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ABSTRACT

This thesis describes the theoretical solution and experimental verification of
phase conjugation via nondegenerate four-wave mixing in resonant media. The
theoretical work models the resonant medium as a two-level atomic system with the
lower state of the system being the ground state of the atom. Working initially with
an ensemble of stationary atoms, the density matrix equations are solved by third-
order perturbation theory in the presence of the four applied electro-magnetic
fields which are assumed to be nearly resonant with the atomic transition. Two of
the applied fields are assumed to be non-depleted counterpropagating pump waves
while the third wave is an incident signal wave. The fourth wave is the phase conju-
gate wave which is generated by the interaction of the three previous waves with the
nonlinear medium. The solution of the density matrix equations gives the local
polarization of the atom. The polarization is used in Maxwell's equations as a source
term to solve for the propagation and generation of the signal wave and phase con-
jugate wave through the nonlinear medium. Studying the dependence of the phase
conjugate signal on the various parameters such as frequency, we show how an
ultrahigh-Q isotropically sensitive optical filter can be constructed using the phase

conjugation process.

In many cases the pump waves may saturate the resonant medium so we also
present another solution to the density matrix equations which is correct to all ord-
ers in the amplitude of the pump waves since the third-order scolution is correct only
to first-order in each of the fleld amplitudes. In the saturated regime, we predict
several new phenomena associated with degenerate four-wave mixing and also
describe the ac Stark effect and how it modifies the frequency response of the filter-

ing process. We also show how a narrow bandwidth optical fliter with an efficiency
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greater than unity can be constructed.

In many atomic systems the atoms are moving at significant velocities such that
the Doppler linewidth of the system is larger than the homogeneous linewidth. The
latter linewidth dominates the response of the ensemble of stationary atoms. To
better understand this case the density matrix equations are solved to third-order
by perturbation theory for an atom of velocity v. The solution for the polarization is
then integrated over the velocity distribution of the macroscopic system which is
assumed to be a gaussian distribution of velccities since that is an excellent model
of many real systems. Using the Doppler broadened system, we explain how a tun-
able optical filter can be constructed whose bandwidth is limited by the homogene-
ous linewidth of the atom while the tuning range of the filter extends over the entire

Doppler profile.

Since it is a resonant system, sodium vapor is used as the nonlinear medium in
our experiments. The relevant properties of sodium are discussed in great detail.
In particular, the wavefunctions of the 35S and 3P states are analyzed and a discus-

sion of how the 3S-3P transition models a two- level system is given.

Using sodium as the nonlinear medium we demonstrate an ultrahigh-Q optical
filter using phase conjugation via nondegenerate four-wave mixing as the filtering
process. The filter has a FWHM bandwidth of 41 MHz and a maximum efficiency of
4 x 1073, However, our theoretical work and other experimeﬁtal work with sodium
suggest that an efficient filter with both gain and a narrower bandwidth should be

quite feasible.
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Chapter 1

INTRODUCTION TO PHASE CONJUGATION VIA FOUR-WAVE MIXING
1.1 Outline of Thesis

In this first chapter, we will discuss the basic concept of phase conjugation via
four-wave mixing and the mathematical methods for describing this process by
linearizing Maxwell’'s equations. Some applications of phase conjugation will be
presented as well as a description of various materials which are used as nonlinear

media in this process.

The second chapter describes phase conjugation via nondegenerate four-wave
mixing in a two-level system, with the macroscopic medium consisting of an ensem-
ble of stationary atoms. For this system, the density matrix equations are solved to
third order by perturbation thecry to determine the polarization which is used as a
source term in Maxwell's equations. Taking into consideration only the relevant spa-
tial and temporal Fourier components, Maxwell’'s equations are linearized to pro-
duce a set of coupled mode equations which will be used throughout this thesis. The
emphasis in this chapter, as well as in the entire thesis, is on the study of the fre-

quency response of the phase conjugation process as applied to the case of optical

flltering.

Generalizing the problem to include an ensemble of atoms with atomic motion, as
is commonly encountered in most physical situations, Chapter IIl presents a solu-
tion to the velocity dependent density matrix equations. Supposing that the distri-
bution of velocities is given by a gaussian profile, the macroscopic polarizations are
determined by third-order perturbation theory and used in the coupled mode equa-

tions to demonstrate the effects that ato.nic motion has on the phase conjugation

process.
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Chapter IV extends the perturbation sclution of the density matrix equations
presented in Chapter II to include all orders in the pump wave amplitudes. This
enables us to consider the effect of saturating pump waves on the process and, in

particular, to discuss the ac Stark effect and its importance to phase conjugation.

In our experiments, sodium vapor is used as the nonlinear medium. In the fifth
chapter, the important characteristics of sodium, both macroscopically and on the
atomic level, are explained in great detail. Various drawbacks to using sodium are

presented and several alternative materials are mentioned and analyzed.

Chapter VI gives a description of the equipment employed in the experimental
research conducted on phase conjugation. In particular, the ring dye laser, which is

the critical component in all the experiments, is described in great detail.

The final chapter, Chapter VII, presents a very important series of experiments
which demonstrate, for the first time, an ultrahigh-Q optical filter utilizing the

phase conjugation process in sedium vapor.
1.2 Introduction

Phase conjugation via four-wave mixing is part of a rather new field called phase
conjugate optics, which has attracted a lot of attention because of the way it can be
applied to restore severely distorted optical beams to their original, unaberrated

condition!.

First, we will briefly review the work leading up to the present interest in the
fleld®. The early work of Zeldovich, Nosach, and colleagues®* demonstated the can-
cellation of propagation distortion by stimulated Brillouin scattering. Yariv®®,
independently, proposed and analyzed the use of three-wave mixing in crystals for
overcoming image 'loss” by modal phase dispersior in multimode fibers and for
real-time holography. Four-wave mixing was suggested as an attactive process for

phase conjugation by Hellwarth?, who showed that it overcomes some serious phase
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matching problems inherent in three-wave mixing. Yariv and Pepper® showed that
the four-wave mixing process for phase conjugation is also capable of amplifying an
incoming wave, as well as rendering its complex conjugate version and, in the limit

of sufficient pumping, of mirrorless oscillation.

The first observations of phase conjugation by four-wave mixing were reported by
Jensen and Hellwarth® and by Bloom and Bjorklund!®, both of whom used CS; as the
nonlinear medium. Parametric amplification and oscillation in four-wave mixing

1

was demonstrated by Pepper, Fekete, and Yariv!! and by Bloom, Liao, and

2

Economoul!?, Avizonis et al'® demonstated phase conjugation by three-wave mixing

in crystals. The ability of the stimulated Brillouin process to restore high spatial

14

frequencies was reported by Wang and Giuliano Zeldovich and colleagues!®

demonstated optical phase conjugation and image restoration by stimulated Raman

scattering.
1.3 Phase Conjugation

To understand what is meant by phase conjugation consider an optical wave of

frequency w moving in the + z direction,
E = Re[y(x,y.2)e'*"] (1.3-1)
where
Y(x,y.2) = A(x,y)e tk= +ielx3) (1.3-2)
with A real. The phase conjugate of wave E is defined as

Ephase conjugate - Re[v.(x,y,z)eim]

= Re[A(x,y)etkz ~ te(xy)giut]

= Re[A(x,y)e tks +iv(xy)g-iut] (1.3-3)
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As the above equations show, a phase conjugate wave is one in which the spatial
phase factors are reversed; in other words, the electric field has all its spatial fac-
tors conjugated. The result is that the propagation direction of the wave is reversed,
with a converging wave now becoming a diverging wave and vice versa. More gen-
erally, all the wave fronts are reversed. This process is also equivalent to leaving the
spatial part of E unchanged and reversing the sign of t; in this sense, phase conjuga-

tion! is equivalent to ‘time reversal.”

To better appreciate the consequences of phase conjugation, Fig 1.1 compares
reflections of a diverging spherical wave from a conjugate mirror and from an ordi-
nary mirror. The spherical wave strikes an ordinary mirror at an angle ¥ and leaves
it at an angle -9 and continues to diverge. For the conjugate mirror the wave strikes
the mirror and is converted te a converging wave that retraces the path of the
incident wave. To elaborate further, if we take a nice plane wave, send it through a
dispersive medium,and phase conjugate it, the phase conjugated wave will travel
back through the medium, correct for any aberrations, and come out as a nice

plane wave. On the other hand, an ordinary mirror would double the distortion®.

1.4 Degenerate Four-Wave Mixing

Four-wave mixing is a nonlinear process by which three input waves mix to
yield a fourth output wave. The geometry® for four-wave mixing is shown in Fig 1.2 .
We will assume that all the waves have the same frequency. There are two counter-
propagating pump waves A; and A,. We have an input signal wave A4 (0) which
interacts with A, and Ap in the nonlinear medium to produce a wave Ag which is pro-
portional to the complex conjugate of A4. The physical process involved can be
thought of as A, interacting with A, to produce a grating which diffracts A;. This is
shown in Fig 1.3, where we let the angle between k, and k, equal 30°. This grating

formed between the forward pump A; and the signal A, is called the large-spaced
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Comparison of a phase conjugate mirror to an ordinary mirror.
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Fig. 1.2 Geometry for nearly degenerate four-wave mixing (assuming nondeplet-
ing pump waves)



Fig. 1.3 Grating formed by waves A, and A4 Ap is diffracted off this grating into

the direction Ag.



Fig. 1.4 Grating formed by waves A and A4 A, is diffracted off this grating into
the direction As.
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grating. A4 and A; form the other grating, which is shown in Fig 1.4 and is called the
small-spaced grating. The separation of the planes in the grating is given by
D = A/ (2sin(@/2)) (1.4-1)
where @ is the angle between the two wave vectors forming the grating.

Mathematically, we explain this process by introducing the nonlinear polarization

PN which couples the waves.
PN (g = @y + 7 — wg) = % x( AyAphge’ et~ (v RemRa) 2]
PN (g = ) + wg — ) = % x® 4,440 8~ v e =X ox) (1.4-2)
The fields are taken as plane waves:
Ei(ryt) = BA(r))exp[i(wt—k;yr)] + c.c., (1.4-3)

where r; is the distance along k;. In this section, we consider degenerate four-wave

mixing, where w;, = Wz = wg = wy. Therefore, we have
k;+k,=0 kyj+k,=0. (1.4-4)

We consider a medium with a nonlinear susceptibility x®) and look at the spatial evo-

lution of waves Ag and A, when subject to the pumping by A, and A;.

We apply the standard methods!® of nonlinear optics to solve the wave equation

(e=p=1)
v xv foiz :LZE:—? :;P (1.4-5)
and obtain
Ciis = kAL
ddf = ikAq (1.4-6)

when pump depletion is neglected and the adiabatic approximation
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a2
| = —-| << |1 %‘:‘—I (1.4-7)

is used.
The coupling constant x° is given by

zno

'3 x® A, A, (1.4-8)

Specifying the boundary conditions, As(L) and AJ(0), of the two signal waves, the

solution of Egs. (1.4-8) is

Ag(z) = 08112 o 1y g £ sinlel(z—1) ,uq

cos|k|L || cos|k|L
o m sin|x|z lci(z —=1)
Al() =4 L5 ABEE ) 4 So2lElZOD) 1), (1.4-9)

The most interesting case is that of a single input AJ(0) at z = 0. In this case the

reflected wave at the input is

Ag(0) = ——Iq';c-"!:—.ta.n]le A3(0) (1.4-10)
while at the output,
oo A4(0)
ALL) = m (1.4-11)

For |x|L> m/4, we note the reflected wave amplitude exceeds that of the input.

The device acts as a reflection amplifier.
When |c|L=n/2,

As(0) _ Aq(L)

RO O KA1

which corresponds to oscillation. Therefore, gain and oscillation are both possible

in the phase conjugation process for large enough pump waves.
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1.5 Resonant Hedium

We will now consider the case of phase conjugation in a resonant medium. The
medium is modeled as a two-level absorbing system and is the representation of the
resonant medium that will be used throughout this work. This section is based
mainly on the work of Abrams and Lind!” who did the first calculations for a two-
level system. This is presented now in order to show the important differences
between a rescnant medium and the transparent medium considered in the previ-
ous section. In the two-level absorbing system, linear absorption, saturation, and the
frequency dependence of the coupling coefficients in the mode equations all need to

be considered.

The fields of Eq. (1.4-3) are used with w; = w since we are considering the degen-
erate case. The polarization, including both linear absorption and the nonlinear
terms, are calculated from the density matrix equations. Since the solution of the
density matrix equations is the main topic of this thesis, we will just present the

results of the calculation for now and consider how they are obtained later.

YWhen the first order polarization is included, the coupled mode equations become

dAs

?z-— = alAg + iIC.A;
__ih; = —a’Al + ixAg (1.5-1)

In these equations, a accounts for the saturated absorption and dispersion of fields
As and A and is given by

1 —-1i8 1462+ 21

= = -1 1.5-2
=L+ 7T (L+6° +4aE  RTA sl

The coupling coefficient x° is given by
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o _ 1-14i48 21
FEYR T Y ETE (1 + & + a)7e 3.53)
where | is the normalized pump intensity which is deflned as
AlA] _ AAp
I= = —_—, .5-
E2 £ (1.5-4)

assuming equal intensity pump waves. EZ is the line-center saturation intensity, ag
is the line center small signal field attenuation coefficient, and § = (@ — tg)T; is the
normalized detuning of the flelds from line center with T; the transverse relaxation

time?®.

Using the boundary conditions Ag(L) and A;(0), the solutions for Eqs. (1.5-1) are

_ wcoswz + agsinwz (s -L)
As(2) = wcoswL + agsinwL As(L)
ix'sinw (z — L) —ag . »
wcoswL + aRsin‘UJLe A}

wcecoswL + agsinwL

wcosw(z — L) —agsinw(z = L) —ap
+ 7 -
wcoswl, + agsinwL

AL(0) (1.5-5)

where w = (|x|? — af)V/2.

We consider the case of a single input A (0), which is the boundary condition used

in the filter case. The reflection coefficient R is

R = |« sinwL|? (1.5-6)
|w coswL + ag sinwL|?
For wreal, | £ |2> af . the oscillation condition is
tanwL = —2, (1.5-7)
aR

If the medium is an absorbing medium, oy > 0, then oscillation occurs for

wL> n/2. It ag< 0, the case of gain, then the oscillation condition requires
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wL < m/2. For the transparent medium discussed in the previous section, ag = 0,
and oscillation occurs when wL = [k|L = n/2. When |«x|® < af, which corresponds to

w being imaginary, the oscillation condition is given by

tanh |wL| = -‘-E:—L (1.5-8)

In this case oscillation can occur only if there is gain, ag< 0.
1.6 Applications of Phase Conjugation

The main property of phase conjugators is their ability to restore severely aber-
rated waves to their original state on passing through a distorting medium twice.
Now we will consider some of the applications this property can be used for. Much of

this section is drawn from several excellent review articles by Yariv® and Giuliano!.

One application, motivated by the laser fusion work done at LASL, is to utilize the
properties of phase conjugation to deliver the maximum possible energy onto the
target pellet used in the fusion experiments. This scheme involves first illuminating
the target with a pulsed laser of a wavelength compatible with the amplifiers of the
systemn. Some of the light reflected off the target will be captured in the aperture of
the focusing element and will enter the optical system. The next step is
amplification of the distorted reference wave followed by conjugation of the wave.
The conjugated wave is then amplified a second time and propagates back through
the optical elements. The phase distortions accumulated on the first pass are elim-
inated as the wave makes a second pass through the system. The net resuit is the
delivery of an intense, diffraction limited, pulse of light to the target. In laser
fusion, the problem of beam alignment, pointing, and focusing is extremely complex
in the conventional technology, demanding that the target be precisely located
within a narrowly deflned fleld of view and requiring sophisticated sensor/servo sys-

tems. The great advantage of the phase conjugate scheme is, that once the refer-
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ence is created, everything else happens automatically®.

A similar application applies to sending laser energy through the atmosphere. In
conventional adaptive optics, one measures the atmospheric turbulence along the
propagation path using a probe beam that originates at the target. The probe signal
is received at the aperture of the laser transmitter. The aperture is divided into
subapertures. The local wavefront tilt is measured using shearing interferometers
or some similar technique. This information is used to drive actuators on a deform-
able mirror. The deformable mirrors are then used to predistort the outgoing beam
in a way that compensates exactly for the atmospheric distortions to be encoun-
tered along the propagation path to the target. In the phase conjugate case the
probe beam is amplified, conjugated, and retransmitted. One big advantage of the
nonlinear approach over the conventicnal one is that compensation will still occur
even if the probe beam has substantial amplitude variation over the wavefront, as in
the case of severe turbulence. The conventional approach compensates only for
phase variations. It should be noted that neither approach can compensate for
absorption of the laser energy or time varying changes in the distorting medium if
the changes occur on a time scale shorter then the time it takes the phase conju-

gate wave to retrace the path of the probe beam!.

Another potentially valuable application for phase conjugate optics is the useof a
phase conjugator as a mirror in an optical rescnator. Several papers have discussed
the idea of replacing one of the conventional mirrors!®~22 by a phase conjugate mir-
ror. This has been demonstrated by Pepper and colleagues?®. Phase conjugate reso-
nators are expected to exhibit several unique properties . The property that Pepper
and coworkers demonstrated was its ability to compensate for intracavity distor-
tion. They also showed that light extracted from the erd of the resonator with a

conventional mirror has a transverse phase which depends only on the output

mirror's radius of curvature and not on any distortions within the body of the
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resonator. A second important property of this resonator is that it does not possess
longitudinal modes that depend on the cavity length. Usually an optical resonator
has longitudinal modes separated in frequency by ¢/2L, where L is the cavity length.
This is due to the requirement that the accumulated phase after one round trip of
the cavity equals 27 times an integer, so that waves will constructively interfere with
themselves. In a phase conjugate resonator the phase that is accumulated as the
wave propagates from the conventional mirror to the conjugate mirror is subtracted
by the same amount on the way back to the conventional mirror, so the net phase
which is accumulated is always zero. The phase conjugate resonator can therefore
support any wavelength which is within the bandwidth of the gain medium and of
the phase conjugate mirror. In addition the problem of mode hopping due to cavity

length drift can be eliminated.

It has also been shown®® that the fundamental oscillation mode of a resonator
with a phase conjugate mirror has extremely low losses compared with the
corresponding oscillation modes of similarly filled resonators of the same geometric

dimensions but formed by conventional mirrors.

