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Abstract

Since the discovery of D-branes as non-perturbative, dynamic objects in string theory, vari-
ous configurations of branes in type ITA /B string theory and M-theory have been considered
to study their low-energy dynamics described by supersymmetric quantum field theories.

One example of such a construction is based on the description of Seiberg-Witten curves
of four-dimensional N' = 2 supersymmetric gauge theories as branes in type ITA string
theory and M-theory. This enables us to study the gauge theories in strongly-coupled
regimes. Spectral networks are another tool for utilizing branes to study non-perturbative
regimes of two- and four-dimensional supersymmetric theories. Using spectral networks of
a Seiberg-Witten theory we can find its BPS spectrum, which is protected from quantum
corrections by supersymmetry, and also the BPS spectrum of a related two-dimensional
N = (2,2) theory whose (twisted) superpotential is determined by the Seiberg-Witten
curve. When we don’t know the perturbative description of such a theory, its spectrum
obtained via spectral networks is a useful piece of information. In this thesis we illustrate
these ideas with examples of the use of Seiberg-Witten curves and spectral networks to
understand various two- and four-dimensional supersymmetric theories.

First, we examine how the geometry of a Seiberg-Witten curve serves as a useful tool for
identifying various limits of the parameters of the Seiberg-Witten theory, including Argyres-
Seiberg duality and Argyres-Douglas fixed points. Next, we consider the low-energy limit of
a two-dimensional A = (2, 2) supersymmetric theory from an M-theory brane configuration
whose (twisted) superpotential is determined by the geometry of the branes. We show that,
when the two-dimensional theory flows to its infra-red fixed point, particular cases realize
Kazama-Suzuki coset models. We also study the BPS spectrum of an Argyres-Douglas type
superconformal field theory on the Coulomb branch by using its spectral networks. We
provide strong evidence of the equivalence of superconformal field theories from different

string-theoretic constructions by comparing their BPS spectra.
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Chapter 1

Introduction

In this chaper we briefly review various topics that appear in this thesis as a preparation for
the main text. In Section 1.1 we review general properties of supersymmetric field theory,
focusing on the description of BPS states. In Section 1.2, we review the properties of various
branes from type ITA string theory and M-theory, and the relation between various branes

under string dualities.

1.1 Supersymmetric quantum field theory

Why supersymmetric theory is interesting Supersymmetry is a symmetry that as-
sociates to every boson its fermionic partner and vice versa. Schematically, a scalar field ¢

will be related by supersymmetry to a fermionic field v as

dep ~ €. (1.1)

If supersymmetry exists and is broken not at the planck scale but at much lower scale
Agpsy, for example around 1 TeV where new physics beyond the standard model is ex-

pected, then it provides an answer to the hierarchy problem. The hierarchy problem can

Figure 1.1: Loop cancellation from supersymmetry.

be illustrated by the two Feynmann diagrams shown in Figure 1.1, which contribute to the



2

mass renomarlization of ¢ as quadratic divergence. Due to the divergence the scalar parti-
cle should have the quantum correction of the order of the UV cutoff, which should be the
planck mass if we consider the standard model with gravity. If supersymmetry exists, then
it makes the two diagrams cancel each other, thereby removing the quadratic divergence
of the mass of ¢. This mechanism tells us why the Higgs mass should be near Agpgy, not
near the planck scale.

Supersymmetry is also interesting theoretically because it is a new kind of symmetry
different from the other symmetries we have observed so far from the nature in that super-
symmetry has fermionic charges with anticommuting algebra. For example, the 4d Poincaré

symmetry algebra can be represented as

[P;u PI/] =0,
[P;u Mpa] = i(n,uppa - nuapp) )

[M;wa Mpo] =1 (UVpM,uU = Mo Mup — NupMyo + nquup) ) (1.2)

where P, generates translations and M, generates rotations in the 4d spacetime with a
metric 7,,. Note that the algebra involves only commutators. In comparison, a supersym-
metry algebra with four real supercharges, which corresponds to the smallest supersymmetry

algebra in a 4d spacetime, can be represented as

{Qon@d} = 20’50'4]3;17 {QaaQB} - {Qéw@ﬁ'} =0, (13)

where ), is a Weyl spinor. This helps us to overcome the Coleman-Mandula theorem,
which states that the maximal Lie algebra of symmetries of the S-matrix of a unitary local
relativistic quantum field theory is a direct product of the Poincaré algebra and the Lie
algebra of a compact internal symmetry group. Since the Coleman-Mandula theorem is
about bosonic symmetries, by incorportaing fermionic charges we can enlarge the Poincaré

algebra nontrivially to a Lie superalgebra.

Central extension of supersymmetry algebra If we have more than one Weyl spinor
supercharge, it is possible to extend the supersymmetry algebra so that the anticommutation

of one supercharge, Q!, with another, Q”, gives a nonvanishing result, the central charges
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{QL, Q3 =2V2eqp2", 1,7 =1,....N. (1.4)
Because Z!7 is antisymmetric in its indices,
zl7 = 771, (1.5)
we need A/ > 1 to have a central charge in a supersymmetry algebra.

BPS states The existence of central charges provides a special kind of massive states

that saturate the so-called Bogomolny-Prasad-Sommerfield bound,
M > \/i’Zi’, (1'6)

where M is the mass of the state and Z; is from Z!7 in its canonical form

0 0 —Zy 0

States that saturate the bound are called BPS states.

One important aspect of BPS states is that they are in general stable under the con-
tinuous changes of various parameters of the theory because the masses of the BPS states
are tied to the central charges, which are topological in their origin and therefore invariant
under such changes. The equality of the mass and the central charge(s) results in decou-
pling some of the components of the state, which makes the size of the representation of
the state smaller. This representaion is called a short representation, in contrast to a long
representation that a general massive state belongs to. Because of the difference between
the numbers of degrees of freedom of the two representations, a BPS state cannot evolve
into a non-BPS state, which provides the stability under quantum corrections. The stabil-
ity of a BPS state is useful when we try to extrapolate the study done in a weak coupling

regime to a strong coupling regime.
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Theories with different amount of supercharges 4d supersymmetric gauge theories
can have various numbers of supercharges. As we have more supersymmetry, it becomes
easier to study the theory because supersymmetry allows us to apply more powerful analytic
techniques to study it. However, an increased amount of supersymmetry make it impossible
for a theory to have certain features without breaking some or all of the supersymmetry,
so by studying a theory with a large amount of supersymmetry we lose more freedom in
building a model that displays a behavior of our interest. Therefore somewhere in the
middle there can be a good place to find models that describe physical phenomena we want
to study and at the same time is simple enough to understand.

Among various 4d supersymmetric gauge theories, N’ = 1 supersymmetric theories are
under the least constraints from supersymmetry, therefore they are good starting points
to study the minimal supersymmetric extension of the standard model. N/ = 2 supersym-
metric theories have the smallest amount of supercharges to have BPS states, and they
provide useful toy models to study strongly-coupled theories that lack perturbative meth-
ods applicable. We will discuss this in more detail while reviewing the Seiberg-Witten
theory. N = 4 supersymmetry provides a large amount of supersymmetry that provides
more analytic control over a theory, and therefore it serves as a defining ground of various

theories.

1.2 Branes from string/M-theory

@ity
1IB

weak
coupling

ITA

11-dimensional
supergravity

low  M-theory
energy

Figure 1.2

Various corners of M-theory String theories and 11d supergravity are believed to be
different approximations of M-theory, which is a prospective theory of quantum gravity.
The 11d supergravity describes the low-energy physics of M-theory. There are two types of
string theories with 32 real supercharges, called type ITA and type IIB, which are related
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by a perturbative duality called T-duality. Among the two theories, type IIA string theory
can be understood as a weak coupling limit of M-theory.

Each theory contains various gauge fields. Both type IIA and type IIB string theories
have an NS-NS 2-form gauge field By that couples to fundamental strings. In addition
to that, type ITA string theory contains RR 1- and 3-form gauge fields, C1, Cs, and type
IIB string theory contains RR 0-, 2-, and 4-form fields, Cy, C2, C4. The 11d supergravity
contains a 3-form gauge field A3. These gauge fields are coupled to extended objects of

various dimensions and characteristics, called branes.

Branes in type IIA theory In type IIA theory, there are branes called Dp-branes
and NSbH-branes. A Dp-brane is defined as an object on which a fundamental string can
end. It is an electric source of Cpy1 for —1 < p < 3, and a magnetic source of C7_,, for
3 < p < 7. Its tension is proportional to 1/gs, and therefore is massive when the coupling
is small. It can end on a D(p + 2)-brane, thereby enabling us to construct an interesting
configuration of intersecting D-branes. And it is a %—BPS object, i.e., they preserve half

of the supersymmetry of the theory such that the preserved supercharge is of the form

Q =e+Q4 + e_Q_ where
I0...TPe_ =¢,. (1.8)

An NS5-brane couples magnetically to the NS-NS 2-form field By. Its tension is pro-
portional to 1/g2, and therefore is much heavier than D-branes in the weak string coupling
regime. D2- and D4-branes can end on an NS5-brane. An NS5-brane is also a %—BPS object,

which preserves supercharge Q = e, Q1 + €_Q_ where
0. .MPey = e (1.9)

M-theory as a strong coupling limit of type IIA theory When we increase the
string coupling gs of type IIA theory, the theory grows the eleventh spacetime dimensional
circle of radius Rig = gsls, called an M-theory circle. Then M-theory, strong coupling limit
of type ITA string theory, lives in the 11d spacetime containing the M-theory circle.

One piece of evidence of this picture is that the action of 10d type ITA supergravity, the

low-energy effective theory of type IIA string theory, can be obtained from the dimensional
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ITA theory 10 M-theory
(9s < 1) : (9s > 1)
Figure 1.3

reduction of 11d supergravity on the M-theory circle. Another is that branes in type ITA

string theory can be understood as coming from branes of M-theory.

Branes in M-theory In M-theory, there is one gauge field and two kinds of branes
that couples to it electrically and magnetically, which are called M2-branes and M5-branes,

respectively. An Mp-brane is a %—BPS object: it preserves the supercharge eQ) with

Tt . TPe = e (1.10)

YT where 1p® = g,(15)%.

An Mp-brane has tension 1/(Ip

Branes in ITA theory can be understood as M-branes wrapping the M-theory circle in
various ways. When an M2-brane wraps the M-theory circle, it becomes a fundamental
string in ITA, whereas when it is transverse to the M-theory circle, it reduces to a D2-brane.

When an Mb5-brane wraps the M-theory circle, it becomes a D4-brane, and when it is not

wrapping the M-theory circle, it becomes an NS5-brane.

Branes ending on branes There are various configurations of a brane ending on another
brane, which enables us to build a network of branes whose low-energy effective world-
volume theory provides a useful model to study a gauge theory in its strongly coupled
regime.

First consider a configuration of a D2-branes filling (z°, z!) and 2% > 0. When it ends at
2% = 0 on a D4-brane filling (2%, 2!, 22, 23, 2%), from the D2-brane we get a 2d gauge theory
(Ao, A1) from its 3d world-volume theory with gauge field A,, and its last component, As,
combines with the three scalars corresponding to the fluctuation of the D2-brane along the

D4-brane, (X2, X3, X*), to form a massless matter multiplet. When we increase the number

of D2- and D4-branes, we can consider a nonabelian gauge theory and a nonabaelian flavor



symmetry, respectively.
A D4-brane filling (z;...,23) and 2% > 0 can end at 2% = 0 on an NS5-brane filling
(2°,...,2%) as a codimension two object. When lifted to M-theory, the two branes merge

into a single, smooth Mb-brane as shown in Figure 1.4. From the D4-brane we get a 4d

/ M-theory
lift M5

NS5

\

——— D4

e

Figure 1.4: D4-brane ending on NS5-brane.

\0\ /

gauge theory from its worldvolume gauge field A,, where the last component A4 combines

with the fluctuation of the D4-brane (X7, X® X¥) to form a matter multiplet.



Chapter 2

4d N = 2 theory

Here we review Seiberg-Witten theory, putting emphasis on non-perturbative phenomena
like wall-crossings and Argyres-Douglas fixed points. Then we describe type IIA brane
configurations of 4d N' = 2 gauge theories, and observe how lifting such a configuration to
M-theory provides the string theoretic origin of the Seiberg-Witten curve of the 4d theory.
We also consider a chain of string dualities to obtain the description of Seiberg-Witten

curves from type ITA/B string theory.

2.1 4d N = 2 gauge theory

First we review basic facts of 4d N' = 2 gauge theory, mainly to set up the notation for the

following discussion of Seiberg-Witten theory.

2.1.1 N =2 multiplets

The fields of N/ = 2 supersymmetric theories can be expressed in terms of A/ = 1 chiral

fields ® and W. ® is an N = 1 scalar multiplet satisfying
Dg® =0, (2.1)

which has as its components a fermionic field ¢, and a complex scalar field ¢. W is the

field strength of a real superfield V' that contains a gauge field A, and fermionic fields A,

Ag. From V we obtain the chiral field W defined by

1- _ 1 .-
W, = —ZDQDaV, Wa = —ZDQDQX/, (2.2)
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and it has as its components \n, \g, and F,,,, the field strength of A,,.

2.1.1.1 Vector multiplet

The gauge field of an N/ = 2 supersymmetric theory is represented as an N' = 2 vector
multiplet containing two N = 1 chiral superfields, a scalar multiplet A and a field strength
W. Both fields are in the adjoint representation of the gauge group of the theory, and the

renormalizable Lagrangian of a 4d N/ = 2 pure gauge theory with vector mutiplet (A, W) is

1 - 1
Lo=—ImTr |7 ( [ d20d%0ATe 2V A+ = [ 20WeW, )|, (2.3)
& A4rx 2

where 7 is a complexified gauge coupling containing the theta angle # and the gauge coupling
constant g,

0 471

2

=t (2.4)

and V is the N’ = 1 gauge superfield, also in the adjoint representation.

2.1.1.2 Hypermultiplet

A matter field of an N' = 2 supersymmetric theory is called a hypermultiplet and contains
one N = 1 chiral multiplet Q and one A’ = 1 anti-chiral multiplet Qf, both of which are
in the same representation of the gauge group of the theory. When we have Ny number of
N = 2 hypermultiplets, each having mass m;, the Lagrangian that provides the interaction

of them with the gauge field is £¢ + L¢, where
Ly = /d49 (QI e Qi + Qi 672‘/@1) + /d29 <\/§Qz@Qz‘ + szzQz> : (2.5)

2.1.2 Pure SU(2) gauge theory

We start from the renormalizable Lagrangian of a 4d N' = 2 pure SU(2) gauge theory, (2.3),
which is asymptotically free. When the Lagrangian is expanded in components, it contains

a scalar potential V (a),

w@:;ﬁﬁ@mﬂ, (2.6)
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where a is the scalar component of the chiral superfield A in the N’ = 2 vector multiplet.
When a is in the Cartan of the gauge group, it gives a ground state. When the vacuum
expectation value of a has a nonzero value, the gauge group is broken down to U(1) and
the theory is in the Coulomb branch. The continuum of inequivalent ground states, or the
moduli space of the Coulomb branch, is parameterized by u. In the weak coupling regime

of the gauge theory, u agrees with a gauge invariant classical variable,

uw=Tra. (2.7)
After the quantization of the theory, the quantum moduli space is parameterized by

u = (Tra?), (2.8)

which is the expectation value of the classical quantity. When the theory has a nonzero

value of u, we get massive gauge bosons W* whose masses are proportional to .

2.1.3 Low-energy effective action of an N/ = 2 gauge theory

Now we describe the low-energy physics of the theory by finding out the effective action
at a scale lower than the masses of massive states. In writing down the action there is a
crucial fact that the low-energy effective action of an N' = 2 gauge theory, with terms with
at most two derivatives and not more than four fermions, is determined by a holomorphic
function F, called a prepotential [1].

For G = SU(2), when a acquires a vev the gauge group is spontaneously broken down
to a U(1) gauge group, the theory is in the Coulomb branch. We integrate out the massive

W to get the low-energy effective Lagrangian

et

where now A and W, are U(1)-valued fields. When we compare (2.3) and (2.9), we find

2WW°‘WQ , (2.9)

that the low-energy effective value of 7 is

0?F(a)
Oa?

Teff (@) = (2.10)
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2.2 Seiberg-Witten theory

In [1] it is shown that we can determine the functional form of the prepotential F, which

is, including the perturbative 1-loop effect and the nonpertabative instanton corrections,
i A& AN
F=—A%log— Fil=) A2 2.11
5 AT log S5 + ; Rl 3 (2.11)

where A is the dynamically generated scale of the theory. The work of Seiberg and Witten
[2, 3] found every Fj by determining the exact form of F.

2.2.1 BPS states in the Coulomb branch

To find out the exact prepotential of a 4d A/ = 2 pure gauge theory, we need to investigate
the strong coupling regime of the gauge theory where the nonperturbative corrections are
not negligible. For that purpose it is helpful to study the BPS states of the theory, because
such a state that is found in the weak coupling regime is in general expected to persist even
when the gauge coupling becomes strong.

When we define

_OF

= — 2.12

an(u) = (212)
the central charge of a BPS state of a N' = 2 pure SU(2) gauge theory is

Z = ane + ap Ny, (2.13)

where the state has electric charge n. and magnetic charge n,, of the U(1) IR gauge field,
both of which are quantized to have integer values. In terms of ¢ and ap we can write down

the mass of a BPS state with the U(1) charge (n.,n,,) as
M =+2|Z|. (2.14)

This mass formula can be a good hint to guess a(u) and ap(u) in all u, including the strong
coupling regime. If we can find a(u) and ap(u) over all the Coulomb branch moduli space

parametrized by u, we can determine the prepotential F and then describe the low-energy
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physics by the effective action Leg-.

2.2.2 Electric-magnetic duality

The action (2.9) is invariant under an SL(2,Z) duality. To see this, first consider taking
(ap,a) — (a,—ap). (2.15)

In order to see that this transformation leaves the action invariant under an appropriate
redefinition of 7.¢, we first promote W to an independent field by implementing the Bianchi

identity
Im DW = 0 (2.16)

into the action using a vector superfield Vp as a Lagrange multiplier by adding the following

term to the action,

1 1
—Im [ d*zd*9Vp DW = —Im/d4:v d20 WpW. (2.17)
41 41

After integrating out W and taking

1
Teff = TD,eff = —E, (2.18)
e

the action retains the original form in terms of the dual variables. It is easy to see that the

action is invariant under another transformation,
(ap,a) = (ap +a,a), Ter — Tt + 1. (2.19)

These two transformations generate the full duality group SL(2,Z). Note that the first

transformation can be considered as an electric-magnetic duality.
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2.2.3 Seiberg-Witten curve and differential

In two seminal papers [2, 3] Seiberg and Witten showed that by using a real two-dimensional

surface, or a complex one-dimensional curve,
y? = (z—1)(z+ 1)(z —u), (2.20)

and a first-order differential form,

V2E—ude

\ =
2 r2 —1

, (2.21)

we can calculate a(u) and ap(u),

a:j{ A, ap :7{ A, (2.22)
7 72

where 71 and 72 are 1-cycles on the curve with a nonzero intersection
Yoy2 =1 (2.23)

The curve, called a Seiberg-Witten curve, is parametrized by u, the same variable that
parametrizes the Coulomb branch moduli space. The differential, called a Seiberg-Witten
differential, gives the mass of a BPS state when integrated along a 1-cycle of the curve. We
can calculate a(u) and ap(u) by finding out an appropriate set of 1-cycles of the curve, here
~v1 and 79, respectively, and integrating A along those cycles on the Seiberg-Witten curve.
From that information we can calculate the prepotential F and the low-energy effective
action Leg.

The Seiberg-Witten curve (2.20) becomes singular when v = +1. At each singularity
a 1-cycle shrinks to vanish, signaling the appearance of a massless BPS state. Those BPS
states start as massive ones when the U(1) gauge theory is weakly coupled, that is, when
u is near co. As we approach u = £1 from v = oo, the gauge theory becomes strongly
coupled so that the perturbative description becomes less valid. When we finally meet
one of the singularities, then a new massless state arises, which are not described by the
previous low-energy effective action, revoking the validity of the action. Therefore we need

a different low-energy effective action written in terms of the new massless state. Here the
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SL(2,Z) duality of the action plays a role. For example, at one of the two singularities the

massless BPS states has (ne,ny,,) = (0,1). By taking the duality generated by

[ 01
() o2

we can express the low-energy effective action in terms of a different charged field ap, which
couples electrically to the BPS state that becomes light at the singularity. Therefore this

is the action that is valid perturbatively around the singularity.

2.2.4 Wall-crossing of a BPS spectrum

Because the Seiberg-Witten curve (2.20) has a vanishing 1-cycle at each singularity on the
u-plane, there is a monodromy of 1-cycles around a path encircling v = +1 which can be

obtained from the Picard-Lefshitz formula,

¢ = ¢+ {6 (2.25)

where ~ is the vanishing 1-cycle and (¢, ~) is the intersection of the two 1-cycles. This in
turn results in the monodromy of (ap, a) around u = oo, which can be calculated from the
1-loop formula of F because in this region the nonperturbative corrections are negligible
compared to the 1-loop contribution. The 1-loop 8 function of the low-energy effective U(1)

gauge theory gives

OF  2ia (X) ia

- 7 = 2.2
ap da T og +7T7 ( 6)

from which we get the monodromy matrix around u = oo

(-1 2
v () .

and the BPS spectrum is invariant under this monodromy.
However, the monodromy around each singularity on the u-plane affects the BPS spec-
trum in a different manner. Each monodromy matrix can be calculated by identifying

the corresponding vanishing 1-cycle (and therefore the U(1)-charges of the BPS state that
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becomes massless at the singularity),

(1o (-1 2
M1_<_2 1), M_1_<_2 3). 22%)

These two matrices satisfy My M_1 = M, consistent with the singularity structure on the
u-plane. What is different about M4, compared to M, is that they generate a subgroup
of SL(2,Z), called I'(2). However, the BPS spectrum cannot be invariant under the action
of these monodromies as they change the charge of a W-boson into a dyonic charge, which
is impossible because a W-boson is a vector multiplet and a dyon is a hypermultiplet.

What is happening is that not all the BPS states that exist in the semi-classical regime
are stable as u approach the strongly coupled regime |u| < 1. There is a real codimension-
one curve on the u-plane going through w = 1, on which ap(u)/a(u) € R is satisfied. The
curve separates the u-plane, or the Coulomb branch moduli space of a pure SU(2) gauge
theory, into two regions. This curve is called a wall of marginal stability, or a BPS wall
in short. For a pure SU(2) gauge theory, inside the wall there are only two stable BPS
states, a monopole with the U(1)-charge (ne,n,) = (0,+1) and a dyon with the U(1)-
charge (41, —1), and their anti-states. These are the states that become massless at the
two singularities on the u-plane. Outside the wall, there are W-bosons with the U(1)-charge
+(1,0) and infinitely many dyons with the U(1)-charge +(n,1), n € Z. As the value of
u approaches the BPS wall from the outside and goes over it, a W-boson with the U(1)-
charge (+1,0) decays into a monopole with the U(1)-charge (0,+1) and a dyon with the
U(1)-charge (+1,—1), and that is why there are only finitely many hypermultiplets inside
the BPS wall.

2.2.5 Argyres-Douglas fixed points

In the complex two-dimensional Coulomb branch moduli space (u,v) of a 4d N' = 2 pure
SU(3) gauge theory, there is a choice of parameters that makes the low-energy effective
theory an interacting superconformal field theory (SCFT), called an Argyres-Douglas fixed
point [4]. When the theory is at the fixed point, there are two mutually nonlocal massless

states. In other words, when there are two 1-cycles of the Seiberg-Witten curve of the
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theory, 7. and 7y, such that their intersection is nonzero,

{(Ye» Ym) # 0, (2.29)

and that they shrink to vanish as the theory approach the fixed point, the theory should
be a nontrivial SCFT at the fixed point.

Studying the fixed point theory is a difficult task because it is strongly coupled and has
no Lagrangian description. So we often consider a deformation of the theory from the fixed
point by adding a relevant term. This can be achieved by considering a small change in
the Coulomb branch parameters. For example, when (u,v) = (ug,v1) is the location of an
Argyres-Douglas fixed point of a pure SU(3) gauge theory, then we deform the parameter

as
u = uj + u. (2.30)

Because the theory is at a nontrivial fixed point, the scaling dimension of the deformation
A(du) is greater than 1, and we have a deformation of

__u 4

where A is the dynamically generated scale of the theory. If 1 < A(du) < 2 this deformation
is relevant, and if A(du) > 2 it is an irrelevant deformation from the fixed point. To find out
the scaling dimension of a deformation, we can use the fact that by N’ = 2 superconformal
symmetry the scaling dimension of the scalar component u of a vector multiplet U is related

to its U(1) R-symmetry charge as
A(u) = =R(u). (2.32)

When we can read out the R-charge of a deformation parameter from the Seiberg-Witten

curve of the theory, we can tell if the corresponding deformation is relevant or not.
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2.3 Seiberg-Witten theory as a toy model

In addition to the nonperturbative description of gauge theories, Seiberg-Witten theories

provide interesting toy models for various physical phenomena.

Confinement and chiral symmetry breaking Seiberg-Witten theory provides an ex-
plicit example of the confinement of electric charge and the chiral symmetry breaking.

If we introduce a superpotential mTrA?, this breaks N’ = 2 down to N/ = 1. Near a
singularity where a massless monopole occurs, the superpotential furnishes a vev to the
monopole. Via the Higgs mechanism the unbroken U(1) gauge field becomes massive, and
the condensation of the monopoles leads to the confinement of electric charges by the dual
Meissner effect.

The condensation also displays the chiral symmetry breaking when we have matter

hypermultiplets, whose existence turns a monopole into a spinor of the global symmetry.

Electric-magnetic duality of BPS spectra Another phenomenon described by Seiberg-
Witten theories is the electric-magnetic duality of the spectrum of BPS states.

The duality is conjectured by Montonen and Olive and is believed to hold for a 4d N' = 4
gauge theory. This is possible because for the theory a W-boson and a magnetic monopole
live in the same multiplet. But a 4d N' = 2 pure gauge theory have the two in different
multiplets and therefore the duality does not hold.

