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Abstract

In this work, we further extend the recently developed adaptive data analysis
method, the Sparse Time-Frequency Representation (STFR) method. This method
is based on the assumption that many physical signals inherently contain AM-FM
representations. We propose a sparse optimization method to extract the AM-FM
representations of such signals. We prove the convergence of the method for periodic
signals under certain assumptions and provide practical algorithms specifically for the
non-periodic STFR, which extends the method to tackle problems that former STFR
methods could not handle, including stability to noise and non-periodic data analy-
sis. This is a significant improvement since many adaptive and non-adaptive signal
processing methods are not fully capable of handling non-periodic signals. Moreover,
we propose a new STFR algorithm to study intrawave signals with strong frequency
modulation and analyze the convergence of this new algorithm for periodic signals.
Such signals have previously remained a bottleneck for all signal processing methods.
Furthermore, we propose a modified version of STFR that facilitates the extraction
of intrawaves that have overlaping frequency content. We show that the STFR meth-
ods can be applied to the realm of dynamical systems and cardiovascular signals. In
particular, we present a simplified and modified version of the STFR algorithm that
is potentially useful for the diagnosis of some cardiovascular diseases. We further
explain some preliminary work on the nature of Intrinsic Mode Functions (IMFs)
and how they can have different representations in different phase coordinates. This

analysis shows that the uncertainty principle is fundamental to all oscillating signals.
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CHAPTER 1

Introduction

1.1. Preamble

Accessing and utilizing the information hidden in such signals requires methods
for processing and analyzing signals. Such methods must be able to denoise and
analyze the signal in order to properly process the data. Mathematically, the easiest
way to construct a signal processing method is to project the recorded signal on a
predetermined algebraic basis or dictionary. A classical method of doing this task is
the Fourier Transform (FT) method and a more recent one is the Wavelet Transform
(WT) method [5], 41].

When a signal is periodic, the FT method is a powerful signal processing method.
Using the FT method, one can project the data into the orthonormal basis of the
Fourier domain (the frequency domain). This transition is a shift from the time do-
main to the frequency domain. The FT method can also perform as a robust method
for denoising periodic signals. Fast and efficient implementation of FT, namely the
Fast Fourier Transform (FFT) method, is popular among scientists and engineers.
The shortcomings of the FT method can be categorized into two different groups.
The first is the assumption of the periodicity (or stationarity) of the signal.

In fact, most of the signals that we encounter in practice are non-periodic. The
second problem is the lack of time information in the frequency domain: since the
frequencies extracted by the FT method are constants, one cannot perceive whether
a certain event has occurred at a certain time simply by looking at the frequency
content of the signal and the coefficients of the analysis. In order to overcome the

time-frequency resolution of the FT method, the WT method was proposed as a



method that incorporates a time-frequency analysis of the signal by constructing a
large dictionary of some orthonormal functions.

The FT and WT methods share one common property: decomposition is per-
formed on a predefined basis, which is troublesome if the signal is not stationary.
Recently, Norden Huang proposed Empirical Mode Decomposition (EMD), a new
method of adaptive signal processing [30] 32], 33] in which the basis of the projection
is adaptive. EMD which uses multiscale data-driven decompositions called Intrinsic
Mode Functions (IMFs), is a step forward in data analysis. It has eliminated most of
the issues present in the FT and W'T methods.

In particular, EMD can produce a faithful extraction even if the signal is not
periodic, and makes a sparser time-frequency analysis of the data. In fact, projection
into a basis is not the ultimate goal in many recently developed signal processing
methods. Researchers wish to have a projection that is as sparse as possible. In other
words, it is important to have a representation of the signal in a basis by keeping only
a few coefficients containing the pertinent information. In fact, in these methods,
one should project the observed signal on a large overdetermined basis (dictionary
10, 12, 42]).

Since the IMFs are extracted adaptively from the data in EMD, the final decompo-
sition is in general sparser than FT or WT method the extractions. If the data has a
certain frequency scale-separation property, the extracted IMFs convey certain phys-
ical properties of the signal. Unfortunately, the empirical nature of the the EMD’s
decomposition makes it hard to analyze the results rigorously. In order to eliminate
this problem, Hou and Shi have proposed a rigorous mathematical system as a coun-
terpart of the EMD method [25], 24, 26]: the Sparse Time-Frequency Representation
(STFR) method.

1.1.1. Scope of the Thesis. The main focus of this thesis is to further develop

STFR methods. This development is two-fold. First, we introduce a non-periodic



STFR method that can analyze non-periodic signals and can robustly deal with sig-
nals polluted with noise. Second, we propose and prove the convergence of a new
STFR method that can easily analyze intrawave signals, signals with intense Fre-
quency Modulation (FM) that cannot currently be handled using Hou and Shi’s
STFR methods [25, 24, 26].

Technically speaking, this analysis can be done by relaxing the definition of the
dictionaries that Hou and Shi have already used, see (1.2.3). To the best of our
knowledge, this is the first time that intrawave signals can be extracted with high
accuracy by an adaptive method.

This thesis also presents some real physical applications of our methods. We
show that our methods can be applied in diverse fields like dynamical systems and
cardiovascular signals. We demonstrate that our method is capable of extracting
useful physical and biomedical information from the signals. Such information can
possibly be used in system identification and medical diagnosis.

Finally, the thesis also clarifies theoretical understanding of the nature of IMFs.
We show that an IMF can have infinitely many representations and that consequently,
the uncertainty principle is an indispensable part of oscillating signals. Lacking
a unique representation does not decrease the merit of any adaptive data analysis
method, including the STFR method, but only shows the richness of the field and
requires that an adaptive method can pick a certain representation based on a fixed

preference.

1.2. A Brief Introduction to the STFR Method and its Applications

All STFR methods are based on the assumption that a relatively big subclass of

the oscillatory signals are signals of the form

(1.2.1) x(t) =a(t)cosh(t),
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with only one extrema between the zeros of the signal, in which the envelope is strictly
positive, a (t) > 0, and the phase function 6 (¢) is a one-to-one, strictly increasing map
between the time coordinate, ¢, and the phase coordinate, #. The time derivative of
this phase function is called the Instantaneous Frequency (IF). With some abuse
of notation, we can say that the STFR methods deal with signals that have both
Amplitude Modulation (AM) and Frequency Modulation (FM). The type of signal,
in Equation ([1.2.1)) is called an Intrinsic Mode Function (IMF) in STFR and EMD
terminology. A number of methods can extract each IMF from a combination of
many IMFs, with different levels of accuracy. Methods that perform such extraction
well include, but are not limited to, EMD [32], EEMD [56], Optimization based EMD
[27], Wavelet [41], STFR [25], 24), 26], and Synchrosqueezed wavelet transforms [17].
However, when it comes to signals with strong frequency modulation, these methods
have difficulties extracting a unique IMF specifically when the data is polluted with
noise. Among these methods, the STFR method provides a better physical and
mathematical understanding.

Physically speaking, 6 (¢) carries information about the rate of the change of the
signal in time. The envelope of each IMF is set to be from a certain collection of

functions. In mathematical terms we can express it as
(1.2.2) a(t)eV(0(t)) sit.a(t) >0,

where

12 v (2)n (2) 152

A finite linear combination of a collection of the IMFs is called an Intrinsic Signal
(IS),

M
(1.2.4) s(t) = a;(t)cosb; ().

i=1

The goal of the STFR method is to extract each IMF from an IS.



1.2.1. EMD Method. Most of the non-adaptive time-frequency signal analy-
sis methods are based on the projection of a signal on to a predetermined basis or
dictionary, such as a Fourier transform (FT) or Wavelet transform (WT). However,
since the projection of the signal is on a predefined set of functions, the extraction
is not adaptive and, possibly, not sparse. In order to get a better time-frequency
resolution, the intuition is to project the signal on an adaptive basis that is found
from the signal itself. Empirical Mode Decomposition and the more recent Ensemble
Empirical Mode Decomposition were developed to do just that.

Empirical Mode Decomposition (EMD) methods were originally proposed to over-
come the problem of predetermined bases which was hampering a proper sparse de-
composition in the WT and FT methods. EMD [32] tries to find the basis of decom-
position adaptively from the original signal in an empirical way. The EMD method
uses Intrinsic Mode Function (IMF) [32] as constructing blocks of signals. An EMD

definition of an IMF is:

Definition. An IMF is a function that satisfies the following two conditions:

e The number of extrema and the number of zero crossings are equal or differ at
most by one on the whole data set

o The mean value of the envelopes defined by the local maxima and the local

minima is zero at any point.

EMD decomposes a signal into an extracted IMF and a residue through a sift-
ing process. The extracted IMF is then post-processed to find the Instantaneous
Frequency (IF) either through Hilbert Transform (HT) or another sifting process

[32, 33]. To summarize, for a signal x (¢), the decomposition looks like

x(t)zkzn:ck(t)—i—rn(t),

where ¢;,’s are the IMFs extracted from the signal and r,, (¢) is the residue.
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1.2.2. Ensemble Empirical Mode Decomposition (EEMD) Method. EMD
is highly sensitive to noise. In order to fix this shortcoming, Wu and Huang [56] pro-
posed EEMD in 2009. EEMD minimizes noise effects by adding white noise to the
signal. While the EMD and EEMD methods have attracted a lot of attention, they

lack a theoretical basis. The STFR methods were introduced to fill the empirical gap.

1.2.3. STFR Methods. Although STFR methods were inspired by the EMD
and EEMD methods [32] 56], they make use of techniques from compressive sensing
theory [10, 12] and matching pursuit [42]. Compressive Sensing (CS) and Matching
Pursuit (MP) methods try to find a sparse reconstruction of an observed signal from
a predefined finite large dictionary. STFR, on the other hand tries to find a sparse
reconstruction of an observed signal from a predefined infinite large dictionary. STFR
methods use two major steps: they first construct a highly redundant dictionary of
all IMFs, namely D, and then find the sparsest decomposition by solving a non-linear

and non-convex optimization problem

(1.2.5)

Minimize M

Subject to: s(t) =M a; (t)cosb; (t), a;(t)cosb;(t)e D, i=1,.., M,
which is an Ly minimization problem. We explain possible approximations by which
one can find a close solution of this problem. Hou and Shi have proposed a number
of algorithms for approximating this problem [25] 24, [26] by decomposing the signal

into two parts, a mean ag and a modulated oscillatory part, namely the IMF, a; cos 8:
s(t) =ao (t) + a1 (t)cosb (t),

where 0, a1, and ag are the unknown phase function, envelope, and mean respectively.
Upon finding one of the IMFs, a; cos 8, the residue (or the mean) qq is treated as a
new signal and the same procedure is repeated until the residue is smaller than a

preset value.
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1.2.3.1. Total Variation Method. Hou and Shi [24] proposed the TV minimization

of the form

Minimize TV3 (ag) +TV? (a
o) (a0) + TV (@)

’

Subject to: s(t) =ag(t) 4+ ay (t)cosby (t), 6,(t) =0,

as an approximation to the original problem ({1.2.5)). This problem is solved in an
iterative manner. First, an initial guess on 6; is set. Then based on that, the value of
ay is approximated and the phase #; is again updated. This procedure is repeated until
there is no progress in updating the phase function. This approach is an exponential
step compared to the EMD and EEMD methods; however, the algorithm is not stable
to noise.

1.2.3.2. Periodic Fourier-based Sparse Time-Frequency Method. To address the
noise instability problem, Hou and Shi, proposed the Periodic Fourier-based STFR
method [25], which performs well on periodic data even in the presence of noise. This

method implicitly solves

Minimize ||s(t) — a () cosf (t)|[3

Subject to : a(t)cosf(t) € D

using a Fast Fourier Transformation (FFT) iterative scheme. The Periodic STFR
algorithm works in the following way: an initial guess is proposed on the phase
function #y. In the first step, the whole signal is mapped to the phase function space
and the Fourier transform of the signal is then found in that space. At this step,
the possible candidates for the envelope functions are found. Later, the new phase
function is updated and the algorithm begins a new iteration.

While this algorithm works well for periodic data, the algorithm does not extract
the IMFs properly for non-periodic data.

1.2.3.3. Non-Periodic Sparse Time-Frequency Method. TV STFR is not accurate
for noisy signals and Periodic STFR is not suitable for non-periodic signals. Non-

periodic STFR has a slower speed of convergence than Periodic STFR since it uses a
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Ly-norm regularized with Lo-norm optimization rather than FFT for each iteration.
Nevertheless, it can successfully be applied to non-periodic signals and also to signals
polluted with noise.

In the non-periodic STFR algorithm, we assume that the envelopes of the IMFs
have a sparse structure in their respective dictionary. This assumption is not far from
reality since we are using an infinitely large dictionary when we try to extract IMFs.

This assumption can be formulated in the following way:
Minimize 6 (la (M, + 1o AIl;) + lIs () = A (#) cos§ (1)]]5

(1.2.7) Subject to:  A(t) = [}° (a () cos 42 4 b () sin K/P) dA,

do(t)
7 > O.

In this formulation, the envelope A (t) of the IMF A (t) cosf (t) is assumed to have a
sparse structure that is captured by ||a (¢)[|, 4|6 (¢)||,. In this formulation, the dictio-
nary is used explicitly by A (t) = [,° (a (A) cos @ + b (\) sin @) dA. The following

example shows the performance of this type of STFR.

Example. We tested the algorithm on a signal with a linear trend and two con-
stant envelope and frequency IMFs, f (t) = 6t + cos (87t) + 0.5 cos (407t) (see Figure
[1.I). The algorithm extracted IMFs (see red lines in Figures [I.2)[1.4)). Besides some
tiny boundary misalignment, the extractions were accurate, suggesting that the non-

periodic STFR method is accurate away from the boundaries.

When compared with other STFR methods, the only shortcoming of the Non-
Periodic STFR method is the speed of the algorithm.

1.2.4. Extraction of Intrawave, Sharp, and Rare Event Signals using
Sparse Time-Frequency Method. In general, intrawave signals are oscillatory
signals that have intense frequency modulation in at least one f-coordinate. By
intense modulation we mean that the IF has oscillations that is comparable with the

oscillation of the IMF itself. The EMD method can extract one intrawave IMF in the



FiGure 1.1. Signal with a Linear Trend: The horizontal axis is the
time variable and the vertical one is the signal itself.
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FiGUre 1.2. Extracted Trend: The linear trend is in blue and the
extracted trend is in red. Except the right boundary, the error is small
in the extracted trend.
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FIGURE 1.3.

Extraction of the first IMF: The extracted IMF is in

red. As can be seen, except from the boundaries the extraction is

faithful.
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Extraction of the second IMF: The extracted second

IMF is in red. It is almost indistinguishable from the high-frequency

original IMF'.
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absence of noise. However, neither EMD nor EEMD can extract even one intrawave
IMF in the presence of noise. If the frequency modulation becomes even more intense,
the resulting signal is called a sharp signal. Analyzing these IMFs has so far been a
challenging problem in signal processing. Rare events are IMFs with compact support
in the time domain. A rare event is essentially like a spike. Adaptive methods like
EMD/EEMD are not able to process such signals with acceptable accuracy.

Since the main difficulty in dealing with intrawave signals comes from their wide
band representation in the frequency domain, which cannot be properly analyzed
using methods with explicit or implicit narrow band filters, we propose a method that
modifies the normal envelope dictionary in an STFR framework in order to extract
intrawave signals with high accuracy. This small modification, which is enlarging
the STFR filter, allows us to treat intrawave signals without major changes to the
original STFR Algorithms. Furthermore, we show that although enlarging the filter
requires that the IMF components of the IS must have enough separate time-frequency
representations, the method is not problematic when extracting non-separable time-
frequency IMFs from a signal provided they are extracted simultaneously.

Not only is the algorithm that we use to extract the IMFs stable, then, it is also
stable to noise perturbation. The EMD/EEMD methods fail to extract the two IMFs
properly. In fact all other adaptive methods fail to extract one IMF with intrawave
frequency modulation in the presence of noise, let alone two IMFs with intrawave

characteristics that have mode mixture.

1.2.5. Analysis of Convergence of Sparse Time-Frequency Method. We
prove that for any signal, whether intrawave or not, increasing the filter span reduces
extraction error. We show that STFR converges to an IMF that is close to one of the
IMF representations, but with an error associated with the width (span) of the filter.

We assume that an IS can be represented in the following format:

(1.2.8) F (&) = fo(t) + fr(t)cosb (1),
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for fi (t) >0, % = ¢ > 0 and t € [0,1]. We assume that the signal is periodic with

7o dt

mean zero. The main convergence theorem states that:

Theorem. Assume that the instantaneous frequency in equation is My-sparse;

i.e. ' € Vi, = span {eﬂ”kt, |k| < Mo, k € Z}. Furthermore, assume that

Fog ()] < |f|

o Co
fl,é (k:)‘ < W

HI(MO)’
2w My

for Cy > 0 and p > 4. If the initial guess satisfies L < %, then there exists

an ng > 0 such that for L > ny we have

|70 — o+,

S Fl)\prQL*p+2 + % H]:' (0 . Qm)/ X

for A>1 and I'y > 0.

Here, f; (k) = fol f (é) e~ 2049 and (F (g)), = folg (t) e=27ktdt. This theorem

can be generalized to the case where the signal is polluted with noise. Take
(1.2.9) f@t)=fot)+ fi(t)cosb(t)+ S,
where $ is a periodic perturbation to the original signal.

Theorem. Assume that the instantaneous frequency in equation is My-sparse;

i.e. 0" € V. Furthermore, assume that

n CO 7 CO
fos )] < s [ o )] <
HI(MO)’
for Cy > 0 and p > 4. If the initial guess satisfies S i, then there exists

an 1y > 0 such that for L > no, and |||, < € (€0 sufficiently small) we have

|7 o1y

< To (LA [S ()l + TXP2L7742 4 1| F (0 - 07|

for A >1,T1 >0 and Yo (L, \).
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These theorems explain only that we have a convergent algorithm, not that the
algorithm’s extraction is unique. Uniqueness is a difficult theoretical problem that

requires further research for more clarification.

1.2.6. Applications of Sparse Time-Frequency Method. In this thesis, we
study the application of STFR in two different fields: dynamical systems and cardio-
vascular disease diagnosis.

1.2.6.1. Dynamical Systems: In many scientific applications that requires signal
analysis, such as biological investigations, the complexity of the underlying physi-
cal problem is perplexing and the appropriate governing equation that describes its
dynamics is unknown. Researchers would like to be able to determine whether the
underlying dynamical system is linear or nonlinear, including quantifying the degree
of any nonlinearity.

We present a method for quantifying the nonlinearity of IMFs given by the STFR
method. The main idea is to establish a connection between the IMFs and classical
second order differential equations. We show that each IMF can be associated with
a solution of a second order ordinary differential equation of the form & + p (x,t) & +
q(x,t) = f(t). This method provides a new way to interpret the hidden intrinsic
information contained in the extracted IMF of a signal.

1.2.6.2. Cardiovascular Disease Diagnosis: Cardiovascular Diseases (CVD) are
one of the main causes of death in the United States every year [39]. With an in-
creasing number of deaths every year, there is a need to develop new CVD diagnosis
methods.

Using the Periodic STFR method, we observed that the IF changes its trend before
and after the closure of heart aortic valve (i.e. dicrotic notch). Since we observed the
the IF trend shift, we proposed a modified version of STFR, the Intrinsic Frequency
(InF) method, to better address the special type of the signals that we were analyzing.
The InF method assumes that there are two constant dominant frequencies before

and after the dicrotic notch. These frequencies are called intrinsic frequencies.
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It is assumed that before and after the dicrotic notch, we have the following simple

waveforms for the general IMF of the aortic pressure wave at time t:

S; = a;cosw;t + b;sinw;t +p, 1=1,2.

This assumption has shown its credibility as an index to characterize the heart and
cardiovascular diseases [44]. In this formula, ¢ = 1 corresponds to the behavior of
the IMF before the valve closure, and i = 2 to the behavior of the IMF after that.
Here, a;, b; are constants and correspond to the envelopes of the IMF. The constants
w1, wy correspond to the InFs of the IMF. p is the mean pressure during the heartbeat
period.

Take [0, 7] to be the whole period of the pressure wave and T as the location of
the dicrotic notch: 0 < Ty < T'. Also, define the indicator function as

1, »<t<uy,

Loy () =
0, else.

Now, the main IMF of the pressure waveform can be expressed as
S (ai, bi,ﬁ, Wi; t) = (CLl COS wlt + b1 sin wlt + ]5) 1[0,TO) (t) =+
(ag coswat 4 by sinwyt + p) iz 1y () .

The goal is to extract the IMF carrying most of the energy and consequently
the InFs, wy,ws, from the observed aortic pressure waveform f (¢). Taking ¢ as a

continuous variable, one can use the least squares minimization to find the unknowns.

L. _ 2
minimize 1f () = S (ai, bi, p,wis )l
a;,bi,wi,p
. aj;coswi Ty + by sinw Ty = agcoswyTy + by sinwsTy,
subject to
ay = agcoswod + by sinw,T.

Using this modified version of the STFR method, we can identify the optimum

heart rate from the aortic pressure wave alone.
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We employed the InF algorithm on pressure wave signals collected from human
beings (both invasively using a catheter and non-invasively using an iPhone camera)
and dogs (invasively using a catheter). We found that heart performance (the Ejection
Fraction[] (EF)) can be predicted using the normalized values of the InFs and the
normalized value of p. The performance of the InF algorithm clearly shows potential

for use in health care systems.

IEjection Fraction is essentially a measure of the percentage of blood leaving the heart in each
contraction. Ejection Fraction is a good measure of the performance of the heart. A very low
Ejection Fraction corresponds to some cases of Heart Failure. A very traditional way of measuring
the Ejection Fraction is through Echocardiography.
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CHAPTER 2

Literature Review

While there are different methods for signal processing, this chapter provides
an introductory overview of the more prevalent methods of signal decomposition
and processing, focusing on Fourier methods, Wavelet methods, and Empirical Mode
Decomposition methods, as well as a brief review of the Total Variation (TV) STFR
method[24], a first generation STFR method. Further details on these topics can be
found in the references cited in this chapter. This overview follows the steps of the

work by Guignard [23].
2.1. Fourier Methods

The classical approach to signal decomposition, Fourier analysis or Fourier Trans-
form, was first proposed by French mathematician Joseph Fourier, who initially used
it to solve heat transfer problems [7]. The most famous because of its simplicity
and accuracy, Fourier analysis decomposes a signal over a frequency space. Here, we

briefly introduce the method in mathematical terms.

2.1.1. Fourier Series.

Definition 1. Take the 27-periodic real function f € L' (0,27), and N € N. The

Partial Fourier Series of order N of the function f is defined by

N
(2.1.1) Fn (f(t) =ao+ > (ancos(nt) + b, sin (nt)),
n=1
having
1 2
Qo = o . f () dt,
1 21
a, = — f (t) cos (nt) dt,

™ Jo
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b, = 71r/027f f (t)sin (nt) dt.

This real definition can be extended into the complex form.

N
(2.1.2) Fn(f@)= 3 cpe™,
n=—N
with
1 o —int
(2.1.3) cn=27r/0 f(@t) e dt.

The Fourier Series of a function, if exists, is defined as

F(f (@)= lm Fy(f(t)).

N—oo

In order to extend the Fourier Series from L' (0, 27) functions into L? (0, 27), we first

need to show that the set

(2.1.4) { \/127 COS\/(;”), Siri/(;_:t) } ,

is an orthonormal set for m,n € N. This can be shown using the relations

2m
/ cos (mt) sin (nt) dt = 0,
0

2m T, m=n
/ sin (mt) sin (nt) dt = { ,
0
and

2w T, m=mn
/ cos (mt) cos (nt) dt = :
0 0, m#n

The following theorem shows that the set (2.1.4]) is an orthonormal basis for L? (0, 27)
5]

Theorem 1. Let f € L*(0,27). Then

lim | Fy (f(8) = f ()], =0,

N—o0
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[N

. Furthermore, the Par-

where | F (f (8) = £ ()l = (J37 | Fx (f (1) = £ ()] dt)

seval’s identity is satisfied

27 N
JRUIE T
0 n=—N

2.1.2. Fourier Transform (FT). The Fourier transform is the continuous ver-
sion of the Fourier Series. Here the function is not necessarily periodic and it is

defined on the whole real axis.
Definition 2. Let f € L' (R). Then, the Fourier Transform of f is defined as

Fk) = \/127 / ) et

If 7 € L' (R), the function f can be recovered by

f) = \/127 /Oo F (k) e*dk.

To properly define the Fourier Transform if f € L?(R), but is not in L' (R), one
must find a sequence of functions fy € L' (R) N L? (R) which converges to f in the

L? sense. Then the above definition can be used for fy as N goes to infinity.

2.1.3. Fast Fourier Transform (FFT). In practice, the recorded signal is al-

ways in a discrete format, f = (fo,..., fN,l)T. Without loss of generality, one can
assume that the data is recorded on a uniform mesh, ¢, = 2”7”, forn=0,...,N — 1.

Using the trapezoidal rule, one can evaluate (2.1.3) to find the Fourier Series F =

(Fo, ..., FN_l)T in a discrete way:

_ i127wkn

N-1
Fk = Z fne Ny
n=0
for k=0,..., N — 1. The original signal can be recovered using
1 N-1

2wkn
= — F.e ~ .
f N};) ke
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Now, the discrete Fourier transform can be be written in a matrix multiplication

form. Take the following Vandermonde matrix by letting w = e

1 1 1 1

1 w w? whN—1
M=]|1 2 W W2(N-1)

1 N-1 2(N-1) (N—1)2

Hence, F = Mf. This matrix multiplication needs O (N?) operations. However, by
rearranging the terms in odd and even members in f, the algorithm can speed up to

O (Nlog N) [15]. The latter is called the FFT method. In fact, the FFT method is

a descendant of the divide and conquer algorithms.

2.1.4. Windowed Fourier Transform (WFT). Since Fourier Series suffers
from the fact that there is no information about temporal instances in the Fourier
domain, WFT was proposed by Gabor [41]. WFT analyzes a small part of the signal

by multiplying it by a window function that is real, symmetric and non-zero:

Rk = [ st s

where ¢ is the window function. While this provides information regarding the time-
frequency nature of the signal, it does not completely find the time-frequency con-
tent of the signal. Depending on the length of the support of the window function,
one can get different time-frequency resolutions due to the Heisenberg Uncertainty
Principle. Furthermore, it is almost impossible to distinguish between the different
time-frequency contents of the different components of a signal that is made up of

many AM-FM signals.

2.1.5. Heisenberg Uncertainty Principle. A time signal f and its Fourier
transform F cannot be simultaneously localized in a small domain of the time and

frequency sheet [5]. This phenomenon tells us that no variation of the FT method,
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including the WFT, can exactly state whether a certain frequency has happened at
a certain time.

