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ABSTRACT

This thesis brings together four papers on optimal
resource allocation under uncertainty with capacity constraints.
The first is an extension of the Arrow-Debreu contingent claim
model to a good subject to supply uncertainty for which delivery
capacity has to be chosen before the uncertainty is resolved.

The second compares an ex—ante contingent claims market to a
dynamic market in which capacity is chosen ex-ante and output

and consumption decisions are made ex-post. The third extends the
analysis to a storable good subject to random supply. Finally,
the fourth examines optimal allocation of water under an

appropriative rights system.
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CHAPTER I

INTRODUCTION AND REVIEW OF THE LITERATURE

The four papers brought together in this thesis address
a theoretical issue which draws together at least three different
economic literatures: optimal resource allocation under uncertainty,
peak load pricing and the effect on resource allocation of the legal
doctrine of appropriative water rights. The issue is to identify
conditions which allow competitive markets to produce ex-ante optimal
outcomes when the good being allocated is subject to random supply
and delivery or storage capacity has to be built before the random
variable is observed. An ex—-ante optimal allocation is defined as
an allocation which maximizes consumer i's expected utility ex-ante,
subject to the constraint that all other consumers' expected utilities
are held constant ex—ante. Only ex-ante optimality is considered
because the introduction of capacity constraints implies that ex—ante
and ex-post optimality cannot necessarily be equated. The particular
good analyzed specifically is Colorado River water.

The literature on optimal resource allocation under
uncertainty can be dated from the original work by Arrowl and
Debreu2 on ex—ante contingent claim markets. They concluded that
if all decisions were made ex-ante, contingent on the observation
of the random variable, a competitive market in contingent claims

would achieve the same allocation that would be achieved in a competitive



market under certainty. Recognizing, however, that such a system of

markets does not exist and probably would not come into being if only
because of its informational inefficiencies, Arrow suggested that a
market in firm securities should achieve that same result.

Since the seminal work by Arrow and Debreu this literature
has developed along several different lines. These include extensions
and qualifications of Arrow's and Debreu's conclusions (Dreze,3 Starr,4
Radner,5 Nagatani6), rigorous analysis of the conditions which allow
securities markets to achieve optimality (Diamond,7 I.eland,8 Ekern
and Wilson,9 Radner,10 Forsythe,ll), and informational equilibrium
models (Radner,12 Rubinsteinl3).

The papers presented below extend this literature in two
directions. First, ex—ante optimality conditions under capacity
constraints are outlined and sufficient conditions for achieving
those optimality conditions under a competitive ex—ante contingent
claims market and a competitive securities market are explored.
Second, two of the papers consider sufficient conditions for ex—ante
optimality under a competitive market structure which has not been
explored to any great extent in the literature. In this alternative
to an ex-ante contingent claims market, capacity decisions are made
before the random variable is observed, but marginal production and
consumption decisions are made in competitive markets after.

The current American literature on peak load pricing under

uncertainty (Joskow,14 Johnson,15 Crew and Kleindorfer16) owes its



start to the work of French economists (Boiteux,17 Drezelg) who were
trying to devise pricing schemes which would both satisfy marginal
optimality conditions and cover operating costs for the French national
electricity network. The general approach has been to assume a random
demand énd then use consumer surplus analysis to devise optimal peak
and off peak prices and optimal size generation facilities given a
probability distribution over demands. While the papers presented
below are not specifically concerned with optimal pricing schemes and
the peak load pricing literature does not deal with competitive markets,
the models used and the results obtained are similar. Basically,
most of the optimality conditions presented in these papers should
not be seen as new. Rather, they are rearrangements or reinterpreta-
tions of the optimal pricing conditions from the peak load pricing
literature. Where these papers depart from tradition is in asking
what conditions would allow ex—-ante optimality to be achieved under
competition.

A recent paper by McKayl9 has moved away from the emphasis
on consumer surplus analysis. His welfare model is a weighted sum
of individual utility functions and his analysis is similar to that
used in the papers collected here, although the questions he addresses
are different.

Recent papers by Burness and Quirk20 on the appropriative
water rights system form a natural introduction to the third and

fourth papers presented below. Their papers consider two issues:



the effect on resource allocation of the legal doctrine of appropriative

water rights with a prohibition against sale of those rights and optimal

dam and reservoir size and release policy under that institution.

The papers presented below extend their analysis in two directions.

First, conditions for optimal storage size, storage, and releases

are analyzed from a social welfare point of view, independent of legal

impediments. Second, the effect on resource allocation of simply

lifting the ban on the sale of appropriative water rights is explored.
Turning now to the four papers presented below, the first

one is simply an extension of Arrow's and Debreu's contingent claim

and securities model to a good subject to random supply for which

delivery capacity has to be chosen before the random variable is

observed. The second paper compares an ex—ante contingent claims

market to a dynamic market in which capacity is chosen before the

random variable is observed and consumption and marginal production

decisions are made after. The third paper extends the analysis in

the second paper to a storable good subject to random supply. Finally,

the fourth paper applies the analysis in the third paper to water

allocated under an appropriative water rights system.
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CHAPTER II
SUMMARY AND DISCUSSION OF RESULTS

The four papers presented below show several results or
conclusions which can be seen as either new or new extensions of
previous results. The first three papers make clear the limitations
of an ex—ante contingent claims market as a model for describing
market decisions under uncertainty. The first paper shows that if
all choices for all states of the world have to be made before any
observation of the random variable, as would happen with complete
contingent claims markets, then the introduction of fixed capacity
constraints does not alter the Arrow-Debreu result that competitive
contingent claims markets are ex-ante Pareto optimal. Arrow's
contention that a market in securities achieves the same results
as can be achieved with an ex-ante contingent claims market does
not necessarily extend to the case where there are ex-ante fixed
capacity constraints, however. Further, as the second and third
papers show, when capacity or inventory choices have to be made
ex-ante, but marginal production and consumption decisions can be
made ex-post, then such noncontingent claims competitive markets

will not necessarily allow ex-ante optimal capacity and inventory

choices.
There are at least two general reasons why such noncontingent
claims competitive markets might not be ex-ante Pareto optimal when

capacity has to be chosen ex-ante. In the first place, a problem



may occur because gains from trade exist among consumers when capacity
and inventory choices are being made. Consider the following simple
example. Suppose there are two individuals, Mr. A and Mr. B, who
jointly own a river and wish to dam it, store water, and deliver it
to their homes. Suppose in addition that Mr. A thinks there will be
a great deal of water in both periods and Mr. B thinks there will
only be a moderate amount of water in each period. Consequently,
Mr. A thinks a large storage facility unnecessary, but wants to
build a large diversion system. Mr. B, in contrast, wants a larger
storage facility and a smaller diversion system. Assume larger
capacity is more expensive in each case. Clearly, in the absence
of transactions costs, Mr. A would be willing to bribe Mr. B to
build a larger diversion system and Mr. B would be willing to bribe
Mr. A to build a larger storage facility and store more water.

Now consider two market means of choosing capacity size
and inventory policy. In the first case, firms producing capacity
sell shares to consumers who own delivery rights. Consumers then
both rent capacity shares and delivery rights to firms and use capacity
shares and delivery rights to store water for future use. In this
case the market in shares becomes the means by which consumers such
as Mr. A bribe those such As Mr. B and visa versa.

Alternatively, suppose firms own delivery rights and
produce capacity and store water on the basis of their own subjective

probability distributions, discount rates and attitudes towards risk.



In this case, no mechanism exists to exhaust the gains from trade
among consumers. Finding prices which allow an optimal allocation
then resembles the problem of designing an optimal tax. However,
if all consumers and firms owing capacity have the same probability
distribution and discount rate and firms owning capacity are risk
neutral (i.e., expected profit maximizing), then these gains from
trade do not exist to begin with.

The second reason why noncontingent claims competitive
markets might not be ex-ante Pareto optimal is related to the fact
that more than one kind of uncertainty is introduced when some
decisions are allowed after the random variable is observed. The
first kind of uncertainty is uncertainty about capacity utilization
because of supply uncertainty. The problem generated by that uncertainty
can be overcome by giving consumers title to all risky assets, as
discussed above. The second kind of uncertainty occurs because demand
is uncertain when marginal consumption choices can be made ex-post.
Since differences in available supply of one good imply differences
in relative prices and incomes in different states of the world, final
demand cannot be known with certainty.

Returning to the simple example discussed above, suppose
Mr. A also thinks it highly probable that if there is a lot of water
that prices and his income will be such that he will choose to
purchase a great deal of that water if sufficient capacity is built.

In this case, if Mr. A could guarantee his intuition, he would be
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willing to pay Mr. B even more to build a larger delivery capacity
than if prices and his income were the same in all states of the
world. Otherwise, the gains from trade created by this kind of
uncertainty remain unexhausted. Only if such income effects do

not exist to begin with can noncontingent claims competitive markets
be ex-ante Pareto optimal when some choices are made ex-ante and
others are made ex-post. In an analogy with the constant marginal
utility of income requirement when consumer surplus analysis is used,
these papers adopt the sufficient condition that expected marginal
utilities of income be discounted constant functions of consumer
subjective probability distributions. This condition eliminates the
income effects of demand uncertainty, while still retaining all the
effects on consumer choice of the supply uncertainty.

After outlining the conditions discussed above in the first
three papers, the fourth paper shows that if all the sufficient
conditions for an ex-ante optimal competitive allocation, when firms
own capacity and inventories hold, then the appropriative rights
system can be made efficient. The means for achieving efficiency
discussed in that paper is to open a market in state dependent
percentage shares of appropriative rights. Such a system would allow
firms both to pool risks and thereby eliminate the monopoly element
of the appropriative rights system and also to only purchase as many

rights as are needed in any particular state of the world.
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CHAPTER III

A FURTHER NOTE ON THE ROLE OF SECURITIES IN THE
OPTIMAL ALLOCATION OF RISK-BEARING:
OPTIMALITY UNDER CAPACITY CONSTRAINTS

INTRODUCTION

This paper develops ex—ante optimality conditions under
uncertainty for a situation in which delivery capacity of one good
has to be chosen before the random supply to be delivered is observed.
Examples of goods which satisfy this condition are water delivered
by aqueduct from a river of random flow and variable supply goods
transported by rail or truck. In each case, the delivery capacity
cannot be adjusted optimally in every state of the world, although
other inputs can be adjusted optimally for a given capacity.

The model developed in this paper is an extension of the
Arrowl-Debreu2 ex-ante contingent claim model to an economy with a
capacity constraint on one good. Assuming differentiable utility
functions, ex—ante optimality is defined as an ex—ante allocation
of contingent claims which maximizes consumer i's expected utility
subject to the constraint that the expected utilities of all other
consumers are held constant. The addition of the capacity constraint
implies that even a market in ex—ante contingent claims no longer
eliminates consumer uncertainty from the allocation decision ex—ante.
Rather, when the capacity coﬁstraint is binding, the ex—ante optimal

allocation equates expected marginal rates of substitution and
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expected price ratios. Thus, in this situation, ex-ante and ex-post
optimality will not necessarily be equivalent even though for a given
capacity larger then available delivery supply they are equivalent.
After developing ex-ante optimality conditions, this paper
shows that an ex—ante optimal allocation can be achieved by an
ex—-ante contingent claims market even if firms hold title to delivery
and capacity rights and consumers have differing probability judgments.
If a stockmarket in shares of firms owning capacity is substituted
for the contingent claims market, however, an optimal allocation of
risk bearing cannot necessarily be achieved under the usual assumptions
of stockholder unanimity models. Rather, additional restrictive
assumptions are close to being necessary in order to achieve unanimity:
Consumers have equal subjective probability distributioﬁs and constant

marginal utilities of income.

REVIEW OF THE ARROW-DEBREU CONTINGENT CLAIM MARKET

The original paper by Arrow describes how an ex-post Pareto
optimal allocation of resources can be achieved under uncertainty
with a complete set of ex—ante contingent claim markets. While the
specific optimality conditions he describes are not spelled out in
the paper, he says that making each good in each state of the world
a separate good makes the uncertainty case exactly analogous to the

certainty case.

Let Vi(x. . "XiSC) be the utility of

111 © 7 Ber i e

individual i if he is assigned claims of amount Xice for
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commodity c¢ if state s occurs (¢c=1,...,C; s=1,...,8).
This is exactly analogous to the utility function in the

case of certainty except that the number of variables has
increased from C to CS. We may therefore achieve any

optimal allocation of risk-bearing by a competitive system.
Let x;sc(i=.l,. i v3lls B=l; s w4583 e=1Lls « « «5 C) be any
optimal allocation; then there exist a set of money incomes
Yy for individual i and prices Bsc for a unit claim on
commodity c¢ if state s occurs, such that if each individual

i chose values of the variable xisc(s==l,. w w98 O e & e E)

subject to the restraint

taking prices as given, the chosen values of the XiSC'S will be

the given optimal allocation

Xisc(i= Ty s 5 vsds 8215 5 2 up 83 @=1s « & w5 €)e

The argument is a trivial reformation of the usual one

in welfare economics.

The following problem is equivalent to the one Arrow is stating:

)

maximize: Vi(xill" R

s C_
subject to: L IZp. = =vy.. (a)
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Ex-ante, the first order condition is:

v,
1 —

oX, p
isc _ “sc >

v —I;— Y i, €y ds s 8s
i rd

ax1rd

For a given state of the world, this ex-ante condition reduces to:

av.,
1 —

X, P

avlsc = =% vi, c, d, s.
) 3 psd

axisd

This is the same optimality condition that would prevail if the
choice could be made after the random variable were observed (i.e.
ex—-post, under certainty). This implies that a complete set of
ex—-ante contingent claim markets will lead to the same ex-post
optimality conditions under uncertainty as under certainty. Let

us call this effect removing uncertainty from the allocation decision.

A CONTINGENT CLAIM MODEL WITH A CAPACITY CONSTRAINT
Turning now to the situation such that capacity has to be
chosen before the random variable is observed, let xiS denote the

amount of good x consumed by individual i in state of the world

8= 15 s v vy D xS is the amount of x which is delivered to consumers

n
in state s. %X < L Let z denote the supply of x available



L5

for delivery in state s. 2 is a discrete random variable which
occurs with subjective probability ais' We identify states of
the world s with levels of supply of x, where X < z for all s.