However, consider an N’ = 2 gauge theory with four electric hypermultiplets. They are
in a Spin(8) vector multiplet, and magnetic monopoles are in a Spin(8) spinor multiplet.
Seiberg and Witten conjectured that the theory is invariant under SL(2,Z) when the BPS
spectrum transforms under the triality automorphism group of Spin(8).

This S-duality is revisited by Gaiotto [5], whose study resulted in identifying various
building blocks of strongly coupled 4d N' = 2 SCFTs.

2.4 Brane configuration of Seiberg-Witten theories

The centerpiece of Seiberg-Witten theory is that physics of the low-energy effective theory of
a 4d N' = 2 gauge theory is encoded in a complex one-dimensional curve and a holomorphic

1-form on the curve. In [6, 7] the string-theoretic origin of the curve is discovered, which
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shed a new light on the study of 4d N' = 2 theories and their BPS spectra. Here we review

how to construct Seiberg-Witten curves from branes of type II string theories and M-theory.

2.4.1 Type IIA description

Figure 2.1 shows a brane configuration of type ITA string theory that describes a 4d N' = 2

SU(2) gauge theory with four massless hypermultiplets, which is a superconformal field

theory.
6 2
v=a*+izd E‘ Av” o l/g ~E """ NS5
| | —— D4
e

\
|

Figure 2.1: Type ITA brane configuration of a 4d N' = 2 SU(2) SCFT.

There are two parallel NS5-branes that fill the 4d spacetime (27, ..., 2%) and span the
extra two-dimensional space (z*,2%). And there are two parallel D4-branes that fill the
same 4d spacetime and span the x%-direction. Each D4-brane is located at a point (z*, 2°)
on an NS5-brane.

The separation of the NS5-branes along the x%-direction is related to the 4d gauge
coupling parameter, which is an exactly marginal parameter of this theory. The separation

of the D4-branes along the (2, z%)-plane is related to the expectation value of the scalar

component of the vector multiplet of the 4d theory, or its Coulomb branch parameter.

2.4.2 M-theory description

Now we lift the ITA brane system to M-theory. Then we have an M-theory circle z'° and
the two D4-branes become two Mb5-branes wrapping the M-theory circle. An NS5-brane

becomes an M5-brane located at a point (2, 21?) on the M5-branes from the D4-branes.
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4 +ixd = M5 from NS5
T

W7ay 77\

A\v/4

"> M5 from D4
Figure 2.2: M-theory brane configuration of a 4d N' =2 SU(2) SCFT.

When the Coulomb branch parameter « is nonzero, these M5-branes merge into a single
Mb5-brane. It fills the same 4d spacetime, and its configuraiton in the the complex two-

dimensional space (¢,v) is described by a holomorphic equation f(¢,v) = 0, where
ft,v) = (t —t1)(t — to)v* —ut, t = exp(a® +iz'?). (2.33)

The subspace spanned by the single M5-brane is an algebraic curve, which can be identified
with the Seiberg-Witten curve of the 4d AN/ = 2 gauge theory from the ITA brane system.
The Seiberg-Witten differential is represented by

A= %dt. (2.34)

A BPS state corresponding to a 1-cycle of the Seiberg-Witten curve comes from an M2-
brane whose boundary ends on the M5-brane along the 1-cycle. The mass of the BPS state
is obtained by integrating A along the 1-cycle, whose value corresponds to the area of the

M2-brane [8, 9, 10].

2.4.3 Type IIA /B descriptions from a chain of string dualities

Here we will follow the chain of string dualities described in [11] to get type IIB description
of a Seiberg-Witten curve. We start from the usual Hanany-Witten type IIA brane con-

figuration of NS5-branes and D4-branes that fill the 4d spacetime as shown in Figure 2.3.

To follow the chain of string dualities, it is convenient to represent the directions that
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Figure 2.3: Type ITA brane configuration of a 4d N' = 2 pure SU(3) gauge theory.

Table 2.1

“_»

the branes span as in Table 2.1, where means the corresponding brane spans the entire

space along the direction and “-” means it is at a point along the direction.
! [o]1]2[3]4]5]6]7][8]9]10"]
MsfromNSH || — | — | = | = | = | —=1|-| |- |- .
MsfromD4 || — | —|—|—=|-|-|-|—=]-|-10O
Table 2.2

We lift this to M-theory. Then a D4-brane becomes an Mb5-brane wrapping the M-
theory circle, which we will denote as z'°, and the NS5-D4-brane system becomes a single
Mb5-brane wrapping the Seiberg-Witten curve. Note that x'? direction is marked with an
asterisk, which implies that the corresponding direction is compact. “(0)” means a brane

wraps the compact direction.

[« JoJ1]2]3]7[10"]4[5[6]8]
(NS5[ —[-]-]-] ¢ | o [-]-]

Table 2.3

Consider compactifying ¥ direction and switching the role of z'° and z? as the M-theory

circle, which is the so-called “9-11 flip.” When the size of z? circle goes to zero, we are
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moving toward another corner of the M-theory picture. As the M5-brane does not span any
extent along the z°-direction, it becomes an NS5-brane wrapping the same Seiberg-Witten
curve. Table 2.3 shows how this brane span the 10d spacetime.
To go from this type IIA picture to that of type IIB, we compactify one more direction,

28, and perform a T-duality along the direction. The result is shown in Table 2.4.

|« Jofif2]3]7[10°[4] 5 [6]8]
|ALEover CP' [ - | - [ -] -] ¢t JveALE[- ]| - |

Table 2.4

NS5 in the previous type ITA picture now becomes a pure geometry in type IIB string
theory, which is an ALE fibration over CP! [12, 6]. Note that the instanton effect [13, 14]
is important in understanding the duality between the NS5-branes localized in the complex
two-dimensional space of a fiber and the ALE space that spans the complex two-dimensional

space and has the localized structures where the compact circle direction degenerates.

U3

U3 E E

v W-boson . ALE fiber
V2 E E

| : ITA — IIB

| | —

: Monopole :

i Ev =zt 4 b

i EI Cn (1,1)-Dyon
U1} /'v >’

E IEG E :’l

Figure 2.4

Figure 2.4 summarizes the result of the chain of dualities, where we start with a type
ITA brane configuration of pure SU(3) gauge theory. In this type IIA picture, there are

three D4-branes located at vi, ve, and v3 in the v-plane. Note that a fundamental string
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stretched between two of the D4-branes corresponds to a W-boson, and that a D2-brane
filling the two-dimensional space bounded by two of the D4-branes and the two NS5-branes
gives us a magnetic monopole, both of them BPS states of the 4d theory.

Now at the end of the duality chain we get a type IIB geometry, ALE fibration over
a Riemann sphere, Cp. Over a point of Cp there is an ALE fiber, which contains three
2-cycles. Now vy, vo, and v3 are where the z8-circle shrinks, and therefore are the endpoints
of the 2-cycles. The size of each 2-cycle varies as we move over Cp, because each v; is a
function of ¢ € Cp. There are four locations on Cpg that two v;’s coincide, which can be
considered as branch points of v(t), whose trivialization over Cp leads to v;(t). When we
are at one of the four branch points, some of the 2-cycles shrink.

When we consider a line segment connecting two of the four branch points, shown in
the right of Figure 2.4 as a blue curve on C, and the fibration of the 2-cycles over the line
segment, we can see that there is a compact 3-cycle with a topology of S3, and wrapping a
D3-brane over this 3-cycle gives us a magnetic monopole. From a closed curve on C shown
as a green circle in Figure 2.4, we get a compact 3-cycle of the topology of S! x S?, and
wrapping a D3-brane over this 3-cycle results in a W-boson. This is the familiar story of

geometric engineering of a 4d AV = 2 gauge theory.

2.5 Theory of class &

In [5] Gaiotto studied the dualities of 4d NV = 2 SCFTs from M5-branes wrapping punctured
Riemann surfaces and unveiled building blocks out of which we can construct a family of
N = 2 theories, referred to as theories of class S. Such a theory, including one corresponding
to a building block, in general does not have a Lagrangian description and therefore is an
interesting subject to study.

Here we will briefly review theories of class S to gather some pieces of information

needed to proceed to our main discussion.

2.5.1 Gaiotto’s description of a 4d N' =2 SU(2) SCFT

We can understand a 4d N = 2 gauge theory as coming from multiple M5-branes wrapping
a punctured Riemann surface. For an example, consider a 4d N’ = 2 SU(2) SCFT, whose

M-theory brane configuration is shown in Figure 2.5. This can be understood as two M5-
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branes wrapping a Riemann sphere with four punctures, which we will call a Gaiotto curve

Cg. When we use ¢ as the coordinate of Cg, the Seiberg-Witten differential A = $dt of the

N 775\

N\

Figure 2.5

theory is in T*Cq, the cotangent bundle of C'g. A also has a dependence on the Coulomb
branch parameter of the theory, which is interpreted as the deformations of the M5-branes
along the fiber of T*Cg. When we define A = x dt, the Seiberg-Witten curve is

9 U

TS ) (2:35)

The locations of the punctures are where A\ diverges, whose cross ratio encodes the gauge
coupling constant of the 4d theory. There are interesting limits of 7. One is colliding the
puncture at ¢t = t; to t = 0. This corresponds to the weak coupling limit of the gauge
theory, because this makes the separation of two Mb-branes from the NSh-branes to be
large. After taking this limit, A has a simple pole at ¢ = 0, whose residue is proportional
to y/u. This can be understood as the mass parameter of the weakly gauged SU(2) flavor
symmetry. Remembering that there is an SL(2,Z) symmetry acting on the 4d N = 2
SCFT, we should be able to understand the collision of any pair of punctures in the same
way. What is suggested in [5] is that we can consider the Cg of a 4d N' = 2 SCFT as
coming from two three-punctured spheres coupled by an N = 2 vector multiplet as shown
in Figure 2.6, where each puncture carries an SU(2) flavor symmetry. The 4d A/ = 2 theory
obtained by compactifying two Mb5-branes on the three-punctured sphere is called 75. By
using 7> as a building block, we can build a family of 4d N' = 2 SCFTs. More generally,
we can obtain other building blocks by considering compactifying multiple M5-branes on

a punctured sphere, including Ty from the compactification of N M5-branes on a sphere
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Figure 2.6: two T2 theories coupled by gauging an SU(2) flavor symmetry.

with three punctures of SU(N) flavor symmetry. A theory constructed out of such building
blocks is called a theory of class S.

2.5.2 Classification of punctures

A Gaiotto curve Cg of a 4d N = 2 theories can have various kinds of punctures. When a
Seiberg-Witten differential A = z dt¢ has a singularity at a point on a Riemann surface of
degree more than one, we call the point an irregular puncture. When the degree is equal to
or less than one we call it a regular puncture, which are the punctures on the Gaiotto curves
of SCFTs. A regular puncture can be used to couple two theories of class S by gauging the
flavor symmetry of a regular puncture of each theory and then couple the two by a vector
multiplet.

Each regular puncture is characterized by a Young diagram. For example, the Cg of an

(a) SU(2) SCFT (b) SU(3) SCFT

Figure 2.7: Punctures and their Young diagrams.

SU(2) Ny =4 SCFT has four punctures of the same type, as shown in Figure 2.7a, with all
punctures having the same Young diagram. And the Cq of an SU(3) Ny = 6 SCFT has four
punctures of two different types, as shown in Figure 2.7b. We can easily expect that each

puncture of the Cq of an SU(N) Ny = 2N SCFT can be decorated with a Young digram of
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N boxes, which represent a subgroup of the full SU(NNV) flavor symmetry.
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Chapter 3

Ramification points of a
Seiberg-Witten curve

In [5] Gaiotto provided a description of 4d N' = 2 theories as coming from Mb5-branes
wrapping punctured Riemann surfaces. In the description each puncture carries a flavor
symmetry, through which two different theories of class S can be coupled by gauging the
flavor symmetry. Here we describe an alternative way [15] to explain the structure of the
punctures from a topological consideration of Seiberg-Witten curve wrapping a Riemann
surface.

In [7], it was shown that we can describe the Seiberg-Witten curve of a 4d N = 2
supersymmetric field theory by a complex algebraic curve with various parameters of the
theory as the coefficients of a polynomial that defines the curve. For example, an N = 2
supersymmetric gauge theory with gauge group SU(2) and four massless hypermultiplets is
a superconformal field theory (SCFT) whose Seiberg-Witten curve Csw is defined as the

zero locus of
(t —1)(t — t1)v* — ut, (3.1)

where (,v) is a coordinate of C* x C that contains Cgyy, ¢; is related to the marginal gauge
coupling parameter of the theory, and u is the Coulomb branch parameter.

In [5], Gaiotto showed that by wrapping N Mb5-branes over a Riemann surface with
punctures, we can get a 4d gauge theory with N = 2 supersymmetry. The locations of the
punctures on the Riemann surface describe the gauge coupling parameters of the theory,

and each puncture is characterized with a Young tableau of N boxes.
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In much the same spirit, we can think of a Seiberg-Witten curve Cgw wrapping a
Riemann surface Cp in the following way. For Cgw that (3.1) defines, consider ¢ as a
coordinate for a base Cg, which is a Riemann sphere in this case, and v as a coordinate
normal to Cg. Then a projection (v,t) — t gives us the required covering map from Cgw
to Cp. When we generalize this geometric picture to the case of Csw wrapping Cg N
times, one natural way of thinking why each puncture has its Young tableau is to consider
a puncture as a branch point of the projection 7, which is now an N-sheeted covering map
from Cgw onto Cg. Then the partition associated to the Young tableau of a puncture shows
how the branching of the IV sheets occurs there.

Now we can ask a question: for the Seiberg-Witten curve Csw of a 4d N = 2 supersym-
metric gauge theory, can we identify every branch point on Cp of the covering map from
Csw to Cp with a puncture of [5]7 To answer this question we will investigate several ex-
amples, which will lead us to the conclusion that, in addition to the branch points that are
identified with the punctures, there are in general other branch points that are not directly
related to the punctures. The locations of these additional branch points on Cy are related
in general to every parameter of the theory, that is, not only gauge coupling parameters
but also Coulomb branch parameters and mass parameters. This is not the case for the
punctures whose positions on Cg are characterized by the gauge coupling parameters only.
We will illustrate how these branch points can be utilized to explore interesting limits of
the various parameters of the theory.

We start in Section 3.1 with SU(2) SCFT to explain how the covering map 7 provides
the ramification of the Seiberg-Witten curve Cgw of the theory over a Riemann sphere Cg.
In Section 3.2, we repeat the analysis of Section 3.1 to study SU(2) x SU(2) SCFT, where we
find a branch point that is not identified with a puncture of [5]. Its location on Cp depends
on the Coulomb branch parameters of the theory, which enables us to investigate how the
branch point behaves under various limits of the Coulomb branch parameters. In Section
3.3 we study SU(3) SCFT and how the branch points behave under the limit of the Argyres-
Seiberg duality [16]. In Section 3.4, we extend the analysis to SU(3) pure gauge theory that
is not a SCF'T. There we will see how the branch points help us to identify interesting limits
of the Coulomb branch parameters of the theory, the Argyres-Douglas fixed points [4]. In
Section 3.5 we consider SU(2) gauge theories with massive hypermultiplets and illustrate

how mass parameters are incorporated in the geometric description of the ramification of
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Csw. Appendix A contain the details of the mathematical procedures and the calculations

of the main text.

3.1 SU(2) SCFT and the ramification of the Seiberg-Witten

curve

The first example is a 4d N/ = 2 superconformal SU(2) gauge theory. The corresponding
brane configuration in type IIA string theory [7] is shown in Figure 3.1.

6 2
v=a*+izd « Av” o l/g yo| T NS5
| | —— D4
e
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Figure 3.1: Brane configuration of SU(2) SCFT.

After the M-theory lift [7] this brane system becomes an Mb-brane that fills the four
dimensional spacetime, where the gauge theory lives, and wraps the Seiberg-Witten curve,

which is the zero locus of
ft,v) = (t — 1)(t — t1)v? — ut. (3.2)

This is a smooth, non-compact Riemann surface in C2. Note that by construction the

following four points
T ={(t,v) € C*| (0,0), (1,00), (t1,00), (00,0)},

are not included in Cgwy.

It would be preferable if we can find a compact Riemann surface that describes the same
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physics as Cgw. One natural way to compactify Csw is embedding it into CP? to get a

compact algebraic curve Csw defined as the zero locus of
F(X,Y,Z)=(X - Z)(X —t12)Y? —uXZ3,

which we will call Cqw. The four points of Z are now mapped to
{{X.Y,Z] € CP? | [0,0,1], [0,1,0], [1,0,0]}.

Csw obtained this way is guaranteed to be smooth except at the points we added for the
compactification, where it can have singularities [17]. Indeed Csy is singular at [0, 1,0] and
[1,0,0], which implies that Csw is not a Riemann surface. The singularity at [0, 1,0] corre-
sponds to having two different tangents there. The other singularity at [1, 0, 0] corresponds
to a cusp.

Smoothing out a singular algebraic curve to find the corresponding Riemann surface can
be done by normalization [17, 18]. This means finding a smooth Riemann surface Csw and a
holomorphic map o : Csw — Csw. Appendix A.1 illustrates how we can get a normalization
of a singular curve. After the normalization we can find, for every point s; € Csw, the local

normalization map
05, : Ny, = CP?, s [X(s),Y(s), Z(s)],

where s € C is a local coordinate such that s; = 0. Figure 3.2 illustrates how we get
from the noncompact Seiberg-Witten curve Cgw its compactification Csw and the compact
Riemann surface Csw, together the relations among them. Here we use the normalization
map o to build a map ¢ : Csw — {Csw UZ}, whose local description near a point s; € Csw

is

bs, : Ny, = C2, s = (t(s),v(s))

I

N
o
)~<
—~

w
S~—
~_

where s € C is a local coordinate such that s; = 0.
The compactification of a Seiberg-Witten curve to a Riemann surface is discussed pre-

viously in [7]. It is also mentioned in [19] from the viewpoint of seeing a Seiberg-Witten
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Csw C C%: é(p2) = (1,00) ¢(p3) = (t1,0)

t=X/Z andv=Y/Z

¢(p1) = (0,0) ] 1= * (pa) = (00,00)
w embedding by

o(p2) = o(ps)

o(pa)

op =8> [X(s),Y(s), Z(s)]

Figure 3.2: Schematic description of the compactification and the normalization of a
Seiberg-Witten curve.

curve as a cycle embedded in the cotangent bundle T*Cpy of the base Cp.

Whether Cqw gives the same physics as Cgw is a challenging question, whose answer
will depend on what we mean by “the same physics.” For example, it is argued in [7] and is
illustrated with great detail in [19] that the the low-energy effective theory of an M5-brane
wrapping Csw is described by the Jacobian of Cqw. Extending those arguments is a very
intriguing task, but we will not try to address it here.

Now that we have a smooth Riemann surface Csw, we want to wrap it over a Riemann
surface, Cg. Note that for the current example we want Cp to be a Riemann sphere, or CP?,
because the corresponding 4d gauge theory comes from a linear quiver brane configuration
[5]. To implement the wrapping, or the projection, from Csw to CP!, we use ¢ to define a
meromorphic function 7 on Cgw such that its restriction to the neighborhood of s; € Cgw

is

™) = 1) = 5

where t(s) is the value of the t-coordinate of {Csw UZ} at ¢(s) and therefore has the range

of CP!.! This 7 is in general a many-to-one (two-to-one for the current example) mapping,

Note that t : Csw — CP! is well-defined over Csw, although X/Z : Csw — CP! is not well-defined
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therefore it realizes the required wrapping of Cqw, or its ramification, over CP!. Figure 3.3
summarizes the whole procedure of getting from Cgw the normalization Csw of Csw and

finding the ramification of Cqw over Cg.

Casw: ¢(?2) ¢({93)
¢(p1)°/ —_] = \W(m)
I ¢ : Csw — {CSVV UI}
Cswi
OB:

Figure 3.3: Summary of how to obtain Csw and Cg from Cgw.

To analyze the ramification it is convenient to introduce a ramification divisor R, [18],

Re= Y (vs(m) = Dls] = Y (vs,(m) = 1[si].

seCsw )

Here vg4(m) € Z is the ramification index of s € Csw, s; € Csw is a point where v, (7) > 1,

and [s;] is the corresponding divisor? of Csw. In colloquial language, having a ramification

at [0,1,0] € Csw because it maps the point on Csw to two different points on CP!, 1 and ¢;. This ill-
definedness arises because we compactify Csw by embedding it into CP?, which maps two different points
on Csw, (1,00) and (t1,00), to one point in CP?, [0,1,0], and therefore is the artifact of our embedding
scheme. Normalization separates the two and resolves this difficulty, after which ¢ is a well-defined function
over all Csw.

2A divisor is a formal representation of a complex-one-codimension object, a point in this case.
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index vs(m) at s € Csw means that vg(m) sheets over Cp come together at 7(s). When
vg(m) > 1 we say s is a ramification point on Csw, 7(s) is a branch point on Cp, and
7 : Csw — Cp has a ramification at 7 (s).

The Riemann-Hurwitz formula [18] provides a relation between 7, R, and the genus of

Csw, 9(Csw)-
Xcsw = deg(m) - xcp1 — deg(Ry) < deg(Ry) = 2(g(Csw) + deg(m) — 1). (3.3)

Here ¢ is the Euler characteristic of C, and deg(m) is the number of intersections of Csw
and 77 1(¢g) for a general ty € CPL. In the current example where Cgyw is the zero locus of
(3.2), it is easy to see that deg(m) = 2 because the equation is quadratic in v. Using this
Riemann-Hurwitz formula, we can check if we have found all ramification points that are
needed to describe the wrapping of Cqw over Cg.

What we want to know is where the ramification points of Csw are and what ramification
indices they have. We will try to guess where they are by investigating every point s € Cqw

that might have a nontrivial behavior under 7. The candidates for such points are
(1) {pi € Csw | &(pi) € I},
(2) {gi € Csw | dt(q;) = 0} < {qi € Csw | (8f/0v)(t(qi),v(ai)) = 0}

We check the ramification of the points of (1) because at ¢(p;) some branches of v(t) meet
“at infinity.” Note that ¢(p;) = (t(p;), v(pi)) is a point where A = 2dt, the Seiberg-Witten
differential [8, 9, 10], is singular, and therefore each 7(p;) corresponds to a puncture of [5].
The reason why the points of (2) correspond to nontrivial ramifications can be illustrated
as in Figure 3.4, which shows the real slice of Csw near ¢(g;) = (t(¢;),v(¢;)) when two
branches of v(t) meet each other at ¢(g;).

Using a local normalization map defined around each of these points, we can find the
explicit form of 7 at the neighborhood of the point. If 7 is just a nice one-to-one mapping
near the point, then we can forget about the point. But if 7 shows a nontrivial ramification
at the point, we can describe the ramification of Cgw near the point explicitly and calculate

its ramification index.

3This qualification is because it is not true in ¢t-coordinate. For example, ¢(p1) is not at infinity, because
the t-coordinate is in fact the exponentiation of the spacetime coordinate, t = exp(—(z® + iz'?)) [7]. By
“at infinity” we imply that the point is at infinity of the 10d or 11d spacetime that contains the brane
configuration.
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Figure 3.4: Why a nontrivial ramification occurs at dt = 0.

To represent what ramification structure each branch point on Cp has, we will decorate it
with a Young tableau, which will be constructed in the following way: start with N = deg(m)
boxes. Collect the ramification points that are mapped to the same branch point, and put
as many boxes as the ramification index of a ramification point in a row. Repeat this to
form a row of boxes for each ramification point. Then stack these rows of boxes in an
appropriate manner. If we run out of boxes then we are done. If not, then each remaining
box is a row by itself, and we stack them too. Figure 3.5 shows several examples of Young
tableaux constructed in this way for various ramification structures.

For the example we are considering now, (1) gives us {p1, ..., pa} such that

¢(p1) = (070)7 ¢(p2) = (1700)7 ¢(p3) = (tl,OO), ¢(p4) = (0070)7

and (2) does not give any new point other than (1) provides, so we have {p;} as the
candidates to check if Cgw has nontrivial ramifications at the points. The local normalization

near each p; is calculated in Appendix A.2.1. From the local normalizations we get 7, which

maps {p;} to

{m(p1) =0, m(p2) =1, m(p3) =t1, m(psa) = oo},

The ramification divisor of 7 is also calculated in Appendix A.2.1,

Rr=1-[p1]+1-[pa]+1-[ps]+1-[pal, (3.4)

which shows that every p; has a nontrivial ramification index of 2, and this is consistent
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Figure 3.5: Young tableaux and the corresponding ramification structures.
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with the Riemann-Hurwitz formula, (3.3),

deg(Rr) =1+1+1+1=4=2(g9(Csw) + deg(m) — 1),

considering deg(m) = 2 and ¢g(Csw) = 1. In the current example, where Cgw is an elliptic
curve, the result of (3.4) can be expected because an elliptic curve, when considered as a
2-sheeted cover over CP!, has four ramification points of index 2. Figure 3.6 shows how 7

maps R, of Csw to the branch points of Cg. For this example, all of the branch points are

Csw

Figure 3.6: Csw and Cp for SU(2) SCFT.

the images of the points {p;}, therefore each branch point corresponds to a puncture of [5].
This example provides a geometric explanation of why each puncture can be labeled with
its Young tableau.

The wrapping of the noncompact Seiberg-Witten curve Csw over Cp is described by

the composition of ¢! : Csw — Csw\{p;} and 7,

mo¢ t: Csw — C\{m(pi)}, (t,v)—t.

Note that the noncompact Seiberg-Witten curve Csw does not contain {¢(p;)} = Z. There-
fore Csw has no ramification point, unlike the compact Riemann surface Csw. That is, the
two branches of Cgw only meet “at infinity,” and all branch points on Cg, {m(p;)}, are from

the points “at infinity.”
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After embedding Cgw into CP?, the Seiberg-Witten differential form X,

A= Zdt,
t

which is a meromorphic 1-form on Cgw, becomes?

Y X
=x4(z7):

which defines a meromorphic 1-form on Cgw. We pull A back to w = ¢*()), which defines

a meromorphic 1-form on Cgw and therefore should satisfy the Poincaré-Hopf theorem [18]

deg|(w)] = 2(9(Csw) — 1), (3.5)

where (w) is a divisor of w on Csy, which is defined as

where vg(w) € Z is the order® of w at s.
We want to see if (3.5) holds for this example as a consistency check. In order to do
that, we need to find out every s € Csw that has a nonzero value of vg4(w). Considering

that w is a pullback of A, the candidates for such points are

(1) {pi € Csw | o(pi) € I},

(2) {ai € Csw | dt(qi) = 0} & {q; € Csw | (9f/9v)(t(qi),v(qi)) = 0},
(3) {r; € Csw | v(r;) = 0}.

