgll2 > /m(1=8) > /D(€) + erm— 8m > /D(%) + &m > dist(h, )

This gives the first statement. For the second statement, observe that,

— 2 (dist? — —
l—l—é > m—D(%€)+2d > ||g||5 —dist*(h, %) > m—D(%€)—2d Zl—é-
&L m—D(€) m—D(€) m—D(€) e
Choose g < § to ensure the desired result. For the last statement, we similarly have,

1+§> dist?(h, %) Xm—D(‘K)>1—%
-2~ Jgz—dis®h) D@ 112

€L

(A2)

S

To conclude, notice that we can choose &

sufficiently small (constant) to ensure that the left and right

bounds in (A.2) above are between 1 €.
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Proof: [Proof of Lemma 3.30] We will show the results for Lp(A) and Lp(A). Lc(A) follows from the
fact that P(A%) + D(A€) +2C(A€) = n. Leth € R". Then, for A +€&,A > 0,

Ah Ah
AC) 2+ ~ [Proj(;

. A+e . ., Ah
[Proj(h, (A +£)%)s = -5 [Proj( ;" 4% = [Proj( LA
This gives,
|[[Proj(h, (A +€)%) 2 — HPrOJ'(;Lih AG)||2| < lelR
) 7L,—|—£’ —
Next, observe that,
. Ah lellIh2
_ <
[IProj(; =A%) |2 — [Proj(h, )| < 5120
Combining, letting h ~ .#(0,1,) and using ||Proj(h,A%)|» < AR, we find,
, [llh]l2
P((A +¢)¢) <E[(|[Proj(h, ATl + "~ = +e[R)’]
E{|Ih[] 2y Il
P(A%¢)+2AR|e R R
PLE)+ 2Rlel (< - 2+ R)+[ePE[G 2 + R
Obtaining the similar lower bound on P((A + €)%) and letting € — 0,
Lp(l)—lln%sup ((A—FS)C?_P(}L%) glirrcl)ZlR( [H 2 ]+R+ﬁ(\8]))§2R(\/ﬁ+AR)
E— E—

For A = 0, observe that for any & > 0,h € R", ||Proj(h,&%)||» < eR which implies P(¢%’) < £2R?. Hence,

Lp(0) = lim e '(P(e%) —P(0)) =0 (A.3)

e=0"
Next, consider D(1%). Using differentiability of D(A%), for A > 0,

g|C()~<g)| < 2 E[HPYOJ(haWi)’b-dlst(h,l%)]

Ln(2) = [D(2%)| =3

< 2R-E[dist(h,A%)] < 2R(v/n+AR)

For A = 0, see the “Continuity at zero” part of the proof of Lemma B.2 in [4], which gives the upper bound
2R+/n on Lp(0). [
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A.2 Proof of Proposition 2.7

In this section we prove Proposition 2.7. The proposition is a consequence of Theorem 2.2. We repeat the

statement of the proposition for ease of reference.

Proposition A.1 (Modified Gordon’s Lemma) Let G € R™*", g € R", h € R" be independent with i.i.d
A(0,1) entries and let 1 C R" be arbitrary and ®, C R™ be a compact set. Also, assume y(-,-) :

®; x Dy — R is a continuous function. Then, for any c € R:

xed| acP,

P <min max {aTGx— y(x,a)} > c) >2P (min max{||x||2gTa— la|lh”x — v(x,a)} > c> —1.
xeP; acd,

Our proof will closely parallel the proof of Gordon’s original variation Lemma 3.1 of [112].

Proof: Let §1,5, be finite subsets of ®,®P,. For x € §| and a € S, define the two processes,
Yea =X Ga+|all2]x]2g and  Xxa=|[x[l2g"a—[|a]2h"x

where G,g,h are as defined in the statement of the proposition and g ~ .47(0,1) and independent of the

other. We show that the processes defined satisfy the conditions of Gordon’s Theorem 2.2:

E[Xga] = [IxI3]lall3 + [lallZ]x]7 = E[¥,],
and
x,a8x’ a'| — xalx o/ = || X[[2][X [[2(@" A ApX X)—(X X )@ a)—jaj|a|2(Xx|2X |2
E[XxaXxa] — E[YxaYxa] = [x[2]|X||2(a"a") + [a]3(x"x) — (x"x)(a"a") — [|al|2]|a’ [ l2[|x]|2 ]| x|
= | [xl2I¥[l2 = (x"x) | | (a’a") —[[all2[la'l|> | .
>0 <0

which is non positive and equal to zero when x = x’. Also, on the way of applying Theorem 2.2 for the two

processes defined above, let

Axa = Y(x,a)+c.
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Now, for finite ®; and ®;, we can apply Theorem 2.2 and then use Section A.2.2 to conclude. Hence,
we are interested in moving from finite sets to the case where ®; is arbitrary and ®, is compact. This
technicality is addressed by Gordon in [112] (see Lemma 3.1 therein), for the case where @, is arbitrary, &,
is the unit sphere and y(+) is only a function of x.

We will give two related proofs for this, one of which follows directly that of Gordon’s argument and

the other one is based on an elementary covering technique but requires &, to be compact.

A.2.1 From discrete to continuous sets

e Moving from a finite set to a compact set can be done via Lemma A.6. Hence, we may replace S, with

®,. To move from S to ®, repeating Gordon’s argument, we will first show that, for fixed x, the set,
{[G,g] € R | max{¥xa — Axa} > 0} = {max{x" Ga+[[a|2[|x| ¢ — y(x,a) —c} > 0}
acd, acd,

is closed in the probability space {R”**! P} where P is the standard Gaussian measure of R™*+!, To see
this, observe that, for fixed x using the boundedness of @3, % a(G,g) = maxace,{x’ Ga + ||a|2||x|2g —
y(x,a) —c} is a continuous function of [G,g]. Hence, if %a(G,g) < 0, a sufficiently small neighborhood
of [G, g] will be strictly negative as well. Hence, the set is indeed closed. The same argument applies to Xy 5
(i.e. [g,h]). Let F be the collection of finite subsets S; of ®; ordered by inclusion. From Theorem 2.2, we
know that,

i i — > >1i i — >0). .
11}11[?’(;1;{9132&1};{&73 Aa} >0)> llglP(gé{g?gé%);{Xx’a Aa} >0) (A4

Here, by inclusion, the (left and right) sequences are decreasing hence the limits exist. Now, the sets
{minycp, maxacp, {Xxa — Axa} > 0} and {minycep, maxzcp,{Ysxa — Axa} > 0} are intersection of closed
sets, and hence are closed themselves (in {R”*" P}, {R™*! P}). Additionally P is a regular measure,

therefore, it follows that, the limits over F' will yield the intersections over @, i.e. (A.4) is identical to,

P(mi Yya— >0) > P(mi Xxa— >0).
(min max{¥ya —Axa} > 0) = P(min max{Xga — Axa} = 0)

o Argument for compact sets: When @ is also compact, we can state the following lemma.

Lemma A.6 Let G € R™" g € R" h € R", g € R be independent with i.i.d. standard normal entries. Let

®; C R",®, C R™ be compact sets. Let y(-,-) : R" x R”™ — R be a continuous function. Assume, for all
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finite sets S1 C ®1,8, C P and c € R, we have,

P(min max {a’ Gx+ ||a||2||x|2¢ — w(x,a)} > ¢) > P(min max {|[x||,g’a— |ja|;h’x— y(x,a)} >¢).
XES] a€s) XES] acs,

Then,

P(min max {a” Gx +||a|]2||x|2g — w(x,a)} > ¢) > P(min max {|x|.g"a— |a|,h"x— y(x,a)} > c).
xed; acd xed; acd,

Proof:  Let R(®;) = supycq, ||V]]2 for 1 <i<2. Let S; C 1,8, C @, be arbitrary e-coverings of
the sets @1, P, so that, for any v € ®;, there exists v/ € S; satisfying ||v/ — v||» < €. Furthermore, using
continuity of y over the compact set @; x ®,, for any d > 0, we can choose € sufficiently small to guarantee
that |y(x,a) — y(x',a’)| < 8. Here & can be made arbitrarily small as a function of €. Now, for any

x € ®,a € Oy, pick X', a’ in the e-coverings S;,S,. This gives,

2" Gx— y(x,a)] - [a" Gx' — y(x,a))]| < &(R(®1) + R(®2) +£) |G| + & (A.5)

[xll2"a — [lall2h"x — y(x,2)] - [||x| "2~ |’ [2h" X' — w(x',a)]]

E(R(P1) +R(®P2) +€)(llglla+[Ih]2)+6  (A6)

Next, using Lipschitzness of ||g||2, ||h]|2, |G| and Fact 2.4, for > 1, we have,

—1)2
B(max gl + [ |G} < (Vi +vim) 2 1 —dexp(~ = ED) by )
Let C(t,&) =te(R(Py) +R(P2) + €)(y/m++/n) + 8. Then, since (A.5) and (A.6) holds for all a,x, using

(A7),

P(min max{aTGx+ l|a|l2||x]l2g — w(x,a)} > c—C(t,€)) (A.8)

xe®P; acd

> P(minmax{a’ Gx — y(x,a)} > ¢) — p(¢)

xXES| aesS,

P(minmax{x|g"a — afl:h"x— y(x,2)} > ) (A9)

>P(Igg1HéaX{HXH2g a—|lal2h"x — y(x,2)} > c+C(1,€)) — p(t)
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Combining (A.8) and (A.9), for all € > 0,7 > 1, the following holds,

P(min max{aTGx+ llall2]|x|l.g—w(x,a)} > c—C(t,€)) >
xed; acP,

P(mmmax{Htzg a—|ja|ph"x— y(x,a)} > c+C(t,€)) —2p(t)

xed;a

Setting r = £'/? and letting € — 0, we obtain the desired result as C(¢,€),8 — 0 and p(r) — 1. Here, we

implicitly use the standard continuity results on the limits of decreasing and increasing sequence of events.

A.2.2 Symmetrization

To conclude, using Theorem 2.2 and Section A.2.1 we have,

P (mm max {a" Gx+ [|a])2||x|l.g — w(x,a)} > c> >

xed; acd

P (mln max {IIx[l.g"a— ||la]-h"x— y(x,a)} > c> =q. (A.10)
xc®; ae
Since g ~ .47(0,1), we can write the left hand side of (A.10) as, p = % where we define py,p_, po as,

_=P (min max {a’ Gx+ ||a|2||x|.g —v(x,a)} >c|g < 0> ,

xed; acd,

py =P (min max {a’Gx+ ||a|2||x|2g— w(x,a)} >c|g> 0>

xed; acd,

p0:IP<min max {a Gx—y(x,a }>c>

xed; acd,

By construction and independence of g,G; 1 > p;+ > po > p—. On the other hand, 1 —g>1—p > 17%

which implies, p_ > 2g — 1. This further yields pg > 2qg — 1, which is what we want. [ ]
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A.3 The Dual of the LASSO

To derive the dual we write the problem in (3.33) equivalently as

Z(Av) =min{ b+ p(w)}

s.t. b=Aw-—ov,
and then reduce it to
I&l}glmﬁlx {Ibll2+u" (b—Aw+o0v)+p(w)}.
The dual of the problem above is
mﬁxrvr:?;l{IIb||z+[JT(b—Aw—|—GV)+p(w)}. (A.11)

The minimization over b above is easy to perform. A simple application of the Cauchy—Schwarz inequality

gives
bll2+ 1" > |[bll2 — [[bll2|| ]2
= (1—[ll2) [[b]]2-
Thus,
. 7Hy'”2 < 17
H}_}n{HszJr#Tb} =
—oco L 0.W..

Combining this with (A.11) we conclude that the dual problem of the problem in (3.33) is the following:

max min{p” (—Aw-+ov)+p(w)}.

lwl<t W
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We equivalently rewrite the dual problem in the format of a minimization problem as follows:

— min max{u (Aw —ov) — p(w)}. (A.12)

<t W

If p(w) is a finite convex function from R” — R, the problem in (3.33) is convex and satisfies Slater’s
conditions. When p(w) is the indicator function of a convex set {w|g(w) < 0}, the problem can be viewed
as mingy(y)<op {|[bll2+ 4" (b—Aw+0ov)}. For strong duality, we need strict feasibility, i.e., there must
exist w satisfying g(w) < 0. In our setup, g(w) = f(xo+ W) — f(Xo) and X is not a minimizer of f(-), hence

strong duality holds and thus problems in (3.33) and (A.12) have the same optimal cost .% (A, V).

A.4 Proofs for Section 3.5

A.4.1 Proof of Lemma 3.6

We prove the statements of the lemma in the order that they appear.

