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ABSTRACT 

The two-pulse stimulated radiation of dense 

9 3 11 3 (10 /em < ne ~ 10 /em ) nonuniform neon and argon afterglow plasma 

columns longitudinally immersed in a magnetic field is studied . The 

magnetic field is very homogeneous over the plasma volume (~B/B ~ . 01%). 

If the S- band microwave pulses ' center frequency is such that they 

r esonantly excite a narrow band of plasma upper hybrid oscillations 

close to the maximum upper hybrid frequency of the column , strong two-

pulse echoes are observed . This new echo process is called the upper 

hybrid echo . The echo spectrum , echo power and echo width were studied 

as a function of the pulse peak power P , pulse separation T , relative 

density (w /w) 2 , and relative cycJotron frequency (w /w) po c 
The complex 

but systematic variations of the echo properties as a function of the 

above- mentioned parameters arc found to be in qualitative agreement with 

those predicted by a t heory of Gould and Blum based upon a simple 

nonuniform unidimensional cold plasma slab model . The possible effects 

of electron neutral and electron ion collisions not retained in the 

theoretical model are discussed . 

The existence of a new type of cyclotron echo , different from 

that of Hill and Kaplan and not predicted by the Blum and Gould model 

is documented. It is believed to be also of a collective effect nature 

and can probably be described in terms of a theory retaining some hot 

plasma effects . 
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r . INTRODUCTlON 

1.1 Background of the Problem 

The state of experimental research in plasma physics has tre­

mendously improved over the last twenty years . This progress is 

us ually attributed to a remarkable development of microwave devices 

f ollowing the discovery and exp~sion of radar t echniques during the 

second world •rar . Because of the ncvr instrumentation, old problems 

such as the Tonks-Dattner resonances found in a cylindrical plasma 

column have been more thoroughly investigated and fimilly understood 

(1) . It also became possible to verify important theoretical predic­

t ions as to the complicated properties of a plasma in a magnetic field . 

For instance , by monitoring the absorption by a plasma column of a 

micro1vave continuous wave signal fed into the cavity surrounding it , 

Buchsbaum and Hasegawa (?) showed that fine structure resonances found 

near the electron cyclotron harmonics could be attributed to interfer­

ences of electrostatic waves propagating at right angle with the 

magnetic fi elds . Furthermore , they were recognized to be identical 

with those predicted by Bernstein (3) in the case of an infinite 

uniform hot plasma in a magnetic field . The continuously advancing 

technology also produced situations in which the experiment preceded 

the analysis in the finoing of new phonomena. Recently Hill and Kaplan 

made an important discovery (4) also concerning plasmas in a magnetic 

field which attracted much attention because of the theoretical prob­

lems brought about by the new effect . Their experiment was of a 

t ransient nature . Fig . 1 . 1 presents the sequence of experimental 

events . Gas , preferably argon or neon , introduced in a glass bottle 
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Fig . 1 . 1 Sequence of pulses in Hill and Kaplan experiment 

( Ta >> T , T >> T ) 
p 

immersed in a slightly inhomogeneous magnetic field (~B/B ~ . 6% over 

the plasma volume) , was ionized by a brief , high power 21 MHz pulse . 

At a time Ta after the end of the discharge , two short microwave 

pulses (~ 10 ns) separated by a time interval T of the order of 

100 ns were sent through waveguides to interact •ri th the plasma . Then , 

at times t = nT (n = 1 , 2 ,· ·· )after the end of the second microwave 

pulse , bursts of radiation were emitted by the plasma . They were 

called echoes or cyclotron echoes because the pulse center frequency 
w 

was chosen close to the cyclotron frequency ( 2~ was in the X- band 

r ange of frequency) . 

Although first seen in plasmas by Hill and Kaplan, two- pulse 

echoes in gyroresonant systems were by no means a new phenomenon . They 

seem to have been originally described by Hahn (5) in 1950 in a paper 
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concerning studies of nuclear magnetic resonance in liquids . Since 

then , numerous observations have been reported (6 ). The first experi­

ment involved nuclear spin r esonance s in solids and liquids . Then , 

the resonant excitation of either noninteracting electron spins , as was 

the case in sodium-ammonia solution and in donor enriched silicon , or 

of electron spin waves p r esent , for instance , in a YIG (yttrium iron 

garnet ) disc , were used . Furthermore , since it was shown (7) that any 

two-state quantum-mechanical system , spin or otherwise , can be cast in 

the same theoretical mold , a recent experiment involving chromium elec­

tronic states having their degeneracy removed by the crystal inhomogene­

ous strains and which were excited by short intense light pulses from a 

ruby las er, was tried and brought the discovery of a photon- echo. 

The great variety of conditions under which these hro-pulse 

echoes can be seen indicates the generality of the phenomenon . It c~n 

be shown that two pulses will produce an echo in any material if, in 

this material , the pulses resonantly excit e an ensemble of nondegenerate 

slightly nonJinear oscillators, the relaxation time of which is not too 

short compared to the time interval between the exciting pulses . As a 

r esult the purpose of echo studies varied depending on each experiment . 

The f irst nuclear spin echo measurements had as an objective to measure 

the r elaxation of nuclear spins in solids and liquids. The experiments 

using standing spin waves in the YIG disc helped to ascertain through 

echo spectra measurement the density of modes at any particular fre­

quency . The photon echo gave some information as to the amount of 

degeneracy introduced by the crystal inhomogeneous strains . In their 
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experiment, Hill and Kaplan , using a low density plasma (ne < l 09/cm3 ) 

showed that the cyclotron echo comes from the independent electrons 

gyrating around the magnetic field lines at the cyclotron frequency ; 

the nondegeneracy of the "oscillators " being provided by the magnetic 

field inhomogeneities and the nonlinearity entering through the energy 

dependent electron neutral atom collision frequency . Furthermore , 

they pointed out that the echo could be an interesting diagnostic tool 

for electron collisions in plasmas . 

1.2 Objectives of the Experiment 

Because of these interesting implications , an experiment similar 

to that of Hill and Kaplan was undertaken with the dj fferences that the 

electron density was higher (l09 /cm3 
< ne < l011;cm3 ) and the magnetic 

field was more homogeneous (~B/B ~ . 01% over the plasma volume) . The 

first results displayed some fine but systematic discrepancies with the 

independent electron theoretical approach . They showed that the 

simple theoretical picture which explained the cyclotron echo could not 

be carried over to this experiment . It became progressively clearer 

that the "oscillators " were not the free electrons gyrating around the 

magnetic field lines, but collective oscillations of clusters of elec­

trons in the plasma . The echoes in plasmas therefore showed a similar 

e volution to that of the spin echoes . Indeed, the latter were first 

discovered and successfully described in terms of independent spins . 

Then echoes coming from standing magnetostatic spin waves were found 

in a YIG disc . In nonuniform plasma columns immersed in a magnetic 

field, Buchsbaum and Hasegawa demonstrated the existence of a band of 
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closely spaced hot plasma normal modes extending between the cyclotron 

frequency w ~d what is called the maximum upper hybrid frequency 
c 

where 2 w2 + w 2 and where is the plasma frequency wHo w = w 
Ho c po po 

characteristic of the peak electron density on the axis of plasma 

column. If a cold plasma picture is adopted , more appropriate to the 

l ow electron temperature found in the afterglow used for echo experi-

ments , it c~ be shown that there exists similarly a continuum of 

normal modes between the cyclotron ~d the maximum upper hybrid fre-

quency. This b~d of reson~ces in the plasma can be excited with a 

cold plasma wave propagating across the magnetic field, named the 

extraordinary wave . A new experiment was then designed to observe in 

better conditions (the pulses ' center frequency was lowered from X-b~d 

to S-band) the echo arising from these collective modes of the plasma. 

It resulted in the discovery (21) of an echo peaking not at the cyclo-

tron frequency but near the maximum upper hybrid frequency, hence the 

name upper hybrid echo (see Fig . 1 . 2) . Simult~eously with the 

experiment , Gould ~d Blum (18 , 20) developed a new collective effect 

echo theory in terms of a simple nonuniform unidimensional cold plasma 

slab. The objectives of the experiment were then to verifY the 

complex dependences of that new echo on the parameters of interest as 

predicted by the new theory . 

Chapter II is devoted to the plasma echo theories . The inde-

pendent particle theories are described because of their value for low 

density plasma echoes ~d also for the general frane of understanding 

they provide . Consequently, the new cold plasma model of Gould ~d 
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I st echo 

3 rd echo 
2nd echo 

Fig . 1.2 Photograph of upper hybrid echoes and their triggering 
pulses for a 5 micron neon afterglow plasma . The first 
echo reaches a maximum power when the ratio (w /w)= .915 
with the maximum upper hybrid frequency definea by 
(w /w) = . 91 . The microwave pulses ' peak power= 5W ~ 

c 
their center frequency = 3 GHz . (Horizontal scale : 
50 nsec per division) . 

Blum is developed in some detail . The general case is treated first , 

followed by the tYro special cases of the loYT pulse peak power regime 

and high pulse peak poYTer regime or saturation regime . This regime is 

studied carefully because of the r emarkable complexity of the echo 

functional r elations to the parameters of interest predicted in that 

case . It YTill offer the best possible test of the theory by comparison 

YTith the experiment . In Chapter III some details on the instrumentation 

are given . Special attention is focused on the pulse-producing 
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electronics and microwave devices , on the magnetic fi eld generation 

and measurement , and on the receiver system . Some characteristics of 

the afterglow plasma are presented as well as some techniques used to 

measure echo properties . 

Chapter IV is de voted to the experimental results. They will 

b e compared with those of the theory for each property of the echo . 

Furthermore , when important , the effects of electron- neutral and ion 

collisions, not included in the theory , are discussed . In that 

chapter the last section describes a secondary peak of the echo spec­

trum at the cyclotron freque ncy not predicted by the cold plasma theory 

but believed to be also caused by collective effects and therefore to 

b e different from the Hill and Kaplan cyclotron echo. 

The result s and conclusions are swnrnarized in Chapter V and 

some suggestions for further work are given . 
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II . THEORY 

2 . 1 Introduction 

The t heory of the plasma echo has been a moving fi eld over the 

last three years . And a few different points of view have emerged as 

a consequence of the sometiwes ~ontradictory experimental results . 

Rather than try to find logical reasons for their order of exposition 

in this chapter , we have developed them in a chronological sequence . 

Section 2 . 2 will be concentrated on the independent particle theories 

and some early experimental results will be injected to illustrate the 

difficulties encountered in the understanding of that superficially 

simple phenomenon . In Section 2 . 3 the new collective- effects model 

of Blum and Gould will be exposed jn some detail . Influence on the 

echo power and echo width of the power of the excitinr, pulses will b e 

described and some experimental predictions will be made . 

2 . 2 Independent Particle Theories 

The discovery of Hill and Kaplan attracted a great deal of atten­

tion because of its phenomenological similarity with the spin echo in 

solids . It was of particular interest to plasma physjcists to know 

how different the physical mechanisms hiding behind the apparent 

resemblance of the experiments really we r e . A number of worke rs con­

tributed to build a r elatively simple picture where these differences 

were pointed out and also how non-interactin~ electrons of a plasma 

can give rise to an echo . In this paragraph a report of Gould (8) on 

these theories will be closely f ollowed . As did the other workers , 

Gould started with a plasma consisting of fixed ions and non-



- 9-

interacting electrons so that one could consider the motion of one of 

them in a static magnetic field and an oscillating electric field such 

as those encountered in an echo experiment , and then come back and 

consider the linear superposition of the motions of each of them. 

Before entering into any detail~d calculations one can try to describe 

what happens to the electron gas in an echo experiment . It is recalled 

from the introduction that the plasma is in a relatively homogeneous 

magnetic field (in most early experiments of the order of 1% over the 

plasma volume) . So before the first micro•rave pulse hits the plasma, 

the electrons gyrate around the magnetic field lines with a frequency 

of rotation called the electron cyclotron frequency w 
c 

= qB and 
m ' 

with a Larmor radius characterized by the temperature of the electrons 

and the intensity of the magnetic field . The first pulse of microwave 

whose center frequency is close to the electron cyclotron frequency and 

whose spectrum width is much larger percentage wise than the magnetic 

field inhomogeneities will heat up the electrons and synchronize their 

phases so that right at the end of the pulses they will all be in 

phase , and will reradiate coherently part of the energy absorbed from 

the electric field of the microwave pulse . However, because of the 

weak inhomogeneity in the magnetic field, the electrons gyrate at 

slightly different frequencies . They will then slowly dephase , causing 

a rapid drop in the coherent radiation emitted. The observed radiation 

rate of decrease should not be interpreted as a corresponding loss of 

energy on the part of each electron , buL simply that they have lost 

their coherence . One recalls from classical electrodynamics that the 
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intensity of radiation produced by N electrons goes as N
2 

if they 

are in phase, but goes only as N if they are not . So the situation 

before the second pulse is as follows . The electrons have kept most 

of their energy acquired during the first pulse, but are out of phase . 

By the excitation of the second microwave pulse , the electrons will 

acquire a new amount of energy (equal to that given by the first pulse, 

since the experimental pulses are chosen to be equal) and coherence 

again. However , for the same reason the electrons will again lose 

that coherence and the radiation coming from the ensemble of electrons 

will drop to a very low level. vfuy, then, an echo after the second 

pulse? The answer is evidently not given by the discussion above . It 

fails because it was based on linear logic which would predict that if 

there is only an infinitesimal amount of radiation coming from the 

plasma at a time t = T after the end of the first pulse, only an 

infinitesimal amount of radiation can be expected at a time t = T 

after the end of the second pulse. So the echo has to come from some 

nonlinear process . However , the first analysis tried by Gould was com­

pletely linear . It was hoped that even though such an analysis would 

not produce an echo , it woQld point out some particularities in the 

electron trajectories at times t = T , 2T ,"' , nT after the end of 

the second pulse and then it would be possible to guess at the effects 

of possible nonlinearities . The motion of a single electron in a 

magnetic and electric field can be written (neglecting the effects of 

the spatial variations of E and B and of the r . f . magnetic field) 
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£.E 
m- w 

c 

qB 
m 

(2 . 1) 

Now it is convenient to transform to a rotating reference frame of the 

velocity space in which one of the rotating components of E is sta-

tionary. In this system the ef~ect of the other rotating component may 

be neglected, and the cyclotron frequency appears reduced by the . 

frequency w of the r . f . electric field . Cyclotron resonance corres-

ponds to a "difference cyclotron frequency" w' of zero and near 
c 

resonance to small w' 
c 

So one can write : 

w ' x V ' = 
-c 

£_ E ' 
m- w' = w - w c c 

(2.2) 

Since we shall be concerned only with the components of velocity per-

pendicular to the static magnetic field (which lies along the axis of 

rotation) it is also convenient to introduce a complex velocity repre­

" sentation in which the real and imaginary parts of V 

V respectively . So equation 2 . 2 can be written : 
y 

with 

\7 
V' 

1/ 

v 
iw ' V' = 

c 

V' = V' + iV ' 
X y 

v 
e E ' 
m 

~quation 2 . 3 can be solved using Laplace transform 

iw ' t t iw ' (t-s) 1/ v 

f " V' (t) V' ( 0) c 
+ c (- £.) E ' (s) = e e m 

0 

are V and 
X 

(2.3) 

ds ( 2 . tl) 

Now the question is to find how the electron velocity has been 
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perturbed by a short microwave pulse . Since the duration of t he pulse 

is very short and the homogeneity of the magnetic :field high, the con-

dition w' t << l is 
c p 

certainly satisfied so that the velocity o:f one 

electron at a time t = t (end of one pulse) i s : 
p 

v 
V ' (t ) 

p = 
v ' 
V ' (0 ) 

v 
~ E' t 
m P 

( 2 . 5) 

The effect o:f the electric :field is then simply to translate t he velo-

city vector by an amount proportional to the intensity and duration of 

the pulse . I:f the electron has a cyclotron frequen cy slightly differ-

ent :from the r. :f . exciting :field :frequency w , the velocity vector 

will rotate slowly about the axis with the :frequency w' • 
c 

One can 

then usc this r esult to discuss the behavior o:f electrons which have a 

distribution o:f cyclotron frequencies by virtue of their being located 

in r egions o:f slightly different magnetic fields . Fig . 2 . 1 displays 

Gould ' s echo diagrams . They describe the behavior in the rotating 

ve locity space of electrons submitted to the two pulses of an echo 

experiment . If we ignore the thermal velocities of the electrons in 

comparison with the heating due to the first pulse , the velocity vector 

o:f each particle is initially at the origin and is translated by an 

amount V]_ by the first applied pulse (Figure 2 . la ) . Following the 

:first pulse , each velocity vector characteristic of one electron 

r ot ates about the origin at a rate determined by the " difference 

cyclotron :frequency " w' of that electron , so that after a time all 
c 

these velocity vectors become distributed around a circle of radius 

V]_ (Figure 2 . lb) . One should bear in mind that vectors at B , for 
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v~ 

c 

v/ , 
A X A Vx 

E 

E - G 

(a) (b) 

I 

Vy 

c 

v~ 

G 

(c) 

v~ 
A A 

(e) (f) 

Fig. 2 . 1 Gould ' s Diagrams 



example , consist of particles which drifted directly to B or encir-

cled the origin once, twice , or more , either clockwise or counter-

clockwise , to reach B . This dispersal represented by Figure 2 . lb 

shows a situation corresponding to a complete loss of coherence of the 

electrons due to the inhomogeneity of the magnetic field . The second 

microwave pulse (equal in strength t o the first) translates each of 

the velocity vectors by the same amount, giving Figure 2 . 1c. Follow-

ing the second pulse , each velocity vector rotates with its appropriate 

rate and the circle in Figure 2 .lc breaks into "many circles", since 

particles at a given point on the circle have arrived there by rotating 

at different rates. However, after a time exactly T each vector 

will have turned through the same angle as it did during the injtial 

interval T between the two pulses and all vectors which were together 

at B in Figure 2.lc are together at B in Figure 2.1e. Figure 2 . le 

corresponds to the time of the first echo and Figure 2 . lf corresponds 

to the time of the second echo ; Figure 2 . ld shows intermediate times. 

We see that at special times nT (measured from the second pulse) , 

velocity vectors which are otherwise distributed over the entire plane , 

regroup . This regrouping in phase at special times is not sufficient 

to produce a macroscopic current in the plasma , since the sums of the 

velocity vectors (in diagrams 2.le and 2 . lf) are zero due to an exact 

canceJlation of positive and negatjve V' ' s . Hmvever, this exact 
X 

cancellation at the special tjmes nT will be spoiled by any kind of 

possible nonlinearities . There seem to be two main classes of possible 

nonlinearities for the cyclotron echo ; one is the energy-dependent 
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cyclotron frequency that Gould and Kegel investigated (9) , and the 

other the energy-dependent relaxation phenomena first introduced by 

Gordon , Hill and Kaplan ( 10) . A typical energy- dependent relaxation 

phenomenon is the electron- neutral collision frequency which is a 

strong function of the electron velocity in most gases (11) . What type 

of energy-dependent cyclotron frequencies can play a role will be dis -

cussed later . Considering Figures 2 . le and 2 . lf , an energy- dependent 

cyclotron frequency will spoil the symmetry of the figures with 

r espect to the V' axis . 
X 

An energy- dependent relaxation phenomenon 

such as the energy-dependent electron- neutral collision frequency will 

h ave the effect of selectively removing electrons (or their corres-

ponding velocity vectors) from Figures 2 . le and 2 . lf, depending on the 

magnitude of their velocity . For instance , if the collision frequency 

is a growing function of the velocity , many of the eJectrons in Figure 

2 . le which should have occupied the point A at the time t = T will 

experience a collision with a neutral before that time and then lose 

their phase identification , and so cannot be at A at the time t = T . 