There are n individuals in society, the iEb with strictly

L, 5,7

quasi-concave, differentiable utility function U, (x, ,y. ,
i*"is’/is’7is

where Yia is the amount of the composite good y consumed by i in
state of the world s and Li“ is the amount of labor offered by i

in s. The delivery capacity for x_ is X and x, < X in every state

of the world. For a given capacity, X is delivered according to

production function x(Lxs) and Vg is produced according to production

n

n
i % < + < I . X i
function y(Lys)’ where Yig S ¥go L L - L X is produced

XS s - is
i=1 *

in period 0 according to production function ﬁ(Lﬁ). Labor is supplied

in period 0 according to i's utility function Ui(LiO) and

n

< IL
i=1 *

L,
X

Now we wish to define a Pareto optimal allocation of Xy
and Vg For this model we adopt the following definition of Pareto
optimality. An allocation is said to be ex—ante Pareto optimal
if, given consumer subjective probability distributions over states
of the world, it is not possible to increase consumer i's expected
utility ex-ante without reducing at least one other consumer's
expected utility ex—-ante. All trading and production are assumed
to take place before the random variable is observed. Ex-post
optimality will be considered later. Now, given this definition

and assuming x and a composite good enter all appropriate utility
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functions, an ex-ante Pareto optimal state can be characterized

as the maximum of a weighted sum of individual expected utility
functions. Therefore, we can identify any arbitrary ex—ante Pareto
optimum by solving the following problem:

S

By [U (Lyg) + X o, U, (xynyyenlyl)]

n
Max W= X
=1 s=1

i &

Subject to the following constraints:

Multipliers

n
.Z Xis = x(Lxs) b Xls
i=1
<
x(Lxs) - zs b XZS
n
.Z yis - ys W A3s
i=1
s P y(Lys) Vs Mg
X(Lxs) == Vs ASs
n
n
g 2 B Lyp Yy
i=1
n
LXS + L s < % Lis Vs A65
¥ i=1
L & H6 Vi, s A
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where:
W = the social welfare function, and
Bi = the weight given to i's utility function,
H = maximum time an individual can spend working

per time period.

Forming a Lagrange expression

conditions are:

BUi
B, meest=th e = 0
i aLiO 2
3Ui
Biais ox. kls
is
ou
1 i
Biais dy.. X3S
is
BUi
By 3L, T 6e
is
9%
5L, g™ Mg = A
X
A3s-x55 -0
oy »

and differentiating, the first order

=0 Vi, s
=0 Vi 8
=0 Vi, s
)—>\65—0 Vs
Vs
0 Vs
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ox

Yiang~ Y2 =0

S
-Y, + Z A
£ s=1

5s 4

If we consider only effective constraints that are in fact

binding, there are three cases:

1. If z < &, then A
s 5s

1]
o
o}
=]
o
>

N

92}
~
o

]
>
I
o

2 IFf z, = X, then ASS

> R =
3. If z %, then ASS # 0 and AZS Q.

These observations allow us to reduce the first order conditions

to the following equations:

Case 1 (zs<x; )\SS=O, )\ZS¥O):
au, ou
” i % h
is ox, hs Bxh
1S - 8 Vh,i, s, r
an BUh
o, L~
ir ayir hr ayhr
aui an/BLi
%s ox, —Bials ox/ oL * >\23
is xS Vi,r
oU oU, /9L,
o 8 ol ir
i =P
Byir iir By/BLy
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BUi ., dUh
is 0x hs ox
_ hs .
3u. U Vh,i,r
1 h

oU ou, /oL,
i is
Bxis Bx/BLXS
& Vi,x
50, - B0.79L, .
i ix
Byi By/BLyr
Case 3(zs > &3 ASS # 0, AZS = 0):
ou, oU
L o, 2 Lo 3
~ 1s 00X, ~ hs 9
s>X is _ s8>X *hs Vh. i
= s 4y
BUi aUh
o, (0} e
ir Byir hr Byhr
= BUi . . BUi/aLiS . BUi/BLiO
A 18 0Ox . is 9x/9dL 9%/0L A
S>X is _ s»X XS X i ¢
oU ou_ /oL ’
air i B i ir
ayir ir ay/BLyr
where:
e i MW
itis AL, h™hs 9L, - T6s n
9( Z L, )
. is
i=1

is the marginal social value of labor in s;
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au aU

- s T oW
.- 2"
i0 hO
o( X LiO)
i=1

is the marginal social value of labor in

period O0; AZs = é%i-is the marginal social value
s

of z in s.7
Notice that in Cases 1 and 2 the ex—ante optimality conditions are
the same as Arrow's. In Case 3, however, these first order conditions
imply that at an ex—-ante Pareto optimum, for zg > ﬁ, only the expected
marginal rates of substitution will be the same across all individuals
and equal to the expected marginal social values of X and This
deviation from the Arrow-Debreu result that a contingent claim market
transforms an uncertainty problem to a certainty one occurs because
the capacity constraint makes it impossible for producers of x to
optimize productive inputs in every state of the world. These

results can be summarized as follows:

Proposition 1: If the supply of a good is a random variable and

delivery capacity has to be chosen before the random variable is
observed, then for those states of the world such that available
supply exceeds delivery capacity, an ex—ante optimal allocation
of contingent claims equates the expected marginal rates of
substitution between the random good and all other goods across
all individuals to the expected marginal social values of x and y.
Uncertainty has not been removed from the allocation decision,

ex—ante.
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Proposition 2: If the supply of a good is a random variable and

delivery capacity has to be chosen before the random variable is
observed then for those states of the world such that capacity
exceeds or is equal to available supply, an ex-ante optimal
allocation of contingent claims removes uncertainty from the

allocation decision.

The question now is whether a competitive equilibrium
will satisfy these optimality conditions and if so, whether any
special conditions will have to be imposed. First, complete
contingent claim markets have to exist for labor and delivery
rights concurrently with a contingent claim market for delivery
of x. Otherwise, a contingent claim market for delivery of x
will not correctly evaluate the expected relative values of
x and y.

Consider now a competitive economy with n consumers and
m+ k + g firms. The first m firms produce X in period 0, the next
k firms produce x and the last g firms produce y. Consumers hold
title to delivery rights and capacity units once capacity has been

built. Consumer i's problem is:

Max EUi = Ui(LiO) + .

I ™Mwn
Q
(0]
=
[ N
~
»
[y
2]
<
3

subject to:
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w
3

B & ij 3
PeX; Szl[pxsxis pysyis] OLiO = § B g *
Multiplier:
S _ mHk i mtk+g 5
 [pg x;,tw Ll +qr. + % @ I 0
-t s is {=mrtl XS XS [ ys'ys
where:

G;J = percentage of firm gdrg profits going to 1ij;
B;i = percentage of firm xJrg profits going to i in s;
9;; = percentage of firm yJ's profits going to i in s;

Wy = competitive wage in period O;

w_ = competitive contingent claim wage in state s;

TS = profits of firm %3 in period 0;

nis = profits of firm xj in state s;
‘ “;s = profits of firm yj in state s;

P~ = competitive price of a unit of capacity purchased

from the firms producing capacity in period O.

Vs ™ competitive contingent claim price of x in state s;
pyS = competitive contingent claim price of yin state s;
Py, = competitive contingent claim price of a unit of

capacity in state s;j

X. = number of capacity rights owned by consumer 1;8
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q = competitive contingent claim price of a state s

delivery right;9

;is = initial allocation of state s delivery rights to i;

¥ B = i

i=l XS

n i

Y0 ; = 1; and
i=17

n o %

L0 = 1.

i=1 ¥

Making the assumption of a decomposible profit function, firm ij's

problem is:
3 . : Multipliers
Max T = pa &) - w Ll
X %0 0% .
A
b4
s.t. < %)
- X
Firm xj'sproblem is:
h| . j ] N 3
Max m = I [p__x]-w.]I -pﬁsxs-qsrsl
s=1
i J ]
s.t X < x(LXS) Xls
j < X Al
X(Lxs) < xi 2s
x(L3 ) < r 5.
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where:
ﬁ; = amount of capacity rented by firm xj in state s, and
r; = number of delivery rights rented by firm xj in state s.

Firm yj's problem isa

i S i i Multipliers
Max m° = X [p y -w L' ]
Y 41 YS'S sys
J
3 j s
s <
s.t ¥y 2 y(Lys)
The equilibrium conditions are:

n m

L = I
i=1 j=1

n nrtk

L x, = L x
i=1 *%  j=m+1 ®

n mrtktg

Ly, = z y
=] 18 jumbictl ®

n m

LLg= 13
i=1 j=1 %

n mtk mtk+g

Il = I L+ I 1
i=1 j=mrt1 j=mtk+1 Y®

n _ mtk

i Tig ™ b3 ¥
i=1 j=mt+l
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Forming Lagrange expressions Li(i= 1,...,n), Li(j= 1, o3 oy )5
Li(j=m+l, ..., m+k), and Lg;(j=m+k+l, ...,m+k+g) and

differentiating, the first order conditions are:

U
i _ .
5L + Aiwo =0 Vi
i0
8Ui
“is ox, Xip s g Wik 2
7 is -
BUi
ais 5 - kip =0 Vi, s
yis 5
BUi
Bes oL, * Aiws =0 ¥y 8
is
S
)\, o =0 Vi
1P sflpﬁsl
pa = A =0 ; j=1,...,m
X0 X = 2
—w0+>\i—ax?=o j=1,...,m
oL~
X
pXS—)\JlS=0 Y8, J=m+1, .. «y m+k

w +=Ead M - ya0 wvs, jentl,..., mtk

s 3 1s 2s 3s
aLxs
-p. +M =0 Vs, j=m+1, ..., m+k



...qS

P

ys

-w
S

Considering

order conditions reduce to:

I
o

J
+ }‘35

I
o

_4d
x&s

+>\1 ) A
S aL3
ys
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Vs, j=m+1l, ..., m+k

Vs, j=m+k-+1, ..

Sy, jEmtktl; .

., m+k+g

ATkt g

only effective constraints which are binding, these first

au,
i
i _ ¥
) BUi wS
is oL,
is
3 BUi
is oL, w
is _ _s
au, w
" i i
ir OL,
ir
ou,
i
%s Bx P
is _ _Xs
an pyr
air )
yir
-a., oU, /9oL,
is i is
w =
s A

Yi, r; s

Vi Ty 8

Ni; s

(a)

(b)

(c)

(d)



Case 1 (zS < R):
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sj 3 a,
P ) BX/aLxﬁ
w
yr r
8 a
y/oL "
Case 2 (zs = X)
w
s
j
Pys _ axjaLxs
w
yr T
a
ay/BLyr
Case 3 (zS > %)t
w0 + ws
i F ]
P _ 2):</E)L},E axlaLxs
pyr Yy
a
oy/ BLys

Vj’ a, r (e)
Visa, r (f)
Visa, r (g)

Now compare (c) with the production conditions (e), (f),

and (g) and substitute (d) for LA

The three cases reduce to:
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Case 1 (zS < X):

su, ~%g903/%0,
i A8 L 38,4, 4
%s ox Bx/aLis
U, -o, 98U./0oL, Vi By Ja € i)
i & i I ¥ -
%ir oy a
i ay/E)Lyr
Case 2 (z = %)
au, an/BLiS
> j
ox 9x/ oL
= x5 Vi, a, j,r (i)
oU ou, /oL, LRty
i " Mr
y a
ir ay/SLyr
Case 3 (z > %)
BUj 2l an/BLiS . an/aLiO
ZAais ox. s>% % sx/oL) Bﬁ/aLE
sS>X is _ XS X Vi, a, b, j,r ()
ou, ouU, /9L, R
i i’ " Mir
.. e e
ir 9y, ir
ir

a
ay/BLyr

Notice that equations (h)-(j) describe an ex-ante Pareto optimum with

welfare weights Bi = %L . This result can be summarized as follows:

i

Proposition 3: If the supply of a good is a random variable and

delivery capacity has to be chosen and produced before the random
variable is observed, then a competitive contingent claims equilibrium

is ex—ante Pareto optimal if consumers hold title to all resources.
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A COMPETITIVE CONTINGENT CLAIMS MARKET IN WHICH
FIRMS HOLD TITLE TO RESOURCES

Suppose now we consider a somewhat more likely market
situation. 1In this case consumers participate in a contingent
claims market for labor and output, but firms delivering x build
and hold title to their own capacity and hold title to delivery

. 10 . _— . . .
rights. Firms alone participate in a contingent claim market
in delivery rights. The maximization problems now become:
S

) + I a

Consumer: Max U, (L,
i
s=1

i0 isUi(Xis’yis’Lis)

S 8 k ij kt+g £4
s.t Zlp,x. +p y. 1l <wlL  + I [wL _+ L8 n + I 0 %ﬂ sl
g=1 X8 1is ys” is 07i0 g=1 S 1is ] XS XS okl ys'y
Vi
Fi : Max -w 13 + g[ d o wtd (o -5y 11
AR By B TVghg a=1 Pys®s ™ Ystxs U g~ Ty
s.t. X < x(L) )
s - xS
] ~J
<
X(Lxs) X
s RN |
x(Lxs) Ts
2 < zad)
: i j
Firm yj: Max s§1[p Fs ¥y yS]
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The first order conditions for this problem reduce to:
Consumers: same as (a)-(d)
Firms:

Case 1 (zS < X): same as (f).

]
»
~

Case 2 (zS same as (g).

Case 3 (zS > x)¢

Vs 3 + Yo :
s J
. Pg . Bx/aLxS BX/BLﬁ . &
sSX p s>% w as 1,
yr T
a
By/BLyr

The fact that Cases 1 and 2 are identical to the equations describing
the allocation when consumers own delivery rights indicates that the
conclusions of Proposition 3 generalize to the case such that firms

own the state-dependent delivery rights. This result can be generalized

as follows.

Proposition 4: If the supply of a good is a random variable and

delivery capacity is not a binding constraint, then the distribution
of delivery rights does not affect the allocation of final output if

the market is organized as an ex—-ante contingent claims market.

Notice that equation (k) describes an optimal allocation

also. To prove this statement, substitute equation (a) for Pxs

Pyr

3
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w w

(b) for ;g, (¢) for ;ﬁ and sum over s > X:
r r
BUi 5 aiSan/aLiS . BUi/BLiO
>A o N )
e R 82X gxsoLd ax/aLd
S>X is _ XS X ¥i. 4. 8. # (1)
U, oU, /oL >35> 3,
h i ir
Y ay “r a
ir By/E)Lyr

This result can be summarized as follows:

Proposition 5: If the supply of a good is a random variable and

delivery capacity has to be chosen before the random variable is
observed, then the distribution of capacity rights does not affect
the final allocation if the market is organized as an ex-ante

contingent claims market.

A STOCKHOLDER MODEL WITH A CAPACITY CONSTRAINT

Since ex—ante contingent claims markets are unwieldy and
don't allow consumers to adjust their portfolios of consumption
claims after the random variable is observed, much of the literature
on optimal risk bearing has focused on outlining the conditions under
which a contingent claims allocation can be achieved by allocating
risk through a securities market. In such a market consumers need
only purchase securities ex—ante and they can alter their portfolios
of securities at any time. In this literature, finding conditions
which allow an optimal allocation of risk bearing is equivalent to

finding conditions which allow consumers to readjust their portfolios
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of stocks to hedge against a firm's decision they disagree with.
Under such conditions holders of a firm's stock could always
agree on what decision the firm should make. It turns out, however,
that when the decision is what size capacity a firm should build,
unanimity cannot in general be achieved. Consider the following
example.