To enable better time-frequency resolution, the Wavelet Transform (WT) was
introduced [16]. WT does not defy the Heisenberg Uncertainty Principle; however, it
tries to present a decomposition that eliminates the principle’s side effects as much

as possible.

2.2. Wavelet Methods

Wavelet Transform was introduced to analyze a signal at different scales more
accurately than WET [16]. WT extracts the details of a signal at different time and

frequency scales.

2.2.1. The Wavelet Transform. A wavelet is a complex function ¢y : R — C

satisfying the following conditions:

(1) ¥ € L*(R)
(2) Cy =27 [. ‘Hw ‘da<oo

where F (¢) is the FT of ¢, and R* = R—{0}. A wavelet dictionary D is the dilation

and translations of the wavelet :
(2.2.1) D = {tap (t),(a,b) € R* x R},

where ¢, (1) = |a|7% (t b) The parameters a, b are the scaling and translational
parameters respectively. The wavelet transform of a signal is defined as the inner

product of the signal f and the wavelet function:

(2.2.2) Wi @) = (van) =l [ 0 (t‘b) .

One can recover the original function from the transform by

1

(2.23) = | OV (@) (s (0) da
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The parameter b is a translational parameter that can spot the occurrence, in the
time domain of a certain frequency, which is characterized by the scaling parameter
a. Hence, the wavelet transform W (a,b) conveys the information regarding the
time-frequency content of a signal. Numerical approximation of Wavelet Analysis is

called Multiresolution Approximations.

2.2.2. Multiresolution Approximations. A fast and numerically feasible ap-
proximation of a signal at different scales requires an orthonormal basis of L? (R) at
different scales, in other words, an orthogonal projection on {V}-}jez, as defined in
Definition 3] so that the behavior of the signal at different scales can be captured.

Here we present the properties of multiresolution spaces [41]:

Definition 3. The sequence of closed subspaces of L?(R), namely {Viticz: is a

multiresolution approximation, if the following properties are satisfied:
1- Translation Invariance: f (t) € V; < f(t —2'n) € V; for all (j,n) € Z*.
2- Nesting: V41 C V] for all j € Z.
3- Scaling: f(t) eV, & f (%) € V4 for all j € Z.
4- Separation: Oﬁ V; = {0}.

j=—00
5- Density: U V; = L2(R).
j=—o0

6- Existence of Riesz Basis: There exists  such that {6 (¢t —n)}, ., is a Riesz basis

of Vp.

Using this definition, the following theorem constructs a family of orthonormal

basis for V; [41].

Theorem 2. Let {V;}

ez be a multiresolution approximation and ¢ be the scaling

function satisfying
F(0) (£)

F(e)(©) = :
(Z o |7 (0) (€ + 2km)[)

NI
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Then the family {¢jn},cq is an orthonormal basis of {V;} Here, ¢, is defined

JEL”

as

1 t—2n
¢j,n = \/Z¢ ( 9 > .

To find the orthonormal basis of L? (R), one must first find the orthogonal com-

plement of V;, namely W;, in V;_,
Via=V, e W,
This can be achieved using Theorems |3| and |4] [3], 41].
Theorem 3. Let ¢ be a scaling function and let v be the function that satisfies
i€

F )@ =cF (§47) 7 0)(©).

Here H(§) = % S hae™™ with by, = (¢ (t) ,¢_1.,, (t)). Then the family {%}n}nez

is an orthonormal basis of {W;}, ;. with

1 t—2n
¢j7n = \/ZQ/) ( 9 ) .

Theorem 4. The family{1;.}

jmyeze » 15 an orthonormal basis of L? (R).

These theorems enabled the development of the Fast Wavelet Transform (FWT)
algorithm. The FWT algorithm decomposes an approximation f; € V; into a coarser
approximation fj1; € Vji; and the details w;;; € Wjy; and is then applied to

fi+1 € Vj41. In other words, for a K — 1 step algorithm we have
JtK
fi=Firx + Y w
k=j+1
For further details of the algorithm, see [41].
FWT is essentially the wavelet counterpart of FFT. It is a numerical implemen-

tation of the WT method. FW'T gives a better time-frequency resolution than WFT.

However, since the projection of the signal is on a predefined set of wavelet functions,
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the extraction is not adaptive. In order to get a better time-frequency resolution, the
intuition is to project the signal on an adaptive basis that is found from the signal
itself. Empirical Mode Decomposition and the more recent Ensemble Empirical Mode

Decomposition were developed to do just that.

2.3. Empirical Mode Decomposition (EMD) Methods

Empirical Mode Decomposition (EMD) methods were originally proposed to over-
come the problem of predetermined bases which was hampering a proper sparse de-
composition in the WT and FT methods. EMD [32], which tries to find the basis
of decomposition adaptively from the original signal in an empirical way, has gained

much acceptance in the engineering and scientific community [30, [31].

2.3.1. EMD Algorithm. The EMD method uses Intrinsic Mode Function (IMF)
[32] as constructing blocks of signals. IMFs are defined slightly differently in different

methods. Here, we present an EMD definition of an IMF.

Definition 4. An IMF is a function that satisfies the following two conditions:

e The number of extrema and the number of zero crossings are equal or differ at
most by one on the whole data set

e The mean value of the envelopes defined by the local maxima and the local

minima is zero at any point.

EMD decomposes a signal into an extracted IMF and a residue through a sifting
process. The extracted IMF is then post-processed to find the Instantaneous Fre-
quency (IF) either through Hilbert transform or another sifting process [32} 33]. To

summarize, for a signal z (t), the decomposition looks like

P =3 )+ (),

where ¢;’s are the IMFs extracted from the signal and r,, (¢) is the residue. The residue

is not itself an IMF but is more like a trend that is either completely increasing, or
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Algorithm 1 EMD Sifting Algorithm
e 1: k=1
e 2: Find all local extrema of x ()
e 3: Interpolate the minima (using cubic spline) to get the lower envelope
Emin (t)
e 4: Interpolate the maxima (using cubic spline) to get the upper envelope
€mazx (t)
Compute the mean m (t) = 5
Extract the detail dj, (t) = z (t) — m (t)
if dy, (t) satisfies the definition of an IMF then
return c (t) = dj, (t)
. else
10: x (t) = dy (t)
11: k=k+1
12: go to 2.
13: end if

€max (t)+€min (t)

decreasing, or has only one local minimum or maximum. The original EMD sifting
algorithm, which is explained in Algorithm [I| [23], extracts only one IMF from the
signal. Hence, when one IMF ¢ (t) is extracted from the signal z (), then x (t) — ¢ (¢)
is considered to be a new signal (if it is not already a residual) and the sifting process
is now performed on this new signal. This procedure is done repeatedly until all IMFs
are extracted.

There is a problem with the sifting algorithm: the sifting process can inadvertently
eliminate physical information about the extractions by over-smoothing. In order to

prevent such an error, a stopping criterion is needed [32]. Taking a parameter like

X d () = dia ()
D=L "y

it is possible to define an empirical stopping criterion. Here, it is assumed that the
signal is sampled on discrete points t;,2 = 1,..., N. Usually, if SD is less than 0.2 or
0.3, the sifting process must stop. Unfortunately, this is another empirical nature of
the algorithm.

Once the first IMF is extracted, it is subtracted from the whole signal and the

result is treated as a new signal and the sifting algorithm is then again applied to the
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residue. The extractions finally stop when the residual is too small or it is monotonic.
Once all the IMFs are extracted, the IF can be found by the Hilbert transform or
another sifting process on the IMF [33]:

First, the Hilbert transform of the j-th IMF ¢; is defined as

h(t) = = ][OO (0 g

T ol —T

Next, the analytic signal of the Hilbert transform is defined as
2 (t) = ¢; (t) +ih; (t) = a; (t) %,

At the end, the IF is defined as the time derivative of §; (t). In other words, w; (t) =

do; (t)
dt

. The problem with this approach is that the found IF is based on a certain

definition that is derived from an analytic signal.

2.3.2. Ensemble Empirical Mode Decomposition (EEMD) Algorithm.
EMD is highly sensitive to noise. In order to fix this shortcoming, Wu and Huang [56]
proposed EEMD in 2009. EEMD minimizes noise effects by adding white noise to the
signal. The method then follows with finding the IMF, repeating the same procedure
with many other realizations of the white noise, and finally take the average of these
IMFs as the corresponding IMF. The number of times that the white noise is added
is called the ensemble number E. The EEMD algorithm is detailed in Algorithm [2]
[23].

The total number of IMF extractions should remain the same throughout each
time that the noise is added to the signal x; (¢), which is a shortcoming of the EEMD.
The proposed number is usually |log, V| —1 for a signal of length N [56]. This is again
another empirical value beside the empirical nature of the algorithm. Furthermore,
the extracted functions are not necessarily IMFs [56]. While the EMD and EEMD
methods have attracted a lot of attention, they lack a theoretical basis. The STFR
methods were introduced to fill the empirical gap. In the next section we start with

the first rigorous STFR method.
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Algorithm 2 EEMD Algorithm

o l: fori=1+—— Fdo

e 2: Let w; (t) be a white noise series

e 3: Compute x; (t) = z (t) + w; (t)

e 4: Perform the decomposition of z; (¢) using the EMD method:

z; (t) = Zi: cii (t) +rni(t),

e 5: end for
e 6: Compute the (ensemble) mean IMFs

cj (t) = ;Z cji (),

for j=1,...,n.

2.4. STFR Methods

Although STFR methods were inspired by the EMD and EEMD methods [32] [56],
they make use of techniques from compressive sensing theory [10, 12] and matching
pursuit [42]. Compressive Sensing (CS) and Matching Pursuit (MP) methods try to
find a sparse reconstruction of an observed signal from a predefined finite large dic-
tionary. STFR, on the other hand tries to find a sparse reconstruction of an observed
signal from a predefined infinite large dictionary. STFR methods use two major
steps: they first construct a highly redundant dictionary of all IMFs, namely D, then
find the sparsest decomposition by solving a non-linear and non-convex optimization
problem , an Ly minimization problem. Solving it is fundamentally difficult.
In the coming parts, we explain possible approximations by which one can find a close
solution of problem ([2.4.2)).

In order to explain the STFR methods, we need some preliminary definitions.
The set of the collection of IMFs constitute a dictionary. However, before defining

the dictionary of IMFs, we need another definition.

Definition 5. The envelope functions set V' (6) is

V(0) = span{l,cosi,sini | A > )\0}7
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where )\ is called the level of smoothness.

A common value for \g is 2 so that the frequencies of the envelope terms are

1

always less than or equal to 5, in f-coordinate. This states that the envelope is not

as oscillatory as cos 6.

Definition 6. The IMF dictionary D is defined as

(24.1) D= {a(t)cos@(t) la(t) e V(6(t),al(t) > O,d(gdit) > O,dedit) € C}.

The goal of the STFR methods is to find the sparsest decomposition among all
possible IMFs in a dictionary. In mathematical terms, the sparsest decomposition of
the signal is to be found by solving a nonlinear optimization problem

(2.4.2)

Minimize M

Subject to: s(t) =M a; (t)cosb; (t), a;(t)cosb;(t)€ D, i=1,.. M,
The assumption behind this optimization problem is that the nature of the signal
is nothing but an IS. This problem is an Ly minimization. Like other optimization
problems, the constraint s (t) = 2%, a; (t) cos §; (t) can be relaxed into an inequality
in Lo-norm if noise (or approximation error) is present in observation.

The optimization problem is NP hard. Hou and Shi have proposed a
number of algorithms for approximating this problem [25] 24} 26] by decomposing the
signal into two parts, a mean ag and a modulated oscillatory part, namely the IMF,
ay cos 0:

s(t) =ao(t) +ai (t)cosb (t),

where 60, a1, and ag are the unknown phase function, envelope, and mean respectively.
This sequential decomposition is nothing but a matching pursuit [42] to find one of the
IMFs, a; cosf. After this has been extracted, the residue (or the mean) ag is treated

as a new signal and the same procedure is repeated until the residue is smaller than
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a preset value. This part of the STFR methods is essentially the same as the one we

observed in the EMD and EEMD methods.

2.4.1. Total Variation (TV) Method. To find a good acceptable approxima-
tion, Hou and Shi [24] proposed an adaptive STFR method based on total variation
minimization, the TV STFR method. They used TV to impose a smoothness condi-
tion on the mean ag (t) and envelope a4 (t) functions. It is well known that minimizing
the total variation TV (g) = f; |¢' () |dx would generate the “stair case.” As a result,

Hou and Shi proposed the TV?3 minimizationﬂ of the form

Minimize TV? (ag) + TV? (a
(2.43) (ao) (a1)

’

Subject to: s(t) =ap(t) +ay(t)cosby (), 6,(t) >0,

as an approximation to the original problem . This enforces a higher order
regularity of the local median and envelope. Minimizing the third-order total variation
of any function tends to produce a piecewise constant approximation to the third order
derivative of the function. Thus, a T'V? minimization tends to produce a cubic spline
approximation for aq (t) and a; (¢). In this sense, this method is similar to that of the
EMD method.

This problem is solved in an iterative manner. First, an initial guess on 6; is
set. Then based on that, the value of a; is approximated and the phase #; is again
updated. This procedure is repeated until there is no progress in updating the phase
function. Here, the definition of the dictionary is not used explicitly. The smooth-
ness requirements of the mean ao and the envelope a; are enforced through a TV?3
minimization. This approach is an exponential step compared to the EMD method
and fixed-basis methods like FT and WT methods. Unfortunately, the algorithm is

not stable to noise.

1TV () = [ g+ () |da = ||¢ )|,
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2.4.2. Periodic Fourier-based Sparse Time-Frequency Method. While
TV STFR performs well for signals with no noise perturbation, noise is an indis-
pensable part of almost all signals. To address this problem, Hou and Shi, proposed
the Periodic Fourier-based STFR method [25], which performs well on periodic data
even in the presence of noise.

2.4.2.1. Theory and Algorithm. Without loss of generality, assume that the signal
s is sampled over a uniform grid t; = % for j =0,1,...,N — 1 and even N. The
Periodic STFR algorithm is explained in Algorithm [3] The Periodic STFR algorithm
works in the following way: an initial guess is proposed on the phase function 6.
In the first step, the whole signal is mapped to the phase function space and the
Fourier transform of the signal is then found in that space. At this step, the possible
candidates for the envelope functions a’gg, b’gg are found by and (2.4.8)). Later,
in Step 5, the new phase function is updated and the algorithm begins a new iteration.

The cutoff function in the algorithm is
1
(2.4.12) X (w) = 2 2
0, otherwise.

2.4.2.2. Technical details of the algorithm’s updater, envelope extraction, and un-
derlying theory. The algorithm’s updater (2.4.9)) assumes 07 is the n' guess on the
phase function. This guess needs to be updated by a perturbation Af@. In other
words, 07" = 07 + Af. Having this, one can state
Al cos (0 + ANO) = Af cos (AG) cos (0)) — Al sin (A6) sin (6})
_ k n k o3 n
= a, cos (0y) + by sin (6;) ,
with
a® = A% cos (A\G),

br = — A7 sin (A).
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Algorithm 3 Periodic STFR Algorithm

oek=11r""1=5

e Step 0: n =0, 0} =0y

e Step 1: Interpolate r*~! from the t-coordinate into a uniform grid in 6-
coordinate. In other words, for j =0,..., N — 1:

(2.4.4) (rgn 1) = Interpolate (t, rk=t (92)3)
e Step 2: Apply the Fourier transform to ren ! for (0); = 2mLon nl
(2.4.5) Fop (rhe ) —Z (b ) T o= Ly

e Step 3: For the Fourier inverse defined as

(246)  (Fo" (Fop (rhe )))j:N i Fop (Tg”g_l)we P j=0,...,N—1,

ko 1 k—1 k—1 w
(2.4.7) agn = Fon K]:eg (7“9; >w+L9n +Fop (TGZ )w—L9n> X (Lgnﬂ ’
k k k

P B k—1 w
(248) beg = fe: [ (3 (f@n (TQH )w+L9£ ‘7:6;? (re’ﬂ ) L92> X <L92>‘| .
e Step 4: Interpolate the calculated envelopes background into the ¢-coordinate
for j = 0,...,N — 1, by (ak> - = Interpolate (Hﬁ,a’gg,tj> and (bfl) =
j J

n

Interpolate (9,’;, b’gg, t
e Step 5: Update the phase function

k t
(2.4.9) N = Py, (jt arctan (bk» OB (t) = / A0 (s) ds
a 0

(2.4.10) 0t = 0} + BAD.
Choose 8 € [0, 1] such that the phase function is always strictly increasing:

(2.4.11) f = max {a € [0,1] | Z (0p +alNg) > 0} .

The projection, Py,, , into Vi, = span {eﬂ”kt, |k| < Mo, k € Z} is a smooth-
ing step. M is fixed.

e Step 6: If HG”“ G”H < €7, then IMF), = afcosf? + brsinf?, n « 0,
rk = k=l —TMF, k< k+ 1. Else, n < n + 1, goto Step 1.

e Step 7: If H H < €q1, stop. Else, goto Step 0.




31

Hence, the perturbation A6 is

bk:
Al = — arctan (”) )

ay
Since arctan (.) is not good function to handle numerically due to jumps, the derivative
of this function is used. Also, in order to denoise the updater (2.4.9)), a projection on
Py,
In this algorithm, the envelopes afy, b are extracted as shown in (2.4.7) and
(2.4.8). We need the following lemma to be able to depict the justification.

is used.

Lemma 1. For a function f € L' (R), we have

FLf (@) cos ) (k) = o (FII (k= 1)+ FfI(F+1)),

FLf @)sin ()] (k) = o= (F[f1(k=1) = F[f](k+1)).

PROOF. The proof is just direct calculations with cos (£) = " and sin () =
it _—it
—— =
An IMF is concentrated around frequency 1 in its corresponding 6-coordinate, if

there is no mode mixture. In other words, if the signal is s, then one of the IMFs ¢

in one of the #-coordinates approximately looks like
(2.4.13) Fole] (k) = Fys] (k) x (k—1).

Here, x (k) is a low-pass filter centered at 0. We know that the IMF has a represen-

tation like

c(0) =a(0)cos(f)+b(0)sin (0)

in the sought #-coordinate. Using Lemma 1| we have

(2.4.14)
Folel (k) = 5 (Folal (k= 1)+ Fo la] (5 + 1) + o (Fo ] (5 — 1) = 3 ] (k + 1).
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Since we have assumed that a (0) ,b (0) are in V' (), if we multiply (2.4.14) by x (k — 1)
we have

Fole (k) x (k= 1) = 3 (Fo [a] (k — 1) — iFo [} (5 — 1)).

Using this and approximation (2.4.13) we have

Fols) (W) x (k= 1) ~ 5 (Fola] (k= 1) — iy 8] (5 — 1),
which is equivalent to
(2.4.15) Fols] (k4 1) X (k) = 5 (Fola] (k) — i ] (K)

Now, if we multiply (2.4.14) by x (k + 1) , and follow the same steps as we just took,

we have

(2.416) Fols) (k= 1) x (B) ~ 5 (F [a] () + i ] ()

Combining (2.4.15)) and (2.4.16]) we have

Folal (k) = (Fols] (k+ 1) + Fp[s] (k= 1) x (k) ,

Fo 0] (k) = =i (Fo[s] (k +1) = Fo[s] (k = 1)) x () .

Hence, the Step 3 of the algorithm and equations (2.4.7) and (2.4.8) are clearly

explained.
2.4.2.3. Numerical FExamples. In this part, we show a few examples on the capa-
bilities of this algorithm. We will show the algorithm is able to extract the IMFs from

an IS even in the presence of heavy noise perturbation.

Example 1. For a tested signal (Figure with constituent IMFs that are constant
envelope IMFs with IFs shown in Figure 2.2 we used the periodic algorithm intro-
duced in this section and extracted IMFs and IFs (shown in red in Figures [2.3}{2.6).
The method was accurate with almost no error in the extraction of the IMFs and

their corresponding IFs. In other words, in the absence of noise, the extractions are
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Original Signal
T

FiGure 2.1. The Original Signal: The horizontal axis is the time
variable and the vertical axis shows the signal itself.

almost accurate since the IFs are completely separate in the frequency domain, see

Figure

Example 2. We added white noise with amplitude one to the same signal that was
used in Example [1| (original signal is shown in Figure and the noisy signal in
Figure . Using the periodic algorithm introduced in this section, we extracted
IMFs and IFs (shown in red in Figures . Even in the presence of noise, the
extractions remain accurate. While the second IF is not captured properly (Figure
the IMF corresponding to the second IMF is recovered from the original noisy

signal with good accuracy.

Examples [I] and [2] show that the Periodic STFR method has good accuracy, even
when noise is present. While this algorithm works well for periodic data, for non-
periodic data, the algorithm would not extract the IMFs properly as the Gibbs phe-

nomenon pollutes the extraction. In the next chapter, we propose another algorithm
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Exact freq.
30 T

25 -

20 b

FiGURE 2.2. The Instantaneous Frequencies of the Signal Shown in
Figure (2.1): The horizontal axis is the time variable and the vertical
axis shows two different IFs of the constituent IMFs of the signal.

Comparison of IMF, and the approximated IMF
15 T T T T T

FiGurg 2.3. First IMF Extraction: The horizontal axis is the time
variable. The extracted IMF is in red and the original IMF is in blue.
The extraction is almost with no error.
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xact
30 T T

25

20

Ficure 2.4. First IMF IF: The horizontal axis is the time variable.
The extracted IF of the first IMF is in red. It completely overlaps the
lowest IF content of the signal.

Comparison of IMF, and the approximated IMF
15 T T T T T

FIGURE 2.5. Second IMF Extraction: The horizontal axis is the time
variable. The extracted IMF is in red and the original IMF is in blue.
The extraction is almost with no error.
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xact
30 T T

20 b

FIGURE 2.6. Second IMF IF: The horizontal axis is the time variable.
The extracted IF of the second IMF is in red. It completely overlaps
the highest IF content of the signal except near the boundaries.

Original Signal
T

F1GURE 2.7. Original Noisy Signal: The horizontal axis is the time
variable and the vertical axis shows the signal itself.
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Comparison of IMF, and the approximated IMF

FIGURE 2.8. First IMF Extraction: The horizontal axis is the time
variable. The extracted IMF is in red and the original IMF is in blue.
The extraction has some minor error.

Comparison of the exact ies and the frequency
T T T T

30

20

FiGure 2.9. First IMF IF: The horizontal axis is the time variable.
The extracted IF of the first IMF is in red. It does not overlap the
original IF of the signal. However, it is capturing its trend properly.
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Comparison of IMF, and the approximated IMF
15 T T T T T

FiGURE 2.10. Second IMF Extraction: The horizontal axis is the
time variable. The extracted IMF is in red and the original IMF is in
blue. The extraction is acceptable even in the presence of noise.

c ison of the exact ies and the frequency
35 T T T T

FiGURE 2.11. Second IMF IF: The horizontal axis is the time vari-
able. The extracted IF of the second IMF is in red. It does not com-
pletely cover the whole trend of the IF due to the presence of noise
perturbation.
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where this problem is addressed properly. In the next chapter, we introduce the non-
periodic STFR method by which one can even handle non-periodic IS signals in the

presence of noise perturbation.
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CHAPTER 3

Non-Periodic Sparse Time-Frequency Method

TV STFR is not accurate for noisy signals and Periodic STFR is not suitable
for non-periodic signals (in particular it cannot accurately extract the trend of a
non-periodic signal). In this chapter, we propose a non-periodic STFR method that
overcomes the limitations of previous STFR methods. Non-periodic STFR has a
slower speed of convergence than Periodic STFR since it uses a L;-norm regularized
with Lo-norm optimization rather than FEFT for each iteration. Nevertheless, it can

successfully be applied to non-periodic signals and also to signals polluted with noise.

3.1. Theory and Algorithm

Non-periodic STFR uses the same approach as Periodic STFR: we try to extract
the sparsest representation of IMFs from an IS. Essentially, we are looking for an
appropriate approximation to the problem,

(3.1.1)

Minimize M

Subject to: s(t) =M, a;(t)cosb; (t), a;(t)cos;(t) €D, i=1,.., M.
In the non-periodic STFR algorithm, we assume that the envelopes of the IMFs have
a sparse structure in their respective dictionary. This assumption is not far from
reality since we are using an infinitely large dictionary when we try to extract IMFs.

This assumption can be formulated in the following way:

Minimize 6 (la(W)], + [IbOI,) + s (1) — A(t) cos6 ()]

Vs

(3.1.2) Subject to : A(t) = foo (a (\) cos ORI (\) sin &/\t)) dA,

2
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In this formulation, the envelope A (t) of the IMF A (t) cosf () is assumed to have
a sparse structure that is captured by |la (¢)|, + ||6(¢)||,- Here, ¢ is the regulariza-
tion parameter to enforce the sparsity. In this formulation, the dictionary is defined

explicitly by

A(t) = /200 (a()\) cosei\ﬂ +b(\)sin 9;15)) d,

such that a,b € C'. One can understand this similarity by referring to the definition

of the dictionary:

where

A
The optimization in (3.1.2) is in a continuous format. In order to solve such an

0 0
V(0) = span{l,cos,sin/\ | A > )\0}.

optimization problem using a computer algorithm, we need a discrete format of the

problem.

3.1.1. Discrete Formulation. Here, for the sake of simplicity in implementa-
tion, we set 6 (0) = 0. The following vectors and matrices can help us to convert it
into a discrete format suitable for implementation. We start with the semi-discrete

version of the envelop function A (6):

0 0
3.1.3 AB)=a"+ ) ai cos— + b} sin —,
ki ki
1 kl kl
(3.1.4) {ki}2, C[2,00).

This formulation states that the envelope of a to-be-extracted IMF has a representa-

tion derived from dictionary D. The same formulation stands for B (6):

0 0
(3.1.5) B(0) =a’+ ) _a;, cos ot by, sin o
1 l l
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In fact A (f) and B () are numerical counterparts of the envelope of the IMF A (¢).
In other words, we assume that the IMF looks like A (6)cos@ + B (6)sin#, when
6 (0) = 0 is enforced. The definition of the IMF dictionary is used explicitly when
having {k; }7", C [2, 00) side by side with equation (3.1.3)). In practice, we pick O (2'°)
uniformly distributed points between 2 and 10, as instances for the values of k;. So

far, the semi-discrete version of (3.1.2)), using the numerical counterparts of A (¢) (see

(3.1.3), is
5 (Jaet+ = (Ja |+ |65,
+6 <|a |+£T(akl b, ))

+||s(0) ( +Zm (akl cos——H)kl smk>) cosf

<a + Zm (akl CoS 1~ + by, sin ¢ )) sin 6] [3.