How.ever , among the electrons which should be at point E at t = T , 

very few of them will experience collisions , so that the cancellation 

of negative and positive V' will again be spoiled . 
X 

A characteristic, 

then, of the cyclotron echo is that the nonlinearities are acting at 

all times between the beginning of the first pulse and the time the 

echoes appear . This is a main difference with the spin echo , because 

one can show that the nonlinearity associated with this phenomenon 

comes directly through the pulse excitation . That kind of nonlinear-

ity is called a nonlinear driving force . Coming back to cyclotron 



- 16-

echoes , one can use the hints given by Figure 2 . 1 to derive a mathemati-

cal model . The macroscopic entity we are interested in is the current 

present in the plasma. To know the current one needs the density of 

electrons and their velocity . The velocity of an electron at a time 

t after the second pulse is (using the same notation as in equation 

2. 5) 

(2 . 6) 

vl is the velocity imparted by the first pulse and is equal to e 
; Eltl 

v2 is the velocity imparted by the second pulse and is equal to e m E2t2 

¢1 is the rotation between the 
'V 

w' T first and second pulses c 

¢2 is 
'V 

the rotation after the second p1.1lse = w' t 
c 

Since the electrons have different cyclotron frequencies depend-

ing on their spatial locations, one can define a normalized electron 

density G(w') per increment of "difference cyclotron frequency" 
c 

so that the plasma current can be •rri tten 

j ' ( t ) = - N e J dw ' G ( w' ) ~ ' ( t ) 
c c 

w' 
c 

(2 . 7) 

N is the number of electrons per cubic centimeter if , for example , 

one is interested in the plasma current per cubic centimeter . To be 

more general and also to introduce energy- dependent relaxation type of 

nonlinearities, one can multiply the integrand of equation 2 . 7 by a 

term giving the probability P(t) of no collision between the first 

pulse and t : 
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- v(t+T) 
e 

v 
so that equation 2 . 7 can be written , using the notation J ' (t) = J to 

simplif'y : 

(2 . 8) 

The energy- dependent gyrofrequency nonlinearity is present in the 

phase . Assuming a weak dependence on v2
, one has : 

2 aw 
~ = [ w (V ) - w] t = [w ' + _ c V2] t c c av2 

and 
aw 

~1 = [ w' + _c v2] T ( 2. 9) 
c av2 

1he energy-dependent relaxation can also be written , assuming again a 

weak dependence on 

v(t + T) = [ v + ~ v2 J ( t + T) 
o av2 

(2 . 10) 

Now in these early theories the effect of the nonlinear terms in the 

period of time between the two pulses is neglected, and one considers 

their effect only starting from t = 0 , corresponding to the end of 

the second pulse . The approximation is certainly good when one consi-

ders the second or third echo, but seems questionable as far as the 

first echo is concerned. However , one can show that the qualitative 

aspect of the results is unchanged. Equations 2 . 9 and 2 . 10 will then 

be written : 
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0 = w' T 
l c 

~V2) 
av2 

t 

v2 = v2 + v2 + 2V
1

v
2 cos 01 l 2 

and from a· well-known Bessel function identity 

e-( a+if3)cos 01 = 
with 

so that finally : 

+oo 

NeV1 L 
- 00 

with 

-00 

I (a+ if3) 
n 

A (t) g(t -m) 
n 

- in0 
l 

e 

(2. 11) 

( 2 . 12) 

(2 . 13) 

( 2 . 15 ) 

A ( t) = I (In+l (a+i f3) + 
V -(v (t+T )+ (lv (Vi+V~)t) 
_g_ I (a+if3) e 0 av2 

n 

and 

g ( t ) = 

vl n 

X 

+ oo 

J 

iw ' t 
G ( w~) e c 

-"" 

dw ' 
c 

(2 . 16) 

(2.17) 

A (t) represents an amplitude factor and g(t) represents the nor­
n 

malized echo shape . One sees that the echo shape is simply the 

Fourier transform of the distribution of cyclotron frequencies . One 
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should note that, apart from the assumptions mentioned , the plasma 

current given by equation 2 . 15 has b een derived in complete generality 

as far as nonlinearities are concerned . So it is possible to make 

a choice as to which one is preferred and then to dravr some predictions 

to be confirmed by the experiment . Kegel ( 12) showed that a possible 

energy- dependent frequency type of nonlinearity could be the relativis-

tic mass effect. Other workers (13) , however , pointed out that the 

energy- dependent collision frequency type of nonlinearity is much 

stronger vrhen the energy of the electrons is of the order of 1 eV , 

which is the energy the electrons are likely to acquire in a typical 

echo experiment . 

For some time the generally accepted picture was an independent 

particle theory with the energy-dependent collision frequency as the 

nonlinearity (10) . In the first experiment that we tried , an extremely 

( liB __ -4) homogeneous magnetic fie l d B 10 , at least ten times more homo-

geneous than was the case in the other experiments , was used . So it 

was a startling surprise to find that the echo width was ten times 

narrower than expected by equation 2 . 17 . One recalls that G(w ' ) 
c 

in 

equation 2 . 17 is expect ed to be a direct measure of the magnetic field 

inhomogeneity . Figure 2 . 2 presents this early experimental result. As 

the figure makes clear , not only did the echo width appear much 

narrower than expected , but it shows a systematic variation with the 

time in the afterglow. The time in afterglow is the time , counted 

from the end of the 21 MHz pulse creating the plasma at which the 

echo experiment is done . It is then a measure of the electron density 

at which the echo experiment is performed . As the density increases 
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the echo gets narrower . As the pressure increases at a fixed time in 

the afterglow , the echo gets narrower also. This r eflects the fact 

that if the pressure is increased at a fixed time in the afterglow the 

electron density increases . The same behavior of the echo width was 

observed in a cesium plasma by Wong et al (14). A systematic dependence 

of the echo width on density was found, a fact not at all predicted by 

the model using an energy- dependent collision frequency . Gould and 

Kegel (15) then proceeded to resuscitate the energy-dependent cyclotron 

frequency model with a new idea . As shown by the calculation of Parker 

(16) the radi al density profile of a plasma contained in a cylindrical 

glass column falls approximately as the Bessel function of order zero 

from the axis of the column to a distance of about one Debye length 

e: kT l/2 
(AD = (~) away from the wall and then drops rapidly to zero . 

ne 
The zone of plasma situated at one Debye length of the wall is called a 

sheath . Large static electric fields are present there as a result of 

a steady state diffusion situation . Parker solved the problem for a 

plasma not in a magnetic field, but it can be shown that qualitatively 

the same type of static electric field exists . It will also be weak in 

the center and large in the sheath region . One can take a one-

dimensional model to write the equation of motion of an electron in 

such a configuration of fields . The static electric field will b e 

written E = E(y) ; the equation of motion of one electron will then be: 

o; ( y ) + w 2 oy ( y ) + g_ E < y + oy ) = o 
c m 

(2.18) 

where oy is the displacement of one electron from its equilibrium 



- 22-

position y . Now it is possible to expand E(y) around the position 

of equilibrium of the electron 

E(y+oy) = E(y) + E' (y) oy + ~ I E" (y) oy2+ ~ ! E"' (y) oy3+ 

(2 . 19) 

Substitution of equation 2 . 19 into equation 2 . 18 gives : 

oy(y) + ( w2 + .9... E ' (y)) oy +1..9... E"(y) oy + 1:.. 9.. E"'(y)oy3 =- 9.. E(y) 
c m 2m 3m m 

(2 . 20) 

Equation 2 . 20 is the equation of an anharmonic oscillator , meaning that 

it s frequency of oscillation is energy- dependent . Through the term 

.9... E ' (y) the electron gyrcfrequencies are seen to depend on the density , 
m 

since qE~(y) ~ w2p(y) explaining nicely why the echo width is depen-

dent on density . So for a while this new model seemed to hold some 

s erious promise . However , if one investigates the strength of the non-

linearity and compares i t with the energy- dependent collision frequency, 

it is f ound that only the electrons in the sheath experience a nonli ne-

arity equivalent t o that due to the collision frequency. Taking into 

account the small quantity of electrons in the sheath , the echo com-

puted was about t\-10 orders of magnitude smaller in the new model than 

in the collision-frequency type of nonlinearity . The contradictory 

nature of the experimental and theoretical results brought some under-

standable confusion and the realization that something was basically 

wrong in the independent particle theories . One must emphasize , 

however , that they did serve a useful purpose , shedding some light on 

what conditions are necessary to obtain an echo from a plasma , or for 
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t hat matter , from any physical system. In other words , this system 

must possess : 

a ) An ensemble of oscillators with a distribution of natural 

f r equencies , which interact with external forces ; 

tion" : 

b ) Sufficiently lonG relaxation times to permit observation ; 

c ) One of a variety of nonlinear effects to "spoil cancella-

1 . Energy-dependent driving force 

2 . Energy- dependent natural frequency ; anharmonic oscilla­
tors 

3 . Energy-dependent relaxation phenomena . 
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2 . 3 Collective Effects Model : Echoes from a Cold Nonuniform 

Magnetoplasma 

2 . 3 . 1 General Case 

The single particle theories considered the independent electrons 

to be the oscillators required for an echo . This implied that when the 

plasma interacted with an external RF signal , each electron acted 

independently . Actually , numerous experiments have shown that a 

cylindrical nonuniform pJasma column in a magnetic field such as we 

used , exhibits a very complex collection of resonances when excited 

with a continuous wave signal whose frequency is changed. Among those 

most successfully explained are the Buchsbaum-Hasegawa resonances (25) 

caused by standing electrostatic waves in the dense core of the plasma , 

or the corresponding under-dense modes of Schmitt , Meltz and Freyheit 

( 26 ) excited in the low density area of the plasma. Both of these 

phenomena are described in terms of electrostatic waves caused by 

coherent density fluctuations which propagate throush the plasma at a 

r ight angle to the magnetic field . In these two cases the collective 

oscillations are seen to dominate the plasma reaction to the excitation 

of an external signal . As a rule of thwnb , in fact , one can expect 

t hat the collective effects of the plasma will prevail as long as the 

plasma frequency 

frequency w /2n 
c 

w /2n is not too small compared to the cyclotron 
p 

and sisnal frequency w/2n . 

The Buchsbau.'ll- Hasegawa resonances are most easily observed when 

an active discharge is used , thus r equiring a. "hot" plasma theory . Our 

experiment, on the contrary , is done in a late afterglow plasma . The 
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electrons can then be asswned to be at room temperature so thaL an 

easier cold plasma theory is expected to suffice . Indeed, it is known 

t hat a cold plasma can support two types of waves across the magnetic 

f i eld; the ordinary wave and the extraordinary wave. Considering for 

t he sake of simplicity a uniform , unidimensional slab of plasma , one 

can show that the latter type of wave will induce an electrostatic 

r esonance at what is called the upper hybrid resonance , 

w2 + w2 , where c p w /2n is the cyclotron frequency and 
c 

i s the plasma frequency . The idea , then , that these collective 

w /2n 
p 

oscillations in the case of a relatively high electron density should 

play a role in the echo formation had been present for some time , but 

i t was difficult to see how a new theory could be developed. Herrmann 

and ~fuittmer (17) were the first to suggest the existence of an echo 

associated vTith the upper hybrid resonance . Later Gould and Blum (18) , 

Wong and Judd (19) developed that idea . The former showed that a slab 

o f cold , collisionless plasma with a nonuniform density profi l e had 

all t he necessary properties for the formation of an echo . I n this 

section the theory of Gould and Blum , and new developments of the 

theory by Blum (20) will be presented for comparison with the experi-

mental results obtained by the author . For an easier analysis of the 

nonuniform plasma slab , see Fig . 2 . 3 , one can approximate it by an 

ensemble of thin space charge sheets each carrying a slightly differ-

ent electron density and spaced closely enough to give a " smooth " 

variation of density between the center of the slab and its edge. If 

the plasma slab is excited by some signal , part or all of the space 
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X 

+0 

-a 

Fig . 2 . 3 . The model ' s nonuniform plasma slab 

charge sheets will b e excited and will oscillate at their own upper 

hybrid frequencies . In other words , each sheet is an oscillator and , 

depending on their location in the slab, they can h ave resonant fre -

quencies r anging from the cyc l otron frequency--if the sheet is 

l ocated at t he edge of t he slab-- to the maximum upper hybrid frequency 

w = wHo = (w~ + w~0 ) 1 /2 at its center. (wpo corresponds to the maxi­

mum plasma frequency in the c enter of the slab . ) Then even though the 

magnetic field is very uniform , the spread of the osci llator frequen-

cies could b e very wide if the plasma frequency is high enough ; even 

comparable to or larger than the exciting pulse ' s spectrum (see Fig . 

2 . 4) . In the independent particle theories the spectrum of the pulse 

was always assumed to be much wider than the spectrum of the oscillators. 

This hypothesis will evidently n ot be adequate here . After the first 
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pul se , the sheets will then oscillate and , because of the different 

upper hybrid fre quencies , slowly dephase in a manner quite similar to 

the independent electrons as seen in Section 2 . 2. It is intuitively 

f elt , in fact , that when the electron density is small enough the 

i ndependent particle theory should be a good approximat ion . A possible 

criterion (21) to fix a density limiting the zones of applicability of 

t he two theories would be : 

w 
c 

= 
D.w 

c 
w 

c 
(2 . 21) 

where D.w /w represents the inhomoge neity of the magnetic field and 
c c 

2 ( w -
Ho 

w2
)1 / 2 /w represents the spread of upper hybrid frequencies due 

c c 

to the nonuniformity of the electron density . In our experiment t hi s 

fixes the density limit to 10
8

e1/cm3 . When compared to the usual 

experimental values of 109 to 1011 el/cm3 , this criterion reinforces 

the necessity of a collective effect theory . So f ar the model of Blum 

and Gould has the necessary linear property for an echo . To see where 

the nonlinearity comes from , a Lagrangian formulation of the equation 

of motion of a sheet perturbed by an external field 

ox ( x ) + w2 ox ( x) + !:. E ( x + ox) 
c m 

0 

E 
ext 

is used: 

(2 . 22) 

where ox(x) is the sheet displacement from the equilibrium position 

x . E(x+ ox) consists of the external field Eext and the space charge 

restoring force of the ions (assumed fixed) which may be expanded in a 

Taylor series : 
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(2.23) 

Substituting 2 . 23 into 2 . 22 : 

2 ' 2" 2 
w (x) ox(x) wp (x) OX (x) J 
'2 ! ( w 2 + w 2 ( x )) + -3L-! -( w-2~+-w-=2~(-x-) -) + ... 

c p c p 

= ~E 
m ext 

( 2 . 24 ) 

Equation 2 . 24 is the equation of an anharmonic oscillator ; the nonline-

arity required to have an echo comes then simply from the nonuniform 

density profile of the slab. Equation 2 . 24 is that of the motion of 

one sheet only ; it is necessary to link its motion to some physically 

measurable macroscopic quantity . A sheet displaced from its equilibrium 

position x by ox will generate an electric field E(x,t) such that 

where 

E(x , t) = 1 
e: 

0 

p.(x} is the fixed ion density . 
l. 

(2.25) 

If all the sheets are considered, they will each generate some 

electric field which will appear as a voltage V(t) across the slab : 

V( t) 

+a 

J E(x,t)dx = 
-a 

1 
e: 

0 

+a 

J 
- a 

OX (X, t) p. (X) dX 
l. 

This quantity V(t) or the square of it will be compared with the 

(2. 26 ) 

experimentally observed plasma signals . The problem is now defined and 

one can proceed to look for an approximate solution of 2 . 24 . 
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However , before that is done some simplifications in 2 . 24 will be 

necessary ; first some simplification in writing 

ox( X' t) = OX 

2u 
w 

p 

!:..E 
m ext 

= 

= F(t) (2 . 27) 

Second , the presence of two nonlinear t erms will introduce some unnec­

essarily complicated equat i ons . The term in ox3 only will be kept 

throughout the derivations and the r esults will be adjusted to take 

into account the effect of the term in ox2 so that 2 . 24 becomes : 

ox + w~ ox [ l + S ox2 
] = F ( t ) 

with S « l (2 . 28) 

Using standard small perturbation techniques (22 ) the time is redefined 

Q = wt 

where 

w 

... (2 . 29) 

Using the newly defined variable, equation 2 . 28 can be written 
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II 

w
2 

ox + w~ ox[l + Sox
2

] = 

or 

= ( 2 . 30) 

From equation 2 . 30 one gets different order differential equations by 

equating the coefficient of S0
, e1 , e2 , ... 

II 2 + 2 F(~) WH ox WH ox = 
0 0 

zeroth order: (2 . 31) w 

II II 
ox3 

2w
1 

oxl + oxl - - OX 
0 WH 0 

first order: ( 2 . 32) 

The zeroth and first order differential equations only will be used 

here . This will represent a good approxjmation as long as e << l . 

It can be shown that the solution of 2 . 31 using Fourier transform 

is: 

OX 
0 

= 

g 

J sin ( g - g 1 
) F ( ~ 1 

) d9 1 (2 . 33) 
- 00 

making a transformation of variable from g to t , equation 2 . 33 

becomes 

ox = 
0 

wt 

J 
- oo 

sin w(t -t 1
) F(t') dt 1 (2 . 34) 

If one i s interested in the value of ox for times at which F(t) has 
0 

b ecome negligible , 2 . 31, can be written approximately as 



ox 
0 

+<» 

J sin 
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w( t- t ' ) F(t ') dt ' (2 . 35) 

which can be put in t he form 

ox = w2 ( f r (w ) sin wt - f . ( w) cos wt ) 
0 ~ 

WH 
wher e +<» 

f( w) = J eiwt l<' ( t) dt = f (w ) + i f. ( w) r ~ 
( 2 . 36) 

_ co 

Equation 2 . 35 or 2 . 36 would constitute the solution of the problem if 

w were kno•rn . To achieve that goal, the ox j ust obtained will be 
0 

substituted into equation 2 . 32 . This will produce "secular" terms 

f rom 2 . 32 unless a condition on w is satisfied , givine the value of 

w to first order (sufficient in this case) . Since ox is expressed 
0 

as a func Lion of the variable t , equation 2 . 32 must be transformed 

also , giving 

2.., 3 
W uX 

0 

2w
1 

.. 
ox 

0 

Now usine equation 2 . 36 one has : 

2 w OX 
0 

sin wt - f . (w) cos wt) 3 
~ 

(2 . 37) 

(2 . 38) 
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Among the terms of 2 . 38 only the terms in cos wt or sin wt will 

give rise to solutions growing with time or "secular" terms . So , 

gathering all the secular terms from 2 . 38 and from the other term of 

the second member of 2 . 37 , one gets : 

Sum of secular terms = 

(2 . 39) 

It can be seen that the disappearance of the cos wt and sin wt 

t erms calls for the smne condition on w = wH + Sw1 which is : 

(2 . 40) 

which means that 

w (2.41) 

It is then possible to take the value of w and to substitute it into 

equation 2 . 35 : 

or since 

written : 

ox (t) = 
0 

(2 . 42) 

, then equation 2 . 42 can be 
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l c i(wH+ 
+oo 

Bwl )t f - iw t ' } 
OX (t) = - - Im e e H F(t ' )dt ' 

0 WH 
- oo 

or 

OX (t) = 
0 

1 c i ( ''H + 6w1 )t 
f*(wH)} -- Im e 

WH 
(2 . 43) 

where +oo 

J e
-iwHt 

f*(w) = F(t )dt 

- oo 

Equation 2. 43 is the most general equation of the motion of one 

plasma sheet in the first approximation analysis used, and subject to 

the condition that it is good only for a time t for which F(t) has 

become and stays negligible . Nothine has been said about the exciting 

external fie] d represented by F(t) to keep the analysis general. Now 

F(t) will be made to represent an echo experiment . So F(t) will be 

composed of tvo pulses F 
1 

and F 
2 

, one at t = - T , the other at 

t = 0 , so that 

(2 . 44) 

To adapt 2 . 43 to this case : 

+ oo 

J 
- iw t 

f·X· (w ) H ( F l ( t + T) + F 
2 

( t) ) dt = e 
H 

- oo 
+oo 

-i~(t ' -t) 
f2(wH) + J 

F (t ' )dL' = e 
1 

- oo 

or: 
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( 2 . 45) 

At this point another simplifying assumption can be made by noting that 

if the exciting pulses are symmetrical in the time domain with respect 

to their " center line", f
1

(wH) and f 2 (wH) are real ; then : 

which means that equation 2 . 45 becomes 

f•l< (w ) 
H 

The next thing to calculate is w
1 

from equation 2 . 40: 

but 

then fr(wH) = fl(wH) cos WHT + f2(wH) 

fi (wH) - - sin WHT fl(wH) 

which will give 

3 
( fi + f2 + 2 f

1
f

2 
COS W1) wl 8wH 2 

(2 . 46) 

(2 . 47) 

(2 . 40) 

(2 . 48) 

Using equations 2 . 43 , 2 . 47 , 2 . 48 the equation of motion of one plasma 

sheet becomes: 
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~w2 = d ~ ( f 2 
+ f 2 

+ 2f
1

f
2 

COS WT ) 
8 WH 1 2 

( 2 .49) 

Before going on and obtaining a more explicit echo formula, it is 

interesting to note that with the method empl oyed here t here is a cor-

r ection to the frequency from t = 0 to t = T which is ~w2 and 

which arises from the nonlinearity of the plasma sheet oscillation , but 

there seems t o be no corresponding correction between the times t = -T 

to t = 0 . Tnis comes about because the solution developed here is 

onl y correct for times aft er which F( t ) becomes and stays negligible 

which is evidently not the case between the two pulses . To correct 

tha t difficulty one can consider what would happen if there >rere only 

one pulse: the first pulse at t = -T The plasma sheet motion can 

then b e obtained f r om the general equation 2 .4 3 : 

OX (t) = 
0 

(2 . 50 ) 

(1 pulse at t=-T) 

where 

The n equation 2 . 49 can be corrected to r ead : 

(2. 51) 
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Using a well known Bessel expansion , one can show that 

i ( 3/ l,) 8 

e 

where 

Then ox (t) 
0 

ox ( t) 
0 

where g = 

WH 

can be 

f 
1 

r
2

cos WT 

z = 

written 

= 
n=+"" 
I . n J ( z ) inwT 

~ e n n=-co 
(2 . 52 ) 

3 8 
) - flf2 
I WH 

i (wH(t-nT) + Gt) } 
+ f 2Jn(zt)]e 

(2 . 53) 

As in the independent parLicle theories the sum over n means that 

ox
0
(t) will comprise the contribution of the first echo : n = 1 , 

second echo : n = 2 and so on . (The negative values of n do not have 

any physical meaning ; they correspond to echoes which would appear 

earlier than the exciting pulses) . Since one is interested only in 

one echo at a time, one can consider the equation of motion of the plasma 

sheet for one value of n only; the displacement of the plasma sheet 

created by the nth echo will then be: 

i (wH( t-nT )+Gt )} 
f 2J n ( zt) ]e 

(2 . 54) 

Calculating the imaginary part of the bracket gives a different result 

depending on the evenness or oddness of n because of the term 

So n even: 

.n 
J. • 
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ox (t) = 
on 

even 
bn c os wH( t - n<) + a n sin wH( t - n < ) ( 2 . 55 ) 

wher e 

a nd 

n odd : 

a 

b 

n even 

n 
even 

e v en e v en 

(- l )n /2 = _,_=..:._ __ {[ - f 1J n+l ( zt )sin ( llw1 < + Gt )+ r 2J n( zt)cos GtJ} 

( 2 . 56 ) 

{[ f 1Jn+l ( zt ) cos ( llw
1

< + Gt )+ f 2Jn ( zt )sin Gt J} 

( 2 . 57) 

ox ( t ) = 
on odd 

( 2 . 58 ) 

where n-1 

a = (-1~ 
{[ -f1J n+l( zt ) cos ( llw1 < + Gt) - f 2J n( zt )sin Gt J} 

nodd WH 
( 2 . 59 ) 

and n-1 

b = 
( - 1 ) 2 

{-f
1
Jn+l(zt) sin(llw

1
< +Gt) + f

2
Jn(zt)cos Gt ]} 

n odd WH 

( 2 . 60 ) 