Adapting [Lkern and Wilson's model,12 as interpreted by
Forsythe,13 let individual i have an undiscounted, additive utility
function over certain current consumption and uncertain future

consumption, such that
S

i (%502Y50) * Silaisui(xi

N 14
EU; = U S,yis),

which he maximizes subject to budget constraints for current and

future consumption. The current budget constraint is

L L T S 15 R
ReoB oo F Voo o EWS + T VB KwlL. . ¥ LVE _+ I VS,
i0" x0 i0"yO0 = x ix Julebl y iy 0740 =l n ol % ekl y iy

Multiplier: 13

where:

< 5 JO% S, I
v,V = 1 £ fir , = (N°v ,,N'v .

oV = value © m (x”,y”) (N o Ty yJ),
£ e, j o P
Nx’Ny = number of (x”,y ) shares outstanding;
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price per share of (xq,yJ) stock;

V .,V . =
Xx] Yyl
I i 3 s
Six’Siy (xJ,y ) stocks owned by i;
5 8] = i's initial endowment of (xJ,yJ) shares.
ix’iy

The future budget constraints are:

k i ktg . .
xisp s + yisp s s w"L's * A TTxssix + 5 “Jssi e
* y 51 =1 j=k+1l 7%

a i
Multiplier: As

Forming a Lagrange expression and differentiating, first order

conditions are

an i i
_)\p =0
Bxio 0" x0
Aty g
—— - Ap =0
Byio 0%y0
ouU, .
i i -0
is ox, spxs
5 &
an i
uis 9 - sp s 0
Via y

14, 5 .13
v+ zated =0
0 x S XS
s=1



These reduce to:

ouU S ou
o i b o i J
Bxlo V' o= a=1 is ox, XS
pr pxs
au S ouU,

i 3 5 i j
Wio Yy = gm1 | 18 3y, | V8
P y0 pys

(m)

Now, let us consider the effect on person i's utility of a change in

i

the amount of labor firm x° devotes to capacity:

BUi au, 9x ou, 0Ox,

i S .
i Bxl ip ¥ z:aiéaxi 0
L2 10 9Ly  s=1 “®%%ig a1l
X R X
From the budget constraints:
k . . kt+tg . .
1 J=d 3=l
===y L + X VS, + Z V8 =y p
i0 Pro 0710 4=l X ix bl y iy i0
kK 5 . kt+g :
Xis ; wsLis * 3 njssi ¥ Z ﬂjssi -y
Pys j=1 X% ¥ gapr Y2V

yo

P

is ys}

(o)
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Now making the usual assumptions that the state distribution of prices

of outputs and inputs and the other firms' profits are independent of L%:

m

U u, | k ov™ (8T -s” + Bt -
LT ® |k v}f (87, - S5y . kzg av;‘ By =B
oLy %50 |m=1 a1l Px0 m=k+1 9L) Px0
X X X
S au, a'nis s
+ X a - (r)
s=1 — axis oLl Pxs
X
From (m):
au,
2 i
i S Bxis P.o i S AS j
Vx . %s U Txs - _Iﬂ s
s=1 *° Pys s=l)\0 o
My
Ai
Forsythe interprets —%—as a contingent claim price for consumption of
>‘O
X, , independent of Li. This implies:
is X
ov™
—L =9 V m;
Ly
X
av"
—X=09 for m # j; and
ALy
b4
s Ai o
= I —I-——¥§ for m = j (s)
s=1 > 3Ll
0 X
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Substituting (s) in (r) gives:

ou,
1 .
3Ui . S ox, om
=5 3q 25X (t)
aLi X g=1 1% Pyg o1l
X X

At this point an assumption is usually made which is that
the change being undertaken does not alter the feasible set of profits
or the probability distribution of profits over states of the world.
This is a sufficient condition for stockholder unanimity. Following

Forsythe's spanning formulation :

Bﬂis m ;
= where
Let aLj kzlajkﬂks, s
X

the ajk's are a set of weights such that the change in capacity keeps

the profits within the same linear subspace.

U, _. N S ou fax,
Thus, —= = §) L a, % o, ———~——2§-ﬂ£
BL% AR ey I€ guy 18 Py 9
. N BU./BX.O
= 33 — S5 F 5 by (u). (u)
i k

k=1 € Pxo

Since BUi/BXiO > 0 by the assumption of quasi-concavity,

(n) has the same sign for every i for a change in capacity such
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m
that X a iy Vk > 0 (<0). Thus, stockholders would agree about the
k=1

affect on their utilities of a change in capacity.

Such an assumption is not valid in this case, however,
because the state distribution of profits depends upon the choice
of capacity. Higher or lower capacity means higher or lower profits
in all states of the world affected by the capacity change because
the states of the world covered by the three cases change. In other
words, the feasible set of profits is altered over certain states
of the world if capacity is changed. Thus, while there may still
exist special conditions which would allow stockholder unanimity,
it cannot be proved as a general theorem by employing the usual

assumptions of these models. This result can be summarized as follows:

Proposition 7: When firms hold title to capacity which must be built

before the supply random variable is observed, then a stock market in
shares of firms owning capacity does not necessarily allow stockholders
to come to agreement on the choice of capacity, given the usual

assumptions of stockholder unanimity models.

Suppose, however, that we impose the following more strict

conditions on equation (t):

1. all consumers have the same subjective probability

distribution; and
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2. each consumer lhas a constant marginal utility of
income and an expected marginal utility of income
which is a constant function of his subjective

i: i: i 15
probabilities (i.e. AO Ci and XS Ciais Vi, 8)s

Under these conditions an optimal allocation of risk bearing can be

achieved through a securities market. To prove this statement let:

2 ’
As = Cias vi, s, where (v)
o, = true or agreed upon probability of being
in s;
Ci = i's constant marginal utility of income.
This implies:
an
% Bxis = Ciaspxs Vi, 8 (w)

by the first order conditions.

Substituting (w) in (t):

BUi S anis
=8lc, o : (x)
ard X1 ca1 ® B
® b4
j ou
. o -_ 3 . . > 3
Since Six > 0 and Ci > 0 by quasi-concavity (i.e., v 0), the sign

of (x) is independent of i and all consumers will agree on the effect

of the change. This result can be summarized as follows:
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Proposition 8: If supply of a good is a random variable and delivery

capacity is owned by firms and has to be chosen before the random
variable is observed, then a market in shares of firms owning capacity
allows consumers to come to agreement on firms' choices of capacity
when the following sufficient conditions hold in addition to the usual

assumptions of stockholder unanimity models:

1. consumers have the same probability distributions

over states of the world; and

2. consumers' expected marginal utilities of income are

constant functions of those subjective probabilities.
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FOOTNOTES

1. K. J. Arrow, "The Role of Securities in the Optimal Allocation
of Risk-Bearing," Review of Economic Studies 31 (April 1964).

2. Gerard Debreu, The Theory of Value: An Axiomatic Analysis of
Economic Equilibrium, Cowles Foundation Monograph No. 17,
Yale University Press.

3. K. J. Arrow, "The Role of Securities in the Optimal Allocation
of Risk-Bearing,'" Review of Economic Studies 31 (April 1964).

4. Without loss of generality we assume that i's utility function is
constant over states of the world. Further, utility functions are

U au,
assumed to be neoclassical. That is, 1lim Bx:i = lim ay]- = + oo
xié+0 is yié+0 is
an ou, an
lim > 0; 1lim 2 > 0 and lim < 0 so that positive
9x y oL
X > ® is y > ® is LiS+-0 is

amounts of x and y are consumed in all states, positive amounts of
labor are supplied in all states and there is no bliss point.

5. Without loss of generality we assume that no consumption takes
place in period 0.

U
6. We assume 1lim oL
LigH is
never binding.

= -—o go that the constraint Lis < H is

7. To prove this statement use the envelope theorem.
Let W = W(x) (a)

Subject to gJ(x,L) >0

aw _ N ow % -
dL . ox, dL
i=1 i
m 2 ”
L=w+ £ Mgl (c)



10.

11.

12,

13.

m i
2Ly z M 28 - o (d)
¥ B =1 Wy

1t gJ(x,;) = 0, then

k j dx, i
s 9g° i _ dg (e)
i=1 Bxi L oL

j 3 j dx, k. j
aw _ 0 Koy T T Tee Ty op0e
a= I X ggn=- DNCE ) L
i=1l j=1 1 j=1 i=1 j=1
: ¢ 5 i
=Xq since L only enters the j— constraint 7%? =0, i#3],
9g. k|

and == = 1 when <5 # 0.
ox ]
The same proof applies for dw/dz.

A capacity right is a right to use one unit of capacity. Consumers
own these rights and rent them to firms who use them to deliver x.

A delivery right in state s is a right to use one unit of z in
state s. Consumers own such rights and rent them to firms who

use them to deliver units of x in s.

The results of this model follow whether delivery firms produce
their own capacity or a separate set of firms produce capacity
and sell it to delivery firms.

Note that firms do not bear any risk in this model even though
they own capacity. The reason there is no risk is that all
trading takes place before there is any production. Therefore,
firms know with certainty their total revenues and expenditures
regardless of what state of the world occurs.

S. Ekern and R. Wilson, "On the Theory of the Firm in an Economy
with Incomplete Markets,' Bell Journal of Economics and Management
Sciences 5 (1) (1974): 171-180.

R. E. Forsythe, "Unanimity and the Theory of the Firm Under
Multiplicative Uncertainty," California Institute of Technology,
Social Science Working Paper No. 90, February 1976.
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This model assumes that some capacity exists and the firm might
wish to change it. Without loss of generality we assume that
labor does not enter an individual's utility function.

See footnote 7 for a proof of the statement that Ai is the
expected marginal utility of income in state s.
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CHAPTER IV

A DYNAMIC PROGRAMMING MODEL OF THE CONDITIONS FOR
OPTIMAL CAPACITY CHOICE UNDER SUPPLY UNCERTAINTY

INTRODUCT ION

The previous paper developed ex—-ante optimality conditions
for the allocation of a good subject to supply uncertainty and capacity
constraints. Then it showed that, although an ex-ante contingent
claims market would achieve an optimal allocation regardless of who
owned the capacity and delivery rights, a market simply in securities
would not necessarily achieve an optimal allocation unless more strict
assumptions were made than is customary in stockholder unanimity
models. The particular additional sufficient conditions examined

in that paper were:

1. consumers have identical subjective probability

distributions over states of the world; and

2. consumers have expected marginal utilities of income
which are constant functions of those subjective

probabilities.

While contingent claim markets are interesting examples
of solutions to problems caused by uncertainty, most economists
would agree that it is unlikely they will ever develop as a means
of allocating goods for final consumption. The information needed

for consumer decision-making is too great. Further, the need to
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make all decisions for future time periods at the birth of an economy
does not allow consumers to readjust their portfolios in light of new
information. This problem is similar to the one noted by Starr:l
namely that unless consumers have sufficiently similar probability
distributions ex—ante contingent claim markets will not allow an
efficient allocation between present and future consumption.

This paper considers an alternative competitive market
‘structure under both distributions of capacity and delivery rights.
In this market capacity is chosen before the random variable is
observed, but purchases of goods and marginal production decisions
are made via spot markets after the random variable is observed.

The object of this exercise is to see if a normal market might allow
an ex—ante optimal choice of capacity under uncertainty if less
stringent conditions were imposed than were imposed on the securities
market in the previous paper.

. The technique used to model this market is expected utility
maximization subject to random income constraints since consumers must
plan purchases subject to receiving different incomes in different
states of the world. This is mathematically equivalent to a dynamic
programming formulation. It is used in this paper in preference to
a standard dynamic programming formulation because it allows a more
direct comparison between the results in this paper and those in
the previous paper.

First, we consider conditions which apply when the capacity

constraint is not binding. At a pure trade competitive spot market



equilibrium, a necessary and sufficient condition for an ex-ante
optimum when consumers have different incomes in different states
of the world is for the ratios of individual expected marginal
utilities of income across states of the world to be constant

A

: is :
across consumers. That is X——-is independent of i, where Kis is

ix

the multiplier associated with i's income in state s.

When production is introduced,a sufficient condition for
ex—ante optimality of a competitive spot market equilibrium is
for each consumer's expected marginal utility of income in each
state of the world to be a constant function of his subjective
probabilities (i.e. A, = C.a, Vi, s, where o, is i's subjective

is i’is is

probability). This strong condition, which we imposed on the
securities market, appears simply because consumers are planning

purchases subject to different incomes in different states of the

world.

When the capacity constraint is binding, the conditions for
ex-ante optimality of the dynamic competitive equilibrium depend upon

the structure of rights. If consumers hold title to capacity rights

a sufficient condition for ex—ante optimality of a dynamic competitive
equilibrium is the same as the sufficient condition when the capacity
is not binding: for example, Ais = Ciais Viy 8.

If firms hold title to delivery capacity, the following

sufficient conditions are close to being necessary: (1) firms

owing capacity are risk neutral; (2) all consumers and firms have



the same probability distribution; and (3) Ais =

distributions ex-ante optimality can fail.
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c

1%s
A simple example is used to show that even with similar probability

Vi,s.

In general, therefore, the results presented in this paper

indicate that if firms own capacity, the conditions for ex-ante

optimality are more strict in a competitive spot market than in a

securities market.

REVIEW OF OPTIMALITY CONDITIONS UNDER UNCERTAINTY

WITH CAPACITY CONSTRAINTS

As described in the previous paper, the ex-ante optimal

allocation is identified by solving the following problem:

n
Max W =

i=1

Subject to the following constraints:

x (L

I ™MpB
"

XS

)

LA

A

I A

li

A

S

s=1

X(Lxs)

Vs

Vs

By [0y (Lyg) + I 0y Uy (ryga¥ygols

.

1is

1.

Multipliers
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Multipliers

n
o
Lx = .Z LiO ¥2
i=1
n
<
LXS + Lys < I Lis Vs A6s
i=1
where:
W = the social welfare function,
Bi = the weight given to i's utility function,
Ui = 1i's neo-classical utility function,
X, = variable supply good produced in state s,
z, = random supply of x available in s,
Vs = composite good produced in s,
X = delivery capacity for x.

