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Appendix A

Review of Homological Algebra

For the reader’s convenience, we will recall some basic definitions and results from homological

algebra, which we have reproduced from Hungerford| [1974].

Definition A.1. A pair of homomorphisms,
f g
A—B——C,
is said to be exact at B if
Im f =Kerg.
A finite sequence of homomorphisms,

.f”L* n
A f1 A, f2 Ay f3 1An—1 f A,

is exact if

Im f; = Ker fi41, fori=1,2,...,n—1.
An infinite sequence of homomorphisms,

fi—1 fi

fi fi
— A A; - Aig1 =

is exact if

Im fi = Ker fi+17 fOT’ all i € 7.
Remark A.1. We record below some of the properties of exact sequences.
1. The sequence ) —— A % B is exact iff f is a monomorphism (one-to-one).

2. The sequence B 2 0 ——0 is ezact iff g is a epimorphism (onto).
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3. If AL>BL>C is exact, then gf = 0.
f g )
4. If A B o 0 1s ezact, then
Coker f = B/Im f = B/ Ker g = Coimg = C.
5. An exact sequence of the form 0 A ! B—15¢ 0, ¢s called a short exact

sequence, and in particular, f is a monomorphism, and g is an epimorphism.

6. A short exact sequence is another way of presenting a submodule (A = Im f) and its quotient

module (B/Im f = B/kerg = C).

We will now consider some results for short exact sequences, such as
f g
0—— Ay <—*>;—B<—*>7L—A24>O,

and their splittings.
Lemma A.1 (The Short Five Lemma). Consider a commutative diagram,

f B g

bl

’
g
/ }C

<
o

such that each row is a short exact sequence. Then,
1. « and vy are monomorphisms, implies 3 is a monomorphism;
2. a and vy are epimorphisms, implies 8 is an epimorphism;
3. « and v are isomorphisms, implies 3 is an isomorphism.

Proof. The proof involves diagram chasing and the exactness of the rows. See, for example, page

176 of Hungerford| [1974]. O

The short five lemma allows the following theorem to be proved. This theorem can be used to
relate the various representations of a connection on a principal bundle, in both the continuous and

discrete cases.

Theorem A.2. Given a short exact sequence

0 AL g9, a, 0,
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the following conditions are equivalent.
1. There is a homomorphism h: Ay — B with goh = 14,;
2. There is a homomorphism k: B — Ay with ko f =14,;

3. The given sequence is isomorphic (with identity maps on Ay and As) to the direct sum short
exact sequence,

0—— A — 5 Ay @ Ay —25 Ay —— 0,
and in particular, B = Ay & As.

A short exact sequence that satisfies the equivalent conditions of Theorem [A.2]is said to be split
or a split exact sequence. The maps in Theorem are referred to as splittings of the short

exact sequence.

Proof. We present the proof sketched on pages 177-178 of [Hungerford| [1974].

1 = 3. Consider the homomorphism ¢ : A1 ® As — B, given by (a1, a2) — f(a1)+h(az), and verify
that the diagram
0 A A B Ay — s Ay —— 0

J{lAl lsﬁ llAQ
f g

0 Ay B<?h——>1424>0

is commutative. Use the short five lemma to conclude that ¢ is an isomorphism.

2 = 3. Consider the homomorphism ¢ : B — A; @ Ay, given by b — (k(b), g(b)), and verify that

the diagram

f
0— Ay —-——2B J As 0

k
ll/ﬁ ld) ll/"z
i

0— 3 A— 3 A1 B Ay —=5 Ay —— 0

is commutative. Use the short five lemma to conclude that 1 is an isomorphism.