In this formula af af,, b ,a° af,,b;, € R. Now, in the discrete domain, for ¢ =

1,..., N, define

0 ={6,} e RY,
s={s(t;)} € RY,
C = {cos i} = {Cy} € RN,
S = {sin &1} = {5y} € RN,

(3.1.6)

where ; = 0 (t;). Next, define the envelope vectors A, B as

a‘ a’
(3.1.7) A= [C,S, 1] be |, B= [C,S, 1] bs
ac a’

Other matrices needed to describe the algorithm are

= [Ca Sa 1] ) Sinf = d’L'CLg(SiIl 0),
(3.1.8) T
X=1|a° b® a¢ a* b*® a*| . Cos0 = diag(cos 9),
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Algorithm 4 Non-periodic STFR Algorithm
ek=1r"1=s
e Step 0: n =0, 0,(6") =0,

7\ (n)
e Step 1: Find x,in) = ({ a° b® a° a* b® a° } ) by solving the convex
k
minimization problem:

(3.1.10) Minimize 6x{" |l + ||ls — Hx ™ |12

e Step 2: Calculate
c (n) s (n)

a a
(3.1.11) A7 =[C,S, 11" | | be By =[C,8,1)" | | b°
a |/, a® |/,
e Step 3: Update the phase vector
Bn
(3.1.12) 0](€n+1) = 0,(:) — arctan <k>
Aj

e Step 4: If HO(”) - 0<“—1>H < ¢, then IMF, = HVx\" n « 0, ¥ = rk-1 -
IMF .k < k+ 1. Else, n < n+ 1, goto Step 1.
e Step 5: If HrkH < €171, stop. Else, goto Step 0.

(3.1.9) H = H (0) = [Cos8T, Sinf¥] € RV*2@m+1),

Here, the vector x is the vector of all unknowns and is assumed to have a sparse

structure in the whole dictionary. All in all, the problem that we want to solve is

minimize 5 |1xl, + |Is — Hx||3 .
x7

3.1.2. Algorithm. Algorithm [4] explains each step of the non-periodic STFR
method. Take the sampled signal to be like a column vector s. Please note that the
compact form of the updater in the third step of this algorithm is not used explicitly.
Instead, we use the discrete version of equation (2.4.9) (see step 5 of Algorithm [3):

A@’—i t Bi Ae(t)—/tAG'(f)dﬁ
= - arctan Ar ) =, .

Least-squares [;-regularized minimization (3.1.10)) is used in this algorithm for two
reasons: first, we assume that the envelope can be approximated by a sparse number

of terms and second, it acts as an stabilizer of the [ norm. Furthermore, unlike TV
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STFR and periodic STFR, non-periodic STFR uses the dictionary explicitly in the
algorithm. We use the method introduced in [34] to solve (3.1.10)) numerically.

3.2. Numerical Examples

We ran a number of tests on this method, which show that it has all the strong
attributes of other STFR methods. The regularization parameter § was taken to
be O (1) for the cases that we do not have noise and O (50) for the cases that we
have noise. One can even pick different values of § when extracting different IMFs.
However, this makes the method slightly empirical than completely mathematical.
The initial guess in all the cases were picked as constant-frequency random numbers.
For example, if we intended to extract a trend, we used to take a low constant-

frequency number for the initial guess.

Example 3. We first tested the algorithm’s performance on an example signal with
a linear trend and two constant envelope and frequency IMFs, f (t) = 6t + cos (87t) +
0.5 cos (40mt) (see Figure[3.1)). The algorithm extracted IMFs (see red lines in Figures
3.4]). Besides some tiny boundary misalignment, the extractions were accurate,

suggesting that the non-periodic STFR method is accurate away from the boundaries.

Example 4. In order to further test the abilities of the method, we tested a more

complex signal (see Figure

607t 0<t<05
f () = 6t* + cos (107rt + 107rt2) + cos

80t —10mr  05<t<1
in which one of the IMFs has a jump in its I[F. The trend in this case is quadratic.
The IMFs were again extracted with high accuracy except for some boundary effects
(see Figures [3.6H3.8) suggesting the method remains accurate even when the IF of

one of the IMFs has some irregularities.
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FiGure 3.1. Signal with a Linear Trend: The horizontal axis is the
time variable and the vertical one is the signal itself.

Found IMF Vs real IMFs
T T T

D NN,
NVYVYNVY VYNV Y

= L L L L L L I I L
0 01 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

FiGURE 3.2. Extracted Trend: The linear trend is in blue and the
extracted trend is in red. Except the right boundary, the error is small
in the extracted trend.
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Found IMF Vs real IMFs
T T T
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b

/0 I
\\// \/A\v \\/

FIGURE 3.3.

Extraction of the first IMF: The extracted IMF is in

red. As can be seen, except from the boundaries the extraction is

faithful.
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Extraction of the second IMF: The extracted second

IMF is in red. It is almost indistinguishable from the high-frequency

original IMF'.
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FIGURE 3.5. Signal with a Quadratic Trend: The horizontal axis is
the time variable and the vertical one is the signal itself.

Found IMF Vs real IMFs
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FIGURE 3.6. Extracted Trend: The quadratic trend is in blue and
the extracted trend is in red. There is almost no error in the extraction.

Example 5. To further test the method, we ran the algorithm on a signal that con-
tained some intrawave modulation in one of the IMFs (intrawave signals are addressed

in greater detail in the next chapter). The signal used (see Figure is described
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FiGURE 3.7. Extraction of the first IMF: The extracted IMF is in
red. As can be seen, except from the boundaries the extraction is
faithful.

Found IMF Vs real IMFs
T

FIGURE 3.8. Extraction of the second IMF: The extracted IMF is in
red. Like the previous example, the extraction is accurate, except near
the right boundary.
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FiGure 3.9. Signal with a Hump-like Trend: The horizontal axis is
the time variable and the vertical one is the signal itself.

in mathematical terms as

1 1

f(t) = 1.2 4+ cos (27Tt) + 1.5 + sin (27Tt)

cos (327t + 0.2 cos (647t)) .

The trend is like a hump. The IMFs were again extracted with high accuracy except

near the boundaries (see Figures 3.11]).

Example 6. To check the stability of the algorithm with noise perturbation, we ran
a series of tests that added white noise (represented by x (f)) to an IMF. In this
example, the signal used (see Figure [3.12)) was:

[ (t) = cos (607t + 10sin (27t)) + x (¢) .

The extracted IMF was compared to the original one (see Figure [3.13). Even in the
presence of heavy noise, the extraction is still acceptable, showing the stability of the

non-periodic STFR method in the presence of noise.
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Found IMF Vs real IMFs
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FicUure 3.10. Extracted Trend: The trend is in blue and the ex-
tracted trend is in red. There is almost no error in the extraction,
except near the boundaries.

Found IMF Vs real IMFs
T T T

FiGure 3.11. Extraction of the IMF: The extracted IMF is in red.
Since the signal has intrawave modulation, the extraction has slight
phase lags seen near the peaks and troughs. Still, the extraction is

faithful.
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FicUure 3.12. Signal with Noise Perturbation: The horizontal axis is
the time variable and the vertical one is the signal itself.

Found IMF Vs real IMFs
15 T T T

051

-0.5

15 L L L L L L I I I
0

FiGure 3.13. Extraction of the IMF: The extracted IMF is in red.
Even in the presence of noise perturbation, the generality of the extrac-
tion is acceptable.
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FiGure 3.14. Signal with a Quadratic Trend Polluted with Noise
Perturbation: The horizontal axis is the time variable and the vertical
one is the signal itself.

Example 7. To further test the method’s stability, we tested it on the signal from
Example [4] plus white noise (see Figure (3.14])

607t 0<t<05
f (t) = 6t + cos (107?15 + 1O7Tt2) + cos + x(t).

80rt —10m  05<t<1
The trend is extracted fairly well, (see Figure[3.15)). The IMFs are also acceptable (see
Figures 3.17)). In fact, there is no observable phase error in extraction. Although
there are jumps near the peaks and troughs of the IMFs, the trends of the IMFs are
extracted properly, except for some boundary error. This further demonstrates the

stability of the non-periodic STFR method in the presence of noise.

When compared with other STFR methods, the only shortcoming of the Non-
Periodic STFR method is the speed of the algorithm (see Table . In particular,

non-periodic STFR can be seen as a strong trend detector compared to even the

EMD\EEMD [58].
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Ficure 3.15. Extracted Trend: The linear trend is in blue and the
extracted trend is in red. Due to the presence of noise, the extracted
trend deviates from the original trend slightly.
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FiGURE 3.16. Extraction of the first IMF: The extracted IMF is in
red. The only part of the extraction that is not completely acceptable
is the right boundary of the extraction.
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FIGURE 3.17.

Extraction of the second IMF: The extracted IMF

is in red. Here, the noise perturbation has more effect on the IMF
extraction. However, the generality of the extraction is still acceptable.

Periodic STFR | TV STFR | Non-Periodic STFR
Accuracy in envelope High Medium-High Medium
Extraction
Accuracy in IF High Medium-High Medium
Extraction
Accuracy in IMF High High High
Extraction
Speed High Medium Medium
Non-Periodic Data No Yes Yes
Noise Stability High Low High
Boundary Error for High Medium Low
Non-Periodic Data
First Guess No Yes No
Initialization

TABLE 3.1. Comparison of the STFR Methods
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CHAPTER 4

Extraction of Intrawave, Sharp, and Rare Event Signals

using Sparse Time-Frequency Method

In general, intrawave signals are oscillatory signals that have intense frequency
modulation in at least one #-coordinate. By intense modulation we mean that the
IF has oscillations that is comparable with the oscillation of the IMF itself. If the
frequency modulation becomes even more intense, the resulting signal is called a sharp
signal. The difference between the intrawave and sharp signal is in the intensity of the
frequency modulation. Analyzing these IMFs has so far been a challenging problem
in signal processing, specifically for adaptive methods.

Rare events are IMFs with compact support in the time domain. We consider
them to be signals with constant very high frequency occurring at a very small time
period. A rare event is essentially like a spike. Since they have a compact support,
analysis of rare events is relatively hard. Even adaptive methods like EMD/EEMD
are not able to process such signals with acceptable accuracy. In this chapter, we

propose algorithms to analyze intrawave, sharp and rare event signals.

4.1. Intrawave Signals

Few previous methods have attempted the difficult task of extracting intrawave
signals. Omne approach [54] uses the concept of wave shape function to tackle the
problem. However, it is not clear how the shape function is learned. The EMD
method can extract one intrawave IMF in the absence of noise. However, neither
EMD nor EEMD can extract even one intrawave IMF in the presence of noise. As
can be seen from the sparsity of literature in this field, no method that we know of

can faithfully extract intrawave IMFs, and this theoretically challenging problem has
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been an open problem for many years. Nevertheless, these signals are abundant in
second order ordinary differential equations, specifically conservative systems, and if
one is eager to identify the original ODE from an observed signal, one must be able
to extract intrawave signals properly. Here, we present a method for extracting an
intrawave signal with the highest possible accuracy. This means that we propose a
method that does not break an intrawave signal into subharmonics.

Before formally defining an intrawave signal in mathematical terms, we consider

a clarifying example, using a model intrawave problem:

(4.1.1) x (t) = cos (wt + pr sin (pt)> :

where w is the carrier frequency, A w < w is the strength of frequency modulation,
and p is the frequency of the frequency modulation. This example follows initial work
by Van der Pol [5I]. By taking 6 (¢) = wt, one can map the signal (4.1.1) into the

f-coordinate,

(4.1.2) x (0) = cos (6’ + Lw sin <p9>> :

P w

Simplifying this we have

x (0) = cosf cos <M sin <p9>> — sin 0 sin (M sin <p9>> )
p w p w

Expanding the terms cos (A?“ sin (50)) and sin (A?w sin (59)), using Fourier trans-

form, we have

z(0) = {Jo (%) + 2500 o (%) cos (2]{59)} cos 01—

(4.1.3)
{2582, Jorr (22) sin ((2k — 1) 26) } sin 6,

where Jj is the the Bessel function of the first kind of order k. Hence, the original

signal (4.1.1)) can be expressed in the form z (6) = a (0) cos 0 + b () sin 0, where

(4.1.4) 0 () = {Jo <pr> 23 g (A]f) cos <2k59)} ,

k=1
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(4.1.5) b(0) = — {2 S ot <M> sin ((Qk: _1) pe)} .
k=1 p w

For a fixed %“’, as k — oo, Ji (%“’) decreases. However, if A?“’ is large enough,
many of the high frequency terms in this formula would make a considerable tail in
the Fourier domain. This thick tail is the main source of difficulty in intrawave IMF
extraction. In the STFR method, an explicit band filter is used at each iteration
[25]. This band filter is essentially the numerical counter part of (1.2.3). At the same
time, in EMD, an implicit filter is used [20, 57, 55]. The narrow band filters used in
these methods decompose a wide band signal into subharmonics instead of a single
IMF. Intrawave signals, then, would be elusive for analysis in any method that uses
a narrow band filter. In what follows, we show the problem in STFR terminology in
detail.

At each iteration with 6 as an initial guess, the STFR algorithm picks terms that
are in V' (6) in order to extract the envelope (see (1.2.3)). Hence, having 6 (t) = wt in
, the maximum number of terms that can be collected by the STFR method for
the envelope a (0), based on dictionary and equation (4.1.3)), is kpay = {ﬁJ.

For b (0), this value is k4, = M)—p + %J In other words, the approximated envelopes

a(0), b(0) would look like

(4.1.6) a(0) =17, (%") 12 LZJ o <pr> cos (21{9) ,

k=1

Sle

(4.1.7) b(0) =—{2 o Jok_1 (i;") sin <(2k; —1) 50)

k=1

Obviously, if 55 <1, the only term that will be collected by the STFR algorithm is
Jo (%). The other terms would be discarded. In other words, the STFR algorithm
will break an intrawave signal into many subharmonics in extraction. The formal

definition for an intrawave signal, then, is:
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Definition 7. A signal x (t) = a (t) cos 6 (¢), having only one extremum between two
consecutive zeros, is an Intrawave Signal in coordinate 6, if the envelope a > 0 in
f-coordinate, when decomposed by Fourier transform, has terms like cos 6 and sin v0

for v > %

Since the main difficulty in dealing with intrawave signals comes from their wide
band representation in the frequency domain, which cannot be properly analyzed
using methods with explicit or implicit narrow band filters, we propose a method
that modifies the normal envelope dictionary in an STFR framework in order
to extract intrawave signals with high accuracy.

Specially, in order to capture more terms of a (6) and b (), we need to modify the

dictionary (|1.2.3]), or more precisely the filter, as follows

b v () s (2) 10520 o).

Here )y should be as small as possible such that enough terms in a (¢) and b (6) can

be collected. In this case, the maximum number of terms that can be collected by

the STFR method, based on dictionary (4.1.8), is ke = LLPLAOJ for a (0). For b(0),

w

this value is k,qr = LIITO

+ %J . Obviously, the choice of \y depends on the decay rate
of Ji (%") and the ratio %. At the same time, if the recording of the signal is noisy,
this parameter should be picked carefully not to collect noise.

This small modification would allow us to treat an intrawave signals without
major changes to the original STFR Algorithms (3, and Furthermore, we show
that although enlarging the filter requires that the IMF components of the IS must
have enough separate time-frequency representations, the method is not problematic
when extracting non-separable time-frequency IMFs from a signal provided they are

extracted simultaneously. The convergence of the modified algorithm will be proved

for the case of periodic signals in the next chapter.
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4.2. Algorithmic Analysis

Our filter modification for capturing the thick tail of the intrawave signals has
not been implemented in EMD [32] or the Synchrosqueezed wavelet method [17), 50].
However, for both periodic and non-periodic STFR method [25], it is straightforward.
The filters or envelope dictionaries must be made wider. This fact manifests itself in
the shape of the cutoff function in the periodic Algorithm [3]

1, -3 <w<g,

(4.2.1) X (w) =
0, otherwise,

where ) is a measure of the span of the filter. In the next chapter, we prove that
convergence enhances if A — 17. However, our numerical results will show that
under intense frequency modulations A — 0" can be used legitimately, though with
extreme caution when noise is present. For the non-periodic STFR Algorithm 3.1}

the modification should be implemented where we define the envelope dictionary
(4.2.2) {ki}2 C A 00).

The filter parameter A must be set based on the characteristics of the intrawave signal
that we aim to extract. However, A = 1T is always a very good practical starting

guess.

4.3. Numerical Examples

The following test cases illustrate the credibility of our STFR method for extract-

ing intrawave IMFs.

Example 8. Here we study the effect of the filter width on one intrawave IMF with

constant envelope. Consider the mild intrawave signal

x (t) = cos (87rt + 71r sin (47rt)> :
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The IF of this signal is 8m+4 sin (47t). The strength of frequency modulation is 4, and
the frequency of the frequency modulation is 47. Compared to the carrier frequency,
87, the modulated frequency is not negligible. Hence, we expect to get incomplete
and inaccurate extraction if a narrow-band filter is used. As expected for a normal
narrow-band filter with parameter A = 2, the IMF extraction error is relatively large
(see Figure . Increasing the length of the filter enhances the extraction drastically:
a wider filter with parameter A = 17 reduces the maximum error by 1072 (see Figure
. While a narrow-band filter only extracts one of the harmonics of the intrawave
signal, acting like a one-mode Fourier transform, then, making the filter wider collects
more subharmonics as a whole. Consequently, the result looks much better.

Finally, there is an observation that we want to mention regarding Figure 4.1 We

recall that when using a narrow band filter, the total number of terms that can be

collected by the algorithm is k% ,. = {ﬁJ and kb = M’—p + %J in the best case, for
a good constant initial guess. In our case, k%, = 0, kb = 1. Hence, the main

contribution comes from J (A?w), which is 0.9748, in this example. This observation
can be seen perfectly well in Figure [4.1. The plot in the bottom left corner of the
figure shows that the extracted envelope is roughly 0.975. Also, the extracted IMF
in the bottom right corner of the same figure shows that there is a tiny phase shift,

~ - b
which we can certainly say comes from &, = 1.

Example 9. Here, we mix the intrawave signal from Example[§ with a high-frequency
signal

v (t) = (14 0.3 cos (87t)) (cos <4O7rt + ;Sin (27775))) .

This high-frequency signal has small intrawave modulation as well. However, it is not
comparable to the frequency modulation of cos (87Tt + L sin (47rt)). The final form of

the signal is

x (t) = cos (87rt + isin (47rt)) + (1 + 0.3 cos (87t)) (cos (407rt + 2Sin (27rt))> :
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FIGURE 4.2. Mild Intrawave Signal vs Wide Band Filter

1
T

We successfully extracted the intrawave part, cos (87Tt + —sin (47rt)) using a filter

with parameter A = 17 (see Figure and successfully extracted the rest of the
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FIGURE 4.4. High Frequency Part of the Mixed Signal

signal using a normal filter with parameter of A = 2 (see Figure . The maximum

error in extraction is less than 5 x 1072 for both IMFs.
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Example 10. To further test our approach, we considered a case in which the in-
trawave modulation is intense. The signal has very sharp peaks and flat troughs. The
mathematical form of the signal is

(t) = (8 t+ L (8 t))
Xz = COS s St S1n (37 .

Here, even if the filter parameter is taken to be A = 1T, the results are not yet
acceptable (see Figure . When filter parameter is decreased to A = 0.3, the
extraction is now possible (see Figure , although the envelope is not recovered
exactly (Figure bottom left). To compare our results with other adaptive methods,
we analyzed the signal with the Synchrosqueezed Wavelet transform method [17, 50],
which unfortunately decomposes the intrawave signal into its harmonics (see Figure
[1.7). Matlab code for the Synchrosqueezed Wavelet transform can be found in [9].
To further test the method’s accuracy, we considered an intense intrawave signal with
a changing envelope using A = 0.3. Again, although the envelope extraction is not
accurate, the final extraction of the signal is reliable (See Figure . In contrast, the
EMD was unable to decompose the intrawave in one piece (see Figure suggesting

that our method is more general than other adaptive methods.

Example 11. To investigate the effect of noise on the extraction of an intrawave
signal we used an intrawave signal with strong frequency modulation (see Figure

4.10)) of form
21
x (t) = cos (87Tt + o sin (87rt)) + 0.1IN (0,1).

T
Here, A/ (0,1) is a normal Gaussian random variable. Again using A\ = 0.3, the final
extraction is faithful, even though there minor error in the extraction of the envelope
and the instantaneous frequency (Figure . In this case, the noise perturbation
was not large compared to the energy of the signal. To test the signal with more
noise, we used

x (t) = cos (87725 + 821t sin (87rt)> +N(0,1).

T



64

IF Comparison IMF Extraction Error
50 0.1
Exact IF
Extracted IF o
40 0.1
-02
30 03
w g
w04
20
-05
10 -0.6
-0.7
[ -08
0 02 04 06 0.8 1 0 02 0.4 06 08 1
t t
Envelope Comparison IMF Comparison
1 1
Exact Envelope Exact IMF
0.99 Extracted Envelope Extracted IMF
0.98 05
0.97
2
509 “w
3 s o
5095
0.94
0.93 05
0.92
0.91 -1
02 0.4 06 08 1 0 02 0.4 06 08 1

FIGURE 4.5. Intense Intrawave Extraction Failure

IF Comparison x10° IMF Extraction Error

Exact IF
Extracted IF 2

Envelope Comparison IMF Comparison
1.004 15
Exact Envelope

1.0035 Extracted Envelope

1.003
0.5
1.0025

Exact IMF
Extracted IMF

2
g w
S 1.002 s o
2
i
1.0015
-05
1.001
-1
1.0005
1 -15
0 02 04 06 08 1 0 02 0.4 06 08 1

FIGURE 4.6. Intense Intrawave Extraction
This signal is buried in noise (see Figure 4.12). Using A = 0.8 the extraction is
acceptable in spite of errors in extracted envelope and IF even in the presence of

intense noise perturbation ( see Figure [4.13]). We would like to point out that if we
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had taken smaller values of A, the algorithm would have diverged due to the strong

presence of noise.
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4.4. Mixed Intrawaves, Sharp Signals, Rare Events

In this section, we work on examples where we have a mixture of intrawave, sharp
signals and rare events. Mode mixtureﬂ is a challenging problem for all adaptive data
processing methods. In this section, we propose an approximate method to extract
IMFs with mode mixture. The essence of the method is simple: when two or more
IMFs have mode mixture in an IS, we can extract them simultaneously since we know

the number of mixed IMFs.

4.4.1. Algorithm. For a signal with only two IMFs with mode mixture in the
specified IS s, Algorithm 4 would still be applicable with only a minor change: extract

both IMFs simultaneously. Mathematically, we have

2
() (n)
X X
(4.4.1) Minimize § 1;’; + s — (B, =) zn’; ’
Xok . X5 1 ,

Mode mixture is a case when two or more IMFs in an IS have overlapping or very close IFs at some
instances in time.
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where the subscripts 1, 2 belong to the IMFs that have mode mixture. In the presence
of intrawave IMFs, the width of the filter must also be changed. Similar for the
periodic Algorithm [3] both IMFs should be extracted simultaneously with a wide
band filter but the rest of the algorithm would remain intact. None of the sparse
time frequency methods can extract them successfully, to the best of our knowledge.

Here we present test cases that show how this method works.

4.4.2. Numerical Examples.

Example 12. Here, we investigate the extraction of two intrawave signals with strong

frequency modulation that do not have well separated scales. The signal is of the form

f(t) = cos B + cos s (see Figure [4.14). The IMFs have intense intrawave charac-

teristics and the mode mixture is apparent in the signal. since the signals are not
separate in the time-frequency domain, the extraction of such IMFs is challenging.
To overcome this difficulty, we use a wide band filter and we extract the IMFs simul-
taneously (see Figure resulting in a fairly successful extraction. The error of
the extraction is acceptable, as no other method is capable of such performance. The
only a priori knowledge that we have used is that there are two IMFSs in the original

signal. However, this assumption can be dropped in an iterative search method.

It is straightforward to show formally why the extraction in Example [12| works.

Let’s assume that the signal can be written as

A wq

P1

A w

(4.4.2) x (t) = cos <w1t + .

sin (pﬂf)) + cos (wgt + 2 sin (pgt)> :

Assume that we intend to extract both IMFs simultaneously. Assume that the initial

guesses are 0 (t) = wit and 0y (t) = wot. Using the expansion in (4.1.3]), we can write

@13 as
x(01,6y) = {JO (A w1> + 2 Z Jok: (A w1> coS <2kf}191>}00581
1

P1 k=1 P1
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(4.4.3) + {Jo (A w2> + 2 Z Jok <A w2> cos (2kp202> } cos 0y
w

D2 =1 P2 2

- {zg g1 (A w2> sin <(2k 1) p?eg) } sin .

P2 W2

The sparse representation of suggests the use of definition for both
61,05 in a singular form (i.e. with a small )\). In the presence of noise, one should
penalize the sparsity more than ever or the noise would be absorbed in the IMFs,
which occurs due to the presence of high frequency mixture of the noise and high

frequency terms in (4.4.3).

Example 13. To test the stability of the algorithm in the presence of noise pertur-

bation, we take the original signal to be
f (t) = cos (127t + 0.4 sin (127t)) + cos (167t + 0.3 cos (167t)) + N (0,1).

In spite of some blurring near the peaks and troughs, the result of the extraction is
acceptable compared to the original signal (see Figure |4.16]), showing that even in the

presence of heavy noise, the algorithm works well.

Not only is the algorithm that we use to extract the IMFs stable, then, it is also
stable to noise perturbation. The EMD/EEMD methods fail to extract the two IMFs
properly. In fact all other adaptive methods fail to extract one IMF with intrawave
frequency modulation in the presence of noise, let alone two IMFs with intrawave
characteristics mode mixture.

4.4.2.1. Rare Events. So far, we have only considered intrawave and sharp signals.
The method is also applicable to rare event signals. In this dissertation, a rare event

should satisfy these conditions:

(1) The signal is compactly supported.
(2) Since the rare event is only happening in a short period of time, we assume

that the envelope and the IF of the event is constant.
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Found IMF1 Vs real IMF1 Found IMF2 Vs real IMF2

Residual Original f vs IMF1 + IMF2

Lo
L b b Lo 4 v e s

FIGURE 4.16. Results

With these assumptions, extraction of a rare event is trivial as long as the location
of the event is known. However, if the rare event is mixed with other IMFs, the
extraction becomes nonlinear and hard. Here, we present this issue in an example

and explain how to solve this problem.

Example 14. Here we take two constant envelope IMFs; one is a sharp signal, and
the other is a rare event (see Figure and . After using a WFT to find the
approximate location of the rare event (see Figure , we extract both IMFs using
a simultaneous extraction. In contrast to formulation , here one dictionary is
the adaptive STFR dictionary with a wide band filter H§”,3, and the second is a fixed
dictionary of all rare events in the approximate location of the rare event. The signals

were successfully extracted with good accuracy (see Figure [4.20)).

We have shown in this chapter that the problems of mode mixture, intrawave
extraction, and rare events can be addressed efficiently and accurately using modified
STFR methods. No other adaptive signal processing method can address all these

problems in one package.
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FiGURE 4.17. IF of a rare event and an intrawave signal.