The optimality conditions reduce to three cases:

1. If z < X, then ASS 0 and AZS #0

|
>

]
o

2. If z =%, then A_ =
5s

3. If z > %, then XSS # 0 and AZS = 0.

These observations allow us to reduce the first order conditions

to the following equations:
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Case 1 (zS < Ky ASS =0, AZS # 0):
U, U
a = a h
is Bxis B hs Bxhs
) BUi ., U
1¥ Syir hr Byhr
U, E)Ui/ 'c)LiS
OLis ox - Biais 9x/ 3L & AZS
is XS
) U, e BUi/aLir
ir Byir i ir Sy/BLyr
Case 2 (zS = X3 ASs = AZS = 0):
. 3Ui BUh
is 9x, Oth ox
is hs
. an OLh BUh
ir ayir T Byhr
ou, au, /9L,
i is
ox 9x/ 3L
is X
U, an/ oL,
Byi 'c)y/BLyr
Case 3 (zS > X3 ASs # 0, AZs =0):
au, U
z ai = Z ah 5 h
s> 1% 9%yg _ 8>% S Xug
o an OLh aUh
i Byir r Byhr

Yh, 1,

Vh, i,r

Yh, i, ®
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o an . BUi/BLis ) BUi/BLiO
~ is 0Ox, ~ is 0x/OL 0%/ OLA
s>X is _ S>X XS X wi, r
ou, ou, /9oL, ?
o 1 a. i ir
ir Byir ir By/BLyr
where:
ouU ou
— __h _ - oW
= By oL, B0t 5L, i n
= 3( L L)
i=1

is the marginal social value of labor in s;

ou au

B _h _ - oW

- %.N&O__BhBHm Yy n
3( T L)

i=1

is the marginal social value of labor in period 0;

AZS = 52L~is the marginal social value of z in s.
s

A DYNAMIC PROGRAMMING MODEL OF EX-ANTE CAPACITY CHOICE
AND EX-POST SPOT MARKETS

1. Consumers Own Rights

Consider now a competitive economy with n consumers and
m+ k + g firms. The first m firms produce X in period 0, the next
k firms produce x and the last g firms produce y. Consumers hold
title to delivery rights and capacity units once capacity has been
built. Consumption of i in s is limited by i's resources available
in s because marginal transactions are made in spot markets. Consumer

i's problem is:
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Multipliers

S
EU, = +
Mazx By = Uy llyg Sfl“isui(xis’yis’Lis)
S 0 S 0- m 13 1
Subject to: P20y + E 9 T S % 4.7 + wOLiO + -Z 6},E 2
s=1 s=1 j=1
mtk 153 mtk+g 15 1
p..x, . *p__y. . <wlL +qr + I 0 -m + I 0 m +pa X, .
xs“is ys”is s is s is Jeml XS XS —— ys ys Xs 1 Vs
where:
s By ; gj' . . .
" percentage of firm s profits going to ij;
Gij = percentage of firm xj's rofits goi to i i 5
ot P g P going to i in s;
eij= t i s yj' fit i to i i :
75 percentage o rm s profits going to in s;
Wy = competitive wage in period 0;
w, = competitive wage in state s;
ﬂi = profits of firm 2d in period 0;
ﬂis = profits of firm xj in state s;
™= profits of firm yj in state s;
ys
Pso = competitive price of a unit of capacity in period 0;
Ps ™ competitive price of x in state s;
pys = competitive price of y in state s;
Pog = competitive price of a unit of capacity in

state s;
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ﬁi = units of capacity owned by consumer i ;
0 f s , .

Q. = competitive price of a state s delivery
right in period 03

e competitive price of a state s delivery
right;

Bia ™ state s delivery rights owned by person ij;

;is = jnitial allocation of state s delivery rights
to 1;

Making the assumption of a decomposible profit function firm ﬁd's

problem is:

Multipliers

s PO o) _ j
Max (ﬂﬁ) (pﬁox WOLﬁ)
s.t. & <% (Ll) Al
- 3 X
Firm xj's problem is:
Sody o 208 ilee ol ot o_. .3
Bax Eq)x(lnx) - Szlaxs¢x(pxsxs'-wsLxs-pﬁs s'-qsrs)
J J J
= I oo X < X(LXS) Vs Als
i i) i
x(Lxs) . ﬁs wa AZS
R h| ]
x(Lxs) < rS Vs ABS



where:

Firm y
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dis = firm xj's subjective probability of being in s;
(pj_. o' di . e B
L firm s differentiable utility function over profits;
AS = amount of capacity rented by j from consumers in state s;
ri = number of state s capacity rights rented by j from
consumers.
j's problem is:

ys) 4s

n m

IRo= X %)

i=1 j=1

n n _ mrtk
% ris = L r, = b3 ri
i=1 i=1 *%  j=ml
n mrtk

% Xig = % xi
i=1 j=mr+l

n mtktg

Ty, = %
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noo
) i =1
i=1 ¥
noo.
Lo =1
f=1 47
e
% B;J =1
i=1
Forming Lagrange equations Li(i= 1y v 5 55 1) 5 L%(j= L o u oy Y E

Li(j=m+ 1, s 4 o3 m¥Fk); and L;(j=m+k+l, e ..,m+k+g), differentiat-
ing and considering only effective constraints which are binding, these

equations imply the following marginal conditions.

an/aLiO
w, = - ————— Vi (a)
0 >\i
0
W .
is Bxi As Poo
"—a—U— el _‘i‘l‘ Vi,s;r (b)
i Ar pyr
ir Byi
i.
qq = iggg Vi, s (c)
A g
As
-0, aU, /3L
w, = A2 i 5 Vi, s (d)

A
s
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Case 1 (zS < R):

= Vj,a,l’ (e)

Case 2 (Zs = %):

= visa,r (£)

Case 3 (zs > X):

w w

AO 4+ s i

ax/dL1  ax/oLI
_ X XS :
Tl - Vs @s T (g)
yr 5 55

a
ay/BLyr

Consider first equation (b) without any production equations.

Notice that a necessary and sufficient condition for (b) to be ex—-ante
Ai
. . s S i, .
optimal is for XI to be constant across individuals, where As is i's
T
expected marginal utility of income in state s (see footnote 1).

This is equivalent to saying that marginal rates of substitution for
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income in different states of the world are equal across consumers.

This result can be summarized as follows:

Proposition 1: If consumers earn different incomes in different

states of the world, then a necessary and sufficient condition for
a pure trade competitive spot market equilibrium to be ex-ante Pareto
optimal is for the ratios of consumer expected marginal utilities of
income across states of the world to be constant across consumers.

Now compare (b) with the production conditions (e), (f),
and (g). Assume now that A: = CiaiS Vi,s. This is the same
sufficient condition used in the stock market model in the previous
paper and it is equivalent to saying that each consumer's expected
marginal utility of income is a constant function of his subjective
probability distribution. Substituting (c) for qq and (d) for LA
the three cases reduce to:

Case 1 (zS < X):

- —uiSBUi/BLjS f oD
1 S i iqs
%s Bx, ax/BLis
is _ T Vi, a, j,r (h)
an “%5r%y ir
o, 9 a
ir 9y.
ir 8y/3Lyr
Case 2 (zS = X):
817 BUi/BLiS
— 3
ox., 9x /9oL .
is _ XS Vi, as Jer (1)

aui an/aLir
ay

; a
ir 8y/3Lyr
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Case 3 (zS > )

BUi e d an/aLis ) BUi/SLiO
2o %is Bx, s>& % axond ax/oL
is _ XS X . ¢
T = Vi, ay by T
i Ju, /9L,
(0 A r—— -, o 2 LE
i% 'ayir s b e

a
oy/ aLyr

where: Ci = i's constant multiple of his subjective probabilities.

Notice that equations (h)-(j) describe an ex-ante Pareto optimum with

0 A. . This result can be summarized

1 —.—;L_ =
welfare wedights Bi and q 2

G,
i

as follows:

Proposition 2: If the supply of a good is a random variable and

delivery capacity has to be chosen before the random variable is
observed, then a competitive spot market equilibrium is ex-ante
Pareto optimal if the following conditions hold: (1) consumers
hold title to all resources; and (2) consumers' expected marginal
utilities of income are constant functions of their subjective

probabilities.

2. Firms Own Rights

Subpose now we consider a somewhat more likely market
situation. In this case consumers sell labor and purchase output

in an ex-post spot market but firms delivering water build and hold

@G)
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title to their own capacity ex—ante and hold title to delivery
rights. Firms alone participate in a spot market in delivery

rights. The maximization problems now become:

Multipliers

S
Consumer: Max Ui(LiO) + Silaisui(xis’yis’Lis)
t. M, < wlL b
S+t Y0 = Yoo 0
k .. k+g A

ij ij i

%+ < M, . +wL, + Z6-m + ¥ 6 -7 X
Prs¥is pysyis - i0 s is fu XS XS ymiid ys ys s

. S . . . . .
; 5. ~ N J 3 i _ [ |
Firm x- Max —- w Lﬁ e E a ¢ [p. x WSLXS qs(rS rs)]

0 g=1 X8 X X878
s.t. xi < x(Lis) Ais
X(Lis) < # A%s
X(Lis) : rg és
® < 2ad) i

S "
. J. i 43 J_ J
Firm y~: Max Silays¢y(pysys wsLys)

] R 3
s.t. Y < y(Lys). ASS
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Where: M.O = i's income earned in period O for purchase of
1

consumption goods.

The equilibrium conditions are:

n k g

T L,.= % L

i=1 10 =1 %

n k kt+g
$L, = 313 + 1 LJS
i=1 % =1 %% j=k+1 7
n k

% xis = I x;

i=1 j=1

n k+g i

Ly,. = L vy

ol T2 jagad B

Kk k _

z r; = X r;

i=1 j=1

n

g el =1

i=1 X8

X

r et =1
i=1 Y®

Forming lagrange expressions Li(i= 1s 6 = a3 02 Li(j= Ty oo ns k)2
L;(j==k4-l,. .., k+g), differentiating, and considering only
effective constraints which are binding, these equations imply the

following marginal conditions.
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ou .,
a 2. i
is axis ) Aspxs
U, 4 i vi,r
. 1 Arpyr
ir ayir
Case 1 (zS < X):
w
Pys ax/aLxs
= w Vasj9r
pyr I
a
Case 2 (zS = X):
w
s
]
p. ox/ oL
XS - XS Va,j,r
Py W
oy /o2
yr
Case 3 (zS > X):
) . w
o 5 ool ¢rd s | "o
% ol o' p s> X2 X |\ ax/oL] ax /oL
A XSTX XS XS X
8P = -
pyr T

a
By/BLyr

Notice that equations (k)-(m) are identical to equations (b),

(k)

(1)

(m)

Va, j, T (n)

(e) and (f).

This indicates that the conclusions of Proposition 1 generalize to the

case such that firms own the state-dependent delivery rights.

result can be generalized as follows.

This
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Proposition 3: If the supply of a good is a random variable and

delivery capacity is not a binding constraint, then the distribution
of delivery rights does not affect the allocation of final output
when output is sold in an ex-post spot market.

It is clear from equation (n), however, that the distribution
of capacity rights does affect the allocation of output for states of
the world such that capacity is a binding constraint. In particular,
when firms assume the risk of the returns from investment in capacity,
then the subjective probabilities and relative risk aversion of firms
enter the allocation decision. Notice that if the following three
conditions hold, equations (k) and (n) describe an ex-ante Pareto

optimum:
1. firms owning capacity are risk neutral;

2. all individuals and firms owning capacity have the

same subjective probability distribution; and

3. AiS = Ciais Vi, s.

To prove this statement rewrite (n) as:

Wy w
5 B o +
5 B LI ~ 8 3 @ i
¢'J A Q0P _ ¢x s>x ° Bx/SLJ ax/8L1
X 8>X s X8 = XS X "
T g visa, r (0)
ryr r r

a
By/BLyr
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where:

a, = true or agreed upon probability of being in s; and

]
¢xj = firm xj's constant marginal utility of profits.

This reduces to:

Ys Yo
2 as 3 + j
2 >X X/ OLH
s>% %Py i s>X 8x/3Lxs Bx/BLx ' s
a_p o w Vl]lsa,r. P
X yr R it
a
ay/aLyr

i 8
Now, let XS Cias Vi,s and consider all equations which have a
ou

- - . :
3y and a particular Arpys in the denominators and
1x

particular o

ou,

: .
and some ab and some A P, in each numerator. Canceling the
5 s

e

Ci's in each equation and summing over s > X gives the following result:

5 | ¥ 5
s>X aSBUi/3xiS _ s>X OLsaUh/axhs _ 8>% %sPxs Yhe 4. ¢ (@
aran/ayir 0LraUh/ayhs OLrpyr
a, dU, /oL ou_ /3L
Substitution of (q) in (p), i8 ii is for W and ii 10
" 2 Xs AO
for v, implies:
an/aLiS an/aLiO
% > L 3|~ 3
R >R x / OLA
s>% aSBUi/BxiS _ s>% asaUhlath - - ax/BLxs ax/alx )
arBUi/Byir araUh/Gyhr -_arBUi/BLiS
a
By/BLyr

Y h.1; 3.8k
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which is the desired result. This can be summarized as follows:

Proposition 4: If firms delivering a good subject to random

supply are risk neutral, all consumers and firms owning capacity

have the same subjective probability distribution over states of the
world, and consumer expected marginal utilities of income are constant
functions of their subjective probabilities, then a competitive spot
market equilibrium is ex—ante Pareto optimal when firms own capacity
and capacity is a binding constraint.

The obvious next question to ask is what happens if firms
owning capacity are not risk neutral or agents have different
probability distributions, or consumers have expected marginal
utilities of income which are not constant functions of their subjective
probabilities. The following example shows that it is easy to construct
such situations which are not ex—ante Pareto optimal. Consider an

economy with two consumers, one x firm and one y firm, and two

states of the world.