Equations 2 . 55 to 2 . 60 describe the motion of one plasma sheet trig-

gered by the nth echo . To knovr t he voltage across the slab generated 

b y this echo , one needs equation 2 . 26 

+a +a 

v (t ) 
on + f 0 

ox ( x ,t) p . (x)dx 
on ~ ; J w2 (x ) ox ( x , t ) dx 

p on 
-a - a 

Substituting the value of ox ( x , t ) into equation 2 . 61 
on 

( 2 . 61 ) 
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on(even (t) 

or 
odd) 

+a 

~ I 
- a or 

odd) 
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or 
odd) ( 2 . 62) 

Equation 2 . 62 would be the most ,general equation for the voltage gen-

e r ated by the nth echo in the first approximation analysis used were it 

not for the fact that equation 2 . 24 was solved only for the ox3 type 

of nonlinearity. It can be easily shown , however , that the only effect 

of the ox2 type of nonlinearity is to add another correcting term to 

the frequency wH , meaning that if one solves 

with 

ox+ w~ o x[l + aox + Sox
2

] = F(t) 

a = 1 
2 

instead of equation 2 . 28, thcn w takes the value : 

w = w +( 83e 
H WH 

(2 . 63) 

(2 . 64) 

(2 . 65) 

with the effect that in equations 2 . 55 to 2 . 62 z in the argument of 

the Bessel functions becomes : 

G becomes 

g = 
2 :? 2 

( ]_ ~ - 2_ £.__) ( f + f2 ) 
8 WH 12 wH l 

(2.66) 

(2 . 67) 
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6w
1 

becomes : 

(2 . 68) 

Equation 2 . 62 with the corrections jus t mentioned represents the micro-

wave signal emitted by the nth echo . However, experimentally , using 

crystal rectifiers , one just measures the envelope of the microwave 

signal so that some of the information given by equation 2. 62 is super-

perfluous and it is clear that any possible resulting simplifications 

of that equation will be extremely useful for its later numerical evalu-

ation . An "ideal case " of an equation of type 2 .62 can be conceived to 

show what kind of "theoretical crystal rectification" is possible . Let 

us suppose that out of some related theoretical echo calculation comes 

the voltage expression : 

Wn(t) = J dw n(w)[cn(w) sin w(t- nT)+ dn cos w(t - n<) ] (2 . 69) 

where it is assumed that : 

n(w) c (w) = F(w - w ) 
n o 

c and d are not functions of time 
n n 

n(w) d (w) = G(w - w ) n o ((2 . 70) 

and where F(w - w ) 
0 

and G(w - w ) 
0 

are symmetrical functions of w , 

centered at 

Letting w' = w - w 
0 

Then one can write: 

(2 . 71) 

one gets : 
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Wn(t) = J dw ' F(w ' ) sin[(w '+ w
0

)(t-n•)]+J dw ' G(w ' )cos [( w' +w
0

)(t-n•)] 

(2 . 72) 

using the evenness of F(w ' ) and G(w ' ) and some trigonometric iden-

tities, equation 2 . 72 can be written 

Wn(t) =sin w
0

(t-nT) J dw ' F(w ' ) cos w' (t-nT) 

+ cos w
0

(t- nT) J dw ' G(w ' )cos w' (t-nT) (2 . 73) 

Calling: 

and 

Jaw ' F(w ' ) cos w' (t-n<) = 

fdw' G(w ' ) cos w' (t-nT) = 

C (t-nT) 
n 

D (t-nT) n 

the crystal detected output of that signal will be : 

When t = nT , corresponding to the peak of the "echo" 

case , the detected output is: 

Jw (nT) 1
2 = c2 (o) + D2 (o) 

n n n 

where c (0) = J dw ' F(w ' ) 
n = J dw ' n( w' ) c ( w' ) 

n 

and D (0) 
n = J dw ' G(w ' ) = J dw ' n(w ' ) dn(w ') 

(2 . 74) 

(2 . 75) 

in that simple 

(2.76) 

and then , instead of evaluating equation 2 .71, one is lef't with two 

simple integrals. To discuss the possibility of applying the same 

"detection " technique to equation 2 . 62 , one has to write that equation 

with instead of x as a variable. Using 

then 
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2 2 

( 
wHow-2 wH)l/4 (x/a) = 

po 

(2 . 77) 

with The equivalent of equation 2 . 62 is : 

v (t) = 
on 

with 

rna 
2 ew 

w 
c 

I 
po wHo 

(2 . 78) 

(2 . 79) 

N(wH) should compare to n(w) from equation 2 . 69 in the ideal case . 

The former is certainly not a symmetrical function of wH . In fact 

this density of oscillators per increment 6wH of upper hybrid fre-

quencies starts at zero when wH =we , goes to "" when wH =wHo 

and drops back to zero when However , both a and b 
n n 

(equation 2 . 56 to 2 . 60) contain the Fourier transform of the incident 

pulses •,.rhich are not only symmetrical about their center frequency 

but have spectra so narrow that the density of oscillators does not 

change much over the pulses ' specLral widLhs , as long as the density 

is not too low , see Fig. 2 . 4 . The multiplication of the two types of 

spectra is then going to be more or less symmetrical about the pulses ' 

center freque ncy . A:-10ther difficulty in applying the simplfications 

of the "ideal case " to the prese nt one comes from the fact that in 
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equation 2 . 62 a 
n 

and b 
n are fUnctions of time (not the case for 

c and d) through J (zt) , J 
1

(zt) , sin(~w1T + Gt) , sin(Gt) 
n n n n+ cos cos 

However , their time dependence is very weak compared to that of 

sin 
(wH(t- nT)) since it is comin£ from the very small nonlinear fre­cos 

quency shifts . In view of these arguments it was felt that the sim-

plification previously given could be applied to equation 2 . 62 . 

Returning to the more familiar variable x , the "theoretical detected 

output " at t = nT due to the nth echo is then : 

!von 
2 A2 + B2 (2 . 80) (nT) I = n n 

(eve n) 
odd 

( even) 
odd 

( even) 
odd 

+a 
m 

J 
2 

(2 . 81) where A - - w (x) a dx n e p n 
(even) -a (even) 
odd odd 

+a 
m 

J 
2 

(2.82) B - - w ( x) b dx 
n e p n 

(even) -a (eve n) 
odd odd 

It is interesting to note that in the " ideal case" considered b efore , 

the nth echo h ad a symmetrical shape peaked at t = nT . Hovrever, in 

our case due to the time dependence of a 
n 

and b (as defined by 
n 

equations 2.56 to 2 . 60) and the asymmetry of the oscillators in the 

upper hybrid frequency domain , the echo -vrill probably not peak exactly 

at t = nT , and also the echo shape in the time domain could be 

asymmetrical with respect to its peak . But it is the echo amplitude 

at t = nT as defined by equation 2 . 80 with the properly chosen 
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density profile which is the quantity computed and compared with the 

experimental echo signal amplitude. Finally , there are basic limita-

tions to this plasma sheet model which have not yet been exposed . 

Because of the density nonuniformity , adjacent sheets of plasma which 

started to move in phase after the exciting pulses , will slowly dephase 

and eventually " collide", making a mathematical description much more 

difficult than the present one . The phenomenon of the collision of 

the sheets is also called cross-over. Blum (20) showed that the theory , 

because of that phenomenon , breaks down if zt , the argument of the 

Bessel, sine and cosine functions , present in a and b , are too 
n n 

large . For a fixed input povrer , peak density and pulse separation 

this happens most easily near the boundary of the plasma . In spite of 

that basic limitation, the calculations were pursued and fortunately 

showed that the central area of the slab is by far the most important 

in the formation of the upper hybrid echo . The problem of the sheet 

cross-over was , therefore , not considered any further . 

2 . 3 . 2 Special Cases : Low Innut Power Echo Description and Large Input 

Power Echo Description or Saturation Phenomena 

Before any special case is studied it will be useful to express 

the parruneters z , G, ~w1 as functions of a general density profile 

w2 (x) so that they will be easily evaluated when the proper profile 
p 

is chosen . 

First z will be obtained from equations 2 . 66 , 2 . 2( , 2 . 64 
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z = 

Q i s obtained from equations 2 . 67 , 2 . 27 , 2 . 64 

2 t 
1 2 " w 

2. (-L )2 ] 2 2 g = [ w ( f l + f 2) 
16w~ p 3, WH 

a nd 6w
1 

from equations 2 . 68 , 2 . 27 , 2 . 64 

where 
2 " 

w 
p 

and 

1 2" 
2 [ w 

1 6wH p 

2 ' 
w 

p 
mean 

d(w
2

) 
~ respectively . 

( 2 . 83) 

( 2 . 84) 

( 2 . 85) 

Antici pating the experimental results , it is observed that the 

density profile giving the closest agreement behreen theory and expcri -

ment is the following one : 

2 
w ( x) 

p 
(2 . 86 ) 

No other attempt to justify the choice of that profile will be given , 

because it was not possible in our experiment to measure it . 

Low input power echo description . A considerable simplifica-

tion in the mathematical formulation of the echo will be obtained by 

allowing the input power to be low which means that QT , 6w
1

T , zT 

will be << 1 . Then if this is the case , one can expand the Bessel 

functions , sine and cosine expressions , in a 
n 

and b (equations 
n 

2 . 56 to 2 . 60) in series and retain only the first term . Another simpli-

fication can be achieved by equating f
1 

and f
2 

since experimentally 
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only equal pulses were used. In that case: 

z = g = 
2 " 

[w -
p (2.87) 

Using equation 2 . 87 and the first term of the small argument Bessel 

function expansion : 

n 
J (x) X 

'\, 

n 2n nl 
(2 . 88) 

it can be shown that for 

n even: 

(-l)n/2 
2 ' 

l 2" w 
f 2t a = f {-[w - .2. (.....E.)2] }n + O( e:n+l) 

n 
2n ' 8 3 p 3 WH wH n . WH 

(2 . 89) 

bn = O(e:n+l) (2 . 90) 

and 

n odd : 

a = n 
O(cn+l) (2 . 91) 

n-1 2" 
(-1) 2 2" w 

f2t}n + O(e:n+l) b = r{-1- [ w - 2( _!:._)2 
n n 8w3 p 3 WH wH2 n ! H 

(2 . 92) 

As an example the signal due to the fi1·st echo at t = T when one uses 

very low power can be computed : 

2 ' 
1 3 2 " 5 w 2 = -- f T [ w - - (.....E.) ] 

16w~ p 3 WH 
(2 . 93) 
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So that the echo peak voltage is given by 

+a 2 2 ' 
w (x) w 

f 
2" v (T) '\, E f

3
(wHh [ w - 2. (__1?_)2]dx 

0 4 p 3 WH 
(2.94) 

-a WH 

Fig. 2 . 5a shows a numerical computation of the echo ' s peak power 

by Blum as a function of (w /w) 'N'ith w2 (x) = w2 (1 - (x/a)l1
) . 

c p po 

The density was chosen so that the maximum upper hybrid frequency is 

located at (w /w) = . 85 . This figure presents an important result. of 
c 

the cold plasma model . That is to say , the echo peaks at a frequency 

very close to the maximum upper hybrid frequency . Fig . 2 . 5b is a 

qualitative plot of the three fastest varying functions of 

2 3 (x/a) : wp(x) , f (wH) 
2" 5 2 ' 2 

and [w~ - 3Cwp /wH) ] present in equation 2 . 94 

which will help to understand the results of Fig. 2 . 5a . The horizontal 

axis of Fig . 2 . 5a is labelled as a function of (w /w) and that of c 

Fig . 2 . 5b as a function of (x/a) so that a clarification is needed . 

(w /w) and (x/a) arc physically independent parameters . Ho'N'ever , 
c 

throueh the local upper hybrid resonances the following mathematical 

relation exists between them: 

2 2 2 (x/a) ll) w = w + w (l 
c po 

w2 
so that : w /w = c 

(l po 
- "-2 (l - (x/a)4 )l/2 ( 2 . 95) 

w 

Fig. 2.5c is a computation of equation 2 . 95 for the density correspond-

ing to Fig . 2 . 5a . Through Fig . 2 . 5c one can then make a correlation 

between Fig . 2 . 5a and 2 . 5b . For instance the maximum upper hybrid 

frequency corresponds to (x/a) = 0 in Fig. 2 . 5b and (w /w) = . 85 c 
in 
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(x/a) 

Echo poVTer as a function of (w /w) for (w /w)
2
= . 28 c po 

computed by Blum (low po•rer approximation . ) 

Diagram showing variation vs . (x/a) of three functions 

involved in the echo ' s formation (low power approx . ) 
2 3 2" 5 2 2 

f
1
= wp(x) , f 2= f (wH) , f 3= [wp - 3(wp/wH) ] 
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0 . 2 . 5 

(x/a) 

Fig . 2 . 5c The solid curve shows the relation between the 

parameters (w /w) and (x/a) . Also shown is the 
c 

difference between a pulse ' s spectrum in the 

( w /w) and (x/a) domains . ((w /w)
2 = . 28) . 

c po 

1.0 
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Fig . 2 . 5a . The cyclotron frequency which in Fig. 2 . 5a is characterized 

by w /w = 1 . 0 , will be assigned to c (x/a ) = l in Fig. ? . 5b . Now that 

the relation between the two parameters is clear , one can look at Fig . 

2 . 5b . The solid curve represents the first term : the density profile 
2 ' 

2 3 2 " 5 w 2 
expressed by w (x) . The two other terms : f (wH) and [w --(.=E.) ] 

P p 3 WH 

can be traced back to the frequency shift caused by the nonlinearity of 

the model . The square bracketed term represented by the dashed line is 

zero at the center of the slab and grows uniformly to the edge of it . 

Depending on the center frequency of the pulses , the dotted l ine dis ­

playing the f 3(wH) term* can be anywhere between (x/a) = 0 and 

( x/a) = 1 . 0 . The multiplication of the three curves and the computation 

of the area located under the function defined by this multiplication 

will give the echo voltage . When the pulses center frequency is changed 

in the (x/a) domain , the f 3 (wH) term sweeps the slab between (x/a) = 0 

to ( x/ a) = l. One can see that the echo >Till first be zero because 

the nonlinearity of the model is zero at the center of the slab , then 

inc reases following the corresponding increase in the nonlinearity as 

(x/a) grows , and finally drops back to zero when the faster varyins 

w2 (x) takes over . 
p 

Before leaving the weak echo case , it is interesting to derive 

the relation between the amplitude of the weak echo and the input power 

*In Fig . 2 . 5b the f3(wH) term does not look symmetrical , because it is 

drawn in the (x/a) domain instead of a frequency domain , see Fig . 2 . 5c . 
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used to generate it , or what might be called the "power law" of the 

echo. Considering the case of the first echo with equation 2 .94 , the 

input power is contained in the pulse spectrum , if we call f a 

normalized pulse spectrum then : 

where y = constant 

f = Y E. f 
1. 

E . = peak input electric field . 
1. 

Since neither y nor E. is a function of 
1. 

take them out of the integral 2 . 911 so that 

+a 2 
3 E3 I 

w (x) 
-3 2 " 

VOl(;) "' 
p 

f T [ w y i l, p 
-a WH 

(2.96) 

X 
' 

it is possible to 

2 ' w 
- .2. (_.E.._)2] dx (2.97) 

3 WH 

Hence the voltage generated by the first echo grows as the cube of the 

incident electric field, and if one speaks of power, the power of the 

first echo grows as the cube of the incident power . In general for a 

weak incident power one can show that: 

Power nth echo "' (Power incident)
2

n+l (2.98) 

Another peculiarity of equation 2 . 91+ or 2 . 97 is that the echo power 

seems to grmv as T
2 

if everyLhing else is kept constant . This will 

be true only as long as G; , 6w1 < , zT stay << 1 . Experimentally , 

even if GT , 6w
1

T , ZT do stay very small , the echo power will not 

2 
grmr as T for T greater than 100 ns because of t.he effect of 

electron-neutral collisions not present in the theoretical model . 
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Large Input Power Echo Description of Saturation Phenomena . It 

was seen that considerable simplifications in the expressions giving 

the echo power or voltage resulted when the approximations appropriate 

to low power could be used . One of the aspects of these simplifications 

(see equation 2 . 97) is that neither the input power nor T has an 

influence on the shape of the spectrum of the echo . The curve traced 

by the peak power of the echo as the parameter (w /w) is changed , we 
c 

call an echo spectrum. For instance , Fig . 2 . 5a is an echo spectrum. 

P and T merely control the absolute magnitude of the echo spectrum. 

This is because a low input power makes ZT small and it is possible 

to expand in series and retain only the first terms of the sine , cosine 

and Bessel functions present in the general expression of a 
n 

and b . 
n 

However , when the input power or T is increased to make zT equal to 

about . 5 , the retaining of only one term in the expansions of the above-

mentioned functions will certainly not be adequate . This value of . 5 

for ZT will set , as a matter of definition , a threshold for what we 

call saturation phenomena of the echo . When this threshold for satura-

tion phenomena is reached, the general form of a 
n 

and b will be 
n 

needed. p and T will be present in the arguments of the trigonomet-

ric functions and Bessel functions and it will not be possible any more 

to factorize them out of the integral as in equation 2 . 97 . It is then 

conceivable that the shape of the echo spectrum , among other charac-

teristics of the echo , could be a function of the input power , T or 

for that matter any other variable which enters into the expression of 

ZT • The complexity of the general expressions for a 
n 

and b makes 
n 

the task of finding the echo functional dependence on input power , T , 
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and electron density, seem arduous to say the least . But it is also 

through these functional dependences of the echo that one can best test 

the theory with the experiment . Blum ( 20) computed numerically all the 

interesting echo characteristics as functions of the parameters acces -

sible to the experiment . His results will be presented in a following 

chapter. However , because of the great interest in these saturation 

phenomena in relation to the experiment , it is of importance to try to 

have some intermediary steps between the general expr~ssion of the echo 

voltage and the numerical calculation of these expressions. 

The only way to accomplish this and then to achieve some mathe-

matical if not physical insight, is to try to simplifY the echo ' s 

general expression without losing too many of the interesting features 

of the saturation phenomena that we want to study . 

We recall that the first echo power in the general case is given 

by ( assuming equal pulses ) 

v~1 (T) = A2 + B~ (2 . 99) l 

a 
2m I 2 

Al - - w (x) a
1 

dx 
e p 

0 
a (2.100) 

2m I 2 
Bl - - w (x) ~~ e p 

0 

with 

f 3 sin ZT) al = [J
2

(zT) cos(2 zT)+ J 1 (z) 
WH 

bl = _!_ (-J (zT) sin(~ ZT)+ J
1

(zT) COS ZT) (2.101) 
WH 2 
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and with ZT = 2" 
[ w -

p 
(2.102) 

The following pseudo-echo experiment will then be devised to 

simplifY the mathematics . One will use very wide pulses in the time 

domain such that in the frequen~y domain the pulses spectral width is 

much smaller than the frequency change necessary to produce a signifi-

cant variation of all other functions of w present in the expression 

of the echo . Equations 2 . 99 to 2.102 giving the echo voltage are 

expressed with x as the variable and not w However, as pointed 

out earlier, see Fig. 2 . 5c , there exists a direct relationship between 

the parameter (w /w) and (x/a) : 
c 

if 

w 
c -= 
w 

If we use then pulses with narrow spectral width whose center 

frequency is such that (w /w) = K , they will involve only a very 
c 

localized area of the slab given , say , by (x/a) = L . Then all con-

tribution to integral 2 . 100 between x = 0 and x = a will be zero 

except for values of (x/a ) very close to L 

Then 

All (x/a)=L 
2m [ w 

2 
( x ) a

1 
( x ) ] I 

e P (x/a)=L 
( 2 . 103) 
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Bl l (x/a)=L 
2m [w2(x) bl(x)]l 
e p (x/a)=L 

(2 .104) 

If we use another center frequency K' we will involve another local-

ized area of the slab characterized by x/a = L ' so that we can 

follow the variation of A
1 

and B
1 

and of the pseudo- echo : 

as a function of (x/a) . 

Figures 2 . 6a and 2 . 6b represent the computation of a
1

,b
1 

and 

of the pseudo-echo as a function of (x/a) with different input power 

levels . The behavior of the pseudo-echo with po•rer is similar to that 

observed when one directly computes the general echo formula with 

pulse characteristics corresponding to those of the experiment . Fig . 

2.6a displays the variation of the absolute magnitude of a
1 

and b
1 

v ersus (x/a) , with input power as a parameter. The obvious result is 

that decreasing the input power makes ZT smaller which results in a 

shift for the location of the threshold of saturation phenomena 

( zT = . 5) . Since the nonlinearity is a growing functjon of (x/a) , when 

the po1•er is diminished the saturation threshold will be reached for a 

larger (x/n) , until eventually the saturation threshold cannot be 

reached anywhere in the slab as is the case for the lowest power curve 

in Fig . 2 . 6a . After cons idering the three diagrams of a
1 

and b
1 

and the pseudo-echo , it is possible to make some predictions as to 

what kind of meaningful experiments can be tried . First , choosing a 

certain center frequency for the exciting pulses corresponding to a 
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p 
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0 

Fig. 2 . 6a Saturation phenomena . Computation of a1 and b 1 vs . (x/a) in 
the approximation of very narrow spectrum pulses with input 
power (expressed in arbi trary units) as a parameter . The ver­
tical scale has been changed for the different input power 
cases . 
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. 5 
(x/a ) 

1. 0 

Fig . 2 . 6b Saturation phenomena. Computation of the ps0udo- echo power 
vs . (x/a) with input po,.,cr (expressed in arbitrary units) 
as a parameter . '!'he ver tical scale has been changed for the 
different input power cases . 
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ce rtain (w /w) or (x/a) value , the amplitude of the echo can be moni­
c 

tored as the input power is varied and the experiment repeated for 

different (w /w) . If the center - f requency of the pulses is equal to 
c 

an upper hybrid frequency close to the maximum upper hybrid frequency 

( corresponding to (x/a ) ~ 0) , it will require a large i nput power to 

reach the saturation threshold. As this point i s r eached , the echo 

power will stop gr owing with input power , then decrease , and eventually 

increase again depending on the complex variation of a
1 

and b
1 

with 

input p owe r. If , on the contrary , the center frequency of the exciting 

pulses is equal to an upper hybrid frequency not very different from 

the cyclotron frequency (corresponding to (x/a) ~ 1) , the saturation 

effect should be felt even for lo~ input power levels . 

