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ABSTRACT

The electromagnetic scattering and absorption properties of
small (kr v 1/2) inhomogeneous magnetoplasma columns are calculated
via the full set of Maxwell's equations with tensor dielectric con-
stitutive relation. The cold plasma model with collisional damping
is used to describe the column. The equations are solved numerically,
subject to boundary conditions appropriate to an infinite parallel
strip line and to an incident plane wave. The results are similar
for several density profiles and exhibit semiquantitative agreement
with measurements in waveguide. The absorption is spatially limited,
especially for small collision frequency, to a narrow hybrid resonant
layer and is essentially zero when there is no hybrid layer in the
column. The reflection is also enhanced when the hybrid layer is
present, but the value of the reflection coefficient is strongly
modified by the presence of the glass tube. The nature of the solu-
tions and an extensive discussion of the conditions under which the

cold collisional model should yield valid results is presented.



II.

LI1IL,

IV.

-y
CONTENTS

INTRODUCTION

1.1 Historical Background

1.2 Present Work

METHOD OF CALCULATION

2.1 Geometrical Approximations

2.2 Cold Plasma Model

2.3 Plane Wave Boundary Conditions

2.4 Sstrip Line Boundary Conditions

DISCUSSION OF COLD PLASMA SOLUTIONS
3.1 Introduction
3.2 Nature of the Solutions for a Typical Case

3.3 Some Correlative Experimental Results

DISCUSSION OF PLASMA APPROXIMATIONS

4.1 Introductory Discussion of Warm Plasma
Effects and Method of Approach

4.2 Cold Plasma Theory near the Hybrid Singularity

4.3 Warm Plasma Theory near the Hybrid Turning Point
4.4 Conditions for Validity of the Cold Plasma Results
4.5 Connection between Warm and Cold Plasma Theories

4.6 Validity of Approximating Dissipative Effects
by <V>

4.7 Validity of the Linearization Assumptions
SMALL COLUMN SCATTERING PROPERTIES

5.1 Approximate Scaling Relations for the Scattering
Coefficients

10

13
13
15
19

24

35

35

35

42

47

47

48

52

58

63

67

70

Y5

75



—v—
5.2 Effects of External Geometry on the Scattering

Coefficients

5.3 Dependence of the Theoretical Scattering
Coefficients on <V > and the Profile Shape

5.4 Comparison with Experimental Scattering
Measurements for ws(o)/w2 < 1.0

5.5 Comparisons with Experimental Measurements for
» w12)(0)/m2 X 1 and with Theoretical Results Using

the Electrostatic Approximation
VI. CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY
6.1 Conclusions

6.2 Suggestions for Further Study

APPENDIX A. List of Symbols

APPENDIX B. Rapidly Convergent Forms for the hz’R

Series Appearing in Section 2.4

APPENDIX C. Plane Wave Scattering and Absorption Cross

Sections for the Cylindrical Column

REFERENCES

80

84

84

99
99

101

104

110

112

114



=y

I. Introduction

1.1 Historical background

Perhaps the most ubiquitous characteristic of matter in the plasma

state is that small disturbances in the local charge neutrality

result in strong local electrostatic restoring forces. The pioneering
works by Langmuir and Tonks [1] showed that, in the absence of thermal
motion, these electrostatic restoring forces cause perturbations in
the equilibrium electron density to oscillate about their local
equilibrium point at the electron plasma frequency mp . In 1931
Tonks [2] showed that in addition to such local oscillations at w_ ,
the electrons in a bounded uniform plasma will also oscillate about
the stationary ions due to the fields resulting from the charge
separation at the plasma boundary. These fields, and thus the oscil-
lation frequency, are dependent on the boundary shape and, in
particular, a uniform slab oscillates at wp while a small uniform
cylinder oscillates at wp//f . Early attempts to calculate the scat-
tering from finite-sized plasmas used such uniform bounded models. 1In
1951 Herlofson [3] showed that the surface-charge driven modes of a
uniform cylinder oscillate at mp//f independent of the azimuthal
distribution, but that a uniform external field perpendicular to the
column axis couples most strongly to the dipolar mode. Thus the broad
peak which occurs in experimentally measured scattering properties of
small plasma columns at w "V Eﬁ//i came to be known as the cold plasma

main or dipolar resonance.
Development of the cold-plasma theory for a nonuniform density

profile was hampered because the steady-state plasma response and the
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internal electromagnetic fields are singular in the collision~free
caseat any surface on which the local plasma frequency is equal to the
driving frequency and, as a consequence of the singular response, the
cold collision-free plasma model appears to absorb energy at the
singular surface. Although Herlofson proposed the correct method for
treating this singular behavior in 1951, the collisionless absorption
was not completely understood until 1964 when Barston [4] showed that
the absorption arises because the collision-free plasma cannot attain
a steady state at the resonant surface. As the time since the driving
field has been turned on increases, there is a steadily narrowing band
of electrons near the hybrid surface which have not reached their
local steady state. The energy in this narrowing band of nonsteady-
state electrons increases at a constant rate and appears as a steady-
state "absorption'", but the energy is actually being stored in the
motion of this band of electrons (see Henderson [5] for further dis-
cussion and references).

When a plasma is placed in an external static magnetic field
EO the v X §0 force combines with the electrostatic restoring

forces so as to cause perturbations in the electron density to oscil-

late at the upper hybrid frequency mih = wi + mi where w, is the

electron cyclotron frequency. The scattering from bounded magneto-

*
plasmas was first discussed [6,7,8] in the early 1960's. Using

bounded uniform plasma models, these treatments led to a description

*
Some results were obtained earlier for uniaxial plasmas (|§0| = ),

see Stix [9] pp. 103-104 for additional references.
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of the cold magnetoplasma scattering in terms of the dipolar surface-
charge resonances analogous to the magnetic field-free case. However,
such descriptions could not account for the width of the observed
resonances, and it was postulated that the resonance width was a con-
sequence of the inhomogeneity in the plasma density [10].

Budden [11] discussed qualitatively the reflection and trans-

mission of a wave propagating perpendicular to through a weakly

2o
inhomogeneous plasma slab using WKB methods. This approach uses the
refractive index of a plane wave propagating in an infinite uniform
plasma to describe the local propagation properties of a plasma with
varying density. For the scattering problem of interest in the current
work, both the electric field and the propagation vector of the inci-
dent wave are perpendicular to EO , so the appropriate propagation
properties are given by the "extraordinary' branch [9] of the cold

plasma refractive index. For the extraordinary mode the square of the

refractive index [9] is

, - wleh? - w2
u =
ex 2: 2 2.2
1 - wc/w - wp/w )

and is depicted in Fig. 1.1 as a function of w;/m2 (a normalized
electron density) for 0 < w, < w . The important features of the
refractive index are the cutoff points at 1 - wc/w and 1 + mc/w

where the refractive index is zero, the hybrid point at 1--w(2:/u)2
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where the refractive index is infinite*, and the evanescent+ regions
in which the square of the refractive index is negative.

Since wﬁ is proportional to the electron density, Fig. 1.1
also gives uix as a function of position for a plasma slab with a
density profile that increases linearly from 0.0. A wave incident on
such an inhomogeneous plasma slab from free space would be propagating
from left to right in Fig. 1.1 and, when 0 < w, <w, it would
encounter the cutoff at w;/wz =1 - wc/m , the left-hand evanescent
region, the hybrid point, the right-hand cutoff, and the right-hand
evanescent region, in that order.

Budden [11] demonstrated that the scattering of such a wave
depended on the spatial extent, in wavelengths, of the left-hand
evanescent region between the first cutoff and the hybrid point. When
the evanescent region is optically thick, the incident wave will be

entirely reflected at the left-hand cutoff point and will be unaffected

*When the magnetic field is nonzero, the induced currents in an
inhomogeneous plasma are infinite at any surface on which the driving
frequency satisfies the hybrid condition. It is because of this
infinite response, not the infinity in the refractive index, that such
surfaces are denoted as resonant surfaces. When the magnetic field is
zero, the cutoffs and the infinity in uix coalesce into a cutoff at
mﬁ/w = 1.0 and the resonant response in an inhomogeneous plasma

occurs at a zero in the local refractive index.

TWaves in an evanescent region spatially decay without loss of energy.
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by the hybrid resonance. When the evanescent region is thin, the wave
can tunnel through it to the resonance where it will undergo partial
reflection, transmission*, and absorption.

Kuckes and Wong [12] calculated the absorption of a wave travel-
ing through a thick (kox " 22), bounded, collisional, slab magneto-
plasma with a parabolic density profile as a function of magnetic

field. The peak density was assumed to be low enough that

wi max/m2 < 1 , so the incident wave will propagate everywhere in the
plasma when w /w < 1 - w2 /w2 or w/w>1. When
c p max c
2 2 2 2
l-w Jww L w /w< [1-w /w” , the left-hand cutoff shown in
p max c p max

Fig. 1.1 appears in the slab and the incident wave 1is evanescent in

the center of the slab. When /1 - wz /w2 < w /w<1l, both the
P max c

left-hand cutoff and the hybrid surface can appear in the slab, as
shown in Fig. 1.2. The calculated absorption curves, like the one
illustrated in Fig. 1l.3a, show two sharp peaks, one when the cutoff
appears in the plasma core and another when wc/w = 1 . The reduction
in absorption after the cutoff appears in the plasma core was attri-
buted to a reduction in the effective absorbing volume of the plasma
due to wave reflection at the cutoff point. The peak in absorption at
mc/w = 1 was interpreted as arising from the increasing tunneling
through the steadily narrowing evanescent region to the strongly

absorbing hybrid resonance as both the hybrid and cutoff points

*

In a semi-infinite slab with constantly increasing density, this
transmitted wave will propagate to the right-hand cutoff where it
will be totally reflected back toward decreasing densities.
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Fig. 1.2 Square of the refractive index and plasma density as a func-
tion of position for a slab plasma with a parabolic density
profile for ‘/1-w§ /w” < w /w <1 . The extraordinary

p max c
wave is evanescent in the shaded regions. The hybrid reson-

ance occurs at x = % r1 =
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KUCKES & WONG, kgr~II (a)
wg /w? = .08
BLUM, redrawn for (b)
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. PRESENT WORK (e) -
| w3 /w2~ .08, kor~0.4 b
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‘ 777
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~ (After Stenzel) i
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Shadings indicate w,/w such that:
v - cutoff condition satisfied in plasma

Buusse - cutoff and resonance conditions satisfied
in plasma

Fig. 1.3 Absorption as a function of wc/w as calculated by various
theoretical approaches and a sample of Stenzel's [15] small
column measurements. All curves are for similar peak plasma
densities, but they are intended only for qualitative com-
Parison due to the differences in approach.
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approached the surface of the slab.

In order to describe a small column kor ~1/2 , Blum [13,14]
eliminated both collisional and propagation effects by calculating
the complex admittance of a collisionless, cold magnetoplasma slab in
a parallel plate capacitor. This admittance was used to calculate the
reflection and absorption properties of a plasma shunting a waveguide
section. Since absorption can occur only at the hybrid resonance in
the collisionless cold plasma model, Blum's calculation could show
nonzero absorption only when a hybrid layer was present in the slab.

A typical calculated absorptivity is illustrated in Fig. 1.3b. 1In
contrast to the results for a thick slab, the absorptivity shows only
a single, smooth peak with a sharp onset when the hybrid resonance
appeared at the center of the slab. The calculated reflectivity of
the plasma-loaded waveguide showed one peak when the hybrid resonance
was at the center of the slab and another at wc/m =1.

Blum's calculated results show a reasonable qualitative compari-
son with experimental measurements of the scattering from small plasma
columns (kor nv 1/2) . An experimentally measured absorption curve
which is typical of Stenzel's [15] results for a small column is
depicted in Fig. 1.3d. The experimental results show a sharply defined
enhanced band just below cyclotron resonance (mc/w = 1) similar to
the calculated absorptivity. Blum's [13] experimentally measured
reflectivities showed double peaks similar to his calculated reflec-
tivities; however, experimentally measured absorption onsets occurred
at values of wc/w which were less than the values at which the cor-

responding reflection peaks occurred. The onset of significant
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scattering has been used empirically as a diagnostic for the peak
plasma density, as discussed in Section 5.4, but the disagreements
between the locations of the experimentally measured absorption onsets
and corresponding reflection peaks make precise interpretation of the

scattering measurements difficult.

1.2 Present work

The current work was initiated in an attempt to obtain theore-
tical results which could be more quantitatively compared with
experimental data for small columns. In this work the scattering
properties of a cylindrical plasma column in a parallel plate line are
calculated retaining the propagation effects. This geometry 1s con-
siderably closer to the experimental situation of a cylindrical
column in a wavegulde than is that of a one-dimensional slab in a
capacitor. The effects of the glass tube surrounding the plasma have
also been included explicitly in the calculation. The plasma will be
described by a cold plasma model which retains damping effects.

Chapter 2 presents the methods used to calculate the cold plasma
scattering coefficients. The geometry is discussed in Section 2.1, and
Maxwell's equations in a cold cylindrical plasma are developed in
Section 2.2. The boundary conditions for a cylindrical plasma colummn
in an incident plane wave field, including the effects of the glass
tube which contains the plasma, are developed in Section 2.3. The
plane wave scattering coefficients calculated in Section 2.3 are then
employed in Section 2.4 to treat the parallel plate transmission line

(strip line) problem via the method of images.
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A discussion of the nature of the hybrid layer in a cold, col-
lisional plasma, illustrated by some of the computed solutions of the
field equations, is presented in Chapter 3. The theoretical discussion
is accompanied by some results which are indicative of resonant beha-
vior in experimental plasmas.

The approximations involved in using the simple cold plasma
model are discussed in Chapter 4. Finite temperature effects are of
particular interest since additional wave propagation modes (the
Bernstein [16] modes) are predicted by warm plasma theories, and these
modes can be coupled to the electromagnetic modes which exist in a
cold plasma by the strong gradients which occur at the hybrid reson-
ance. This coupling might be expected to modify significantly the
fields and currents at the hybrid layer and can effect the external
scattering, as demonstrated by the Buchsbaum-Hasegawa [17] fine
structure. The consequences of these warm plasma effects have been
investigated by developing simplified model wave equations valid near
the hybrid point. The warm plasma model equation is based on a low
temperature wave equation derived by Baldwin [18] using a small
Larmour radius expansion of Boltzman's equation. In Section 4.4, the
analytic solutions of the cold plasma model equation are compared with
asymptotic solutions of the warm plasma model equation developed by
Rabenstein [19] . On the basis of this comparison, it is demonstrated
that the finite temperature effects do not significantly alter the

cold plasma solutions on the low density side of the hybrid layer
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under certain conditiona*. These results lead to the conclusion that
the cold plasma model should be adequate to describe the scattering
results for many low temperature plasma experiments.

