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Abstract

In the quest to develop viable designs for third-generation optical interferometric gravitational-wave
detectors, one strategy is to monitor the relative momentum or speed of the test-mass mirrors,
rather than monitoring their relative position. The most straightforward design for a speed-meter
interferometer that accomplishes this is described and analyzed in Chapter 2. This design (due
to Braginsky, Gorodetsky, Khalili, and Thorne) is analogous to a microwave-cavity speed meter
conceived by Braginsky and Khalili. A mathematical mapping between the microwave speed meter
and the optical interferometric speed meter is developed and used to show (in accord with the speed
being a quantum nondemolition observable) that in principle the interferometric speed meter can
beat the gravitational-wave standard quantum limit (SQL) by an arbitrarily large amount, over an
arbitrarily wide range of frequencies. However, in practice, to reach or beat the SQL, this specific
speed meter requires exorbitantly high input light power. The physical reason for this is explored,
along with other issues such as constraints on performance due to optical dissipation.

Chapter 3 proposes a more sophisticated version of a speed meter. This new design requires
only a modest input power and appears to be a fully practical candidate for third-generation LIGO.
It can beat the SQL (the approximate sensitivity of second-generation LIGO interferometers) over
a broad range of frequencies (~ 10 to 100 Hz in practice) by a factor h/hsqr ~ \/WC?EL/WCHC.
Here Wi is the light power circulating in the interferometer arms and Wsqr ~ 800 kW is the
circulating power required to beat the SQL at 100 Hz (the LIGO-II power). If squeezed vacuum
(with a power-squeeze factor 6—2}2) is injected into the interferometer’s output port, the SQL can
be beat with a much reduced laser power: h/hsqr ~ \/ngL/WcirceZR. For realistic parameters
(€2 ~ 10 and Wee =~ 800 to 2000 kW), the SQL can be beat by a factor ~ 3 to 4 from 10
to 100 Hz. [However, as the power increases in these expressions, the speed meter becomes more
narrow band; additional power and re-optimization of some parameters are required to maintain the
wide band.] By performing frequency-dependent homodyne detection on the output (with the aid
of two kilometer-scale filter cavities), one can markedly improve the interferometer’s sensitivity at
frequencies above 100 Hz.

Chapters 2 and 3 are part of an ongoing effort to develop a practical variant of an interferometric

speed meter and to combine the speed meter concept with other ideas to yield a promising third-
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generation interferometric gravitational-wave detector that entails low laser power.

Chapter 4 is a contribution to the foundations for analyzing sources of gravitational waves for
LIGO. Specifically, it presents an analysis of the tidal work done on a self-gravitating body (e.g., a
neutron star or black hole) in an external tidal field (e.g., that of a binary companion). The change
in the mass-energy of the body as a result of the tidal work, or “tidal heating,” is analyzed using the
Landau-Lifshitz pseudotensor and the local asymptotic rest frame of the body. It is shown that the
work done on the body is gauge invariant, while the body-tidal-field interaction energy contained
within the body’s local asymptotic rest frame is gauge dependent. This is analogous to Newtonian
theory, where the interaction energy is shown to depend on how one localizes gravitational energy,
but the work done on the body is independent of that localization. These conclusions play a role
in analyses, by others, of the dynamics and stability of the inspiraling neutron-star binaries whose

gravitational waves are likely to be seen and studied by LIGO.
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Chapter 1

Introduction and Overview

This thesis consists of two main topics—interferometric speed meters as candidates for third-genera-
tion gravitational-wave detectors (Chapters 2 and 3) and tidal work in binary systems (Chapter 4).
Accordingly, this introduction will be divided into two main sections to provide background for each

subject.

1.1 Background on Interferometric Speed Meters

1.1.1 Conventional Interferometric Gravitational-Wave Detectors

Interferometric gravitational-wave detectors are essentially Michelson interferometers with Fabry-
Perot-cavity arms where mirrors act as “test masses”—free particles that travel through the hori-
zontal part of space-time on geodesics. Since, according to general relativity, gravity is the curvature
of space-time and gravitational waves are ripples in that curvature, the test masses’ geodesics will
be changed by passing gravitational waves. In essence, gravity waves will cause the interferometer’s
mirrors to move relative to one another.

Around the world, there are several such detectors that have been built, are under construction,

or are being planned. These are as follows.

e The Laser Interferometer Gravitational-Wave Observatory (LIGO) has two sites and three
interferometers. The interferometer in Livingston, Louisiana, has arms 4 kilometers long, while
the Hanford, Washington, site has a 2-kilometer and a 4-kilometer interferometer. LIGO’s first
interferometers (LIGO-I) have recently been brought into operation, and during 2002-03 are
undergoing “debugging” interleaved with short data runs. Searches at design sensitivity are
planned for 2004-05, followed by an upgrade to advanced interferometers (LIGO-II) in 2006—
07 [1]; see below.

e The Japanese TAMA300 detector, with 300-meter arms, began operation in 2001 [2] and is

now in the late stages “debugging” interleaved with short data runs; it has collected more than



1000 hours of data [3].

¢ GEO-600 is a German-British collaboration in Hanover, Germany. It is maintaining approxi-
mately the same schedule as LIGO; its current debugging interleaved with short data runs is
being carried out in tight collaboration with LIGO—the data runs are carried out in coinci-

dence and the data are analyzed jointly [4].

e VIRGO is a French-Ttalian collaboration and is located near Pisa, Italy. This detector is
currently operating with an arm length of 8 meters and will be extended to 3-kilometer length

by 2004 [5].

e The Large Cryogenic Gravitational Telescope (LCGT), a Japanese 3-kilometer interferometer
is being planned as a follow-on to TAMA. It will be built underground at the site of current
Japanese neutrino detectors and will likely go into operation late in this decade. Its test masses

will be cryogenically cooled to control thermal noise [6].

e EUROQO, a pan-European follow-on to VIRGO and GEOG600, is tentatively being planned for
early in the next decade—the same time frame as a possible second upgrade of the LIGO

interferometers (to “LIGO-IIT”) [7]; see below.

My discussion will focus primarily on LIGO, which will start out with a “conventional” optical
topology (see Fig. 1.1). Basically, the LIGO detectors will be Michelson interferometers with Fabry-
Perot cavities in each 4-kilometer-long arm. The Fabry-Perot cavities cause the light to bounce
multiple times, amplifying the gravity wave signal. (The cavities also permit high circulating powers
to be used without having too much power flowing through the beam splitter, a fact which will
be important in the interferometer described in Chapter 3.) The distances between the mirrors
are adjusted so that, upon recombination at the beam splitter, the light returning from the arms
has a relative phase such that (almost) all of the carrier light is directed back towards the laser.
A power-recycling mirror placed between the laser and the beam splitter directs the carrier light
back into the interferometer, boosting the circulating power. When a gravitational wave (or other
force) moves the arm-cavity mirrors, that motion puts sidebands on the carrier; these sidebands exit
through the dark port, where they are detected via an RF modulation/demodulation technique.

Since gravitational radiation causes a strain in space itself, the sensitivities of the interferometers
are measured in terms of their sensitivity to that strain. The initial version of LIGO is expected
to have a gravitational-wave strain sensitivity of h ~ 1072, Since the arms are 4 km long, this
means that the interferometers will be sensitive to mirror displacements of hL ~ (10721)(4 km) =
4 x 10718 m. There is a planned upgrade (LIGO-II) in 2007, which should increase the sensitivity
by about a factor of 15. An important difference between the LIGO-I and LIGO-II interferometers
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Figure 1.1: Schematic design for a conventional LIGO (position meter) interferometer, consisting
of a Michelson interferometer with Fabry-Perot arm cavities. The mirror portrayed in gray is a
signal-recycling mirror, which will be included in LIGO-II.
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is a signal recycling mirror placed between the dark port and the photodetector to further amplify
the signal (see Fig. 1.1) and alter the shape of the noise curve [8, 9].

This second-generation sensitivity will be near or modestly better than the standard quantum
limit (SQL), a limit that constrains interferometers [10] such as LIGO-I which have conventional
optical topology, but does not constrain more sophisticated “quantum nondemolition” (QND) in-

terferometers [11, 12].

1.1.2 Standard Quantum Limit

To understand how the standard quantum limit arises, it is necessary to examine the role of the
Heisenberg uncertainty principle in a conventional interferometer.

First, we can model the relative motion of the four “free-particle” test masses (each with mass m)
as being the motion of a single free particle of mass = m/4. Then suppose a single measurement
of the position of this particle is made with accuracy Azq1. According to the uncertainty principle,
the laser light that performs this measurement will randomly “kick” the particle’s momentum by an

amount
h

Aa:l

Apy ~

After a time 7 has passed, another position measurement is made with accuracy Azy. This mea-
surement will be affected by the momentum kick from the first measurement so that (if position and

momentum are uncorrelated, as is the case in a conventional interferometer)

T h T
Azo 2 Apr— ~ | — —.
ety (Aﬂfl)(u)

h
Az Azy > — .
L

Therefore,

The best one can do is to balance the uncertainties of the two measurements; this optimal uncertainty
corresponds to the standard quantum limit
hr
(AJJ)SQL = AI] = AZBQ =] I #

For LIGO (with 40-kilogram mirrors), this gives (Az)sqr ~ 107'° m, a level of sensitivity that
should be attainable with LIGO-II interferometers.

The goal of LIGO-III interferometers is to improve the sensitivity even further. Of course,
achieving this goal means that methods—called gquantum nondemolition (QND) techniques—must

be devised to beat the SQL.



1.1.3 Beating the SQL

It is hoped that third-generation gravitational-wave interferometers will beat the SQL by a factor
of ~5 or more over a frequency band somewhat greater than the typical frequency of operation.
Research on such third-generation detectors has entailed, thus far, the conception and theoretical
exploration of a number of ideas that might prove useful in a final design. Examples of such QND

techniques include
(i) injecting squeezed vacuum into an interferometer’s dark port [11-13],

(ii) performing homodyne detection on the output light with frequency-dependent homodyne an-
gle (achieved using large Fabry-Perot filter cavities together with conventional, frequency-

independent homodyne detection) [14-19],

(iii) using light pressure to transfer the gravity-wave signal onto a small test mass that moves
relative to local inertial frames and then reading out that motion using local QND techniques

(the Optical Bar) [20, 21],
(iv) a variant of this involving Symphotonic States [22],
(v) another variant of the optical bar, the Optical Lever [23],
(vi) producing Optical-Spring behavior by means of a signal-recycling mirror [24, 25],

(vii) operating the interferometer as a speed meter, instead of a position meter (Chapters 2 and 3

of this thesis), and

(viii) changing the dynamics of the test-mass mirrors by other more general means [26, 27].

Since it has long been planned for LIGO-II to have a signal-recycling mirror (the gray mirror in
Fig. 1.1), it is anticipated that LIGO-II will be able to operate as an optical spring [item (v) above]
and beat the SQL by as much as a factor of 2 over a frequency band Af ~ f [24]—if thermoelastic
noise can be made small enough [28, 29].

The goal for LIGO-III, however, is to achieve a sensitivity significantly better than the SQL
over a wide band. Speed meters are capable of doing just that. To understand why, recall the
manner in which the SQL arose from the uncertainty principle (Sec. 1.1.2). If the velocity (which is
directly proportional to the momentum) of the test mass is measured instead of the position, then
the velocity measurement will randomly kick the position. That position kick is irrelevant if the
velocity is being measured without collecting position information, as in a speed meter. Another
way to say this is to note that the velocity (or momentum) is a constant of the free motion of the
test mass. Consequently, the velocity (unlike position) commutes with itself at different times and

is therefore a QND observable [30, 31]. The result is that speed meters are not constrained by the
SQL.
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1.1.4 Initial Design for Interferometric Speed Meter

The original idea for a speed meter that measures the velocity of a single test mass was conceived,
in a primitive form, by Braginsky and Khalili [32]. Braginsky, Gorodetsky, Khalili, and Thorne [33]
(henceforth called BGKT) devised a refined and marginally practical form based on two coupled
microwave cavities. In their appendix, BGKT also sketched a design for an optical-interferometer
speed-meter gravity-wave detector that, they speculated, would be able to beat the gravity-wave
SQL in essentially the same manner as the microwave speed meter beats the free-mass SQL.

In Chapter 2, I present a detailed analysis of the BGKT optical-interferometer speed meter,
with the objective of determining whether it actually does measure the test masses’ relative velocity
without collecting position information and whether it actually can beat the SQL. As we shall see,
the answers are both “yes.” Moreover, I show that there is a mathematical mapping between the
analysis of the microwave-cavity speed meter, which measures the velocity of a single mass, and that
of the optical-interferometer speed meter, which measures the relative speeds of widely separated test
masses. The main objective of my analysis is to explore the features of this optical-interferometer
speed meter that are important in attempts to design practical third-generation interferometers.

This speed meter design is shown in Fig. 2.1 and introduced in more detail in Sec. 2.2. I show
in Chapter 2 that, in principle, this design is capable of beating the SQL by an arbitrarily large
amount, over an arbitrarily wide range of frequencies, and can do so without the use of squeezed
vacuum or any auxiliary filter cavities at the interferometer’s input or output (see Fig. 2.2 or 2.3).
However, in practice, optical losses will limit the amount by which the SQL can be beaten, and
to beat the SQL at all, this speed meter requires an uncomfortably high circulating power!. In
addition, this design requires an exorbitantly high input laser power, rendering it quite impractical
for use in LIGO. Nevertheless, the analysis of this speed meter has motivated the invention of a

more practical interferometric speed meter.

1.1.5 Practical Interferometric Speed Meter

While the speed meter design described in Chapter 2 is clearly impractical because of the laser powers
involved, Yanbei Chen—leaning heavily on my analysis of the original speed meter—has devised an
altered form of speed meter that solves the problem of the high input power and appears to be
fully practical. Together we have analyzed this improved speed meter, as described in Chapter 3
(which was largely written by me based on our joint analysis). Like the original interferometric speed
meter, this design can beat the gravitational-wave standard quantum limit (SQL) by an arbitrarily
large amount, over an arbitrarily wide range of frequencies, but it eliminates the high input power

problem.

1This is actually a common feature of designs that beat the SQL [34]. See Sec. 3.4.3 for a more detailed discussion.
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This new speed meter can beat the standard quantum limit (the approximate sensitivity of

second-generation LIGO interferometers, LIGO-II) over a broad range of frequencies (~ 10 to fopy =~

100 Hz in practice) by a factor h/hgqr, ~ \/Wc“?fgL/ Weire. Here Weire is the light power circulating
in the interferometer arms and Wgﬁl’ ~ (800 kW) (fopt /100 Hz)? is the circulating power required
to reach the SQL (the LIGO-II power) at some “optimal” frequency fope. If squeezed vacuum (with
a power-squeeze factor e~2%) is injected into the interferometer’s output port, the SQL can be beat
with a much reduced laser power: h/hsqr ~ \/nggL/WcimeQR. For realistic parameters (92R ~ 10
and Weir. = 800 to 2000 kW), the SQL can be beat by a factor of ~ 3 to 4 from about 10 Hz to
fopt =~ 100 Hz. [It should be noted that, as the power increases in these simple expressions, the
speed-meter performance becomes more narrow band. Additional power and a re-optimization of
some of the speed meter’s parameters are required to maintain this wide band at higher sensitivities.
See Sec. 3.4.2 for details.] By performing frequency-dependent homodyne detection on the output
(with the aid of two 4-kilometer-long filter cavities), one can markedly improve the interferometer’s
sensitivity at frequencies above fopy.

In most other proposed designs for LIGO-III interferometers (e.g., the squeezed-variational inter-
ferometers of Kimble et al. [19]), a crucial role is played by “ponderomotive squeezing” of the signal
light—squeezing that is easily destroyed by ordinary vacuum which leaks into the interferometer at
all “dissipation locations” (locations where signal light can leak out, e.g., via light scattering or ab-
sorption). In Chapter 3, Chen and I analyze the effects of such dissipation on our new speed meter.
We find that our interferometer’s performance is degraded much less by dissipation than are the
performances of other proposed LIGO-III interferometers (particularly those described in Ref. [19]).
This appears to be because the key to our interferometer’s beating of the SQL is its measurement
of momentum, which is achieved without any crucial reliance on ponderomotive squeezing,.

More specifically, our analysis indicates that losses for our speed meter are due primarily to the
losses in the optical elements (as opposed to mode-mismatching effects). Since the mirrors and beam
splitters that comprise the speed meter are expected to have fractional losses of order < 2x107° [19],
we find that, without squeezed vacuum, the effect of losses on the sensitivity (measured in terms
of the the spectral density of the noise \/Sk(f) in units of Hz'/2) is less than 10% in the range
50-105 Hz. At higher frequencies, the effect is even smaller, but the sensitivity degrades at low
frequencies. Injecting fixed-angle squeezed vacuum into the dark port allows this speed meter to
operate at a lower power, thereby reducing the dominant losses (which come from the additional
radiation pressure caused by vacuum that has leaked into the interferometer). In this case, the losses
are less than 4% in the range 25-150 Hz. As before, they decrease at high frequencies, and they
increase at low frequencies. Using frequency-dependent homodyne detection increases the losses by

a few percent across the entire frequency band. For sample noise curves, please see Fig. 3.1.
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1.2 Background on Tidal Work

Chapter 4 represents a very different direction of research. It is part of an effort to develop and
understand the “slow-motion, isolated-body formalism” for analyzing a self-gravitating body inter-
acting with an external tidal field (as occurs in a binary star system, for example). Section 1.2.1
outlines the development of this formalism and a controversy that spurred recent additional work
on the subject. Section 1.2.2 gives a brief description of the formalism itself, which is followed by a

description of my contribution in Sec. 1.2.3.

1.2.1 Context

The slow-motion, isolated-body formalism has been developed in a series of papers:

1. The book Gravitation [35], Section 20.6 (written by John Wheeler), laid the conceptual foun-

dations for analyzing the motion of an isolated body through the external universe.

2. Thorne [36] developed the theory of multipole moments of an isolated body in the form later
used by Thorne and Hartle (see item 3).

3. Thorne and Hartle [37] formulated the problem of analyzing the effects of the external uni-
verse’s tidal fields on an isolated body, and conceived and initiated the development of the
perturbative formalism for studying the influence of the tidal fields on the body’s motion

through the external universe, the precession of its spin axis, and its changes of mass-energy.

4. Zhang [38] extended the Thorne-Hartle analysis of motion and precession to include higher

order moments than they considered.

5. Zhang [39] developed the theory of multipole moments for the external universe’s tidal gravi-

tational fields, which underlies the work of Thorne and Hartle.

6. Thorne [40] and Flanagan [41] initiated the study of tidally induced volume changes and accom-
panying mass-energy change in the isolated body, using the above formalism. An important
piece of Thorne’s analysis came from examining the work done on each star by its companion’s

tidal field—i.e., an analysis of “tidal heating”?.

7. Purdue (Chapter 4) revisited an issue regarding a possible ambiguity in the definition of tidal
heating; this issue was raised initially by Thorne and Hartle and re-emerged in connection with

Thorne’s analysis of tidally induced changes in an isolated body. In Chapter 4, I demonstrated

21t should be noted that the term “tidal heating” is a bit of a misnomer; the more correct term is “tidal work.”
“Tidal heating” has been commonly used because the gravitational energy that is transfered between the body and
the external field often goes into heat (as, e.g., in the moons of Jupiter). However, the energy added to the body via
tidal work may instead deform the body or add vibrational energy. Nevertheless, I will use the terms “tidal heating”
and “tidal work” interchangeably to mean the work done by an external tidal field on an isolated body.
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that the tidal work is unambiguous in Newtonian theory and unaffected by a gauge change in

general relativity. A key tool in my analysis is the Landau-Lifshitz stress-energy pseudotensor.

8. Favata [42] showed that the tidal work is independent of the pseudotensor one uses in computing

it.

The impetus for the later work on this topic (items 6-8 above) came from some numerical
solutions of Einstein’s equations by Wilson, Mathews, and Maronetti [43—45] (WMM), which seemed
to show each neutron star in a massive inspiraling binary being compressed to the point of collapse
by gravitational interaction with its companion. The surprising nature of these results prompted
many other researchers to examine the issue, most failing to reproduce a star-crushing effect of the
same magnitude (for example, Refs. [40, 41, 46-53]). Two of these papers, specifically Thorne [40]
and Flanagan [41], used the slow-motion, isolated-body formalism, as mentioned in item 6 above.
(They were among those who did not find a star-crushing effect of the large magnitude seen in
the numerical solutions.) In a later paper, Flanagan [54] identified an error in the original WMM
analysis. Upon correcting their code, WMM found that the amplitude of the star-crushing effect
they had seen was significantly reduced, but the crushing was still present [55, 56]. Recent work by
Favata and Thorne [57], again using the slow-motion, isolated-body formalism (and relying on the
results in Chap. 4 of this thesis), supports the possibility that gravitomagnetic tidal coupling might

be responsible for the tiny remaining star-crushing effect.

1.2.2 Description of Slow-Motion, Isolated-Body Formalism

The slow-motion, isolated-body formalism assumes that there is some self-gravitating body (e.g.,
a neutron star or black hole) that interacts with an external tidal field (e.g., that of a binary
companion). The body must be isolated in the sense that both the radius of curvature R of the
external universe in the body’s vicinity and the lengthscale £ on which the universe’s curvature
changes are large compared to the body’s size R: R/R <« 1 and R/L <« 1. This implies that the
external tidal field (embodied in the external Riemann curvature tensor) must be weak and nearly
uniform in the vicinty of the body. Consequently, the application of this formalism to binary systems
(with one body producing the external tidal field felt by the other) is limited to the regime in which
the bodies are fairly widely separated compared to their size. It should be noted, however, that this
formalism can be applied even to strongly gravitating bodies, as long as the source of the external
tidal field is far enough away to allow around each body a “buffer zone,” also known as the body’s
local asymptotic rest frame, where gravity is weak (for more details, see the beginning of Sec. 4.4).

An additional assumption in the “slow-motion, isolated-body formalism” is the “slow-motion”
requirement, meaning that the shortest timescale 7 for changes of the body’s multipole moments

and/or changes of the universe’s tidal gravitational field is long compared to the body’s size Rjc:
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Rfer « 1, where c is the speed of light. This assumption allows us to neglect changes in the
mass-energy M due to gravitational radiation or other higher-order effects.

As a result of these assumptions, the slow-motion, isolated-body formalism is essentially a per-
turbative expansion in powers of the small parameters R/cr, R/R, and R/L. The expansion terms
of interest are the total mass-energy M and quadrupole moment Z;; of the isolated body, plus the
external tidal field £;x = Rjoko, where Rag,s is the Riemann tensor of the external universe. (In
some cases [38, 39, 57], other moments of the body and other components of the external Riemann
tensor will be of interest as well.)

Two examples of isolated, slow-motion bodies are (i} a neutron star or black hole in a compact
binary system that spirals inward due to emission of gravitational waves; and (ii) some of the Galilean
satellites (particularly Io and Europa) that travel around Jupiter in elliptic orbits and get heated

by Jupiter’s tidal gravitational field [58-62].

1.2.3 Mass-Energy Ambiguity and Tidal-Work Uniqueness

It was shown by Thorne and Hartle [37] that the total mass-energy of an isolated body is ambiguous
by an amount of order

oM ~ Ijkgjk §

where Zj; is the body’s mass quadrupole moment and &£, = Rjoro is the external tidal field.
Physically, this ambiguity arises from the standard method for measuring the mass-energy of a
gravitating body, which is to apply the general relativistic version of Kepler’s law to a test particle
in orbit around the body. If the body is non-spherical and is located in an external tidal field, a T;1 &5
cross-term will appear in the analysis of the relativistic Kepler problem. This term is monopolar
and has dimensions of mass, so that the Kepler’s law calculation gives a total mass-energy term of
the form M + O(Z;x i), where the O(Z;;E€ ;) term has an ambiguous numerical coefficient.
The rate at which work is done by the external field on the body can be calculated as

daW 1. dIj

a2

This expression was derived by Zhang [38] using the Landau-Lifshitz pseudotensor, which represents
one of an infinite number of methods of localizing the gravitational-field energy. Given the mass-
energy ambiguity M ~ Z;;,E;r, there was some question about whether the work done was also
ambiguous by a similar amount.

