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ABSTRACT

This thesis presents the results of an experimental
investigation of the initiation of brittle fracture and the nature of
discontinuous yielding in small plastic enclaves in an annealed mild
steel. Upper and lower yield stress data have been obtained from
unnotched specimens and nominal fracture stress data have been
obtained from specimens of two scale factors and two grain sizes over
a range of nominal stress rates from 102 to 107 lb/in.zscc at —11]01"‘
and -200°F. The size and shape of plastic enclaves near the notchoes
were revealed by an etch technique.

A stress analysis utilizing slip-line field theory in the plastic
region has been developed for the notched specimen geometry employed
in this investigation. The yield stress of the material in the plastic
enclaves near the notch root has been correlated with the lower yicld
stress measured on unnotched specimens through a consideration ol
the plastic boundary velocity under dynamic loading. A maximum
tensile stress of about 122, 000 lb/in.2 at the instant of fracture initi-
ation was calculated with the aid oi the stress analysis for the large
scale specimens of ASTM grain size 8 1/4.

The plastic strain state adjacent to a plastic-elastic intertace
has been shown to cause the maximum shear stress to have a larger
value on the elastic than the plastic side of the interface. This
characteristic of discontinuous yielding is instrumental in causing the
plastic boundaries to be nearly parallel to the slip-line ficld where the

plastic strain is of the order of the Lilder's strain.
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NOTATION

Radius to root of notch in notched specimens (axial
symmetry) or distance from plane of symmetry to notch
root (plane strain).

Radius to innermost tip of plastic enclave.

Root radius of hyperbola-shaped notch.

Cartesian coordinates employed for plane strain (y-z plane).
Cylindrical coordinates employed for axial symmetry.
Direction of applied tensile load.

Yield stress or flow stress.,

Upper yield stress measured on unnotched specimens,
Lower yield stress measured on unnotched specimens.
Average stress on minimum cross sectional area of
specimen. Equal to tensile load divided by minimum cross
sectional area.

Calculated maximum value of the tensile stress in a notched
specimen.

Value of G,,,.¢ at the instant of fracture initiation.

Stress rate.



I. INTRODUCTION

1.1 The Problem

The brittle fracture behavior of mild steel is known to design
enginecrs through the catastrophic failure of structures by fracture
with little or no plastic deformation. The occurrence of brittle
fractures in ships during and after World War II is well known. ILand-
locked steel structures, both welded and riveted, such as St01:age

tanks, bridges and gas transmission lines, have been no less suscep-

ot
S

tible to catastrophic failure by fracture (1).
To say that thosc structures which failed had not been designed
and/or fabricated properly with respect to brittle fracture is a self-
truth, To realize that an adequate set of design criteria to preclude
brittle fracture is not known even at present (with the benefit of a lot
of hindsight) is to appreciate the problem which brittle fracture poses.
In a simple tensile test an unr;otchod steel specimen may
support an engineering stress more than one and a half times greater
than its lower yield stress and neck down to 60 percent reduction in
area prior to final fracture. This ductility of steel is an important
property that is often exploited in engineering practice. Ductility is
the property which enables a steel structure to plastically deform in
regions of high shear stress where there are stress concentrations.
Such deformation permits a more even distribution of the stress at a
lower value so that the structure will support the load imposed on it.

A structure that ultimately fails with a brittle fracture might have

“Numbers appearing in parentheses indicate references listed at
the end of the thesis.
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failed sooner, but for the redistribution of stresses through the ductile
behavior of the material.

The problem of designing a steel structure to prevent failure by
brittle fracture, then, is one of determining when total reliance for
safe behavior (including safe failure) of a structure cannot be placed
upon the ductility of the material. What are the relevant mechanics
criteria and material properties which would enable an enginecer to
design against failure by brittle fracture ? This question is not yet
answered. However, much progress has been made in identifying
environmental, design and material property factors that are conducive
to brittle fracture.

Brittle fracture has been described above in terms of the
behavior of structures, Certainly the engincer is interested in the
extent of plastic deformation that may be anticipated before failure by
fracture. But it must be understood explicitly that such behavior is
determined partly by the material properties, partly by the mechanics
of the region where brittle fracture is initiated and partly by the con-
figuration of the remainder of the structure. The plastic strains
associated with fracture initiation may or may not result in defor -
mations large compared with the elastic deformations at the fracture
load. The macro-behavior of the structure will not be of concern here.
Attention will be focused upon the mechanics and the material behavior
in the immediate vicinity of the initiation of brittle fracture in this

investigation,
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1.2 Factors Affecting Brittle Fracture Initiation

Low temperatures, high stress rates and triaxial tensile stress

states arc all known to be conducive to brittle fracture behavior in
mild steel. The embrittling effect of these three factors is utilized in
notch-bar impact tests that are commonly used as a guide to the
brittleness of a steel,

The results of laboratory tests for brittle fracture are often
reported in terms of a '"transition temperature', above which a
measured characteristic reflects ductile behavior and below which
brittle behavior is observed. The characteristic may be energy
absorption or fracture appearance. Low energy absorption corresponds
to brittle fracture behavior. Crystalline cleavage facets on the
fracture surface arec associated with brittleness while fibrous tecars
are a result of ductile fracture.

Transition temperatures determined by different types of tests
on the same steel will be different. Generally, though, a stecl that
exhibits a lower transition temperature in one test will also exhibit a
lower transition temperature in another test. Thus these tests may be
used to rank steels relative to each other in terms of brittleness (2, 3).
An adequate understanding of brittle fracture for the design engineer
will have been achieved when the details of brittle fracture are suffi-
ciently well understood that all of the transition temperatures of the
various types of tests can be predicted from the known behavior of the
steel in just a few of the tests. An actual service condition could be
viewed simply as a more complicated laboratory test (4).

A large specimen size is also conducive to brittle fracture. In
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many of the failures of large structures by brittle fracture there has
been little evidence of high strain rates (1), a factor which is very
important on a laboratory scale. The specimen scale size effect is
observable in the small specimens normally tested in a laboratory (5,
6).

A small ferritic grain size is a metallurgical factor which
inhibits brittle fracture. The effect of grain size must be isolated
from the other metallurgical factors involved in brittle fracture in
that, being a "size effect', it may interact with the specimen size
effect.

Other metallurgical variables which may affect the brittle
fracture behavior of a mild steel are the sub-grain size, heat treat-
ment, carbide distribution (7), chemical composition and prior cold
work. These latter effects will not be considerced explicitly here. 'The
view will be taken that the effects of these variables will be manifested
in the results of appropriate mechanical tests wherein the temperature,
stress rate, stress state, specimen geometry scale and grain sizc arc
known, and that no further knowledge of the metallurgical variables
would be necessary for the design engineer.

An expanded discussion of the role of these five factors in
brittle fracture must be preceded by an acquaintance with proposed
fracture criteria., In the following section, fracture criteria which

may be applicable to the present investigation will be discussed.

1.3 Brittle Fracture Initiation Criteria

A fracture criterion based upon the elastic strain energy

release rate was proposed by Griffith (8) for brittle materials that
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contain microcracks. His criterion is that the amount of elastic strain
energy made available as a crack increases in size must be at least as
great as the increase in surface energy of the expanded crack. The
Griffith criterion for fracture of a linearly elastic material may be

expressed mathematically as
6 ~ YEx/d 0]

where C)—C is the critical value of the nominally uniform tensile stres
acting perpendicular to the crack to cause the crack to propagate, =

is Young's modulus, & is the surface encrgy of the material, and

d is the diameter of the crack. When the applied stress reaches the
value of &, the (pre-existing) crack is able to grow catastrophically
to failure. This criterion has been shown by Orowan (9) to be a
necessary and sufficient condition for fracture propagation in a com-
pletely brittle material,

The Griffith criterion strictly applies to a brittle material, one
in which there is no plastic deformation prior to or during tracturc
propagation. Orowan (9) and Irwin (10) have modified the Gritfith
criterion to include the effect of a small amount of plastic deformation,
such as accompanies a propagating crack to a depth of about ten mils
below the free crack surfaces (l1). In this case the criterion for
fracture becomes 6;:« E.p/d , where p 1is the work per unit arca
required to produce the plastic deformation at the crack surface.

Two comments must be made concerning "p "', First, this
work of plastic deformation must be a direct consequence of the
increasing size of the crack. Second, this plastic work will depend

upon the yield strength of the material and, in steel, upon the rvate ol
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stress application and fracture propagation (9, 11). In the limiting
case of low stress rates and high temperatures the plastic deformation
may become so extensive that this criterion is not applicable. The
Orowan-Irwin criterion is a necessary condition for brittle fracture
propagation in the prescnce of limited plastic deformation, but it is
not necessarily a sufficient one. It is necessary in that the only
energy that can be expected to fced brittle fractures propagating at
speeds of several thousand feet per second must be energy which is
capable of release at similar or faster rates - comparable to the speced
of sound in the metal, as has been noted by Pellini (12). It is not
sufficient, or, rather, is inadequate as a criterion, because of the
ambiguity of the value of "p ' to be used in the equation.

Arising directly from the Orowan-Irwin fracture criterion is

the maximum tensile stress criterion for fracture. The maximum

tensile stress criterion predicts that brittle fracture will be initiated
at that point in a steel specimen where the maximum tensile stress
attains a critical value for that steel. One condition, that plastic
deformation has been initiated in the region of the maximum tensile
stress, is placed upon this criterion (13, 14, 15).

The maximum tensile stress and the Griffith criteria are
shown to be equivalent for brittle materials when the maximum tensile
stress is calculated at the atomic-scale tip of the crack itself (8, 9).
The maximum tensile stress criterion and the Orowan-Irwin criterion,
which must replace the Griffith criterion when restricted plastic
deformation is present, are not equivalent. The non-equivalence of

these two criteria results from the fact that the maximum tensile
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stress referred to in this criterion is calculated in the absence of a
crack and would not directly reflect the atomic level stresses (forces
on the bonds between atoms) at the tip of a crack if it were present.
Extension of these criteria in plastically deformable materials to the
physically significant level of atomic bond breakage is a matter for
dislocation theory.

The similarity between the maximum tensile stress and the
Orowan-Irwin criteria is illustrated further in the conjecture by
Felbeck and Orowan (11) that the region of highest tensile stress may
need tc reach a certain critical size. The important difference between
them is that the maximum tensile stress criterion is an expression of
hope that a material would generate its own pre-Griffith (or Orowan-
Irwin) micro-cracks if it were to plastically deform in a high tensile
stress field.

The numerical value of the maximum tensile stress required
for fracture initiation will depend upon the metallurgical structure of
the steel - such as grain size, second phase distribution and disposition
of interstitial atoms (16, 17).

Brittle fracture may be initiated in two modes: a nil-ductility
mode and a ductile mode. In the nil-ductility mode, the local plastic
strain preceding fracture has a value between the order of magnitude
of elastic strains (12, 18) and the Luder's strain (several percent)

(15, 18). In the ductile mode fibrous tearing occurs for a distance of
several grain diameters with subsequent conversion to brittle cleavage
fracture propagation (11, 12, 18, 19).

Ductile initiation of fracture near a notch depends upon the
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occurrence of large plastic strains. These plastically strained regions
may be so exlensive as to cause general yielding of the specimen, with
consequently high energy absorption, or they may be localized in thin
plastic zones or "hinges' of the type observed by Green and Hundy (20).
In the early stages of development, these thin plastic zones may extend
far into the specimen along planes of maximum shecar stress but still
terminate in an elastic region. This situation is very favorable for
conversion of an initial fibrous microcrack to brittle cleavage
propagation.

A quasi-dislocation theory has been utilized to formulate a
critical plastic "'displacement' or strain criterion for the ductile mode
of initiation of brittle fracture (15, 16). Stresses become involved only
in that the necessary plastic strain state will be obtained through
application of the appropriate stress magnitudes. Clausing (23) has
reported that the value of the plastic strain is indeed of prime impor-
tance in the ductile mode of fracture initiation while both the stress
level and the plastic strain state play important roles in the cleavage
mode of initiation.

Thus brittle fracture criteria for steel are centered on three
considerations: the elastic strain energy recoverable during (pre-
existing) crack extension, the maximum tensile stress, and the
magnitude of the plastic strain. There is at least an element of half-
truth in each, which accounts for their partial success. But, no one
of these fracture criteria as presently employed appears to be ade-
quate for predicting the initiation of catastrophic brittle fracture,

as will be seen in the following discussion of particular experimental



results.

1.4 Results of Some Previous Fracture Investigations

The effects of the five factors of interest in this investigation -
temperature, stress rate, triaxial stress statc, spccimen size, and
grain size - upon brittle fracture criteria for steel may be observed in
the results of many previous investigations. In mmost cases either the
maximum or the nominal tensile stress within the material just prior
to fracture is reported. Although there appears to be a general
tendency to want to believe that a maximumn tensile stress criterion
for brittle fracture initiation can be correctly formulated (perhaps
because of its relative simplicity), the data abound in illustrations of
the variations of the calculated values of the maximum stresses at
fracture with changes in the values of the five parameters listed above.

A variation of the numerical value of the maximum tensile
stress criterion with grain size is expected since the grain size affects
other material properties. A dependency upon the temperature and
stress rate would not be surprising ecither since the upper and lower
yield stresscs of steecl are a function of these two variables. But if the
value of the maximum tensile stress at fracture were also a function of
the other two parameters - triaxial tensile stress state and specimen
size - it would not be useful as a fracture criterion.

Some of the apparent failures of the maximum tensile stress
criterion may be associated with the integrity of the stress analyses
employed in calculating the maximum stresses at fracture. This will

be discussed later.
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Another consideration is that several steps may be involved in
gross fracture initiation, ecach of which may be dependent upon a
different stress (and/or strain) criterion., Cottrell (16) and Petch (17)
have suggested that the formation of microcracks of grain-diameter
dimensions is a shear-stress-dependent dislocation process and that
the subsequent Orowan-Irwin propagation of the microcrack through the
grain boundary (which really constitutes initiation of brittle fracture of
a structure) is tensile-stress dependent. Microcrack nucleation must
precede propagation, according to this argument, Furthermore, the
conditions for microcrack propagation may have to be present at the
instant the initiating microcrack completes its original grain-size-
related growth. Otherwise, additional plastic deformation in the
adjacent grains may reduce the magnitude of the stress intensification
associated with the microcrack. McMahon and Cohen (7) have obscrved
that carbide cracking in steel precedes and nucleates the microcracks
of grain-diameter dimensions.

The results of other investigations that will be discussed in this
thesis utilized unnotched or notched specimens. Unnotched specimens
have the advantage of being uniformly stressed at easily calculable
values before necking occurs. They are rather insensitive to geo-
metry-size effects, but are the first specimens in which a quantitative
description of the effect of grain size upon brittle fracture initiation
was attempted (14, 24). On the other hand, notched specimens, in
which triaxial tensile stress states are induced, tend to exhibit
geometry-size effects, but stress and strain analyses are difficult to

perform after small amounts of plastic deformation have occurred.
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Notched specimens - the information they provide and the problems of

interpretation - are the focal point of the work reported in this thesis,

A, Temperature and Stress Rate - Eldin and Collins (25),

Gensamer (26), Hahn, Averbach, Owen and Cohen (15), and Knott and
Cottrell (19), among others, have observed the change in the fracture
stress and the upper and lower yield stresses of unnotched steel
specimens as the testing temperature is changed, for a fixed strain
rate. Their data all show an increasing yield stress with decreasing
temperature and a fracture stress well above the yield stress at
higher temperatures, but decreasing rapidly in a narrow temperature
range and becoming about equal to first the lower, then the upper yield
stress at lower temperatures.

Selected data from Hahn, et al., whose data and interpretation
are the most complete of the above examples, are shown in Fig. 1.
The phenomena distinctive of the lettered temperature ranges in Fig, 1
are listed below the graph.

Several features of Fig. 1 are of interest in the present
investigation. The first feature is the very large reduction in arca
sustained by those specimens tested in the high temperature range
where the fracture stress is substantially higher than the yield stress.
This implies that the material itself has changed prior to the time of
fracture due to the large plastic strains. The use of notched specimens
in which the plastically deformed region is localized in the region of
the notch root may permit large tensile stresses to be developed in
regions which have had little or no plastic deformation. This is an

important reason for the use of notched specimens in the present
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investigation.

The second feature is that the variation of the percentage of
grains cracked with temperature clearly indicates at least a two-stage
crack process -- 1) microcrack nucleation and 2) subsequent growth
through the grain boundaries, as had been suggested by Cottrell (16)
and Petch (17). The change in microcrack density with yield stress
values suggests that microcrack production is fairly easy in region D,
However, the probability that a microcrack which has been nucleated
also meets the requirements for propagation decreases with decreasing
yield stress (or decreasing tensile stress). The microcrack nucleation
rate in region C also decreases sharply with decreasing yield stress,
thus greatly inhibiting fracture.

The above discussion of the data reported by Hahn, et al. (15)
has been based on the yield stress, rather than the temperature, as
the important variable. Hahn, et al., varied both the strain rate and
the temperature in a special set of experiments and found that the
microcrack rate varied with these two variables as a direct function of
the lower yield stress, which is also a function of the strain rate and
the temperature. Hendrickson, Wood and Clark (27) have also shown
that the nominal fracture load for notched steel specimens depends
upon the yield stress and is not otherwise dependent upon the temper-
ature and stress rate,

The third feature of Fig. 1 to be noted is that the fracture
stress is not a constant as the yield stress changes. Thus a maximum
tensile stress criterion for brittle fracture initiation is manifestly

unsuitable for conditions of uniaxial tension, where the maximum
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tensile stress is equal to the yicld stress. The superposition of a
hydrostatic tensile stress state upon a uniaxial stress state, as is
more nearly the case for notched specimens, may be expected to affect
the fracture characteristics of the steel. In a notched specimen the
relative magnitudes of the shear stress and the tensile stress may be
varied, with the possible consequence that a different stage of the
fracture initiation process becomes the critical one at a given yield

strength,

B. Triaxial Stress State - Notches, cracks, or other reentrant

geometrical features in a material create local triaxial stress states
in otherwise uniformly stressed objects. Notches or cracks which
penetrate in a direction transverse to the nominal tensile stress are of
prime interest in fracture investigations. KElastic stress calculations
predict intensification (concentration) of the nominal longitudinal
tensile stress near a notch and also the existence of a transverse
tensile stress perpendicular to the root of the notch. This transverse
tensile stress is zero at the notch root (free surface) and attains a
maximum value in the order of a notch root radius below the root.
Large intensifications of the longitudinal tensile stress may
be obtained in elastic media, as has been shown to be the case at the
atomic scale tip of a Griffith crack (8, 9). A large shear stress,
equal to one-half the longitudinal stress at the notch root, causes
plastic deformation in ductile materials (metals) and limits the
longitudinal tensile stress at the notch root to the value of the tensile
yield stress (assuming the Tresca yield criterion). Thus the effect

of a notch on the longitudinal tensile stress at the surface (notch root)
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of an object is merely to cause the yield stress of the material to be
attained locally at low nominal applied stress levels. However, the
transverse tensile component of stress allows a hydrostatic tensile
component of stress to be superimposed on the yield-stress-controlled
shear stress state below the root of the notch. Tensile stresses
greater than the unjaxial tensile yield stress can thus be attained in
this triaxial stress state region and provide a means for obtaining
different maximum tensile stress vs. total plastic shear strain states.

Brittle fracture in mild steel may be expected to be initiated
at some small distance below the notch root - near enough to the root
to benefit from the stress intensification there, but far enough under
the root to benefit from the build-up of the transverse tensile stress
and consequent triaxial stress state. Crussard et al. (18) have
observed a transition of initiation of brittle fracture in a mild steel.
A ductile mode of fracture initiation occurs at the notch root (large
plastic strains) or a brittle mode of initiation occurs some distance
below the notch (plastic strains & Luder's strain, high tensile
stresses).

Calculation of stresses and strains in and near plastically
deformed regions near the root of a notch in steel specimens is
extremely difficult, Orowan (9) and Felbeck and Orowan (11) used
approximations developed by Neuber (28) to calculate tensile stresses
near a crack tip after plastic deformation had occurred. They also
recognized that slip line theory (see Hill (29) for a discussion) pre-
dicted a maximum possible tensile stress ahead of the crack of about

2.6 times the uniaxial tensile yield stress. Felbeck and Orowan
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observed recurrence of extensive plastic deformation at the crack tip
cach time it was re-started after having been arrested because of
relaxation of the load. They suggested that either the region of
highest tensile stress must reach a critical size or that strain harden-
ing was necessary to raise the tensile stress to re-initiate fracture.
The crack may start in a ductile fashion and quickly convert to brittle
propagation when the strain-rate-scnsitive yield stress of the steel has
increascd sufficiently for the tensile stress to fulfill the Orowan-Irwin
fracture criterion.

The work of Crussard, Borione, Plateau, Morillon and
Maratray (18) also predates serious attempts at elastic-plastic stress
analyses, but is monumental with respect to the selection of observa-
tions made on their notched and unnotched specimens. As with Felbeck
and Orowan (11) and, later, Knott and Cottrell (19), they concluded that
essentially brittle fracture (propagation) could be nucleated by the
ductile fracture of a few grains, Crussard et al, also proposed that
fracture could be nucleated in a brittle manner after some small plastic
straining, in the order of Liider's strain or slightly more. They
deduced that fracture of notched specimens at low telnl;cratures
sometimes occurred at the onset of yielding. This would correspond to
the fracture characteristics of unnotched specimens observed by Hahn
et al. (15) as shown in region E of Fig. 1.

Crussard et al. suggest that at higher temperatures (and
higher values of the lower yield stress) fracture is initiated in the
region where the product of local (macroscopic) tensile stress times

the '""rheotropic embrittlement' reaches a critical value. 'Rheotropic
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embrittlement' is exhibited by unnotched tensile specimens in region D
of Fig. 1 wherein fracture can occur at lower tensile stress values
after small additional amounts of plastic strain beyond the Lider's
strain. Crussard et al. considered the point of maximum normal
(tensile) stress to be an inadequate criterion for the site of origin of
fracture.

Wedge-shaped zones of plastic deformation below the notch
root and, in some cases, plastic hinges were revealed by Fry's
reagent. (Plastic "wedges'" and '"hinges' are discussed by Wilshaw
and Pratt (30) and Green and Hundy (20), respectively.) Crussard et
al. calculated that plastic strains of the order of 3 to 12 percent were
present in the wedge-shaped plastic enclaves. A bimodal fracture
behavior (high vs. low nominal stress at fracture) was observed but
could not be correlated with the occurrence of plastic arcs ("hinges'')

emanating from the plastic wedges.

c. Triaxial Stress State - Stress Analyses - A numerical elastic-

plastic analysis of the state of stress occurring ncar the root of a notch
after limited amounts of plastic deformation has been performed by
Hendrickson, Wood and Clark (27). The numerical relaxation technique
which they employed in their calculations has been described by Allen
and Southwell (31). The assumptions and the results of the analyses
performed by Hendrickson et al. are reviewed in Section 8.2. Upper
yield point data from unnotched steel specimens and nominal fracture
stress data from notched tensile specimens were analyzed by means of
the results of the elastic-plastic stress analysis. The value of the

calculated maximum tensile stress within the notched specimens just
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prior to fracture was found to be about 210, 000 1b/in. 2 for a wide range
of stress rates and testing temperatures. They thus reported evidence
for a maximum tensile stress criterion for brittle fracture initiation
when plastic strains are small.