We check (1) because A is singular at ¢(p;) and therefore w may have a pole at p;. We also
check (2) and (3) because A vanishes at ¢(g;) and ¢(r;) and therefore w may have a zero
at g; or r;. For this example (2) and (3) do not give us any additional point other than
the points from (1). Therefore the candidates are {p1, ..., ps}, the same set of points we

have met when calculating R,. Using the local normalizations near these points described

4Whether this embedding of \ is justifiable is a part of the question that the embedding of Csw into CP?
gives the same physics as Csw does or not.

®When w has a pole at s, the pole is of order —v,(w); when w has a zero at s, the zero is of order v, (w);
otherwise vq(w) = 0.
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in Appendix A.2.1, we get

which means w has neither zero nor pole over Cgw. This is an expected result, since we can
find a globally well-defined coordinate z of the elliptic curve Csw such that o*(\) = dz.

The result is consistent with the Poincaré-Hopf theorem, (3.5),

deg[(w)] = 0= 2(g(Csw) — 1),

considering g(Csw) = 1.

3.2 SU(2) x SU(2) SCFT and the ramification point

In Section 3.1 we have studied the Seiberg-Witten curve of a 4d N' = 2 SU(2) SCFT
to identify how the wrapping of the curve over a Riemann sphere can be described by a
covering map. In this section we apply the same analysis to the Seiberg-Witten curve of a
4d N =2 SU(2) x SU(2) SCFT. From this example, we will learn that on the curve there
is a ramification point whose image under the covering map cannot be identified with one
of the punctures of [5].

The brane configuration of Figure 3.7 gives a 4d N = 2 SU(2) x SU(2) SCFT. The

v

4

v

i

Figure 3.7: Brane configuration of SU(2) x SU(2) SCFT.
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corresponding Seiberg-Witten curve Csyy is the zero locus of
ft,v) = (t = 1)(t —t1)(t — t2)v? — urt? — ugt. (3.6)

Considering a normalization ¢ : Csw — Cgw and a meromorphic function 7 : Cgwy — CP?,
we can introduce a ramification divisor R = ) (vs(m) — 1)[s]. Nontrivial ramifications

may occur at

(1) {pi € Csw}, where {¢(p;)} are the points we add to Csw to compactify it,

(2) {gi € Csw | dt(q;) = 0} < {qi € Csw | (8f/0v)(t(qi),v(ai)) = 0}

(1) gives us {p1, ..., ps} such that

¢(p1) = (0,0), ¢(p2) = (1,00), ¢(ps) = (t1,00), ¢(ps) = (t2,00), d(ps) = (o0,0),

and from (2) we get {q} such that

#(q) = (p,0), p= —uz/uz.

Using the local normalizations calculated in Appendix A.2.2, we get
Rr=1-[pi]+1-[p2] +1-[ps] +1-[pa] +1-[ps] +1[q],
and
deg(Rr) =1+1+1+1+1+1=6,

which is consistent with the Riemann-Hurwitz formula, (3.3), considering deg(w) = 2 and
g9(Csw) = 2. Figure 3.8 shows how 7 maps Cgw with its ramification points to Cp with its
branch points.

Again R, has a divisor [p;] whose image under 7 can be identified with a puncture of [5].
However, R, also contains [¢], which means that ramification occurs also at ¢q. The location
of m(q) on Cp depends on the Coulomb branch parameters u; and ug, unlike {7 (p;)} whose
locations depend only on the gauge coupling parameters ¢t; and t2. In Figure 3.8 we denoted

m(q) with a symbol different from that of {7 (p;)} to distinguish between the two. In this
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Csw

Figure 3.8: Csw and Cp for SU(2) x SU(2) SCFT.

example, two sheets are coming together at both {m(p;)} and m(q), and therefore each of
them has the same Young tableau correspoding to the ramification structure.

However, note that the noncompact Seiberg-Witten curve Csw does not contain {¢(p;)}
but contains ¢(q) only, therefore it is the only ramification point that exists in Csw. That is,
the branch point 7m(q) comes from the ramification point of Csw, whereas the other branch
points {m(p;)} that are identified with the punctures are from the points “at infinity.”
Figure 3.9 shows the schematic cross-section of the compact Riemann surface Cqw near ps

V= Uy +1;

A

Csw

A

v

L
)

Figure 3.9: Two branch points of different kinds: 7(p3) from a point at v = oo, 7(q) from
the ramification point of Cqyy.

and ¢ on the left side, and the real (and imaginary) slice of the noncompact Seiberg-Witten
curve C'sw on the right side. This illustrates the difference between the two kinds of branch
points.

Taking various limits of the Coulomb branch parameters corresponds to moving 7 (g) on
Cp in various ways, as shown in Figure 3.10. When 7(q) is infinitesimally away from one
of {m(p;)}, imagine cutting out a part of the Seiberg-Witten curve around the preimages of

the two branch points. As there is no monodromy of v(¢) when going around a route that
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Figure 3.10: Branch point 7(¢) under various limits of Coulomb branch parameters.

encircles the two branch points, we can fill the excised area topologically with two points,
the result of which is shown in the lower right side of Figure 3.10. This corresponds to the
Seiberg-Witten curve of SU(2) SCFT that we have investigated in Section 3.1. The excised
part of the Seiberg-Witten curve separates itself from the rest of the curve to form another
curve which has the topology of a sphere. This is shown in the upper right side of Figure
3.10, where we represented only the ramification structure of each branch point. This can
also be checked by taking the limits of the Coulomb branch parameters of (3.6), which will
result in a reducible curve with two components, one being the curve of SU(2) SCFT and
the other a Riemann sphere.

Now we repeat the same analysis of the Seiberg-Witten differential A = 7dt that we did

in Section 3.1. The candidates for the points on Csw where w has nonzero order are
(1) {pi € Csw}, where {¢(p;)} are the points we add to Csw to compactify it,

(2) {qi € Cswldt(qi) = 0} < {qi € Csw | (9f/0v)(t(q:),v(q:)) = 0},

(3) {ri € Cswlv(r;) = 0}.

From (3) we don’t get any new point other than the points from (1) and (2) for this example,
so the candidates are {p1, ..., ps} and {q}. Again we can analyze how w behaves near

those points by using the local normalizations calculated in Appendix A.2.2, which gives

(w) =2-[d],
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and

deg[(w)] = 2 = 2(g9(Csw) — 1).

This result is consistent with the Poincaré-Hopf theorem, (3.5), considering g(Csw) = 2.

3.3 SU(3) SCFT and Argyres-Seiberg duality

In Section 3.2 we have found a branch point on Cp that comes from the ramification point
of the Seiberg-Witten curve and cannot be identified with a puncture. The location of this
branch point on Cg depends on the Coulomb branch parameters, which enables us to use
it as a tool to describe various limits of the parameters. In this section, we do the same
analysis for the example of a 4d N' = 2 SU(3) SCFT to find the branch points from the
ramification points of its Seiberg-Witten curve, this time their locations on Cg depending
on both the gauge coupling parameter and the Coulomb branch parameters. And we will
see how these branch points help us to illustrate the interesting limit of the theory studied
by Argyres and Seiberg [16].

The starting point is a 4d N' = 2 SU(3) SCFT associated to the brane configuration of

Figure 3.11.
v 5 pl - NS5
5 | — b
[t]: |

Figure 3.11: Brane configuration of SU(3) SCFT.
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The corresponding Seiberg-Witten curve Csyw is the zero locus of
ft,v) = (t — 1)(t — t1)v> — ugtv — ust. (3.7)

Considering a normalization ¢ : Csww — Cgw and a meromorphic function 7 : Cgwy — CP?,
we can introduce a ramification divisor R = ) (vs(m) — 1)[s]. Nontrivial ramifications

may occur at

(1) {pi € Csw}, where {¢(p;)} are the points we add to Csw to compactify it,

(2) {g € Csw | dt(q;) =0} < {q; € Csw | (8f/0v)(t(g:),v(qi)) = 0}.

From (1) we get {p1, ..., pa} such that

(b(pl) = (0,0), (b(p?) = (1700)7 ¢(p3) = (tl,OO), ¢(p4) = (O0,0).

(2) gives us {q+, g—} such that

#(q+) = (t+,v0),

where

and ty are the two roots of f(t,v9) =0,

1+t 1+t ? 3)%
ti:%ﬂ)i\/“m}) o (w3

Calculations for the local normalizations near the points are given in Appendix A.2.3,

from which we get the ramification divisor of 7 as

Re=2-[p1]+1-[po] +1-[ps] +2-[pa] +1-[q4] +1-[q-],

and this satisfies

deg(Rr) =2+1+1+2+1+1=28=2(g(Csw) + deg(m) — 1),
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which is consistent with the Riemann-Hurwitz formula, (3.3), considering deg(m) = 3 and

g9(Csw) = 2. Figure 3.12 shows how 7 works.

Csw Cs
Figure 3.12: Csw and Cp for SU(3) SCFT.

Considering that 7 is in general a three-to-one mapping, the fact that R; has degree 2
at p; implies that the three sheets are coming together at 7(p;1), which corresponds to a
Young tableau CIT1. And R, having degree 1 at ps is translated into only two out of three
sheets coming together at 7(p2), which corresponds to a Young tableau H] These {m(p;)}
are identified with the punctures of [5].5

However, R, also contains [¢4], which means that ramifications of Csw occur also at g..
These are the points of Cgw where dt = 0 along Csw. The locations of 7(g+) on Cg depend
on both the gauge coupling parameter ¢; and the Coulomb branch parameters us and ug,
unlike {7(p;)} whose locations depend only on ¢;. Therefore {m(g+)} are the branch points
that are not identified with the punctures.

Again note that {m(q+)} are distinguished from {7 (p;)} in that they are from the rami-
fication points of the noncompact Seiberg-Witten curve Csw. That is, {¢(q+)} are the only
ramification points of Cgy, whereas {¢(p;)} are the points “at infinity.”

To see how the Argyres-Seiberg duality [16] is illustrated by the branch points, we
take the corresponding limits for the Coulomb branch parameters and the gauge coupling

parameter. When we take us — 0, 7(q4) and m(g—) move toward m(p2) = 1 and w(p3) = t1,

SNote that at t = 7(p2) and at t = 7(p3) only two among the three branches have the divergent v(t), and
therefore A is divergent along only the two branches. This means that our analysis corresponds to that of
[5] before making a shift of v. In [5] every branch has the divergence after the shift in v so that the flavor
symmetry at the puncture is evident. Here we prefer not to shift v so that we can analyze the Seiberg-Witten
curve as an algebraic curve studied in [7].



44
respectively. In addition we take the limit of ¢; — 1, and the four branch points come
together. Figure 3.13 shows the behavior of the branch points under the limit of the

parameters. When we are near the limit of us = 0 and t; = 1, the four branch points

.
-

mlge) " =-="n(q-)

(O]
0

UQ—)O u2%0,t1—>1

Figure 3.13: Behaviors of the branch points under the limit uo — 0 and t; — 1.

become infinitesimally separated from one another and we can imagine cutting out a part
of the Seiberg-Witten curve around the preimages of the four branch points, separating the
original curve into two parts. As the monodromy of v(t) around the four branch points
corresponds to a point of ramification index 3, we can see that one part becomes a genus 1
curve and the other becomes another genus 1 curve, considering the ramification structure

of each of them. Figure 3.14 illustrates this. The genus 1 curve with three branch points of

Figure 3.14: Appearance of Fg curve under the limit us — 0 and ¢; — 1.
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ramification index 3 corresponds to the zero locus of
(t —1)%0% — ust,

which is from (3.7) by setting t; = 1 and up = 0. This curve can be identified with the
Seiberg-Witten curve of Fg theory [5, 16]. The other genus 1 curve is a small torus, which
reminds us of the weakly gauged SU(2) theory coupled to the Eg theory that appears in
[5, 16].

When we take uz — 0 limit, 7(¢+) and 7(¢—) move toward m(p1) = 0 and 7(ps) = oo,
respectively. The collision of 7(g4) with m(p;1) partially unravels the ramification over the
two branch points, which results in one branch point with the corresponding ramification
point having index 2, and the third sheet falling apart from the branch point. The same
thing happens at ¢t = 0o, so the result of the limit is a reducible curve with two components,
one component being the same SU(2) SCFT curve that we have investigated in Section 3.1
and the other a Riemann sphere. This can also be checked by setting ug = 0 in (3.7), which
gives us an SU(2) SCFT curve and a Riemann sphere. Figure 3.15 illustrates the limit and

the partial unraveling of the ramification.

:] ’
~ .
QX moaoa-”
¥

Z

uz — 0

Figure 3.15: Behaviors of the branch points under the limit ug — 0.

Let’s proceed to the calculation of (w) = ) vs(w)[s]. The candidates for the points on

Csw where w has nonzero order are

(1) {pi € Csw}, where {¢(p;)} are the points we add to Csw to compactify it,

(2) {gi € Cswldt(q;) = 0} & {qi € Csw | (8f/0v)(t(q;),v(qi)) = 0},
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(3) {ri € Cswlv(r;) = 0}.

(1) and (2) give us {p1, ..., pa} and {q+}, respectively. (3) does not result in any additional

point. Using the local normalizations calculated in Appendix A.2.3, we can get

(W) =1"[g+] +1-[g-],

which is consistent with the Poincaré-Hopf theorem, (3.5),
deg[(w)] =1+ 1=2=2(g(Csw) — 1),

considering g(Csw) = 2.

3.4 SU(3) pure gauge theory and Argyres-Douglas fixed points

What is interesting about the branch points we have found in Sections 3.2 and 3.3, the
images of the ramification points of the Seiberg-Witten curve under the covering map, is
that their locations on Cg depend in general on every parameter of the Seiberg-Witten curve,
including both gauge coupling parameters and Coulomb branch parameters. Therefore they
can be useful in analyzing how a Seiberg-Witten curve behaves as we take various limits for
the parameters.

Furthermore, considering that branch points are important in understanding various
noncontractible 1-cycles of a curve and that each such cycle on a Seiberg-Witten curve
corresponds to a BPS state with its mass given by the integration of the Seiberg-Witten
differential along the cycle [3, 2], the behaviors of branch points under the various limits of
the parameters tell us some information regarding the BPS states.

To expand on these ideas, we will investigate in this section the case of a 4d N = 2
SU(3) pure gauge theory, which has the special limits of the Coulomb branch parameters,
the Argyres-Douglas fixed points [4]. We will describe how the branch points from the
ramification points of the Seiberg-Witten curve of the theory help us to identify the small
torus that arises at the fixed points.

Here the starting point is a 4d N' = 2 SU(3) pure gauge theory associated to the brane

configuration of Figure 3.16. The corresponding Seiberg-Witten curve Cgw is the zero locus
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il

Figure 3.16: Brane configuration of SU(3) pure gauge theory.

of
ft,v) = 2+ (v3 — ugv — uz)t + AS,

where A is the dynamically generated scale of the 4d theory. This is different from the
previous examples, where the corresponding 4d theories are conformal and therefore are
scale-free.

Considering a normalization ¢ : Csww — Csw and a meromorphic function 7 : Cew —
CP!, we can introduce a ramification divisor Ry = > (vs(m)—1)[s]. Nontrivial ramifications

may occur at
(1) {pi € Csw}, where {¢(p;)} are the points we add to Csw to compactify it,

(2) {q € Csw | dt(g;) =0} < {q; € Csw | (8f/0v)(t(g:),v(qi)) = 0}.

(1) gives us {p1, p2} such that

¢(p1) = (0700)7 ¢(p2) = (O0,00),

and (2) gives us {¢++, ¢+—, ¢—+, g—_} such that

¢(Qab) = (tQabv U2a)7



48
where a,b = £1, v, = a\/uz/3, and tyy are the two roots of f(t,ve,) =0,

U u3\ 2
togh = <v2a3 + ?3) + b\/<v2a3 + ?3) — AS.

Using the local normalizations calculated in Section A.2.4, we get
Re=2-[p+2[po] +1-[qr4]+1-[qr-]+1-[g—4] + 1 [g—-],
and considering deg(m) = 3 and g(Csw) = 2,
deg(Rx) = 8 = 2(g(Csw) + deg(m) — 1)

is consistent with the Riemann-Hurwitz formula, (3.3). Figure 3.17 illustrates how 7 works
for this example. The appearance of the four branch points, {m(¢++)}, in addition to the
branch points {m(p;)} that are identified with the punctures of [5], was previously observed
in [20].

Again, {¢(q++)} are the ramification points of the noncompact Seiberg-Witten curve
Csw, whereas {¢(p;)} are the points “at infinity,” therefore {m(g++)} are from the ramifi-

cation points of Cgw.

Csw Cs

Figure 3.17: Csw and Cp for SU(3) pure gauge theory.

The divisor of w = 0*(\) is (w) = ), vs(w)[s], and the candidates for the points on Cgw

where w has nonzero order are
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(1) {pi € Csw}, where {¢(p;)} are the points we add to Csw to compactify it,
(2) {ai € Cswldt(qi) = 0} & {gi € Csw | (8f/)(t(q:), v(qi)) = 0},

(3) {r; € Csw]v(r;) = 0}.

(1) and (2) result in {p1, p2} and {qap}, respectively. (3) gives us {r+} such that

P(re) = (t3+,0),

where t34 are the two roots of f(¢,0) = 0. Using the local normalizations calculated in

Appendix A.2.4, we can get

(W)==2-[p1] =2 [p2] + 1+ [q44] +1-[q+-] +1-[g—+] + 1 [g——] +1-[ry] +1-[r_],

which is consistent with the Poincaré-Hopf theorem, (3.5),

deg[(w)] =2 =2(g(Csw) — 1),

considering g(Csw) = 2.
Now let’s consider how the branch points behave as we approach the Argyres-Douglas
fixed points. As the fixed points are at us = 0 and uz = 42A3, let’s denote the small

deviations from one of the two fixed points by

uy = 0 4 dug = 3€%p, (3.8)

uz = 2A3 + Sug = 2A3 + 263, (3.9)

where we picked u3 = 2A3. When € < A,

W(Qab) = toap = A3

1+ b\/Q(l +ap3l?) (2)3] . (3.10)

That is, {7(qu)} gather together near t = A3, away from {n(p;)}. The four values of o,
are away from ¢t = A3 by the distance of order A3 - O((e¢/A)%/?). Figure 3.18 illustrates this
Coulomb branch limit.

From the viewpoint of the ramification structure of the Seiberg-Witten curve, this is a
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us — 0, ug — 2A3 ug = 3€2p, uz = 2A3 + 263

Figure 3.18: Behaviors of the branch points near the Argyres-Douglas fixed point.

similar situation to one that we have seen in Section 3.3, where we cut a Seiberg-Witten
curve into two parts, giving each of them an additional point of ramification index 3. We
do the same thing here, thereby getting a genus 1 curve, which is a small torus, and another

genus 1 curve whose Seiberg-Witten curve is the zero locus of
vt + (t — A3)?,

which is the curve with three branch points of ramification index 3. But this time we will
try to find out the algebraic equation that describes the small torus. For that purpose it is
tempting to zoom in on the part of Cg near t = A3, in such a way that every parameter has
an appropriate dependence on € so that we can cancel out € from all of them. Considering
(3.8), (3.9), (3.10), and the dimension of each parameter, a natural way to scale out € is to

redefine the variables as

v = €z,
us = 0 + 3ep,
uz = 2A3 + 263

t =A% +i(eA)?w.
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Then f(t,v) becomes

ft,v) = (t — A3+ (23 — 3pz — 2)t
~ AS(—w? + 2% — 3pz — 2)(e/ M) + O((e/A)°/2),

where we can identify a torus given by w? = 23 — 3pz — 2, the same torus that appears at

X

the Argyres-Douglas fixed points [4]. Figure 3.19 illustrates this procedure.

Figure 3.19: Appearance of a small torus at the Argyres-Douglas fixed points.

We can also calculate the Seiberg-Witten differential A = 7dt on the small torus,

5/2 5/2

2(2* — p)
A3/2 Zd’LU X WTd

A= —dt A Ci(eN)?Pdw = i

2y

which agrees with the Seiberg-Witten differential calculated in [4].

3.5 SU(2) gauge theory with massive matter

In this section we will take a look at the cases of 4d N' = 2 SU(2) gauge theories with
massive hypermultiplets, where we can observe interesting limits of the Coulomb branch

parameters and the mass parameters [21].
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3.5.1 SU(2) gauge theory with four massive hypermultiplets

In section 3.1 we analyzed a 4d AN/ = 2 SU(2) SCFT, which has four massless hypermulti-
plets. Here we examine a gauge theory with the same amount of supersymmetry and the
same gauge group but with massive hypermultiplets, and see how mass parameters change
the ramification structure of the Seiberg-Witten curve.

This gauge theory is associated to the brane configuration of Figure 3.20. The corre-

12|

Figure 3.20: Brane configuration of SU(2) gauge theory with four massive hypermultiplets.

sponding Seiberg-Witten curve Csw is the zero locus of
() = (v —m1) (v—m3)t* — (v¥ —u) t + (v — m2) (v — ma) ca, (3.11)

where m; and mg are the mass parameters of the hypermultiplets at ¢ = oo, mo and my are
the mass parameters of the hypermultiplets at ¢ = 0, us is the Coulomb branch parameter,
and ¢4 corresponds to the dimensionless gauge coupling parameter that cannot be absorbed
by rescaling ¢ and v [7].

From the usual analysis we get Cp as shown in Figure 3.21. Here {p;} are the points on

Csw such that

¢(p1) - (Ova)? ¢(p2) = (07m4)7 ¢(p3) = (t_,OO), ¢(p4) - (t-i-vOO)v
1

¢(p5) = (oo,’ml), (b(pﬁ) = (oo,m3), ly = 5 (1 tv1-— 464)

are the points we add to Csw to compactify it, and {¢;} are where dt = 0 and whose images
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Figure 3.21: Cp for SU(2) gauge theory with four massive hypermultiplets.

under 7 are the four roots of

1
1 (m1 — ma)* t* + (mymg — ug) 3+
1
+ 3 [ca (mama + mamg + mamy + mamq — 2myms — 2mamy) + 2us] 2+

1
+ ¢cq (Mmomy — ug)t + 1642 (mg — m4)2 .

In [19] there also appears a similar picture of branch points in the analysis of the gauge
theory from the same brane configuration. Note that we made a choice among the various
brane configurations that give the same 4d SU(2) gauge theory with four massive hyper-
multiplets, because each brane configuration in general results in a different ramification
structure. So the choice does matter in our analysis and also when comparing our result
with that of [19].

One notable difference from the previous examples is that {m(p;)} are not branch points.
Instead we have four branch points {7 (g;)} which furnish the required ramification structure.
We can see that the locations of the branch points now depend also on the mass parameters
in addition to the gauge coupling parameter and the Coulomb branch parameter. Note that
all of the four branch points are from the ramification points of the noncompact Seiberg-
Witten curve Csw, because here the two branches of v(¢) do not meet “at infinity” with
each other.

This theory has four more parameters, {m;}, when compared to SU(2) SCFT. In some
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sense, these mass parameters represent the possible deformations of the Seiberg-Witten
curve of SU(2) SCFT. To understand what the deformations are, let’s first see how {m(g;)}

move when we take various limits of the mass parameters.
1. When m; — mg, one of {m(g;)}, say m(qa), moves to t = co = w(ps) = 7(ps).
2. When mgy — mu, one of {7(¢;)}, say 7(q1), moves to t =0 = 7(p1) = 7(p2).

3. When m; — —mg3 and at the same time mg — —my, 7(g2) moves to t = t_ = m(ps3)

and 7(g3) moves to t =t = m(p4).

The first limit corresponds to bringing the two points of Csw, ps and pg, together to one
point, thereby developing a ramification point of index 2 there. The others can also be

understood in a similar way. Figure 3.22 illustrates these limits.

Figure 3.22: Behaviors of the branch points under various limits of mass parameters.

Note that we can get the Seiberg-Witten curve of SU(2) SCFT by setting all the mass
parameters of (3.11) to zero, which corresponds to taking all of the limits at the same time,
thereby sending each 7(g;) to one of {m(p;)} and turning {m(p;)} into four branch points as
expected.

Now we turn the previous arguments on its head and see how we can deform the Seiberg-
Witten curve of SU(2) SCFT by turning on mass parameters. As an example, let’s consider

turning on me = —my = m. When m = 0, there is a branch point at ¢ = 0. Now we turn
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turn m on
_—
mo=—-my=m=20
1
X Csw
< é > 1
0
Figure 3.23: Removal of the branch point at ¢ = 0 when we turn mo = —my = m on.

m on, then this separates the two sheets at ¢t = 0, and ¢ = 0 is no longer a branch point.
But the topological constraint by the Riemann-Hurwitz formula requires four branch points
to exist, and indeed a new branch point that corresponds to 7(q1) develops. Figure 3.23
illustrates this deformation.

The other mass parameters can also be understood in a similar way as deformations
that detach the sheets meeting at the branch points from each other, and the most general
deformation will result in the Seiberg-Witten curve of SU(2) gauge theory with four massive

hypermultiplets, the theory we started our analysis here.

3.5.2 SU(2) gauge theory with two massive hypermultiplets

Now we examine the example of a 4d N' = 2 supersymmetric SU(2) gauge theory with
two massive hypermultiplets. As mentioned earlier, there are various ways in constructing
the brane configuration associated to the 4d theory. One possible brane configuration is
shown in Figure 3.24, where two D4-branes that provide the massive hypermultiplets are

distributed symmetrically on both sides.
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|t

Figure 3.24: Brane configuration of SU(2) gauge theory with two massive hypermultiplets,
with symmetric distribution of D4-branes.