3 = 1,2. Consider the commutative diagram

i1 T2
O*}Ali}Al@AQ(jAgg)o

™1 7;2
llAl l@ llAz
f g

0 Ay B Ay 0

with exact rows, and where ¢ is an isomorphism. Let h = @iy : Ay — Band k=mp ! : B —

A1, and show using the commutativity of the diagram that kf = 14, and gh = 14,. O
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Appendix B

Geometry of the Special Euclidean Group

To allow the reader to apply the construction of the exact discrete connection using exponentials
and logarithms to problems arising in geometric control, we review some of the basic geometry of
the Special FEuclidean Group in three dimensions, SE(3), which is the Lie group consisting of
isometries of R3. A more detail discussion of the geometry of SE(3), and its applications to robotics

can be found in Murray et al.| [1994].

Representation of SE(3). The group SE(3) is a semidirect product of SO(3) and R®. Using
homogeneous coordinates, we can represent SE(3) as follows,

R p 3
SE(3) = € GL(4,R)|R€ SO(3),peR

0 1

with the action on R? given by the usual matrix-vector product when we identify R? with the section

R3 x {1} C R%. In particular, given

9= € SE( )7
0 1
and ¢ € R?, we have
9-q9=Rq+p,
or as a matrix-vector product,
R p\ [q Rq+p
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The Lie algebra of SE(3) is given by

w v 3
se(3) = € My(R)|® €s0(3),veR” 3,
0 0
where *: R® — 50(3) is given by
0 —w, Wy
w=1 w, 0 —wy
—Wy Wy 0

Exponentials and Logarithms. The exponential map, exp : s¢(3) — SE(3), is given by

O W exp(w) Av
exp = ,
0 0 0 1
where
L—coswl . [lwll = sin ] .,
A=T+ ,
[lw]® [lw]®

and exp(w) is given by the Rodriguez’ formula,

1 —cosflw] .o

[l lw][?

The logarithm, log : SE(3) — se(3), is given by

R p log(R) A~'p
log = )
0 1 0 0
where
__9 RN =g
log(R) = 3£ (R~ B") = &

and ¢ satisfies
Tr(R) =1—2cos ¢, || <,

and where
2sin ||w|| — [[w|[(1 + cos [|w])

~2
N w.
2||wlf? sin [lw]

1
A—1:I—§@+
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Appendix C

Analysis of Multiscale Finite Elements in One

Dimension

This appendix will analyze the discrete [, error for multiscale finite elements (MsFEM) in one
dimension when applied to a multiscale second-order elliptic equation with homogeneous boundary
conditions. This will serve to motivate the use of multiscale shape functions in the construction of
variational integrators, for problems with multiple temporal scales, as discussed in

Let a(y) be a smooth, periodic function in y, with period 1. Moreover, we assume that a(y) >
¢1 > 0 for some positive constant ¢;, and that f(z) is a smooth function. Let € > 0 be a small

parameter. Consider the following second-order elliptic PDE,
% (a (%) %ue (x)) =f(z), 0<z<1,
with homogeneous boundary conditions, u¢(0) = 0 = u¢(1).

Analytical Solution. To obtain convergence estimates, it is relevant to consider the analytical

solution of the above PDE. We have

Denoting a(0)-Zu(0) by ¢, we obtain

0 . Jif(s)ds—c
%u (x)_OaT7
(;’f s)ds —c

N (s)
u(sc)—/o —a(%) dy .
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We impose the boundary condition u¢(1) = 0, which yields

0=u(1

)
_ [Pl St dy
o e A A 2
fol fo'ajé(;;dsdy
T 4y
o at)

CcC =

Hence,

1 fy f(s)dsd

u(o)= [T, _fo o(f) Yot ody
S e R |

F
(3) dy

SEas e

€ 0 a(%) €

Analytical Expressions for the MsFEM Shape Functions. The MsFEM shape functions

can be obtained analytically as follows,

Opa (%) Ot =0,

a (E) 005 =c1,
€

&1

&%Za

For x € [x;_1, z;], we have

H
88
S
L
e
o e
&
~—|

oo ol

@ | ol
~—|

%
3 88
ol
L
Q
ol

8
N
|
-
)
—~
ol
~—1

For = € [z;, xi+1], we have

Tiq1
(zii1) — o5 (2) = ¢ ,
5 (wiq1) — 5 () 1/z a(f)
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0—1=¢; (Tit1) — 5 (z:)
/wiﬂ ds
e a(?)’
1
Cc1 Tit1 ds
S
£ o
x a2

Then, in general,

{f;:l a??)}: {ff“ a@)} s T E [Tim1,wi];
vi (z) = {fz.i“ d.s)} {ffi“ gs)} ;T € (i, Ti];

0, otherwise .