Let EU, = Ul(LlO) + .SUl(xll’yll’Lll) +* .5U1(X12,Y12,L12)

= s ’L
EU, = U2(L20) + .25U2(x21,y21,L21) + .75U2(x22 Y99 22)

1/2 1/2

) = 57 + .57
Eoy yl y2
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Thus, all agents but one have the same subjective probability
distribution and one firm is risk neutral. The optimality conditions

will be:

Case 1 (ZS < R):

U =B. (. -B., (.
. 1 s 3U2 81( SBUI/BLll) 5 82( 258U2/3L21) -
axll _ 8x21 _ BX/BLxl 21 _ ax/BLXl 21 S
aUl aU2 -Bl(.saul/ale) —62(.758U2/8L22)
25 »13 g 3y /oL 3
Y12 Y99 Preky, _9y
oL
y2
Case 2 (z_ = %)
S aul )5 auz .SBUl/BLll .258U2/3Lg£
Bxll _ 8x21 _ 3x/8LXl ) Bx/BLxl )
. aul s aU2 .saul/ale .753U2/3L22
aylz 8y22 ay/aLy2 By/BLy2

Case 3 (zS > ) -- Actual items summed depend upon the size of X:

BUl BUl BUZ BUZ
D % 5 B .ZSE—‘F .753}‘{——
11 12 _ 21 22 _
aUl 3U2
) v 1D P
Y12 Y22

.58Ul/3Lll . .SBUl/BL12 . 8U1/8L10
\ ax/aLxl ’ax/aLX2 axlaLﬁ _
.saul/ale

By/BLys
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.253U2/3L21 . .758U2/3L22 .\ 3U2/3L20
BX/BLxl Bx/Z)LXz BX/BLQ
.758U2/8L22

Sy/BLy2

Under competition, the marginal conditions will be:

au,
3 9x Xl
11 _ "1 Px1
aUl Xl pyZ
5 et 2
Y12
3U
25 = & \2
21 " Py )
ou 2 p
.753——2— Ay Ty2
Y22
Case 1 (zS < )
w
1
+q
Py1 _ ax/aLxl *
= (x)
py2 2
By/BLy2
Case 2 (zs = X):
Y1
Px1 _ Bx/BLxl Cy)
Py2 Y2
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Case 3 (zS > X):

-1/2 -1/2
m w m w w
1 "1 x2 "2 0
«172 wil S J25]== Py TR—
.ZS(NXl Py + ﬂx2 px2) _ ax/BLXl Bx/asz BxlaLﬁ )
Py2 e
ay/BLy2

Clearly, in order for (v) and (w) to satisfy (s) it is necessary to have:

1 2
Alpxl _ Alpxl
1 2
A2py2 A2py2

This will be true iff:

> | >

N |
I

> | >

NN N

However, even assuming this special form of the expected marginal
utilities of income, (v), (w), and (z) would only satisfy (u) in

2
2

2 _ -1/2

1/2
1= .251Txl

. 1_ 42 _ »
general if Al = A and Az = A, = .25'rrX2 . Even if firm

x were risk neutral (u) would still not in general be satisfied without
sufficiently similar probabilities. Thus, while necessary conditions
may be difficult to find, the sufficient conditions outlined in
Proposition 4 are close to being necessary when firms hold capacity
rights.

This seemingly bizarre result occurs because consumers with

differing probability distributions view the probability of having
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either unused or insufficient capacity differently. This does not
present a problem when consumers themselves assume the risk of
investing in capacity because the market in capacity rights allows
consumers with differing probabilities to exhaust the gains from
trade created by the differing probabilities. Neither does it

cause difficulties in a full ex—-ante contingent claims market

because firms assume no risk in such a market. However, if firms

do assume risks in providing capacity these gains from trade among
consumers are not exhausted. In a sense, a free rider problem
develops if firms assume the risks because consumers who place a

low probability on the event that there will be insufficient capacity
wishvto pay less for x relative to y on the average when there is

no shortage. If firms are risk neutral and consumers have identical
probability distributions such gains from trade do not exist to begin

with.

CONCLUSTON

This paper has considered the effect on resource allocation
under uncertainty of moving from a complete contingent claim market
to a market in which capacity is built ex—ante but marginal production
and consumption decisions are made ex-post. The result that the
ex—ante efficiency of the competitive spot equilibrium under
uncertainty depends upon the distribution of ex—ante capacity rights
provides insight into the real world welfare effects of various

production rigidities which firms typically impose upon themselves
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either because of technological rigidities or long lead times

for construction, or to reduce output or input price or quantity
demanded uncertainty. Future research may extend the analysis in
this paper to a more general examination of the welfare effects of

supply rigidities.
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FOOTNOTES

R. M. Starr, "Optimal Production and Allocation Under Uncertainty,"
Quarterly Journal of Economics 87 (1973).

For a proof of this statement, see footnote 7 of the previous paper.

While the assumption that a firm possesses a utility function is
controversial, the use of a firm utility function makes explicit
the possibility that firm managers may have attitudes towards
risks which affect the firm's decisions.

The results follow whether flrms delivering x produce capacity
or a separate set of firms produce capacity and rent it to
x firms.
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CHAPTER V

OPTIMAL CAPACITY CHOICE AND INVENTORY POLICY FOR A
STORABLE GOOD SUBJECT TO RANDOM SUPPLY

INTRODUCT ION

The previous two papers have considered ex-ante optimality
conditions under uncertainty when capacity alone has to be chosen
before the random variable is observed. The results were that
ex—-ante contingent claims markets led to ex—-ante optimal allocations
but stock markets in securities alone required strict conditions to
achieve optimality. Sufficient conditions were for consumers to
have identical subjective probability distributions and constant
marginal utilities of income such that expected marginal utilities
of income were constant functions of those subjective probabilities.
If spot markets in labor and final output were allowed after the
random variable was observed, optimality conditions depended on
the structure of rights. If consumers owned capacity rights
optimality could be achieved if expected marginal utilities of
income were constant functions of consumer subjective probabilities.
If firms owned capacity sufficient conditions included firm risk
neutrality, equal subjective probability distributions of all
agents and the above constant function expected marginal utilities

of income.
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A natural extension of the models developed in the previous
papers is to a storable good subject to random supply. In this case,
the optimal size of the storage facility and an optimal inventory
policy have to be determined in addition to the optimal delivery
capacity. Water is perhaps the best example of such a good since
the storage facilities in the form of dams and reservoirs represent
large, long-lived capital investments.

The welfare model developed in this paper is an extension
of the model developed in the previous paper. In this case the
delivery and storage capacities are built before any consumption
takes place and consumption plans are made contingent on the
observation of the random variable subject to supply constraints.
Then, for every observation of the random variable in period 1
there is an ex-ante optimal storage and an optimal portfolio of
consumption plans contingent on the observation of the random
variable in period 2. The optimality conditions involve eight
cases which describe the range of combinations of binding constraints
and are too complicated to enumerate here. However, in general they
involve the same basic rules developed in the previous papers.
Whenever the delivery or capacity constraints are binding, expected
marginal rates of éubstitution equal expected marginal resource
values. In addition, whenever there is stored water which does
not go to waste in the next period, the discounted expected marginal
rate of substitution equals the discounted expected marginal

resource value.
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The competitive model used in this paper is an extension
of the dynamic programming model developed in the previous paper.
Delivery and storage capacity are built before any consumption takes
place and then capacity rights are either sold to consumers or held
by firms. Marginal production, consumption and storage decisions
for period 1 are made after the random variable is observed. Then,
given an amount of storage from period 1, marginal production and
consumption decisions for period 2 are made after the second
observation of the random variable.

The results on the effects of the distribution of
delivery capacity rights generalize to the case of a storable
good subject to capacity constraints. In this case, if consumers
own delivery capacity, storage capacity, and storage rights then
a competitive spot market equilibrium will be ex-—ante Pareto optimal
if consumers have expected marginal utilities of income which are
discounted constant functions of their conditional subjective
probabilities. If firms own any of these risky assets, however,
additional sufficient conditions include identical subjective
distributions and firm risk neutrality. Further, nonidentical
discount factors among consumers and firms cause difficulties

when firms assume risks.
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A TWO PERIOD DYNAMIC PROGRAMMING MODEL WITH CAPACITY CONSTRAINTS
AND A STORAGE FACILITY
Let Xis be i's consumption of x in period 1, state s

and x2 be i's consumption of x in period 2, state r, given s
irs
2

was observed in period 1. Lxs and Lirs are labor devoted to the
production of x in periods 1 and 2, states s and r, given s.

x(LiS) and x(LirS) are delivered x in periods 1 and 2, states s
nog 1 n
and r, given s. L X < X(Lxs) Vs and I x

is

< x(Lirs) YLy 8
i=1 i=1

irs
zi and zi are the random supplies of x available in periods 1 and
2, states s and r. zi and zi are independently and identically

distributed according to i's discrete subjective probabilities @, g

and a, . z1 can either be consumed as x(L1 ) or stored as Xl in
ir s XS s

the storage facility F, subject to storage losses of 6e(0, 1) per

unit of storage. Delivery of x(LiS) and x(LirS) are through delivery

A

« 1) 2
&
capacity x, such that X(Lxs) <X Vs and x(Lxr

S) <% Vr, s.

F is produced according to production function F(LF) in period O,
where LF is labor used in the production of F. X is produced
according to production function %(Li) in period 0, where Li is
. n
labor used in the production of x. LF n Lﬁ < iglLiO’ where LiO
is the labor supplied by i in period O.
1 2 i ;
Now, let Via and P s be i's consumption of a composite

good y in periods 1 and 2, states s and r, given s. yi and yis

are the amounts of y produced in periods 1 and 2, states s and r,
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n
1 1 2 2 1
Y.. £ Y Vs and L Yirs <Y, Nr; 8z L

given s. s s
i=1 i=1 y

and Lirs are labor devoted to the production of y in period 1

and 2, states s and r, given s. y(LiS) and y(LirS) are the

production functions for y in periods 1 and 2, states s and r,

given s. Lis and L2 are labor supplied by i in periods 1

irs
; 1 1 Lol -
and 2 and states s and r, given s. L+ L < v L Vs
XS ys =40 is
n
and L2 4= L2 < 7 L% Vi, s.
Xrs yrs = .~ irs

Now assume that no consumption takes place in period 0.
Consumer i supplies labor to the production of F and X according
to differentiable utility function Ui(LiO)' In periods 1 and 2,
states s and r, given s, consumer i has strictly quasi-concave

).

: i, .1 b 8 1 - 2 2
differentiable utility functions U (xis’yis’Lis) and U (xirs’yirs’ o
i 1 i A
9
Lim ——=— = Lim ag = Lim L S Lim L =+4+o Vi, r,s
1 +0 oxt x2_+0 3x yl>0 3y y¢ >0 3y
ig is irs irs is is irs irs
i % i
and Lim = %im 28 2Lim ag = - vi, r, s, where H
Lid*H i0 Lié*ﬂ aLiS Liré*H aLirs
BUi
is the maximum time available for work in all periods. %im >0
Xoa¥kiie 9X
is is

i i
)
vi, s 2Lim g >0 Vi, r,s; Lim L >0 Vi, s;
© 9 lyw
Bive ~ iy e Wi
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i 1. i
Lim L > 0 Vi, r, 8¢ Lim L. <0 wvi; Lim L] < 0 vi, s;
yo S Hy" L, >0 %Ly 150 ant
irs irs i0 is is
i
and Lim ag <0 vVi; ;5 8.
L2 -+0 3L
irs irs

L 2 :
Now, since Xia? Xirs? Vig? and Yirs 3TC always consumed in

positive quantities by all consumers, we can express an ex—ante Pareto

optimal allocation of xi, xis, yi, and ygs by maximizing a weighted

sum of individual utility functions. Let

n S
a i, 1 1. 1
W= iilsi{u (L) * Sil“isw (oY o big)
R
1., 2 2 2
6i rElairU (xirs’yirs’ irs)}’

where:

™
I

welfare weight assigned to i, and

i's discount rate.

(o)
I

The welfare problem is to maximize W subject to the following

constraints:
Multipliers
F = F(LF) Y1

>
I

ﬁ(Lﬁ) Yy
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Multipliers
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Multipliers
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p irs ? 6rs
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o

Xrs  yrs -

The first order conditions are:

o
By 3— + Yy =0 Vi
i0
2 i
B.o, E . + xl =0 Vi, s
iis 1 6s
i g
is
i
U 2 _
Biaiaisair 7+ A6rs =5 ¥ils Ty &
oL
irs
i
U 1 _
Bials 1 Als =8 Vi &
o0X,
is
i
AU 2
ByS Py T3 " Mg ™ Y Viky 7y 8
9X
irs
2 |
AU 1
Bi%s ST " 758 7O s ®
yis
i
dU 2
Bidiaisair 3 2 5rs 0 iz ¥s W
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ox .1 .1 1 1
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X 2 2 2 2

- - - A =
8L2 ( 1rs 2rs 3rs) 6rs g VE, 8
Xrs
1 2
AL+ pX AS  (1-8)- A, =0 Vs
2s 2 il 2 2rs 4s
= - B z
rgx(Ler) XS(l ) + "
1
-y, + Z A, =0
L gaxlep 3%
s
oF
Yy G/ — Yq =0
1 BLF 3
Yy F : Aés + v Agrs =0
sax(LiS)= b4 SsIBX(LZrS)‘=ﬁ
X _
23, " Y3=0
X
S o s
ys
2 9y AZ =0 Vr, s
5rs 2 6rs
oL
yrs

Now if we consider only effective constraints which are

binding, these first order conditions reduce to nine cases:
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1 .1 . 1 2 . __.1 _.1_2 _.2 _
Case 1 (zS-XS-x and Xs(l 6)-+zr-x => AZS-—A3S-Azrs-—k3rs-—0).
5 an
is 1
Bxis _
i i
[either a. or §.a, a, L ]
iq 1 i“iq ir 2
yiq yirq
an/BLl
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_Biais 1
ax/9dL
XS _
BUi/BLl an/aL2
. b f ir
[either —Biaiq i or _Biaiaiqair 5 ]
dy/ 9L dy/dL
y/oLyq /Ly 1q
]
A6s
Bx/BLiS
1 2 Vi, Qy ¥ @D)
s Aoz
[either ql or ;1 ]
oy/oL oy /oL
y/ va y/ -
and
U™
0. 0k, o
iisir 2
oxX
irs -
i i
U oU
[either «. or S.a,; a ]
) ay1 i“ipiq 5 2

ip Yiqp
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aut /oL’
-B.8.,0, o irs
i1 is dx Bx/BLl
Xrs _
BUi/BLi aul/aLi
[either -B.a or -B.8.a, o, 1
iip BylaLl i iip iq 3y/3L2
yp yqp
2
6rs
Bx/aLirS
vi, p, q (2)
2 2
A6 p Mg
[either 1 %f ]
dy/dL dy /oL
y/oLly, y/3lyap
Case 2 (zl-X1=§ and X1(1—6)+z2 > % or zl - X1 < %, Xl < F,
s s s r s s s
1 - PR R R
and Xs(l-e) + z > R => AZS = A3S = Aer 0):
(1) and
e I
5. 5 " . oU
s, rex(L° ) =x 184 axz
? XTSs irs _
; : 1
U oU
[either aip 1~ °r Gialpaiq 5 ]
oy 9y,
ip iqp
aut /o2 3U /3L
-B.§ 5 1 -8 i0
s s 1 N K- 1 2 3 &
s,r3x(Ler)-x ax/BLer 0x/ 9L A
an/BLi BUi/BLi
[either - B.a or B.8.a, o —i]
i“ip ay/BLl ii7ipiq 3y/8L2
yp yqp
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AZ
5 6rs Y3
2 . > Y
s, r3x(L ) =x 9x/9L 9x/ 9L~
XTrs XIrs X
1 2 Vi, q, p (3)
X6 A6
[either El or qu ]
oy /9oL oy /oL
/oo, y/3Llyap