The corresponding Seiberg-Witten curve Csw is the zero locus of
f(t,v) = (v —m)t? — (V2 —ug)t + (v — ma)A?, (3.12)

where us is the Coulomb branch parameter, m; and mso are the mass parameters, and A is
the dynamically generated scale of the theory.
The usual analysis gives Cp as shown in Figure 3.25. {p;} are the points on Csw such

that

¢(p1) = (07m2)a ¢(p2) = (0700)7 ¢(p3) = (OO,TTLl), ¢(p4) = (00700)

are the points we add to Csw to compactify it. Note that here m(p1) = m(p2) = 0 and
m(p3) = m(ps) = oo are not branch points. There are four branch points {m(¢;)} whose
locations on Cp are given by the four roots {t;} of the following equation.
L4 3 AN 2, , A
=t —mat — |t —moA“t+ —.
1 m1t° + <UQ + 5 mo + 1
We can see that the locations of {7(¢;)} now depend also on the mass parameters in addition
to the Coulomb branch parameter and the scale. Again the branch points come from

the ramification points of the noncompact Seiberg-Witten curve Csyw. In [19] there also

appears a similar picture of branch points in the analysis of the gauge theory from the same
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symmetric brane configuration.

Figure 3.25: Cp for SU(2) gauge theory with two massive hypermultiplets when the brane
configuration is symmetric.

Figure 3.26: Behaviors of the branch points when m; = my — A, ug — A2

When we take the limit of m; = mgo — A and uy — A2, the four branch points approach
t = A. Figure 3.26 illustrates the behavior of the branch points under the limit. This is a
similar situation of four branch points of index 2 gathering together around a point as we
have seen in Sections 3.3 and 3.4. Imagine cutting off a small region of the Seiberg-Witten
curve around the preimages of the branch points when we are in the vicinity of the limit.
Going around the four branch points makes a complete journey, that is, we can come back
to the branch of v(t) where we started, which implies that adding a point of ramification
index 1 to each branch of the excised part of the curve gives us a compact small torus. After
cutting off the region containing the preimages of the four branch points and adding a point

to each branch, the two branches of the remaining part of the original Seiberg-Witten curve
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become two Riemann spheres. This can also be seen by taking the Coulomb branch limit of
the parameters in (3.12), which results in two components that have no ramification over
t, that is, two Riemann spheres. Therefore we can identify a small torus and see nonlocal
states becoming massless simultaneously as the cycles around the two of the four branch
points vanish as we take the limit. It would be interesting to find out the explicit expression
for the small torus as we did in Section 3.4, where we found the algebraic equation that
describes the small torus of Argyres-Douglas fixed points, and to compare the small torus
with the result of [21].

We have another brane configuration that gives us the same 4d physics, which is shown
in Figure 3.27. Now the D4-branes that provide massive hypermultiplets are on one side

only, thereby losing the symmetry of flipping ¢ to its inverse and swapping m1 and mo.

|t

Figure 3.27: Brane configuration of SU(2) gauge theory with two massive hypermultiplets,
with asymmetric distribution of D4-branes.

The corresponding Seiberg-Witten curve Csyw is the zero locus of
f(t,v) = A% — (v —ug)t + (v — mq) (v — ma). (3.13)

After the usual analysis, we can find Cg as shown in Figure 3.28. Here {p;} are the points

on Csw such that

¢(p1) = (0,77”61), ¢(p2) = (07m2)a ¢(p3) = (L OO), ¢(p4) = (O0,00),

are the points we add to Csw to compactify it. Note that 7(p1) = m(p2) = 0 and 7(p3) =1
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Figure 3.28: Cp for SU(2) gauge theory with two massive hypermultiplets when the brane
configuration is not symmetric.

are not branch points in this case, because each of them has a trivial ramification there
as indicated with the corresponding Young tableau. m(ps) = oo is a branch point. The

locations of the other three branch points {m(g;)} are given by the three roots {t;} of (3.14).

2
A%+ (U2 - A2) 2+ (mimg — u2)t + <m12mg) =0. (3.14)

Again we see that the locations of {m(¢;)} depend on the mass parameters as well as the
Coulomb branch parameters and the scale. {m(¢;)} are distinguished from 7(p4) in that
they are from the ramification points of the noncompact Seiberg-Witten curve Cgw. In [19]
there also appears a similar picture of branch points in the analysis of the gauge theory
from the asymmetric brane configuration.

From (3.14), we can easily identify the limits of the parameters that send {7(¢)} to
t = 0. That is,

(1) When m; = mg =m, t; — 0.
(2) When m? = ug, t; and t3 — 0.
(3) When m = A2, t1, t, and t3 — 0.

The case of (3) is illustrated in the left side of Figure 3.29. Note that when we take the limit
of mi = mg — A and us — A?, the three branch points go to ¢t = 0 and we can see that there
are nonlocal states that become massless together in the limit. This is the same limit of

the parameters as the one in the previous case of different brane configuration, a symmetric
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Figure 3.29: Behaviors of the branch points when m; = mg — A, ug — AZ.

brane configuration. Therefore, we observe the phenomenon of seemingly different brane
configurations giving the same 4d physics.

However, unlike the previous case of symmetric brane configuration, where there are
four branch points with ramification index 2 that are coming together under the limit, here
there are only three of them moving toward a point as we take the limit. But note that while
in the previous case going around the four branch points once gets us back to where we
started, here going around the three branch points once does not complete a roundtrip and
we need one more trip to get back to the starting point. This implies that, when excising
the part of the Seiberg-Witten curve where the preimages of the three branch points come
together, the monodromy around the region corresponds to a point of ramification index
2. After we cut the curve into two parts, we have one curve with four branch points of
ramification index 2, which is a small torus, and the other curve with two branch points
of ramification index 2, which is a Riemann sphere. This procedure is illustrated in the
right side of Figure 3.29. This can also be seen by taking the Coulomb branch limit of the
parameters of (3.13), which gives us a curve with two ramification points of index 2, the

Riemann sphere.

3.6 Brane configuration around a puncture and a ramifica-
tion point

Here we illustrated, through several examples, that when a Seiberg-Witten curve of an

N = 2 gauge theory has a ramification over a Riemann sphere Cg, some of the branch
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points on Cp can be identified with the punctures of [5] but in general there are additional
branch points from the ramification points of the Seiberg-Witten curve, whose locations
on Cp depend on various parameters of the theory and therefore can be a useful tool
when studying various limits of the parameters, including Argyres-Seiberg duality and the
Argyres-Douglas fixed points.

Branch points have played a major role since the inception of the Seiberg-Witten curve.
What is different here is that we change the point of view such that we can find branch
points in a way that is compatible with the setup of [5], which enables us to complement
and utilize its analysis. This change of the perspective can be illustrated as shown in Figure

3.30, which shows a brane configuration of an SU(3) SCFT.

< —_—

projection to
v-plane

projection to
t-plane

Figure 3.30: Two different ways of projecting a Seiberg-Witten curve onto a complex plane.

If we want to project the whole Seiberg-Witten curve onto a complex plane, there are
two ways: one is projecting the curve onto the t¢-plane, and the other is projecting it onto
the v-plane. In the original study of [3, 2] and in the following extensions of the analysis
[22, 23, 24, 25, 26, 27, 28], the analyses of Seiberg-Witten curves have been done usually
by projecting the curve onto the v-plane so that it can be seen as a branched two-sheeted
cover over the complex plane. Then the branch points are such that the corresponding
ramification points on the Seiberg-Witten curve have the same ramification index of 2,
because a point on a Seiberg-Witten curve has the ramification index of either 2 or 1 when
considering a two-sheeted covering map.

But here we project the Seiberg-Witten curve onto the ¢-plane such that the curve

is a three-sheeted cover over the complex plane. This way of projection, which previ-
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ously appeared in [29] and re-popularized by Gaiotto [5], makes it easier to understand
the physical meaning of the branch points. When considering a Seiberg-Witten curve as a
two-dimensional subspace of an M5-brane [6], the M5-brane can be described as a deforma-
tion of several coincident M5-branes wrapping a Riemann surface plus M5-branes meeting
the coincident M5-branes transversely at the location of punctures. From the viewpoint of
the coincident M5-branes, a transverse Mb5-brane is heavy and therefore can be considered
as an operator when studying the theory living on the coincident M5-branes. See Figure
3.31a, which illustrates the configuration of M5-branes at a puncture and their projection
onto Cp. Therefore when we project the Seiberg-Witten curve onto the t-plane, the branch
points that are identified with the punctures can be related to the locations of the transverse
Mb5-branes.

In comparison to that, the branch points that are not identified with the punctures come
from the ramification points of the single noncompact M5-brane, which was the coincident
Mb5-branes before turning on the Coulomb branch parameters of the theory. Figure 3.31b
illustrates two ramification points of a ramified M5-brane and their projection onto Cg.
If we consider the Seiberg-Witten curve as coming from several sheets of Mb5-branes, a
ramification point of the curve is where those M5-branes come into a contact [19]. To
investigate the local physics around these points, we can put an M2-brane near a ramification

point, which leads to an interesting 2d theory from the configuration [30].

D .

-

C B C(B

(a) around a puncture (b) around ramification points

Figure 3.31: Configuration of Mb5-branes around a puncture and ramification points.
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Chapter 4

2d N = (2,2) theory

2d N = (2,2) theories are similar to 4d N’ = 2 theories in many respect, including the
existence of BPS states that can be useful in understanding the 2d theories in their nonper-
turbative regimes. As it was helpful in understanding 4d N' = 2 theories to utilize brane
configurations that provides the 4d theories as their low-energy effective world volume the-
ories, it proved to be useful [31] to construct a brane configuration that describes a 2d
N = (2,2) theory. Here we first review the basics of 2d N = (2,2) supersymmetry, and
illustrate how to construct type IIA and M-theory brane configurations that can be used

to understand the 2d theories.

4.1 2d N = (2,2) supersymmetry

4.1.1 SUSY algebra

2d N = (2,2) supersymmetry can be obtained via the dimensional reduction of 4d N' =1
supersymmetry [32], which has four real supercharges that can be represented by two Weyl
spinors Qn, Q, with U(1)gr-charge -1 and +1, respectively. After the dimensional reduction,
this U(1) symmetry is inherited to the 2d SUSY supercharges, which is called U(1)y. The
2d SUSY has an additional internal symmetry from the rotational symmetry on the plane
transverse to the 2d spacetime, which is called U(1)5. We can organize the 2d supercharges
according to the two U(1)-charges as shown in Table 4.1.
From the dimensional reduction of the 4d A/ = 1 SUSY algebra

{Qaa@d} :2UZde (4'1)



U(l)A = +1 Q- Q+
U(l)pa =1 Qy Q_
Table 4.1

we obtain the 2d N' = (2,2) SUSY algebra

{Q:I:)@:t} = 2(H:l: P)v {Q—HQ—} =22, {Q-l—v@—} = 227 (42)

where H and P are the 2d Hamiltonian and momentum operators, and Z, Z are central
charges.
4.1.2 Chiral and twisted chiral multiplets

A 2d N = (2,2) chiral multiplet ® contains one complex scalar field ¢ and a 2d Dirac

fermion (¢4+,1_). When we define 2d differential operators

9 (9 9N = 9 (8 D
D = 55z — 0 (amoiaxl)vm— g T (amoiaggl) (4:3)

a chiral field satisfies D1 ® = 0.

A 2d N = (2,2) gauge field is represented by a 2d N' = (2,2) vector multiplet V that
contains a 2d vector field A, two Dirac fermions A and A, and a complex scalar v, all in the
same representation of the gauge group. Its field strength can be represented by a twisted

chiral mutiplet 3, which is related to an abelian vector multiplet V' by
X=D,D.V (4.4)
and satisfies
D.X=D_%=0. (4.5)

The lowest component of ¥ is a complex scalar field o.
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4.1.3 Supersymmetric Lagrangians

Using a 2d N = (2,2) chiral field ® we can obtain supersymmetric Lagrangians. One is a

D-term Lagrangian,
Lp = / d* K (@, ®), (4.6)

where K is a real function of ® and ®. This provides the kinetic term of the chiral fields,
and is invariant under both U(1)y and U(1)4. We can also construct an F-term Lagrangian

EF,
Lp = /d29 W(®) + (h. c.), (4.7)

where W is a holomorphic function of ® and is called a superpotential. This term is invariant
under U(1)a, but it is invariant under U(1)y only when W(®) is quasi-homogeneous of
degree 2 with respect to the symmetry.

From a 2d N' = (2,2) twisted chiral field we can also construct similar Lagrangians.
There is a D-term Lagrangian that is constructed in the same way as (4.6). However,

instead of Ly, we have a twisted F-term Lagrangian from
Lp = / do—doTw(x), (4.8)

where W is a holomorphic function of ¥ and is called a twisted superpotential. This is in-
variant under U(1)y, but it is invariant under U(1)a only when W(X) is quasi-homogeneous

of degree 2 with respect to the symmetry.

4.2 2d N = (2,2) Landau-Ginzburg model

We can consider a supersymmetric extension of a 2d Landau-Ginzburg model. Using 2d
N = (2,2) chiral fields ®;, we can construct its Lagrangian as the sum of a D-term and an

F-term,

Lia = /d4«9K(‘I>i,<I>i) +/d29 W(®;) +/d2§W(<I>i). (4.9)
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We are often interested in the infra-red (IR) fixed point of a Landau-Ginzburg model which
is a conformal theory. Under a renormalization group flow toward the IR fixed point, the
D-term adjusts itself so that the fixed point theory is superconformal. It is the superpotenial
of the F-term that defines the universality class of the fixed point theory, because the F-term
is not renormalized under the renormalization group flow.
When the action of the Landau-Ginzburg model is expanded in its components, the

potential energy is given by

~OW OW o2 -
U = g 55 o5 9 = a¢i<$3K(¢k’ 7). (4.10)

When the metric is positive definite, supersymmetric ground states of the Landau-Ginzburg

model are found by solving

ow
It

= 0. (4.11)

When we have more than one ground states that are separated from each other, there
can be a soliton interpolating the two vacua. As an example, consider two ground states
¢ = ¢} and ¢' = ¢} and a time-independent configuration interpolating the two ground

states,
¢i(z! = —00) = ¢}, ¢i(z' = +00) = . (4.12)
Then the central charge Zo of this configuration is [33]
Zig =2 (W(Qﬁlz) - W(Qﬁll)) ) (4.13)

and the mass of the soliton is [34]

d¢' dg* oW OW
— g i Z .
M /d:p [gl] Lol dal +g 95 8@] (4.14)
= /dazl

2

o' g1 +2Re (a (W(gh) — W(4)))), (4.15)

dat Y i
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where |a] = 1. When « is chosen such that

W (¢5) —

_ )
= (o) : (4.16)

We have M > Zy5, the BPS bound of this solitonic configuration. A BPS soliton that
saturates the bound satisfies

which implies that the soliton is represented on the W-plane as a straight line connecting

W(¢1,) and W(¢p2,) [35], because
oW _OW dg' _ W(gh) — W(e})

A , 1 oW |?. 4.18
ozt 0¢ dal \W(qﬁé)—W(qﬁﬁ)\' | (415)

4.3 2d N =(2,2) Gauged linear sigma model

Another example of 2d N' = (2,2) theory we will consider is a 2d U(k) gauge theory with
Nt chiral multiplets @ in the fundamental representation k and Nj chiral multiplets Qj in
the anti-fundamental representation k. The kinetic terms of the gauge field and the chiral

fields are given by their D-term Lagrangians,
~ ~ 1
Lp = / d*e (QT VQ+Qe” QT - 22@2*2}) : (4.19)
e

where V' is the 2d vector multiplet for the U(k) gauge field, e is the coupling constant of
the 2d gauge field, and X is its field strength twisted chiral multiplet.
The 2d gauge theory can have a twisted F-term Lagrangian containing the Fayet-

Mliopoilos (FI) term and the theta term,
Ly = / d~do"W(T) + (h. c.) (4.20)
where the twisted superpotential is

0
=Ty r=irt 421
w , T zr—|—27r, ( )
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and r is the FI parameter.
In addition, the chiral fields can have twisted masses [31] that comes from gauging their
flavor symmetry U(Ng) x U(NVf) and giving background values to the scalar components of

the vector multiplets. Then the corresponding terms in the Lagrangian is
Lo = / a‘e (QT 1Q+Q e*W?QT) , (4.22)
where V; and V3 are background fields that are given by
Vi=0"0"m;+ (h.c), Vo =0 0"my+ (h. c.). (4.23)

Let’s consider a 2d gauge theory without twisted masses, which is a gauged linear sigma
model with a Lagrangian £p + Lr. The potential energy of the theory is

2 2 1
e ot~
U= tr (qu —q'g— 7“) + 5oz ttlos o' + o, 0Tl (4.24)

where ¢,  is the scalar components of Q and Q, respectively. The space of classical vacua
is obtained by solving U = 0, which requires ¢ to be diagonalizable in order for the second
term in U to vanish. When r > 0, we need ¢ = 0 for the third term to vanish. In the limit
of e = 00, corresponding to the IR limit of the 2d theory, massive modes decouple and the
theory becomes a supersymmetric non-linear sigma model whose space of vacua is obtained
by requiring the first term to be zero, which is the solution of

qq' —d'g=r (4.25)

modulo U(k) gauge transformations.

This theory is super-renormalizable with respect to the dimensionful gauge coupling
parameter e. However, the dimensionless FI parameter r gets renormalized due to a 1-loop
ultraviolet (UV) divergence when Ny # N;. The renormalized FI parameter at an energy
scale p is

N¢ — N; I
r(p) = Tf log A (4.26)

where A is the dynamically generated scale of the 2d theory. When pu is much large than A
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such that r(u) > 0, in the limit of e — oo, r(p) is interpreted as the size of the target space
of the sigma model. Note that when Ny = Nj there is no running of r and the complexified
FI paramter 7 is an exactly marginal parameter.
Now consider including the twisted masses m; into the U(1) gauge theory with Ny = N
chiral fields @ (and no Q, ie., Ny = 0). In the limit of e — oo the theory describes the
supersymmetric CPY~! sigma model. When we integrate out @, the effective Lagrangian

is given by
Lo = [ @0 Ka(25)+ ( [ 00708 W) + (1)) (4.27)

and the exact form of the twisted superpotential Weg(X) is calculated [35, 36, 31] to be

Wer(E) = % [’L'TE - % ZN:(E — 1) (log <Z _ﬂm) - 1>] : (4.28)

i=1
where 7 = ir(u) + 0/27. The potential energy from this Lagrangian is

2
oa OV OW _ oK (4.29)

V=9 0 90 97 T B00s

Therefore supersymmetric vacua are obtained by solving OW,eg /0o = 0, from which we get

N vacua as the solutions of

N
H(U — 1) = pN T, (4.30)
i=1
When 72; = 0, this theory becomes the supersymmetric CPV~! sigma model and it has (J;f )
number of solitons interpolating two among the N vacua. We will discuss later how the

BPS spectrum changes when we introduce the twisted masses.

4.4 Wall-crossing of 2d N = (2,2) BPS spectra

As is the case for 4d N' = 2 BPS states, the number of BPS states of a 2d N' = (2,2)
theory does not change in general under continuous changes of the parameters of the theory,
especially those of the superpotential W because it is W that determines the universality

class of the theory. However, similarly to BPS spectra of 4d N' = 2 theories, a BPS spectrum
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of a 2d N' = (2,2) theory can undergo a jump when the theory goes over a 2d BPS wall.
Here we will briefly review the relevant formula [35], and later we will discuss examples of
such phenomena in the context of spectral networks [37].

On the W-plane of a 2d N = (2,2) Landau-Ginzburg model, consider a trajectory of
a BPS state that is a straight line connecting two critical values of W, w, = W(¢,) and
wy = W(pp). When such a trajectory from w, passes a point w on the W-plane, there
is a preimage of the trajectory connecting w, and w. This is a real (n — 1)-dimensional
homology cycle in the (n — 1)-dimensional complex manifold defined by W~1(w), where n
is the number of the chiral fields of the Landau-Ginzbug model, and we will call the cycle
A,. This is a vanishing cycle as it shrinks to zero when we take w — w,. Similarly we
can think of another cycle Ay that is a preimage of the trajectory connecting wp and w.
Now the number of solitons between the two critical values of W that cannot disappear by

deformations is given by the intersection of the two cycles [35],
Ay = (Ag, Ap). (4.31)

To understand how this formula can provide us information about the 2d wall-crossing,
as an example consider a superpotential W that has three critical values W = w,, wy, and
we, and that has a certain set of the parameters so that there is one soliton connecting
w, and wyp, another soliton connecting wp and w,, and no soliton connecting w, and w..
Suppose that W is changed such that the A, is changed to a different cycle A/, whose image
on the W-plane passes through wy, while the other cycles remain to be the same homology

elements. Then from Picard-Lefschetz theory of vanishing cycles we get [35]
Al = Ay £ (Ag, Ap) Ay, (4.32)
which provides the number of solitons connecting the critical values w, and w,
Ay = Age £ Agp A (4.33)

Then we see that the number of solitons connecting w, and w. has jumped from zero to

nonzero, implying the 2d theory passed through a 2d BPS wall.
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4.5 2d N = (2,2) theories from branes

In this section we study ITA brane configurations and their M-theory lift that describe 2d
N = (2,2) theories [31, 38, 39, 40].

4.5.1 From 4d N =2 to 2d N = (2,2)

NS5’ NS5 I
(8,9)
) k D4(01456)| /Z N; D6 (0123457)
(2,3)
(014589) (014589)
N )
v N\
/NS5 (014589) N\ NS5(014589) NS5(014589) I
NS5(012345)
k D4(01456) N;D6(0123457) k D2 (016) N;D4(01237)
N /AN )
N\ a
/" NS5'(014589) I
NS5 (012345)
k D2 (016) N, D4(01237)
N Y

Figure 4.1

We can obtain the brane configuration of a 2d N' = (2,2) theory from that of a 4d
N = 2 theory shown in Figure 4.1a. Here N; D6-brane, each of which provides an N = 2
hypermultiplet @); in the fundamental representation of U(k) for the 4d theory living on k
D4-branes, are moved along z° to the location of one of the two NS5-branes. The mass of Q;

depends on the distance along the (2%, 2%)-plane between the D4-branes and the D6-brane.
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The 4d theory also has an A = 2 vector multiplet, consisting of an A/ = 1 chiral multiplet ®
that is in the adjoint representation of U(k) and parametrizes the locations of the D4-branes
on the (28, 2%)-plane, and an V' = 1 vector multiplet V giving the U(k) gauge field of the
4d theory.

If we rotate the NS5-brane from (28, 2°) to (22, 2?) [41], denoting the other NS5-brane
as NS5/, we obtain the brane configuration shown in Figure 4.1b, which gives us a 4d N/ = 1
theory [42, 43]. This rotation makes ® massive [44], and integrating it out results in reducing
the N' = 2 vector multiplet to the N/ = 1 vector multiplet. The N' = 2 hypermultiplet Q;
in the fundamental representation of U(k) becomes two N = 1 chiral multiplets @; and
Qi, one in the fundamental representation of U(k) and the other in the antifundamental
representation. Because a D6-brane spans the x”-direction and the NS5-brane meets it at
27 = 0, we can break the D6-brane into two, each of which furnishes either Q; or Cji, and
by sending one of the two semi-infinite D6-brane to infinity along the NS5-brane, we can
decouple either Q); or Q~Z Here we will keep Q; and decouple @Z

To sum up, at the end of the process from Figure 4.1a to Figure 4.1b we have a 4d
N = 1 vector multiplet, Ny N = 1 chiral multiplets Q;, and Ny NV = 1 chiral multiplets Q'.

Now we take T-dualities twice, along z* and then along x°, to obtain the brane configu-
ration of Figure 4.1d, which gives a 2d V' = (2,2) theory living on the (2°, z!) worldvolume
of the k D2-branes from the D4-branes. To find out the field contents, consider the dimen-
sional reduction of the 4d N =1 theory to a 2d N' = (2,2) theory [32]. Then the 4d chiral
multiplets Q; and Qi become 2d chiral multiplets, and the 4d A’ = 1 vector multiplet V
becomes a 2d N = (2,2) vector multiplet, which can be packaged into a 2d N' = (2,2)

twisted chiral multiplet X,
YS=0+0"A +0 A +0T0 (D —iFy), (4.34)

where we followed the notation of [45], see Chapter 12. This multiplet contains a scalar
o = Ay +iAs as the lowest component, a 2d complex fermion with components A_ and A,
and D — iFpy; as the highest component, where D is an auxiliary real scalar field and Fp; is
the field strength of the 2d gauge field.

We can also take the T-dualities first and then rotate the NS5-brane. Starting from the

4d N = 2 brane configuration of Figure 4.1a, we take the same T-dualities along 2* and
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5

x° as we did when we transformed 4.1b to 4.1d. The result is a IIA brane configuration

that gives a 2d N' = (4,4) theory [46]. The 4d N/ = 2 hypermultiplet Q; becomes a 2d
N = (4,4) hypermultiplet (Q;, Q%), which consists of two 2d N = (2,2) chiral multiplets
Q; and Q’ The 4d N = 2 vector multiplet V' becomes a 2d N' = (4,4) vector multiplet
(3, @), which consists of a 2d N' = (2,2) twisted chiral multiplet ¥ containing a scalar
o = A4+ iAs as the lowest component and a 2d N/ = (2, 2) chiral multiplet ® containing a
scalar ¢ = X® 4+ iX? as the lowest component [47].

Then we rotate the NS5-brane from (2%, 2%) plane to (22, 2%) plane, obtaining the brane
configuration shown in Figure 4.1d. The rotation of the NS5-brane breaks the half of the
supersymmetry and makes the 2d N' = (2, 2) chiral multiplet ® massive. What we get from
the original 4d A/ = 2 vector multiplet V is the 2d N' = (2,2) twisted chiral multiplet 3.
After the rotation the 2d N = (2,2) chiral multiplets @Q; and QZ can have different masses
because they are no longer in a single multiplet. Each mass correspond to the location of
the semi-infinite D4-brane along the NS5-brane, and we can decouple one of the two to keep
the other one only, see Figure 7.2e.

Note the similarity of the two brane configuration Figure 4.1b and Figure 4.1d, one
giving us a 4d N’ =1 theory and the other a 2d N = (2,2) theory. The two theories have
the same number of supercharges and share many physical phenomena [48], although the
qualitative aspects of a 2d N' = (2,2) theory more resembles that of a 4d A/ = 2 theory.
Later we will compare the brane configuration that provides a 4d N’ = 1 theory with a
Landau-Ginzburg type polynomial superpotential in the adjoint chiral multiplet ® with a
brane configuration that gives a 2d N = (2, 2) theory to identify the twisted superpotential

of the 2d theory as Landau-Ginzburg type.

4.5.2 2d N = (2,2) theory from 4d N = 2 theory at the root of the Higgs

branch

Using the rotation of an NS5-brane previously described, we can get a brane configuration
of a 2d theory from that of a 4d theory at the root of its baryonic Higgs branch.