Another type of experiment would be to monitor the echo power 

as (w / w) or (x/a ) is v aried for a fixed input povrer level and compare 
c 

the r esults obtained with different input power levels . From Figs . 

2 . 6a and 2 . 6b one sees that if the input power is decreased , the echo 

spectrum should not peak at the same place. Its peak should shift 

toward larger (w /w) or larger (x/a) until the low power case is 
c 

r eached ; in other words , until the saturation threshold cannot be 

r each ed anywhere in the slab . ( In that case equation 2 . 97 is a valid 

representation of the e cho .) So far the saturation phenomena have been 

described only as a function of P and (w /w) or (x/a) , but the other 
c 

p arameters contained in Z1 can produce saLuration as soon as they 

make z1 large enough . To discuss the influence of the other param-

eters , it is desirable t o come back to the general case of finite 
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spectral width pulses . Calculating z< with a density profile of the 

type : 

one has : 

z 

2 
w 
po (2 . 105) 

Using a normalized pulse spectrum f to make the input power appear 

s ep arately, equation 2 . 105 can be written (Y is a constant) 

2 
P . TY w 

ZT 
po ~ = 
2a 

2 3 
WH 

2 w 
[ 3(-x)2+ 20 __ uo (x)6 ] -::2( ) 

-a f wH a 3 2 
WH 

( 2 . 106) 

Among the variables •..rhich could be responsible for satu1·ation , a prime 

candidate seems to be However , in this paragraph we try to 

make suggestions for experiments and in the experiment the microwave 

signal generator will be fixed so that w = wH = constant . The reson­

ance of each layer of the slab is reached by changing the magnetic 

f ield so that in the param~ter (w /w) it is w which is constant . 
c 

This might seem contradictory since in previous paragraphs the words : 

upper hybrid frequency domain were used , it meant that 

considered to be f i xed and w variable , and then 

w was then 
c 

was a variable 

too . The first point of view is more directly related to the experi-

ment and the second makes the theoretical expressions much easier , but 

the two points of view arc strictly equivalent i f one writes the re-

sults which might be derived from them in terms of (w /w) or (x/a) . 
c 

The changes from one to the other mlght be confusing to the reader , 
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but it is felt that the confusion would be even greater if it were not 

done , due to the greaLer complication of the algebra . 

then a constant and will not be one of the variables useful for the 

study of saturation phenomena . As was pointed out before , (w /w) is 
c 

one variable parameter . It is contained in the term : 

P. , < will play idenLical roles . 
l. 

2 w finally , will be involved in po 

two terms with the second term in the brackets very weak . So that if 

(w /w) is kept consLant an experiment should show the similar role of 
c 

2 w , p , ' 
po 

in saturation phenomena . This also means that if one wants 

to measure the effects of a parruneter , it is necessary that the other 

parameter~ do not change during the measurement . To conclude , since 

an experiment can demonstrate the presence or absence of all the 

parameters thought to be contained in z; and demonstrate whether they 

have the proper predicted fw1ctional relationship, it can be said that 

the saturation phenomena play an important role as a test of the theory. 

2 . 3 . 3 Echo Width 

In the independent particle expression of the echo current, one 

recalls that it is possible to write it as the product of an echo amp-

litude factor and an echo shape factor. The echo shape factor g(t-<) , 

{see equation 2 .17) is just the Fourier transform of the oscillators ' 

spectral density , so that there is a direct relationship between the 

echo width and the spectra] width of the oscillators . To compare with 

the cold plasma model of Blum and Gould , one has to express the nth 
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echo voltage as an integral over wH and not x 

equation 2 . 78: 
w 

c 

this is done in 

v ( t ) = 
on 

rna 
2 

e w 
J N(wH) [ an sin w.H ( t - m) + bncos wH(t-m )] dwH 

po wHo 

with 

With 

2 
w 

( Ho 
2 

- WH 3/4 
2 ) 

w p o 

( 2 . 78) 

(2 . 79) 

one has defined two " equivalent oscillator spectral densities" whose 

sine and cosine transforms will give the echo voltage . 'I'he knowledge 

of [ ::} N(wll) without going through the integral defined in equation 

2 . 78 is then sufficient to describe the echo width . To test the prac-

ticality of this idea , one can investigate the loH power limit of 

equation 2 . 78 . Using equations 2 . 97 , 2 . 78 and 2 . 105 , the first echo 

v oltage is : 

2 2 1 2 2 2 3 

Jc rw~ - w~) [3tHo -2wHl + 2~ wp~ ( WH:;o wH)2}3(wH} 
w o wh 

wH(t-T )d'if X 
2 2 

OS 

wHo 3 
w -

WH) 3/4 ( Ho 
WH 2 

w po ( 2 . 107) 

This can be written : 



w 
c 

v01 (t ) ~ t E~ J 
wHo 
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COS WH ( t- T) d"ll: 

(2 .108) 

From equation 2 .108 one sees that the "equivalent oscillators' density" 

has a singularity at wH =wHo . It seems meaningless , then , to relate 

the "half-power" width of the oscillators ' spectral density and that of 

the echo as it.. is done in the independent particle theories . However , 

one can show (18) that.. there is still a relation between the totaJ 

spectral width of the oscillators and that of the echo . In fact in the 

simple case where the pulse spect..rwn is much larger than that of the 

oscillators, the echo width will be inversely proportional to that of 

the oscillators. Since the latter scales with the electron density , 

one can expect a dependence of the echo width on the electron density . 

To obtain the exact echo width in that low power limit and in the 

general case , one must then perform the integration as defined by 2 . 78 

and 2 . 108 . Some other observations can also be made from equation 

2 . 108 on the echo width behavior . Since it wct.S possible to factorize 

out of the integral t and 3 Ei , the echo width in the low power limit 

will not depend on the input power or T • As the pov1er or any other 

variables contained in ZT is raised , saturation phenomena will take 

place and affect the echo width . An experimental study of the echo 

width •Till then offer one more way of testing the adequacy of the theory. 
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III . INSTRUMENTATION AND EXPERD1ENTAL TECHNIQUES 

3 . 1 Instrumentation 

In the introduction we indicated the sequence of the most impor­

tant events present in the experiment . First the plasma is fired with 

a 21 MHz pulse . Then at a time T 
a 

after the end of the discharge , 

two high power microwave pulses aboat 20 ns wide , separated typically 

by 100 ns are sent through waveguides to interact with the plasma . If 

t he palse center frequency is chosen correcLly, bursts of radiation at 

times t = n1 (n=l , 2 ,·· ·) after the second microwave pulse are 

observed. They are the echoes . In this section the instrumentation 

which •ras used to create the micrm·Tavc pulses , the plasma , the rr.agnetic 

field , and to observe the echoes will be described . In a following 

section we will give more details on the properties of the pla.srra and 

how the basic characteristics of the echoes are measured . 

As was pointed out before , the experiment is performed in an 

afterglow plasma . Among other quantities , the plasma electron density 

will decrease in an approximately exponential fashion , through recom­

binations. The corresponding e - folding time of that decrease will 

determine the frequency at which the experiment can be repeated in 

order to have a sufficiently wide variation of density for each experi­

ment . This repetition rate was chosen to be 60 c/s . In Fig . 3 . 1 it is 

the "master timing unit " triggered by the line which gives this 

r epetition rate . The master timine; unit is composed of several Tek­

tronix waveform and pulse generators of the 160 series . Their 

triggering pulses permit firing the plasma first and then choosing the 
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t ime after the end of the discharge at which the microwave pulses will 

be sent to interact with the plasma. The delay between the two events 

i s observed on the monitor scope . The microwave pulses are generated , 

l ooking at Fig . 3 . 1 , by the three blocks "signal generator", "lOW THT 

Amplifier" and "pulse instruments". The signal generator , an UHF 

oscillator (Hewlett-Packard Type 616A) is set to produce a continuous 

wave signal of frequency 3 GHz and power of about 1 mW . The signal 

then goes through path B (path A is used in continuous wave scattering 

measurements described later) to a Litton traveling wave tube amplifier 

Type L5010 . The grid on the tube is held at about -50V with respect to 

the cathode . The traveling wave tube is then not operating ; no output 

can be detected . If one applies to the grid a positive pulse such that 

it drives the grid potential "'i th respect to the cathode to its 

nominal vulue (+60V with respect to the cathode) during, say 20 ns , 

the tube operates for the corresponding length of time . It will thus 

generate a microwave pulse with a peak power of 10 watts, 20 ns wide . 

The difference in peak power output of the tube between off and on 

conditions was difficult to ascertain , but it is believed to be more 

than 60 db , 20 ns after the beginning of the pulse ' s trailing edge . To 

bring the grid from its preset - 50V with respect to the cathode to the 

operating voltage of 60V during 20 ns, llOV pulses , ~ 30 ns wide are 

needed . '!'hey were obtained using two Hewlett- Packard Type 214A pulse 

generators; since the maximum pulse voltage given by the instruments 

is only 50V , they were stepped up with two blocking oscillators in 

parallel (one is described in Fig . 3 . 2) or with a simple 3 to 1 pulse 

transformer (Pulse Engineering Type PE-5775) . The blocking oscillators 
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are used when very narrow pulses are needed , and t he transformer is 

practical for pulses whose widths are not required to be narrower than 

the minimum available from the HP 214A (minimum half- power width "' 30 ns ). 

It furthe r provides for variable width pulses through the corresponding 

- GtJV 

;, f" t; : 

5o V 
t ,./jjOI' 
J>ulse 

Figure 3 . 2 . 

SCIJ7 

D 
otJtpll't.._ : 
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IS liS pulse . 

Pulse Producing Blocking Oscillator 

feature of the HP 214A ' s until a critical value of about 200 ns is 

r eached , at which point the saturation of the ferromagnetic material 

of the transformer sets i n and causes a significant alteration of its 

operation . Two HP 214A ' s and two blocking oscillators were used 

because of the slow r e covery of these instruments after one pulse is 

produced. A second pulse could not be obtained direc t ly after the 
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first from just one of the instruments. In fact , even with the doubl-

ing of the pulse electronics , a certain amount of interaction and 

interference was observed when the pulse separation was smaller than 

60 ns , so that no echo measurement was taken for lover values of T 

than the above given limit . The lOW traveling wave tube was a l ways 

operated close to its maximum peak output ; under these conditions a 

certain amount of harmonics of the input signal frequency was produced. 

To avoid a possible complication in the data interpretation , a low pass 

fi lter was then placed after the traveling wave tube to reject the 

harmonics. A precision attenuator folloived , penni tting us to adjust 

the pQlses ' peak power . Before reaching the waveguide section , the 

puls es went through an isolator which eliminated troublesome multiple 

r eflections due to unavoidable mismatches . 

Several r emarks can b e made about the waveguide arrangement . 

First , the glass tube in which the plasma is created, is inserted into 

the S band v aveguide through two holes in its narrower side . The mag-

netic field lines are parallel with the tube axis . The geometrical 

relation between the wave vector k of the pulses propagating in the 

waveguide , their electric field E , and the magnetic field lines is 

then such that ~ ...L !;_ ...L ~ 

Second , a certain symmetry in the •raveguide configuration with 

respect to the magic t ee can be observed from F i g . 3 . 1 . It is a 

consequence of a property of the magic tee (23) that if its H-arm 

(input) and E- arm (output) are terminated in matched loads and if a 

signal E . 
~n 

enters the H- arm , the signal at the E-arm •rill be 
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E = ( r
1 

- r
2

) 
out 

E. 
ln 
2 

( 3.1) 

where r 1 and r 2 are the reflection coefficients looking from the 

magic tee into arms one and two r espectively. Supposing that the plasma 

is located in arm 1 and that the coefficient of reflection due to the 

plasma r , and that due to the glass and the wa v eguide holes p 

superpose , one has 

rl = r + r 
p g 

so that 
E . 

E (r + r r2) 
ln = -out p g 2 

r , 
g 

(3 . 2 ) 

(3 . 3) 

Equation 3. 3 gives the output signal when some plasma exists . If there 

is no plasma , equation 3 . 3 becomes : 

E 
out 

E. ln 
2 

( 3. 4) 

This means that with no plasma , one can , by acting on r
2 

through 

tuning elements in arm 2 , have no output signal . And when the plasma 

is turned on the output signal for r2 = rg is just : 

E = out 

rP E . ln 
2 

( 3 . 5) 

The experimental output signal is just a measurement of the coefficient 

of r eflection of the plasma alone which can be easily compared with its 

theoretical equivalent . Ideally , when no plasma is present , we showed 

that it is possible to have no output signal by properly adjusting r 
2 

. 
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However , experimentally the maximum isolation between input power and 

output power was about 30 db for the 20 ns microwave pulses used in an 

echo experiment . For a pulse 200 ns wide , the isolation can be as good 

as 60 db . The difficulty wiLh shorL pulses can be traced to the rela-

tively strong frequency dependence of conventional tuning elements such 

as slide- screw tuners and the wid.e frequency spectrum of the short 

pulses . 

This microwave bridge arrangement is not especially useful as far 

as echo investigations are concerned , but it permits a much better 

observation of the plasma stimulated radiation directly following the 

exciting pulses . B,y monitoring the amount of power reflected from a 

continuous wave by the plasma as a function of (w /w) , it will also give 
c 

some valuable information on the plasma which will be described later . 

On the output path there is an isolator to remove multiple reflections , 

and a precision attenuator for the calibration of the signals ' magni-

tude . Finally , the signal is amplified by two 1-watt traveling wave 

tube amplifiers (Hewlett - Packard Type 491A) , giving a total signal 

power amplification of about 55 db with a noise figure around 30 db . 

The signal is then detected, sometimes video amplified , and displayed 

on a Tektronix 585A oscilloscope or on a Hewlett Packard Type HP 185B 

sampling oscilloscope . The sampling oscilloscope , with its 100 ps rise 

time , permits a detailed study of the echo . Also , through its "manual 

scanning" feature , one is able to srunple a single point of the repeti-

tive waveform of interest . The y axis output of the sampling oscillo-

scope is fed into the y axis input of an X- Y recorder . On the x axis 

input of the recorder is a signal whose voltage is proportional to the 
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magnetic field i ntensity and thus (w /w) . The r ecorder will then 
c 

directly trace the variation of the deflection of the sampling oscillo-

scope beam as a function of (w /w) . As was pointed out in Chapter II , 
c 

the value of (w /w) is changed , not through w which is kept constant , 
c 

but through w c 
or the magnetic f ield. The reason for that particular 

' choice lies in the freque ncy dependence of too many elements in the 

system. For instance , the 10 watt TWT and the signal generator which 

f eeds it do not have a flat frequency response as far as power output 

or amplification are concerned . It could be expected , h owever , that 

changing the magnetic field would affect the plasma parameter? . But i t 

was not believed to be very important in the case of echo experiments , 

since the magnetic field is not changed by more than 25% . 

The plasma is generated in the following manner . The plasma 

vessel is a tube of glass about l m l ong and of 1 . 8 em I . D. It is 

connected through a stainless steel flexible tubing to a conventional 

vacuum system (see Fig . 3 . 3) . After their assembly , the glass and 

f lexible tubing we r e baked at 400°C for twelve hours so that a vacuum 

of l x 10- 7 mro of mercury could be r eached . Then neon or argon gas 

of research grade purity was leaked in the system through a variable 

leak valve (Granville- Phillips) . A weak continuous flow through dif-

ferential pumping of the diffusion pump ( the v alve between the diffu-

~ion pump and the system being almost closed) was arranged to insur e 

the highest possible purity of the gas involved in the plasma formation . 

The gas was then i onized by 100 watt peak povrer pulses of 21 MHz , 50~s 

long , fed into large copper sleeves (10 em long) tightly fitted around 

the glass vessel a nd symmetrically situated with respect to the 
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Fig. 3.3 Photographs of the solenoidal magnet and waveguide apparatus 
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waveguide . To produce a 21 MHz high power pulse , a VHF signal generator 

(Hewlett-Packard type HP608D) with an output of 4 mW was used. The 

output was modulated and fed to a simple tuned three-stage power ampli ­

f ier whose power tubes were two 6146 in parallel , in class C . The peak 

power of the 21 MHz pulses seems to be an important factor in obtaining 

an easy and reproducible breakdown of the plasma. Some fluctuations in 

the first few microseconds of the discharge were observed . They were 

undesirable because they provoked density fluctuations making studies of 

the echo properties difficult, since the latter were strongly dependent 

on the electron density . These fluctuations of the breakdown from shot 

to shot diminished appreciably if the 50 watt peak power was increased 

to a 100 watt peak power. The situation was even better when 500 watt 

peak power was used (24). The explanation is thought to lie simply in 

the higher initial electron density created , leaving a higher final 

electron density when t h e next pulse comes along . The latter breaks 

down the gas easily because of the relatively high number of electrons 

left. Another way to correct this difficulty would be to increase the 

r epetition r ate of the experiment . However, synchronizing with the line 

frequency is experimentally preferable . It is more convenient to 

increase the power of the breakdown pulse . 

There was difficulty in avoiding some density variations which 

occurred over time periods of the order of one hour or so . One of the 

r easons for their existence could be the progressive elimination of 

impurity molecules trapped on the inner surface of the glass due to the 

intense ion bombardment occurring during the discharge . In fact, a 

somewhat more stable plasma over long periods of time can be obtained if 
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during the first half-hour of operation the breakdown of the gas is made 

by very long pulses (~ 500 ~s) instead of the usual 50 ~s . The 50 ~s 

width of the breakdown pulses was chosen because it gave the highest 

density for a fixed peak power. The measurement of the plasma parameters 

is discussed in Section 3.2 . 

The magnetic field was obtained with an air core solenoid con­

sisting of 10 pancake type coils ; see Fig . 3 . 3. The positions of the 

coils could be adjusted so as to minimize inhomogeneities due to the 

end effects . A computer calculation showed that if a space of 3 . 2 

inches was lef't betvreen the two center coils to accommodate S- band 

waveguide, a homogeneity of . 01% could be achieved over the plasma 

volume if the other coils had the same distance between t..hem , except.. 

for the last pair which should be separated by a space of only . 8" . The 

coil dimensions were the following: inner diameter 1211
, outer diameter 

27 " , coil widlh 1- 5/8" . They were wound with hollow copper conductor 

through which water could be pumped for cooling . About llOA and 40V 

were necessary for the field intensity to reach 1 kg in the region of 

interest (the volume of plasma contained in the waveguid~ with the above 

described positions of the coils. 

The computer calculations of the magnetic field intensity were 

experimentally checked . Using a nuclear magnetic resonance probe and a 

digital frequency counter , the expected high longitudinal and radial 

homogeneity over the volume of interest was observed . The voltage across 

a constantan shunt by the solenoid current was measured with a 

digital voltmeter and calibrated against the NMR probe readings . This 

voltage was then fed into the x-axis of the recorder . The accuracy in 
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the magnetic field readings was of the order of . 1% , but (w /w) was 
c 

known only wjthin ± . 2% due to cumulative errors introduced by other 

elements of the instrumentation . 

3 . 2 Experimental Techniques 

3. 2 . 1 Measurement of the plasma cha racteristics . It soon 

became apparent that the echo was a strong function of the plasma elec-

tron density . Some measurement of that quantity was needed . Due to 

the critical dependence of the r . f . loading on the exact location of 

the sleeves on the glass tube with respect to the waveguide and on the 

orientation of the tube with respect to the magnetic field , such a 

measurement had to be made in rapid succession with those of the echo , 

without modi fying the magnctic-field-•raveguide-glass-tube geometry . 

We were then led to study the reflection of a low power continuous wave 

by the plasma as a function of (w /w) . Fig . 3 .4ab shows the results of 
c 

such a measurement in neon with the time in the afterglow at which the 

experiment was done , as a parameter . Most of the features seen are 

known to other workers (25 ,26) who made reflection , absorption and 

emission studies of active discharges as a function of (w /w) . However , 
c 

the appearance of a sharp scattering peak at (w /w) = 1 . 0 at large 
c 

times in the afterglow is new , and not explained by previous theories . 

Blum (20) has studied the new aspects of these CW reflections as well 

as those seen in emission in different gases . Here the features of the 

CW scattering which are understood will be used to obtain an estimation 

of the plasma parameters . The peak in the scattering that significantly 

shifts and broadens at high electron densities is one of these f eatures . 
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It i s attributed to the upper hybrid resonance of a col d , inhomogeneous 

plasma ( 27) , excited by the so-c a l led extraordinary wave. The onset of 

significant scattering at low values of (w /w) has proved to be a good 
c 

measurement of the maximum electron density of nonuniform plasma 

columns (26). At the onset point on the (w /w ) axis , the incident 
c 

signal frequency is equal to the maximum upper hybrid frequency of the 

plasma, i . e . 

where w /2n c 

2 
w 

is the cyclotron frequency and w /2n 
po 

( 3. 6) 

is the maximum 

local plasma frequency . This interpretation is the source of our den-

sity determination . For consistency and minimum graphical error , the 

maximwn upper hybrid frequency was postulated to correspond to a scat-

terine amplitude of 20% compared to the maximum observed . The results 

of such a density determination using the CYT scattering of Fig . 3 . 4 are 

~hown in Fig . 3 . 5. The data points shO\v an expected exponential decay 

of the density . The points taken at the lowest densities show some 

dispersion because a precise determination of the value of (w /w) for 
c 

the 20% scattering amplitude is more difficult under these conditions . 