In Thorne’s work [40] on tidally induced volume changes and associated mass-energy changes,
he argued (but did not prove) that the rate of work done is unambiguous at O(Z;€;x) and that

the ambiguity M in the body’s mass resides entirely in an ambiguity of how the interaction energy
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between the body and the field is localized. In Chapter 4, I verify this via detailed calculations in
Newtonian theory using all possible localizations of the gravitational energy. In each case, the work
is unambiguously given by the above expression, but the interaction energy is Einy = 8E1ZL;r, where
53 depends on the localization used.

A general relativistic analysis in Chapter 4 produces the same result. Using the Landau-Lifshitz
pseudotensor but performing gauge transformations (infinitesimal coordinate transformations) on
the spacetime metric, I demonstrate that the result for the rate of work done is the same as the
Newtonian case % = —%Sjk%ii, whereas the interaction energy term depends on the choice of
gauge. It should be noted that the general relativistic gauge transformations represent a freedom
that has no Newtonian analog; the general relativistic analog of the choice of a particular Newtonian
gravitational-energy localization is the choice of a particular general relativistic pseudotensor. Favata
[42] has verified that the results are unchanged with pseudotensors other than Landau-Lifshitz. In
addition, Booth and Creighton [63] arrived at the same conclusion through an independent approach
using quasilocal energy techniques.

This result that the tidal work is a well-defined and precise quantity should not be surprising,
given that its physical effects have been observed on some of Jupiter’s moons. In particular, tidal
heating is responsible for volcanic activity on Io [568, 64-67] and for the presence of a subsurface
liquid water ocean on Europa [59-62]. This Newtonian regime demonstration does not automatically
guarantee the well-defined nature of tidal heating in highly relativistic neutron stars, but my analysis
(together with the work of Favata, Booth, and Creighton) does guarantee it for neutron stars—and

also for black holes.
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Chapter 2

Analysis of a Quantum Nondemolition
Speed-Meter Interferometer

Published as P. Purdue, Physical Review D 66, 022001 (2002).

2.1 Summary

In the quest to develop viable designs for third-generation optical interferometric gravitational-wave
detectors (e.g., LIGO-III and EURQ), one strategy is to monitor the relative momentum or speed
of the test-mass mirrors, rather than monitoring their relative position. This paper describes and
analyzes the most straightforward design for a speed meter interferometer that accomplishes this—a
design (due to Braginsky, Gorodetsky, Khalili, and Thorne) that is analogous to a microwave-
cavity speed meter conceived by Braginsky and Khalili. A mathematical mapping between the
microwave speed meter and the optical interferometric speed meter is developed and is used to show
(in accord with the speed being a Quantum Nondemolition [QND] observable) that in principle the
interferometric speed meter can beat the gravitational-wave standard quantum limit (SQL) by an
arbitrarily large amount, over an arbitrarily wide range of frequencies, and can do so without the use
of squeezed vacuum or any auxiliary filter cavities at the interferometer’s input or output. However,
in practice, to reach or beat the SQL, this specific speed meter requires exorbitantly high input
light power. The physical reason for this is explored, along with other issues such as constraints on
performance due to optical dissipation. This analysis forms a foundation for ongoing attempts to
develop a more practical variant of an interferometric speed meter and to combine the speed meter
concept with other ideas to yield a promising LIGO-III/EUROQ interferometer design that entails

low laser power.
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2.2 Introduction

The first generation of kilometer-scale interferometric gravitational-wave detectors (LIGO-I [1, 2],
VIRGO [3], and GEO600 [4]) will begin operation in 2002, at sensitivities where it is plausible but not
highly probable that gravitational waves can be detected. Vigorous research and development is now
underway for second-generation detectors (LIGO-II [5] and its European and Japanese partners [6, 7])
that are planned to begin operation in ~ 2008 at a sensitivity where a rich variety of gravitational-
wave sources should lie. This second-generation sensitivity will be near or modestly better than the
standard quentum limit (SQL), a limit that constrains interferometers [8] such as LIGO-I which have
conventional optical topology, but does not constrain more sophisticated “quantum nondemolition”
(QND) interferometers [9, 10].

Conceptual-design research and development is now underway, at a modest level, for third-
generation gravitational-wave interferometers that (it is hoped) will beat the SQL by a factor of
~5 or more over a frequency band somewhat greater than the typical frequency of operation. This
third-generation R&D has entailed, thus far, conceiving and exploring theoretically a number of
ideas that might prove useful in a final design. Examples include (i) injecting squeezed vacuum into
an interferometer’s dark port [9-11], (ii) performing homodyne detection on the output light with
frequency-dependent homodyne angle (achieved using large Fabry-Perot filter cavities) [12-17], (iii)
using light pressure to transfer the gravity-wave signal onto a small test mass that moves relative
to local inertial frames and then reading out that motion using local QND techniques (the Optical
Bar) [18, 19], (iv) a variant of this involving Symphotonic States [20], (v) producing Optical-Spring
behavior by means of a signal-recycling mirror [21], and (vi) other more general means of changing
the dynamics of the test-mass mirrors [22, 23].

The purpose of this paper is to carry out a first detailed analysis of another idea that may
prove helpful in third-generation interferometers: operating each interferometer as a speed meter, so
instead of monitoring the relative position of its test-mass mirrors, it measures their relative speed
(or, more precisely, a combination of their speed and higher-order time derivatives of position).

The motivation for measuring speed rather than position, stated in somewhat heuristic terms, is
as follows: If a single measurement of the relative position of the test masses is made, then according
to the uncertainty principle, there will be a corresponding random “kick” to the relative momentum.
This kick will affect the future positions of the test masses. If another position measurement is made
at a later time, its accuracy will be limited because of the earlier momentum kick. The best one
can do is balance the uncertainties of the two measurements; this optimal uncertainty corresponds
to the SQL.

If, on the other hand, the velocity (which is directly proportional to the momentum) is measured

directly, this velocity measurement will randomly kick the relative position. That position kick is
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irrelevant if the velocity is being measured without collecting position information, as in a speed
meter. Another way to say this is to note that the velocity (or momentum) is a constant of the free
motion of the test mass. Consequently, the velocity commutes with itself at different times and is
therefore a quantum nondemolition (QND) observable [24, 25]. The result is that speed meters are
not constrained by the SQL.

The original idea for a speed meter that measures the velocity of a single test mass was conceived,
in a primitive form, by Braginsky and Khalili [26]. Braginsky, Gorodetsky, Khalili, and Thorne [27]
(henceforth called BGKT) devised a refined and marginally practical form based on two coupled
microwave cavities. In their appendix, BGKT also sketched a design for an optical-interferometer
speed meter gravity-wave detector that, they speculated, will be able to beat the gravity-wave SQL
in essentially the same manner as the microwave speed meter beats the free-mass SQL.

This paper presents a detailed analysis of the BGKT optical-interferometer speed meter, with
the objective of determining whether it actually does measure relative velocity without collecting
position information and whether it actually can beat the SQL. As we shall see, the answers are
both “yes.” Moreover, it will be shown that there is a mathematical mapping between the analysis
of the microwave-cavity speed meter, which measures the velocity of a single mass, and that of
the optical-interferometer speed meter, which measures the relative speeds of widely separated test
masses. Another objective of this paper is to explore the features of this optical-interferometer speed
meter that will be important in attempts to design practical third-generation interferometers.

The basic design of the speed meter to be analyzed here is shown in Figure 2.1. It consists of two
nearly identical optical cavities of length L = 4km, which are weakly coupled by a mirror of power
transmissivity 7. In the absence of a driving force, laser light can “slosh” back and forth between

these two cavities with frequency

= o/ T/ L, (2.1)

where c is the speed of light. The addition of a driving laser [denoted I(¢) in Fig. 2.1] into one cavity
will cause the other cavity to become excited. It is from this excited cavity that we will extract our
signal [denoted K (7)] at a rate

8 = T, /AL, (2.2)

where T, is the transmissivity of the extraction mirror.

Since we cannot make T, infinitely small (or equivalently, the extraction time infinite), a small
amount of residual light will build up in the unexcited cavity. To counteract this, we also input
a small amount of laser light [denoted L(¢)] through the output port in order to cancel out any
such residual light. This is desirable because one cavity must be empty to achieve pure speed meter

behavior?!.

11 general, one could allow some amount of light to build up in the “empty” cavity, and thereby (as we shall see
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Figure 2.1: Design for a QND speed-meter interferometer. The main laser input port is the lower
left mirror [denoted by I({), where { = ¢t — z/c]. The signal is extracted at the bottom mirror
[denoted K (n), where = t+ z/c]. The “4+” and “—” signs near the mirrors indicate the sign of the
reflectivities in the junction conditions for each location.
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To understand how this system produces a velocity signal, consider the effect of moving the end
mirror in the excited cavity [the cavity labeled C'(n) and B(¢) in Fig. 2.1]. That mirror motion
will put a phase shift on the light in that cavity. If the input laser is driving the cavity’s cosine
quadrature, then the phase shift caused by the mirror motion will act as a driving force for the
sine quadrature. This light will then slosh into the empty cavity and back. When it returns, it
will be 180° out of phase compared to its initial phase shift. The resulting cancellation will cause
the net signal in the sine quadrature of the excited cavity to be proportional to the difference in
test-mass position between the start and finish of the sloshing cycle. In other words, the net signal
is proportional to the velocity of the test mass, assuming that the frequencies w of the test mass’
motion are w < .

As it turns out, however, the optimal regime of operation for the speed meter is w ~ §). Conse-
quently, the output signal contains a sum over odd time derivatives of position [see Eq. (2.31) and
the discussion following it]. Therefore, the speed meter monitors not just the relative speed of the
test masses, but a mixture of all odd time derivatives of the position.

As we will show, this speed-meter design, in principle, is capable of beating the SQL by an
arbitrary amount and over a wide range of frequencies. However, in practice, optical losses will limit
the amount by which the SQL can be beaten, and to beat the SQL at all requires an uncomfortably
high circulating power. (This is actually a common feature of designs that beat the SQL [28].) More
seriously, this design requires an impossibly high input power because the photons are not getting
“sucked” into the interferometer efficiently, as they are in conventional designs; this will be discussed
in more detail in Sec. 2.4.3.

In view of this impracticality, one might wonder why a detailed analysis of this speed meter
should be published. The answer is that this analysis teaches us a variety of things about optical-
interferometer speed meters—things that are likely to be of value in the search for practical QND
interferometers and in their optimization. Indeed, the author and Yanbei Chen are now exploring
more sophisticated and promising speed-meter designs that rely, for motivation and insights, on the
things learned in the analysis presented here.

This paper is organized as follows: The mathematical description of the interferometer is given in
Sec. 2.3. Sec. 2.4.1 gives the analysis of the lossless limit and the mapping to the microwave-resonator
speed meter, Sec. 2.4.2 presents the numerical analysis, and as mentioned above, Sec. 2.4.3 describes
various problems or issues with the speed meter. In Sec. 2.5, we give the results and a description
of the speed meter’s performance if losses are included. The discussion there will address the role
of optical dissipation in limiting the amount by which the SQL can be beaten. Finally, Sec. 2.6

summarizes the results of this analysis and its relevance for future research.

in Sec. 2.4.3), make it easier to inject light into the interferometer. Then, the ratio of the levels of excitation of the
two cavities would become a tool for optimizing the design, balancing reduced input power against performance.
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2.3 Mathematical Description of the Interferometer

The design of the speed meter is shown in Figure 2.1. In this section, we will set up the equations
describing the interferometer with lossy mirrors. The method of analysis is based on the formalism
developed by Caves and Schumaker [29, 30] and used by Kimble, Matsko, Thorne, and Vyatchanin
(KLMTYV) [17] to examine more conventional interferometer designs.

We express the electric field propagating in each direction down each segment of the interferom-

Fraa(€) = |/ T2 4(¢), (2.3

where A(() is the amplitude, ( =t — z/c (see Fig. 2.1), wq is the carrier frequency, /4 is the reduced

eter in the form

Planck’s constant, and & is the effective cross-sectional area of the light beam; see Eq. (8) of

KLMTV. We decompose the amplitude into cosine and sine quadratures,

A() = A1(Q) coswoC + Az(¢) sinwp( . (2.4)

Note that the subscript 1 always refers to the cosine quadrature, and 2 to sine. Also note that we
have designated z = 0 at both the input and output mirrors, z = z, at the sloshing mirror, and
z = L at the end mirrors; see Fig. 2.1. We choose the cavity lengths L to be exact half multiples of
the carrier wavelength so e?2“ol/¢ = 1,

As mentioned above, the power transmissivity for the sloshing mirror is Ty and for the output
mirror is T,. In addition, 7} will denote the transmissivity for the laser-input mirror and T, for
the end mirrors; again, see Fig. 2.1. Each of these has a complementary reflectivity such that each
mirror satisfies the equation T+ R =1. If we now let ( =t —z/¢, 7 =1+ z/¢, and j = 1,2, then

the junction conditions at the mirrors are given by:

A0 = VToLi(Q) + VRDi(m) (2.52)
Bi(Q) = V&) +VRsA;(Q), (2.5b)
Ci(n) = VTeM;n) +VReB;(0), (2.5¢)
Di(n) = VT:G;(m) + VECi(n), (2.5d)
£(Q) = VTL(C) - VERH;(), (2.5¢)
Fi(Q) = VTAQ) - VEREQ), (2.5f)

Gi(n) = VTeNj(n) — VRF;(C), (2.58)
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Hi(m) = T.Ci(n) — VR:Gi(n), (2.5h)
Tim) = VTiH;(m) + VRIL;(C), (2.51)
Kim) = V/ToDj(n) — VRoLi(C)- (2.5))

2.3.1 Carrier Light

If we first consider only the carrier in a steady state, we can assume that all the mirrors are stationary
and that all of the A;(¢) = A;, B;({) = Bj, etc., are constant. (We denote the carrier amplitudes
by capital Latin letters with a subscript indicating the quadrature.) Then we solve Egs. (2.5)
simultaneously. We ignore vacuum fluctuation noise since it is unimportant for the carrier light. In

addition, we only drive the cosine quadrature, so that
Ly=1I1,=0. (2.6)

Thus, all of the sine quadrature terms will be zero. As mentioned above, we want to have as little

light as possible in the unexcited cavity, so we apply the condition

That means the input fed into the output port should be

o Il ToTi
Ly = 1 P (2.8)
Then, the solution for the carrier is
I T
A =B = G = D = == — A
1 1 1 1 2 VT (2.9a)
I
Ey=H = %\/Ti‘ (2.9b)

In deriving Eqgs. (2.9), we have assumed the following inequalities among the various mirror trans-
missivities:

T 0D 5T, (2.10)

The motivations for these assumptions are that (i) they lead to speed-meter behavior; (ii) as with
any interferometer, the best performance is achieved by making the end-mirror transmissivities 7, as
small as possible; (iii) good performance requires a light extraction rate comparable to the sloshing
rate, d ~ Q [cf. the first paragraph of Sec. 2.4.2], which with Eqs. (2.1) and (2.2) implies T, ~ +/Ts
so Ty > Ty; and (iv) if the input transmissivity is larger than or of the same order as the sloshing

frequency, too much light will be lost during the sloshing cycle, resulting in incomplete cancellation
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of the position information and degraded performance (hence, we assume 7} < 7).

2.3.2 Sideband Light

Sidebands are put onto the carrier by the mirror motions and by vacuum fluctuations, as we shall

see below. We express the quadrature amplitudes for the carrier plus the side bands in the form

A =A4; + /000 [&j (w)e ™ + &;r_ (w)ei“’c] Czi—: ; (2.11)

where &;(w) is the field amplitude for the sideband at frequency w in the j quadrature; cf. Egs.
(6)—(8) of KLMTV, where commutation relations and the connection to creation and annihilation
operators are discussed. Then most of the junction conditions can easily be broken down into

separate expressions for the constant and sideband terms; for example,

Aj = \/TOLJ' —+ / RODJ' . (2.128.)
a; VTol; + +/Rod; . (2.12b)

The exceptions are Eqgs. (2.5¢) and (2.5g) because the two end mirrors will change the phase of the

sidebands on each bounce. Equation (2.5g) becomes

G; = —+/ReF;++/TeN;, (2.13a)
G = —v/Refie®® +/Tefi, (2.13b)

where § = 2wL/c is the phase shift for the sidebands. At this point, we also want to allow mirror
motion in order to detect gravitational waves, so we assume that the end mirror of the excited
cavity is free to move. As a result, the junction condition there, expressed by Eq. (2.5¢), is the most

complicated. It becomes

6 = JFaB;+EM;, o142
1 = Rebieif — 24/ ReBowoZfc+ /Tem1, (2.14b)
Ca = '\/Reégeiﬁ + 2\/ReB1w0§3/c+ kY4 Teﬁlz ) (214C)

where Z is the Fourier transform of the mirror’s displacement. (We are ignoring the motion of the
end mirror of the empty cavity since that will not have a significant effect.)

All of the junction condition equations [Eqs. (2.5) expressed in the form of Egs. (2.12), (2.13),
and (2.14)] can be solved simultaneously to get expressions for the carrier and sidebands in each

segment of the interferometer. This yields an output [K(n)] containing an w@ term, which is the
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Fourier transform of the end-mirror velocity (relative to the input mirror), aside from a factor of i.
Since there is no factor £ without a multiplying factor w in the output, our interferometer is indeed
a speed meter, as claimed by BGKT.

One more complication to be addressed is the issue of the back action force on the mirror produced
by the fluctuating radiation pressure of the laser beam. The back action is included in Z along with
the gravitational wave information, as follows.

TFrom KLMTYV, Eq. (B18), the back-action force is

26Weire

Py = ——=, (2.15)

where §Wq;, is the fluctuation in the circulating laser power. To determine this quantity, consider
the expression for the circulating power [text above Eq. (B16) in KLMTV]:
2

E:
Weire = 2S¢, (2.16)

2

where S is the effective cross-sectional area of the beam, and E;, is the time-averaged square of the

internal electric field. In our case,

oo ) . d. oo ) . d
B = i {cos(wot) [Bl +f (ble_“"t + b{e“"t) _w:| + sin(wpt) [[ (bgeﬂ“’t + b%e“"t) _wJ ’
SC 0 27T o

2
(2.17)

See Eqs. (2.3), (2.4), and (2.11) with A replaced by B. Note that the constant term B, vanishes
since we are driving only the cosine quadrature. Substituting Eq. (2.17) into Eq. (2.16) will give a

steady circulating power

1 T
circ = —hw Fe 2 .
Weire = 5l Bf = e} g (2.18)
and a fluctuating piece
Pz o ]
§Weieo(t) = huo By / b (w)e™ 2 + HO, (2.19)
0

where HC denotes the Hermitian conjugate of the previous term.

Now that we have an expression for §Wqi,c, we return to the expression for the back-action force
(2.15). That force, together with the gravitational waves, produces a relative acceleration of the
cavity’s two mirrors (each with mass m) given by

d?z(t) . 1 th(f) 4 46Weire (1)

= 2.20
dt? 27 dt? me ( )

where h(t) is the gravitational-wave field [cf. Eq. (B19) in KLMTV]. Substituting Eq. (2.19) into



24

the above equation and taking the Fourier transform gives

(2.21)

Here B is given by Eq. (2.9a), and by, as obtained by solving the junction conditions and simplifying

with the conditions on the transmissivities (2.10), is given by

= —iwc\/ﬁfl
by = 421112(&)) s (2.22)
where
L(w) =0 —w? —iws. (2.23)

(Recall that Q@ = ¢/T3/L is the sloshing frequency, § = ¢T,, /4L the extraction rate.)

2.4 Speed Meter in the Lossless Limit

2.4.1 Mathematical Analysis

For simplicity, in this section we will set 7, = 0 (end mirrors perfectly reflecting), since it is unim-
portant if T, is much smaller than the other transmissivities. We will also neglect the noise coming
in the main laser port (5112). This noise will become dominant at sufficiently low frequencies (below
~10 Hz for the interesting parameter regime), but those frequencies are not very relevant to LIGO
since that is the regime in which seismic noise begins to dominate.

As a result of these assumptions, the only noise that remains is that which comes in through the
output port (1?1,2). An interferometer in which this is the case and in which light absorption and
scattering are unimportant (R + 7" = 1 for all mirrors, as we have assumed) is said to be “lossless.”
In Sec. 2.5, we shall relax these assumptions; i.e., we shall consider lossy interferometers. As before,
we assume T, > T, > T;. The interferometer output, as derived by the analysis of the previous

section, is then

[ _ ﬁ*(w) i

iy et 7 (2.24a)
«_ —twweh VLT . L* (w) 5
B2 = LT T L) A

where the asterisk (in £*(w)) denotes the complex conjugate. Note that Z is given by Eq. (2.21)
combined with Eqgs. (2.9a) and (2.22), or equivalently, by

I= %LR—FEJBA, (2.25)
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where B
5 1hwol1 /T T3y
His 5 =

mwLy/TsL(w)
is the back-action noise. It is possible to express Eqs. (2.24) in a more concise form, similar to Egs.

(16) in KLMTV:

(2.26)

kB = £, (2.27a)
ks = (Ez—xél)emh/ﬁhcfm e, (2.27b)
SQL
where
tany = —%, (2.28)
K = % (2.29)
and

conv __ Sh
SQL =1/ T (2.30)

If, as in KLMTYV, we regard Egs. (2.27) as input-output relations for the interferometer, then & is a
dimensionless coupling constant, which couples the gravity wave signal & into the output ks, ~CS°5},
is the standard quantum limit for a conventional interferometer such as LIGO-I, and 1) is a phase
put onto the signal and noise by the interferometer. Although there is much similarity between
the above equations (2.27) and those of KLMTYV, there is not a direct mapping because KLMTV
analyzes a position meter, not a speed meter.

As a tool in optimizing the interferometer’s performance, we perform homodyne detection on the
outputs k; and ks, using a constant (frequency-independent) homodyne angle ®. In other words,

we read out kg = ki cos @ + ky sin ®. If we insert Eqs. (2.24) and do some algebra, we get

—iwwol1 V1T

*e = STVTCw)

sin ®[E(w) + Em (W)] - (2.31)

Here Z,,, the measurement noise (actually shot noise), is given by

20T L* (w)

Oy + 01 cot @], 2.32
T,y 2 T lrcot @ (3.98)

B =
and # is given by Egs. (2.25) and (2.26). Notice that the first term in Eq. (2.31) contains Z only
in the form wa; this is the velocity signal [actually, the sum of the velocity and higher odd time
derivatives of position because of the £(w) in the denominator]. These equations, (2.31) and (2.32),

are equivalent to Eqgs. (29) and (30) of BGKT. In fact, the analysis of the single-test-mass, microwave
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Table 2.1: Mapping of the parameters in the BGKT microwave-resonator speed meter paper to those
in this paper.

Parameter BGKT Purdue

signal frequency w w

carrier frequency We wo

optimal frequency wo Wopt

mass of test body m m

characteristic length d L

sloshing frequency Q Q=cyT;/L

test-mass displacement Z(w) Z(w)

signal extraction rate® 0z = 1253 0 =cTo/4L

impedance of resonators® P e = 2L le Ty
pi =2L/cV/T}

driving amplitude® Uy aly

amplitude in excited cavity® —qo = Up/Qp aBy = al, /Qp;

noise into output port®¢ s, Thes) —a{@, 2y

sideband components® ¢ {ay1,b1,a2,b2} a{El,Bz, fi, f2}

output amplitude® U(w) akg (w)

“re is the relaxation time of the excited resonator due to energy flowing out.

bIn BGKT, both resonators have the same characteristic impedance, but in this interferometer, they are different.
Consequently, caution must be used when transforming between the two models.

cThere is a proportionality constant a = /2h+/To which must be included to get the correct dimensionality when
transforming BGKT’s equations into Purdue’s notation. For example, Uy +— alj.