A.4.1.1 Scalarization

The first statement of Lemma 3.6 claims that the optimization problem in (3.43) can be reduced into a one

dimensional optimization problem. To see this begin by evaluating the optimization over w for fixed ||w||2:

Z(g,h) = min{ [wl3+ o2|\gll2 —hTw—l—maxsTw}
w s€t

= min {3+ 0%l ~ 7w+ x|
S 0

wi[[wlo=a
o>

= m1n{\/ o?+o?||gll. + |nnn {—hTW—l—maxsTW}}

wi|[wlla=ot s€?
_mm{\/ o?+o?||gll. — ‘Tnﬁx {hTW—miéISTW}}
=a se
_mln{\/ a’?+o0?|gll. — ‘Tnﬁx ml(él {(h S)TW}} (A.13)
o Ssc

To further simplify (A.13), we use the following key observation as summarized in the Lemma below.
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Lemma A.7 Let € € R" be a nonempty convex set in R", h € R" and o« > 0. Then,

max min {(h—s)"w! = min max h—s) w!.
wi|wl=a s€¥ {( ) } S€C w:||wl=a {( ) }

Thus,

max min {(h—s)'w} = a-dist(h,%),
wi||w|=a s€%

(h,%)
dist(h,?) "

and the optimum is attained at w* = o, -

Proof: First notice that

min  max (h—s)"w=min a|h—s|, = a-dist(h,%).
S€EC w:||wl=a s€t

Furthermore, MinMax is never less than MaxMin [23]. Thus,

max min {(h—s)"w! < min max h—s) wl = q-dist h,%).
wi|wl=a se? {( ) } T s€C wi|w|=a {( ) } ( )

It suffices to prove that

max min {(h—s)'w} > a-dist(h,%).

wi||wl=a s€¥

1(h,%)

Consider w* = o - Tst(h,?) - Clearly,
ma min {(h—s)"w! > min {(h—s)Tw"}.
w:HszX:oc sel(é’ {( ) } - sel%’ {( ) }
But,
a
in {(h—s)w'}=——— . (W'II(h,%)— MI(h A.14
min {(h—s)w"} dist(h, %) ( (h, @) —max s (’Cg)> (A.14)
a
=—— . (h'TI(h, %) — Proj(h, %) T1(h, ¢ A.l15
G ) (0 TI0,%) —Proj(h, %) TI(h, ) (A15)
= -dist(h,%),
where (A.15) follows from Fact 2.2. This completes the proof of the Lemma. [ |
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Applying the result of Lemma A.7 to (A.13), we conclude that
Z(g,h) = min{ Iwl3+ o2 gl hTw+maxsTw}
w s€?¢
:mi%{\/a2+62||gH2—Oc'dist(h,%”)} (A.16)
o>

A.4.1.2 Deterministic Result

The optimization problem in (A.16) is one dimensional and easy to handle. Setting the derivative of its

objective function equal to zero and solving for the optimal &, under the assumption that
g3 > dist(h, €)?, (A17)

it only takes a few simple calculations to prove the second statement of Lemma 3.6, i.e.

dist*(h, %)
lgll3 — dist® (h, )

(@*)? = [Wip,(g.h)[3 = 0

and,

Z(g.h) = 0/ ||g] - disC(h, %). (A.18)

A.4.1.3 Probabilistic Result

Next, we prove the high probability lower bound for .Z’(g,h) implied by the last statement of Lemma 3.6.
To do this, we will make use of concentration results for specific functions of Gaussian vectors as they are

stated in Lemma A.3. Setting t = §+/m in Lemma A.3, with probability 1 — 8exp(—co8%m),

lgll3 —m| <26m+8*m+1,

|dist?>(h,6) —D(€)| < 28/D(€)m~+8*m+1<28m+ 8*m+1.
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Combining these and using the assumption that m > D(%’) 4+ €.m, we find that

lgl5 — dist*(h, %) > m—D(€) — [(28% +48)m +2]
m—D(%)
L

-2,

>m—D(€) —[(28% +48)

(252+45)
L

+2]

> (m=D(%))[1 -

with the same probability. Choose €’ so that /1 — & = 1 — €. Also, choose & such that (26245) < % and m

sufficiently large to ensure €,.&'m > 4. Combined,

g3 — dist*(h, %) > (m—D(%))(1 - ‘Z) —2> (m=D(%))(1-¢), (A.19)

with probability 1 — 8exp(—co8%m). Since the right hand side in (A.19) is positive, it follows from the

second statement of Lemma 3.6 that

Z(g.h) > 6\/(m—D(@))(1-¢) = 5(1—€)/m—D(%),
with the same probability. This concludes the proof.

A.4.2 Proof of Lemma 3.7

A.4.2.1 Scalarization

‘We have
% (g,h)=— min  max C2 +o2glp+ h”w—maxs’w
@)= min - mox {1/C3, 507k [l - mo
= — min {,/C3p+62 g’ p+ max {||/.L||2hTW—ma)§sTw}}. (A.20)
lull2<1 [[wll2=Cup s€?
Notice that
max >h”w — maxs’ }: max min >sh—s)Tw
o L maxswf = e min (1 fh-s)

= C,pdist(||pt]2h, ). (A21)
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where (A.21) follows directly from Lemma A.7. Combine (A.20) and (A.21) to conclude that

2 _ . 2 2 T .
7w =~ min /G, + 0% &+ Cpdist(| 0. ) |

— — min {—a- 2, + 02 ||gH2+Cu,,dist(ah,‘€)}. (A22)

0<a<l
A.4.2.2 Deterministic Result

For convenience denote the objective function of problem (A.22) as
¢(a) = C,pdist(oth, %) — a C,%p +02||gl|2-

Notice that ¢ (-) is convex. By way of justification, dist(ach, %) is a convex function for & > 0 [182], and
oV/C? + 62||g|2 is linear in ¢. Denote a* = argmin ¢ (). Clearly, it suffices to show that a* = 1. First, we

prove that ¢ () is differentiable as a function of & at o = 1. For this, we make use of the following lemma.

Lemma A.8 Let C be a nonempty closed and convex set and h ¢ C. Then

ist(th—+ eh,C) — dist(h I1(h
lim dist(h+ €h,C) — dist(h,C) _ (h,C) )
e—=0 E ||H(h,C)||2

Proof: Let H be a hyperplane of € at Proj(h, %) orthogonal to IT(h,C). Using the second statement of
Fact 2.2, H is a supporting hyperplane and h and C lie on different half planes induced by H (also see [23]).
Also, observe that ITI(h, %) = I1(h,H) and Proj(h, %) = Proj(h,H). Choose € > 0 sufficiently small such
that (1 + €)h lies on the same half-plane as h. We then have,

ITL(1 -+ &)h,%) 2 > [TI(1 + &), B) = [0, + <ehm> (A23)

Denote the n — 1 dimensional subspace that is orthogonal to I1(h,H) and parallel to H by Hy. Decomposing

€h to its orthonormal components along I1(h,H) and Hy, we have

2
ITI((1+ £)h.C) 3 < (1 + £)h— Proj(h,C)|3 = (rn<h,c>\z+ <ehm>) 1+ €2||Proj(h, Ho) 2.

(A.24)
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Take square roots in both sides of (A.24) and apply on the right hand side the useful inequality Va2 + b% <
a+ %, which is true for all a,b € R™. Combine the result with the lower bound in (A.23) and let € — 0 to
conclude the proof. [ ]

Since h ¢ ¥, it follows from Lemma A.8, that dist(cth, %) is differentiable as a function of ¢ at @ = 1,

implying the same result for ¢ (). In fact, we have

h, %), Proj(h, %))
dist(h, %)

_ 11
¢’(1):cu,,dlst(h,%)+cup< ( —4/Ca, +0?%|gll2 <0,

where the negativity follows from assumption (3.45). To conclude the proof, we make use of the following

simple lemma.

Lemma A.9 Suppose f : R — R is a convex function, that is differentiable at xo € R and f'(x¢) < 0. Then,
f(x) > f(xo) forall x < xp.

Proof: By convexity of f(-), for all x < xo:

f(x) > f(xo0) + £ (x0) (x —x0)
<0 <0

> f(xo)

|
Applying Lemma A.9 for the convex function ¢(-) at @ = 1, gives that ¢(a) > ¢(1) for all o € [0, 1].

Therefore, o* = 1.

A4.2.3 Probabilistic Result
We consider the setting where m is sufficiently large and,
(1—g)m > max (D(€) +C(€),D(%)), D(E)>em (A.25)

Choose C,, = 0 % which would give Cip +0’= Gzﬁ"(%. Hence, the assumption (3.45) in the

second statement of Lemma 3.7 can be rewritten as,

m||g|l2dist(h, ) > /D(€) (dist(h, €)? + corr(h, €)). (A.26)
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The proof technique is as follows. We first show that (A.26) (and thus (3.45)) holds with high probability.
Also, that h ¢ € with high probability. Then, as a last step we make use of the second statement of Lemma
3.7 to compute the lower bound on U .

e (3.45) holds with high probability:

Using standard concentration arguments (see Lemma A.2), we have
Vm||gll2dist(h,€) > vVm(vVm—1—1)(/D(€) —1—1)
. o 2 .
with probability 1 —4exp (Tt) . Choose a sufficiently small constant § > 0 and sett = §/D(%’) to ensure,
£
V| |g||2dist(h,€) > (1 — EL)m D(%) (A.27)

with probability 1 — exp(—& (m)), where we used (1 —g.) > D(%’) > gzm. In particular, for sufficiently
large D(¢) we need (1—68)* > 1— %.

Equation (A.27) establishes a high probability lower bound for the expression at the left hand side of
(A.26). Next, we show that the expression at the right hand side of (A.26) is upper bounded with high
probability by the same quantity.

Case 1: If % is a cone, corr(h,%) = 0 and using Lemma A.3 dist(h,%)? < D(¥) +2t,/D(%) +1> <
(1 — &1)m+2t\/m+t? with probability 1 —2exp(— %) Hence, we can choose 1 = £,/m for a small constant
€ >0 to ensure, dist(h, ¢")? < (1— % )m with probability 1 —exp(—¢& (m)). This gives (A.26) in combination
with (A.27).

Case 2: Otherwise, from Lemma A .4, we have that P(¢") < 2(n+D(%)) and from (A.25), m > D(%).

Then, applying Lemma A.3, we have

dist(h, %) 4 corr(h,€) < D(€) + C(€) + 3t /D(€) +t \/P(€) +2(:* +1)
N—_—— N—_——

<Vm <+/2(n+m)
<D(E)+C(€) +3t/m+1/2(n+m) +2(:> +1)
<(1 —SL)m+3t\/i7’L+t\/2(n+m)+2(t2+ 1).
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with probability 1 —4exp (_7’2) Therefore, with the same probability,

D(%)(dist(h,%)* + corr(h, %)) < (1 — & )m/D(€) + 3t/m\/D(€) (A.28)
+11/2(n+m)/D(€) +2(t* +1)/D(%)

Comparing the right hand sides of inequalities A.27 and A.28 , we need to ensure that,

31/ D(@)+1y/ 20+ m) D) +2( + 1)V/D(7) < L /D(@) =
3tv/m+13/2(n+m) +2(2+1) < %Lm. (A.29)

Choose t = emin{,/m, %} for sufficiently small € such that (A.29) and (A.26) then hold with probability
1 —exp (—6” (min{”%m})).

Combining Case 1 and Case 2, (A.26) holds with probability 1 —exp (—& (y(m,n))) where y(m,n) =m
when € is cone and y(m,n) = min{’”%,m} otherwise.
o h & € with high probability:

Apply Lemma A.2 on dist(h,%) with t = £,/D(%) to show that dist(h,%) is strictly positive. This
proves that h ¢ ¢, with probability 1 —exp(—& (D(%)))=1—exp(—& (m)).
e High probability lower bound for U :

Thus far we have proved that assumptions h ¢ % and (3.45) of the second statement in Lemma 3.7 hold

with the desired probability. Therefore, (3.46) holds with the same high probability, namely,

(o

Vm—D(%)

We will use similar concentration arguments as above to upper bound the right hand side of (A.30). For

% (g,h) = (Vimligll: — vD(@)dist(h, %)) (A30)

any t > 0:

Vml|glls <m+1y/m
VD(€)dist(h, %) > /D(€)(\/D(€) —1—1)
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with probability 1 —4 exp(—%). Thus,

Vm||glz = /D(€)dist(h,€) < m—D(€) +t(y/m+/D(€)) + 1. (A.31)

For a given constant € > 0, substitute (A.31) in (A.30) and choose t = €&’\/m (for some sufficiently small

constant £’ > 0), to ensure that,

% (g.h) < (1+€)0\/m—D(x0,A)

with probability 1 —4exp (%/2'”) Combining this with the high probability events of all previous steps, we

obtain the desired result.

A.4.3 Proof of Lemma 3.8
A.4.3.1 Scalarization

The reduction of %, (g,h) to an one-dimensional optimization problem follows identically the steps as in

the proof for (g, h) in Section A.4.1.1.

A.4.3.2 Deterministic Result

From the first statement of Lemma 3.8,

fdev(gvh) = argg‘n, \% aZ + G2||gH2 —a- diSt(ha cg) ) (A32)
=L

dev
=L(a)

where we have denoted the objective function as L(a) for notational convenience. It takes no much effort
(see also statements 1 and 2 of Lemma A.10) to prove that L(-):
e is a strictly convex function,

e attains its minimum at

. o -dist(h,%
o (g h) = 7
Vllgl3 - dist® (b, %)

The minimization of L(¢t) in (A.32) is restricted to the set Sy,,. Also, by assumption (3.48), a*(g,h) & S,

Strict convexity implies then that the minimum of L(-) over @ € S, is attained at the boundary points of
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the set Syey, i.€. at (1 £ O4ey)Caey [23]. Thus, Zyey(g,h) = L((1 £ S4ev)Caev), which completes the proof.

A.4.3.3 Probabilistic Result

Choose Cyey = O % and consider the regime where (1 —&,)m > D(%) > g m for some constant
g > 0. 84,, > 01is also a constant.
e Mapping .%., to Lemma A.10: It is helpful for the purposes of the presentation to consider the

function
L(x) := L(x;a,b) = \/x*+ 6%a—xb, (A.33)

over x > 0, and a,b are positive parameters. Substituting a,b,x with ||g||,,dist(h, %), o, we can map

L(x;a,b) to our function of interest,

L(a; g, dist(h, %)) = Vo2 + 62||g||» — adist(h, 7).

In Lemma A.10 we have analyzed useful properties of the function L(x;a,b), which are of key importance
for the purposes of this proof. This lemma focuses on perturbation analysis and investigates L(x';a’,b’) —
L(x;a,b) where X', d’, b’ are the perturbations from the fixed values x,a,b. In this sense, a’,b’ correspond to
||g||2,dist(h,%") which are probabilistic quantities and a,b correspond to v/, /D(%), i.e. the approximate
means of the former ones.