The accuracy of such a density measurement is difficult to ascertain 

b ecause of the lack of a quantitative theory . For instance, Blum 

ohserved changes in the shape of the upper hybrid resonance when differ-

ent gases were studied . It is not known if they were due to correspond-

ing changes in the density profile or to some other effects such as the 

i nfluence of collis ion frequency . However , Lustig (26) using both the 
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onset of absorption and a cavity measurement of the average electron 

density of a d . c . discharge , showed that the two methods offer consis-

tent results . It can then be reasonably stated that our peak density 

measurements are accurate to •ri thin 30% when the density is not too low . 

Some other interesting features are seen during the discharge 

and in the early afterglow . Superimposed on the wide " cold plasma upper 

hybrid resonance" one can see broad resonances occurring close to the 

harmonics of the cyclotron frequency during the active · discharge . Their 

existence is not well understood. Just above the second harmonic , one 

can distinguish the familiar Buchsbaum-Hasegawa r esonances due to 

standing longitudinal waves in the column . They can be seen in the 

afterglow until the maximum upper hybrid location is at (w jw) = . 5. c 

These two types of feature are indications of the electron temperature . 

It is apparent that their temperature is rapidly decaying . This was 

confirmed by a measurement of the plasma radiation of argon and neon in 

a similar neutral pressure range (l-30 microns of mercury) by Stenzel 

( 24) who showed that the electron temperature dropped to~ 2000°K in 

the first few hundred ~s after the end of the active discharge . When 

an echo experiment is done, usually at a time in the afterglov between 

2 and 10 milliseconds , the electrons are probably very close to room 

temperature . A word of caution must now be added as to the experimental 

conditions under which the C\-1 scattering curves should be obtained . It 

was observed that a CW signal of only 100 mW could break down the plasma 

when the signal frequency corresponds to the cyclotron frequency . It is 

therefore important to keep the C\V signal pmrer much lower than - 30 dbm 
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so as to not disturb the plasma by a too strong heating of the electrons. 

Rathe r than going to these extremely low powers , the scattering measure-

me nts were made u sing •ride ( "' 500 ns) relatively lm.r power (- 30 dbm ) 

puls es . These wide pulse experiments yield r esults essentially i denti -

cal with those of extremely low power CW experiments provided the 

spectral width of the pulses i s narrow compared with the normal mode 

spectrum width of the plasma . Considering Fig . 3 . 1 the signal generator 

CW output was fed through path A to a PIN diode modulator (Hewlett-

Packard t ype 8732B ) ; 500 ns micrmrave pulses were then obtained . They 

were attenuated to a -30 dbm peak povrer before a r riving in the waveguide . 

The plasma reflected pulses vrere moni tared with the sampling oscillo-

scope . Only a few ns of the center section of the pulses vrere sampled 

using the manual scanning feature . This provided a signal f or the Y 

axis of the recorder, vrhile the magnetic fie l d was automatica1ly slovly 

v aried , tracing curves such as those of Fig . 3 . 4ab . 

3 . 2 . 2 Measurement of echo characteristics . The echo width and 

echo peak amplitude or power are the two most often measured quantities . 

The echo width can be roughly estimated on an oscilloscope such as the 

Tektronix 585A , but the rise time of that fast conventional oscillo-

scope is too slow to hope for a quantitative measurement . This can be 

done u s ing a sampling oscilloscope such as the HP 185B. Fig . 3 . 6 is a 

p ol aroid picture of the echo displayed on that scope . 

As far as echo peak povrer is conce rned , it i s often wanted as a 

function of (w /w ) . To measure it, the echo is displayed on the sampl­
e 

ing scope and using the manual scanning one samples just the top of the 
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Fig . 3. 6 Typical upper hybrid echo shape as displayed 
by a sampling oscilloscope (Horizontal scale : 
10 ns p er division) 

echo while sweeping (wc/w) . The scope 's vertical output is plotted 

against (w /w) on the X-Y recorder . Because the echo power after being 
c 

amplified is relatively weak and does not change by more than a factor 

of ten over the range of (w /w) usually studied, the problems caused by 
c 

departures of the crystal detector from a square law r esponse are not 

believed to be serious. However , when the echo power is measured as a 

function of input power and then varied ove r three or four orders of 

magnitude, these difficulties could become critical. To avoid them one 

displays the echo on the Tektronix 585A oscilloscope and chooses a con-

venient echo amplitude . Then the input power is, say , decreased , 
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through the input power precision attenuator , this causes a correspond­

ing decrease in echo power . One compensates for it with the receiver 

precision attenuator until the same echo amplitude is displayed on the 

scope. The changes in the two attenuator readings give an exact r ela­

tion between input and echo power , even if the chosen amplitude of the 

echo on the scope did not correspond t o a true square law detection. 
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IV . EXPERilv1EN'rAL RESULTS 

4. 1 Introduction 

The echo was first observed in the narrow gap of the Varian e l ec -

tromagnet V-4007-1, with a short plasma vessel (1 . 8 em I . D. , 7 em long) 

and using X- band frequency , ~or~ or l ess reproduc i ng the conditions of 

the experiment of Hill and Kaplan . '!'hen the dependence of the echo ' s 

width on electron density as shown in Fig . 2 . 2 was found . Furthermore , 

the echo was seen to be peakine not quite at the cyclotron frequency 

but at (w /w) ~ . 98 . These rather fine measurements were possible 
c 

because of the high homogeneity of the magnetic field . However , it was 

felt that these "plasma effects " could be better measured if the fre-

quency of operation were lowered to make the ratio (w /w ) greater. An 
p c 

experiment at a frequency of 3 GHz was planned. A change seemed aJso 

necessary in the magnetic field geometry for different reasons. For 

instance , the CW scattering from the short tube showed some complicated 

structure near the cyclotron frequency . Tentatively explained as scat-

tering from longitudinal standing waves superimposed on the broad " cold 

plasma" type of scattering , this structure made the measurement of den-

sities more difficult . It was felt that these end effects could also 

make the understanding of the echo harder . So , a solenoidal magnet was 

built (whose characteristics were described in the previous chapter) . 

A long tube was used (1m long , 1 . 8 em I . D. ) for the discharge . The 

first experiment in the new setup brought the discovery of an echo 

associated with the maximum upper hybrid frequency that we will call 

the " upper hybrid echo" ( 21) . Section 4 . 2 vrill describe the different 
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characteristics of that upper hybrid echo and their changes when the 

saturation phenomena (described theoretically in Section 2 . 3 . 2) set in , 

and compares them with the calculations of Blum (20) . For a while it 

was thought that the peak in the echo spectrum at the maximum upper 

hybrid frequency was the only one , as the cold plasma model predicts , 

but more careful measurements sho-v1ed that there is always an often 

smal ler secondary peak at a freque ncy less than 1% distant from the 

cyclotron frequency . Some of the properties of that new " cyclotron 

echo" will be discussed in Section 4. 3. 

4 .2 The Upper Hybrid Echo 

Before discussing detailed properties of the echo , it is useful to 

recall the general experimental conditions. The measurements were per­

formed in neon and argon with a neutral gas pressure between 10 and 30 

microns . The microwave pulses were typically 20 ns wide , separated by 

a time interval T between 80 ns and 400 ns. If the pulses were too 

narrow , the ir spectral width was too large , not permitting a detailed 

i nvestigation of the echo spectrum ; if they were too wide , the echo 

power decreased r apidly because , probably , the n arrow spectral width of 

t he pulses did not permit excitation of enough oscillators. The maximum 

signal amplification available was about 55 db with a noise figure of 

about 30 db. This permitted us to see the echo over a 20 db pulses ' 

peak power range down from the maximum of 5 watts. Over that range the 

echo always displayed some saturation effects . Remembering what was 

said about saturation phenomena in Section 2 . 3 . 2 , all characteristics 

of the echo were studied , keeping three of the four parameters entering 
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in zT ((w /w) 2 , (w /w) , T , P ) fixed , and changing the fourth . 
po c 

Finally , the density over which the upper hybrid echo was seen , ranged 

from 4 x 10
10 

to 5 x 10
8 

electrons/cm3. At the higher limit , the echo 

became very weak; at the lower , the peak of the echo spectrum at the 

maximum upper hybrid frequency became experimentally indistinguishable 

from that at the cyclotron frequency . 

4. 2 . 1 Echo spectra. By definition an echo spectrum is the 

curve which represents the variation of the echo ' s peak power when the 

paramete r (w /w) is varied. One is left then with three other variables : 
c 

2 P , T , (w /w) . Two will be fixed and one will be used as a parameter po 

to see the variation of the echo spectra with it . 

2 Echo spectra as a fUnction of (w /w) . 
---------------------------------- pO-----

The most obvious choice 

2 of parameters for a study of echo spectra is the density or (w /w) . 
po 

Figs . 4 . la and 4 . lb show echo spectra in argon and neon , respectively . 

Fig. 4 . 2 is a calculation of Blum with parameters chosen to match those 

of the experiment in neon . As predicted by the theory , the locat ion of 

the echo spectra peak is very close to the maximum upper hybrid wHo' 

shifted by as much as 25% in (w /w) units from the cyclotron frequency . 
c 

A slight difference ( 2% in the (w /w) domain) in the location of the 
c 

echo ' s spectra peak, if refe rred to the maximum upper hybrid frequency , 

can be detected between neon and argon . It is not possible to interpret 

this as a change of the echo properties, because a difference of 2% in 

the location of the maximum upper hybrid frequ ency in the (w /w) domain 
c 

corresponds to a ~ 10% difference in the electron density when the maxi -

mum uppe r hybrid is located at a typical (w /w) = . 8 . This 10% c 



Fig . 4 . la 
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. 8 . 9 1. 0 
( wc/w) 

Fi g . 4 . lb Echo spectra vs . (w /w)2 with pressure= 20 microns neon , 
po 

T = 80 ns , input power= 5W , pulses ' center freq . = 3 GHz . 
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.8 .9 1 . 0 
(w /w) 

c 2 
Fig . 4. 2 Echo spectra vs . ( w /w ) , computed by Blum. ( Level of 

po 
t heoretical power given in arbitrary units . ) 
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difference , in turn , is well within the minimum 30% expected inaccuracy 

of the experimental determination of the electron density (see Chapter 

III). 

Anothe r characteristic of the echo spectra is their width . The 

theory and experiment again agree qualitatively on magnitude and d e nsity 

dependence . As the density increases , the spectra get narrower . This 

is the first example of saturation effects; it shows that t he density 

2 
or (w / w) does enter into the expression of ZT 

po The presence of 

s atur ation is also clearly indicated by the s pectra of the second echo 

in Fig. 4 . la . The second echo peaks at a slightly l ower v alue of 

(w /w) tha n the first . The model ' s nonlinearity , it is recalled , is a 
c 

growing function of (x/a) or h ere (w /w) . Then , if the peak of the c 

first echo spectrum is obtained when the threshold for saturation is 

reached for a certain v alue of (w /w), t he same threshold for the 
c 

second echo will be reached for a lower v alue of (w /w) . This is so 
c 

because T has doubled from the first to the second echo . The second 

echo should then , as observed , peak at a lowe r value of (w !w) than the 
c 

first . A slight complication arises from the fact that the saturation 

threshold condition for J
2

(zT) and J
1

(zT) involved in the definition 

of the first echo is not quite the same as that of J 2 (zT) and J 3(zT) 

character i zing the second echo . However , one can show that the doubling 

of T is the more important factor , leaving the simple picture pre-

v iously exposed , qualitatively true . Finally , one can remark on the 

variation of the echo ' s p eak power as a function of the density for both 

neon and argon . Starting with low density and going toward higher 
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density , the echo povrer first increases as predicted by the theory and 

then drops sharply in complete contradiction vrith it . More vrill be 

said later about that peculiar behavior vri th density of the echo pm-1er 

and probable ~easons vrill be given for the disagreement vrith the theory. 

The signals near the cyclotron resonance vrill be discussed later in 

Section 4 . 3. 

Echo spectra as a function of the pulses ' peak povrer : P. Another 

vray of studying the echo spectra is to keep (w /w) 2 and 
po 

T fixed and 

to vary the power. Figs . 4 . 3a and 4.3b show the results of such an 

experiment in argon and neon respectively . Fig . 4.4 is a calculation 

of Blum with parameter values close to those of the experiment . The 

evolution of the shape of the spectra in Figs . 4 . 3a , 4 . 3b and 4. !~ is 

remarkably similar ; it shovrs the characteristic narrowing vrhen satura-

tion becomes important . At the highest povrer level in argon and neon, 

the experimental curves display a small secondary peak in the spectrum 

which is also seen in Fig . 4 . 4 . In fact , this establishes an absolute 

reference level of power for the theoretical computations . Furthermore , 

the echo spectra in the three figures are moving toward higher (w /w) 
c 

as the power is decreased. This results also from saturation . Let us 

suppose that the echo peaks for a value of zT close to the saturation 

threshold which is re ached at a certain value of (w /w) for the chosen 
c 

values of 
2 

P , T, (w /w) . 
po 

If the povrer is decreased , the threshold 

can be reached only for a higher value of (w /w), thus causing the ob­
c 

served variation of the echo ' s spectra peak vrith power. There is a quan-

titative disagreement betvreen Figs . 4 . 3a, 4.3b and 4 . 4asto the amount of 
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(w / w) 
c 

1. 0 

Fig . 4 . 3a Echo spectr a vs . i nput power with pressure = 20 microns 
argon , T = 80 ns , pul ses ' center frequency = 3 GHz . 
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(w /w ) 
c 

-- . 

1. 0 

Fi g . 4 . 3b Echo spectra vs . input power with pressure = 20 microns 
n eon , T = 80 ns , pulses ' center frequency= 3 GHz 
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Fig . 4. 4 Echo spectra vs . input power , computed by Blum 
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the shift of the echo spectra for a certain power change . Also , 

experimentally , the spectra peak never stops to shift even with a 20 db 

dec:r:ease in pO\ver , indicating that saturation still e xists at this low 

p ower l evel. In Fig . t~ . 4 decreasing the power l evel below its lowest 

value shown wi ll not , on the other hand , produce any further shift of 

t he echo spectra . There i s then , the oretically , only a 12 db difference 

in power betv1een the appearance of a secondary p eak in the echo spect r a 

and the disappea rance of all saturation effects . 

Echo spectra as a function of T • Finally one can keep 

(w /w) 2 and P fixed and vary 
po T • Fig . 4. 5 shows the spectra in 

argon obtained from such an experi ment . Since the same relative change 

in P or T will produce the same change of ZT , Fig . !1 . !~ which 

des c ribed the theoretical dependence of echo spectra on power due to 

saturation effects will also b e adequate to illustrate the saturation 

effects caused by T I n Fig . 4. 5 the typical narrowing and shift of 

the echo spectra are again observed . The measurement was performed in 

argon , but a similar behavior is seen in neon . This type of experiment 

is more difficult than the previous one , when the power was the variable 

parameter . The dynamic r ange of T over which one can observe the echo 

is a l ways less than 10 db . For very short T ( < 80 ns) one has diffi -

culties with the pulse electronics . Whe n T is increased, the echo 

power decreases rapidly because of saturation , but also because of the 

phase randonuzation effect of electron collisions . This lack of dynamic 

range with T will produce small echo spectra shifts and one has to be 

absolutely sure that none of the other " fixed" parameters changes . In 
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(w /w) 
c 

1.0 

Fig . 4.5 Echo spectra vs . T , with p = 20 microns argon , 
input pm1er = . 5W , pulses ' center freq. = 3 GHz 
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2 fact the only one causing problems is (w /w) or the density . 
po 

Echo spectra peak shift as a function of P with 2 (w /w) as 
po 

a parameter . The echo spectra give useful information . Unfortunately 

their measurement requires some care and therefore some time . As a 

consequence errors due to unavoi~able density variations are introduced . 

In fact, if the influences of the three free parameters (w /w)2 , P , T 
po 

are to be compared in one experiment with a reasonable degree of 

accuracy, one has to find an easier and faster way to retrieve the 

needed information than through the echo spectra. 

There is a solution to this dilemma. If only the shifts of the 

echo spectra are measured, they can be obtained in a very simple manner . 

The vari ation of the echo power as a function of the magnetic field 

is observed on a wide band oscilloscope. An opt i mum value of the mag-

neti c field will be f ound corresponding to the echo ' s spectrum peak . 

The magnetic field v alue is noted and one can change the value of the 

parameter of interest. The whole process is simple and fast . Fig . 4.6 

present s the results of such an experiment in argon . It was done in 

two phases; the echo spectra shifts were taken vs. power for a fevl dif­

ferent values of (w /w) 2 
with 

po 
l fixed , and then, starting again with 

the power fixed , the shifts were measured as a function of T for the 

2 values of (w /w) taken in the first phase . The data were plotted as a 
po 

function of PT with (w /w) 2 
as a parameter. The theoretical equiva­

po 

lence of P and T in saturation phenomena is once more confirmed . 

Furthermore , considering Fig . 4. 6 , the shifts seem to be logarithmic 
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functions of PT and the parameter (w /w) 2 adjusts the slope of the 
po 

shift ' s dependence on PT in the expected way . For a certain change 

of PT , the corresponding change in ZT will depend on the parameter 

If (w /w) 2 
is large , a large change in ZT will occur , po 

causing a large shift of the echo spectra peak . 

' 

If (w /w) 2 is small 
po 

a smaller increase in ZT will be observed causing a corresponding 

smaller shift in the echo spectra peak . Fig. 4.6 then represents a 

partial success of the cold plasma model , since we can explain qualita-

tively the intricate variations of the echo spectra peak shifts . When 

one looks for a quantitative comparison to Fig. 4.7 representing the 

corresponding theoretical shifts , the difficulties begin . 

First , the theoretical echo spectra shifts are seen to be linear 

functions of PT and not logarithmic functions as in the experiment . 

Second, over the range of power used , the experimental spectra peak 

shifts are too large . Third , above the thin line (shaded area) 

crossing the theoretical shifts of Fig . 4 . 7 i s a region of strong 

saturation 1-rhere the echo spectrum becomes double peaked , see for 

instance Fig . 4 . 4 . The power necessary to reach that saturation level 

is theoretically decreasing as the peak density is increasing . 

Experimentally , such a behavior is only partially seen. Starting from 

a l ow density and using the maximum available power , the double peaking 

of the echo spectra at first cannot be seen as expected, and the density 

increasing barely appears (see Figs. 4 . 3a and 4 . 3b) , only to disappear 

again . This is consistent with the reported variation of the echo 

2 spectra povrer as the parameter (w /w) is changed . All indications 
po 

are, then , that for a peak density high enough the microHave pulses do 



0 
C\J 

- 100-

0 
rl 

Lr\ 
0\ . 

~ 

Ul 
s:: 

0 
co 
II 

1--

co 
...::t 

. 
tlO ...... 
rz.. 



-101 -

not seem to couple effectively to the "oscillators ". This puzzling 

phenomenon , probably similar to the problem of coupling to upper hybrid 

r esonances in a Q machine (28) , is studied in another experiment 

described in Section 4 . 2 . 2 . 

Figure 4 . 8 represents the.shifts of the first and second echo 

spectra peaks as a function of PT . If one plots the first and second 

echo shifts vs . P only, the second echo shifts lie on lines parallel 

to those representing the first echo shifts such that a vertical trans-

lation of 3 db would make them coincide . When plotted vs . PT this 

translation is done since T2nd echo = 2Tfirst echo · This measurement 

is relatively easier and faster than that presented in Fig . 4 . 6 , which 

is probably why l ess dispersion in the data is seen in Fig . 4 . 8. 

Echo spectra peak shift as a function of electron colljsions. 

The theory is collisionless , but in the experiment the collision fre-

quency of electrons with neutral or ions is an important parameter that 

can be adjusted by changing the neutral gas pressure , the electron tern-

perature and the density . The electron neutral collision frequency 

depends on the neutral gas pressure and on the electron temperature . 

The Coulomb collision frequency depends on electron and ion densities 

and temperatures . For some numbers on these quantities in the usual 

experimental conditions , see Appendix B. Fi gure 4 . 9 represents echo 

spectra peak shifts in neon as a function of PT for a fixed density 

and for three different neutral gas pressures . 
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(w /w) 
c 

Fig . l1. 9 Echo spectra p eak shift vs . PT for dif.!:'erent n e utra l 

pressures , T = 80 ns, and pulses ' center freq . = 3 GHz 
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In this figure the purpose of the measurement was , hopefully , to 

resolve an old controversy about •rhich nonlineari ties are more important 

in the echo f onnation . The previous experiment with echo spectra have 

confirmed the qualitative correctness of the cold plasma nonlinearity 

arising from the nonuniform density profile . The paramete rs (w /w) , 
c 

2 
(w /w) , P , T were seen to play qualitatively , the r ol es determined po 

by their being part of ZT The question which a rises is the eventua l 

presence of factors in ZT , not theoretically predict~d , such as the 

energy-dependent electron neutral collision . From Section 2 . 2 one 

r ecalls that this nonlinearity enters as a factor av;av2 in the argu-

ment of the Bessel functions of the echo amplitude factor in the inde-

pendent particle theories (see Eq . 2. 6) . In neon the el ectron collision 

freque ncy can b e closely approximated by 

\1 = ( 4 . 1) 

where a(P) is a factor depending linearly on the neutral gas pressure , 

so that 

av - = a(P ) 
av2 

(4. 2) 

Now this factor a (P) , i f present in the experimental z< , shoul d 

produce an effect on the spectra shifts when the neutral pressure is 

changed . One can show that it would merely trans late them up or dm·Tn 

along a line paral lel to the vertical axis . The straightforward way 

to check this effect experimentalJy is the following . A neutral gas 

pressure and a certain density are chosen , an echo spectra shift vs . 
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Pr is taken. Then the pressure is changed , a CW scattering is made 

to determine to what time in the afterglow the previously chosen 

density in the new situation corresponds . Once this is found , an echo 

spectra shift measurement is taken at that time in the afterglow (Ta). 