Calculated scattering curves are presented in Chapter 5 which
demonstrate the effects of variations in the external geometry and in
the parameters which describe the plasma. Some of Stenzel's [15]
experimental scattering measurements are presented for comparison with
corresponding calculated curves. While the calculated results do not
show the effects of the cutoff in the local refractive index, the
importance of propagation effects are illustrated by a comparison
between the results of the current work and an electrostatic calcula-
tion carried out for similar geometry by Baldwin and Ignat (as
reported in Henderson [5]). The theoretical scattering results
establish that the onset of enhanced absorption can be reliably used
as a diagnostic of the peak plasma density in small inhomogeneous
columns. The results of this work also indicate that the onset of
significant enhanced reflection does not necessarily correspond to the
maximum upper hybrid frequency and should not be used as a diagnostic.

A summary of the major conclusions of this work and suggestions
for further study are presented in Chapter 6. For convenience of the

reader, a list of symbols and their definitions appear in Appendix A.

*
Baldwin [20] and Baldwin and Ignat [21], employing an electrostatic
approximation, have arrived at analogous conditions for the validity

of the cold-plasma theory in the magnetic field-free case.
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IX. Method of Calculation

2.1 Geometrical approximations

In an empty waveguide Maxwell's equations reduce to two indepen-

dent second-order partial differential equations (p.d.e.'s) whose
solutions are denoted as the TE and TM modes. The usual choice of
working frequency is such that only a TE mode propagates and thus the
field in the waveguide can be derived from a single second-order p.d.e.
The presence of an obstruction (with a few useful exceptions) couples
the TE and TM modes, so treating an obstruction in a waveguide

usually requires the solution of two second-order p.d.e.'s. If the
obstruction is a linear, isotropic, homogeneous dielectric, or a con-
ductor, the TM and TE modes are coupled only at the boundaries and the
p.d.e.'s may be solved separately. But, the magnetoplasma column is
neither homogeneous nor isotropic, so the waveguide problem requires
the simultaneous solution of two coupled second-order p.d.e.'s.
Finally, there seems to be no satisfactory method of specifying the
fields in the plasma at the holes in the waveguide walls.

In view of the difficulties with the real waveguide geometry,
the current work treats the simpler, physically similar geometry of an
infinitely long cylindrical plasma between two infinite parallel con-
ducting planes which form a strip line. This theoretical geometry is
indicated in Fig. 2.1, where the vertical spacing of the strip line is
equal to the vertical height of the experimental waveguide. The strip
line problem is completely independent of the axial coordinate =z

both inside and outside the plasma if there are no density gradients
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TRANSMISSION
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Fig. 2.1 The experimental waveguide and theoretical strip line geom-
etries are indicated in the upper and lower sketches fes-
pectively. Both the rectangular and cylindrical coordinate
systems employed in this study have been superimposed on the
theoretical geometry.
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in the axial direction. As a consequence of this z independence,
Maxwell's equations, written in cylindrical coordinates, separate into

two independent sets, one for Er’ E Bz and the other for Br’ Bg,

9!
Ez . The strip line mode corresponding to the TE10 mode used experi-

mentally is a TEM mode with only Bz # 0, Ey # 0 . Since the fields

for x > *° must have Br- B = Ez= 0 , these field components will be

(&)
identically zero everywhere. Thus the strip line problem requires the
solution of only one second order equation involving Bz, Er’ and EG'

2.2 Cold plasma model

The calculations reported here were made using the "cold plasma"
model. This model is based on the following assumptions:
i) The working frequency is large enough and the static
magnetic field is low enough that only electron motion
need be considered (w >> mci,mpi) .

ii) The temperature is low enough that the hydrodynamic
equations for the electrons can be completed by taking
the pressure tensor terms to be negligible.

iii) There are small damping effects which can be completely
described by introducing a constant "effective collision
frequency" <v> for the electrons.

iv) The incident field strength is low enough that the
resulting plasma response can be taken as a small per-
turbation on the equilibrium state, the continuous fluid
description of the electron motion remains valid, and

nonlinear terms may be neglected.
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v) The plasma equilibrium state is current free,

azimuthally symmetric, and axially homogeneous.

The second assumption is probably the least acceptable; however,
it can be shown that the use of ii) has no first-order effects on the
scattering properties beyond the loss of the Buchsbaum-Hasegawa fine
structure and Landauer radiation. Assumption iv) is often ignored by
virtue of the low power levels in typical microwave apparatus, but the
present calculation indicates that even at modest power levels this
assumption may fail. The validity of all these assumptions, with the
exceptions of i) and v) which are quite reasonable on physical grounds,
will be investigated in detail in Chapter 4.

In the equations that follow, all quantities are taken as sums
of a time-independent, zeroth-order, equilibrium term and a small per-
turbation with time dependence eimt and a complex amplitude which is
a function of r and 6 . Under the assumptions stated above, the
plasma response is described by the simplified hydrodynamic equations

for the electrons:

ov v v

T r N '@ N
iwn+N-——ar+—-—rN+;—aG+vr e 0 (2.1a)
e
fwv_ + = (E_+ vgBy) = - <v> v_ (2.1b)
e
imv@ + t-n' (Eg = vrBO) = - <Y> v9 (2.1c)

where N(r) is the equilibrium electron density; B0 is the static

magnetic field strength; m is the electron mass; e is the magnitude
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of the electron charge; n(r,8) is the amplitude of the perturbation
in the electron density; vr(r,G) and vg(r,e) are the amplitudes of
the electron velocity perturbations; and Er(r,Q) and Eg(r,e) are
the amplitudes of the electric field components. 1In polar coordinates

Maxwell's equations can be written:

3 aEr
3z (tBy) - —5 = - dwr B, (2.1d)
9B
%—-—-S' =-uoNevr+-L;—)Er (2.1e)
c
JE
9 e _ _r
= (rEr) Fopate i & en (2. 1E)
aBz iw
« =22 &= j Rev, o5 B, (2.1g)
c

where Bz is the perturbation in the magnetic field, the current den—
sities have been linearized, and Br= BG- Ez= 0 as mentioned in
Section 2.1.

Eliminating the redundant equation and taking n as defined by

Eqn. (2.1f) reduces the system to:

(=
<UD = - —
(lw + <V )vr + w, Vg E

e
- -+ +() =——E
w Vv (10.) \))V

°] (4]
9 8Er
- MO = ) 242
3t (rEg) 50 iwr Bz ( )
9B
1 z iw
Toe T TN Ve T 2 By
9B
- —3% - W Ne v, + le-E

8 270
€



where w =
c

relations for R and v

into the remaining differential equations.
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eB

= is the electron-cyclotron frequency. The algebraic

]

w

—iml

Separating variables

may be solved and the result substituted

(writing all quantities in the form b fm(r)e . ) and transform-

m==-—0co

ing to dimensionless form gives the usual cold-plasma equations:

d
-d_é (& Eem) + im Erm = - i chm
meB,_ = - g[gl_Erm + ik, Eem]
chzm

T [Kx E_ + 1K Eem]

(2.3)

where the following dimensionless parameters have been introduced:

€
Q2
&

2
QP(E)

KL

As no analytic solutions to Eqns.

density profiles, numerical methods must be employed.

r = k.r

normalized coordinate, = 0

nl|E

normalized cyclotron frequency, = wc/w

2
) ) n(f)e
normalized plasma density, = — 5
€ .mw
0
normalized collision parameter, = <V> / w

Q;a;) (1 - 4il)

dielectric tensor component, = 1+

[22 - (-1m)?]
74
2, 22(5)

2 2
[QC - (1 -4T)°]

dielectric tensor component,

(2.3) are given as a first-order set and yield the fields in the

plasma, they were used as they stand in the numerical solution.

(2.3) exist for realistic

Since Eqns.
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2.3 Plane wave boundary conditions

Since Eqns. (2.3) are equivalent to one second-order equation, a
well-posed problem requires two independent boundary conditions. One
boundary condition is regularity of the solution at the origin and the
second follows from the "radiation condition" that all energy incident
from *® be from an external source. In this section the second con-
dition will be developed for the problem of a plasma column illuminated
by an incident plane wave, These results will be used in the treatment
of the strip line problem in Section 2.4.

External to the plasma column the field is composed of the inci-
dent plane wave plus some scattered waves as shown in Fig. 2.2. The
radiation condition in this case becomes a requirement that the scat-
tered wave have outward-directed Poynting's vector. In cylindrical
coordinates, solutions to Maxwell's equations with this property are
outward-propagating 'cylindrical waves', linear combinations of
H;Z)(g)e*im9 where Héz)(ﬁ) is the Hankel function of the second
kind. Expanding the incident plane wave in angular modes and taking

the incident field strength as unity yields:

cBS*F(£,0) = Z_w[i-me(E) *s Hrflz) 6] &1
ext i ext
ES(E,0) = - £ 45 (BT (5,0
ext . ext
B (E,0) = 1 3= (eBTX(5,00)
th

where Sh is the scattering coefficient for the m  angular mode,

Jm is the Bessel function of the first kind, and B:Xt, EiXt, and
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8y S SCATTERED

Fig. 2.2 Geometry of a plane wave scattering problem. Local
Poynting vectors and segments of the wavefronts are

indicated for the incident and scattered waves.
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ESXt are the total fields in the region outside the column. The sm's

contain all the information necessary to characterize the plasma's
external response. As a result of the orthogonal property of e-imO
the boundary conditions for each mode are independent, so sums over mn
and the e—img factors will be dropped.

To get the boundary conditions at the plasma surface, the

external solution must be extended through the glass wall surrounding

the plasma column. Within the glass wall the fields are:

glass . _ z >
cBS #%%() = A 3 (E) + B Y (&)

0@ - - P B - - Ll (2.5)
g

- G i— lens%% )] - i—g % [esfn @]

~

[e
where E = ngE ’ ng = VES = —E%EEE- is the refractive index of the
o

glass and Ym is the Bessel function of the second kind. At the outer

glass boundary there are the usual boundary conditions in the absence

of surface currents:

~

- glass .= | _ glass
o) = £ K EEA%%(E) = DB S95g )

ext
€ oBm 6 og ™ t ¢

O rm

Eext(g,) = EE1*5(E,) (2.6)

ext(g 5. CBglaas(E

CBzm t zZm t

)

where Et = kort and Et = ngkort >
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The condition onA9}m , the radial component of the electric dis-
placement, is redundant with the one on chm and will be dropped.

Substituting Eqn. (2.5) into Eqns. (2.6) gives:

= > (2) _ .-m
Ame(Et) +B Y (§) - s H " () =41 "J ()
C2:7)

By e R yrEy - 6w ® ) - )
m "t n m'°t Sn'm £ 1 Wl =

g
where primes represent derivatives with respect to the arguments of the
primed function.

The linearity of the figld equations and Ehe boundary condition
at the origin determine the field solutions within the plasma up to a

multiplicative constant. Thus, in the plasma, solutions which satisfy

both boundary conditions can be expressed as follows:

CBi;t(E) = Dm cgzmcg)
ENC(E) = D E_(E)
Egn'(8) = D Eg (5)
where Dm is a normalizing constant and Ezm’ Erm’ EGm are any* set

of solutions to Eqns. (2.3) which are regular at the origin. The

boundary conditions on cBi;t and Eéit at the plasma surface can be

written:

*
In particular the numerical integration of Eqns. (2.3) from the

origin outwards yields such a set.
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Am'Jm(gw) e BmYm(gw) = DmCBzm(gw) " B

- - - (2.8)
Jé(gw) % Ber:z(Ew) - Dmngcm chm(Ew) 1 B

-iE, (E) K
. Om " w' B 1
where Cm = i = [ 2 2 ][ = ]

K
cBm(gW\ Ky - K chm(E,w) &KL

The redundant condition on the radial electric displacement has again
been dropped. Since Am and Bm are not of interest, they may be

eliminated algebraically from Eqns. (2.7) and (2.8) yielding:

c +[3 (s ) -J (E )] —————————} cB_ (£.) D
{ 1m£ n I €) b

-—m
I ‘Z’ce s, = B —— 1 €) (2.9)
'lTnngu Ew n u

{cm+[.l(£) -J(E)]——}cB (€,) D,
1rv§w nJ(E)

] -—m
N S &) s, 2

v Ew i mv gw

Jm(Et)

where

[~
n

T Y () - I (E) Y (E)

<
]

3R TR ~ HE) L AE)
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Equation set (2.9) completes the solution of the plane wave problem
given any set of solutions to Eqns. (2.3) which are regular at the
origin.

2.4 Strip line boundary conditions

The scattering problem in the strip line will be treated by the
image method. While this method is exact in principle, it requires
the solution of an infinite set of linear equations. For all cases
tested in this study, the solutions could be easily obtained to better
than the accuracy of the numerical solutions of Eqmns. (2.3).

First, consider the image problem for a single conducting plane
located, for convenience, below the column. Since an incident plane
wave satisfies the boundary condition on any conducting plane perpen-
dicular to the y-axis, it is only necessary to develop the boundary
conditions for the scattered fields emitted by the plasma column and
its images. To solve this problem only one image column need be intro-
duced as shown in Fig. 2.3. The fields radiated by the image column
must combine with the fields radiated by the original colummn to satisfy
the boundary condition for the conducting plane. The condition that

tangential E vanish will be satisfied if the following relations hold:

Ef(r,o) & E§<r,-e)

(2.10a)

g (x,0) Eg(r,-6)

where the superscripts M and R denote the mirror image and the
real column respectively. Equations (2.10a) and Maxwell's equations

require:
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Bl:(r,e) = B’:(r,-e) (2.10b)

These identities can be interpreted as a scheme for obtaining the com-
ponents of the fields radiated from the mirror image column at an
observation point (r,8) relative to the center of the image column in
terms of the expressions for the field radiated from the real column
at an observation point (r,-8) relative to the center of the real

column. The conditions on EZ, Br’ and B, have been omitted since

L*]
these field components are identically zero in the strip line problem.