Barton and Hall (32) have developed a more easily obtainable
approximate elastic-plastic solution for notched specimens which has
some of the character of the solution obtained by Hendrickson et al.,
but is less rigorous. Certain asswunptions have been made con‘cerning
the character of the stress solutions, which removes these results one
step further from a likelihood of accurately portraying the elastic-
plastic stress distribution under a notch.

Slip-line theory (see Hill (29) ) has been used by Wilshaw and
Pratt (30) to determine the stresses in the plastic region under the root
of a notch in a specimen loaded in bending. Slip-line theory applies
rigorously only to a plastic-rigid material and can predict the shape
and extent of plastic slip-line fields in such materials only. The small
wedge-shaped plastic enclaves formed during initial yielding at a notch
root in a mild steel (see Fig. 24, for example) are shaped in a manner
suggestive of the slip-line field which would have been calculated for
that region if extensive plastic deformation had occurred. However,
slip-line theory predicts an absence of plastic enclaves until general
yield of the specimen is attained. The existence of wedge-shaped
plastic enclaves at earlier stages of loading is rationalized by recalling
that steel is not rigid and that the stresses and strains will take on the
necessary, albeit unknown, values at the tip of the plastic wedges to

enable these wedges to terminate in an elastic region.
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Slip-line theory cannot predict the size and shape of small
plastic enclaves under the commmon assumption that the enclave is
embedded in a rigid matrix. The elastic-plastic stress analysis
performed by Hendrickson et al. (27) does predict the location of the
elastic-plastic boundary as part of its solution. However, the pre-
dicted shape does not compare very favorably with the observed
enclaves near notch roots, (27) vs. (18, 30).

Verifying the results of a stress analysis is extremely
difficult. Some researchers have assumed a maximum tensile stress
criterion for brittle fracture initiation and have used this to modify,
support, or in other ways interact with their stress analysis approx-
imations (30, 33). Subtleties of brittle fracture behavior, such as
"rheotropic embrittlement' discussed by Crussard et al. (18) or
"'size effects' may be difficult to analyze by means of prejudiced

stress analyses.

D. Specimen Size - Elastic and plastic theories predict that the

stress-strain state of an object is dependent only upon the applied
stresses, the geometric shape of the object, and the mechanical
properties of the material, and is independent of the geometrical scale
factor. Thus a simple maximum tensile stress criterion for fracture
initiation predicts an absence of a specimen size effect. However,
small scale specimens are observed to break at higher nominal stress
values (6, 34, 35) or after absorption of a greater amount of energy
per unit volume (5) than large scale specimens. Extensive plastic
deformation precedes fracture in many of the reported investigations of

scale size effects because brittle fracture initiation is suppressed by
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the use of the small scale specimens employed in the investigations.

A statistical approach to the geometrical scale effect on
fracture strength is reported (34, 35, 36) to have been investigated
quantitatively by W. Weibull. The theory is based on the assumption
that defects, real or potential, of varying severity are present within
the material and that the strength of an object is determined by the
worst combination of stress level and defect severity. A size effect
results because larger specimens have a higher probability of con-
taining the relatively more scarce, very severe defects in a highly
stressed region. Fisher and Hollomon (37) have shown how fracture
stress (and fracture stress frequency distribution) may be expected to
vary with defect frequency for an assumed defect severity distribution.
Irwin (36) has analyzed the size effect data of Davidenkov, Shevandin
and Wittmann (34) and Brown, Lubahn and Ebert (35) statistically and
has found good agreement between the experimental data and the
statistical theory. Davidenkov et al. have suggested that a large
number of fracture specimens with many circumferential notches may
aid in experimentally determining a limiting fracture brittleness for
large size specimens. Lubahn and Yukawa (6), on the other hand,
found that the fracture strength of very small scale notch-bend
specimens approached the strength of unnotched specimens as the size
of the notch-bend specimens was decreased.

Bilby, Cottrell and Swinden (21) have chosen a quasi-dislocation
model to relate "displacements' at a notch root to the geometrical scale
and the applied stress. "The model is equivalent to discontinuous plastic

strain over narrow bands of appropriate (experimentally observed)
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orientation with respect to the notch together with the statement that
a region of a certain size (at the notch tip) must be strained a certain
amount to initiate fracture. This view is not an explanation, rather it
is a restatement of the size effect, Felbeck and Orowan (11) used
essentially the same concept earlier to explain nominal agreement
(actually, disagreement) of their fracture stress vs. crack depth data
with the Orowan-Irwin fracture criterion. They pointed out that if the
mean tensile stress needed to produce a plastic enclave of radius &
at the tip of a crack of length ¢ when the yield stress is G is

given approximately by
c = o (z)VE, [1.2]

as has been proposed by Neuber (28, 9), then, "if . . . the size of the
plastically deformed region required for starting cleavage is fairly
independent of the crack length, the fracture stress should be inversely
proportional to TfZ' .'"" The observations of Bilby et al. (21) and Felbeck
and Orowan (11) would seem to apply to the ductile mode of initiation of
brittle fracture.

The size of the '"'plastically deformed region'' near the notch
(crack) root, as mentioned above, is of the order of 0,015 in. in steel
(11, 28). Parker (38) notes that geometric similarity of scaled
specimens is destroyed when the first microcrack of grain diameter
dimensions forms. Morrison (39) and Knott and Cottrell (19) have
reported that initiation of yielding is delayed until the elastically
calculated shear stress at a point one or several grain diameters
below the surface has reached the yield value. (But Griffiths and

Cottrell (40) found no such "elastic superstressing' on notched silicon
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iron specimens when an etch pit technique was used to increase the
sensitivity of observation of first plastic strains. However, it is not
clear what dislocation-observable feature distinguishes microslip from
slip-band-type of plastic deformation.) Thus there is evidence of
structure size vs. specimen size interaction in yielding and fracture,

but the exact nature of the interaction is not clear.

E. Grain Size - Both Petch (24) and Low (14) have fractured
unnotched specimens of different grain sizes at liquid nitrogen temper-
ature. Fracture in the small grain size specimens was preceded by
larger amounts of plastic strain than occurred in the specimens with
the larger grain sizes. Petch modified his fracture data in an attempt
to compensate for the variation in plastic strain at fracture. This
modified fracture stress is remarkably close to the lower yield stress.
Low did not modify his fracture stress values to compensate for the
plastic strain but inferred 1) that fracture occurs at the lower yield
stress for large grain sizes and 2) that the product of the fracture
stress and the square root of the average grain diameter is a constant
for small grain sizes, as shown by the straight solid lines in Fig. 2.

Gensamer (26) and Hahn et al. (15) have varied the testing
temperature in fracture tests on unnotched specimens with several
different grain sizes. Reference to the dashed and solid fracture
curves in Fig. 1 shows that the relative fracture behavior of steels of
two different grain sizes is quite sensitive to the test temperature in
the regions lettered C, D and E.

The fracture behaviors represented in Figs. 1 and 2 show

remarkably similar features; fracture in the left-hand portion of both
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figures occurs at the yield stress while fracture in the right-hand
portion is preceded by large plastic strains and strain hardening.

A better view of the fracture stresses could be obtained from a three
dimensional representation of fracture stress as a function of temper-
ature (or lower yield stress) and grain size., Fig. 1 would represent
two sections at constant grain size and Fig., 2 would represcnt a
section at constant temperature (or lower yield stress) of the hypothe-
tical three dimensional figure. A trough of minimum fracture stress
values, representing the boundary between regions C and D in Fig. 1,
would angle down through this three dimensional figure. The section
represented by the data reported by Low (see Fig. 2) includes fractures
on both the ductile and brittle sides of the trough and cannot be con-
sidered simply as a portrayal of '"fracture stress as a function of
grain size.'" The fracture data of Fig. 2 may be better represented
by the solid curved line where large plastic strains precede fracture,

in accord with the fracture curves of Fig, 1.

1.5 Summary of Assumed State of Knowledge of Brittle Fracture

The foregoing discussion of investigations of brittle fracture in
mild steel is by no means all-inclusive with respect to the observations
which have been made or the conclusions that have been reached. Some
studies have been made on the correlation of fracture data for
nominally similar structures and others on the relative effects of
plane-stress vs. plane-strain stress state conditions. Attention has
been directed here to those investigétions which appeared to lend them-

selves to generalizations, rather than restrictions, of fracture concepts.
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Plane strain was of particular interest because of its similarity to the
axial symmetry employed in the present investigations performed in
connection with this thesis.

The present state of knowledge concerning the initiation of
brittle fracture can be summarized in the following brief statements:

- There is evidence both for and against a maximum tensile stress
criterion for the initiation of brittle fracture.

- Plastic straining must precede fracture initiation.

- There may be a rheotropic embrittlement effect associated with
the amount of (small) pre-fracture plastic strain.

- Brittle fracture may be initiated by a brittle mode at some point
below a notch root or by a ductile mode at the notch root after
intense local plastic straining.

- The fracture initiation behavior of steel is dependent primarily
upon its yield stress at different combinations of temperature
and strain rate.

- Both grain size and specimen size effects are observed in
fracture, smaller sizes tending to inhibit fracture.

- The geometry size effect may be rationalized in some cases by
statistical theory.

- The Griffith or Orowan-Irwin energy condition for fracture
initiation from microcracks is a necessary condition but an
inadequate criterion because of ambiguity in the value of the
plastic work term.

- The stress-strain requirements for nucleating a microcrack are

different from those for subsecquent propagation (fracture
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initiation).

- Elastic-plastic stress-strain analyses of triaxial stress states
near notches in steels which exhibit upper and lower yield
stress phenomena are difficult to perform and cannot secem to
be made to include an appropriate (yet unknown) characterization
of the yield instability behavior.

In spite of the large number of observations made in brittle
fracture investigations, there is a notable lack of coordination or
reconciliation of the results, Furthermore, no general fracture
criterion has been formulated which can be used to predict fracture
behavior in a mild steel object of random shape and loading. While
the present work will not disclose the desired general fracture
criterion, it may aid in the qualitative understanding of yield and

fracture behavior of mild steel.

1.6 Purpose and Method of the Present Investigation

Apparent success of the elastic-plastic stress analysis
calculated by Hendrickson, Wood and Clark (27) in predicting the state
of stress after local yielding had occurred and experimental support
of a maximum tensile stress criterion for brittle fracture led to the
question - what is the influence of grain size upon the value of the
maximum tensile stress at the instant of fracture initiation in a region
with a triaxial tensile stress state? The answer to this question was
the original objective of this investigation. However, the results of
experiments performed in the early phases of this investigation led to

doubt concerning the correcctness of the elastic-plastic stress analysis
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developed by Hendrickson et al.

The investigation described in this thesis has two main
objectives: 1) to determine the mechanical properties of a mild steel
in and adjacent to small plastic enclaves (at notches) and to investigate
the appropriateness of elastic-plastic stress analysis techniques in
predicting the stress state of such regions and 2) to determine the
stress-strain state conducive to fracture initiation in regions with a
high hydrostatic tensile stress component through the application of
a suitable stress analysis to notched specimens loaded in tension.

Deductions concerning the properties of annealed mild steel
in and near small plastic enclaves have been derived from obser-
vations of plastic strain patterns revealed in notched specimens by a
macroscopic etch technique. A stress analysis based on slip line
theory in the plastic enclaves has been developed and has been checked
against the quasi-statically loaded notched specimens.

Yield stress data from unnotched tensile specimens and
nominal fracture stress data from axiallysymmetric notched tensile
specimens have been obtained over a wide range of stress rates at
several temperatures. The test temperature and nominal stress rate
were varied to obtain a range of stress states below the root of the
notched specimens as a result of the variation of the yield stress with
these parameters. A means for correlating the lower yield stress
values obtained from unnotched specimens with the y-ield stress of the
material in the plastic enclave at the root of the notched specimens
is described. This enables the stress analysis to be applied to the

notched specimens in an attempt to deduce the stress state at the
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instant of fracture.

A metallographic search for microcracks and the use of
different specimen sizes and grain sizes are techniques which were
employed in an attempt to elucidate the fracture behavior of the
notched steel specimens.

The work described in this thesis is intended to serve as a
guide to the problems which will have to be solved before the true

stress-strain state in the region of fracture initiation can be

calculated.
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II. MATERIAL AND TEST SPECIMENS

2.1 Material

The material used in this study was the same mild steel that
was use_d by Hendrickson, Wood, and Clark (27) and by Clausing (23)in
earlier fracture studies. The steel was obtained from the United
States Steel Corporation, Torrance, California works, in the form of
5/8 in. diameter hot-rolled bars from one billet of heat No. 32882.
The chemical analysis is: O, 19°6 C, 0.41%0 Mn, 0.06% Si, and
0. 002%0 Aff, The steel is designated as silicon semi-killed by the sup-
plier.

The two grain sizes used in this investigation were produced by
annealing treatments in the austenite temperature range after all ma-
chining operations had been performed on the test specimens. The
small grain size, ASTM grain size No. 8 1/4, was produced by a one-
hour annecal at 17OOOF. The large grain size, ASTM grain size No.
51/2, was produced by a four-hour anneal at 2125°F. All specimens
were cooled slowly (less than IOOF per minute) in the furnace.

Yield and fracture behavior of the specimens of grain size No.
8 1/4 were uniform among the several batches which were produced.
The yield and fracture characteristics of two batches of specimens of
grain size 5 1/2 were slightly different, however. Note will be made
of these differences at the appropriate times later in this report.

Decarburization of the specimens during heat treatment was
averted by placing the specimens in a flowing inert atmosphere of he-

lium which was passed first through a Drierite (CaSO4) tower and then
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activated charcoal immersed in a liquid nitrogen bath. Surface colora-
tion of the specimens indicated that some oxygen was present in the
specimen chamber during annealing. However, microscopic examina-
tion of sections of the specimens revealed normal pearlite distribution
up to the surface of the specimens. This was interpreted as meaning
that decarburization was insignificant. A few specimens for special
studies were annealed in a vacuum furnace. These specimens were
not decarburized, either.

The ASTM grain size numbers for these steels were determined
by counting the number of grains which appeared in random areas of a
photomicrograph of the transverse section of the steel. The actual
area was multiplied by 0. 79 for purposes of calculating the ferrite
grain size since approximately 21 percent of the area is pearlite.
Thus, the ASTM grain size was taken as N in the equation

" no. of grains within area
2”‘1 = { actual mag. )2' (+ 3 no. of grains onboundary of area

100 % 0.79 ).

Six groups of about 180 grains each were counted from small grain
size specimens. The calculated ASTM numbers ranged from 8, 0 to
8.45. This average grain size is taken as 8 1/4 in this work. Nine
groups of about 100 grains each were counted from three large grain
size specimens. The calculated ASTM numbers ranged from 5. 20 to
5. 70. The average was taken to be 5 1/2.

Most of the large grain diameters in the photomicrographs of
the steel with the large grain size were about 0. 005 in. with an occa-
sional 0. 006 to 0. 007 in. diameter. The range of large grain diame-

ters for the small grain size specimens was mostly 0. 0015 to 0. 002 in.
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with an occasional maximum of 0. 0025 in.

2.2 Test Specimens

Axially symmetric, notched and unnotched, tensile specimens
of two geometric scales were prepared from the bar stock. The linear
scale ratio of the two sizes is about 2. 6, which is also the ratio of the
average ferrite grain diameters studied in this investigation.

Drawings of the large scale notched (seriés A) and unnotched
(series B) specimens are shown in Fig. 3. The hyperboloid generating
process described by Hendrickson (41) was employed to form the notch
contour. The finite thickness of the edge and the flexibility of the cut-
off wheel prevented the formation of an exact hyperboloid of revolution
and also allowed the notch contour to vary from specimen to specimen.

The radius of the root of the notch was calculated from meas-
urements taken with a Kodak contour projector. The method of calcu-
lation is discussed by Hendrickson (41). The values of the root radius,

P, varied from 0. 0065 to 0.0119 in. The theoretical root radius of
a hyperboloid of revolution with a 29° asymptotic included angle and a
minimum section diameter of 0. 300 in. is 0,010 in. The diameters of
the minimum sections of the specimens varied, so the measure of the
fidelity of the notch contour was taken to be F - (O.OJD!O_:C;.LO.E) , where
d is the minimum section diameter. The fidelity of most of these
notches ranged from 0. 83 to 1. 02.

The small scale specimens, series D - notched, and series E -
unnotched (sece Fig. 4), were made with tapered seating surfaces at

each end to ensure alignment in mating tapered surfaces in the grips.
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The grips incorporate thin flexture elements designed to minimize
bending loads. These extra precautions to minimize bending in the
small scale specimens are necessary to achieve results comparable
to the larger specimens.

The gage sections of the unnotched specimens, series E, were
ground to the final shape while the specimens were on centers in a
lathe. The tapered seating surfaces were also formed while the speci-
mens were on centers.

The notch contours in the small scale, series D, specimens
were generated in a manner similar to that used on the large-scale
notched specimens. However, the rubber-bonded corundum wheel
was replaced by a slitting saw which had been ground to an (infinitely)
sharp "V'" cutting edge having an included angle of 18°. The rigidity
of this cutter and the very small '"radius' of the cutting edge were im-
portant factors in the successful production of the small scale notches.

The values of the root radii of the D-series notches, calculated
from measurements taken on a Kodak contour projector, varied from
0. 00360 to 0. 00395 in. The theoretical value for the root radius of a
29° included angle hyperboloid with a minimum section diameter of
0.115 in. is 0.00383 in. The diameter of the mi_pin‘xum section of
these specimens varied from 0. 111 to 0. 115 in. The fidelity of these

notch roots ranged from 0. 935 to 1. 05,
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III. EQUIPMENT AND TEST PROCEDURE

3.1 Equipment for Tensile Tests

A mechanically-controlled hydraulic tensile testing machine of
10, 000 1b. capacity was employed to apply tensile loads to the test
specimens. The machine was specially designed by Clark and Wood
(42) to provide variable constant rates of tensile load application up to
about 106 1b/sec. The highest rate of loading is still slow enough that
stress wave propagation need not be considered. The basic element of
the machine is a large (50 in. 2) loading piston which faces a high pres-
sure (up to 250 1b. /in. 2) air chamber on one side and an oil filled
chamber on the other side. The; oil is used to control the displace-
ment of the loading piston. At high rates of loading, corresponding to

T

7 X 105 to 2 X 10 1b. /in. Zsec. , the movement of the large loading

piston is hydraulically controlled by a small (5 in. 2) piston which fol-

: : ; 1
lows a mechanically driven cam. Stress rates in the range of 3X 10

3

to 3X 107 1b. /in. Zsec. were obtained by leaking the hydraulic control

oil through a needle valve with a constant pressure drop maintained
across the valve. The intermediate stress rates between 3 X 103 and
7 X 105 1b. /in. Zsec. were obtained by the needle valve leak technique
without a constant pressure drop. The rates of loading in this last
range were calculated from the average rate of increase of load during
the top 10 percent of load before yield or fracture.

A specimen grip system to transmit tensile loads from the ma-

chine to the specimen, a dynamometer system for detecting the mag-

nitude of the load applied to a specimen, and a cold bath system to
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cool the specimen to the desired test temperature were attached to the
rapid loading machine. The dynamometer system is specially de-
signed and, together with the specimen grip system, forms an integral
part of the load transfer system. Different sets of load transfer sys-
tems were employed for the two different scale size specimens be-
cause of the different load capacity and load axiality requirements.

The specimen grip system for the large scale specimens,
series A and B, consisted of stainless steel rods screwed into sphéri—
cal seat plugs, as shown in Fig. 5. The spherical surfaces of the
plugs and the mating seats in the machine were lubricated with Moly-
kote, Type G, a molybdenum disulfide base lubricant, to minimize
bending stresses in the specimens. When the spherical seats were
carefully seated under a small preload, the bending stress in a series
B unnotched specimen was less than 3 percent of the nominal axial
stress.

The specimen grip system for the small scale specimens, se-
ries D and E, incorporated two sets of thin flexure sections to mini-
mize bending. This system is shown in Fig. 6. The flexure grips
were made from 17-4 PH stainless steel and were hardened by a pre-
cipitation heat treatment after machining. The flexure grips were
slightly bent, but the bending moment necessary to elastically straight-
en the worst section would give rise to a maximum bending stress of
only 600 1b. /in. £ in the unnotched, series E specimens. The upper
end of this specimen grip system is held in alignment with the lower
end by means of a sleeve, which is part of the dynamometer system.

L - . . .
The dynamometer was accurately aligned in the testing machine and
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cemented with an epoxy cement to an aluminum pad which was posi-
tioned in the machine by locating pins.
The stiffness of the specimen grip system and rapid loading

machine and the dimensions of the test specimens are such that a

loading-piston velocity of 0. 35 in./ sec produces a nominal pre-
yield elastic stress rate of 106 1b / in. 2sec in the large scale speci-
mens and a nominal stress rate of 2 X 106 1b/ in. 2sec in the small

scale specimens.

The load dynamometer for each load transfer system incorpo-
rates four SR-4 resistance-sensitive strain gages cemented to a thin
cylindrical section. The 10, 000 1b. capacity dynamometer for the
large specimens is made of hardened steel and serves as the upper
spherical seat plug. This dynamometer was calibrated in a beam-
balance, static testing machine whose accuracy was £ 1 percent. The
1700 1b. capacity dynamometer for the small scale specimens was
made from 6061 T6 aluminum alloy. It was calibrated with 100 1b. of
dead weights in conjunction with a 10X lever system. The output of
this dynamometer was found to be linear with the load in the range 100
to 1000 1Ib. ; the linearity is assumed to continue up to the 1700 1b. ca-
pacity of the dynamometer.

The strain gage bridge output of the dynamometers was ampli-
fied by a Consolidated Electrodynamics 3-kilocycle carrier amplifier
and recorded by means of an oscillograph employing high-frequency
moving-coil galvanometers and traveling light-sensitive paper. The
flat-frequency response range of this recording system is 0 to 500

cycles per sec. The amplifying system was calibrated before and
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after each test by means of a known resistance shunt connected across
one arm of the strain gage bridge.