FIGURE 4.18. Original Signal
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FIGURE 4.19. Spectrum

Found IMF1 Vs real IMF1 Found IMF2 Vs real IMF2
15 2
15
1
05
-15 [
0 0.2 0.4 06 0.8 1 0 02 0.4 06 08 1
Residual Original f vs IMF1 + IMF2
0.4 15
03
1
0.2
05
0.1
0 0
-0.1
-05
-0.2
-1
-03
_04 -15
0.2 0.4 06 0.8 1 02 0.4 06 08 1

FIGURE 4.20. Results of the extraction. The red curves correspond
to the extracted IMFs.
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CHAPTER 5

Analysis of Convergence of Sparse Time-Frequency Method

So far in this thesis, we have concentrated on the algorithms and numerical meth-
ods. It is now time to prove why some of these algorithms work. In this chapter,
we prove the convergence of the periodic STFR method. This proof is useful both
for the case of ordinary IMF and intrawave extractions. This proof is based on our

recent results in [26].

5.1. Convergence Analysis

In this section, we prove that for any signal, whether intrawave or not, increasing the
filter span reduces the extraction error. We will show that the STFR method will
converge to an IMF that is close to one of the IMF representations, but with an error
associated with the width (span) of the filter. Notation for this section is listed in

Table (5.1)).

In this section, we assume that an IS can be represented in the following format:

(5.1.1) ft)=fo(t)+ fi(t)cosb(t),

for fi(t) > 0,0 >0andt € [0,1]. We assume that the signal is periodic with mean
zero. In fact, even if the signal f (¢) is periodic with a non-zero mean, we can redefine
it by reducing the mean of the signal from the signal itself. Lemma [2] helps us to
bound the n'* derivative of the m! approximated phase function 6™ and is later used

to bound some of the integrals in the main theorem.

Lemma 2. If (ém)/ € Vi, where Vi, = span {eﬂ”kt, |k| < Mo, k € Z} then

7))

Y

(5.1.2) ‘(ém)(") (t)‘ < (2 Mp)"

1
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Domain | Symbol Analysis Synthesis
0 Fo () (Fo(9)) = 9(0)= ¥ (Fol9) e (5225)
0 d —127 =—00
e g(6) exp (=i2zka ) ag
|96nd790| =
te0,1] | F(.) (F(9), = g(t) = k_z (F (9)), €2
fol g (t) e~k gy =—o0
0 Og 1 fg_(k‘) = f (é) — k,z F5 (k) 27k
fO f (9) e—z%rkzede =—00
t ‘PVM’O () PV]WO (g) = RV]VIO (9) = Z (.F (g>>k eiZﬂ—kt
My . |k|>M0
_Z (J’.’ (g>)k ez?ﬂkt
kel ||'||1,MO ||Z||1,MO =
> |z (k)]
|k|<Mo
TABLE 5.1. Coordinates and Symbols
forn € N.

PRrOOF. By definition, we have

= > l|i2nk"!

|k| <Mo

= (27 My)"!

O

Lemmaleads to Lemma which bounds integrals like ‘ fol 000 =ich™ ggm| that occur
frequently in the main theorem. These integrals would be bounded by the norm of
the Fourier transform of the phase correction A¢’. In fact, this bound would help us

construct a contraction in the main theorem.



it
N _ _ N
Lemma 3. If (6™) >0, t € [0,1], 0™ (0) = 0, ™ (1) = 1, and (6™) , A0 € Viy,.
Also if €¥20e=0™ s periodic, then for € # 0, we have
PR &

X - .
/ 000 o =ic0™ gpm| < P Z|5|J (2m M)~ (||]:(A9')||1>j-
0 €

Proor. Using integration by parts, we have

! 1 i oom. o 1 ! dn : iMoo
/ ez&AeeszG dom —= — / - nezéAG 67169 dom.
0 (ie)" Jo \d (Qm)

Now, using Lemma [2| we have

' 1000 ,—icd™ Jom 1 / ' A" isno\ m
/U do | & ( ( m>ne ) do
)

P (Hf(,(é(;i,), 1,n> My
< LS o @) (I (A8,

(min <0m)> €] j=1
En S S 151 amat) (1 F (28],

H 7j=1

(5.1.3)

<

F((am
Here P(x,n) is a polynomial of degree n — 1 and P = P (H«(e_i},l,n). This

completes the proof. 0

Remark 1. Here we present a simple calculation on how to compute the polynomial

P(z,n) for small n. For example for n = 2, we have

(520" _(me)’(ém)" ‘((Me)’)? inp

@) (@) ())

(500)" | (616) (6m)" ((5A9)’)2

ey @Y | (@Y

2
d o1900| _

a(om)’
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max ‘(5&9)” max

()] max

max |(§A)" ((020))"
_ max|

() () ()
(1 . Hf(”)) sty | F ((60))

min (™) ‘j]
min (<9m>/>

where we have used (ém)/ , A0 € Vyy,. In other words, we have P (z,2) = K (x + 1)

| +[17 (620)

b

for some positive constant K.

Here we present the convergence theorem. The essence of the algorithm is as

follows. We try to construct a contraction iterative scheme on HJ’: @ —om)

E where
6™ is the approximate value of @ at the m!" step. This contraction is built upon
the error bounds of the extracted envelopes at each iteration of the algorithm. The

notations of this proof follow the notations of Algorithm [3]

Theorem 5. [Convergence Theorem] Assume that the instantaneous frequency in

equation is My-sparse; i.e. 0 € Vyy,. Furthermore, assume that

. Cy
Joa (k?)‘ < TP

. Cy
f1,é(k?)‘ < TP

HI(MO)’
2

for Cy > 0 and p > 4. If the initial guess satisfies L < %, then there exists

an ng > 0 such that for L > ny we have

< T 2Lor2 4 LF (0 0m)

9

|7 ooy
for A>1 and I'y > 0.

PrROOF. We know that if A™ = 6 — 6™, then o™ = ficos A0, and 0™ =
— fisin A@™. Let @™, b™ be approximate envelope functions. Set the error in en-

velopes as Aa™ = a — a™, and Ab™ = b — b™. Using these, we get f = fo +
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a™cosO™ 4+ b"sinf™. Let L,, = %ﬁm(o) and 0™ = er:m. Then, we have

f = fo+ amcos 27 L, 0™ + b™sin 27 L,,0™. If we take the Fourier transform in 6™

coordinate (See Table (5.1])), we get

o 8) = g O ) O ) (B 6 ) B )

Consequently, one can find

agh (k) = fom (k+ L) + fgm (k — L)
—fo,ém (k + Lm) - fo,ém (k - Lm)
1
+§ (—agm (k +2L,,) — agm (K — 2Ly,))
1 rm rm
to (B (k- 2L0n) = B, (k —2L1n))
and
b (k) = ifgm (k+ Lyn) — i fgm (k — L)
—ifo,ém (k+ L) + ifo,ém (k= L)

+— (—agn, (k+2L,,) + ag. (kK — 2Ly,))

N — N =,

= (B (k + 2L + B (k = 2Li,))

In the periodic STFR algorithm, fzg}n, l;g”mare approximated as

~m

R Fom (k4 L) + fgm (k = L), —Em <k < L
agm (k) =

0, otherwise,

; i (Fgn (b L) = Jo (k= L)), —5p <k < B,
0, otherwise.
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Here, 1 < A defines the width of the filter. Hence, for Aag;, and A[}gﬂm we have

{=fogm (k+ L) = fogn (k = L)

R (k) = +5 (—ag, (k+2Ly) — a2, (k—2Ly)) [k] < L2
+3 (b, (k+2Ly) — b, (k = 2L) )},

Qg (K) k| > &

a_

A

{=ifogn (k+ L) +ifogn (k= Lyn)
+3 (=, (k+ 2Ly) + a2, (k= 2Ly)) k| < &2
+1 (ggwm (k;+2Lm)+bg (k—2L ))}7

b, (). K> 5.

The ideal case for updating the phase function is deg% = % — % arctan 2. How-
a

. . m+1
ever, the algorithm works in a way that we must choose % o— in V. Hence,

d@;’;“ = PVMO (dgé%). So, at each step, we force M to be in Vjy. In other
words, - € V), for all m > 0, m € Z. This short analysis tells us that d‘gmﬂ =
dom™

S PVMO (% arctan 2 o ) Since 0 € V), is sufficiently differentiable, and %~ € Vj,,

then (0 — 0™ = AO™) € Vyy,. Having these in mind, we can find

d e d mar\ _ dO do™ d b
a0 = O = g g B (grereen g
d b b d .
:PVMo% <arctan o arctan am> + Ry, <dt A0 )

b Mmoo 1 1 d _
We know arctan zz — arctan ; is in C'. For any g € C', we have Py, 4 (9) =

%PVNIO (g9). Hence, the Fourier transform of the IF error is

(f (A0m+1),) =|F|Py a arctanlj— —arctanb—
k Mot am am .

+ (F (B, (2677)),

b b
= (i27k) (]—" (PVM (arctan — — arctan ) ))
0 am am K

+ (F (Bray, (287)),
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As (]: (PVMO (arctan Z—Z — arctan Z%)))k = 0 for |k| > My, then

],

< (M) | F (P, (arctan & — arctan 22|
+ H'F (RVMO (A@m)/)

=

Now, we know that for any function g (t), we have

H]: (PVMO (9))“1 :k_iM (F (9)),] = k_iM /0 g(t) eiQﬂ'ktdt|

Mo 1 Mo
<> [ le®ldt< ¥ lglle = 2Mo+1) gl
k=—Mg /0 k=—My

Hence, the [; norm of the Fourier of the IF error is

m pm
arctan — — arctan —
a™m a™

H]-" (ngm+t)’

< (2mMo) (2Mo + 1)

1

[e.9]

+ Hf (Rv,, (06™)) 1

Since ¢’ is sparse in Vj,, then the last term vanishes. In fact, we previously showed

that dfl—? € Vi, hence

(F @) = (F (™)), Ik < Mo,
(F(0), =0, k] > M,

(Faomy), = (Fo—0m)) = {

S0,

Ry, (A0 = (.7: (Aﬁm)')k e — N (F(0), €™ =0,

|k|>Mo || > Mo
and then (.7—" (RVMO (Aem)’))k = 0. Finally, we have the following bound on the IF

eIror:

|7 (o

< (2nMy) (2Mo + 1) Harctan Z—Z — arctan Z—ZHOO .
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The last term on the right hand side of this bound can be simplified further. If we

use the fact that 2% + ay < %2 — y? for real z and y, we have

m m Bmam —gmpm Bmam —gmpm
arctan — — arctan —| = |arctan — = < — =
am am™ am™am + bmbm am™am + bmpm
| (@™ 4 Aa™) A — (U + AVT) Aa™
(@) + 6+ (Bam)am + (Db b
LUam |+ [Aa™]) [AG™] + ([b7] + |A6™]) [Aa™|

@ (pam)? + (A5m)?)

<D ([Aad™[ +[AD™),

for D = max | - f+|fa”] ) 2 ht|Ab| , in which we have taken into
F((Bam)?+(20m)%) - F—((Bam)?+(80m)?)
account that f; > 0. Now, consider the fact that

|[Aa™ ()] = |Aad™ ()] = ‘Aam (ém)‘ — | Y Aam. (k) (i2mhO™
k=—o00
< > |Aag. (k)| = || Aag.ll,
k=—o00

and as, in general gz (—k) = g5 (k) for any g, then |j; (—k)| = |gz (k)|. Consequently,

the bound on the envelopes errors can be expressed as
|Aa™ < || Adgnll,

< 2 >
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and

ol < ot

IA
(]

Before we use approximations on these terms, recall that according to one of our as-

sumptions, we have: “The observation is periodic with mean zero.” Hence, f; gm (0) =

DSty S S T . ionom(kLlm PNAN
0. Furthermore, as e??™%¢=12m0™ ig periodic, so is e"*" (k&2 —w) ik 27 , and then we

have the following estimate using these facts and Lemma

(CU)‘ < 200 (%)p_l
10 vacors ()" (5 () 5 28 [l ()
+2C, Py (L) (z ()" (1+ 5)) .
Here, v = %. The proof of this inequality can be found in in Appendix A.

To find the estimate on a2

o (k), we follow a similar approach. The approximation

procedure is detailed in Appendix B.

jaz ();<2CO<O‘A> +

C 2] J
o m<27r|5w|> p—ljz:1 7
MOA p—2 ¥ j7'r2 n w j—p+1 ol J
5.1.5 CoP? 27 () — Qi+l — ()
(5.1:5) oo <27r|5w]> (;:1 L) 3 +]§ a L
Mo ’Y)pl |wl
Pr or (L 14 =
o < |6w|> ( <L o
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There is a similar bound for Bg}n (w) as well:

M, )” n
b, (w)] <20, n o
L °<|w|> ol (5 2
+Co < |5w> p— 1].221 K
CoP" 223' SARKNR G it | @ TP (7Y
+Go <2w\sw|> 2 (7) 3 2P ()

n (Mo p 7);3—1 M
Gl <27r|6w|> (2 (L Lt a\) )’

Now we approximate the terms in the inequality for |[Aa™|. One can find the detail
of this approximation in Appendix C. We have a similar inequality for |[Ad™|. These

can be expressed in the following way

(516) |Aam| < Cl>\2p—2L—p+2_|_02AQanax(—n,—2p+1,—n—p+2,—2p),7 ,

(517) ‘Abm‘ < C«l)\Qp—2L—p+2 + C2AZanax(—n,—Qp—&-1,—n—p+2,—2p),y ,

where C; and Cy depend on Cy, My, €, a, P, n, p. Before moving forward, we need

to show that parameters like o and P, are uniformly bounded. We start with oe. We

have
PRDVI PO YR P O A (1) — AG™ (0)
@ _‘ L‘_ -0 | orl
m\/ m\/
(5.1.8) < || B0 A0 My My 1
2L 2L 1 L 47, 8

Here, we have used the fact that v < i. At the last part of the proof, we will show

that this condition remains intact for all iterations. The last inequality in (5.1.8)

< a< % In order to prove

0|~

can be true for the condition L > 2M,. Hence,

the boundedness of P at every step, we need to find bounds on H}" ( 9_”‘)/) and

1

_ / _ _
min (9’”) . If we take the condition min (9’) > %, we get 6/ > MO > TLO > 71240 =
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N GO A TN B S O

‘@) 2L ‘ omal |~ 0| 2nl
8|, (AI™)| _ 8 (; (Ao 8 /- My
9" " oz 29<9— oL )29( i)
8 /- M 8 (., ¢ 4 _
25 (7-3p) =5 (7-5) 2 5 (7)

We also have
o/ 6 — Ag™)’ 1 Faem
Hf(@ >> L a f<( 27 L )> o F(0) - (27TL ) 1

8 _ F Ao\ 8 N M
< (0~ ) <2 (=, - 22)
8 N My
=7 (HF(Q) +4L)

These two estimates pave the way to rigorously prove that P is bounded at every
single step. Now it is time for a bound on D. In fact, if we bound D uniformly over
all steps, we can set a contraction. Assuming that 1 < A < Ag, and since f; > 0,

taking the condition

CiA > O V2
4

< min
[—pt+1 4 J,—max(—n,—2p+1,—n—p+2,—2p) — fl’

would result inl{

|A(1,m| Scl )\2p—2L—p+2 + 02)\271Lmax(—m—2p+1,—n—p+2,—2p),_y

clﬁp 2 N CyA2n

- [p—2 4 [~ max(—n,—2p+1,—n—p+2,—2p) < Tmlnfl,

IRemember that if f1 has a zero crossing, this condition would never be satisfied. Hence, the rest
of the proof will not be valid.
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Similarly, we have the same bound for |Ab™|, and then

D— fi+ |Da™| fi+|A0™
T T (a1 (a0m?) B = () + (86m)?)
2 2
max fi + f min f; o mnax fi+ ‘[ min f;

~ min ( - ((Aam) (Abm)2)> ~ min fl - lmm 1%

1
_4dmax fi + \/Qminfl
N min f?

— Eo.

The latter shows that D is also bounded. So, we get

m pm
arctan — — arctan —
m m

< (21 M) (2My + 1) = :

1

H]—" (2gm+1)

e}

< (27 M) (2My + 1) D (|a™] + | A6™))
<Ey (47 My) (2My + 1) CL P2 [P F2

+ E() (47TMO) (2M0 —+ ]_) 02)\2”Lmax(—nv—2p+1,—n—p+2,—2p)7.
The last inequality is nothing but

H‘F (A@m+1)/ < Fl)\Qp—2L—p+2

+F2AQanax(fn,*Qerl7*n*P+27*2p) Hf (AH’”)/

If we have the condition that Ty\2n [max(=n=2p+1l—n=p+2,-2p) < 1 e have the con-

1
2
traction that we were looking for. Before finishing, we need to state the follow-
ing: dng > 0 such that L > 7, then all the conditions L > 2Mj,, min (é’) > Mo

2L

CAP? Co2™

V2 - 2n 7 max(—n,—2p+1,—n—p+2,—2
Lp 2 +4L max(—n, 2p+1 —n—p+2,—2p) S Tmln f17 a‘nd FQ)\O L ( P P p) S

1
2

would be satisfied. As a result, we have

|7 (0 — oy

< Fl)\2p72pr+2 + % Hf(@ . Qm), )

Having this bound, the condition v < % would remain intact for all iterations. In

other words, when there is a contraction on H]—' (0 — gty ‘1, this term would remain
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F(260)
bounded. Hence, if H (27rM0> L < i for the first iteration, it will remain bounded by
% for all iterations. This completes the proof. 0

A corollary of this is that if fy has only high-frequency components, there would
be no interference between fy and f; cosf. Hence, the convergence proof would be
true for A > 0, as well. Furthermore, since it is possible that an Intrinsic Signal has
multiple representations and this theorem states merely that the algorithm converges
to an IMF in one of these representations, the algorithm’s result is not necessary
unique. The theorem does not mention which representation the algorithm converges
to. The theorem that we observed, in this part, says that if in a representation we

have ‘fw (k)’ < ﬁ—ﬁ,,

ng (k)‘ P klp, then increasing the width of the filter will reduce
the error in extraction. More specifically, if in a representation we have a wide band
signal (like an intrawave signal), we are more likely to capture it by widening the filter
width. This approach helps us to find a sparser representation compared to the case
in which one uses a normal envelope dictionary From the algorithmic point of
view, the initial guess 6y and the parameter A\ define the representation to which we
converge. In practice, if the IMFs that constitute the signal are separated enough
in the time-frequency domain, the reduction of the parameter \ is always beneficial.

This idea is illustrated in the following example.

Example 15. Again consider our generic intrawave IMF x (t) = cos (wt + A?w sin (pt)).

We can have many representations for this signal. The first representation would be
(5.1.9) 2 (t) = cos (wt 4 pr sin (pt)) ,
for 6 = wt + 2sin (pt). The second representation would be
x(0) = {Jo ( ) +2 Z Jor ( > oS (Qkpt)} cos (wt)
_ {2 > Tk <pr> sin ((2k — 1)pt)} sin (wt) ,
k=1
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for § = wt. So, with a constant initial guess for 6, close to § = wt, the second
representation is the one that is seen by the algorithm at the first iteration. Hence,
if a narrow-band filter (large value of \) is used, only the first harmonic is extracted
by the algorithm. In order to capture more terms in the envelope of the second

representation, we need a smaller value of \.

5.2. Recovery of Signals Polluted by Noise

The next theorem shows that if the observation is polluted by noise, under mild

presence of noise, the algorithm still converges. Take
(5.2.1) F(t)=fot)+ fi(t)cosb (t) + S,
where & is a periodic perturbation to the original signal (5.1.1)).

Theorem 6. [Convergence Theorem in the Presence of Noise] Assume that the in-
stantaneous frequency in equation is My-sparse; i.e. 8" € Vyy,. Furthermore,

assume that

o 0] < T

R Co
f1,§(k’>‘ < TP

Hf(Aeo)’
27 My

for Cy > 0 and p > 4. If the initial guess satisfies L < %, then there exists

an ny > 0 such that for L > no, and |||, < € (€0 sufficiently small) we have

|7 oy

< Yo (L NS @)l + TXP2L772 4 L F (0 — o)

for A >1,T1 >0 and Yo (L, \).

PROOF. The proof of this theorem is essentially the same as the proof of the Conver-

gence Theorem in the absence of noise. There is only one minor change. Using the
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same trend of proof as before, we have

{=Sgn (k+ Lin) — Sgn (k= L)

—fo,ém (k+ L) — fo,ém (k— L)

Adg, (k) = +4 (=ag, (k + 2Lm) — a2, (k — 2Ly,))

+3; (b, (k+ 2Lm) = b, (k= 2Ly))}, |k < Lo
ag (k) k| > &

{=iSgn (k + L) + iSgm (k — L)

~ifogm (k+ L) +ifogm (k= L)

Db (k) = 3+ (=g, (k -+ 2Ln) + @35, (k = 2Lon))

+4 (B, (k +2L,,) + B, (k= 2L,)) ). K] < 5o
b (k). k] > B

Here, in simple words, we have Aa™ (t) = ST, (1) + Dagyy (1), where STy, (0_’”)

is the truncated part of & in a:

CQ>

0 _
oam nm o 2wkO™
‘S\a,trunc (9 ) - Z ) €

k=—00

a, trunc om

— (=Sgm (k+ Lin) = g (k = L)) €27

L
|k|< =2

Also, Aal}, (t), in Fourier domain, is defined as

{_foém(k+Lm)_foém(k_Lm>
+5 (=g, (k+2Ly) — @z, (k — 2Ly,))

Digggn (k) =9 )
ta (b%”m (k +2Ly) — b2, (k= 2Lm))}, [k] < &,

This formula is telling us that we only need to find a bound on 37?,,.. (t), and then

use the results of the Theorem I to finalize the proof. One can simplify 37, (Qm)
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, using
]'7 |k| S L7m7
X (k) = A
O’ |k| > LTma
as
%Z,Ltrunc (ém) = Z (_ggm (k’ + Lm) — éém (k; — Lm)) X (k:) eiZﬂ'kém
k=—o00
— —i27erém Z (_ge_m (k)) Ya (k’ _ Lm) €i2ﬂkém
k=—o00
+ 12 Lm0 Z (—§gm (k:)) Yo (k + L) pi2mko™
k=—o00

Here, we need to pay attention to > Sgm (k) xa (k + L) €2™™ for further simpli-

k=—o00
fications. Rename Sy (k) xa (k4 L) as ]51792” (k). Hence, we have

P, (6m) = / S () (07 = 7) d,

where

X1ia (ém) _ Z o (k+ L) pi2mko™ pi2mko™
k=—o00 L (=%—1)<k<Lim(3-1)

-
-

Also, rename —Sm (k) xa (k — Ly, as ISngm (k). Hence, we get

where

X2 (ém) = > xa(k—Ly) pi2mkf™ _ 3 2Tk

k=—00 Lo (= 141)<k<Lm(++1)
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As a consequence, one can find

‘%Z,Ltrunc (Q_m)‘ < e_i2ﬂ-Lmém i (_gém (k)> XA (k o Lm) eiQﬂ’kém
k=—00
+ €—i27er§m i (_%ém (k)) Ya (k‘ i Lm) ei27rk;§m
k=—o00
1S Py (B) €2 4| S Py (k) e
k=—o0 k=—o00
= /OIQ(T)XQ)\(@ —T)dT + /01%(7'))217)\ (ém—T) dr

<13 @l ([ oo (07 =D ar-+ [ foun (o =) ar).

Since, Y2, (9_’" — 7') and X1 (0_7” — 7') are periodic, we have

1 B 6m—1
[ @ =nlar = = [ B @ldr
0 om
i :
= [ K@= [ @l
m_1 _%

_1
2

e ()| <1301 [

<IS (1) / 2 3 ot g7

%
X1 (T)|d7+/ [X2.2 (T)\dT)




92

. . . : : kLo
Now, using the identity ™ = Tt [ kﬁ; e?mtdw, we get
1 k+1
2 it DR~
S e (07)] < Hs@)y\m/ , / et gl dt
_1 L L oasinTt J_1
2 |Lm(—4—1)<k<Lm(3-1) 2

T 3 12W<Lm(%*1)+%)t 6127r(Lm(—X—1)7%)t
<21l | . i
2 1 2mit
T e 1] pim(Lm (341)+5)t _ gizm(Lan(—34+1)-5)¢ ]
PRINAU t.
SN —

In the last inequality, we have used the fact that max (Si;”;t) < 7. From Theorem
—l<i<l

, we know that LT’" < % Hence, the above bound Would be

S e (07)] < TN S B

for some constant Y (L, ). The same thing is true for ’%Z}tmnc (Qm)‘:

Hence, we get
Bam| < TEN S @lla+ CLA? 2L 4 Cpainpmaxin—tptinpizoio)y

’Abm’ < T (L, )\) H% (t) Hoo =+ Cl)\Qp—QL—p-I—Q 4 CQ)\QanaX(—n,—2p+1,—n—p+2,—2p),.Y .

o Iy,

Now, i i - =1 S i, one can find 7y > 0 such that L > 7y in a way that all

the following conditions are satisfied for sufficiently small ¢, (in || ()|l < €o),



93

O 2 o2 V2 o
T (L7 /\) ||% (t)”oo + L—p+1 + 4L— maX(—n7—2p+1,—n—p+2,—2p) S T min f17
P2/\2anaX( n,—2p+1,—n—p+2,—2p) < = 1
2’

then we have, for some real positive constant T (L, \),

7@ =01y < o (LN [IS (@)l + TiAZ2L P2 4 1| F (0 — 07
O
5.3. Envelope and Mean Properties
Two of the assumptions used in Theoremsand@were ’ fo 7 k;)’ < % ok )‘ ‘g‘(},

The condition ‘ f(; (k) ’ | klp for C' > 0 and p > 4 sets a connection between f and 6.
On the other hand, one might be interested in the connection between f and t. We
first start with a L?/L; Bound. Here, we use the assumption that p > 4 in order to be
consistent with the convergence theorems of this section. . However, this assumption

can be relaxed to p > 1.

Theorem 7. If ‘fg (k:)’ < ﬁ for C' >0 and p > 4, then

(5.3.1) M1 1

PROOF. As ‘fg (kz)‘ < kg for C > 0 and p > 4, the function f is at least in C3.

Consequently, it is also in C?. Hence, f belongs to L{ and Lg— for ¢ > 1. So we have
| fo (k)] =

< max () (/01 |f(t)|dt> |

1 (9) ei2”’“9_d6_‘

In other words, we have

A

fo)l

< max (7) [1£ly;
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Since Hngoo = max {’fg (O)‘ ,C’}, for the 2-norm of f;, we get

2
2

A

fo

|

HGIAO

[k[>1
1

<|fz (0 ’ +20°3

k>1

~ 112 2
<[l (3+ 5=1)-

Here we approximated the sum by an integral. By Parseval’s identity, we know

HféHQ = Hf”Lg,, hence we find out that
115 < |4l 3+ 52).