Another application suggested by the group at Caltech?*?° was to use phase con-
jugation to do spatial convolution and correlation. This involves placing the non-
linear medium at the focal plane of a set of lenses which are used to obtain the
Fourier transform of the pump and signal waves. The medium is used to do a multi-
plication of the Fourier transforms of the waves. By choosing pump wave A; to be a
point source and placing spatial information on waves A; and A;, we can obtain a
correlation between these two fields. We obtain the spatial convolution of A, and A,
by taking Ay as a point source. This approach makes possible autocorrelation and

autoconvolution as well as other high-speed, real-time information processing.

Photolithography is another area of potential application of phase ceonjugation.
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Photolithography involves projecting complex patterns onto photo-resist layers. This
is usually accomplished using conventional optical techniques which require
diffraction limited, low f-number performance. In the phase conjugate approach
the mask is illuminated from the back by a laser. The image is formed on the pho-
toresist surface of a substrate, after being reflected from the conjugator by way of a
beam splitter. The advantage of this scheme is that diffraction limited performance
can be achieved without using expensive optical components. In addition this
approach achieves the same goal as contact photolithography, without placing the
mask in direct contact with the sample. Projection of high-quality images using this

technique has recently been demonstrated?®®,

A more esoteric application of phase conjugation suggested by Yuen and
Shapiro®? is the generation of photons in a two-photon coherent state by using
proper combinations of the phase conjugate wave with the incident signal wave. They
have shown theoretically that two-photon coherent states are minimum uncertainty
states?® with unequal uncertainties in the two field quadratures. The uncertainty in
one of the fleld quadratures can be arbitrarily reduced at the expense of the other
quadrature. In optical systems, homodyne detection®® can measure one of these

fleld quadratures.

An application suggested by Shapiro™ is its use as an optical waveguide tap with
infinitesimal insertion loss. The novel statistics of the two-photon coherent state
make possible high signal to noise detection from a directional coupler that is very
weakly linked to an information bearing optical waveguide. Cariton Caves?! of the
gravitation group at Caltech has suggested using these states to increase the sensi-

tivity of the interferometers which are proposed as gravitational wave detectors.

Optical filtering via phase conjugation is the application which is the main topic

of this thesis. To construct an optical filter, the pump waves, A; and Ag, are provided
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by one laser at frequency w. The signal wave A;(0) at frequency w, is the input to the
filter. The output of the filter is the phase conjugate wave Ag(0) whose amplitude
depends on the relative detuning of w, from w. The phase conjugate property is used

to provide a high signal to noise ratio for the filter.

. Using a resonant medium as the nonlinear medium, we discuss the properties of
optical filtering in both homocgeneous® and inhomogeneous media333* and then
demonstrate an ultrahigh-Q optical filter®® which uses sodium vapor as the medium.
The bandwidth of the filter depends on the homogeneous linewidth of the rescnant
medium. Other authors®®37 have discussed optical filtering via phase conjugation in
a transparent medium. In that case the filtering depends on phase mismatching
between the various waves and typically does not achieve the narrow bandwidth of

the resonant medium.
1.7 Materials used as Nonlinear Media

Now we will look at a few of the materials people have used to generate phase con-
jugated waves via four-wave mixing. As previously mentioned, the first observation
of phase conjugation was by Jensen and Hellwarth? of USC. They observed a
reflectivity R~ 10% in CS;z using a Q-switched ruby laser. In a second experiment

they demonstrated phase conjugation in a dielectric waveguide®® filled with CS;.

At Caltech, Pepper, Fekete, and Yariv!! used a Q-switched ruby laser to measure
x® for CS,. They observed amplification and even oscillation at a pump intensity of
B.B MW/cm? John AuYeung®® observed a backward wave conversion efficiency of
0.45% using a pump power of only 8mW in a 4um i.d. C3S; filled optical fiber. This was

done using an argon laser at 51454 .

At Bell Laboratories, Dave Bloom and co-workers have worked with a variety of
materials. They observed phase conjugation in CS; using a Q-switched, frequency

doubled, Nd:Yaglaser!®. In ruby?®, they used a CW argon laser to observe a
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R~ 2 x 107° with a pump intensity of only 95W/cm? Ruby can be modeled as a
three level system with a broad band absorption and a :arge x(®. With sodium!? as
the medium, they used a nitrogen laser-pumped dye laser which was detuned
1.25 cm™! from the D, line of Na to obtain signal gains up to 100. In the CW case®!,
they used a single mode dye laser and observed R~ 2 x 10~% with pump power of

only 600 mW/cm?,

At LASL, Fischer and group have done some very interesting intracavity four-wave
mixing. In the first case, they demonstrated phase conjugation in germanium* by
inserting the output mirror of a CO; laser backwards into the laser cavity so that
the germanium substrate was intracavity. The pump waves were the standing waves
of the laser cavity and the signal wave was a small part of the output of the laser.
The intracavity experiment has the advantage in that this guarantees counterpro-
pagating pump waves if the laser is lasing. In subsequent experiments®*3, they used

the CO; lasing medium as the nonlinear material and obtained 2% reflectivity.

At Hughes Aircraft Research Laboratories, Lind and group** have demonstrated
reflectivities of 7% in a few torr of SFg using a COp laser. They have also used a Q-

switched Nd:Yag laser to obtain R as high as 180 in silicon®5.

These are just a few of the materials which were first used to demonstrate phase
conjugation via four-wave mixing. Many other materials, such as lithium-niobate!3,
organic dyes*®™*®, ammonia®®, barium titanate®!, and Bi;zSi0Ozp crystals®?, just to

name a few, have also been used.
1.8 Conclusion

In this chapter we have presented the basic concepts of phase conjugation along
with the mathematical formulation used to describe the process. We have con-
sidered both a transparent medium and a resonant medium as possible nonlinear

media. Several applications of phase conjugation were presented. Finally, various
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materials used as the nonlinear medium have been presented.
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Chapter II

NONDEGENERATE FOUR-WAVE MIXING IN A HOMOGENEOUSLY
BROADENED TWO-LEVEL SYSTEM

2.1 Introduction

In the first chapter we discussed the basic properties of the phase conjugation
process as they affect a wave which is incident on a phase conjugator and the pro-
perties of the subsequent phase conjugate wave. We gave examples of various appli-
cations of phase conjugation and examined different types of media which are used

to do the nonlinear mixing which generates the phase conjugate wave.

Applying the standard methods of nonlinear optics, we will consider phase conju-
gation via four-wave mixing in a nonlinear medium using a plane wave coupled-mode
treatment. The nonlinear medium used throughout most of this work will be a two-
level system. The coupled-mode equations for the conjugation process will include

both the linear loss and the nonlinear coupling between the waves.

This chapter will study nondegenerate four-wave mixing! in a homogeneously
broadened two-level system. First we will describe the two-level system, then present
the density matrix solutions for a particular choice of the applied electromagnetic
flelds and use these in the coupled- mode equations to solve for the phase conjugate

signal.
2.2 Density Matrix Equations for a Two-Level System

The nonlinear medium is modeled as an ensemble of stationary atoms. As shown
in Fig. 2.1, we assume the atoms have only two energy levels, £, and F'y with energy
splitting Mg, which are involved in the nonlinear interaction. The angular frequen-

cies of the electromagnetic flelds are assumed to be nearly resonant only with these
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Fig. 2.1 Energy levels of the two-level system
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two energy levels.
The Hamiltonian of the two-level system is
H=Ho+ H (2.2-1)

where Hy is the Hamiltonian of the system in the absence of any field. The interac-

tion Hamiltonian A" is assumed to be of the dipole type
H = —gE(rt) (2.2-2)

where [ is the component of the dipole operator along the direction of the electric

field E(r.t). The electric field E(r,t) will be considered as a classical variable.
The total wavefunction of the syste;.n is
¥ =cy(rt) ¥ + ca(rt) ¥e (2.2-3)
where ¥, are eigenfunctions of the unperturbed Hamiltonian Hg such that
Ho¥y = £y
Hoya = Exy2 (2.2-4)
The functions ¢,(r.t) and cz(r,t) represent the amplitude for the atom to be located

at position r at time t and occupy energy levels F, and Ey, respectively. The Schrod-

inger equation is given by

¥ _

'Lﬁw— HV¥ (2.2'5)

Using the eigenfunctions 4, and ¢, as a basis, the density matrix operator p can
be represented as a 2x2 matrix with elements p;, P12, P21, P22. The components of

the matrix p are shown below.

ciey €iCz
p=(oes orcs) (2.2-6)

The density matrix equation, which is equivalent to the Schrodinger equation, is
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given by
i 90 -
iR ke [H.p] (2.2-7)

In this basis the unperturbed Hamiltonian is

E, O
The diagonal matrix elements of H' are taken as zero
<YIGIY> =<y¥z|ZlY> =0 (2.2-9)

as appropriate to transitions between states of definite parity. The phases of the off

diagonal elements of H’ are taken such that

<V@lY¥z> = <¥|alh> = u (2.2-10)
The density matrix equations can be written as

dpzi
dt

= =iwgPg + i%E(r.t) (P11 — P22)

S (o1 - pa2) = ZiEE(EL) (orr — i) (2.2-11)

where p;; + pzz2 = 1 is the normalization condition.

We will incorporate the loss of phase coherence due to collisions as well as the
natural lifetime of the atoms into the density matrix formalism by including the
phenomological relaxation times T, and Tp in the density matrix equations®. The

resulting equations are

dpg
dt

= —iwgpgy + i.E'-E(l'.t) (P11 = pz2) = oL
B Te

L (o1 - pz2) = 20EE(r) (oas - p31) - Pus Pz ;l("“ “Pale  (35.12)

where (0,; — p2z2)e is the equilibrium value of (p,; — p22) in the absence of the applied
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field E(r.t).
2.3 Solving the Density Matrix Equations by Perturbation Theory

In the phase conjugation problem, which is the subject of this work, the mixing
involves two intense counterpropagating pump waves E; and Eg of the same fre-
quency w and two weak counterpropagating waves Eg and E, with frequencies wy and

we. The geometry of Yariv and Pepper® shown in Fig. 2.2 is used.
The fields are taken as plane waves:
Ey(ryt) = BA(r)expli(wt—k;r)] + c.c., (2.3-1)
where r; is the distance along k;. We have
k), +k; =0, w3+ w,=2w (2.3-2)

The applied electric flelds are polarized along the same direction. The density

matrix equations are now solved to third-order by pertubation theory.
To use perturbation theory?, we first expand the density matrix equations as
Py = P + Apf!) + A% . (2.3-3)

Then we solve for py by iteration up to some desired order, third-order in our case,
and then put A =1 in the final results. In Eqgs. (2.2-12) we replace H' by A H' and

equate the same powers of A on both sides of the equation to obtain

ap n) i L [ -
= ~(iwy + 7o - T[H . o2V ]y (2.3-4)
where
Yr=ra1=1/Tz 7Tu=72=1/T). (2.3-5)

The solution is

Pt = Zh [ TN () pla-D(e) ]y ds.
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(2.3-8)

To zero order we assume
PP =0 = pf (2.3-7)
and (p;; — pzz)o the equilibrium value of p,, — p,; for zero applied fleld.

To obtain the first order solutions, we calculate [ H', p{® J;. The components of

the commutator are given by
[H,p®],=0 [H'-P(G)]u=0
and
[H. p® Lz = uloys — pze)o E(rit) (2.3-8)

Using these commutators in Eqs. (2.3-8) and neglecting the nonresonant denomina-

tors, we obtain

et(m. -k; ) ei (t —kgr)

= g ""lv/Tg) *+ A (GJ'—CJQ —1-/T2)

pf¥ = 'E%(Pu = Pz2)o [Az (@

ei (wgt — ky7) ei. CARS B, ]

*fis (“S -y — 'i/Tg) + Ay (Q‘ - wy — i/Tz) (2.3"9)

Using the same procedure, first calculating the commutators and substituting these
in Eqs. (2.3-8), we can calculate the higher order terrns. We have done the perturba-

tion solutions out to third-order.
The macroscopic polarization is given by P = Nu(p;s + p2;). N is the density of
atoms. The solutions for the polarizations are

c
41T,

P(wg = 2w —w,) = : {—iagAg + k3Ajexp[i(dk)z]

xexp[i(wst —ks'r)],
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Ploy = 20 = ) = E—{-iaA, + KiAsexp[i (Ak)z])
xexp[i(wet — kg r)]. (2.3-10)

The coupling constants are given by

—i0g . iag

%= Gov-n NTEr D

- [1 - ()R] AjAg

s = 2a0] (6 +1)(1 —iav)(s —vu—i)(6+ u+1’.)] ' 11:;-

. _ [1 —(iyr2] AA
o = 20g[ (6—4)(1 —iav)(3 —uu —)6+v+1) 1- El:.: B

where 6 = (w — )Tz is the normalized detuning of the pump flelds from line center,
v=(wy — )Tz is the normalized detuning of the signal frequency from the pump
flelds, a=T,/Ts, EZ=HB/T;Tzu® is the line-center saturation intensity,
ag = 4mu?ANgT:ko/2R is the line-center homogeneous-broadening absorption
coefficient of the subject gas, kg is the magnitude of the wave number at frequency

wg, and Ak = 2(w, — w)/i.
2.4 Coupled Hode Equations
Using the wave equation (g = u = 1)

1 82 4 82
VR2E ———E = —
c? a2 c? at2

(2.4-1)
we will derive the coupled mode equations for As(z) and AJ(z). The first assumption
we will make is that the pump waves A; and A; are undepleted by the phase conjuga-
tion process. This assumes that the pump waves are much larger than either A; or
A{ so that the fraction of pump light diffracted into the direction of the signal waves
results in a negligible change in the amplitude of the pump waves. Linear absorp-

tion of the pump waves by the nonlinear medium will also be neglected as it depends

on the geometry of the experiment and can easily be included as discussed below.
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Suppose the pump waves propagate through a length L, of the nonlinear medium
along the s axis. Assume the nonlinear medium is contained between
s =0 and s = L, such that A,(0) and A,(lL,) represent the incident amplitudes of the
pump waves on the material. The pump waves, as they propagate through the

material, can be expressed by the following equations:

Ai(s) = A (0) e

Ag(s) = Ag(Ly) e*® ™1 (2.4-2)

where a is the linear absorption coefficient for the pump waves. The important

quantity in the nonlinear polarization is the product A;(s)Az(s) which becomes
Ai(5)Ag(s) = A1(0)Ap(Ly) e (2.4-3)

We observe that the product of the pump amplitudes is independent of the position
inside the material but is reduced by the factor e ™. This can easily be included in

the expressions for x;.

The first step in deriving the coupled mode equations is to equate terms in E and
P which have the same frequency w and the same wave vector k. As an example, con-

sider the components of E and P at wg and kg.
E(ws, kg) = %Ag(z)exp[i(wst + kaz)]
P(ws. ks) = E—t—1osAs(2) + K5AL(2)

xexp[i(Ak)z]jexp[i(wst + kgz)]. (2.4-4)

These expressions for E and P are substituted in the wave equation, Eq. (2.4-1). Tak-

ing derivatives, we obtain

;B:?E(wa- kg) = — w§ E(ws. ks) = — Jof Ag(z)exp[i(wst + ks2)] (2.4-5)
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2 P(05. ks) = ~(09)* P(ay. ko)

4

V2 B(on, k) = 2 (L2 | K90 o) expliont + ed)].

~rl d®A4(2) .. dAg(z)
=lg—az tike—g;

Substituting into Eq. (2.4-1) yields

1 d?Ag(z) . dAg(z)
2 a2 TRy,

1 ,
- z_kszAs(Z)]exP["-(”at- + Kk32)].
ws

2

+ é—:—As(z)exp[i(wst + kgz)]

= :?‘5“"“3%(2) + £3A,(z)xexp[i(Ak)z]jexp[i(wst + kez)].

Using the dispersion relation

several terms can be cancelled. In addition we will assume that

B

44 |
dz? dz

| << | ks

s %kg-’Aa(z)]exp[i(mat + ksz)].

2% {—iagha(z) + KSAI(z)expli(Ak)z]jexpli(wst + ksz)].

(2.4-8)

(2.4-7)

(2.4-8)

(2.4-9)

(2.4-10)

This is usually referred to as the adiabatic approximation, which we will use

throughout this work. This simplifies the wave equation to yield

%";’_ = aghs + irsAsexp[i(Ak)z],

In a similar manner we can obtain the mode equation for A{. This becomes

(2.4-11)
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d:; = —agA, + ix4Agexp[—i(Ak)z]. (2.4-12)

The solutions to Eqs. (2.4-11) and (2.4-12), using the boundary conditions of
Ag(z = L) = Ag(L) and A (z = 0) = AJ(0), are

Agld) = i_DlC_a_[ 3% _ U5y ~ Syl iSyse 1A2(0)

~SgL

D

e iSx

+ — (o —1S,)e"*" ] A4(L)

[ (ag —iSp)e

Al(2) = 5 [ (o — i52)e" 1 ™ o7 _ (g — i5,)6"%* ] a(0)

-k (iS, — ag)(iS; —

where
S = (—i/2)(as — ag + iAk) + (1/2)[4ksK, — (a3 + a)? + (Ak)?
+ 2iAk(ag + ag)]/%,
Sz = (—i/2)(as — ag + iAk) = (1/2)[4k3Ks — (ag + ag)? + (AKk)?
+ RiAk(ag + ag)]'/2.
D= m\g(e‘(sl =il 1) +4(S, - Sge“sl _s'“') (R.4-14)

Since we are interested in the filter application we will consider the case of a sin-
gle input AJ(0), with A3(L) = 0. In this case, the solution for the reflected wave at the

input plane becomes

1(3; - SpL

As(0) = 21— 1 A5(0) (2.4-15)

We can now appreciate a very important fliter characteristic of the four-wave
mixing process. Ag(0) is proportional to AJ(0), which implies that the output is a
phase conjugate of the input wave. In other words we have time reversed the input

wave except for a small shift in frequency since Ak # 0. If the input wave is passed
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through various optical devices such as a spatial filter and a lens system the output
wave will retrace its path and we can greatly enhance the signal to noise ratio of the
fliter using this technique. However this is done at the expense of the field of view of

the filter.
The power reflection coefficient is defined as
R = |Ag(0) 2/ | A (O) 2. (2.4-18)
The solution for R is

x3{l — exp[i(5, — Sz)L]} 2
1{S, — Sz exp[i(S; — Sp)L}} + aglexp[i(S; =Sp)L] = 1}'"’

R=| (2.4-17)

It should be noted that the reflected wave is frequency shifted from the incident
wave. The output frequency is upshifted from the pump frequency by the same
amount that the input frequency is downshifted from the pump, and vice versa.

However, the frequency shift is very small for any significant reflection coefficient.

Using ool =1,a = 1/2, 2L/cTy = 0.01, and A;A;/E2 = 0.1, the frequency depen-

dence of the the reflected (output) signal is studied.