A double-walled cylindrical container, shown in Fig. 5, is the
principal unit of the cold bath system. Liquid Freon 12 in the inner
chamber was in contact with the specimens and part of the specimen
grips and acted as the heat transfer agent. The cold bath container
was sealed to and supported by the lower specimen grips during tests
on the large specimens, as shown in Fig. 5. For tests on the small
specimens, the cold bath container was sealed to the lower flexure
grips through a flexible teflon membrane and was supported directly by
the rapid loading machine. This sealing arrangement is illustrated in
Fig. 6.

Three different test temperatures were used in this investiga-
tion: -21°F (-29°C), -111°F (-79°C), and -200°F (-129°C). These
were obtained by means of suitable liquid baths in the double-walled
container surrounding the test specimen. The temperature of 210
was obtained by allowing Freon 12 to boil in contact with the specimen
and the extension grips. A mixture of dry ice and Freon 12 was used
to obtain the nominal test temperature of ~111°F, Only the inner cyl-
inder of the cold bath container was filled with coolant for tests con-
ducted at these two temperatures. The nominal test temperatui‘e of
-200°F was obtained by filling the entire outer annular chamber of the
cold-bath system with liquid nitrogen, the inner chamber with Freon 12,
and adjusting the power supplied to the clectric heating element im-
bedded in the intermediate insulating Bakelite cylinder.

The temperatures were determined from potentiometer meas-
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urements of the emf of copper-constantan thermocouples that were at-
tached to A- and B-series specimens with '""Scotch' electrical tape or
were attached to the flexure grips with screws just above and below the
D- and E-series specimens. The maximum temperature range deter-
mined for tests at -21°F (-29°C) was from -20. 2 to 21.4°F. For
tests at a nominal temperature of -111°F (-79OC), the actual tempera-
ture measurements ranged from -109 to -112°F. For the tests at a
nominal temperature of ~200°F (~1290C), the measured temperatures

ranged between -195 and -205°F.

3.2 Procedure for Tensile Tests

The upper and lower yield stresses of unnotched tensile speci-
mens were obtained in the rapid loading machine described in Section
3.1 over a range of pre-yield elastic stress rates at several tempera-
tures. The yield stresses of series B specimens of grain size 5 1/2
were obtained in the stress rate range of 3X 10l to 2 X 107 1b. in. -ZSCC.—I
at -200°F, -111°F, and -21°F.

The upper and lower yield stresses of series B specimens of
grain size 8 1/4 were obtained at -111°F in the stress rate range of
3% 101 to 2 X lO7 1hs ins —Zsec. _1. The yield stresses of one specimen
were determined at -21°F and just the upper yield stress of another
specimen was determined at ~ZOOOF, both of these at about 1. 1X lO6
1b. in. —Zscc. —1. Three series B and three series E specimens which
had been annealed together were tested in pairs of a large and a small

specimen to determine specimen size effects on the yield stresses.

Two pairs were tested at -11 1°F and the other pair at room tempera-
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ture (73°F, 23°C).

Finally, the yield stresses of series B specimens of both grain
sizes were determined under the quasi-static cc;nditions of about
102 1b /in. zsec at room temperature (790F, 260C). These yield data
were obtained so that notched specimens could be loaded to known val-
ues of the ratio of the nominal stress to the yield stress prior to ex-
amination for zones of plastic deformation.

Tensile tests on notched specimens were of three types: 1) load-
ing to fracture, 2) loading to a predetermined stress slightly less than
the nominal fracture stress, and 3) quasi-static loading to a particular
value of 6;0,." /G‘yd , as noted in the preceding paragraph.

Large grain size, sevies A specimens were loaded to fracture
over a range of stress rates at each of three test temperatures. Most
of the tests at -111°F and -21°F were conducted at the higher stress
rate to avoid extensive plastic deformation.

Small grain size, series A specimens were loaded to fracture
at -111°F and -200°F. Seven series D specimens of this grain size
were also tested at -200°F to investigate specimen size effects in
notched specimens.

Three large grain size specimens, A-31, A-39, and A-7, were
loaded to high levels at a rate of about 2. 4X 106 1b/ in.2 sec ‘at
~111°F and then unloaded so that a metallographic search for micro-
cracks near the notch root could be made. Specimens A-39 and A-7
were loaded to a slightly higher level than the nominal fracture stresses
of two other specimens at that temperature and stress rate. Stress

history details of these specimens are included in Table 2 in Section
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4.3. Specimens A-31 and A-7 were held ncar the highest stress level
for several minutes to allow general yielding to occur and allow micro-
cracks to open wider and thus be more easily detected. The third
specimen was unloaded as quickly as possible after the initial high
stress rate test at -111°F and was subsequently elongated slowly in
tension at room temperature. Room temperature yielding should not

create new microcracks, but should widen pre-existing microcracks.

3.3 Search for Microcracks

A metallographic search for microcracks was conducted in three
unfractured large grain size specimens, A-31, A-39, and A-7, after
they had been loaded almost to their nominal fracture stress level. The
specimens were turned in a lathe to a diameter just greater than the
diameter of the notch section so that the notch root could be accurately
located. Very small reference holes were drilled radially into the
specimens near the notch root. The specimens were then turned on
centers in a lathe and hand polished with abrasive papers and diamond-
loaded polishing cloths. A circumferential reference line was scribed
through the drilled reference holes. These cylindrical examination
surfaces were prepared at 0. 003 in. intervals to depths of about 0, 009
to 0. 019 in. The 0. 003 in. depth increments for examination are
smaller than the typical grain diameters of about 0. 005 in.

The polished cylindrical surface was examined for microcracks
under a low power (30X ) binocular microscope in essentially dark field
illumination and also at higher magnifications in bright field in the as-

polished and in the etched (5 sec in 40/0 HNO3 in amyl alcohol) condi-
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tions. Photomicrographs at about 35X were taken of 0. 030 in. wide
circumferential strips centered under the notch root on each cylindri-
cal examination surface. This procedure permits re-examination of
the overlying surfaces in the event a microcrack is found deeper in the
specimen. The technique employed for taking the photomicrographs

of the cylindrical surface is discussed in Appendix I.

3.4 Determination of Plastic Zones

An attempt was made to determine the extent of the plastic en-
claves near the root of the notched specimens by microhardness meas-
urements with a Wilson Tukon Tester. This method was used earlier
by Hendrickson, Wood, and Clark (27) in similar experiments. The
method depends on the increase in hardness of ferrite in the plastic
zone due to strain aging. The hardness values which were obtained
in a survey for the present work varied randomly over a small range
from grain to grain in the elastic region as well as in the plastic re-
gion. Although a few indentations could definitely be identified with
the plastic region, the normal scatter of the hardness values prevented
a determination of the clastic-plastic boundary.

Plastically deformed regions of nitrogen-bearing steels may
be disclosed by the use of Fry's reagent. A silicon semi-killed steel
does not respond differentially to this etching reagent, however. No
other etching reagent was found that would reveal the plastically de-
formed zones in the steel used in the present investigation. (Howev-
er, an etching reagent for this purpose has been reported recently by

Clausing (23). ) Apparent success in revealing the plastic enclaves
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was finally achieved after the specimens were given a surface nitriding
treatment.

Three large and three small grain size, series A specimens
which had been loaded under quasi-static conditions were prepared for
determination of the plastically deformed regions. The specimens
were iron plated for edge protection during polishing and then sec-
tioned. Indentations were made with a Rockwell hardness tester on
the sectioned surfaces to produce plastically deformed material which
would serve to check the effectiveness of the subsequent nitriding and
etching operations. The surfaces were then polished through 600 grit
papers.

The specimens were nitrided in a hydrogen- 25 percent am-
monia atmosphere at 950°F (510°C) for two hours and cooled by re-
moving the specimen tube from the furnace. (Lower nitriding temper-
atures may be efficacious. One trial specimen responded satisfacto-
rily after having been nitrided at 850°F (455°C). ) An aging treat-
ment of 50 min at 400°F (2050C) was used to allow the dissolved ni-
trogen to respond to the dislocations in the plastic zones and thus
cause a contrast in response to Fry's reagent acting differentially on
the plastic and the elastic regions. The response to Fry's reagent
greatly improved after aging at room temperature for several months
to over a year. Perhaps a better aging treatment would have been 17
hours at 150°C (SOOOF), as used by Crussard, et al. (18).

About 1 to 2X 10_3 in. of steel was removed from the surface
before final polishing and etching with a modified Fry's reagent. The

composition of this reagent, which has been used by Hahn (56), is
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CuC&Z'ZHZO
HC%
HZO

C 2HSOI-I (ethyl alcohol)

19 g

40 cc

30 cc

25 G

The specimens were ectched at room temperature for 3 to 6 sec.

Critical factors in the success of this etching procedure are

the nitrogen concentration in the steel and especially the aging treat-

ment. The condition of Fry's reagent was less important in these

tests.
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IV, EXPERIMENTAL RESULTS

4.1 Yield Data from Unnotched Specimens

The yield behavior of the steel was calculated from measure-
ments of oscillograph records of load vs. time taken during the tensile
tests on the unnotched specimens. Typical oscillograph records of
tests on large and small grain size specimens are shown in Figs. 7
and 8, respectively. These records show the sharp drop in load
supported by the specimen just after the upper yiecld stress has been
reached. The records of Figs. 7 and 8a also exhibit the relatively
constant load during specimen elongation at the lower yield stress.
Figure 8b does not unequivocally show a lower yield stress plateau,
This will be discussed later. The curves of Figs. 7a and 8b show
a portion of the strain (and strain-rate) hardening curve following the
lower yield stress. The curves of Figs. 7b and 8a do not show strain
hardening because the loading piston of the testing machine rcached
the limit of its travel before the Luder's band had propagated the entire
gage length of the specimen.

The data obtained from the oscillograph records of load vs.
time can be used to construct stress-strain diagrams when the spring
constant of the specimen grips and testing machine is known. The
stress-strain curves of Figs. 9 and 10 were obtained from Figs. 7a
and 8b in this manner, A spring constant of 2.8 x 106 1b/in. 2sec
was used for the large scale specimens of I'ig., 9 and a spring
constant of 5.2 x 106 1b/in.zscc was used for the small scale

specimen of I'ig. 10. The strain calculations for the curves of
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Figs. 9 and 10 are subject to fairly large errors (order of 20 percent
or more) due to uncertainties in the stiffness of the hydraulic portion
of the load system. The Luder's strain for the test conditions of
Fig. 9 will be taken to be 0.018 in. /in. for the specimens from
furnace group No. 2. The curves in Fig. 9 are shown only where the
plastic strain is continuous throughout the gage length. The point at
which continuous plastic straining starts in Fig. 10 is not known.

The upper and lower yield stresses of the ASTM grain size
No. 5 1/2 steel are shown in Figs. 11 and 12, respectively, as a
function of the pre-yield, elastic stress rate for each of the test
temperatures. ILogarithmic scales are used for the test rate since
the yield stresses vary approximately linearly with this function. The
pre-yield stress rate of the tensile tests is also shown along the
abscissa in Fig. 12 to correlate the lower yield stress shown in
Fig. 12 with the upper yield stress shown in Fig. 11 for the same
specimen, The specimen elongation rate during Lider's strain
propagation is a physically more significant index of the test rate
at the lower yield stress and is shown on the abscissa of Fig. 12.
All of the data points marked by solid symbols were obtained from
specimens annealed in one group (furnace group No. 1). The open
symbols represent data from a second group of specimens. The
higher values of the yield stresses obtained from the second group of
specimens hardly appear significant in Figs., 11 and 12. However,
nominal fracture stress data (see Fig. 18) also showed two groupings,
depending upon the annealing group, and the Liider's strains calculated

for one specimen from each group are appreciably different (see



-54-

140
|20

r;-TWINNING
: AT =200°F
I

o I

E 100 |- d o 0o

2 ////////, L

ﬁi cfQ ° 'h’udh’

) 80} / g’u/

%) i

ek A

o /o ﬂ/

;_',3 (]

” \o?

-~ 60 X A

e 0% A

i u/’//’ -2

S‘ 40_' Il/ Pa)

20
o ! l l 1 | !
10! 0% 10> 0% 10°  10® 10 108

Stress Rate, 1b/in, 2sec

Fig. 11. Upper yield stress vs. stress rate for specimens of ASTM
grain size 5-1/2.



-55.

140~

120 |-

I00}|—

80—

Lower Yield Stress, 103 lb/in.2

40 -

20

Specimen Elongation Rate, in./sec

0% 103 162 o 0% 10! i
0 | ] | | | |
| | | | | I

o! 102 10> 0% 105 108 107 8o

Pre-Yield Elastic Stress Rate, lb/in.zsec

Fig. 12. Lower yield stress vs. elongation rate for specimens
of ASTM grain size 5-1/2.



-56-~
Fig. 9). These observations suggest that the mechanical properties
of the two groups of specimens are slightly different.

The specimen which was tested at -200°F at 2 x 107 1b/in.zsec
(see Fig. 11) was examined metallographically. Twins were found in
many of the grains, as shown in Fig. 13. Inspection of the upper yield
stress data of Fig. 11 led to the conclusion that twinning causes the
onset of plastic deformation at the upper yield stress in this large
grain size steel at ~200°F at stress rates above about 1.5 x 106
1b/in. 2sec , as indicatea in Fig. 11. Subsequent plastic deformation
at the lower yield stress may occur by slip or twinning, depending upon
the specimen elongation rate. Examination of the trend of lower yield
stress values in Fig. 12 suggests that plastic straining at the lower
yield stress was caused by slip in all of the specimens tested at -200°F,
with the possible exception of the one tested at the highest elongation
rate. The twins shown in Fig. 13 appear to represent microstrain,
which may slightly alter the stress-strain characteristics at the lower
yield stress.

The upper and lower yield stresses of the small grain size
specimens tested at ~-111°F are shown in Fig. 14 as a function of the
test rate (logarithmic scale). The top curve is a least-squares, linear
fit of the upper yield stress data and is plotted against the logarithm
of the stress rate. The scale of elongation rate applies to the bottom
curve, the lower yield stress. The results of one test at -21°F and
one test at -200°F are also shown in Fig. 14, The value shown for the
lower yicld stress at -200°F is an upper limit; the testing machine

stroke reached its limit before a constant load indicative of the lower
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Photomicrograph showing twinning in unnotched
spechnen.ofAﬁ]Hw grain size 5 1/2 loaded at
rate of 2 x 10’ 1b/in.? at -200°F. Etch: 4% HNO;
in Amyl alcohol. 75X.
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yield stress could be established. The open and the solid symbols
denote two different furnace batches. The yield behavior of these two
groups of specimens appears to be the same.

Three pairs of large scale, series B, and small scale, series
E, unnotched specimens of ASTM G.S. No. 8 1/4 were tested to check
the two specimen grip systems and dynamometer systems against
each other and also to see if there might be a specimen size effect
on the yield behavior of the steel. The results of these three scts of
tests, two at -111°F and one at room temperature (730F), are shown
in Fig. 15, The data irend curves of Fig. 14 are included for com-
parison at -111°F, Similarity of the upper yield stress values for the
two specimen sizes implies that the upper yield stress is not sensitive
to specimen size within the range investigated here.

The lower yield stress values of the small scale specimens in
Fig. 15 are shifted toward lower specimen elongation rates by a
factor of 0.54 relative to the large specimens tested at the same pre-
yield elastic stress rate., This shift is a result of the stiffer spring
constant (in terms of nominal stress on the specimen per loading-
piston displacement) of the testing machine for tests on small
specimens., The apparent lower yield stress of the small scale
specimens is substantially higher than for the large specimens. Part
of the difference may arise because the Lilder's strain has swept
entirely through the gage section of the small specimens before the
nominal strvess has been relaxed to the value of the lower yield stress.
The oscillograph record of one of the small scale specimens, see

Fig. 8b, does not show a constant load platecau which can definitely be
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identified as the lower yield stress. The stress-strain curve for this
same specimen, see Fig. 10, shows how the lower yield stress can be
obscured if the dimensions of the specimens and the machine stiffness
do not have appropriate values with respect to the stress drop from the
upper to the lower yield stress and the value of the Liuder's strain. The
straight line sloping down from the upper yield stress in Fig. 10 is the
locus of minimum values of the lower yield stress which could be
detected for various amounts of Luder's strain under instantaneous
unloading to the lower yield stress. The Luder's strain is probably
between 0.01 and 0.02 for this material, so the capacity for unloading
to the lower yield point is marginal in these specimens.

The machine and specimen characteristics are such that a
Luder's strain of 0.0l propagating entirely through the gage length can
permit the nominal stress on a large scale specimen to drop by 28, 000
lb/in.z, in contrast to only 18, 000 1b/in. 2 on a small scale specimen.
Examination of the oscillograph records and reference to the machine
stiffness leads to the conclusion that the lower yield stress reported for
the large scale specimens (both grain sizes) reasonably well depicts the
true lower yield stress for specimens of this cross section, and at
least represents an upper limit to the true value. The values of the
"lower yield'" stress shown in Fig. 15 for the small scale specimens
may be higher than the true values partly because of the test conditions.
However, there may still be a specimen diameter size effect. Tests on
small diameter specimens with twice the gage length in this testing
machine should resolve this question. Such tests were not made.

The upper yield stress of the two grain sizes used in this
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investigation of this steel as used in previous fracture studies (27) is
shown at -111°F and -200°F in Fig. 16. The grain size of this steel
as used in the previous studies has been determined recently to be
about ASTM (G.S. No. 8, instead of 6.5 as reported earlier. The data
are displayed to aid in estimating the upper vield stress of the present
small grain size steel, ASTM G.S. No. 8 L/4, at -200°F since only
one test has been made at this temperature, The difference between
the upper yield stress of the ASTM G.S. No. 8 1/4, represented by
the dashed line, and the ASTM G.S. No. 8 steels at -200°F is assumed
to equal the difference for these grain sizes at -111”F. Comparison of
the upper yield stress values for the steels of ASTM G.S. Nos. 5 1/2
and 8 at these two temperatures indicates that the above assumption is
not likely to lead to an error of more than 1, 000 1b/in. 2 in the ASTM
G.S. No. 8 1/4 curve at -200°F.

The lower yield stress of the ASTM grain size No. 8 1/4 steel
at -200°F has been estimated from the lower yield stress data obtained
from the small grain size specimens tested at -1117F and the large
grain size specimens tested at -111°F and -200°F. Two assumptions
were used in the construction of the curve for the ASTM G.S. No. 8 1/4
steel at -200°F. The first assumption is that the lower yield stress is
a linear function of the logarithm of the specimen elongation rate and
that the slope is independent of temperature and grain size when the
value of the lower yield stress exceeds the value of the ''static' lower
yield stress by a sufficient amount (about 20, 000 1b/in. 2). Rosenfield
and Hahn (43) have noticed that the lower yield stress of several mild

steels varies linearly with the strain rate, which is in agrcement with
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this assumption, The slope of the curves of the lower yield stress vs.
the logarithm of the specimen clongation rate has been determined from
the data for the ASTM G. S. No. 5 1/2 steel at -200°F, Portions of
the yield data for both grain sizes at -111°F have been fitted with curves
of this slope, as shown by the solid lines in Fig. 17.

The second assumption is that the strengthening effect arising
from the grain size is the same at -200°F as at -111°F. Thus the
difference in the lower yield stress values for the steel in the small
and the large grain size conditions at -200”F was assumed to be the
same as at -111°F. Kazinczy, Backofen and Kapadia (44) have
observed that a&y in the Hall-Petch lower yield stress expression
6_,:,, = 61 e k,c‘.—.i (where d is the grain diameter) is inde-
pendent of the temperature in the range 90 to j()OOK (-300 to +800F).
Their observations support this second assumption. Petch (44),
however, expressed surprise that an increase in ﬁy had not been
observed at the lower temperatures by Kazinczy ct al. since others had
observed such an increase in J‘y. The dashed c¢urve of Fig. 17 has
been constructed with the aid of these two assumptlions and will be taken
as the lower yield stress behavior of the ASTM G.S. No. 8 1/4 steel

at -200°F for the purposes of this thesis.

4.2 Fracture Stress Data from Notched Specimens

Fracture data for the notched specimens were obtained from
oscillograph records of load vs, time taken during the fracture test.
Figure 18 shows a typical load-time record of a fracture test. The

sharp drop in load marks the fracture event., A calibration curve is
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also shown to illustrate the galvanometer response rate to a step-
function signal input. The values of the nominal fracture stress
(maximum tensile load supported by the specimen just prior to failure
by fracture, divided by the minimum cross sectional area at the notch
section) and the nominal test rate obtained from each test record are
listed in Table 1. (Table 1 also contains other calculated values,
which will be explained in Chapter VI.)

The nominal fracture stress of the large grain size specimens
is plotted against the nominal stress rate (logarithmic scale) in Fig.
19. The open symbols denote the same furnace batch (No. 2) of
specimens whose yield stress values are also shown by open symbols
in Figs. 11 and 12. The nominal fracture stress values of the
specimens of furnace group 1 were consistently higher than for
group 2 at -111°F. The yield behavior was the opposite (sce Figs. 11
and 12). Thus the mechanical properties of the two furnace batches
are slightly different, The X's show the maximuwm stress level to
which the unfractured notched specimens, A-7, A-31 and A-39, werec
subjected prior to a metallographic search for microcracks and
represent lower limits for the nominal fracture stress values for
these three specimens. These specimens were from the same
furnace group as those fractured specimens depicted by the open
symbols. Thus two of the unfractured specimens were loaded to a
higher nominal stress level than two others which had fractured.

Figure 20 shows the nominal fracture stress of the small
grain size specimens as a function of the nominal stress rate (loga-

rithmic scale). The fracture data of IHendrickson et al. (27) from a
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Nominal and Local Fracture Stress Data
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previous study are also shown in this figure. Attention is called to
three groups of fracture data. The first group consists of present and
previous fracture data at -111°F (large scale specimens only) at

6

nominal stress rates above about 10 lb/in.zscc in Fig. 20a; the
second consists of present and previous data at -200°F for large scale
specimens, shown in both Figs. 19a and b for purposes of comparison;
and the third consists of data from the small scale specimens of the
present study at -200°F, shown in Fig. 19b.