4Notice that the quadratures are reversed. This is due to a difference in the way the models were defined.

¢Notice that in Purdue’s notation the letter indicates the cavity and the numerical subscript indicates the quadra-
ture, whereas in BGKT, the letter indicates the quadrature and the number indicates the resonator.

speed meter in that reference (Sec. 2.4.3) can be translated more or less directly into the analysis of
our speed-meter interferometer with a suitable change of notation (see Table 2.1)2.

We assume that ordinary vacuum enters the output port of the interferometer; i.e., £, and £, are
quadrature amplitudes for ordinary vacuum. This means [Eq. (26) of KLMTV] that their spectral
densities are unity and their cross-correlations are zero. By noting that the homodyne output (2.31)
is proportional to

b = B -
Z(a:+3:m) =h+ Z(:EBA-i-zm) (2.33)

and examining the dependence of Zga and Z,, on the input vacuum 7, and fg, we deduce the

(single-sided) spectral density of the gravitational wave output noise h:

Sha = (KE5T)7€, (2.34)
where
" 167
hSer =\ e @.35)

2There is a slight difference in the way the models in this paper and in BGKT were defined. One result is that
there are some sign and quadrature differences between them. For details, see Table I, particularly the “amplitude in
excited cavity” and “noise into output port.”
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is the standard quantum limit (SQL) for our speed-meter interferometer,

2 _ LW A
_— N — I t q) TN s N Ts .
¢ 2A4sin® @ SRR 2|1L(w)|2”’ (8]
is the fractional amount by which the SQL is beaten (in units of squared amplitude), and
R, ﬂ(wDI]_)2
NG e O N L
2L2mT, ]

Note that the quantity ¢2 is the same (modulo a minus sign in the definition of ®) as the quantity
& in BGKT [Eq. (40)].

We comment, in passing, on the SQLs that appear in the various papers: BGKT use double-sided
spectral densities and measure the velocity of a single test body with mass u. The corresponding
standard quantum limit for position is

(5ome body

z,5QL )double—sided = m

(2.38)

[their Eq. (5) divided by u?w* to convert from force to position and with p denoted by m]. KLMTV
and the present paper used single-sided spectral densities, i.e., we fold negative frequencies into
positive, so our one-body SQL is

25
(S;)?Se‘q;:fdy)single—sided = m . (239)

For our speed meter, the quantity measured is the relative velocity of two mirrors, z = z; — =3, for
which the gravitational-wave signal is %—EL and the reduced mass is g = m/2, so our gravity-wave

SQL spectral density is

2\* 2n 165
speed meter _ d\g -
(Shl?SQL )single-sided = (hSSerJeL ) = (f) (m/Z)w2 AR (2.40)

For a conventional interferometer, as analyzed by KLMTYV, the quantity measured is the relative
position of four mirrors, z = (1 — x2) — (23 — 74), for which the gravitational-wave signal is

2- %EL = hL and the reduced mass is 1 = m/4, so the gravity-wave SQL spectral density is

1\* 2n 8h
onv (= conv\2 __ _
(SES’SQL)singIe—sided = ( SQL) = (Z) (m/4)w2 = Mot L2 5 (241)

half as large as for our speed meter. If we were to build a speed meter consisting of two excited
cavities (one in each arm) and two unexcited cavities (as in Fig. 4 of BGKT), then our speed meter

SQY would be reduced by a factor of 2, to the same value as for a conventional interferometer.
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Continuing with our analysis, we can express |L(w)|?* [Eq. (2.23)] as
|LW)* = (2 — wyp)? + 8% (wape +67/4) (2.42)

where

wopt = VO — 32/2, (2.43)

as we shall see, is the interferometer’s optimal frequency. These two expressions are identical to Egs.
(37) and (38) of BGKT. We shall optimize the homodyne angle ® to minimize the noise at some
specific frequency, wg. The result is

A4

Then, Eqgs. (42)—(48) of BGKT apply exactly to the analysis here: £?(w) for this homodyne phase
$ (2.44) is
() = L@ | A2 — wf)e? + o — 205"
2A1 2| L(w) P £(wr)|* '

(2.45)

and its minimum is
(w%‘ - w&pt)z + 62(w§pt + 52/4)

min = &2 (wr) = e , (2.46)

The noise can be further minimized by setting the speed meter’s optimal frequency to wept = wr to

get 4 2 2 4
20y _ L)) At (w? = wipe)
Rl L@ P (o, + /A7 (2.47)
WALh 2( 2 '2/ SQL
0% (wsy, +0°/4) W2
2 opt =y circ
Emin = P2A4 T Weire (2.48)

Here Weirc is the power circulating in the excited arm ® [Eq. (2.18)] and

B mL26* (W, + 6 /4)
circ - 8w0To

m E N*roor gt 4 /1.78 x 10'°Hz
(BTN (401{g) (4km) ( T, ) (27r x 100Hz ( wo ) (2:45)

is the circulating power required to reach the standard quantum limit at the optimal frequency

Il

Wopt (We have assumed & = 2wopt to get the second line of the above equation; see Sec. 2.4.2). By
WL

circ ?

pumping with a power Weire > the speed meter can beat the SQL in the vicinity of the

optimal frequency wypt¢ by the amount Efnin = Wgﬁl‘ [ Weire.

If [following BGKT Egs. (47) and (48)] we define the frequency band w; < w < ws of high

3Note that that Eq. (2.48) uses the power circulating in the excited cavity, Weirc, whereas BGKT’s quantity W in
their Eq. (45) is equivalent to the power transmiited through the interferometer’s input mirror. This quantity W is
also the amount of power extracted with the signal at the output port (Wexi¢ in Sec. 2.4.2 and 2.4.3).



29

1 L s L L L L 1 s . 1

0 0.5 1 1.5 2
W/ Wopt

Figure 2.2: Plot of the squared amount by which the speed meter beats the standard quantum limit
(hsspcgzd), as a function of frequency (normalized to the optimal frequency, wopt). For the parameter

values €2, = 0.1, § = 2wop, and A* = 40w} ,;, this is identical to the speed meter curve in Fig. 3 of
BGKT.

sensitivity to be those frequencies for which

f(w) = \/if(wopt) ) (250)
then Eqgs. (2.47) and (2.48) imply that
% (w?k  +62/4
w%g - wgpt =s ( opt / )
{04 @iy + 674 + AS
242
=3 2A" Einin (2.51)

F—=mn__
oPt T s/agt 11

Equations (2.51), (2.47), and (2.48) imply that the lossless speed meter can beat the force-measurement
SQL by a large amount &min < 1 over a wide frequency band, w; € wa ~ \/Ewopt by setting

A §2
o s g e (2.52)
Wopt ngpt

A plot of €2, optimized in this manner but for rather modest parameter values, is shown in Fig. 2.2.



30

Table 2.2: Interferometer parameters and their fiducial values.
Parameter Symbol Fiducial Value

carrier frequency wWo 1.78 x 101°s~ 1
mirror mass ™m 40 kg

arm length L 4 km

sloshing mirror transmissivity Tx 0.0002

input mirror transmissivity T 2 x 1075
output mirror transmissivity s 0.07

end mirror transmissivity T 2 x 10~

SQL circulating power WC‘?SL 840 kW

2.4.2 Numerical Analysis

To get an idea of the magnitudes of the quantities involved in this interferometer, we can start by
combining the wide-bandwith requirement (2.52) with the definitions 6§ = ¢T,/4L, Q = ¢/Ts/L, and
w2y, = Q2 — §2/2. From these, we find that the wide-bandwidth requirement 6% > 4w, becomes
T2 > (64/3)T;. If, as in BGKT, we take § = 2wopt = 2wr but set wepy = 27 X 100Hz as in KLMTV,
then that gives T, = 0.07 and T; = 0.0002. Notice this particular value of T; does not satisfy the
condition wept < 2, which was necessary to get a signal that is only proportional to the velocity
of the test masses’ motion. Instead, we have wept ~ {2, which implies that the signal consists of a
linear combination of odd time derivatives of position, with substantial contributions coming from
derivatives higher than the speed [see Eq. (2.31)].

If, in addition to § = 2wepy = 2wp = 47 x 100 Hz, we choose £2;, = 0.1 (as in BGKT), then we
find I/VCS"%L ~ 840kW from Eq. (2.49) and a circulating power of Wej,e =~ 8.4MW. The input-port
transmissivity is not explicitly defined by the above requirements, but it is required, in our analysis,
to be much smaller than T, = 0.0002 or T, = 0.07, ie., T} S 2 x 10—%. This then dictates an
outrageously high input power of 2300 MW to get the needed circulating power. The power that
exits through the signal port, along with the signal, is Wexs = ToWeire ~ 0.5MW. The resulting
noise curve is shown in Fig. 2.3; the parameter values used are given in Table 2.2.

Recall that this analysis is for only one speed meter, which is equivalent to a single arm of the
conventional LIGO design. If we were to add another speed meter (another pair of cavities) with the
position of the excited and unexcited cavities reversed, interfering the output beams would increase
the sensitivity by a factor of two, in much the same way as having two arms increases the sensitivity

in the conventional LIGO design. In addition, doing this would reduce the interferometer’s sensitivity

to laser frequency fluctuations in the same way as having two arms in conventional LIGO designs.

2.4.3 Discussion of Lossless Speed Meter

In this section, we will look at variety of issues that should be understood and addressed in the

process of developing a different, more practical, speed-meter design. One problem is the large
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Figure 2.3: Lossless noise curve for a speed meter optimized at a frequency of 100 Hz. The transmis-
sivities and power are given in Table 2.2. The dashed line represents the theoretical LIGO-II noise
curve in which a signal-recycling mirror and optical noise correlations have been used to beat the
SQL (and thermal noise has been made negligible), as described by Buonanno and Chen [33, 34].
The dotted line represents the SQL; we use hgjy because we are comparing to a position meter.

circulating power (~8.4 MW) required to achieve wide-band sensitivity a factor ~ 10 in noise power
below the standard quantum limit. A second problem is how to get that light into the interferometer,
as the present design requires an input power that is outrageously high. This is, at least partly, the
result of the high reflectivity of the input mirror, which causes most of the input light to be reflected
back towards the laser.

A third problem is the amount of power flowing through the interferometer: With a circulating
power of ~8.4 MW, the power extracted with the signal is Wexit = ToWeire ~ 0.5 MW. This same
amount of power must be fed into the excited cavity to maintain a steady state. To reduce this power
throughput, we could decrease 7, substantially; however, doing this will cause the wide-bandwidth
requirement (2.52) to be violated, and consequently, the behavior of the speed meter will become
more narrow-band. In fact, the effect of changing T, is strong enough that if it is decreased by one
order of magnitude, the speed meter will no longer beat the SQL except for a very narrow range of
frequencies. This clearly is not a viable solution.

Another approach, in which this large throughput power might conceivably be tolerated, is
to recycle it back into the interferometer. To do that, we must strip the signal off by using a

beamsplitter to interfere the outputs from two speed-meter interferometers as in Fig. 4 of BGKT.
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Using this “double” speed meter could also help increase the sensitivity, as described at the end of
the previous section.

Turning to the issue of the high circulating power, it should first be noted that the circulating
power required to reach the SQL, Wcsif‘gl’

ferometers [Eq. (132) of KLMTV gives W5%% ~ 840 kW with m = 40 kg, instead of 30 kg]. A

cire

~ 840 kW is comparable to that for conventional inter-

double speed meter, as described above, would have twice the sensitivity as a single speed meter
at the same power. As mentioned in Sec. 2.2, the high powers needed to reach or beat the SQL
are a common feature of many QND designs [28], for example the variational-output interferometer
discussed in KLMTYV.

A likely method of reducing the needed circulating power, without losing the wide-band per-
formance of the speed meter, is to inject squeezed vacuum into the output port, as was originally
proposed by Caves [11] for conventional interferometers and by KMLTV for their QND squeezed-
input and squeezed-variational interferometers. In these cases, for realistic amounts of squeezing,
the circulating power can be reduced by as much as an order of magnitude [11, 17]. Detailed analyses
applying squeezed-vacuum techniques to speed meters have not yet been carried out, but if the effect
is similar, it would have the beneficial side effect of reducing the needed input power by the same
amount, which might be useful in a redesigned speed meter.

As for the outrageously high input power, the fact that so much of the light impinging on the
input-port mirror is reflected back to the laser suggests an obvious solution would be adding a power-
recycling mirror and/or increasing the transmissivity 7; of the input mirror. However, neither of
these approaches addresses the fundamental problem: there is an empty cavity between the driving
laser and the excited cavity. In a conventional LIGO-type interferometer, the laser drives a strongly
excited Fabry-Perot cavity directly. In that case, Bose statistics dictate that photons will be “sucked”
into the cavities, producing a strong amplification. Hence, there will be significantly more power

stored in the arms of the interferometer than the driving laser is producing. Without losses,

cirf:ulating power 8 ~ 107, (2.53)
input power TrrTm

where Tpg ~ 0.06 is the transmissivity of the power-recycling mirror and Tim ~ 0.005 is that of the
internal mirrors [31]. However, in this speed meter design, there is an empty cavity instead of a low
power laser feeding into the highly excited cavity so Bose statistics do not help us. The result is the

need for a driving laser that produces far more power than is stored in the arms of the speed meter:

cir'cula.ting power Ti 10-3 . (2.54)
input power 4T

One way to address this problem would be to allow a small amount of light to build up in the

previously empty cavity. This would cause position information to contaminate the previously pure
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speed meter behavior. However, this solution is not ideal because, as the amount of light in the
“empty” cavity increases, the sensitivity degrades faster than the required input power decreases.
To consider this more closely, we first need to remove the restriction (2.8) on the light I, fed into
the output port, which forces the unexcited cavity [denoted by F(¢) and G(7) in Fig. 1] to be truly
empty. Instead, we let L1 be determined by the amount of power we want to have in the unexcited
cavity. Secondly, since the unexcited cavity is no longer empty, we need to include the movement
of the end mirror in that cavity, which we previously neglected. This requires revising Egs. (2.13)
to include Z terms (with back action) as in Eqs. (2.14). To calculate how much the needed input
power decreases as a function of the ratio of the powers of the two cavities, we can solve for the
carrier, as in Egs. (2.9), and do some algebra to express the input amplitude I; as a function of
the excited-cavity amplitude B; and the ratio of the amplitudes of the powers of the two cavities

(F1/B1). After converting from amplitudes to powers, the relationship between the input powers is

T/Vinput (R) 111\/-?
ey |l 5 2.55
Winput(R = 0) 2/T5 ( )

where R is the ratio of the powers in the two cavities. Since we require T} € Ty < 1 and R < 1 to
get speed-meter behavior, Winpus cannot be reduced much at all.

Also of concern here is how much position information will be included in the output. To calculate
the strength of the position signal, relative to the strength of the velocity signal, we can solve the
revised equations (as described in the previous paragraph) for the sideband-light output. Then

taking the ratio of the coefficients of the position # term and the velocity & term, we find

position

~ Cf@:§m~@. (2.56)

velocity

Since the spectral density involves the square of the amplitudes used to calculate the above expression
(2.56), Sp, and &? will scale with R. This indicates that even a modest amount of power in the
“empty” cavity will introduce a significant amount of position information into the output signal.
The effect of this, for a few values of R, can be seen in Fig. 2.4.

In fact, it appears that this problem of outrageously high input power is the fatal flaw of this par-
ticular speed-meter design. Yanbei Chen [32] has conceived a class of alternative speed-meter designs
that may solve this problem. Chen and the author are carrying out an analysis and optimization of

them; we shall report the details in a future paper.
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Figure 2.4: Plot of &2 for the lossless speed meter optimized at a frequency of 100 Hz, with varying
amounts of power in the “empty” cavity. The R = 0 curve is the same as that in Fig. 2.2.
Transmissivities are Ty = 0.0002, T, = 0.07, T} = 2 x 1078, T, = 0, and the circulating power is 8.4
MW.

2.5 Sensitivity of Speed Meter with Losses

In order to understand the issue of optical losses and dissipation in this type of interferometer, we

shall return to the full equations presented in Sec. 2.3. In that case, the output of the system is:

. LMw);  SVTLT -, iwevToTe AT T Te ..

ki ) b+ SL2L(w) i1 SLL(w) my + SL2L(w) a5 (2.57a)
. —iwweh VToT; . LXw) 5 AEVTI T~ twe/ToTe . AT T Ty .
ko = T — £y + 12 — ma + g, (2.57b)
SLVTLL(w) (@) 212 L(w) 3LL(w) 512 (w)
where
g=Lph il WINTelip g o S Silve, T - (2.58)
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As before, we can express these in a more concise way:

b = W — (11K + fi1kn)et? + Mykmel?, (2.59a)
- . - TG o . i ~ - ;
ke = (lo—Kl —k 1) e®¥ — (igk; + figkn)e?
VE = - ; = T X,
h i Tl Ve R 1 i
+ (hg}% + &mma e + [T + mnl —ke'?, (2.59b)

where, in addition to the definitions given by Eqs. (2.4.1),

tanf = — cot v, (2.60)
and
L ATLTT:
Ky = AL (2.61a)

] T
fm, = Y EITIPOIER (2.61b)
o AT T,T,
kn = ‘/—4L4|£(w)|2 . (2.61c)

Once again, we do homodyne detection and calculate the spectral density of the noise. (It should
be noted that, in the lossy case, there are enough differences between the optical speed meter and
the BGKT microwave speed meter to obscure the mapping. Consequently, we will not be able to
present as close a comparison in this section as we did in the lossless case.) The fractional amount

by which the SQL is beaten is

2 |£' (w)[? At
= _ _—cot P+ —, 2.62
¢ A sn2d D 2| L(w)|? By
where
88",
|£mqﬁ=4w2—w@g2+5rpg¢+4&(5+qz+6aL (2.63)
with
5 = cTi/L, (2.64)
. = cI./L, (2.65)
§ = 6+6., (2.66)

& = 6+26.+46;, (2.67)
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and

why, = V2 — 3672 (2.68)

Optimizing the homodyne angle at frequency wp gives

A4
cotP = ———. 2.69
[ wr)P —
The resulting £2 is
s |[E@)P _ A A LN (w))? At
C T TP A enP T ac@r ke
Setting w = wepy = wr gives
Py DG 80/44 65w 05 /4) A
opt oA 2[6%67 (3, + 03)/4 + 06" (wid, + 00 /D]
A4
@.71)

T o, — B + (o, + 2/A)]

Cf. Eq. (2.48). Note that, as in BGKT, the sensitivity in the lossy case does not continue to grow
indefinitely with the growth of the parameter A.

Despite the presence of the additional terms included to account for losses, the speed meter curve
is largely unchanged if we maintain our assumptions about the relative sizes of the transmissivities
(2.10). In fact, the only losses that contribute significantly are those associated with 7; (i.e., noise
entering the bright port along with the laser light). This term causes the speed meter to become
less sensitive at frequencies < wqpt, as seen in Fig. 2.5. Since that is roughly the frequency at which
seismic noise becomes dominant, the effect of more limited sensitivity in that range is not important.

As it turns out, the equations in this section are valid into the regime where T, ~ 7} ~ 75. In
that case, the fi; term will be the same size as the i; term, and together, they become dominant at
frequencies < wopt, while the rest of the loss terms continue to be insignificant for this parameter
regime. Presumably, the sensitivity degradation by 7; and 7, is the result of vacuum fluctuations
entering into the empty cavity and contaminating the “sloshing” light. This behavior is shown in
Fig. 2.5. As can be seen from that plot, the interferometer loses wideband sensitivity when operating

in this regime.

2.6 Conclusions

We have analyzed the speed-meter interferometer proposed by BGKT and have shown that it does,
indeed, measure test-mass speed (and time derivatives of speed) rather than test-mass position. We
have also shown that it is capable of beating the SQL over a broad range of frequencies. However, the

very high circulating and input powers it requires render this design impractical for use in LIGO-III.
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Figure 2.5: Plot of £ for the speed meter with losses. The solid curve uses the transmissivities given

in Table 2.2. The lossless curve has T, = 0, as in Fig. 2.2. The other two curves differ from the
fiducial-value curve only by the specified transmissivities.

It is possible, however, that there are variations of this design that will be more feasible.

There are three separate but related problems related to the laser power involved in this speed
meter. One is the amount of circulating power (~8.4 MW) required to beat the SQL substantially
(by a factor 10 in noise power) over a wide range of frequencies. Another is the amount of power
coming out of the interferometer with the signal (~0.5 MW). Both of these are serious problems,
but there are conceivable solutions to them. The third and most severe problem is the fact that
the excited cavity is being fed through an empty cavity. This dramatically increases the amount of
input power needed to achieve a given circulating power, to the point where the input is significantly
greater than the circulating power.

Motivated by what we have learned in this analysis, Yanbei Chen and the author are developing

and exploring alternative designs for speed-meter interferometers that may solve the above problems

and actually be practical.
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Chapter 3

Practical Speed-Meter Designs for QND
Gravitational-Wave Interferometers

To be submitted to Physical Review D; written in collaboration with Yanbei Chen.

3.1 Summary

In the quest to develop viable designs for third-generation optical interferometric gravitational-wave
detectors (e.g., LIGO-III and EURQ), one strategy is to monitor the relative momentum or speed of
the test-mass mirrors, rather than monitoring their relative position. The previous chapter analyzed
a straightforward but impractical design for a speed-meter interferometer that accomplishes this.
This chapter describes some practical variants of speed-meter interferometers. Like the original
interferometric speed meter, these designs in principle can beat the gravitational-wave standard
quantum limit (SQL) by an arbitrarily large amount, over an arbitrarily wide range of frequencies.
These variants essentially consist of a Michelson interferometer plus an extra “sloshing” cavity
that sends the signal back into the interferometer with opposite phase shift, thereby cancelling the
position information and leaving a net phase shift proportional to the relative velocity. In practice,
the sensitivity of these variants will be limited by the maximum light power We;r. circulating in the
arm cavities that the mirrors can support and by the leakage of vacuum into the optical train at
dissipation points. In the absence of dissipation and with squeezed vacuum (power squeeze factor
e 2F ~ 0.1) inserted into the output port so as to keep the circulating power down, the SQL can
be beat by h/hsqr ~ \/WC‘?‘SLB—ZR/WWC at all frequencies below some chosen fopy ~ 100 Hz. Here

Wik 800kW ( fopt/100Hz)? is the power required to reach the SQL in the absence of squeezing.

circ

[However, as the power increases in this expression, the speed meter becomes more narrow band;
additional power and re-optimization of some parameters are required to maintain the wide band.
See Sec. 3.4.2.] Estimates are given of the amount by which vacuum leakage at dissipation points
will debilitate this sensitivity (see Fig. 3.12); these losses are 10% or less over most of the frequency

range of interest (f 2> 10 Hz). The sensitivity can be improved, particularly at high freqencies, by
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using frequency-dependent homodyne detection, which unfortunately requires two 4-kilometer-long

filter cavities (see Fig. 3.4).

3.2 Introduction

This paper is part of the effort to explore theoretically various ideas for a third-generation inter-
ferometric gravitational-wave detector. The goal of such detectors is to beat, by a factor of 5 or
more, the standard quantum limit (SQL)—a limit that constrains interferometers [1] such as LIGO-I
which have conventional optical topology [2, 3], but does not constrain more sophisticated “quantum
nondemolition” (QND) interferometers [4, 5].