In the degenerate case (v = 0), Fig. 2.3 shows the dependence of the reflection
coefficient on the pump detuning 6. The plot indicates that the reflectivity dimin-
ishes very rapidly with increasing 6. From Eqgs. (2.3-11) we expect R to be inversely
proportional to the sixth power of é for § larger than unity. Therefore operation
near line-center is necessary to optimize the amplitude of the reflected wave. How-
ever, under certain situations, for example, opgl>> 1, it would be advantageous to
have the pump flelds detuned from line-center. Fig. 2.4 shows the reflection
coefficient, normalized to unity, plotted versus the signal detuning v for several
small values of the pump detuning 6. The important feature to notice is the
broadening of the curves as & increases. As shown clearly in Fig. 2.5, the normalized

bandwidth B = ATz (Aw is defined as the full width at the half maximum of R(v = 0))
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Fig. 2.3 Reflectivity, for degenerate four-wave mixing, versus pump detuning 4
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more clearly display the bandwidth of the system.
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increases with the pump detuning 6. For larger 4, Fig. 2.8 shows the absolute
reflectivity plotted versus the signal detuning v. The reflection coefficient takes on a
double peaked structure. The peaks are at v = + A§ with A = .50,.88,.95,.97,and.98
respectively, as § increases from 2 to 10 in the plot. Apparently the value of A
approaches unity for large 6. Physically, the peak occurring at v = —§ corresponds
to w, = wyp while the peak at v = +6 corresponds to wg = wy. The peaks are due to an
enhancement of the nonlinear coupling coefficients by having either the signal wave

or the phase conjugate wave resonant with the two-level system.

It should be noted that the values we have chosen for 2L/cT; makes phase
mismatch constraints a negligible consideration and the frequency response is dom-
inated by the frequency dependence of the nonlinear coupling coefficients. For
example, if we choose a system such as sodium, where T; = 32nsec, then our choice
of 2L/ cTy implies an interaction length L = Sem. This is a resonable choice of values
for an experiment*® In the next section we will consider the effect of phase

mismatch constraints only.
2.5 Effect of Phase Mismatch

If we take the nonlinear medium to be a nondispersive, lossless medium possess-
ing a third-order nonlinear optical susceptibility x(® and use the same fields as

before, Eqs. (2.4-11) and (2.4-12), the coupled mode equations now become

= ixgAjexp[i(Ak)z],

dz

dA;
dz

= iK,Agexp[—i(Ak)z], (2.5-1)

where x; = ﬂ:ﬂ x® A,A; and the phase mismatch is

Ak = 2(w, — w)/c T (2.5-2)

As before, we assume that the pump fields are nondepleted and use the adiabatic
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approximation.

Since we are primarily concerned with the filter application, we assume that

As(L) = 0 with only a single input AJ(0) at z = 0. The solution for the phase conjugate

wave”™® is

—icstan (L) A (0)

As(0) = - (2.5-3)
g - 12 tan (a1)
with g8 defined as
B=[x3x, +(Aks2)2 ]2, (2.5-4)

As before we note that Ag(0) = A{(0), implying the output wave is time reversed. If
we look at the limit of weak coupling, | x;/Ak | » 0, the power reflection coefficient

becomes

sin( 251 :
(&

R~ |«L|%} (2.5-5)

using ks ™ Ky = K.

Fig. 2.7 shows the normalized reflectivity plotted versus v’ with +* = Akl/2. An
equivalent expression for v° is (o — w)l/c. The full width half maximum bandwidth
for Ris v’ = 2.78. To compare this with the results of the previcous section we can
define T; = L/c. V' can now be rewritten as v* = (v, — w)Tg. The bandwidth is now a
tunction of T;. For L = 5cm, Tz = .17nsec. This shows that the effect of the phase
mismatch is not as important as the frequency dependence of the coupling
coefficients since the larger of [Ty, Tz] will dominate the frequency response. For the
case of sodium, where Tz = 32nsec, L would have to equal 960cm for the phase

mismatch constraints to be of equal importance in determining the filter response.

We can compare the four-wave mixing process with real time holography. The
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nonlinear mixing can be viewed as forming and illuminating a real time diffraction
grating. From Eq. (2.5-5) we see that phase matching occurs for (AkL/R) < 7. This
gives a wavelength resolution of (AA/A) = (A/L). This result is consistent with the
resolution of a diffraction grating (AA/A) & 1/mN, where N is the number of lines
illuminated and m is the order of the grating. For four-wave mixing only the first
order terms are phase matched so we set m = 1. N, the number of lines illuminated,

is analagous to L/A.
2.6 Conclusion

In this chapter we have demonstrated how nondegenerate four-wave mixing in a
homogeneously broadened two-level system can yield an active narrow bandwidth
optical filter, which also has a large field of view (i.e., several steradians). The large
field of view is a consequence of the fact that four-wave mixing does not depend on
phase matching. The frequency response depends primarily on Ty for the values
presented here. The bandwidth is directly proportional to the inverse of the relaxa-
tion time Tz and monotonically increases with the pump detuning 6. The effects of
phase matching have been discussed and we have shown how they are dominated by
the frequency dependence of the nonlinear coupling coefficients for many experi-

mental situations involving resonant systems.
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Chapter Il

NONDEGENERATE FOUR-WAVE MIXING IN A DOPPLER-BROADENED TWO-LEVEL SYSTEM
3.1 Introduction

In the last chapter we studied phase conjugation via nondegenerate four-wave
mixing in a homogenecusly broadened two-level system. Many nonlinear media of
interest are resonant systems which are inhomogeneously broadened!™® due to
atomic motion. In this chapter we will extend our previous treatment of phase con-
jugation to include the eflfects of atomic motion (Doppler broadening) on the four-
wave mixing process. The results®? presented can be used to analyze the efficiency

of four-wave mixing in spectroscopy, optical filters, and other applications.
3.2 Density Matrix Equations for a Doppler-Broadened Two-Level System

The model of a two-level system introduced in the previous chapter® is still valid
except that now we will assume the ensemble of atoms has a velocity distribution

given by the Doppler profile.
The velocity dependence of the density matrix equations can be taken into
account by replacing

d . )
1t with 5 +v'V (3.2-1)

in Eqs. {(2.2-12). The resulting equations are

dp ) . .
a:l + v vpal = 1Pz + t%E(r't)(Pn _pzz) — ’;21
' : (P11 — pz2) — (P11 = pazdo
':T(Pu —p22) + vV (p1y = pz2) = 21-%‘E(r.t)(pal il Y 11 2 - 1

(3.2-2)
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This is analagous to considering the problem in the frame of an atom with velo-
city v, Doppler shifting the waves into this frame as shown in Fig. 3.1 ,scolving Eqas.

(3.2-2) in this frame, and then transforming back into the laboratory frame.

Generalizing the problem slightly, the mixing will involve two intense counterpro-
pagating pump waves E; and E; of frequencies w, and w;, respectively, and two weak
counterpropagating signal waves Eg and E, with frequencies wy and w,. The geometry

of Yariv and Pepper? shown in Fig. 2.2 is used. The fields are taken as plane waves:
Ei(rit) = BA(r)exp[i(ot-lkr)] + c.c., (3.2-3)
where r; is the distance along k. We have
W + wp = wg + Wy = 2w. (3.2-4)

The density matrix equations are then solved to third-order by pertubation

theory for an atom of velocity v to determine the induced polarizations at wy and w,.

{—iag(w)As + ka(wy)Afexp[i(Ak)z]}

P(os = 20 ~ oym) = 75

xexp[i(wst ~ ksr)],

P(us = 20 — 03.9) = o=t oy(w)A, + £[(v)Agexpli (AK)z ]S

xexp[i(wst — k)] (3.2-6)
The velocity dependent coupling constants appearing in Eqs. (3.2-5) are given by

iag
S+v—ngw+i)'

—tag
§—v—ngvy—1

ag{wN) = ( Y ag(wy) = i

" _ o0g AjAp { —

xs (W) = 2 EZ (6+&-—mn;wy—1i)[1 —ia(v—¢) +iaw(n, —m)](6 —v—ngwy -1)
1

*@—c-maw -1 —ia(v + 2) + iavy(m, -~ 018 — v~ Dgoy — 1)
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Fig. 3.1 Frequencies of the electric flelds in the laboratory frame and the atomic
frame.
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i
* (6+v—ny,w+1)[1 —dia(v—2z) +iawy(n, —0;)](6 — v — ngw — 1)

1
Y@ Fv—now + )1 —ta(v+ ) +iaw (m, —02)](6 — v —ngwy — 1) I

2 E2 (6+e—mnyww+1i)[1l —ta(v+¢) +iaw(n; —ng)](6 + v —ngywy + 1)

Ky(vy) =

i
* (6 -e—ngw +1)[1 —ia(v—2) +iaw(ng —ng)](6 + v — nywy + 1)

* (6 —v-—ngw—1)[1 —ia(v+¢e) +iavwy(n; —ng)](6 + v —ngw + 1)

+ . . — =,
(6 —v—ngw —1)[1 —ia(v —2) +iaw(ne —ng)][(§ + v —nyw +1)

(3.2-8)

where & + £ = (&, — )Tz is the normalized detuning of the pump fleld E; from line
center, 8 — £ = (wg — wp)Ty is the normalized detuning of the pump fleld E; from line
center, v = (w, — w)Tz is the normalized detuning of the signal frequency from the
average pump frequency w, a = T,/ T, EZ = B¥/T,Tpu? is the line-center saturation
intensity, ag = 4mu?ANgTzko/2H is the line-center homogeneous-broadening absorp-
tion coefficient of a gas with the same density as the subject gas, kg is the magnitude
of the wave number at frequency wg, Ak = (k, + kg — k, ~k3)'ng , n; = kjc/w; is the

normalized wave vector, and wy = wgTzv/c is the normalized velocity.
3.3 Doppler Profile

The probability function for the velocity distribution is given by

p(w) = pr[—(vnf uy)?]. (3.3-1)

where uy is the normea’ized Doppler velocity spread. The macroscopic polarizations
that are used in Maxwell's equations are derived by summing the contributions from

all velocities v. The resulting expressions are identical with Eqs. (3.2-5) but with the
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coupling constants ay(wy), x;(wy) replaced by their averages over all velocities. These
are given by
as = fp(wn)as(w)ddvy,
as = fo(wvw)ag(w)dvy,
xs = f[o(wy)ei(w)dduy,
rs = fp(vn)es(w)d vy, (3.3-2)

These coefficients are a function of 6, ¢ and v as well as the wave directions

n,, ng, Ng, N4, but no longer of wy.

We will consider the integrations in Eqs. (3.3-2) in the Doppler-broadened region
(uy >> 1). The integrations for a4 can be expressed in terms of the plasma disper-

sion function!® which is tabulated. The solutions for oy are given by

L ; _v—=4&+1i
aa - uN Z((‘l), Wlth (1 - —__uN
o_ Tiog ; _v+8+i y
B Al W gy = S0 R (3.3-3)
with the plasma dispersion fuction defined as
_ 1 e ™
() = JEL dx (3.3-4)

for Im ¢> 0. In this work the integrations are done numerically on an IBM

370/ 3032 computer.

The two dimensional integrations for x; are very time consuming on the computer
so we have obtained approximate analytic expressions for them. We assume that
the signal and pump waves are in the x-z plane with the signal wave along the z
direction as shown in Fig. 2.2. The gaussian distribution in Eq. (3.3-1) is modeled by

the inverse of a sixth-order polynomial for the gaussian with the (vy); dependence
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and by the inverse of a fourth order polynomial for the gaussian with the (vy),
dependence. This is done because the (vy), integral is for a sharply peaked function
times a gaussian so only the value of the gaussian near (vy), = 0 is important. On
the other hand, the (vy); integral consists of a slowly varying function times a gaus-
sian so we require a more accurate approximation for the gaussian function. The

gaussian approximation'! is given by:

29
[Ruf +2uf(w)f + (w)f ][ ajuf + azuf (w)Z + aguf (w)d + (w)f ]

P[(VN)x- (VN)B] =
(3.3-5)

where
ag = 1.075871 uf a; = 1.679374
az = 2.002844 ag = —0.08753022

The integrations are done by contour integration. In the summation over the resi-
dues, only those residues with dominant poles closest to the origin are included.
Fig. 3.2 shows the comparison between the gaussian distribution and the analytic
approximation as a function of (vy)y for (vy); = 0. The solid curve plots a one dimen-
sional gaussian, normalized to unity at the origin, versus the normalized coordinate
x = (vN)x”uN. The open circles are the data points generated by the approximation
in Eq. (3.3-5) The fit is excellent, differing by no more than 1% over the range

x=0 » x=1 and by no more than 0.01 in absolute value over the entire range of x in

the figure.

For small positive angles, the gaussian distribution in Eq. (3.3-1) is modeled by a
polynomial!! and used in Eqgs. (3.3-2) to obtain the nonlinear coupling coefficients.

This is given by
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AjAp icy
E? wuycos(p/2)

x3L = agL exp[—(e/un)?]

1
X i [1 + 2acguysin(p/2) +ia(z = v)][2 + 2epuysin{p/2) + i(26 + z — v)]

& i
1Cg® "1

[1+ 2ac4uNsin(qp/2)e"‘ +ia(e —v)][2 + 2c4unsm(¢/2)e"' +i(26 + £ — )]

+

% —1‘.038‘4'1
[1+ Zac‘.uNs'm(qo/B)e"" +ia(e = V)}[R + Requnsin(p/ 2')e_"'a +1i(R8 + £ — )]
(3.3-8)
with
¢, = 1.B786893 ¢, = 4.1182°,
cp = 0.819888 g, = 51.7814°,
¢y = 0.3937158,
cy = 1.257383.
For ¢ = 0°, the coupling constants can be approximated by
_ AjAs VR 1 ol 2
k4= Q0 p7 oy T —ia(v — N2 ¥ v =& + 20) Pl /un)’]
AJA
I . K. 1 exp[—(e/uxn)?].  (3.3-7)

EZ uy [1 —ia(v-¢&)](R6 —v+e—2i)
3.4 Numerical Results
The coupling constants calculated in the previous section are used in the mode

equations

%‘:_ = agAg + ixgAjexp[i(Ak)z],
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d;‘;z = —ogA, + ix Agexp[—i(Ak)z], (3.4-1)

to describe the evolution of waves Ag and A.

We will study the frequency and angular dependencies of the reflected signal for
the case of a single input wave AJ(0). The reflection coefficient R was previously

defined in Eq. (2.4-18) and can be approximated by
R~ |xsLl2(1 — e™2%82,/ 40812 (3.4-2)

with 2ag = Re(ag + a;) when phase mismatch constraints®?12 can be neglected. The
parameters are chosen to be a=1/2, uy=100, 2L/cTp =0.01, A)A/EZ =0.1,

aglVr/uy = 0.1.

First we will consider the degenerate case, v = ¢ = 0. Fig. 3.3 shows the reflection
coefficient plotted versus sin ¢ (¢ is the angle between k; and k,) for the case in
which 6 = 0. The data points used to generate this figure were calculated by doing a
numerical integration to determine x5 for the various angles. The integrations were
done numerically by the computer since the analytic expression is not as accurate
for large angles. Unfortunately this requires large amounts of computer time. The
important observation to make is that for large ¢, R is inversely propertional to the

13, For

fourth power of uy sing, in excellent agreement with the work of Wandzura
small angles, Fig. 3.4 shows the normalized reflectivity versus sin ¢ for several values
of the pump detuning 4. This figure disagrees with the results presented by Wand-
zura, who used a simple formula to interpolate between his results at ¢ = 0° and at
large angles. The narrow field of view shown in this figure is inherent to any Doppler
broadened system as a result of the angular bandwidth's being inversely propor-
tional to uy. As § increases, the fleld of view does increase, but this is realized only

with a concomitant decrease in the absolute value of R, as shown in Fig. 3.5, where

the reflection coefficient is plotted versus the detuning &6 for the case in which
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Fig. 3.4  Reflectivity for degenerate four-wave mixing versus sing for several values
of the pump detuning &. All curves are normalized to unity at ¢ = 0°.
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the collinear case ¢ = 0°. The curve is normalized to unity at § = 0.
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¢ = 0° From Fig. 3.5 , one notes that the reflectivity peaks on resonance, 6 = 0, and
has a line shape determined by the homogeneous linewidth. Recent work by Elci and
Rogovin'# suggests that there should be a dip in the intensity of the phase conjugate
wave at line center (6 = 0). This prediction results from the incorrect method they
used to include the eflects of Doppler broadening on the third-order susceptibility.
Elci and Rogovin account for the effects of Doppler motion by starting with x® cal-
culatedv for a stationary atom. They replace w with &a Doppler-shifted
frequency,w — kv in x®), and integrate x® over the velocity profile. Their method is
basically incorrect because it does not allow for the different Doppler shifts that the
two pump waves and the two signal waves are observed to have in the frame of the
atom. The various Doppler shifts depend on the propagation direction of the waves

relative to the velocity v of a given atom.

Since the reflectivity is the largest for the collinear geometry ¢ = 0° the fre-
quency dependence (filter function) of R in the nondegenerate case will be studied
for that geometry. The pump waves are still assumed to be degenerate (¢ = 0). Fig.
3.6 shows the reflection coefficient plotted versus signal detuning v for several
values of the pump detuning 6. As & becomes larger, the reflectivity has a double-
peaked structure with the two peaks occurring near v = 0 and v = 26. This has been
observed in some recent experiments!® using sodium vapor as the Doppler-
broadened medium. The resonance at v =0 arises when the pump wave A; and the
signal wave A, interact with the same velocity group of atoms while the resonance at
v = 26 occurs when the second pump wave Az interacts with the same velocity group
as the signal wave A;. This structure is shown better in Fig. 3.7 , where R, normal-
ized to unity, is plotted versus v — . This behavior is unique to a Doppler-broadened
system and does not appear in a system of stationary atoms. The frequency
response suggests that an active narrow-bandwidth optical filter can be constructed

using a Doppler-broadened system. The bandwidth of the filter depends on the
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Fig. 3.8 Reflectivity versus signal detuning v for several values of the pump detun-
ing 6. The curves are normalized to d = v = 0.
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Fig. 3.7 Reflectivity versus the detuning v — 6 for several values of the pump
detuning &. All curves are normalized to unity at v—6 = 0.
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homogenecus linewidth and monotonically increases with pump detuning §é.