The introduction of the second conducting plane above the real
column to complete the strip line requires the introduction of two
additional image columns above the real column, the upper of which is
identical to the real column; however, the lower conducting plane
requires that the additional image columns be themselves imaged below
the original image column and then these new images require further
images above the real column and so forth. Hence, the introduction of
one additional conducting plane results in an infinite number of image
columns, which are alternately real and mirror images of the original
column. The complete image problem geometry is indicated in Fig. 2.4,
where 2 1s an index which refers to the column at y = &b . Thus
(52,02) gives the coordinates of the observation point in a cylindri-
cal coordinate system centered on the lth column. In the analysis that
follows only ch(E,Q) will be considered, since the other field com-
ponents may be derived via Maxwell's equations.

Physically, the scattered fields must be translationally

invariant under &' = £ * 2n which implies that the scattered fields
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from each of the real-image columns, and each of the mirror-image
columns, must be identical in the respective column-centered coordinate
systems. As will be shown below, the radiation condition for the
entire array will be satisfied if the scattered fields in the columm-
centered coordinates are linear combinations of outward-propagating

cylindrical waves. Thus the total scattered field will be given by:

co % -1im@
scatt M ..(2) £
B, (E,0) = ] [ I s H“(E)e ]

,Q,odd=—w = =00 m
o oo -img
L [ I i 2} (2.11)
Reyen =" wm=

where the SE’M are the scattering coefficients for any real or mirror
column in the array.

On the surface of the zeroth column the total scattered field
can be expressed as the sum of the zeroth-column scattered field (the
2 =0 term in the even sum) and the interaction field (all the rest)
representing the field incident on the zeroth column due to all the

other columns. Employing the addition theorem for Hankel functions:

B ) ™= 7 g g 52 ey &tV

(2.12)
n‘l—@
with ¢ =3 +6, ¥=7-0, for £>0 and ¢ =7-86, V=28

for 2 < 0 ; gives the expansion of the interaction field in cylindri-
cal coordinates centered on the zeroth column when Eo < kolb . Using
Eqn. (2.12) and suppressing the zero subscript on the coordinates

yields:
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oo
t R 2 -
CB:cat (£,0) = § sk Hé )(E) oime CB:nteraction(g’g) (2.13)
m=-co
where
interacti v T
nteraction n,.m m
cB, (£,0) = ) [ ) 24°(s b+
m==2L Deyen™"*
R R m -im@
8 e hn)} i3 (E) e » & < Kkgb 3
and

W ) . O LR_ v (@)
h z£1 H %7 ((22-Dkgb) “n'g,Zl B ®7 (20Kkgb)

(rapidly convergent forms for the hﬁ’R are given in Appendix B). Thus

the total external field at the surface £ = Et of zeroth column may

be written as:

<o (o]
ext n, M M R R
cB" (£, ,0) Y[ 1+2 y _ 1°(s b +S . h)]

= 00 =
L neven

m R ..(2) -im@
X i Jm(gt) -+ Sm Hm (EtX} e (2.14)

Using the linearity of the plasma response, the problem can be
expressed in terms of the plane wave coefficients. The plane wave

results can be written as:

m
s, = Al Jm(Et) H

and thus, since the plasma response is linear,

o
R n,M M, R R 7q.m )
sm = Am [1+2 z x (Sn+m hn ¥ Sn+m hn)] - Jm(gt) 2

Daven >



=30

or, in terms of the I

o0
R n, M M R R
s, = s, [1+2 {_ ) 19 b+ s h D] (2.15)
Deven™"

Finally, it is necessary to eliminate the Sz in Eqns. (2.15)
in order to arrive at a consistent set of equations. This can be accom-
plished by noting that the definition of the image-column fields,

Eqns (2.10a,b) requires that

st = (<D™ s® (2.16)

Utilizing Eqn. (2.16), the bracketed quantity in Eqn. (2.15) may be
reduced to an expression in 82 only. The result of this substitution

is, dropping the superscript R on Sg g

oo

n R M
sm.[1'+2 { o sn(hnrm + hn+m)] , m even
Neyen™*
Sm = o
e [1-2 ¥ LMot &8 91 m odd (2.17)
m n' n-m n+m 2 '
Dodd=—*®

Equations (2.17) constitute an infinite set of simultaneous
linear equations for the Sm , and thus there may be convergence prob-
lems, especially as the hm increase with increasing |m| . In
practice, it has been found that the error in truncating Eqns. (2.17)
to order m 1is roughly the same as the error in truncating the series
for the plane wave cross sections to the same order, and no attempt has
been made to discover analytic estimates for the truncation errors.

There remains the problem of expressing the reflection and

absorption coefficients in terms of the S . Equation (2.11) may be
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rewritten in the following form by adding and subtracting the same

quantity:
o © -1ime
scatt m (2) 2
cB," (E,0) = ] [ I (s~ 17 s_) H(E)e }
even~ > L m==2
« o -im6
m (2) 2
+ zz_m mz_m (-1)" 8_ B “(E,) e (2.18)
It is useful to introduce the function:
“ -im@
2 2
G (50,5 = I HP(E) e (2.19)

2’=—OO

where:

2

gl = ko /;2+ y - Lyo) . 92 = tan_l[(y - kyo)/x]

and kox and kOY are the Cartesian coordinates of the point (£,8).
Thus for Yo ™ b, (&2,92) is, as previously, the observation point in
the coordinate system centered on the fth column. Inverting the order
of summation and noting that Gm(E,O,yO) = (—l)m G_m(E,—Q,yO), Eqn.

(2.18) may be rewritten:

cB:catt(E»G) - m=§m (S~ 1" S_n) Cp(6,852b)
+ ] S G (£,-0,b) —
m==00

The problem of evaluating the Gm has been solved by Dumery [22,
23,24] in several papers, and the following treatment is essentially
his. The problem is simplified by the observation that there are

raising and lowering operators for the Gm , glven by:
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: o i
£l v1d 0@ v 12, 2.21)
0

|
[ob)

It can be shown by direct calculation that &L and £ * (the complex

conjugate of & ) have the properties:

_ 4(1,2) i@+

(1,2) im@
Ll @) ™ ] ey

H(1,2) ei(m~1)9
m—-1

L*[Hn(ll’z) (€) 9 7=

By repeated application of J:, (%n can be expressed in terms of GO as

follows:
¢ (£,8,y9) = DK™ 6,(E,0,y,), m>0
(2.22)
6 5.0,y = (& 605, m <0

The G0 function can be reduced to a more tractable form by

observing that

[7™ kg ] =§m HS(EQ) = - 418G ] 8(y - &y (2.23)

=00

Applying a Fourier cosine transformation to Eqn. (2.23) yields:

Z

d 2 2mn, 2 4i
—+[k - E Jla. x) = = §x)
{dx2 J Yo ey Yo

where the an(x) are the Fourier coefficients of GO , thus:
v oo

Gy (€,0,y,) = j_m a_ (x) COS(%-ZX) (2.24)



Applying the appropriate radiation conditions at x = *© and match-
ing the solutions and the discontinuity in the derivative implied by

the delta function at x = 0 yields:

—iknlxl

an(x) = (2.25)

e —
Y0 *n 0

The choice of a working frequency such that there is only one propa-
gating mode implies that ki <0 for n# 0 and thus the far field
solutions reduce to the n =0 term in the sum. Applying the rais-

ing operator defined in Eqn. (2.21) to the far field forms for G

0
and then taking y = 0 yields:
-1k x
2 0
G C(E,0,y.) = i e . X > 4@
m 0 ko Yo
(2.26)
ik x
G (Emyy » (D" E—e ¥, x>

0 Yo

Substituting Eqn. (2.26) into the expression for the scattered field,

Eqn. (2.20), results in:
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9 o o -ikox
Y [ Z i Sm] e s X > 4>
By o O .20
2 © - ikox
E—g'[ I 1D"" Je 3 XF ==
0 m=-00 m

Using these solutions the usual voltage reflection and transmis-
sion coefficients for a transmission line with perfectly matched

termination (or infinite length) are:

scatt ikOx 2 pe m,m
T ™ ch (x »-x)e = - %5 [ Z (-1) 1 Sm]
O s (2.28)
ik x S
scatt 0~ _ 2 m
tyy = 1+ cB, (x +4®) e = 1+,[(T)F [ngm i sm]

As long as the plasma response is linear, these two complex coefficients
completely define the properties of the plasma column in the strip line.
Thus transmission and reflection coefficients for arbitrary termination

conditions may be calculated directly from TMLL and tur, if the strip

line is long enough to allow the nonpropagating modes excited by the
plasma to attenuate away. In particular, most of the experimentally
measured absorption curves with which the results of this calculation
will be compared were obtained by measuring the reflection from the

column with a shorting plane at x = (anl)A . For this case the power

absorption coefficient can be given by:

=1 - |rSL|2 =1 - |(t§L - rﬁl +- rML)/(l--rML)|2
(2.29)
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IIT1. Discussion of Cold Plasma Solutions

3.1 Introduction

Direct experimental verification of the fields and plasma per-
turbations which are predicted from the solutions of Eqns. (2.3) has
not proved possible. Even so, these solutions are still of interest,
both for the physical insights which they yield and as a basis for a
posteriori evaluation of the approximations involved in the cold plasma
model.

The discussion in this chapter is concerned with the general
nature of the cold plasma behavior that is revealed by study of the
solutions of Eqns. (2.3); hence, detailed results will be presented for
only a few cases. The parameter values chosen are typical of those
encountered in Stenzel's [15] experimental work. Equations (2.3) are
linear so the strengths of the internal fields and plasma perturbations
are proportional to the incident plane wave field strength E0 » which
has been assumed to be in volts/cm. The effects of the quartz tube
containing the plasma have been included in the solutions presented in
this section, but the strip line effects, which alter the solutions by
less than 107 for the cases to be shown, have not been included. The
plasma radius L and the tube radius r, for the solutions depicted
below are 5 and 6 mm respectively, and w is 2 X 3,0 GHz, so
kor N 3 .

3.2 Nature of the solutions for a typical case

The scattering properties of a small object (kor << 1) are

characteristically dominated by the behavior of the m=-1, 0, and +1
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angular modes in cylindrical coordinates. The dominance of these
three modes arises from two effects: first, the radiation efficiency
of a small current distribution decreases with increasing |m| and
second, for any incident field distribution only the m=%*1 modes can
have nonzero field strength as kor + 0 . In a magnetoplasma the
electrons have a preferred direction of rotation and the plasma res-
ponse will be enhanced for an exciting electric field which rotates
with the electron. If kor ? 1 the incident field in angular modes
with m > 0 rotates with the electrons, so for small columns with low
peak densities the plasma response and the scattering are increasingly
dominated by the m=+1 mode as Qc approaches cyclotron resonance.
The results in this section were calculated for parameter values such
that v 90% of the plasma response appears in the m=+1 mode, so the
solutions will be presented below for the m=+1 mode only.

The internal conditions predicted by the cold plasma theory are
{1lustrated in Figs. 3.1-3 for w§(0) T w, = .9% and
<v>= 8.0><10—4u). For this choice of parameters the radius r; at
which the hybrid resonance condition will be satisfied is .51:w « The
plasma response is demonstrated by plots of the magnitude of the
density perturbation |n(r)| and the magnitudes of the electron fluid
velocity components |vr(r)| and |v9(r)| in Figs. 3.1 and 3.2 res-
pectively. The effect of the plasma on the internal electromagnetic
fields is illustrated by plots of the magnitudes of the electric field
components |Er(r)| and IEg(r)l in Fig. 3.3. All of the perturba-

tions and fields are represented as complex functions of the radius
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the incident strength in V/ecm (Note the vertical scale
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£(r) multiplied by e'lt=me)

, thus |£(xr)| gives the oscillation
amplitude of the real physical quantity.

The most striking feature of the plasma response is the existence
of a strong narrow resonant zone near r, which 1s the basis for
characterizing the plasma as having a hybrid resonant layer. Thermal
effects will modify this response, as will be discussed in Chapter 4,
but it can be expected to remain strong for the temperatures
encountered experimentally (KTe < 1 eV) . Thus, the linearization of
the cold plasma Eqns. (2.1), which requires N >> |n| , will set
quite restrictive limits of the incident field strength. The strong
hybrid response is also quite evident in the fields at T and even
away from Ty the fields cannot be represented as small perturbations
on the vacuum solutions. There is no evidence of the evanescent region
predicted by the theory for a homogeneous plasma visible in the calcu-
lation shown in Figs. 3.1 - 3 or in any of the calculations carried
out for this report.

The effect of changing the value of the damping is illustrated
by the plots of lErl shown in Fig. 3.4. As <v> decreases the peak
field at the hybrid layer increases approximately as <v>-1, and the
field outside a narrow region about the hybrid layer becomes indepen-
dent of <v> . This behavior illustrates the existence of a collision-
free limiting solution which is well behaved everywhere but at r=r; .
Since the scattering properties of the column are entirely determined
by the solutions at r = K. @ the scattering will also exhibit a well

defined collision-free limit.
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3.3 Some correlative experimental results

The local power absorption from the wave

€
1 o ld *
Pabs(r) = - 4’ W, T = {r Re[E9 ch]}

presented in Fig. 3.5 1is also of interested since the strong peak* at
the hybrid layer suggests a possible interpretation of some experimental
results. Kirchhoff's law states that the noise emission is proportional
to the temperature and the absorptivity, thus the narrow band noise
emission for center frequencies such that w2 ﬁ_wz +* wi — should be
dominated by emission from the electrons in a layer for which
wi(r) = wz + wi . This suggests that a narrow band radiometer might
respond to only a narrow spatial region in which the plasma density
satisfies the hybrid condition for the radiometer center frequency.
Figure 3.6 shows the result of Stenzel's [15] measurement of the
narrow band radiation temperature in a 1.0 cm radius experimental

column as a function of wc for several afterglow times. At a fixed

afterglow time the density should be only a weak function of magnetic

*The resonance in the absorption is a reflection of the form assumed
for the damping since Eqns. (2.2) imply that Pabs(r) = 2<\)>-N(r)Up
where Up is the local particle energy %-me|3|2 . While the
approximations involved in this description of the damping effects
are not too good, as will be discussed in Section 4.5, it seems
unlikely that the absorptivity would not be enhanced in an excited

region.
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field, so changing QC should alter only the radius at which the
center frequency of the radiometer satisfies the hybrid resonance
condition. Under this interpretation the cooling near Qc =1 can
be explained by noting that, as Qc approaches one, the hybrid layer
enters the cooler regions of the plasma near the wall.