The concepts currently being explored for third-generation detectors fall into two categories:
external readout and intracavity readout. In interferometer designs with external readout topologies,
light exiting the interferometer is monitored for phase shifts, which indicate the motion of the test
masses. Examples include conventional interferometers and their variants (such as LIGO-I [2, 3],
LIGO-II [6], and those discussed in Ref. [7]), as well as the speed-meter interferometers discussed
here and in a previous paper [8]. In intracavity readout topologies, the gravitational-wave force
is fed via light pressure onto a tiny internal mass, whose displacement is monitored with a local
position transducer. Examples include the optical bar, symphotonic state, and optical lever schemes
discussed by Braginsky, Khalili, and Gorodetsky [9-11]. These intracavity readout interferometers
may be able to function at much lower light powers than external readout interferometers of compa-
rable sensitivity because the QND readout is performed via the local position transducer (perhaps
microwave-technology based), instead of via the interferometer’s light; however, the designs are not
yet fully developed.

At present, the most complete analysis of candidate designs for third-generation external-readout
detectors has been carried out by Kimble, Levin, Matsko, Thorne, and Vyatchanin [7] (KLMTV).
They examined three potential designs for interferometers that could beat the SQL: a squeezed-
input interferometer, which makes use of squeezed vacuum being injected into the dark port;
a variational-output scheme in which frequency-dependent homodyne detection was used; and a
squeezed-variational interferometer that combines the features of both. (Because the KLMTV
designs measure the relative positions of the test masses, we shall refer to them as position me-
ters, particularly when we want to distinguish them from the speed meters that, for example, use
variational-output techniques.) Although at least some of the KLMTYV position-meter designs have
remarkable performance in the lossless limit, all of them are highly susceptible to losses.

In addition, we note that the KLMTYV position meters each require four kilometer-scale cavities
(two arm cavities + two filter cavities). The speed meters described in this paper require at least

three kilometer-scale cavities [two arm cavities + one “sloshing” cavity (described below)]. If we use
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Figure 3.1: Comparison of noise curves (with losses) of several interferometer configurations. Each
of these curves has been optimized in a way that is meant to illustrate their relative advantages
and disadvantages. The conventional position meter (CPM) [7] has Weirc = 820 kW and bandwidth
v = I'/4L = 27 x 100 Hz. The squeezed-input speed meter (SISM)—optmized to agree with
the conventional position meter at high frequencies—has power squeeze factor e=2# = 0.1, optimal
frequency wept = 2m x 105 Hz, extraction rate § = 2wype, and sloshing frequency 2 = \/Ewopt.
The squeezed-variational position meter (SVPM) [7] has the same parameters as the conventional
position meter, with power squeeze factor e 2% = 0.1. There are two squeezed-variational speed-
meter curves (SVSM). One (black dashes) uses the same parameters as the squeezed-input speed
meter. The other (solid curve) has been optimized to compare more directly with the squeezed-
variational position meter; it has Q = 27 x 95 Hz and § = 27 x 100 Hz (note that our § is equivalent
to the bandwidth v used to describe the interferometers in Ref. [7]).

a variational-output technique, as KLMTYV did, the resulting interferometer will have five kilometer-
scale cavities (two arm cavities + one sloshing cavity + two filter cavities). This is shown in Fig. 3.4
below.

The speed meter described in this paper can achieve a performance significantly better than a
conventional position meter, as shown in Fig. 3.1. (By “conventional,” we mean “without any QND
techniques.” An example is LIGO-1.) The squeezed-input speed meter (SISM) noise curve shown in
that Fig. 3.1 beats the SQL by a factor of v/10 in amplitude and has fized-angle squeezed vacuum
injected into the dark port [this allows the interferometer to operate at a lower circulating power than
would otherwise be necessary to achieve that level of sensitivity, as described by Eq. (3.3) below]. The
squeezed-variational position meter (SVPM), which requires frequency-dependent squeezed vacuum

and homodyne detection, is more sensitive than the squeezed-input speed meter over much of the
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frequency range of interest, but the speed meter has the advantage at low frequencies. It should
also be noted that the squeezed-variational position meter requires four kilometer-scale cavities (as
described in the previous paragraph), whereas the squeezed-input speed meter requires three.

If frequency-dependent homodyne detection is added to the squeezed-input speed meter, the
resulting squeezed-variational speed meter (SVSM) can be optimized to beat the squeezed-variational
position meter over the entire frequency range. Figure 3.1 contains two squeezed-variational speed
meter curves; one is optimized to match the squeezed-input speed meter curve at low frequencies, and
the other is optimized for comparison with the squeezed-variational postion-meter curve (resulting
in less sensitivity at high frequencies).

The original idea for a speed meter, as a device for measuring the momentum of a single test mass,
was conceived by Braginsky and Khalili [12] and was further developed by Braginsky, Gorodetsky,
Khalili, and Thorne [13] (BGKT). In their appendix, BGKT sketched a design for an interferometric
gravity wave speed meter and speculated that it would be able to beat the SQL. This was verified
in Ref. [8] (which appears as Chapter 2 of this thesis), where it was demonstrated that such a
device could in principle beat the SQL by an arbitrary amount over a wide range of frequencies.
However, the design presented in that paper, which we shall call the two-cavity speed-meter design,
had three significant problems: it required (i) a high circulating power (~ 8 MW to beat the SQL by
a factor of 10 in noise power at 100 Hz and below), (ii) a large amount of power coming out of the
interferometer with the signal (~ 0.5 MW), and (iii) an exorbitantly high input laser power (= 300
MW). The present paper describes an alternate class of speed meters that effectively eliminate the
latter two problems, and techniques for reducing the needed circulating power are discussed. These
improvements bring interferometric speed meters into the realm of practicality.

A simple version of the three-cavity speed-meter design to be discussed in this paper is shown in
Fig. 3.2. In (an idealized theorist’s version of) this speed meter, the input laser light [with electric
field denoted I(¢) in Fig. 3.2] passes through a power-recycling mirror into a standard Michelson
interferometer. The relative phase shifts of the two arms are adjusted so that all of the input light
returns to the input port, leaving the other port dark [i.e., the interferometer is operating in the
symmetric mode so D(n) = 0 in Fig. 3.2]. In effect, we have a resonant cavity shaped like L.
When the end mirrors move, they will put a phase shift on the light, causing some light to enter
the antisymmetric mode (shaped like ) and come out the dark port. So far, this is the same as
conventional interferometer designs (but without the optical cavities in the two interferometer arms).

Next, we feed the light coming out of the dark port [D(n)] into a sloshing cavity [labeled K (n) and
L(¢) in Fig. 3.2). The light carrying the position information sloshes back into the “antisymmetric
cavity” with a phase shift of 180°, cancelling the position information in that cavity and leaving

only a phase shift proportional to the relative velocity of the test masses'. The sloshing frequency

1The net signal is proportional to the relative velocities of the test masses, assuming that the frequencies w of the
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Figure 3.2: Simple version of three-cavity design for speed-meter interferometer. The main laser
input port is denoted by I((), where { = t — z/c. The signal is extracted at the bottom mirror
[denoted Q(n), where 1 = ¢ + z/¢]. The difference between the one- and two-port versions is the

mirror shown in gray.
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where T; is the power transmissivity of the sloshing mirror, L is the common length of all three
cavities, and c is the speed of light. We read the velocity signal [Q(n)] out at a extraction mirror

(with transmissivity 7,), which gives a signal-light extraction rate of
0= —. (3.2)

We have used the extraction mirror to put the sloshing cavity parallel to one of the arms of the
Michelson part of the interferometer, allowing this interferometer to fit into the existing LIGO
facilities. The presence of the extraction mirror essentially opens two ports to our system. We can
use both outputs, or we can add an additional mirror to close one port (the gray mirror in Fig. 3.2).
We will focus on the latter case in this paper.

The sensitivity h of this interferometer, compared to the SQL, can be expressed as?

SQL
h | waet  [800kW (3.9)
hSQL ezﬁwcirc - B2RW.:1,-C ’ ’

where Wi is the power circulating in the arms, w39 ~ 800k W ( fopt/100Hz)3 is the power required

circ

to reach the SQL in the absence of squeezing (for the arms of length L = 4 km and test masses
with mass m = 40 kg), and e?? is the power squeeze factor®. With no squeezed vacuum, the
squeeze factor is e = 1, so the circulating power Wi must be 8 MW in order to beat the SQL at
fopt = 100 Hz by a factor of V10 in sensitivity. With a squeeze factor of €2 = 10, we can achieve
the same performance with Wi, ~ 800 kW, which is the same as LIGO-II is expected to be.

This performance (in the lossless limit) is the same as that of the two-cavity (Chapter 2) speed
meter for the same circulating power, but the three-cavity design has an overwhelming advantage
in terms of required input power. However, there is one significant problem with this design that
we must address: the uncomfortably large amount of laser power, equal to Wei,c, flowing through
the beam splitter. Even with the use of squeezed vacuum, this power will be too high. Fortunately,
there is a method, based on the work of Mizuno [15], that will let us solve this problem:

We add three mirrors into our speed meter (labeled 7; in Fig. 3.3); we shall call this the practical

test masses’ motion are w < Q = (sloshing frequency). However, the optimal regime of operation for the speed meter
is w ~ Q. As a result, the output signal contains a sum over odd time derivatives of position [see the discussion in
Sec. 3.4.1]. Therefore, the speed meter monitors not just the relative speed of the test masses, but a mixture of all
odd time derivatives of the relative positions of the test masses.

21t should be noted that, as the power increases in Eq. (3.3), the speed-meter performance becomes more narrow
band. Additional power and a re-optimization of some of the speed meter’s parameters are required to maintain the
same bandwidth at higher sensitivities. See Sec. 3.4.2 for details.

3For an explanation of squeezed vacuum and squeeze factors, see, for example, KLMTYV and references cited therein.
In particular, their work was based on that of Caves [14] and Unruh [4]. Also, KLMTYV state that a likely achievable
value for the squeeze factor (in the LIGO-III time frame) is e2R ~ 10, so we use that value in our discussion.
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three-cavity speed meter. Two of the additional mirrors are placed in the excited arms of the inter-
ferometer to create resonating Fabry-Perot cavities in each arm (as for conventional interferometers
such as LIGO-I). The third mirror is added between the beam splitter and the extraction mirror,
in such a way that light with the carrier frequency resonates in the subcavity formed by this mirror
and the internal mirrors.

As claimed by Mizuno [15] and tested experimentally by Freise et al. [16] and Mason [17], when
the transmissivity of the third mirror decreases from 1, the storage time of sideband fields in the arm
cavity due to the presence of the internal mirrors will decrease. This phenomenon is called Resonant
Sideband Extraction (RSE); consequently, the third mirror is called the RSE mirror. One special
case, which is of great interest to us, occurs when the RSE mirror has the same transmissivity as the
internal mirrors. In this case, the effect of the internal mirrors on the gravitational-wave sidebands
should be exactly cancelled out by the RSE mirror. The three new mirrors then have just one effect:
they reduce the carrier power passing through the beam splitter—and they can do so by a large
factor.

Indeed, we have confirmed that this is true for our speed meter, as long as the distances between
the three additional mirrors (the length of the “RSE cavity”) are small (a few meters), so that the
phase shifts added to the slightly off-resonance sidebands by the RSE cavity are negligible. We can
then adjust the transmissivities of the power-recycling mirror and of the three internal mirrors to
reduce the amount of carrier power passing through the beam splitter to a more reasonable level.

With this design, the high circulating power is confined to the Fabry-Perot arm cavities, as in
conventional LIGO designs. There is some question as to the level of power that mirrors will be
able to tolerate in the LIGO-III time frame. Assuming that several megawatts is not acceptable, we
shall show that the circulating power can be reduced by injecting fixed-angle squeezed vacuum into
the dark port, as indicated by Eq. (3.3).

Going a step farther, we shall show that if, in addition to injected squeezed vacuum, we also use
frequency-dependent (FD) homodyne detection, the sensitivity of the speed meter is dramatically
improved at high frequencies (above fop, ~ 100 Hz); this is shown in Fig. 3.1. The disadvantage of
this is that FD homodyne detection requires two filter cavities of the same length as the arm cavities
(4 km for LIGO), as shown in Fig. 3.4.

Our analysis of the losses in these scenarios indicates that our speed meters with squeezed
vacuum and/or variational-output are much less sensistive to losses than a position meter using
those techniques (as analyzed by KLMTYV). Losses for the various speed meters we discuss here are
generally quite low and are due primarily to the losses in the optical elements (as opposed to mode-
mismatching effects). Without squeezed vacuum, the losses in sensitivity are less than 10% in the
range 50 — 105 Hz, lower at higher frequencies, but higher at low frequencies. Injecting fixed-angle

squeezed vacuum into the dark port allows this speed meter to operate at a lower power [see Eq. 3.3],
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Figure 3.3: Schematic diagram showing the practical version of the three-cavity speed-meter design,
which reduces the power flowing through the beam splitter. Three additional mirrors, with trans-
missivity 73, are placed around the beam splitter. The “+” and “—” signs near the mirrors indicate
the sign of the reflectivities in the junction conditions for each location. The mirror shown in gray
closes the second port of the interferometer.
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Figure 3.4: Schematic diagram showing the practical three-cavity speed-meter design with squeezed
vacuum injected at the dark port and two filter cavities on the output. Note that the circulator
is a four-port optical device that separates the injected (squeezed) input and the interferometer’s

output.
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thereby reducing the dominant losses (which are dependent on the circulating power because they
come from vacuum fluctations contributing to the back-action). In this case, the losses are less than
4% in the range 25 — 150 Hz. As before, they are lower at high frequencies, but they increase at low
frequencies. Using FD homodyne detection does not change the losses significantly.

This paper is organized as follows: In Sec. 3.3 we give a brief description of the mathematical
method that we use to analyze the interferometer. In Sec. 3.4.1, we present the results in the
lossless case, followed in Sec. 3.4.2 by a discussion of optimization methods. In Sec. 3.4.3, we discuss
some of the advantages and disadvantages of this design, including the reasons it requires a large
circulating power. Then in Sec. 3.5, we show how the circulating power can be reduced by injecting
squeezed vacuum through the dark port of the interferometer and how the use of frequency-dependent
homodyne detection can improve the performance at high frequencies. In Section 3.6, we discuss
the effect of losses on our speed meter with the various modifications made in Sec. 3.5, and we
compare our interferometer configurations with those of KLMTYV. Finally, we summarize our results

in Sec. 3.7.

3.3 Mathematical Description of the Interferometer

The interferometers in this paper are analyzed using the techniques described in Sec. 2.3. These
methods are based on the formalism developed by Caves and Schumaker [18, 19] and used by KLMTV
to examine more conventional interferometer designs. For completeness, we will summarize the main
points here.

The electric field propagating in each direction down each segment of the interferometer is ex-

Fraia(©) = |/ 222 A(Q). (3.49)

Here A(¢) is the amplitude (which is denoted by other letters—B((), P({), etc.—in other parts of

pressed in the form

the interferometer; see Fig. 3.2), { = ¢ — z/¢, wp is the carrier frequency, % is the reduced Planck’s
constant, and S is the effective cross-sectional area of the light beam; see Eq. (8) of KLMTYV. For
light propagating in the negative z direction, { =t — z/c is replaced by n =t + z/c. We decompose

the amplitude into cosine and sine quadratures,

A(C) = Ai(€) coswoC + A2({) sinwo( (3.5)

where the subscript 1 always refers to the cosine quadrature, and 2 to sine. Both arms and the
sloshing cavity have length L = 4 km, whereas all of the other lengths z; are short compared to L.
We choose the cavity lengths to be exact half multiples of the carrier wavelength so e?wol/e =1

and ef2wozi/e — 1, There will be phase shifts put onto the sideband light in all of these cavities, but
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only the phase shifts due to the long cavities are significant.
The aforementioned sidebands are put onto the carrier by the mirror motions and by vacuum

fluctuations. We express the quadrature amplitudes for the carrier plus the side bands in the form

A =40 + [ as()e™ +al(wen 2. (56)

™

Here A;(¢) is the carrier amplitude, @;(w) is the field amplitude (a quantum mechanical operator)
for the sideband at sideband frequency w (absolute frequency wg + w) in the j quadrature, and
é; (w) is the Hermitian adjoint of &;(w); cf. Eqgs. (6)—(8) of KLMTYV, where commutation relations
and the connection to creation and annihilation operators are discussed. In other portions of the
interferometer (Fig. 3.2), A;(() is replaced by, e.g., C;(¢); 4;(¢), by C;(¢); a;j(w), by &;(w), etc.

Since each mirror has a power transmissivity and complementary reflectivity satisfying the equa-
tion 7'+ R = 1, we can write out the junction conditions for each mirror in the system, for both
the carrier quadratures and the sidebands [see particularly Eqs. (2.5) and (2.12)-(2.14)]. We shall
denote the power transmissivities for the sloshing mirror as 7}, for the extraction (output) mirror
as T,, the power-recycling mirror as T}, for the beam-splitter as Ty, = 0.5, for the internal mirrors
as T}, and for the end mirrors as Tg; see Figs. 3.2 and 3.3.

The resulting equations can be solved simultaneously to get expressions for the carrier and
sidebands in each segment of the interferometer. Since those expressions may be quite complicated,
we use the following assumptions to simplify our results. First, we assume that only the cosine
quadrature is being driven (so that the carrier sine quadrature terms are all zero). Second, we

assume that the transmissivities obey
1>Ty>Ti>»Te and 13> {T,,Ti} > T.. (3.7)

The motivations for these assumptions are that (i) they lead to speed-meter behavior; (ii) as with
any interferometer, the best performance is achieved by making the end-mirror transmissivities 7o
as small as possible; and (iii) good performance requires a light extraction rate comparable to the
sloshing rate, § ~ € [cf. the first paragraph of Sec. 2.4.2], which with Eqgs. (3.1) and (3.2) implies
T, ~ +/Ts so Ty > Ty. Throughout the paper, we will be using these assumptions, together with

wL/c <« 1, to simplify our expressions.

3.4 Speed Meter in the Lossless Limit

For simplicity, in this section we will set To = 0 (end mirrors perfectly reflecting). We will also
neglect the (vacuum-fluctuation) noise coming in the main laser port (i1.2) since that noise largely

exits back toward the laser and produces negligible noise on the signal light exiting the output port.
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As a result of these assumptions, the only (vacuum-fluctuation) noise that remains is that which
comes in through the output port (f;2). An interferometer in which this is the case and in which
light absorption and scattering are unimportant (R + T" = 1 for all mirrors, as we have assumed)
is said to be “lossless.” In Sec. 3.6, we shall relax these assumptions; i.e., we shall consider lossy
interferometers.

It should be noted that the results and discussion in this section and in Sec. 3.5 apply to both the
simple and practical versions of the three-cavity speed meter (Figs. 3.2 and 3.3). The two versions

are completely equivalent (in the lossless limit).

3.4.1 Mathematical Analysis

The lossless interferometer output for the speed meters in Fig. 3.2 and 3.3, as derived by the analysis

sketched in the previous section, is then

Y S )
L= L(w) s
- o 21w/ UJO(SWcirc:E _ L (w) =~
2 = i Ewy T

(3.8a)

(3.8b)

Here ;(w) is the side-band field operator [analog of @;(w) in Eq. (3.6)] associated with the dark-port
input P(¢), and §;(w) associated with the output Q(7); see Fig. 3.2. Also, in Egs. (3.8), £L(w) is a
c-number given by

Lw) = N2 — w? —iws (3.9)

[recalling that Q = ¢/T/2L is the sloshing frequency, § = ¢T,/L the extraction rate|, the asterisk
in £*(w) denotes the complex conjugate, Z(w) is the Fourier transform of the relative displacement
of the four test masses—i.e., the Fourier transform of the difference in lengths of the interferometer’s
two arm cavities—and Wi is the circulating power in the each of the interferometer’s two arms.
Note that the circulating power (derived as in Sec. 2.3.2) is related to the carrier amplitude B; in

the arms by* "
Ahwo I3

T

1
Weise = ShwoB? = (3.10)

where I; is the input laser amplitude (in the cosine quadrature). Readers who wish to derive the
input—output relations (3.8) for themselves may find useful guidance in Appendix B of KLMTV [7]
and in Secs. 2.3 and 2.4, which give detailed derivations for other interferometer designs.

Notice that the first term in Eq. (3.8b) contains % only in the form wi; this is the velocity signal

4Equation (3.10) refers specifically to the practical version of the three-arm interferometer (Fig. 3.3). The simple
(Fig. 3.2) version would be
TMOI%

1
Weire = Ermme = i
P



52

[actually, the sum of the velocity and higher odd time derivatives of position because of the £(w) in

the denominator]. The test masses’ relative displacement Z(w) is given by

8iv/FuodWeire
mwveLL(w) =

=&, — &, = Lh— (3.11)
where Z. is the Fourier transform of the relative displacement of the mirrors of the “east” arm
and Z, is the same for the “north” arm. The last term is the back-action produced by fluctuating
radiation pressure (derived as in Sec. 2.3.2).

It is possible to express Eqs. (3.8) in a more concise form, similar to Egs. (16) in KLMTV:

G = Ap =pe*Y, (3.12a)
b = ABFER hs}; —e . A= (52 — k). (3.12b)

Here ) i
tan ) = —Q—;Si (3.13)

is a phase shift put onto the light by the interferometer,

_ 160w0d Weire
K= el )P (3.14)

is a dimensionless coupling constant that couples the gravity wave signal h into the output @2, and

8h

p— 3 (HL8)

hsqr =

is the standard quantum limit for a conventional interferometer such as LIGO-I or VIRGO [1].

In Fig. 3.5, we plot the coupling constant k as a function of frequency for several values of §.
As the graph shows, k can be roughly constant for a rather broad frequency band w S 2, when §
is chosen to be ~ @ (as it will be when the interferometer is optimized). Combining this with the
fact that hsgr o 1/w, we infer from Eqgs. (3.12) that the output signal at frequencies w < Q is
proportional to wﬁ, or equivalently w#, which is the relative speed of the test masses (as mentioned
above).

The terms Ap; and Aps in Eqgs. (3.8) represent guanium noise (shot noise, radiation-pressure
noise, and their correlations). We shall demonstrate below that, in the frequency band w < Q2 where
the interferometer samples only the speed, there is no back-action (radiation-pressure) noise. This
might not be obvious from Egs. (3.12), especially because they have an identical form (except for the
frequency dependence of x) as the input-output relations of a conventional interferometer, where the

term proportional to K (their version of k) is the radiation-pressure noise. Indeed, if one measures
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Figure 3.5: The coupling constant x(w) in arbitrary (logrithmic) units with w measured in units of
Q. The three curves correspond to the same light power (such that £max = 5 for the middle curve),
but § = 0.19, § = 0.5Q, and § = /2Q.

the “sine” quadrature of the output, g», as is done in a conventional interferometer, this speed meter
turns out to be SQL limited, as are conventional interferometers.

Fortunately, the fact that  is constant (and equal to ko) over a broad frequency band will allow
the aforementioned cancellation of the back-action, resulting in a QND measurement of speed. To
see this, suppose that, instead of measuring the output phase quadrature ¢», we use homodyne

detection to measure a generic, frequency-independent quadrature of the output:

h

Go = Aprcos® + (Aps + V2k
hsqr

e¥)sin®, (3.16)

where ® is a fixed homodyne angle. Then from Egs. (3.8), we infer that the noise in the signal,

expressed in GW strain units A, is

h :
= 38L W[5, (cot B — k) + Pa] - (3.17)

hn
V2K

By making cot ® = g = (constant value of & at w < 1), the radiation pressure noise in Ah,, will be
cancelled in the broad band where & = kg, thereby making this a QND interferometer.

We assume for now that ordinary vacuum enters the output port of the interferometer; i.e., 1 and
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p2 are quadrature amplitudes for ordinary vacuum (we will inject squeezed vacuum in Sec. 3.5.1).
This means [Eq. (26) of KLMTV] that their (single-sided) spectral densities are unity and their

cross-correlations are zero, which, when combined with Eq. (3.17), implies a spectral density of

Sh, = (hsor)*€*. (3.18)

Here
5 _ (cot® — k)% +1

¢ 2K

(3.19)

is the fractional amount by which the SQL is beaten (in units of squared amplitude). This expression
for £2 is the same as that for the speed meters in Eq. (2.36) and BGKT [Eq. (40)], indicating
the theoretical equivalency of these designs. In those papers, an optimization is given for the
interferometer. Instead of just using the results of that optimization, we shall carry out a more

comprehensive study of it®.