In what follows, we refer continuously to statements of Lemma A.10 and use them to complete the proof
of the “Probabilistic result” of Lemma 3.8. Let us denote the minimizer of L(x;a,b) by x*(a,b). To see how

the definitions above are relevant to our setup, it follows from the first statement of Lemma A.10 that,

L(x*(\/rﬂ,\/D(%));\/%,\/D(%U — 6\/m—D(%), (A.34)
and

(v /D(@)) = o nﬂ;% — Cton (A35)

o Verifying assumption (3.48): Going back to the proof, we begin by proving that assumption (3.48) of

the second statement of Lemma 3.8 is valid with high probability. Observe that from the definition of S,
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and (A.35), assumption (3.48) can be equivalently written as

< (llgll2, dist(h, )

—1 Oev- A.36
e (ym @) |- (A-30

On the other hand, from the third statement of Lemma A.10 there exists sufficiently small constant & > 0

such that (A.36) is true for all g and h satisfying

lgll2 = v/m| < e1v/m and  |dist(h,%) - /D(%)| < &rv/m. (A37)

Furthermore, for large enough D(%’) and from basic concentration arguments (see Lemma A.2), g and h

m

satisfy (A.37) with probability 1 — Zexp(—%). This proves that assumption (3.48) holds with the same
high probability.

e Lower bounding .Z,,,: From the deterministic result of Lemma 3.8, once (3.48) is satisfied then
gdev(gvh) =L ((1 + Sdev)cdev; HgHL diSt(h, CK)) . (A38)
Thus, to prove (3.49) we will show that there exists # > 0 such that

L((1 £ 8460)Ce: |1g||2, dist(h, €)) > (1+1)5+/m —D(%), (A.39)

with high probability. Equivalently, using (A.34), it suffices to show that there exists a constant ¢ > 0 such

that

L (1 840" (v, /D@ gl dist(0,€) ) — L (x* (v, /D(@); v/, v/D(€) ) = 16/, (A40)

with high probability. Applying the sixth statement of Lemma A.10 with y < .., for any constant &4, > 0,

there exists constants ¢, & such that (A.40) holds for all g and h satisfying

gl — Vil < &2/ and  |dist(h, %) — /D(%)] < &2v/m,

which holds with probability 1 — 2exp(—8227m) for sufficiently large D(%). Thus, (A.40) is true with the
same high probability.

Union bounding over the events that (A.36) and (A.40) are true, we end up with the desired result. The
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reason is that with high probability (A.38) and (A.40) hold, i.e.,

Zuer(8) = L1+ 81e) e 2. dist(h, ©)) = L (x* (vim, /D) ): /m, /DE) ) +10/m
— 6\/m—D@) +10vm.

A.5 Deviation Analysis: Key Lemma
Lemma A.10 Consider the following function over x > 0:
L(x) := L(x;a,b) = \/x*+ c%a—xb

where ¢ > 0 is constant and a,b are positive parameters satisfying (1 — €)a > b > €a for some constant

€ > 0. Denote the minimizer of L(x;a,b) by x*(a,b). Then,

1. x*(a,b):\/cgbszandL(x*(a,b);a,b):G a?—b2.

2. For fixed a and b, L(x;a,b) is strictly convex in x > 0.
3. For any constant 1) > 0, there exists sufficiently small constant € > 0, such that

x*(d',b)
T2 <
¥ (a,b) '—”’

forall d' b satisfying |a' —a| < €ya and |b' — b| < €;a.

4. There exists positive constant 1| > 0, such that, for sufficiently small constant € > 0,
|L(x*(a,b);d,b') — L(x*(a,b),a,b)| < ne oa,

forall d b satisfying |a' —a| < €1a and |b' — b| < €;a.

5. For any constant y > 0, there exists a constant € > 0 such that for sufficiently small constant € > 0,
L(x;d',b") — L(x*(a,b);d ,b') > & 0a,
for all x,d" and V' satisfying |x —x*(a,b)| > yx*(a,b), |d' —a| < €;a and |b' — b| < €a.
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6. For any constant y > 0, there exists a constant € > 0 such that for sufficiently small constant & > 0,

L(x;d',b") — L(x"(a,b);a,b) > &0a,

forall x,a" and V' satisfying |x — x*(a,b)| > yx*(a,b), |d' —a| < €ia and |b' — b| < €a.

7. Given cioy > 0, consider the restricted optimization, miny>, L(x;a,b). We have,

lim min L(x;a,b) — o
Clow = X>Clow
Proof: First statement: The derivative (w.r.t. x) of L(x;a,b) is:

ax
U(xab)= —2 _ _p,
( ) Vx2 4+ o2

Setting this to 0, using strict convexity and solving for x, we obtain the first statement.

Second statement: The second derivative is,

Vo) 7 ax’
L”(x'a b) = ayx“+0 vaito? ac? <0

o x?+o0? (x2+ 02)3/2 ’

for all x > 0. Consequently, f is strictly convex.
Third statement: We can write,
v b
x( 1 p! * _ N
‘x (d,b')—x (a,b)|—6 T AR

Observe that x*(a,b) = ——2— is decreasing in ¢ and increasing in b as long as a > b > 0. Also, for

o
sufficiently small constant €], we have, a’,b’ > 0 for all |@’ —a| < €a,|b’ — b| < €;a. Therefore,

b—¢ga < b < b+e€a
Via+ea)?—(b—¢ga)? ~ Va?—b? " \/la—€a)?—(b+&a)?

Now, for any constant § > 0, we can choose €; sufficiently small such that both b — €;a and b + € a lie in the
interval (1+8)b. Similarly, (a + €,a)?> — (bF €1a)? can be also chosen to lie in the interval (14 8)(a® —b?).
Combining, we obtain the desired result
X
Va?—b?  a?— b2

<n(9)

a? —b?
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Fourth statement: For |a—d'| < €a and |b — b'| < €1a, we have,

. . c |a® + ab|
|L(x*(a,b);d',b") — L(x*(a,b);a,b)| = ﬁ!(aa’fbb/) —(@®-pY)| < 80 5o

By assumption, (1 — €)a > b > €a. Thus,

G\a2+aby 2a> g0

&1 S EO0C—5 = .
az—b? 2ea? €

Choosing &; sufficiently small, we conclude with the desired result.

Fifth statement: We will show the statement for a sufficiently small y. Notice that, as y gets larger, the
set |x —x*(a,b)| > yx*(a,b) gets smaller hence, proof for small y implies the proof for larger 7.

Using the Third Statement, choose €; to ensure that |x*(a’,b") —x*(a,b)| < yx*(a,b) for all |d' —a| < €a
and |b' —b| < €1a. For each such &', b, since L(x,d’, ') is a strictly convex function of x and the minimizer

x*(d',b) lies between (1 + y)x*(a,b) we have,
L(x,d',b") > min{L((1 —y)x*(a,b),d’,b’),L(1+y)x*(a,b),d" ,b")},

for all |x —x*(a,b)| > yx*(a,b). In summary, we simply need to characterize the increase in the function

value at the points (1 £ 7)x*(a,b).

We have that,
* / / o / /
L((1ty)x*(a,b);d' ,b") = 7(\/&2 + (£2y+y2)b%d — (1 +y)bb'), (A.41)
a2 _ b2
and
L(x*(a,b):d ) = —2—(ad — bb). (A42)
2 — b2

In the following discussion, without loss of generality, we consider only the “+7” case in (A.41) since the
exact same argument works for the “—7” case as well.

Subtracting (A.42) from (A.41) and discarding the constant in front, we will focus on the following
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quantity,

diff(y) = (/a2 + 27+ )62 — (14 7)bb') — (ad’ — bb)

= (\Ja2 + Qy+ )b —a)d — 1o, (A.43)

=g(7)

To find a lower bound for g(7), write

8(y) = \/a2+ y+7v)p?

b2
=\ ety ) +r(H? -

N )
> (‘H'?’;) + m,

b4

)

a2

(A.44)

where we have assumed y < 1 and used the fact that (a + y%z)z >a? > b> — %. Equation (A.44) can be

a

further lower bounded by,
b? ,},Z(aZbZ —b4)
> — - 7
81 = (aty )+ =g

Combining with (A.43) , we find that,

b2 2b2 _ b4
diff(y) > Y(~-a' = bb) + ;P“Ta’. (A.45)

Consider the second term on the right hand side of the inequality in (A.45). Choosing € < 1/2, we ensure,

a' > a/2, and thus,

a’bh® —b* a’b? —b* ea’b? b?
ab b s > — el A46
r 83 >7 1642 =7 1642 r 16 (A46)

Next, consider the other term in (A.45). We have,

bz / / b2 / / 2 / /
—a —bb' | =—(a —a)—-bb'—b)>—||—(a — b(b'—b)| ).
<a“ ) " (d —a) bt ~b) > <a<“ )|+ b >|)
Choosing ¢&; sufficiently small (depending only on ¥), we can ensure that,
b2 , , b2
—(a' — b(b'—b —. A47
~(d —a)|+|b(' = b)| < ye 5 (A47)
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Combining (A.45), (A.46) and (A.47), we conclude that there exists sufficiently small constant £ > 0 such
that,

b2
) > el
diff(y) > ’)/2832

. . . . . . b2 2
Multiplying with \/ﬁ, we end up with the desired result since T > ha.

Sixth statement: The last statement can be deduced from the fourth and fifth statements. Given y > 0,

choose € > 0 sufficiently small to ensure,
L(x;d' ,b") — L(x"(a,b),d ,b') > e,0a

and

\L(x*(a,b);a,b) — L(x*(a,b),d ,b’)| > ne;oa

Using the triangle inequality,

L(x;d',b') — L(x*(a,b),a,b) > L(x;d',b") — L(x*(a,b),d’ ,b') — |L(x*(a,b),d',b') — L(x*(a,b),a,b)|

> (& —nep)oa. (A.48)

Choosing g to further satisfy ne; < %2 (A.48) is guaranteed to be larger than 8%Ga which gives the desired
result.

Seventh statement: To show this, we may use a > b and simply write,

L(x;a,b) > (a—b)x = lim min L(x;a,b) > lm (a—b)cjyy, = o0

Clow ™% X2>Cloy Clow =

A.6 Proof of Lemma 3.20

Proof of the Lemma requires some work. We prove the statements in the specific order that they appear.

Statement 1: We have

n=E[|[h|j3] = E [||Proj, (h) +h — Proj; (h) 3] = E[[|Proj; (h) 3] + E[|[ T (h)[|3] + 2 E[{IT; (h), Proj, (h))]

— P(R9f(x0)) +D(29f(x0)) + 2C(A3f(x0)).
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Statement 2: We have Proj,(h) = 0 and ITp(h) = h, and the statement follows easily.
2, which implies P(10 f(xo))

Statement 3: Let r = infocj ¢(x,) [|S/|2- Then, forany A >0, |[Proj, (v)[2 > A||s
> A2||s||3. Letting A — oo, we find P(19 f(x0)) — <.

Similarly, for any h, application of the triangle inequality gives
T ()[l2 > A7~ [h]l2 = [T (h)[[3 > A% —2Ar|h]..

Let h ~ .#7(0,1) and take expectations in both sides of the inequality above. Recalling that E[||h||2] < 1/n,
and letting A — oo, we find D(A0 f(Xg)) — ce.

Finally, since D(Adf(x0)) + P(Ad f(x0)) + 2C(Adf(x0)) = n, C(Adf(xp)) — —oo as A — 0. This
completes the proof.
Statement 4: Continuity of D(Ad f(X¢)) follows from Lemma B.2 in Amelunxen et al. [4]. We will now
show continuity of P(1d f(x¢)) and continuity of C(A0 f(x)) will follow from the fact that C(1d f(xo)) is
a continuous function of D(Ad f(x¢)) and P(Ad f(xo)).

Recall that Proj, (v) = AProj, (). Also, given vi, v, we have,
[[Proj;, (Vi) — Proj; (v2)[l2 < [[vi = vall2

Consequently, given Ay, 4, > 0,

[Proj, (¥) — Projs, () = 4 Projs (1) — 2aProis (5]
< A= Aall1Proji ()l + 122 (Prois (5) — Proi () 2
< A = ol Projs () o+ Al 22
= 1=l e () o+ 1512

Hence, setting A, = A; + €,

1 . .,V v
|[Projy, (v)|[3 < [|[Projy, (v)||2 + &(||Proj, (/Tl)”2 n H7L|12)]2
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which implies,

. : v I[P [1vl2

||Pr0J/12(V)H§*||Pr0J/11(V)||§§28(||PTOJ1(;T1)||2 7 Proig, (v V)2 +€? (HPYOJl(A M2+

Similarly, using ||Proj,, (v)||2 > ||Projj, (V)Hg—8(||Pr0j1(%l)\|2+%), we find,
. : : v Hz
HPYOJM(V)H%—||Pr0Jzz(V)H§§28(HPYOJ1( 2+ 77 =)lIProjz, (v)ll4)

Combining these, we always have,

oot o (prcr (v1(2] < 261 [prc I . vl

[[Projz, (V)5 — [[Proj, (v) |I2] < 2é(| 1”0J1( 2+ 75 =)lIProjz, (v v)|l2+€%(|[Proj, M)H 2+ 57

Now, letting v ~ .47(0,1) and taking the expectation of both sides and letting € — 0, we conclude with the
continuity of P(Ad f(xo)) for A > 0.
To show continuity at 0, observe that, forany A > 0, we have, ||Proj, (v) |2 < RA where R = supge; 7 (x,) lISl2-

Hence,

[P(A9f(x0)) —Pf(x0,0)| = P(19f (x0)) < R*A*

AsA — 0,P(Adf(xp)) =0.
Statement 5: For a proof see Lemma B.2 in [4].

Statement 6: Based on Lemma A.11, given vector v, set ¥ and scalar 1 > ¢ > 0, we have,

Proj CV7Cg 1
’J(C)||2 > ||Proj(v,%)||2

Given A; > A, > 0, this gives,

[Proj (v, 419£ (%0))2 = Ai[|Proj (5,0 (Xo))HzZM HPYOJ( 9 (%0))ll2 = [[Proj(v, 429 f (x0)) |2

A A’

Since this is true for all v, choosing v ~ .47(0,1), we end up with D¢(Xo,41) > D¢(Xo,42).

Finally, at 0 we have D¢(x(,0) = 0 and by definition D(Ad f(x¢)) > 0 which implies the increase at
A = 0. For the rest of the discussion, given three points A, B,C in R”", the angle induced by the lines AB and
BC will be denoted by ABC.

Lemma A.11 Let € be a convex and closed set in R". Let zand 0 < o < 1 be arbitrary, let p; = Proj(z,%),
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Figure A.1: Possible configurations of the points in Lemma A.11 when ZP, O is wide angle.

p2 = Proj(0z,€). Then,

[p2]l2
<L 2= =
P12 < o

Proof:

Denote the points whose coordinates are determined by O,p;,p2,z by O, P;, P> and Z respectively. We
start by reducing the problem to a two dimensional one. Obtain ¢” by projecting the set ¢ to the 2D
plane induced by the points Z, P; and O. Now, let p5 = Proj(oz,%¢”). Due to the projection, we still have:
lz—pill2 < ||z—p2l|2 and ||p5|l2 < ||p2]l2- We wish to prove that ||p5||> > ||opi||2. Figures A.1 and A.2
will help us explain our approach.