We will now consider the effect of letting the pump waves be nondegenerate with
each other as well as with the signal wave. We'll still consider a collinear geometry.
Fig. 3.8 shows the normalized reflectivity versus signal detuning v for several values
of the pump detuning £ with § = 0. The important feature to notice is that the peak
reflectivity is only slightly diminished as e increases, with the peak occuring at v = ¢.
This corresponds to ws = w;. Physically this situation represents the case where the
pump waves and signal wave are all resonant with a class of atoms moving with velo-
city w = £ ng so in a frame moving with v = £ n, the situation is identical to that of
degenerate pump waves with @, = wp = wg. The decrease in reflectivity as £ increases
is due to the decreased probability of an atom having velocity w = £ n,. By compari-
son, Fig. 3.9 shows the normalized reflectivity versus v — § for several values of the
pump detuning & with £ = 0. In this case, the pump frequencies are degenerate and
the filter efficiency decreases very rapidly as § is increased and the filter bandwidth
also increases quite dramatically with 6. A comparison of these two figures shows
how the use of nondegenerate pump frequencies can yield a narrow bandwidth opti-
cal filter which can be tuned over the Doppler profile without significant loss in

efTiciency.

In the non-collinear geometry, Fig. 3.10 shows the normalized reflectivity versus
signal detuning v for several values of sing with both pump waves tuned to line
center, 6 = £¢ = 0. The bandwith increases as uysin(¢/2), as is evident from Eq. (3.3-
8). The absolute value of the reflectivity decreases by a factor of ten from the col-
linear case for sing = .03. This indicates that the fleld of view of the fliter is very
limited because of the Doppler broadening.®” For sing = .03, Fig. 3.11 plots the nor-
malized reflectivity versus signal detuning v for several values of pump detuning &
with § = 0. Comparison with Fig. 3.8 shows that the peak reflectivity also occurs at

v = £ with the bandwidth remaining a function of sin(¢/2) but being independent of
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3.6 A Hodified Filter

Another interesting situation to consider is when one pump wave A, and the sig-
nal wave Ay are fixed in frequency while the second pump wave Ap is varied in fre-
quency. As before, the phase conjugate signal Ag will be counterpropagating to A,

since we assume the two pump waves A; and A; are counterpropagating.

We will define 6, = (w, — wg)Ta, 62 = (wz — wp)Tz and v; = (w, — @,;)Te. All the previ-

ous definitions remain the same.

Only the collinear geometry will be considered since this has the greatest phase

conjugate efficiency. The solutions for x; are given by

_AA VR 1 y
e E.z uy (1 o= iaul)(él + 62 + 7 + 2iTexp[—(62/uN) ]l
. AAz Vi
£ = do~pz o . [~(8:1/un)?]. (3.5-1)

EZ uy (1 —ian)(8, + 6z — v; — 22)

For the case of a single input AJ(0), with Ag(L) = 0, and using the parameters of
the previous section, Fig. 3.12 shows the normalized reflectivity versus the pump
detuning &; for several values of 6, with v, = 0. This condition, v; = 0, corresponds to
waves A, and A being degenerate in frequency. The important observation to make
is that the reflectivity has a peak at d; = —4,. In a frame moving with w = 6,n, the

situation is identical to that of degenerate pump and signal waves with
W) T Wz Twy T Wy T Wy
In Fig. 3.13, 6, =0 and the normalized reflectivity is shown versus the pump

detuning &; for several values of v;. A peak occurs for 63 = v; but the peak ampli-

tude decreases rapidly with increased v, and the bandwidth broadens considerably.

This filter arrangement has the advantage that one laser can provide the pump

wave A, and the signal wave A;. The second pump wave A; can be an external signal
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which we are trying to filter. In an experimental arrangement, the wave A, can be at
a very small angle to A; to provide isolation between the two waves. Spatial filtering
of A, can help accomplish this. The filter can have an entrance aperture which
forces the external signal to be counterpropagating to A;. The central frequency of
the fliter's bandpass can be tuned over the Doppler profile with only a small
decrease in efficiency as the waves become resonant with planes of atoms having
nonzero velocity. We will then have an efficient tunable narrow-bandwidth optical

filter which is highly directional.

The filter described in the last section required two lasers to provide the pump
waves, or some other means to provide the two frequencies needed by the pump
waves, if we de‘s‘u-ed to tune the central bandpass of the filter over the Doppler
profile. However this filter has the advantage of phase conjugating the external sig-
nal which is being filtered. This allows the use of optical systems, such as those dis-
cussed in section 2.4, to obtain good signal to noise for the filter. The filter dis-

cussed in this section would not have that property.
3.6 Conclusion

The primary effects of Doppler broadening are to reduce the effective absorption
cross section and to impart an angular dependence to the reflection coefficient. The
angular dependence would severely limit the field of view of devices based on this
system. However, it is important to note that the linewidth of the reflection

coefficient approaches the homogeneous linewidth at small angles.

The frequency response of the Doppler-broadened system in the nondegenerate
case demonstrates how four-wave mixing can yield an active narrow-bandwidth optl-
cal filter. In the case of degenerate pump waves, the fllter has a bandpass which is
centered at the line-center frequency of the two-level system and whose bandwidth

is limited by the homogeneous linewidth. However, by using pump waves of different
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frequencies the optical fliter demonstrated has a tuning range which extends over
the whole Doppler profile while still maintaining the same narrow linewidth and with

only a small reduction in efficiency as compared to line center operation.
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Chapter IV

NONDEGENERATE FOUR-WAVE MIXING IN A HOMOGENEOUSLY BROADENED

TWO-LEVEL SYSTEM WITH SATURATING PUMP WAVES

4.1 Introduction

The last two chapters have dealt with phase conjugation via nondegenerate four-
wave mixing in a homogeneously broadened two-level system and then extended this
treatment to include an inhomogenecusly broadened system. In both cases the solu-
tions to the density matrix equations have been obtained by perturbation theory
carried out to third-order!™3. In this chapter we will again consider the homogene-
ously broadened system but will generalize the solution to include all orders of the
amplitudes of the strong pump fields and first-order in the amplitudes of the weak
signal flelds. As discussed briefly in section 1.5, Abrams and Lind*® have considered
this problem for degenerate four-wave mixing. Several other authors®? have con-

sidered various aspects of the solution for the nondegenerate case.
4.2 Solving the Density Matrix Equations

As before the mixing involves two intense counterpropagating pump waves E, and
E; of the same frequency w and two weak counterpropagating waves E; and E, with
frequencies ws and ws. The geometry of Yariv and Pepper® shown in Figure 2.2 is

used.
The flelds are taken as plane waves:
Ei(rut) = ¥A(r)exp(i(wt-kr)] + c.c., (4.2-1)
where r; is the distance along k;. We have

k +k; =0, w3+ w,=20 (4.2-2)
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The density matrix equations are then solved to all orders in the amplitudes of
the pump waves and first-order in the amplitudes of the weak signal flelds. The solu-

tion is found by taking the Fourier transform of the density matrix equations

dpz,

at - —iopz + i%E(r-t)(Pn = Pza) — Par

Tz

Edt— (P11 —pz2) = Zi%E(r.t) (P21 —p21) — (e11 — paz) ;‘(pu ) . (4.2-8)
This is done by letting
P11 — P22 = Po + Pa ol ety Pa g S
+ pp e @M e Ao -ogt
poy =0 et + gpe 4 oo (4.2-4)

Substituting in Eqs. (4.2-3).equating the coefficients of the Fourier components, and
neglecting higher order terms in the signal waves A; and A, we can determine the

induced polarizations at wg and w,.
Plwg = 2w —w, Kk, r) = ﬁu:{—fiaa(k,-r)As + ra(k; r)Agexp[i(Ak)z]}
xexp[i{wst — ks'r)].
P(w, = 2w — wg.k, T) = Z:T“i—iag(kyr).h + x(ky T)Asexp[i(Ak)z]3
xexp[i(wet = k1)l (4.2-5)
The coupling constants appearing in Eqgs. (4.2-5) are given by
—iog

ag(k,r) = i AA
(6 —v—‘l,)[l + W]
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A'A(2 —1iv)
y [1 _ 2EZ(1 —iav)(1 —48)[1 +i(8 — V)] ]
[1 " A'A(1 —1iv) ]
21 —diav)[1 +i(6 —V)][1 —i(6 + V)]
a;(k;'r) = % N
(+v+i)[1+ Fﬁ—f—gz—)—]
A'A(R —iv)
y [1 _ 2E2(1 —iav)(1 +i8)[1 —i(8 + V)] ]
[1+ A'A(1 —iv) ]
E3(1 —iav)[1 +i(6 —V)][1 —i(6 + V)]
Bt e [1 = (v)/2] AjAs 1
) =200 G s DGy E D B S
e [1 = (v)/s2] AAs 1
kalley'T) = 2] (6 +i)(1 -iau)(dz—uu —)B+v+ 1'.)] ' ;:,2 5
A'A
s=li+ gt
A’A(1 —iv)
x[l * E2(1 —iav)[t —i(6 + V)][1 +1i(6 —u)]:|

-{hl-r

A=A T 4 g e

(4.2-8)

(4.2-7)

and where 6 = (0 — wg)Tz is the normalized detuning of the pump frequency from

line center, v = (w, — w)Ty is the normalized detuning of the signal frequency from

the pump frequency, a = T/ Te, EZ = BB/ T Teu? is the line-center saturation inten-

sity, ag = 4mufANgT2ko/2H is the line-center homogeneous-broadening absorption

coefficient of the subject gas, kg is the magnitude of the wave number at frequency

wg, and Ak = 2(w, — w)/k.

The coupling coefficients have a DC spatial component as well as high frequency

spatial components due to the A’A term in each coupling coefficient. Only the DC
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component of the coupling coefficients is phase matched and therefore of any

importance in the coupled mode equations. Defining

A = (Al Ag= |Ag|e'™

|Ay |2 |Ag |2
I, = &2t o=
A EZ 2 E? (4.2-8)
we obtain
A'A
= P L +1p + 2 1, I cos(x +9) (4.2-9)
t

with x =2k; rand 4=% — 4.

We can now determine the DC spatial component of oy, &y by integrating over x.

2n
g = —— as(X) dx
[+]

2w
N T
K3 = 53— r3(x) dx
1 2n
Ky = ﬁ-{ Ky(x) dx (4.2-10)

4.3 Coupled Hode Equations

The values of o and x; calculated in Egs. (4.2-10) can now be used in the coupled

mode equations

%ATS = agAs + ixgAexp[i(Ak)z],
d;; = —o Ay + ixAgexp[—i(Ak)z]. (4.3-1)

The solutions to the above equations, given in Chapter II by Eqs. (2.4-13), describe

the evolution of waves Ag and Aq.
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We will study the dependence of the reflected signal on the various parameters
such as frequency, linear absorption and pump intensity for the case of a single

input wave A (0). As defined previously in Eq. (2.4-18) the reflectivity R is

R = |Ag(0) 2/ | A, (O)2. (4.3-2)
with its solution given by Eq. (2.4-17).

First we will investigate the degenerate case and discuss several new phenomena
which are predicted by our solution for R. This will be followed by an analysis of the
nondegenerate case and a discussion of a variety of interesting phenomena associ-

ated with it.
4 4 Degenerate Four-Wave Mixing

In the degenerate case, v = 0, Eqs. (4.2-8) are greatly simplified. These solutions
for x; and a; reduce to those of Abrams and Lind*® for the degenerate case of two
equal intensity pump waves. The first part of the discussion will deal with maximiz-
ing the efficiency of the phase conjugate process. Then we will discuss several new

phenomena which are predicted by our selution for R.

Let us initially consider the case of equal intensity pump waves with I, =I; =1

Using Eqs. (4.2-10) to calculate «° we obtain

d+1i 1

=g (1 + )% (1 + & + 41)*/* e

For v = 0, we also note that xy = £, = ¥ and og = o, = a. Using Eg. (4.4-1), |«| can be

maximized as a function of I for various values of 8. Taking the derivative of £ with

1+ 62
2

respect to I and setting this equal to zero we obtain a value of I = = Inax 88

the value of I which maximizes |x|. For small ogl, R~ |«L|%? and we expect R to
achieve a maximum value when |x| does. For large ogL, R has a more complicated

dependence and may not have its peak exactly at I = I,,.
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In Fig. 4.1 we show the I dependence of the reflectivity R by plotting R versus I for
0 = B and several values of B¢l. By is the unsaturated off resonance absorption

coeflicient and is defined by

g
1+ 6

Fo = (4.4-2)

For 6 =8, we can calculate I,y = 32.5. Looking at Fig. 4.1, we observe that the
reflectivity peaks near I,y and the value of I at the peak increases slightly with
increasing foL. For foL = 1, the reflectivity has a peak value of R = 11, which indi-

cates that we are in the gain regime.

To further consider the requirements for achieving gain in this system, Fig. 4.2
shows the reflectivity R plotted versus g¢L for several values of 6. For each value of 5;
1is chosen equal to I,,,. The interesting thing to observe is that there is no gain for
6 =0 but as 6 increases we observe gain and then oscillation. The oscillation
becomes periodic as shown for 6 = 8. The important conclusion to draw is that the

pump waves should be detuned from line center to achieve maximum efficiency.

To demonstrate power broadening of the reflectivity, Fig 4.3 has R plotted versus
6 for several values of I with ogl. = 1. The curves are all normalized to unity at 6 = 0.
As I increases we observe that the bandwidth of R increases as the square root of 1.

This is for the case R < 1 and demonstrates the power broadening of «.

The first new phenomenon we have observed is a dip in the reflectivity at 6 = 0
when R is plotted versus 6. This is shown in Fig. 4.4 where we have a series of plots of
R versus 6 for I = 100 and six different values of ogL. All the curves are normalized to

unity at their maximum. The magnitude of the dip increases for increasing ag.

To explain this phenomenon recall that the reflectivity R can be approximated by
R~ kgnl (1 — e Y2 40812 (4.4-3)

with 2ag = Re(ag + a4) for R < 1. For small ogl. < 1, R~ |xL|? but for large agL > 1,
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Fig. 4.1 Reflectivity versus the pump intensity I for 6 = B and several values of foL.
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Reflectivity, R

Fig. 4.2 Reflectivity versus the absorption coeficient BoL for several values of 4. I
is chosen equal to In., for each 6.
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Fig. 4.3 Reflectivity versus the pump detuning & for several values of 1. All the
curves are normalized to unity at = 0.
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Reflectivity versus the pump detuning & for several values of agL. All the

curves are normalized to unity at their maxima.
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|2. Now |k| and ag both peak at 6 = 0, but suppose ap is a more sharply

peaked function than [g|. If at 6 = 0, ogL is larger than unity then R~ | 2—';——[2. As
R

|8] is increased the reflectivity will initially increase because ag will decrease faster
than |x|. Eventually |d] will increase to the point that agl < 1, implying R~ |xL|?
and R will then decrease with increasing |6|. The net result will be a dip at 6§ =0
whose magnitude depends both on the relative dependences of £ and o on 6 and the
value of agL at 6 = 0. The important criterion for observing a dip is that ag be more

sharply peaked than « around § = 0.

In Fig. 4.5, |k| and ag are both plotted versus ¢ for various values of I. The curves
are all normalized to unity at 6 = 0. In the unsaturated regime, I < 1, oy is broader
than |x| in its response. However, for I = 1 the responses are roughly the same and
as we go into the saturated regime, I > 1, ag becomes more sharply peaked than |«|
and the differences in the responses increases with 1. Therefore, in the saturated

regime we would expect to see the dips shown in Fig. 4.4.

The second new phenomenon we have observed is a dip in the refiectivityat 6 =0
due to an asymmetry in the pump wave intensities. This is shown in Fig. 4.6 where
the reflectivity R is plotted versus 6 for various values of I;. The product I, - I, = 10*
is kept constant and ogL = 1. The curves are normalized to unity for I, = 100, é = 0.
As the asymmetry in the amplitudes of the pump waves increases we observe a
decrease in the amplitude of R and a dip at § = 0. We have chosen oyl = 1 to distin-
guish this phenomenon from the previous one by insuring that we are in the regime
where R & |kL|% To better demonstrate this, Fig. 4.7 shows |«| plotted versus § for
the same values of 1,. Again. the curves are normalized to unity at
I, = 100 and 6 = 0. The response of || is quite similar to R as we would expect. We
can conclude that this phenomencn results from the manner in which the asym-

metric pump waves affect .
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Fig. 4.5 agand | £ | plotted versus the pump detuning 6 for several values of I. All
the curves are normalized to unity at § = 0.
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Fig. 4.6 Reflectivity versus the pump detuning 6 for several values of I; with the
product I; - I constant. The curves are normalized to § = 0 and I; = 100.
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4.5 Nondegenerate Four-Wave Mixing

Having considered the degenerate case, we will now study the nondegenerate case,
v # 0. The main phenomenon we observe is the generation of Rabi sidebands which
are a result of the ac Stark effect. Some aspects of this phenomenon have been dis-
cussed by Harter and Boyd” in their recent work. Our general solution agrees with
their solution in the limit of equal intensity pump fields. However, as in the degen-
erate case, asymmetry in the pump waves has an important effect on the response

of the system and is discussed in this chapter.

Before we discuss the Stark effect let us first demonstrate that a narrow
bandwidth optical filter can be constructed using nondegenerate four-wave mixing.
Using some of the parameters from Fig. 4.1, BgL.=1 and &§ = B, Fig. 4.B shows the
reflectivity plotted versus v for several values of I. All the curves are normalized to
unity at ¥ =0. As I increases, the bandwidth narrows and achieves its minimum
value for 1 = 38. If we recall Fig. 4.1, we see that I = 36 results in R reaching its max-
imum value of 11. Fig. 4.8 demonstrates that this process can yield an optical filter
whose bandwidth depends on the inverse of the lifetime T, and which can be nar-
rowed even more by operating in the gain regime and taking advantage of the
exponential dependence of R on «;. Having discussed the filter concept, we will spend

the remainder of the chapter discussing the Stark effect.

To understand the ac Stark effect consider a two-level system in the presence of
an electromagnetic field, as discussed in section 2.2. The total wavefunction of the
system is

—E\t/E —iEt/R

¥ o= a,(t) Yie + az(t) Yze (4.5-1)

where 9, are eigenfunctions of the unperturbed Hamiltoniar. Hg such that

Hoyy, = By
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and oL = 1. The curves are normalized to unity at v=0.



-89 -

HoYa = Egy, (4.5-2)
The total Hamiltonian of the two-level system is
H=Ho+ H (4.5-3)
where the interaction Hamiltonian /' is assumed to be of the dipole type
H = —gE(t) (4.5-4)

with 42 the component of the dipole operator along the direction of the electric fleld

E(t).

The functions a;{t) and ag(t) represent the amplitude for the atom to occupy

energy levels £, and £, respectively, at time t.
The electric field E(t) is given by
E(t) = ¥Ae**t + c.c. (4.5-5)

For simplicity we will assume that A is real and represents the amplitude of the elec-

tric fleld at the location of an atom which is fixed in space.