3.4.2 Optimization

The possible choices of speed meter parameters can be investigated intuitively by examining the
behavior of k. To aid us in our exploration, we choose (as in BGKT and Chapter 2) to express
L) [Eq. (3.9)] as

|L@W)? = (0® —wipe)® + 6% (wipe +6°/4) (3.20)

where

wopt = /% — 62/2, (3.21)

is the interferometer’s “optimal frequency,” i.e., the frequency at which |£(w)| reaches its minimum.

Combining with Eq. (3.14), we obtain

K= Q? 8 (3.22)
W = W2+ 8 (e + 02/4) |
where
lﬁwch;,c
Ql=—"""_"1I% 3.23
1 mLC ( )

51t should be noted that the expressions given in Sec. 3.4.1 are accurate to 6% or better over the frequency range of
interest. To achieve 1% accuracy, we expand to the next-highest order. The result can be expressed as a re-definition
of the sloshing frequency
02 = Q7 =02 - 86:/2,
where §s = ¢Ts/2L. Then k retains the same functional form:

¥ 16wod Weire

RS L2 — w?) + w?6?)

As a result, the optimization described in Sec. 3.4.2 applies equally well to «’ and £’ as to the original x and 2.
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Figure 3.6: The coupling constant x(w) with w measured in units of wepe. The solid curve is
determined by setting ¢ = 2wopt and kmax = 5 (this value of Kmax comes from specifying that we
want to beat the SQL by a factor of 10; see Fig. 3.7). If, in addition, we set wopy = 27 x 100 Hz,
then all the parameters have been specified (due to the various relationships between them) and are
equal to the values given in Table 3.1. If we maintain the same power but change J, then the only
parameter of Table 3.1 that is affected is T,. Examples of such a change are shown for § = 0.5wgpt
and § = 4wept. Note that these two choices of § are more extreme than would be desirable in
practice, but they are shown here to illustrate more clearly the effect on & of changing the ratio
between ¢ and wpy-

is a frequency scale related to the circulating power. At wopt, & reaches its maximum (see Fig. 3.6)

o
Kmax = W : (3.24)
By setting
cot ® = Kmax (3.25)
we get the maximum amount by which a speed meter can beat the SQL
§(w2,, +82/4
o = = e LT/ (3.26)

Voaw 203

As w differs from wpy in either direction, & decreases from kmax. This causes the noise to increase

since (i) the term (cot ® — k) in the numerator of €% [Eq. (3.19)] increases and (ii) the denominator
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Figure 3.7: The squared amount by which the speed meter beats the SQL with a given circulating
power, which is determined by setting (for the solid curve) £2;, = 0.1 and the condition (3.29). Note
that the requirement on &2, sets the power relative to the SQL power WCSiSL, the value of which

is dependent on wept. (For wepy = 100 Hz, we have Wi = 8 MW.) If we hold the power fixed and
change d to 1.5wepy and 2.5wepy, we get the other two curves.

of £? decreases. In order to have broadband performance, we should make the peak of s(w) as flat
as possible. As we can see from both Eq. (3.22) and Fig. 3.6, the shape of the peak can be adjusted
by changing §: for the same optical power, a larger § means a wider peak but a smaller maximum.
Therefore, changing J is one method of balancing sensitivity against bandwidth. Some examples
are shown in Figs. 3.6, 3.7, and 3.8, where r(w), £*(w), and Sp(w), respectively, are plotted for
configurations with the same wqpt and optical power Weirc, but with several values of 4.

To be more quantitative, a simple analytic form for £? (w) can be obtained by inserting Eqs. (3.22),
(3.24), and (3.26) into Eq. (3.19) to get

1 A?

min

Here 5
(w2 - wgpt)

LS Bl + &9

(3.28)

is a dimensionless offset from the optimal frequency wopy. From Eq. (3.28), it is evident that A, and
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Figure 3.8: Noise curves corresponding to the £ curves in Fig. 3.7, the caption of which describes
the parameters used here as well. The dotted line is an example of a noise curve for which & is not
quite flat and cot ® was chosen to be slightly smaller than £max (see the end of Sec. 3.4.2 for details.)

thus £2, are the same for w = 0 and w = V2w, [see also Eq. (47) of BGKT or Eq. (2.50)]. For

definiteness, let us impose that

3
£%(0) = fz(ﬁwopt) — §£?nin (3.29)
as is done by BGKT. For £2. = 0.1, this gives § = 1.977wept & 2wept (as assumed in BGKT and
Chapter 2). Plugging these numbers into Eq. (3.26) and combining with Eq. (3.23) gives

3
mLcwgy,
2
8WOémin

3
wopt m
BASI (27r % 100Hz) (40kg)

L 1.78 x 10*® Hz 0.1
8 (4000km) ( wo ) (gﬁ,;n) ' 50

Therefore, when wopy is chosen at 2m x 100 Hz, this speed meter (with § = 2wopt) requires Weire =

Weire (5 = 2U'-’opf;)

1

8.4 MW to beat the SQL by a factor of 10 in power (£2., = 0.1). [Note that, keeping § = 2wqpt,
the speed meter reaches the SQL with WCS:S:L = 840 kW, comparable to the value given by KLMTV

Eq. (132) for conventional interferometers with 40-kilogram test masses.] The £% and S, curves for
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this configuration are plotted as solid lines in Fig. 3.7 and 3.8, respectively.

Please note that Eq. (3.30) should be applied with caution because significantly changing £2;,
in the above equation (without changing the ratio between ¢ and wqpt) will change the wide-band
performance of the interferometer, since there is some “hidden” power dependence in Eq. (3.29).

To determine the behavior of the speed meter with significantly higher power or lower £2

Sin Wwhile
maintaining the same wideband performance, we must re-apply the requirement (3.29) to determine
the appropriate ratio between § and wqp. For example, solving Eqs. (3.26) and (3.29) simultaneously

for €2, and &, with chosen values Weire = 20 MW and wepy = 27 % 100 Hz, gives § = 2.334w,pt and

—2 ~
min —

17. Keeping this in mind, a general expression for the circulating power is

mLe(wy,, + 62/4)6
32&)0 62

209kW | (wipe +382/4)8 | ( m L 1.78 x 10'° Hz -
e |27 x 100Hz)® | \40kg/ \ 2000km i ; 31)

where the relationship between ¢ and wgp¢ determines whether the noise curve is deep but narrow

Wcirc

or wide but shallow [with the requirement (3.29) giving the latter].

So far, we have only changed  to modify the performance of the speed meter. Another method
is to change wept. In this case, the shape of the noise curve changes very little, but the minima
occur at different frequencies, causing the interferometer to have either broader bandwidth or higher
sensitivity (relative to the SQL). This is shown in Fig. 3.9. Maintaining condition (3.29) with wqpt
chosen at 27 x 150 Hz, we get a broader but shallower curve (short dashes); this configuration beats
the SQL by a factor of £72 ~ 4.7, up to f ~ 240Hz. With wept = 2m x 75 Hz, we get a narrower
but deeper curve (long dashes), which beats the SQL by a factor of £, ~ 17, up to f ~ 100 Hz.
The power was kept fixed at Weire = 8.2 MW,

One more potential optimization method is to choose a k with a peak that is not quite flat and
then choose a cot ® that is slightly smaller than kmax. This will give a wider bandwidth on either
side of wypt, at the price of decreased sensitivity at the region near wept (see dotted line in Fig. 3.8).

For simplicity, we will choose a typical (but somewhat arbitrary) set of parameters for the lossless
interferometer of Fig. 3.2. These values, given in Table 3.1, will be used (except as otherwise noted)

for subsequent plots and calculations comparing this speed-meter design to other configurations.

3.4.3 Discussion of Three-Cavity Speed-Meter Design

In this section, we discuss how the three-cavity speed-meter design compares to the two-cavity design
presented in Chapter 2, focusing on the three major problems of that design: it required (i) a high
circulating power, (ii) a large amount of power coming out of the interferometer with the signal, and

(iii) an exorbitantly high input laser power.
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Figure 3.9: Noise curves for varying optimal frequencies. The solid curve has fo,e = 100 Hz and
is identical to the solid curve of Fig. 3.8. Maintaining the same power and the condition imposed

by Eq. (3.29), we show two examples of noise curves with other optimal frequencies, specifically
fopt = 75 Hz and fope = 150 Hz.

With the three-cavity speed meter, we are able to replicate the performance of the two-cavity
design in Chapter 2, but without the exorbitantly high input power. The reason why our three-
cavity speed meter does not need a high input power is the same as for conventional interferometers:
in both cases, the excited cavities are fed directly by the laser. According to Bose statistics, carrier
photons will be “sucked” into the cavities, producing a strong amplification. This was not the case
in the two-cavity speed meter of Chapter 2. There, an essentially empty cavity stood between the
input and the excited cavity, thereby thwarting Bose statistics and resulting in a required input
laser power much greater than the power that was circulating in the excited cavity (see Chapter 2
for more details). In this chapter, we have returned to a case where the laser is driving an excited
cavity directly, thereby allowing the input laser power to be small relative to the circulating power.

Because the cavity from which we are reading out the signal does not contain large amounts of
carrier light (by contrast with the two-cavity design), this three-cavity speed meter does not have
large amounts of power exiting the interferometer with the velocity signal, unlike the two-cavity
design. By making use of the different modes of the Michelson interferometer, we have solved the
problem of the exorbitantly high input power and the problem of the amount of light that comes

out of the interferometer.
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Table 3.1: Three-arm speed-meter interferometer parameters and their fiducial values, as used
throughout except where other parameters are specified.

Parameter Symbol Fiducial Value

carrier frequency wo 1.78 x 10551
mirror mass m 40 kg

arm length L 4 km
sloshing mirror transmissivity T 0.0008
output mirror transmissivity T 0.017

end mirror transmissivity T 2 x 105
internal and RSE mirror transmissivity T 0.005
optimal frequency Wopt 27 x 100 Hz
sloshing frequency Q 2w X 170 Hz
extraction rate (half-bandwidth) é 27 x 200 Hz
SQL circulating power WC“L;’SL 820 kW

The problem of the high circulating power Weire, unfortunately, is not solved by the three-
cavity design. This is actually a common characteristic of “external-readout” interferometer designs
capable of beating the SQL. The reason for this high power is the energetic quantum limit (EQL),
which was first derived for gravitational-wave interferometers by Braginsky, Gorodetsky, Khalili and

Thorne [20]. The EQL arises from the phase-energy uncertainty principle

AEA > % , (3.32)

where F is the stored energy in the interferometer and ¢ is the phase of the light. The uncertainty
AE of the stored light energy during the measurement process must be large enough to allow a
small uncertainty A¢ in the stored light’s optical phase, in which the GW signal is contained. For
an interferometer with coherent light (so AE = hwg \/W), the EQL dictates that the energy
stored in the arms must be larger than

mL%w? Aw

B s
& 4wo?

(3.33)

in order to beat the SQL by a factor of £ near frequency w with a bandwidth Aw (Eq. (1) of Ref. [11]
and Eq. (29) of Ref. [20]). In a broadband configuration with Aw ~ w, we have

mI2w?

Ee v ——. 3.34
‘E 4(“-)052 ( )
For comparison, in the broadband regime of the speed meter, we have, from Eq. (3.26),
Emin = PRI P T (3.35)
4 ELUO 4 E(.do

where the stored energy is E = 2WicL/c. Comparison between Eqgs. (3.34) and (3.35) confirms
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that our speed meter is EQL limited.

As a consequence of the EQL, designs with coherent light will all require a similarly high circu-
lating power in order to achieve a similar sensitivity. Moreover, given the sharp dependence E o w?®,
this circulating power problem will become much more severe when one wants to improve sensitivities
at high frequencies.

Nevertheless, the EQL in the form (3.33) above only applies to coherent light. Using nonclassical
light will enable the interferometer to circumvent it substantially. One possible method was invented
by Braginsky, Gorodetsky, and Khalili [10] using a special optical topology and intracavity signal
extraction. A more conventional solution for our external-readout interferometer is to inject squeezed
light into the dark port, as we shall discuss in Sec. 3.5.1 (and as was also discussed in the original

paper [20] on the EQL).

3.5 Squeezed Vacuum and FD Homodyne Dectection

In this section, we discuss two modifications to the three-cavity speed-meter design analyzed in
Sec. 3.4.1. This discussion applies to both the simple and practical versions, shown in Figs. 3.2 and
3.3; the modifications are shown in Fig. 3.4. The first modification is to inject squeezed vacuum
(with fixed squeeze angle) into the output port of the speed meter, as shown in Fig. 3.4. This
will reduce the amount of power circulating in the interferometer. The second modification, also
shown in Fig. 3.4, is the introduction of two filter cavities on the output, which allow us to perform
frequency-dependent homodyne detection (described in KLMTYV) that will dramatically improve the

performance of the speed meter at frequencies f 2 fops.

3.5.1 Injection of Squeezed Vacuum into Dark Port

Because the amount of circulating power required by our speed meter remains uncomfortably large, it
is desirable to reduce it by injecting squeezed vacuum into the dark port. The idea of using squeezed
light in gravitational-wave interferometers was first conceived by Caves [14] and further developed
by Unruh [4] and KLMTV. We shall start in this section with a straightforward scheme that will
decrease the effective circulating power without otherwise changing the speed meter performance.
As discussed in Sec. IV B and Appendix A of KLMTYV, a squeezed input state is related to the
vacuum input state (assumed in Sec. 3.4.1) by a unitary squeeze operator S(R, ) [see Eqgs. (41) and
(A5) of KLMTV]
lin) = S(R, A)|0). (3.36)

Here R is the squeeze amplitude and A is the squeeze angle, both of which in principle can depend

on sideband frequency. However, the squeezed light generated using nonlinear crystals [21, 22] has
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frequency-independent R and X in our frequency band of interest, i.e., f < 10kHz [23]; and in this
section, we shall assume frequency independence.
The effect of input squeezing is most easily understood in terms of the following unitary trans-

formation,

lin) — S'(R,\)|in) = |0) (3.37a)
ﬁj - St (R= ’\)ﬁJS(Ra )‘) ) (337b)
lfj = St(R’ A)éJS(Rv A) ’ (3.37(3)

where j = 1,2. This brings the input state back to vacuum and transforms the input quadratures
into linear combinations of themselves, in a rotate-squeeze-rotate way [Eq. (A8) of KLMTYV, in

matrix form]:

Pl oo (P ) =stan | P ) s@n
ﬁ2 ﬁ?s ﬁ?
cosA —sinA ot cosA sin A P
- . (3.38)
sin A cosA 0 et —sinA  cosA Pa
In particular, the GW noise can be calculated by using the squeezed noise operator [Eq. (29) of

KLMTV)]
hns = SHR, DR S(R, N, (3.39)

and the vacuum state.
A special case—the case that we want—occurs when R = constant and A = 7/2. Then there is

no rotation between the quadratures but only a frequency-independent squeezing or stretching,

= s =efpr, (3.40a)

P2 — Pr=elp,. (3.40b)

Consequently, Eqgs. (3.12) for the output quadratures §; 2s = SY(R,7/2)d 2S(R,n/2) are trans-

formed into

§ig = e"per (3.41a)

e F [(152 — ke?Rpy) ¥V + Vke2R k e’ . (3.41b)

hsqr

é?s



63

The corresponding noise can be put into the same form as Eq. (3.17),

h s -
s = —22L 1% [5) (cot Bogr — Kefr) + P2, (3.42)
Keff
with
cot Bogr = 2R cot B, ke = e2Fk. (3.43)

Since & is proportional to the circulating power [see Eqs. (3.14)], gaining a factor e2® in & is equivalent
to gaining this factor in Weire. .

In other words, by injecting squeezed vacuum with squeeze factor €% and squeeze angle \ = 7/2
into the interferometer’s dark port, we can achieve precisely the same interferometer performance
as in Sec. 3.4.1, but with a circulating light power that is lower by Weire,s1sm = B_ZRWCirC’OSM.
(Here “SISM” means “squeezed-input speed meter” and “OSM” means “ordinary speed meter.”
Since squeeze factors e"2% ~ 0.1 are likely to be available in the time frame of LIGO-III [7], this

squeezed-input speed meter can function with Weire sism ™~ 0.1Weire,08M.

3.5.2 Frequency-Dependent Homodyne Detection

One can take further advantage of squeezed light by using frequency-dependent (FD) homodyne
detection at the interferometer output [24-28]. As KLMTYV have shown, FD homodyne detection can
be achieved by sending the output light through one or more optical filters (as in Fig. 3.4) and then
performing ordinary homodyne detection. If its implemention is feasible, FD homodyne detection
will dramatically improve the speed meter’s sensitivity at high frequencies (above fope = 100 Hz).
Note that the KLMTYV design that used FD homodyne detection was called a “variational-output”
interferometer; consequently, we shall use the term “variational-output speed meter” to refer to our
speed meter with FD homodyne detection. Continuing the analogy, when we have both squeezed-
input and FD homodyne detection, we will use the term “squeezed-variational speed meter.” The
following discussion is analogous to Secs. IV and V of KLMTYV.

For a generic frequency-dependent® squeeze angle A(w) and homodyne detection phase ®(w), we

have, for the squeezed noise operator [Egs. (3.39) and (3.38)],

Bps = _@%ew 1+ &2 (ﬁl{costhos\i' — sinh Rcos[¥ — 2(F + V)] }
—p2{cosh Rsin ¥ — sinh Rsin[¥ — 2(¥ + )] }) : (3.44)
where
cotU=i=k—cotd. (3.45)

6For generality of the equations, we allow the squeeze angle and the the homodyne phase both to be frequency
dependent, but the squeeze angle will be fixed (frequency independent) later in the argument [specifically, in Eq. (3.48)].
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The corresponding noise spectral density [computed by using the ordinary vacuum spectral densities,

‘5'331 = Sﬁz =1 and 55152 = 0, in Eq. (344)] is
o (hSQL)2 -2 —2R " .
Sh.= —m—(l + k) e " +sinh 2R[1 — cos 2(¥ + \)] ¢ . (3.46)

Note that these expressions are analogous to KLMTV Egs. (69)—(71) for a squeezed-variational
interferometer (but the frequency dependence of their K is different from that for our k). From

Eq. (3.46), Sj can be no smaller than the case when
E=0, cos2(P+2)=1. (3.47)

The optimization conditions (3.47) are satisfied when
cot® =k, A=mu/2, (3.48)

which corresponds to frequency-dependent homodyne detection on the (frequency-independent)
squeezed-input speed meter discussed in the previous section.

As it turns out, the condition cot ® = k can readily be achieved by the family of two-cavity
optical filters invented by KLMTV and discussed in their Sec. V and Appendix C. We summarize
and generalize their main results in our Appendix A. The two filter cavities are both Fabry-Perot
cavities with (ideally) only one transmitting mirror. They are characterized by their bandwidths,
87, (where J = I, II denote the two cavities) and by their resonant frequencies, wg + £;6; (the ones
nearest wp). The output light from the squeezed-input speed meter is sent through the two filters,
and then a homodyne detection with frequency-independent phase @ is performed on it.

For the squeezed-variational speed meter (shown in Fig. 3.4) with the parameters in Table 3.1,
plus €2, = 0.1, 6 = 2wops, A* = 4wl ;, and e~2F = 0.1, we have

4wl

opt (3.49)

kK=
(wz - wgpt)z + 8w§pt

and the required filter and detection configuration is & = 1.7355, & = 27 x 91.57 Hz, & = —1.1133,
81 = 27 x 114.3Hz, and 8 = 7/2. [These values are reached by solving Egs. (C4) of KLMTYV, or
by using the simpler method described in Appendix A of this paper.] The resulting performance is
plotted in Fig. 3.10. Note the substantial improvement at w 2 wopt-

In the case of position-meter interferometers with optical filters (the interferometers analyzed by
KLMTYV), the optical losses due to the filter cavities contribute significantly to the noise spectral
density and drastically reduce the ability to beat the SQL. Tt turns out that the squeezed-variational

speed meter is less sensitive to such losses, as we shall see in Sec. 3.6.
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Figure 3.10: Comparison of typical noise curves for frequency-dependent and fixed-angle homodyne
detection. The FD homodyne angle ®(w) is that of Eqgs. (3.48) and (3.49); the fixed homodyne
angle @ is that of Eq. (3.43); the circulating power is e 2E times that of Table 3.1; and all other
parameters are identical for the two interferometers and are given in Table 3.1.

3.6 Optical Losses

In order to understand the issue of optical losses in this speed meter, we shall start by addressing
its internal losses. These include scattering and absorption at each optical element, finite transmis-
sivities of the end mirrors, and imperfections of the mode-matching between cavities. The effect of
external losses (i.e., losses in the detection system and any filter cavities) will be discussed separately.
Note that the analysis in this section includes the internal and RSE mirrors, so it applies primarily

to the speed meter designs in Figs. 3.3 and 3.4.

3.6.1 Internal losses

In this subsection, we will consider only noise resulting from losses associated with optical elements

inside the interferometer. These occur

e in the optical elements: arm cavities, sloshing cavity, extraction mirror, port-closing mirror,

beam splitter, RSE mirror;
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e due to mode-mismatching”; and
e due to the imperfect matching of the transmissivities of the RSE and internal mirrorsS.

Since the optical losses will dominate, we focus only on that type of loss here. The loss at each
optical element will decrease the amplitude of the sideband light (which carries the gravitational-
wave information) and will simultaneously introduce additional vacuum fluctuations into the optical

train. Schematically, for some sideband a(w), the loss is described by

i(w) = V1 - EW) a(w) + VE) Alw), (3.50)

where £ is the (power) loss coefficient, and 7(w) is the vacuum field entering the optical train at the
loss point.

It should be noted that there are various methods of grouping these losses together in order to
simplify calculations. For example, we combine all of the losses occurring in the arm (or sloshing)
cavities, into one loss coefficient of £ ~ 20 x 10~¢ [according to KLMTYV Eq. (93)]. Then we assume
that the end mirrors have transmissivity 7, = 2 x 1075, thereby absorbing all of the arm losses into
one term [see KLMTV Eq. (B5) and preceding discussion).

Assuming that the noise entering at the end mirrors of the arm cavities is denoted fie; 2 and
fin1,2 for the east and north arms respectively, at the end mirror of the sloshing cavity 35, at the
port-closing mirror 0 2, and at the RSE mirror mp; 2 and M 2 [representing the losses described
in the previous paragraph; see Appendix B.3 for details], the output of the lossy three-cavity speed-
meter system (Fig. 3.3; the simplified and practical versions are no longer equivalent, since there
will be additional losses due to the presence of the internal and RSE mirrors) is

. LMw) . w8 ,_ _ DV200: . VTe(Q? — w? + iwds)
@ = T Pt Ly e T m) T - L(w)
iw 286, wy/2L88(w — i6;)

(2

s nl » . 1
[’(w) Me1 + \/C—(i-[:(w) Mn1 (35 a)
2iw/woTo W2 * v ;
G = w4/ Wo dire . _ I (L;.J)]32 5 Q+/280 5+ iw/00, iy = Fiz}
LVRL(w) L(w) L(w) L(w)
Bl a2 g ; .~
VT — w? +iwds) W\/%_‘seﬁ wV2L85(w — %) (3.51b)

L) VoW et T Vet

7 According to our simple analysis in Appendix C, this effect will be insignificant in comparison with the losses in
the optical elements, so we shall ignore it.
8This effect is negligibly small so we shall ignore it; see Appendix D for details.
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where
s A 2RwoWE | iwv2ed . dwv/Cl, VO[22 —iw(6 + 6;)]
& = Lh-— > p1+ Mgy — Mn1
mew? L(w) VL VL Vi
Q\/E~ - o iwy/Cle , .
= \/f 81 + w8 Wy — ‘/ﬁe (nel — nnl) (3.52)
with

b =cTu/2L, & =cIy/2L,
& =cTi/AL, 6. =c£/2L. (3.53)

Note that the expression for the circulating power now has the form

2
dire = %ﬁwoBf = % (3.54)
[¢f. Eq. (3.10)].