Let the line UP; be perpendicular to ZP;. Let P'Z’ be parallel to P;Z,. Observe that P’ corresponds to
op;. H is the intersection of P'Z’ and PiU. Denote the point corresponding to p) by P;. Observe that P;
satisfies the following:

e Py is the closest point to Z in % hence PZ’ lies on the side of P;U which doesn’t include Z.

e P, is the closest point to Z'. Hence, Z'P P; is not acute angle. Otherwise, we can draw a perpendicular
to PP, from Z' and end up with a shorter distance. This would also imply that Z’ I%Pl is not acute as
well as Z'P; stays same but |Z'P)| < |Z'P;| and |P,P;| < |PPy|.

We will do the proof case by case.

When ZP, 0 is wide angle: Assume ZP,0 is wide angle and U P crosses ZO at S.

Based on these observations, we investigate the problem in two cases illustrated by Figure A.1.

Case 1 (S lies on Z'Z): Consider the lefthand side of Figure A.1. If P; lies on the triangle P'PiH then
OP'P} > OP'Z which implies OP'P; is wide angle and |OP}| > |OP'|. If P, lies on the region induced by
OP'Z'T’ then PlﬁéZ’ is acute angle as P, 7’ Py > P,7'0 is wide, which contradicts with P1132’Z’ is not acute.

Finally, let U be chosen so that P'U is perpendicular to OP;. Then, if P} lies on the quadrilateral UTZ'H
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Figure A.2: Lemma A.11 when ZP, O is acute or right angle.

then |OP}| > |OP'| as OP'P; is wide or right angle. If it lies on the remaining region 7'TU, then Z'P,P; is

acute. The reason is, P,Z'P; is wide as follows:
. . . R T
PZ'P>UZ'P>UTP >UPP = 5

Case 2 (S lies on OZ'): Consider the righthand side of Figure A.1. Due to location restrictions, P; lies
on either P;P'H triangle or the region induced by OP'HU. If it lies on PiP'H then, OP'P; > OP'H which
implies |OPy| > |OP'| as OP'P} is wide angle.

If P} lies on OP'HU then, PiP,Z' < PLHZ' = % hence PiP}Z’ is acute angle which cannot happen as it
was discussed in the list of properties of P;.
When ZP, O is right or acute angle: Consider Figure A.2. P lies above U P;. It cannot belong to the region
induced by UHT as it would imply Z’ ﬁéPl < Z'HP, < Z. Then, it belongs to the region induced by THP;
which implies the desired result as OP' Pj is at least right angle.

In all cases, we end up with |OP}| > |OP’| which implies ||p2||2 > ||p5]]2 > ||pi1]|2 as desired.

Statement 7: For a proof see Lemma B.2 in [4].

Statement 8: From Statement 7, C(Adf(xp)) = —%W. Also from Statement 5, D(Ad f(xo)) is
strictly convex. Thus, w < 0Oforall A € [0, Apest) Which yields C(Ad f(xg)) > 0 forall A € [0, Apest]-
Similarly, ©2A97&0) > ( for all A € [Apes, o) which yields C(19 f(xo)) < 0 for all A € [Apes, o). Finally,
Abest minimizes D(Ad f(xp)). Hence W | =4, = 0 Which yields Cy(Xq, Apest) = 0.

Statement 9: We prove that for any 0 < A1 < A3 < Apests

Df(Xo,)L]) —i—Cf(Xo,ll) > Df(X(),lz) + Cf(X(),)Lz). (A.49)
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From Statement 5, D(Ad f(xXo)) is strictly decreasing for A € [0, Apes]. Thus,
D/ (x0,A1) > Dy(x0,42). (A.50)
Furthermore, from Statement 6, P(Ad f (X)) is an increasing function of A. Thus,
Dy (x0,A1) +2C (X0, A1) > D (X0, 42) +2Cs(x0,A2). (A.51)

where we have used Statement 1. Combining (A.50) and (A.51), we conclude with (A.49), as desired.

A.7 Explicit formulas for well-known functions

A.7.1 /| minimization

Let xg € R" be a k sparse vector and let § = % Then, we have the following when f(-) = || - ||1,

o DI — (143%)(1 — (1= Blerf(Z5)) — /2(1 — B)Aexp(~5)

o PR _ g32 1 (1 B)ferf(E) + Aerfe(Z5) — /2 A exp(~ %)

o SN _ 228+ (1- B/ 2hexp(—4) ~ Aerte( )]

These are not difficult to obtain. For example, to find D(10 f(xo)), pick g ~ .#7(0,I) and consider the vector
I1(g,Ad f(xo)). The distance vector to the subdifferential of the /; norm takes the form of soft thresholding

on the entries of g. In particular,

i)— A -sen(xo(i if xo(i 0,
(1@, 20 (0, — | B0 sEnmo(@)ifxo() 7
shrink; (g(i)) otherwise.

where shrink; (g(i)) is the soft thresholding operator defined as,

x—A if x>A,
shrink; (x) = < 0 it [x] <A,
x+A if x<—A.

Consequently, we obtain our formulas after taking the expectation of g(i) — A - sgn(xo(i)) and shrink; (g(i)).

For more details on these formulas, the reader is referred to [72, 74, 83, 192] which calculate the phase

256



transitions of ¢; minimization.

A.7.1.1 Closed form bound

We will now find a closed form bound on D(Adf(xp)) for the same sparse signal Xo. In particular, we
will show that D(29 f(xo)) < (A*+2)k for A > /2log%. Following the above discussion and letting
g~ 4 (0,1,), first observe that, E[(g; — A - sgn(xo(i)))?] = A% + 1

D(Adf(x0)) = Y E[(g(i) — A -sgn(x0(i)))*] + (n — k) E[shrink; (g(i))’] (A.52)

The sum on the left hand side is simply (A2 + 1)k. The interesting term is shrink; (g(i)). To calculate this,

we will use the following lemma.

Lemma A.12 Let x be a nonnegative random variable. Assume, there exists ¢ > 0 such that for all t > 0,
)

Plx2c+1) <exp(—)

For any a > 0, we have,

2 a’
E[shrink,c(x)?] < ﬁexp(—?).
Proof: Let Q(t) =P(x >1).
E[shrink, . (x)%] = /aic(x—a —¢)%d(—Q(x))
<—[0x)(x—a— Hc—i—/ d(x— a—c)2:/aiQ(x)d(x—a—c)2 (A.53)
o Y —c)?
/ 2(x—a—c)Q(x )d(xfafc)§2/a C(xac)exp(( > ) Yd(x—a—c)
u? a’ a a? 2 a’
< 2/a (u—a)exp(—?)du < 2exp(—?) —2aa2+ 1 exp(—E) = exp(—j)

(A.54)

(A.53) follows from integration by parts and (A.54) follows from the standard result on Gaussian tail bound,

2
fa exp(_i)du > u2+1 GXP(—%) u
To calculate E[shrinky (g)?] for g ~ .#7(0,1) we make use of the standard fact about Gaussian distribu-
tion, P(|g| > 1) < exp(——) Applying the Lemma A.12 with ¢ = 0 and a = A yields, E[[shrink; (g)[?] <
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T exp(— A7), Combining this with (A.52), we find,

DA (%)) < (A2+ D+~ (——’12)
0/ = 2211 0P
For A > /2log 7, exp(—%z) < f Hence, we obtain,
2 2 2
D(Adf(x0)) < (A +1)k+z2+1 < (A*+3)k

A.7.2 Nuclear norm minimization

Assume X is a d X d matrix of rank r and X is its vector representation where n = d? and we choose nuclear
norm to exploit the structure. Denote the spectral norm of a matrix by || - ||2. Assume X has skinny singular

value decomposition ULV? where X € R™*". Define the “support” subspace of X as,
Sx, = {M € R”|(1-UU")MI - VV") =0}
The subdifferential of nuclear norm is given as,
[1Xo ||« = {S € R¥*“|Proj(S, Sx,) = UV’, and ||Proj(S,Sx,)|| < 1}

Based on this, we wish to calculate dist(G,Ad f(x()) when G has i.i.d. standard normal entries. As it has
been discussed in [77, 163, 165], II(G,Ad f(xo)) effectively behaves as singular value soft thresholding. In

particular, we have,

I1(G,Adf(x0)) = (Proj(G,Sx,) — AUVT) + Z shrink;L(GG,,-)ug./iv(T;J

i=1

where Proj(G, S)%O) has singular value decomposition Y./ GG,iUG,iV{;J--
Based on this behavior, dist(G, 10 f(xo)) has been analyzed in various works in the linear regime where
7 is constant. This is done by using the fact that the singular value distribution of a d x d matrix approaches

to the quarter circle law when singular values are normalized by v/d

1V4-x2if0<x<2

0 else

y(x) =
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Based on v, define the quantities related to the moments of tail of y. Namely,

¥i(x) = /xwxilll(x)dx

We can now give the following explicit formulas for the asymptotic behavior of d||Xo||« where 5 = B is

fixed. Define,

A
2/1-B

D=

o DD _pp g2 BA2] 4 [(1 - B)AREY(0) + (1 B)2Wa() ~2(1 — B) AW, (v)]
o DAV _ B22 4 (1 - B)ARW,(v) + (1— B)*(1 — ¥a(v))
o COAID 326 (1-B)A*Wo(v) + (1 - B)Y2A%) (v)

A.7.2.1 Closed form bounds

Our approach will exactly follow the proof of Proposition 3.11 in [50]. Given G with i.i.d. standard normal

entries, the spectral norm of the off-support term Proj(G, S)l(O) satisfies,

. ?
P(||Proj(G, S, )|l2 > 2vVd —r+1) < exp(—g)

It follows that all singular values of Proj(G, S)L(O) satisfies the same inequality as well. Consequently, for any

singular value and for A > 2+/d — r, applying Lemma A.12, we may write,

2 (A —2vd—r)?
GavapoPeT =2

E[shrink; (GG7i)2] <

It follows that,
d—r

Y E[shrink; (06,)%] < 2(d —r)
i=1
To estimate the in-support terms, we need to consider Proj(G, Sx,) — AUV?. Since AUV and Proj(G, Sx, )

are independent, we have,

|Proj(G, Sx,) — AUVT |2 = A%r + |Sx,| = A*r4-2dr —1*
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Combining, we find,
D(AAf(x0)) < A%r+2dr—r*+2d —2r < (A* +2d)r+2d

A.7.3 Block sparse signals

Let n =t x b and assume entries of Xp € R" can be partitioned into ¢ blocks of size b so that only k of
these ¢ blocks are nonzero. To induce the structure, use the ¢; » norm which sums up the ¢, norms of the

blocks, [91, 175, 191]. In particular, denoting the subvector corresponding to i’th block of x by x;

t
2=} [Ixil
i=1

To calculate D(A0 f(x0)),C(Ad f(x0)),P(Ad f(x0)) with f(-) = || - ||1 2, pick g ~ .47(0,1,) and consider
I1(g, A2d||x0||1,2) and Proj(g, Ad||Xol|12). Similar to #; norm and the nuclear norm, distance to subdifferential
will correspond to a “soft-thresholding”. In particular, IT(g, Ad||xo||;2) has been studied in [175,191] and
is given as,
TIPETIIREN L

vshrink; (g;) else

where the vector shrinkage vshrink, is defined as,

v(1—2) if v > A
vshrink; (v) = vl

0 if v <A

When xo; # 0 and g; is i.i.d. standard normal, E[||lg; — A —-|?] = E[||g||*] + A*> = b+ A2. Calculation

[Ixo,:]I?

of vshrink; (g;) and has to do with the tails of y2-distribution with b degrees of freedom (see Section 3
of [175]). Similar to previous section, define the tail function of a xz—distribution with b degrees of freedom

as,
k

< . 1 X
Y, (x :/ x'— x2 Vexp(—Z)dx
W= ¥ ew3)

[\S1E

Then, E[||vshrink; (g;)(|?] = ¥1(A?) + ¥o(A%)A% —2¥
P(Adf(x0)) and C(Ad f(xo)) as follows.
e D(Xdf(x0)) =k(b+A%)+[¥1(A?) +Po(A*)A> — 2%, (AHA)(t —k)

(A%)A. Based on this, we calculate D(Ad f(xo)),

B —
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o P(AOf(xo)) = A%k + [(¥1(0) — W, (A2)) + A2Wo(A2)] (1 — k)
o C(AOf(X0)) = —A%k+[A¥) (A2) — AWo(A%)](t — k)

A.7.3.1 Closed form bound

Similar to Proposition 3 of [101], we will make use of the following bound for a x distributed with -
distribution with b degrees of freedom.

2

P(v/x > Vb +1) <exp( 5) forall>0 (A.55)

Now, the total contribution of nonzero blocks to D(19 f(x¢)) is simply (A + b)k as E[||g; — A 2t [|?] =

[[xo,]l

A%+ b. For the remaining, we need to estimate E[||vshrink; (g;)||?] for an i.i.d. standard normal g; € R¢.

Using Lemma A.12, with ¢ = v/b and a = A — /b and using the tail bound (A.55), we obtain,

o 2 (VB
E[||vshrinky (g)[|°] < (}L_\/E>2+1exp( 5 )

Combining everything,

(A —Vb)?

, o
D(Adf(x0)) < k(A" +b)+ mexp(*f)

Setting A > v/b+ 4 /2log %, we ensure, exp(—w) < ’;‘ hence,

2k

2
D(Adf(x0)) < k(A*+b)+ A—Vort1

<k(A*+b+2)

A.8 Gaussian Width of the Widened Tangent Cone

The results in this appendix will be useful to show the stability of K%-LASSO for all 7 > 0. Recall the defi-
nition of Gaussian width from Chapter 2. The following lemma provides a Gaussian width characterization

of “widening of a tangent cone”.