One might then check the existence of the predicted effect on the 

spectra shifts , however , this process would take too long to hope for 

any meaningful results for reasons previously explained (density flue -

tuations ) . Instead, the following is done . A pressure and a density 

are chosen. Then the v alue of (w /w) which corresponds to the largest 
c 

echo for the maximum available power is noted , and an echo spectra 

shift measurement is made . The pressure is changed . Using agai n 

maximum power and the same v alue of (w /w), one l ooks for the value of 
c 

Ta which gives the strongest echo . An echo spectra shift measurement 

is obtained at that value of Ta . Now suppose that a term of the form 

av/av2 does enter in ZT • When the pressure increases zT must 

increase too . So if in the two phases of the experiment the e cho peaks 

at the same value of (w /w) , it is because the density was changed to 
c 

compe ns ate for the increase in ZT due to the pressure dependent 

nonlinear term 
2 av;av . But as was seen in Figs . 4. 6 and 4. 8 , the 

"slope" of the echo spectra shifts vs . PT is a function of density . 

So in Fig . 4 . 9 if a term av/aV2 
has a strength comparable to the 

parameters involved in the model ' s nonlinearity , a change in the 

" slope " of the echo spectra shifts would be seen . It is not , so the 

old dilemma seems to be solved in favor of the " energy-dependent gyro-

frequency" type of nonlinearity . Unfortunately , a qualification must 
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b e added to the last statements . In the independent particles view , 

the electron-neutral or Coulomb collisions can be straightforwardly 

considered as a relaxation of the oscillators involved in the echo 

experiment. But what is the relaxation of the oscillators in the 

collective effects model? It is,certainly related to the electron-

neutral or Coulomb collsions too , but it is not clear how . This raises 

some doubt s as to the conclusions reached from the results presented in 

Fig . 4.9. 

4 . 2 . 2 Echo Power Law 

The echo spectra gave some insight into the upper hybrid echo 

properties and in particular how saturation phenomena can affect it . 

Another type of measurement which could confirm those results was indi-

cated in Section 2 . 3 . 2 . The idea was to measure the echo power as a 

function of the exciting pulses peak power or input power P for dif-

ferent areas of the slab . It was predicted that near the center of the 

slab, corresponding to the maximum upper hybrid frequency in the fre-

quency domain , saturation phenomena would appear for a higher input 

power than near the edge of the slab , corresponding to the cyclotron 

frequency . Fig . 4 .10 explains how these measurements are taken. One 

recognizes echo spectra obtained at a fixed density wi th the input power 

as a parameter . The thin lines show for what v alue of (w /w) the r ela­
c 

tion between the echo power and input power is studied. F i gs. 4 . lla , 

4. llb show typical results of such experiments in argon and neon respec-

tively . Fig . 4 . 12 shows the corresponding calculations of Blum. The 

maximum upper hybrid for Fig . 4 . lla is located at ( wc/w ) = . 89 ; for 
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.9 1.0 
(w /w) 

c 

1.1 

Fig . 4 . 10 Echo spe ctra v s . input power , t o show how echo power 
l aw curve s are measure d . T = 140 ns , 
pressure = 18 microns argon , and 
pulses ' cent er freque ncy= 3 GHz. 
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is located at (w /w) = .855 ; and for Fig. 4 . 12 at 
c 

(w /w) = . 90 . In the b eginning of Section 2 . 3 . 2 the behavior of the 
c 

echo power as a function of input power in the low input power limit 

was described . One r ecalls that the echo power in that limit is pro-

portional to the cube of the inp~t power . Since the data in Figs . 

4.lla , b and 4 . 12 are plotted on log- log scales , the low power r egime 

should correspond to straight lines with a slope of 3 . As can be 

guessed from Fig . 2 . 6a , b when the saturation begins , the echo power 

should depart from a cubic law , stop growing , and even decrease with 

input power. These behaviors are very well seen in Figs . 4 . lla ,b . When 

an " echo power law" curve is taken at a value of (w /w) close to the 
c 

location of wHo , it looks almost like a sLraight line , barely bending 

for the maximum available power and displaying very little saturation . 

However , when a higher value of (w /w) is chosen , the echo r eaches a 
c 

maximum for a certain input power, then decreases ; the echo is saturate~ 

If the qualitative behavior of the echo power la1-1 curves is 

understood , a quantitative study gives rise to some problems . One is 

associated with the previously noted quantitative disagreement in the 

echo spectra shift ' s magnitude . Here , comparing Figs . 4 . 12 and 4 . lla , b , 

the decrease of input power necessary to just reach saturation when a 

certa in increase of (w /w) is made , is larger than expected . With the 
c 

echo spectra , the shift for a given change of power was too large . The 

information given by the two different experiments p ermit a guess as to 

what could be a reason for the noted quantitative disagreement . The 

nonlinearity as displaye d by the experiments is a stronger function of 
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0 10 

Pulses 1 peak po•Ter (arbitrary logarithmic units) 

Fig. 4.lla "Echo power law curves " with (w /w) as a parameter . c 
T = 140 ns, pressure= 18 microns argon , 

pulses 1 center frequency = 3 GHz . 
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10 20 
Pulses ' peak power (arbitrary l ogarithmic units ) 

F'ig . 4 . lla (continued) "Ech o power law curves" with ( w /w) as a c 
parameter . 
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Fig . 4.llb " Echo power law curves " with (wc/w) as a parameter, 
T = 80 ns , pressure = 20 microns neon , and 
pulses ' center frequency= 3 GHz . 
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10 

Pulses ' Peak Power (arbi~rary logarithmic units) 

Theoretical " echo power law curves " wi~h (w /w) as c 
a parameter , after Blum . 
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(w /w) than predicted . Translated in the point of view of the slab, 
c 

that means that a density profile with a stronger dependence over (x/a) 

than the chosen (x/a)4 is needed . There is , then , a certain temptation 

to obtain the best possible agreement with the experiment by modifying 

t he density profile of the slab . However , in our opinion , to expect a 

quantitative agreement from sucn a simple model is asking too much . 

And some of the experimental results , for example the peak of the echo 

spectra at the cyclotron frequency , will not be explained whatever the 

model ' s density profile is. A new theory will have to be found to 

explain quantitatively all the experimental results . But at least the 

Blum and Gould model has qualitatively explained many aspects of the 

experiment not at all understood with the independent particle theories . 

Another quantitative discrepancy is observed in the low power region . 

A cubic echo power law is expected (Fig. 4.12) . But Fig . 4.lla shovrs 

for large values of (w /w) a very different and complicated behavior . 
c 

When (w /w) is~ .932 the experimental data form parallel lines , quali­
c 

tatively reproducing the general aspect of Fig . 4 . 12 . However , they 

represent a quadratic echo power law rather than a cubic one . An 

average over 12 curves in neon and argon (with no noticeable difference 

between the two gases) concludes that if 

(4 . 3) 

then 

a. = 3 . 92 + . 6 

A p ossible reason for the disagreement is the effect of Coulomb colli-

sions . In Fig . 4 . llb, for instance, at the lowest input powers , the 
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data points indicate that the echo decreases even faster than the lines 

representing an approximately fourth power dependence. Supposing 

that the electrons acquire an energy of 3eV with the maximum power 

available , and using the electron density of 2 . 2 x 1010 corresponding 

to Fig . 4.llb, at full power, the Coulomb collision frequency is of the 

order of 3 x l05c/s . When the power is reduced by 10 db it becomes 

4 x 10
6
c/s , and for a 20 db powe r attenuation it is~ 6 x l07c/s. 

The last number means that on the average an electron experiences a 

collision each 17 ns, or since T = 80 ns, about 9 collisions between 

the first pulse and the time of the echo. The functional relation 

between the echo power and the input power could then be drastically 

affected by the Coulomb collisions at these lowe r powers . * The numbers 

given seem impressive , but as was pointed out before, should only give 

an order of magnitude fee ling for the importance of Coulomb collisions , 

since it is probably imp~oper to assume that the relaxation of collec-

tive oscillations is given just by the electron- neutral or electron-ion 

collision , whichever dominates . Furthermore , the energy acquired by 

the electrons from the pulse is difficult to estimate (29). An 

experiment similar to that reported by Fig. 4 . llb was tried at a lower 

*The corresponding electron-neutral collisions for 20 microns of neon 

are at full power v = 2 x l07c/s , with an attenuation of 10 db in 

power: v = 1 . 6 x l~gc/s, for an attenuation of 20 db, no data are 
en 

available at that low electron temperature . We will suppose it is at 

l east as small as the value given for an attenuation of 10 db so the 

electron-neutral collision will not affect the low power regime of the 

echo . 
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2 
'V . l8. density: (w /w) was The coefficient a defined in equation po 

4 . 3 was : 

2 
. 18 a = 3.55 ±. . 2 for (w /w) = po 

compared to : 

4 . 02 2 
. 26 a = ±. . 5 for (w /w) = 

po 

as obtained from Fig. 4.llb . 

The possibility of Coulomb collisions playing a · role is there-

fore reinforced by this steepening of the echo power law with electron 

density since their frequency is a growing function of that quantity . 

Echo power laws for the first and second echo . The same type 

of experiment was made to compare the behavior of the first and second 

echo ( see Fi g . 4 . 13) . As one expects , the saturation is r eached for a 

lower power for the second echo than for the first , since 

T = 2T . Another interest in the simultaneous 
s econd echo first echo 

study of the two echoes is to see if they have the proper power law . 

The results of the 12 measurements of the first echo alr eady discussed 

and 10 for the second echo for neon and argon are shown in the follow-

ing t able . 

Co e ffici ent a of: Theory Experiment 

First Echo 3.0 3 . 92 ±. . 6 

Second Echo 5.0 4 . 1 2 + . 8 

The discrepancy between the theoretical and e xpe rimental value of the 

coefficient a of the second echo is not understood. 



Pulses ' Peak Power (arbitrary logarithmic units ) 

Fig . 4 . 13 "First and second echo power la•r curves " with (w /w) as a c 
p arameter , p = 20 microns neon , 1 = 80 ns , and 

pulses ' center frequency= 3 GHz . 



,...... 
(J) 

+' 
•r-l 

§ 
() 

·g 
..c: 
+' 
·r-l 
1-t 
o:l 
bO 
0 
rl 

~ 
1-t 
+' 
·r-l 

1! 
o:l ..._.. 

1-t 
Q) 
)c 
0 
p... 

0 ..c: 
() 

rx:l 

-116-

30 

20 

10 20 

Pulses ' Peak Power (arbitrary logarithmic units) 

"Echo power law curves" with (w /w) 2 
as a parameter 

T = 80 ns , pressure= 20 micronR
0

neon , and 
pulses ' center frequency= 3 GHz. 
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Echo power law with the peak density as a parameter. In Figs. 

4. 11 to 4.13, the peak density or (w /w)2 
was kept constant and the 

po 

role of saturation on echo po•rer law curves was studied through (w /w) , 
c 

one variable entering into ZT Fig. 4.14 shows that if the parameter 

(w /w) is ~ixed , one can observe saturation e~~ects on the echo power c 
. 2 

laws by changing the parameter (w /w) also contained in zT A 
po 

comparison between Fig. 4.14 and Fig . t1.llb permits us to estimate the 

relative strength of the parameter (w /w) and (w /w) 2 
in the nonline-c po . 

ari ty. The three curves of Fig . 4. 1t1 can be likened to the curves of 

Fig . 4.llb defined by {w /w) = .858 , (w /w) = . 867 and (w /w) = . 88 
c c c 

So that a change o~ "'2 . 5% in the parameter (w /w) will produce the 
c 

same saturation increase as a 20% change in the density . 

Echo power l aw as a function o~ the neutral pressure . Fig. 

4 . 15a ,b,c represents an e ~~ort which had similar objectives as t hat of 

Fig . 4 . 9 . The question YTas to check whether the electron-neutral col-

lision ~requency could be a possible competitor through its energy 

dependence to the cold plasma model ' s nonlinearity . The experiment was 

done in the follovring way : A pressure was chosen and a certain density 

was fixed and measured . The value of the magnetic field giving the 

largest echo for the maximum available power and chosen T was noted . 

(In Fig . 4 . 15a, for instance , it would correspond to (w /w) = . 9 . An c 

"echo power law curve " was taken ~or tha·t value of (w /w) and for two 
c 

other values not very different from the first . The pressure was 

changed. 1-li th the help of Cvl scattering measurements , the time in the 

afterglow giving the same density as before could be ~ound and fixed. 
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40 

30 

10 20 

Pulses ' Peak Power (arbitrary logarithmic units) 

Fig . 4 . 15 "Echo power law curves" with (w /w) as a parameter . c 
T = 80 ns, pulses ' center frequency= 3 GHz , and 

( a ) pressure = 10 microns neon . 
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10 20 

Pulses ' Peak Power (arbitrary log . units) 

Echo power law curves with (w /w) as a parameter . 
' = 80 ns and pulses ' center frequency = 3GHz . 
(b) pressure = 20 microns neon , 
(c) pressure = 30 microns neon . 
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" Echo power law curves " were then taken for the three previously chosen 

values of (w /w). If the collisions, through a term av;av2 
partici­

c 

pated in the nonlinearity , an increase of pressure provided an increase 

of the nonlinearity . The input povrer values for which the echo satura-

ted should then have been diminishing as pressure increased . As can be 

seen , no significant cha nges in the saturation of the echo can be found 

for the three v alues of (w /w) and for the three different pressures . 
c 

So with the reserve expressed previously , the energy d~pendent collision 

frequency does not enter the nonlinearity . (In this experiment one was 

obliged to measure the density for each pressure . It was impossible to 

use the same trick as in the measurement of the echo spectra shifts vs . 

pressure because , here, it would have been impossible to distinguish 

the contributions of the peak density and energy dependent collision 

frequency . The measurement shown in Figs. 4 . 15a ,b , c took longer to 

perform and in principle vras more subject to errors) . 

Another interesting result of Fig . 4 . 15a ,b , c is the fact that 

the power law coefficient a , stays constant for the three different 

pressures , thus confirming our previous assumption that the electron 

neutral collisions should not affect the echo power law in the low input 

power regime . 

2 
Echo power as a function of (w /w) . The b ehavior of the ____ _; _________________________ po~----

echo power vrith P , -r fixed , when (w /w) 2 
is varied vas already 

po 

described in connection vrith the echo spectra . Fig . 1~ . 16 shows the 

variation of the echo power as a function of (w /w)
2 

vrith the input 
po 

povrer as a parameter . The theory (20) predicts a monotonic increase of 
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. 1 . 2 2 . 3 
(w /w) 

po 

Fig. 4 . 16 Echo nower vs . (w /w) 2 
. T ~ 100 ns , pressure~ 18 

- po 
microns argon , and pulses ' center frequency ~ 3 GHz . 
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echo power with the density , but the theory is collisionless and uses 

the electrostatic or infinite wave length approximation. So neither 

Coulomb coJ.lision effects nor the problem of the efficiency of coupling 

to the upper hybrid oscillations in a nonuniform plasma h ave been taken 

into account in the model . These two effects , though , are probably 

r esponsible for the decrease of echo power once (w /w )2 is larger than 
po 

a certain critical value. It is difficult from the information we have 

to decide which one is dominant . 

4. 2.3 Echo Width 

The echo width is defined to be the half power width of the 

echo in the time domain . It is an easily measured echo characteristic . 

In fact , it brought the first evidence for the importance of collective 

effects. In Section 2. 3 . 3 it was shmm that , in the low input power 

regime, the echo width should be independent of P and T • It was 

further argued that if a saturation situation exists , the echo width 

should be a function of all parameters contained in ZT Fig. 4 . 17 

r epresents the experimental variation of the echo width as a function 

of input power with (w /w) as a parameter in argon . (Similar results 
c 

in neon are observed) . The value of (w /w) corresponding to the 
c 

maximum upper hybrid is . 89 . As the input power is raised , the echo 

width increases with the dependence on power influenced by the value 

of (w /w). This can be understood as folJows . When (w /()._1) is very 
c c 

close to .89 (location of the maximum upper hybrid fre~uency) , the 

factor of the nonlinearity which depends on (w /w) is very small so c 

that the maximum input powe r will barely induce saturation . As 
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20 

5 ~~~~~--~~~~~~~~~~~~ 

15 

Fig . 4.11 

20 30 

Echo Width (ns) 

Echo widLh vs . pulses ' peak power with (w /w ) as a c 
parameter. T = 140 ns, p = 18 microns argon , 

40 

pulses ' width~ 15 ns , and pulses ' center freq . = 3 GHz 
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pulses ' c ente r frequency= 9 GHz . 



- 125-

(w /w) is increased , however , the input power will be more efficient 
c 

at producing saturation . When the inpt:.t power is lowered , whatever the 

value of (w /w) is , the echo width becomes a very weak function of power 
c 

agreeing with the low power regime theoretical predictions . A qualita-

tive agreement has been reached once more . Other experimenta have been 

made to measure the echo width variation as a function of T wi th 

(w /w) as a parameter . As expected , quite similar results are obtained , 
c 

reinforcing the conclusions of other experiments that P and T play 

a similar role in the saturation. In Fig . 4.18 we tried to reproduce 

the r esults of early experiments shmring a variation of echo width with 

peak density . In order not to be affected by the parameters (w /w) , P , 
c 

T, through saturation and to observe only the influence of (w /w) 2 , a 
po 

low input po>rer was chosen corresponding to about 8 in the l ogarithmic 

units of Fig . 4 . 17 . Ta, the time in the afterglow, was changed and the 

echo width monitored . Its inverse was then plotted as a function of 

Ta jointly with the measured density as a function of the same param-

eter. This particular way of plotting the echo width is a carry-over 

from the independent particle theory thinking . In those theories, the 

echo width is proportional to the inverse of the oscillators ' spectral 

width. Since , in the cold plasma model the spread of oscillators is a 

function of the density, it is then logical to plot the inverse of the 

echo width and the density as a function of Ta . 

Looking at Fig . 4.18 , the inverse of the echo width appears to 

be proportional to the density over a certain range of that parameter . 

On the high density side the echo ceases to narrow and stays more or 
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l ess constant . This is probably caused by relative width effects of 

the pulses and oscillators ' spectra . On the low density side the echo 

ceases to widen and shows some complicated structures (discussed in 

Section 4 . 3 ) when the pulses ' spectrum is wide enough to excite at the 

same time the peak of the echo spect rum at the maximum upper hybrid 

and that at the cyclotron freque ncy . 

Finally , although the main properties of the echo width have 

been described and qualitatively explained here , there. are a host of 

fine variations of the echo shape left to be investigated and under-

stood . 

4 . 2 . 4 Echo Envelope 

An " echo envelope " is the curve which represents the variation 

o f the echo ' s peak power when T is varied . Theoretically , b ecause of 

the equivalence of P and T in the expression of the nonl inearity , 

an "echo envelope " is similar to an " echo powe r law curve". Experimen-

tally , though , an echo e nve lope will show some markedly different 

f eatures due to the interve ntion of electron- neutral and Coulomb col-

lisions . 

factor 

The collisions intervene in 

2 exp [-2f(v , w ,· · · )t] , where 
po 

any echo power expression as a 
~· 

f(v , w2 , ... ) is a function among 
po 

other variables of the appropriate collision v frequency and t is 

the time counted from the first pulse . Whe n an echo power law curve is 

measured , T i s fixed and the term e 
- 2f(v)t will jus t be a constant 

amplitude factor. When an envelope is taken , T is varied and the term 

* In the case of independent particle theories , f(v) = v . 
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- 2f't e could play a dominant rol e . It is this aspect of the echo 

envel opes whi ch attracted a lot of interest on the echo as a possible 

collision diagnostic tool . This will not be the main point of emphasis 

in our study . Vle will rather try to see if s ome f eatures predicted by 

the cold plasma model can b e recognized . Fig. 4 . 21 shows ,.,hat they 

should be . The maximum upper hybrid is defi ned by (w /w) = . 8 48 . With 
c 

the density and power fixed , envelopes can be studied with (w /w) as a 
c 

parameter . Wh en (w /w) is close to the value characterizing the maxi­e 

mum upper hybrid , a larger T will be necessary to produce a peak or 

saturat i on in the envelope than when (w /w ) has values closer t o that 
c 

defining the cyclotron frequency . The shape of the envelope maximum is 

also seen to be dependent on the value of (w /w) . These tHo character­
c 

isti cs , name ly the enve l ope peak l ocation and the shape of that peak , 

will b e accessible to the experiment and Horth studying . The rise of 

the echo envelope is not accessible because of electronic difficulties 

with t he pulse producine apparatus ( see Chapter 3) . The fall of the 

enve l opes could b e dominated by a mixture of effects much as e l ectron-

neutral collisions , Coulomb collisions , diffusion of electrons out of 

the volume of observations whose consequences are difficult to dis -

tinguish and calculate . Fig . 4 . 19a is a composite diagram of experi -

mental envelopes-Hi th the poHer and ( w / w) as parameters . Taking the 
c 

c ase of an input power= . 5 watts , the pre dicted shifting and broaden-

ing of the envelope peak as ( w !w) decreases is observed . The same 
c 

effect , as expected , is seen when the power is decreased for a fixed 

v alue of (w /w) . Although t he observed behavior of the enve l ope holds 
c 

a r easonable resemblance to those of Fig . 4 . 21 , it could poss ibly be 
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10 
PT ( arbitrary units) 

Theoretical echo power vs. PT 

parameter , after Blum. 