Now, we need to find the lower-bound of || f||;2 in terms of || f||;.. We have
7] t

15 = [ 1 @)
/ P Ly

>min (') || £117 -
Now, combining all together, we have
min (0) [ £I3: < IF15: < ||, (3+ 525)

which is
3 (max(0'))

O

This can be seen as a condition that we need for the envelope or trend (mean) in the

convergence theorem. It is now time for a more general bound.
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Theorem 8. Assume ’fg (k)‘ < % for C >0 and p > 4. Also take 1 < r < oo and

1 < g < oo then

1£1 L E Iy
(5.3.2) o< (3+ 25)™ (3+ f 1) =

£y = qp—1
PROOF. Again, first of all, we need a bound on ‘fg (/{:)‘ for 1 <r <oc:

! n\ —i2nk0 jp
/0 £ (0) e g

é/

’fg (k)‘ = /1 £ o~ i2mkO(0) i gy
0

< ”fHL; LT

Hence, we get

I =T (7

Since Hngoo = max {’fg (O)‘ ,C’}, for the ¢g-norm, 1 < g < oo, of fg we have

HM%;@@W#%@%&H&@V

k|>1

~ q 1
<|fz ) + 203 1

A 2
<[l (3+ 55)

In the last inequality, the sum is bounded by an integral. By Parseval’s identity, we

know H ngZ = fll 12 Now, using the Holder inequality, we have

\mﬁawgzgmwﬁzgﬁwﬁw

q—1

q q
q—1
q—1

<l Il {3+ =)
g—1

< HféHq (;’fe(k)
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A

fo

214

féq

q

<

Now, using

(3+ 725) and || fgl|_ < 1 @)l

4

r_ we get

—1
oo L];rl

q—1

2 L q
- 2 q 2
Lo (3+ %) <3+ qqpll)

Finally, since min (é’) ||f||i% < |If|I2, we find out that
0

é/

2 2
112 < 171

o ||| =
1712 L]

10z : (3+ 2 )2(1(3+<f7112_1 \/mint(e’).

qp—1

5.4. Uniqueness Issues

The theorems, proven in this chapter explain only that we have a convergent
algorithm, not that the algorithm’s extraction is unique. Uniqueness is a difficult
theoretical problem. In this section, we explain insights about how we can handle
this topic in implementation and numerical analysis.

Here, we reduce uniqueness into sparsity. In fact, any signal can have many represen-
tations. In our STFR methodology, we prefer a representation in which there is the
least number of IMFs extracted from the signal. In other words, a sparse represen-
tation is the unique representation in STFR numerical terminology. If two different
extractions would result in the same number of IMFs, both of them are acceptable.
However, we pick the one in which the components have the smoothest envelopes
compared to the IFs.

Most importantly the result of a numerical implementation of STFR must be sparse.
In other words, we pick the set of IMFs as the constituent blocks of a signal if we
cannot find another set that contains fewer IMFs. A preferred extraction is the one
that has fewer IMF components. In fact, as we observed, in the case of intrawave
signals, widening the filter width would help to find the smallest number of IMFs in

an extraction.
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One should keep in mind that if there is any mode mixture present (the IFs are
not separate in time-frequency domain), it is highly possible to have a non-sparse
extraction. In order to tackle this problem, one should find an estimate of the number
of mode mixtures and then try to extract the mode mixed IMFs simultaneously, which
would impose sparsity. Quantitatively, having two extractions with the same number

of IMFs, the smoothness measure (SM) can be one of the following,.

SMry =

SMmazflocal = max ((z <t)) .

In these definitions, a (t) is the extracted envelope, é(t) is the extracted IF, and TV
is the total variation. In case of many IMFs, one can sum up the SM of all extracted

IMFs to judge the quality of extraction.

5.5. Appendices
In this section we provide the omitted parts of the proof presented in this chapter.

5.5.1. Appendix A (Approximating ’foﬁm (w)‘) In order to find a bound on
‘ fo,gm (w)’, in (5.1.4), during the following calculations, we will bound some of the

summations by integrals. In detail, we have

| o (6 (9)) e

1 . Cm
=[S fus () [ ek g
0

k0

1 ~ _
fogm ()] = /0 fo (6m) e dpm

IN

> ha®|+ X |foa(k)]

|ak] > 121 0<|ak|<lel

! il L0™
o AmoL ) —
/ 6127r0 (ak—w) ezk I dom
0
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Since we have f 5 (k)| < |k|™ for k # 0, and using Lemma [2[ and [3|in Section 3, we
0,0

get

‘fo,ém(w)’goo YoOIRTPHCo Yo KT

Jeo] leo]
ke > 0<[k|< oy

1
RN L
/ 6@2#9 (ak w)ezk T do™
0

<2C, (a/\)p*1 |cu|7pJrl

' J
n @ ! -n ¢ Jj—p Hf<A0m> 1
+200Pm< 5 ) lew|[™ > D k| ( RSV

lwlg=1
0<|k|< 57

e (22 (2 (Ew()

+200P,,Z<2f‘°€i|>n )> (i!kljp<z>j+!k!1(2)p_l>

p—1
()
@l
n [p—2
+2C,P" Mo
27 |ew| ;

S()'5)

+2COP;;< Mo ) (22

27 |ew| =

TG (4 5)

1

w

a

In the inequalities above, we have also used the fact that if 0 < k < 25 then —— <
F(AomY
ﬁ% < ?% provided 0 < e < 1 and A > 1+ ¢. Also we called % =v. We

recall that in these calculations n > p. This finalized the derivation of the bound on

(5.1.4).

5.5.2. Appendix B (Approximating ‘&?m (w)’) This approximation (see ([5.1.5)))

is essentially the same as the one we saw in Appendix A, except that we also use
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Jensen’s inequality. In the main theorem of this section, we extensively use this

lemma. So, we present the following lemma to introduce the inequality.

Lemma 4. [Jensen’s Inequality] If ¢ is a convex function, and a; € RT for i € N,

1> 1, then

(5.5.1) o (E@ﬂ’i> < Do ()

> a; > a;

A proof of this lemma can be found in [§]. A consequence of this lemma is that,

for j € N+ {0}, we have

(5.5.2) 277 |1+

This bound is used several times in the next approximations. As mentioned above,

I~

we also bound summations by integrals. So, for |ag,

1
m ( opm —i2mwd™ jam
/0 am (0m) e o

w)‘ we have

1
m (gm (pn —i2wwl™ jam
/O am (6™ (0)) e df

|agm (W)] =

_l 1 iAO™ —iAg™ SN i i2m0™ (ak—w) oo™
9 (6 te ) > figk)e e* = dp
0 R
1 1 oo om0 (ke Aam( )
<3 > frg (k) ePmirekmet dgm
0 k=—o0

/ Z f10 227r9m ak—w) iAOm(%—l)dém )
0

k=—00




100

Now, we break up the the summation Z into summations over k = 0, |ak| > M
k=—o00

and 0 < |ak| < % and also use the first and second lemma in Section 3 to get

|azzn<w>rszco<o“) i 072 (1

)3

27 |w|

+ CoPr <2ﬁii|>no<|£g |l<:|—pj§n:1 ( 1+ IZ + ’1 - i j) o
<20 () +lhso)z (52) >

+ CoPy, <27]:/[]2J!>n0<|£$ A ZQJ (1 Tz )
<20, (fﬁ) +|fra0) P2 ( )ZV

+ CoPy, <2%2,>n plgm

can () (S (1)'7)

w

aX

+COP;,;< Mo ) (szﬂ

Jj=p

TG ()

The latter finalized the derivation of the bound on ‘&g}n (w)|; see (b.1.5)).

5.5.3. Appendix C (Bounds on |Aa™|, |Ab™]). In order to find the bound
on |Aa™| (see (b.1.6))), we first check the term involving ’ foﬂ—m (w)‘ Taking
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we have

Here, we can use a trick to bound the summations with integrals. When (1 — %) L, <
w < (1 + %) L,,, we know that w will at least start from 1. The latter is due to the
fact that A\ > 1, and hence, (1 — %) L,, > 0. So, we can always find a fixed ¢ > 0
such that 0 < ’1 — 1%5‘ L,, < min ((1 — %) Ly, 1). We can take this € to be the same
as the one we used before. So, the whole inequality, using the fact that L,, = oL,

becomes

3 §4COZ (1 € >p+2 \P—L[,—pH2
p— —€

N 472 Cy P (]g‘r);\)na*”“ ont1 < c )—n+1 p—2 (fy)j
L

3(n—1) T 3
(2] A (2 g G
+8Cy P (MO/\>" (7)1»—1 (aL (i))_nﬂ . oL (s )—n+2
m\ ore L n—1 aA(n—2)
Here, we use the assumption that v < i. This assumption would remain intact

throughout the steps for large enough L. In fact, the condition v < i would

remain intact for all iterations. In other words, when there is a contraction on
HI(A@O)’
2w My

|70 —ome1y

1§if0r

E this term would remain bounded. Hence, if

the first iteration, it will remain bounded by i for all iterations. Hence, using this,
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we have (%)] < (%) § (%)j_l < gz For the second sum, we use the same trick,
=1 =1
namely Ji:p (%>J < (z)pjg:l (%)J*I < (4L)—P ;1% So, we get

2 n [ |
N AmCo P (%6) Tl [ < e )n+1 Ay
3(n—1) l1—¢ 3L
Mo)\ " e —n+2 1 _ 4’}/
8C, Pla "t () L7PP2—— (40)77 —
* °<2m> m 1—c b2 gL
c —n—+1 c —n—+2
s ()" (2 ()™ ()
™\ 2me L n—1 aX(n —2)
Simplifying further, we get
:<400a< € )_p+2 A\P—L, P2
“p—2\1—c¢
16 5 MO n a—n—‘,—l € —n+1 _
g P”< ) ( > LA
Ty \o) w1\ 2 7
M, e —n+2 4-p+l
C Pn ( ) —n+2 ( ) L—2p+1)\n
tgtolmlg) @ 1—¢ p+2 i

[

n+1
+ 8P (MO) (T2 L Py
2me n—1

n+2
E) L—n—p+2/\n—1,y‘
2me

+8C,P" (M°> ot ( =T

Now, we check the term involving ’&gﬁn (k)’ + ‘lgg”m (k)‘ Taking

4

> (lag. ()] + [Bpe (@)])

(1) IS5 (244
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we have
A\
<4 ) Co (O‘)
(2-1)Lm<w< (243 ) Lm wl
My, \"&
I S T = o
(2-3)Lm<w<(2+3)L j=1
Mox \" 2p & .
+2 Z C() nT; 0 P ZQJ’}/]

—~
¥
—_
~—
h
3
IN
S
AN
—~
(]
+
~—
~

—~
¥
—
N~——
h
3
IN
€
IN

(

[\]
+
1=
S~—
h

3

Mo
27 |ew|

CoP

m
3)Lm

j_p+1 /y ]

a\ (L)
7\ ||

P 1+—=].
(L) ( +a)\

In this case, due to the presence of the term (2 — %) L, <w< (2 + %) L,,, the

8
(]

—~
T
—
SN~—
h
3
IN
€
IN
~—
N}
+

Mo
27 |ew|

+2

+
[\
£
33
7N / /
=
>
~— ~_— ~ ~__—
3
¥
no
R
/
=
~—
<
co| 3,

¢ 1

-

(2-1)Lm<w< (243 ) Lm

substitution of the sum with an integral is much easier. Since A\ > 1, we have

1<2—%<2. As a result, aL = L,, < (2—§)Lm§w. Hence, for any ¢ > 1 we

have
Z 1 1
Wwe = WS
(in)Lm<w<(2+l)me aL<w®
1 Z 1 1 Zl
(aL)t 1< (%)C (L) {5k

IA

[a—
»—\
8
—

|
D
=
|
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Consequently, we get

4CY

p—2

M() T n

’fu) ‘ (27?) n—lL K

Mo) a "
2me

8 M,
+7T00Pn< 0> Q- Lnl)\n
2re/) n—1

Y \P- 1L p+1

4 <

16
+p
p—

CoP? ( LAy

n—1

My

2me

MO Oé—nL—n—p—H)\n,y

27T€) n—1

Mo \" o "L P2\
) (n—2)A

+ 92~ p+4c Pn < ) fanQp)\n,_Y

2 PHCy Pr (

r2rscp(
2me

Finally, we find the bound on the term that involves ’&g”m (k‘)‘ This term appears in

the bound of |Aa™|. We have

2, i<z 2 C<|A|>

Lm
|w|> =g | > £

Jj—p+1 ¥ J
(7)

a\
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Again we have for any ¢ > 1
)
I al ¢
Ly Jo] s (3s)

-2 () e a) [ )

Hence, we can again bound the summations with integrals. So, we get

—_

Q>
=~IE

| /\

4C
> lag (w)] <—Saw2prt
|w|>LTm P
MO " a "
L™"\"
3’f” | F <27r> n—1 7
16 M, -
p CO n (0) o Lfn)\2n7
2me) n—1
8 M, -
+ LCOPTL ( 0) o L—n 1)\2n
2re) n—1
M,
+92 p+5C Pn (2 0) —nL—2p—1)\2n—2,Y
e
+9 p+50 Pn (MU) a” Lfn*p+1>\2n/,y
2me) n—1

—n

L—n—p+2 )\2n—2,y.

M, «
—p+5 n 0
T2, <27r5> (n—2) A
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Finally, combining all, we have

|Aa™| _400024 <1i€)—p+2 APLL P2 f'o \p-17-pH1
+ 4Gy Y0 y2p-2p —ptl
p—2
+ 1967TQCOP” (;\ﬁ)n (::T (1 i €>_n+1 LA™y
T 2 fug (0] P2 (Z) Oy
+ C'oP” <éw€>na—n+2 (15_€> —n+2 4;:_#21[/_2;;“/\717
ple CoFn (fri) na—nlL_nAHV

u (L) n+1
80 Pn < 0) —n+1\1—¢ L—n—p-‘,—l)\n
+ 2me “ n—1 7

8 M,
+7TCOP"( ”) gty
2re) n—1
M,
+92- P+4C Pn ( 0> —nL—2p)\n,y
21

(3}

n+2
™\ 2me (n—2)

+ 27 p+3c’ P" (]\40> o —n— p+1)\n
2 n—

+ 2_p+3COP£ ( > n—p—&-2/\n7
e/ (n—2)A

1
+ 6p COP;}L ( ) o n>\2n
p— 2me

n—

8 M, -n
+ iC’OP” ( 0 ) L—n—l/\2n,y
2me) n—1

M
4+ 92 p+50 Pn (2 0) —nL—2p—1)\2n—2,y
e
Lo, pr (Mo) a™" L2y
2re) n—1

L—n—p+2/\2n—27.

+ 2P, Pn (M0> : o

2re) (n—2) A
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The latter is nothing but

’Aam’ < Cl)\Qp—QL—p—i-Q 4 CQ)\QanaX(—n7—2p+1,—n—p+2,—2p),.Y .

This finishes the derivation of the bound for ([5.1.6). This bound can be used, as it

is, for the term that includes 3 ‘lgglm (k)|, in (5.1.7).
Lin

|| > =
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CHAPTER 6

Applications of Sparse Time-Frequency Method in

Dynamical Systems

For signal analysis in many scientific applications such as biological investigations,
the complexity of the underlying physical problem is perplexing, and the appropriate
governing equation that describes its dynamics is unknown. While several domi-
nating components could contribute to complex phenomena, it is believed that every
dominating component can be characterized by a dynamical system. Even if the char-
acteristics of the underlying system are unknown, data collection makes it possible
to roughly sketch the characteristics. Researchers would like to be able to quantify
those characteristics and then determine whether the underlying dynamical system is
linear or nonlinear, including quantifying the degree of any nonlinearity. This chapter
proposes one possible approach to these problems via STFR methods [25] 24, 26].

The definition of linearity, that the output of a system is linearly dependent on the
input, is not practical since the governing system is often not known precisely, which
makes it difficult even to define what is input and what is output. Furthermore, the
solution typically consists of several dominating components. Possibly, they each ac-
count for a different physical mechanism. Since some components could be linear and
others nonlinear, working on the entire data is not recommended. Instead, the data
should be decomposed into several dominating components and each one analyzed
separately. Extracting these intrinsic physical components from the data without
compromising their hidden physical structure and integrity is highly nontrivial.

In this chapter, we present a method to quantify the nonlinearity of the IMFs
given by the STFR method. The main idea is to establish a connection between the

IMFs and classical second order differential equations. One of the main results of this



109

chapter is that we show that each IMF can be associated with a solution of a second
order ordinary differential equation of the form & + p (z,t) & + ¢ (z,t) = f(t). We
do this both theoretically and numerically. We further assume that the coefficients
p(x,t), q(z,t) and f(t) are slowly varying with respect to t. Thus, we can freeze
these coefficients locally in time and absorb the forcing function into ¢. This leads to
the reduced autonomous second order ODE, i.e. &+ p(z)& + ¢ (z) = 0. Further, we
can reformulate the second order ODE in a conservative form: & + P (z) + ¢ (z) = 0,
dP(z)

where =% = p (). We then have the following weak formulation of the equation by

integrating by parts:

where (-, -) is the standard inner product, and ¢ is a smooth test function of compact
support. Assuming that p () and ¢ (z) have a sparse representation in terms of the
polynomial basis, we can represent P (x) and g (z) as follows: P (z) = M ppa®t?,
q(x) = =M, quo* for some integer M > 0. Then we obtain the following weak

formulation:
.. M . M
<I7 ¢> - Zpk <xk+17 ¢> + Z qk <xk7 ¢> = 0.
k=0 k=0
Based on the above weak formulation, we can design a [*-based optimization method

to solve for p; and g, for an extracted and known IMF,

M

(Pr>qr) = arginiﬂn 7> (Jaw| + |8kl)
FPk - k=0
. M . M
<$a ¢1> - Z (73 <wk+17 ¢l> + Z 5’6 <$k7 ¢1>
k=0 k=0

2

Y

N
2
i=1

where ¢;’s are smooth test functions of compact support and N is the number of
the functions. We will provide some guidance how to choose these test functions
optimally.

This method provides a new way to interpret the hidden intrinsic information

contained in the extracted IMF of an IS. Depending on the local form of nonlinearity



110

in p(x,t) and g (z,t), we can define the degree of nonlinearity for each associated
IMF. We can also recover accurately the coefficients for the nonlinear terms in p and
q. What we sketch in this chapter generalizes a similar concept recently introduced

by Huang et. al. [29].
6.1. IMFs and Second Order ODEs

6.1.1. Looking for a physical explanation. The main question that one could
legitimately ask is: why should one pick dictionaries with elements looking like r cos 67
In this chapter we use mathematical theory and numerical examples to confirm the
assertion that many physical signals have IMF manifestations. As a result, this
specific choice of dictionary is better motivated.

The canonical forms of linear and nonlinear equations used in this dissertation are
detailed here before we move onto continuing the assertion. Usually a second order

homogeneous Ordinary Differential Equation (ODE) is expressed as
(6.1.1) u +a(z)u +b(z)u=0,

However, in this dissertation, equations like

’

(6.1.2) (p (x) vl) +q(z)v=0,
(6.1.3) v +q(x)v=0

are of more interest in theoryf] To convert (6.1.1) into (6.1.2), one needs to take
v=u, px)=el *O% and q(x) = b(x)el “O% In order to convert (6.1.1) into
(6.1.3), one needs to take v = ez /" 9O%y and ¢ (z) = b(z) — 1a? (z) — d' (z). The

2

latter transformation is interesting since etz [T al®)d g always positive and will not

change the zeros of the solution. Hence, if v has an IMF representation, so does v,

1dQ

7, and ()/ are used interchangeably in the chapter. The same thing applies to ‘2—9 and ().
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and vice versa. In this section, the general form of the nonlinear second order ODE
is taken to be as & + ¢ (z,2) = 0.

As will be shown, the solutions of many of the second order ODEs are IMFs.
Using Fourier Transformation to analyze a given IMF would generally produce a
large number of Fourier coefficients, suggesting the need for a method that produces
a sparser representation.

Theory accompanied by examples show how linear and nonlinear homogeneous
second order ODEs have solutions that are essentially IMFs. STFR, combined with
the ODE-IMF solution mentality, can help to extract information about the governing

ODE of a signal. This is called System Identification.

6.1.2. Linear Homogeneous Second Order ODEs. Here, we show how we
can have IMF solutions for Linear Second Order ODEs by Priifer transformation.
6.1.2.1. Prifer transformation for Linear Second Order ODFEs. Take the following

differential equation in the canonical form

(6.1.4) u(a) = ug,

where P > 0, P € C'[a,b] and Q € C[a,b]. Remember that it is possible to
have b = oco. The solution of this differential equation can be represented in a new

coordinate system using the Priifer transformation [46]

u=rsinf,
(6.1.5)

Pg—“ = rcosb.
XL

This transformationﬂ explicitly shows that the envelope r is strictly positive:

r=Ju?+ (Pu')* > 0.

29 and r are called the Priifer variables; namely the Priifer angle and Priifer radius, respectively.
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The last inequality holds true since for any non-zero initial conditions, the solution

should not get to zero for both u and u'. Using (6.1.5), one can convert (6.1.4)) into

0" = Qsin? 0 + 5 cos® 6,
r = (% — Q) rcosfsinf,
(6.1.6) Uy = 19 sin Oy,

P (a) uy = 7o cos by,

00 S [0,271')

If @ > 0, the phase derivative is always positive and @ is strictly increasing. In other
words, considering r > 0, the solution is nothing but an IMF. This transformation
shows that a large class of second order linear ODEs have solutions that are in the
form of IMFs. Furthermore, this transformation shows that the oscillatory solutions
of Legendre, Hermite, Laguerre and Chebychev equations are all of the IMF type
in certain domains. This first shows that IMFs are more prevalent in Physics and
Applied Mathematics than previously thought.

In addition, the solution can be an IMF in the complete classical sense. This can
be observed as Py’ = rcosf shows that the derivative of the solution u goes to zero
only once between two consecutive zeros of the solution itself. In the following, a few

examples support the ideas expressed so far.
Example 16. (Linear IMFs) The solution of
d (du
6.1.7 — | — =0
( ) dz (d:c) T
is an IMF of a constant envelope and constant IF: u = ¢; cos (z) + ¢osin ().

Example 17. (Chebychev IMFs) The Chebyshev’s Differential Equation, for |z| <

1,aa>0is

(6.1.8) 4 (md“) +—2 _u=o
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The solution of this equation is

(6.1.9) U = 1 COS (—a cos™! x) + ¢y sin (—a cos™! x)
for some constant envelopes c;, c. Taking § = —acos™! z,
do a
= ——=>0.

dr ~ /1— a2
In other words, the solution of the Chebychev differential equation is a constant en-
velope Frequency Modulated (FM) IMF. It is seen that the solution of the Chebychev
differential equation is sparse if (6.1.9)) is considered. In contrast, the presentation of

the same solution in the Fourier Transform domain is not sparse at all.

Example 18. (Bessel IMFs) Take the zero order Bessel ODE on (0, 00)

d*u du
2 2
T ) —i—x—dx + z°u = 0.

It is possible to convert this into

L2 4 a0
I md:v xu = 0.

Using the Priifer transformation, one gets

cos? 6

0 = zsin’6 + > 0, Yz € (0,00),

which clearly shows the IMF behavior of the solution in (0, co).

The Priifer transformation is an excellent mathematical transformation that proves
that the solution of certain linear second order ODEs are IMFs. This classic transfor-
mation is certainly a great motivation to use STFR methods to extract IMFs produced
by ODEs.

6.1.2.2. Fundamental IMF Solutions of Linear Second Order ODFEs. Previously,
the Priifer transformation was used to express an IMF solution for a general initial

value problem. Here, we investigate the fundamental IMF solutions of Second Order
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ODEs. The solution of 4" + ¢(z)y = 0 in the form of rcosf is detailed in [40].
Here, we present a formalization of fundamental solutions of such equations. Take

the following Second Order ODE in the form of (6.1.3)
(6.1.10) y' +q(@)y=0,

where ¢ (x) € C. Having this, the solution exists for any initial value problem.

Furthermore, all solutions of (6.1.10)) could show IMF behavior:

Theorem 9. y; = rcosf and y, = rsinf are two linearly independent solutions of

(6.1.10) if and only if

r—rd?+rqg=0,
(6.1.11) 1

/

2 = 1.

PROOF. First assume that y; = rcosf and yo = rsin@ are linearly independent

solutions. One can easily put them in (6.1.10]) separately to find:

_ (r” —rf? 4+ rq) sin 6 4 (—7“0” — 27”9’) cos =0,
(r" — 0% + rq) cos f + (—r@” — 27”'9/) sind =0,

which has the unique solution

r—rf?+rqg=0,
—r0" — 28 = 0.

r cannot be zero since this would make y; and y, linearly dependent. Hence, 70" +
20 =0 = (7"29/)/ = 0. 0 cannot be zero either, since this would make y; and
Yo linearly dependent. Without loss of generality, one can take r26° = 1. In the
other direction, put y; = rcosf and yo = rsinf in y" + ¢(x)y and check that

based on (6.1.11)), the original equation (|6.1.10)) is satisfied. Finally, one can check

independence by constructing the Wronskian

W (y1,y2) = yly/z - y;?h =% =1 £ 0.
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This argument is saying that all solutions of (6.1.10|) can be written as

(6.1.12) y = c1rcosf + corsinf
for some real constants ¢y, co, and r, 0 satisfying (6.1.11)). U

Remember that the fundamental solution , and the fundamental conditions
(6.1.11)) are not necessarily conditions for the existence of IMFs as solutions. They
are proposing solutions represented in r cos # and r sin § format. If certain conditions
are satisfied on ¢ (z), then the solutions are IMFs.

We can further analyze the fundamental conditions . Assume that the
fundamental solutions are IMFs. Based on 726" = 1, one can observe that the envelope
and the instantaneous frequency are not independent from each other. They are a
dependent part of the IMF produced by the linear second order ODE. Equation
shows that the IF is strictly positive. Another consequence is that as the IF
becomes small, the envelope r increases to compensate, and as the IF increases in
time, the envelope is damped.

It is important to note that when the solution of an initial value problem is needed,
one should use with caution. Assume that the solution of is to be

found under the initial conditions
y(0) = A,
y (0) = B.
In (6.1.11]), for simplicity and without loss of generality, one can set 6 (0) = 0 and
r(0) = 1. However, there is no way to find ' (0) using the initial conditions given.

In fact, 7 (0) £ r{) remains as a free parameter. Using the initial conditions given,

the solution (6.1.12)) would become

y = Arcosf + (B—Ar(l))rsinﬁ.
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The dependency of # and r in (6.1.11) would bring about the nonlinear second order
ODE

"

r—r2+rq(x)=0,

r(0) =1,
having ' (0) as a free parameter. This free parameter is the source of different
representations (manifestations) of the same IMF. This can also be seen in

(6.1.13) 0 (x) = / ’ rfé).