Equations (3.51) are approximate expressions [accurate to about 6%, as were Eqs. (3.8); see
Footnote 5], where the assumptions (3.7) regarding the relative sizes of the transmissivities were
used to simplify from the exact expressions. Alternatively, they can be derived analytically by
keeping the leading order of the small quantities wlL/c ~ /Ty ~ T, ~ T}, plus the various loss
factors; see Sec. VI of KLMTV and Sec. 2.5 of this thesis for details of the derivations for other
inteferometer designs. In addition to confirming the approximate formulas, such a derivation can

also clarify the origins of various noise terms and their connections to one another.

3.6.2 Internal and External Losses in Compact Form

In order to simplify the above Eqgs. (3.51) and (3.52), we define #* in identically the same way as
we defined « [Eq. (3.14) or (3.22)] but with Wee — W2

%o Let EY and EF represent the shot and
radiation-pressure noises for the various parts of the interferometer, specified by A/. In Table 3.2,
expressions for £ and £ are given for ' = AES (arm cavities, extraction mirror, and sloshing
cavity combined), close (port-closing mirror), RSE;, (RSE cavity in the north direction, or going
“in” to the arms), and RSE,,; (RSE cavity in the south direction, or going “out” of the arms).
The various e represent the characteristic (and frequency-independent) fractional losses for each
of these terms; values are given in Table 3.3. Note that, by definition, Sff are required to be real,
while £f may have imaginary parts. For more information, including physical explanations of each

of these terms, see Appendix B.

It is simple at this point to include the losses associated with optical elements external to the
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Table 3.2: Loss factors £5, due to shot noise and £ due to radiation pressure for each type of loss
source in the interferometer.

Source N &% (shot noise) & (radiation pressure noise)

arm cavities, = s =

extract. mirror, AES i _E EAES

sloshing cavity To |L{w)] 2 T

port-closing 02 — w? et

TimeaE close v/ Eclose LE(QJ){ = 71 /Eclose

%}S? cavity RSE,, ersel; Lt g; wé Siv—if ersglo w(di + ) + Q2
in” to arms 4T, 62 /| L(w)] T; wd

RSE cavity

erseli w?\ wd wwrig; eRsETo w(di — &) — iQ?
Sou? o llogh Lot \/ AT, (1 L E) Ty ° T; b

local oscillator,
photodiode, OPC VEOPC 0
and circulator

filter cavities F /EF 0

interferometer. These include losses are associated with
e the local oscillator used for homodyne detection,
e the inefficiency of the photodiode,
e the circulator by which the squeezed vacuum is injected, and

e the external filter cavities used for the variational-output scheme.

These can be addressed in the same manner as the losses inside the speed meter. We need only
include two more terms in the summation, ¥ = OPC for the local oscillator, photodiode, and
circulator and N = F for the filters. Again, these terms are shown in Tables 3.2 and 3.3 and
described in more detail in Appendix B.

Using these £ and £X, we can rewrite the input-output relation (3.51) in the same form as

Eq. (3.12) as follows:

~ = s
@ = 62'Lw 1 0 P + Z eQiaN SN 0 na1
i —&" 1 P N —E"EY EX A2
. 0
+V2K* e i (3.55)
hsoL 1

where the o are uninteresting phases that do not affect the noise.
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Table 3.3: Fiducial values for the fractional losses occuring in various parts of the interferometer.
These losses and their values are discussed in more detail in Appendix B.

Loss source Symbol Value
arm cavity Eirm T 5 T~
sloshing cavity Eslosh 2 % 10—
extraction mirror Bt 2% 1075
RSE cavity ERSE 2% 1073
port-closing mirror Enlose 2 x 1075
local oscillator Elo 0.001
photodiode Epd 0.001
circulator Ecire 0.001
mode-mismatch into filters Erii 0.001
Combined loss source terms

arms, extraction mirror, and sloshing cavity® EAES 6 x 1075
local oscillator, photodiode, and circulator EOPC 0.003
filter cavities (with mode mismatch) EF 0.005

%This loss does have some weak frequency dependence, shown in Eq. (B.8), which will cause it to increase slightly
at very low frequencies.

The relative magnitudes of the loss terms are shown in Fig. 3.11. From the plot, we can see
that there are several loss terms—specifically, the shot noise from the AES, OPC, and filter cavities
(if any)—that are of comparable magnitude at high frequencies and dominate there. The AES
radiation-pressure term dominates at low frequencies, and the RSE radiation-pressure terms are
also significant. Since the largest noise sources at low frequencies are radiation-pressure terms, they
will be dependent on the circulating power. Consequently, those terms will become smaller when
the circulating power is reduced, as when squeezed vacuum is injected into the dark port. This will
be demonstrated in Fig. 3.12 below.

To compute the spectral noise density, we suppose the output at homodyne angle ® is measured,
giving

Sp, (W) = % { {(cot ®— k") + 1} +3y [asﬁ, cot ® — ERr*| + (5,5\/)2} } , (3.56)

N
where we have assumed all of the vacuum fluctuation spectral densities are unity and the cross-
correlations are zero; this is the same technique that we used to derive Eqgs. (3.18) and (3.46) and
that was used in Chapter 2 and KLMTV. Given the complicated behaviors of £5 and £, including
these loss terms in the optimization of the homodyne phase ®(w) is unlikely to be helpful. Therefore,

we will use cot ® = K},,,, as in the lossless case. This gives us a total noise with losses:

2K*

S () = hsaz)® { [(n:;ax — k) 1] +3 [ieim;;ax e (6%)2] } . @)
N
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Figure 3.11: Moduli-squared of the loss factors shown in Table 3.2. In general, the black curves are
the radiation-pressure noise and the gray curves are the shot noise. The parameters used for this
plot are given in Tables 3.1 and 3.3.

When we inject squeezed vacuum into the dark port, we get output operators

S R= S
q1s g2 1 0 e"D + Z pian EN 0 A1
G2s -&k* 1 e Bp, N —K*ER EX Naa
h 0
+v25* etV (3.58)
hsorL 1

that can be regarded as acting on the ordinary vacuum states of the input. Once again assuming
that the vacuum fluctuation spectral densities are unity and the cross-correlations are zero, the

squeezed-input noise spectral density with homodyne detection at phase @ is

2
Sh.. (W) = (h;#f) { [(cot@ — 5*)2e2R 4 e—”‘] +> [gsﬁ, cot ® — ERR*|? + (5&,)2] } . (3.59)
K
N

3.6.3 Performance of Lossy Speed Meters and Comparisons with Other

Configurations

Examples of lossy speed meter noise curves with and without squeezed vacuum [Egs. (3.57) and

(3.59)] are shown in Fig. 3.12. Note that, as mentioned before, the losses are less significant when
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Figure 3.12: Noise curves showing the effects of losses. Noise curves for lossy versions of the ordinary
(OSM), squeezed-input (SISM), and squeezed-variational (SVSM) speed meters are shown, along
with a curve of the lossless ordinary speed meter for comparison. All speed meter curves here have
the same parameters: 6 = 2wopt, 2 = \/?_)wopt, wopt = 27 x 100 Hz, and 7; = 0.005. The rest of the
parameters are given in Tables 3.1 and 3.3.

squeezed vacuum is used to reduce the circulating power, since the radiation-pressure noise coming
from the losses is reduced. In the ordinary speed meter (no squeezed vacuum), the losses increase
\/S—hu by 5 —9% in the band 50 — 105 Hz. The losses have little effect above this range, but below it,
noise increases significantly, mostly due to the radiation-pressure noises shown in Fig. 3.11. For the
squeezed-input speed meter (power squeeze-factor e =2 = 0.1), the losses increase \/ﬂ by 3 — 4%
in the band 25 — 150 Hz. Again, the losses have little effect above this range. At low frequencies,
however, the losses get quite large: 11% at 10Hz, 32% at 5Hz, and 73% at 3Hz. Losses in the
squeezed-variational speed meter are much the same as in the squeezed-input speed meter. The
slight difference at low frequencies is due to the fact that the lossless squeezed-variational speed
meter is slightly better in that regime than the ordinary or squeezed-input speed meter.

The noise curves of squeezed-input speed meters (with ordinary homodyne detection) compared
with the SQL are shown in Fig. 3.13, along with the noise of a conventional position meter with
the same optical power. These speed meters beat the SQL in a broad frequency band, despite the
losses. In particular, the noise curve for the speed meter with Wei,e = 800 kW (and fopte = 107 Hz)

matches the curve of the conventional position meter at high frequencies, while it beats the SQL
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Figure 3.13: Comparison of noise curves of a conventional position meter (CPM) and squeezed-input
speed meters (SISM) with circulating powers Wiy = 820 kW and Wei,e = 2 MW. The speed meters
have fopy = 107 Hz, with € and é determined by Eq. (3.29). Other parameters used are those in
Tables 3.1 and 3.3 with T} = 0.005 and e~ 2% = 0.1.

by a factor of ~ 8 (in power) below ~ 150 Hz. In terms of the signal-to-noise ratio for neutron star
binaries, for example, this configuration improves upon the conventional design by a factor of 3.6 in
signal-to-noise ratio, which corresponds to a factor of 43 increase in event rate. If it is possible to
have a higher circulating power, say Weire = 2 MW, the squeezed-input speed meter would be able
to beat the SQL by a factor of ~ 14, corresponding to a factor of 4.6 in signal-to-noise and 97 in
event rate. (Such a noise curve is shown in Fig. 3.13).

The broadband behaviors of the speed meters with losses are particularly interesting. We start
by looking at the expression for the noise spectral density, Eq. (3.59). An ideal (lossless) speed meter
in the broadband configuration beats the SQL from 0 Hz up to w ~ wqpt, by roughly a constant
factor, because & is roughly constant in this band. This is the essential feature of the speed meter;
see Sec. 3.4. Focusing on this region, we have, approximately (for squeezed-input speed meters that

are lossy):

h2
Shne (@) oo ™2 R 4 ST EZ P + 620 D IER — ERI?| - (3.60)
N N

*
anax

Qualitatively, we can see that if the losses are not severe or if k},,, is relatively small (such that the

later two terms in the above equation are small compared to the power squeeze factor e~2%), the
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losses do not contribute significantly to the total noise. If, in addition, the dominant loss factors are
(almost) frequency independent, then the noise due to losses gives a rather constant contribution,
as shown by curves in Fig. 3.12. In particular, the large bandwidth is preserved. (There is a
slight exception to this statement in the absence of squeezed input. Without squeezed input, the
circulating power is higher, causing &7, ., to be 10 times larger than the other cases. Consequently,
the frequency dependence of £Rpg to appear in the output.)

AS Kmax increases, the noise from the losses may become dominant. In fact, when one minimizes

the noise spectral density with respect to &,,,, one obtains the following loss-dominated result:

Sk(w) = hqr (Z €% — 5;5‘/[2) (e‘m 3, Ifff!2> ; (3.61)
N N

which is achieved if and only if

o e €A T B2
B = K= SIES — R (3.62)

This &P is rather constant and is comparable in magnitude to the values of x*(w) of our speed
meters, suggesting that the speed meters can become loss-limited over a broad band of frequencies.
Contrast this with the KLMTV position meters, where K. (w) grows as w™2 at low frequencies; see
Fig. 3.14. This is a fundmental property of displacement meters. As a result, a position meter
optimized at some frequency fopy may be able to reach its “loss limit” (the equivalent of S,[,j) at
that frequency fopt, but doing so will result in a sharp growth of noise at fregencies below fopt. In
contrast, a speed meter similarly optimized is able to stay at the noise level of its loss limit S¥ over
a wide band of frequencies below fop¢; see Fig. 3.15. While it is unfortunate that losses limit the
performance of interferometers, the speed meter is at least able to retain a wide-band sensitivity
even in the presence of a loss-limit.

To give a specific example of this loss-limit phenomenon, we first notice that, with the same
circulating power, the conventional position-meter K. and our (squeezed-variational) speed-meter
k agree® if § = v (where -y is the bandwidth of the arm cavities, as defined in KLMTV) and if we
consider high frequencies (w 2 {7, Q}). Figure 3.14 shows an example of this [with W, = 820kW,
v =4 = 2r x 100Hz, = 27 x 173 Hz]. The noise curves of the two interferometers are shown in
Fig. 3.15.

As expected, the two noise curves in Fig. 3.15 agree at very high frequencies. At intermediate
frequencies, the speed meter’s * is larger than the position meter’s K., and thus the speed meter has
better sensitivity than the position meter. As the frequency decreases, the speed meter reaches its

loss limit first and stays at that limit for a wide range of frequencies. The position meter, however,

9n fact, K« can be obtained from the speed meter x* by putting & — 0 and § — 7.
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Figure 3.14: Comparison of the squeezed-variational speed meter’s £* with the equivalent coupling
constant K, (as defined by KLMTYV) for the squeezed-variational position meter. Parameters are
Weire = 820kW, v =6 = 27 x 100Hz, Q = 27 x 173 Hz.

only touches its loss limit and then increases rapidly.

3.7 Conclusions

‘We have described and analyzed a speed-meter interferometer that has the same performance as the
two-cavity design analyzed in Chapter 2, but it does so without the substantial amount of power
flowing through the system or the exorbitantly high input laser power required by the two-cavity
speed meter. It was also shown that the injection of squeezed vacuum with e~2® = 0.1 into the
dark port of the interferometer will reduce the needed circulating power by an order of magnitude,
bringing it into a range that is comparable to the expected circulating power of LIGO-II, if one
wishes to beat the SQL by a factor of +/10 in amplitude. Additional improvements to the sensitivity,
particularly at high frequencies, can be achieved through the use of frequency-dependent homodyne
detection.

In addition, it was shown that this type of speed-meter interferometer is not nearly as susceptible
to losses as those presented in KLMTV. Its robust performance is due, in part, to the functional
form the coupling factor s, which is roughly constant at low frequencies. This helps to maintain

the speed meters’ wideband performance, even in the presence of losses. Losses for the various
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Figure 3.15: Comparison of noise curves for a squeezed-variational position meter (SVPM; analyzed
in KLMTYV) and for a squeezed-variational speed meter (SVSM; analyzed in this paper). Parameters
used are those in Tables 3.1 and 3.3 with 7} = 0.005 and e~ 2% = 0.1. Also shown are the loss limits
described in Sec. 3.6.3.

speed meters we discuss here are generally quite low. The dominant sources of loss-induced noise at
low frequencies (f < fopt) are the radiation-pressure noise from losses in the arm, extraction, and
sloshing cavities. Because this type of noise is dependent on the circulating power, it can be reduced

by reducing the power by means of squeezed input.
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Chapter 4

The Gauge Invariance of General
Relativistic Tidal Heating

Published as P. Purdue, Physical Review D 60, 104054 (1999).

4.1 Summary

When a self-gravitating body (e.g., a neutron star or black hole) interacts with an external tidal
field (e.g., that of a binary companion), the interaction can do work on the body, changing its mass-
energy. The details of this “tidal heating” are analyzed using the Landau-Lifshitz pseudotensor and
the local asymptotic rest frame of the body. It is shown that the work done on the body is gauge-
invariant, while the body-tidal-field interaction energy contained within the body’s local asymptotic
rest frame is gauge dependent. This is analogous to Newtonian theory, where the interaction energy
is shown to depend on how one localizes gravitational energy, but the work done on the body is

independent of that localization.

4.2 Introduction

This is one in a series of papers that develops perturbative mathematical and physical tools for
studying the interaction of an isolated gravitating body with a complicated “external universe” in
the slow-motion limit. By “slow-motion limit” we mean that the shortest timescale T for changes
of the body’s multipole moments and/or changes of the universe’s tidal gravitational field is long
compared to the body’s size R: R/7 <« 1, where we have set the speed of light equal to unity.

In addition to this slow-motion requirement, we also require that the body be isolated from other
objects in the external universe, in the sense that both the radius of curvature R of the external
universe in the body’s vicinity, and the lengthscale £ on which the universe’s curvature changes
there, are long compared to the body’s size: R/R <« 1 and R/L < 1.

The slow-motion, isolated-body formalism, to which this paper is a technical addendum, is, in
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essence, a perturbative expansion in powers of the small parameters R/r, R/R and R/L. For
a detailed discussion of the structure of this expansion and its realm of validity, see Thorne and
Hartle [1]. As they discuss at length (their Sec. I B), the slow-motion and isolated-body assumptions
make no reference to the internal gravity of the object under study. Consequently, the Thorne-Hartle
formalism in general, and the results of this paper in particular, can be applied even to strongly
gravitating bodies, as long as the source of the external tidal field is far enough away to allow a
“buffer zone” where gravity is weak. This buffer zone, called the local asymptotic rest frame, will
be described more fully at the beginning of Sec. 4.4.

Two examples of isolated, slow-motion bodies are (i) a neutron star or black hole in a compact
binary system that spirals inward due to emission of gravitational waves; and (ii) the satellite To,
which travels around Jupiter in an elliptic orbit and gets heated by Jupiter’s tidal gravitational
field [2].

The series of papers that has been developing the perturbative formalism for studying tidal effects
in such slow-motion, isolated bodies is

1. The book Gravitation [3], Section 20.6 (written by John Wheeler): laid the conceptual foun-
dations for analyzing the motion of such an isolated body through the external universe.

2. Thorne and Hartle [1]: formulated the problem of analyzing the effects of the external uni-
verse’s tidal fields on such an isolated body, and conceived and initiated the development of the
perturbative formalism for studying the influence of the tidal fields on the body’s motion through
the external universe, the precession of its spin axis, and its changes of mass-energy.

3. Thorne [4]: developed the theory of multipole moments of the isolated body in the form used
by Thorne and Hartle.

4. Zhang [5]: developed the theory of multipole moments for the external universe’s tidal gravi-
tational fields, which underlies the work of Thorne and Hartle.

5. Zhang [6]: extended the Thorne-Hartle analysis of motion and precession to include higher
order moments than they considered.

6. Thorne [7] and Flanagan [8]: initiated the study of tidally induced volume changes in the
isolated body, using the above formalism. Their studies were motivated by numerical solutions of
Einstein’s equations by Wilson, Mathews, and Maronetti [9—12] which seemed to show each neutron
star in a binary being compressed to the point of collapse by gravitational interaction with its
companion. Thorne and Flanagan found no such effect of the large magnitude seen in the numerical
solutions. An important piece of Thorne’s analysis came from examining the work done on each star
by its companion’s tidal field—i.e., an analysis of “tidal heating.”

Thorne’s analysis of tidal heating required dealing with an issue that Thorne and Hartle had
discussed, but avoided confronting: For an isolated body with mass quadrupole moment Z;;, being

squeezed by an external tidal gravitational field £ = Rjoro (With Rapys the external Riemann
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tensor), there appears to be an ambiguity in the body’s total mass-energy M of order 6 M ~ Zi%E5ks
(Here and throughout we use locally Cartesian coordinates in the body’s local asymptotic rest frame;
cf. Thorne and Hartle [1]. Because the coordinates are Cartesian, it makes no difference whether
tensor indices are placed up or down.)

One can understand this apparent ambiguity by examining the time-time part of the spacetime

metric in the body’s local asymptotic rest frame:

9 j_’,jk
gm:_1+TM+M

3 +.=Egnintrt 4L (4.1)
Here n? = 27 /r is the unit radial vector and r is distance from the body in its local asymptotic rest
frame. Among the terms omitted here are those of quadratic and higher order in the body’s mass
M and quadrupole moment Zj;, and the external tidal field £;;—terms induced by nonlinearities of
the Einstein field equations. Among these nonlinear terms is
ZirEjx

dgoo ~ J—TJ— 5 (4.2)
whose 1/r behavior can be deduced by dimensional considerations. This term has the multipolar
structure (monopole)/r identical to that of the 2M /r term from which one normally reads off the
body’s total mass, and its numerical coefficient is ambiguous corresponding to the possibility to
move some arbitrary portion of it into or out of the 2M /r term. Correspondingly, the body’s mass

is ambiguous by an amount of order

OM ~ T . (4.3)

In Sec. 4.3 of this paper we shall see that this ambiguity is not a purely relativistic phenomenon.
In the Newtonian theory of gravity, there is also an ambiguity of magnitude (4.3) in that portion
of the gravitational interaction energy of the body and external field which is contained within
the body’s local asymptotic rest frame. In Sec. 4.4 we shall explore the relativistic version of this
“tidal-quadrupolar” interaction ambiguity by computing how the interaction energy changes under
a relativistic change of gauge (infinitesimal coordinate transformation).

“Tidal heating” of the isolated body involves injecting into it an amount of energy that is of
just the same magnitude as this ambiguity, AM ~ Z;;€;x. Does this mean that tidal heating is
an ill-defined, unphysical concept? Certainly not, as is attested by photographs of volcanic plumes
ejected from Jupiter’s satellite Io (see, e.g., Ref. [14, 15]). That volcanism was predicted by Peale,
Cassen, and Reynolds [2] before the Voyager spacecraft discovered it; and their explanation—that
Io gets tidally heated to high internal temperature by the coupling of its quadrupole moment to
Jupiter’s tidal field—is firm (see, e.g., Refs. [16, 17]).

In this paper, we use the phrase “tidal heating” to mean the net work done by an external tidal



81

field on an isolated body. This phrase is slightly misleading, as the work done on the body need not
necessarily go only into heat. The additional energy might be used to deform the body (i.e., raise a
tide on it) or it might go into vibrational energy. If, however, timescales for changes of & and Zjy,
are not close to the body’s vibrational periods, then, when averaged over many cycles of change of
& and/or Zj, the work will contribute primarily to heat, as in the case of Io.

In his analysis of binary neutron star systems, Thorne [7] argued, but did not prove in detail,
that although the tidal-quadrupole interaction energy is ambiguous, the amount of work done on an
isolated body by an external tidal field (i.e., the amount of tidal heating) is unambiguously given
by the formula!

aw 1. dI

AT @A)

and he argued that this is true in general relativity theory as well as in Newtonian theory. In Sec.
4.3 we shall give a Newtonian demonstration of this claim. In Sec. 4.4 we shall give a relativistic
demonstration—showing, more specifically, that although the quadrupole/tidal interaction energy

is gauge dependent, the work done is gauge invariant and has the value (4.4).

4.3 Newtonian Analysis

In this section, we consider a Newtonian body, with weak internal gravity |®,| <« 1 (where @, is
the body’s gravitational potential), subjected to an external Newtonian tidal field. We assume that
the external field is nearly homogeneous in the vicinity of the body, £ > R (cf. Fig. 4.1; in the

Newtonian case, the inner boundary of the vacuum “local asymptotic rest frame”?

—indicated by
the inner dashed circle—would be at the surface of the body).

In our analysis, we will consider a variety of contributions to the total energy inside a sphere
which encompasses the body and whose boundary lies within the local asymptotic rest frame—i.e.,
the region where the external field is nearly homogeneous (again, cf. Fig. 4.1). We denote by
V the interior of this sphere and by 8V its boundary. Of greatest interest will be the interaction
energy (between the body and the external tidal field) and the work done by the tidal field on the
body. Both of these quantities are the result of slow changes of the tidal field £;; and the body’s
quadrupole moment Z;i.

As a foundation for our analysis, consider a fully isolated system that includes the body of
interest and other “companion” bodies, which produce the tidal field £;; that the body experiences.
For simplicity, assume that all the bodies are made of perfect fluid (a restriction that can easily be

abandoned). Then, for the full system, the Newtonian gravitational energy density and energy flux

L Actually, expression (4.4) is only the leading order term in the perturbative expansion of dW/d¢. The next term
is —%Bij dSij/dt, where B;; is the “magnetic type” tidal field of the external universe and 8;; is the body’s current
quadrupole moment [6]. In this paper we confine attention to the leading-order term.