The present fracture data at -111°F e¢xhibits a sharp transition
in the nominal fracture stress values at a nominal stress rate of about
2 x 10° Ib/in.2sec. The fracture data on the same steel of the previous
study (but of ASTM grain size No. 8, vs. 8 1/4 for the present inves-
tigation) show a similar, though less abrupt, change in the nominal
fracture stress behavior at -111°F. The coincidence of the transition
in nominal fracture stress as a function of stress rate for the ASTM
(i B Nos. 8 1/4 and 8 specimens at -111°F suggests that the fracture
data from both groups of specimens may be combined to deduce a
fracture transition at -200°F for the large scale speciinens. On this
basis, the nominal fracture stress transition for the ASTM grain size
No. 8 1/4, large scale notched specimens, is estimated to occur at
a nominal stress rate of about 2 x 103 1b/in. Zsec at -200°F. The
nominal fracture stress transition for the small scale specimens of
this grain size at -200°F occurs at a nominal stress rate at least two
orders of magnitude greater than for the large scale specimens.,

The oscillograph record for one large scale specimen with the

- F Oy s . : - T N
small grain size tested at =111 F is shown in Fig. 21. The specimen
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experienced a small amount of unloading due to a malfunction of the
testing machine. After loading resumed, the specimen broke at a
nominal stress level of 83, 000 1b/in. 2‘, which is slightly lower than the
maximum value of the stress just prior to unloading and substantially
lower than the nominal fracture stress (about 90, 000 to 100, 000 1b/
in.z) of other specimens at this stress rate. This fracture record is
cited to illustrate the profound effect a seemingly minor deviation in

loading history (unloading of about 5, 000 1b/in. ¢ nominal) may have

upon the nominal fracture stress.

4.3 Microcrack Search

The maximum nominal stresses to which the notched specimens
A-31, A-39, and A-7 were subjected prior to being examined for micro-
cracks are listed in Table 2 and are indicated by the x's in Fig. 19.
The calculated values of the maximum tensile stress listed in Table 2
are based on the lower yield stress data for this steel and the elastic-
plastic stress analysis described in Chapter V. The other entries in
Table 2 summarize the extent of the microcrack search and the results.

Figure 22 shows photomicrographs of portions of the polished
and etched cylindrical sections below the notch root of specimen A-31.
Approximately one-fifth of the circumference is shown. The horizontal
reference line near the top of each photomicrograph is a circum-
ferential scratch located an axial distance of about 0.012 in. from the
notch root. (See Fig. 22c¢ to aid in estimating this distance O'n the
photomicrographs.) The notch root lies approximately over (out of the
plane of the photomicrograph) the edge of cavity @ which is closest to

the circumferential reference scratch. Three cavities were found
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(b) 0. 0066 in. below notch surface 37. 3x

(e) 0.0155 in. below notch surface 39.9 X

Fig. 22. Photomicrographs of successive cylindrical sections under notch
root showing voids. (Multiply listed magnifications by 0.85.)
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in the notch section of this specimen. One cavity opened to the surface
of the notch root; the other two cavities lay deeper than 0.003 in.
below the notch surface. The greatest depth of these cavities below
the notch root was about 0,016 in. Examination of the next lower
section at a depth of 0.0195 in. did not reveal any new voids.

Crack @ appears to be associated with a large pearlite colony.
But crack @ appears to traverse significant pearlite colonies only in
Figs. 22 a and d. The metallurgical structure near crack @ is
obscured by the scribed line.

Specimen A-31 had been elongated a large amount after being
loaded to the maximum stress level so the voids cannot be definitely
identified with microcrack formation during the initial rapid load
application at -111°F. Surface markings caused by plastic deformation
of the grains indicated that the cavity which opened to the notch root
surface, cavity @ , did so after a moderate amount of deformation
had taken place,

Examination of specimen A-39, which had been unloaded as
quickly as possible after being loaded to a nominal stress of 95, 400
1b/in. 2, failed to reveal any microcracks. The examination was
carried to 0.009 to 0.016 in. below the notch surface.

The only microcrack found in the third specimen, A-7, was a
cracked pearlite colony, shown in Fig. 23. This crack was observed
0.011 in, below the notch root. It did not intersect the next higher or
lower examination surfaces (x 0.003 in.). This specimen had also
been elongated during the original loading cycle and the time of

nucleation of the microcrack with respect to attainment of the
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Fig. 23. Photomicrographs of cylindrical section under notch root
showing crack through pearlite colony.
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maximum stress is not known.

4.4 Plastic Zones

The nominal stresses to which the three large-scale notched
specimens of both grain sizes were subjected under quasi-static load
conditions at room temperature prior to examination for plastically
deformed material are listed in Table 3. The upper and lower yicld
stresses for unnotched specimens tested under the same conditions
are also given. The ratios of nominal stress on the notched specimens
to the upper and lower yield stresses are listed to serve as dimension-
less indices of the elastic-plastic stress state., The root radii of these
notches ranged from 0.0106 to 0.0114 in., slightly larger than most
of the notches of the fractured specimens.

The plastic zones of the small grain siz¢ specimens, as
revealed by nitriding and etching with Fry's reagent, arc shown at
5.3X magnification in Fig. 24; the plastic zones of the large grain
size specimens are shown in Fig, 25. Markings which are irrelevant
to the plastic strain state are due to 1) iron plating around the edges,
2) staining from reagent seepage near the edges, 3) rounded corners
to facilitate polishing, and 4) darkening of strained material arvound
the hardness indentations. Banding of the pearlite is obscrved parallel
to the tensile direction and diagonal scratches from polishing are
present. The banding is less pronounced in the specimens with the
larger grain size.

The examination surfaces are not quite diametral planes. This

fact does not significantly alter the interpretation of the plastic wedge-
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TABLE 3. Quasi-Static Loading of Notched Specimens
&) N' N_ ('\1.
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ASTM Grain Size 8 1/4
B-89 3x10% 35.1 48.0
B-91 4x10} 34.1 49,1
A-93 4x10l 34,5 48.5 38.5 1.12 0.80 18-19 56°9-60°
A-90 8x10Y 48.0 1.39 0.99 21-34 589-52°
A-91  3x10! 65.9 1.91 1.36 52-67 58°-50°
ASTM Grain Size 5 1/2
B-93 2x10% 34.0 40.4
B-94 4x10' 30.3 41.2
A-94 6x10! 32.0 40.8 32.1 1.00 0.78
A-97  3x10} 57.8 1.80 1.4l
A-98 3x10! 69.5 2.17 1.70
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b. A-90. Opom/Oiy = 1.39,

Onom/Cyy = 0.99

Etch patterns showing plastically strained regions in notched

Fig. 24.

specimens of ASTM grain size 5 1/2. Sections parallel to
axis of symmetry. Static loading; tensile axis vertical.
Surface nitrided, then etched with Fry's reagent.

g A



c. A-9l. Opom/Ory = 1-91, Opom/COyy = 1.36

d. Horizontal

scale transformer to determine the true

radius vector to a point on the examination surface.

(Continued. )
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b. A-97. Opom/OLy = .80, Opom/Ouy = 1.4l

Etch patterns showing plastically strained regions in
notched specimens of ASTM grain size 5 1/2. Sections
parallel to axis of symmetry. Static loading; tensile
axis vertical, 5. 3X.
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c. A-98. Onom/Oiy = 217,  Ohom/Tuy = 1.70

oo
n

Fig. . (Continued.)
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shaped enclaves at the notch root in Fig. 24, nor the overall strain
patterns in Fig. 25. The horizontal position at which cylindrical
surfaces of constant radius intersect a diametral plane and the plane
of Fig. 24c is indicated by the horizontal scale transformer shown in
Fig. 24d. The use of this horizontal scale transformer aids in the
determination of the true radial location of the features shown in
Fig. 24c,

The presence of bending moments during initial stressing is
implied by the unequal sizes of the wedge-shaped plastic enclaves on
the two sides of the specimens in Figs. 24b and ¢. The circular arcs
connecting the notch roots above the minimum section in Figs. 24c
and 25b and below the minimum section in Fig. 25¢ may also imply
bending.

At low stress levels the plastic enclaves are confined to wedge-
shaped regions at the root of the notch in the small grain size
specimens. The boundary of the darkly etched wedge-shaped region
is quite distinct, as shown in Fig. 26, which is an enlargement (35X
from original) of the left-hand enclave of Fig. 24b. Some portions of
the boundary definitely coincided with grain boundaries. The grains
in the tip of the wedge did not etch as darkly as those closer to the
root of the notch.

The shape of the plastic enclaves at low stress levels for the
large grain size specimens is not known. Figures 25b and ¢ show
that the steel near the (iron plated) notch surface did not respond to
the nitriding and etching treatment. Thus the absence of dark regions

near the notch in Fig. 25a merely limits the size of the plastic
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enclave to the region within which the etch was ineffective (about 0.02
in.).

The greater development of the plastic cone pattern (plastic
zones reaching toward the specimen axis) in Fig. 25b than in Fig. 24c
may be due to the following causes: 1) the onset of general yield may
be governed in large part by the upper vield behavior through the
value of G‘H,m /d—uy , 2) some other yield characteristic may cause
the onset of general yield to occur at a lower value of 6:,,"‘ /O'LY
in the larger grain size specimens, and/or 3) the Luder's strain
and strain hardening characteristics may be such that thicker plastic
spikes, arcs or cones are needed in larger grain size specimens
to relieve the stresses in a highly stressed region.

These yield patterns were obtained under quasi-static loading
conditions at room temperature. Both Green and Hundy (20) and
Crussard et al. (18) report changes in the details of the strain patterns
for impact loading. The effects of the intermediate rates of loading

used here have not been investigated.



-89~

V. ANALYSIS

5.1 Approximate Stress Distribution in Notched Specimens

The maximum tensile stress in a loaded elastic body containing

a notch occurs at the notch surface and can be calculated fairly
accurately by techniques developed by Neuber (28). The presence of
plastic enclaves, of the type shown in Figs. 24 and 26, for example,
causes the point at which the maximum tensile stress occurs to be
located in the interior of the body and greatly complicates the
calculation of the stress distribution in the body.

An elastic-plastic stress analysis for tensile loading of
the notched specimen geometry used for this thesis has been performed
by Hendrickson, Wood and Clark (27, 41). Their procedure and results
are discussed in Section 8.2. The plastic enclave boundary predicted
by their calculations is different from the boundary determined with
the aid of Fry's reagent in this study, however. The comparison is
shown in Fig. 27 for a C)_'mm/ﬁ'uv ratio of about one. The two dot-dash
curves of Fig. 27 represent the plastic enclave boundarics on cach side
of the specimen shown in Fig. 24-b. The dashed curves and the solid
curves represent the theoretically determined boundaries and the
experimentally determined boundaries (by microhardness measurcments),
respectively, according to Herdrickson et al. (27) for 6;.,,,,,/6-‘”
ratios greater and less than that applied to the specimen shown in
Fig. 24-b.

The boundaries of the wedge-shaped plastic enclaves of
Figs. 24, 26 and 27 show marked similaritics to the characteristic

directions of the slip-line ficlds for a similar notch geometry shown
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by Green and Hundy (20) and by Wilshaw and Pratt (30). This
similarity suggests that the stress distribution in the plastic enclaves
of the specimens tested in this study (the region a?r2b in Fig. 28)
may be calculated by slip-line ficld theory. If the stress distribution
on the elastic core in the minimum section of the notched specimens
(the region b2r20in Fig. 28) could also be calculated, then the maximum
tensile stress could be determined as a function of the nominal stress
on the minimum section of a notched specimen and the yield stress of
the material in the plastic regions. Analyses of the stresses in the
plastic and in the elastic regions will be discussed scparatcly.

A. Slip-line field analysis for plastic enclaves - The slip-line

field theory outlined by Hill (29) can be used to calculate stresses in a
plastically deforming region that is in a state of plane strain and for
which suitable boundary conditions are known. Assumptions concern-
ing material properties and stress states which are most casily
handled by the slip-line field theory include the following:

1) The material is homogeneous and isotropic. Homogencity implies
averaging stresses over dimensions larger than the grain sizc¢ or
other metallurgical structure size.

2) The stress-strain state is one of plane strain wherein the third
principal strain is a constant, but not necessarily equal to zero.

3) Plastic deformation occurs when the maximum shear stress reaches
a critical value. This is the Tresca yield criterion.

4) The maximum shear stress is constant in the plastically deforming
region; i.e., the material is non-strain hardening.

5) Displacements at the notch surface are small enough so that the
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geometry of the notch surface remains unchanged during
deformation.

The mathematics of the slip-line field theory is outlined in
Appendix II using the notation and general procedure of Hill (29). The
slip-line field theory is applied in Appendix II to the hyperbola-shaped
notch contour of Fig. 28 for the condition of plane strain. The
boundary conditions are that the normal stresses perpendicular to and
tangent to the notch surface in the y-2 plane are principal stresses and
are equal to zero and 6}&, respectively.

The error which results when the axially symmetric stress
state of the notched specimens is approximated by a plane strain stress
state is shown in Appendix II to have about the same magnitude as the
error which results from the neglect of the strain hardening in the
plastic region. These two errors are additive in their effect on the
slip-line field and compensating in their effect on the value of the
hydrostatic stress component. The flow stress of the material in the
plastic region is not actually known because of inadequate knowledge of the
stress -strain relation for plastic strains smaller than the Liider's
strain. Therefore the effect of strain hardening cannot be accurately
calculated. Thus the plane-strain, constant-flow-stress solution for
the slip-line field is not only expedient, but may also be more accurate
than the solution which would have been obtained for the axially symmetric
stress state.

Figure 29 shows the slip-line field (the directions of the
maximum shear stress) obtained from the plane-strain solution; the

ratio of the axial stress to the yield stress, GE/O}J,at various points
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on the plane 2 = 0; and the plastic enclave boundary of the specimen
shown in Fig. 24-b. The value of 6;/0}; on the plane £ = 0 is

plotted as a function of the distance below the notch root in Fig. 30,
The stress state at a point is given by the slip-linc field solution only
when the slip-lines connecting that point with the notch surface lie
wholly within the plastic enclave. Thus the plastic enclave boundary
will be assumed to follow a slip line for the purposes of this analysis.
Then the axial force transmitted across a plastic enclave of depth
a.%y(" "\"b can be calculated by numerical integration of the axial
stress over ring-shaped elements of area (axial symmetry of the
notched specimens being considered now) on the 2 = 0 surface in the
plastic enclave. This calculation is performed in Appendix II.

The major results that are now obtained from the stress
analysis in the plastic region are the value of the maximum axial stress
(at the plastic wedge tip, r = b) and the value of the axial tensile load
transmitted across the plastic enclave as a function of the enclave depth.
These values are recorded in Table 4 of Appendix Il for reference after
the stresses in the elastic core (b2r20in Fig. 28) have been calculated.

B. Approximate Stress Distribution in the Elastic Core - It is

difficult to perform an exact analysis for the stresses in the elastic core
of the notched specimens after plastic enclaves have developed because
the size of the enclaves analyzed with the aid of the slip-line field in

the previous section is not known as a function of the applied load.

Thus resort will be made to the inverse strategy of constructing a
stress distribution in the elastic core that reflects the specimen

geometry on the one hand and is sensitive to the local stresses at the
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tip of the plastic enclave on the other hand. This assumed stress
distribution may then be integrated over the area of the elastic core
to determine the axial load supported by the elastic core for any
plastic enclave size. Two estimates of the elastic stress distribution
will be made in order to determine the extent to which the ratio
6';"/0",4 as a function of the Gpom /6yd will be affected by the
uncertainties of the stress distribution in the elastic core.

Neuber (28) has calculated the stress distribution in an axially
symmetric elastic body containing a circumterential notch in the shape
of an infinitely deep hyperboloid of revolution loaded in axial tension.
The mathematical expressions for the stresses are given in Appendix
111, along with the mathematical details involved in the following
discussion. The axial, radial, and circumicrential stresses, 6’3,
G’r,and 6—9 respectively, on the minimum section through the notch,
Z = 0, are shown in Fig. 31 as a function of the radius for the notch
geometry, f/a,=l/l5' used for the notched specimens described earlier
in this thesis. A Poisson's ratio of ¥= 0. 30 has bcen assumed for this
steel,

The first estimate of the stress distribution in the elastic core,
the region bzr 2 0 in Fig. 32, is based on the assumption that the
stresses are distributed according to the elastic solution shown in
Fig. 31 everywhere in the elastic core and that the axial stress,sz,
is continuous across the plastic-elastic boundary at the tip of the
plastic wedge. Thus the axial stress on the entire minimum section
would be given by the slip-line ficeld solution 6;’ in the region

!
a3r2b of Fig. 32 and by the portion of Neuber's clastic solution for
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' 1l i

Sz in the region b >r 20 , where the nominal stress, Gnom :

- ~ f- &,
involved in Neuber's solution has been adjusted to make 6;_,_ = z

The axial stress, 6; , has been integrated over the area of
the elastic core to determine the axial tensile load transmitted by the
elastic core for several depths of penetration of the plastic enclave.
These calculations are performed in Appendix 111 and the results are
recorded in Table 4 o‘f Appendix 1I. This calculation, combined with
the previous calculations of tensile loads and stresses in the plastic
enclave, permit the construction of Fig. 33, wherein the ratio
6:,."" /Gyd (occurring at the tip of the plastic wedge-shaped enclave)
and the plastic enclave depth are shown as a function of 6;,"., /6}4
The solid lines show the relationships predicted by this first approx-
imation of the stress distribution in the elastic core.

A second estimate of the stress distribution in the elastic core

has been made in which both the axial and radial stress components are

continuous across the plastic-elastic boundary on the minimum section
of the specimen. (The first estimate of the stress distribution in the
elastic core has resulted in a discontinuity of the radial stress com-
ponent at the plastic-elastic boundary, as is shown by the curves for
6—: and 6:.‘ at r=b in Fig. 32.) Suppose that the plastic
enclave extends from r =a to r = b in Fig. 32 and that the axial and
radial stress components in this region arec given by G—Z.P and 6_;-P -
respectively. The nominal stress, 0_,;:,,, , of Neuber's elastic solution

is adjusted so that the radial stress components are continuous at

r = b. Then the stress components in the elastic core given by
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Neuber's solution for this nominal stress value are shown by d;_ and
6;' in the region bzrzo . Now the axial stress, 5-2 , 1is
discontinuous at the plastic-elastic boundary. This defect is corrected
in the following manner. Suppose that the plastic enclave rescimbles

a notch and causes an additional stress concentration in the clastic
region at r = b. For convenience, the hypothetical notch which
represents the plastic enclave will be assumed to be a hyperboloid of
revolution entirely similar to the original notch whose root is located

at r

I

a, but scaled down so that the hypothetical notch root is located
at r = b. Thus the radius of curvature at the root of this hypothetical

1 1"
notch is P‘ = F-E . The nominal stress, 5.

nem » ©Of the Neuber

solution for this hypothetical notch is chosen so that the total axial
stress in the elastic region, O':-._’* 5—;" , at the plastic elastic boundary
on the minimum section is equal to G—E-P . Since 6_"-.;0 at r = b,
the radial stress component is still continuous at r = b.

The final stress distribution in the plastic and elastic regions
for this second approximation of the stresses in the elastic core is
shown by the dash-dot curves where they differ from the first approx-
imation in Fig. 32. The relationships among O’.,.., /dyd , the plastic
enclave depth and 6;,,.../5M obtained from this second approximation
of the stresses in the elastic core are shown by the dot-dash curves
in Fig. 33. The calculations involved in constructing the curves in

Fig. 33 are given in Appendix III.

5.2 The Value of the Yield Stress in the Plastic Region

Numerical values of the stress acting on the minimum cross-
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section of the notched specimens at the instant of fracture may be
calculated by means of the foregoing stress analysis provided that the
yield stress appropriate for each particular test condition is known.
The yield stress in the plastic enclaves of the notched specimens is a
function of the temperature and rate of load application because the
upper and lower yield stresses in a simple tension test are functions
of these variables. The yield stress in the plastic enclaves will be
assumed to be more closely related to the lower yield stress than to
the upper yield stress because large regions (compared to the grain
diameter) of plastically deformed material are present in both the
plastic enclaves of the notched specimens and in unnotched tensile
specimens during elongation at the lower yield stress. This
assumption differs from that of Hendrickson, Wood and Clark (27),
who assumed that the yield stress in the plastic enclave was equal to
the upper yield stress determined from a simple tension test.

The plastic elongation which occurs at the lower yield stress
in a simple tension test takes place by the propagation of a plastic
strain front of constant amplitude (the Luder's strain) along the gage
length of the specimen rather than by a uniform rate of plastic strain
over the entire gage length. Therefore the lower yield stress must be
a function of the rate of propagation of the Liider's strain front rather
than a function of the average plastic strain rate. The assumption is
made that the yield stress in the plastic enclave of a notched specimen
during a test at a given temperature is equal to the lower yield stress
in an unnotched tensile specimen tested at the same temperature in

which the Luder's strain front propagates at the same velocity



-104-
as the velocity of propagation of the plastic enclave boundary in the
notched specimen.
The elongation rate of an unnotched specimen and the Liider's

front velocity at the lower yield stress are related by

L =2 v & [5.1]

where i.. is the specimen elongation rate (the abscissae of Figs. 12,
14, 15 and 17), V_ is the Luder's front velocity (measured normal

to the Luder's front), &  is the Luder's strain, and the factor of
ﬁ occurs because the Lilder's front makes an angle of about 45
degrees with the specimen axis. If the Luder's strain is taken to be
about 0.018 for all test rates and temperatures and for both grain
sizes (this assumption is likely to be true within a factor of two,
which is relatively inconsequential), the specimen elongation rate is
equal to one fortieth (1/40) of the Lider's front velocity. This calcu-
lation is based on the assumption that only one Luder's front is
propagating through the gage length of the specimen. Equation 5.1
and Figs. 12, 14, 15 and 17 permit the determination of GZY as a
function of v, for the various test conditions and grain sizes.

The velocity of the plastic enclave boundary in a notched
specimen may be estimated with the aid of the photomicrographs in
Fig. 24. The calculation is based on the wedge-shaped enclaves only.
It is assumed that the wedge-shaped plastic enclaves shown in Fig.
24c attained their final dimensions just prior to the onset of general
yield. The stress ratio (nominal stress divided by the lower yield
stress) at the instant gencral yiceld was nucleated was probably

slightly less than 1.91, the value which causced the plastic strain
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pattern in Fig. 24c. However, the value of 1.91 will be used for the
value of 6;0,,, /67_1 associated with the plastic wedge size shown in
Fig.. 24c,

Average values of the half-width of the plastic wedges shown in
Fig. 24 are plotted against 6:,,_, /G‘L‘f (assuming quasi-static test
conditions) in Fig. 34. The average slopes of the two segments of this
curve are equal to 0.021 in. within a factor of two. Thus the plastic-
elastic boundary will be assumed to move at the rate of 0.021 in. per
unit change in 6,",,,., /G'g_.( for the large scale notched specimens
used in this investigation. (The wedge boundary velocity will vary
approximately linearly with the specimen scale factor.) The plastic
wedge front velocity in these large scale notched specimens prior to

general yield is thus taken to be

v, = (0.021 in) Goem (5.2]
Gy

where V., is the velocity of the boundary of the plastic wedge, G,

nom

is the nominal stress rate, and GLY is the (yet to be determined)

lower yield stress value associated with the test conditions.