However, having ' (0) as a free parameter will not deter the uniqueness of the IMF
solution itself.

There is significant difference between the Prifer transformation (6.1.5)), and
the fundamental solution conditions . The fundamental solution conditions
provide an observation that the solution of all linear second order ODEs are
necessarily the sum of two linearly independent IMF-like functions. Equation (6.1.11]
does not say that the solution is necessarily an IMF. However, the Priifer transfor-
mation is a good method to perceive whether or not the solution is essentially
an IMF.

6.1.2.3. WKB Theory and IMF Solutions. If ¢ (z) > 1 in (6.1.10), WKB theory
can be used to find leading order approximate solution(s) of (see [3]). To see

this, we consider the following linear second order ODE:
(6.1.14) E+b(t)i+c(t)z=0.
This can be rewritten as:

(6.1.15) 1+ Q(t)v=0,

where
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Assume that @ (¢) > 1. Using the WKB method [3], we can get the asymptotic

approximation of v (t),

v(t)Nclcos</Ot@d§>+c2sm (/Ot\/@dg>.

In terms of the original variables, the solution of ((6.1.14]) has the form:

2 (t) ~ e~ 2 Jo b ((:1 cos (/Ot \/@cﬁ) + ¢y sin (/Ot \/@aﬁ)) ,

which is an IMF. On the other hand, for those IMFs a (t) cos# (¢) that do not have
intrawave frequency modulation (meaning that both a () and @ () are smoother than
cosf (t)), it is easy to see that the coefficients b and ¢ given in are smooth
functions with respect to t. This seems to suggest that there is a close connection
between oscillatory solutions of a linear second order ODE with smooth coefficients
and IMFs without intrawave frequency modulation. All in all, the WKB method is
solely an approximate asymptotic method and not a method proving IMF solutions.

6.1.2.4. Sturm-Liouville- Type Problems. Most of the time, the Sturm-Liouville
(SL) problem is seen in the theory of Partial Differential equations (PDEs). Hence,
analyzing the SL problem from the IMF-STFR point of view could be a good starting

point for future research in PDE systems. Remember that a (SL) problem is

L(p@) %)+ @) —q@)u=0,z¢€ (ab)
(6.1.16) arua) + ot/ (a) = 0, (a1)* + (a2)? > 0
(B + (B2)" > 0

having p (x) € C*, p(x) > 0 on [a,b], p(x) > 0 on [a,b], and ¢,p € C on [a,b]. If
(6.1.17) Ap(z) —q(x) >0,

then the solution of the SL equation is necessarily of the IMF type. Condition (6.1.17)
is satisfied in most of the SL problems if the eigenvalue A is sufficiently large. Fur-

thermore, this condition is satisfied in certain SL problems even for small eigenvalues.
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For example, the one dimensional Laplace equation, in both cylindrical or Cartesian
coordinates, has the form of . If the Dirichlet boundary conditions are im-
posed, then the condition is satisfied as ¢ = 0 and A, > 0. In fact, eigenvalues
of symmetric elliptic operators are positive for a Dirichlet boundary condition [19].
6.1.2.5. Oscillatory Solutions of ODEs in Literature. As mentioned in [43], it is
not hard to show that if z (t) = a (t) cos 6 (t), then one possible governing differential

equation is

(6.1.18) i+ (—Z—22>:&+ <92+ZZ+2(Z)2—Z>:¢:0.

Knowing the coefficients in front of & and x, one can solve for the unknown envelope a
and the phase function . However, equation is not always easy to solve for a
and 6, so a better method is needed for finding possible IMF solutions. Furthermore,
one needs methods to prove that equations of the form v + a (z)u 4+ b (x) u = 0 are
sources of IMFs. Some of the theorems and transformations in Oscillation Theory
that prove the oscillatory nature of linear equation solutions are reviewed here. In
particular, we present theorems from Oscillation Theory literature that show the
possible oscillatory nature of linear second order ODEs. Their results can be checked
by means of the system introduced in (6.1.5).

The first theorem expresses the interval increase in the phase function if the so-
lution is oscillatory. The second explains how it is possible to understand whether
an equation has oscillatory solutions and how one can find the minimum number of
zeros. The third helps to determine whether the solution is oscillatory on a semi-

infinite domain, which is useful when one is trying to use the fundamental solution

conditions (6.1.11]).

Theorem. There is at most one value of x,, € [a,b] such that 0 (z,) = nm, n € N.

0 (z) will remain strictly above that in (x,,b), and strictly below that in (a,x,) for

using (513
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For the proof of this theorem, see [I] theorem 8.4.3.

Theorem. Let py, pa, g1 and gs be piecewise continuous on [a,b], satisfying 0 <
pa () < p1 (), g1 () < g2 (x) Vo € [a,b]. Let uy and ug be solutions to the equation
£ (pz( ) d“’) + g (x)u; =0 for i =1,2. We know 61 and 0y are defined by tan6; =
“r. Let 03 (a) > 01 (a). Then 6> (x) > 61 (x) Vo € [a,b]. Moreover, if g1 () < g2 (x)

piu;

Vx € [a,b], then Oy (x) > 0, (x) Yz € [a,]].

For the proof of this theorem, see [I3] Theorem 8.1.2. In this theorem, if one

chooses p; = m[a>§] {p2 ()}, g1 = m[ir})] {92 (2)} and if £ > 0, then the solution of
x€|a, xE|a,

d*u (%1
1.1 — 4+ =
(6.1.19) 722 +p1u 0

is necessarily oscillatory. As a result, the solution of (pz( ) Z) + g2 (z)u=0is
indeed oscillatory and has at least the same number of zeros as (6.1.19)). The following
theorems express the conditions under which there will be oscillation in a semi-infinite

domain [2, 49]. For an in depth discussion on Oscillation Theory, see [2].

Theorem. I- In (6.1.4), if foo d” < oo and [77]Q (x)|dx < oo, then the solution
is mon-oscillatory on [a, 00).

2- In (6.1.4), if [~ Pd(”; 0o and [7°Q (z)dx = oo, then the solution is oscilla-

tory on [a,o0).
Theorem. (Kneser’s Theorem) Consider the differential equation
(6.1.20) —u +q(z)u=0

n (0,00), then

1- lim inf (zq (x)) > —1 implies that the solution of [6.1.2() is not oscillatory;

2- lim inf (2%q (z)) < —1 implies that the solution of|6.1.2() is oscillatory.

More literature on the oscillatory nature of these equations for periodic cases (i.e.

Hill’s equation (6.1.15))) can be found in [40].
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6.1.3. Nonlinear Second order Autonomous Systems. Here we present
IMF solutions of certain nonlinear second order ODEs using second order conservative
ODEs as a starting point. These ODEs, which are prevalent in classical physics have
closed phase space trajectories, so the solution of a conservative system is necessarily

periodic.

Theorem 10. The periodic solution of a conservative nonlinear second order ODE

is necessarily an IMF.

ProoF. Consider a conservative system & = F' (x) where F' (z) = —d[flix), Ulx) e

C (z). The total energy of the system is E = 142 + U (z). Assume E > U () for all

values of z in D = [z, 21], except the end points where F = U (x¢) = U (7). © =0

only at zg and x;. Take a = %072 p = =2 Consequently, %{“ is in [—1,1].

Simply take

y . _ x(t)—a
for <0 : H(t)—arccos((l); )
for >0 : 0(t)=arccos <%) + 7.
As a result
for £<0: 0(t)= 10—
R e
for ©>0: 0(t)= £@)

b 17(z(tl);7a)2’
and 6 > 0, if x(t)T_a # +1. Now, if I(t)T_“ — —1, then 6 () — \/% Remember that

z(t)—a

— —1. The same justification can be used if alt)=a _y q Hence, take

Tz >0 as ;

or <0 : 0 (t) = arccos (&0=2)
(6.1.21) d - Q (5

for &>0: 6(t) =arccos (%) +,
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and finally

e — 1 =0 0(t)= /L,
i>0: 0(t) = O N—
b 17(z(tl)77a)
z(tl))—a =1, =0 Q(t) = —lb

In other words, the solution of & = F' () can be represented as x (t) = a + bcos 0 (t),
where a, b are constants and 6 (t) € C* (t), 6 (t) > 0. The period T of the oscillation,
using 6, can be defined as a real positive number such that fOT 0dt = 2xr. In other

words, T = fOT dt = 0% % . O

Example 19. (Undamped Duffing Equation) Take the equation # + z + 23 = 0.
The energy E of the system is £ = %24—%—1-%4, the potential energy is U (z) = %2—1-%.
Assume that the domain is D = [—A, A]. Due to symmetry, the solution should look
like = (t) = Acosd (t). Putting this in the energy equation gives

: 1 At
A% cos® 6 + A%6%sin? 6 + §A4 cos’d = A% + 5
and simplifying it results in the IF of the IMF-solution
A2
6? = - (1+(30320) + 1.
The right hand side of this equation is strictly positive; one can take the positive root

to have

. A2
9:\/2(1—1—00829)—1—1.

This shows that the solution is a FM signal. Further properties of the solution can
be extracted by simplifying the equation using trigonometric identities. The square

of the IF would then be
02 =1+ §AQ + A72C0829
N 4 4 ’
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showing that the peaks and troughs of the signal coincide with the maximum of the
IF. In other words, the signal is sharp at peaks and troughs. It is an intrawave.

Finally, the period of the system can also be found by

2 d
Y R
0 \/A?(1+COSQQ)+1

Using the same methodology, we can observe the presence of IMFs in other types
of nonlinear systems. For example, for systems with limit cycles, the original equation
& = f (x,%) can be rewritten

T =y,
y=1r(zy).
The intersection of the phase space trajectory with the z-axis happens if and only if
& = 0. If the crossing points are assumed to be xg, z1, with x¢y < x1, the value of y
will remain with one single sign for xqg < x < x7. Using the method described in the
proof of Theorem , one can find proper maps like . In other words, in a
system & = f (x, 1), for a well behaved f that guarantees uniqueness and f (x,y) =0
if and only if x = y = 0, if there exists a limit cycle (stable or unstable), then the limit
cycle solution can be expressed as x (t) = a + bcos (t) where a, b are constants and
0 (t) > 0. This claim can be ratified in a similar way to the conservative case. One
can characterize the IF in a closed integral form. If the system &+ h (z, %)+ g (x) =0
has a limit cycle, then the solution is x(t) = a + bcos6(t). Take the energy of the
system to be E (t) = 1i® + [ g (z)dz. Hence, 2 = —yh (z,y), where & = y. For a

7odt

period of the limit cycle one has

E(T)—-FE(0) = /OT —h(a+bcosO(t),—bw (t)sinb (t)) bw (t) sin b (t) dt = 0.

o (t)

—5i» the latter would become

Using the fact that w (t) =

2
/ h(a+ bcosf, —bw () sin @) sin 0df = 0.
0
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The same methodology can be used to generate IMFs as solutions to other non-
linear ODE systems. Take a system of the form x = f (x), where x € R?, f € R? is
Lipschitz continuous. If the trajectory of the solution in the phase space is a closed
convex curve for a specific initial condition x(, then there is a solution of the form
x; = a; + b;cos; (t) with 0; (t) strictly increasing for ¢ = 1,2. a; and b; are con-
stants for ¢ = 1,2. Consequently, if the phase path of the solution is expressed as
F (x) = Cte, where Cte is constant real number, then the IFs for each coordinate

solution, x; and x4, are related to each other by

d )

Furthermore, for a Hamiltonian system with the convex Hamiltonian H (xy, z3), any
solution is of the form z; = a; + b; cos6; (t). Again, the abundance of IMF solutions
make the use of adaptive data analysis methods obligatory when ODE-IMF solutions
are encountered.

For constant envelope IMFs produced by a nonlinear second order ODE, the IF is
not necessary equal to the polar angle time derivative of the phase space trajectory
of the ODE. For example, the polar coordinate phase description of a limit cycle
¥ (t) can be related to the IMF angle 0 (t) as follows. Assume that the physical
coordinate is centralized, hence the physical displacement and velocity of the system
4+ f(x,2) =0 are

x =bcosf (1),

i=1y=—bfsinb(t).
These variables can also be represented in the polar coordinate as

x=ual(t)cost(t),

y=a(t)siny (t).
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Simplifying these equations gives

—0 (t)tané (t) = tan (t),

a’ (t) = b (cos2 0 (t) + 62sin* 6 (t)) :

For a pure circular motion, § = 1, one has —tan# (t) = tan+ (t) and a? (t) = b2
However, in the general case, they specify neither the same angle nor the same enve-

lope.

6.2. Nonlinear Degree Analysis

Using the theory explained thus far, here we propose a new method for analyzing
the degree of nonlinearity of IMFs decomposed from a multiscale signal and explain
an effective optimization method for constructing a second order ODE for each IMF.
Moreover, based on the degree of the nonlinearity of the coefficients associated with
the second order ODE, we define the degree of nonlinearity for each IMF.

Consider a second order ODE of the following type:
(6.2.1) F+pr,t)i+q(xt)=f(t),

where p(x,t), q(z,t) and f (t) are slowly varying with respect to ¢. For Duffing
equation, for example, one observes that p (z) = 0, ¢ (z) = z + 3.

Based on the assumption of slow variation, one can freeze p(z,t), q(z,t), and
f (t) locally in time over a local time interval (a few periods). Thus can be
replaced by the corresponding autonomous ODE over this local time interval. The

function f can be absorbed into ¢ (meaning that we can set f = 0):

(6.2.2) E+p(z)i+q(z)=0.
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6.2.1. A Strong Formulation. To determine the autonomous ODE ([6.2.2)) lo-

cally, we use polynomials to approximate p () and ¢ (z).

(6.2.3) p(z) =Y pa®, q(z)=> g,
k=0 k=0

Here, M is the order of polynomials which is given a priori, and pg, gr are unknown

coefficients. One way to get the coefficients py, gi is to substitute (6.2.3)) to (6.2.2)):

M M
(6.2.4) P+ i (xk) i+ > gt =0
k=0

k=0

Then py, gr can be obtained by using a least squares method,

(6.2.5) (pk, k) = arg min

APk

x—i—Zak( )x—i—%ﬁkxk
k=0

k=0

2
To study the degree of nonlinearity, the highest order terms in p and ¢ are considered.
Further, it is assumed that the coefficients p, and ¢, are sparse. Since x and & are
strongly correlated, the least squares solution is unstable to noise perturbation. To
stabilize the optimization algorithm, we add an [! term to regularize the least squares

solution and look for the sparsest representation,

2

(6.2.6)  (p,qr) = arg mlﬁnvz |ove| + 1 Bxl)
k> k=0

9

2

x+2ak( )x+§5k$k
k=0

where 7 is a parameter to control the sparsity of the coefficients. In order to capture
the leading order term, ~y is chosen to be O (1). In the following examples, + is chosen
to be 2.

In this method, we must compute & and . Unfortunately, this amplifies the error
introduced in the approximation of the IMF, x, indicating that another approach is

needed.

6.2.2. A Weak Formulation. Here, we use an [!-based optimization based on

a weak formulation for the second order ODE. Let P (x) be the primitive function of
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p(z),ie. P(z)=p(z)i. Then the ODE can be rewritten in a conservation form as

(6.2.7) i+ P(z)+q(z) =0.

Assume the span of time of the signal under scrutiny is [0, 7]. For any test function
¢ € C210,T] that satisfies ¢ (0) = ¢ (T') = 0, we have the following weak formulation

of the equation by performing integration by parts:

(6.2.8) (2,6) = (P(x),0) + (q(x),8) = 0.

If p(z),q(x) can be approximated by polynomials as in the same way as they are in

(6.2.3)), then P (x) and ¢ (x) can be expanded in terms of polynomial basis:

(6.2.9) P(z)= Z_:pkx’”l, q(z) = 2_: qra®.
Then we get
(6.2.10) <x,é>—¥p (C '>+qu< 6) =0.

Using this formulation, we can design the following optimization problem to solve for
pr and gy,

M
(6211)  (py, ) = argminy v (law] + [Be])
k=0

(0 = S (a1.60) + 3 (ot

2

+Z

Here, N is the number of the test functions being used. In our computations, we pick
N = 2M making sure to have enough measurements to determine the coefficients.

The test functions that we use are given below:

oi(t) = (1+COS (”(tkt))), —“A<t—1t; <A,

0, otherwise,
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where ¢;’s (i = 1,..., N) are the centers of the test functions and the parameter A
determines their support. Choosing a large A would enhance stability. On the other
hand, with a large support for ¢ we cannot get the high frequency information of the
signal. Since the high frequencies are essential for capturing the nonlinearity of the
signal, A is determined based on the balance between the stability and resolution: we
make A as large as possible without compromising the resolution. In computations, A
is chosen to be % of the local period (or wavelength) of the signal. After determining
A, we choose t;,i = 1,..., N to be uniformly distributed in [\, T — \].

The choice of A depends on the regularity of the signal that we want to study.
If the signal is nearly singular, we should choose a small A to make sure that the
signal’s information can be well captured by the test functions. If the test functions
¢; (t) are chosen to be the classical piecewise linear finite element basis, then the weak
formulation is equivalent to the strong formulation if we approximate & and & by a
second order central difference approximation.

Based on the coefficients recovered from the signal, we can define two indices

associated with each IMF to characterize the nonlinearity of this IMF.

Definition 8. (Degrees of Nonlinearity) The degrees of nonlinearity of an IMF are

defined to be the following two indices
L=max{k:p, #0,k=0,... M}, Ih=max{k:q #0,k=0,..., M}.

This definition shows that the degrees of nonlinearity of the signal correspond to
the highest order of the nonlinear terms. For example, I; = 0 and I, = 1 corresponds
to a linear ODE. When I; > 0 or I, > 1, the IMF is nonlinear. The IMF becomes
more nonlinear as the indices grow. As well as quantifying the degrees of nonlinearity
of the IMF, then, we can also recover the coefficients associated with the leading
order nonlinear terms. This information is very helpful in quantifying how nonlinear
an IMF is and may have an important implication in engineering and biomedical

applications.
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If the signal is polluted with noise, the recovery of the coefficients will be influ-
enced by these perturbations. This can be alleviated by setting up a small threshold
vy to enforce sparsity of the coefficients so that only coefficients larger than 1, are
considered significant. This leads to the following modified definition of the degrees
of nonlinearity:

(6.2.12)
I =max{k: |px| >,k =0,..., M}, I =max{k : |gx| > o,k =0,...,M}.

In the computations to be presented in the next section, we set vy = 0.05.

The method based on the ! regularized least squares performs very well in identi-
fying those nonlinear terms with large coefficients. On the other hand, the ! regular-
ization produces a sparse representation of the signal at the expense of the accuracy
of the coefficients. In order to improve the accuracy of coefficients recovery, we first

identify the dominant coefficients,
(6.2.13) Ty ={k:|pgl >v,k=0,..., M} To=A{k:|q| >v1,k=0,..., M},

(in our computations, v is chosen to be 0.05), and then solve a least squares problem
without I! regularization to obtain more accurate coefficients for these dominant
terms:

(6.2.14)

2

(Pkys Gr,) = arg min g: <$, ¢z> - > <$k2+17¢5i> + > B <l‘k17¢z’>

WPy i1 ko€T'o ki€l
For an accurate signal with no noise, this procedure does help to get more accurate
coefficients. However, when the signal is polluted with noise, the IMF that we extract
from the signal is not very accurate but the coefficients are very accurate even with
the refinement procedure.
Algorithm [5|is used to implement this approach. In this algorithm, we first parti-
tion the entire physical domain into a number of sub-domains and localize the signal

locally by multiplying a smooth cut-off function. Then we apply the optimizations
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Algorithm 5 Degree of Non-Linearity Algorithm

e Calculate the phase function 6 (¢) of the signal. Choose K points t;, j =
1,..., K, such that the time variation of P and ¢ is well resolved by the local
resolution (t;41 — ;).

eforj=1:K

e Extract the signal around the point ¢,

fi () = F () x (0() = 0(t))),

where x (¢) is a cutoff function. In our computations, it is chosen to be

X(t):{ %(1+COS(£)), —um < t < pm,

, otherwise.

i is a parameter to control the width of the cutoff function. In this disser-
tation, we choose u = 3, which means that for each point, we localize the
signal within 3 periods to perform the degrees of nonlinearity analysis.

e Extract the IMF ¢; for f; () using an appropriate STFR algorithm.

e Solve the optimization problem ([6.2.11]) with = = ¢; to get the coefficients of
the polynomials, P; (z) and g¢; (z).

e (optional) Apply the refinement procedure to update the coefficients.

e End

e Calculate the degrees of nonlinearity of the signal according to (6.2.12)).

(6.2.11)) and (6.2.14)) to the localized signal to extract the local degrees of nonlinearity
of the signal; see Algorithm [5

6.3. Numerical Results

To test its performance, we ran Algorithm [5l on a number of test cases, beginning

with a signal generated from the solution of the Van der Pol equation.

Example 20. Consider the Van der Pol Equation
i+ (2= 1)i+2=0

The equation is solved from ¢ = 0 to ¢ = 100 with the initial condition = (0) =
1,2 (0) = 0. We extracted coefficients from the original signal and recorded nonlin-
earity at different times (see Figure . In our computations, M = 10, which gives a
total of 22 coefficients, of which only three are not zero: p; = —1, p, = % and ¢; = 1.

The algorithm achieved the exact recovery of all the coefficients when there was no
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Signal (solution of the Van der Pol equation)

. 1 . 1 . 1 . 1
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Coefficients of the polynomials
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—

. . . . .
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Degree of the nonlinearity
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151
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F1GURE 6.1. Top: The solution of the Van der Pol equation; Middle:
Coefficients (g, px) recovered by our method, star points * represent the
numerical results, black line is the exact one; Bottom: Nonlinearity of
the signal according to the recovered coefficients, star points * represent
the numerical results, black line is the exact one.

Signal (solution of the Van der Pol equation+noise)

L A L A L A L |
0 10 20 30 40 50 60 70 80 90 100

Coefficients of the polynomials

[ A

L L L L L
20 30 40 50 60 70

Degree of the nonlinearity
T T T

L L L L L
20 30 40 50 60 70

F1GURE 6.2. Top: The solution of the Van der Pol equation with noise
0.1X (t), where X () is the white noise with standard derivation ¢ = 1;
Middle: Coefficients (qx, px) recovered by our method, star points *
represent the numerical results, black line is the exact one; Bottom:
Nonlinearity of the signal according to the recovered coefficients, star
points * represent the numerical results, black line is the exact one.

noise (see Figure . When the signal is polluted by noise, the method still gives

reasonably accurate results (see Figure [6.2)).

Example 21. Consider the Duffing equation

i+a+a® =0,
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Signal (solution of the Duffing equation)

1 T T T T T T T

0 10 20 30 40 50 60 70 80 90 100
Coefficients of the polynomials
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Degree of the nonlinearity
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FiGure 6.3. Top: The solution of the Duffing equation; Middle:
Coefficients (gx, px) recovered by our method, star points * represent the
numerical results, black line is the exact one; Bottom: Nonlinearity of
the signal according to the recovered coefficients, star points * represent
the numerical results, black line is the exact one.

Signal (solution of the Duffing equation+noise)

0 10 20 30 40 50 60 70 80 90 100

Coefficients of the polynomials

T T
L L ik = T Y
™ T

L L L L L L L
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FI1GURE 6.4. Top: The solution of the Duffing equation with noise
0.1X (t), where X () is the white noise with standard derivation 6% = 1;
Middle: Coefficients (g, px) recovered by our method, star points x*
represent the numerical results, black line is the exact one; Bottom:
Nonlinearity of the signal according to the recovered coefficients, star
points * represent the numerical results, black line is the exact one.

with initial conditions # (0) = 1 and @ (0) = 0. Again, the solution is solved from
t =0 tot =100 and coefficients were extracted from the original signal and degrees
of nonlinearity were recorded (see Figure . We again use M = 10 in our compu-
tations, which for this case results in only two coefficients that are not zero: ¢ = 1,
and g3 = 1. When the signal does not have noise, the recovery is very good for both

of the coefficients and for the degrees of nonlinearity (see Figure . However, when
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the signal is polluted by noise, the results for the Duffing equation are not as good
as those for the Van der Pol equation: the coefficients are not accurate (see Figure
6.4]). This is because the Duffing equation is closer to the linear sinusoidal wave with

g3 = 0. Nevertheless, even in this case, our method still gives the correct degrees of

nonlinearity (see Figure [6.4).

Example 22. Since both the Van der Pol and Duffing equations are autonomous,
the coefficients could be extracted globally, as they do not change over the whole
time span. To show the locality of Algorithm [5 we consider an equation that is not

autonomous:
(6.3.1) ita(t) (e —1)i+(1—a(t)2®+z=0,

where

[\]

1 £ — 100
" ( V(& —100)* + 400)

The initial condition is that # (0) = 0,  (0) = 1 and the equation is solved over t €
[0,200]. This equation is essentially of the Van der Pol type when ¢ is small (¢ < 100),
but as t increases, the equation smoothly changes to the Duffing type equation. When
the signal is not polluted by noise, the algorithm captures the time variation of the
coefficients accurately (see Figure and remain reasonably accurate even when
the signal is polluted with noise (see Figure . The error of the coefficients is
relatively large when ¢ > 100 in the presence of noise. In this region, the equation is
qualitatively of Duffing type, which is more sensitive to noise than the Van der Pol

equation, as seen in Examples 21] and 22

Example 23. To test the method on a more challenging equation in which the

coefficients have a sharp change instead of a smooth transition we used the equation

1 1
(6.3.2) it (1 —sgn (t —100)) & + 5 (1+sgn (t —100))2* + 2 =0,
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FIGURE 6.5. Top: The solution of the equation given in (6.3.1));
Middle: Coefficients (g, px) recovered by our method, star points
represent the numerical results, black line is the exact one; Bottom:

Nonlinearity of the signal according to the recovered coefficients, star
points * represent the numerical results, black line is the exact one.

Signal
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F1GURE 6.6. Top: The solution of the equation given in with
noise 0.1X (¢), where X (¢) is the white noise with standard derivation
0? = 1; Middle: Coefficients (q,px) recovered by our method, star
points * represent the numerical results, black line is the exact one;
Bottom: Nonlinearity of the signal according to the recovered coeffi-
cients, star points * represent the numerical results, black line is the
exact one.

where sgn (+) is the sign function. There is a sharp transition from the Van der Pol
equation to the Duffing equation at point ¢ = 100 in . Not surprisingly, applying
the algorithm to analyze the solution of this equation, generates a large error near
t = 100, but the method still has reasonable accuracy in the region away from the
transition point (see Figure . While poor accuracy near the transition point means

the algorithm cannot locate the transition point faithfully, the method does identify
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Algorithm 6 ENO STFR

e Calculate the phase function 6 (¢) of the signal. Choose K points t;, j =
1,..., K, such that the time variation of P and ¢ is well resolved by the local
resolution (t;41 — ;).

eforj=1:K

— S1: Extract the signal centered around the point ¢; and also extract the
signal to the left and to the right of ¢;,

fit) = FOXO0) —0(t;)),
fit) = fOXO@)-0),
fi@) = FO)x"(00)=0()),
where x¢ (), x" (t), x" (t) are cutoff functions

e - {J0rm (). i<
1 otherwise.