A second set of experimental results can also be interpreted on
the basis of the hybrid layer's existence. The plasma temperature
was measured at various times after the decaying plasma had been
excited by a short (500 psec), low power (10 UW) heating pulse. The
heating pulse frequency was such that it could excite a hybrid layer
in the plasma and was applied at a fixed afterglow time and magnetic
field. The radiometer center frequency and, assuming the interpreta-
tion developed above is correct, the radius that it senses was varied
with the results shown in Fig. 3.7. The abscissa values for Fig. 3.7
were obtained by assuming a parabolic density profile and converting
the radiometer frequency w 1into a column radius via:

2 _ 2712

2
mp(O) + mc

= 2

£

w wp(O)

where w§(0) is the maximum plasma frequency (assumed to be unaf-
fected by the heating pulse). With this interpretation Fig. 3.7 sug-
gests that the heating pulse strongly excites the electrons in a
relatively narrow hybrid layer, and further, that the excited elec-

trons cool without leaving the layer.
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IV. Discussion of Plasma Approximations

4.1 Introductory discussion of warm plasma effects and method of

approach

An important feature of the cold plasma results presented in
Chapter 3 is the strong plasma excitation in the hybrid layer. However,
as a result of this strong localized excitation, the spatial gradients
of the perturbations become large, and the neglect of the pressure
tensor terms (which are v VnkT) in the hydrodynamic equations (2.1) is
questionable. The major result of including finite-temperature effects
in a magnetoplasma is the introduction of the Bernstein [16] modes
which can couple to the extraordinary electromagnetic mode at the hybrid
layer (Ginzburg [25] , Stix [26] , Kuehl [27]).

In the warm plasma equations the highest derivatives have coef-
ficients which are multiplied by T , so while the low-temperature
equations can be formally recovered by setting T = 0, the warm plasma
solutions represent singular perturbations on the solutions of the
T = 0 equation. Thus there is no guarantee that the solutions of the
low-temperature equations are small perturbations on the zero-
temperature solutions on which this work is based.

In the following sections both the cold- and low-temperature
plasma equations will be replaced by simplified models of the wave
equations for E9 valid near the hybrid layer. These model equations
are soluble by analytic methods and the results will be compared to
determine the validity of using cold-plasma solutions to describe the
behavior of a low-temperature plasma. Thus this treatment is quite

similar to those of Kuehl [27] , Tang [28], and Hedrick [29], all of
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which were in one-dimensional geometry, but the emphasis here will be
on establishing the usefulness of the cold-plasma solutions.

In order to present a single set of model equations it will be
assumed that the plasma density and magnetic fields are such that the
hybrid condition is satisfied somewhere in a region which is bounded
away from both the origin and the column wall. Although these restric-
tions could be relaxed, it would not be particularly profitable to do
so in either case. When the hybrid layer is near the origin, the
Bernstein modes can set up standing-wave resonances (the Buchsbaum-
Hasegawa fine structure) and the cold solutions are no longer valid.
When the layer is near the wall several other assumptions fail; in
particular, the complex question of the sheath structure in a magnetic
field has been ignored in the choice of density profiles, and the
assumption of purely perpendicular propagation ignores the possibility
of coupling to strongly damped electron-cyclotron harmonic modes
propagating parallel to the static magnetic field for Qc § 1 5

Since the model equations for m = 0 are different from those
for m# 0 and the cold plasma response is strongly dominated by the
dipolar modes, the development below will treat only m # 0 wunless
noted. The m = 0 equations are very similar to the one-dimensional
equations and lead to the same conclusions as result from considering

the m # 0 equations.

4.2 Cold plasma theory near the hybrid singularity

In this section approximate solutions to the cold plasma equa-
tions near the hybrid layer will be developed by considering a model

equation derived from the second-order equation for EG g
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2m o 2 2,2
2m°+ 1 2 9 (m™- 1) -

K.L [E—zc = K_L(lgz—' - KJ_) - QC o % E__,?.__ ]} Eg = 0

which results from combining Eqns. (2.3). The dimensionless quanti-
ties a(E) = 1 - K,(E) = Qs(?;)(l—il‘) /La-4r? - 921 and
QC = QC /(1 ~ £F) = —Kx/a have been introduced in order to write the
dielectric tensor components with collisions in a convenient form.
When T = 0. the coefficient of Ea in Eqn. (4.1) raises the
possibility of singular points when KJSE) =0 and, for m# 0 ,
also when KJﬁE) = m2/§2 . The first condition is the hybrid reson-
ance condition and, for m # 0 ,* the transverse component exhibits
singular behavior at the hybrid layer (Denisov [30], Dolgopolov [31]).
The second condition does not yield a singularity in the solution as
may be verified by considering the equation set (2.3) or the equiva-
lent second-order equations for Bz or Er .
Equation (4.1) can be simplified by expanding about the singular
point El where a(El) = 1.0 . When T > 0 the hybrid resonance

occurs at a complex radius so the expansion about El requires the

extension of the radial variable into the complex plane in order to

For m = 0 (or in a one-dimensional geometry) the transverse field
component does not exhibit a singularity (Stix [9] pg. 242) in the
collisionless case due to the infinite perturbation wavelength in

the transverse direction.
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treat collisions. Introducing the new independent variable ¢ = § - El
and assuming a density profile such that a(f) = 1.0 + ;al » Eqn. (4.1)

can be written:
2
1+ mﬂc) El QC 2

c
- -+ — = .2
Ep + %-E'g + %-{[ E = ] a } Eg 0 (4.2)

where it has been assumed that El >> |g| and |m2/a1£i| >> || !
For columns of small radius the second assumption is not restrictive
for reasonable density gradients when the resonant layer is not close
to the column wall.

The solutions of Eqn. (4.2) may be chosen as:

_ (2)
Eg ClJo(ZA vT) + C,Hy ™" (24 YT) (4.3)
where
1+m0 £ 0 g2 1/2
A =z+[ £ = = s, ]
61 m al

has been introduced for convenience. The choice of sign for A 1is
unimportant and will be taken as positive. This form for EG can be
used to obtain approximate expressions for the peak magnitudes of
various quantities as functions of T for comparison with the numeri-
cal results reported previously. The physical solutions of Eqn. (4.2)
are obtained by evaluating Eqn. (4.3) for ¢ given by the mapping of
the real &-axis onto the complex Z-plane. Since El has a positive

imaginary part for I > 0 , the "solution path" passes below the

origin in the Z-plane, and for low-damping the peak plasma response
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*
will occur at, or very near , the point of closest approach to the

origin in the Z-plane. Assuming a parabolic profile, the point of

maximum response Cmax is
v 12T+ ad)
;max = -1 Im(gl) B e ) (4-4)
22°(0) RelE,]
P 1
Substituting in Eqn. (4.3) and simplifying yields:
lc, | % (0)
|E9|max <= &n }'P 3 \ + |C1| + const.
F(l~+90)
T I P R b 1
E VI § 5 N o|C v e B (4.5)
r'max 0 ' max 2 (1_+Qi)
when lErlmax > IEQ'max

which verifies the <v> dependence exhibited by the numerical solu-
tion.

The explicit form of the connection formula for I = 0 will be
useful for comparison with the warm plasma results of Section 4.3.
Since, for I > 0, the solution path passes below the origin in the
Z-plane, the choice of arg/f = 0 on the low density side of the
singular point implies that arg/Z = - /2 on the high density side

and Eqn. (4.3) becomes

*The location of the maximum magnitudes of the various quantities
shifts away from the collision-free hybrid point on the real &-axis
when T >0 . For Eg this shift is toward lower density and can
be seen analytically by considering the solution path on the plot of

Héz)(ff) such as is given in Jahnke and Emde [32].
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ZiC2

IO(ZA/-T:) + xo(zA/-—;) >
3o (2AVD) + © H(Z)(ZA/_) (4.6)

where I0 and Ko are the modified Bessel functions.

4.3 Warm plasma theory near the hybrid turning point

Wave propagation in a low temperature, inhomogeneous, magneto-
plasma has been dealt with a number of times using various approxima-
tions. 1In each case the approach has involved solving the linearized

Boltzmann's equation

gif""_{'vﬁf-—(E € + 3% Bgleh) ~ T, 8¢
v 4.7

= £(E(z,t) + yXB(z,0)) * AL (3“) soll§stons,

where f(E,Y) is the equilibrium electron distribution function and
EO(E) and PO(E) are the static external fields, for the perturbation
in the electron distribution Gf(f,y,t) caused by the driving fields
E(g,t) and B(r,t). The plasma response current is obtained by
integrating Zéf over velocity and substituting the result into
Maxwell's equations to yield a closed set of equations for the fields.
The early work by Buchsbaum and Hasegawa [17,33] assumed an
isotropic Maxwellian form for f , employed the longitudinal approxi-
mation (E(E,t) Z 0) , and neglected the static ambipolar electric
field necessary to maintain the equilibrium density profile. Azevedo
and Vianna [34] and Hedrick [29] have given treatments which incor-

porate the anisotropy of the distribution function caused by §0 but
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ignore the ambipolar electric field. Pearson's [35] and Baldwin's
[18] results include both the distribution function anisotropy and

the ambipolar field necessary to maintain whatever equilibrium density
profile is assumed.

In all of these treatments the plasma response current is
2n

ar2n

h(r) is a function which varies on the same scale as the equilibrium

expanded as a series with terms of the form T h(r) E(r) where

density and T 1is the electron temperature. This expansion is

L

Larmour radius and L is a characteristic scale length for the

usually identified as one in rL/L where r_ = /-ZE%» is the
mo
c

fields or density profile. If this series were substituted into
Maxwell's equations, the resulting wave equation would be of infinite
order. For this reason, a low temperature assumption rL/L << 1 ds
invoked and the series is truncated after the (rL/L)2 term. Use of
the truncated series results in a fourth-order wave equation which can
be written as:

[Aza(ig - kD +00/E?) 18+ [ﬁéﬁ (6 i; - ga' - 4K,) +

2 m2 4 ;.3 m2 2 .4
2(x a)'cgi - R +0Q/ED)] By - [(E5 -~ KK +0(A"/E) ] EY

2 1 K_L 2 ]
+[-9'—’g%—+ £ &y - él‘gi) + DO ] Ey + {5"2—[?(1+mﬂc)—9c 1+
2.2 2 (4.8)
nQ a 2mQ2 2 2,2
€ 1k [ c _x (Zm ! K, )~ Q2a2 4+ 0 (m —l)]
) L2 L2 2™ My £

+ 002/} E, = O
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3Q
where Az = — (kOrL)2 is a temperature parameter and is << 1.

2
2(4QC— 1)

Equation (4.8) has been obtained from Baldwin's* vector wave equation
(Baldwin's Eqn. (3.13)) retaining the ambipolar electric field effects.
In the low-temperature approximation all terms written as O(-+:) are
neglected. It should be noted that this is not strictly valid very
near the origin but that region has already been excluded from consi—‘
deration. This assumption is also open to question in the coefficient
of EB very near the hybrid point where KJ.= 0 . In this case the
only effect of the 0(K2/€4) term is to produce a shift of
0(A2/a'(€l)£i) in the location of the singular point which is typi-
cally much less than 1% and thus can be safely neglected.

Expanding in the complex r-plane about the hybrid point, as

discussed in deriving Eqn. (4.2), yields:

£ 2 2 o
iv _]; m_ 6m ne _l " r 2 -
Eg + 2[ul(2€ gl)+-—-2]E9+ Z[CE9+EG+AE9] 0
m 1. El A
(4.9)
where al(= Eéiﬁﬁl ) and A (defined in Eqn. (4.3)) are as in
4 £=0

the cold plasma case. Again the important assumptions are basically
of the form El >> |g| . With the exception of the third derivative

term, Eqn. (4.9) is in the form of the Orr-Sommerfeld equation [36]

*Baldwin's results were obtained under the same assumptions as were
Pearson's but appear to be slightly different for the two-dimensional
case when transverse propagation is considered (m # 0 in cylindrical
geometry). These differenceslare not important here, since they

involve terms which are discarded in arriving at the model equation.
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of hydrodynamic stability. To reduce Eqn. (4.9) to the appropriate
canonical form, the third derivative term is eliminated by a trans-

formation of the dependent variable yielding:

Eév+-1,l—\~[c€'g' +é‘é+A2€9] = 0 (4.10)
_ gl 2m2 m2
where € o(2) = exp {-4 5 [0 (F=- &) + 6 5 Je}E (D)
m 1 El

and A = AZ/al is a temperature parameter (in the typical case
A 10_1O XT for T in °K). In the region under consideration the
exponential term is approximately one, and thus é:g can be considered

identical to Eg . The term in brackets in Eqn. (4.10) is the left-

hand side of Eqn. (4.2), the model equation for E9 developed in the
cold plasma case. Since T = 0 dis a turning point for Eqn. (4.10),
the point at which the upper hybrid condition is satisfied in the warm
plasma will be identified as the hybrid turning point.

Solutions of Eqn. (4.10) have been developed by Rabenstein [19]
for |%1 large (T small) using the method of Laplace integrals. This

approach involves representing the solutions in the form of contour

integrals,

&g(c) - f ePt £ee) dt
C

where the form of £(t) and the contours of integration in the com-
plex t-plane are determined from substitution into Eqn. (4.10).