20 

with (w /w) as a 
c 
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caused by , say, the electron- neutral collisions. Their effects were 

i nvestigated by lowering the pressure of neutral gas and choosing Ta 

so as to obtain the same density as before . The results are exposed in 

Fig . 4.19b . The envelopes maxima are seen to have almost the same 

shape and location as those of the higher neutral pressure case for all 

values of the parameters except for the envelopes corresponding to the 

highest power . Furthermore , the rat e of decrease of the echo power 

with , is almost equal for the two pressures and for all values of 

the parameters until the secondary bump of the lower pressure envelopes 

is reached . (The dashed lines on Fig . 4 . 19b help to visualize the 

similarity of the echo rate of decrease for the two pressures) . Post-

poning for the moment the discussion of the bump in the low pressure 

envelopes , it seems that one could h a ve ignored the role of electron 

ne utral collisions, as can be seen by comparing t he echo rate of 

decreas e for different power levels with those give n by the electron 

neutral collision frequency in the experimental conditions of Fig . 

4.19a . (One assumes that the electrons acquire an energy of 3eV for 

t he highes t power level . ) Adding Coulomb collisions for more general-

ity, the comparison can be written as follows : 

P == 5w 

T 
exp 

13 ns ±. 1 ns 

T (p == 20 microns) 
en 

T . 
el. 

35 ns 

5000 n s 

P == . 5w 

16 ns ±. 1 n s 

250 ns 

500 ns 

P = . 16 ·W 

16 ns + 3 

> 250 ns 

150 ns 

The times are the time s sufficient to produce a factor 
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e decrease of the echo power as measured experimentally, due to the 

electron-neutral collisions and to the Coulomb collisions , respective­

- 2vt 
ly if their effects can be described through a simple term e 

It seems then , that except in the case of the highest power level , the 

collision effects can be entirely neglected . When such a reasoning 

was used, it was usually remark~d that the above collision frequency 

numbers should not be taken as quantitative , because it is improper to 

equate the relaxation of the plasma collective phenomena to independent 

electron collisions •ri th neutral atoms or ions. The secondary b umps in 

the envelopes of Fig . 4.19b furnish an example of this problem . They 

are believed to be the r esults of the superposition of the upper hybrid 

echo envelopes and of those of the echo associated with the cyclotron 

frequency . The effect on that echo of the electron- neutral collision 

-2\lt 
frequency is seen to be apparently larger than the term e would 

suggest . This is probably due to the special nature of the collective 

modes which give rise to the echo at that frequency . Some caution must 

therefore be used when one discusses the quantitative effects of col-

lisions on the upper hybrid echo also . Gould , Herrmann and others 

( 8 ,13) investigated the role of another factor on which the echo enve-

lopes could depend . Taking an independent particle approach , one can 

show that the longitudinal drift or diffusion of electr ons along the 

field lines of a slightly inhomogeneous magnetic field could produce a 

randomizat ion of phases similar to that produced by collisions , and 

thus determine an echo envelope characteristic of the phenomenon . In 

our experiment the spread of oscillator frequencies is more important 

across the field lines and one can also imagine that electrons under the 
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100 200 300 

Pulses ' Separation (ns) 

Echo envelopes with (w /w)2 as a parameter for two . po 
values of input power . Pressure = 20 microns argon , 
and pulses ' center frequency= 3 GHz . 
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influence of ambipolar electric fields which exist in the plasma (due 

to a steady state diffusion situation) could be experiencing radial 

drifts, producing aeain randomization of the electrons ' phases . The 

reasoning could be made quantitative using this independent particle 

approach , but the echo studied arose from collective oscillations , 

making the consequences and anaLyses of the previously described effects 

difficult to realize, to say the least . 

Another experiment was tried, measuring envelopes as a function 

of density . Fig . 4 . 20a r epresents echo envelopes for different densi-

ties at a very low power. The maximum shape and shifts , as well as 

genera] echo envelope shapes , are believed to be controlled by Coulomb 

collisions. The relative change in echo envelopes as the peak density 

is increased; the qualitative agreement· between the measured echo power 

rate of decrease with T and the numbers given by the Coulomb colli-

* sions sustain that idea. These conclusions are only tentative for the 

previously explained reasons. Fig . 4 . 20b shows another study of echo 

envelopes as a function of density for the maximum available power . In 

this case the maxima and beginning of the fall of the envelopes are 

probably determined by the saturation phenomena of the cold plasma 

model . To conclude this echo envelope study, one can say that there is 

a qualitative agreement between measurements and theory , but the evi-

dence provided is not as solid as that given by the other measurements 

of the upper hybrid echo . A simple comparison between the theory and 

* It could also be expected that in argon the sharp increase in electron-
neutral collisions, once electron energies are lowered under those 
defining the Ramsauer minimrnn, plays a role . The observed dependence 
on density of the echo decay rate with T , could be traced to the 
diminishing efficiency to couple to upper hybrid oscillations as the 
density increases . 
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the experiment is n ot possible because of the complex effects of 

Coulomb and electron- neutral collisions on the echo power as T is 

varied. 

4. 3 Echoes Near the Cyclotron Resonance 

The existence of an echo near the cyclotron resonance has 

already been demonstrated when echo spectra were studied in Section 

4. 2 . 1 and also in Section 4. 2 . !1 under the form of bumps in the upper 

hybrid echo envelopes at low pressure. Although not easy to observe , 

a few of its main properties were studied because of its possible 

importance in a new collective effects theory. Indeed, as pointed out 

by Blum (20) the cold plasma model cannot give rise to a secondary peak 

of the echo near the cyclotron resona nce . As can be seen from Figs . 

4 . 3a , b and !1 . 5 , it can only be observe d when the input powe r is low 

enough and can eventually become much larger than the upper hybrid echo 

as in Fig . 4 . 5 . Anothe r interesting characteristic of the echo at the 

cyclotron frequency is the oscillating aspect of its spectrum, see Fig . 

4.3a for example ; nothing of the kind was seen for the upper hybrid 

echo . When the magnetic field is changed , say , from the condition for 

maximum upper hybrid resonance to the cyclotron resonance , the following 

behavior of the echo can be observed on an oscilloscope . The echo rises , 

peaks for an (w /w) value slightly lower than that corr esponding to the 
c 

maximum upper hybrid , and the n decreases as the cold plasma theory 

predicts. However, as the v alue of w /w 
c 

approaches 1 . 0 , the echo 

reappears , wider , and oscillates between zero and its peak value as the 

magnetic field is changed , producing beating structures in the echo 
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spectra. Also a marked change appears in the plasma response directly 

following the exciting pulses. This direct response or " linear" 

response of the plasma (because it can be described by a linear analy-

sis in contrast with that of the echo) was not mentioned previously 

because it was impossible to observe it when the pulse ' s center fre-

quency is near the maximum upper hybrid frequency . This is not 

surprising in view of the spectral width of the oscillators excited by 

one of the pulses . This width will cause a rapid dephasing of the 

oscillations which were coherent at the end of the pulse, inducing in 

turn a fast decrease in their coherent radiation . A quantitative feel-

ing for this phenomenon is given by an experiment of Bruce, Crawford 

and Harp (30). With experimental conditions quite similar to ours , 

they were able to show that as the density is rais ed from 6 3 2 x 10 el/cm 

the decay rate of the plasma response t o a 10 ns pulse increases until 

a value of the density of 1 x 109e1/cm3 is reached, where the direct 

response of the plasma cannot be distinguished from the shape of the 

applied pulse . This value of the density is the l ow limit for our 

experimental study. However , when the center frequency of the pulses 

approaches the cyclotron resonance, the plasma direct response becomes 

visible and gets so wide it is of comparable amplitude to the echo at 

the time of the echo . 

Figure 4 . 22a shows a composite diagram of these results with 

input power as a parameter . The soljd lines represent the radiation of 

the plasma at a time t = T after the second pulse. The dashed l ines 

display the plasma r adiation at t = T after only one pulse has hit 

the plasma. The two types of measurements permit us to differentiate 
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(w /w) 
c 

Fig . 4 . 22a Plasma radiation at t = T due to one or two pulses 

vs . (w /w) with input power as a parameter. 
c 

Pressure = 20 microns argon , T = 200 ns , and 

pulses ' center frequency= 3 GHz . 
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(w /w) 
c 

1. 0 1.1 

Fig . 4 . 22a (continued ) Plasma radiation at t = T due to one 

or two pulses vs . 

parameter. 

(w /w) with input power as a 
c 
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b etween the contributions of the plasma linear response and echo to 

the observed radiation . As pointed out earlier , no linear response 

can b e seen at t = T from the upper hybrid oscillations. Hovrever , 

near the cyclotron resonance , depending on the input power , the linear 

response is of appreciable ampJ~tude, double peaked or not , but always 

more or less eymmetrical with respect to (w /w) = 1 . 0 . The presence c 

of the cyclotron echo manifests itself by a larger signal than that 

contributed by the linear response alone and also by the characteristic 

beating structure . To have some understanding of these facts , one 

would need a new theory. vli thout going to that length, one can obtain 

a phenomenological picture by using an independent particle approach 

whose oscillators and nonlinearity will not be specified . From equa-

tion 2 . 15 the echo current is given by : 

+oo 

J "' I A (t) g(t- m) 
n 

( 4 . 5) 
- 00 

where A (t) is an amplitu~e factor and g(t- m) is the echo 
n 

shape factor . 

+oo 

g(t) J G(n ' ) 
H~ ' t dn' (4.6) = e 

-00 

where n' is the frequency of one of the oscillators expressed in a 

frame rotating with the pulse ' s center frequency w ) so that 

n' = n - w (4 . 7) 

G(n ' ) is the spectral de nsity of oscillators . Novr let us suppose 
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that this density of oscillators G(n) is given to us and that it is 

centered around the cyclotron resonance 

G(n) = r(n - w ) 
c 

or 
G (n') = f(w - w + n ' ) c ' 

then +oo 

g(t) 
J f(w - + n ' ) = w e c 
- oo 

+oo 
-i(w-w )t 

= 
J 

r( n" ) c e 

- oo 
or 

-i( w-w )t 
g(t) c h( t) = e 

with + oo 

h ( t) f r( n") 
in"t 

dn" = e 

-oo 
and 

n" = w - w c + n ' 

w , then 
c 

in't 
dn' 

in"t dn" e 

(4 . 8) 

( 4. 9) 

(tL 10) 

(tt.ll ) 

With equation lt . 9 one can write the shape of the plasma " linear res-

ponse" and that of the echo as : 

linear response shape g (t) = h(t) 
0 

e 
-i( w-w )t 

c 

echo shape 
-i (w-w ) (t-T) 

g
1

(t) = h(t-T)e c 

(4.12) 

(4 . 13) 

h(t) is the Fourier transform of the oscillators . The variation of 

h( t ) with time will then be inversely proportional to the spectral 
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width of the oscillators , and if the distribution of oscillators is 

narrow enough , h(t) will be such a slow function of time that the 

linear response of the plasma will still be of the same order of mag-

nitude as the echo at the time of the echo , as is observed experimen-

tally. 

The radiation of the plasma at a time near t = T is then the 

result of the addition of the linear response and of the echo . The 

amplitude of the plasma current will then be : 

-i(w-w )t 
= A

0
h(t) e c + A

1
h(t-T) e 

-i( w-w )(t- T) 
c 

If the assumption is made that near t = T , 

J(t) 
-i(w-w )t -i(w-w )(t-T) 

= A(e c + e . c ) 
then 

(4 .14) 

(4.15) 

(4 .16) 

(4 .17) 

and using standard trigonometric identities, taking only the r eal part 

of J : 

Re{J(t)} (4.18) 

Through the second cosine term of equation 4.18 , the real part of the 

current will show a beating structure with a frequency defined by 

l 2 (w-wc)' = 2n . The imaginary part of J shows the same beating fre-

quency . The beating structure of the cyclotron echo in Fig . 4 . 22a and 
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t he large linear response of the plasma at t = T are then just conse-

quences of the narrowness of the oscillators ' spectrum which gives rise 

to the echo at the cyclotron resonance . A quantitative check of the 

simple reasoning made here can be easily obtained from the experiment . 

The beating frequency is seen to change with T (see Fi g . 4 . 3a ,b and 

Fig . 4. 22a) . Fig . 4 . 22b is a plot of the change of frequency necessary 

to make the echo grow from zero to its peak value and back to zero 

again vs . 1/T . The measurements were made at different densities with 

t he expected results that all points fall on the line of slope l , 

meaning that (f- f )T = l or ( w- w )T = 2n 
c c 

The beating of the amp-

l itude of the plasma current is characterized by .!( w- w )T = 2n 
2 c 

, but 

experimentally one observes only po•rer so that the beating frequency 

doubles , agreeing with the experimental results . Another aspect of the 

diagrams of Fig . 4. 22a has not yet been explained ; that is , the double 

peaking of both the echo and linear response symmetrically with respect 

t o (w /w ) = 1 . This is probably a combined effect of the finite width 
c 

of the pulses ' spectrum and of t he electron- neutral collisions . 

Analy zing , for inst ance , the diagraJU corresponding to the input power 

of 5v1 , one can guess at the influence of the electron-neutral colli-

sions . Taking the center frequency of the pulses to be such that 

(w /w ) = . 95 , on l y a weak power wi ll excite the oscillators l ocated at 
c 

( tu /w ) = 1.0 
c 

Only a weak echo can then be observed with a corres-

ponding weak electron- neutral collision frequency . When the center 

frequency is changed so that (w /w) increases , the larger power avail­
c 

able to the oscillators produces a larger echo as l ong as the echo 
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Fi g . 4 . 22b Beating frequency of echo near cyclotron 

r esonance vs . 1/T f or different densities 



power law more than compensates :for the decrease caused by the calli-

sions . I:f this is not the case , the echo power will drop , accompanied 

eventually by a similar decrease in the linear response , with the 

minimum being reached at (w /w) = 1 . 0 
c I:f the pulses ' center :frequency 

is still decreased such that (w /w) ~ 1.0 , just an inverse series o:f 
c 

events will happen as long as the pulses ' spectra are symmetrical with 

respect to their center frequency , causing the symmetrical double 

peaking of the echo and of the linear plasma r esponse . A direct conse-

que nce of that r easoning wouJd be thaL if the input power is reduced , 

the double peaking should decrease and eventually disappear . These 

kinds of phenomena can be seen in Fig . h . 22a . A :further argument in 

favor of the strong effect of eJ ectron-neutral collisions on the echo 

near the cyclotron resonance was brought out during the discussion o f 

echo envelopes . A factor of two change in the neutral pressure had a 

clear influence on the cyclotron echo envelope (Fig. 4 . 19a ,b) . 

Finally , it is interesting to note that , as the input po•rer is lowered 

sufficiently so that the spectrum of the echo near the cyclotron r eson-

ance is not double-peaked any more (the power level at which presumably 

the electron- neutral collisions become insignificant) , t he upper hybrid 

echo becomes smaller than the cyclotron echo and eventually disappears , 

leaving only one peak in the echo spectrum at the cyclotron resonance . 

The studied plasma , as we have seen through the echo spectra , 

possesses two zones where stimulated radiation can be observed . How-

ever , if the linear response of the plasma was easily detected at the 

cyclotron resonance , it could not be seen at the maximum upper hybrid 

r esonance , because of its too rapid decay associated with the spectral 



width o~ oscillators there . As the density is decreased , however , this 

spectral width will decrease , and one can expect then to see the plasma 

linear response from the maximum upper hybrid . Fig . 4 . 23a shows the 

results of an experiment tried to check this idea. The right part of 

the figure consists of composite diasrams o f CW scattering and of the 

pulses ' spectrum. Its intention is to show what resonances can be 

expected to be excited by the pulses . The left part shows the results 

of echo experiments in the time domain . They are drawn from Polaroid 

pictures of what was displayed on a fast oscilloscope screen . In this 

experiment the density was taken as a parameter . 1he results showed 

more than was expected . Considering , for example the case of Ta = 

5. 5 ms , the linear responses arc easily visible and shovr an almost 

100% modulation . The echo is modulated too . This , as can be shown 

from a simpl e independent particle approach , is simply due to the fact 

that we did not excite just one resonance as was proposed , but two at 

the same time . These resonances will have prolonged ringing due to 

their narrow spectrum width , and then the sum of the ringings will 

show a beating structure whose frequency should be equal to the dif­

ference ~requency of the two resonances . The beating of the linear 

response is then explained , but we remember that , in addition to a 

phase ~actor ( see equations 4 . 13 , 4 . 12 and 4 .10 ), the linear response 

and echo shape factors are i dentical . The echo should , as observed , 

also show a beating structure. The deformation of the top of the 

early .linear plasma response is just due to the receiver saturation . 

The frequency beat of the linear plasma response permits an independent 

determination of the plasma density if we assume that only maximum 



-c 
::J 

-146-

Osci I log rams of echo experiments c. w. scatterings 
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Fig . 4.23b Comparison of different density measuremenLs 
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upper hybrid osci llations and cyclotron oscillations are responsible 

for the ringing . Fig . 4. 23b shows the results of such a measurement . 

Also plotted are the results given by the associated CW scattering , 

ass~ng that the maximum upper hybrid , at these low densities , is 

locat ed at the summit of the appropriate peak i n the CW scattering . 

The agreement is seen to be remarkable . The beating frequency of the 

echo does not seem to be the same as that of the linear response , but 

with the echo arising from nonlinear processes , some small frequency 

s h ift could be expected , and also it is more difficult to measure than 

that of the linear response. Thi s experiment is especially interest­

ing . I t independently confirms some recent measurements and associated 

theory of pulse-st i mulated emission from plasma columns (31) . 
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V. SUMMARY AND CONCLUSIONS 

5 . 1 Summary and Evaluation of Results 

The original intent of this experiment was to reproduce that 

of Hill and Kaplan and to make some detailed comparison with the 

independent particle theories. ,The first results of early experiments 

in X- band frequency with the plasma vessel located in a very homo-

( - 4 geneous magnetic field 6B/B = 10 ) displayed two- pulse echo proper-

ties not explained by these theories . Every characteristic of the 

echo appeared to be an unexpectedly strong function of the electron 

density . This , progressively , led to the idea that nonlinear 

collective oscillations excited by the microwave pulses could play an 

important part in the echo formation . A new experiment was designed 

t o accentuate these e ffects. The center frequency of the pulses was 

lowered from X-band to S-band, increasing the ratio of the plasma 

frequency to the cyclotron frequency , thus making the observation of 

"plasma effects " easier . The magnetic fi eld inhomogeneity was again 

kept very small. These changes brought the discovery (21) of an echo 

associated with the well- known upper hybrid oscillations present in a 

nonuniform cold plasma column. The echo spectrum peaked near what is 

called the maximum upper hybrid frequency of the plasma: 

2 2 2 
w = w + w Ho po c 

where w /2n is the plasma frequency associated po 

with the peak density on the column axis and w /2n 
c 

is the cyclotron 

frequency. Blum (20) developed a new echo theory in terms of a s imple 

nonuniform unidimensional cold plasma slab . The theoretical echo 

spectrum also peaked near the maximum upper hybrid . Furthermore , the 



- 150-

theory showed that the echo properties can be described in terms of 

two different regimes : a " low" pulse peak power regime , and a "high" 

pulse peak power regime , or saturation regime . When the pulse power 

i s low , the echo description js relatively simple . For instance , 

among the four most imuortant variables ((w /w) , (w /w) 2 , pulse power - , c po 

P and pulse separation T) present in an echo experiment , only the 

fi rst two will have an effect on the echo width and the echo spectrum. 

As t he pulse power is raised to reach the second regime , the four 

variables have a strong influence on all echo characteristics . A 

detailed experimental study was then made of the most important echo 

characteristics : echo spectrum , echo power law , echo width , and echo 

envelope , as a function of the previously defined variables for each 

of the two power regimes . An over- alJ remarkable qualitative agreement 

between the experiment and the theory was obtained. Thus it clearly 

confirmed the suspected importance of collective effects in the echo 

f ormat i on, when the distribution of cyclotron frequencies caused by 

magnetic field inhomogeneities was narrower than the distribution of 

upper hybrid frequencies due to the plasma electron density nonuni-

formity . The discovery of the upper hybrid echo and its qualitative 

understanding have provided a new insight into the difficult problem 

of nonlinear collective oscillations that can be excited in laboratory 

plasmas . 

The simplicity of the model prevented a quantitative comparison 

of the theory •ri th the experiment ; it also caused some qualitative dis -

agreements in some areas of the multidimensional space of the echo 
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parameters . We will list these areas , as they will give indications 

into what directions further vrork could be pursued . First , the echo 

spectra were seen to have a peak not predicted by the theory , at cyclo-

tron frequency . The slowness of the decay of the linear plasma 

response to the exciting pulses ; its interaction •ri th the echo causing 

modulation of its spectrum, were manifestations of the narrowness of 

the spectrum of oscillators present there . The double peaking of the 

echo spectra symmetrically with r espect to (w /w) = 1 . 0 at large input 
c 

powers showed , it is believed , the importance of electron-neutral col-

lisions on the oscillators or modes . The mode characteristics and 

their strong dependence on collisions match very well with those pre-

dieted by the hot uniform plasma theory of Bernstein near the cyclotron 

frequency ( 32 ). This raises the interesting possibility that " hot " 

plasma effects also play a r ole in the echo formation . An aspect of 

the usefulness of the echo as a diagnostic tool has just been given . 

Even though we do not have a theory for a collective effect echo peak-

ing at the cyclotron frequency , we know enough about the general 

conditions for the existence of an echo to characterize the modes or 

"oscillators " which must exist there, thus obtaining information which 

perhaps could not have been obtained otherwise . For instance , the CW 

r eflection measurements also sho•r a peak at ( w /w) = l. 0 . Follo\ving 
c 

a cold plasma approach , it was thought to be simply due to a reactive 

mismatch of the plasma in the waveguide . Further emission studies by 

Blum , and our experiment with the echo peaking at the cyclotron fre-

quency showed this reasoning to be erroneous . 
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Another discrepancy between the cold plasma echo theory and the 

experimental results is observed -.rhen the echo power i s monitored as a 

function of the density . The theory predicts a monotonic increase of 

the echo power with the density until saturation sets in . Experimen­

t ally, as the density is raised , the echo first grows , but then drops 

r apidly once a certain critical density is reached. I t was pointed out 

that at least two reasons could be found to explain the disagreement . 