Xl(t) _ {§<1+COS(;+TF>), —2M7T§t<(),
0, otherwise.

v = {;(1+COS(;—7T)), O<t<?mr,
0, otherwise.

As before, we choose u = 3.

— S2: Extract the IMFs ¢, ¢, ¢} for ff (t), fi(t), f] (t) respectively.

— S3: Pick up the IMF ¢} such that the residual Hcgl — ff”z is minimized
over the choices a = ¢, [, r, i.e.

(07 (67
< =57,

— S4: Solve the optimization problem (6.2.11)) with z = ¢} to get the
coefficients of the polynomials, P; (z) and g; (z).
— S5: (optional) Apply the refinement procedure to update the coeffi-
cients.
e End
e Calculate the degrees of nonlinearity of the signal according to ((6.2.12)).

* .
¢ = arg min
J ac{cl,r}

that the nonlinearity of the signal changes from the Van der Pol type to the Duffing
type. Performance remains qualitatively the same, even in the presence of noise (see
Figure [6.8). To improve the accuracy of our method near the transition points, we
combine the idea of the ENO method in computing shock waves in fluid dynamics
[37] with Algorithm . This gives rise to Algorithm @ which accurately extracts

the coefficients and locates of the transition point (see Figure and can accurately



135

Signal

o
L Lo 4w

L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Coefficients of the polynomials

At
st

-
-
1"

L L L L L L L L
20 40 60 80 100 120 140 160 180

Degree of the nonlinearity
T T T

J
f

0 L L L L L L L L
20 40 60 80 100 120 140 160 180

FIGURE 6.7. Top: The solution of the equation given in ;
Middle: Coefficients (g, pr) recovered by our method, star points x
represent the numerical results, black line is the exact one; Bottom:
Nonlinearity of the signal according to the recovered coefficients, star
points * represent the numerical results, black line is the exact one.
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F1GURE 6.8. Top: The solution of the equation given in with
noise 0.1X (t), where X (t) is the white noise with standard derivation
0? = 1; Middle: Coefficients (g, px) recovered by our method, star
points * represent the numerical results, black line is the exact one;
Bottom: Nonlinearity of the signal according to the recovered coeffi-
cients, star points * represent the numerical results, black line is the
exact one.

approximate degrees of nonlinearity and the transition point even in presence of noise

perturbation (see Figure [6.10)).

Example 24. Here, we test the method on a signal, f (¢), which consists of several

components:

167t t
— — +0.1X (¢),t € ]0,200

f(t)=s(t)+ cos ( 100
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F1GURE 6.9. Top: The solution of the equation given in ; Mid-
dle: Coefficients (g, px) recovered by our method together with the
trick in ENO method, star points * represent the numerical results,
black line is the exact one; Bottom: Nonlinearity of the signal accord-
ing to the recovered coefficients, star points * represent the numerical
results, black line is the exact one.
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F1GURE 6.10. Top: The solution of the equation given in (|6.3.2) with
noise 0.1X (¢), where X (¢) is the white noise with standard derivation
0? = 1; Middle: Coefficients (g, py) recovered by our method together
with the ENO type method, star points * represent the numerical re-
sults, black line is the exact one; Bottom: Nonlinearity of the signal
according to the recovered coefficients, star points * represent the nu-
merical results, black line is the exact one.

where s (t) is the solution of the Van der Pol equation with the initial condition
#(0) =0, (0) = 2 and X (¢) is the white noise with standard derivation o? = 1.
After decomposing the signal to tow IMFs (see Figure we analyze each IMF to
obtain its degrees of nonlinearity (see Figures and . Even for this complex

signal, the performance of our method is still reasonably good.
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FIGURE 6.11. Top: The signal consists of the solution of the Van
der Pol equation and a cosine function and a linear trend and noise
0.1X; Middle: The IMF extracted from the signal corresponding to the
solution of the Van der Pol equation, blue: numerical result; red: exact
solution; Bottom: The IMF extracted from the signal corresponding to
the cosine function, blue: numerical result; red: exact solution.
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FIGURE 6.12. Top: Coefficients (g, px) recovered by our method for
the first IMF in Fig. [6.11] star points % represent the numerical results,
black line is the exact one; Bottom: Nonlinearity of the signal accord-
ing to the recovered coefficients, star points * represent the numerical
results, black line is the exact one.
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FIGURE 6.13. Top: Coefficients (g, px) recovered by our method for
the second IMF in Fig. star points % represent the numerical
results, black line is the exact one; Bottom: Nonlinearity of the sig-
nal according to the recovered coefficients, star points % represent the
numerical results, black line is the exact one.
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CHAPTER 7

Bioengineering Applications of an Approximation of Sparse

Time-Frequency Method

Cardiovascular Diseases (CVD) are one of the main causes of death in the United
States every year [39]. With an increasing number of deaths every year, there is a
need to develop new CVD diagnosis methods. Researchers [45] have recently shown
that at a given left ventricle (LV) and vascular condition, there exists an optimum
Heart-Arterial system coupling that minimizes the LV external pulsatile power. Using
the Periodic STFR method (see Figure , we observed that the IF changes its
trend before and after the closure of heart aortic valve (i.e. dicrotic notch). This
observation was consistent in different aortic rigidities. Since we observed the IF
trend shift in these examples, we proposed a modified version of STFR. We call this
modified version as the Intrinsic Frequency (InF) method. The InF method assumes
that there are two constant dominant frequencies before and after the dicrotic notch.
These frequencies are called Intrinsic Frequencies. Using this modified version of the
STFR method, we can identify the optimum heart rate from the aortic pressure wave
alone (see Figure[7.2).

This preliminary work [44] raised the question of whether this approach could
predict heart performance. Here, we will show that the InF method, can predict

heart performance with good medical accuracy.

7.1. Problem Formulation

Ignoring the effect of breathing, we can assume that the pressure waveform at
the entrance of aorta is almost periodic, an observation that is supported by the fact

that both heart and aorta can be seen as dynamical systems that act at different
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FiGure 7.1. Instantaneous frequency of the first IMF. The range

of instantaneous frequency oscillation (gray band) changes after the
dicrotic notch (marked by the red line). a) Instantaneous frequency
(top) of the aortic input pressure (bottom) for an aorta with rigidity
E1 at HR=100 bpm. b) Instantaneous frequency (top) of the aortic
input pressure (bottom) for an aorta with rigidity E1 at HR=70 bpm.
¢) Instantaneous frequency (top) of the aortic input pressure (bottom)
for an aorta with rigidity E3 at HR=70 bpm (E3 = 1.5E1) .

characteristic frequencies. Since we know that reflected waves in the cardiovascular
system will distort the trend and introduce subharmonic distortion [45], we need to
be able to extract the trend of the pressure waveform with some adaptive method.
Using STFR terminology, in this chapter we are trying to extract a single Intrinsic
Mode Function (IMF) from the pressure wave signal. Physically and biomedically, we
believe that this IMF conveys the coupling characteristics of the heart-aorta system.
However, the IMF that we are trying to extract might have a sharp edge at the
location of the dicrotic notch (a sudden drop in pressure that occurs at the instant
of aortic valve closure). Hence, in this chapter, the definition of an IMF is slightly
abused. However, we still call it an IMF. Attempting to extract this IMF using
EMD or STFR would fail or produce a blur extraction, primarily because the change

from one frequency regime before the dicrotic notch into another after the closure
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FIGURE 7.2. Intrinsic frequencies Vs. HR (top graphs) with the
corresponding pulsatile power vs. HR (bottom graphs). w; (red) is the
InF for coupled heart+aorta and wy (blue) is the InF for the decoupled
aorta. a) Aortic rigidity is E1, the gray band shows that the two IF
curves cross each other at the optimum HR (110 bpm). b) Aortic
rigidity is E2, the two InF curves cross each other at the optimum HR
(~120 bpm). c) Aortic rigidity is E3, two InF curves cross each other
at the optimum HR (/140 bpm).

of the heart valve is accompanied by an abrupt change in frequency of the whole
cardiovascular system or by a discontinuity in the first time derivative of the pressure
waveform at the dicrotic notch. In the best case, using STFR methods would just
capture a vague picture of the instantaneous frequency response of the system, which
is good solely for qualitative interpretation and an initial guess for the possible InFs.
As a result, we use a modified version of the STFR method that has less mathematical
regularity and focuses on the more basic Intrinsic Frequency (InF) rather than on the
instantaneous frequency.

It is assumed that before and after the dicrotic notch, we have the following simple

waveforms for the general IMF of the aortic pressure wave at time t:

(7.1.1) 8; = a; cosw;t + by sinw;t +p, i=1,2.
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This assumption has shown its credibility as an index to characterize the heart and
cardiovascular diseases [44]. In this formula, ¢ = 1 corresponds to the behavior of
the IMF before the valve closure, and ¢ = 2 to the behavior of the IMF after that.
Here, a;, b; are constants and correspond to the envelopes of the IMF. The constants
w1, wy correspond to the InFs of the IMF'. p is the mean pressure during the heart beat
period. Equations do not clearly show the physics of the problem, however.
As the IMF is composed of two different sinusoids, continuous at the dicrotic notch,
we can write in a more compact form. Take [0,7] to be the whole period of
the pressure wave and Ty as the location of the dicrotic notch: 0 < Ty < T. Also,

define the indicator function as

1, z<t <y,
Loy (t) =
0, else.

Now, the main IMF of the pressure waveform can be expressed as

(7.12) S (@i, bi,pywiit) = (agcoswit + by sinwit 4 p) 1ony () +

(ag cos wat + by sin wyt + p) Ligy, 1) () -

If 0 <t < T, one would get the part of the IMF corresponding to the action of heart
and aorta before the valve closure, i.e. s; = aq coswit + by sinwit + p. On the other
hand, if Ty <t < T, the part of the IMF that reflects the behavior of the aorta after
the valve closure is depicted by sy = ag coswst + by sinwst + p. In general, we are
interested in extracting the IMF ((7.1.2) and the corresponding InFs wy, ws.

At this stage the goal is to extract the IMF carrying most of the energy and con-

sequently the InFs, wy, we, from the observed aortic pressure waveform f (¢). Taking ¢
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as a continuous variable, one can use least squares minimization to find the unknowns.

minimize £ (8) = S (s bipwss O
a;i,bi,wi,p
(7.1.3)
. ajcoswi Ty + by sinw Ty = agcoswsTy + by sinws Ty,
subject to
ay = a9 coswyl + bysinwyT.

In this optimization problem, |g ()| = fo lg ()] dt. The first linear condition in
this optimization enforces the continuity of the extracted IMF at the dicrotic notch.
The second one imposes the periodicity. In practice, as the data is sampled on discrete
temporal points, one must solve the discrete version of . Assume that the data
is sampled on time instances 0 = t; < t, < ... < t, = T, then one can convert

problem (|7.1.3) into a discrete least squares of the form

mi%imige Ty (f () — S (ai, bi, p, wi; tj))2
Qi ,04,W;i,p
(7.1.4)
) a1 COS w1T0 + b1 sin wlTO = Qa9 COS CUQTO + bg sin w2T07
subject to
aq = a9 coswyT + by sinwyT.

Unfortunately, problem (|7 is not convex. In the next subsection we will introduce

a brute-force algorithm to solve it.

7.2. Algorithm

Tackling a non-convex problem like is not easy. In Algorithm ' we break
down the problem into a convex part and a global domain search [35]. Optimization
software handles the convex part. Initially, we used Matlab CVX package [22] to
solve the convex part. However, later we implemented a C++ code that was based
on QR decomposition [I8]. The domain search part is nothing but the brute-force

part of the algorithm. For this algorithm, the frequency domain is

(721) Dfr:{((.dl,(.dg) |O<W1 SC,O<W2§C},
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Algorithm 7 Intrinsic Frequency Algorithm

(1) Discretize Dy, in to a uniform r x r mesh Dy,, r € N,

— " l m
Dfr: {(wllv('UQ ) ’wl = ;va2 = 7C;l>m€ {0717"'7T}}'

(2) For all [,m € {0,1,...,7} solve

2
.. . n — l m.
ngﬁ%'ze i1 (f (t;) — S (aiabiapa Wy, Wy 7tj))
(7.2.2)
. a1 COS w1T0 + b1 sin wlTO = Qa9 COS CL)QT() + b2 sin (,UQTQ,
SUbj€Ct to a = 9 COS LUQT + bg sin CUQT.

2
and store P (wi,w&”) =30 (f (tj) =S (a;‘, bf,ﬁ*,wi,w&”;@)) for minimiz-
ers a;, by, p

(3) Find the mtrinsic frequencies (InFs)

_*

(Wi, ws) = argmin (P (wi, wé”)) :

Lm

which is characterized by a constant parameter, C, that is set from the physics of the
problem. The basic idea behind the Algorithm [7] is to freeze (w1, ws), solve (7.1.4),
and find the minimum of the function
P (wy,ws) z”: b*,ﬁ*,wi;tj))Q,
j=1

where a7, b7, p* are the values upon which is minimized for a fixed vector
(w1,wz). We collect all possible values of P (wy,ws) and find the minimum of them
among (w1, ws). The minimizer of P over (wy,ws) would then be the InFs that we are
looking for.

The second step of Algorithm [7]is just solving a linearly constrained least squares

algorithm. This brute-force algorithm can also be made parallel since step 2 can be

solved separately for different (I, m) pairs.

7.3. Convergence Analysis

In this section, we analyze the convergence properties of Algorithm [7] In order
to discuss the algorithm’s convergence and accuracy, we need the following lemma [§]

and theorem .
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Lemma 5. The minimum of a function can first be found over a few variables and

then over the remaining ones:
inyff (z,y) = inf (inff (:z:,y)) :
x, T y

This lemma allows us to first find the minimization (7.1.4)) on a;, b;, p and then on
Wi, wWa.
Further, we need to make sure that the second step of the algorithm has a unique

minimizer, which can be provided by this theorem [18]:

Theorem 11. I[f A € R™" (C € RP*" z € R", b € R™, d € RP where p < n,

n<m+p and s of full column rank, then the optimization problem

C
minimize ||Az — s
subjectto Cx=d
has a unique solution.
As the algorithm freezes the frequency parameters (w;, ws) and then solves a least-

squares problem on other variables, we can form a notation similar to that used in

Theorem [T1l Take the matrix A to be

coswit; sinwity 0 0 1
coswity  sinwqtsy 0 0 1

A= cos Witn, SiDwity, 0 0 11,
0 0 COS WthH_l sin w2tn0+1 1
0 0 cos wat, sinwst, 1
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and the matrix C' and vector x to be

ay
b
COSWily, Sinwity, —COSwaty, —sinwsty, 0
C = U= ag
1 0 — coSwat, —sinwst, 0
)
p
Sample points ¢4, . .., t,, correspond to the trend before the dicrotic notch and ¢,,,+1, . . .

to the points after it. Finally, the vector b would be the observed sampled signal,
{b}; = f(t;),7=1,2,...,n and d = 0. These matrices and vectors satisfy the con-
ditions of Theorem Hence, the second step of the algorithm always has a unique
solution. This fact, combined with Lemma 5] guarantee that Algorithm [7] always has

at least one unique solution for the minimization problem ([7.1.4)).

7.3.1. No Noise. Assume there is no noise in the observation and the observed
signal is exactly of type . As a result, the signal can be expressed as f =
Az, Cz = 0 for some (w1,wq) and z. If there is a well resolved Dy, then for some
[, m, one would obtain (wi,w;”) = (w1,wq). At these specific frozen frequencies, the

solution of the second step of the algorithm is nothing but z, based on Theorem [L1]

In detail, at this step of the algorithm, one is in fact solving
. . . 1 1 — 2
minimize HAx — Aa:”
T 2
subject to Cx =0.
These facts combined with the definition of P (w;,ws) and Lemma 5| guarantee the
existence of at least one minimizer.

Furthermore, this minimizer is unique. In fact, if there exists another set of x

and (wy,ws) as the solution of problem (7.1.4), namely Z' and (@1,@’2), then the

stn
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two trends, AZ and A'Z, arising from these parameters must be equal. For a finely-
sampled observation f, equality of these trends implies the equality of the parameters

T =1z, (@/1,@/2) = (@1, wq). In short, we can state the following theorem:

Theorem 12. In the absence of noise, if the observed signal is of the form (7.1.2)),

for a well resolved Dy,., Algorithm @ﬁnds the unique minimizer of

L n N2
minimize iy (f (t5) = S (ai, by, pywis L))
a;,bi,w;,p
‘ ajcoswi Ty + by sinwTy = agcoswyTy + by sin w1y,
subject to
a = a9 coswel + by sinwyT.

7.3.2. Noisy measurements. Assume here, that the IMF (|7.1.2)) is polluted
with noise that is independent of the IMF itself. In other words, taking the noise
to be ¢, f = AT +¢,Cz = 0. Here, the algorithm will not extract the exact values
of (w1,ws) and Z, but it is possible to find an error bound on the distance between
the extracted and the true IMF. If z* and (w},w}) are the extracted values by the

algorithm, one can write
|Arer — Az —¢| <Az — Az —¢| < |ell,-

The first inequality comes from the fact that any set of x and (w;, ws), where Cx = 0,
is a feasible point; consequently, the second inequality follows if z and (w;,ws) are
assigned the values of z and (@wy, W,). Now, it is not hard to show by triangle inequality
that

|arar — Az, < ||Ae* - Az ¢ + llell, < 21lell,-

Using this we can state the following theorem:
Theorem 13. In the presence of noise that is independent from the trend (7.1.2)), for

a well resolved Dy,., Algorithm @ﬁnds the minimizer of (7.1.4]) with an error having

at most the same order as the noise.
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How much the solution of the noisy problem differs from the real solution depends
on the noise level. If the noise level ||¢|| is sufficiently small, then the distance between
¥, (wf,ws) and z, (w1, ws) is also of O (|le||) [4]. In practice, since the 2-norm of the
trend is large compared to the noise level, the relative error in finding the trend is
extremely low. In mathematical terms

472" — 42|
|42],

el

2 <22
|4z,

So, in general, Algorithm [7] can extract the needed IFs with good accuracy, even
in the presence of noise perturbation. In real data, where a lot of reflected waves
are superposed with the heart-aorta wave system, a signal could be a combination of
many [IMFs. Usually these waves have higher frequencies compared to the main IMF'.

In the next subsection, we answer this question in detail.

7.3.3. Other IMFs. Here, we investigate this scenario in detail. For the sake of
simplicity, we assume that the added IMFs are of high frequency and that time is a
continuous variable and the signal is not sampled on discrete points (it is a continuous

variable). Take the recorded signal to be
(7.3.1) g(t) =S (t)+ Dy (1),

where S (t) is the IMF of form (7.1.2)), and D, (¢) is a combination of IMFs with
higher frequencies compared to S (t). Without loss of generality, take Dy, (t) to have

a Fourier series of the form

(7.3.2) Dy ()= (Ancos + By sin =

2mnt . 27mt>
n>M

Implicitly, we have assumed that the added IMFs are of high-frequency nature. Having

this terminology in mind we can state the following theorem.
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Theorem 14. The optimum curve S* (t), which is the solution of the minimization

problem
L = 2
mwgz(nge HS (t) = S(t) — D (2) L
(7.3.3)
S (t) is continuous at Ty,
subject to
S (t) is periodic,
satisfies
_ 8D ()
(7.3.4) ENGERI0 |25 @],

2~ (m—-1)VT(M+1)""

provided that Dy (t) € C™, and m > 2]

PROOF. As S (t) is a feasible point, the minimizer S* (t) of (7.3.3) must satisfy

(7.35) | <|S®) =S - Du(t)

S (1) = 5 (t) = Dur 1) L= 1D (]2

Define the Fourier series of S* (t) — S (1) as

S*(t) =S (t) = ano + Z (Aan cos 2mn + Ab,, sin 27?7125)
n=1
Hence, we have
. = 1 M 2mnt . 2mnt
S0 =50)-Dult) = jAa+> <Aan cos 2% | Ab, sin )
+ Z ( (Aa, — A,) cos 2mnt + (Ab, — B,) sin 27;175) :

n=M+1
IThis bound can be made sharper if DM (t) € C™ and Dyfﬂ) (t) € L%O 7). Here the p-norm is

defined as [|[9 (1), = (fo 19 (¢ \pdt) for p > 1.
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Using Parseval’s identity and ([7.3.5)) gives

5 () -SW-Dy |, = [0 -5, +1Du 2

L2

—2T Y (Aa,A, + Ab,B,) < Dy ()32

n=M+1

Simplifying and using triangle inequality results in

2 o0
12 <2Tr Z (|Aan| |An| + |Abn| |Bn|) .

n=M+1

(7.3.6) |5* (1) = S (t)

s (-5,
T

Since S*(t) — S (t) is continuous, |Aay|,|Ab,| <

%. On the other hand, as Dy, (t) €

Using Cauchy-

Schwartz inequality gives |Aa,|, |Ab,| <
D@

Tn™

an integral, ([7.3.6]) will result in

C™, then |A,|,|B,| < 2‘ L1, Using these estimates and bounding the sum by

P 210
2= (m—1)VT(M+1)""

Lt

S*(t) — S (1)

O

Remark 2. The bound shows that as the minimum frequency M of the
IMFs increases, then the optimum curve S*(t) and the true curve S (¢) get closer.
This bound is in fact a measure of the “Scale Separation Condition” mentioned in
[25, 241, 26]. In simple words, if the IMFs are orthogonal to the original IMF, then the
extracted optimum curve S* (t) is almost the true IMF S (¢). Hence, the frequencies
found in S* (t) are close to true InF values. Interestingly, in deriving this bound, we
have not used the structure of the main IMF'. This bound is in general an orthogonality
condition. In practice, we find shorter bounds than (7.3.4). In other words, the

algorithm works much better than the bound error estimate.

7.4. Synthetic Examples

In this section we work on synthetic examples to show the performance of the

proposed Algorithm [7]
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FIGURE 7.3. Synthetic Data, with no Noise and Well-Resolved Domain
Example 25. Assume that the trend has intrinsic frequencies of wy = 9.5 and wy =
5.42. The envelope of the first part of the trend is taken to be v/41, and the envelope
of the second sinusoid is taken in a way that it matches a signal of period 0.898 and a
dicrotic notch at Ty = 0.3293. The average pressure is p = 10. Dy, is defined in a way

l

that the resolution of the frequency domain, Iéléin (‘wi — Wi, |wy — wg?
m

, ), is 0.08. For

this well resolved domain, the extraction is accurate up to machine error precision:

the curves are indistinguishable (see Figure . The IFs are found with no error.

Example 26. To test the algorithm for a case in which Dy, is not well-resolved, we
use the signal from Example [25(and define Dy, so that the resolution of the frequency
domain is 0.1. This resulted in a faithful extraction of the curve, with less than 0.4%
relative erroxﬂ (see Figure . The InFs are wj = 9.4 and w3 = 5.2, which have less

than 5% relative error.

In the next example, we will investigate the effect of noise on the extracted IFs.

Here, Dy, is well-resolved.

[s*1=5®)]| 2

ZRelative error for the signal is defined as 5l
L2
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FIGURE 7.4. Synthetic Data, with no Noise and not Well-Resolved Domain

Example 27. To test the effect of noise on a signal with well-resolved Dy, we use the
same signal and define Dy, so that the resolution of the frequency domain is 0.027.
The signal is polluted with random Gaussian noise of mean zero and variance one
(see Figure and the relative error in extraction is less than 0.7% (see Figure [7.6)).
The InFs that were found are wj = 9.61 and w; = 5.74, which have relative error of

less than 6%. This example shows the stability of the algorithm.

Example 28. (a) To synthetically examine the effect of adding an IMF to the main
IMF, a simple sine wave of form sin (%) was added was added to the same signal
used in previous examples. The extracted InFs are again accurate. In fact, if Dy, has
a resolution of 0.027, the error in extracted InFs is zero up to 3 digits of accuracy.
With a Dy, resolution of 0.25, the relative error is at most 8%. This small example
shows that the algorithm works better than the bound provided by .

(b) To test whether a noisy observation with an added low frequency IMF would
be still a tractable problem for the algorithm, we take the IMF from Example

and add sin (%) + N (0,1) (see Figure . Here, N (0,1) is the white (Gaussian)
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FiGure 7.5. Original Noisy Data

Original Curve
Extracted Curve

Data
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FiGURE 7.6. Extracted Curve vs the Original Curve in a Noisy environment

noise with mean zero and variance one. For a Dy, resolution of 0.08, the extracted
InFs are wj = 9.66 and w3 = 6.14 the maximum relative error in extracted IFs is less

than 14%. If a higher resolution is used, the results are much better. For example,
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FIGURE 7.7. Synthetic trend plus IMF and Noise

—— Original Curve

Extracted Curve

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

FIGURE 7.8. Extracted trend for the IMF-Noise case

for a resolution of 0.027, the extracted Inks are wj = 9.61 and wj = 5.79, having
a maximum relative error of just 7% (see Figure [7.8). The curve extraction has a

relative error of 2%.
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FiGURE 7.9. Recorded Data From iPhone: The data is recorded using
iPhone camera.

7.5. Clinical Data

We have tested the performance of the InF algorithm on both invasive and non-
invasive clinical data. The performance of our method has been beyond expectations.
Data that had been collected from the neck artery of a subject solely using an iPhone
camera (see Figure was analyzed using the InF algorithm. Although the data
has been collected from an iPhone, the algorithm faithfully extracted a pertinent IMF
(see Figure ).

We employed the InF algorithm on pressure wave signals collected from human
beings (both invasively using a catheter and non-invasively using an iPhone camera)
and dogs (invasively using a catheter). We found that the performance of the heart
(the Ejection Fractionf| (EF)) can be predicted using the normalized values of the
InFs and the normalized value of p. In order to be more specific, we need to define

the following variables:

3Ejection Fraction is essentially a measure of the percentage of blood leaving the heart in each
contraction. Ejection Fraction is a good measure of the performance of the heart. A very low
Ejection Fraction corresponds to some cases of Heart Failure. A very traditional way of measuring
the Ejection Fraction is through Echocardiography.
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— Recorded Data
Extracted IMF

FIGURE 7.10. Extracted IMF from the Recorded iPhone Data

® Wi, = 375, where wy is in bpm and HR is the heart rate in bpm.