Lemma A.13 Assume f(-) is a convex function and X is not a minimizer of f(-). Given & > 0, consider

the &y-widened tangent cone defined as,

Ty (%0, ) = Cl({or- w| f(x0+ W) < f(x0) +&||W]|2, & > 0}) (A.56)
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Let Ryin = minggj p(x,) Is|l2 and 28"~ be the unit ¢-ball in R". Then,

80\/ﬁ

O(T;(x0.8)N 2" < 0(Tyxo)n B ) + 2V

Proof: Letw e ff(xo, €). Write w = w; + W, via Moreau’s decomposition theorem (Fact 2.1) where
w1 € J¢(xo) and wa € cone(d f(xo)) and wl wy = 0. Here we used the fact that X is not a minimizer and
Tf(x0)* = cone(d f(xo)). To find a bound on F%(Xo, &) in terms of .7¢(Xo), our intention will be to find a
reasonable bound on w; and to argue w cannot be far away from its projection on the tangent cone.

To do this, we will make use of the followings.
e If wy # 0, since wl w, =0, MaXge g £(xy) wis=0.
e Assume wy # 0. Then w, = as(w) for some o > 0 and s(wz) € d f(xXo).
From convexity, for any 1 > € > 0, €&||w|[2 > f(ew+xX0) — f(X0). Now, using Proposition 3.3 with § — 0,

we obtain,

8 J—
coliwls = i L IO,
£

€ s€df(x0)

> wls(wa) = wl s(wy) 4+ wh s(wy)

= [[w2[l2lls(w2)l2 > [[W2l2Rpmin

&
Rmin :

This gives, ”Hv:fHH; < R&‘o' . Equivalently, for a unit size w,
-min

w2 <
What remains is to estimate the Gaussian width of .77(xo, &) N B Letg~ A (0,1,). wi,wy still

denote the projection of w onto 77(xo) and cone(d f(xo)) respectively.

w(@(xo,m)ﬂﬁ’”*l) =E[ sup ng]
we Ty (xo,8)NA"!
<E| sup wi gl +E[ sup w) g]
we Ty (xo,8)N%" ! we T (x0,60) B!

Observe that, for w € J7(xo, &) NAB" L, [walr < R‘Zn,

& o/ n
E[ sup wigl <E[  sup Iw2ll2[lgll2] < = Ellgll2 < vn

WE T(x0,60) 18" WE T (x0,80) V8" min Ronin
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For wi, we have w| € 7¢(xo) and ||w;]|2 < ||w|]2 < I which gives,

E[  sup  wig<E[ swp w'g=0(Fx)nz")
we Ty (Xo,80) A" W€ Ty (x0)NAB" !

Combining these individual bounds, we find,

(T} (x0,80) 1 B") < (T (x0) N ") + VI

min
|

Lemma A.14 Let J5(Xo, &) denote the widened cone defined in (A.56) and consider the exact same setup

in Lemma A.13. Fix € > 0. Let A € R™" have i.i.d. standard normal entries. Then, whenever,

€1

¥(m, f,€,€1) = Vm—1—/D(cone(df(xo))) — r—— >0
we have,
1
P . A >e)>1— _ €0, 2
(vegf(xfg};gwjl v[[2 > &) > 1 —exp( 2y(mf 0:€1)%)

Proof: Our proof will be based on Proposition 1.3. Pick ¢’ = Z(xo, &) N %" ! in the above proposi-

tion. Combined with Lemma A.13 for any r < (vm —1— (.7 (X¢)) — %\f), we have,

2
—1) 2 1—exp(—7)

B( min  [Av]y> Vi T o(F(x)) - 2V

VE.?/(XO,S())O,@"’I min

Now, choose t = y(m, f, €, € ) and use the fact that @(F(xo) N .%"~!)? < D(cone(d f(xo)))- [
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Appendix B

Further Proofs for Chapter 5

B.1 Properties of Cones

In this appendix, we state some results regarding cones which are used in the proof of general recovery.

Corollary B.1.1 Let € be a closed convex cone and a,b be vectors satisfying Proj,(a—b) = 0. Then
Ibll2 = [|Proji(a)ll2.

Proof: Using the last statement of Fact 2.2, we have ||Proj,(a)||2 = ||[Proj,(a) — Proj,(a —b)||2 <
[bll2. L

To proceed, we require the following result which is in similar spirit to Proposition 1.3.

Theorem B.1.1 (Escape through a mesh, [112]) Let & be a subset of the unit sphere SV Given m, let

d=+n—m-— 4¢’L7m. Provided that ®(2) < d a random m—dimensional subspace which is uniformly

drawn w.r.t. Haar measure will have no intersection with 9 with probability at least
1 —3.5exp(—(d — @(2))?). (B.1)

Theorem B.1.2 Consider a random Gaussian map 4 : R" — R™ with i.i.d. entires and the corresponding

adjoint operator G*. Let € be a closed and convex cone and recalling Definition 5.2.1, let

- ., [14+/D(%)
L(#):=1 D(%), y(€) =24 /7l b

where D(€) = D(n("”d). Then, if m < 7(;1(? n, with probability at least 1 — 6exp(—(%)2n),f0r allz € R" we
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have

197 (@) |l2 < V(€) | Proje (47 (2)) |- (B.2)

Proof: For notational simplicity, let { = {(%¢’) and y = y(%). Consider the set
9= {xe 7" |xl = ¥lProj(x) 2}

and we are going to show that with high probability, the range of ¢* misses &. Using Moreau’s decompo-

sition (Fact 2.1), for any x € &, we may write

(x,8) = (Proj,(X) + Proj. (x), Proj, (g) + Proj,- (g))
< (Proj (x), Proj (g)) + (Projg- (x), Proj (g)) (B3)
< ||Projg (x)||2[|Proje (g) [|2 + [[Projg- (x) [|2||Proje- (&) ||2

< 7" [|Proje (g) |2+ |[Proj- (g) |2

where in (B.3) we used the fact that elements of 4" and 4™ have nonpositive inner products and ||Proj (x)||2» <

|Ix||2 is by Fact 2.2. Hence, from the definition of Gaussian width,

o(7)=E [Sup <X,g>] < v E[||Proj (g) 2] + E [|[Projg- (g) 2]

XEg

< Vily D) + /D) < 25V

Where we used the fact that y > 2VDE) m; which follows from D(%) + D(¢°) = 1 (recall Fact 2.1). Hence,
1-/D(%)
whenever,
7§ 4- C 2 /
<Pa<(-(E2n=
m < 16n_(l ( 1 Y )n=m,
using the upper bound on ®(%), we have,
1 2 2 1 o 1
(WVn—-m—w(?)— —=)">(Vn—-m—w(2))"—=>(=)n—=. (B.4)
4v/n—m 2 4 2

Now, using Theorem B.1.1, the range space of ¢* will miss the undesired set & with probability at least

1-3.5exp(—(5)2n+1) > 1—6exp(—(5)%n). m
Lemma B.1.1 Consider the cones S® and S%. in the space R¥*?. Then, D(S?) < % and D(S9) <

3
I
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Proof: Let G be a d x d matrix with i.i.d. standard normal entries. Set of symmetric matrices S¢ is

an dld+1) dimensional subspace of R?*4, Hence, E ||Projc (G)||% = dd+1) and E ||Proj ey (G)||% = d(dfl).
3 p IS F 2 J(s4) F 2
Hence,
_ dd—1) 1
DS =" 2 <~
(89 2d? < 2

To prove the second statement, observe that projection of a matrix A € R?*? onto S‘j_ is obtained by first
projecting A onto S and then taking the matrix induced by the positive eigenvalues of Projs(A). Since,
G and —G are identically distributed and Si is a self dual cone, Projgi (G) is identically distributed as

—Projgs (G) where S? = (S%)° stands for negative semidefinite matrices. Hence,

E [Projoy(6)[} = POl _HLED g () = 43221
Consequently, D(S9) =3 — L < 2.
|
B.2 Norms in Sparse and Low-rank Model
B.2.1 Relevant notation for the proofs
Let [k] denote the set {1,2,...,k}. Let S,,S, denote the indexes of the nonzero columns and rows of Xy so

that nonzero entries of Xq lies on S, x S, submatrix. .7,.,.% denotes the k;,k, dimensional subspaces of
vectors whose nonzero entries lie on S, and S, respectively.
Let X have singular value decomposition UZVT7 such that £ € R and columns of U,V lies on .%,.,.%,

respectively.

B.2.2 Proof of Lemma 5.6.1

Proof: Observe that T, = R? x .7, and T, = .7, x R? hence T. N T, is the set of matrices that lie on

S, x S.. Hence, E, = UV! € T.NT,. Similarly, E. and E, are the matrices obtained by scaling columns and
rows of X to have unit size. As a result, they also lie on S, x S, and 7. N T,.. E, € T, by definition.

Next, we may write E. = XoD. where D, is the scaling nonnegative diagonal matrix. Consequently, E.

lies on the range space of X and belongs to 7. This follows from definition of 7, in Lemma 5.5.4 and the

fact that (I—UUT)E, = 0.
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In the exact same way, E, = D, X for some nonnegative diagonal D, and lies on the range space of X’
and hence lies on T,. Consequently, E,,E_. E, lies on . N7, N Ts.

Now, consider
(Ec,E.) = (XoD.,UV") = tr (VU'UZV'D,) = tr (VEV'D) > 0.

since both VEV? and D€ are positive semidefinite matrices. In the exact same way, we have (E.,E,) > 0.
Finally,
(E,E,) = (XoD,,D,Xo) = tr (D.X]D,Xp) >0,

since both D, and Xg D, X, are PSD matrices. Overall, the pairwise inner products of E,,E., E, are nonneg-

ative.

B.2.3 Results on the positive semidefinite constraint

Lemma B.2.1 Assume X,Y € S‘fr have eigenvalue decompositions X = ):;inlk(x) cuu! andY = )::inlk(Y) civivy.

Further, assume (Y,X) = 0. Then, U'Y =0 whereU=[u; u, ... Ll

Proof: Observe that,
rank(X

)rank(Y)
Y.X)= Y Y oaicjlulv*.
=1 j=1

Since 6;,c; > 0, right hand side is O if and only if ulv = 0for all i, j. Hence, the result follows. [ ]

Lemma B.2.2 Assume X € Si so that in Section B.2.1, S. =S,, T. =1T,, ki =k, =k and U=V. Let
RA=T.NT,NT,NS%, S, =T.NS% and,

7 ={Y|Y € (S)*, (Y,Xo) =0},

Then, the following statements hold.

o S, Cspan(#)*. Hence, # C S, and is orthogonal to % .

Projz(Bo)llr _ ||Projz(E,)|F 1
° E c %’ H X — X >
* [EclF [Ellr = V2

Proof: The dual of S¢ with respect to R¥*? is the set sum of S¢ and Skew? where Skew is the

set of skew-symmetric matrices. Now, assume, Y € ¢ and X € S,. Then, (Y,X) = <%,X> where Z =
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Y+YT e Si and (Z,Xo) = 0. Since Xy, Z are both PSD, applying Lemma B.2.1, we have U Z = 0 hence
(I—-UUT)Z(I - UUT) = Z which means Z € T;*. Hence, (Z,X) = (Y,X) =0 as X € S, C T.. Hence,
span(%#) C Si-.

For the second statement, let 7Th = T, N 7. N T,. Recalling Lemma 5.6.1, observe that E, € T. Since
E, is also symmetric, E, € %. Similarly, B, E, € T, (E.,E,) > 0 and |[Proj (E,)|| = | %% | > [E]r.

Similar result is true for E,.

B.3 Results on non-convex recovery

Next two lemmas are standard results on sub-gaussian measurement operators.

Lemma B.3.1 (Properties of sub-gaussian mappings) Assume X is an arbitrary matrix with unit Frobe-
nius norm. A measurement operator < (-) with i.i.d zero-mean isotropic subgaussian rows (see Section 5.3)
satisfies the following:

o E[| (X)|3] = m.

e There exists an absolute constant ¢ > 0 such that, for all 1 > € > 0, we have
P(|[|l< (X)|[5 —m| > em) < 2exp(—ce’m).

Proof: Observe that, when ||X||r = 1, entries of .7 (X) are zero-mean with unit variance. Hence, the
first statement follows directly. For the second statement, we use the fact that square of a sub-gaussian
random variable is sub-exponential and view ||.7(X)||3 as a sum of m i.i.d. subexponentials with unit mean.
Then, result follows from Corollary 5.17 of [213]. [ |

For the consequent lemmas, .12 denotes the unit Frobenius norm sphere in R% %%,

Lemma B.3.2 Let 9 € RU"*% pe an arbitrary cone and </ (-) : R1*%? — R™ be a measurement oper-
ator with i.i.d zero-mean and isotropic sub-gaussian rows. Assume that the set 9 = /"*% N P has
€-covering number bounded above by 1M(g). Then, there exists constants ci,cy > 0 such that whenever

m > cilogn(1/4), with probability 1 —2exp(—cym), we have
P NNull(«/) = {0}.
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Proof: Letn=mn(3),and {X;}]  bea %—covering of 9. With probability at least 1 — 21 exp(—ce*m),
for all i, we have

(1-&)m < ||/ (Xi)[I3 < (1+€)m.

Now, let Xup = argsupx,. 4 ||A(X)]|2. Choose 1 < a < 1 such that || X, — Xgp||2 < 1/4. Then:
1
1A Xsup)ll2 < AXKa) 2+ [[A(Xsup = Xa)ll2 < (1+€)m + 7 [ AXsup) 2.

Hence, [|A(Xsup)l2 < %(1 +&)m. Similarly, let Xy = arginfy_ |[A(X)|2. Choose 1 < b < 7 satisfying
| X — Xinf|| < 1/4. Then,

1A Xint) |2 > [[AXp)[]2 = |AXing — Xp)[l2 > (1 —&)m— %(1 +&)m.

This yields ||A(Xinf)||2 > zgim. Choosing € = 1/4 whenever m > % log(n) with the desired probability,
|A(Xing)||2 > 0. Equivalently, 2 NNull(A) = @. Since A(-) is linear and & is a cone, the claim is proved.
|

The following lemma gives a covering number of the set of low rank matrices.

Lemma B.3.3 (Candes and Plan, [39]) Let M be the set of matrices in R4“*% with rank at most r. Then,
or any € > 0, there exists a covering of .99 N\ M with size at most (£ (di+d2)r \here c3 is an absolute
y 8 €

dy+d>

constant. In particular, 1og(n(1/4)) is upper bounded by C' )" for some constant C > 0.