2 1 2 2

l l A 1 s 0% = E—3 B 4
Case 3 (zS—Xs > X and xs(1~e) +zr—x => )\ZS—XZSI‘ )\BSr 0):
(2) and
. . sul
sax(Ll =% 1s Bx}
XS is _
i i
[either o, | or §.a ; L ]
5 1 i"ipiq 3y2
Yip iqp
sut/ant sut /oL,
5 is i0
—B4 1 %s 1T 8
sax(Lxs) =X BX/SLXS Bx/aLﬁ )
sut/ant BUi/BLi
[either -B.a or -B,8.a, o, ]
i'ip 1 1 "1 4p 1q 2
dy /3L dy/ oL
/oLy, y/3Llyep
1
3 >‘6s + Y3
s3 x(L1 ) =% 3X/3L1 Bx/BLf{ .
XS XS .
A X6
[either 4P 1

1 2
L L
ay/d 75 3y/d _—
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1 i A 1 2 A q 2
2 > o > => A = = .
Case 4 (zS XS x and XS(l 9)+zr X => 25 AZSr 0):
i1 i
) U % ol
P " M 2 . %s%ir 2
sa3x(L” ) =% X%, s,r3x(L” _)=% 9%,
xS is XTrSs irs  _
" BUi BUi
[either a, ——— or §.,a, o 1
ip Byl i'ipiq ay2
ip iqp
; i 1 2
sul -
=B ————n/aLiO—B x a iu—-/ii—s-s 8 z & @ %
* BX/aLi is3x(L1 )=x is Bx/BL1 i 1s,rax(L2 )=x &5 irBx/BL2
XS XS Xrs Xrs _
BUi/BLi 3Ui/8Li
[either -B,a, or B, 8.4, 6, -——2 9F]
g P 1 14 1p 49 2
dy/ oL 9y /3L
» P 4 yqp
1
T3 3 A6s X Aors
3%/oL. | 1. . e 2 . 2
x  s3x(L ) =% 3x/9L s,ra3x(L°_ ) =x 3x/3L
XS XS Xrs Xrs
1 5 vi,p,q.  (5)
A 6
[either Pl or gp ]
oy/ oL dy/dL
y/oly, /Ly ap
[ PO | 1 . PO . T AN
Case 5 (zs—xs<x, XS<F, and Xs(l-e)+zr<x => )‘35—}\3173-}‘45 0):

i

83U 5 . aut
o -8.(1-96) o, O, ©°Y
is .1 i 2 e | 2 "is ir—>3
Bxis rax(Lxrs)-Xs(l 6)+zr 0] g _
1 vl
. ol oU
[either aip 3yl or Giaipaiq ; > ]
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aul/aLlis g BUi/BLirS
=B, 0 + B.6.(1-0) o, O,
A id ranlls  eK-(L <Bidg® 18 B g e 2
XS- XIS s r Xrs __
an/aI.i BUi/BLi
[either -B.a or -B.8.a, a
iip ay/BLl i 4 dp iq ay/aLZ
yp yqp
Xl Xz
6s T 6rs
T - -9) 2 1 2 2
ox/ oL rax(L )=X (1-0)+z" 9x/9L
XS XTS s T XIS
1 ] Vi, ps Qs (6)
X6 A6
[either ‘Pl or qg ]
oy /oL oy /oL
y/3Lg, /3Ly ep
1 .1 . J1_ 1 - JPRE: S S
Case 6 (zS—XS <X, XS—F and Xs(l—e)+zr<x => ABS—)\31‘S 0):
2, aui_ﬁ(l_e) ) . out ]
33X1=F g axl i rax(L )=X]'(l—6)+z2 ix Bxg
S =""18 XTS s T irs _
BUi an
either a, or §.,a, o —_—
ip , 1§ i“ipiq 3 2
L yip yiqp
sut/oL, sut/oLt sut/o12
By oF/oL 18- 1 |Bi% 1is -@-0 r, By 4%y %y, zlrs
F sax =F| * 1% 3x/oL rax(L°_ )= I s tur
s XS 1 XTrs Xrs
X (1 -6)+z2
s r
an/aL1 axJi/aL2
either -B.a, f’ or -B G.ai o, ;
14p y/aL el e B
yP yqp
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1 2

A
% 6s i3 A6rs Y3
1 - 1-9 2 2 * 3F/T
s3X =F |0x/9L rax(L° )= 9x/3L F
s XS XTrs Xrs
Xi(l—0)+zlz,
- vi,p,q (7)
1 2
g Ag
either pl or qg
oy /3L oy /9L
y/ yp y/ yqp
1 ok g ol o ol 2,0 .21 2 .1 .
Case 7 (zS-XS-x, XS-F, Xs(l 8)-Fzr<<x => A3s A3rs AZs 0):
(1) and
i
By =8y X *4 Zz “ir aUz
1 SBXE=F S rax@t ) = ox
1 Xrs 2 irs
X (1-6)+z
s T _
i i
[either a, AL or §.a, o —EE;"]
ip 1 i“ipiq 8y2
Yip iqp
i i 2
. au /aLio I 5 i} 5 § oU /BLirS
i BF/BLF st (s3X1=F) is(rsx(Lz §)= ir BX/BLZ
s 1. xrs , XTS
xs(l—e)+zr) .
aUl/BLi aUl/BLi
[ either —Biai ——___HTR or —Bisiai ay —————TTHEJ
P ay/eL P 14 ax/aL
yP yqp
2
Y3 T D A6rs
oF/or. T -0 4 2 .1 2 2
F (s3X” =F) (rax(L Q=X (1-6)+z") ax/3L
s XT s r XT
1 ) Vi, p,q (8)
A A
[either . or ____Jiﬂlﬂ

2

i
dy/ oL dy/ oL
e yP v/ yqp



84

1 1., J1_ 1 2 . __ .1 _.2 _
Case 8 (zS—XS>x, XS—F, XS(1~6)+zr<x => )‘ZS—A:&rs_O)'
(4) and (8).
1.1, 1 1 2 . __ .1 _.2 _
Case 9 (zS—XS<x, XS—F and Xs(1—6)+zr>x => )‘35—>‘2rs-0)'
(3) and
E . auU™
s3X=F 195 gyl
s is _
i i
[either a, 20 or §.a. a. L
ip , 1 i ip iq . 2
ay . ay .,
ip 1qp
i 1 i
oU~ /3L, oU™ /3L,
b is i0
g T T ax/orl 1 3F/ oL
8 S XS F -
sut/ant aut/aL?
[either —Biaip =P or —Bisiaipaiq ——————ZL—SP—]
oy/oL ) dy/dL
y/oL , /3Ly 4
1
E A6s Y3
1 T 7
s3X =TF 3x/3L oF/ 9L
S XS F .
Vi, p, q (9)
1 2
A6 26
[either P or qg ]

1
3y/ 5L 3y/ oL
y/oLo, v/l ap
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A COMPETITIVE MARKET

1. Consumers Own Rights

Now let us consider a competitive market in which consumers
hold title to delivery capacity, storage capacity, and storage rights.
Firms ﬁa, a=1l,...,A produce delivery capacity and sell capacity
rights to consumers. Firms Fb, b=1,...,B produce storage capacity
and sell rights to consumers. Consumers own delivery rights which
they can use either to rent to firms or to store water in the storage
facility. Each consumer can store as many units of water as the
number of storage units he or she owns. All consumers' assets are

liquidated during period 2.

Consumer i's problem is:

S R
i i, 1 1 1 1. 2 2 2
Max U (LiO) toz aiS[U (xis’yis’Lis) + 83 E airU (xirs’yirs’Lirs)]
s=1 r=1
subject to:
Multipliers
S S A B
23 +pY + Tl <wl..+ Tg B, ¥ TN+ p PR Y
X i Fi s is - 0740 ~.'s is = X —4 EF i
s=1 s=1 a=1 b=1
1.1 11 11, Ry
5 Py F, + % q_ 1,
xs 1is ys’is Fs 1is =1 rS irs -
11,1 R1 0 1,1 1
sLis Cﬁs it Elqrs ir Cqs(rlss'-xis) ¥
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Multipliers

W 5. 45 mtk ¢
péSFg + 3 6}1{;11)1(; + I eignli. Vs )\1
§=1 jemtl Y5 Y =
2 2 2 2 2 2 Z NG 2 1 1
+ < ol =
Pyrs®irs pyrsyirs = wrsLirs * Pirs™i ¥ qrs(xis(1 e)-‘hrirs)
m g 1155
+ I eiiﬂiis + b elinzis. Vr, s A?r
j=1 j=mtl YT Y LEE
1L 1
<
Xis X Fig Ve Yy
Where:
0o 2 _ : :
Per P o = selling price for a unit of delivery capacity in
period O, and period 2, state r, given s in period 1;
ﬁi = units of delivery capacity owned by ij;
o 1 _ ' §
PpoPpg = price of a unit of storage in period 0 and period 1,
state s;
0 _1 . <
Fi’Fis = units of storage capacity owned by i in period O
and period 1, state s;
0 1 2 ; ; ; .
q_,9_ ,q = selling price for a state r delivery right in

period O, period 1, given s in period 1 and in
period 2, given s in period 1;



ro r1
is*“drs
r,
is
pla
X
a
T
X
ib
6F
"b
F
w wl w
0°"s’ rs
1 2
Pys’Pxrs
i 3 2
PysPyrs
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= gtate s delivery right purchased by i in period

0, and state r delivery right purchased in
period 1, given s in period 1;

i's initial endowment of state s delivery
rights;

percentage of firm X s profits going to i;

~a
firm X s profits;

'

percentage of firm F s profits going to i;

L]
firm Fb s profits;

wage rate in period 0, period 1, state s and

period 2, state r, given s;

price of x in period 1, state s and period 2

state r, given s;

price of y in period 1, state s and period 2,

state r, given s;
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X8~ XIrs

eij
ys

nlj’an
ys’ yrs
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rental rate for a unit of capacity in period 1,

state s;l

rental rate for a state s delivery right in period 1;

amount stored by i in period 1 and state s;

P |
percentage of x) s profits going to i in state s;

J

profits of firm x° in period 1, state s and period

2, state r, given s;

J

]
percentage of y- s profits going to i in state s;

J

profits of firm y° in period 1, state s and

period 2, state r, given s.

\
Firm x> s problem is:

where:

Multipliers

0.a a

Max pﬁx - wOLA
s.t. %2 = &3 22
X X

%2 = output of firm x°;
a _ 1 . ~a
L. = labor hired by firm x°.
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Multipliers

L}
Firm Fb s problem is:

0_b b
Max pFF - WOLF
s.t. F = F@LD) x>
F
where:
b
F~ = output of firm Fb
b b
LF = labor hired by firm F
Firm x7's problem is:
5 J 1. _ L1 _ 1 13 1 1J
Max I [¢ (p -c T ) +
" x ‘Pxs™s s'xs ‘qs's  C&s®
s—l
e 3 a2 2582 2 2 3 .28
(Si z al ¢J( xd -w' L - rJ—p 31
(=] XL X 'Xrs'rs rs xrs rs rs %rs’rs

subject to:

Multipliers

1j 13 < 1%

x = x(Lxs) il ls
2j 23 223
rs = x(Lxrs) ¥ B 1rs
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Multipliers

x(LlJ) < rlJ Vs AlJ
xs” - s 2s
2j 2j 2j
x(Ler) S Trs dag A2rs
1j A1j 1j
x(Lxs) < X Vs A3S
2j ~2j 23
x(Lxrs) xR vVr, s A3rs
where:
ais = xj's subjective probability of being in s;
¢i = firm x7's differentiable utility function
over profits;
xiJ,xig = output of xJ in period 1, state s and period 2,
state r, given s;
LlJ, 23 = labor hired by xJ in period 1, state s and
xs’ Xrs
period 2, state r, given s;
iJ,ri; = gtate s delivery rights rented by xJ in
period 1 and state r rights purchased in period 2,
given s in period 1;
"iJ,%ii = capacity rights rented by x) in period 1,

state s and purchased in period 2, state r,

given s.
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Firm yJ's problem is:

3ol Sl 1
M 3 Jod ol vy —w il 4
s=1 y ys s s ys

™M

2 25 _ 2 2]
s, I 43 J_wf 15y
: J l yr y yrs rs rs yrs

subject to:

Multipliers

13 1j 1j
Al L Vs o
23 2j 23
Frg = Y(Lyrs) Vs, T xyrs
where:
a;S = firm yJ's subjective probability of

being in s;

¢J = firm yJ's differentiable utility function

over profits;

iJ,yi; = output of firm y‘—l in period 1, state s
and period 2, state r, given s;
Lig,LiiS = labor hired by yJ in period 1, state s

and period 2, state r, given s.
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The equilibrium conditions are:

n m o n m &
. xis * & xiJ’ . xirs . .3 xii
i=1 j=1 i=1 j=1

n m+k m mt+k
. yis = _ & yij’ . yirs - F
i=1 j=mr+l i=1 j=m+1
A " B B n

Lo+ LLp= %Ly

a=1 b=1 i=1

m . m+k . n m p
T Li; + I Lli 5 I Lis, 5 Lii
j=1 j=mtl 7% i=1 j=1

n A

IR o=z 2

i=1 a=1

m e n m = n

¥ iij = I %, X %ii - % %,
j:l =1 j:l f=1 -

n B

z Fg _—

i=1 b=1

n n

T F, = T F

jul 8 ge *

Vr, s

VI, s

(10)

11)

12)

(14)

(15)

(16)

@a7)
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1 ia
Z 9},\( =1 Va
i=1
n .
3 e;,b =1 vb
i=1
no.
Zexi—l Vs, j =1, «v.,m
i=1
n ..
ij _ .
Lo 1 Vs, j ek Ly aew g mtlk
=y A0
n n n
2:rir:= Ergr= Zr% Wiy B
i=1 §ovl, $eif O
m . n
el - 3 @l -xb) Vs
jul s i=1 iss "is
m n
2 1 1
jilrrs = iil[xis(l—e)+r1r9’] Vs, T

Forming Lagrange functions Li(i= ) IPRY ¢ 1) LZ(a=1, oo w5 ),
Lb = j ] = j § =
F(b 1; s & 55 .B)5 LX(J 1; s & o5 m); and Ly(J m+l, o « samtk),

the first order conditions are:

(18)

19)

(20)

(21)

(22)

(23)

(24)



i
-a—ag——— + ngo =0
i0
i
ai -B%T-+ A%ﬁw =0
s oL is
is
BUi 2 2
S,a, a, —H— A, W
idisir 2 irs rs
oL
irs
sus 11 _
%s 1 ispxs
0X,
is
. AT 2 2
i%is%ir 2 irs xrs
90X
irs
Ut 11
%is 5 1 ispys
yis
8Ui 2 2
.o, A, —5— = A
i“is'ir 5 2 irs yrs
yirs
00 5 1 1 _
“AiPp t ool >0Aisst =
st
—Agpg ¥ % Aispﬁs +
X S3CJA— >0
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Vi,

vi,

vi,

Vi,

Vi,

vi

S

S

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)
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vi, s