Rabenstein shows that there are seven possible contours (and corres-—

and A of

ponding solutions), which he denotes as B0’1’2’3 1,2,3

which only combinations of the form BO’ Bi’ Aj, Ak with 1i,j,k all
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different are independent. The independent solution set BO, Al’ AZ’
33 will be used in the subsequent development.
Using the method of steepest descents, each solution is given as

an asymptotic expansion in powers of VAJC3 which is valid in a region

bounded away from the origin. In the collision-free case (I' = 0) the
solution path, as discussed in Section 4.2, is the real r-axis, and the
asymptotic solution, given in the form of connection formulas across

the hybrid point, are
B.: 2mi 10(2A/—‘E)(1+ 0(A)) « 2mi Jo(zA/Z)(1+0(A))

4
Aj:o2m I (2A/=T) (1 +0(A)) +% {exp[i;]

1
~ A 1/2 1/7 /K K 2 32 A2
—exp[-iz]} @ + (= "'%)) « exp[-% 1@+ 0=
5 = 37 o1 =
I
gt = i% ewlrrla+oepth) « (4.11)
(-7) z
JF oK 2 g3/2] A \1/2
expls (A+0(E= )
2374 3 g 23
By: 2m I (2A/7T)(L+0(A)) + 2K, (2A/=T) (1 + 0(5‘—3-)) +

§

:
AL eplrzla+odpt®) o msPaaparody)

(-2 g3 z

This set is presented in detail in Rabenstein [19] Section 6 with his
o, B, €, A replaced by 1, A, %-c2/3//:K , and -1/V/=K respectively.
The choice of arg(l) is motivated by the fact that A 1is negative
real when T = 0 and the density gradient is negative at the hybrid

layer.
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where E = %{-C)alzlJ:K - w/4 , with arg(-c)3/2 = 0 , has been intro-
duced for convenience and, as in the cold plasma case, a positive sign
has been assumed for /gi . The solutions on the high density side of
the coupling region are presented on the left of the +> .

The Bessel function terms in these solutions correspond to the
cold-plasma electromagnetic mode, as will be demonstrated shortly, and
the exponential terms can be identified as Bernstein waves since their
local wave number satisfies the Bernstein mode dispersion relation [16]
in the region away from the hybrid layer. Since propagating Bernstein
modes are backward waves, the Bernstein terms appearing in A2 and 33
on the high density side carry energy‘toward the center of the column
and on the low density side the solution Az represents an exponentially
decaying Bernstein curve tunneling inward from some source on that side
of the hybrid layer.

With this interpretation, the modes are decoupled on the low
density side of the hybrid layer in the solution sets as given, and the
linear combinations B3 - A2 and Al - B0 along with BO and A2
form a decoupled set on the high density side. Thus the model equation
predicts that there is no coupling between the various modes as long as
they remain away from the hybrid point and that coupling can occur only
in crossing the hybrid layer. For this reason the neighborhood around
the hybrid layer in which the 0((A/ca)l/2) terms cannot be neglected
will be denoted as the coupling region.

As there are no sources for evanescent Bernstein waves in the

case of interest, solution A2 will be dropped. Writing E9 as the
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following linear combination of the remaining three solutions:

(c, + 2¢,) C ic
R 2 5 4o 2

o Tl ot Mt T B

gives the following connection formula (the terms indicating the order

of approximation have been suppressed):

2iC g C
2 i V=K 3 e
(C1+ CB)IO(ZAV-C) + - KO(ZAV-—C) +;(—_C)—3—/4- {(Cz.- T)exp[i(,] +
GEQ) exp[-1Z1} < C,J (247D + c1u'? (2a/%) + (4.12)
2 P 10 270 :
“
C3 V=K 2 (C)3/2]

3 e
N e 3 &

Recalling their backward wave nature, only the exp[—E] term
in Eqn. (4.12) represents an 'outgoing' Bernstein wave, i.e., one which
carries energy outward toward the hybrid layer. Thus, if there are no
outgoing Bernstein waves present, 03 must be zero, and Eqn. (4.12) is
the same connection formula for the Bessel function terms as was
derived for the electromagnetic mode in a cold plasma (Eqn. (4.6)),

which justifies the identification made above.

4.4 Conditions for validity of the cold plasma results

If the presence of an "ingoing'" Bernstein wave (a wave carrying
energy inward, away from the hybrid layer) does not affect the relation-

ship between Cl and 02 required by boundary conditions on the high

density side of the hybrid layer, and |C3| <«< |c and |C » then

| 2

the warm plasma connection formula, Eqn. (4.12), is equivalent to the
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cold plasma connection formula, Eqn. (4.6). In this case the inclu-
sion of finite temperature effects will not alter the cold plasma
field solutions outside the hybrid layer, and the cold plasma theory
should be adequate to predict the scattering properties of the plasma.
For a cylindrical plasma, the boundary condition at the column axis
requires total reflection* of the ingoing Bernstein wave into an out-
going wave, so the presence of the Bernstein waves will not alter the
boundary condition on the electromagnetic mode. Thus, the negligibi-
lity of C3 should be sufficient to guarantee that the cold plasma
results will be valid outside the hybrid layer.

Although the model equation approach adopted in this work is
not adequate to develop theoretical estimates of when C3 will be
negligible, as will be discussed below, there is an experimentally
observable consequence of the presence of an outgoing Bernstein wave
at the hybrid layer. Since there are no sources for Bernstein waves
other than the linear conversion process, any outgoing wave present
at the hybrid layer will interfere with the ingoing wave and cause
fine structure (the Buchsbaum-Hasegawa resonances) to appear in the
measured scattering coefficients of the plasma. Thus, if there is no
fine structure evident in the scattering coefficient over some range
of densities or magnetic fields, then it can be assumed that C3 is

negligible over that range and scattering properties calculated on the

basis of the cold plasma theory should be valid.

*

The wave "reflected" back toward any sector of the hybrid layer is
just the ingoing wave from the diametrically opposite sector of the
hybrid layer.
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In the collision-free case it is unlikely that the cold plasma
theory will be valid for any bounded plasma because, with a closed
hybrid surface and no damping, the Bernstein waves generated by linear
conversion will travel across the high density plasma region and even-
tually become outgoing waves. In a real plasma the Bernstein waves
are subject to strong collisional damping at low temperatures due to
their low group velocities. Hence a theoretical estimate of when the
cold plasma theory is valid in the external region would require the
inclusion of collisional effects. Such an estimate would also require
knowledge of the behavior of the solutions to the complete warm plasma
wave equation (Eqn. (4.8)) over the entire region interior to the
hybrid surface and is beyond the limitations of the model equation
approach used in this work.

Collisional effects also reduce the conversion between the
electromagnetic modes and the Bernstein modes at the hybrid layer. The
conditions under which the conversion is negligible, and thus cold
plasma solutions are valid over the entire plasma, can be estimated
using the model equation. Since identical expansions about the
hybrid point have been used in the warm and cold plasma model equations,
the inclusion of collisional effects implies that the solution path
moves off the real f-axis, as discussed in Section 4.2, and the point
of closest approach* T is a negative imaginary number. Recalling

ca

the discussion following Eqn. (4.11), as the solution path moves away

*
This is the point at which the cold plasma solutions are maximum;

defined as cmax in Eqn. (4.4).
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from the origin it will leave the coupling region and it should be pos-
sible to form a set of solutions in which the electromagnetic and

Bernstein modes are decoupled everywhere. The condition for the solu-

tion path to lie outside the coupling region is that the 0((A/C3)l/2)
terms in Eqns. (4.11) be negligible, which implies:
3/2 1/2
4,13
el > 1Al e

When inequality (4.13) is satisfied, the arguments of the exponential
functions in Eqns. (4.11) have large real parts such that the Bessel
function term in solution Al is negligible relative to the

exP[—iE] term, and the exp[+iE] term in solution B is negligible

3
relative to the Bessel function terms. Hence, when inequality (4.13)
is satisfied, the terms corresponding to the electromagnetic modes
disappear from the solutions* representing the Bernstein modes and
vice versa, and the solutions given in Eqns. (4.11) form a decoupled

set as written. Assuming a parabolic density profile, the distance of

closest approach is given by Eqn. (4.4) and when

3/2

2 2
Ew T¢l + Qc) 2

1/2
>> ‘

A
o,

=—— (4.14)
1

2
£, (0)

the cold-plasma solutions will be valid+ everywhere in the plasma.

*Since the Bernstein modes are primarily longitudinal in nature, it is
also necessary to verify that inequality (4.13) is sufficient to

guarantee the relative dominance of the corresponding terms in the

solutions of the wave equation for Er .
*Henderson [5] arrives at a similar condition for the importance of
thermal corrections to the cold solutions in a one-dimensional elec-

trostatic treatment.
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Applying this discussion to Stenzel's [15] experimental condi-

tions, inequality (4.14) becomes:

T
Eras
2

3 6 oK—l/Z

%( >> 5 x 10
where T 1is the electron temperature in °x , I' is the normalized
collision parameter, and Qs(O) is the normalized peak density. In
the early afterglow (95(0) > ,1) , T is about 5000°K for the 1 cm
diameter tube, and experimental conditions suggest that F/Qi(O)

could be as low as 2 X 10“3 so, on the basis of inequality (4.13),
significant mode conversion should be expected at the hybrid 1ayer*.
In the late afterglow T is about 500°K and experimental conditions
suggest that F/Qi(O) is about 10-2, so the mode conversion process
is probably negligible for 93(0) < 05 .

Although mode conversion may be significant in the early after-
glow, the ingoing Bernstein wave could be absorbed via collisional
damping before it penetrates sufficiently far to give rise to a signi-
ficant outgoing wave at the hybrid layer when the layer is far from
the column axis. The experimentally measured scattering properties,
taken at constant afterglow time (fixed ﬂg(O)) show fine structure
only when QC is in the lowest 15-20% of the hybrid range

(V1-Q7(0) < @ < 1); thus, even in the early afterglow, the cold
P c

*Under these conditions the radius of the coupling region is so large
that the assumption of closeness to the hybrid layer made in deriving
the model equation may no longer be valid at the edge of the coupling
region, but the conclusions as to the nature and importance of the

thermal effects should remain valid.



=69

plasma model should be adequate over 807% of the hybrid range.

4.5 Connection between warm and cold plasma theories

When damping is included in the warm plasma theory, there is a
smooth transition from the finite temperature results to the cold
plasma results. This transition occurs because, as T + 0 with fixed,
nonzero <v> , the inequality (4.14) will eventually be satisfied. As
discussed in the previous section, the damping effects will dominate
the linear conversion process when inequality (4.14) 1is satisfied, and
the warm plasma solutions become identical to the cold plasma solutions
everywhere in the plasma.

The situation is less clear in the collision-free case. The
terms which correspond to the Bernstein waves in Eg (see Eqns. (4.11))
disappear as VT for [ # 0 ; however, in the warm plasma theory when

*
m#0, Er can be expressed near the hybrid point in terms of E9 as:

3,2

1iE7A 2

R N " 4m 2m~ "
E. 7— {mEg'+ F- + £,0, - D] By }
m 1 El
151 ' igi . (4.15)
t 5 B3 R -3 Eg
m El

Thus, as T =+ 0 , both the AZEB' and E! terms tend to infinity as

&
Tnl/2 for the Bernstein wave terms in Eqn. (4.15). Furthermore, the

wavelength of the Bernstein waves, given by i/ (dildc) , goes to

*

The complete warm plasma expression for Er » like Eqn. (4.8), follows
directly from Baldwin's [18] vector wave equation. Equation (4.15)
has been obtained from the complete expression by expanding about the

hybrid point as discussed in deriving Eqn. (4.2).
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zero as T . Thus, in the collision-free case the warm plasma solu-
tions do not approach the cold plasma solutions at low temperatures
(this behavior is not unusual since the equations for T # 0 are
singular perturbations on the cold plasma equations).

Although the collision-free fields are dissimilar in the T =+ 0
limit, the energy flux across the hybrid layer does show a connection
between the low temperature warm plasma results and those for the cold
plasma. The energy flux is obtained from the steady-state version of
Poynting's theorem,

1

1L *
EE—EE VE Re[g X CE*] = - — Re[l E] (4.16)

ZkO

by converting the volume integral of Eqn. (4.16) over a cylindrical
shell containing the hybrid surface into an integral over the surface
of the shell. The integrand of this surface integral is the energy
flux across the surface of integration. Applying Gauss's theorem, the
left-hand side of Eqn. (4.16) yields the electromagnetic energy flux

as Poynting's vector:

SEM 1

- T 2c M,

[E X cg*] (4.17)

If any part of the right-hand side of Eqn. (4.16) can be expressed as
a divergence of a vector, then that vector is the convective energy
flux §C carried by the field driven particle motions.

For the cold plasma, expressions for the responmse current,

obtained from Eqns. (2.3), are
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Y _ 4 - -
'u?o = 1(K.'L 1) Er KXEQ
P (4.18)
EE;'= KxEr + i(KL -1) Ee

These expressions imply that Re[i*- E] = 0 since K, and Ky are
real in the collision-free case. Thus the only energy flux in the cold
plasma is the electromagnetic flux given by §EM. Using the collision-
less connection formula, Eqn. (4.6),yields the radial component of

Poynting's vector as:

2 re[CoC, ] (€ < &)
e
a. & 2-1 3 i
SfM _ 11 5 (4.19)
*
2eHgm 07 | [Re[cye, 1+ C,C01, (£ > Ep)

Recalling that o < 0, Eqn. (4.19) implies that the hybrid layer is

absorbing energy at the rate

lall gi *

———— IO

Wyt m2 2°2
o

*
demonstrating the collisionless absorption mentioned in Chapter 1.
The expressions for the response current, to order kz , in the
warm plasma which follow from Baldwin's vector wave equation are:
3 29
. . N _i 2 vy (o3 2_,q1
—‘*’Eo i(Ky -1)E - K.Eg E[ax E'] + 5 [EA"Eg)
2 |
2 _
mA” (1 AQC)EQ
3

*
Since no steady state exists at the hybrid layer in a nonrelativistic

collision-free cold plasma, the use of Eqn. (4.16) is not justified
there. The full time-dependent version of Poynting's theorem should
be employed at the hybrid surface; however, since the time-dependent

terms do not contribute to the flux, they have been ignored.
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2
3 2Q i(1+ 8QY)
e _ " J— 2.n'_ e 247"
oe_ KE_ + i(K_L 1)E9 £ [ex Er] 3 [&x EQ]
2 2
o =) (4.20)
3& r

Using Eqns. (4.20), the right-hand side of Poynting's theorem, Eqn.
(4.16), can be written as

: -
] T ) 2m,, .2 * % 4
2k, Re[j + E]= TR Ve {Re { 3 £(40, - 1IEGE + 20 [(E'E

_ * 3 _j__ 2 * " * ¥ A

(E) Eg] + (1 +802) (E)) "Eg+ i(E)) E_} ar} (4.21)

Thus, in the warm plasma there is a radial convective energy flux
given by the expression in brackets. Using Maxwell's equations with

j given by Eqns. (4.20), and the warm plasma connection formula for

EM

E9 » Eqn. (&.lZ)lyields the same expression, Eqn. (4.19), for Sr

as was obtained in the cold plasma case and

o 62
171
—==50C,05 ., (§<E)
2cy_ Tm
0 .
sg - (4.22)
0 . B2 5D

for the convective energy flux, as T > 0 .