Now, we use Lemma B.3.3 to find the covering number of the set of simultaneously low rank and sparse

matrices.

B.3.1 Proof of Lemma 5.6.2

Proof: Assume M has %—covering number N. Then, using Lemma B.3.2, whenever m > clogN,
(5.18) will hold. What remains is to find N. To do this, we cover each individual s; X s, submatrix and then
take the union of the covers. For a fixed submatrix, using Lemma B.3.3, %—covering number is given by

C1+%2)4_1n total there are (‘;I‘) X (f;) distinct submatrices. Consequently, by using log (‘Sl) = slog% + 5, we

find
d d d d.
logN < log (( ]> X ( 2) C(““”q) < splog = + 51 +5210g = + 53+ (51 +52)qlogC,
S1 ) 51 2
and obtain the desired result. [ ]
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Appendix C

Further Proofs for Chapter 6

C.1 On the success of the simple program

The theorems in Section 6.2.1 provide the conditions under which Program 6.1 succeeds or fails. In this
section, we provide the proofs of the success results, i.e., the last statements of Theorems 6.1 and 6.2. The
failure results will be the topic of Section C.2.

Notation: Before we proceed, we need some additional notation. 1" will denote a vector in R” with all
ones. Complement of a set S will be denoted by S¢. Let %, j = ¢; x € for 1 <i,j < K+ 1. One can see
that {Z; ;} divides [n] x [n] into (K + 1)? disjoint regions similar to a grid which is illustrated in Figure C.1.
Thus, #; ; is the region induced by i’th cluster for any i < K.

Let o/ C [n] x [n] be the set of nonzero coordinates of A. Then the sets,

1. &/ N4 corresponds to the edges inside the clusters.
2. AN corresponds to the missing edges inside the clusters.

3. o/ NZ° corresponds to the set of edges outside the clusters, which should be ideally not present.

Let ¢ and d be positive integers. Consider a matrix, X € R*¢. Let 8 be a subset of [c] x [d]. Then, let

Xp denote the matrix induced by the entries of X on f3 i.e.,

Xi7j lf(l,])EB
(Xp)ij =
0 otherwise .

In other words, Xg is a matrix whose entries match those of X in the positions (i, j) € B and zero otherwise.

For example, ]l’;;” = A. Given a matrix A, sum(A) will denote the sum of all entries of A. Finally, we
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Figure C.1: Tllustration of {Z; ;} dividing [n] x [n] into disjoint regions similar to a grid.

introduce the following parameter which will be useful for the subsequent analysis. This parameter can be
seen as a measure of distinctness of the “worst” cluster from the “background noise”. Here, by background

noise we mean the edges over %°. Given ¢, {p;}X ,, let,

i=1°
1 K
_;L : }
njj=1
1 ED;— 17!
= —min{l - 2g, ——
2mln{ q, - }

1

1
D= 5 min{l —2¢,{2p;i—1 (C.1)

For our proofs, we will make use of the following Big O notation. f(n) = Q(n) will mean there exists a
positive constant ¢ such that for sufficiently large n, f(n) > cn. f(n) = O(n) will mean there exists a positive
constant ¢ such that for sufficiently large n, f(n) < cn.

Observe that the success condition of Theorem 6.1 is a special case of that of Theorem 6.2. Considering
Theorem 6.1, suppose EDpi, > (1+¢€)A, L, and A = (1 — 8)Agyec where § > 0 is to be determined. Choose
8 so that 1 — & = (1+€)~'/2. Now, considering Theorem 6.2, we already have, A < (1 — &)Agcc and we
also satisfy the second requirement as we have EDpi, > (1+€)A, L. = (1+&)(1-8)A 1 =/1+er "L

Consequently, we will only prove Theorem 6.2 and we will assume that there exists a constant € > 0 such

that,

A <(1—¢&)Asuce (C.2)

EDpyin > (1+€)A 7!
This implies that D, is lower bounded by a positive constant. The reason is p,,; > 1/2 hence 2p;—1 >0
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and we additionally have that 2p; — 1 > (1+ €) 4. Together, these ensure, 2p; — 1 — 7 > s (2pi—1).

n;’

C.1.1 Conditions for Success of the Simple Program

In order to show that (L, S) is the unique optimal solution to the program (6.1), we need to prove that the

objective function strictly increases for any perturbation, i.e.,
(L0 +E L+ 2 IS+ E ) = (ILOfl+ 2 [IS°]11) >0, (C.3)

for all feasible perturbations (EX,ES).

For the following discussion, we will use a slightly abused notation where we denote a subgradient of a
norm || - || at the point x by d||x||.. In the standard notation, d||x||.. denotes the set of all subgradients, i.e.,
the subdifferential.

We can lower bound the LHS of the equation (C.3) using the subgradients as follows,

(I + EX 2 (1S +E5 1) = (L + A [IS°]11)

> (9||L°|l.. EF) +A(9[IS°]l 1, E®), (C4)

where 9||L°||, and 9||S°|, are subgradients of nuclear norm and ¢;-norm respectively at the points (L, S°).
To make use of (C.4), it is crucial to choose good subgradients. Our efforts will now focus on construc-

tion of such subgradients.

C.1.1.1 Subgradient construction

Write LY = UAU?, where A = diag{ny,n,...,ng} and U= [u; ... ug] € R™X with

ﬁ ific¥%

0 otherwise.

u; =

Then the subgradient d||L° ||, is of the form UU” +W such that W € .7 := {X: XU =UTX =0, || X| <
1}. The subgradient 9|S°||; is of the form sign(S°) + Q where Q; ; = 0 if S?J- # 0 and ||Q|| < 1. We note
that since L +S = A, EL' = —ES. Note that sign(S°) = 120 e — 1700 . Choosing Q = 177", — 1770 .,

we get,

272



IL+E |+ 2 87+ E5 1 — (L0 + 4 [8°]])
> (9|, EF) + A(9[IS"[[1, E°)

= (UU” + W, E") + A (sign(S°) + Q, ES)
K

=) lsum(ER,.J.) + A (sum(E%.) — sum(E%)))
i—1 T '
::g(rEL)
+(W,EL). (C.5)
Define,
K
g(EN =Y lsum(E(%g“.) +A (sum(EL.) —sum(EL))) . (C.6)
i=1 1 ’

Also, define f (EX, W) := g (EX) + (W,E"). Our aim is to show that for all feasible perturbations E*,
there exists W such that,

f(EE W) = g(E) + (W,E") > 0. (C.7)
Note that g(E*) does not depend on W.

Lemma C.1 Given EL, assume there exists W € .y with ||W|| < 1 such that f(EE, W) > 0. Then at least
one of the followings holds:
o There exists W* € .y with ||[W*|| < 1 and
f(EE, W) > 0.
o Forall W € ., <EL,W> =0.

Proof: Let ¢ =1—||W|. Assume (E“,W’) £ 0 for some W' € .#y. If (E*¥,W’) > 0, choose
W* = W+ cW'. Otherwise, choose W* = W —cW'. Since ||W’|| < 1, we have, ||W*|| < 1 and W* € .#y.

Consequently,

f(EL?W*> = f(Eva) + | <EL7CW/> |

> f(EF,W) >0 (C.8)
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Notice that, for all W € .y, <EL,W> = 0 is equivalent to EX € //lé which is the orthogonal comple-

ment of .y in R"™". ./ has the following characterization:

My = {X e R : X = UM’ +NU’

for some M,N € R™K}. (C.9)

Now we have broken down our aim into two steps.
1. Construct W € .#y with ||[W|| < 1, such that f(EX, W) > 0 for all feasible perturbations EL.
2. For all non-zero feasible EX € .}, show that g(E-) > 0.

As a first step, in Section C.1.2, we will argue that, under certain conditions, there exists a W € .Zy
with ||[W]|| < 1 such that with high probability, f(EX,W) > 0 for all feasible E-. This W is called the
dual certificate. Secondly, in Section C.1.3, we will show that, under certain conditions, for all EF € .
with high probability, g(EX) > 0. Finally, combining these two arguments, and using Lemma C.1 we will

conclude that (L°,S) is the unique optimal with high probability.

C.1.2 Showing existence of the dual certificate

Recall that

fELW) = f i'sum(EL%i) + <EL,W>

i—1 i

+A (sum (E%/) —sum (E%)))
W will be constructed from the candidate Wy, which is given as follows.

C.1.2.1 Candidate W

Based on Program 6.1, we propose the following,

K
Wo =Y a1+ el + A (V" =100,
:1 B

1

K

where {c;}; ,c are real numbers to be determined.
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We now have to find a bound on the spectral norm of Wy. Note that Wy is a random matrix where
randomness is due to <. In order to ensure a small spectral norm, we will set its expectation to 0, i.e., we
will choose ¢, {c;}'s to ensure that E[Wy] = 0.

Following from the Stochastic Block Model 6.1, the expectation of an entry of Wy on % ; (region corre-
sponding to cluster i) and Z¢ (region outside the clusters) is ¢;+ A (2p; — 1) and ¢ + A (2g — 1) respectively.
Hence, we set,

ci=—-A2pi—1) and c=-A(2g—1),

With these choices, the candidate Wy and f(EX, W) take the following forms,

K
Wo = 24 [Z(l —Pi) Vg o — Pi Mffx,-.:lﬂM]
i=1

$20[(1— ) V30, —q 150 (C10)

FELWo) = A[(1-2g) sum(EL)]

K
—A [Z (Zp,-— 1— QLln) sum(E%ju)

i=1

(C.1D

From L and (6.2), it follows that,

EI;/( is (entrywise) nonnegative. (C.12)

Eéj is (entrywise) nonpositive.

Thus, sum(EL,) <0 and sum(E%”) > 0. When A(2p; — 1) — 1 > 0 and A(2¢ — 1) < 0; we will have
f (EL , W) > 0 for all feasible EL. This indeed holds due to the assumptions of Theorem 6.1 (see (C.1)), as
we assumed 2p; — 1 > %'l; fori=1,2---,Kand 1 > 2g4.

We will now proceed to find a tight bound on the spectral norm of W, Let us define the zero-mean
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Bernoulli distribution Berng(ct) as follows. X ~ Berng(a) if,

l—a wp. «
X =

—o wp. l—ao

Theorem C.1 Assume A € R"*" obeys the stochastic block model (6.1) and let M € R"™". Let entries of M
be as follows.
Berno(pi) if (i,)) € Rk

M, j ~
Berng(q) if (i,j) € %"
Then, for a constant € (to be determined) each of the following holds with probability 1 —exp(—Q(n)).
o M| < (1+8)
o M| <2/4(1—g)v/n
+max 2\/q(1 - q) + pi(1 = pi) /i + €'/

o Assume [max n; = o(n). Then, for sufficiently large n,
AN

IM[| < (2/g(1 —gq)+€")vn.

Proof: The entries of M are i.i.d. with maximum variance of 1/4. Hence, the first statement follows

directly from [216]. For the second statement, let,

M(, ) ifi,je R
Ml (l).]) =
Berny(g) else

Also let M, = M — M;. Observe that, M; has i.i.d. Bernyg(g) entries. From standard results on random

matrix theory, it follows that, with the desired probability

My ]| < (2v/q(1 —q) +€)v/n.

For My, first observe that over %;; M, has i.i.d. entries with variance g(1 —g) + p;(1 — p;). This

similarly gives,

Mo, 1| <2v/q(1—q) + pi(1 — p;)/ni +€'v/n.
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Now, observing, |[Ma|| = sup |M3 #,,|| and using a union bound over i < K we have,
i<k

M| <max2\/61 1—q)+ pi(1—pi)y/ni+€'/n.

Finally, we use the triangle inequality |M|| < |[M;]| + [[M3]| to conclude. [ |

The following lemma gives a bound on ||Wp|.

Lemma C.2 Recall that, Wy is a random matrix; where randomness is on the stochastic block model <f

and it is given by,
Wo =24 Z [ PV 0, — Pilytg, }
+2A [(1 =)V 5 — a1 e] (C.13)

Then, for any € > 0, with probability 1 —exp (—Q(n)), we have

[Woll <44+/q(1—q)vn

+max4k\/ql— )+ pi(1—pi)/ni+€A/n

<AALL +€An

succ

Further, if lmax n; = o(n). Then, for sufficiently large n, with the same probability,

<i<K

[Woll <4Av/q(1—gq)n+¢€'Ay/n.

Proof: ﬁWo is a random matrix whose entries are i.i.d. and distributed as Berng(p;) on %;; and
Berng(g) on Z°. Consequently, using Theorem C.1 and recalling the definition of Ay, we obtain the
result. [ ]

Lemma C.2 verifies that asymptotically with high probability we can make ||[Wy|| < 1 as long as A is
sufficiently small. However, Wy itself is not sufficient for construction of the desired W, since we do not
have any guarantee that Wy € .#y. In order to achieve this, we will correct Wy by projecting it onto .Zy.

Following lemma suggests that W does not change much by such a correction.
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C.1.2.2 Correcting the candidate W

Lemma C.3 W, is as described previously in (C.13). Let W be the projection of W on .#y. Then
o WA < [Wol
e Forany €' > 0 (constant to be determined), with probability
1 — 6n2 exp(—2€"*nyin) we have

[Wo — WH ||, <31€".

Proof: Choose arbitrary vectors {u;}/ ;| to make {u;}7_; an orthonormal basis in R". Call U, =
[ugi1 ... w,] and P=UUT, P, = U,UL. Now notice that for any matrix X € R"*", P,XP; is in .#y since

UTU, = 0. Let I denote the identity matrix. Then,

X —P,XP, =X — (I-P)X(I—P)

=PX +XP—PXP ¢ ./ (C.14)
Hence, P,XP; is the orthogonal projection on .#y. Clearly,
W = [P WoPs | < [P Wol| < [[Woll

For analysis of ||[Wo — W#||.. we can consider terms on the right hand side of (C.14) separately as we

have:

[Wo— Wl < [[PWoleo + [[WoP]|eo + [|PWOP| o,

Clearly P =YX, nl,-]mRT,«n' Then, each entry of %PWO is either a summation of n; i.i.d. Berng(p;) or

Berng(q) random variables scaled by n;l for some i < K or 0. Hence any c¢,d € [n] and e">0
P[|(PW)cq| > Ae"] < 26Xp(—28”2nmin)'

Same (or better) bounds holds for entries of WP and PW(P. Then a union bound over all entries of the

three matrices will give with probability 1 — 612 exp(—2€"*1,u,), we have |[Wo — W ||, < 31¢”. [

1

Recall that Ygyec := 11;22}(4\/(61(1 —q)+ pi(1 — pi))n;, and Agyee := P eI

We can summarize our discussion so far in the following lemma,
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Lemma C.4 W is as described previously in (C.10). Choose W to be projection of Wg on My. Also
suppose A < (1 — 8)Aguee- Then, with probability 1 — 6n? exp(—Q(1yin)) — 4exp(—Q(n)) we have,

o [W]<1

e For all feasible EF, f(EX, W) > 0.