Vi, s#r

Yi; s

Vi, s

Vb

Vb

V8y =15 00 o5

_AOqO 5 5 Al ql -0
i's 1 ip 'sp
P39q >0
sp
1 1 2 2
- isqrs Airsqrs k.
1. 1 1 2 2
_xis(q*s'_cqs) * Aiss ss 0
el i qz—y =0
is gs 2 irs’'rs is
raq. . >0
rs
0 a _
pi- A}A{"O
-9y + A? iﬁ% =0
L.,
X
0 b _
Pp ~Ap =0
-w, + Ab 2F . 0
0 F aLb
F
jai'l 13
o = A =
xébx pxs 1s Q
PO .
s o3 3 .3 2 _ .21 _
jaxsaxr¢x Pxrs Alrs 0 vrs 8, ]
3 4" 1 9x .y 13 .
—axs¢x Vs bt aLlj (Als Mg A3S) 0 ¥os J
XS
_ . dxX 2] _.23 _ .23 -
ﬁjQisaxr¢x Yrs + asz (Alrs Aer A3rs) .
Xrs

Vr, 8, }

— I, T |

I (R

I TR

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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j j' l lj = . '=1

-axs¢x Cqs + )‘23 0 Vs; ] 51 & @ ety

P I PN, L 23 _ $ =
Gjuxsaxrd)x qrs + )\er 0 Vt, 88 J=1l, o5 o5 m
P ! 1j _ . os =

—axs¢x e + A3S 0 V8 =1, oo ¢y M

. . A | .
33 43'.2 4 2]

-Gjaxsaxr¢x pirs i ™ 0 VX 85 JF Ly w6 g
- % L A 7, ——
ays¢y pys Ays 0 V8, 1 =mtly cossmtk
y 4 .32 _,2Zj _ T
jaysayr¢y pyrs xyrs 0 Vr; s, j=m+1; ceeym+k
. <1 .
-a3d ¢J wl+)\1J-—§L,-=O Vs, d=m+btl; « 5 »s Mtk
ys'y 's  ys 417
ys

. . ' ] .
—5,aJ ol ¢J w2 +)\2J —8L=0 Yo, 8, 3=m+1, s o g MFK
j ys yr'y rs yrs 3L2j
yrs

Now if we consider only cases such that prices are positive

: | : 2 _
and we let xis = Ciais vi, s and Airs = 6iciaisair

vi, r, s, these

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

first order conditions reduce to nine cases, which are identical to

equations (1)-(9), given the equilibrium conditions (10)-(24). This

result can be summarized as follows.

Proposition 1: If consumers hold title to delivery, capacity,

storage capacity, and storage rights and each consumer's discounted

expected marginal utility of income in each state of the world is a
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constant function of his conditional subjective probabilities then
a competitive spot market equilibrium is ex—ante Pareto optimal when

storage capacity and delivery capacity constraints are binding.

2. Producers Own Rights

If producers own capacity, storage, and storage facility
rights instead of consumers the competitive market can be described

as follows:

i . i1 1 .1
Consumer i: Max U (LiO) + SilaiS[U (xis’yis’Lis) +
R
s . 2 2
rElsiairu (xirs’yirs’ irs)]'
Multipliers
0
A
S: Es MiO < wOL10 i
m mtk g
i I | 1 1 11 i3 13 T 1
o + I 6w + B A
Pys®is * pysyis e M10 wsLis j=1 XS XS jemtl ys ys is
m mtk .
. . 2 2
AT v I g oldg2d 4 5 eidgAd 5e
xrs irs yrs’irs - rs irs g=1 Xr XIS T yr yrs irs
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j Soidy o 5 P sy 4 3o el ol ol
Fir@ X~ : Max - wO(Lﬁ-PLF) - I qS(rs -rS) + = axs[q)x(pxsxS -
s=1 =1
1.1 B 1,15 _of R 5y 5.2 25 2.29 2,25 1§
wLhL-=- Zq_  (r=-r 7)) +6, Z a ¢-(p x 7 -w L -q- (rZ2=-r )]
s'xs __,'rs rs ¥ Jop Xr x "xrs'rs rs Xrs Ys' rs rs
Multipliers
1j 1j 1j
St s X~ < x(Lxs) Vs Xls
23 2j 2j
Bre = x(Lxrs) ¥Ea 8 xlrs
1j aJ 1j
x(Lxs) < % Vs AZs
23 -] 23
x(Ler) < X Vr, s Aer
x(LlJ) < rlJ - XIJ Vs AlJ
xs’ - 88 s 3s
23 1370 2] 2j
X(Lxrs) = xs ( e)-‘_rrs L A3rs
xlj < 7l Vs le
s - 4s
~j A7y h|
X <X(L;{) ’Yl
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where:

;g = j's initial endowment of state s delivery
rights;
rOJ,rlJ,r2J = gtate r delivery rights purchased by j in

r rs’ rs
period O, period 1, given s in period 1, and

period 2, given s in period 1;
X~ = delivery capacity owned by j;
= storage capacity owned by j;

L% = labor hired by j to build delivery capacity;

Lj = labor hired by j to build storage capacity;

X = amount of x stored by j, given s in period 1.

S
| i 14 13
Firm yJ: Max ¥ aJ [¢ (pl Jowi ) +
y Fys Y ~Wgl ys
s= =17
R
2]
§. I aJ (p 23 - w2 J 31
. M yr v ‘PyrsYrs - yrs
Multipliers
13 1 1
Si'Es ysJ < y(L j) Asi
21 2 27
vy < yaid)

rs - yrs 5rs
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The equilibrium conditions are:

B o edad

T L= ¢ (Li+1d)

i=1 i0 =1 X F

n m . mtk .

) Lis = E Lig + 2 Lli Vs
i=1 j=1 j=m+1 y

n m . mtk .

% Lirs = I in + 3 1.4 vr, s
i=1 i=1 * =m+1 VTS

n m .

% xis = 3 xiJ Vs
i=1 j=1

n m :

% xirs = xiJ Vr, s
=1 i=1 *°

n m+k <

i=1 j=m+1

mo, mtk 2

b Yirs 5 Yrs ey B
i=1 j=mt+1

m . m m m )

E rll.; z riJS = Z ri_ = I rSJ Vr, s
j=1 j=1 j=1 J=-1

Forming Lagrange equations Li(i=l, e e owg A Li(j =15 & s ey m)g and
L;(j =m+1,...,m+K) and differentiating, the first order conditions

are:
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vi,

vi,

=0 vi,

Vi,

= 0 Vi’

vi=1l, ..., m

vVs; =1, .

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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P2 25 '
6_]axsa;]{r¢x P = )\lis = 0 Vr,s;j=1,...,m (62)

ol g3 L 4 8% 13,15 15y _ L
"xs’x s o113 : 9g "M3g) = O vs;j=1,...,m (63)
Xs

=3 aj aj w2 + _.ﬂ{__ (Azj - ZJ

A =0 vy . ] Y
j %8 XF X8 3123 1rs 21'8 3'['8) £y By 1’ Mg ( )

Xrs
p
0 1
-q_ + I aj ¢j qg. =0 Vs;j=1,...,m (65)
-1 sp
P
- J l j 3'2 . _ -
[¢ q 5J°‘xr¢x qrsl 0 Vr#s; j=1,...,m (66)
S O R A B 1j _ .
“xs[¢x Aggq J xs¢ q ] tA3; =0 Vs; j=1,...,m (67)
_ i O e A 25 _ . s
6j°'xs°‘xr¢x 9. t A3 =0 Vr,s;ji=1l,...,m (68)
\ 13 2 j
X = =
A2s ¢ jroes T =0 (63

sax(rLli) =3 r, s3x (L2] ) =x
xS XTs

1] ): 2]
+ . A =0 (70)
35 T sax(LzJ ) = X (1 9) + rij 3rs

Ve;i=1l, . pesm

e I A
saX j‘F] 4a 2

I
o

j=1,-..,m (71)
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3's¢y i's _)\I!lsjs___o Vvs; j=m+1, ...,m+k (72)
\J
2 .

; al yr¢3, Pyrs ~Agl, =0 vs; j=m+1,...,m+k  (73)
. +x§j -0 ve; j=m+1,...,m+k  (74)
ys'y s 8 5L Y|

ys
—da j j' g + gj _—ZL— VL5 835 J=m#*1L; i « s5m¥k (75)
i YS yr y Yrs rs oo

yrs

If we compare these equations with equations (25)-(51) which
we know describe an ex—ante Pareto optimum, it is clear that the same
difficulties arise in this problem as arise in the problem in the
previous paper. In particular, equations (69)-(71), which describe a
firm's capacity choice and inventory policy, ensure that when equations
(61) and (62) are evaluated firms owning capacity and inventory will
evaluate expected prices and returns for states of the world such that
capacity and storage constraints are binding on the basis of their own
discount rates, utility functions, and subjective probability distribu-
tions. An optimal allocation uses consumer discounted expected
utilities to evaluate the returns from capacity choices and inventory
policies. On the other hand, if firms are risk neutral, consumers and
firms owning capacity have the same discount rates and subjective

pvobability distributions, Al = C,a, Vi, s and 12 =

is iis irs 6iciaisair
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Vi, r, s (i.e. expected marginal utilities of income are discounted
constant functions of consumer conditional subjective probabilities),
firms and consumers will agree about the expected utility of different

capacity and inventory policies. To prove this statement let Ai=cg,
1

1 . 2

N

= = : J = PR .
Ais Cias Vi, s, Airs GCiasar Vi, xy s, ¢X Cj’ J =15 sees M3
ais = ais = as vi,s;j=1, ..., m; and 61 = Gj =8 Yi; 1=1; sues Me

The first order conditions (52)-(68) which have consumer and x firm

probability distributions, now can be rewritten as follows.

BUi "
sp — t Cwy =0 vi (76)
i0
i
o 8%. +-Ciaswi =0 vi, s 77)
oL
is
i
Sa a ag + GCiaSarwiS =0 vis; s 8 (78)
oL,
irs
i
U 1 .
s 1 - CiuspXS =0 Vi, s (79)
X,
is
BUi
Sasar > - GCiasarper = vi, r, s (80)
X
irs
1
oU 1
a 1~ Ciotspys =0 vi, s (81)
)
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AU 2
Sasar ; > - sciasarpyrs =0 Vi, Ty 8 (82)
Yirs
j 3% E
-, 5 Yl ] =0 J =y e g M (83)
oL~
X
j OF
-W +‘YJ ——.=0 j=1,..-,m (84)
0 2 X
oL
F
1 15 )
a P o )\1;=0 Vs; j=1, ..., m (85)
2 2 _ & ¥
Gasarpxrs - Mys = 0 VE, 838 215 o o o5 M (86)
1 ax 1 43 134 o & &
aw, + ;;IE (Als AZs A3s) 0 Vs;j=1l, .. .,m (87)
XS

—6aaw2 +—al-(>\23 —)\23 —AZJ ) =0 vVr,s;j=1,...,m (88)

ST rs asz 1rs 2rs 3rs
XTrs
P 1
= + 3 apqsp =0 Vs (89)
p=1

1
-as[q_fs-éarqrsl =0 Vr # s (90)
1 1j
—as[qss quss] +: )‘3s =0 Y83 1=1; ¢ 5 sgm (91)
—6aaq2 +)\2J =0 Y, 8 J=Lls « s wsm (92)

s r'rs 3rs
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Equations (76)-(92) together with equations (69)-(75),
reduce to conditions which are equivalent to the ex-ante Pareto

optimal conditions. This result can be summarized as follows.

Proposition 2: If delivery and storage capacity have to be chosen

before the random variable is observed, the planned life of those
facilities exceeds one year, and firms hold title to delivery, storage
capacity, and inventory, then the following conditions are sufficient

to guarantee an ex-ante optimal choice of capacity.

1. Consumers expected marginal utilities of income are
discounted constant functions of their conditional

subjective probability distributions.

2. Consumers and firms owning capacity have identical

probability distributions and discount rates.

3. Firms owning capacity are risk neutral.

CONCLUSION

This paper has extended the analysis of the welfare effects
of supply rigidities to the case of a storable good subject to random
supply. The important result of this analysis is that the ownership
of rights affects ex—ante resource allocation not only when firms own
capacity, but when they have to hold inventory as well. This suggests
that any risk-taking by firms makes it difficult to achieve an ex-ante

Pareto optimal allocation of resources.
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FOOTNOTES

Note that consumers can only rent out delivery capacity in period 1.
This restriction is imposed to keep this model consistent with

the welfare model since the welfare model does not allow any
adjustments in capacity after the observation of the random
variable in period 1. A more general model would allow delivery
capacity to be changed in period 1 for use in period 2. The
results presented in this paper generalize to that model.
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CHAPTER VI
OPTIMAL RESOURCE ALLOCATION UNDER

APPROPRIATIVE WATER RIGHTS

INTRODUCT ION

The previous three papers have developed conditions
which allow competitive markets to make ex—ante Pareto optimal
choices of capacity and inventory policies for a storable good
subject to random supply. The result was that, under the normal
condition that firms own storage and delivery capacity and make
inventory decisions, sufficient conditions for optimality were
quite strict. In addition to the general sufficiency condition
whenever there are ex-post spot markets (namely that consumers
have constant marginal utilities of income such that expected
marginal utilities of income are those constants, discounted,
times the subjective probabilities), sufficient conditions included
identical discount rates and subjective probability distributions
among consumers and firms owning capacity and risk neutrality for
firms owning capacity.

This paper analyzes the allocation of one such good,
water. The focus is on the allocation of Colorado River Water.
The object is to determine whether it is possible under the current

structure of property rights in water to reach an optimal allocation.
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In brief, the current system of appropriative water rights
works as follows. Each firm has a legal right to a certain flow of
water per year, subject to the constraint that senior claimants
have absolute priority over the available flow. The water right
is obtained by diverting water and putting it to "beneficial

consumptive use."

Seniority (priority) is based on the chronological
order of appropriation: '"first in time means first in right."

Under current Bureau of Reclamation policy, water rights
can not be sold by firms owing money to the Bureau of Reclamation
for capital projects, such as diversion works. This creates
inefficiencies both because prices do not reflect the scarcity value
of water and because risks are shared unequally among appropriators.1
The question is whether the introduction of a market in state dependent
percentage shares of appropriative water rights can correct these

inefficiencies if the general conditions for optimality under firm

ownership of rights are already satisfied.