We start with a 4d N/ = 2 SU(NV) gauge theory with Ny = N hypermultiplets coming
from the ITA brane configuration shown in the left of Figure 4.2, where we have two NS5-
branes filling the 4d spacetime and v = 2*4iz°, and D4-branes filling the same 4d spacetime

7

and spanning [t| = 2. When we lift the brane configuration to M-theory, it becomes a
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Seiberg-Witten curve described by [7]

N N
fn(t,v) =12 — ZUijfj t+ AN H(v —my) = t? — Un(v;u;)t + AN My (v;m;),
j=0 J=1

(4.35)

where ug = 1 and u; = 0. A is the dynamically generated scale of the 4d theory, u;
are the Coulomb branch parameters of the 4d theory, and m; are the masses of Ny = N

hypermultiplets.

NS5’

o
o

: Un=My+AY : :
] % ] '
mo ! / : |
v Z 5 Z
iy ——— e :
i E
Figure 4.2

First we tune the mass parameters so that
Uy = My + AN (4.36)

is satisfied. This corresponds to moving the semi-infinite D4-branes along the v-direction so
that each semi-infinite D4-brane aligns with each finite D4-brane between the NS5-branes.

Then fn(t,v) is factorized into two curves,
f(tv) = (t = AY)(t — My), (4.37)

and the 4d theory is at the root of the baryonic Higgs branch [38], where the Coulomb
branch moduli space of the 4d theory meets the Higgs branch of the theory. As long as eq.

(4.36) is satisfied, we can change u; and m; while keeping the 4d theory at the root of the
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baryonic Higgs branch [49]. Let’s assume that we have SU(N;) = SU(N) flavor symmetry
so that ) m; = 0. Then we can think of u; as being determined via eq. (4.36) when we fix
m;j or vice versa.

The factorization of the original Seiberg-Witten curve implies that we can detach the
NS5-brane at ¢t = A, which we will call NS5, as shown in the right of Figure 4.2. Now the
4d theory is at its Higgs branch and we can put a D2-brane that fills the (2, z')-plane of the
4d spacetime and spans the x%-direction between NS5’ and the rest of the Seiberg-Witten
curve. This results in a brane configuration similar to Figure 4.1d, the difference being the
orientation of NS5. That is, NS5 of Figure 4.2 spans the same spacetime (012345) as the
other NS5-brane.

This brane configuration results in a 2d /' = (2,2) U(1) gauge theory on the D2-brane
[31]. The 2d theory has a free chiral multiplet ® having ¢’ = X2 + iX3 as the lowest
component, where (X2, X3) is the location of the D2-brane in the (22, z3)-plane. It also
has additional chiral multiplets @;, carrying U(1) gauge charge +1, from the fundamental
strings between the D2-brane and the D4-branes.

Now we rotate NS5’ such that the (22, #3)-plane it fills rotates to the (2%, 2%)-plane [41].
Then ® becomes massive and decouples from the 2d theory, and the brane configuration
in the right of Figure 4.2 is the same as that of Figure 4.1d, if we relabel (23), (45), and
(89) of Figure 4.1d to (45), (89), and (23), respectively. In addition to decoupling the chiral
multiplet @', the rotation of NS5 gives us an interesting constraint, the s-rule [50], which
says that we cannot put more than one D2-brane between NS5 and a D4-brane if we want
to get a supersymmetric configuration. This will be important when we consider multiple
D2-branes.

So we obtained a 2d N = (2,2) theory starting from a 4d theory at a special location
of its moduli space. However, the final result, the brane configuration shown in the right
of Figure 4.2, can be obtained from a general 4d N' = 2 theory. Consider a ITA brane
configuration for a 4d N' = 2 pure SU(N) gauge theory, and put a D2-brane between
the brane configuration and another NS5-brane, denoted as NS5 in Figure 4.3, whose
worldvolume fills (20, z!, 2% 25, 28, 29).

Now consider that we make the separation of the two NS5-branes at the two ends of D4-
branes very large, corresponding to the UV gauge coupling of the 4d theory being very weak.

When the D2-brane is moved near to one of the NS5-branes, then the brane configuration
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NS5 NS5’

Figure 4.3

the D2 brane sees is effectively the same as that shown in the right of Figure 4.2. The
Coulomb branch parameters of the 4d gauge theory from the brane configuration of Figure
4.3 become the mass paramters m; of Figure 4.2, which make sense because when the 4d
theory is weakly coupled, the Coulomb branch parameters can be understood as the mass

parameters of the weakly gauged flavor symmetry [5].

4.5.3 Parameters of the 2d N = (2,2) theory from branes

Figure 4.4 shows a ITA brane configuration that describes the 2d N' = (2,2) theory we
studied in Section 4.5.2. There are various parameters describing the 2d theory, and they
can be read off from the brane configuration [31, 51].

Az% is the length of the D2-brane along 2% which is related to the dimensionful 2d

gauge coupling parameter e as

1o , (4.38)

where [ is the string length scale and g is the string coupling constant. When Az% < gl
the 2d theory becomes strongly coupled, e — oo.

Az” is the distance between the endpoint of the D2-brane and the NS5-brane, which is



Figure 4.4

related to the 2d Fayet-Illiopoulos (FI) parameter r as

(4.39)

Note that this is not an exact relation, because there is the bending of the NS5-brane due to
the D4-branes, so the notion of the distance Az7 is ambiguous. This and the introduction
of a f-angle to the 2d theory will be explained when we lift the brane configuration to M-
theory, but for now we will consider |r| > 1, where we will disregard the ambiguity. Then

the FI parameter is related to the 2d sigma model coupling parameter g as
re~ —. (4.40)

And there are m;, which are related to the twisted masses of 2d chiral multiplets from
the fundamental strings between the D2-brane and the D4-branes.

We will review the study of the BPS spectrum of the 2d theory from the D2-brane
ending around Az’ < 0 in Section 4.5.4, which is described by a mass-deformed classical
supersymmetric CPY~! sigma model [38], and from the D2-brane ending around Az” > 0

PN—l

in Section 4.5.5, which is described by a quantum supersymmetric C sigma model [31].
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4.5.4 BPS spectrum of a mass-deformed classical CP"~! sigma model

The 2d theory from a D2-brane in Figure 4.4, whose endpoint on a D4-brane is at far left

from the NS5-brane, has the classical potential energy of

N 2 (N 2
0= lemttaf G (St o) (aan)
1= 1=

where ¢; is the scalar component of a 2d chiral superfield ); in the fundamental represen-
tation of SU(Ny) = SU(N) with U(1) charge +1, and ¢ is the scalar component of the 2d
twisted chiral superfield X.

When o = mj, the D2 brane ends on the jth D4-brane. Because we are considering
r > 1 case here, for the 2d theory to be at the jth supersymmetric ground state we require
lgj|> = r and ¢; = 0 for i # j. Therefore there are Ny = N supersymmetric ground states,

and at each ground state, after eliminating X by its equation of motion, the 2d theory is

described by the following effective Lagrangian [38],

Lop=r / dolog (14 S W exp (2v; — 20 W | (4.42)
i#]

where Wi(j ) are chiral superfields, each of which comes from the fundamental string between
the D2-brane ending on the jth D4-brane and the ith D4-brane and is defined such that its

scalar component is
w = /a5, a; 40, i 4, (4.43)
and V; are background gauge superfields defined as

V% = Oo‘ag‘dédvm = 9_§+mi + 9+§_(mi)*, Vh‘ = Re(mi), Vgi = —Im(mi), ‘A/()Z = ‘731 =0.
(4.44)

The BPS spectrum of the 2d theory contains elementary quanta of Wi(j ). In each of the
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N vacua, there are N — 1 BPS multiplets from Wi(j ), whose masses are

M;; = |m; —m;| = = |Z], (4.45)

N
> mii
i=1

where we defined the quantum number S; corresponding to the flavor symmetry from m;.
I/Vi(j) carries S; = +1, S; = —1, and S = 0 for k # 1, j.
The BPS spectrum also contains solitons. A soliton interpolating the ith ground state

o =m; at x = —o0 and jth ground state o = m; at x = 400 has the mass of
Mij = r|mi —my| = 2[W(m;) = W(m;)| = |Z], (4.46)

where W(o) = %TO' is the classical twisted superpotential with the holomorphic quantity
T=7r+ ig—;’r with the nonzero 2d #-angle taking into account. There are 2@[ )=N(N-1)
solitons interpolating two among the NV ground states.

The central charge Z is defined to be

N
Z =200 +iY m;S;, (4.47)
i=1

and using this we can also get the masses of dyons in the BPS spectrum of the 2d theory.

The effect of quantum correction is that the naive definition of r as the distance from
the NS5-brane to the endpoint of the D2-brane is not an exact description because of the
bending of the NS5-brane. However, this can be addressed by adding quantum correction to
the classical W, and then the expression for Z still holds even after the quantum correction.

The result of the quantum correction is that r and 6 are functions of m; and A, the
dynamically generated scale of the 2d theory. When |m;| > A, we can express the FI
parameter r as a function of |m;|/A, and r is much greater than 1, which correponds to the
D2-brane ending at the far left of the ITA brane system and is consistent with the fact that
the 2d theory is well described by a classical sigma model with coupling g o< 1/4/7.

As an example, let’s consider the N = 2 case, that is we start with a 4d N' = 2 SU(2)
theory with Ny = 2 hypermultiplets and get the 2d N' = (2,2) theory from it. In terms of
m = mj — mgy, the running of the sigma model coupling under the 1-loop correction stops

at the scale of m because the 2d chiral multiplets will be integrated out below the scale.
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When |m| > A, we can express r as

‘ 2

o 2\ —k
r = log (%) +co+ Z Ck (’Aml> , (4.48)
k=1

where the first term is a 1-loop contribution, ¢j is a renormalization-dependent finite con-
tribution, and ¢ is a k-instanton contribution. Indeed r > 1 when |m| > A, justifying our
naive interpretation of r as the distance between the NS5-brane and the endpoint of the
D2-brane. Note that we can redefine ¢y and ¢ to be complex constants such that r is a

holomorphic function of m.

4.5.5 BPS spectrum of a quantum supersymmetric CP"~! sigma model

So far we studied the 2d theory from the brane configuration of Figure 4.4 when r > 1, which
can be described as a classical sigma model with the leading-order quantum correction from
the 1-loop contribution. Because the classical potential energy of the 2d theory is given by
(4.41), when r < —1 classically we cannot find a supersymmetric ground state that satisfies
U = 0. From the perspective of the brane configuration, this means that classically we do
not see the bending of the NS5-brane and therefore we cannot put a D2-brane between the
NS5’ and D4-NS5 brane system when NS5 is at Az’ < 0.

But we know that there is the bending of the NS5-brane due to the 1-loop quantum
correction, and therefore we can put a D2-brane even when the NS5 is at Az” < 0. In
order to understand the 2d theory in this regime, we use the exact twisted superpotential
of the 2d theory [36, 35].

To find the exact twisted superpotential, we start with a 2d N = (2,2) U(1) gauge
theory with N chiral multiplets @;, each having U(1) charge +1. This is the gauged linear
sigma model we studied in Section 4.3, where we found that, after integrating out the chiral

fields, the theory is described by an exact twisted superpotential

Wer(E) = % TS — % i(z — 1) <log <Z _ﬂm> - 1>] : (4.49)

i=1

where

T =1ir(p)+6/27, r(un) = ﬁﬂ log —. (4.50)
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If we define

A=Aen, (4.51)

then we can rewrite the twisted superpotential as

N

Wt (%) = %Z(z —my) (log (2 ;\m) _ 1) . (4.52)

i=1

The ground states of this 2d theory can be found by solving [52]

exp <2‘Wgy)> = exp [é log (‘7_Am>] = 1‘[((1;771) =1 (4.53)

Note that this equation is equivalent to

N
> log <U _Nmz) = 2rin, n € Z, (4.54)
=1 A

and each choice of n can be absorbed into A by the change of . n comes from the fact that
Fo1, the 2d gauge field strength in the imaginary part of the highest component of 3,

S=0+--4+0"0"(D—iFpy), (4.55)

is subject to the constraint of the quantization of its magnetic flux [53],

1
— | F = 7. 4.56
211 me ( )

and by introducing n we make D £ iFp; two independet auxiliary fields [52].
When we focus on the case of n = 0, there are N ground states, o1,...,0y, each of
which corresponds to a D2-brane ending on the ITA brane system in Figure 4.4. The mass

of a 2d soliton interpolating two ground states 0 = 0; and o = o is
2W(0:) = W(op)] +>_miSi|, (4.57)
i

where S; are the flavor charges. 5; result in the ambiguity of determining the mass of
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the soliton, which can be resolved when we study a specific 2d theory from the brane
configuration of Figure 4.4 [31].
As an example, let’s consider how the case of N = 2 works out with the previous results.

Assuming m; + mg = 0 to consider SU(2) flavor symmetry, we have

W(o) = % [(a —ma) <10g (” _A”“) - 1> + (0= ms) (log <“ _Am2) _ 1)] (4.58)

1 o2 —m? 1 o—mq 1 o+mq
=0+ -olog | —=—21) — -myl . —my 1 . 4.
o+ 59 og< e > 571 og< X > + =mq og< X >, (4.59)

2
from which we get the equation for the ground states for n = 0,

ow

Then the difference of W between the two ground states o = £1/m7 + A2 is

_ 24 A2
W(o_) = W(oy) = 2/m2+ A2 + my log (Wm; n \/7%) , (4.61)
1 1

As previously mentioned, the mass of a soliton cannot be fixed due to the flavor charges.

However, in the limit of |m;| > A, the leading-order contribution to the mass comes from

AW,

AW =my [log <%>2+Co+01 (77\1>_2+-~] , (4.62)

whereas the contribution from S; to the mass is of the same order as the ¢y term. This limit
is the regime where the classical analysis of the 2d theory is applicable, and the approximate
value of the 2d FI parameter can be obtained using (4.46),

r B my\2 A?
AW_Q\ml—mgl = r=log (T) —i—(’)(l)—i—(’)(m%) +-- (4.63)

which corresponds to (4.48) and is indeed much larger than 1 when |m;| > A.
In the opposite limit, |m1| < A, (4.48) is not valid, which is indicated by the fact

that r < —1 in this limit. But now we can see that this is because (4.48) corresponds to
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expanding AW in the other limit, |m;| > A. If we do the correct expansion of AW, we get

AW:2A<1+O<%)+--->. (4.64)

Again the contribution to the mass of a soliton from AW is much larger than that from 5;

in this limit, therefore we can find a good approximate value of the mass,
M ~2|AW| = 4|A|, (4.65)

which agrees with the result of [31] when m; = 0 up to a numerical factor. This completes
the analysis of the BPS spectrum in this regime. That is, when |m;| < A, the BPS spectrum
consists of only solitons [48].

Here we analyzed the exact twisted superpotential of the 2d theory, and observed that in
the limit of [m1| > A it reproduces the mass of BPS solitons of the classical supersymmetric
CP! sigma model, and that in the limit of |m;| < A it provides the mass of BPS solitons
of the quantum supersymmetric CP! sigma model. However, just analyzing the twisted
superpotential does not lift the ambiguity of the flavor charges. Neither does it explain why
we have different BPS spectra in the two limits — the classical sigma model has elementary
quanta related to the flavor charges S; and infinite number of dyons, whereas the quantum
sigma model only has finite number of solitons. Therefore there should be a 2d wall-crossing

phenomenon [38], which is nicely illustrated in [40].



84

Chapter 5

Spectral networks

Spectral networks are introduced in [37] as an extension of the analysis done in [6, 54],
building on the previous related work of [19, 55, 40]. Here we will briefly review the topics
of constructing a spectral network and using it to find the BPS spectra of 2d N' = (2,2)
and 4d N = 2 theories.

5.1 Construction of spectral networks

5.1.1 S-walls

A spectral network consists of S-walls, and each S-wall carries two indices. One convenient
picture to have in mind is that, when we consider the low energy effective theory of a 4d
N = 2 gauge theory on the Coulomb branch as coming from an M5-brane that wraps a
punctured Riemann surface as an N-sheeted cover over it (8.1), these S-walls correspond
to the projections of the boundaries of M2-branes stretched between two sheets of the M5-
brane onto the Riemann sphere, and the indices indicate which two sheets the boundaries
are. This is not a precise statement, though, as pointed out in [10], but in some limit of
the metric that the M-branes live the correspondence works. More precise statement is
understanding an S-wall as a self-dual string on the Riemann sphere, as explained in [6].
However, we expect both will give the same answer for the existence of a BPS state and
the value of its central charge thanks to supersymmetry.

Each S-wall follows the path described by the Seiberg-Witten curve and differential of
the 4d theory. When we have a Seiberg-Witten curve f(¢,2) = 0 as a multi-sheeted cover

over the t-plane and the corresponding Seiberg-Witten differential A = xdt, an S;,-wall of
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(a) index 2 (b) index 3 (c) index 4

Figure 5.1: S-walls around a branch point. Sjj-walls are denoted by solid lines with (jk).
The broken line denotes the branch cut.

a spectral network satisfies

3)% _ } . ﬁ _ 0
o = () = Mt 2) - = e, (5.1)

where A; is the value of A on the j-th sheet of x and 7 is a real parameter along the S;,-wall.

An S-wall starts either from a branch point or from a supersymmetric joint of S-walls
and flows in general into a puncture. In the following we will provide local descriptions of
such cases. By patching the local pictures with the flow that (5.1) describes we construct a

spectral network at a value of 6.

5.1.2 Around a branch point of ramification index N

First consider S-walls on the curve t = 2 around the branch point ¢t = 0, with A = x dt.
On the t-plane, each S-wall travels from the branch point along a real one-dimensional path
defined by (5.1). For a fixed 6, each S-wall starts at the branch point and goes to infinity
as shown in Figure 5.5. Let us find out the equation that describes each S-wall. We get

two branches from the curve,

xr1 = \/1?, Tro = —\/i, (5.2)



Figure 5.2: A Seiberg-Witten curve and S-walls around a branch point of index 2.

which give us two differential equations for each 6,

dt dt .
)\12(2&)5 == 2\/{5 = eXp(lQ), (53)
D3 029 _ i), (5.4)
dr dr

We will call the S-walls obtained from the first equation Sio, and the S-walls from the
second equation Sz1. By changing 6 — 6 + m we can also absorb the sign difference of Aqo
and Ag1, which implies in practice we only need to solve the equation for § € [0, 7) because
the spectral network for # 4+ 7 can be obtained by flipping the indices of every S-walls.

It is easy to solve the differential equations. We get, for Si9,

Hr) = exp @9) 213, (5.5)

after an appropriate redefinition of 7. Now consider the cases when 6 is changed by a
multiple of 2. When 6 — 6 + 27, the solution gets rotated around the branch point by
47 /3, and it should be another S-wall. However, there is a branch cut on the z-plane, and
if the rotation by 47 /3 makes the Sj2 go through the branch cut, then the S-wall becomes
So1, otherwise it is another S12. When we change 6 by w, the overall spectral network

2% which can be easily understood from (5.5), modulo the flip of the indices

rotates by
of the S-walls as mentioned above. A spectral network around a branch point should be
consistent under these monodromies, therefore we have three S-walls as shown in Figure 5.5.
Figure 5.2 illustrates the Seiberg-Witten curve and real two-dimensional surfaces that ends
on the curve along the S-walls. Here the Seiberg-Witten curve is represented by plotting

the real part of x of the curve over the ¢-plane around a branch point of index 2.

Now let us generalize this analysis to the spectral network from a branch point of index
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N [30]. When we have a branch point of ramification index N at ¢t = 0, the corresponding

curve is t = 2V, and the differential equation that governs the behavior of each S;j on the
t-plane is
ot
wijtl/NE = exp(if), (5.6)
where w;; = w; —w; and
211
WE = exp Wk , k=0,1, ..., N—1. (5.7)

Then the solution for an §;; is

N/N+1

T N

tij (1) = (w) exp (N " 119) (5.8)
ij

after rescaling 7 to absorb a real numerical coefficient. From the factor 1/w;; we find

N(N —1) walls, and the exponent NLH makes the angles between the walls to be multiplied

by the factor NLH from the differences of arg(1/wi;)’s. As in the N = 2 case, the whole

2Nkr
N+1

spectral network rotates by when we change 6 from 0 to 2k7. Consistency of a spectral
network under this rotation requires N — 1 additional walls and we have N? — 1 S-walls
around the branch point. The indices of S-walls are determined by choosing the branch
cut. Figures 5.1b, 5.1c shows spectral networks around a branch point of index 3 and 4,

respectively.

5.1.3 Around a regular puncture of ramification index N

Let us first consider a regular puncture that carries an SU(2) flavor symmetry in the A;
theory. The residue of the Seiberg-Witten differential at the puncture is the Cartan of the
flavor symmetry, in this case a mass parameter m. Consider such a regular puncture at

t = 0, having m # 0. Then the corresponding (local) Seiberg-Witten curve is
t=(—m)(v+m)=1v>—m? (5.9)

and the Seiberg-Witten differential is A = dt. When we project the curve on the ¢-plane,

we have one branch point of index 2 at t = —m? and one puncture at ¢ = 0.
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(a) 0 < 6, (b) 6 = 0.

2%(12)

(c)m—=0 (dym=0

Figure 5.3: S-walls around an SU(2) puncture.

When m # 0, we can start with a spectral network from a branch point of index 2, as
shown in Figure 5.3a. Note that one S-wall flows into the puncture, while the other two
escape to infinity [19]. When 6§ = 0., where 6. = arg(m; — mg) + 7/2 = arg(2m) + /2,
closed S-walls can form around the puncture. This S-wall has a topology of a cylinder,
with its boundaries lying along the S-walls on the two sheets. Therefore it corresponds to a
BPS state carrying an SU(2) flavor charge. This is consistent with the fact that an A" = 2
vector multiplet corresponds to an M2-brane with a topology of a cylinder, and when we
gauge the flavor symmetry the S-wall corresponds to a vector multiplet. Now consider the
limit of m — 0. Then the branch point moves toward the puncture as shown in Figure 5.3c,
and when the two collide, we have a doublet of S-walls emanating from the puncture.

Let us then consider the puncture with an SU(N) flavor symmetry in the Ay _; theory.
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(a) spectral network (b) Seiberg-Witten curve and S-walls

Figure 5.4: S-walls forming a joint.

The curve around the puncture is described by

t= H(v —my), (5.10)

where ), m; = 0 and the Seiberg-Witten differential is A\ = 7dt. Let us focus on the
massless limit where ¢ = 0 becomes the branch point of index N, in addition to being the
puncture. The asymptotic behavior of the S-walls is obtained by solving

t t/l/N .
/ wij———dt' = e, (5.11)
0

t/

where we get (1) = (eiN o /wg ) T after rescaling real parameter 7. There are N — 1 sets of

asymptotic directions for a value of 6 due to the factor 1/ w{}f , and along each direction N
S-walls of same indices flow from the puncture. In total there are N(N — 1) S-walls from

the massless puncture.

5.1.4 BPS Joint of S-Walls

When we consider the spectral networks in (the compactification of) the Ax_; theory,
N > 2, then there are more than two types of S-walls. When there is a set of n S-walls
Sivigs Sigigs - - Siniy» there can be a joint of the S-walls. This is because A;; iy 4+ Nigiz +- - - +
Aini, = 0 is satisfied at the joint such that it preserves supersymmetry.

Figure 5.4a shows the spectral network of the As theory with two branch points of

index 2, where we have S13 coming from the joint of S19 and Ss3. Figure 5.4b illustrates
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the Seiberg-Witten curve and the three S-walls that form a joint.

5.2 BPS spectrum from spectral networks

5.2.1 2d BPS states from spectral networks

We can construct a spectral network for the brane configuration and read out from it a 2d
BPS spectrum of a 2d N = (2, 2) theory from an M2-brane ending at a point (to,v;) on the
Seiberg-Witten curve that spans 1 + 1-dimensional subspace of the 4d spacetime.

On which sheet of the covering space the endpoint lies determines the ground state of
the 2d theory, and when an Sjj-wall connects a (jk)-branch point to the endpoint t = to, it
corresponds to a BPS soliton interpolating two 2d ground states corresponding to (to,v;)
and (to,vx) [40]. The central charge of the BPS state is calculated by integrating \;; along
the finite S-wall,

Ts at Ts .
Z:/ Ajk(t)aTdT:/ e?dr, (5.12)

b b

where t(73) is the branch point and ¢(75) = to.

To find out all the BPS states, we change 6 and see which S-walls pass the M2-brane
endpoint, where the value of § that such an S-wall exists gives the phase of the central charge
of the BPS state. See Figure 5.5, where we have two 2d BPS states with arg(Z12) = 0 and

arg(Za1) = .

(a)0=0 (b) 0 =~ 7/3 (c) 0 =~ 27/3 (d)d~m

Figure 5.5
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5.2.2 4d BPS states from spectral networks

Using spectral networks, we can identify a BPS state of the low energy effective theory,
which corresponds to a cycle of the Seiberg-Witten curve, with a finite S-walls [19, 37].

This is an S-wall that has a finite value of

T
/ Ajk = / Njk(t) d7' = / eledr = Z, (5.13)
Jk i

Ti Ti

where 0. is the value of # when such a finite S-wall appears, as shown in Figure 5.6b, and
Z is the central charge of the corresponding BPS state. To find out the whole set of BPS

states, we evolve a spectral network from 6 = 0 to § = 27 and identify finite S-walls.

(a) 6 < 6, (b) 6 = 0. (c) 0 >0,

Figure 5.6: Appearance of a finite S-wall.

Figure 5.6 shows how a finite S-wall forms at § = 6.. When 0 < 6., the corresponding
spectral network, shown in Figure 5.6a, has two S-walls of opposite indices that approach
each other. When 6 = 6., the two collide and this indicates that there is a finite S-wall
connecting the two branch points, forming a 1-cycle of the Seiberg-Witten curve. Figure

5.7 illustrates the Seiberg-Witten curve and the finite S-wall.

Figure 5.7: Seiberg-Witten curve from A; and a finite S-wall.
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Spectral networks provide more information than just the existence and the central
charge of each BPS state: it also allows us to calculate the electric and the magnetic
charges of the BPS state with respect to the IR gauge group. This is done by considering
the intersections of the cycles corresponding to finite S-walls, and in order to do that we
need to put down the indices of every S-wall of a spectral network.