The Schrodinger equation is given by

il % =HY . (4.5-6)

Substituting the total wavefunction, Eq. (4.5-1), into the Schrodinger equation, we
then multiply both sides of the equation by ¥; and integrate cver the atomic coordi-

nates. Neglecting nonresonant terms we obtain

day _ HA At
in—Ll= —a Be (4.5-7)

with Aw=w —wp << wpand u = <Y, |Z2|¥2> = <¥:2|Z|¥1>. A similar procedure yields

dag _ BA _aw ;
il T - e (4.5-8)

The Rabi frequency Q is defined as



n = &4 (4.5-9)

The coupled equations for a,(t) and az(t) can now be written as

dal - 1'.0 {Aut

at gz 2°

daz _ iQ —bet

T -5 e (4.5-10)

We will assume that the atom is initially in the ground state, a,{0) = 1, az(0) = 0,

and solve for the subsequent behavior of the atom. The solutions for a; and a; are

VAL + 0% — Aw e-‘i[—AE—“— ;—'\’(Au)! + 0%t

a,(t) =

2vV(aw)? + 02
& JA“L"' 0%+ Aw e-—i[—é;—i- ';-\/(A_u)!ib_ﬂ’}t
2V(Aw)2 + Q2
—(8e - LVasTene
ag(t) = it g Lz g TR
2V(Aw) + 0?2
R B ot s
= il o Vi TR AR % (4.5-11)
2V(Aw) + 02
We can define a generalized Rabi frequency (1,
Q,= V(aw)? + 02, (4.5-12)

Using Q4 in the expressions for a, and az, the total wavefunction ¥ can be written as

" By 8w _0y
¥ = M%e“‘[n z 2t
20
E 0
n!+Aw¢e-¢[?‘—‘T"+—zL]t.
20, !




=Y =

oD g A
20,

(4.5-13)
Looking at the time dependence of ¥ we can interpret the results as meaning the
ground state is split into two energy levels £} and E{ with

Ef =B, +¥%0(Q, - Aw)

Er =E, -¥0(Q,;+ Aw). (4.5-14)

The ground state splitting, £} — Ef = K1, The excited state is split into two

energy levels £7 and £ with
EF =E; + ¥ (0, + Aw)
Ey =E; -¥E(Q, - Aw). (4.5-15)

The excited state splitting, £3 — E3 = H?,. The coefficients of ¥, can be interpreted

as the amplitudes to be in each of these four states.
There are four possible dipole transitions with energy separations given by
EF -FE} =
Ef —Ef =H(w+0yp)
E; —Ef =H(w —-0Q,p)
E; —E{f =how (4.5-18)
To simplify the discussion we can define a normalized Rabi frequency
wm=0,Ts. (4.5-17)

Now, let us consider nondegenerate four-wave mixing. We will assume that the
strong pump waves at frequency w cause the ac Stark effect. Then we would expect a
resonance in the reflectivity R when v = 0, + 1 as well as the usual resonances at +§
which have been discussed in Chapter Il. The case v = 0 corresponds to the signal

waves and pump waves all being resonant with one transition, while the cases
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v = £ 1R correspond to the situation in which each of the four waves is resonant with
a different transition. This is better illustrated in Fig. 4.9 where we show the energy
levels of the two-level system in the presence of strong pump waves which cause a
splitting Bl ; in both the ground state and the excited state. This figure shows the

case wy = w + {1, w3 = w — 0, which implies a resonance at v = 5.

To relate the Rabi frequency to the pump wave amplitude in the case of four-
wave mixing, we will consider equal amplitude pump waves such that A is given by

Eqgs. (4.2-7). From Eq. {4.2-9) and the definition of E2 we have

I “—Ag‘ilh%[i*-cosﬂxﬁw’)]. (4.5-18)

Now, the most probable value of a cosine is at its maximum or minimum so we can
expect the right side of Eq. (4.5-18) to have either 0 or 41/a as its most probable
value. Since O results in no Stark splitting we expect the Stark splitting to be such

that

v = "‘:— + 8% (4.5-19)

Having described the Stark effect we will now consider the calculated reflectivity and

compare it with our model.

Considering the case of equal intensity pump waves first, we chose the
parameters to be agli=1,1=100,T,/Tz=1/2. Figs. 4.10 (a) - (d) show the
reflectivity R versus v for various values of 4. In this series of plots we observe a
peak at v = 0 and side peaks at v = + 2B8.06 which grow in amplitude and shift slightly
as & is increased. These are the side bands due to the ac Stark eflect. In addition, we

have peaks at v = + 4. This filve peak structure has been observed recently®.

From Egq. (4.5-19) we expect the side peaks to occur at vg = 28.28. Fig. 4.11 shows

the value of v, at the side peaks, plotted versus 1. The solid line is the calculated
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Fig. 4.9 Energy levels of the two-level system in the presence of a strong applied
electromagnetic field.
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value g, while the open circles gives the value of v at the side peaks which is deter-
mined by calculating R versus v and measuring where R has a local maximum. We
will define this measured value of v as v,,. The agreement between v, and vy is
excellent. We have also compared v, with vy as a function of § and T,/T; and also

obtain excellent agreement.

Figs. 4.12 (a) - (c) show R plotted versus v for several values of I, with I, - I = 10*
and the other parameters unchanged from the previous figure. As I; increases, the
amplitude of the central peak diminishes. This peak then splits into two peaks whose

separation increases with I,.

We can understand this double peaked structure in each sideband by recalling Eq.
(4.2-9), which gives the standing wave pattern for the pump wave intensity. In the
case of asymmetric pump wave amplitudes, this equation results in a modification

of Eq. (4.5-18) to

AT
| f"—H-iF:-}1—[11+12+2\ﬁ112cos(x+13)] (4.5-20)

Again using the fact that the cosine function has £ 1 as its most probable value, we

expect that the normalized Rabi frequency iy will be given by
M= [h+lx 2VhT]+6 (4.5-21)

Defining vg to be the positive root, the resonances occur at v =+ vy with 1y being
double valued. Taking the case I, = 400, I; = 25; this gives vg = 21.21 and 35.38,
which agrees very well with the position of the peaks at vg = 22.23 and 34.72, which
are observed in Fig. 4.12 {c). For the values shown in Figs. 4.12 (a) - (c), the
observed peaks coincide quite closely with the resonances expected from the calcu-

lated values of .
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4.6 Conchusion

This chapter has presented a very general scolution, which includes the eflect of
saturating pump waves, for nondegenerate four-wave mixing in a homogeneously
broadened two-level system. In the degenerate case, we have presented several new
phenomena. The first phenomenon is a dip in the reflectivity at line-center due to
the relative power-broadened linewidths of the linear absorption coefficient and the
nonlinear(third order) susceptibility. The second interesting phenomenon also man-
ifested itself as a dip in the reflectivity at line-center, but was a result of using pump
waves of different amplitude. In the latter situation, the reflection coefficient
depends primarily on x, the nonlinear coupling coefficient, and it is x's dependence

on the asymmetric pump fields that results in the dip.

In the nondegenerate case, we presented the dependence of the reflection
coefficient on v, the signal detuning, and demonstrated a narrow bandwidth optical
filter which has an efficiency greater than unity. We then considered in greater
detail the ac Stark effect and how it generates sidebands in the fllter response whose
location depends on the pump wave intensities. These could be used to construct a
tunable filter which utilizes this eflect to control the frequency of the central
bandpass of the filter. As a spectroscopic tool we could use the location of the Rabi
sidebands as a measure of the dipole moment of the atom. Regardless of the actual
application, we have explained quite thoroughly the ac Stark effect and its impor-

tance in nondegenerate four-wave mixing.
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Chapter V

SODIUM AS A NONLINEAR MEDIUM
5.1 Introduction

The last several chapters have discussed the theoretical solutions to phase conju-
gation in a two level system which is both homogeneously broadened! and inhomo-
geneously broadened?3. In this chapter we will look at sodium vapor and see how it
models a two level system and examine some of the differences between a real
atomic system and the theoretical model. We are considering sodium because that
is the material used as the nonlinear medium in our experiments. At the end of the
chapter we will discuss other materials which better model a two level system and

which may be more suitable to use as the nonlinear medium.
5.2 Energy Levels of Sodium

First we will look at the energy levels for the 35S - 3P transition with which the
lasers will be resonant. Spin-orbit coupling splits the 3P energy level into two levels;
3P,,z and 3Pg,,. The resulting transitions, 3S,,; — 3P,,2 and 3S,,; —3P3,z, are at

5896 & and 5890 X, respectively*.

Sodium has one naturally occuring isotope®, Na?J, which has a nuclear spin
I =3/2. The nuclear spin causes a hyperfine splitting®’of the ground state 3S,,;
into levels 3S,,2(F =2) and 3S,,2(F = 1). In addition these levels are divided into
2F + 1 Zeeman sublevels with mp = F, F — 1,..., —=F where mp is the eigenvalue of the z
component of the total spin operator F. This makes a total of eight levels for the
ground state.

The excited state 3P,,; is split into two hyperfine levels® 3P,,;(F =2) and

3P,,2(F = 1) while the other excited state 3P, is split into four hyperfine levels®?

3Ps,2(F = 3), 3Ps,o(F =2), 3Pgo(F =1), and 3Py o(F =0). Taking the Zeeman
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structure into account, the 3P excited state is split into twenty four excited states.

Figure 5.1 shows the relevant energy levels of the sodium atom.
5.3 Wavefunctions for Sodium

In order to calculate the transition rates between the various ground states and
excited states of sodium we need to know the wavefunctions for these various states.
We will assume that 1, I, L, L, S, S; are all good operators to express the wavefunc-
tions in terms of. 1 is the nuclear spin operator, L is the total angular momentum
operator, S is the electron spin operator, I;etc.,.are the operators for the z com-

ponents of the various spin operators.
For the S ground state
I=3/2 L=08=1/2 J=1/R

First we will consider the F = 2 hyperfine state.

!F=2 M=2>g [M1=3/2 My=0 Mg=1/2>g

[F=2 M=1>g ;—(vﬁ[uz 0 1/2>5+ [ 3/2 0 -1/2>3)

F=2 M=0>3=1—(1—1/2 0 1/2>s+ | 1/2 0 -1/2>3)
V2

|[F=2 M=-1>3 -;—(x/ﬁ | =1/2 0 =1/2>g+ | =8/2 0 1/2>3)

I

|F=2 M=-2>g=|-3/2 0 -1/R >3

For the F = 1 hyperfine level we have

|F=1 M=1>s=%-(11/2 01/2>5-vV3|3/2 0 -1/2>3)
|F=1 M=0>5=%-(|—1/z 0 1/2>5—|1/2 0 -1/2>5)

IF=1 M=_1>s=-é—(x/§|3/z 0 -1/2>g—|1/2 0 1/2>3)
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For the Pa/z excited state
L=3/2 L=1 S=1/2 J=3/2
We will first consider the F = 3 hyperfine level

|F=3 M=3>p,,=8/2 1 1/2>p,,
|F=3 M=z>pm=-\}—g-(45|1/2 1 1/2>p, +V2|3/2 0 1/25>p
+13/2 1 -1/2>p,)

1
|F=3 M=1>py.=f(|—1/2 1 1/2)py.+-1_\/5_] 3/2 -1 1/2>p,,

+ \/3513/2 0 -1/2>p,,,+V2|1/2 0 1/2>p,,
+[1/2 1 -1/2>p,,)
- = b} -

[F=3 M=0>p, = oV (1 -8s2 1 1/2>p,,, +VB|-1/2 0 1/2>p,,
+V3|-1/2 1 -1/2>p,,,+V3 | 1/2 -1 1/2>p,,
+'\/6|1/2 0 —1/2>P!/i+ | 372 -1 -1/2>P3/z)

1
|F=3 M=-1 >pm=%—( | 1/2 -1 -1/2>p,,,

1
%—l -3/2 1 -1/2>p,, + \/g—l -3/2 0 1/R>p,,,

+
+V2 | -1/2 0 -1/2>p,, + |-1/2 -1 1/2>p,,)
!
| F=8 M=-2>p,,, = \_}é-(\ﬂ | =1/2 -1 -1/2>p,,
+VZ2|-3/2 0 =1/2>p,,, + | -8/2 -1 1/2>p,,)

|F=3 M=—3>pu'= | =3/2 -1 -1/2>pv.

For the F = 2 hyperfine level we have
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|F=2 M=z>pm=vl'7(v5[1/2 11/2>p,-V2|3/2 0 1/2>p
—I 372 1 —1/2>pv.)
1
IF=2 M=1>py.=w(\5|—1/2 1 1/2>PUI-'3/2 = 1/2>P3/l

-v2|3/2 0 -1/2>5,,)
. = =d¢1=
|F=2 M=0>p,, = >(| :3./211/z>pa,,+\/35|—1/2o1/2>,;.w

1 1
+ | -1/2 1 —1/23p,, — 5 | /2 -1 /235,

—-\/Sz[ 1/2 0 =1/2>p_,—|3/2 -1 -1/2>p_,)

|F=2 M=-1>p,= 2 (V5| 1/2 -1 -1/2>p,,

+|=8/2 1 =1/2>p,,,+V2 | -3/2 0 1/2>p,,)
|F=2 M=-2>p,, = 7%—(-\/‘«’5 | =1/2 =1 =1/2 >p,,
+V2|-3/2 0 -1/2>p_,,+ | -3/2 -1 1/2>p_,)
For the F = 1 hyperfine level we have
|F=1M=1>p, = = (V8| -1/2 1 1/25p,,+[3/2 -1 1/2>p,,

+v2|3/2 0 -1/2 >Pm—5§| 1/2 0 1/2>5p,,

-2 121 -1/258,,)

|F=1 M=o>pm=55g(3|—3/z 1 1/2>pm—-\/§~| -1/2 0 1/2>p,,

- 31.3- | =172 1 -1/2>p,,, - 715—! 1/2 -1 1/2>p,,
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-\/g;[ 1/2 0 —=1/2>p,, +3|3/2 -1 -1/2>p_,)
_ _ _ 1
|F=1 M-—1>pm-ﬁ(vsl1/z -1 -1/ >p...

+|-8/2 1 -1/2>p,+V2 | -8/2 0 1/2>p,,

—22

2
7 | =172 0 —1/2>p3/'——\/-5—1 -1/2 -1 1/2>pa,.)

For the F = 0 hyperfine level we have
1
|F=0 M=0>p,, = 5_( | =3/2 1 1/2>pan—‘\/az!—1/2 0 1/2>p,,

- _{175—' -1/2 1 -1/2>p, , + \/15—1 /2 -1 1/2 > Py

+ -\/g—l 1/2 0 =1/2>p,, - | 3/2 =1 -1/2>p,,)

5.4 Spontaneous Emission Rates for Sodium

Now that we have the wavefunctions for the 35S ground states and 3P excited
states we will look at the various paths by which an excited state can decay to the

ground state and the various probabilities for that to happen.

Let us write the position vector for the outer electron of the sodium atom as

r=rge,+r,e_+r.e, (5.4-1)

where
ro=z r+=\%(x+~:y) r_=3.2—(x—iy) (5.4-2)

and
e_=-\%(ex—ie,) e+=-\}§~(e.+ie,) (56.4-3)

with e; being unit vectors in the i direction.
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For sodium the matrix element!®
l< 3P.m=DIrOIBS> f=2.51&°= Zg (54‘4}

where ag is the Bohr radius and we are locking only at the spatial part of the

wavefunction and neglecting the electron spin and the nuclear spin. Likewise
| <3P, m=1|r,|35S> |=2=|< 3P, m=-1]|r_|35> | (5.4-5)
Let us define
pla=e? | <r>,; |? (5.4-8)
where e is the electron charge and
l<r>iP=rgli+|r &+ |k (5.4-7)
The branching ratio BR can be defined as uf;/e%z§.

We can now calculate the branching ratios for the various excited states using the

wavefunctions of the previcus section and the above matrix elements.