In the warm plasma the Bernstein wave terms in Eqn. (4.12)
contribute only to SS and the electromagnetic terms contribute
only to SEM in the T > 0 1limit. Thus, comparing Eqns. (4.19)

with (4.22), the same amount of energy which is absorbed at the cold
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collisionless hybrid layer is converted into Bernstein waves at the
finite temperature hybrid layer. So, even though the warm plasma
solutions do not agree with the cold plasma solutions in the colli-
sionless case, the electromagnetic energy flux is identical in both
cases and, for T # 0, instead of the ever-increasing energy store at
the hybrid layer predicted by the cold plasma theory, a steady state
is attained in which the energy is convected away from the layer as a

Bernstein wave.

4.6 Validity of approximating dissipative effects by <v>

The major wave dissipative mechanisms in the experimental after-
glow plasmas with which this work is concerned are the electron-neutral
and electron-ion collisions, and transit time effects. The cold
plasma theory of Chapter 2 assumes that all these effects can be
approximated by a simple drag force “my<y >, in the electron equation
of motion; the warm plasma theory of Section 4.3 assumes that the
s f

ng—)

placed by -<v>§f where, in both cases, <v> is a velocity indepen-

collisions Fer®m in Boltzmann's equation (Eqn. (4.7)) can be re-
dent effective collision frequency. Although there are some
theoretical arguments which justify the use of these simple forms,
evaluation of the approximations involved is beyond the scope of this
work. Consequently, the damping terms will be considered as heuristic
in nature, and their use will be justified primarily on the basis that
they have little quantitative effect on the scattering properties of
interest here. In this spirit, the form of <V >has been chosen

individually for each of the processes as the best simple form avail-

able.
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For the electron-neutral collisions it is reasonable to replace

(aﬁf)
9t “collisions

(cf. Clemmow and Dougherty [37], Section 9.5.2, or Holt and Haskell

by -ven(v)ﬁf in Boltzmann's equation (Eqn. (4.7))

[38], Section 10.1) where ven(z) is the momentum transfer collision
frequency. In this form the linearized Boltzmann's equation can be
solved for the response of an infinite uniform plasma to a uniform
oscillating electric field in the absence of any static fielda* (cf.
Heald and Wharton [39], Section 2.4.2). If Voo (V) << w , the plasma
response can be described by a conductivity which has the same form as
the conductivity derived from the hydrodynamic equations (Eqns. (2.1)

with Boc 0) if <v> 1is defined as:

df . (v)
4m 0 3
SN = ey J \)en(v) ———— WO (4.23)

where fo is the equilibrium speed distribution and will be assumed to

be Maxwellian. The electron-neutral momentum transfer' collision fre-

quency can be expressed in terms of the momentum transfer cross section

cm(v) as follows

2 3 -
v (V) = p —? v g, (v) 3.54(10) b ac

g

1

where p 1s the neutral background pressure in Torr, Tg is the
neutral gas temperature, and 3.54(10)16 is the number of particles in

5 cm3 of an ideal gas at 1 Torr and 0°Cc. For neon, Chen [40] glves

*
The effects of a static magnetic field can be included, but the results
are similar except for the narrow range when |w-—wc| 5 <> ., Since

sheath effects, which might be important for w v w, s have been

ignored, the effects of the static magnetic field will also be neg-
lected.
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Um(v) in the form A + Bv and Eqn. (4.23) yields:

29> = p2L3 [3,13010)° T

en )
Ne g

/2 | 9.81010)%1 ]
where T 1is the electron temperature in °k. For argon, the momentum

transfer cross section was approximated by
Um(v) = 1.4(10)_17(1 - Avnexp(—nvzlvlzl))cm2

where A and n are arbitrary parameters chosen for each temperature
to match the empirical data given by Frost and Phelps [41] at v= VR
the Ramsauer minimum, and at v =V/5kT/m , the maximum of the term
multiplying om(v) in the integral expression for <v> in terms of
Gm(v) i

In the waveguide geometry, thermal motion along B0 may carry
an electron out of the waveguide side walls at which point its directed
momentum is lost, just as if it had undergone a close-range collision.
This is the source of the transit-time damping, and its treatment
should involve something like introducing an upper limit on the axial
mean free path due to close-range processes (or, equivalently, a lower
limit on Ven(vz)) before averaging to obtain S A simpler
estimate of the transit-time damping can be obtained by calculating a
separate effective collision frequency <vt> , ignoring all other col-
lision mechanisms, and using <vt> as a minimum for <ven> . The
average distance which an electron must travel to escape is a/2
where a is the axial width of the waveguide, so the transit time

"collision" frequency can be written as
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vt(v) = 2v/V/3a

and Eqn. (4.23) yields:

5
<, > = 9.553510) /2

The electron-ion collisions involve the long range Coulomb
forces and are best included directly in the kinetic equation. In the
infinite wavelength limit this was done by Oberman, et al [42,43] for
a homogeneous plasma with isotropic Maxwellian equilibrium distribu-
tion. Since inclusion of the static magnetic field requires the
evaluation of nontrivial integrals over the plasma dispersion

function, the expression for <V _,> used in this report is

o

- &
2

€

> = 1.14010)"2 2~ 2n(2.5¢10)8 73/2

/w)
T3/2

<V
ei

as given by Dawson and Oberman [44] for the magnetic field-free case

in the range wp <w .

4,7 Validity of the linearization assumptions

The linearization approximations are of somewhat less impor-
tance than the approximations considered in previous sections, since
the existence of steady state solutions implies that the linearization
conditions can be arbitrarily well satisfied experimentally by placing
a sufficiently large attenuator between the generator and the plasma.
When the linearized equations are valid, the external scattering
properties of the plasma must be power independent, so the lineariza-
tion assumptions are sometimes verified experimentally by observing

that the power levels are always below those for which the scattering
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coefficients depart from their low power values. When a hybrid reson-
ant layer is present in the plasma, such an experimental verification
could be in error because the external properties of the plasma are
nearly constant over a considerable range of damping parameters and
temperatures. Thus the presence of nonlinear effects, such as heating
and frequency doubling which primarily affect the damping parameter and
temperature, may be masked.

The linearization of the cold plasma* equations (2.1) requires
that |v| TE 0 |n| << N and that the driving field cause negligible
heating if the effective collision frequency <v> 1is a function of
temperature. These conditions will be investigated on the basis of the
results presented in Chapter 3 for typical experimental parameters.

The limits established on this basis should be considered only as sug-
gestive due both to the dependence of the perturbation amplitudes at
the hybrid layer on the value of <V> and to the possibility of sig-
nificant thermal effects at the hybrid layer.

The requirement that |v| << ¢ 1s equivalent to neglecting
diamagnetic effects in the plasma response. Inspection of Fig. 3.2
suggests that |v[ £ ¢ 4f E0 << 103v/cm. This would not be a signi-
ficant restriction on typical microwave power levels since the incident

power Pin in S-band waveguide is given by

P, 10°2|E,|? watts (4.24)

ol

*
Essentially similar conditions follow from the linearization of

Boltzmann's equation (4.7).
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when EO is expressed in V/cm.

The condition that |n| << N 1s required in the linearization
of the currents in Maxwell's equations and is thus a condition for
negligible harmonic generation. The curve for Inl/N presented in
Fig. 3.1 indicates that |n| << N(0) if Ey << 1 V/em and thus, from
Eqn. (4.24), harmonic generation might be significant at power levels
in the 10 milliwatt range. For the assumed profiles, which go to zero
at the wall, the condition Inl << N cannot be satisfied near the
wall since n(rw) # 0 . This violation is probably not significant as
the region near the wall contributes little to either the scattering
or the absorption. Furthermore, the difficulty may lay in the neglect
of sheath structure rather than in any essential nonlinear behavior.

The condition for negligible heating cannot be guaranteed by
simply requiring that the directed energy of a particle be negligible
relative to its thermal energy, in view of the fact that while an
electron loses all its directed energy in a momentum randomizing col-
lision, it can lose only ;;f K(Te— Ti) of its total energy in the
collision. Initially, collisions will convert the energy absorbed
from the wave into electron thermal energy elevating the electron
temperature until, eventually, the collisional energy loss rate

balances the absorption rate. At this point the energy absorbed

from the wave is transferred entirely to the heavy particles and a
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true steady state* exists, since by virtue of their long mean free
paths the heavy particles can rapidly transfer the energy to the walls
and remain essentially unheated. 1In the collisional cold plasma the
local rate at which a particle absorbs energy from the wave is

<v> melyl2 where v 1is the local perturbed electron fluid velocity,

so the electron heating will be negligible if:

ZMi <y >

3 <v ,>+<v >
el en

KAT = |v[2 << KT
~ e

The ratio of effective collision frequencies arises because the
transit-time damping contributes to the wave absorption but not to
the electron-heavy particle energy transfer. The results presented
in Fig. 3.2 for v imply that Pin << .5 pwatt for negligible heat-
ing at the hybrid layer.

The discussion in this section suggests that the plasma pertur-

bation may be significant at low power levels. Stenzel's [15]

experimental investigation of the effects of the incident wave power

%
There are actually two steady states involved here, the incident

field establishes the linear steady state perturbation in a time of
0(1/<v>)while the heating is a quasi-steady state process accom—

plished in a time of O(Mi/me[<vei>-+<ven>]). During the heating,

the perturbations (and therefore the fields) change only as the heat-
ing affects the plasma parameters. Stenzel experimentally demonstrated

these time scales (1/<v> nv.lusec and Mi/me[<\)e >4 <ven>]’b3 msec for

1
the plasmas studied) by showing that the heating of the hybrid layer
was dependent only on the pulse energy for pulse lengths between

1 pusec and 100 usec and that the temperature of the hybrid layer de-
cayed on a 1/2 msec time scale after the end of the heating pulse.

This decay time is about the same as the temperature relaxation times
for the unheated plasmas.
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tends to confirm this suggestion. Pulse heating experiments in the
late afterglow (T v 350°K) show strong emission enhancement, evidence
of significant heating, for a 5 pwatt power level. As the pulse power
is increased to the 100 pwatt range, the plasma decay rate is strongly
increased and ultimately, at milliwatt power levels, the excitation
causes sufficient ionization to overcome the enhanced diffusion and

the plasma can be maintained by a continuous microwave signal.
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V. Small Column Scattering Properties

5.1 Approximate scaling relations for the scattering coefficients

A typical set of calculated power absorption curves are displayed
in Fig. 5.1 as a function of magnetic field (wc/w) for constant values
of mﬁ(o) and <Vv> assuming a parabolic density profile*. The shaded
portions of the wc/w axes denote the range over which a hybrid layer
exists somewhere+ in the plasma. A major feature of these curves, and
of the experimental measurements, is a collapsing scale in wc/w as
mi(O)/wz decreases. In the theoretical calculations, this scale is
correlated with the hybrid range, as is evident in Fig. 5.1, and it has
been assumed that the similar scaling which appears in experimental
results also correlates with the hybrid range (see discussion in Sec-
tion 5.4). This behavior in both the theoretical and experimental
results, and the nature of the hybrid resonant response developed in
Chapters 3 and 4, suggests the possibility of a scaling relation
between mc/m and mﬁ(o)/mz which would allow sets such as are shown
in Fig. 5.1 to be obtained from a single curve.

An exact scaling relation would be a function of the four param-
eters, g(r) (the profile shape function) wz(o)/mz. wc/w , and

<v>/w , which has the property that the plasma response (and the

*This form of presentation was chosen for compatibility with Stenzel's
[15] experimental measurements which will be presented in Section
5 ole

TThe hybrid resonance appears at the column center for ./w at the
left hand end (denoted as the onset point, (mc/w)o) of the shaded
hybrid range and approaches the wall as mc/w increases to omne.
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Fig. 5.1

Typical set of calculated strip line gower absorption
coefficients for various values of w2(0) and <v> , in-

cluding glass effects, x> 0.5 cm, r.= 0.6 cm, Kg= 3.8,
w= 2w X 3,0 GHz.
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scattering coefficients) is indistinguishable for all parameter sets
which yield the same value of the scaling function. Recalling the
discussion in Section 2.2, the plasma response is completely described
by the dielectric tensor components EL(r) and Kx(r) , which can be
written in the form

w /w
K_L(r) =1- ag(r) , Ig((r) = T:—:?\Bn- ag(r) (5.1)

where 2 2
wp(O)/w (1-4<v>/w)

alwl (0) /w2, © fw, <v>/uw) =
P s [@a- i<\)>/w)2—wi/_wz]
The plasma response will be iﬁdistinguishable for two different param-
eter sets if the functions Klﬁr) and Kx(r) are identical for both
parameters sets. Since g(0) = 1.0 for all shape functions, %L(r)
and Kx(r) can be identical only if both o and wc/q/[l— i<v>/w]
are identical, a condition which can be satisfied only for identical
parameter sets. Thus, there is no useful exact scaling relation, but
a useful approximate scaling relation does exist for low densities.
Since <v><< w , wc/Q/ [1-1<v>/w] will be nearly constant over the
hybrid range at low densities, and K (r) and Kx(r) will be approxi-
mately scaled for any parameter sets for which the profile shapes are

identical and a(wi(o)/wz,wc/m,<\)>/w) is constant. When

(<v>/w)? << [1 - (wC/m)z:fz

then 2
w (0)/w
Re [a] = B0y
1—mclm

and
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W2
<\<)»> a+-5)
Im[a] = - 5 2“’ [Rela]]?
wp(o)/w

R

#
so the scaling relation o = const becomes

2
w
2 <v> c
1 - (0w /w) (1 +=3—)
5 < = const % = const (5-2)
w (0) / w w0/ w

These scaling relations are physically reasonable. The first
scaling relation requires that the hybrid layer fall at the same radius
and the second requires that the solution maxima at the layer be the
same (see Eqns. (4.5)). The existence of the collision-free limit, as
discussed in Chapter 3, suggests that the first of Eqns. (5.2) should
be more important than the second.