REVIEW OF APPROPRTATE OPTIMALITY CONDITIONS
Recall from the previous paper that an ex-ante optimal
allocation of water can be described by solving the following

welfare maximization problem.

n i 5 $£.1 1 .1
Max W = % Bi{U (Lio) + I aiS[U (xiS,YiS,LiS) +
i=1 s=1
R
Y e Tl v AE 33

1r irs*Yirs®irs
r=1
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(F)
x(Lﬁ)

1 1
Xis = x(Lxs)
2 2
xirs = x(Lxrs
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2 1
x(Ler) < XS(l-e) + z
1 &
x(LXS) < X
2 =
*yrg) < %
X1 < F
S—
n
1 1
gy, <y(@_ )
j=1 1s ys
n
2 2
Ty < y(L
i=1 irs = yrs
n
L.+ Ls g $L
F X - i=1 i0

Vs, T

vr, s

vVr, s
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n
L)l{S + LlS < I Lis Vs
y i=1
n
irs * L2rs - Lirs ks B
y i=1
where:
By = i's social welfare weight;
U" = 1i's neo-classical utility function;
Lio = labor supplied by i in period 0;
Gi = 1i's discount rate;
Aygr0y,. = i's subjective probability of being
in states s and r;
1 2 ' y
R, X = 1i's consumption of water in period 1
is’irs
state s, and period 2, state r, given s;
2 '
Yia'Virs ™ i's consumption of a composite good in
period 1 state s, and period 2, state r,
given s;
1 L2 = labor supplied by i period 1 in state s
is "drs PP L 4
and period 2, state r, given s;
F = sgize of water storage capacity

F(LF) = production function for storage capacity;
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labor devoted to building storage capacity;

size of water delivery capacity;

production function for delivery capacity;

labor devoted to building delivery capacity;

production function for delivery of water in
period 1, state s, and period 2, state r,

given s;

labor devoted to delivery of water in period

1, state s, and period 2, state r, given s;

random supply of water available in period 1,

state s, and period 2, state r;

amount of water stored after period 1, given

state s in period 1.

production function for the composite good
in period 1, state s, and period 2, state r,

given s;

labor devoted to the production of the
composite good in period 1, state s, and

period 2, state r, given s; and

2
rate of evaporation loss.
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Since we are assuming for the purposes of this paper that
all the general conditions for ex—ante optimality are satisfied by
this market, we need only focus on the first order conditions which
describe the allocation of water rights when capacity constraints
are not binding. The appropriate condition is case 5 from the
previous paper. This is a situation such that all water flowing
down the river in the two time periods is used, but neither the
delivery capacity nor the storage capacity is fully utilized.
Assuming consumers and firms delivering water have identical

discount rates and subjective probability distributions, the ex-ante

optimality condition is as follows:

i i
g, o= =) y B w8
ox r3x (L )=X" (1-6) + z 9%,
is Xrs s T irs _
i i
[either « .| or 6o o Cl] ]
5 1 P q ay2
Yip iqp
BUl/BL%S . aUl/aLir
~Biog ;- t By (1-8) 1, %8 a8 2
ox/ oL rax(L )=X"(1-8) +z ox/ L
XS xrs’ s r XTS
U/ aLli Ut/ aLi
[either —Bia ——————IJB or —Siﬁapaq 5 1
oy/ oL oy /oL
y/ yp y/ yprq

vi, p>q (1)
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ALLOCATION UNDER APPROPRIATIVE WATER RIGHTS

The current structure of appropriative water rights is
clearly inefficient. First, the restriction on the sale of rights
does not allow a means of equilibrating the marginal scarcity value
of water across appropriators. Further the distinction between
senior and junior appropriators creates monopoly rights in segments
of the probability distribution. If sale of rights is prohibited,
this situation results in an unequal sharing of risk among otherwise
identical firms. Even if rights could be sold, some sort of monopoly
power would remain as long as rights were defined over segments of
the probability distribution. This problem would persist because
prices for water rights would reflect differing probabilities of
receiving water. Therefore, a particular priority water right
would be a unique commodity owned by one firm.

If institutions for pooling risk could be developed at
the same time as a market in water rights, however, it might be
possible for prices of marginal water rights to reflect marginal
scarcity values even though lump sum monopoly profits would be
earned during the first round of trading. Consider the following
institutional arrangement. Suppose firms delivering water could
purchase percentage shares of other firms' appropriative rights
and the shares could vary according to what state of the world

occurred. Now, if we number states of the world in order of
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increasing river flows and segment the probability distribution

into m+ 1 blocks, each of the first m corresponding to a firm's

original appropriative right and the m+ 1St being the unappropriated

portion of the distribution, the decision problem under appropriative
h

rights of the jt firm delivering water can be stated similarly to

that under state-dependent rights. Assuming risk neutrality and a

known discount rate and probability distribution, firm xI'sg problem
is:
F m sp <
_ Javdy o 0j _z3 0
Max gl tlpl = 2 T DB~ FpelRptp,] +
=1 s=s
£-1
mtl  sp ; " m Ty ¢ ’
i 13 113 13 _ .03 il
251 S=2 0Ls{pxsxs wsLxs kil r:; [Bkrs Bkr]qukrs 4
£-1 k-1
m+1 Irq i 3 q#m+l y
2 2] 2 2] 2] _ .13 2
o = & ar[pxrsxrs " "rs Lxrs E [Bkrs Bkrs]qukrs]} (2)
q=1 r=r k=1
q-1
Multipliers
1j 1j 1j
s.t. X < x(LXS) Vs Als
23 2 23
¥re = x(Ler) Yy 8 Alrs
1j ~J 1j
x(Lxs) <X Vs AZs
2j -] 2]
x(Lxrs) - ¥Es & AZS
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Multipliers

£
j 1
XSp T k=1
23 1j 9 223
x(Lx ) = X (1-6) + kz Bkr st VEx & 3rs
1j A 1j
XS < F Vs A4s
~3 _ 2] j
s [ j
P o= FL) v
where:

[SK l’sﬂ) = interval in the cumulative probability
distribution encompassing firm £'s original
appropriative rights;

Ej BOJ R sz = state r dependent percentage of firm k's
kr’"kr’ krs’ krs

original appropriative right owned by j
as an initial endowment, in period 0, in
period 1, given s in period 1, and in

period 2, given s in period 1;

Rk = acre-feet of water in firm k's original

appropriative right;
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= state r dependent price per acre-foot

for water from k's original appropriati
right in period 0, period 1, state s and
period 2, given s in period 1.

ve

Equation (2) essentially says that if state of the world

s occurs it implies that priority rights 1 to £ -1 are satisfied and

£ can be at least partially satisfied.

In order to deliver

le
S

1
water in state s and store ij, firm j has to amass enough shares

in rights 1 -2:

i.e. shares such that xlj + X

£ .
< I 811(3

1j

Rk
5¢ S T k=1

Turning now to consumers and firms producing the composite

good, the remainder of the competitive market can be described as

follows:

S
i {. 1 1 1
Consumer: Max U (Lio) + SilaS[U (Xis’yis’Lis) +
R
gt 2 2 2
6 % 0‘r:U (xirs’ irs’ irs)]
r=1
Multipliers
0
S oS
S 10 < Yolio M
00 N 5 R % N I;eij"].j+
pxs is pysyis - s is 4l XS XS
m+k
ij 13 1
T 0w +M10 Vs Ais

j=m+1 VS VS



118

Multipliers

pirsxirs + pirsyirs i isLirs L jgleii“iis
m;k eijwzj vVr, s AZ
- yr yrs irs
Firm yj Max 21a38{¢ (piS ij W ig) +
6y 2 o (32,2 -2l o)
gt yij = y(Llj) vs A;g

Where:

MiO = Income earned by i in period 0;
13 _ kP

exs = i's percentage of s profits in state s;

ig xrs = xj's profits in period 1, state s, and
period 2, state r, given s;

i3 _ o g

] = i's percentage of yJ s profits in s;

ys
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13 25 _ 3,
"ys’“yrs = y-'s profits in period 1, state s, and

period 2, state r, given s;

ags = yj's subjective probability of being in s; and
¢J = yJ's differentiable utility function over profits.

The equilibrium conditions are:

p) xis = I ij, % xirs = I xii vVr, s
=1 j=1 i=1 j=1
n mtk . n mtk -
2 yis = - yt?, . yirs . & yi; ¥ 8
i=1 j=m+1l 1=1 j=m+1
m n
T (L§+Li,) = I Ly
j=1 i=1
m mtk n m m+k n
1 .
P L+ 3 ng = I Lis, z Lig_ + =z ins = 3 Lirs vr, s
3=1 *%  jem+1 Y% i=1 j=1 j=mtl Y i=1
n
% eig =1 Vs
i=1 ¥
n
z Gii =1 Vs
i=1 Y
m & m m m
DR = 1 egi - 3 sgs = 3 Biis -1 ¥k, £, 8
j=1 j=1 i=1 =1
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Forming Lagrange functions Li(i==1, ¢ sy M3
L,j{(j w], « s ¢y m); and Li(j =m+1, ..., m+k) and differentiating,

the first order conditions for this problem are:

i
aaLU * A(1)“’0 = i <
io0
i
oU 1 1 _
cLs o >‘ispxs -3 ¥ibs & (4
0x
is
i
oU 2 2 _
6asar 2 )‘irspxrs =8 Vi, % 8 )
90X
irs
ot 1 1
o - X =
s 4 1 ispys . vi, s (6)
y:ts
Sa o Ll =22 2 .o Vi, r, s (7)
s 2 1rspyrs e
yirs
ot 11
—— <+ A, w_ =0 Vi, s (8)
s i is' s
oL
is
saa 20132 2 g Vi, r, s 9)
s r 2 irs rs ol (
oL
irs
0 1 j b ] ’

oL%
b4
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j OF

~w, +y) == =0 j=1;...,m (11)
0 2 j
oL
F

a pl e vs; =1, ...,m (12)
S" XS 1s

2j
Sa a_Pp =0 Vs 8) =1 eyt (13)

A

- qv + lj ()‘ls 9 ~ ) =0 Vs;j=1,...,m (14)
BLXS
_ 2 _9X 2] _,23 - . ¥ e
Sa o W2 asz O‘lrs Aors )\31_8) 0 Vr,s3j=1, .., m (15)
Xrs
0 m & 1
_R'qur + KE =Z “stqkrs =0 Vk, r (16)
e %1
1 =
o Ry, t Sa 0 qukrs = o Vk,r#s a7
1 13
—aSqukSS Sa &% qukss o Rk>‘3s 0 Vk,s;j=1, ..., m (18)
-Sa <& qukrs Rk)‘3rs =0 Vksrs83i=l, ssesm (19)
% 1j by 23 h|
. AL+ . ) =y3 =0 j§=1,...,m (20)
s:ax(LlJ)=i‘<J 8 s,rax(LzJ )= 2re x
XS XrSs
3 _ % 2j 13 =
Agg T (1-9) 5 A Mis 0

. G (; (PR 3rs
rax(LxrqS) X, (1-9)+

q
lzcist Vs; j=1,...,m (21)
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i3 xlj j—o j=1,...,m (22)

Consider first equations (18) and (19). Rearranging terms:

1§ _ 1 2 .
A3s = as[qkssihaasqkss] VK; =215 & 5 a3 (23)
Azj = Sa a_q Vk; =1, s o oy M (24)
3rs s r 'krs i ’ ?

(23) and (24) imply that given a state of the world s, or r, given
s, all water rights which can be satisfied will be priced at the same

marginal cost. Thus, despite possible early monopoly profits, a

competitive shares market will develop.

il " 2 _
Now, if we assume that Ais = Ciais Vi, s and Airs = aciaisair
vi, r, s and that capacity constraints are not binding, equations

(4)-(9), (12)-(15), (21) and (23)-(24) reduce to:

i i
U z oU
o - §(1-9) L g o o
1 2 1 q s 9 )
% ax, rax(L ) )=x(1-0)+ 5 g2J R, Tax]_
q k=1 krgs a® _
i i
[either « 3%~ or Sa _a 2L ]
P 5y PV ay2
ip ipv
sut/ont 3Ui/3L§r s
is M q
% i~ 8(1-8) 23 1j 9% 95 “r 23
ax/Bqu r3x(Lxr S)=XS (1-8)+ ¢ Bkr SRk BxlaLxr i
° q k:l q q
sut/ant an/BLi Y
[either o it or Gapav 50 ]
oy /oL dy /9L
y/oLly Y gy

Vi3 slspev (25)
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m
Since (25) is the same as (1), given I
j=

allocation is ex—-ante Pareto optimal.

sz = 1, the resulting
1 krs

CONCLUSION

This paper has analyzed the effect of opening a market
in percentage shares of appropriative water rights, assuming that
the general conditions for ex-ante Pareto optimality are already
satisfied. Depending on one's point of view the results could be
seen as either encouraging or discouraging about the possibilities
for improving the efficiency of the market for Colorado River water.
On the one hand, it is reasonable to expect that a percentage share
market in water rights might develop if the prohibition against sale
were lifted. However, a state dependent share market is perhaps more
unlikely because of the information costs involved. On the other
hand, the general optimality conditions are quite restrictive and
competition among water companies is very limited because of the
locationally fixed nature of distribution systems. Consumers can
only change water companies by moving and prices are regulated by
city governments or public utilities commissions. Despite these
caveats, however, the results presented in this paper do suggest
that the appropriative rights system can at least be made a better
allocative mechanism with little tampering with existing legal

structures.
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FOOTNOTES

H. S. Burness and J. P. Quirk, "Appropriative Water Rights and
the Efficient Allocation of Resources,'" Social Science Working
Paper No. 157, California Institute of Technology, Revised
March 1978. Forthcoming in The American Economic Review.
"Appropriative Water Rights and the Theory of the Dam,"
December 1977. To appear in Festshrift for E. T. Weiler,
published by Purdue University Press, 1979.

We recognize that this model does not exactly describe the
allocation of water since it is both a consumption good and

an intermediate good. However, even if another final good which
used water were included, the marginal conditions describing

the allocation of water for final consumption would not change.
To prove this statement, consider the following simple welfare
model with one consumer:

Max U(xc,y,z,L)

Multipliers

s.t. x = x(Lx) Al
Yy = y(Ly) A,
z = z(xz) A3
xc + Xz <x A4
L +L <L A
X y - 5

The first order conditions are:

ou _
Bx, M4 ()

I
o

U

oy 9 T (2)

|
o
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U B

Frie X3 =0 (3)

5U B

gt A =0 &)
9x _

Al oL >\5 =0 (5)
>4

Ky ol = %, # B 6)

2 9L 5
y

S+ A, =0 (7)
9z _

)\3&—2——)\4—0 (8)

These reduce to:

ou oy oU 9z

BXC BLy 0z sz

iR Tiak (9)
oy BLX oy

It is clear from (9) that the addition of good z has not affected
the marginal rate of substitution or the price ratio between x
and y.