The assumption that V,, =V when the shear stress at the
plastic wedge boundary in a notched specimen is equal to the shear
stress at the Liuder's front in an unnotched specimen now permits a
lower yield stress value to be associated with a nominal stress rate
on the large scale notched specimens. The value of 61,( to be used

in equation 5.2 has yct to be determined, but the magnitude of 6_,\0,“

is so much more important that any reasonable estimate for SLY .

€ o5 6;_.{ = 50, 000 lb/in.z, is acceptable for a first approx-
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imation. The approximate value of V,, can now be calculated from
equation 5.2. The desired value of the lower yield stress is that value
which is associated with an unnotched-specimen elongation rate equal
to one fortieth of V,, (from equation 5.1) at the appropriate temper-
ature. The value of Gl..‘{ obtained from this calculation could be used
in equation 5.2 to obtain a new value of G’LY by repeating the calcula-
tion. This new value of G-LY will not be improved significantly by
further iteration.

The calculations outlined above have been performed on the
lower yield stress data of Figs. 12, 14 and 17 and the results are
shown in Fig. 35. The curves of Fig. 35 show the yield stress at
the plastic-elastic boundary as a function of the nominal stress rate
of the large-scale notched specimens, according to the plastic-elastic

boundary velocity concepts discussed in this section.
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VI. RESULTS OF LOCAL FRACTURE

STRESS CALCULATIONS

The yield stress of the material in the plastic enclaves prior
to the onset of general yield has been calculated for each of the notched
specimens with the aid of Fig. 35. These values of Syd are listed
in Table 1. The loading rate for the small scale specimens, series D,
was divided by the factor 2.6 for the purpose of obtaining a yield
stress through the use of Fig. 35. The factor 2.6 is the ratio of the
scale factors of the large and small scale specimens and was applied
to the small scale specimens since the yield stress calculation of Sec-
tion 5. 2 is based on the velocity of the propagationof the plastic-
elastic interface in the large scale specimens.

The ratio of the nominal fracture stress to the yield stress is
also given in Table 1. The penetration depth of the wedge-shaped
plastic enclaves shown in Fig. 24c after the onset of general yield is
plotted by the pair of circles labeled "¢'" in Fig. 33 as a function of
d:"'/o_yd (equal to G;.m/fl_f for quasi-static test conditions).
Comparison of the penctration depth of this enclave and of the predic-
tions of the stress analysis developed in Section 5. 1 shows that the
stress analysis is applicable only when 6:,,,, /6;4 < .75,

The value of the maximum tensile stress at the instant of frac-
ture initiation has been calculated for each of the notched specimens
for which 6:._‘ /S,J = L7% . The average of the values of
[ J /O‘,’,d shown in Fig. 33 was used in these calculations. The

calculated values of 6:‘.,{. are listed in Table 1 and are also
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plotted in Fig. 36 as a function of the plastic enclave depth in units of
the average grain chord. The values of Op¢ for the small grain size
specimens range from 121, 000 1b/:'m.2 at the tip of the largest plastic
enclaves to 157, 000 lb/in.a at the tip of the next to the smallest plastic
enclave,

The onset of general yield in the large grain size specimens
has not been investigated in sufficient detail to ascertain that general
yield has not occurred in the specimen shown by the "x" in Fig. 36.
The value of G;\om /6';‘; for this large grain size specimen was 1,79,

This value suggests general yield. Therefore, a value of G

— less

than about 123, 000 ‘lb/in.z for the large grain size specimens should
not be inferred with certainty from Fig. 36.

The value of the maximum tensile stress, 6-;. , at a point
1.1 x 10"3 in. from the tip of the wedge-shaped plastic enclave,
toward the notch root, has been calculated for each of the small grain
size specimens involved in Fig. 36. 'The calculation was performed
with the aid of the curve of G-a/o-yd vs., distance under the notch root
shown in Fig. 30. The values of G at this intcrior point arc shown

in Fig. 37. All but one of these values lie in the range 118, 000

£ 4,000 1b/in.2.



~-111-

160 =
(o . e
"~ o ASTM GS. 8 I/4
120"~ T N2 a8 a o
N X S SR
& ASTM G.S. 5 I/2
A
N
(=)
S 80k
9 . U.l'ain Specimen Tt?gﬂ‘p.
3 Symbol size scale ¥
L’)E » & 174 small ~200
40~ °© 8 1/4 large ~-200
o 8 1/4 large -111
+ 5 1/2 large ~200
# 5 1./2 large =111
0 l ] I
© 20 40 60 80

Depth of Plastic Enclave, in units of Average
Number of Ferrite Grains Intersected by Radius

Fig. 36. Maximum tensile stress at fracturc vs. plastic
enclave depth.,



2

in. from Plastic
103 1b/in.

Astal Teneile Strees 11.1 2 1079
Wedge Tip toward Notch Root,

-112-

160
]
120 - .. o - B EB O-o
8 O
®
s !
40
=
b 2
(0] | 1 |
(0] 20 40 60 80

Depth of Plastic Enclave, in units of Average
Number of Ferrite Grains Intersected by Radius

Fig. 37. Axial stress at a specific point in the plastic

enclave vs. enclave depth. Symbols are keyed
to Fig., 36.



-113-

Vii. DISCUSSION OF FRACTURE INITIATION

7.1 Fracture Mode Transition

The nominal fracture stress values for the small grain size
specimens shown in Fig. 20 and listed in Table 1 show a transition
from low values of about 90, 000 to 100, 000 1b /in. E at high nominal
stress rates to high values of about 130, 000 1b /in. 5 at lower nominal
stress rates. These approximate values apply to the large scale spec-
imens. This transition in nominal fractures stress values appears to
be related to the onset of general yield of the type shown in Fig. 24c¢.

Examination of Fig. 20a shows that fracture tests have been
run at the low stress rate liinit of the low nominal fracture stress
mode at the fracture mode transition for the small grain size, large
scale specimens. The limiting values of 6;‘_‘_-/0"‘; at —ZO()”F and
-111°F for the low nominal fracture stress mode are 1.75 and 1. 72.
(No significance is attached to the difference between these values
since there is scatter in the ncminal fracture stress data and the flow
stress values at -200°F have been estimated indirectly by the method
discussed in association with Fig. 17.)

The penetration depth of the plastic wedges in the notched spec-
imen that was loaded quasi-statically until general yield had just oc-
curred, as shown in Fig. 24c, is plotted with the pair of circles
labeled '"'¢'" in Fig. 33. The stress analysis described in Section 5.1
predicts that plastic enclaves would penetrate to that depth at a load
ratio of 6;,..., /G'VA ~ 1.70 to 1. 85. The agreemoent between

the values of O, /G_yd calculated for the onset of general yield
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and for the limit of the low nominal fracture stress mode is taken as
evidence that the fracture level transition is associated with the onset
of general yield in these notched tensile specimens. The smallest
value of 6_,5.“(/0';“1 calculated for fracture in the high stress
mode is 2. 2 for the large scale specimens and 2.0 for the small scale
specimens. Thus, fracture is initiated in the high nominal fracture
stress mode after the onset of general yield in this investigation.

The nominal fracture stress transition is not as abrupt for the
large grain size specimens as for the small grain size specimens.
Most of the large grain size specimens fractured at a nominal stress
of about 100, 000 1b /in. 2 after the onset of general yield. The etch
pattern shown in Fig. 25b suggests that the onset of general yield oc-
curs at a lower value of 6—.“.../6-;4 in the large grain size speci-
mens than in the small grain size specimens, but the nominal frac-
ture stress value is fairly insensitive to the fact of the onset of gener-

al yield.

7. 2 Maximum Stress at Fracture

The minimum calculated value of the maximum local tensile
stress at the instant of fracture, about 122, 000 1b /in. & at the tip of
the large plastic wedge-shaped enclaves in the small grain size ma-
terial, as shown in Fig. 36, is considerably smaller than the value of
210, 000 1b /in. 2 reported by Hendrickson, Wood, and Clark (27) for
this same steel with a very slightly larger grain size (ASTM grain
size No. 8, vs. 8 1/4 in this investigation). The discrepancy between

these two stress values arises in part from the identification of the
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yield stress in the plastic enclaves with O—LY in this thesis and with
6-01'( in their work. The stress analysis described in Section 5. 1 of
this thesis also predicts a slower rate of increase in the value of the
axial stress as a function of distance below the notch root in the plas-
tic enclaves, as will be shown in the discussion of these stress analy-
ses in Section 8. 2.

Wood and Clark (45) have measured the fracture stress on un-
notched specimens of this steel in tensile tests at -320°F (-196°C).
Two specimens that had been loaded '"quasi-statically" (é;....z
T % 102 1b /in. Zsec. ) fractured at about 111, 000 1b /in. = after about 2
to 3 percent plastic strain. They had been subjected to an upper yicld
stress value of about 125, 000 1b /in. “ and had reached a minimum
value of the tensile stress of about 106, 000 1b /in. & at 0. 6 percent
plastic strain during the course of the test prior to fracture. A third
specimen fractured immediately upon attaining the upper yield stress
value of about 127, 000 1b /in. Z. Fracture also occurred in 8 out of 13
of their delay time tests (simple tension) at -320°F at tensile stresses
ranging from 114, 000 to 128, 000 1b /in. &. Failure to have observed
fracture in the other 5 specimens of this group may imply that the
stress was too low (111, 000 1b /in. = for two specimens) or that the
maximum plastic strain of between 1 and 2 percent obtainable in these
tests was too small to initiate fracture in some of the specimens.
(Three of the specimens which had not fractured had been subjected to
a pre-yield stress level of about 127, 000 1lb /in. e )

The significance of the remarkable coincidence in the values of

the maximum tensile stress at the instant of fracture initiation in the
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notched specimens tested for this thesis and of the fracture stress
observed by Wood and Clark is difficult to assess, since markedly
different values of the maximum shear stress and of the plastic strain
are present in the two cases. Also, the dislocation activity associ-
ated with yielding may be somewhat different at the very low test
temperature employed by Wood and Clark. The value of the maximum
shear stress ranged between 30, 000 and 40, 000 1b /in. 2 in the plastic
enclaves of the notched specimens tested for this thesis and ranged
between 55, 000 and 64, 000 1b /in. z in the unnotched tensile speci-
mens tested by Wood and Clark. The plastic strain near the tip of the
wedge-shaped plastic enclaves in the notched specimens has been es-
timated to have a value of &€p 2= 0.1 percent. (The basis for this
estimate will be discussed in Section 8. 3. ) On the other hand, plastic
strains of the order of several percent seem to be necessary for frac-
ture initiation at this stress level in the unnotched tensile specimens.
Until the nature of the embrittling effect of moderate plastic strains
(several percent) in unnotched tensile specimens is understood, the
mechanism that permits fracture to be initiated in a region of smaller
values of the plastic strain and of the shear stress near notches will
probably remain obscure.

Clausing (23) has calculated the value of the maximum tensile
stress at the instant of fracture initiation in this steel as a function of
the local plastic strain in notched specimens in which the ratio of the
root radius of the notch to the radius of the minimum section was about
unity. He concluded that fracture could be initiated by a tensile stress

of about 95, 000 1b /in. & after a plastic strain of about 1 percent. The
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fracture stress increased with increasing strain to about 140, 000

1b /in. 2 after a plastic strain of 14 percent. His fracture stress val-
ues also agree favorably with the value of 6;,.,; calculated in this
thesis and the fracture stress found by Wood and Clark (45).

It is interesting that Clausing calculated a fracture stress val-
ue of about 95, 000 1b /in. 2 after about 1 percent plastic strain in his
notched specimens, while Wood and Clark did not observe fracture at
a tensile stress of 106, 000 1b /in. ¢ at 0. 6 percent plastic strain in
their quasi-static tests. One possible cause for this apparent contra-
diction could be related to the difficulty in performing accurate
elastic-plastic stress analyses in notched steel specimens. Another
cause might be an actual difference in material properties arising
from slight differences in the annealing treatment. A third cause may
actually arise from an interdependence of the shear stress and the
plastic strain on an embrittling effect. A fourth cause may be related
to the difference in the material properties at the different test tem-
peratures. The relative importance of these four possible causes for
the apparent difference in fracture initiation behavior cannot be as-
sessed with the data available here.

The obvious conclusion that fracture is initiated in this mild
steel in a plastic region where the tensile stress has attained a value
of about 120, OOOf ég’ ggg b /in. 2, depending upon the plastic strain,

,
appears somewhat uncertain in view of the high values for the maxi-
mum tensile stress shown in Fig. 36 at the tip of the smallest plastic

enclaves.
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7.3 Plastic Enclave Size Effect

The calculated value of G__ ¢ in the small grain size notched
specimens increases with decreasing plastic enclave depth below about
0.03 in., as shown in Fig. 36. If the value of the maximum tensile
stress, albeit located at the tip of the plastic wedge in a region of very
small plastic strain, controls the initiation of fracture, then a
geometry-scale size effect is implied by the trend of 6;..; in Fig. 36.

However, the axial tensile stress in all but one of the small
grain size specimens at a point 11.1 x lO-3 in. from the plastic wedge
tip toward the notch root has an approximately constant value of
118, 000 = 4, 000 lb/in.2 at the instant of fracture, as shown in Fig. 37.
(The capricious behavior of the specimen which does not follow the
pattern set by the others is reminiscent of the quasi-static tests of
Wood and Clark in which one specimen broke before any appreciable
specimen elongation could occur after the upper yield stress had been
attained.) If the value of the maximum tensile stress at this interior
point is the critical parameter in a fracture criterion for this steel in
the small grain size state, then there is no further apparent size
effect over this range of plastic enclave depths.

One interpretation of a fracture stress criterion in a plastic
region at a specific distance from the plastic-elastic interface could
be based on the necessity of achieving critical plastic strain activity
prior to fracture initiation. Felbeck and Orowan (11) reported that a
cold-worked layer 0.012 to 0.016 in. thick existed adjacent to fracture
surfaces in their steel. This cold-worked layer could be an unavoid-

able consequence of the high stress fields near the tip of a propagating
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sharp crack, or it could be an important aspect of crack propagation
by providing suitable dislocation activity to nucleate new microcracks
just ahead of the main crack. The points in the plastic enclave where
the axial tensile stress was calculated for Fig. 37 are situated about a
constant distance of sin 28°x11.1%102 in, = 5.22X 10"~ in. from
the plastic-elastic interface.

The fracture data obtained on unnotched specimens by Hahn, et
al. (15), shown in Fig. 1, and by Wood and Clark (45), as discussed
in Section 7. 2, are consistent with the concept of an embrittling effect
from plastic strains up to a value of several percent. Crussard, et al.
(18) have suggested that the maximum tensile stress is not a suitable
fracture criterion, but that both the tensile stress ﬂ the embrittling
effect of plastic straining are involved in the fracture criterion.

Larger plastic strains closer to the notch root in the speci-
mens tested in this study are implied by two observations. 1) The
fact that the plastic enclave boundary becomes more nearly parallel to
the slip-line field at points farther from the tip of the plastic wedge
implies the existence of larger plastic strains there. This will be
shown in Sections 8.3 and 8. 4. 2) The region in which high micro-
hardness values were measured by Hendrickson, Wood, and Clark (27)
is located immediately adjacent to the notch root, as shown in Fig. 27.
Thus, the region in which the more uniform value of 118, 000 1b /in. .
was calculated for the fracture stress, as shown in Fig. 37, contains
larger plastic strains than exist at the wedge tip, where the values for
Oment , shown in Fig. 36, were calculated.

However, the stress calculation employed for the data in Fig.
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37 does not imply a stress-strain criterion for fracture that is inde-
pendent of the specimen scale size, becé.use the tensile stress was not
calculated at geometrically equivalent points in the specimens of the
two different sizes. It should not be assumed, though, that the stress-
strain states of geometrically similar specimens should be identical.
An accurate stress-strain analysis for notched specimens of
mild steel should include not only the appropriate stress-strain flow

behavior for small plastic strains and strain rate effects, but also the

effect that limited slip band lengths have upon the yield behavior of

the material. The yield behavior of mild steel in regions where micro-
slip bands are limited to lengths several times as long as the average
grain diameter may be appreciably different from the yield behavior in
large regions of plastic flow, as will be discussed in Section 8. 5.

Only after the stress and plastic strain states have been proper-
ly calculated, at least to the approximation of a homogeneous, iso-
tropic material, and the stress and plastic straiq state at the point of
initiation of fracture has been determined, is it possible to ascribe
residual size effects to statistical effects (36, 37), to the necessity of
averaging the stresses over some critical assemblage of grains (11,
46), and/or to the loss of geometrical similarity when a microcrack
of grain diameter dimensions develops (38). Notice that the loss of
geometrical similarity because of plastic yielding characteristics
over grain diameter dimensions will already be incorporated in the re-
fined stress analysis techniques. Consideration of the stress state in
the neighborhood of a point might be the first order attempt to adapt

the calculations based on homogeneous, isotropic, continuum mechan-
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ics to the embrittling effect of a weak assemblage of grains in the real,

inhomogeneous material.

7.4 Conjectures on the Phenomenology of Fracture Initiation

The conditions that are conducive to fracture initiation in a
mild steel are probably describable in terms of a locus of values in
maximum tensile stress - plastic strain space. (The actual inhomoge-
neity of the material implies that stress-strain calculations based on
a homogeneous material may have to be averaged over some volume
element related to a small multiple of the average grain volume. ) The
fracture locus in this space would depend upon the exact state of the
material and would be modified by prior plastic straining followed by
aging, for example. Different nominal fracture modes would be ob-
served as the fracture locus was approached along different stress-
strain paths.

When the first plastic enclave of restricted size develops near
a notch in a mild steel, the plastic strains are very small, so a high
tensile stress value is needed to initiate fracture. As the plastic en-
clave grows with increased loading of the specimen, larger tensile
stresses are built up near the new plastic-elastic interface. At the
same time, though, the plastic strain in other parts of the plastic en-
clave is increasing, causing both a direct embrittling effect and a
slight increase in the maximum tensile stress because of strain hard-
ening. It is presumed that the fracture locus is met at a fairly high
tensile stress level and a fairly small plastic strain level.

If fracture has not been initiated before the onset of general
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vield, the stress state near a notch is altered markedly by the forma-
tion of the first thin sheets of plastically deformed material at the on-
set of general yield. Now a region of high plastic strain exists just
under the notch root in a region where the hydrostatic tensile stress
component is still quite small. With increasing load supported by the
specimen, the plastic spikes grow in thickness (because of strain
hardening) and regions of moderately high plastic strain (about the
Luder's strain value) extend farther into the specimen from the notch
root. The plastic strain value that has the maximum embrittling ef-
fect must be located near the front of the advancing plastic spikes.
Finally, the front will penetrate deeply enough below the notch that the
maximum tensile stress has attained a sufficiently high value to ini-
tiate fracture. The cracked pearlite patch shown in Fig. 23 may be
associated with this mode of fracture initiation.

Depending upon the test conditions, rate and temperature, and
the properties of the material, this second opportunity for fracture in-
itiation may or may not have been fulfilled before the plastic strains
near the notch root become large enough to nucleate cracks by a duc-
tile mode. This third approach to the fracture locus will occur at the
highest plastic strain and the lowest tensile stress values.

Clausing (23) has investigated a stress-strain locus for fracture
initiation and has observed a ductile mode occurring at a strain of 30
percent in notched specimens and about 60 percent in unnotched speci-
mens. The fracture stress could have any value between 110, 000 and

140, 000 1b. /in. - during fibrous initiation in the notched specimens.
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The photomicrographs of successive cylindrical surfaces below the
notch root in the large grain size specimen, No. A-31, that was
elongated extensively at room temperature, are shown in Fig. 22.
Two voids, @ and @ , are confined to the depth interval from

0. 003 to 0. 016 in. below the notch surface. These voids donot ex-
tend to the free surface. The width of the third void, @ , suggests
that it also was nucleated below the notch root. Thus, the nucleation
site for these three voids was at an interior point where the value of
the plastic strain is very high and the value of the maximum tensile
stress is moderately high; not in the region of the maximum plastic
strain at the notch root.

Thus, it appears that all regions in a plastic enclave develop-
ing in a mild steel must be investigated for stress-strain values and
compared with a fracture criterion locus in stress-strain space. The
region in the plastic enclave where the fracture criterion is most like-
ly to be met, and the point on the fracture locus which describes the
stress-strain state in this region will probably change as the plastic

enclave grows.
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VIII DISCUSSION OF YIELDING

8.1 Role of Yielding in Fracture Studies

An understanding of the yield behavior of mild steel is
important in a study of the brittle fracture behavior of this material
for the following reasons: 1) General yield and brittle fracture are,
in a sense, competing modes of failure of steel structures. 2) The
yield behavior of the steel must be known in order that the stress and
plastic strain state through a structure can be calculated (and com -
pared with a fracture criterion). 3) Yielding plays an instrumental
role in fracture initiation. Plastically deformed material is found to
a depth of several grain diameters on both sides of a propagating crack
(11), and it has been shown that yielding must precede fracture
initiation in mild steel (13, 14, 15, 18, 23).

Attention will be directed in this chapter toward the problems
associated with the analysis of the stress state in and near regions of
discontinuous plastic straining. Particular consideration is given to
the question of whether all of the relevant properties of a material
which exhibits a yield instability have been incorporated into existing
stress analysis techniques. The conveniences of isotropy and
homogeneity will normally be assumed for most of the discussion and
will be explicitly revoked only when the inaccuracies arising from
their use are thought to be comparable to errors arising from other

sources.
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8.2 Previous Elastic-Plastic Stress Analyses in Plane Strain

A numerical relaxation technique has been used by Allen and
Southwell (31) to calculate values of the Airy stress function which
satisfy finite difference representations of the biharmonic equation
in the elastic region and a second order, second degree partial
differential equation in the plastic region of a plane-strain notched
specimen geometry loaded in t€nsion. The stress function was first
relaxed subject to the elastic equation at all nodes of the finite
difference net. All nodes at which the calculated value of the
maximum shear stress equaled or exceeded the yield criterion were
subsequently relaxed subject to the plastic equation while the remain-
ing nodes were simultaneously relaxed subject to the elastic equation.
Throughout the relaxation procedure, a node was considered to remain
in the elastic region only so long as the calculated value of the
maximum shear stress at that point was less than the value of the
yield criterion. In this way a plastic-elastic interface was determined
by drawing a line (surface in three dimensions) between adjacent nodes
which had been relaxed subject to the two different partial differential
equations.