A quantitative analytic assessment of the validity of the scal-
ing is difficult since it would require some estimate of the sensitivity
of the solutions at r = T, to the errors in the coefficients of Eqns.
(2.3) caused by the approximate nature of the scaling. As an alterna-
tive, the effectiveness of the scaling relation has been computation-
ally investigated. The cases presented in Fig. 5.1 are displayed in

Fig. 5.2 as functions of the first scaling parameter (the values of

3
The approximation used in arriving at Eqns. (5.2) is not valid in a

narrow region about wc/w = 1 ; however, in that region o 1s pre-
dominantly imaginary and, since the second of Eqns. (5.2) will pre-
serve the scaling of Im[a] at w,/w =1, Eqns. (5.2) will be assumed
to be valid everywhere.



=79~
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Fig. 5.2 Power absorption as a function of the first scaling param-
eter suggested in Eqns. (5.2) for cases presented in Fig.
5.1. Power reflection is also shown. The hybrid layer is

present for (mglm2 - 1)/m§(0)/w2 between -1.0 and O , as
indicated by the vertical bars.
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<v> were chosen so that the second scaling parameter is constant at
wc/w = 1 for all cases) and, in addition, the matched line power
reflection curves for the same cases are also presented. On the basis
of the results presented in Fig. 5.2 and estimates of the errors which
occur in the coefficients of the second order differential equation
for ch , the scaling relations presented in Eqns. (5.2) appear to be
quite adequate when m‘:(o)/w2 < .2 ., In addition Fig. 5.2 indicates
that the scattering properties will be qualitatively similar over the
entire low density range. For these reasons, the remaining discussion
for the low density case with the exception of a set of curves calcu-
lated for direct comparison with experimental results will be
illustrated by curves calculated with the particular value

ws(o) /m2 = .19*.

5.2 Effects of external geometry on the scattering coefficients

The effect of the external geometry on the plasma power reflec-
tion is illustrated in Figs. 5.3 and 5.4. The upper curves in Fig.
5.3 show an equivalent power reflection coefficient for a plane wave,
defined by the power per unit axial length scattered toward the gen-
erator 05/2 (0s is derived in Appendix C) divided by the incident
power carried across an area of unit axial length and height equal to
the parallel plate spacing a , while the lower curves are simply
|2

|x

ML . The left-hand curves represent the reflection from a plasma

column without a glass envelope and the right-hand curves represent

*
This value was chosen primarily to yield a convenient hybrid range
mc/w e (.9, 1.0)
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Fig. 5.4 Power absorption coefficient with and without glass tube
for strip line with shorted termination, plasma conditions
as in Fig. 5.3.
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the reflection from the plasma column with a glass envelope. Only the

strip line results appear in Fig. 5.4 because there does not seem to be
any satisfactory way to relate the plane wave scattering properties of

the column to those for the column in a shorted transmission line with-
out the use of an arbitrary scaling parameter.

The effects of the glass tube on the scattering are not simple
since the fields scattered from the plasma modify the dielectric
response in the glass and vice versa. Near the onset point (wc/m)o
the interaction results in partial cancellation of the scattered
fields, but as wc/w approaches 1.0, the time phase of the fields
scattered from the plasma changes and the interaction results in rein-
forcement. The strength of the glass effects indicates that they
should be included in order to make quantitative comparisons between
theory and experiment. The interaction between the plasma and the
glass tube suggests that it is less desirable* to tune or balance out
the glass effects experimentally than to include them explicitly in the

theoretical treatment when quantitative results are desired.

*The experimental scattering measurements reported by Greemwald [45]
and by Blum, Bauer, Gould and Stenzel [13] were made using a bridge
arrangement to balance out the reflected signal from the empty glass
tube. The reflection coefficients measured in these studies show two
peaks, one near (wc/w)o and another near wc/w = 1.0 , which is
qualitatively different from the theoretical results obtained in the
current study either with or without the glass tube. This disagree-

ment may be a result of the use of such balancing procedures.
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5.3 Dependence of the theoretical scattering coefficients on <v>

and the profile shape

The results of varying <v>/w over three orders of magnitude
are shown in Fig. 5.5 for a parabolic density profile with
w§(0)/w2 = ,19 and <v>/w constant for each of the curves shown.
Thus, these curves represent slowly varying values for the second
scaling parameter given in Eqns. (5.2) and the labels actually give
the value of this parameter at wclw = 1 . These curves show the
existence of the collision-free limit.

The absorption and reflection for several density profiles are
shown 4n Fig. 5.6 for mﬁ(o)/wz = .19 and (2<v>~/w;/kw§(o)/m2) -
5 x 10-3. The increasing magnitude of the scattering and the shift of

the peaks toward lower values of wc/w seem to be the major effects

of flattening the profiles near r = 0 .

5.4 Comparison with experimental scattering measurements for

ws(o)/wz <1.0

The theoretical results to be presented in this section were com-
puted using a parabolic profile as a reasonable approximation in the
afterglow when ambipolar effects should be important. The central den-
sity for each experimental curve was calculated from the observed value

of (wc/w)o for the absorption assuming that

2

w-(0) w |2

N - M _..E) (5.3)
w2 w o

The value of <v> was calculated via the method discussed in Section

4.6 from electron temperature measurements made under similar
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Strip line power absorption and reflection coefficients as a func-
tion of damping, remaining parameters as in Fig. 5.3. The curves are
labeled by the value of ——V2/W

wi( 0) /4
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Fig. 5.6 Strip line power absorption and reflection coefficients
as a function of the density profile shape, plasma con-
ditions as in Fig. 5.3.
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experimental conditions. The parameter values derived from Figs. 5.7
and 5.9 were used to calculate the curves in Figs. 5.8 and 5.10. The
reflection coefficients displayed in Fig. 5.11 were measured for plasma
conditions identical to those for Fig. 5.9 and so the parameters
derived from Fig. 5.9 were also used to calculate the results presented
in Pig. 5.12,

The use of Eqn. (5.3) to determine the central density in the
experimental columns is based on the results of the theoretical treat-
ment which indicates that the absorption onset occurs at (wc/w)2 =
1l - wﬁ(o)/w2 . The onset of enhanced absorption has been utilized as
a measure of the peak density in various geometries by Lustig [46] ,
Schmitt, Meltz and Freyheit [47] , Tanaka [48] , Stenzel [15] , and
Henderson [5] , but Lustig, Schmitt et al, and Tanaka apparently
interpreted the absorption onset as corresponding to the maximum upper
hybrid resonance frequency on the basis of results presented by
Buchsbaum, Mower, and Brown [49] from a cavity perturbation analysis
assuming a uniform plasma. The perturbation results are, however,
stated in terms of a resonance at wz = mz + w;/G where G 1is a geo-
metrical factor depending on the incident field configuration, and they
do not predict the existence of a well defined absorption onset. The
first theoretical treatment to actually establish the use of Eqn. (5.3)
appears to be Blum's [13,14] planar calculation. Comparison of Figs.
5.9 with 5.11 or 5.10 with 5.12 illustrates another consequence of the
effect of the glass tube. Due to the partial cancellation caused by
the glass, the onsets of both the measured and calculated reflection

coefficients do not correspond to the onsets of the absorption at
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moderate densities wﬁ(o) N .2 and thus the reflection onset is not
a reliable indicator of the maximum upper hybrid resonance frequency.
Comparison of the experimental and theoretical absorptivities show
that, while the theory does yield reasonable agreement (Vv 107 for the
maximum value of the absorption) the curve shapes do not exhibit
impressive similarity. Comparison between the theoretical and experi-
mental reflectivities reveals a more serious disagreement. The curves
are only mildly similar in shape and the theoretical reflectivities
are only one-half the experimental values at their respective maxima.
A partial explanation of these differences may lie in the
observation that scattering curves measured for similar densities and
temperatures also exhibit different shapes when the rf pulses which
cause the breakdown are altered or when the gases (cf. Figs. 5.7 and
5.9) are changed (which also changes the breakdown conditions). This
suggests that the afterglows studied may have density profiles which
are significantly different from the assumed nearly-ambipolar one;
unfortunately it was not possible to verify directly the profile shape
in experimental apparatus employed for these measurements. Both the
reflectivity and the absorptivity would be affected by any density
profile differences that might exist. In particular, some calcula-
tions were carried out for profiles with g(rw) # 0 1in a rough test
of the effects which might arise from a sheath formed at the edge of
the column. The major effects on the calculated scattering properties
were the introduction of a small, sharp spike in the reflection and an
accel%rated dropoff in the absorption for (wc/m)2 s
w”(0)
I o g(rw) . Such a combination of features might appear near

2
w
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wclw = 1 1in the 100 and 150 usec curves in Figs. 5.9 and 5.11.

In addition to the possible profile differences, there is also
the question of the validity of comparing results measured in a wave-
guide with results calculated for a strip line. A perturbation theory
approach [50] can be used to derive the reflection coefficient for a
dielectric rod in a waveguide and in a parallel plate line when the
dielectric constant and size of the rod is such that the reflection
coefficient is small. In this case the power reflection in a waveguide
is (kolkg)2 times stronger* than the reflection from an identical
object in a strip line with the same vertical spacing. However, this
increase in the reflectivity occurs only for weakly reflective dielec-
tric objects, and as the reflectivity increases, the results in the two
cases must approach each other. The reflection coefficient in a wave-
guide is also affected by the presence of the holes in the side walls.
In a larger experimental tube (I.D. 2.0 cm) the reflection from the
holes alone was as strong as the reflection from the glass tube and the
experimental and theoretical reflectivities for the larger tube show
even less agreement than those for the smaller tube (for this reason
no comparison results have been presented for the larger tube). The
differences between the waveguide and strip line absorption coeffi-
cients are probably small for two reasons. First, the relatively

strong absorptivity in the strip line suggests that the results are

*This enhancement would apply to the reflected fields from both the
plasma and the glass tube so its effect near (wc/w)o where the glass
and plasma reflections compete is not obvious, but might well be
small as the comparison between Figs. 5.11 and 5.12 seems to suggest.
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probably in the region where the strip line and waveguide results
approach each other. Second, the absorption in the cold plasma 1is
proportional to the excitation of the hybrid layer and when the
reflected fields are small, as is true in all the cases studied, the
excitation should be proportional to the incident electric field per-
pendicular to EO and the fractional power absorbed ought to be
identical in the strip line and in the waveguide*.

Finally, the experimental curves presented in this section were
obtained by averaging at constant afterglow time over many cycles of a
repetitively fired plasma. Using this method, the slight shot-to-shot
variations in the afterglow conditions result in an average over the
Buchsbaum-Hasegawa fine structure. The presence of this fine structure
has been observed [15] by displaying the reflected signal as a function
of afterglow time for a single shot. Such observations suggest that
the constant afterglow time results for wﬁ(o)/w2 R .1 are averages
over the fine structure for approximately the 15-20% of the hybrid
range starting at (mc/w)o . Thus, as was discussed in Section 4.4,

the cold plasma scattering results may not be valid over this range.

¥
This argument would indicate that the strip line absorption for a

line terminated by a matched load [aML|2 , and the equivalent
plane wave absorption defined as Oa/a , should also be nearly
identical. For the typical case depicted in Figs. 5.3 and 5.4,
oa/a and |aML|2 agree within v~ 10% over the entire hybrid range,
which lends additional support to the argument.
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5.5 Comparisons with experimental measurements for miﬁp)/mz vl

and with theoretical results using the electrostatic approximation

Experimental measurements of the transmission coefficient for an

afterglow plasma with wi(o)/w2 > 1 have been reported by Henderson

[5] . The measurements were performed in a waveguide with a matched

load so the matched line power transmission coefficient ltMLIZ is

given by

B 2 2
=1- ngl” -layg Gt

A typical experimental curve is shown in Fig. 5.13 for wc/w = .9 .
The abscissa is a logarithmic scale for the central density which was
derived from the afterglow time. The values in parentheses were
extrapolated from measured decay rates and are probably lower than the
actual density at the indicated point. The scale values are given in

terms of wi/wz /[ = (wc/w)z] so the hybrid layer will be present for

all values greater tﬁan one.

The high density minimum in the transmission corresponds to
strong excitation of the hybrid layer in the m = -1 mode. This shift
in excitation from the m = +1 mode at low densities to the m = -1
mode at high densities is a result of the increasing reflected fields
from the high density region at the center of the plasma. These
increasing reflected fields are evident in the transmission which 1is
almost completely determined by the absorptivity at low densities while,
in the vicinity of the high density minimum, the reflectivity becomes

comparable to the absorptivity.



*[6] uosispuay moay ‘A3jrsuep euseTd
Jo uoTldouny ® se uorssTmsuell Ismod SuT payojewm painseam A[rejuswriadxy €T1'G ‘914

2(™/°m) - |
3\ (0)g™

NOISSINSNVHL

4
(+9) (2€) (91) 0’8 ov 02 o'l G
| | I I 1 1 I
N 11
= D - N.
g a 1€ o
o
= .Y _|.qJ._
M
- d m. ﬁIJ
- 6 = 3\03 49’ —M—
-
e - &-.
= 8
6
L

d3MOd



96

The theoretically calculated strip line transmission using the
methods developed in this report is shown as the solid line in Fig.
5.14. The agreement between the electromagnetic calculation and the
experimental measurements is reasonable, as might be expected since the
reflection coefficient appears significantly in the transmission only
when it is large (and therefore when it should be nearly the same in
the strip line and waveguide geometries).

For comparison the transmission calculated by Baldwin and Ignat
(as reported by Henderson [5DH using an electrostatic approximation is
also shown in Fig. 5.14 as a dashed line. The electrostatic treatment
was carried out by calculating the admittance of a collisionless cylin-
drical cold plasma with a Bessel function profile in a parallel plate
capacitor. The electromagnetic calculation was made using a finite
collision frequency (which was small enough to guarantee that the
transmission was at its collision-free limit to better than the plotting
accuracy) and a parabolic profile (which is close enough to
Jo(r/2.405 rw) that it should not give rise to any substantial differ-
ences in the transmission). The discrepancy between the plasma scatter-
2 2

or 1 - |t

b

ing, which is characterized by |rHL|2 and laML ML
calculated by the two methods is more than a factor of two at some
points. This error is apparently due to the electrostatic approxima-
tion itself since the expansion used by Baldwin and Ignat to compute
the plasma admittance has a claimed accuracy of 0.5% in the low density
region. Since the electrostatic approximation still requires the

numerical solution of a second order differential equation and appears

to be quite unreliable even for the relatively small value of kor(% 3
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used here, it would appear to be unsuited for upper hybrid resonance

scattering calculations.
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VI. Conclusions and Suggestions for Further Study

6.1 Conclusions

This report has presented the results from a theoretical study
of the nature of the upper hybrid resonance which occurs in the model
of an inhomogeneous cold magnetoplasma. Since it is difficult to
measure directly the internal state of the excited plasma, a consider-
able portion of this effort has been devoted to calculations of the
external scattering properties of the plasma, preserving as many of the
features of the geometry used for experimental measurements as possible
without significantly increasing the amount of actual computation
involved. In addition, the consequences of the neglect of finite tem-
perature effects inherent in the cold plasma model have been
investigated.