TRANSITION BR
3Pg,e(F=8.m=3) -+ 3S,,(F=2 m=2) 1
3Pg,e(F=3,m=2) = 3S,,,(F=2 m=2) 1/3
+ 88;,4(F=2 m=1) 2/3
3Pg2(F=3,m=1) =+ 3S,,,(F=2 m=2) 1715
+ 3S,,(F=2,m=1) B/15
- 3S,,¢(F =2, m=0) 6/ 15
3Pse(F=3, m=0) = 35,(F=2,m=1) 1/5
+ 3S,¢(F=2.m=0) 3/5
+ 3S,,2(F=2,m=—1) 1/5
3Pye(F=2,m=2) = 85,,2(F=2m=2) 1/3
-+ 38,,(F=2,m=1) 1/8

- 331,3(F=1.m= 1) 1/2
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3Psa(F=2.m=1) - 38S,,,(F=2m=2) 1/6
+ 3S,,(F=2,m=1) 1712
+ 3S,,,(F=2,m =0) 174
+ 35,(F=1,m=1) 174
+ 35,,2(F=1,m=0) 1/4
3Ps,2(F =2, m = 0) -+ 35,,(F=2,m=1) 1/4
+ 35,,(F=2,m=0) 0
+ 8S,,(F=2m=-1) 1/4
+ 3S,,,(F=1,m=1) 1/12
+ 3S,,2(F=1,m=0) 1/3
+ 3S,,2(F=1,m=-1) 1/12
3Py, z(F=1,m=1) + 38S,,.(F=2,m=2) 1/10
+ 35,2(F=2,m=1) 1/20
-+ 35,,2(F=2,m=0) 1/80
+ 3S,,(F=1,m=1) 5/12
+ 3S.,2(F=1, m=0) 5/12
3Pge(F=1,m=0) = 8S,(F=2m=1) 1/20
+ 3S,,2(F=2,m=0) 1/15
+ 3S,;,2(F=2 m=-1) 1/20
» 3S,,,(F=1.m=1) 5/12
+ 8S,,2(F=1,m =0) 0
+ 3S,,2(F=1,m=-1) 5/12
3Ps,2(F=0,m=0) = 3S,(F=1m=1) ' 1/3
+ 35,,(F=1,m=0) 1/3

-» BSl,g(F‘= l,.m= —1) 1/3



SPUR(F =2.m= 2)

Bpl/g(F =2, m 1)

3?1/2(F =2, m= Q)

3P1/2(F =1l,m= 1)

Bpl/g(F =1l,m= D)

=118 =

3S,,2(F = 2, m = 2)
35,,2(F=2, m=1)
35,,:(F=1,m=1)
3S,,2(F = 2. m = 2)
3S,,2(F =2, m = 1)
3S,,2(F =2, m = 0)
35,,2(F=1,m =1)
3S,,2(F = 1, m = 0)
3S,,2(F =2 m = 1)
3S,,2(F = 2. m = 0)

351/2(F =2, m= "1)

3S,,2(F=1,m=1)
3S,,2(F =1, m = 0)
3S,,2(F =1, m = —-1)
3S,,2(F =2, m = 2)

B88,4(F =2, m= 1)
3S,,2(F =2, m = 0)
38, 4(F=1,m=1)
48, o(F = L, m = 0)
3S;2(F=2,m=1)
3S,,2(F =2, m = 0)
3S,,2(F =2, m = -1)
88 4lF =1, m = 1)
35,,2(F=1,m=0)

SS,,Z(F =1,m= —1)

1/3
1/8
1/2
1/8
1712
174
174
174

174

174
1712
1/3
1712
1/2
1/74
1712
1712
1712
174
1/3
174

1/12

1712



=114 =

5.5 Absorption Cross Section for Sedium

Now that we know the spontaneous emission rates for the 3P excited state, we
need to know the stimulated absorption rates in the presence of an applied elec-

tromagnetic field which is either circularly or linearly polarized. Let us define
p=e? | <r-e>,|? (5.5-1)
The normalized absorption cross section ACS, defined as w2/ e?z¢, will now be con-

sidered for i = +. Using the wavefunctions previously calculated we obtain

TRANSITION ACS
3S,,2(F =2, m=2) -+ 3Pg,(F =3 m=3) 1
3S,,z(F =2, m = 1) » 3Pg,2(F =3, m=2) 2/3
+ 8Pge(F=2m=2) 1/6
» 3P,,z(F =2 m=2) 1/8
83Sy,2(F =2, m =0) - 3Pge(F =8 m=1) 6/ 15
» 8Pge(F=2m=1) 1/4
+ 3Pge(F=1,m=1) 1/60
+ 3P,(F=2,m=1) 1/4
+ 3P ,2(F=1,m=1) 1/12
8S,,2(F=2,m=-1) - 3Pg,(F=3m=0) 1/5
+ 3Pg,(F=2,m =0) 174
-+ 8Pge(F=1,m=0) 1/20
» 3P,,(F =2 m =0) 1/4
» 3Py,(F=1,m=0) 1/4
8S,,2(F=2,m=-2) - 3Pg(F=3m=-1) 1/15
» 3Pg,(F =2 m=-1) 1/6
+ 8Pgp(F=1,m = -1) 1/10

> 3P,o(F =2 m=—-1) 1/8
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+ 3P,e(F=1,m=-1) 1/2
8S,(F=1,m=1) - 3Py, (F=2,m=2) 1/2
+ 3Py, (F =2 m=2) 1/2
3S,,(F=1,m=0) -+ 3Pg,e(F=2,m=1) 1/4
+ 8Pga(F=1,m=1) 5/12
-+ 3P;,(F=2,m=1) 174
-+ 3P,(F=1,m=1) 1712
83S,,2(F=1,m=-1) - 3Pg(F=2,m=0) 1/12
+ 3Pg,e(F=1,m=0) 5/12
+ 3Ps,o(F =0, m = Q) 1/3
+ 3P;2(F=2m=0) 1712
+ 3P,,e(F=1,m=0) 1/12

The normalized absorption cross section ACS will now be considered for i =0.

Using the wavefunctions previously calculated we obtain

TRANSITION ACS

3S,,2(F =2, m = 2) -+ 3Pg,o(F =3, m=2) 1/3
+ 3Py, (F =2, m =2) 1/3
+ 3P, (F=2m=2) 1/3

3S,,2(F=2,m=1) - 3Psp(F=3m=1) 8/15
+ 3Pg,(F=2.m=1) 1712
+ 3Pg(F=1,m=1) 1/20
+ 3P,(F=2,m=1) 1/12
+ 3P,(F=1,m=1) 174

3S,,2(F=2,m =0) -+ 3Py,(F =3, m=0) 3/5
+ 3P3,(F=2,m=0) 0

+ 8Pg,2(F=1,m =0) 1/16
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+ 3P1,2(F=2m=0) 0
-+ 3P,,(F=1,m=0) 1/3
3S,,2(F=2,m=-1) - 3Ps,s(F=3m=-1) 8/15
+ 3Pg/e(F =2 m = -1) 1712
-+ 8Py (F=1,m=-1) 1/20
» 3P (F=2 m = -1) 1712
= 3P(F=1m=-1) 1/4
8S,,2(F=2,m==-2) =+ 3P3,(F=3,m=-2) 1/3
-+ 3Pg,p(F =2, m =-2) 1/3
+ 3Py, 2(F=2,m = -2) 1/3
3S,,2(F=1,m=1) + 3Pge(F=2m=1) 1/4
+ 3Pge(F=1,m=1) 5/12
- 3P (F=2m=1) 174
+ 3P {F=1m=1) 1712
3S,,2(F=1,m=0) + 3Pg,2(F=2,m =0) 1/3
+ 3Pg2(F=1,m =0) 0
-+ 8Pg,2(F=0,m =0) 1/3
+ 3P,(F=2,m=0) 1/3
-+ 3Py2(F=1,m=0) 0
388,,e(F=1,m=-1) = 8Pg(F=2m=-1) 1/74
+ 8Pg,o(F=1,m = -1) 5712
+ 3P1,2(F=2m=-1) 174
-+ 3P,2(F=1,m=-1) 1712
For i = —, we will now consider the normalized absorption cross section ACS.

Using the wavefunctions previously calculated we obtain



TRANSITION
331/2(1? =2.m= —2)

SSI,g(F =2, m= _1)

Ssl/g(F =2, m

0)

ssl/z(F =2, m= 1)

351/2(];' =2, m= 2)

3S,,2(F =1, m = -1)

351/2(?—' =1, m=0)

=117

3Psg,e(F =3, m = -3)
8P3,e(F = 3, m = —2)
3Py,s(F =2, m = —2)
3P,,o(F = 2, m = —2)
3Py, 2(F =8, m = -1)
3Py,o(F =2, m = -1)
3Pg,o(F =1, m = -1)
3P,,2(F=2 m = -1)
3P,,2(F =1, m = -1)
3P3,2(F = 3, m = 0)
3P3,2(F =2, m = 0)
3P3,2(F =1, m =0)
3P1,2(F =2, m=0)
3P ,2(F =1, m =0)
8Pg,2(F =3, m = 1)
3Pg/2(F=2,m = 1)
3Pg,2(F =1, m = 1)
3P,,o(F=2m=1)
3P,,2(F=1,m = 1)
3Py, 2(F = 2, m = —2)
8P;,2(F =2, m = —2)
3Ps,o(F = 2. m = —-1)
3Ps,2(F = 1, m = —1)
3Py 2(F=2,m = -1)

BPI/Q(F = 1. m = -'1)

ACS

2/3
1/8
1/8
8/15
1/4
1/60
174
1/12
1/5
174
1/20
1/4
174
1715
1/6
1710
1/6
1/%2
1/2
1/2
174
5/12
174

1712
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3S,,2(F=1,m=1) -+ 3Py,(F=2 m=0) 1712
+ 3Pge(F=1,m=0) 5/12
+ 8P3,2(F =0, m = 0) 1/3
+ 38P,,2(F =2, m =0) 1/12
+ 3Py 2(F =1, m = 0) 1/12

5.8 Vapor Pressure and Density of Sodium

In our experiments, sodium vapor is the nonlinear medium. It is8 obtained by put-
ting a piece of sodium metal in the sidearm of an evacuated cylindrical quartz cell.
The cell is wrapped with heater wire which heats the cell to provide the sodium
vapor . Sodium has a melting point of 372° K. The equilibrium between the liquid

and vapor phases of sodium is given by

5619.406

log,o p = 10.88423 — T

—1.0411110g,o T+3.45x 107 T (5.8-1)

where p is in torr and T is in degrees Kelvin!!. Using this vapor pressure the atomic

density is
N = 9.68 x 1018 % (5.8-2)

The table below gives some examples of pressure and density in the temperature

range of interest for our experiments.

T(°C) p(torr) N(ecm™3)

100 1.33 x 1077 3.43 x 10°
150 7.03 x 107° 1.80 x 10!
200 1.59 x 1074 3.24 x 10'®
250 1.98 x 1079 3.81 x 103
300 1.64 x 1072 2.60 x 104

350 B.65 x 1072 _ 1.34 x 10?8
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400 3.74 x 107! 5.36 x 10!°
5.7 Linewidths of Sodium

Using the matrix element uf; defined in section 5.4, the spontaneous transition

rate can be calculated from

_ 8am* ufz (F)®

w - < S A
3 he (hc)? (5.7-1)
Simplifying this formula we obtain
] 2 s
w =267 x 100 (20 ey (5.7-2)

sec (ag)? “ 13.6eV

For the 3S - 3P transition in sodium, W = .623 x 10%/sec, using the value of z, from

section 5.4.. This gives a natural lifetime of 7= 1/W = 16 x 107 sec.

The natural linewidth, full width half maximum , is

e e 2
Aw= = 10 MHz (5.7-3)

The other important linewidth to consider is the Doppler linewidth. The full width

at half maximum for the Doppler profile in frequency space is given by

A vy =2 In2 (5.7-4)

Mc?

with vy = wp/2m , T is the temperature of the gas, and M is the mass of one sodium

atom. This can be simplified to give

A v =Ry (358x1077) \/% (5.7-5)

with T in °K, M in atomic mass units, and A vp and v in Hz.

If we consider the gas to have a Maxwell-Boltzman distribution of velocities we
can calculate the average speed of an atom which is constrained to a plane. This

speed gives us a good indication of the speed at which atoms are moving perpendicu-
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lar to a laser beam incident on the gas. The average speed vV is given by
v =\ /’;—i[ (5.7-8)
This can be simplified to give
¥V =1.143 x 10* cm/sec -\/}—3- (5.7-7)

where T is in degrees Kelvin and M is in atomic mass units.

Some examples of Doppler linewidths at various temperatures as well as the aver-

age speed of an atom in a plane are given below for sodium.

T(°C) A vy (GHz) ¥V (cm/sec)
100 1.47 4.60 x 10*
150 1.58 4,90 x 10*
200 1.85 5.18 x 10*
250 1.74 5.45 x 10*
300 A 1.82 ' 571 * 10*
350 1.90 5.95 x 10*
400 1.97 6.18 x 10*

5.8 Hyperfine Optical Pumping

As is already evident, the 3S - 3P transition in sodium is anything but a two level
transition. The major problem in using sodium is that the hyperfine optical pump-
ing transfers the population of the ground state resonant with the laser into the

other ground state.

The two ground state hyperfine levels®“are separated by 1.77 GHz, which is much
larger than the natural linewidth of sodium and even larger than the Doppler
linewidth at the temperatures of interest. This means that a laser can be tuned

between only one hyperfine level of the ground state and the excited states. Except
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for the case of using circularly polarized light, e,, to excite the
3S,,2(F =2, m =2) » 3Pg,2(F =3, m=153) transition or e. light to excite the
3S,,2(F =2, m = =2) » 3Pg,s(F = 3, m = —8) transition, all the Zeeman sublevels of
the ground state will be excited to the 3P states which will populate both the
Ff 2 and F = 1 ground states after several absorptions. Atoms which populate the
ground state the laser is not resonant with are lost to any nonlinear interaction

such as phase conjugation.

To demonstrate the problems of optical pumping, we will consider the case of a
laser linearly polarized with its electric field along the z direction. The laser will be
tuned to the 3S,,2(F =2) » 3P,;,2(F = 2) transition. We will neglect Doppler effects
and assume that the laser is resonant only with this transition and all other stimu-

lated transitions have zero probability of occurring.

The laser intensity will be I, the line center absorption cross-section o, the
natural lifetime T and hv will be the energy of a laser photon. The ground state
populations are denoted by

Gy = 851,2(F =i, m =j) (5.8-1)
and the excited state populations by
Ej = 8Pye(F =i, m =) (5.8-2)

We will assume an initial population of one atom in each Zeeman sublevel of the
ground state. The excited states will be unpopulated. Using the stimulated and spon-

taneous transition rates derived in earlier sections, the rate equations become

dEzz _ 1 oI B2z
%t~ 2 o [Gzz — Ezz] %
dE,, 1 ol Ez1
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dEzq Ezo
dt T
dE;_, 1 ol Ea-
ac = 1z py Oz "Bl - =7
dEzz 1 gl Ez o
% -~ 8 hy (Gzg_z —Ez2] — =
dGz _ 1 oI Egy + REg,
at ~ 3 hw o~ CGmlt+ =4
dGz, _ 1 gl Ezy + 2Ezz
dt =~ 12 kn/{EZI Gaa] + 127
dGgy _ Eg + Ep,
dt 4T
dGz-; _ 1 gl Ez-1 + REz 2
dt ~ 12 hv [Eg-y = Ge] + 127
dGz—2 _ 1 gl Ez-y + REz g
3t - 3 by (Pee =Gl ¥ ——

dG; - B8Ez2z + 3Ez; + Egqp
dt 127

dGjp _ 3Ezy + 4E39 + 83Ez_;
dt ~ 127

dG,,; _ 6E;_; + 3Ez, + Ezq

dt 127

We notice immediately that Ezg must remain a constant.

(5.8-3)

Using the initial conditions

gives Egq = 0. The use of linearly polarized light gives a certain symmetry to the

problem such that

Ey=Ey Gy=Giy

(5.8-4)

We can simplify the rate equations by defining a normalized time ty =t/T and a

normalized intensity Iy = ¢l7/3hv. Iy is roughly the ratio of laser intensity to the

saturation intensity of the system if it were a two level system. This yields the cou-

pled equations
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dE
‘f‘ = In(Ggz — Ezg) — Ez2
dE In

d:: = Z‘(sz = Egz) —Ep,
dGzg

Bt = IN(Egz — Ggz) + é—(Ean + 2Ezz)

cith:_:_‘= I41(]2:21 - Ggy) + %(ng + 2Ezz)
dst?N“. = é_EZI
ddC:';o L. _;_ Ey, (5.8-5)

We now solve these equations numerically for various values of Iy. In Figs. 5.2 -
5.7 the populations of the various ground states G; and the excited states Ey; are
plotted versus ty for Iy=10,1,0.1. Fig. 52 shows the population of
Gz [ 3S,,2(F =2, m = 2) ] versus ty. For Iy < 1 the atoms absorb the light at a rate
Iy, are transferred to state Ep;, and then spontaneously decay to ground states
Goz, Gp;, and G;; at a unity rate in our normalized time system. The atoms decaying
to Gy, and G,; are lost to Ggp forever. Since the absorption rate is less than or com-
parable to the spontaneous decay rate, the population of Gz; is optically pumped in

atime ty = 1/Iy as observed in Fig. 5.2.

For Iy > 1 the atoms still absorb the light at a rate Iy and are transferred to the
excited state Ezg. The excited states decays to the ground states Gs; and Gz; at a
unity rate. However the spontaneous decay rate is less than the absorption rate so
an excited state population builds up for ty < 1. The population of Gz initially

decays at a rate Iy. This rate decreases as the excited state population increases
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and becomes nearly equal to the ground state population. The spontaneocus decay
rate then dominates and the population of Gz decays at a unity rate. This explains
the change in decay rates shown for Iy = 10 in Fig. 5.2. The time dependence of the

population of Ez; [ 3P, ,o(F =2, m = 2) ] is shown in Fig. 5.3.

We can conclude that, for large Iy, the populations of Gge and Egy will become
nearly equal in a time ty ® 1/Iy and both will then decay at the spontaneous decay

rate. Therefore ty ® 1 i3 the optical pumping time.

Fig. 5.4 shows the population of Gy, [ 3S5;,,(F =2, m = 1) ] versus ty. From Egs.
(5.8-5) we note that the absorption rate of Gz, into the excited state Ej; is Iy/4 so
the atoms in Gp; are not optically pumped as quickly as those of Gz;. Also, the popu-
lation of Gg; is being increased by decay from E;, while losing atoms through the
decay of Ez; into the ground states Ggg. G;;, and G;3. The optical pumping rate is
limited by the minimum of [Iy, 1]. The population of Eg; [ 3Py, (F=2,m=1)] is
plotted versus ty in Fig. 5.5. It is quite similar to Fig. 5.3, for the state Egp, except for
the slower accumulation time due to the reduced absorption rate and the smaller

amplitude of the maximum population attained.

In Fig. 5.8, the population of Gz [ 3S,,2(F =2, m = 0) ] is shown versus ty. For our
choice of initial conditions, the population of Gyg [ 3S,,2(F = 1, m = 0) ] is identical
with the population of Gz for all values of ty. The population of Gpq is increased by
spontaneous decay from Eg,, it therefore starts at unity and grows at a rate which is
the minimum of the absorption rate, Iy/4, into E;, or the spontaneous decay rate, 1,
from E;;. The population reaches an equilibrium value of 1.714. Gy is resonant with
the laser but does not have any allowed transitions to the excited states for the
polarized light used. Thus, any atoms which populate this energy level no longer
interact with the laser. G,¢is not resonant with the laser and all atoms which accu-

mulate here are lost to further interactions.
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The population of G;, [ 3S,,2(F =1, m = 1) ] is plotted in Fig. 5.7 versus the nor-
malized time ty. This population grows by spontaneous decay from Egz; and Ep;. As
with Ggg, the population of G;; starts at unity and grows at a rate which is the
minimum of the absorption rate, Iy, into Ez; or the spontaneous decay rate, 1, from
Ezz andEg;. The population reaches an equilibrium value of 2.286. Again, Gg; is not
resonant with the laser and these atoms do not undergo any interaction with the

laser.

One effect that has been neglected in the rate equations (5.8-3) is that of spin-
exchange collisions between sodium atoms. The collisions tend to redistribute the
atoms among both hyperfine levels (F =2 and F =1) of the ground state, thereby
allowing some of the atoms to again interact with the laser and participate in the
nonlinear interactions. Anderson and Ramsey'?!3 have measured the spin-exchange
cross section for sodium and determined it to be between (1 —3) x 107** cm® with

2

an average value of 1.8 x 107" cm® The time between spin exchange collisions

T = 1/No v where N is the sodium atom density, oy is the spin-exchange cross sec-

s—p
tion, and ¥ is the relative velocity of two sodium atoms.