Hendrickson, Wood and Clark (27) applied the numerical stress
analysis technique used by Allen and Southwell (31) to the specimen
geometry (in plane strain) studied for this thesis. They explicitly
identified the Tresca yield criterion with the non-linear partial
differentiation equation employed in the plastic region. The results
of their calculations differ in two important respects from the results

reported in Chapters IV and V of this thesis. First, the shape of the
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plastic enclaves determined by them is different from the shape of the
plastic enclaves revealed by etching with Fry's reagent in this study.
Figures 27 and 24 illustrate the contrast. The plastic enclaves are
revealed in the present work as being wedge shaped with a sharp point
(on a scale larger than the grain diameter) at the minimum section,
z = 0. The plastic enclave contour deduced by Hendrickson et al. does
not exhibit a similar discontinuity. Furthermore, the plastic enclave
predicted by Hendrickson et al. encloses large regions of material in
the axial direction from the notch root not identified as being plastic
in the etch figures. A feature of these regions is that one set of slip
lines is terminated at both ends by the elastic-plastic interface. This
may be seen by comparing the Hendrickson enclave shown in Fig. 27
with the slip line field for this notch contour shown in Fig. 29.

The second major disagreement between the results of the
stress analysis performed by Hendrickson et al. and the work per-
formed for this thesis lies in the calculated value of QOp /O—yd on
the plane z = 0 in the plastic enclave as a function of distance below
the notch root. The axial stress distribution over a portion of the
minimum section near the notch root calculated by Hendrickson for a
plane strain specimen loaded in tension such that G'nom/s';d = 0..81
is shown in Fig. 38. This stress distribution integrated over the
minimum section of an axijally symmetric specimen corresponds to a
nominal tensile stress ratio of 6:.,..-./6'\,4 = 0.98 (rather than 0.90, as
reported by Hendrickson et al.). The axial stresses calculated by the
slip-line field theory and by the two approximate elastic stress

analyses discussed in Chapter V are also shown in Fig. 38 for the load
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the notch root in the minimum cross section.
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intensity ratio Gpem/Oyd = 0.98 (axial symmetry). The curves with
positive slope correspond to stresses calculated in the plastic regions.
The axial stress calculated by Hendrickson in the plastic region
increases about twice as fast as a function of distance below the notch
root as does the axial stress calculated by the slip-line field theory.
Since the same assumptions concerning the material properties were
made for the plastic region of both stress analyses, at least one of the
stress analyses must be in error.

The stress analysis performed by Hendrickson (41), and
reported by Hendrickson, Wood and Clark (27), has been examined in
some detail and a number of possible sources of error have been
located.

1.) The non-linear second order partial differential equation for
the Airy stress function in the plastic region is essentially hyperbolic
in nature (Hill (29) ) so appropriate care must be taken in formulating
the field equations and applying the boundary conditions. The slip-line
field theory is based on the hyperbolic nature of the equations and
thereby ensures appropriateness of the solution when suitable boundary
conditions are known (which is the case for most of the plastic region
shown in Fig. 29). The hyperbolic nature of the nonlinear partial
differential equation is evidenced by the absence of the value of the
stress function at the central node of the group of nodes involved in the
finite difference representation of the equation (Shield (47) and Morse
and Feshbach (48)). Any properly formulated set of equations and
boundary conditions for the plastic region must predict the same values

for the stresses as are predicted by the slip-line field theory. It is
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not obvious that the relaxation technique used by Allen and Southwell
(31) and by Hendrickson et al. (27, 41) in the plastic region satisfies
this requirement.

2.) The nodes of the relaxation net may be too widely spaced
relative to 1) the curvature of the slip-line field and 2) the depth
of the plastic enclave. The mesh size should probably be small
enough that the rotation of the principal stress axes is less than
perhaps five degrees over the entire relaxation pattern associated
with each point.

3.) The stress function may not have been relaxed sufficiently.
Values of the axial stress ratio, G}/O'yd , and of the transverse
stress ratio, 6://6}‘, », were calculated from values of the stress
function given in Fig. 12 of reference (41). These values are shown
as a function of position in and near the plastic enclave in Fig. 39.

The vagary of the values of the stress ratios in the column located a
distance Ay =-'4-_ f below the notch root is taken as evidence that the
stress function has not been relaxed well throughout the plastic region.
The adjacent elastic region also shows similar non-uniformity of
stress gradients. While it is possible that larger blocks of nodes show
better overall relaxation, this would just intensify the previous
objection that the relaxation net may have been too coarse.

The three possible sources of errors discussed above refer
mainly to the discrepancy between the axial stress ratio predicted by
Hendrickson and by the slip-line field theory used in this thesis, as
was shown in Fig. 38. The excessive width (in the axial direction) of

the plastic enclave as predicted by Hendrickson (sce Fig. 27) may
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have been caused in part by failure to consider the plastic strains and
their influence on the stress field. This matter will be discussed later
in this chapter.

Even if the stress analyses performed in Chapter V of this
thesis and by Hendrickson et al. (27) had shown agreement in most
major respects, two more improvements in the application of the
results of the plane-strain analysis by Hendrickson are possible.

1.) The nominal stress ratio in axial symmetry to which a stress
distribution calculated in plane strain corresponds should have been
calculated by integrating the axial stress distribution over the area of
the minimum section. For example, the stress distribution calculated
by Hendrickson for a nominal stress ratio of Opom /G_Yd = 0.8l in
plane strain was assigned to an axially symmetric specimen loaded to
give a nominal stress ratio of 0.90. However, this reported stress
distribution (calculated from the stress function given in Figs. 11 and
12 of Hendrickson's thesis (41) ) has been numerically integrated over
the minimum section of an axially symmetric body and has been found
to correspond to a nominal stress ratio of 0. 98.

2,) The flow stress of the material inside the plastic enclave
might better have been correlated with the lower yield stress than the
upper yield stress as measured on unnotched specimens. The basis
for this suggestion will be discussed later in this chapter.

The circular notch contour which was analyzed in tension by
Allen and Southwell (31) was much less sharp ( f’/a = | ) than the one
analyzed by Hendrickson, Wood and Clark (27). Thus the coarseness

of the relaxation net used by Allen and Southwell is less likely to be a
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source of large errors. It is interesting to note that the plastic enclave
predicted by them for the highest tensile load prior to general yield

has a smooth boundary and also extends a considerable distance in the
longitudinal direction just below the notch root. This is in general
agreement with the results of Hendrickson et al. Hill (29) has called
attention to the fact that the existence of an appropriate velocity field
has not yet been demonstrated in those regions wherein slip lines
connect two points on the elastic-plastic interface. And Shield (47)

has suggested that a finite difference formulation of the differential
equations may not be capable of predicting a wedge-shaped boundary
since the finite difference approximations would automatically blunt

the wedge tip and thus be unable to detect a ""preference' for a sharp
angle in the elastic-plastic interface. Thus it is possible that the dis-
crepancy between the plastic enclave shape predicted by the analysis
techniques of Allen and Southwell and the etch figures found for this
thesis arises from inappropriate stress-strain analysis procedures,
Other possible causes for this discrepancy will be discussed in the next

sections.

8.3 Stress State Discontinuity at a Plastic-Elastic Interface

The tendency for the plastic-elastic interfaces to be parallel
or nearly parallel to slip-line directions in the plastic regions is a
striking feature of yielding in the mild steel tested in this investigation,
as can be seen in Fig. 29, and of similar mild steels studied by
others (18, 20, 30). The etch pattern in Fig. 40 show‘s narrow plastic
spikes that extend in the direction of the maximum shear stress. The

etch pattern shown in Fig. 40 was developed on the midsection (plane
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Fig. 40.

Plastic spikes indicative of discontinuous
The specimen was loaded quasi-
statically in bending at the points indicated
by the arrows. 4X,

yielding.
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strain) of a notched bar loaded slowly at room temperature in unsym-
metrical four-point bending for use as a test piece to develop the
nitriding and etching technique for revealing plastic material in this
steel. The four solid arrows show the primary loading points. The
two dashed arrows show where additional loading occurred when the
ends of the bent specimen touched the supporting anvil. The blotchy
stains along the left side of the bottom edge were probably caused by
poor specimen handling procedures.

The plastic spikes shown in Fig. 40 have been idealized as
shown in Fig. 4la for the purpose of studying the stress state dis-
continuity at the plastic-elastic interface. The slip lines in the plastic
spike are assumed to make equal angles, 28 , with the two sides of
the spike. The plastic strain and the maximum shear stress are
assumed to be constant throughout the plastic spike. If the plastic
strain is viewed as being the result of the displacement of edge dis-
locations, as shown in the right-hand portion of the spike in Fig. 4la,
then the condition of constant plastic shear strain implies that there is
no net accumulation of edge dislocations of one sign in any volume
element in the plastic spike. Thus the positive edge dislocations that
have made a net displacement to the left must have accumulated at the
plastic-elastic interface, as shown in Fig. 4la. (The dislocations
must not have moved on across the interface, by definition of the
elastic region there.)

An analysis of the stress discontinuity at the plastic-elastic
interface is presented in Appendix IV. The analysis is based on the

model described in the preceding paragraph and is applied to the case
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a. Schematic diagram of net dislocation distribution in plastic spike
resulting from applied shear stress L . Parallel lines represent
slip lines in the plastic spike. The W axis is parallel to the
plastic-elastic_interface. The W axis is parallel to the slip lines.
Regions and(2)are elastic.

b. Mohr's circles for the stress states in the plastic spike, ®, and
the two elastic regions, and (@) shown in part-a. Points
marked with u or v apply to the (P)- interface, only. Values of
6:,* in the two elastic regions are nearly, but not exactly, cqual
for small values of 28,

Fig. 41. Stress state discontinuity at the plastic-clastic interface
on the boundary ol a plastic spike.
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of plane strain where the elastic part of the strain component perpen-
dicular to the plane of Fig. 4la is a constant and the plastic part of
this strain component is zero. The accumulated dislocations at the

interface result in a discontinuity in the normal stress component

tangent to the interface of the amount

Sye-sl = -Gﬂc/'figia (8.1

e P
where the u-axis is parallel to the interface, O, and 6_;_ are the

normal stress components tangent to the interface in the elastic and
plastic regions, respectively, G is the shear modulus, ) is
Poisson's ratio, ’3/ is the plastic shear strain immediately adjacent
to the interface and is equal to J/f in Fig. 4la, and € is the angle
between the slip lines shown in Fig. 4la and the interface ( €@ is taken
as positive for the interface between regions ® and @ in Fig.
4la).

The stress state on the elastic side of the interface can be
calculated with the aid of Mohr's circles if the stress state in the
plastic region and the discontinuity, G;‘e"o_: , are known. This
construction is shown schematically in Fig. 41b. Assume that the
stress components on the w and v faces of a volume element are
known in the plastic region, ® . The stress components Ly, and
6:, are equal on the two sides of the interface because of continuity
of the normal stress component perpendicular to the interface and of the
shear stress component tangent to the interface. The other end of the
diameter of the Mohr's circle representing the stress state on the

elastic side of the interface is located by adding (G—f" G—,f ) to
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61?5 'Z‘:v , as shown in Fig. 41b.
The value of the maximum shear stress on the elastic side of
the plastic-elastic interface can be calculated easily by considering the

geometry of the Mohr's circles in Fig. 41lb:

2 Z
P P e P .
(275 =(0F-65) +@T/.Y +2(50-65) 2 Thw)sinze  [82]
where T.:“ and T,:“ are the values of the maximum shear stress on
the elastic and plastic sides of the interface. Alternatively, the

magnitude of the plastic shear strain component causing a maximum

e P
shear stress intensification of TMM /Tm“ across the interface is

given by
P e ? z L
V=% (2Tna)(1-D) Ve (T /700 =1 = | [8.3]
G sin® 26
The plastic shear strain, 9 , involved in equations 8.1 and

8.3 is the algebraic sum of the shear strains caused by slip on the two
orthogonal sets of slip planes, not just the one set of slip planes shown
in Fig. 4la.

Equations 8.1 through 8.3 are still valid if the dislocations
accumulate in a thin film of thickness t at the plastic-elastic interface,
provided t is small compared to tangential distances over which v :
& , t or ¢ change appreciably. These equations then predict the
difference in the stress states on the two sides of the thin film. If the
film is viewed as a region in which the yield stress, Gyd , of the

: ; 2 ; P e
plastic material varies continuously between Z7T,,, and Z.Tm“

at the
plastic and elastic surfaces, respectively, then the direction of the

slip line field in this region can be calculated from equations II-10 and
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II-11 of Appendix II. This calculation is performed in Appendix IV.
The calculation predicts that €, the angle between the negative
slip-line direction and the planes of constant yield stress in the
boundary film, is related to the yield stress by

6-;4 cos 28 = constant [8-"']
Inspection of the Mohr's circle used in the derivation of equation 8.2
shows that equation 8.4 is equally valid for finite discontinuities in
the value of Z'T_'m“. In fact, Jiﬁ;,d cos28 s just equal to the
(constant) value of the shear stress component tangent to the plastic-
elastic interface.

The stress state in the elastic material at the tip of the plastic
spikes shown in Figs. 40 and 4la is not easily deduced through the
analysis described above. The stress states on the two sides of the
plastic spike, CD and @ in Fig. 4la, are different, as is shown
by their Mohr's circles in Fig. 41b. Thus the stress states in
regions @ and @ must change toward a common state at the
plastic spike tip. If the plastic spike tip were infinitely ‘sharp, a
stress singularity could exist there. Actual observation of the speci-
men shown in Fig, 40 suggests that the plastic spike, when defined as
consisting of material that has plastically strained a sufficient amount
to be etched darker by Fry's reagent, has a tip diameter of about two
or three grain diameters. This bluntness of the plastic spike would
seem to preclude a stress singularity unless the very tip of the spike
has plastic strains that are too small to be sensitive to Fry's reagent.

One model for a blunt tip for the plastic spike would be an

approximately square end, as shown in Fig. 4la. The square end
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would be parallel to a set of slip lines (perpendicular to the set of slip
lines depicted in Fig. 4la) so there would be no stress discontinuity
across it, according to equation 8.1. This portion of the plastic-
elastic interface would constitute a ''tilt boundary'' separating regions
of material which have rotated with respect to each other.

The presence of a boundary layer through which the yield stress
of the material is changing continuously may permit a continuous
transition from stress state @ to stress state @ near the plastic
spike tip.

These models of the material properties and plastic-eclastic
interface configuration at the plastic tip may be entirely inappropriate
since they are based on continuum mechanics of a homogeneous
material and smooth idealizations of the plastic-elastic interface.

But the plastic-elastic interface is known to be bumpy enough to follow
grain boundaries and the material is not homogeneous on the grain
diameter scale.

An estimate of the magnitude of the stress discontinuity at the
plastic-elastic interface is of interest. Suppose that the maximum
shear stress on the plastic and elastic sides of the spike boundaries of
Fig. 40 have the values 2 T:,.“ = 6-:.7 = 34,500 1b/in. 2 and
ZT:.,‘ = Quy = 48,000 lb/in.?‘ . These numerical values for the
upper and lower yield stresses are taken from Table 3. (The Mohr's
circles in Fig. 41 have been scaled to these values for ZT,em" and
2 T:"_,‘ .) The included angle, 20 , of the plastic spikes has been
6

measured on Fig. 40 as tanR6=x0,/xsin28. Using G = 1.5x10

1b/in.2 and O = 0.3 in equation 8.3, the calculated value of the
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plastic shear strain is 7‘2‘-—0.02. The Luder's strain, €L , determined
on an unnotched specimen of this material in tension, has a value
& = 0oz |, or ‘fL = 2& =2 0.04 . Thus the calculated value of
the plastic strain in the plastic spikes, Yzo0.02 , is of the order of
magnitude of, but somewhat smaller than, the value of the Luder's
strain. The upper yield stress is certainly an upper limit for the
value of ZT:.,‘ , so this calculation implies that the plastic strain
in the spikes is smaller than the Liider's strain and, therefore, that
the maximum shear stress in the plastic spike is somewhat less than
7 OLy -

The fact that GL., and 6:‘7 can be associated with Z.T:" and
ZT:.,‘ , and the resulting calculated value of the plastic shear strain
in the spikes shown in Fig. 40 is just slightly less than the Liider's
strain value may be fortuitous. Actually, the maximum shear stress

in the elastic regions must be less than L Cur

7 ; otherwise small

"islands'' of plastic material would form ahead of the plastic-elastic
interface. However, the plastic-elastic interface is rather smooth,
usually following grain boundaries, and occasionally passing thrqugh
grains. The maximum shear stress in the elastic region is thought
to lie in the range G_LY < ZT:., <'GLY . The actual values of the
stresses in the elastic region and in the plastic spikes will have to be
deduced from calculations of the stress distribution in specimens
whose loading is known and which have also been examined for plastic
enclave sizes and shapes. Since the stress-strain behavior of the

material is not actually known for the small plastic strains

encountered in the plastic regions, specimens subjected to several
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load intensities would have to be examined for plastic enclave develop-
ment and the stress calculations would have to be repeated for
different assumed stress-strain relations until consistent values of
the stress discontinuity across the plastic-elastic interface were
obtained. This study has not been performed for this thesis.

" The stress state discontinuity across the plastic-elastic
interface near the tip of the plastic wedge shown in Fig. 29 can also
be examined qualitatively with the analysis discussed earlier in this
section, The slip-line field in the wedge tip has been idealized by
straight lines, as shown in Fig. 42a. The dislocations shown in
Fig. 42a near the intersection of the slip lines with the plastic-elastic
interface show the sign of the dislocations which are expected to
accumulate at the interface as a result of plastic straining in region
® . Slip on the two slip-line systems is seen to have an additive
effect on the discontinuity in the normal stress component tangent
to the plastic - elastic interface, Gy . The dislocations accumulated
at the interface also have a displacement component perpendicular to
the interface that results in a tilt boundary, or a relative elastic
rotation of volume elements on the two sides of the plastic-elastic
interféce. Slip on the two perpendicular slip-line systems partially
cancel each other's contribution to the strength of the tilt boundary.
However, slip along the slip lines which are more nearly perpen-
dicular to the plastic-elastic interface make a larger contribution to
the tilt boundary per unit of plastic shear strain. Conversely,
rotation of volume elements in the elastic region is expected to be

accommodated primarily by slip on the slip lines which are more
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a. Schematic diagram of slip lines and plastic strain
discontinuity at a plastic wedge tip boundary.
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b. Mohr's circle representations of the stress states
in the plastic wedge tip and the adjacent elastic
material shown in part a.

Fig. 42. Stress state discontinuity near the tip of a wedge-shaped
plastic enclave.
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nearly perpendicular to the plastic-elastic interface.

When the assumption is made that ZT:“ = Cuy and
2 T,';" = 0.y on the elastic and plastic sides of the interface,
respectively, the stress states of regions @ and ® in Fig. 42a are
represented by the large and small diameter Mohr's circles in Fig.
42b. The point labeled V=V, , at the intersection of the Mohr's
circles, represents the stress components on an element of area
parallel to the plastic-elastic interface, and the points labeled U, and
Up represent stress components on the elastic and plastic sides of
the interface acting on elements of area that are perpendicular to the
interface. These points were used in the construction of the Mohr's
circle for the elastic region @ , assuming the Mohr's circle for the
plastic region ® to be known from slip-line field theory,

The stress components in all three regions, @ , @ and
@ , are also shown in Fig. 42b referred to the u' and v' axes.
Again, the stress states in the elastic regions @ and @ on the two
sides of the plastic wedge tip are found to be different from each other
and the exact nature of the stress state at the very tip of the wedge is
unknown. If the wedge tip is, indeed, sharp, a stress singularity
could exist there mathematically. The photomicrograph of a plastic
wedge in Fig. 26 suggests that the material near the wedge tip has
responded less intensely to Fry's reagent than in regions closer to
the notch surface. Thus the plastic strain, and the yield stress, of
the material in the wedge tip may vary in such a way as the tip is
approached that the stress states in regions @ and @ converge

continuously to a common, finite state at the wedge tip.
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The value of & shown in Fig. 42a has been calculated from
measurements of the wedge tip included angle in Fig. 26 and other
35X enlargements of the plastic enclaves shown in Fig. 24. The values
of the wedge tip included angle,70.-29, are given in Table 3. The
average value of €@ is about 17°. Assuming, again, that ZT:‘.

- 48,000 1b/in.% and 2'1':._, = 34, 500 1b/in. 2, the value of the
plastic strain in the wedge tip calculated by equation 8.3 is T=0.002 .
This value for ¥ is an order of magnitude smaller than the Lider's
strain for this material. Figure 29 shows that the slip lines actually
curve and become more nearly parallel to the plastic-elastic interface
at points farther from the wedge tip. The calculated value of 7
would be larger than 0.002 as & becomes smaller.

The applications of the stress discontinuity calculations at the
plastic-elastic interfaces for the plastic spikes shown in Fig. 40 and
the plastic wedges shown in Fig. 24 have led to estimated maximum
values of the plastic shear strain in the plastic enclaves. The actual
values of the plastic strain and, therefore, of the stress discontinuity
across the plastic-elastic interface have not been determined, as was
mentioned earlier. The important concept is that the magnitude of
the plastic shear strain changes very rapidly at the plastic-elastic
interface and that the value of the maximum shear stress on the two
sides of the interface necessarily experiences a finite change in
magnitude and direction, the amount of the change being dependent
upon the magnitude of the plastic strain and upon the angle between
the slip lines and the interface. Furthermore, when the plastic

strain is of the appropriate sign to result in positive work done by
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the applied shear stress, the maximum shear stress on the elastic
side of the plastic-elastic interface has a larger value than the
maximum shear stress in the plastic region. It has also been shown
that the presence of a thin boundary layer through which the yield
stress of the material changes continuously does not alter the differ-
ence in stress states on the two sides of the boundary layer from what
the stress states would have been if the boundary layer had had zero
thickness.

Therefore, in regions where the boundary layer at a plastic-
elastic interface is thin compared to tangential distances over which
?’, &G , t or 45 change appreciably, continuum mechanics methods
may be used to calculate the stress distributions in the elastic and
plastic regions. The boundary conditions on the stresses at the
plastic-elastic interface must consist only of continuity of the normal
stress component perpendicular to the interface and of the shear
stress components tangent to the interface. The other stress com-
ponents are not in general continuous across the plastic-elastic
interface in mild steel. The maximum shear stress criterion for
elastic material becoming plastic will have a value Tm.,=£0]v
(Tresca yield criterion) in a volume element which is completely
surrounded by elastic (perhaps microstrained) material and a lower
value, -;-_ OLy = Tm.; < ch-t'lv , in a volume element which is
bounded on some sides by plastically strained material. The value
of Tm.\, may be a function of & and of the solid angle over which
the elastic volume element is bounded by plastically strained material.

One difficulty that must be overcome before a plastic-elastic stress
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analysis can be performed is in establishing a criterion and a compu-
tational means for determining the slip-line field in those regions of

a plastic enclave where both sets of slip lines do not intersect a free-
displacement surface, as in region ® of Fig. 42a. The plastic-
elastic interface will be very dependent upon the slip-line field through
() and equation 8.1. This fact will impose a certain smoothness to

the plastic enclave boundaries.