The calculation in cylindrical geometry has confirmed that the

region of enhanced absorption appears between w, = (w2+ wz )1/2

P max

and
w, = w for an inhomogeneous cylindrical plasma, just as it did in the
planar treatment presented by Blum [13]. This result confirms the essen-
tial role of the density inhomogeneity in determining the absorption
spectrum and provides a firm theoretical basis for using the experiment-
ally observed absorption onset as a diagnostic for the maximum plasma
density in a wide range of geometries. This treatment also demonstrates
that the onset of enhanced reflection or scattering is not a reliable
indicator of the maximum upper hybrid frequency due to the effects of

the glass tube and strip line.
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The investigation of finite-temperature effects carried out in
Chapter 4 indicates that, in a warm plasma, the partial linear conver-
sion of the incident electromagnetic wave into a Bernstein wave at the
hybrid layer will not affect the cold plasma electromagnetic solution
outside the hybrid layer unless there is also a Bernstein wave present
carrying energy toward the hybrid layer. It was also demonstrated in
Section 4.4 that collisional effects can dominate the linear conversion
process, with the result that the cold plasma solutions are correct
over the entire plasma. These results lead to the conclusion that the
collisional cold plasma model might be useful in describing the exter-
nal electromgnetic properties of a wider range of low-temperature
plasmas than would be expected on the basis of the assumption that
thermal effects must be strictly negligible.

This work, in conjunction with the companion experimental study
[15], presents a case for the existence of a localized hybrid resonant
layer in low-temperature magnetoplasmas. In Section 3.3 it was shown
that the existence of the hybrid layer suggests a simple explanation
of experimental radiation temperature measurements and that the hybrid
layer might be useful as a microwave diagnostic to obtain gpatially
resolved temperature data. The existence of the hybrid resonant layer
also suggests the possibility of nonlinear behavior at low power
levels, as discussed in Section 4.7.

The most serious discrepancies between the theoretical and
experimental results seem to have been caused by using the strip line
geometry in the theoretical calculations as an approximation for the

waveguide used experimentally. The quantitative differences between



-101-
the strip line scattering coefficients and the equivalent plane wave
quantities suggest that the effects of the waveguide side walls and
the holes through which the plasma passes need further investigation
before scattering properties measured experimentally in a waveguide

can be reliably interpreted in terms of a theoretical calculation.

6.2 Suggestions for further study

Although further refinements in the cold plasma calculation may
not yield much greater understanding of the physical nature of the
hybrid layer in a plasma, it may still be worth while to extend this
treatment to a real waveguide-like geometry since there is a possibi-
lity that the scattering properties could be interpreted to yield the
density profile in the plasma. This could prove to be a useful tech-
nique for investigating the profile in the sheath region near the
plasma wall where probe techniques may be unreliable. It should be
noted that the use of this diagnosticneed not involve sweeping the
magnetic field, as was assumed in this treatment, since the hybrid
layer location can also be altered by sweeping the working frequency.

The current computational algorithm could be extended to include
explicitly the effects of the Bernstein modes. This expanded calcula-
tion would involve a numerical solution of the fourth-order warm plasma
wave equation in the coupling region near the hybrid layer and a WKB
solution for the short wavelength Bernstein waves outside the coupling
region. Such a treatment could be modified to include the effects of
sources for the Bernstein waves in the plasma core, allowing direct
comparison between the scattering from externally driven standing wave

resonances and the emission from internally driven resonances, such as
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calculated by Alper and Gruber [51] using a slab model.

The possibility of strong excitation of the plasma at the hybrid
layer suggests that it should prove useful for nonlinear studies. Cano,
Fidone, and Granata [52] have reported significant harmonic generation
at relatively inaccessible*hybrid layers in large plasmas (kor ~ 10).
The techniques employed in this study could be extended to include such
nonlinear effects and would permit the calculation of the efficiency
of the processes. Further, since this study is based on an electromag-
netic treatment, it would remain valid for the short wavelength modes
which might be involved in nonlinear interactions.

The strong excitation of the hybrid layer could also be valuable
in producing localized heated regions in a plasma. Examples of such
heating have been presented in the companion experimental study for
relatively cool plasmas and it might be of value to extend the theo-
retical investigation of the hybrid layer behavior to include hot
plasma effects. The existence of a useful hybrid layer in a hot plasma
is an open question since the appropriate expansion parameter is
(vthw/cwc)z, indicating that corrections to the first order thermal
theory of Chapter 4 must also include relativistic effects. If the
hybrid layer in a hot plasma retains its character as a region of
strong coupling between the electromagnetic and Bernstein modes, it
may still be useful for heating purposes since the slow Bernstein modes

are subject to strong collisional damping and will thermalize rapidly.

s

The hybrid resonance is described as inaccessible when a wide
evanescent region screens it from the incident wave (see the discus-
sion in Chapter 1).
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Finally, the question of the accessibility of the layer in view of

the short wavelengths associated with the parameters typically encoun-
tered in hot plasmas 1s also open because the decreasing B field
encountered as a wave enters a confined hot plasma, at least in high

B devices, will act to make the layer more accessible than would be

predicted from the results for uniform B, .
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Appendix A
List of Symbols

dimensionless constant which appears in model equation
solutions given in Chapter 4, p.50

arbitrary parameters used in evaluating argon collision
frequency, p.69

coefficients used in constructing field solutions in the
glass envelope in Chapter 2, p.21

axial width of the waveguide, p.69

parallel plate vertical spacing (used in Chapter 5, in
place of b), p.80

matched line absofption coefficient, p.93
shorted line absorption coefficient, p.34
Fourier coefficients of G0 s p.32

radial unit vector, p.66

static magnetic and electric field vectors, p.2 and p.52

perturbation magnetic and electric field due to incident
electromagnetic field, p.1l4

total electromagnetic.fields external to the plasma
column, p.19

® total induced fields in the plasma envelope, p.21
incident wave magnetic and electric field, p.l4

electromagnetic fields within the plasma column, p.22

magnetic field due to columns in the image array with
£ # 0, p.29

electromagnetic fields due to mirror image columns,
P-24,25

electromagnetic fields due to real image columns, p.24,25

electromagnetic fields scattered from the plasma column
or image array, p.28 and Appen. C, p.112
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complete solution set to the warm plasma model equa-
tion, p.56

E.th

Bernoulli number, Appen. B, p.ll1l
unnormalized solutions to Eqn. (2.3), p.22
stripline vertical spacing, p.l4

coefficient defined in Eqn. (2.8), p.23

arbitrary constants used in constructing complete
solutions to model equations of Chapter 4, p.51,58

speed of light, p.18

normalizing constant, p.22

electric displacement vector, p.22

electric displacement in the glass envelope, p.21

maximum field comﬁonents near the hybrid point, p.51

function related to E introduced in Eqn. (4.10), p.5

.55 °

magnitude of the electron charge, p.l6
equilibrium speed distribution, p.68

equilibrium electrén distribution function, p.52
perturbed distribution function, p.52
geometrical factor, p.88

generalized Schloemilch's series used in evaluating
scattered fields from an image array with spacing

Yo » p.-31
density profile function, p.75
Hankel functions of the first and second kinds, p.19

function varying on the same scale as the density
profile function, p.53

Schloemilch's series evaluated in Appen. B, p.29
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modified Bessel functions, p.52

Bessel function of the first kind, p.19
plasma response current, p.64
dielectric constant of the glass, p.21
dielectric tensor components, p.1l8
guided wave number, p.l4

transmission line wave number defined in Eqn. (2.25),
P33

free space wave number, p.6

characteristic scale length for the fields or density
profile, p.53

raising operator for cylindrical waves, p.32
column number in the image geometry, p.26
ion mass, p.72

electron mass, p.l16,72

angular mode number, p.18

equilibrium electron densify, p.16

amplitude of perturbation in electron density, p.16
refractive index of the glass, p.21

local power absorption, p.42

incident power in S-band waveguide, p.71
neutral background pressure, p.68
cylindrical polar coordinates, p.7

Larmour radius, p.53

matched line reflection coefficient, p.34
shorted line reflection coefficient, p.34

outer radius of plasma envelope, p.l4
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inner radius of plasma envelope, p.l4
hybrid layer location, p.7
connective energy flux, p.64
electromagnetic energy flux (Poynting's vector), p.64

Poynting's vector for the incident electromagnetic
field, p.20

Poynting's vector for the scattered electromagnetic
field, p.20

scattering coefficients for real or mirror columns
in the image array, p.28

plane wave scattering coefficient, p.19

transverse electric and magnetic waveguide modes, p.13
electron temperature, p.40

neutral gas temperature, p.68

ion temperature, p.72

afterglow time, p.44

matched line transmission coefficient, p.34

local particle energy, p.42

combinations of Bessel functions used in Eqn. (2.9),
p-23

electron velocity, p.2

speed at Ramsauer minimum, p.69

thermal velocity, p.102

Cartesian coordinates, p.6

Bessel function of the second kind, p.21

radially dependent dimensionless parameter related to
dielectric constant, p.49

a(0), p.77

derivative of a(g) at hybrid point, p.50
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normalized collision parameter, p.1l8
Euler's constant, Appen. B, p.1lll
Dirac delta function, p.32

permittivity of the glass envelope, p.21
permittivity of free space, p.18

complex radial coordinate centered on the hybrid
point, p.50

distance of closest approach to the hybrid point,
p.60

point at which cold plasma solutions are maximum,
p.51

normalized coordinate related to [ , p.536
Boltzmann's constant, p.40
dimensionless temperature parameter, p.55

wavelength, p.34, temperature parameter defined
after Eqn. (4.8), p.53

refractive index for extraordinary waves, p. 3
permeability of free space, p.l7

electron-neutral momentum transfer collision fre-
quency, p.68

effective collision frequency, p.1l5

effective electron ion collision frequency, p.70
effective transit time damping, p.69

normalized coordinate, p.18

polar coordinates of the observation point rela-
tive to the 2th column in an image array, p.26

ngg, P21
plane wave absorption coefficient, p.93

momentum transfer cross section, p.68
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plane wave scatteriﬁg cross section, p.80
angular arguments used in Eqn. (2.12), p.28
normalized cyclotron frequency, p.18
normalized plasma density, p.18

working frequency, p.l

electron cyclotron frequency, p.2

ion cyclotron frequency, p.15

electron plasma frequency, p.l

average electron plasma frequency, p.l
ion plasma frequency, p.l5

maximum electron plasma frequency, p.b6

upper hybrid frequency, p.2
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Appendix B

Rapidly Convergent Forms for the hﬁ'R Series Appearing
in Section 2.4

The question of summing the Schloemilch series in Eqn. (2.14),
Section 2.4 is of interest, since these series are slowly convergent
as given, and useful, rapidly convergent forms can be developed.
Recalling the definition of the Gn , Eqn. (2.19), the hﬁ’R can be

expressed in terms of the Gn via:

n/2
h (r) = H— n (G, (E:0.5) - H2@€) ,neven  (8.1)
where ¥ =h (25) sad B =K (b) - B> . Recall that Hane. (2.17)
n n n n n

require the hE’R only for n even. In Eqn. (B.l) the Gn are
obtained by applying the raising operator to Eqn. (2.24). The limit-
ing process in Eqn. (B.l) is nontrivial and is detailed in Infeld [53]
for n =0 . The results for all n are quoted in Dumery [24] and
are repeated below with some typographical errors corrected and

specialized to the case of interest:

k.y
1 1 i 0”0
hy(yy) = -5+m+;[Y+£n(ﬂ—)
S 1 1
+ ) - E)]
=1 22_(k0y0) 2
2m
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where B2 is the ch Bernoulli number, and Yy is Euler's constant

(= 0.577..).
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Appendix C

Plane Wave Scattering and Absorption Cross Sections for the
Cylindrical Column

The treatment of the plane wave problem presented in Section 2.3
results in Eqns. (2.9) for the plane wave scattering coefficients 8, *
While these coefficients represent a complete solution of the scatter-
ing problem, it is useful to determine the cross sections for
scattering and absorption, since these are usually the quantities which
are experimentally measured.

For the two-dimensional problem, the scattering cross section
0 is defined as the total power per unit axial length carried (out-
ward) by the scattered wave divided by the incident power per unit
area. The absorption cross section 9, is defined as the net power
per unit axial length which the total field carries toward the plasma
column across any surface surrounding the column divided by the
incident power per unit area. Thus the two-dimensional cross sections
are expressed as lengths.

Symbolically, the scattering cross section may be written as:

2w
€
1 /70 scatt scattqx\]1, 2
j 7 ™ Re[(E x [cB ] )] ar do
0
g =
s - T
*
3 u_0 J (Einc inc) s
0
2T
= f Re [ E5°2*0(£,0) e (855 (£,00)"] 5— de (c.1)
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Substituting into Eqn. (C.l) the expressions for the scattered
fields in terms of Hankel functions (see Section 2.3), utilizing the
Wronskian for Jm and Ym » and performing the indicated integration,

yields the scattering cross section as a single series in m as

follows:
4 v 2
0’ = —_— S (C‘Z)
s ko m:?.co | m|

For the absorption cross section,

2
g = = J Re [ ES*(£,0) (B (£,0)) "] & ao
0
0

Using the expressions for the total fields given in Eqns. (2.4) and

carrying out the manipulations yields:

o =- l‘:— 12 + m[1™* s 1} (C.3)

o
g Lo

Since the s, can be derived independently for each m in the
plane wave case, the form of Eqns. (C.2) and (C.3) makes it possible to
determine scattering and absorption cross sections for each value of m

separately.
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