We have already studied how to put indices to the S-walls from a branch point and
those from a joint, so the only question remaining is how to patch the S-walls in the right
way. The indices are changed only when an S-wall crosses a relevant branch cut, which is
from the trivialization of the covering map from the Seiberg-Witten curve to the base space.
Suppose we have an S;j-wall crossing a (jk)-cut. Then after crossing the cut it becomes an

Si-wall [37], as shown in Figure 5.8.

jk ik

Figure 5.8: S-wall crossing a branch cut.

We can give indices for all the S-walls of a spectral network in a globally consistent
manner, however local information around each intersection of finite S-walls is enough for
us to find out the IR charges of the corresponding BPS states. Appendix 5.2.3 explains how

to calculate the intersections of the cycles from finite S-walls of a spectral network.

5.2.3 Finite S-walls, 1-cycles and intersection numbers

Here we review how to relate finite S-walls to 1-cycles on the Seiberg-Witten curve, and
how to calculate intersection numbers between the cycles from the finite S-walls, which is
crucial in calculating the U(1) IR charges of the corresponding BPS states.

The direction of a finite S;;-wall determines the orientation of the corresponding 1-cycle
on the Seiberg-Witten curve. Figure 5.9a illustrates the case when one part of the cycle in
the i-th sheet goes along the direction of the S;j-wall, while the other part in the j-th sheet

goes along the opposite direction of the S-wall. Figure 5.9b shows that when an S-wall
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is connected to a branch point, the corresponding 1-cycle goes across the branch cut and
moves from the i-th sheet into the j-th sheet. The condition on a joint of multiple S-walls
guarantees that there is a consistent definition of the corresponding 1-cycle. See Figure
5.9¢, where we have a joint of three S-walls. In this way the direction of a 1-cycle from a
finite S-wall is completely determined. One can reverse the directions of the finite S-wall

to obtain a 1-cycle of the opposite orientation.

) Yy

(i) (i

o~~~ :‘ (i5)

Figure 5.9: S-walls and the corresponding 1-cycles. Black (solid) line: S-walls. Red (solid)
line: cycles on i-th sheet. Blue (dash) line: cycles on j-th sheet. Green (dash-dot) line:
cycles on k-th sheet. Black dot: the branch point (ij). Wiggled line: the branch cut
separating i-th sheet and j-th sheet.

Examples of 1-cycles from finite S-walls are shown in Figure 5.10, where the same colors
and line shapes as those of Figure 5.9 are used to represent S-walls, 1-cycles, and branch
points/cuts. Figure 5.10a shows a finite S-wall connecting two branch points, which gives
a 1-cycle going from one sheet to the other. Figure 5.10b shows a finite S-wall connecting

three different branch points.

(a)

Figure 5.10: Finite S-walls and corresponding 1-cycles
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From the intersection number of two 1-cycles we can determine the U(1) IR charges of
the corresponding BPS states. The convention for an intersection number is summarized
in Figure 5.11. The intersection number is +1 if the first cycle goes across the second cycle
from its left to its right, while the intersection number is —1 in the opposite case.

A A

V2 V2

71 71
(a) (y1,72) = +1 (b) (y1,72) = —1

Figure 5.11: The convention for intersection number.

Since each finite S-wall completely determines the corresponding 1-cycle, one can read
off the intersection number between 1-cycles from the corresponding S-walls. For example,
if a finite S;j-wall crosses over another finite S;;-wall, the corresponding 1-cycles will have
an intersection on the i-th sheet, and the direction of each cycle comes from the direction of
each finite S-wall. Figure 5.12a shows two finite S-walls crossing over each other. Since one
is an S12 and the other is Sy3, the corresponding 1-cycles intersect only on the first sheet. If
two S-walls meet at the same branch point, they will again produce an intersection of the
corresponding 1-cycles. Figure 5.12b shows two finite S-walls meeting at the same branch

point. The corresponding 1-cycles have intersection number +1.

(13

(12)

'y
=
=

A

(@) (y1,72) = +1 (b) (y1,72) = —1

Figure 5.12: Local intersection number of 1-cycles

The intersection number of two 1-cycles is given by summing all the local intersection
numbers of them. An example of calculating an intersection number of 1-cycles from finite

S-walls is shown in Figure 5.13.
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Figure 5.13: A 1l-cycle 1 (red) intersects another 1-cycle v2 (blue) at three points (small
black dots), and the intersection number is (7y1,72) = +3. Solid line: cycles on the first
sheet. Dash line: cycles on the second sheet.
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Chapter 6

2d wall-crossing and spectral
networks

Here we examine several examples of spectral networks that exhibit 2d BPS wall-crossing
phenomena. In Section 6.1 we consider spectral networks of Seiberg-Witten curves that
wrap a sphere, which is a complex z-plane plus z = oo, with one irregular puncture at
z = 0o. In Section 6.2 we study spectral networks with one irregular puncture at z = oo

and one regular puncture at z = 0.

6.1 1 irregular puncture at z =

We studied in Section 4.5 that D2-branes ending on a ITA brane configuration that describes
a 4d N = 2 theory give a 2d N = (2,2) theory. When we lift the whole brane system to
M-theory, it becomes a configuration of M2-branes ending on a Seiberg-Witten curve that is
wrapped by an M5-brane, which can be understood from what we have reviewed in Sections
2.4 and 4.5.

Consider a Seiberg-Witten curve
z=aN + N2+ 4y, (6.1)

where z is the coordinate for the base space of sphere, and z is an IN-sheeted cover over z.
The Seiberg-Witten differential we consider is A = xzdz, which has an irregular puncture
at z = 0o. The 4d theory from an M5-brane wrapping the Seiberg-Witten curve (6.1) is
a deformation from an Argyres-Douglas fixed point theory [19], and the 2d theory from
an M2-brane ending at z = 0 is claimed in [49, 30] to be equivalent to an N' = (2,2)
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Landau-Ginzburg model with superpotential

N
1 1 .
W(X)=——XxN+ — 0 x N+ 6.2
)=~ +;N+1—j (62)
6.1.1 N=2
Spectral networks of a Seiberg-Witten curve
z=x% + . (6.3)

at various values of # are shown in Figure 6.1. As we change 6 from 0 to 7, the spectral

network rotates by N7 /(N + 1) = 27/3. To see the animated version, click here.

(a) & = 7/100 (b) 0 = m/4 (c) 0 =m/2 (d) 0 = 37w /4

Figure 6.1: Spectral networks around a branch point of index N = 2.

This spectral network is a simple one that shows no 2d BPS wall-crossing phenomenon:
wherever an M2-brane ends on the z-plane, the 2d theory has two BPS states. This is the
same BPS spectrum as that of the deformed A; minimal model. When 6 = 7, the spectral
network looks the same as that of 8 = 0 except the indices of all the S-walls are flipped,

i.e., for an S;; at 6 we have an Sj;; at 0 + .

6.1.2 N=3

Here we study spectral networks from a Seiberg-Witten curve
2= 2%+ pox + pa. (6.4)

When po = 0, we have one branch points of ramification index 3 on the z-plane. When

e # 0, there are two branch points of ramification index 2.



6.1.2.1 Ho = 0

Figure 6.2 shows spectral networks at various values of 6 when there is only one branch point
of index 3. As we change 6 from 0 to 7, the spectral network rotates by N7 /(N+1) = 3r/4.

To see the animated version, click here. There is no 2d BPS wall-crossing happening here,

(a) & = 7/100 (b) 0 = m/4 (c) 0 =m/2 (d) 0 = 37w /4

Figure 6.2: Spectral networks around a branch point of index N = 3, us = 0.

and the 2d theory has six BPS states wherever the endpoint of the M2-brane lies on the

z-plane. This is the same BPS spectrum as that of the deformed A minimal model.

6.1.2.2 o #0

Spectral networks with two branch points of index 2 at various values of 6 are shown in

Figure 6.3. To see the animated version, click here.

~

(a) 0 = 7/100 (b) 0 = /4 (c) 0 = /2 (d) 6 = 3m/4

Figure 6.3: Spectral networks around a branch point of index N = 3, s # 0.

Here we see the first, easiest example of a 2d BPS wall-crossing. Note that when the
endpoint of a ground-state M2-brane is at z = 0, the blue S-walls, each coming from a joint
formed by two S-walls from the branch points, cannot reach it, whereas when the endpoint
is well away from z = 0 the blue S-walls can hit the M2-brane endpoint. This illustrates
the 2d BPS wall-crossing phenomenon we reviewed in Section 4.4.

Figure 6.4 shows the 2d BPS wall overlapped with a spectral network at a certain value

of #. The 2d BPS wall connects two branch points, and when the ground-state M2-brane
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Figure 6.4: 2d BPS wall for N = 3.

ends inside the wall there are four 2d BPS states. When it ends outside the wall, the 2d
theory has six BPS states. Therefore the moduli space of the 2d theory is divided by the 2d
BPS wall into two BPS chambers, and the content of BPS spectra is consistent with what

we studied in Section 4.4.

6.1.3 N=4

Consider a Seiberg-Witten curve
z =2t + pox® + psz + . (6.5)

In general there are three branch points of ramification index 2 on the z-plane. When
8o + 27132 = 0, we have one branch point of index 3 and another branch points of index
2. When po = psz = 0, we have a single branch point of index 4, and as we have seen
previously for N = 2,3, there is no 2d BPS wall and there are N(N — 1) = 12 BPS states

in the 2d theory, which is the same BPS spectrum as the deformed As minimal model.

6.1.3.1 Two branch points

Spectral networks with two branch points on the z-plane at various values of 8 are shown

in Figure 6.5. To see the animated version, click here.
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(a) & = 7/100 (b) 8 = m/4 (c) 8 =m/2 (d) 8 = 37w /4

Figure 6.5: Spectral networks for N = 4 & two branch points.

Figure 6.6 shows the 2d BPS walls for this case. There are two walls, and when the
M2-brane endpoint is outside of the two walls, the 2d theory still has twelve BPS states. As
we cross a wall the 2d theory loses two BPS states from its spectrum, and when it ends at
the region inside the inner wall the 2d theory has eight BPS states coming from the S-walls

from the branch points.

Figure 6.6: 2d BPS wall for N = 4 & two branch points.

6.1.3.2 Three branch points

Figure 6.7 shows the spectral networks for the case when we have three branch points of

index 2, located symmetrically on the z-plane. To see the animated version, click here.
Figure 6.8 shows the 2d BPS walls for this case. There are three walls located symmet-

rically around z = 0. Outside of all the walls, the 2d theory has a BPS spectrum with 12

states, and it loses 2 states as the endpoint goes across each wall. In the region that is the
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(a) & = 7/100 (b) 8 = m/4 (c) 8 =m/2 (d) 8 = 37w /4

Figure 6.7: Spectral networks for N = 4 & three branch points.

intersection of the three regions inside each wall, the 2d theory loses 2 x 3 = 6 BPS states

and the BPS spectrum has 6 states, all from the S-walls from the branch points.

Figure 6.8: 2d BPS wall for N = 4 & three branch points.

6.2 1 irregular puncture at z = oo, 1 regular puncture at z =0

Now we consider adding a regular puncture at z = 0, meaning that the Seiberg-Witten
differential has a simple pole at z = 0, giving a mass parameter. The Seiberg-Witten curve

that we will consider here is

t= (v—i—mi):vN—l—ung_z—i—'--—i—,uN, (6.6)

—

=1
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where we will assume ) ;m; = p1 = 0. The Seiberg-Witten differential is A\ = %dt. For
general u; we have N — 1 branch points of ramification index 2 on the t-plane.

If we rewrite the curve and the differential in terms of x = v/t and z = t, we have

xN+gmN—2+---+’%—le_lzo (6.7)
as the Seiberg-Witten curve, and the Seiberg-Witten differential is A = xdz. The 4d theory
from this Seiberg-Witten curve is obtained from an Argyres-Douglas fixed point of a 4d
N =2 SU(N) theory with fine-tuned masses of N hypermultiplets [49], which we reviewed
in Section 4.5.2. The 2d theory from an M2-brane ending on the Seiberg-Witten curve is
what we have studied in Sections 4.5.3, 4.5.4, and 4.5.5.

6.21 N =2

When N = 2, the Seiberg-Witten curve is a two-sheeted cover over the z-plane with a
regular puncture at z = 0 and an irregular puncture at z = oco. Figure 6.9 shows the
spectral networks of the system when we have mqy = —mo = 1. To see the animated

version, click here.

@ e @

(a) 0 =7/4 (b) 8 = 477 /100 (¢c) 0 =m7/2 (d) 8 = 537/100

Figure 6.9: Spectral networks around a regular puncture, N = 2.

Note that we have a closed S-wall when 6 = 7/2. Around a regular puncture, a closed
S-wall appears at 6. = arg(m;) = 5. In this case we have a single real mass parameter, and
therefore we have a closed S-wall at 0 = 7, 37” At the value of 6§ where we find a closed
S-wall from a branch point, we have a family of closed S-walls, a few of which is shown
in Figure 6.9c. These closed S-walls have the topology of a cylinder, and each of them
corresponds to a 4d BPS state carrying the SU(2) flavor charge, which becomes a vector

multiplet when the flavor symmetry is gauged.
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(a) (b) (c)
Figure 6.10

The closed S-wall from the branch point behaves as a 2d BPS wall. To see how the 2d
BPS spectrum changes as the M2-brane endpoint moves across the wall, we first consider
the case when the endpoint is inside the wall, as shown in Figure 6.10. The corresponding
2d theory is the N' = (2,2) CP! sigma model with twisted masses [38], which we studied in
Section 4.5.4. There are three kinds of states in the BPS spectrum.

e Figure 6.10a shows a closed S-wall [40]. There is a corresponding element of the
first homology group of the Seiberg-Witten curve, which we denote as ;. The S-wall
corresponds to a 2d BPS state that has Z[yf] = m1 — my = 2my. The BPS state is
identified with the elementary quantum state of the global U(1) symmetry, which can
be understood as coming from the 4d SU(2) flavor symmetry that is broken into its
Cartan subalgebra due to the twisted masses. There is one 2d BPS state of this kind
at 0., 0 < 0. < m, and there is another one from —~, i.e., of the opposite orientation,

at 0. + .

e There are two solitons from 75, and 7,, as shown in Figure 6.10b, when 0 < 6 < 7.
They satisty s, +7s, = ¢, therefore each soliton carries a fraction of the flavor charge.
They occur at different values of 0 that are different from 0. and Z[vs, |+ Z[7s,] # Z[1]-

Again there are two additional 2d BPS states from —~, and —vs, when 7 < 6 < 27.

e There are “dyons” corresponding to s, + n; for ¢« = 1,2 and any integer n. Figure

6.10c shows the case of vs, + 3s.

Now let’s consider how the BPS spectrum changes as we move the M2-brane endpoint

across the wall. Figure 6.11 illustrates the 2d wall-crossing phenomenon for this 2d theory.
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(a) Inside the wall (b) On the wall (c) Outside the wall

Figure 6.11

Let’s start with three BPS states from ~s,, 75, and 7 that are inside the wall and satisfies
Ys; + Vs, = 7, as shown in Figure 6.11a. As was previously mentioned, the sum of any two
of the central charges Z[vys,], Z[7s,] and Z[7] is not equal to the third one, and the three
2d BPS states are stable.

Next we move the endpoint closer to the wall. When the ground state M2-brane ends
exactly on the wall, as shown in Figure 6.11b, the three S-walls occur at the same value of

0 = 6.. Now the central charges satisfy

Z[vs,) + Z[s,) = Z[el, (6.8)

which shows that the 2d BPS state from a closed BPS string around the regular puncture
is on the verge of decaying into two 2d BPS solitons.

Finally the endpoint of the ground state M2-brane is outside the wall in Figure 6.11c.
Here we only have two solitons (and their anti-states) in the BPS spectrum, and there is no
S-wall corresponding to the other kinds of states. This is consistent with the fact that the

PN~1 sigma model with zero twisted masses contains in its BPS

exact supersymmetric C
spectrum only the solitons interpolating N vacua [48, 31].

To see this, we take the limit of m; — 0, colliding the branch point with the puncture at
z = 0. Then we expect the two solitons to be equivalent, because their central charges only
differ by one unit of the flavor charge, whose contribution to the central charge vanishes in
the limit of m; — 0. Therefore the two solitons will form a doublet for the SU(2) global
symmetry [31, 19, 40], which is illustrated in Figure 6.12 by taking m; to be very small

and investigating the S-walls corresponding to the solitons; compare this with Figure 6.11c
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where my is finite.

Figure 6.12: SU(2) doublet in the limit of m; — 0.

6.2.2 Monodromy of the 2d BPS spectrum

In Section 4.5.5 we found the ground state of the 2d theory by solving

ow ow )
exp <280) =ls B = i, n €7, (6.9)

and we observed that n can be encoded in A as

~ -2 (0 — 2
R = pexp [ mr(p) + (0 — 2mn) (6.10)
N
When N =2 and m; + mo = 0, we have, for the ground state equation,
_ _ 2 _ 2
(o mlz(a ms) _ (o - mi) _1 (6.11)
A2 A2

which is exactly the same as the equation for the Seiberg-Witten curve (6.6) if we identify
o = v and t = A2, That is, the ground states of the 2d sigma model that we studied in
Sections 4.5.4 and 4.5.5 are determined by the same equation as the ground state of the 2d
theory from the M2-brane ending at t = A2 on the Seiberg-Witten curve (6.6). Furthermore,
the choice of n for a ground state is translated on the M-theory side as the movement of
the M2-brane endpoint on the t-plane, encircling n times around ¢ = 0.

Here we will investigate the monodromy of the 2d BPS spectrum as we move the endpoint
of the M2-brane around the puncture at ¢t = 0 and relate it to the physics of the 2d #-angle.

Let’s first consider the case when we put tg, the endpoint of the ground-state M2-brane,
inside the wall and move t, once around the circle of radius |A|?> from ¢t = 0, which is
illustrated in Figure 6.13. Because the BPS spectrum consists of the states corresponding

to the BPS strings s, + pys for p € Z, changing arg(ts) by 27 just shifts each state by one
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(a) arg(ts) = 6o (b) arg(ts) = 6y + A6 (c) arg(ts) = 0y + 27

Figure 6.13

unit of ¢, which does not change the spectrum because there are BPS states for every p € Z
[38].

It is interesting to think about the physics behind this phenomenon [56, 32, 31]. The
potential energy of the 2d physics depends not on the 2d theta angle, but on the minimum
value of |0| = |#+27Z|. This is because the #-angle induces a constant 2d electric field in the
vacuum, and if the electric field is too strong, a pair creation can occur to reduce the field
strength. As the supersymmetric ground states are the zeros of the potential energy, this
implies that the ground states depend on 6, not 6, and therefore so does the BPS spectrum.

Next, let’s consider the case when t4 lies outside the wall. Again changing the value of
arg(ts) by 2w corresponds to moving the endpoint around ¢ = 0 once. Here we have only
two BPS solitons in the spectrum, and the BPS spectrum remains the same after moving
the endpoint around ¢ = 0 as shown in Figure 6.14, again suggesting that the 2d physics is

invariant under the monodromy of .

6.2.3 A light soliton in the 2d BPS spectrum

An interesting question is what happens when the endpoint of the ground-state M2-brane,
t = tg, lies exactly on the branch point at ¢ = ¢}, or away from it by an infinitesimal
amount. What we have studied so far indicates that there will be a soliton, either 7, or
Vs9, Decoming very light [19], while the massese of the other solitons remain finite.

One way to study the 2d physics with light degrees of freedom is taking the IR limit
similar to that of a 4d N' = 2 theory toward its Argyres-Douglas fixed points [4]. That

is, we take the limit of 2d gauge coupling e — oo, and at the same time zoom into the
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(a) arg(ts) = b (b) arg(ts) = 0o + AG, 0 < A8 <7

(c) arg(ts) =00+ A, m < AO < 27 (d) arg(ts) = 09 + 27

Figure 6.14

region near the branch point at ¢t = ¢;, by an appropriate scale so that only the light soliton
remains in the BPS spectrum of the 2d IR theory and the other BPS states become massive
in the IR limit.

To illustrate this procedure of taking an IR limit, let’s consider the case when the M2-
brane endpoint ts = A? is on the 2d BPS wall and very close to the branch point, as shown
in Figure 6.15. As the branch point is at t,, = —m3, let’s tune m1 so that #, is infinitesimally

away from tg,
my =iA(14€) = ty=t, — 2A%. (6.12)
Then one of the two solitons, say vs,, has the mass of

ts B
/ vdt‘ ~ |A|3/?
th t

which becomes very light in the limit of € — 0. Because we have Z(vs,) + Z(7s,) = 2m1,

M('Ym) = ‘Z(’Yﬁ)’ = (613)

the mass of the other soliton should remain finite, M (vs,) ~ 2|A|. Although what we just
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Figure 6.15

examined here is the case when ts is on the 2d BPS wall, the fact that there is only one
massless BPS state in the limit of € — 0 should be true for any t, satisfying |ts —tp,|/|A?| ~ €.

Then if we perform the following reparametrization,

t =ty + % (6.14)
v — v(ty) + \% - % (6.15)
e— (6.16)

Ve
where e is the dimensionfull 2d gauge coupling, then in the limit of ¢ — 0, we have e — oo,

which indicates that we are taking the 2d IR limit, and the Seiberg-Witten curve (6.6)

reduces to
tb+g:%—m1+(’)(e) - t =1 (6.17)

This curve has a single branch point at ¢ = 0, and the spectral network from this curve has
no finite S-wall corresponding to a 4d BPS state [19]. There can be an S-wall connecting

the branch point and the endpoint of an M2-brane on the M5-brane wrapping this curve,
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as we have seen in Section 6.1.1. This configuration corresponds to a 2d BPS soliton for
the 2d theory from the M2-brane [40]. This shows that the procedure of sending ¢ — 0
indeed corresponds to zooming into the region near the branch point as illustrated in Figure
6.15. In the process we move the puncture with a simple mass pole to ¢ = co and at the
same time make the mass infinite, which results in making the other BPS states massive
and decoupling them from the 2d physics. This procedure and its generalization will be
discussed in Section 7.1.1.

One thing to note is that, in this scaling or IR limit, we lose the monodromy information
encoded in the massive BPS states [57], because we now see only a local structure of the
Seiberg-Witten curve near the branch point, not a global one. However, if we instead think
of starting from the IR fixed point of the 2d theory and increasing the scale to incorporate
the massive BPS states one by one, which can be done by including the corresponding
punctures with mass parameters to the IR Seiberg-Witten curve, in the end we can restore
both the monodromy information and the full BPS spectrum.

From the analysis above we can expect that the 2d theory from the brane configuration
we have been studying should always have a BPS state that becomes massless when the
endpoint of the M2-brane coincides with a branch point. The occurrence of such a light
degree of freedom is a signal that interesting physics happens in the 2d theory from such

an M2-brane [30].

6.2.4 N=3

When N = 3, there are two independent mass parameters from the regular puncture at
z = 0, and their values determine the types and the locations of branch points on the
z-plane. When they are

2 4
m1 =1, mo = exp <;> , M3 = exp (;) , (6.18)

we have one branch point of ramification index 3, around which the spectral network looks
like that of Section 6.1.2.1.

However, as the spectral network evolves away from the branch point, due to the ex-
istence of the regular puncture, it shows a different behavior, including the closed S-walls

similar to what we have observed in Section 6.2.1. Because we have mass parameters that
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(a) 6 = 7/100 (b) 6 = 117/100 (c) 6 = 227/100

(d) 6 = 327/100 (e) 6 =7/3 (f) 6 = 347 /100

Figure 6.16: N =3

have the same modulus and have phases that differ by 7 /3, we also have three values of 6,
between 0 and 7 that a family of closed S-walls appear: 6. = 0, 3, 2% Figure 6.16 shows
the evolution of the spectral network around the second 6, 6. = 5. At 6. we have infinitely
many closed S-walls around the regular puncture, as shown in Figure 6.16e. But in this
case each closed S-wall form BPS joints with other S-walls from the branch point, giving
additional S-walls that flow into the puncture.

Because we have three values of . when 0 < 0 < 7, the evolution of the spectral network
shown in Figure 6.16 is roughly 1/3 of the whole evolution of it as @ is increased from 0 to 7.
To see the animated version of the entire evolution, click here, which shows the appearance
of closed S-walls three times.

Thanks to the BPS joints that appear in the higher-rank spectral networks, now the
structure of the spectral network and the corresponding BPS spectrum is richer compared
to the N = 2 case, and we can observe both kinds of 2d wall-crossing phenomena, one from

BPS joints and another from closed S-walls. These 2d BPS walls are shown in Figure 6.17.

In Figure 6.17a, the outmost wall is a 2d BPS wall from the BPS joint, similar to what
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(a) (b)
Figure 6.17: 2d BPS wall for N =3

we found in Section 6.1. When the M2-brane endpoint ends outside the wall, the 2d theory
has eighteen BPS states, corresponding to the three solitons that interpolate three vacua
and their anti-states, each being a triplet of SU(3) global symmetry: (;’) x 2 x 3 = 18. This
again agrees with the BPS spectrum of the 2d supersymmetric CP? sigma model with zero
twisted masses [48, 31].

The second wall, a gray one in Figure 6.17a, is the closed S-wall from the branch point,
which is shown in Figure 6.16e. When the M2-brane endpoint is between this wall and the
outmost one, the 2d theory has six BPS states and their anti-state (therefore 12 states in
total). The 2d spectrum lost three BPS states and their anti-states as we cross the first
wall, and it does not have any BPS states from the closed S-walls shown as green curves in
Figure 6.16e.

Inside the second wall, as the M2-brane endpoint goes across each 2d BPS wall, shown
in Figure 6.17b (which is a magified view of the inset of Figure 6.17a), the 2d theory gains
an additional BPS state and its anti-states.

The 2d BPS walls shown in Figure 6.17 illustrates that the analysis of spectral networks
reproduces the BPS walls of N = (2,2) classical CPY~! sigma model described in [58, 59],

where the walls are found from a field-theoretic viewpoint.
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Chapter 7

2d N = (2,2) SCFT and spectral
networks

Consideration of multiple p-branes suspended between other branes is an effective way to
study the dynamics of p-dimensional supersymmetric field theories [50, 7]. When we have
multiple M5-branes ramified over a complex plane with a single ramification point, we can
put M2-branes between the ramification point and another single, flat M5-brane, where all
the branes share 2d spacetime and preserve four supercharges, leading to a 2d N' = (2,2)
theory at low energy. In a certain limit where we decouple massive 2d degrees of freedom
and flow the 2d theory to its IR fixed point, it is claimed in [30] that the 2d theory flows to
a 2d SCF'T described by a coset model of the type proposed by Kazama and Suzuki, which

we will review in this chapter.