8.4 Factors Affecting the Shape of Plastic Enclaves

The stress discontinuity at the plastic-elastic interface in mild
steel may be a prime cause for the discrepancy between the plastic
enclave shapes determined experimentally for this thesis and the
shape predicted theoretically by Hendrickson, Wood and Clark (27).
Then the discrepancy between the experimental and theoretical enclave
shapes could be attributed in part to inadequate knowledge and incor-
poration of the properties of the material in the stress analysis, above
and beyond any other deficiencies in the analysis technique.

The experimentally determined and the theoretically predicted
(Hendrickson et al. (27) ) plastic enclave shapes have been compared
schematically in Fig. 27. The boundary of the experimentally deter-
mined wedge shaped plastic enclave is shown in Fig. 29, as being
nearly parallel to the slip-line field. Thus the plastic enclave lobes
that are predicted theoretically to extend in the axial direction of the
specimen must have an interface with the elastic region that makes
a large angle with the slip lines in some places and is tangent to the

slip lines at some point, such as is shown by points @ and @ in
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Fig. 43. The solid plastic-elastic interface in Fig. 43 represents the
experimentally determined plastic enclave boundary and the dashed
interface represents the boundary shape if a plastic lobe were to begin
to develop in the direction predicted by Hendrickson et al.

The actual formation of the plastic lobe extension in Fig. 43 is
not favorable in this mild steel in which stress discontinuities can exist
across a plastic-elastic interface. Equation 8.1 (or 8. 3) predicts that
only a very small plastic strain can exist in the neighborhood of
region@ in Fig. 43 because of the large angle, @ , between the
interface and the slip lines. Expressed as an inequality, equation 8. 3

predicts that

17 € | 2¢1-0) T, (8.5]
G 2in 26
or |¥!| <0.003 for 2 Trae= 48,000 1b/in.%2 and 20 =T/2 . The

displacement field which results in such a small value of the plastic
strain at point @ in Fig. 43 is not likely to accommodate much larger
strains at point @ . Since the plastic-elastic interface at point @

is parallel to the slip lines, equations 8.1 and 8. 2 predict that
e P

ey T,_,,. The value of the yield stress of material that has plastically

strained by an amount l¥] € 0.003 is probably appreciably less

than the value of the lower yield stress, so 27::--: =Z’I:,., <Oy-

This small value of the maximum shear stress on the elastic side of the
plastic-elastic interface is apparently too small to cause plastic defor-
mation, so the virtual plastic lobe depicted in Fig. 43 will not develop
in such a way that any part of the plastic-elastic interface is parallel

to a slip-line direction. (However, a plastic-elastic interface might
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be able to be parallel to a slip line when the plastic strain has approx-
imately the value of the Luder's strain. )

This restriction on the growth of the plastic enclave permits a
large region of elastic material in the neighborhood of feature @ of
Fig. 43 to experience a very large shear stress. Figure 24c¢ shows
that the maximum shear stress in this region may become so large
that plastic spikes (cones, in axial symmetry) similar to those seen
in Fig. 40 grow out from the plastic wedge in such a manner that the
only plastic-elastic interface parallel to a slip line is located at the
spike tip, where the stress state may be quite complex.

The plastic wedge tip is also apparently a manifestation of the
necessity for preventing a plastic-elastic interface from becoming
parallel to slip lines, especially in a region where the plastic strain
is small.

The sharpness of the wedge tip must be determined by dis-
placements at the plastic-elastic interface (dictated by strains and ro-
tations in the elastic material), plastic strains, and strain hardening
effects and also & , equations 8.1 and 8. 2, and the yield criterion
on the elastic side of the interface. It is anticipated that the plastic
wedge shape would be markedly affected by a reduction in the magni-
tude of the yield point instability. Thus, the plastic enclaves in a
mild steel with a sufficiently large grain size that an upper yield
stress cannot be detected might not contain sharp boundary discontinu-
ities such as the wedge and spike tips.

The onset of general yield also appears to be sensitive to the

upper and lower yield stress instability. The large grain size speci-
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men of Fig. 25-b shows more extensive general yield patterns than the
small grain size specimen of Fig. 24-c. Note that s;,,m/o_uf is
smaller for the large grain size specimen, but that 6;,,,“ /O',]y is
larger.

These observations strongly suggest that at least part of the
failure of plastic enclaves predicted by theoretical analyses to have
the same general shape as the enclaves determined experimentally in
mild steel is that the instability associated with the upper and lower
yield stresses has not been adequately described as a property of the
material and subsequently employed in the stress analyses. Care
must be taken that the stress analysis technique does not require all
stress components to be continuous across the plastic-elastic inter-
face. The appropriate description of the yield instability would be used

in the stress analysis as a criterion for locating the plastic-elastic

interface.

8.5 Conjectures on the Yield Behavior of a Mild Steel

A description of the yielding process at and near the plastic-
elastic interface in terms of the crystallographic microstructure of
the material will be attempted in this section. The importance to the
yield instability of such mechanisms as dislocation multiplication and
the stress dependence of dislocation velocity, as discussed by
Johnston and Gilman (49) and applied to mild steel by Hahn (50), will
not be considered explicitly here, even though they may play a domi-
nant role in yielding in some grain size ranges, as has been suggested

by Worthington (51) for yield in 3 percent silicon iron.
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Zener (13) has proposed that the blockage of micro-slip bands
by grain boundaries results in large stress concentrations at the tip of
the slip band such that slip in the next grain, or a microcrack near the
grain boundary, could be nucleated by the high stress fields. Zener
envisioned the crack nucleus as resulting from the coalescence of edge
dislocations gliding in the micro-slip band and piling up against the
grain boundary. The stress intensification near the slip band tip is of
the order of (L/‘l )'I’. , where L is the length of the dislocation pile-
up (the half-length of a symmetrical micro-slip band) and 1 is the
distance from the tip of the slip band to the point where the stress is
being calculated. Petch (24) and Cottrell (16) have explicitly identified
the length of the dislocation pile-up with the semi-diameter of a grain

to "explain' the relation

=¥
G‘y =G; + & d ‘ [8.¢]
where G:y was taken to be the lower yield stress and d is the
grain diameter, in terms of the 'friction stress, " 01 , and b s
an index of the stress intensity at a characteristic distance from the
tip of the micro-slip band.

Russell, Wood, and Clark (52) have observed that the relation
given by equation 8. 6 applies to both upper and lower yield stress data
for mild steel, but with a very much smaller value of 6-; and a 1. 8
times larger value of ,k for their upper yield stress data. Upper and
lower yield stress measurements on Armeco iron by Sylwestrowicz and
Hall (53) may be fitted to equation 8. 6, resulting in a ratio J‘(uv)/‘*u.v)
= 1.5. These upper and lower yield stress data (52, 53) are plotted

against the inverse of the square root of the average grain diameter
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in Fig. 44 to illustrate the relation expressed by equation 8. 6.

If ,& is actually associated with a shear stress intensity in
the vicinity of the micro-slip band tip, it should be reasonable to
presume that the value of 1& should be the same for both the upper
and the lower yield stress data if d is proportional to the length of
the dislocation pile-up. The .«R's can be made equal by associating a
larger distance than the grain diameter with J , the length of the
micro-slip band, at the lower yield point and/or a stress concentra-
tion such that the stress level in the vicinity of the propagating Lider's
band front is larger than the average stress on the cross section of
the specimen. A factor of jr;-' ~ 1.4 difference in the values of
for the upper and lower yield stresses would be expected if the dislo-
cation pile-up length were equal to the semi-diameter of the grains
for the upper yield stress and the entire grain diameter for the lower
yield stress.

A difference in the lengths of the dislocation pile-ups might be
expected if grain boundaries act as barriers to micro-slip bands prior
to the upper yield stress, while boundaries between two grains in the
plastic region have lost their strength.

Russell, Wood, and Clark (52) have proposed a model for the
initiation of gross yielding at the upper yield stress that characterizes
micro-slip band break-through at a grain boundary by local displace-
ment of the boundary from the low energy position saturated with

interstitial solute atoms to an adjacent site free from the cloud of

solute atoms. This displaced section of grain boundary could then act
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as a source of unpinned dislocations that could be induced to slip in the
next grain. Dingley and McLean (54) have observed that the flow
stress of low-carbon iron is a function of the dislocation density and is
otherwise independent of the grain size. They concluded that grain
boundaries have no direct strengthening effect after the upper yield
stress has been passed. However, there is an indirect strengthening
effect of grain boundaries since the dislocation density at a given
plastic strain is higher for smaller grain sizes.

Activity on micro-slip bands near the plastic-elastic interface
at the lower yield stress is depicted schematically in Fig. 45. Grains
@ and are in the plastic region and the boundary between grains
and @ is part of the plastic-elastic interface. It is presumed
that a large number of slip systems @ are active in grain @ as a
result of strain continuity requirements at each of the interfaces which
grain @ shares with about fourteen adjacent grains. It is also as-
sumed that most of the plastic strain in grain is caused by dislo-
cation activity on slip system @ , although some slip may be occur-
ring on slip plane @ to satisfy strain continuity conditions at the
boundary between grains @ and . . Note that dislocations distrib-
uted along slip system @ could act as a '"forest'" impeding slip on
system @ » thereby causing a larger friction stress to be associated
with stress intensifying effects from dislocation pile-ups at the tip of
micro-slip band @ . A dislocation array on slip system @ can be
piled up against the strong boundary between grains and © but

not against the weak boundary between grains @ and . . Thus, the
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dislocation pile-up length should be associated with approximately a
full grain diameter at the lower yield stress rather than the semi-
diameter, as at the upper yield stress.

The "other end' of the micro-slip band associated with slip
system @ in grain @ probably dies off gradually into grains even
farther from the plastic-elastic interface than grain @ as the flow
stress of successive grains farther into the plastic region increases
because of strain hardening. In fact, the dislocations of the opposite
sign from those piled up on @ against the boundary between
and © must ultimately be effectively piled up at the other end of
‘the slip line against another plastic-elastic interface or be swept out
at a displacement-free surface. The dislocation pile-up strength on
slip system @ will be affected by the ease with which the disloca-
tions of the opposite sign have been swept back into the plastic re-
gion. Therefore, stress requirements for the propagation of yielding
after the upper yield stress has been passed are expected to be de-
pendent upon the number of grains penetrated by the slip lines inter-
secting the plastic-elastic interface. A slip line may need to pene-
trate about three or four grains into the plastic region before disloca-
tion pile-ups on the slip line at the plastic-elastic interface could
behave in a manner similar to the behavior of dislocation pile-ups at
the lower yield stress.

The stress-strain state of geometrically similar notched spec-
imens of mild steel subjected to identical surface stresses is expected
to be dependent on the scale size of the specimens after the formation

of local plastic enclaves because of the importance of the effective
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micro-slip band length, as discussed above. The ratio of the micro-
slip band length to the grain diameter or to the grain diameter at which
the upper and lower yield stresses are just equal may be important pa-
rameters in the stress-strain state in plastic regions.

The slip band activity has been greatly simplified in the above
discussion. Grain is not expected to have just a single slip band

@ , but a set of parallel ones depicted by @ , as has been ob-
served at higher plastic strain levels by Ewing and Rosenhain (55).
A single slip band @ would result in plastic displacements near a
grain boundary that would be so non-uniform that slip on glide planes
of randomly oriented adjacent grains could not possibly match the
plastic displacements along the entire boundary. By distributing the
plastic displacements over a large number of parallel bands, the con-
cept of a uniform plastic strain becomes more realistic. This fairly
uniform plastic strain can then be accommodated by sufficiently homo-
geneous slip on an appropriate number of other slip systems on both
sides of the boundary.

The presence of many parallel micro-slip bands does not pre-
vent stress intensifications from occurring at the edges of the slip
bands, although the strength of the stress intensifications is likely to
be affected by the spacing of the slip bands relative to the effective
length of the dislocation pile-ups. The stress intensifying effect of
parallel slip bands should be somewhat analogous to that of shallow
notches, as considered by Neuber (28).

Although slip on five independent slip systems is necessary in

general to produce an arbitrary plastic strain, local continuity of all
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five plastic strain components at grain boundaries, edges or corners
requires slip on just (SN -4) independent slip systems to accom-
modate the strain caused by slip on any one of the slip systems in the
N  adjacent grains. (Independent slip systems in this context implies
that the plastic strain resulting from homogeneous slip on any one of
the slip systems cannot be matched by slip on fewer than five slip sys-
tems in each of the grains, separately.) Thus, the strain produced in
grain of Fig. 45 by a slip system on slip plane @ could be ac-
commodated at the boundary between grains and © by an ap-
propriate amount of slip on a total of five independent slip systems
among the two grains. This need involve only three slip planes whose
normals are non-coplanar, such as @ s @ , and @ » O eyven

@ 5 @ , and @ where a new slip direction is activated on slip
plane @ . Furthermore, some of these strains may be small enough
to be accommodated elastically at low plastic strain levels. Strain
hardening in grains farther into the plastic material from the plastic-
elastic interface is expected to result from both an increase in the
density of interacting dislocations and from an increase in the number
of intersecting active slip systems as the total plastic strain becomes
larger and more macroscopically uniform.

Finally, the average stress levels acting on the micro-slip
bands must be related to the macroscopic features of the plastic
strain, the angle that the slip lines make with the average plastic-
elastic interface surface, and the maximum shear stress increase on

the elastic side of the interface, as discussed in Section 8. 3. Just
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what role the high level of the maximum shear stress plays on the
elastic side of the plastic-elastic interface is not clear, although its
importance has been argued in Section 8. 4. Does this imply that stress
intensifications at the tips of micro-slip bands on the elastic side of

the plastic-elastic interface are important in helping to overcome the
pre-yield strength of a grain boundary ? Regardless of the details of
the operative mechanisms for plastic flow, it seems to be evident that
geometrical similitude of stress-strain states cannot be retained in
mild steel once local plastic enclaves have developed because of the

dependence of micro-slip band lengths on the grain size of the material.
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IX. SUMMARY AND CONCLUSIONS

It was found to be possible to deduce some characteristics of
the yield behavior of a silicon semi-killed mild steel in small
plastic enclaves after a surface nitriding treatment was developed
which rendered the plastic material sensitive to Fry's reagent. The
shape of the plastic enclaves revealed by this new etch technique
differed from the shape predicted by existing plastic-elastic stress
analyses; the boundaries of the plastic enclaves tended to be parallel
to the slip-line field and sharp reentrant angles in the elastic regions
were observed.

An analysis of the stresses and strains on both sides of the
plastic-elastic interface strongly suggests that plastic strains, cf >
as large as the Liider's strain can exist in the plastic region immedi-
ately adjacent to the plastic-elastic interface. This plastic strain
discontinuity at the interface causes the value of the maximum shear
stress, T,,, ., to be larger on the elastic side of the interface. The
ratio of T:,“ /’Z.':." increases with increasing values of fp
and sin2®, where € is the angle between the plastic-elastic
interface and a slip line.

The discontinuous yield nature of steel requires that a stress
analysis technique not impose unwarranted constraints on the con-
tinuity of stresses across a plastic-elastic interface. In particular,
continuity of all of the stress components is an unsuitable condition

at the interface.,

The major cause of the discrepancy between the shapes of the
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plastic enclaves observed experimentally.and those predicted
theoretically is the failure to employ an appropriate criterion for
locating the plastic-elastic interface in the stress analysis. Such a
criterion is expected to consist of a relationship between @ and '{p
at the plastic enclave boundary. This relation between & and 3’{
would be a property of the material.

A suggestion is advanced that the quantity denoted by 'd" in
the Hall-Petch equation for the dependence of the yield stress on the
grain size, 6';,4[ =07 + -k d-_l/t , is probably related to the semi-
grain-diameter for upper yield stress data and to a characteristic
length approximately equal to the full grain diameter at the lower
yield stress.

An approximate stress analysis employing slip-line theory in
the plastic region (Tresca yield criterion; plane strain, constant flow
stress approximation) and using Neuber's solution for infinitely deep
notches in elastic media for an estimate of the stresses in the central
core has been developed for the notched specimens tested in this
investigation.

Values of the flow stress in the plastic enclaves of the notched
specimens have been correlated with lower yield stress data obtained
from unnotched specimens for the dynamic tests by considering the
velocity of the plastic-elastic interface.

A transition to higher fracture load values at lower loading
rates occurred at the onset of general yield in the notched specimens
of ASTM grain size No. 8 1/4.

The maximum tensile stress in those specimens which
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fractured before the onset of general yield was calculated with the
aid of the approximate stress analysis developed in this investigation.
The values of O;.“F ranged from 122, 000 1b/in. 2 at the tip of large
plastic enclaves to 157, 000 1b/in..2 at the tip of the next to the smallest
plastic enclave. This calculated value of 6:-‘:# =122, 000 lb/in.2
is considerably smaller than the value of 210, 000 1b/in.2 previously
reported by Hendrickson, Wood and Clark (27). The difference
between these calculated values for 6:..,{ is a result of the use of
a different stress analysis in this investigation.
The maximum normal stress component at a point 11,1 x 10°%
in. from the tip of the wedge-shaped plastic enclave, toward the notch
root, had a constant value of 118, 000 + 4, 000 Ib/in. 2 for ten of the
eleven small grain size notched specimens that fractured prior to
general yield. If this is the point of fracture initiation, then the
present data do not show a ''size effect' upon the local tracture stress.

It is suggested that the true fracture criterion may be
expressed as a locus of stress and plastic strain values. Part of an
apparent geometrical scale ''size effect'' on a fracture stress may
be caused by size effects on the plastic stress-strain relationships
in small enclaves where micro-slip bands are restricted to lengths
several times as long as the average grain diameter.

The occurrence of voids in the depth interval from 0.003 to
0.016 in. below the notch root in a static tensile test indicates that
fracture nucleation by a fibrous mode may occur in a region of large
plastic strain and moderately high tensile stress- not necessarily the

region of maximum plastic strain at the notch root, where the tensile
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stress has a lower value.

Highly accurate calculations for the stress state in and near
small plastic enclaves in a mild steel will have to await a quantitative
description of the stress state discontinuity at the plastic-elastic
boundary. Until such time when proper account can be taken of this
property of the material, proposed brittle fracture initiation criteria
are likely to be as strongly influenced by the stress analysis techniques

as by any actual property of the material,
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APPENDICES

I. TECHNIQUE FOR OBTAINING PHOTOMICROGRAPH

OF CYLINDRICAL SURFACE

Photomicrographs of cylindrical surfaces were obtained with
a Bausch and Lomb Metallograph with an inverted stage. Bright field
illumination was employed. The cylindrical specimen was rolled at
a constant rate along a track secured in the plane of focus of the
objective. Light emanating from the objective was specularly
reflected from the cylindrical surface in such a manner that the light
striking those portions of the cylindrical surface which were nearly
tangent to the track, and therefore, in focus, was reflected back into
the objective to eventually form an image on the film. Those light
rays which struck surfaces at a greater distance from the plane of
focus, and, therefore, less nearly normal to the optical axis of the
objective, were reflected to the side of the objective and did not
expose the film. However, some dark field illumination occurs with

this method, decreasing the contrast.
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II. SLIP-LINE FIELD THEORY APPLIED TO

NOTCHED SPECIMENS

The slip-line field theory presented by Hill (29) is directly ap-
plicable to a Tresca material in plane strain which plastically deforms
when the maximum shear stress reaches a critical, constant vailue.
The effects of axial symmetry and a non-constant yield stress upon
the stress calculations will also be discussed in the following ‘review
and application of the slip-line field theory.

The coordinate systems to be used here are shown in Fig. 28.
Cartesian coordinates, x,y, and z, will be used for plane strain,
while cylindrical coordinates,  , & , and 2, will be used where
axial symmetry is present. The Z axis is in the direction of the ap-
plied tensile load in both systems.

The equilibrium equations in plane strain, in the absence of

body forces, are:

26y + 9Tyz =0 [z-1]
oy 2%
o= 5j
For axial symmetry the equations become, in cylindrical coordinates,
D6 3 DTes 4 (TGr~03) =0 [-33
2r D= r
90—2 + laTrc- + Tr‘z = @ [1-4']
2= or r

The yield criterion is
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2

V4 (G% "'G_r)l i T:E = k fI[ "5]
where Kk =%6_y¢f in simple tension for a Tresca material.

The three stresses in the meridian planes, Gy, G} , and
Tre , can be expressed in terms of three other quantities, k, p,
and ¢ , with the aid of Mohr's circle. Consider a Mohr's circle of
radius k (given by equation II-5), center at —pP (where - p=
"i (5)- +6"z.) ) and 6f an orientation such that the counter-clockwise
angle between the z axis and the o directionis ¢ . The o and A
lines,which are the directions of maximum shear stress, form a
right-hand orthogonal pair (e to (# ) and contain the direction of the
maximum tensile stress in the + & , + (® quadrant. The relation
among the ¥ and 2 axes, ¢ , and the « and @ lines is shown
in Fig. 28. Then &, , Gz , and {ra are relatedto k , p ,
and ¢ in the following way:

6, =—-p + Kk sin24¢

Gs = -¢p ~ Kk sin2¢ [x-¢]
Tr; = k cos 2&

Substitution of equations II-6 into the first two terms of equations II-3
and II-4 gives

(-p+k sin2d) L DK cos2¢ +(0r-6p) =0 [E-7]
2r oz v

I
0

A(-p- Rsm2g) , Dw cs2é 4 T,

rz
22 or r

[1C -8]
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If both 69 and k are known functions of ¥ and 2 , equations
II-7 and II-8 can be solved numerically. Both Gg(rr%3 and K(rn=)
depend upon the strains in both the plastic and the elastic portions of
the specimen depicted in Fig. 28. In particular, 69 will be affected
by &g = Ur/r , where Wy , the radial displacement of a vol-
ume element, is equal to the integral of the radial strain over the dis-
tance from the #Z axis (in the elastic region) to the volume eliement
(in the plastic region). And K(r,2) , when strain hardening is con-
sidered, is a function of the plastic strains (and strain rates) in the
plastic enclave; the plastic strains are a function of the boundary dis-
placements at the plastic-elastic boundary; and these displacements
are a function of the strains in the elastic core. The calculations of
69 and K are both formidable at this time, but for the purposes of
argument they will be assumed to be known functions of r and 2 .
If, by coincidence, the assumed values of Og and k were the
"correct'" ones throughout the entire plastic enclave, the solutions of
equations II-7 and II-8 for the stresses G’r. , 62 , and [yg would
be correct. Otherwise, 6; and K could, in principle, still be
made sufficiently self-consistent with the remaining stress solution by
iteration.