Discrete Error Analysis of the One-Dimensional MsFEM. Consider a uniform partition
on the interval I = [0, 1],

P:0=xy<m<...<zxzy=1,

with mesh size h = 1/N. Further, let I; = [x;,z;+1]. We define the discrete Iy and I norms as

follows,

e 1/2
1£1, = (Zf(xi)F) ,
i=0

£l = max_[f(z:)].

i=0,...,N

In this section, we will show that the [, error for one-dimensional MsFEM is zero, and in particular,
the [y error for one-dimensional MsFEM is zero as well.

The stiffness matrix is given by

Al = a (5, ¢5)

=_ /01 a (%) Vi Vidr

— [ a (%) pp0pldr, j=i— 1,004 1;

T;—1 €

0, otherwise .
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Since ¢§_; + ¢§ =1 in I;_; for all ¢, we have, 0,¢;_; + 0,9 = 0 in I;_1, and hence,

Af;:—/li_la(i> ERE R »dx—/jja(i) IR RE
_— / a () 0upf (~0uiiy) do — /I @ (2) 0t (~0u1) da

I; 1

—— (=] a(B)awitiade- [ (%) ot
Ii_1+1; o € Ii+T1;i41 €

(AZ 1+ AZH) )

where the second to last equality is because supp (83090;(%90;_1) c 4.

We note further that a(-,-) is a symmetric bilinear form, and consequently,
h h
Al = Aj;.

Let us define B! = A%

»_1, and therefore, A7, | = AP, = Bl |. This allows us to conclude that

(AruM), = ALUT

ijYj
_A:LH-l +AZUzh+Au 1
AZHU‘h 1 (AZH + AL 1) Up+ Ay UM,
= Al (U, -0l — AL (U - Uy)
DT (A} (U} =UY))
= D* (B! (U = Ul.y))

= D" (B!D~U}"),
where the forward and backward difference operators DT and D~ are defined by

DY (f (wi)) = f (wig1) = f (wi),
D™ (f (wi)) = f (wi) = f (ui—1).
The MsFEM equation is given by
AU} =

where f]' = fo x) dzx. In particular,

=/01f(x)<m(x)dx
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[3) Ll
/:acéf")] /:lf(m) [/;a(fi)] "

Vw " ]—1 /leF(iﬂ)dm_‘fola((ng /mm "
o (%) o (%) Jo -tz Jo al($)

R 'L ()
eaCal

i x - i x a(z v x

I
L— |
N

where we performed an integration by parts to obtain the last equality. We will further rewrite the

expression above using the difference operators.

1 F(x)
Jo rmydr e dx

=Dt l/":1 a‘éi)] - /;1 - (lf) dx] (u (@) — u (wi-1))

€

(UL O] o) (L] ) ) oree

(C.0.1)

Recall from our analytical expression for the MsFEM shape functions that

[f:l a?g)} 1 [f;l a?g)} ;T € [zi1, Tl
PTERS 1 o i Y

0, otherwise ,

and hence,

RO JECRET ]

-1
Oupf () = {f“’f“ ds} =y € (@ Tl

0, otherwise .

We therefore recognize two of the terms in Equation as 0,05 and 0,5 ;. Consequently, we



have that

Hence,
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f =D+ <_ </x a (%) Dy w(pjldx> D (xi)>

This implies that one-dimensional MsFEM is exact at the nodal points, and in particular,

and

[[u = unll,, =0,

lu® —upl|, =0.

[S)