7.1 2d SCFT from the IR limit of the 2d N = (2,2) theory

from M-branes

Before going into the studies of the equivalences of various 2d N = (2, 2) theories claimed in
[30], here we motivate why such equivalences are expected by studying an M-theory brane

configuration corresponding to such a 2d theory and its spectral networks.

7.1.1 2d N = (2,2) theory from 4d N = 2 theory at an Argyres-Douglas
fixed point

In [49], it was claimed that the 2d theory from the vortex string on the 4d theory at the

Argyres-Douglas fixed point is described by a 2d N = (2, 2) theory with a Landau-Ginzburg
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Figure 7.1

type twisted superpotential, which flows in the IR to the 2d N' = (2,2) minimal model
SCFT. Here we will first observe that the brane configuration that the vortex string occurs
is what we have studied in Section 4.5.2. And we will see that when the 4d theory is at
its Argyres-Douglas fixed point, the brane configuration is exactly the case of an M2-brane
ending at the ramification point of an M5-brane.

We start with an example of a 4d A/ = 2 SU(2) gauge theory with two hypermultiplets
coming from the ITA brane configruation shown in the left of Figure 7.1. When we lift the

brane configuration to M-theory, it becomes a Seiberg-Witten curve described by
fa(t,v) = t2 — (V% 4+ up)t + A%(v — my) (v — ma). (7.1)

When projected onto the t-plane, in addition to three punctures, there are three branch
points [15]. We first tune the parameters of the 4d theory so that it is at the root of the
baryonic Higgs branch, as we did in Section 4.5.2. This can be done by adjusting m, mao,

and ug such that they satisfy (4.36),
Uy = Mmimso + A? = —m% + A2, (72)

where we consider an SU(2) flavor symmetry and therefore m; +mg = 0 is assumed. Then

the original Seiberg-Witten curve factorizes into two curves,

Ft0) L2 (=A%) (t— (v? — md)) . (7.3)

Tuning the parameters to satisfy (7.2) corresponds to colliding two of the three branch
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points at t = A2 on the t-plane [15]. The curve represented by t = A? in (7.3) is from NS5’
of Figure 4.2, which can be detached from the rest of the brane system when displaced
along the direction perpendicular to both ¢ and v.

In order to tune the 4d theory to be at an Argyres-Douglas fixed point, we collide the
remaining third branch points with the other two at ¢t = 1, which corresponds to taking the

limit of
my — A, (7.4)

In this limit the Seiberg-Witten curve takes the form of

Ft0) T (6= A%) (£ — (0? + A2) | (7.5)
Now the M5-brane at t = t, = A? is at the same location on the t-plane as the branch point
at t = t;, = —m? = A2 This is illustrated in the right of Figure 7.1. Between the two
curves, we can put an M2-brane, which corresponds to the vortex string of [49]. Note that
this M2-brane ends at the ramification point of the M5-branes from the ITA brane system.
After rotating the M5-brane at ¢t = A? from (22, 23)-plane into (2%, 2%)-plane, we arrive
at the same brane configuration as we have studied in Section 4.5.2. Then the s-rule applies
for the M2-brane and the vortex string becomes massive along the (22, 3)-plane, becoming
a 2d defect from the viewpoint of the 4d physics. Now this is the same brane configuration
that we have investigated in Section 6.2.3, where the 2d theory from the M2-brane and
living on the 2d defect has in the IR limit only a massless soliton in its BPS spectrum.
Note that the IR limit corresponds to making the length of the D2-brane along the
x8-direction in Figure 4.4 to be infinitesimal and placing NS5’ very close to the other ITA
brane system, and in this limit we recover the 4d N' = 2 SCFT at the Argyres-Douglas
fixed point. Therefore it is plausible that the 2d physics embedded in this 4d physics would
also be a SCF'T in the IR limit.
We can generalize this to the case of G = SU(NV), Nt = N. Previously we described the
Seiberg-Witten curve of the 4d theory at its root of the baryonic Higgs branch, (4.37).

N

frltv) = (¢ — AV)(t — My), My(vim;) =[] (v —m;). (7.6)
k=1
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Now let’s tune the remaining parameters so that the 4d theory goes to an Argyres-Douglas
fixed point. For general values of m;, we have N — 1 branch points on the ¢-plane, and we
expect that the 4d theory goes to an Argyres-Douglas fixed point if we collide them with

each other at t = AV, This is done by setting m; as [49]

m; = Aexp (2j ; 1m'> . (7.7)
Then My becomes
My (v;mj) = o™ + AN (7.8)
and fy becomes
fn(tv) =t —AN) [t — (N +AV)]. (7.9)

We again observe that the M5-brane corresponding to t = AV curve can be detached from
the other M5-brane, and we can put an M2-brane between the M5-brane at t = AV and the
ramification point of the M5-brane wrapping t = v + AN. This M2-brane gives a vortex
string in the 4d theory. Now if we rotate the M5-brane at t = A" from (22, 2%)-plane into
(2%, 29)-plane, we again arrive at the brane configuration of Section 4.5.2.

In [49] it is claimed that the 2d theory on the vortex string is described by N' = (2,2)

theory with a twisted superpotential

ZN-H

where the 4d theory has a gauge group SU(NN) and A is the scale of the 2d theory. As we
have found the exact twisted superpotential in Section 4.5.5 and the exact BPS spectrum
in Section 6.2.1 for N = 2, let’s see how we can obtain (7.10) from the limit we explained
in Section 6.2.3.

When the M2-brane ends exactly at the branch point, we have

ts=t, o A= —m3. (7.11)
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With my = iA, we get from (4.59)
=4O 7.12
where we expanded W around the ground state o(m; = iA) = 0. Because the constant term
does not affect the 2d physics we will disregard it. Then the cubic term is the leading-order
term, and when we drop the higher-order terms this twisted superpotential agrees with
(7.10). Note that, by discarding the higher-order terms we keep only the 2d BPS states

that remain in the spectrum after taking the IR limit.

When the M2-brane endpoint is away from the branch point by

ts_tb

= H (7.13)
where |p2| < 1, we can expand (4.59) both in 0/A =y and in pg to get
W(y) = % (w - %3 + O(y5)> + % <72r —y+ y;’ + (9(05)> pa + O(u2?). (7.14)
The equation for the ground state is
—y? — pis + - -+ = 2rin, (7.15)

where we collected only the leading-order terms. Choosing n = 0 and solving the equation

gives us two ground states

y =+ —pg@%:i\/ts—t = /A2 +m2, (7.16)

and taking this into account we can rewrite the twisted superpotential, when we drop the

(tsj;tb){’/ 2] , (7.17)

Therefore moving the M2-brane away from the branch point introduces the correspond-

o-independent constant term, as

A [ o3 ts —tp
W=-3 <3+“2y> = en T aar 01O

ing deformation of O(o) into the twisted superpotential. For N = 2, this is all the defor-

mation we can introduce in the 2d theory if we want to keep the SU(2) flavor symmetry.
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There is only a single ramification point in the Seiberg-Witten curve when N = 2 and that
is why we can have only one deformation.

For N > 2, the twisted superpotential (7.10) comes from an M2-brane ending on the
ramification point of an M5-brane with ramification index N, that is, IV sheets of ramified
Mb5-branes meeting at the point. We can introduce N — 1 deformations into the twisted
superpotential [49],

N
W) = N () = O N s(y). (7.18)

= N+1—j N +1
When the deformations are introduced, the equation for the ground states is, with the choice
of n =20,
N
ow _
—— = poy" + pay™ P+ vy = o [ [ (v —vi) =0, (7.19)

Jy j=1

which is to be compared with (4.53) by identifying

pr/po =—(my+---+my)/A=0=—(v1+ - +vn), (7.20)
pa/ o = (myimg + - +my_1mpy)/A* = vivy + - + Un_1UN, (7.21)

(7.22)
pn/po = (=) (mymg - mpy) /AN —1 = (=1)Nvivy - vy, (7.23)

where m; is deformed infinitesimally from (7.7) and therefore ;; and v; are infinitesimal
parameters.

Considering we identified (4.53) with the equation for the ground state M2-branse ob-
tained from (4.37), ua,...,pun can be regarded as parametrizing N — 1 branch points of
ramification index 2 on the t-plane. When we take the limit of all those p; to vanish, it
corresponds to colliding all the branch points into the endpoint of the M2-brane, and the
resulting 2d theory will have the twisted superpotential of (7.10).
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7.1.2 2d N = (2,2) theory from multiple M2-branes ending on a ramifi-

cation point

So far we have studied the 2d theory from a single M2-brane ending on or near the ramifi-
cation point of an M5-brane, whose IR limit is expected to be described by an N' = (2,2)
SCFT with the twisted superpotential of Landau-Ginzburg type, (7.10), in a twisted chiral
superfield Y. The next question is, what is the 2d theory when we have multiple M2-branes
instead of a single one.

Far away from a ramification point, the ramified M5-branes are well-separated, and we
expect the 2d theory from multiple M2-branes ending on the M5-branes to be described
by a supersymmetric sigma model whose target space is a Grassmannian G(k, N) for k
M2-branes ending at N M5-branes. This reduces to a CPNY~! sigma model for a single
M2-brane whose endpoint on the M5-brane is far away from the ramification point.

But when we put the M2-branes close to the ramification point, the sigma model cou-
pling is too large and it is not a good perturbative description. What we are left with
is the M-theoretic description, because it is valid at least for the quantities protected by
supersymmetry. Here we will compare the brane configuration of our interest with a IIA
brane configuration [42, 43] that gives a 4d V' = 1 theory with a superpotential of Landau-
Ginzburg type and the M-theory lift of the brane configuration [60]. And we will argue
from the similarity of the two brane configurations that we can learn about the twisted
superpotential of the 2d theory from the description of the 4d theory.

Figure 7.2a shows a brane configuration that gives a 4d N/ = 1 theory, where we
have k D4-branes, N NS5-branes, and a single NS5'. All the branes fill the 4d space-
time (2%, 2!, 22, 23) where the 4d N/ = 1 theory lives. The brane configuration of Figure
7.2a corresponds to a 4d theory with an A/ = 1 hypermultiplet ®, which is in the adjoint
representation of U(k) and infinitely massive.

Let’s first consider the case k = N and one D4-brane ending on each NS5-brane. Instead
of having NS5-branes on top of each other, let’s move them apart along v = 2% +iz°. When
we label each location of an NS5-brane as vj, 1 < j < N, the superpotential W (®) satisfies
44]

ow
0¢;

N
= s H(v —vj), (7.24)
j=1

$i=v



119

g (4,5) NS5/(012345) N\
| NS5
X (©) D4(01236) (012389)
(8,9) (?
move NS5 and D4
ﬂ along v = x4 + ia®
(4,5) N NS5 R
D4
NS5
(6) D4
(8,9) b
N ",
H M-theory lift
B ™
t
\ w(v) (9

NS5/(014589) NS5(012345) \
(4,5)
D4
01237
[ D2 (016) ( )
/ »(6)
(7)
@)
move D4 and D2
move NS5 along z” ﬂ along v = 2 + ia®
(4,5)
(7)
v
t

Figure 7.2: Brane configurations of 4d N' = 1 theory with a superpotential vs. those of 2d
N = (2,2) with a twisted superpotential.



120
where ¢; is a scalar component of the i-th diagonal element of @, representing the location of
the i-th D4-brane on the v-plane, and sy should be infinitely large when we have NS5-branes

rotated by 7/2 from (2%, 2%) to (2%, 2%). From this we get

_ S0 N+1 51 N
®) = Tr(® —Tr(® Tr(® 2
W(®) = oy (@) ST(@Y) + -+ sy Te(®) (7.25)
N <.
=y 2 Ty(@Nt 2
> ;I ) (7.26)
J=0
where s; are related to v; by
Sj/SO = (—1)j€j(1)1,1)2, cee ,’UN). (727)

Here e; is an elementary symmetric polynomial of j-th order, i.e.,

e =v1+ -+ vy, (7.28)
€9 = V1V + ++ + UN_1UN, (7.29)

(7.30)
eN = U1Vg - - UN. (7.31)

From this, we can find the relations between s; and the gauge-invariant Coulomb branch

parameters u; = (Tr(®7)) using the Newton’s identities,

j
jsi+ Y sj—iui = 0. (7.32)
i=1
When k # N, @ is of the form
¢ = diag(vy, ..., 01,02, ..., V2, ..., UNy. .., UN), (7.33)
1 2 N

where ). k; = k. Note that when N > k some k; = 0, whereas when N < k some k; > 1.
So far we considered a ITA brane configuration that gives a 4d A/ = 1 theory, which

requires sg to be infinitely large. But we can lift this brane configuration to that of M-

theory, where the NS5-branes and the D4-branes, as well as the NS5, become M5-branes.

Then we can consider a superpotential with finite so [60], and the M5-brane on the right of
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Figure 7.2c wraps a complex curve w(v),

N N
H (v —wj) Z sl (7.34)
j=1 §=0

where w = 2% +iz%. When we compare this equation with (7.24), we can see why D4-branes

ending on the M5-brane wrapping w(v) correspond to a ground state of the 4d theory.
Figure 7.2d shows a brane configuration that gives a 2d N' = (2, 2) theory. Here we have

k D2-branes and N D4-branes. The 2d theory of the k£ coincident D2-branes suspended

0 2!, 22 23 2%, %) is described in Section 3.4

between two parallel NS5-branes spanning (z
of [61] as N = (2,2) U(k) gauge theory with an adjoint matter ®’, which represents the
locations of the D2-branes in the (22, 2%)-plane and becomes massive when one of the two
NS5-brane is rotated from (22, 23) to (2% 2%), as shown in Figure 7.2d. Therefore ®’ is
integrated out for the brane configuration shown here because of the orientation of NS5’
with respect to the other NS5-brane. The 2d twisted chiral multiplet ¥ from the 2d gauge
multiplet V' is in the adjoint representation of U(k). When ¥ is diagonalized, its j-th
diagonal element o; represents the location of the j-th D2-brane on the v-plane.

When we detach the D2-branes from the NS5-brane, put each of them to end at a
different D4-brane, and move the NS5-brane away, we have the brane configuration shown
in Figure 7.2e. Here the s-rule applies so there can be at most one D2-brane between NS5’
and a D4-brane. Therefore each o; has a different value, which is the location of the j-th
D2-brane and D4-brane on the v-plane. Each D4-brane crossing the NS5-brane can break
at the NS5-brane in half and each of the two can be moved away from each other. When
we move the semi-infinite D4-branes that do not have D2-branes ending on them away to
infinity, it is the same brane configuration we have in Figure 4.4 except we now have more
than one D2-brane here.

Now we lift the IIA brane configuration to M-theory, then we have multiple M2-branes
between an M5-brane from the NS5 and another M5-brane wrapping the curve ¢(v). This
is shown in Figure 7.2f, and considering its similarity with Figure 7.2c, we can expect the

2d theory to have the twisted superpotential of the form

W(E) = i m g [(BYT L i My [y N (7.35)
N+ A N+ ’ ‘
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where ¥ is in the adjoint representation of U(k), Y = ¥ /A, and p; are defined as
N . .
t(v) = Z pi AN (7.36)

J=0

Considering that the potential energy of the 2d theory contains a term proportional to
2
Tr [a, aq , (7.37)

where o is the lowest component of X, for this term to vanish we need o to be diagonalizable,

o = diag(o1,...,0,). Then the twisted superpotential (7.35) becomes

o N+1 241 N

W:N+1Tr[Y T Y (7.38)
Ho N+1 N+1 H1, N N
N+1(y1+ ety D ) (7.39)

where y; = 0;/A, and the equation for the ground state of the i-th M2-brane is

N N
ZZ\; = Z ,ijz H - vj). (7.40)
Jj=0 Jj=1

Note that when & = 1, (7.35) and (7.40) reduce to (7.18) and (7.19), respectively. The
contribution from the off-diagonal part of Y to the twisted superpotential is a constant
term that is independent of y; [62], so even after taking quantum correction into account
(7.39) is still a valid description of the twisted superpotential.

To study the 2d theory from k M2-branes ending on a single ramification point of index
N, we take the limit of p; — 0, j = 2,...,N. As was the case in Section 7.1.1, this
corresponds to colliding N — 1 branch points on the t-plane to the point where & M2-branes

end. Then the twisted superpotential for the 2d theory becomes

Y) = T YN+1 Ko N+1 N+1 41
W(r) = () = FOpe e ()
When we define U; as

Ui = Z Y Y, Y, = ei(y17~"7yk)a 1= 1a"'7k7 (742)

1<l <la <<l <k
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they are gauge invariant superfields obtained from the gauge covariant superfield Y [35] via
k .
detft — Y] =tF + ) (-D)k 1w, (7.43)
i=1

and we can rewrite (7.41) in terms of U; using [63]

n o
—log [Z(—t)iU,» = > W, (U)), (7.44)
=0 k=—n
where
_ Ho n+k+1 . n+k+1 7.45
Wik (W5 -+ -5 Uk) 7n+k+1(y1 oy ). (7.45)

Therefore we need to identify the 2d theory at the IR fixed point of the 2d N = (2,2)
Landau-Ginzburg model of twisted chiral superfields U; with the twisted superpotential
(7.41) to find out the IR limit of the 2d theory from the multiple M2-branes ending at a

ramification point of an M5-brane.

7.2 SCFT from the IR limit of 2d N = (2,2) theories

Let’s summarize the brane configuration whose dynamics we want to analyze. We have
multiple M2-branes suspended between two Mb5-branes in the following setup [31]. We

0,1

use the coordinates x 0 with a compactified z!° direction. Let us introduce complex

combinations v = x* +iz% and t = exp(z” +iz'?). Then we have, as summarized in Fig. 7.3,

0,1,2,3

e an Mb5-brane extending along = and on the complex one-dimensional curve t =

t(v), at a fixed position (25,28, 2%) = (L, 0,0),

0,1,8,9

e an M5-brane (which we call the M5'-brane) extending along directions and v,

at a fixed position (22, 23,25 ¢) = (0,0,0,1), and

e k M2-branes extending along z%! and suspended between the M5 and the M5 along

the 2% direction.

We are interested in the IR limit of the theory on k& M2-branes.
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v
| 2° |2t |2® [ 2® | v [2%] ¢ |2®[a?]
M5 | — | — || = |—[Z[tw)]0]o0
Myl —| =100 1|—=10 1 — | -
M2)||—-—|—10|0|o]|-— 1 01]0 ;

Figure 7.3: Configuration of branes. v = z* +iz% and t = exp(z” + iz'?).

If we reduce the theory along the !0 direction, we have a system of k D2-branes sus-
pended between one NS5-brane at % = 0 and some configuration of branes at 2% = L. This
gives a 3d U(k) gauge theory formulated on an interval with some boundary conditions
at the two ends, which reduces to a 2d theory with N'=(2,2) supersymmetry at distances
longer than the length L of the interval. We first assume that all solutions to the equation
t(v) = 1 are non-degenerate. That is, if {v; };c; denotes the set of solutions, then ¢'(v;) # 0
for each ¢ € I. Then, from the M-theory description, the supersymmetric vacua are de-
scribed by k M2-branes, separated along v directions, each at a fixed value of v being one of
{v;}icr. The s-rule [50, 31] forbids that more than one M2-brane have the same value of v.
This vacuum structure would arise if the low energy theory is the theory on the Coulomb

branch with the twisted superpotential

Weg = tI‘P(ET), (746)

for the field strength superfield Y7 = diag(Xy,..., ) for the maximal torus 7' = U(1),

where the holomorphic function P(v) is given by

exp(P'(v)) = t(v). (7.47)

Indeed, the vacuum equation is t(o,) = 1 for a = 1,..., k and we expect that no supersym-
metric vacuum is supported at the solutions with o, = o} for a # b. Also, permutations of
0,’s are gauge symmetry.

When ¢(v) is a rational function, the M5 reduces to a number of D4-branes ending on

an NS5-brane, and the 2d theory can be interpreted as a U(k) gauge theory with a number
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of fundamental and antifundamental chiral multiplets, possibly with twisted masses [31].
There are only finitely many solutions to ¢(v) = 1 and hence the number of supersymmetric
vacua is finite. When ¢(v) is such that P’(v) in (7.47) is a polynomial, the 2d theory has a
different type of interpretation: It is the U(k) gauge theory without matter field and with

the tree level twisted superpotential
W =trP(¥) + mi(k + 1)try, (7.48)

where ¥ is now the fieldstrength for the full U(k) vector mutiplet. The second term is
the theta term with 0§ = 7(k + 1). It is non-trivial if and only if k is even since 6 is a
periodic parameter of period 27. This is needed in order to have (7.46) as the effective
twisted superpotential on the Coulomb branch [64]. The equation ¢(v) = 1 has infinitely
many solutions, and correspondingly, there are infinitely many supersymmetric vacua in
this gauge system.

Each vacuum has a mass gap when, as assumed above, all the solutions to t(v) = 1
are non-degenerate. Things would be more interesting if ¢(v) is fine-tuned so that some of
the solutions coincide, or equivalently, some of the solutions are degenerate. N solutions

coincide, say at v = 0, when
tw)y=14+vV+-- or Pw)=o" 4., (7.49)

where the ellipses stand for possible terms of higher order in v. In such a case, we expect
to have a non-trivial conformal field theory in the IR limit. In fact, for the case k = 1, it is
argued in [49] that the vacuum at v = 0 is the same as the IR limit of the Landau-Ginzburg
model with superpotential W = X~*+1 which is believed to be equivalent to the N'=(2,2)
superconformal minimal model of type Ax_1. For k > 1, we may have vacua where multiple
M2 branes are at v = 0. We expect that all k£ of them can sit there as long as N > k. The
question is, what is the IR limit of such a theory?

We will argue that the theory under question is equivalent to the IR limit of the Landau-

Ginzburg model of k variables Xi,..., Xy, where the superpotential W (Xy,..., X) is
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tr2¥ +1 written in terms of the elementary symmetric functions of 31, ..., Xk;
k
Z oML — W(xy,...,z1), (7.50)
a=1
Ty = Z Oar " Oays b=1,...,k (7.51)
a1 <---<ap

This model is believed to flow to the N'=(2, 2) superconformal Kazama-Suzuki model [65, 66]

of the coset type
SU(N):
S[U(k) x U(N — k)]

(7.52)

Thus, we claim that the answer to the question is this Kazama-Suzuki model.

The behaviour (7.49) is realized simply by t(v) = 1+v" or P(v) = vN*1. In the former
case, the 2d theory is the U(k) SQCD with N fundamental matter fields with fine tuned
twisted masses [31, 49]. In the latter case, the 2d theory is the pure U(k) gauge theory with

the tree level twisted superpotential
W = trSV T 4wk + 1)ty (7.53)

For 1 < k < N, we shall argue that the theory has, among infinitely many others, a set
of ground states supported at ¥ = 0, and this “> = 0 sector” flows to the superconformal
field theory under question.

Thus, we have a purely field theoretical duality statement: for 1 < k < N,

e the U(k) SQCD with N fundamentals having fine tuned twisted masses,

e the ¥ = 0 sector of the pure U(k) gauge theory with superpotential (7.53), and
e the Landau-Ginzburg model with superpotential (7.50)

all flow to the IR fixed point given by the Kazama-Suzuki model (7.52).

To give evidence of the claims above, we compute the number of supersymmetric ground
states and the chiral ring in the respective systems, and show that they agree. We also study
the BPS spectrum of the brane system and compare it with the known field theoretical
results. Superconformal points themselves are hard to analyze, and therefore we often
make mass deformations. We also study the S? partition functions by using the recently-

developed technique of exact computations [67, 68, 69, 70, 71] and show that they indeed
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agree.

7.3 Supersymmetric Vacua

As the first check, we look at the supersymmetric vacua of the respective systems or compute

the Witten index [72], and see if the results are consistent with the claimed duality.

7.3.1 Brane System

Let us first look at the brane system. As in the introduction, we denote the set of solutions to
t(v) = 1 by {v; }icr where we initially assume that each solution is non-degenerate t'(v;) = 0.
Supersymmetry requires each M2-brane to have a fixed position in (¢,v). The boundary at
M5 fixes t to be 1 and allowes v to be arbitrary, while the boundary at M5 requires the
relation ¢ = ¢(v). Thus, each M2 must be at t = 1 and has v = v; for some ¢ € I. The s-rule
requires different M2 branes to have different values of v. Therefore, a supersymmetric

vacuum is specified by picking k distinct elements from this set:
V C {'Ui}ie], ‘V‘ = k. (754)

When t(v) is a polynomial of order M, the equation ¢(v) = 1 has M roots. Generically, they
are distinct and non-degenerate. Then, the number of supersymmetric vacua is 0 if & > M
and (],\f ) if K < M. We may also consider a special polynomial where some of the solutions
coincide. In this situation we do not know how to identify the supersymmetric vacua.
However, the Witten index [72], which does not change under continuous deformation,
remains the same as in the non-degenerate case. When some number, say IV, of the solutions
are close to each other while others are far away, then, we may consider the “subsector” in
which all £ M2 branes are at one of these IV solutions. In particular, when N > k of them
are at the same point, we expect to have a single infra-red theory whose Witten index is
(]]X ) This discussion on subsectors and their Witten indices is applicable even when #(v) is

not a polynomial and the equation ¢(v) = 1 have infinitely many solutions.
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7.3.2 Gauge Theory

Let us next consider the U(k) gauge theory with the tree level twisted superpotential (7.48)

determined by a polynomial P(o). The classical scalar potential takes the form

2

1
U= qatlo o2 + %tr(ReP’(a))Q. (7.55)

Vanishing of the first term requires o to be diagonalizable,
o = diag(oy,...,0k). (7.56)

When all the eigenvalues are well separated, the value of o breaks the gauge group U(k)
to its diagonal subgroup 7 = U(1)*. In this Coulomb branch, we may integrate out the
off-diagonal components of the vector multiplet. This induces a correction to the twisted
superpotential. As explained in [64] following [62], the correction is given by i times the

sum of positive roots,

k
AW =70 (8= %) =mik+1)> S (7.57)

a<b a=1
In the second equality, we used the periodicity 6, = 6, + 27 of the theta angle for the
group 7. This cancels the tree level theta term in (7.48) and hence the effective twisted

superpotential is

k
Wet = Wir + AW =Y " P(5,). (7.58)

a=1
We denote the effective gauge coupling constant by egb(a). We know that it approaches
G%04p in the limit where all o, are infinitely separated. We assume that it is positive definite
in the region of o we are looking at, and defines inner products, |jy[|*_, = (e=2)%y,yp, and
b

|z|% = e2,x"a", on the Lie agbera of T and its dual. The effective potential is given by

1 1
Uett = 5 |[ReW ()2 + 5 llvon 7= (7.59)

The first term, where Re(W.;(0))* = ReP’(0,), is the remnant of the classical potential
(7.55). The second term is the electro-static energy [56, 32]. In the Hamiltonian formulation,

see e.g. [45], (e72)%upp; + Im(W/g(0))® are regarded as the conjugate momenta for the
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holonomy of T, each of which has period 1, and hence have eigenvalues in 27Z. In other

words,

k
vaor = 3 €24(0) (2mb - ImP’(ab)> (7.60)
b=1

where n® € Z. In the sector with definite n®’s, the effective potential is

— . ecQLb(U) / o . a 7 — 5
Ut = » (P'(04) — 2min®) (P! (03) — 2mind). (7.61)
a,b=1

Supersymmetric ground states must be at the zeroes of this potential. That is, each (4, n%)
must satisfy

P'(0) = 2min, n € Z. (7.62)

The above analysis is valid only when o1,...,0; are separated. We do not know how
to analyze the region near the diagonals where some of g,’s coincide. In many examples,
however, it is found that no supersymmetric ground state is supported near the diagonals as
long as the critical points of the effective twisted superpotential are all non-degenerate. See
for example [73]. Here we assume that this applies to our system. Note also that solutions
related by permutations of (o4,n%)’s are related by the residual gauge transformations and
must be identified. Thus, when P”(0) # 0 at each solution to (7.62), a supersymmetric
vacuum is specified by a choice of k unordered solutions {(o4,n%)} to (7.62) such that
04 # op for a # b. We see that there are infinitely many supersymmetric vacua.