2We shall discuss the concept of “local asymptotic rest frame” near the beginning of Sec. 4.4.
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Figure 4.1: An example of an isolated, slow-motion body: a star or black hole in a binary system
with R/a < 1, where R is the radius of the body and «a is the separation of the body and companion.
The dashed circles indicate the boundaries of the body’s vacuum local asymptotic rest frame, the
region in which M/r <« 1 and /L <« 1. Here, r is the radial coordinate, M is the mass of the body,
and L is the scale of homogeneity of the gravitational field. The boundary of the sphere over which
we integrate, denoted by 9V, lies within this region.

can be written as

1 1

e® = , (§y2 + 10+ @) +5-25% 5 (4.5)
< s 01 1

0V = pi (§v2 + 10+ ‘S + <I>) = %%y, (4.6)

where ®, p, p,v, and II are the Newtonian gravitational potential, mass density, pressure, velocity,
and specific internal energy [7].

Using conservation of rest mass p s+ (pv?) ; = 0, the first law of thermodynamics pdIl/ dt+pvj'j —
0, the Euler equation for fluids pdv’ /dt + p® ; + p; = 0, Newton’s field equation @ ;; = 4mp, and
the definition of the comoving time derivative d/dt = 8/8t + v78/8x%, it can be shown that Egs.
(4.5) and (4.6) satisfy conservation of energy

0%, + 0% ;=0. (4.7)

Equations (4.5) and (4.6) for the energy density and flux, however, are not unique. Equally valid
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are the following expressions:

1 1

e = p (§v2 +H> =8By (4.8)
, 1 1

eY = pf (§v2 + 11+ g + <I>) + 242, (4.9)

which also satisfy energy conservation (4.7) but localize the gravitational energy in a different manner
from 6(1)“ . Energy conservation (4.7) will also be satisfied by any linear combination of @?‘“ and

93“. Imposing the additional condition that, for any acceptable ©, the system’s total energy
B / 9% g3, (4.10)

must be independent of the choice of ©% forces the coefficients to sum to 1. Hence, a perfectly valid

form for Q% is
0% = a®d +(1-a)0d*, (4.11)

where « is an arbitrary constant.

Notice that the choice of a gives a specific energy localization. For example, @ = 0 puts the
gravitational energy entirely in the field [—(V®)2/(87)], so it is nonzero outside the matter. This
is analogous to the localization used in electrostatics (1/8n times the square of the electric field).
Choosing o = %, by contrast, puts the gravitational energy entirely in the matter (%p@), so it van-
ishes outside the body. When %p@ is integrated over the entire system (body plus its companions),
the result is a widely used way of computing gravitational energy (e.g., Sec. 17.1 of Ref. [18]).

The energy in the region V that contains and surrounds the body but excludes the companion,
By = f O | (4.12)
v

will depend on «; i.e., it will depend on where the energy is localized. By contrast, the total energy
(4.10) for the fully isolated system (body plus its companions) will be independent of a.

Another way to express this ambiguity of the localization of the gravitational energy is given
by Thorne (Appendix of Ref. [7]): it is possible to add the divergence of n; = g®® ; (where S
is an arbitrary constant) to ©9° and the time derivative of —n; to 0y without affecting energy
conservation (4.7) or the physics of the system. Indeed, this method is completely equivalent to the
one presented above. The constants are related by g = (a — 1) /4.

Throughout the region V, the Newtonian gravitational potential can be broken into two parts:

the body’s self field &, and the tidal field @, produced by the external universe (the companion
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bodies), so that
P =P, + P . (4.13)

The external field is quadrupolar and source-free in the region V so that
1 i i
P, = E&jm Th . Dy =0, (4.14)
and, furthermore, the tidal field &;; evolves slowly with time. The body’s (external) self field is

monopolar and quadrupolar and has the body’s mass distribution as a source:

M  3Zn'n?
‘I‘o = -“T — 5 1]7"3 5 Qo’jj = 47rp A (415)

The quadrupole moment Z;;, like that of the external field, evolves slowly with time, but the body’s
mass M is constant. Recall that r = \/8;;2%z7 is radial distance from the body’s center of mass and
n? = 27 /r is the radial vector.

A useful expression for the total energy Ey in the spherical region V' can be derived by inserting
Eqgs. (4.11), (4.5), (4.8), and (4.13) into Eq. (4.12). The resulting expression can be broken into a
sum of three parts—the body’s self energy F, (which depends only on ®, and p), the external field
energy E. (which depends only on ®.), and the interaction energy Ei,¢ (which involves products of

P, with p or ®,):

Ey, = E, + FEe + Eiye , (4.16)
where
20 — 1
E, = f p lv2 + H) + ap®, + (—a——)@o 90,5 |z, (4.17)
v 2 8 .
o= f {M@e,jée,j}d% , (4.18)
v 87'['
Eint = / [ap@e + M‘I’o‘jq’e,‘f] d3a: 3 (419)
v 47

Inserting Eqs. (4.14) and (4.15) into Eq. (4.19) and integrating gives the interaction energy inside
V as
2+ a)

Eint = =5 €ilis » (4.20)

which depends on «. In other words, it depends on our arbitrary choice of how to localize gravita-
tional energy. This is the ambiguity of the interaction energy discussed in Sec. 4.2.

The rate of change of the total energy inside V can be expressed in the form
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dE o

i / 0%nir2dQ (4.21)
dt av

by taking the time derivative of Eq. (4.12), inserting Eq. (4.7), and applying the divergence theorem.

This expression, like that for the energy, can be broken into a sum by combining Egs. (4.11), (4.6),

(4.9), (4.13), (4.14), (4.15), and (4.20):

Y =T T e S b [ (000, + (@ = 1) Boylnirta . (422)

dBy _dE, | dBw 1. dIy / 1
oy 47

The first term is the rate of change of the external field energy (4.18) inside V, resulting from the
evolution of the tidal field. The second term is the rate of change of the interaction energy (4.20).
The third and fourth terms together, by comparison with Eq. (4.16), must be equal to dFE,/dt, the
rate of change of the body’s self energy. The fourth term is the contribution from the body’s own
field moving across the boundary V. Therefore, the third term gives the change in the body’s
energy coming from the interaction with the tidal field; in other words, it is the rate of work done
on the body by the tidal field. Furthermore, this term is independent of « and is, consequently,

independent of how the Newtonian energy is localized, as claimed in Sec. 4.2, Eq. (4.4).

4.4 Relativistic Analysis

In this section, we will exhibit a relativistic version of the calculation in Sec. 4.3, again showing that
the rate of work done on the body by the tidal field is gauge invariant and that it has the same
value in a general relativistic perturbative treatment as in the Newtonian one: —(1/2)&;;dZ;;/dt.
The formalism to be used is the Landau-Lifshitz energy-momentum pseudotensor and multipole
expansions as developed by Thorne and Hartle [1] and Zhang [5, 6], together with the slow-motion
approximation, so time derivatives are small compared to spatial gradients.

We will work in the body’s vacuum local asymptotic rest frame, which is defined as a region
outside the body and far enough from it that its gravitational field can be regarded as a weak
perturbation of flat spacetime, yet near enough that the tidal field of the external universe can be
regarded as nearly homogeneous. This region is a spherical shell around the body; its inner boundary
is near the body’s surface but far enough away for gravity to be weak, and its outer boundary is at a
distance where the external tidal field begins to depart from homogeneity (see Fig. 4.1). Somewhat
more precisely, the local asymptotic rest frame is the region throughout which /£ < 1, r/R <« 1,
and M/r <« 1, where r is the radial distance from the body, M is the mass of the body, and R
and £ are the radius of curvature and the scale of homogeneity of the external gravitational field.

If this region exists (as in the case of a black hole binary far from merger, for example) and the
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slow-motion limit applies, then the following analysis is valid.
As in the Newtonian case, we will consider contributions to the total energy inside a sphere V
which encompasses the body and whose boundary dV lies within the local asymptotic rest frame

(see Fig. 4.1).

4.4.1 deDonder Gauge

We shall begin by computing the work done on the body by the external tidal field, using deDonder
gauge (this section). Then in the next section, we shall show that the work is gauge invariant.
DeDonder gauge is defined by the condition that ﬁ“’?ﬁ = 0, where h®? is defined in terms of the

metric density as follows:

g =g gP =P P (4.23)

At linear order in the strength of gravity, h? is the trace-reversed metric perturbation. According
to Zhang [6], the components of h%? in the body’s local asymptotic rest frame are, at leading (linear)

order in the strength of gravity and at leading non-zero order in our slow-motion expansion,

= M il -

B = _ap=da2l 4 TS gp abet (4.24)
T 75 4

— Tiaz® 10 o Y

hUJ = —Aj =6 JT';: + ﬁ ab:ta.'lib.’l:" = ﬁgjal‘arz, (425)

R = O (gijr‘l & 7l) : (4.26)

where the dots indicate time derivatives (i.e., Z;; = dZ;;/dt) and the symbol “&” means “plus terms
of the form and magnitude.” Note that the higher-order (f-order) multipoles have been omitted,
since their contributions are smaller by ~ (r/£)¢? < r/L < 1 and ~ (M/r)f=2 < M/r < 1 than
the quadrupolar (£ = 2) terms that we have kept. The second time derivatives will also be neglected
since they are unimportant in the slow-motion approximation; this effectively eliminates A% in this
gauge. Also, note that the @ in Eq. (4.24) has the same form as the Newtonian gravitational potential
of Sec. 4.3, and the A; of Eq. (4.25) is a gravitational vector potential, which does not appear in
Newtonian theory.

In general, it would be possible to have a term o Z;z ;1 /r in Eq. (4.24), as well as the o< M/r
term. We have chosen to define the constant for the monopolar term to be 4M, thereby eliminating
any term o< Z;x&;x /5 this is arbitrary but convenient, as will be seen shortly.

The total mass-energy Ay inside the sphere V (total stellar mass including the quadrupolar
deformation energy and energy of interaction between the deformation and tidal field) is defined by

Thorne and Hartle (Eq. (2.2a) of Ref. [1]) in terms of the Landau-Lifshitz superpotential as
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— i 0a0j ., .2
My = e /avH TeniTeds) (4.27)

where

HevB _ guugaﬁ _ gm'g.uﬁ : (4.28)

cf. Egs. (20.6), (20.3), and (20.20) of MTW [3] and Egs. (100.14) and (100.2) of Landau and Lifshitz
[19]. Using Egs. (4.28), (4.23), and (4.24)—(4.26) in Eq. (4.27) and carrying out the integration gives

My =M+0 (EE7 & £617) + O (Tér* & Ter* & Zér®) + 0 (f—f & f—f) . (4.29)

Hence, My = M at leading order in our slow-motion approximation when we neglect the double-
and higher-order time derivatives. This is the reason the constant of the monopolar term in Eq.
(4.24) was chosen to be 4M.

To calculate the rate of work done by the tidal field on the body when ;3 and Z;;, change slowly,

we consider the change of the mass-energy My,

My f(—g)tofnjﬁdﬂ, (4.30)
dt -

where t*¥ is the Landau-Lifshitz pseudotensor. That this expression is indeed the time derivative of
Eq. (4.27) is a result of Gauss’s theorem (see discussion after Egs. (2.3) of Ref. [1]).
In the body’s local asymptotic rest frame, the Landau-Lifshitz energy-momentum pseudotensor

(Eq. (20.22) in MTW [3]) is, at the orders of accuracy we are considering,

1 [T\ o0+ T i
(gt = Tom <—§) 97 h% % ; = B By (4.31)
03 1 3_00 3,00 700 1TOm 700 3,05
(_g)t - 1671' Zh' ,Dh’ J &+ h ,mh’ 5 i h ,mh m
3 1
= 202+ - (Ary — Ajk) Dk - (4.32)

Here the deDonder gauge condition }_z“‘?ﬂ = 0 has been used to eliminate many terms from the
general expression in MTW, but most of the simplification has come from keeping only terms of
leading-order in the slow-motion approximation [zeroth and first time derivatives, respectively, in
Eqgs. (4.31) and (4.32)]. This restriction has given us only products of E”‘fa which will produce terms
containing the products M2, ME, MZI, ZE, IT, EE for (—g)t® and MZI, ME, IE, I, TT, EE
for (—g)t%. This may be illustrated by expressing (—g)t°* explicitly in terms of the quadrupole
moments by substituting Egs. (4.24) and (4.25) into Eqgs. (4.31) and (4.32) to get
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1 M2 TapEcqrizbzex? Lot Eper®zC M agb
(—g)t® = 16—7r( 14— — 210~ “T7 — 434 T a8 gf;_”f L 146,463
MIab:L‘a.’l?b 1,31,1—50.’12“:12 315 IabI dI: z :L' :L'd
~—— - e “r : (4.33)
and
: 1 TapEeizlzbaze ToabEpez®alad T iEpex®ab TiEpex®al e
(-g)t% = ﬁ( 182 JTS + 2472 ”:’5 — 4= ";5 — 1= ”:_5
o N o L T > 1T T, (|
d24Iab€CJa; zz¢ 161,'ab€bcx 1 +85Iﬂbc5'cd:c il it iad _ (4.34)
75 e =

Note that we have kept only the £Z cross terms in the expression for (—g)t%, as only they will
contribute to our calculation of the interaction energy and work.
We find the rate of change of mass-energy inside our sphere V by inserting Eq. (4.34) into Eq.

(4.30) and integrating. The result (only considering the cross terms) is

dMy d
= = 2 (105”1”) gmdt = (4.35)

Since the interaction energy can depend only on the instantaneous deformation and tidal field, its

rate of change must be a perfect differential, whereas the rate of work need not be. Also, if the tidal
field changes but the body does not, there is no work done. From these two facts, we can conclude
that the first term of Eq. (4.35) is the rate of change of the interaction energy between the tidal
field and the body and that the second term represents the rate of work done by the external field
on the body (the “tidal heating”).

Notice that this value for the rate of work matches that discussed in Sec. 4.2, Eq. (4.4), and
found via the Newtonian analysis in Sec. 4.3. Note the comparison with our Newtonian expres-
sions (4.22) and (4.20). The first and fourth terms of Eq. (4.22) are missing here because we
included in our (—g)t% only the (body field) x (external field) cross terms. If we had also included
(external) x (external) and (body)x (body) terms, Eq. (4.35) would have entailed expressions like the
first and fourth terms of Eq. (4.22). Note also from the interaction energy terms in Eqgs. (4.22),
(4.20), and (4.35) that the Landau-Lifshitz way of localizing gravitational energy corresponds to the

Newtonian choice & = —3, a correspondence that has previously been derived by Chandrasekhar [20].
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4.4.2 General Gauge

In Sec. 4.4.1, we considered the special case of deDonder gauge, which was particularly simple due
to the gauge condition and to the h* terms being effectively zero. Now we will examine a general

gauge, which can be achieved by a gauge transformation of the form

hp.y = Buu e 671#,, )

JF"#V = gu,u =4 ‘fu,u = nuuga:a ’ (436)

where £% is a function to be chosen shortly. Using h,,, = huy—31uuh7,, where hy,, is the perturbation
of the metric away from the Minkowski metric in the local asymptotic rest frame, this can also be

expressed as

hyw = Ay +0hy, ;

6h,_w = Eu,v b Eu,p . (437)
Note that in the deDonder gauge,
M Tixiad .
hoo = 2—+3 J:EE,I —-S.gj.'l':il'], (438)
7 T
Tiaz® 10 . 2 4
h,:_Ja __aab_g_.aaz :
03 6 3 215 o i e 2183 T, (4.39)
M Trexkzt
hiy = o5 (27 + 3£;—I = 8k£$k$£> g (4.40)

Since we are interested only in gauge changes of the same order as we have been using so far
(leading-order in the slow-motion approximation), we include only terms in &, that will produce
dhy, of the same forms as Eqgs. (4.38)—(4.40), but with different numerical coefficients. For example,
consider dhgo = 2€0,0 x M/r; that gives £, o Mt/r, since M is a constant. This, in turn, implies
Shoj = &,; o« Mtz?/r3, but this is not of the same form as the terms in Eq. (4.39); rather, it
corresponds to a gauge that rapidly becomes ill-behaved as time passes. Similar arguments apply
to 6hoo o Zjrxiz® /15 or Shoo o« Ejpxix®; their coefficients cannot be altered by a gauge change
because such a change would alter the mathematical form of hg; and would make its magnitude
unacceptably large in the slow-motion limit. As a result, we must set £ = 0. If we now consider
Shoj = &0, possible terms are of the form o ;2% /7%, o« £.2%2 27, or & Ejux®r?; of. Eq. (4.39).
Each of these gives §hgo = 0 and éh;; of the same form as Eq. (4.40); hence, terms of these forms
are allowed. Consequently, the most general gauge change that preserves the mathematical forms of

h,. but alters their numerical coefficients is
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60 = 01

¢ aIJa.'E

+ BEjazr? + yEapxaaI | (4.41)

where «, 8, and « are arbitrary constants.

Using the trace-reversed gauge change (4.36) with Eq. (4.41), the new A% become

- M 5 il
R = 47+ (57 +28 - 2)Ea'e’ + (6 - 3a)L-J- Ei , (4.42)
J— - L 10
RO = (2— oz)zjf—3 e ’y)c‘,' 12°2°07 — (57 + B)naa®r? (4.43)
—_— 1 b e R. .Tj
Wh = 20Tp—5 4+ 3a5”‘1ab ~ el 5=~ 30Ty " 5+ 2BEpr’

—2(8 + 1) Epaa® + 2(/3 +7)Eja®z® + 2(8 + 7)Exaz®a? . (4.44)

In this general gauge, if we calculate the total mass-energy My, inside the sphere V using Egs.

(4.28), (4.23), and (4.42)—(4.44) in Eq. (4.27), we find

29 4 1
My =M+ (272 + by — g+ 267 — 2ﬁ> EiiEijr® + (3a+26 + 77 — 38 - —3afy) TiiEij -

)

(4.45)
The Z;;Z;;/r° term is zero. It is comforting to note that all the new terms vanish for a = 8 = =0,
giving the deDonder result My = M. The ££r° and Z€ terms in Eq. (4.45) are large compared to
the double time-derivative terms that formed the largest corrections to the mass-energy in deDonder
gauge (4.29); however, they are still small compared to the mass M that appears in the expansion
(4.24) of h°. Also note that, near the body of interest, the ££r° term will be small compared to the
ZE term, due to its radial dependence. So, once again, we have My ~ M as a first approximation,
although it is necessary to keep the extra terms in Eq. (4.45) to maintain the same level of accuracy
as we have been using. Consequently, My is gauge-dependent to the order that interests us, and it

has the “Z;;&;;” ambiguity discussed by Thorne and Hartle [1] and mentioned in Sec. 4.2.
Keeping only the leading-order terms in the slow-motion approximation, as described in Sec.

4.4.1, the Landau-Lifshitz pseudotensor in the new gauge is

W i TP, A W TR IR e
(—g)t® = T (—gg Th% A% ; + B%RY ; — §h e Zhoo,ih”,i ¥ Zhw,khj,k 3 gh",kh”,k

(4.46)
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' 1 . W =1 = = — E— e s " oy e g
(ug)tﬂj — E (ZhOO,OhOO,j 4 hOO’th'n:j _ hOO’th{m b hOJ‘khuJ = hOO,Oh”,j i hlj’khlk’o

1

=0i Tik =0i Tij T0i ik
—h l,kh’L ’j + h 1,kh1]’k - h z’th ,k i :1'

Tkk T l-og = lssy ~
kk 700 00 7 kk k 2k
h™oh™5 — b7 0h™ i — 5h7 k™,

Loi s
+2h ,oh“‘,j) : (4.47)

Note that the first term of Eq. (4.46) is the same as Eq. (4.31), and the first three terms of Eq.
(4.47) are the same as Eq. (4.32). The additional terms all involve h7*, which was effectively zero
in the deDonder gauge because of our slow-motion assumption.

Substituting Eqs. (4.47) and (4.42)—(4.44) into Eq. (4.30) and integrating gives the rate of change

of mass-energy inside the sphere V as

= 3 5 5 5 5 + 1—0' + 551'_7'———“ ; (4.48)

_de: d[('hx_y_f}_y_‘_@ﬁ 128 « I)Sijl'ij} 1. df
dt dt dt

Again, we have kept only the (external field) x (body field) cross terms. As expected, this expres-
sion reduces to the deDonder result (4.35) when @ = § = v = 0. Using the same argument for Eq.
(4.48) as for Eq. (4.35), we can conclude that the first term of Eq. (4.48) is the rate of change of
the interaction energy between the tidal field and the body and that the second term represents the
rate of work done by the external field on the body (the “tidal heating”).

Notice the gauge dependence (dependence on «, 3,7) of the rate of change of interaction energy
By contrast, the “tidal heating” work done on the body has the same, gauge-invariant value as in
Newtonian theory

dWw 1. diy

F e e R

4.5 Conclusions

In this paper, we have shown that the rate of work done by an external tidal field on a body
is independent of how gravitational energy is localized in Newtonian theory and that it is gauge
invariant in general relativity. Furthermore, this quantity—which we are calling the “tidal heating”—
is given unambiguously by Eq. (4.4). That the tidal heating should be a well-defined and precise
quantity is reasonable, given that its physical effects have been observed in the form of volcanic
activity of Jupiter’s moon Io [2, 16, 17).

There remains one aspect of the uniqueness of the tidal heating that we have not explored: a
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conceivable (but highly unlikely) dependence of dIW/dt on the choice of energy-momentum pseu-
dotensor in general relativity. The arbitrariness of the pseudotensor is general relativity’s analog
of Newtonian theory’s arbitrariness of localization of gravitational energy. The fact that dW/di
is independent of the Newtonian energy localization suggests that it may also be independent of
the general relativistic pseudotensor. In addition, the clear physical nature of dW/dt gives further
confidence that it must be independent of the pseudotensor. Nevertheless, it would be worthwhile

to verify explicitly that dW/dt is pseudotensor-independent.
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Appendix A

FP Cavities as Optical Filters

As proposed by KLMTV [Sec. V B and Appendix C], Fabry-Perot cavities can be used as optical
filters to achieve frequency-dependent homodyne detection. Here we shall briefly summarize and
generalize their results.

Suppose we have one FP cavity of length Lyp and resonant frequency wg — {ppdrp. Also suppose
this cavity has an input mirror with finite transmissivity 7rp and a perfect end mirror. When

sideband fields at frequency wg & w emerge from the cavity, they have a phase shift

a4 = 2arctan(épp + w/érp) , (A.1)
where
_ cTyp
opp = Py (A.2)

is the half bandwidth of the cavity. [Note that Eq. (A.1) is KLMTYV Egs. (88) and (C2), but a factor
of 2 was missing from their equations. Fortunately, this appears to be a typographical error only in
that particular equation; the factor of 2 is included in their subsequent calculations.] As a result of
this phase shift, the input (51,2)—0utput (b1,2) relation for sideband quadratures at frequency w will
be [KLMTV Egs. (78)]

b : b
-1 — eiom Rup 2 ; (A3)
b bo
where
1 1
Am = §(a+ = a_) ) Qp = 5(0{4.. =+ O:’_) ’ (A4)
and
cos¢ —sing
6= ) . (A.5)
sing  cos¢

If a frequency-independent homodyne detection at phase shift 8 follows the optical filter, the
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measured quantity will be [KLMTV Egs. (81) and (82)]

bg = e'*mp,, (A.6)
where
1
C(w):é—apEB—g(a++a_). (A.7)
If more than one filter is applied in sequence (I, II, ...,) and followed by homodyne detection at

angle 6, the measured quadrature will be [Eq. (83)]
1
((w) =6 - 5(&14. +o- +ans +on- +...). (A.8)

[Note that this ((w) (KLMTV’s notation) is the same homodyne angle ®(w) that we want to pro-
duce.] By adjusting the parameters £; and d;, one might be able to achieve the FD homodyne
phases needed. KLMTYV worked out a particular case for their design [their Sec. V B, V C, and
Appendix C].