Proof: To begin with, observe that A} is Q(y/n). Since A < Agyee, A/n = O (1). Consequently,

-1
succ

using AA,,.. < 1 and applying Lemma C.2, and choosing a sufficiently small €’ > 0, we conclude with,

W < [[Woll <1,

with probability 1 —exp(—Q(n)) where the constant in the exponent depends on the constant &' > 0.
Next, from Lemma C.3 with probability 1 — 6n° exp(—3€"n,n) we have [|[Wo— W||.. < A€”. Then

based on (C.11) for all EX, we have that,

f(EFW) = f(EFWo)—(Wo—W,E")
> f(EF,Wo) — A€" (sum(E%) — sum(E%.))
= A[(1-2g—¢")sum(E}.)]
s 1 iz L
_/ll; (2pi—1— n —€&")sum(EZ, )

> 0

where we chose €” to be a sufficiently small constant. In particular, we set €’ < D,, i.e., set €’ < 1—2¢g
and &” < 2p; — 1 — 71 forall i <K.

Hence, by using a union bound W satisfies both of the desired conditions. [ ]
Summary so far: Combining the last lemma with Lemma C.1, with high probability, either there exists a
dual vector W* which ensures f(EL,W*) > 0 or EL € .#;;. If former, we are done. Hence, we need to
focus on the latter case and show that for all perturbations EX € ///UL, the objective will strictly increase at

(L°,8%) with high probability.

C.1.3 Solving for E- € .# case

Recall that,
K

g (EF) = Z l.Sum(ERi_i) +A (sum(EL.) —sum(EL)))

=11
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Let us define,
K

(%) = Y Lsum(Xa,),

=1

22(X) :=sum(X ) —sum(X,y),

so that, g (X) = g1(X) +Ag>2(X). Also let V= [v; ... vg] where v; = \/n;u;. Thus, V is basically obtained
by, normalizing columns of U to make its nonzero entries 1. Assume E- € .///I} Then, by definition of
M, we can write,

El = vMT +NVT.

Let m;, n; denote i’th columns of M|, N respectively. From L? and (6.2) it follows that

EL, is (entrywise) nonnegative

EL, is (entrywise) nonpositive

Now, we list some simple observations regarding structure of EL. We can write

K K+1K+1
EF=Y (vm! +nv))= Y Y Ej . (C.15)

i=1 i=1 j=1

Notice that only two components : v;m! and n jV]T-, contribute to the term E%ij.

Let {a,-,j}?":l be an (arbitrary) indexing of elements of €; i.e. 6; = {a;,...,di, }. For a vector z € R",
let z' € R" denote the vector induced by entries of z in ;. Basically, for any 1 < j < n;, z; =12, ;- Also, let
E’/ € R"*" which is E* induced by entries on %, ;.

In other words,

Li _ gL
EC.,d - Eai,c-,a

for all (i, j) € ¢; x €¢; and

Jd

all1 <c<n;, 1<d<n;
Basically, E'/ is same as EF%,- when we get rid of trivial zero rows and zero columns. Then
.. T .
EY =1"m] +n/1"". (C.16)

Clearly, given {E"/},<; j<,, EF is uniquely determined. Now, assume we fix sum(E"/) for all i, j and
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we would like to find the worst EX subject to these constraints. Variables in such an optimization are m;, n;.

Basically we are interested in,

min g(EF) (C.17)
subject to

sum(E"/) = ¢; ; for all i, j

.. | nonnegative if i # j
EY (C.18)

nonpositive if i = j

where {c; j} are constants. Constraint (C.18) follows from (C.12).
Remark: For the special case of i = j = K + 1, notice that E"/ = 0.

In (C.17), g1 (EF) is fixed and is equal to YX c; ;. Consequently, we just need to do the optimization

lln

with the objective g>(EF) = sum(EZL,.) — sum(E%)).

Let i ; C [n;] x [n;] be a set of coordinates defined as follows. For any (c,d) € [n;] x [n}]

(C,d) S Bi,j iff (aiyc,a.,-,d) ed.
For (i1, j1) # (i2, J2), (mfll 7n/1) and (ml ,nj ) are independent variables. Consequently, due to (C.16),
we can partition problem (C.17) into the following smaller disjoint problems.
min sum(Eé{ ) —sum(E lﬁj) (C.19)
J i, j

mn]

subject to
sum(Ei’j) =¢;
. nonnegative if i # j
E"/ is
nonpositive if i = j

Then, we can solve these problems locally (for each i, j) to finally obtain,

EL * Z sum(E B‘

i.j

Zsum ”* ),
i
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to find the overall result of problem (C.17), where * denotes the optimal solutions in problems (C.17) and

(C.19). The following lemma will be useful for analysis of these local optimizations.

Lemma C.5 Lerac RS, b € R? and X = 1°b” + aldT be variables and Cy > 0 be a constant. Also let

B C [c] x [d]. Consider the following optimization problem

i Xge) — X
min sum(Xge) —sum(Xp)
subject to

X;; >0 foralli,j

sum(X) = Cp

For this problem there exists a (entrywise) nonnegative minimizer (ao, bY).

Proof: Let x; denotes i’th entry of vector X. Assume (a*,b*) is a minimizer. Without loss of generality

* __ in. . *
assume b} = min; ;{a},b

;b3 }. If b7 > 0 we are done. Otherwise, since X; ; > 0 we have a; > —bj foralli <c.

Then set a® = a* +1°b} and b’ = b* — 19b}. Clearly, (a°,b°) is nonnegative. On the other hand, we have:
X* — lcb*T _|_a*1dT — lcbOT —|—301dT — XO’
which implies,

sum(Xp) —sum(Xp. ) = sum(X%) - sum(X%c)

= optimal value

Lemma C.6 A direct consequence of Lemma C.5 is the fact that in the local optimizations (C.19), Without

. J i s , . . . \ .
loss of generality, we can assume (m;,n j) entrywise nonnegative whenever i # j and entrywise nonpositive

when i = j. This follows from the structure of E* given in (C.16) and (C.12).

The following lemma will help us characterize the relationship between sum(E’/) and sum(E‘Bﬁ)
L

Lemma C.7 Let 3 be a random set generated by choosing elements of [c] X [d] indecently with probability

0 < r < 1. Then for any € > 0 with probability 1 — d exp(—2¢€'*¢) for all nonzero and entrywise nonnegative
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a € R? we’ll have:

sum(Xg) > (r— €' )sum(X) (C.20)
where X = 1°a”. Similarly, with the same probability, for all such a, we’ll have sum(Xg) < (r+ €')sum(X)

Proof: We’ll only prove the first statement (C.20) as the proofs are identical. For each i < d, a; occurs
exactly ¢ times in X as i’th column of X is 1°a;. By using a Chernoff bound, we can estimate the number
of coordinates of i’th column which are element of 8 (call this number C;) as we can view this number as a

sum of ¢ i.i.d. Bernoulli(r) random variables. Then
P(C; < c(r—¢')) < exp(—2€”c).
Now, we can use a union bound over all columns to make sure for all i, C; > ¢(r — €’)
P(C; > c(r—¢') foralli < d) > 1 —dexp(—2€"c).

On the other hand if each C; > ¢(r — €’) then for any nonnegative a # 0,

d
sum(Xg) = Y X;; =Y Ca
(i.j)eB i=

M=~

>c(r—¢€)Y a

1

= (r—¢€')sum(X)

|

Using Lemma C.7, we can calculate a lower bound for g(EZ) with high probability as long as the cluster
sizes are sufficiently large. Due to (C.15) and the linearity of g(EF), we can focus on contributions due to
specific clusters i.e. V,-miT + niviT for the i’th cluster. We additionally know the simple structure of m;, n;
from Lemma C.6. In particular, subvectors mﬁ and nﬁ of m;, n; can be assumed to be nonpositive and rest of

the entries are nonnegative.

Lemma C.8 Assume, | < K, D, > 0 and (without loss of generality) m; has the structure described in
Lemma C.6. Then, with probability 1 —nexp(—2D?,(n; — 1)), we have g(vim!') > 0 for all m;. Also, if

m; # 0 then inequality is strict.
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Proof: Recall that m; satisfies mé is nonpositive/nonnegative when i = /i # [ for all i. Call X' =

T )
1M m; . We can write

1 K 4
g(vim[) = ;lsum(Xl )+ Y AKX, Bf)
i=1

where h(X', Bf,) = sum(X%c ) — sum(X%{ ). Now assume i # [. Using Lemma C.7 and the fact that f3;; is a
bl [1,' R ’

randomly generated subset (with parameter ¢), with probability 1 —n,;exp(—2¢&"n;), for all X, we have,
h(X', Bf) = (1 - g — € )sum(X') — (g +€)sum(X’)

= (1 —2q —2€')sum(X")

where inequality is strict if X’ # 0. Similarly, when i = [ with probability 1 —n;exp(—2¢&%(n; — 1)), we

have,

isum(xl) +h(X!,Bf)) > (C.21)
lnl ’

<1 —pi+e+ lln) sum(X') — (p; — €') sum(X')
1

1
=— <2pl —1- Fr 28’) sum(X')

Choosing &' = % and using the facts that 1 —2¢g —2D, >0, 2p; — 1 — %nz —2D,, > 0 and using a
union bound, with probability 1 —nexp(—2D?,(n; — 1)), we have g(v;m!) > 0 and the inequality is strict
when m; # 0 as at least one of the X*’s will be nonzero. [ ]

The following lemma immediately follows from Lemma C.8 and summarizes the main result of the
section.

Lemma C.9 Let D, be as defined in (C.1) and assume D, > 0. Then with probability 1 —2nK exp(—2D§{
(Mmin — 1)) we have g(EL) > 0 for all nonzero feasible EF € .4} .

For the proof, we basically use the fact that E- is linear superposition of vim; ’s and nyv; ’s and if EL £ 0,
due to Lemmas C.6 and C.8 at least one of the VlmlT (or nlvlT) terms are nonzero and has a strictly positive

contribution to g(EF).

C.1.4 The Final Step

Lemma C.10 Let p,, > % > q and G be a random graph generated according to Model 6.1 with cluster
sizes {ni Y5 . If A < (1 — €)Aguee and EDyyip = 11312 (2pi—1)n; > (1 +8)%, then (LO,SO) is the unique
<i<n
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optimal solution to Program 6.1 with probability 1 —exp(—Q(n)) — 6n%exp(—Q(1min))-

Proof: Based on Lemma C.4 and Lemma C.9, with probability 1 — cn®exp(—Cmin{1 —2q,2pmin—
1} Rumin)
o There exists W € .4 with ||[W/|| < 1 such that for all feasible EX, f(EF, W) > 0.
e For all nonzero E- € .47 we have g(EF) > 0.

Consequently based on Lemma C.1, (L%, S%) is the unique optimal of Problem 6.1. |

C.2 On the failure of the simple program

This section will provide the proofs of the failure results, i.e., the initial statements of Theorems 6.1 and
6.2. Let us start by arguing that, failure result of Theorem 6.2 implies failure result of Theorem 6.1. To
see this, assume Theorem 6.2 holds and EDp;, < (1 — 8)AJ?a]ﬂ. Let € be a constant to be determined.
If A > (1+¢€)As or EDpip < (1 — €)A~!, due to Theorem 6.2, Program 6.1 would fail and we can
conclude. Suppose, these are not the case, i.e., A < (14 €')Afy; and EDpiy > (1 — €)A~!. These would

imply, EDp, > %A};H. We can end up with a contradiction by choosing €' small enough to ensure

|
1+¢

> 1 — €. Consequntly, we will only prove Theorem 6.2.

Lemma C.11 Let p,;p, > % > q and G be a random graph generated according to the Model 6.1 with cluster

sizes {n; }& ,.

1. Ifmin {n; 2p;—1)} < (1 — 8)% , then (L°,S%) is not an optimal solution to the Program 6.1 with
4
probability at least 1 — K exp (—Q(n2,)).
2. IfA>(1+¢) /m, then (LO,SO) is not an optimal solution to the Program 6.1 with high
=11
probability.

Proof:
Proof of the first statement: Choose €' to be a constant satisfying 2p; — 1 + €' < ﬁ for some 1 <i <
K. This is indeed possible if the assumption of the Statement 1 of Lemma C.11 holds. Lagrange for the

Problem 6.1 can be written as follows,

Z(L,S;M,N) = ||L||« + A||S||1 + trace(M(L — 1))

— trace(NL). (C.22)
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where M and N are dual variables corresponding to the inequality constraints (6.2).

For L to be an optimal solution to (6.1), it has to satisfy the KKT conditions. Therefore, the subgradient

of (C.22) at LY has to be 0, i.e.,
8HL0H*—|—/I 8HA—L0||1 +M°—-N"=0.

where M? and N are optimal dual variables.

Also, by complementary slackness,
trace(M°(L? — 1)) = 0,

and

trace(N°L%) = 0.

(C.23)

(C24)

(C.25)

From (6.7), (C.24), and (C.25), we have (M?)5 > 0, (M%) 4 =0, (N°)5 = 0 and (N°)4c > 0. Hence

(M? —N%) 5, >0and (M° —N%) 4 <0.
Recall, L = UAU?, where U = [u; ... ug] € R™K,
ﬁ ifi € 6

0 else.

u; =

)

Also, recall that the subgradient d||L°||, is of the form UU” 4+ W such that W € {X : XU = U'X =
0,]/X]| < 1}. The subgradient 9||S°||; is of the form sign(S®) +Q where Q; ; = 0if S; ; # 0 and || Q|| < 1.