To evaluate the importance of the spin-exchange collisions, let us consider a
situation similar to that used in our experiments!?. Suppose we have a sodium cell,
such as that described in section 5.6, which is at a temperature T = 200°C, implying
N = 3.24 x 10'® cm ™3, with a laser beam of FWHM diameter .1 cm incident on the cell.
In a plane perpendicular to the laser, the atoms have an average speed of
5.18 x 10* cm/sec, using Eq. (5.7-7). If we take this as the relative velocity of two
sodium atoms, then T, = 4.6 x 10™* sec. This is many orders of magnitude larger
than the natural lifetime of sodium, and means that an atom travels 23.7 cm
between collisions. At the temperatures and densities used in our experiments,
these types of collisions play no significant role in re-equilibrating the population of

the ground state hyperfine levels during interactions with the laser.
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On the other hand, the transit time of an atom through the laser beam is an
important limitation on the degree of optical pumping that takes place. Consider an
atom located at the center of the laser beam which is traveling perpendicular to the
beam at the previously menticned velocity. The transit time Tirangt from the center
of the beam to the half power point is Tirangit = 9.7 X 1077 sec = B1 ty using the spon-
taneous lifetime of sodium. The transit time plays an important role in limiting the

degree of optical pumping that occurs.
5.9 Barium as a Nonlinear Medium

As discussed earlier in this chapter, sodium is not a true two-level system. The
efficiency of the phase conjugate process is seriously degraded by the effects of
hyperfine optical pumping. The hyperfine structure is due to the nonzero nuclear
spin of the atom. An atom with a zero nuclear spin would not have these problems.
Many isotopes have zero nuclear spin but would not be suitable candidates for phase
conjugation because of the difficulty in working with them. This can be due to the
rarity of the isotope, the high temperatures needed to attain a suitable vapor pres-
sure, or the difficulty of finding a laser which is resonant with the atom, to give just

a few examples. Several possible candidates are shown below!®:18,

ISOTOPE TRANSITION WAVELENGTH
Mg?4 315, -3 1p, 2852.134
Cat? 415, -41p, 4226.734
Sré8 515, — 5 1P, 468074

Bal®® 61!S, —6 'P, 5535.74

We will consider Ba since it has a resonance in the green wavelength region which is

accessible using CW dye lasers which are currently available!®,

5.10 Energy Levels of Barium

The lowest energy levels of barium!”? are shown in Fig. 5.8. The lowest allowed
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5535.7A

Fig. 5.8 Energy levels of barium.
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transition is the 8s? 'Sy » 6s8p !P, resonance line which occurs at a wavelength of
5535.7A . This is the line at which we will consider doing phase conjugation. Barium
has seven naturally occurring isctopes. The natural abundance of the isotopes

along with their nuclear spin are given below.

Isotope Natural Abundance(%) Nuclear Spin1
130 0.10 -

132 0.10 -

134 2.42 0

135 8.59 3/2

138 7.81 0

137 11.32 3/2

138 71.68 0

The difference in the frequency of the 8s? !Sy; + 8s6p !P, transitions for the various
isotopes are given below relative to the !*Ba transition'®. We neglect the rare iso-

topes '3°Ba and '**Ba.

Isotope F(1Sg) F('P,) Shift(MHz)
138 0 1 (4]

137 3/2 5/2 58

137 3/2 3/2 280

137 3/72 1/2 530

1386 o 1 128

135 3/2 5/2 120

135 3/2 3/2 322

135 3/2 1/2 530

134 0 1 148
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5.11 Transition Rates in Barium

The lifetime of the upper 8s8p !P, state is 8.37 x 10~ sec!®. This implies a natural

linewidth of 19 MHz.

Now, barium has a single metastable state, 6s5d Dy, which the 8s6p 'P, state can
decay to. However decay from the 8s5d !D, state to the ground state is parity forbid-
den. This decay is allowed only via an electric quadrupole transition which has a
lifetime roughly (kag) 2 times the corresponding dipole lifetime. The lifetime of the

1D, state is approximately .5 sec?®.

The important consideration is the probability that an excited atom decays into
the metastable state relative to the probability that it decays back to the ground
state. This branching ratio is found from the spontaneous decay rates for the two
transitions. We are indebted to the thesis work of Tony Bernhardt for the measure-
ment of this branching ratio. Studying the separation efficiency in his barium iso-
tope separation experiments, Tony determined an upper limit of 1/700 for the
branching ratio!® into the metastable state for !%¥Ba. This is a much smaller
branching ratio then the near unity branching ratio in the the case of sodium for
the hyperfine optical pumping.

5.12 Vapor Pressure and Doppler Linewidth of Barium

Barium has a melting point of 725°C. The equilibrium between the solid and

vapor phases of barium is given by

9445.27

T —1.901491log;p T+ 9.648 x 107°T (5.12-1)

logioc p = 14.084R9 —

where p is in torr and T is in degrees Kelvin!!,

The table below gives some examples of pressure and density in the temperature

range of interest.
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T(°C) p(torr) N(em™9)

200 1.2x 10711 2.4 x 10%
300 2.5x 107® 43 x 108
400 5.5x 1079 7.8 x 1010
500 2.8x 107* 3.5 x 1012
800 5.7 x 1079 8.3 x 1093
700 B.2x 10°% 8.1 x 104

The Doppler linewidth of barium is given by
Avp =21 (358x1077) \/%:- (5.12-2)

with 1p = wp/27 in Hz, T is the temperature of the gas in °K , M is the mass of one

barium atom in atomic mass units, and A vy is given in Hz.

At the temperatures considered before, the Doppler linewidths are given below for

138Ba as well as the average speed of an atom in a plane.

T(°C) A v (GHz) v {cm/sec)
200 0.72 2.12 x 10*
300 0.79 2.33 x 10*
400 0.88 2.52 x 10*
500 0.92 ’ 2.70 x 10*
600 0.98 2.87 x 10*
700 1.03 3.03 x 10%

5.13 Conclusion

In this chapter, we have described the important properties of sodium. The
wavefunctions of sodium have been determined and used to calculate the transition
rates of the sodium atom in the presence of applied flelds. This information has

been employed to study the optical pumping problem.
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Because sodium doesn't exactly model a two-level system, we then discussed
barium, which is a better model of a two-level atom and which may be a more

efficient material in which to do phase conjugation.
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Chapter VI

DYE LASER AND EXPERIMENTAL APPARATUS
8.1 Introduction

The lasers used in this research are optically pumped organic dye lasers. The
active ingredient in the laser gain medium is rhodamine BG. Fig.8.1! shows the
characteristics of this dye. The operating region of the dye is from 5730 — 83504. It
is seen that RhB8G in ethylene glycol has its peak fluorescent amplitude near the

58904 orange resonance line of sodiurmn, which is why this dye solution was chosen.

The operating bandwidth of a dye laser can be made quite small?3, on the order
of 10% Hz, by introducing optical .elernents into the laser cavity. Narrow linewidth
operation can extract a significant fraction of the unrestricted broadband laser
power. The reason for this is as follows®. Rotational levels of the dye molecules have
a spacing of a hundred wave numbers or less. The energy states are not well defined;
they are perturbed by electrostatic and collisional interaction with the solvent
molecules so that separate vibration-rotation levels are indistinguishable by
separate emission or absorption lines. Only a few collision times, on the order of
1072 sec each®, are needed to establish rotation-vibration equilibrium. Therefore,
an excited electronic state with a lifetime® of 5 x 10™® sec can come into rotational-
vibrational equilibrium before it radiates. In equilibrium, the only states of a given
electronic level to be populated will be those states within a few kT of the lowest
vibration-rotation level. Therefore, emission wusually occurs from the lowest
vibration-rotation level of the excited electronic state, while absorption occurs from
this lowest level of the ground electronic state. In the dye lasers, rapid equilibrium
repopulates the lowest vibration-rotation level of the excited electronic state
quickly, and depopulates the excited vibration-rotation level of the ground elec-

tronic state, which is the lower laser level. The introduction of optical elements into
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the laser cavity will prevent lasing except in a narrow frequency band. Excited

molecules can then be forced to lase in this band.
6.2 Ring Dye Laser Theory

Typical single-frequency dye lasers! operate with a standing wave inside the dye
laser cavity. An integral number of half-waves must fit inside the cavity, giving rise
to a number of longitudinal cavity modes. Lasing only occurs at those frequencies
corresponding to these modes. Etalons are introduced into the laser cavity to allow

lasing at only one longitudinal mode in a single-frequency dye laser.

The maxima and minima of the standing wave always occur at the same points.
Consequently, the dye molecules located at the minima of the standing wave are not
stimulated by feedback radiation. This phenomenon of a standing wave creating
regions of unused gain inside the lasing medium is called spatial hole-burning. These
regions can have high enough gain to support simultaneous lasing at a different
wavelength corresponding to a mode whose maxima match the unused high gain
regions. This second lasing mode, when occurring, destroys the single-frequency

nature of the dye laser output.

- The primary laser used in this research is a Spectra-Physics Model 380A, which is
a traveling-wave, ring resonator, continuous wave dye laser. It provides tunable,
high power, single-frequency radiation. The conversion efliciency (ratio of the output
of the dye laser to the output of the ion laser pumping the dye laser) can be as high

as 23%, about four times that of a typical standing-wave dye laser.

A second laser used in the experiments was a Coherent Radiation Model 699-21 cw
ring dye laser. Its general characteristics are quite similar to the Model 3B0A laser

except for its active stabilization which is discussed later.

Since the Model 3B0A laser is a traveling-wave laser, the waves propagate continu-

ously around the cavity and don’t create regions of unused gain. Spatial hole-
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burning, which destroys single-frequency operation, is eliminated. Inside the cavity,
the traveling waves can propagate in both directions with equal probability. A uni-
directional device which introduces a directional anisotropy into the cavity can be

used to choose a specific propagation direction.

The combined loss of all the tuning elements (unidirectional device, birefringent
filter, fine etalon and single-frequency etalon) is low compared with the loss involved
in a standing wave cavity, so that our ring dye laser has much higher conversion
efficiency than the standing wave single-frequency dye lasers. Alse, elimination of

spatial hole burning allows the laser to be pumped at higher input powers without

creating extraneous modes,

6.3 Laser Description

As mentioned before, the primary laser used in our research was a Spectra-
Physics Model 380A Scanning Ring Dye Laser!. Fig. 6.2! shows the beam path in the
dye laser cavity. An Argon ion laser?, Spectra-Physics Model 171, was used to pump
the ring laser. An argon laser will typically operate at several wavelengths simul-
taneously, with the predominate wavelengths being 5145K and4880A for the mirror
coatings used in this laser. Replacing the end mirror with a prism allows the laser
to be tuned to only one wavelength., We operated the argon laser at 51454, Typi-
cally, the current through the plasma tube of the argon laser was set to give an out-
put power of four watts, which was about B0% of the maximum power, at this

wavelength.

A polarization rotator made of a coated crystalline quartz plate with its crystal
axis perpendicular to the plane of the plate is used to rotate the vertical polariza-
tion of the pump laser 90° to the horizontal plane. This is done because the dye
laser has a vertical dye jet which requires a horizontally polarized pump beam to

minimize reflection loss off the jet, which is at Brewster’s angle.
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A pump mirror, which has a 5 cm radius of curvature, focuses the argon laser
beam into the dye jet. The dye fluorescence is caught by the four- mirror cavity
which uses three curved mirrors, M1, M2, M3 with radii of curvature 3.5 cm, 10 cm,

and 23 cm respectively and a flat output mirror M4.

The intracavity optical elements in the laser are an astigmatism compensator, a
unidirectional device, a pair of scanning galvanometers, a birefringent filter, a fine
etalon, and the electronically tunable Model 5B81B etalon. We will now give a descrip-
tion of these elements and then discuss their effect on tuning and single frequency

operation.

The astigmatism compensator plate is a .4 cm thick rhomb of fused silica which is
placed at Brewster’'s angle in front of the mirror M2. It optically compensates for the
astigmatism introduced by the off-axis curved mirrors used in the ring laser. Its
effect is to change the output beam of the laser from the horizontal oval-shaped

mode into a round beam.

The unidirectional device consists of a Faraday rotator plate and a quartz com-
pensation plate, The plate thicknesses are designed so that for light propagating in
the correct direction. the optical rotations cancel, while the rotations add for the
opposite propagation dir.ection. This introduces sufficient loss for the beam which
propagates in the wrong direction, that stable, high power, one way propagation is

obtained for the laser.

Fach scanning galvanometer consists of a quartz plate mounted on a galvanome-
ter, with the plate at Brewster's angle to the intracavity beam. The pair of gal-
vanometers are mounted so that during rotation of the plates the beam displace-
ment occurs between the pair of quartz plates, leaving the beam path unchanged in

other parts of the cavity.
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The birefringent filter is a three element filter made of crystal quartz cut with the
optical axis in the plane of the plate. The filter is inserted into the intracavity beam
at Brewster's angle. Rotating the filter causes a change in the extraordinary index
of refraction as seen by the laser. Therefore, the plane of polarization is rotated.
The wavelengtl_'l whose rotation corresponds to an integral multiple of 27 sees

minimum loss and is selected as the lasing wavelength.

The fine etalon is a thin uncoated piece of glass approximately 0.11 mm thick

with a free spectral range of 900 GHz.

The 581B etalon is a plane-parallel electronically tunable Fabry-Perot etalon with
a free spectral range of 75 GHz. The mirrors are coated with a 30% refiective coat-
ing. The separation between the mirrors is controlled by the length of a hollow
cylindrical piezoelectric element. The etalon is tuned by changing the length of the

piezoelectric element with an applied voltage.
6.4 Single-Frequency Scanning

Single-frequency operation! is achieved by using a birefringent filter with a fine
etalon and an electronically tunable single-frequency etalon. The spectral ranges of
the three frequency selection elements are chosen such that loss is introduced for

all other cavity modes except for the particular one where lasing is desired.

The frequencies of the allowable lasing modes are controlled by the speed of light
and the cavity length. For our Model 3B0A, the cavity mode spacing is about 200
MHz. To scan the output frequency, the cavity modes must be tuned by changing
the length of the laser resonator. In the Model 380A ring dye laser, this change of
length is accomplished with a pair of galvanometer-driven quartz plates. The index
«f refraction of the plates is higher than that of air. Therefore, changing the dis-
tance that the light travels inside each galvanometer plate, by rotating the plate

itself, changes the effective cavity length.
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The transmission peak of the scanning etalon is changed by changing the separa-
tion distance between the etalon mirrors. By scanning the inter-etalon mirror
separation at the same rate as the galvanometer plate scans the cavity mode fre-

quency, the output frequency of the single-frequency dye laser can be scanned.

The laser also has a passive stabilization loop which provides additional frequency
stability to the laser. This is accomplished by putting a small 2 KHz dither signal on
the voltage applied to the 581B etalon. A beamsplitter on the output end of the laser
feeds a small part of the laser output into a photodiode which looks for amplitude
modulation of the laser at 2 KHz. The stabilization loop then applies a voltage to the
etalon to minimize the amplitude modulation. This minimization occurs when the
peak transmission of the etalon is at the same frequency as the cavity length, the
net result being that the stabilization loop keeps the etalon locked at the frequency

of the longitudinal cavity mode.

The Coherent Radiation laser has one important difference from the Model 380A
laser which should be mentioned here. It is an actively stabilized laser which, in
addition to the passive stabilization loop, has an external cavity that the laser cavity
is locked to by additional feedback., The external cavity is a low finesse, very stable,
temperature stabilized Fabry-Perot. This results in the Coherent laser having a

much narrower linewidth, approximately 1 MHz, as compared to the Model 380A (40

MHz rms).
6.5 Finding the Sodium Line

Because of the narrow bandwith of the ring dye laser(40 MHz rms) it is difficult to
find an atomic transition without the aid of several frequency measuring devices.
The dye laser can be scanned electronically over 756 GHz by a manual frequency scan
on the electronics. The automatic frequency scan on the laser covers 30 GHz by

using an internal ramp generator to apply a voltage to both the galvonometers and
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the 581B etalon. A voltage divider insures that the voltage applied to the galvonome-
ters changes the cavity length at the same rate as the voltage applied to the 581B
etalon changes the center bandpass of the etalon. In addition the birefringent filter

can be manually scanned over the entire range of the dye.

To find the 58904 sodium transition we first take the output of the dye laser and
put it into an optical fiber in our laboratory which runs into the neighboring lab and
is butted against a second fiber which is used as the input to a one meter scanning
monochromator. The output of the monochromator has a vidicon tube on it which
provides input to an optical multichannel analyzer whose output is displayed on an
oscilloscope. The vidicon tube has a resolution of .1 85A /channel and covers about
500 channels. The monochromator was first calibrated against the known lines of a
helium-neon laser and an argen laser. It was then used to determine the frequency
of the dye laser enabling us to tune the birefringent filter until we were within
several tenths of an angstrom of the sodium line. This was done with the fine etalon

removed from the laser cavity.

Having done the crude tuning, the output of the dye laser was put into a sodium
cell which would fluoresce when the laser was within the Doppler width of the transi-
tion. The automatic scan on the laser was activated to scan over 10 GHz. While the
laser was scanning, the central frequency ‘of the cavity was tuned manually, using
the electronics, over 75 GHz until a flash of fluorescence was observed in the cell.
The automatic scan was then turned off and the laser was tuned manually with the
electronics until the laser was on the sodium line. The fine tuning etalon could then

be replaced in the cavity and tuned to the sodium line.
6.6 Optical Spectrum Analyzer

The optical spectrum analyzer, which was used to monitor laser frequency, check

for mode hopping during laser frequency scanning, and calibrate the extent of the
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frequency scans was a Spectra Physics 470-03 spectrum analyzer® with a 2 GHz free

spectral range.

The model 470 is a spherical mirror Fabry-Perot interferometer which is designed
for high resolution optical spectroscopy. The interferometer is comprised of two
identical spherical mirrors which are separated by a distance almost equal to their
common radius of curvature. The mirrors are coated to work best in the
5500 — 65004 region. The finesse of the Fabry-Perot, defined as the ratio of the free
spectral range to the instrumental bandwidth, is approximately 150. The spectrum
analyzer uses an auxiliary lens at its input to increase the effective aperture diame-
ter and increase the light gathering power of the instrument. A photodiode is
mounted on the back side of the Fabry-Perot to observe the fringe pattern from the
interferometer. The spectrum analyzer scans in frequency by changing the cavity
length. This is done by applying a voltage to the piezo-electric elements which con-

trol the separation of the mirrors in the Fabry-Perot.
6.7 Calibrated Photodicde

The photodiode used to measure the phase conjugate signal was a PIN-10D planar
diffused silicon photodiode light sensor®. The PIN photodiode is a type in which a
heavily doped p region and a heavily doped n region are separated by a lightly doped
'i" region. The '1" region resistivity can range fron 10 ochm cm to 100,000 chm cm,
while the resistivities of the p and n region are less than 1 ohm cm. The output from
this two terminal device is a current whose value is proporticnal to the input light
power. The photodiode we used is optimized for voltage biased operation and has a
high breakdown voltage and low capacitance. The biasing circuit is shown in Fig. 6.3.