Equations II-7 and II-8 are hyperbolic, under the assumption
that 6; and R are known functions of y and 2 . (The equations
are still hyperbolic if Op is treated as a function of r, 2 , O,
and 6} . ) The characteristic directions of equations II-7 and II-8
are dr‘/d'i.l=+°-“ ¢ or —cot ¢ , which are just the equations for

the o and (3 lines. These equilibrium equations may be referred
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to the slip lines by substituting

9 =.5ih(b'-_a"__-’-—Cos¢_a___
or 93, 95(,

[I-9]

o)
]

9 Cosd O - sm ¢ D _
V& : '2).5‘,,~ 'asn

into equations II-7 and II-8 . The symbols '3,/2__.-,.’~ and B/%S,,

represent partial differentiation along the o and @B lines, respec-

tively. A little further manipulation results in the following equations:

-2r ~2k2¢ .;.@_k_- +(6}"‘6_,f) sing + Trg cos P o [I-10]

Ch 25, ©Osp r "

o [r-ul

= ?_E + 2k 26 1-‘3;( + (6( "6;) ces 9 ""Tr;. S'ﬂ‘\é

—_— 1 —

2sp 23, 3. ~ r
where ¢ 1is measured in radians.

The first two terms in equations II-10 and II-11 are the only
non-zero terms for the case of plane strain and a constant yield stress.
The third term is non-zero if the yield stress is not.a constant. The
last two terms in each equation are present for an axially symmetric
stress field. The solution to the present problem will be obtained for
the case where equations II-10 and II-11 are simplified by consider-

ing a material with a constant yield stress in plane strain:

-dp _2x2¢ =0 (I -12]
DSa 'a‘S-k
—_B_E -1-'2.1('_3;‘_’ = 0 [I[—ISJ

D3p 9sp
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The effects of the additional terms in equations II-10 and II-11
on the slip-line field solution obtained by using equations II-12 and
II-13 have been estimated. For this purpose, 6'5 was assumed to be
equal to the minimum principal stress in the meridian plane and %_!-‘-g
was assumed to lie in the range O .’:..}'2—‘-:‘ é,, o5 ‘_‘f. . The slip-line
field geometry was found to be insignificantly affected by either the
strain hardening or the axial symmetry terms. Axial symmetry terms
cause the 2° by 4° curvilinear quadrangle marked by an '"x'" in Fig. 29
to flare out an amount of 0.015° in the negative (3 direction, and the
strain hardening term causes a flare of about 0. 035°, These correc-
tions are nominally smaller than the accuracy of the drafting machine
used in the construction of the original field and their cumulative total
along a A line nl’lust be less than one half of a degree, which changes
the location of the i_ntersection of a (3 line with the v axis by about
0. 003 a. The cumulative effect of the flare of (3 lines nearer to the
notch root should cause the fj line intersection with the y axis at
¥ =0.73 a to be in error by about 0. 01 a. Equation II-11 was ex-
pressed in finite difference form and the change in (-p) was calcu-
lated along the @B line which bounds the bottom side of the curviline-
ar quadrangle marked by the 'x" in Fig. 29. The axial symmetry
terms increased the calculated value of (-—P) on the r axis by
about 6 percent, while the strain hardening term decreased this value
by about 7 percent. Thus, the neglect of the strain hardening terms,
which cannot be accurately calculated at this time, may result in com-

pensating errors of the same order of magnitude as those which arise
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because of the neglect of axial symmetry. For this reason, the solu-
tion to the simplified equations in plane strain was obtained and re-
garded as a reasonable approximation of the stress state in the plastic
enclaves of the axially symmetric notched specimens.
For K = constant, equations II-12 and II-13 may be inte-

grated immediately to give:

p+2ked = constant along an & line [-14]
and

p-2k4 = constant along a (3 line . [I[' '5]

Equations II-14 and II-15 permit the construction of the ge-

ometry of the slip-line field, that is, the determination of the direc-
tions of the o and f-" lines, throughout a region in which both the
e« and @ lines intersect a curve along which the boundary conditions
(the values of P and ¢ ) are known. Consider the curvilinear quad-
rangle bounded by the o« and @ lires in Fig. 46a. Let the hydro-
static pressure at point A be PA . Then the value of the hydro-
static pressure at point D can be determined with the aid of equations
II-14 and II-15 by calculation along the path ABD or along the path

ACD. The requirement that Py, have the same value from both of

these calculations results in the relation

b~ . = by - &, , (-]
Thus, éD can be calculated when d)ﬂ ) ¢B , and 4.:_ are known.
The position of point D is determined graphically by approximating
the e line through points C and D with a straight line whose slope

is 'li(d’¢+¢|,\= d,_-l- {(¢3"d’h) , the average of the slopes of
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a. Curvilinear quadrangle bounded by slip lines.

TANGENT TO NOTCH
SURFACE AT POINT |

NOTCH SURFACE

_ _MINIMUM_ CROSS SECTION

0 3 (PLANE OF SYMMETRY)

b. Construction to satisfy the boundary conditions.

Fig. 46. Geometry of the slip-line field.
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the o line at points C and D, and by approximating the ﬂ line
throuéh point B with a straight line of slope i1{+ d)B +-‘i(¢°—¢A\3 .
The intersection of these two straight lines determines point D. The
position of point D determined in this way is quite accurate provided
A = ¢D- d’c is small, of the order of 5° [Hill (29)].

Graphical construction of the slip-line field is started at the
corner of the y axis (or r axis), which lies in a plane of symmetry,
and the notch surface, along which P 1is a constant equal to -k (in
the plastically deformed region) and the value of ¢ is known. This
region is sketched in Fig. 46 b6 . If Cb is measured counter-clock-~
wise from the negative y direction (the choice of the direction for

¢ =0 is arbitrary in plane strain since only changes in (o) appear
in the equations), the value of d)o in Fig. #4 b is TI‘/4_ and the val-
ue of d)‘ is 6 - T!Z,_ . Since P, =6, | , and p, must have the
same value whether calculated along the o4 line from 0 to 2 or along
the A line from lto 2, ($,~¢,) mustequal —(d,-4h) . Thus,
éz =1 (d’- +é,) . The point 2 is located by the intersection of a
line through point 0 with slope —2'-_ (d>°+ $.) and a line through point 1
with slope Ji( Cﬁz +é,} + /2 . Then a straight line through point
2 with slope 3 (b +ds) +T/2 , where @3 = T/4 because of
symmetry, locates point 3 on the Yy axis. This procedure is re-
peated starting with points 1 and 4 on the notch surface and the /3 line
through point 4 is constructed point-by-point to its intersection with the
Yy axis.
The slip-line field for the hyperbola-shaped notch with an

asymptotic half-angle of 14%0 and minimum section half-thickness



-173-

y =& (see Fig. 28) has been constructed graphically by the method
described above and is shown in Fig. 29. Some of the slip lines used
in the construction of the field have been omitted from Fig. 29 for
clarity. The actual dra.ft'ing work was performed at a scale about 2.6
times that of Fig. 28. The maximum value of d’, -do d>4_"d’| ’
etc. (see Fig.#6 b ) in the full-scale graphical construction was 8° and
values as small as 2° were used for the interval between the 3 lines
far from the notch root.

The value of ¢ may now be calculated anywhere in the known
slip-line field by the use of equation II-15 (or II-14). If 4% and 4’:{ ,
and ‘PB and ¢8 are the values of 4 and ¢ on the y axis and

the notch boundary, respectively, along a connecting (3 line, then

Py~ Py =2k (dy-dg) Lr-17]
Recalling that (Go is the maximum tensile stress on the y axis and
is therefore equal to =~ Py+k , that —-Pg =k , and that the yield
stress in tension, G’yd » is equal to 2K , the following expression

is obtained for Saly) :

Gz (y) =1 +(ba-dy)] Cyd (I-i¥]
Values of &z /6’“ which have been calculated from equation
II-18 -are shown along the y axis in Fig. 29. The first two columns
of Table 4 show the position y/a (equal to r/a ) on the y axis at
which a (3 line from the notch boundary has experienced a slope
change A¢ = bg — d‘f/& . The points on the y axis corre-
sponding to A¢ = 62°, 65°, 660, and 67° were calculated by para-

bolic interpolation from the values of y/a corresponding to Ad=60°,
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640, and 680, e

= (4-A3)68-A3) ,0.7325 + (Ad-0o)(68-49) .0,6374
o (% —6o)(68~ 6o) (64 —©o)(68—64)

+ (Ad - 6oXAd—64) , 04655 [x-19]
(68~ Go\(68 ~6%)

The third column lists the values of Gz /Q‘;J calculated by equation
II-18. The maximum value of O /6}5 is limited by the asymptotic
angle of the hyperbola to the value {H-[(JBO"-'- l4-.5')—1-5°] o= 57.3'}:-:2.3.
The other columns in Table 4 list quantities calculated in subsequent
parts of this stress analysis.

The portion of the tensile load transmitted across the minimum
section of an aiia.lly symmetric specimen by a plastic enclave that ex-

tends from y=a to y=b is given by

a
Te = fb Ga 2wrdr

=0, Ta 2 (6;4)( ) d( [Il-20]

Values of the integrand in equation II-20 have been calculated
at the various points where the (3 lines of the graphical construction
of the slip-line field intersect the y axis. These values of the inte-
grand are listed in the fourth column of Table 4. An approximate
value of the integral in equation II-20 was obtained step-wise by ex-
pressing 2 )( ) as a quadratic function of (ﬁ) over a range

Oyd a ,
of three successive values of (£\| and integrating over this
range. For expedience in the mathematical manipulations, a new

variable § = (%)‘— (7:) and S, =(?E) "(.’C)- was introduced,
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where the indices refer to the successive points at which (0-:‘! )(l")
has been calculated. The groupings of the indices are shown in column
5 in Table 4 and the values of §; are shown in column 6. Notice
¥*
that §,=0 in each of the groupings. Letting O'*E(gé XJ_:), S Tis
d/\ a
approximated in the interval S to S3 by

-(S:. S)(S,- s) 6'*‘(5 $H(3;3-5) 6_3_ + (S-3)(s-5)) 6' []I‘Z']
(Sa- 5\\(33 ) (Sz-—SQ(Sg 5\) (‘.‘,-$.\C5_r5:3

* . : :
The tensile force transmitted by © as given in equation

II-21 across the circular ring between 9%, and S, is

/ Sds = [0 -2 r ). siE e 12
S3¢ 51—50 G ———j——"_ 3 )

and between 5, and Sy is

o?ds {S;'(G':—O';*) + 55,0257+ 53*) - 57 (o, @*)}[31’-23]
S|=O S‘L(s]"s'a) 6 3

Equation II-23 must be evaluated for each group of three

points in order that equation II-20 may be evaluated in the interval

r=a to r=b , far under the notch surface. The values obtained
from equation II-22 may be regarded as an interpolation between the
values obtained from the use of equation II-23. All of the values ob-
tained from the use of equation II-23 and a few values obtained from
II-22 are listed in column 7 of Table 4. Twice the cumulative values
calculated from equation II-23 represent the total tensile load, in
units of "ﬂ"a."G;d » supported by the plastic region between y=a

and r=bp . These values are listed in the eighth column.



-177-

III. APPROXIMATE STRESS CALCULATIONS IN

THE ELASTIC CORE OF THE NOTCHED SPECIMENS

Neuber (28) has obtained solutions for the stress distribution
in an axially symmetric elastic solid that contains a deep notch in the
shape of a hyperboloid of revolution of one sheet and is loaded in axial
tension. His solutions are expressed in terms of an orthogonal curvi-
linear coordinate system whose coordinates W, v , and w are
""matural' to the hyperboloidal notch.

The relations between the Cartesian coordinates X, Y
and Z of Fig. 28 and the oblate spheroidal coordinates u, v,

and w wused by Neuber are

X= cosh U sinv Sinw
Y= Cosh W Sinv <oz wW ' [J_j]:"]

2= sinhu cosy

The relations between the cylindrical coordinates of Figs. 27, 29, and
30 and u, vV , and W are

= Cosh u sinv

8= w [ar-21

2= sinh u Cos v
The surfaces W = constant are oblate spheroids, the surfaces V=

constant are hyperboloids of revolution of one sheet that asymptotical-
ly approach the surfaces of cones whose elt_aments make an angle
equal to V (and M-V ) withthe % axis, and the surfaces W =
constant are meridian planes which contain the =2 axis.

The stresses derived by Neuber for a deep hyperboloidal notch

loaded in axial tension are
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G‘UL = _|h-“- { A+o«nh1u. +Bcosv e C.[—‘L—.gt_\_.. cos vg

Cosh*W cosh™u

+ Cosv Yy —A +B +<Lco.s"v3
"‘4

Sy

-L_‘_{-- A cosv +(9L*')CC05V + Cosv { A"'B"‘CCOS‘V}
h 1+ cosY W

G'W =J¥T"{ A (-Yanh*w + cosv

— Becosv + Clx-1-_1 Cosv}
1+cosV cosh*n Cosh'u

Tav = tanhu :ﬁnv{ -A

-)C + L [-A+B+C
W +cosv +(2-1) +h‘[ 5 c“w‘]}

TVW =0 ) TL{,W = O [m_-3]

where od=20(1--D), a3 = Poisson's ratio

" = simh®*u +cos*v
= (t=-1)(1¥+Cos Vo) C

A
B = A—CCQS‘VQ
c

Nnowm (lf‘Cos Va)
21+ (2-)cos V, +Cos*V, ]

Chew = the tensile load divided by 1T a*, the area of the mini-

mun section
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V =Ve represents the notch surface, so

= SiNV coshu where o 1is the radius to the notch root.
SinVe

X
[+ 3
On the minimum section (2=0). U=0,02"Cu , G,=6y , and
6-9 = Oy, . The expression for the stresses given in equations
III-3 become

GE‘Izw:ST*I A {B—aC—Cﬂ'S= §(X) Snom (T -4]

= cos vV
u=o Cos*V

G—;’j =6;| . gu-z)c- A, Cus‘ﬁ}:h[&) Chom

2=0 n=o cosV l+eosVv Cos*V
(m-5]
= -2)C - A __ =
6;,£=o - W)u:o = cosV (o=2) G l+cosV [J]I é’]
Tuw = O (a-7]

The tensile load, —T'é , supported by the elastic core, bZrBO,
, is obtained by integrating the axial stress over ring
shaped elements of area, as follows

r=b

Te(b) = Sa(r)2mrdr [1T -8]
=0

The expression for 6:—,5 in equation III-4 is given in terms of V ,

and the integration in equation III-8 is easily performed by changing to

the variable V , where =& 5sinv = and dr za cosV v .
sin v, sin Ve

Then
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=2 -+ v' _ _ i i o
T8 TR S (e ey e

il

2ma® i(A-.zc)-(B ~wC)eegv! - Ceostval  [mr-9]

)
S'\V\"Vo Cos vV

1]

where Sinv' %_ S Ve -

The tensile load transmitted across the elastic core of the
notched specimens according to the first approximation for the stress
distribution discussed in Chapter 5 is calculated in the following man-
ner.

Select a value of r/a = k'/a which is given in Table 4.
The axial tensile stress in the plastic region at this point is given in
column 3 of Table 4 in the form O‘t/o;d =£(L) . If this point is
on the plastic-elastic boundary, then the axial stress given in equa-

tion III-4 is set equal to the value given in column 3 of Table 4.

1 _ ’ ] P ' -
e =8(5)Cnm = OS2 =F(2)Sy (Ir-e]
L}
Equation III-10 permits the nominal stress 6;‘:_= %%%G,d to be
determined. This value for 6:,’,," is substituted into equation

I1II-9 and the ratio _lé(b'/a)/'ﬂ'a" yd is calculated. These values of
Te(b'/a)/-rra"ﬁ;d are listed in column 9 of Table 4.
The tensile load transmitted across the elastic core between
=0 and r=h in Fig. 32 is calculated for the second approx-

imation to the stress distribution in this region as follows.
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The radial stress in the plastic region is equal to (‘5_; ~Syd .
Thus the value of G;p(r/a) /O’yd is one less than the value of
6:("/“) /6",5 given in column 3 of Table 4 and can be written
Sl crsa) foyd = £Cr/a)-1

The requirement of continuity of radial stress at r=b fixes
the nominal stress, G:,..., , of Neuber's equations according to
the following equation:

S, (b/a)=h(6/a)Cppm= O Co/a) = [FCbm) -] oy [m-1]
The value of Op,,.. obtained from equation III-11, Goom = H(b/‘t\'l]dﬂj
h(b/a)

is inserted into equation III-9, giving the tensile load, Te , sup-
ported by this portion of the axial elastic stress, and into equation
I1I-4, giving the value of O’z' (b/a) which is associated with this
value of the nominal stress O mom

The axial stress is also assumed to be continuous at vr=b ,
so that 0_;; (b/a) = O';P (b/a.)-d'z' (g)must be contributed by an addi-
tional stress distribution whose radial component is CS': (b/a) =0
This supplemental stress distribution on the elastic core has been as-
sumed to be given by equations I1Il-4, 5, 6, and 7 when the radial scale
factor has been changed so that (Sin v/sinv, ) = r/o . The tensile
load supported by this supplemental stress distribution is calculated
direcﬂy from equation III-4 with ces V set equal to <ces Ve

Equation III-4 gives 6‘; = g"(b/@ 6;;:- » SO
Tren) =L Sl =mrar( E_: Spom ) -

The total tensile load supported by the two superimposed stress dis-

tributions on the elastic core, Tg = T * ‘Té" , is recorvded in
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column 11 of Table 4 in units of Te /TWa*6y4
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IV. STRESS DISCONTINUITY AT A PLASTIC-ELASTIC INTERFACE

A. Plastic Strain Constant Throughout Plastic Region

The stress state is discontinuous across an interface between
an elastic region and a plastic region in which the plastic strain has a
finite value adjacent to the interface. The value of the plastic strain
will be assumed to be constant throughout the plastic region for the
purpose of calculating the magnitude of the stress discontinuity at the
interface.

Figure 47 is a schematic representation of the plastic strain
state in the vicinity of the plastic-elastic interface. The case of plain
strain will be considered wherein the total strain component perpen-
dicular to the uW-v plane, £4 is a constant, not necessarily equal to
zero, and the plastic part of this strain component, E,,,,(Pl.,k‘) , 1S
equal to zero. The plastic strain, ’f, in the plastic region results
from slip on planes parallel to 8 and is equal to J/R, where § is
is the displacement of point A relative to point C. If this strain were
produced by dislocations gliding on slip plane El-"—, the dislocations
would form a wall along Ié, as shown in Fig. 47. The displacement
Sat A results in a dilatational plastic strain component referred to the

w axis of the amount

g‘f(ﬂ-ﬂh) = —._J_CL"LQ_ = = J cos® 3in O
AC
= —+ 7 sin20 Liv-i]

The total dilatational strain components parallel to the plastic-

elastic interface, &y (total) aNd E eetaly » are continuous across the

interface. That is,



-184-

1 . SLIP-LINE

TLDIRECTION

—

Fig. 47. Geometry of slip lines and plastic strain discontinuity at
the plastic-elastic interface.
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Eettal) = Edcroral) = Ekcotashel * Encplasica Liv-2]
and &S =gf [v-3]
where the superscripts refer to the elastic and the plastic regions.
The elastic strain component in the w direction is related to the
stresses by Hooke's law,

E Ewcaimstiar = Ow ~ (6, + 37 ), [iv-4]
where E is Young's modulus, and the c¢lastic strain component in the
W direction is given by

Eg = G, - (&, +S,)

= (=900, = DIS, -DEE, 15400 [iv-¢]

w(elastie)

where 6;, has been substituted by the value given by equation IV-4.
Now the plastic strain in the plastic region can be related to
the stresses through equations IV-2 and 5 giving
P _ e _ (
Egu (plastie) S E“-(cl-sh‘d Ef"-(chska)
_ a e ' o
= (1-0)(65-67) -DGr o) (0,2-6,) ~0E(eS-£y) . . [v-¢)
€lastic)
Equilibrium requires that the normal stress component perpendicular
to the interface, 6';,, be continuous across the interface. And equation
: e P :
IV-3 requires (Eﬂ,-f.w )(¢hwk¢) to be equal to zero when there is no
plastic contribution to this strain component. The non-zero terms of

equation IV-6 may be written as

(Gu®-GW) = E & (plaskicy [w-7]
1-D%
or (G,°-0F) = -G ¥ sin20 [w-8]
-0

P

where the value of Euqﬂnﬂd

given in equation IV-1 and the relation



-186-

E=2(1+D)G , G being the shear modulus, have been substituted into
equation I1V-7.

Equation IV-8 relates the discontinuity in the normal stress
component tangent to the plastic-elastic interface, (6'“9' —6‘: ), to the
plastic strain referred to the slip-line directions, ’x , and the angle, €,
between the interface and a slip line. The sign of equation IV-8
depends on the manner in which the positive value for the shear strain,
%, is defined. The value of "élinvolved in equation IV-8 is the algebraic
sum of the values of xproduced by slip on the two orthogonal slip

systems.

B. Thin Boundary Film With Continuously Varying Flow Stress

The stress state in a boundary film, or layer, is considered
in which the shear flow stress, k, of the material changes continuously
from the value of the maximum shear stress in the elastic region,

e P
Tax, at the plastic-elastic interface to a value T at a distance t

max
into the plastic region. The model of this boundary film is shown in
Fig. 48. The assumption is made that the stress state in the boundary
film is a function only of &, a coordinate perpendicular to the inter-

face.

The field equations which are applicable to the plastic boundary
film are equations II-10 and 11 of Appendix II when the terms for

axial symmetry are neglected:

-2p - 2k2¢ 2k =0 [1v-9]
95-‘ s Sﬂ
-2 + 2k 2¢ +2k =0 [v-10]
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/ SLIP LINE

Fig. 48. Geometry of slip-line field in boundary film where k,
k= Ty, varies continuously between the values of Tmax
in the plastic and the elastic regions.
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where p, k, and ¢ have the meanings given on p. 166. Note that
¢=90°-6. Since p, k, and ¢ are assumed to be functions only of s,
as defined in Fig. 48, equations IV-9 and 10 can be written in terms

of total differentials when the substitutions

a_ = s # a_
DS 2s

[w-ul
o = cos ¢ 2.

P

2s, 2s
are made. The resulting equations are
—dp sm¢ - 2k dd sm¢ + dk cesp =0 [wv-12]
ﬁ ds ds
~dp cos d + 2k é}_ cosd + dk sind =0 [iv-13]

Solving equations IV-12 and 13 simultaneously to eliminate the
terms with dp and multiplying through by the differential ds results in

k sin2¢ d2¢ — cos2¢ dk =0 [iv-4]
Integration of equation IV-14 gives

[tan 26 28 = [dx
Kk

= —lnfces2$] = lhk +c [v-1s]

A little manipulation of equation IV-15 gives

K cos 2¢ = constanr
or T,y €o320 = comshmut (v-ie]
Equation IV-15 relates the direction of the slip-line field to the value

of the flow stress in the thin boundary film.
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