From (C.23), we have,
UU" + W -2 (sign(S”) + Q) + (M —N°) = 0.
Consider the sum of the entires corresponding %, ;, i.e.,

sum (ng,v,f) —sum (A (sign(s°) +Q) @_,)
—_

+sum ((M0 - NO)%,_}.) =0.

>0
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By Bernstein’s inequality and using ||Q|| < 1, with probability 1 —exp (—Q(nlz)) we have,
8/
sum (sign(SO)) < —nf(l1—pi— 5) (C.28)
8/
sum (Q) < nj (pi+ 7)- (C.29)

2

Thus, —sum (l (sign(S°)+Q) , ) > An?(1—2p; — €') and hence,

sum (L%ﬁ) —sum (k (sign(s°) + Q) Qi_i)
NI

n;

+sum (M°—=N°) , ) > i+ Anf (1 —2p; —¢€').

>0

Now, choose i = argmin; < j<g n;(2p; — 1). From the initial choice of €', we have that n; + ln%(l —2pi—
¢') > 0. Consequently, the equation (C.23) does not hold and hence L° cannot be an optimal solution to the
Program 6.1.

Proof of the second statement: Let £ be a constant to be determined. Notice that (UUT) 4 = 0and
the entries of — (sign(SO) + Q) and M° —N° over Z¢ N < are nonpositive. Hence from (C.26),

IWI[7 > (| (UUT +W) . 7

> A (sign(8°) + Q) ey 17 (C.30)

Recall that S%cm o 7 0 and hence Qg = 0. Further, recall that by Model 6.1, each entry of A
over Z° is non-zero with probability g. Hence with probability at least 1 — exp (—Q(|%¢])), |Z N /| >
(g —¢€')(n*> — YK, n?). Thus from (C.30) we have,

K
W >A%(g—€)(n> =Y n}), (C.31)

Recall that [|[W|| < 1 should hold true for (L°,S°) to be an optimal solution to the Program 6.1. Using the

standard inequality n||W||> > ||W|/% and the equation (C.31), we find,

NE A\/(q_gl) (= Xam)

n
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So, if k\/q(l —¢') (n2— YK n?) /n> 1 then, (L° S°) cannot be an optimal solution to Program 6.1.
This is indeed the case with the choice (1 —&’)~!/2 < (14¢). This gives us the Statement 2 of Lemma C.11.

C.3 Proof of Theorem 6.3

This section will show that, the optimal solution of Problem 6.3 is the pair (L?,S%) under reasonable condi-
tions, where,

L=12" 8" =12" . (C.32)

Also denote the true optimal pair by (L*,S*). Let 1 > pyin > ¢ > 0. G be a random graph generated
according to the stochastic block model 6.1 with cluster sizes {n; }X_,. Theorem 6.3 is based on the following

lemma:

Lemma C.12 If A < Aguce and EDpin > % then (LO,SO) is the unique optimal solution to Program 6.3

with high probability.

Given ¢, {p;}X |, define the following parameter which will be useful for the subsequent analysis. This
parameter can be seen as a measure of distinctness of the “worst” cluster from the “background noise”.

Here, by background noise we mean the edges over Z°.

~ . 1
ED, = man{(p,- —q)— T } (C.33)

C.3.1 Perturbation Analysis

Our aim is to show that (LO7 SO) defined in (C.32) is unique optimal solution to Problem 6.3.

Lemma C.13 Let (EX,ES) be a feasible perturbation. Then, the objective will increase by at least,
LS|
SELW) =Y —sum(E5, )+ (EX, W) + Asum(EZ,.) (C.34)

i=1 "

for any W € .y,

W[ <1
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Proof: From constraint (6.5), we have L; ; = S; ; whenever A; ; = 0. Entries of S over </ are not
constrained by the Improved Program hence, they will be equal to 0. Since, if they are not zero, setting them

to be zero will strictly decrease the objective ||S||; without effecting the feasibility of the solution. Hence,
S*=L%..
Recall that,

L0+ EX L+ A (IS + B 1 — (L2l + A [IS°]11) > (UL, E*) + A(9[|S°]|1, E®)

= (UU" + W, E%) + A (sign(S°) + Q.ES)

Using sign(S°) = 17, and choosing Q = ]l(’?c”_(’wm%), we get,

L0+ B[+ A (18 +E3 1 — (L2l + A [I8%]l1) > (W, E")

K
1

+ Y —sum(Eg )+ A (sum(E%,.)) (C.35)

~ n; )

i=1""

=g(E")
forany W € .. [ |
From this point onward, for simplicity we will ignore the superscript L on E- and just use E. Define,
51
g(E) := Z —sum(Eg,;) + Asum(E«)). (C.36)

=17

Also, define f (E,W) := g(E) 4+ (W,E). Our aim is to show that for all feasible perturbations E, there
exists W such that,

f(E,W) = g(E)+ (W,E) > 0. (C.37)

Note that g(E) does not depend on W.
We can directly use Lemma C.1. So, as in the previous section, we have broken down our aim into two

steps.
1. Construct W € .4 with ||[W|| < 1, such that f(E, W) > 0 for all feasible perturbations E.

2. For all non-zero feasible E € .#;;, show that g(E) > 0.
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As a first step, in Section C.3.2, we will argue that, under certain conditions, there exists a W € .Zy
with ||W|| < 1 such that with high probability, f(E, W) > 0 for all feasible E. Recall that such a W is called
the dual certificate. Secondly, in Section C.3.3, we will show that, under certain conditions, for all E € ///(}
with high probability, g(E) > 0. Finally, combining these two arguments, and using Lemma C.1 we will

conclude that (L°,8°) is the unique optimal with high probability.

C.3.2 Showing existence of the dual certificate

Recall that
K

FEW) =Y Lsum(Es,) + (E,W) + Asum ()

i=1 "

W will be constructed from the candidate Wy, which is given as follows.

C.3.2.1 Candidate W

Based on Program 6.3, we propose the following,

K
Wo = ZC,H%IH _|_C]]_n><n —2.]]_};1”,
i=1 ‘

where {c;}X |, c are real numbers to be determined.

K
f(E,W%) = 1(l—i-c)sum(E )+ csum(E)

i=1 T

Note that W is a random matrix where randomness is due to A. In order to ensure a small spectral
norm, we will set its expectation to 0, i.e., we will choose ¢, {c;}'s to ensure that E[W] = 0.

Following from the Stochastic Block Model 6.1, the expectation of an entry of W( on %;; (region
corresponding to cluster i) and Z° (region outside the clusters) is ¢;+ A (p; —q) and c+ A (g — 1) respectively.
Hence, we set,

ci=—-A(pi—q) and c=A(1—gq),
With these choices, the candidate Wy and f(E, W) take the following forms,
Z —pi Ve + (L= p) 150
+2 [—61 G+ (1= @) 150 /] (C.38)
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f(E,Wo) =A[(1—g) sum(E)] -4 [Z ((pi—q)— 7Lln,-> Sum(E%,-.,-)]

i=1
From LY and the constraint 1 > L;; > 0, it follows that,
E4- is (entrywise) nonnegative. (C.39)

E4 is (entrywise) nonpositive.

Thus, sum(Eg) < 0 and sum(Eg,,) > 0. When A(p; —q) — ni, >0 and A(1 —¢g) > 0; we will have
f(E,Wj) > 0 for all feasible E. This indeed holds due to the assumptions of Theorem 6.3 (see (C.33)), as
we assumed p; — ‘1>/1 fori=1,2---,Kand 1 > g.

Using the same technique as in Theorem C.1, we can bound the spectral norm of WY as follows

Lemma C.14 Recall that, Wy is a random matrix; where randomness is on the stochastic block model A

and it is given by,

13 e T (1= Pﬂg”ﬁd

n ”M”

QU e+ (1= @) 10 ]

Then, for any € > 0, with probability 1 — exp (—€(n)), we have

H—W0||<2f\/ 1—gq + [max 2f\/ —pi)pi+(1—q)g+€+/n

Further, if lrgzg}( n; = o(n). Then, for sufficiently large n, with the same probability,
_l_

[Woll <2Av/n\/(1—4q)q+€Av/n.

Lemma C.14 verifies that asymptotically with high probability we can make ||[Wy|| < 1 as long as A is
sufficiently small. However, Wy itself is not sufficient for construction of the desired W, since we do not
have any guarantee that Wy € .. In order to achieve this, we will correct Wy by projecting it onto ..
Lemma C.3 can be used to here.

Recall that, fsuce 1= 21121)%\/117\/(1 —p)pi+ (1 —q)gand Ay, :=2/n\/q(1 — ) + Fruce-

We can summarize our discussion so far in the following lemma,
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Lemma C.15 Wy is as described previously in (C.38). Choose W to be projection of Wy on My. Also
suppose A < (1 — 8)Agyee. Then, with probability 1 — 6n? exp(—Q(nyin)) — 4exp(—Q(n)) we have,

o [W]<1

e For all feasible E, f(E,W) > 0.

Proof: To begin with, observe that Ay} is Q(y/n). Since A < Agyee, A/ = @ (1). Consequently,

using AAgL. < 1 and applying Lemma C.14, and choosing a sufficiently small &’ > 0, we conclude with,

W] < [|Woll <1

with probability 1 —exp(—Q(n)) where the constant in the exponent depends on the constant &' > 0.
Next, from Lemma C.3 with probability 1 — 6n° exp(—3€"n,n) we have [|[Wo— W||.. < A€”. Then

based on (C.39) for all E, we have that,

F(E,W) = f(E,Wo)—(Wo—W,E)
> f(E,Wy)—Ae" (sum(Ey) — sum(Ec))

— A[((1-g)—¢")sum(Ez.)]

—xi_fl (-0 ") sum(ea )

> 0

where we chose €” to be a sufficiently small constant. In particular, we set €’ < ED,/, i.e., set €’ <1—¢q
and &” < (pi—q)—/%m forall1 <i<K.
Hence, by using a union bound W satisfies both of the desired conditions. [ ]
Summary so far: Combining the last lemma with Lemma C.1, with high probability, either there exists
a dual vector W* which ensures f(E, W*) > 0 or E € .#7 . If former, we are done. Hence, we need to focus
on the latter case and show that for all perturbations E € ///UL, the objective will strictly increase at (L, S°)

with high probability.

C.3.3 Solving for EL € .# case

Recall that,
K

¢(B)= Y Lsum(Eg,) + Asum(E. <)

i=1 "
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Let us define,
K

(%) = Y Lsum(Xa,),

=1

22(X) :=sum(X ),

so that, g (X) = g1(X) +Ag>2(X). Also let V= [v; ... vg] where v; = \/n;u;. Thus, V is basically obtained
by, normalizing columns of U to make its nonzero entries 1. Assume E € .#. Then, by definition of .Z7,

we can write,

E=VM’ +NVT.

Let m;, n; denote i’th columns of M, N respectively.
Again as in previous section C.1.3, we consider optimization problem C.17. Since g;(E) is fixed, we
just need to optimize over g>(E). This optimization can be reduced to local optimizations C.19. Since

L% = 1’2" and the condition (6.4),

E4- is (entrywise) nonnegative

E 4 is (entrywise) nonpositive

We can make use of Lemma C.6 and assume m;‘g" is nonpositive/nonnegative when i = /i 7 [ for all i.

Hence using Lemma C.7 we lower bound g(v;m] ) as described in the following section.

C.3.3.1 Lower bounding g(E)
Lemma C.16 Assume, 1 <1 <K, ED,, > 0. Then, with probability 1 —nexp(—ZENDif(nl — 1)), we have

g(vm!) > A(1 — g —ED)sum(vyml') for all m;. Also, if m; # O then inequality is strict.

Proof: Recall that m; satisfies m;‘f" is nonpositive/nonnegative when i = [/i # [ for all i. Define

. T .
X' = ln’mf‘ . We can write

1 K .
g(vm!) = n—lsum(Xl) + Y Asum( lﬁ/‘.})

i=1

Now assume i # [. Using Lemma C.7 and the fact that 3 ; is a randomly generated subset (with parameter

q), with probability 1 — n;exp(—2¢"n;), for all X/, we have,
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sum(Xjg ) > ((1—¢) —€")sum(X) (C.40)

where inequality is strict if X’ # 0. Similarly, when i = [ with probability 1 —n;exp(—2¢%(n; — 1)), we
have,

1 1 1 1 / 1

Together,

stvmf) > A Z((1 =) =€ sum(X) + <a1, +(1-p) +e'> sum(X')

2 2(1 =)&) Y sum(X) = A((1 ~q) ~ & )sum(vom])

Choosing &' = ED,, and using the facts that (1 —¢) —2ED,, >0, (p; —q) — %n[ —2ED,, > 0 and using
a union bound, with probability 1 —n exp(—2E~Di{ (n;—1)), we have g(v;m] ) > 0 and the inequality is strict
when m; # 0 as at least one of the X?’s will be nonzero. [ ]
The following lemma immediately follows from Lemma C.16 by summing up over all vlm,T and nlvlT

terms and using sum(E%) > 0. It summarizes the main result of the section.

Lemma C.17 Let ED,, be as defined in (C.1) and assume ED_, > 0. Then with probability 1 —2nK exp(—2
Ei)ij(nmm —1)) we have g(EF) > 0 for all nonzero feasible EX € ;.

C.3.4 The Final Step

Lemma C.18 Let pyi, > q and G be a random graph generated according to Model 6.1 with cluster sizes
{n; 1K:1- IfA < (1 —&)Agucc and ED i, = 11212 r(pi—q)n; > (1 —4—8)%, then (LO,SO) is the unique optimal
<i<n

solution to Program 6.1 with probability 1 —exp(—Q(n)) — 6n” exp(—Q(1min)).

Proof: Based on Lemma C.15 and Lemma C.17,
with probability 1 — cn? exp(—C(Pmin — q)*Mmin)»
e There exists W € . with ||[W|| < 1 such that for all feasible EX, f(EX, W) > 0.
e For all nonzero E- € .7 we have g(EF) > 0.

Consequently based on Lemma C.1, (L?,S°) is the unique optimal of Problem 6.3. [ ]
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