Here we shall seek a more complete solution that works in a large class of situations. With the

help of Eq. (A.1), Eq. (A.8) can be written in an equivalent form

1+dtan{ (210 1 —itan (@ys/2)
1—itan¢ P - 8:i1+itan(ags/2)’
2i0 w—s(—€s05 —idy)

- i6.) A9
J:I,Ig,sii w— s(—&s05 +1idy) (A.9)

Suppose the required tan {(w) is a rational function in w?,

Z;::o Bkw2k

R > B

(A.10)

where Ay and By are real constants with A2 + B2 > 0. Then Eq. (A.9) requires that, for all w,

i(Ak +iBw* =De? ] [w — a{~Lyly— z'aj)] s (A.11)
k=0 J=LIL,... ,s=+
where D can be any real constant. Equation (A.11) can be solved as follows. First, match the roots of
the polynomials of w on the two sides of the equation; denote these roots by +wjy with J =1,2,...,n.
Then we can deduce that n filters are needed, and their complex resonant frequencies must be offset
from wg by

wy =~y —4by, J=1L1II,..., (A.12)
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where +wyr,... [with S(ws) > 0] are the 2n roots of
n
> (Ax +iBy) w . (A.13)

k=0

After this, the polynomials on the two sides of Eq. (A.11) can only differ by a complex coefficient

whose argument determines 6. In fact, by comparing the coefficients of w?” on both sides, we have

0 = arg(Aspn + iBay) . (A.14)
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Appendix B

Semi-Analytical Treatment of the Loss
Terms

In this appendix, we present a semi-analytic treatment of each source of noise included in Sec. 3.6.1.
We will use a notation similar to Eq. (3.12), but in matrix form:
71 d1

= . + Nioss source » (B.1)
q2 q2

lossless

where Noss source 18 @ vectorial representation of whichever source of loss we are considering at
the moment. Each of these terms is associated with a vacuum field of the form +/&(w)n(w)
[cf. Eq. (3.50)], which enters the interferometer and increases the level of noise present. For gener-
ality, we let £(w) be frequency dependent. The (constant) characteristic fractional losses for each
type of loss will be denoted by € with an appropriate subscript. Each loss term appearing in Table

3.2 is presented in a subsection below.

B.1 Arms, Extraction Mirror, and Sloshing Cavity (AES)

The losses in the arms allow an unsqueezed vacuum field \/€armtarm toO enter the optical train. By
idealizing this field as arising entirely at the arm’s end mirror, propagating the field through the
interferometer to the output port, we obtain the following contribution to the output [cf. Eq. (3.50)].

The associated noise can be put into the following form

Narm e €arm iy wd 10 BQW, 0 0 ﬁﬂmrml 7 (B2)
To I*C'(w)| 0 1 K* /2 0 Tlarm2
where the vacuum operators from the two arms are combined as
- . ey — 1
NMarmJ = j\/§ 27 (BS)
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The first term (independent of £*) is the shot-noise contribution, while the second term (proportional
to k*) is the radiation-pressure noise. It turns out that several of the other loss sources N have a
similar mathematical form.

We consider, specifically, the loss from the extraction mirror, which effectively allows \/Eext fext
into the optical train. By propagating this field through the interferometer to the output port, we

obtain the following contribution to the noise:

Eoxt | iy wé 10 | 2w 0 0 Thext1
To iﬁ(W)l O 1 K,*/Q 0 ﬁ'eth

Next = (B i 4)

The loss from the sloshing cavity is a bit different: the imperfect end mirror of the sloshing cavity

produces a vacuum noise field /Esiosh 7islosh Which exits the cavity with the form

[ 4esiosn /T iB. ~ i)
1+ (520;((48 ;2)2 eiﬁEInSlosh 1,2 A v/Eslosh “(;‘J"nslosh 1,25 (BS)

where Bs = arctan(2w/d;) = 7 /2 for most of the frequency band of interest. The associated noise is

; ) 1 0 ; 0 0 7,
Nstosh = _\/Mﬁ e wo T + ¥ — 2 (B.6)
To w I[:((U)l 0 1 K-*/2 0 ﬁslos!l‘z

Since the vacuum fields 7iarm, Tlext, and fisiosh are independent and uncorrelated, we can effectively

combine these four noises into a single expression

: 5} 1 0 : 0 0 7
Ningsy = E;ES v E“’ + 2V el (B.7)
o L)\ o0 1 &*/2 0 NAES2
with
eaEs ~ EABS(W) = Earm + Eext + EstosnV /w? . (B.8)

We expect that garm ~ Eslosh ~ fext ~ 2 X 107°, as discussed in the paragraph following Eq. (3.50)

and as shown in Table 3.3.

B.2 Port-Closing Mirror

The imperfection of the closing mirror has two effects: (i) it introduces directly a fluctuation

—/Eclose o Ticlose into the output, giving a shot noise

. Tlclosel
hot direct _ / SR8, z
DN e et = —/€clase o 5 (B.9)

ﬁ'closeZ
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and (ii) it introduces a fluctuation \/Eclose Lo Tclose into the light that passes from the arms into the
sloshing cavity, giving (after propagation through the sloshing cavity and interferometer and into

the output):

. % . 1 O 4 0 0 n ose
Nindireet = _ /oo [ giv 90 + et Ml R %
Iﬁ(w)[ 01 K" /2 0 ﬁclose2

Combining these two expressions gives, to leading order (in the various transmissivities and the

small parameters wL/c and €glose),

S —w? 1 0 ; 0 0 el
Nclose = v/Eclose ZE”’JW = eQuﬂ 1 ~c osel 1 (811)
0 1 &*/2 0 Thelose2

Since lose is simply the loss from the port-closing mirror itself, we can assume that g¢jose < 2x 1075,

Then, this and the above expression (B.11) show that the output noise from the closing mirror is 7T,

times smaller than the AES loss [Eq. (B.8)].

B.3 The RSE Cavity

The losses in the region between the internal mirrors and the RSE mirror, i.e., the RSE cavity, are
more complicated than the previous cases. As before, we suppose that, during each propagation
from one end to the other of the RSE cavity, a fraction egsg of the light power is dissipated and
replaced by a corresponding vacuum field, /ERSE 7tin O 1/ERSE Tlout (depending whether the light is
propagating in towards the arms or out towards the extraction mirror and sloshing cavity). These
two fields 7, and 7oyt are independent vacuum fields. At the leading order in ersg, we have a

modified version of the “input—output” relation for the RSE cavity:

BY | 1— %}%LERSE JTﬂf'tfnsE A ERSE 1 —V R Thin
s = ’ i o ¥

D A/T;ERSE 1— Hfiepse c vk —v Ry 1 Tlout
(B12)

where A, B,C, D are the field amplitudes shown in Fig. 3.3. Note that, for simplicity, we are looking
at only one arm; we could equally well use the other (substituting B — F and C — @) or the
proper combination of both. Also, notice that if egsg = 0, then we find B = A and D = C, which
illustrates the fact that the internal and RSE mirrors have no effect on the sidebands (described in
Sec. 3.2 where we introduced the RSE mirror).

From Eq. (B.12), we find that the loss inside the RSE cavity has two effects. First, it makes the
cancellation of the effect of the internal and the RSE mirrors imperfect. (Recall that an RSE mirror

with the same transmissivity as the internal mirrors effectively cancels the effect of the internal
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Figure B.1: Schematic diagram of a simplified version of the RSE cavity. The quantities 7, and 7oy
enter inside the RSE cavity, whereas 1, and M, are external to the cavity and exist in different
locations.

mirrors on the sidebands; this was discussed in Sec. 3.2.) This imperfect cancellation will not be
important in our situation. Indeed, there is no corresponding term appearing in the input—output
relation given in Eq. (3.51).

Secondly, the loss inside the RSE cavity adds two vacuum fields to light that travels through the
RSE cavity in opposite directions [i.e., from A to B (IN) and from C to D (OUT)]. We denote them
by

- E o ey

My = I;?_E (fin — v/ Riftout) , (B.13a)
35 E - =
Novr = }}S_E (—V/ Rifiin + fious) - (B.13b)

Note that fi;n and figut arise inside the RSE cavity as a result of the loss that occurred there and
that 9ty and Noyr are the vacuum fluctuations emerging from the RSE cavity. As a result, My
and Noyr ezist in different locations: Nin denotes the vacuum field inside the arm cavity with B,
and Moy denotes the vacuum field at the RSE mirror, heading towards the extraction mirror and
sloshing cavity with D. This is depicted in Fig. B.1.

The fields 9 and ‘ZﬁOUT both have a power spectral density a factor ~ 1/7; larger than the
one-time loss coefficient. This can be explained by the fact that the sideband light bounces back
and forth inside the RSE cavity roughly ~ 1/7; times before exiting. As a result, the (power) loss
coefficient is amplified by the same factor. However, since these fields are quite correlated (both
contain similar amounts of 7, and figut), we need to analyze them carefully.

For the shot noise, we need to find the amplitude of the vacuum fluctuations that the loss
introduces into the output. To understand the effect of this type of loss, we ask how much vacuum

fluctuation is added to the field D by 9n and Noyr. The answer is obtained by propagating My
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one round trip inside the interferometer’s arm(s) and then combining it with Nour. This gives
D — D+ [&OUT =t EziWL/E‘j'tIN]

ersel} w? 8 = <5
~ D+ \/Lsf—— (1 + 6_2) (e Fiin + e Piigu) , (B.14)
i

where §; = Tic/4L and f; = arctan(w/d;). Propagating this to the output, we get the shot noise

contribution to be

erseTi w2\ ;, wd - ;g i8: .
e = \/ . (1 * 5_2)6“”17(@ eris [ TnL ) L pmip Tew )| g g
o i Nin2 Tout2

This noise is not of the magnitude that Egs. (B.13) would appear to indicate. Instead of having a
coefficient of ~ m, it has a much smaller value when w < d;. The reason is that the two
vacuum fluctuations traveling in opposite directions are anticorrelated and largely cancel each other,
since they are summed in the outgoing field D. This cancellation becomes less perfect as w grows
and becomes much larger than &;. This effect is shown in Fig. 3.11.

For the RSE contribution to the radiation-pressure noise, we are interested in how much the
two noise fields Ny and ‘roUT contribute to the carrier amplitude fluctuation at the position of the
test masses. Therefore, we ask what the sum of Ny and ‘f‘iOUT is when they combine at the end
mirrors of the arm cavities. Since ‘5?0UT is superposed on D, ‘fIOUT must be propagated through
the sloshing cavity and back to the arm cavity, where it is combined with 9ln. There is a phase
factor of e**~/¢ due to the propagation from the internal mirror to the end mirror (in addition to the
phases acquired on the way to and inside the sloshing cavity; these are explained below), producing

B — B+4ewlie [5511N — Nour(l — T@Lﬁ!.]
1 — T,e2iPs

erse |w(d; + J) + 102 = w(d —6) — iQ2
T; [ wd Min + wd Tout

~ B+2T, (B.16)

where s = arctan(2w/ds) is the phase associated with the sloshing cavity. Propagating the new B

to the output produces a radiation-pressure contribution

Nrad pres erseTo 244 0 0
RSE = T C -
—K

w(b +8) +i0Q? [ Nim " w(d —6) —iQ? [ Tout

=5 o5 (B.17)

ﬁ'in2 ﬁoutZ

As before, this noise does not have a magnitude ~ /egrsg/T;; it is much smaller. The reason is that
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when 9ouT travels to the sloshing cavity and back to the arms, it gains two phase shifts. First is
a constant phase shift of m, due to the distance it traveled (twice) between the RSE and sloshing
mirror. The other is from the sloshing cavity, where for frequencies much larger than the bandwidth
s of the sloshing cavity, this phase shift is roughly 7. Adding these two phase shifts, Moy will
appear roughly unchanged when it combines with My in the arm cavity. Since these two vacuum
fields are anticorrelated, there is again an effective cancellation between the two noises at frequencies
above és. This cancellation becomes less complete at low frequencies; see Fig. 3.11.

We assume the fractional loss ersg ~ 2 x 107°, since it arises primarily from losses in the RSE
cavity’s optical elements (mirrors and beam splitter). (See Appendix C for a discussion of the noise

due to mode mismatching, which we do not consider here.)

B.4 Detection and Filter Cavities

First, we consider the losses involved in the detection of the signal (without filter cavities). Two
important sources of photon loss are mode mismatching associated with the local oscillator used
for frequency-independent homodyne detection (£),) and the inefficiency of the photodiode (gpa).
In a squeezed-input speed meter, there will also be a circulator (with fractional loss ecirc) through
which the squeezed vacuum is fed into the system and through which the output light will have to
pass. These losses have no frequency dependence, so they are modeled by an equation of the form
of [Eq. (3.50)] with

Eopc(w) = EOPC = €lo + Epa + Ecire (B.lS)

[cf. KLMTV Egq. (104)]. The contribution to the noise is then

NOPC1
Norc = veorc | _ ) (B.19)

nopc2

where the figpc; are linear combinations of the individual (independent) vacuum fields entering at
each location (so the spectral densities of these fields are unity and there are no cross-correlations)
and propagated to the output port. KLMTYV assumed that each of these losses is about 0.001, giving
eopc ~ 0.003.

We next turn our attention to optical filters on the output (as in the case of frequency-dependent
homodyne detection for a squeezed-variational speed meter, discussed in Sec. 3.5.2). Such cavities
will have losses that may contribute significantly to the noises of QND interferometers, as has been
seen in KLMTV. In their Sec. VI, KLMTV carried out a detailed analyses of such losses; our
investigation is essentially the same as theirs.

The loss in the optical filters can come from scattering or absorption in the cavity mirrors, which
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can be modeled by attributing a finite transmissivity 7. to the end mirrors, as we did for the arm
cavities. The effect of lossy filters is again analogous to [Eq. (3.50)]. This time the loss coefficient

Er(w) does have some frequency dependence:

- 1
Er = 26mm + E E£7 = 26mm + 5 E (5J+ + EJ'_) 3 (B.ZO)
J=111 J=1I

where £qm ~ 0.001 is the mode-mismatching into each filter cavity and where

4T,
Ty [1+ (£w/ds; — £1)?]

gy = (B.21)

are the loss coefficents of the two different filter cavities (J = I,II) [cf. Egs. (103) and (106) of
KLMTYV]. The noise contribution is

Np = \/Q( ’:““ ) . (B.22)

ng2

The weak frequency-dependence of & will be neglected (as KLMTYV did), giving
er =~ &r ~ 0.005 (B.23)

[cf. Egs. (107) and (104) of KLMTYV]. The value of er may vary slightly for the different optimizations

we have used, but it remains less than 0.006.
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Appendix C

Effects due to Mode-Mismatching:
A Simple Analysis

In the practical implementation of GW interferometers, the mismatching of spatial modes between
different optical cavities will degrade the sensitivity because signal power will be lost into higher-order
modes and, correspondingly, vacuum noises from those modes will be introduced to the signal. In a
way, this is similar to other sources of optical loss discussed in the previous appendix. However, the
higher-order modes do not simply get dissipated — they too will propagate inside the interferometer
(although with a different propagation law). As a consequence, the exchange of energy between
fundamental and higher modes due to mode-mismatching is coherent, and the formalism we have
been using for the loss does not apply. In this section, we shall extend our formalism to include one
higher-order mode and give an extremely simplified model of the mode-mismatching effects’.

In a conventional interferometer (LIGO-I), the mode-mismatching comes predominantly from
the mismatch of the mirror shapes between the two arms, which makes the wavefronts from the
two arms different at the beam splitter. In particular, the cancellation of the carrier light at the
dark port is no longer perfect, and additional (bright-port) noises are introduced into the dark-port
output. For our speed meter, a third cavity—the sloshing cavity—has to be matched to the two
arm cavities, further complicating the problem.

In order to simplify the situation, we approximate all the waves propagating in the corner station
(the region near the beam splitter, where the distances are short enough that ) as following the same
phase-propagation law as a plane wave. The only possible source of mismatch is assumed to come
from the difference of wavefront shapes (to first order in the fractional difference of the radii of
curvature) and waist sizes for the light beams emerging from the two arm cavities and the sloshing
cavity. Suppose, in the region of the corner station, we have a fiducial fundamental Gaussian mode

@ (® (which is being pumped by the carrier) with waist size wo and wavefront curvature ap = 1/Ro

1This way of modeling the mode-mismatching effects was suggested to us by Stan Whitcomb.
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that is roughly the same as those of the three cavities?:

1 2 2
O (z,9) o &XP (—% +ika02'o ) s P=vT2+y2. (C.1)
0

At leading order in the mismatches, the fundamental modes of the three cavities (in the region of
the corner station), which have waist sizes wy and curvatures oy = 1/R;y [J =n, e, or slosh (for the

north arm, east arm, and sloshing cavity, respectively)], can be written in the form:

il . ay— p? ., app?
J 2 0 0
\]and(x’ y) oC _0 exp (kao T) exp (__g 4 ZkT

(2w o () o (2)]) o

where Hj(u) is the second-order Hermite polynomial of u. This ¥} ,(m,y) can be expressed as ¥(?)

plus a small admixture of a higher-order mode ¥{1), which consists of equal amounts of TEMgs and
TEMzo modes [and thus is orthogonal to ¥(?)]. This admixture changes the waist size from wq to wy
and the curvature from ag to ;. We can choose our fiducial fundamental mode ¥(® in such a way
that the two arm cavities have an opposite mismatch with it, i.e., an + ae = 2aq, wy + we = 2wy,

and at leading order,

n,e 1 :|: \I, (0)
fnd _ Harm ’ (C.3)
o Flgm 1 LA

where “exc” denotes the excited mode and the admixing amplitude pa;m, is, in general, complex. We

also denote the fundamental and excited modes of the sloshing cavity as

Tglosh TR o)
slosh - * (1) . L)
\Pexc ~Hglosh 1 b

again, psiosh can be complex. We shall also assume that the higher-order modes involved here are
far from resonance inside the cavities and will be rejected by them, gaining a phase of m upon
reflection from each cavity’s input mirror. In the output, we assume the mode ¥(?) is selected for
detection. (The local oscillator associated with the homodyne detection is chosen to have the same
spatial mode as U0 thereby “selecting” ¥(®. Note that the potential mode-mismatch effect here is
already taken into account in the fractional loss €}, of the local oscillator, as described in Sec. B.4.)

Quite naturally, we have to introduce two sets of quadrature operators to describe the two modes.

2%We have chosen to use the curvature instead of the radius of curvature because in this region the wavefronts are
very flat.
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For example, for the field P(¢) entering through the extraction mirror, we have

~(0) =(1)

50 = [ P s = | A
A R e (C.5)
2 2

For each of the three cavities, we have to decompose the optical field into its own fundamental and
excited modes, propagate them separately and then combine them. The input—output (a-b) relation

of one of the cavities with mirrors held fixed can be written as

b ] . a(0)
— [¢iPmap . iPexc P " :
e [ Prag + €0 P v | ()
where
1 _*
Pia = p ( 1. u* ) : Pec = f ( - 1 ) : (C.7)

are the projection operators, and ®gq and Pex. = 7 are the phases gained by the fundamental mode
and excited mode after being reflected back by the cavity.

The mode-mismatching can cause both shot and radiation pressure noises at the output, giving:
@ — @ 4+ Nghet 4 Nradpres (C.8)

Assuming the mirrors are held fixed and applying the new input—output relations (C.6) of the non-

perfect cavities, we get the following shot noise in the output (to leading order in parm and pgiosh):

NShOt - _ei‘gl)'ul* _4_ \ TP 1-— vV 1-— Ti w5 -i-(l)
MM VT 1+/1-T, VI L@
~ ety [Tdp WO iy

(C.9)

~ Harm 4T0 |.C(UJ)| 1 ’
see Eq. (B.1). The quantity i1) refers to the excited mode of the noise coming in the bright port
[I(¢) in Fig. 3.3].

The main results embedded in Eq. (C.9) are

(i) the mode-mismatching with the sloshing cavity does not give any contribution at leading order

in g, and

(ii) the mode-mismatching shot noise comes from the higher-order mode entering from the bright

port, strongly suppressed by the presence of the internal and power-recycling mirrors.

These two effects are both due to the coherent interaction between the fundamental (¥() and

excited (¥1)) modes (of our idealized cavity), in which energy is not simply dissipated from ¥(®
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but exchanged coherently between the two modes as the light flows back and forth between the
sloshing cavity and the arm cavities. Detecting an appropriate linear combination of the two modes
can then be expected to reverse the effect of mode mismatching. In our case, the properties of the
cavities are carefully chosen such that ¥(%) itself is the desired detection mode (for the sloshing
mismatch). Consequently, the mode mismatching with the sloshing cavity does not contribute at
leading order [item (i) above]. Regarding item (ii), the mismatch of the two arm cavities does give
rise to an additional noise, but it can only come from the higher mode in the bright port, because
at leading order in mismatches, (a) the propagation of (%) from the bright port to the dark port
is suppressed and (b) there is no propagation of dark-port ¥{!) into dark-port ¥(®) since we have
chosen ¥(® in such a way that the two arm cavities have exactly opposite mismatches with it.

The reason why this noise is suppressed by the factor 1/T}, is simple: because ¥ is not on
resonance with the composite cavity formed by the power-recycling mirror and the arm cavities,
its fluctuations inside the system (like its classical component) are naturally suppressed by a factor
1 /\/T; compared to the level outside the cavity. The reason for the factor of 1/7} is similar: the
(1) mode does not resonate within the system formed by the arm cavities and the RSE mirror and
will consequently be suppressed.

By computing at the fields at the end mirrors and from them the fluctating radiation pressure,

we obtain the radiation-pressure noise due to mode-mismatching:

iy [T 0 01
Nﬁderes = _62 -u;rm 41Tp * 0 i(l) ’ (CIO)
o —K

This radiation-pressure noise is suppressed by a factor similar to the shot noise.

By comparing Egs. (C.9) and (C.10) with, e.g., Eqs. (B.7), we see that mode mismatching
produces noise with essentially the same form as optical-element losses from the arms, extraction
mirror and sloshing cavity (AES), with (assuming the input laser is shot-noise limited in the higher
modes)

TiT,
EMM = 14 £ pu‘?;.rml2 J (C‘ll)

The factor T;7p /4 happens to be the ratio between the input power (at the power-recycling mirror)
and the circulating power, which will be ~ 10~%. Suppose R(arm) ~ S(#arm) ~ 0.03. The effect of
mode-mismatching will then be much less significant (in our simple model) than the losses from the
optical elements.

It should be evident that other imperfections in the cavity mirrors, which cause admixtures of
other higher-order (“excited”) modes, will lead to similar “dissipation factors,” &y ~ T—fﬁi [y
For this reason, we expect mode mismatching to contribute negligibly to the noise, and we ignore it

in the body of the paper.
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Appendix D

Transmissivity Mismatch between the
Internal Mirror and the RSE Mirror

Recall from Sec. 3.2 that when the internal and RSE mirrors have the same transmissivity, their
effects on the gravity-wave sideband cancel. If, however, the transmissivity of the internal mirror,
T}, is not perfectly matched by that of the RSE mirror, Trsg, then this cancellation will no longer
be perfect. As a result, the RSE cavity (i.e., the cavity between the internal and RSE mirrors) will
have the same effect as an additional mirror (with a small reflectivity). Suppose the transmissivity
of this effective mirror is Trsg = (1 + erse)7;. Then a simple calculation yields its (amplitude)

reflectivity:

p= VI-TI—+V1-Trsg _ _ERSE _ ERSE
1-V1-Tiv1-Tase 2v1-T; 2

(D.1)

Adding this effective mirror with reflectivity u to our interferometer yields a new set of input—
output relations similar to Eq. (3.12), but with modified & and 4. The functional form of & can be

maintained by appropriately redefining the quantities 2 and §. To leading order in y, we obtain

Q?éTM
= D.2
BRI S R 02,07 + WPy 02
with

Q= Qrmu=0-p)Q, §—=dm=(1-2p). (D.3)

Consequently, we can re-optimize the system to compensate for this transmissivity-mismatch effect.