2

The photodiode has a 25 nanosecond response time, a 1 cm* active area, and a

measured sensitivity of approximately .25 amps/watt of light power at 58904,

We carefully calibrated the photodiode at 58904 for all the various load resistors
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and at different light levels so as to have an accurate power meter. The photodiode
was calibrated against a Scientech surface absorbing dizc calorimeter which is cali-
brated to be accurate within 1% and which has a flat spectral response over the

whole optical spectrum.
6.8 Neutral Density Filters

A set of neutral density filters was used in the experiments to attenuate the laser
power to enable us to study the dependence of our phase conjugate signal on the
laser intensity. The filters were used‘ because the laser itself worked best when
aligned at a given power setting. Changing the dye laser power by changing the
argon laser power resulted in mode hopping of the dye laser as well as amplitude
instabilities in the output power as one approached the lasing threshold of the dye
laser. Therefore a good set of calibrated ND filters was used to vary the dye laser

power used in the experiments.

The neutral density filters used were absorption type filters whose thicknesses
were varied to achieve the various optical densities. Our set of filters included opti-
cal densities .2, .4, .6, 1.0, and 2.0. The transmission of these filters were calibrated
at 58904 by using the dye laser and the PIN photodiode and measuring the power
incident on the photodiode with and without the ND filters in the beam path. Of
course, additional attenuators were placed in front of the photodiode to limit the
power incident on it. The measurements were accurate to + 3% due to power
fluctuations in the dye laser. When calibrations were done using the argon laser as
the light source, the accuracy was improved to better than + 1%, but the absoclute
values of the measured transmissions were changed due to a slight frequency depen-
dence of the filters. The change varied up to about 867%. Theref‘ore the previous meas-
urements had to be used. These are given below along with che calculated values of

transmission.
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ND filter ZT(calculated) ZT(measured)
0.2 63.1 59.5

Cc.4 39.8 36.8

C.6 25.1 RR.D

1.0 10.0 8.5

2.0 1.00 1.07

One can see that the measured wvalues of transmission differ from the

nominal(calculated) values by as much as 15%.
6.9 Lock-In Amplifier

A Model 124A Lock-In Amplifier'® manufactured by Princeton Applied Research
was used to measure the phase conjugate signal seen by the PIN photediode. In the
experiments, the signal which is going to be phase conjugated is typically modulated
by a mechanical chopper at 340 Hz. The chopper has a square wave output at the
chopping frequency which provides an external reference that is used as an input to
the amplifier. The lock-in amplifier will then phase-lock to this reference waveform

enabling it to detect weak signals at this frequency which are buried in noise.

The lock-in amplifier was calibrated at the settings used in the experiment. The
dye laser was tuned to 58904, attenuated by neutral density filters, sent through
the mechanical chopper, and detected by the PIN photodiode which was connected
to a DC voltmeter as well as the lock-in amplifier. The chopper wheel is a metal disc
with six cutouts located symmetrically around the disc so that a laser incident on
the rotating disc will be blocked half the time and the transmitted beam will turn on
and off six times for each rotation of the disc. With the chopper turned off, the
voltmeter measured the voltage from the output of the photodiode due to the unmo-
dulated laser power incident on the detector. With the chopper turned on, the out-

put of the lock-in amplifier was measured and compared against the DC voltmeter
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measurements. The lock-in amplifier provides an output of 10 volts for an input vol-
tage which is in phase with the reference waveform and equal in amplitude to the
sensitivity setting of the amplifier. For example, with a laser power incident on the
photodiode which results in a reading of 100 mV on the DC voltmeter, chopper off,
the output of the lock-in amplifier, chopper on, was 4.35 volts for a sensitivity set-
ting of 100 mV. This is about 13% less than the 5 volt output one would expect
under ideal conditions; that is, if the modulated laser beam looked like a perfect
sine wave at 340 Hz with an average power half of the DC laser power and the detec-

tor and amplifier operated perfectly.
6.10 Sodium Cell

In our experiments, the nonlinear material used is sodium vapor. Several sodium
cells were constructed, all of roughly the same design, and tested in the experi-
ments. The one described below is the one used to collect data in our experiments,

since it worked the best of all our cells.

The sodium cell was a 2.44 cm long cylindrical quartz cell of inside diameter 2.2
cm which contained sodium metal in a sidearm. The quartz cell was evacuated to
107° torr and heated with a gas-air torch for half an hour to drive off water vapor,
oxygen and other impurities. It was then filled with sodium metal in a glove box
which was back filled with nitrogen gas. Cesium metal was also added to the cell.
The cesium resonances are far from the sodium transition used and do not aifect
the nonlinear process. However the presence of the cesium seemed to help keep the
windows of the cell clear. The cell was then attached to a vacuum line and again

pumped down to 107° torr and sealed off while being pumped by the diffusion pump.

The next step was to make a little oven around the cell. To do this we attached to
either end of the cell 5 cm long quartz sleeves whose diameters were identical to the

cell. The cell was wrapped with forty turns of nichrome wire which was connected to
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a variac. The quartz sleeves were each wrapped with thirty two turns of the
nichrome wire which were joined in series and wired to a second variac. The
nichrome wire used was size #29 which was double glass insulated so as to work up
to 200°C. The whole structure was wrapped with four layers of asbestos tape to insu-
late it and provide temperature stability. The sodium vapor is provided by heating
the cell. The sodium vapor density is determined by the liquid vapor equilibrium
discussed in section 5.8. The cell is heated by applying a voltage to the heater wire.
The glass sleeves are kept at a higher temperature in order to maintain the windows
of the cell at a high enough temperature to stop the sodium from depositing on the
windows. Otherwise a film of sodium will fog the windows, making the cell cpaque. A
torch can be used to clear the windows, but the sodium tends to attack the quartz

and turn it brown when heated too much.

This cell worked so well partly because great care was taken to carefully clean any
sodium off the windows after the cell was sealed off and before the oven was built
around the cell. After constructing the oven around the cell, we were very careful to
heat up the windows first to a high enough temperature to insure that the sodium
would not deposit on the windows when the cell itself was heated up. We used our
past experience with other cells to provide us with the information on what voltages

could be applied to the cell and sleeves without fogging the windows.

6.11 Conclusion

In this chapter, we have discussed the basic operating principles of dye lasers and
then explained the detailed operation of the ring dye lasers used in our experi-
ments. For the sodium cell, we presented an explanation of the methods used to fill
the cell, as well as the details of constructing an oven around the cell. The calibra-
tion of the neutral density filters which are used to attenuate the pump laser and

the biasing and calibration of the photodiode used to measure the phase conjugate
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signal are given. We also discussed the optical spectrum analyzer used to monitor
the frequency stability of the dye lasers, thereby enabling us to determine when the

lasers were operating well enough to conduct the experiments.
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Chapter VII

NARROWBAND OPTICAL FILTER VIA PHASE CONJUGATION

BY NONDEGENERATE FOUR-WAVE MIXING IN SODIUM VAPOR
7.1 Introduction

In the first four chapters we analyzed phase conjugation via nondegenerate four-
wave mixing and demonstrated theoretically that this process is capable of yielding
a narrow-bandpass optical filter!™®. The filter bandpass has been shown to be a
function both of phase mismatch constraints and the frequency dependence of the
coefficients coupling the waves in the nonlinear process. Optical filtering has
recently been demonstrated in CSj, a transparent medium, using high power pulsed
lasers to provide the pump waves needed in the nonlinear process’. The filtering was
dependent only on the phase mismatch constraints in this type of medium. Saikan
and Wakata® demonstrated optical filtering in sodium vapor using pulsed dye lasers
to provide the pump waves. Their lasers had a linewidth of 9 GHz and were therefore
three orders of magnitude broader than the natural linewidth of sodium. The effects
they observed were dominated by phase mismatch constraints. In this chapter, we
present the first experimental demonstration of optical flltering by phase conjuga-
tion in a resonant system using narrow bandwidth dye lasers which can resolve the
frequency dependence of the coupling coefficients®. The resonant system, sodium in
this case, has the advantage of providing much larger nonlinear coupling constants
than a transparent medium, enabling one to use low power cw lasers to provide the
pump waves. The fliter response also depends on the frequency dependence of the
coupling coefficients which can result in a much narrower filter than a transparent

medium. An ultrahigh-Q fiiter with a FWHM bandwidth of 41 MHz is demonstrated in

our experiments.
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7.2 Experimental Setup

The output of a passively stabilized Spectra Physics cw ring dye laser at 5890 A
provides the counterpropagating pump waves. The laser output is first passed
through a set of plano convex lenses, with focal lengths 50 mm and 100 mm respec-
tively, to expand and collimate the beam. The beam is then linearly polarized by
being passing through a glan prism. The linearly polarized beam then goes through a
quarter wave plate which has been cut for 5890 A. Thisresultsin a circurlarly polar-
ized beam which passes through the nonlinear medium and is retroreflected by a
broadband dielectric mirror to provide the second counterpropagating pump wave,
This choice of polarization provides optical isolation of the counterpropagating
pump from the laser. An actively stabilized Coherent Radiation cw ring dye laser

generates the signal wave, which intersects the pump wave at an angle of 0.39°.

Sodium vapor acts as the nonlinear medium. A 2.44 cm long cylindrical quartz
cell of diameter 2.2 cm contains sodium metal in a sidearm. As described in the pre-
vious chapter, the cell is heated to provide the sodium vapor. Cesium metal was also
present in the cell. It provides a background pressure of 1072 torr of cesium vapor.
The cesium resonances are far from the sodium transition used, and do not affect
the nonlinear process. As stated previously, the presence of the cesium seemed to

help keep the windows of the cell clear.

The signal wave is chopped mechanically at 340 Hz and the phase conjugate signal
is detected by a PIN photodiode connected to a lock-in amplifier to provide an excel-

lent signal to noise ratio.

Fig. 7.1 shows the experimental setup. The pump beam has a FWHM diameter of
,106 ecm and a maximum power of 35.2 mW at the entrance to the cell. The signal
beam has a FWHM diameter of .15 cmm and provides .3 mW of power. The beam diam-

eters were measured by placing a 25um pinhole on an x-y translation stage in
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Fig. 7.1 Experimental setup for cw nondegenerate phase conjugation.
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front of the beam. Behind the pinhcle was a photodiode to measure the power
transmitted through the pinhole. Initially, the pinhole was placed in the center of
the beam. Then the output of the photodiode was measured as the pinhole was
translated horizontally across the diameter of the beam. The pinhole was then
returned to the center of the beam and scanned vertically over the beam. These
values were then fit to a gaussian profile in each dimension. The geometric average
of the values for the two dimensions was used to determine a FWHM diameter for the

beam.
7.3 Discussion of Experimental Results

In this experiment, a phase conjugate signal is generated by the coupling of two
counterpropagating pump waves to a signal wave by an intensity dependent modula-
tion of the atomic population. Physically, the signal wave and one of the pump
waves form an absorption grating which diffracts the second pump wave to create
the phase conjugate wave. Fig. 7.2 shows the frequency dependence of degenerate
phase conjugation in sodium when both pump and signal waves are provided by one
laser tuned to the 3S,,s to 3Pg,; transition at 5890A. The pump power is 35.2 mW.
The large set of peaks on the left corresponds to the laser tuning through the F=2
hyperfine line of the sodium ground state while the smaller peaks are due to tuning
through the F=1 hyperfine level of the ground state. In the nondegenerate case, the
pump laser is tuned to the stronger peak of the 3S,,p (F=2) to 3Pa,, (F=3) transition
shown in Fig. 7.2. The temperature of the sodium cell is adjusted to provide a
saturated pump wave transmission of 46X through the cell. This corresponds to a
sodium density of 5-10'*/cm?. The pump power is 31.5 mW. The signal laser is then
scanned in frequency through the transition at 58904 and the measured phase con-
jugate signal is shown in Tig. 7.3. The observed signal has a FWHM bandwidth of 48
MHz and a peak reflectivity of 4 - 1073, When the pump laser is tuned to each of the

other three peaks in Fig. 7.2 and the signal laser scanned, we observe a similar
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Fig. 7.2 Reflectivity for degenerate phase conjugation versus laser tuning for the
35:,2 to 3P3,z transition. The laser intensity for the pump wave is 2800
mW/cm?. :
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Fig. 7.3 Reflectivity for nondegenerate phase conjugation versus signal laser tun-
ing with the pump laser fixed on the stronger peak of the 3S,,; (F=2) to

3Pa,2 (F'=3) transition. The laser intensity for the pump wave is 2500
mW/cm?.
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frequency response but the reflectivities are smaller.

An independent photomixing experiment verifies that the peak of the signal
occurs when the pump and signal lasers are degenerate. This is done by taking part
of the pump laser and aligning it to be collinear with the signal laser. The set of col-
linear beams goes through the experimental setup shown in Fig. 7.1. A fast photo-
diode is put on the back side of one of the beam splitters to measure the interfer-
ence between the two lasers. The photodiode cutput is measured by a microwave
spectrum analyzer to detect a beat signal between the two lasers due to a frequency
difference. After scanning the signal laser to observe the nondegenerate four-wave
mixing, we scan a second time to observe when the beat frequency goes to zero, and

we note this on the same oscilloscope trace as the phase conjugate signal.

The saturated transmission of the pump wave by the sodium vapor is determined
by measuring the power of the pump wave transmitted through the cell when the
laser is tuned to the peak of the sodium transition as in Fig. 7.2. The power is meas-
ured by placing a photodiode behind the sodium cell and in front of the mirror used
to retroreflect the pump wave. Then the pump laser is detuned from the sodium
line so that there is no absorption and the power of the pump wave transmitted
through the cell is again measured. The ratio of these measurements gives the
saturated transmission through the cell. To determine the sedium density we must
first determine the unsaturated absorption coefficient from the measured saturated
absorption coefficient. If we assume that the intensity of the pump wave which was
detuned from the sodium line is Iy while that of the absorbed pump wave is l,;, then

we can calculate the saturated absorption coefficient, ag,, to be
zasnt.L = ln(IO/ Iabn)

The unsaturated absorption coefficient, Guneat.'can be determined from
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Ogat = -i_
0
1+Is

We have measured the line center absorption as a function of Iy to determine a best

fit to this formula. It gives a value of 19.2 mW/cm? for Iy, which is approximately the

saturation intensity for sodium. We can now determine agne:. Now we can use

Avy 2%

=3. 9. ol

where A2/2m is the line center absorption cross-section for the transition, 5/8 is the
fraction of the total atoms in the F = 2 ground state, 2 is the ratio of the degenera-
cies of the 3Pgy,, excited state to the 35,,,; ground state, L is the interaction length
of the laser with the sodium vapor, N is the atomic density, and VrIn2 Aw/Aup is the
fraction of the atoms which are resonant with the laser tuned to line center due to

Doppler broadening.

In Fig. 7.4, the frequency dependence of degenerate phase conjugation is shown
with the pump power attenuated to 2.4 mW. The angle between the signal and pump
waves is now .32°. There is now one peak when the laser is tuned through the F=2
hyperfine line. This single peak narrows even more as the pump power is reduced
with its bandwidth limited by the natural linewidth of sodium!®!!. The pump laser is
now tuned to the peak of the 3S;,z (F=2) to 3Ps,z (F=3) transition shown in Fig. 7.4.
The sodium density is adjusted to provide a saturated pump wave transmission of
4B% through the cell, which corresponds to a sodium density of 1-10!'!'/ecm?. The
pump power is 2.5 mW. The signal laser is frequency scanned and the resulting
phase conjugate signal is shown in Fig. 7.5. The FWHM bandwidth is measured to be
41 MHz with a peak reflectivity of 8-10° The bandwidth remains basically

unchanged at the lower pump power but the reflectivity is greatly reduced.
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Fig. 7.4 Reflectivity for degenerate phase conjugation versus laser tuning for the
3S,,z to 3P3,z transition. The laser intensity for the pump wave is 190
mW/cm?.
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200MHz

s

Fig. 7.5 Reflectivity for nondegenerate phase conjugation versus signal laser tun-
ing with the pump laser fixed on the 3S,,; (F=2) to 3P,z (F=3) transition.
The laser intensity for the pump wave is 200 mW/cm?.
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7.4 Conclusion

We have demonstrated an optical filter with a minimum FWHM bandwidth of 41
MHz. From phase mismatch constraints alone, one can calculate a FWHM bandwidth
of 5.2 GHz*. The frequency response of a resonant two level system is limited by the
T, transverse relaxation time!2%5%, If we assume T, = 2T, (T, is the natural lifetime,
18 nanosecs for sodium), then the theory for a Doppler broadened two level system
yields a FWHM bandwidth of 13 MHz at low intensities®®. In our system, the frequency
jitter of the two dye lasers appears to limit our bandwidth to 40 MHz. It is important
to note that we do not observe any significant change in the filter bandwidth as the
pump power is increased. Also, the Rabi sidebands which are theoretically
predicted® are not observed. The maximum pump intensity used in these experi-
ments is already two orders of magnitude greater than the saturation intensity of
sodium. This suggests that much higher pump powers can be used without seriously
affecting the filter bandwidth. A maximum reflectivity of 4:107? is observed for the
filter. However, recent degenerate phase conjugation experiments in sodium vapor
have demonstrated amplified reflectivity exceeding unity using a cw dye laser with a
maximium power of one watt!®?. This suggests that a highly efficient narrow
bandwidth filter can be constructed using a resonant medium such as sodium. In
sodium, it should be noted that hyperfine optical pumping transfers the population
of the ground state hyperfine level resonant with the laser into the other ground
state hyperfine level, thereby diminishing the efficiency of the phase conjugation
process. Resonant systems which do not suffer from this effect, such as an atomic
system with zero nuclear spin, should be more efficient and allow much lower cw
pump powers to be used. One disadvantage of the Doppler broadened system is the
narrow field of view of the filter. The maximum phase conjugate signal is observed
in a collinear geometry. The acceptance angle(angle between the signal and pump

waves such that the reflectivity is reduced by one half from the collinear geometry)



- 188 -

of the filter is approximately the ratio of the natural line width to the Doppler

width®3,

The central frequency of the filter can be selected to coincide with that of the
hyperfine transitions. The splitting between the two components of the F=2
hyperfine transition in Fig. 7.2 is intensity dependent and increases as the square
root of the pump wave intensity in our experiments. The fllter therefore has a lim-
ited tuning range which is a function of pump intensity. Additional tuning could be
achieved by detuning the pump laser from the atomic resonance as the filter’'s fre-
quency bandpass is centered at the frequency of the pump wave. This would be at

the expense of the phase conjugate efficiency! ™3, however.
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