® Wy, = where wy is in bpm and H R is the heart rate in bpm.

w2
HR>

e 7 = w1y, where wy is in Hz and Tj is in seconds.

wo (T'— Tp), where ws is in Hz and (1" — Tj) is in seconds.

p—min(£(t))
max(f(t))—min(f(¢)) "

® Uy

[ ] CR =
Irrespective of the data collection method (invasive or non-invasive), the EF could be

predicted as follows:

(1) If wy,, > 1.45, then

(7.5.1) EF = —1.1862 + 0.9661wy,,

(2) If wy, > 1.5, then

(7.5.2) EF = —0.16907 + 0.83189w,,,
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Ficure 7.11. EF Comparison: The vertical axis shows the EF found
by 2D echocardiography. The horizontal axis shows the EF calculated
by the InF algorithm. The two dotted green lines show +15% error
offset from the expected 45 Degree line.

(3) Else

(7.5.3) EF =1—cpt.
w2

The predictions of formulas (7.5.1)), (7.5.2)), and ([7.5.3) are within the range of
EF that is found by echocardiography (see Figure [7.11]).

The performance of the InF algorithm clearly shows potential for use in health
care systems. Hopefully by implementing this idea, many lives will be saved in the

near future.
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CHAPTER 8

Future Works: Unsolved Issues of IMF and IF Uniqueness

In this chapter, we will open the door to more fundamental issues regarding the
definition of IMFs, IF and the issue of uniqueness. This chapter is solely an introduc-
tion to some future work in STFR methods. The sections in this chapter should not
be considered as deep research results. However, they can be considered to be future

research directions.

8.1. IMFs, Frequency, and Uniqueness

Here, we try to shed more light on the definitions of IMF, IF and uniqueness. Our
tests showed that when IMFs are extracted from an IS, there are cases in which the

IMF is uniquely extracted but the IF and the envelope are not unique.

8.1.1. Introduction. The idea of the IF was first proposed by Van der Pol in
1930 [51]. Later, Carson and Fry [I1] were among the first to generalize the definition

of the IF in the context of FM signals as

s (t) _ ei(wot-‘r}\ I m(t)dt),

and Van der Pol [52] validated this result with his own very similar definition. They
defined the IF as the derivative of the phase function of an FM signal.

There have been attempts to define IF in the context of time-frequency meth-
ods. However, these methods have inherent shortcomings in data analysis, let alone
helping to define IF. As mentioned in [17], for linear time-frequency methods such
as wavelet transforms and windowed Fourier transforms the signal is analyzed by
its inner product with an a priori dictionary of basis functions. The main problem

with these methods, specifically the windowed Fourier transform, is the Heisenberg
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uncertainty principle. Quadratic methods, on the other hand, compare a signal with
a family of templates, which is useful unless a multi-scale signal is present, in which
case interference becomes a problem. The main problem with spectrum analysis in
general is that the resolutionH is low [47]. For “non-stationary” signals, which have
jumps or changes in behavior [I7], both linear and quadratic methods fail. Hence, no
definite definition of IF can be specified.

Boashash [6] was among the very first who raised the issue of the definition of
the IF in depth. Boashash defines a “non-stationary” signal as one whose spectral
characteristics, e.g. peaks, vary with time. In the stationary case, the definition of
IF is clear. It can be related to the Fourier Transform. Boashash believes that the IF
is an ambiguous object, stating “Since frequency usually defines the number of cycles
or vibrations undergone during one unit of time by a body in periodic motion, there
is an apparent paradox in associating the words instantaneous and frequency. For
this reason the definition of IF is controversial, application-related, and empirically
assessed.” Citing Shekel [48], Boashash explains that the analytic signal approach
cannot have a unique physical representation, although the complex representation
could be unique. Boashash mentions that the problem of IF definition comes from
the ambiguity in IF, envelope, and oscillation intuition. Boashash finally adopts the
analytic signal approach to construct his theory. However, his approach breaks down
for the case of multicomponent signals.

Daubechies [I7] mentions that for an IMF a (t)cos# (t), the changes in time of
the envelope a (t) and frequency 6’ (¢) should be much slower than the change of 6 (¢)

itself. This means that for [t — §,¢ + d], where § ~ 9?(’;), the IMF is essentially a

harmonic signal with amplitude a (¢) and frequency @' (¢). In order to define the IF
and an IMF in practice, Daubechies uses Synchrosqueezing Wavelet Transforms. An

in depth analysis of the method can be found in [50]. The wavelet transform W of

li.e. the capability of distinguishing between more or less closely spaced neighboring spectral com-

ponents
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the signal s is defined by

W, (a,b) = / S(J’gw <t - b)dt,

where 1) is a chosen wavelet. Later, in the same paper, a candidate for IF is defined

as
2W, (a,b)

s(a,b) =< .
ws (,b) iWs (a,b)
They show that this candidate would be a very good approximation of the true

frequency ¢’ (t) if the following strict conditions are satisfied for s (t) = A (t) e*®:
AeC'(R)() Lo, ¢ € C*(R),

N / /
info’ () > O,Stlélﬂlgd) (t) < oo,

(8.1.1) A" ()], 19" ()] < €] ()], Vt € R,

M" :=sup |¢" (t)| < oc.
teR

is the strictest condition. When considering an IS, other conditions are imposed
on components. Nevertheless, this method does not address uniqueness concerns and
these conditions cannot address intrawave signals. They also do not discuss cases
with mode mixture. In that paper, a toy example is mentioned by which the problem

of uniqueness is explained:

s(t) = 0.25cos((2—7)t)+ 2.5cos () + 0.25cos ((2 + ) t)

= (2 + cos? (;t)) cos (Qt) .

The definition of the frequency of an IMF was originally based on the Hilbert
Transform (HT) of the signal [32]. Huang’s definition was based on the number of
extrema and zero crossings. However recently it was modified by a sifting process

[33], and the normalization scheme, which is based on normalizing the extracted IMF
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in an iterative way so that at the final step, the signal is in [—1, 1]. In order to find
the IF, HT or a simple quadrature like /1 — cos? ¢ (t) is used.

The problem of non-uniqueness is mentioned in detail in [47] for two-tone signals.
Under some conditions, the EMD method provides the physical or perceived extrac-

¢

tion: “.. EMD allows one to address in a fully data-driven way the question whether
a given signal is better represented as a sum of two separate, unmodulated tones,
or rather as a single, modulated waveform, with an answer that turns out to be in
good agreement with intuition.” Unfortunately, the study considers a very simplified
example and is therefore not general.

Hou and Shi [25], 24] 26] use different approaches to define an IMF. Their initial
approach [24] was to define an IMF a (¢) cos@ (¢) that has a smooth envelope. The
smoothness of the envelope was defined based on the Total Variation of the envelope.

Later [25], they changed their approach to define an IMF a (t)cosf (t) as a(t) €
V(0(t)) sit.a(t) > 0,0 (t) >0 where

s v (?)n (7)1

This definition is the most rigorous of all. Nevertheless, it has the drawback that it is
not in accord with the traditional definition of an IMF defined by Huang [32] [33]. For
example, in f = (1 + 0.9 cos %) cost, there are three extrema rather than one around
t = 0.5, between two zeros of the function. In other words, the IMF is bumpy.

Wu [54] has suggested that the definition of the IF should be extended to shape
functions. He proposes to have a (t) S (6 (t)), where S is a shape function, which itself
could be a summation of many A (t) cos ) (t)s. He puts the periodicity burden on the
shape function; essentially, the phase function 6 (¢) is just a one-to-one map from the
t-coordinate to the f-coordinate. However, this approach has two problems here: the
shape function must be known in advance, (but no method is provided for extracting

it), and if the physical properties of the signal are embedded in ® (¢), taking the whole
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signal as a (t) S (0 (t)) would dilute the physical interpretation. Furthermore, lack of
uniqueness is also a big problem for their method.

Cohen [T4] defines the instantaneous frequency of a signal of form f (t) = A () e*#®
as the time derivative of ¢ (¢) but does not put any constraint on the envelope or phase
function. This is a very similar definition to that in [IT]. Here, IF is an empirical
phenomenon experienced daily as changing colors or pitch. Based on his definitions,

one interesting way of connecting time to frequency is to find the quantity

(1 (1) = / b ()1 (1) dt.

Cohen emphasizes that the IF concept is not mature enough and tries to introduce
ways by which an intuitive definition of IF can be found. The first way is to have an
analytic signal (see [21] and [53]) using the Hilbert transformation of the signal

z2(t) =s(t) + j/ s (f) dt'.

T Jpyt =1

Here, s (t) is the observed signal. Huang [32] mentions that this way of defining the
instantaneous frequency would be flawed and counter intuitive if a mono component
signal (IMF) is not used. The other way that Cohen defines the IF is based on the

quadrature method. It is essentially not useful:
sq(t) = A(t) e fors(t) = A(t)cosp (t).

Cohen explains that the “exact mathematical description and understanding of the
concept of changing frequency is far from obvious and it is fair to say that it is not a
settled question.” He himself explains the problems of the analytic signal definition
in his work.

Lin et al. in [38] have introduced a new EMD method that is based on “moving
averages”. Unfortunately, this method does not necessarily extract the same IMFs
that are extracted by the traditional EMD method. This can also be seen as a non-

uniqueness issue. Nevertheless, the method has a strong mathematical background
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(see [28, [38]). They also emphasize that the notion of IF is controversial in nature.
However, they continue to use the analytic signal approach definition to define the
IF.

There are also other definitions of IF that we just enumerate:

(1) Periodic Oscillatory motion: w = =, where T is the period of the motion
[14].
(2) Dynamical System: w (I) = 62—?, where H (p, q) is the Hamiltonian of the

system. For a conservative system, we have H = E the energy of the system,

I = ¢ pdq/27 and

oM
aql = —Di,
oH
Op; = G-

This definition is good for low dimensional dynamical systems (see [30]).

(3) Wigner Ville Distribution (WVD) [14]:

> ™N (4 T\, iwr
V(t,w)—/_oox(t+2>a:(t—2>e dr,

B ffooowV (t,w) dw
N ffoOOV(t,w)dw'

(W),
Clearly, then the literature mentioned has no consensus on the definition of an IMF

and IF.

8.1.2. A New Look into the Definitions of IMF and IFs. The classical
definition of an IMF is based on the fact that the phase function 6 (¢) and the envelope
function a (t) are defined and then the IMF is defined as a (¢) cos# (t). This approach
encompass the idea that the envelope belongs to a certain dictionary [25], 24], 26]. The
other approach, mainly depicted by Huang [32], considers an IMF to be an oscillatory
function in which the difference between the number of extrema and zero crossings
could be at most one, meaning that the defined IMF must have an a (t)cosf (t)

representation.
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Here, we show that both definitions result in the fundamental observation that an
IMF does not have a unique representation. We will start with Huang’s claim, and

prove it. Then we will combine it with Hou’s definition.

Definition 9. An n-zero-C™ IMF is a real function f (¢) in C™, having n first-order
zeros in [tg,t,—1] and (n — 1) extrema. ¢y and ¢,y are two of the zeros. m € N and

neN,n>3.

8.1.2.1. C° Phase functions. Between any two zeros of an n-zero-C™ IMF, one
can define a linear phase function 6 (t). This linear phase function would help to
construct a representation of the form a (¢)sin 6 (¢). However, as the phase function
has a discontinuous first derivative on zeros of the IMF, the envelope function a (%)
would be undetermined on all ¢;, ¢ = 0,...,n. This kind of representation can be
useful in numerical cases.

8.1.2.2. C' Phase functions. In order to alleviate the discontinuity problem in
the previous part, we propose the next lemma, by which we can find a smoother

representation for an n-zero-C™ IMF.

Lemma 6. There exists a C* map 0 (t) : [to = 0,ty = 1] — [0, 7] such that, 0 (0) =

dé df
; E>Oanda|t0:0:M>O.

0,0(1)=m
ProoOF. Take the function,

Tt ktemT  te [0,1)

T t=1

for k = e(M —m),0 < ¢ < 1. The only free parameter so far is ¢, which would

determine if 9 > (. Taking the first derivative of 6 (t) gives

_1
6 T+ kewmT — e telo),

s t=1.

o 0=
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Now, we need to make sure that ¢ guarantees a positive derivative. Taking the second
derivative of the phase function and equating that to zero to find the location of the

minimum of the first derivative would tell us that the relevant zero would occur at

(a+2-JaBa+ ) e

2(¢g—1)

The value of the first derivative of 0 (t) at this point is 7 + f (q) k, where f(q) is a
monotone decreasing function for 0 < ¢ < 1. The bounds of this function are 0 and
—%. Hence, for any value of k, one can always find an appropriate value of ¢ € (0, 1)

such that > 0. O

The next lemma will now pave the way to express smoother representation of an

n-zero-C™ IMF'.

Lemma 7. There exists a C* map 0 (t) : [to = 0,t,_1 = 1] = [0, (n — 1) ] such that,

_ L do
0(t;) =im, fori=0,....,.n—1, % >0.

PROOF. For t € [to = 0,11, set 0 (t) = mi-. For t € [t1,ts], use Lemma @ to

construct @ (t) having 6 (t,) = - In other words, in ¢ € [t;,15] take

1

0(t) = 7T—|—7T<tt1)+eﬂ.(t2 tl_l)(ﬁ)ew LE [t t).

2w t:tg

In general, for the i** piece, i = 2,...,n — 1, take

1
t—ti 1

9(15): (Z—l)ﬂ—i—ﬂ'(t t11)+e7r( ti—ti—1 _1)(tti1)€(ti_til> -1 tE[tpl,ti),

ti—1—ti—2 ti—ti—1

The way that we have defined the map satisfies 6 (t) € C* Where > 0. O

Lemma 8. If there is a map 0 (t) € C?, where > 0, having fized points (to = 0,0),
(t1, ), (t2,27), ..., (tpoy = 1, (n — 1) 7), then an n-zero-C* IMF f (t) on [ty = 0,t,_1 = 1]

has a representation of a (t)sin@ (t) form, for (a(t) > 0) € C.
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Proor. Without loss of generality, assume that between the first two zeros of

f(t), the IMF is positive. Take a (t) = siﬁ(Ot()t) for all ¢ € [0, 1] except the nodes at t;

fori =0,...,n — 1. For those nodes, one should take a (¢;) = féf'éz)), then a (t) € C.

The positivity of a (t) follows from the way it is defined. O

These lemmas show that an n-zero-C' IMF, whether defined in Hou’s or Huang’s
way, has a representation of a (t)sin 6 (t). The following Lemma and Theorem show

that uniqueness does not exist.

Lemma 9. If there exists a strictly increasing map 0 (t) on t € [0,1], having fized
points 0,7, 2w, ..., nw, then there are infinitely many strictly increasing maps having

the same fixed points.

PROOF. Since the map ¢ — 6 (t) is strictly increasing, then it is also invertible
on the same domain. Take the map x (6) = 0 + c¢sinf. This map has the same fixed
points; if |¢| < 1, then x would be strictly increasing in 6 and consequently in ¢.
t — 6(t) is invertible, and 6 — x (@) is also invertible, hence ¢ — x () is invertible.

Since there are infinitely many values satisfying |c| < 1, the proof is complete. O
Theorem 15. An n-zero-C' IMF has infinitely many a (t)sin® (t) representations.

ProOF. Using Lemmas[8land|[7] one can construct one a (¢) sin § (¢). Using Lemma
@on 0(t) € C', where £ > 0, one can find 1 (t) € C?, where % > 0. Again using

Lemma [§ one can find another representation for the same IMF, A (t)sint (¢). O

8.1.2.3. C* Phase functions. In this subsection, we present very smooth phase
functions, which helps to produce an a (t)sin @ (t) representation for an n-zero-C™
IMF that has a C™ envelope a (t). We first construct piecewise linear phase functions
and then connect them using mollifiers in a way that the resulting phase function is

a C'* smooth function.

Definition 10. A compact support mollifier is a C'*° smooth function that has a

compact support in R.
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An example of a mollifier is

This function is a C'*° smooth function. One can easily convert this into a compact

support mollifier by introducing the new function

xX@)x1—-2z) O0<z<l,
p(z) =
0 otherwise.

This function is symmetric (see Figure [8.1). Now, we need a mollifier to connect the

two frequencies:

Definition 11. We define a connector mollifier (see Figure as follows:

o o n(€)dg
1) =T e



168

Lemma 10. For a connector mollifier defined in Definition [I1], we have

PRrRoOOF. We have

foln(ﬂﬁ) dr — fl fo E)dﬁd

w(&)dg
- ! 1 rx ey— ld d
T Jo m)de fo yd
1

! 1
B fol u(&)dg fO (1 - y) ev=1 dy
@
fol emdy

1
1 yevw—1) ¢
frg 1 — 7‘% ye T Y = ]_ -
foley(y_l) dy
1
L yevy—1) ¢
Remember that nyeily =
foley(y—l)dy
aroun = U.o0.
d 0.5 O

1
3

N[ —=

1
comes from the symmetric behavior of ev=D

N [—=

The connector mollifier defined in Definition [11] can connect two discrete values a, b

on an interval (g1, e3) by

c ) . r — &1
nsf (xaavb)_(b_a)TI(gg_gl)—'_a‘

We will use this later to construct the C*° phase function.

Lemma 11. There exists 0 < g1 < ey <1 and f., > 0, such that

€1 €2
(8.1.3) / ne' (z;a, fe,) dz +/ 022 (23 fzy, b) dx = beo,
0

€1

for any a>0,b>0 and a # b.

PRrOOF. Case 1 (b > a):

For sufficiently small e; (0 < €; < 1) one can always find f., > 0 satisfying the

inequality

(8.1.4) b+ (b—a)e; < f-, <b+(b—a).
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Now set g9 = ( fb_fb) 1. This condition, based on inequality (8.1.4), will satisfy the
€1

condition 0 < g7 < gy < 1:

i)fgl<b+(b—a):>f€1—b<(b—a):>1<( ):>5 <](c )5:>51<52
)b+ (b—a)e; < fa=(b—a)er < fe, — :>(b“)51<1:>52<1

Using this value of 5 we will prove that Equation (8.1.3)) is satisfied:

Jo it (wa, fo) do + [ 022 (as £, b)de = [ ((fe —a)n (£) +a) da
+ f€2 ((b_f€1) (;2 i;ll)_’_fm)
= &y (fo —a)n(x) +a)da

+ (2—e1) Jy (b= fo)n () da
+ (62 —81) fol f51d5€

Now, using the fact that fo z)dr = 1, we have
81 ,'781 (aj7 a, f51) daj + f;f 77:? (x7 fal, b) d.CE — Tb + b+f61
_ Jey b+fe
= = ((F) 5 +57)
= b52.

Case 2 (b < a):
For sufficiently small e; (0 < &7 < 1) one can always find f., > 0 satisfying the

inequality

(8.1.5) b—(a—b) < fo, <b—(a—0b)e

Now set g9 = ( fb’fb) 1. This condition, based on inequality (8.1.5)), will satisfy the
1

condition 0 < g7 < gy < 1

i) fa1<b_(a_b)51:><a_b)51<b fa1

61 < l=eq < 1.

ii)b—(a—0b) < fo=b—f, < a—b:>b_f)51 > g1=>e9 > €.

Again, using this value of €5 we will prove that Equation (8 is satisfied. [
Lemma [11| will help us to match together the piecewise continuous instantaneous
frequencies and consequently make a C'™° phase function. However, before doing so,

we need more prerequisites.
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Lemma 12. If the function f(0) is C§* and 0 (t) is C}*, then f(0(t)) is C}", for

m > 0.

Proor. For m = 0 the proof is trivial, and for m > 0 one can use the Chain
Rule. O
Lemma 13. If the function f(u) is CI* and 0 (u) is C? and % > 0, then f (9) is
Cy, form > 1.

ProoOF. We show the proof for one step, which can be extended by induction.

Define y = f (u) and = 6 (u). As a result, y = f (0! (z)). Now apply the Chain

Rule:
%|x=p = %|u:9*1(p)%|x:p
= [0 (9) Zlo=p
= 107 0) gt
In short, % (r) = (57/) (071 (2)) - This procedure can be continued for higher
derivatives as well. As 6’ > 0, the conclusion follows that y = f (6) is in Cy". O

Lemma 14. There exists a non-unique C* map 6 (t) : [to = 0,t,—1 = 1] — [0, (n — 1) 7]

do
s >0

such that, 0 (t;) = im, fori=10,...,n—1

PROOF. At the first step, fit a piecewise map between the nodes 6 (¢;) = iw. This
piecewise map has constant frequencies in (;,¢;+1) namely w; for i = 0,...,n — 2.
In order to make this piecewise constant frequency map into a C'* map, use Lemma
11} For [to, t1], wo = 7. For [t1,t1 + €], where 1 + ¢ < {5, use Lemma [L1] with
Doing this in

a = wp and b = w; = %-; hence, for [t1 + €, 1], we set wy =

to tzitl :
[to = 0,t,-1 = 1] one can construct a C'*° instantaneous frequencyw (¢). Integrating
such a function would produce our desired map 6 (t) = fot w (&) dE.

There are three subtle points that we need to address to finalize the proof:

1- When using Lemma [11 we implicitly use a linear map between [t;, ;1] and

[0, 1]. This map preserves the C* properties of w () due to the way we have defined

n(z) in Lemma [11]
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2- The non-uniqueness property of the map comes from the free parameters in
Lemma [l

3- The way we have defined n (z) and the essential integral in Definition [11| and
Lemma ! 1| would guarantee m = ft Hw (&) dE. O

Theorem 16. If there is a map 0(t) € C*, where % > 0, having fized points

(to =0,0), (t1,m), (to,2m) ..., (the1 = 1,(n — 1) m), then an n-zero-C™ IMF f (t) on
[to = 0,t,—1 = 1], for m > 2, has a representation of a (t)sin@ (t) form, for a(t) >0

at least in C™ 2,

PROOF. Define a(t) = sinf((é‘t()t))' If we prove that a () = £9 is in C7"~2, using

Lemmas (12| and 13| we can say that a (¢) at least in C;" 2. Without loss of generality,
assume that between the first two zeros of f (t), the IMF is positive.

Take a () = L9 For all § € [0, (n — 1) 7], a € CJ" except the nodes at 6; = ir

sin @ °

£(0)
for i = 0,...,n — 1. At those nodes, we define a'? (§;) = hn(} 4 (9(9)> The
sin(0-6:)
function s129 is in Cg°. The function { (9) will have a representation like
1 (E1dif T
0;) (60 — 6;)’ 0—6,)"],
9—@-( 5 ) )+m'd9m(§)< ))
f(0)
based on Taylor’s Theorem, for some . In fact, hm <sn9(9f20)> exists up to order
Sn(020)

g = m — 2 without depending on delm (€). This proves that a € C}" 2 at least. The
positivity of a follows from the way it is defined. This concludes the proof. O

Corollary 1. An n-zero-C™ IMF, for m > 2 , has infinitely many a (t)sin (t)

representations for ¢ (t) € C* and a (t) € C™ 2.

8.1.3. Best Representations. Since an IMF might have many representations
with different regularities in phase and envelope, we must identify the best represen-
tation.

Assume that there is a representation of an IMF of the form a (t) cos 6 (t) for some

0 (t) € C* and a(t) € C* k> 0. From visual point of view, the best representation
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is the one that has the smoothest envelope compared to the oscillatory part cos (t).
This smoothness must be enforced in the #-space and not the t-space. So, in the
continuous case, the best representation of such an IMF is the solution of the following

optimization problem.

minimize ||a||W:,p
(8.1.6) subject to ftii“ wt)dt=m,i=0...n—2,
0(t) e C,
w(t) =4 ()

Here, we have abused the notation a bit. In fact, W: P is the symbol of Sobolev

Spaces [19] with a wider range of functions that have weak derivatives, but here we

1

P)p
p
Ly

This problem is not necessarily convex and in fact it is not always a tractable problem.

use ||al|yx» to refer to
0

dia
07 (0)

k
lallyen = (z

J=0

However, we can have a relaxed discrete version of it to help us chose between two
different representations of the same IMF. We propose that if an IMF has two different
representations, we pick the one that has the following norm as the minimum:

1

2)2
2
Lg

2
Jall a0 = (Hawmg q

a0 )
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CHAPTER 9

Concluding Remarks

In this thesis, we have further developed the STFR methods initially developed
by Hou and Shi [25] 24], 26]. The main areas of the concentration for this development

have been

e The development the non-periodic STFR method

e Modifying the STFR method to extract intrawave signals, sharp signals, and
rare events

e Analysis of the convergence of the periodic STFR method with a variable
filter length

e Applications of the STFR method in dynamical systems

e Application of the modified version of the STFR method, namely the Intrinsic

Frequency (InF) method in cardiovascular health analysis.

Since the periodic STFR method was not able to handle non-periodic signals, we in-
troduced an [i-regularized-l; sparse optimizer that could handle this problem readily.
Our results show that the method is not only able to handle non-periodic data, but
is also fairly stable to noise and is a good trend detector. When compared with other
STFR methods, the only shortcoming of the Non-Periodic STFR method is the speed
of the algorithm.

The implementation of non-periodic STFR with the adjustment of the parameters
of the algorithm so that it is capable of handling intrawave signals paved the way to
properly analyze such signals. After minor adjustments, many signals which were
hard to analyze using any other adaptive method can now be easily extracted and
analyzed. The EMD method can extract one intrawave IMF in the absence of noise.

However, neither EMD nor EEMD can extract even one intrawave IMF in the presence
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of noise. Even intrawave signals that contain a mode mixture can be easily tackled
by extracting the mode mixed signals simultaneously using the non-periodic STFR
method with adjusted the filter parameter. Not only is the algorithm that we use
to extract the intrawave IMFs stable, it is also robust to noise perturbation. The
EMD/EEMD methods fail to extract the two IMFs properly. In fact all other adaptive
methods fail to extract one IMF with intrawave frequency modulation in the presence
of noise, let alone two IMFs with intrawave mode mixture characteristics.

In this thesis, we also showed the convergence of the periodic STFR method with a
variable filter length. This convergence analysis, based on a contraction and harmonic
analysis, is essentially viable when one is trying to extract an ordinary IMF or an
intrawave IMF. We proved that for any signal, whether intrawave or not, increasing
the filter span reduces the extraction error. We showed that the STFR method will
converge to an IMF that is close to one of the IMF representations, but with an error
associated with the width (span) of the filter.

By applying our method in dynamical systems, we showed that many IMFs are
simply byproducts of the dynamical systems. We presented a method to quantify
the nonlinearity of the IMFs given by the STFR method. The main idea is to estab-
lish a connection between the IMFs and classical second order differential equations.
This observation enables us to discover the second order ODE of a specified IMF.
Furthermore, this approach enables us to define the degree of nonlinearity of an IMF.

The InF method was also used to measure heart performance in humans and dogs,
raising the possibility of using the InF to diagnose cardiovascular diseases based on the
analysis of the aortic pressure wave. We proved the convergence of the InF method,
and hope that this modified version of STFR can be used in real life diagnosis of
cardiovascular diseases.

All in all, in this work, we successfully expanded the realm of the STFR method

both in theory and application.
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