The first is the neglect of Coulomb collisions which are linearly 

increasing with the density . The second could be the electrostatic 

approximation of the cold plasma model which discarded wavelength 

effects , a potential source of the difficulty in coupling to the upper 

hybrid resonances as the electron density increases (28) . Unfortunately 

t hese effects could not b e identified with enough certainty to exclude 

other possible factors . 

5 . 2 Suggestions for Further Work 

As far as the theory is concerned, from the difficulties encoun­

t ered in dealing •ri th some of the exper imental results and their 

probable explanations , it seems that a quantitative description of the 

echo can only be given using a nonuniform hot plasma theory , with 

Coulomb and electron- neutral collisions , and with the full set of Max­

well equations . This i s a formidable task and probably not really 

necessary . Not all of the complications need to be taken at once . A 

probably next logical step in the unde r standing of the echo might be 

an electrostatic collisionless uniform hot plasma theory in order to 

explain the double peaking of the echo spectra at the upper hybrid and 
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cyclotron r esonances . 

One could also consider further experimental work . First , some 

improvements in the instrumentation used would be profitable . For 

instance , the range of input power over which the echo could be studied 

was not wide enough . This could be remedied by the use of a traveling 

wave tube with a higher power output and a more sensitive receiver . 

Furthermore , although a good measure of electron density was obtained 

through the CW scattering measurements , it would be d~sirable to con­

firm it with another type of diagnostic , such as interferometry , for 

example. The need is especially great when different gases are studied 

and the location of the echo spectra peak is compared with that of the 

maximum upper hybrid . In our experiment we were not sure whether the 

slight differences in the echo spectra peak location as referred to 

that of the maximum upper hybrid resonance between neon and argon were 

a r eal property o f the echo or just a consequence of possible changes 

in the shape of CW scattering spectra . 

Once these improvements have been perfected , the following 

investigations could be performed : 

a) The behavior of the two peaks in the echo spectra could be 

studied over the extended power and receiver range . The influences of 

effects such as Coulomb collisions and the upper hybrid oscillation 

coupling problem would become clearer . 

b) The study of more , different gases in which echo properties 

could be affected through collision frequencies and shapes of electron 

density profile would be of interest , especially if the density pro­

files are measured experimentally . 
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c ) Finally , the influence of magnetic field inhomogeneities 

on the echo could help to check , for instance , whether when the upper 

hybrid frequencies ' spread becomes narrower than that of the electron 

gyrofrequencies ' , an independent particle theory would be more appro­

priate than one including collective oscillations even at the rela­

tively high densities considered in this study . 
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PLASMA ECHOES AT UPPER HYDIUD RESONANCE• 

L . 0 . Baue r, F . A. Blum,t and R . W . Gould 
Cali fornla lnstrtutc of Tcclmulot\y, P.ls•Hicna, Cal ifurnia 

(ltccciv<'d J.l Decem her I 067 ) 

We rcpor·t cxpedment.'\1 obscn·ation of a new plasma echo at upper hybrid r esonance 
and pn~s<.'nt a s imple theo r etical model which exhibits som e majo r features of the rt'su lts . 

Echoes fl·om a plasma stimulated by multi­
pl e excitation pulses we r e fi rs t repo r ted by 
Hill and Kaplan' in 19G5 (cyc lo tro n echoes). 
The ir experiments mvolved excitation o f a plas­
ma in a strong, inhomogeneous ma~nct1c h e ld 
by pulses whose center frequency was ncar 
the e lect r·on-cyclotr o n frequ e ncy. Althou~h 

other mec hanisms have been discussed,' a mod­
el consistrng o f a collection o f independent e lec­
tro ns gy1·aling in a nonuniform mag neti c field 
subject to ene1·gy-dc:pendent co l llsions3 I S be­
lieved to give an adequate descriptiOn of the 
effect if the plasma density is low cnout:h. 
Mo 1·e r ecently , Gould and 13lum• discussed the­
oretically anothe r plasma echo involving upper 
hybrid pl~sma oscillations. The upper hybrid 
echo' is assoc1ated wrth the macroscopic chaq;e 
and current density fluctuations (at the upper 
hybrid fn•quency, wit 2 "we"+ wp"l of a p lasma 
column with an Inhomogeneous electron-den­
s ity p roClle. Thus, collective eff(•cts play a 
dominant role in the formatiOn o f tlus echo. 
This Le tter is a preliminary report on the ex­
perimental observation o f this new plasma echo 
and a s1mple theor ellcal model which exh1bits 
some sal ient features o f t he cxpe 1·imental r e ­
su lts. 

The plasmas s tudied experimentally were 
rare-gas, ailcrg low discharges created by 
an rf pulse. They were contained in a glass 
cylinde r o f 1.8 em i.e!. and about 1 m in l!'ngth, 
aligned coaxially with t he magne tic held (D) 
o f a solenoid. The glass tube was inserted 
through and perpendicular to the narrow walls 
o r S-band waveguide so that the conflgur·ation 
for the exciting microwaves was E J k J. D, whe re 
f: is the e lectr ic fi eld and k is the propagation 
vector of the signal. The plasma and waveguide 
formed one of th!' s1de a rms o f a balanced mi­
crowa,·e bl'idgc s ystem in which a mag1c tee 
was used. In contrast to studies of cyclotron 
echoes,' •3 we s tudied the upp!'r hybrid echo 
with B homogeneous to ont' part in 104 ove r 
the volume of plasma excited by the microwaves. 
All expcl'imental data report!'d r epresent crys­
ta l rectifier detectt'd signals. 

Seeking knowledge of t he normal- mode spec­
trum of the plasma, we we1·e led to studies 
of its cw r esponse.8 The uppe r solid curves 
in Fig. 1 s how the cw r eflection from a neon 
plasma for three afterglow limes, T a. In these 
expenments the incident Signal frequency w/2rr 
(3.0 Gc/scc) was held constant while the mag­
netic !relet, i.e., we, the electron cyc lotr on 
frequency, was varied. The values of wc/w 
are accurate lo within ±0.2 %. These data show 
clearly the presence of collective phenomena. 
The sharp peak near wclw ~ 1 and the broad 
peak at lower values arc characteristic of all 
experiments pcrfo t·med. T he peak in the seal-
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FIG. l. Composite diagram of experimental data on 

cw r efl<'ction , singlr-pulsc reflection, and echo spec­
tra as a function of wc / ..oJ for a neon afterglow plasma 
a t a pre~ sure or 35 1-1 Jig. The par .1mct c r T a is t he 
time aitet· lhl' end or the breakdown pulse , i.e. , the 
afterglow lime. 
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ter ing that s1gni ficantly shifts and broadens 
at high elrctron dcns 1!1cs has the appc~u·ancc 
of a co m mon fpaturc of rc:fl ccllon, cn11sston, 
and abso rptiOn s pect ra o f cyt lot ron- r esona nce 
experiments n•portcd by other obsl'rvc t·s.'•" 
Thi s feat ure I S atl n iJu ted to the uppe r hybrid 
r esonance of a cold, lnhonH>l~cneous plasma.• 
I n fact, the o nset o f St!-:nl ft cant scatte r1nl: at 
l ow values o f wclw ha s proved to be a gond 
m easure o f the maximum c l <'c tron density o f 
no nuniform plasma co lumns.• At the onsd poi nt 
on the wclw axis th<> 1ncidPnt signal frequen -
cy i s equa l to the ma-ximum upper hybnd fre­

quen cy o f the plasma. i.e ., ,,} =w1Jo2 -w/ .. wt,o2
, 

where w1,0 i s the m aximum loca l plasma f t·e­
qucncy. Thts inte rpt·E'tallo n is the sou 1 ce o f 
the es timates of w1,o!w g ive n in Fi [:. I. 

The d ashed cu rves o f Ftg. I demonstrate that 
the response of the plasma to a h1gh power, 
v ery sho t· t pulse suc h as that used in echo ex­
p eriments i s cssenllally id<'ntical with the ob­
served cw scatt<•ring. These data arc dtsplays 
of the maximum amplitude o f t he r<'flection 
f rom the same neon plasma of a 20-nsec mi­
crowave pulse o f 0.5-\V peak power as a func­
tion o f wc/w. Thus the hif,h-powc1· pu l ses seem 
to couple to t he same normal modes of t he plas­
m a that arc ob se rved in low-power cw expe t· ­
iments. 

Finally, we come to the echo and tt s corre­
l ation with the cw and short-pu l se spect ra. 
The ec hoes were stimu lated by two pulses sep ­
arated by a timer. The pul ses W<' r c each iden­
ti ca l to the one used in thl' short-pul se t·eflec­
l!on experim ent. The echoes co nsist of short 
burst s o f radiatio n emitted by the plasm a at 
ti mes 1 = nT , n - I , 2, · • ·, after the second apphcd 
pulse . The lower solid curves i n Fig. I are 
mag neti c fie ld spect1·a of the f1 rst echo v1- I , 
T = 100 nsec), 1.e. , t he dependence of t11e echo 
amplitude o n wc/w. At Ta = 2 m sec the echo 
i s s trongest at a po int whtch i s shifted 13 r; 
(about ft ve limes its spectral ha lf-width ) f rom 
the condtlion fo r free elect r o n cyclotron res­
onance, wclw - I . Although the d.ila present-
ed a r c fo r neon, stmilar r esults ha,·c been ob­
tained us ing a rgon. This IS the f11·st obsena­
lio n o f echoes under conditions fa r fl·om those 
Co r free electron cyclot r o n resonance and ~ 
what the cw exper iments mark as the ma-xrmum 
uppe r hybrid [l·<'quency o f the plasma. 

I n o t·de t· to account qualitall\'cly fo t· t he gen ­
eral features of t he data of F1g I , we consid­
er a one-d1mcnswnal inhomo~;cneous cold plas-
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ma s l ab• o f t hickness 2a s i tuated tn a uniform 
magneti C fi eld fi wluch i s parallel to the s lab 
fac es [ sec Fig. 2(a)]. The p lasma i s placed 
between two parallel conducting plates separat­
ed by a drstancc 2/. The steady-state e !eel r on 
dcnstty i s assumed to d<'pend on r i n such a 
manne1· t hat u.•p2

(\) - wpo2 (1-x2/a2 ). Collisions 
are neglected and th<' to ns arc assuml•d fixed. 
Srmulating the conditions o f the experiment, 
we place a short sec lion of this plasma slab 
tn a parallel - plate transm i ssion line which has 
a mat ched generator· at one end and i s termi ­
nated 111 its charactcrrstrc rmpendancc Z 0 at 
the othe r end as shown in Fig . 2(a). We neg lec t 
fringing fi eld e ffec ts 111 the short section . The 
dependence on wclw o f the· r·cfleclion coe ffi c rent 
seen at the gener ator on this transnussion ltnc 
will y re ld the thco t·ellcal equivalent of the ex­
penmental cw curves o f F 1g . 1. Srncc 1n the 
exper i ment the lateral dimensions o f t he plas­
ma ar<' small compared with the wavelength, 
we r eplace the plasma o f Fi g. 2(a) which i s 
dis tributed a long t he t ransmission line by a 
s imple l umped-element equivalent circull as 
shown in Fig. 2(b). The ctrcutt el em ent c, i s 
t he capacitance of the vacuum between the plas­
ma and t he conductmg plates , and i s gi ven IJy 
C 1 = ( 0 11/2(1-a ), where £ 0 rs the pe r-mitt ivity 
o f free space and A is the l atc t·al area o f the 
capacitor-slab system. The negati ve capac i -

f X 

(ol Zo 

(b) 

FIG. 2. (a) 01a;;r am show1ng geometry of t he plasma 
s lab and p::trallc l-plat•• transmiSSIOn line which com ­
pr ise the t h<"O r <•tical mod<'!. OJ) Lump<"d-clcrnenl 
equ•\'alent CirCuit of th<" pll.sma-slab , t ransmission­
l ine model. 
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l ance Ca r esults from the cqutvalent c iJ·cuit 
approximatio n a 11d is equa l to -F. 0 A/21. I n the 
linear approximation ~he impedance o f the plas­
ma s lab I S ~iven by10 

(w 3 -w3
) a d>: 

Z p = i:.<
0

A- f_a w 2 + w 2 U. )-w•· 
c p 

(1) 

Dl'fining 7.1 to be the total impedance apl)ear­
ing betwec>n the two termina ls o f the equivale nt 
circuit, one has the c0mplcx reflection coef­
ficie nt ml'asured at the genera to r, r ~ <z1-zo>l 
<z, +Zo>· 

ln Fig. 3 (uppe1· curvl' S) we plot I rl 2 v s (c..;c/ 
w) fo r seve ral va lues of the parameter wpolw. 
We have taken fl EZ 01/uJc 0 A 5 and l /a=2 as 
reasonable estimates, since these parameters 
do no t have exact experimental cquiv:tlents. 
Roughly, u s e ts the oveor-all scale o f the an1ount 
of r eflection, wltile 1/a controls t he r e la tive 
height of lhP. two peaks. T he values chosen 
yie ld results which c-ompare favorably wilh 
the experimental d ata; fo r example, the max-

(/) 
~ 

z 
=> 
>-
0: 
<l 
0: 
1-
m 
0: 
<l 

-1 
<l 
z 
1.!) 

Vi 
-1 
<l 
<:::? 
~ 
lJ.J 
0: 
0 
lJ.J 
:r 
1-

0.44 

0.31 

0 .8 0 .9 

(wc/w ) 

FIG. 3. Theoretical cqmvah'nt of Ft;!. 1. The upper 
curves (l r lll r epr esent t he cw reflection , whi le the 
lower curves ( i f; 12) arc the loc t of the calculated echo 
amplitudes ("'po/ w appears a s a paramC'tc rl. 

lmum values o f I r 12 calC'u la ted at·c appr·oximate­
ly the same as those obse t·ved exper imenta l -
ly ("'0.5). One peak 1n I r 13 occurs at wclw = I, 
while the other occurs a t the m axim um upper 
hybrid frequency of the s lab, w11 0• = w/ ~ wpo'. 
The two peaks arc a mamfestation o f thc> fact 
that I Z pI is ve ry hig h neat· w- whO and ve ry 
low nea1· w =we- The quant1talive diffe r ence 
be tween theory and expe t· imcnt o n the exact 
posilio n of the upper hybrid peak is one short ­
com ing o f the adopted model. 

We have shown pre vious ly• tha t the cold-plas­
ma-slab model has the qua litative features r eq­
uis ite o f two-pu lse echo sy!;tems : the collec­
tion of no r mal morles bcinl~ t he local uppe r hy­
brid oscillatiOns and the nonlinear ity being fu r­
nished by the spatia l gradients in wp. The ap­
plicatio n of two s ho rt pulses r esults in pulsed 
echo r esponses in the voltage across the s lab . 
ln order to compute the echo magnetic field 
spectrum, we must modify previo us plasma 
echo thc>ories to include the li m llcd spectral 
width of t he exciting pulses. Fo r a weak echo 
theory this mod ificatiOn r esults in the fo llow­
ing expression fo r the relative peak voltage 
o f the firs t echo : 

a w 
1

1 
E a.J d>:~ [w 2

]" 
-a wh I p 

5[(w 1

)']

2

/ 

--~ 1 1/ (w-w )1 3 
3 w h • 

h 

(2) 

whe r e f is the Fourier transfo rm of one o f the 
exciting pulses and a p rime denotes a deriva­
tive with respect to x. The two pulses are tak­
en to have identical ampl itudes and Gaussian 
shapes o f width t;.w/w ~ 0.04, a close appr ox­
imatio n to the ex-perimenta l condilions. The 
lower curves o f Fig. 3 are p lots of £ 2 vs wclw 
computed usinr; Eq . (2). As with the expc rimc n ·· 
t al r esults , the theoretical calcu lations show 
the echo to be s trong ly peaked ncar the max­
imum upper hybrid frequency o f the plas m a . 
Also , the widths o f the thcorcllcal and exper ­
ime ntal echo spectra arc comparable. 

The gener al features o f the theo r et ical curves 
in Fig . 3 arc not umque to the colli swnlC'ss 
mode l which yie lds cncqw -dcpcndent normal­
m ode frcqucncws. One could inc lude ru1 ener­
gy-dependent phcnomcnolug•cal collision fre ­
quency supplying both r elaxation and anothe r 
nonlinear effect wtthout qualllativcly affN'ling 
the r <'su lts. In eithl' r case, t he echo IS strOll[~-
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ly peaked ncar the maximum uppe r hybrid fre ­
quency b ecause of the high dem;it y o f no r mal 
m odes thc 1·c and not because o f t he nature o f 
the nonli ncar ity. 

I n the l ow densi ty limi t (u.•p «we) bo th the 
upper hybrid echo and the cyc lo tron echo oc­
cur ncar w = We T herefore, the indepcndent ­
p a l·tic l c t heor ies w hich ha\·e been used r athe r 
univer sally i n the i nterpr etatiOn o f cyclotron 
echo expc rinJCnts2

•
3 cannot be va lid tn gener -

al unless the sp r ead in upper hybrid f requen ­
cies due to the spatia l dependence of wp i s con­
s ide l·ably less than t he spread due to the mag­
neti c fi el d i nhomogPn<'ity. 11 That i s , the exper ­
iments lllust sati s fy t he condi t i on wp o2 /2 wco2 

« f> wclwco• w her e !:>.we i s t he sp read i n cyc lo­
tron h ·equencies and wco i s t he va lue o f the 
l ocal cyc lot ron f requency at the pos 1tion whe1·e 
t he plasma dens ity i s the g r eatest , i .e. , whe r e 
wp = wpO· For t ypical l abor ator y expcr i m cnts1

•
3 

this cond1lion places a signi ficant l imitation 
on the maximum electron denslly (-"' 109 - 1010 

em _, ) fo r which the echo can be cor r ectly un­
d er s tood on the b asis of independent pa r t i c le 
theories. The compctlli~n between t hese two 
sources for the srH·cad i n uppe 1· hybrid frequen­
cies has been stud tcd. 11 

Although t he stmplc p lasma model p t·esent-
ed g i ves r esults st riking l y simi l a r to thc ex­
per imental observatiOns, it should be taken 
as a firs t approximation. An appropnatc hot 
plasma theor y 12 would also be expected to y1c ld 
a sct o f no r mal m od es whose f requencies are 
i ntimat el y re l ated to t he nonumfo r m e lectron 
dens ity pro file and the assoctatcd uppe r hybnd 
frequencies. However, a hot plasma t heor y , 
p ar ticul arly a nonlinear one, would prove con ­
side r ably mo r e d i f f icult . Also, ou r· t heor y i g­
no r es thc p r obl em o f coup l i ng to t he upper hy­
b r id osc•llat ions. 13 Kaplan, Hlll, and Wong11 

f ailed to fi nd echoes ncar uppc 1· hybr id reso­
nance 111 a high- dcns tty cesium plasma. As 
they d iscussed, fl·om the po1!1t of view o f co ld­
plasma theory, th is fact may be the r esult o f 
a fa1lurc to couple clfccllvcly (due to an eva­
nescen t l ayer) to th(• r egion o f high normal ­
modt• dens ity ncar thc maxrm u m uppe r hybrid 
frequency. Ot her experiments ' ~ ha ve p roduced 
e choes that are strongest at frequencies between 
thc el ect r on cyc lot r on f requency and t he nHL'(­

imum upper· hybn d f r·cquency. Again, llus is 
pe r haps a m an ifcstatron o f t he c f fic•ency o f 
couphng to the upper hyllnd osc i llat iOns. T he 
experiments d i scussC'd in t hi s papc>r wou ld be 
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expected to couple mo r e effic i entl y to the up ­
per hybnd oscillations , sm ce the wavelenr,: th 
i s longer compared w i th the scale ICn!;th o f 
the pl asma density r;r adrcnts than that m the 
o ther exper iments. 

The author s ar c indebted toR. S. Harp, n . M . 
H1ll, D . E. Kaplan, and A . Y . Wong fo r i nte r ­
est ing discussions and communication of thei r 
work dur i n~ the course of this r esear ch. I n 
addit ion, we benefited from s ti m ulating conve 1·­
sations w ith F. L . H inton . 

·nesear ch s u pport ed hy thr U. S. Offic<:' of Naval He­
sear c h wtdcr Contract No. Nonr 220 (:)0). 
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APPENDIX B 

Electron collisions have been observed to affect many echo 

properties. In this appendix some data on electron-neutral and 

electron-ion collision frequencies will be presented. 

B. l Electron-Neutral Collision Frequency 

Figure B.l displays, in a slightly different way , some data 

found in S . C. Brown ' s Basic Data of Plasma Physics (11). One can read 

directly from Fig . B.l the electron neutral collision frequency in neon 

and argon as a function of the electron energy . The data presented 

were calculated for a pressure of 10 microns , so for a pressure of 20 

microns , one simply has to multiply all values of the collision fre­

quency by a factor two . The thin line defines the maximum energy the 

electrons are b elieved to acquire from a microwave pulse typical of an 

echo experiment . 

B.2 Electron-Ion or Coulomb Collision Frequency 

Figure B. 2 presents da ta obtained from Heald and Wharton (33) 

r egarding the Coulomb collision frequency . 'l'he t erm log A is a weak 

function of the electron energy . It is equal to 12 for 3eV electrons 

and drops monot onica lly to 6 for . 01 eV electrons . The r e ctangle drawn 

in thin lines delineates the extreme values of the electron energy and 

density in our experiment . 
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Fig. B. 2 Electron-ion collision frequency for singly ionized 

ions as a function of the electron e n ergy and density . 

(log A is a very weak function of the electron 

energy and i s equal to 12 for 3 eV electrons . It 

drops monotonically to 6 for .OleV electrons . ) 
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