The equation (7.62) may be written simply as exp(P’(v)) = 1. Then we see that the
problem of finding supersymmetric vacua in this system is identical to that in the M2 brane
system where the function ¢(v) defining the M5 curve is given by (7.47).

Let us write

N
1 I iy
P, = oN*! — N 7.63
ulo) = 77 +;N+1—j0 (7.63)
for which the equation (7.62) reads
N .
o+ Z,ujaN_J = 2min, n € 7. (7.64)
j=1
For a small but generic p = (u1, ..., pun), the equation with n = 0 has N distinct solutions

close to o = 0, while the equation with n # 0 has N separated solutions at |v| ~ (27n)Y/V.
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Our main interest will be the sector with n! = --- = n¥ = 0. The supersymmetric vacua
must have o, values from the N solutions near 0. The number of such vacua is zero when
k > N and (]]:,[) when 1 < k < N. When we turn off u, the N solutions all go to o = 0. If
1 < k < N, we expect to have a single IR theory from the n' = .- = nF = 0 sector. Its

Witten index is (]IX )

7.3.3 Landau-Ginzburg Model

Finally, we consider the Landau-Ginzburg model. Let W, (X) = W, (Xq,..., X)) be the
superpotential corresponding to P,(c) of (7.63), that is, 25:1 P,(3,) written in terms of
the elementary symmetric functions of Xy, ..., Xg.

When we turn off u, the superpotential Wy(X) is the one (7.50) given in the introduction
and is a quasi-homogeneous polynomial. When N > k, it has an isolated critical point at
X =0 and the Landau-Ginzburg model is believed to flow to a non-trivial superconformal
field theory of central charge ¢ = 3k(N — k)/(N + 1). In fact the conformal field theory
has been claimed to be equivalent to the Kazama-Sukuki supercoset of the type (7.52). See
Appendix B. The space of supersymmetric ground states of the model is naturally identified
with the representation A¥CY of SU(N) [74]. Its dimension (J,g ) matches the Witten index
of the M2 and the gauge systems.

The model with p; # 0 can be regarded as a perturbation of this superconformal field
theory by the chiral primary fields ¢;(X) corresponding to »_,_, o7 These have R-
charges 2(N +1—3)/(IN +1) and conformal weights (N +1—75)/(N +1) < 1 and hence the
perturbation is relevant. In particular, the number of supersymmetric ground states remains
the same, (],X ) Moreover, for the particular deformation where all p; but py vanish, the
ground states are labelled by the weights of the representation A*CY of SU(N) mentioned
above [75]. This picture matches with the one for the M2 and the gauge systems if we
regard the roots of o™ 4 px = 0 as the weights of the representation C. This observation
will be important when we compare the spectra of BPS solitons.

For a generic choice of u, the correspondence of the ground states with those of the
gauge system can be seen more explicitly. The map o — x(0), defined by the elementary

symmetric functions z1(0), ..., zk(o) of o1,. .., ok, is regular away from the diagonals, since
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the Jacobi matrix has determinant

det (8:%

8aa> 1<ab<k  1<a<b<ik

(0 — 0p). (7.65)

The singular values, i.e., the image of the diagonals, shall be called the discriminant. Let

us write fy(o1,...,0%) = Zﬁ:l P,(04). Then, we have
fulo) = Wy(z(a)). (7.66)

Taking the first derivatives, we obtain

afu 81‘17 GWU
Ja ) = D 90, ") B, (@) (7.67)

This means that “off the diagonals” critical points of f,(¢) modulo permutations of o,’s are
in one-to-one correspondence with “off the discriminant” critical points of W, (z). Taking
one more o derivative and computing the determinant, one sees that the Hessian of f, (o)
vanishes if z(o) is a critical point of Wy, (x) on the discriminant. Therefore, if all the critical
points of f,(o) are non-degenerate, then, all the critical points of W, (z), if there exist,
are off the discriminant and also non-degenerate. (Note however that f,(c) may have a
non-degenerate critical point on the diagonal that does not correspond to a critical point of
Wy (x).) This establishes a one-to-one correspondence between the supersymmetric ground
states of the n! = - .- = n¥ = 0 sector of the gauge system and those of the Landau-Ginzburg
model, for a generic u so that f,(o) is a Morse function. In particular, this is one way to

see that the number of critical points of W,,(X) is zero for N < k and (JZ) for N > k.

7.4 Chiral Rings

In this section, we shall study the chiral ring of the gauge system and compare the result
with that of the Landau-Ginzburg model. We consider the U(k) gauge theory with tree

level twisted superpotential

W = () + mi(k + 1)trS (7.68)
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where f(X) is an adjoint invariant polynomal of 3. The effective twisted superpotential on
the Coulomb branch is Weg = f(27). We shall use the same notation f(o) = f(o1,...,0k)

for that symmetric polynomial, and denote simply by W (X) the corresponding superpo-
tential, f(o) = W(x(o)). Just as in (7.67), we have

(z(0)). (7.69)

8aa

We assume that f(o) is a Morse function. Then, W (x) is also Morse, and supersymmetric
ground states of the n' =...n* =0 sector of the gauge system are in one-to-one correspon-
dence with those of the Landau-Ginzburg model.

The chiral ring of the Landau-Ginzburg model is generated by the chiral variables

x1,...,2; and the relations are generated by

0={Qu.¢"(B- —EH)} =0, W(z), a=1,... .k (7.70)

Here Qp is the relevant supercharge, g“g is the Kéhler metric that appears in the kinetic
term, and v, are the fermionic components of the antichiral multiplet X,. Hence the

chiral ring is isomorphic to the Jacobi ring,
Jac(W) = Clxy, ..., 2]/ (0p, W (), ..., 0z, W (x)). (7.71)

The twisted chiral ring of the gauge system is generated by gauge invariant polynomials
of o. In the low energy description on the Coulomb branch, they reduce to symmetric

functions of o1, ...,0%. To find the relations, we note that

{QA, (e7) ™ (N — )\b+)} = (7)™ (Dy + ivyn ) (7.72)

where Q4 is the relevant supercharge while A\y_, A\py and Dj are fermionic and auxiliary
components of the twisted antichiral multiplet ¥;. The auxiliary fields Dy are constrained
to be

(e72)®Dy = —Red,, f(0). (7.73)
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We also have equations like (7.60):
(e72) %01 = —Im 8y, f(0) + 270, (7.74)

where n® are integers labeling the momenta of the holonomy variables. Therefore the
relations are J,, f(0) = 2min® Our main interest is the n! = --- = n* = 0 sector. The
relations are

s, f(0) =0, a=1,...,k. (7.75)

k
F,(o
> ( 1 9y, f(0) =0 (7.76)
where F, (o) are polynomials and A(o) is the Vandermond determinant

Alo):= [ (0a—ov) (7.77)

1<a<b<k
We allow division by A(o) because ,’s are assumed to be separated from each other in the
Coulomb branch. Let Iy be the ideal of the ring Cloy, ... ,0%|%* of symmetric polynomials
consisting of polynomials that can be written in the form on the left hand side of (7.76).

Then, the twisted chiral ring is
Cloy,...,o1]%%/1;. (7.78)

When f(o) is generic so that W (x) has only isolated and non-degenerate critical points,
i.e., W(x) is Morse, one can show that this is isomorphic to the Jacobi ring Jac(W).

The proof goes as follows. First, we have an isomorphism Clxy, ..., z3] & Clo1, . .., 0%]%*
given by ¢(z) — ¢(z(0)). It is enough to show that the ideal Iy = (05, W, ..., 0, W) is
mapped precisely to Iy under this isomorphism. That Iy, is mapped into Iy is obvious in
view of (7.69) and the definition of Iy. To show that the map Iy — Iy is surjective, let
¢(x) be a polynomial so that ¢(x(c)) belongs to Iy. Then, ¢(x(c)) vanishes on “off the
diagonals” critical points of f(o). Here we recall from the previous section that o — x(o)

gives one-to-one correspondence between “off the diagonals” critical points of f(o) modulo
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permutations and critical points of W (z). Therefore, ¢(z) vanishes on the critical points
of W(x). Since W (x) is a Morse function, this means that ¢(z) belongs to Iyy. See [30] for

the proof of the last statement.

7.5 BPS Solitons

In this section we analyze the spectrum of the BPS states from M2-branes, building on
[31, 8,9, 10, 39], and compare the results with the spectrum of BPS solitons in the Landau-
Ginzburg model [34, 75].

In what follows, we are interested in M2-branes whose (¢,v) values are confined into
a small neighborhood of v = 0 and t = 1. Therefore, we write ¢ = e* and regard z as a
coordinate on a neighborhood of the origin of of a complex plane C. M5 is at z = 0 and

we consider the M5-brane wrapped on the curve
z=o 4 oV 4 (7.79)

Recall (7.54) that a supersymmetric ground state is specified for a choice of k distinct
elements from the set {v;}Y, of solutions to vV + p1vV =1+ + ux = 0. We are interested

in solitonic M2-brane configurations that interpolate two different ground states.

7.5.1 A single M2-brane

Let us recall the basics of BPS solitons arising from a single M2-brane stretched between
two Mb5-branes. This setup was originally studied in [31] and later in [39]. The system may
be regarded as an A'=(2,2) supersymmetric field theory on R? = {(z° 2')} with a chiral
multiplet taking values in the space of paths ¢ : 25 € [0, L] — (2(2%),v(z°%)) € C? from the
M5’ at z = 0 to the M5 at (7.79). It has the superpotential [76]

Wig] = / Q, Q:=dz Adv, (7.80)
C¢v¢’*

where Cy 4, is a configuration that interpolates a reference path ¢, and ¢. Note that

ow 6
W = Jev(2”),

ow

o) ~ 00 (st
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In particular, the action includes the usual kinetic term of a theory on three dimensions
Yy

(29,2, 2%). A soliton is a configuration that approaches two vacua, say ¢; = (0,v;) and

¢i = (0,v;), as ! — —oo0 and x' — +00 respectively. The central charge of such a solitonic

sector is

Zy =Wl -l = [ @ (7.82)

C¢ia¢j
A soliton preserves a half of the supersymmetry if the configuration satisfies the BPS equa-

tion, O1¢ = (ZJ(EW/(SQS with Cij = Zij/‘Zij‘a i.e.,
Oz = Cij@@@, ohv = —Qj&GE. (7.83)
It follows that
P'w =0, Cijo" Q= dz' A da® - (real positive), (7.84)

where w := £dz A dZ + $dv A dv is the Kéhler form. This is equivalent [9] to the condition
that the image of ¢ : R x [0, L] — C? is a special Lagrangian submanifold.

One may also look at the usual supersymmetry condition [77, 8, 39]. Let n be the
11d spinor obeying 1 = I'g12..9,10m7. Presence of the Mb5-branes imposes the condition
1 = Lo14s89m = 0123451 = To1789,10m from which we also have n = I'g16n. Then, the BPS

equation (7.83) is equivalent to the existence of a spinor 1 obeying
n= %Gaﬁrouaaxl dsz’n (7.85)
(the summation over I,J =1,4,5,6,7,10 and «, 8 = 1,6 is assumed), in the limit
101627710 <« 1 (7.86)

where the eleven dimensional Planck length is set equal to one. The preserved supersym-

metry is (G + Zijrag)n =T'167.

7.5.2 k MZ2-branes

We now consider the case of general k. Let us take two ground states specified by subsets
V and V' of {v;}}¥, of order k. A soliton that interpolates V and V' is the superposition of

k single M2-brane solitions, each of which approach v;, € V and v;; € V' as ! — —o0 and
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2! — +oo respectively. The central charge of such a solitonic sector is the sum 2521 Zit iq

while the mass is bounded below by 2521 | Z; When p; are generic, Z;; have different

AL
phases for different pairs (7, 7). Therefore, it saturates the BPS bound only when just one
of the k M2-branes is a non-trivial soliton while the remaining k — 1 stay fixed at the vacua.
This is possible only when |V NV'| =k — 1.

In the picture where {v;} ;| is regarded as the set of weights of the fundamental rep-
resentation CV of SU(N), a BPS state for the k& M2-brane system exists only if V' and
V', which are regarded as weights of the representation A*CY, are connected by a root of
SU(N). This matches with the structure of the BPS spectrum of the Landau-Ginzburg
model: In [34, 75], it was proposed that there is exactly one BPS solition for each pair of
vacua labelled by weights of A¥CY that differ by a root of SU(N). Therefore, we would like
to see that there is exactly one BPS soliton for any pair of v; and v; in the single M2-brane
system.

Showing this seems to be a difficult problem to the authors. Instead of trying to find
BPS configurations directly, we shall take a certain limit [10] that reduces the problem
of finding BPS membranes to the problem of finding BPS geodesics [6], and then use the

technique of spectral networks.

7.6 2d BPS spectrum from spectral networks

So far, we have been using the metric ds? = |dz|? + |dv|? in the 245710 directions. We now
change it to

ds? = |dz|* + §2|dv|? (7.87)

and take a small § limit. We also have
w= %dz ANdz + %ﬁde Adv, Q= BdzAdv. (7.88)

The argument of [10] shows that, in the limit 5 — 0, the projection of a BPS configuration
Cij = Cgp, ¢, onto the z-plane is a real one-dimensional graph ;;, and the tangent directions
Az and Awv obey the constraint Az - Av = (;;- (real number). Over a generic point z on
the graph 7,5, Cj; is a line segment from one solution v; to another vy, of (7.79). Of course,

(k,1) = (i,7) near z = 0, but that may not be the case if z is far from z = 0. See Figure 7.4.
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Figure 7.4: M2-brane solitons in the § — 0 limit. Blue curves are parts of M5, and red
lines are parts of M5'. The (z,v) images of the M2-brane solitons are shaded.

In a neighborhood of such a point, the graph «;; is a curve determined by the differential
equation

Z;;
| Zi;1

Ai1(2) 0

eTi = exp(idy;) = (7.89)
where \ydz = (vg(2) — vi(2))dz is the difference of A = vdz at the k-th sheet and at the
l-th sheet of M5-branes, and 7 is a real parameter along the curve -;;. Such a ~;; is called
a finite open web of BPS strings [37].

We would like to find a solution to (7.89) that starts from a branch point of the covering
v(z) — z and call it S;. For a generic value of ¢ = ¥;;, it does not pass the endpoint of the
ground-state M2-branes at x = 0 but goes to infinity, meaning that it does not correspond
to any of the BPS states. These paths are called S-walls. When two S-walls S, and Sy
cross, another S-wall, S;;, can emerge, when there is a supersymmetric junction of three
M2-branes that satisfy Aix, +Ar; = Aij [19, 37], like in Figure 7.4b. The collection of S-walls
is called a spectral network [37]. When there is an S-wall S;; that passes z = 0, then this

gives us a BPS object with a finite central charge.

7.6.1 Deformation by uy

Let us consider a particular deformation where the curve is

z=vN + py. (7.90)
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The z-coordinate is zero when
vj = (—pun)YNwd, where w = ¥V, (7.91)

Hence, the vacua are depicted by the vertex of a regular polygon on the v-plane.
The curve has a branch point of ramification index N at z = uy, and the differential

equation that governs the behavior of each S;; on the z-plane is

0z )
aij(z — pn) N 5= = exp(iv), (7.92)
where a;; = w' — wJ. The solution is
N+1 7 VN N
2ij(T) = hy + ¢ <> exp ( iﬁ) (7.93)
! N oy N+1

where ¢ is an (N 4 1)-st root of unity. This is a straight line starting at the branch point
z = py. When a;; = a;j two S-walls can be on top of each other. As an example, Figure
7.5 shows the spectral network when N = 4 for 9 = 0. As can be seen there, Si5 and Sy

are coincident.

Figure 7.5: A spectral network around a branch point of ramification index N = 4.

When we change ¢ from 0 to 2w, the whole spectral network rotates by 2nN/(N + 1),
and the endpoint of the M2-brane meets N(N — 1) S-walls in the process, implying there
are in total N(IN — 1) BPS states in the BPS spectrum of this theory. Therefore, for each
distinct ¢ and j, there is one BPS state in the sector with the right boundary set to the

vacuum ¢ and the left boundary set to the vacuum j. It is easy to identify the value ¥ when
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an S;; wall hits = 0. There is one value of ¥ for each S;;.

(a) on the v-plane (b) in the weight lattice of SU(4)

Figure 7.6: Vacua and solitons, k = 1.

On the v-plane, we can introduce a soliton of the k£ = 1 theory by a line connecting v;
and v;. Let us illustrate the case N = 4. Figure 7.6a represents the four ground states
and twelve solitons on the v-plane. We clearly see that Z[yi2] and Z[y34] has the same
phase, as was also reflected in the spectral network shown in Figure 7.5. Note that Figure
7.6a can be understood as obtained from the projection of the weights of the fundamental
representation of SU(4) and the roots connecting the weights, representing the ground states
and the solitons respectively, as shown in Figure 7.6b. This structure of BPS solitons is the
same as that of the corresponding Landau-Ginzburg model with a single chiral field, which
has as its IR fixed point the N'=2 A3 minimal model [34].

So far we discussed the case when there is just one M2-brane, k = 1. For general k, we
need to choose k vertices out of N, and a soliton is obtained by moving one of the k vertices.
In Figure 7.7, some representative examples of the solitons with £ = 2 and k = 3 are shown.
For k = 2, we see from Figures 7.7a and 7.7b that a k = 1 solitonic configuration can connect
two k = 2 ground states. From this consideration we can represent k = 2 ground states
and solitons as shown in Figure 7.8a. Again, we can understand this as obtained from the

projection of the weights of the 2nd antisymmetric power of the fundamental representation
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2 2 2 2
3 1 —_ 3 1 3 1 — 3 1
4 4 4 4
(a) [14] — [12] soliton for k = 2 (b) [13] — [12] soliton for k = 2
2 2
3 1 — 3 1
4 b1

(c) [123] — [412] soliton for k =3

Figure 7.7: Examples of k£ > 1 solitons.

of SU(4) and the roots connecting the weights, as shown in Figure 7.6b. The same structure
of BPS solitons of the corresponding Landau-Ginzburg model is observed in [75], which is

expected to flow in the IR to the Kazama-Suzuki model based on SU(4);/S[U(2) x U(2)].

(a) on the v-plane (b) in the weight lattice of SU(4)

Figure 7.8: Vacua and solitons, k = 2.

For k = 3, because choosing k ground states among N indistinguishable ones is the
same as choosing N — k ground state, the ground states and the solitons are represented by

the same diagram as Figure 7.6a, thus we see the k <+ N — k duality.
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7.6.2 General deformations

Now let us consider how the spectral networks look when the deformation parameters p;

are general.

7.6.2.1 BPS spectrum with z = v3

Now we consider the case where we have three M5-branes ramified over the z-plane:
z = v+ v + ps. (7.94)

For general po and ps, we have two branch points of ramification index 2 on the z-plane
as shown in Figure 7.9. In the figure, we chose p2 3 so that a (12)-branch cut, a blue wavy
line, comes out from the upper branch point, and (13)-branch cut, a green wavy line, from
the lower branch point. From the (12)-branch point we have three S-walls: two S with
solid blue line and one S;2 with a dashed blue line. Similarly, from the (13)-branch point,
we have two S13 with solid green line and one S3; with dashed green line. We can see that

one So; and one Si3 meet at a point, from which another S-wall, So3, emerges.

Figure 7.9: A spectral network with general uo and us.

As we now have the full spectral network, let us rotate it by changing ¥ from 0 to 2.
Figure 7.10 shows spectral networks at various values of 1, 0 < 13 < o3 < 991 < 7. We
see that there are 713, v23, and o1 at v13, ¥23, and vo1, respectively, between the branch
point and the M2-brane endpoint. Therefore there are corresponding three BPS states for
0 < ¥ < w. There are another three BPS states for # < 9 < 27, each of which has the
central charge Z[v;i] = —Z[vij].

Now let us take the limit g2 — 0 so that the two branch points collide, see Figure 7.11.
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(b) ¥ & 913 (c) ¥~ a3 (d) ¥ ~ 99

Figure 7.10: Rotation of a spectral network with general ps and pus.

(b) pe < 1 (c) pa =0

Figure 7.11: Evolution of the spectral network under the limit of uo — 0.

Figure 7.11c shows the spectral network when py = 0. There is only a single (123)-branch
point and a single (123)-branch cut.! The whole spectral network rotates by 37 /4 when we
change ¢ from 0 to 7 continuously, and in the process we find three BPS strings connecting
the branch point and the endpoint of the M2-brane, corresponding to three BPS states in
0<arg(Z) <.

7.6.2.2 BPS spectrum with z = v*

Let us now consider the case N = 4, for more illustration.

Figure 7.12 shows the spectral network with g 34 chosen so that there is a (124)-branch
point and a (34)-branch point. See the legend for the nature of walls represented by the
colors and the styles.

Figure 7.13 shows the spectral network at various values of . At 1J;; there is v;; between

one of the branch points and the endpoint of the M2-brane, and Figure 7.13 is arranged

'The notation is that around the (nin2---ng) branch cut the sheets are exchanged in the order n; —
ng —» -+ —> Nk —» Ni.
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Figure 7.12: A spectral network with p9 34 # 0.

such that
0< 1913 < 1943 < ’1912 < 1942 < ?941 < 1934 < Tr. (7.95)

That is, we can imagine the whole spectral network rotating anti-clockwise as we increase v
from 0 to 7 and in the course of the rotation we encounter six finite BPS strings. Therefore,
we can expect this theory to have twelve BPS states in total. There are four vacua, so there
is one BPS state for each boundary condition at the left and the right spatial infinity.

Let us consider what happens when we have just one branch point of ramification index
4. This limit corresponds to po, us — 0, and the evolution of the spectral network under the
limit is depicted in Figure 7.14. Thus we see that the spectrum of the BPS states at general
t2,3.4 7 0 is smoothly connected to the more symmetric situation analyzed in Sec. 7.6.1

with g3 = 0 and pg # 0.

7.7 S? partition functions

As a final check of our proposal, we show in this section that the partition function on S? of
the 2d N'=(2,2) U(k) gauge theory with twisted superpotential W = tr P(X)+mi(k+1)tr(X)
in the infrared limit agrees with that of the Landau-Ginzburg model with chiral fields
X1,..., X} with appropriately chosen superpotential W = W (Xy,...,Xx). We employ

the localization methods recently developed in [67, 68, 69]. The derivation can be easily
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(d) U~ 1942 (6) A 1941

Figure 7.13: Rotation of the spectral network with po 34 # 0.

generalized to arbitary gauge group, and the quasihomogeneity of P and W is not required,
either. The integrals below are only conditionally convergent. In this section we perform the
comparison of the partition functions rather naively. The convergence issues are explained
in [30].

The partition function of the Landau-Ginzburg model of k variables Xi,..., X} with
the superpotential W (X7, ..., X) is given by [69]

Zig = (rA)* / [ dXadX e~ W EOFWEL (7.96)

ck @

where r is the radius of the sphere. The factor in front, (rA)*, with A being a renormalization
scale, was not in [67, 68, 69] but is noticed by the authors of these papers [78, 79]. The same
applies to (rA)~F* in (7.97) below. See [71] for a detailed explanation in a related context.
When W is quasi-homogeneous, a rescaling of fields can absorb the r in the integrand and

yields the expected behaviour Zy,q ~ r¢ with ¢ being the expected central charge of the
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(a) |pa| ~1

Figure 7.14: Evolution of the spectral network under the limit of ps 3 — 0.

infra-red fixed point of the model [80, 81].
The partition function of the N'=(2, 2) supersymmetric gauge theory was first computed
in [67, 68] up to a sign factor which was later corrected in [70, 71]. The one for the theory

with gauge group U(k) and with the twisted superpotential W(X) is given by

Zune =) Y0 [ TLat) [T (7“2% ) W)

’mEZk RF a a<b

x (—1)FHD) Ea mao=irVEHWE) (7 97)
where
S = diag(71, ..., 7) + %diag(ml, ) (7.98)

in the exponent.? For the twisted superpotential W(X) = trP(X) + wi(k + 1)tr(X), the
formula (7.97) reads

2 —_
Zgange = A > /HdTaH (70 — 1) + (ma%mb) e~irlrPE)+aPE)] (7.99)
R a

mezZk k a<b

Now, look at the infra-red regime rA > 1. The sum ) ;. in (7.99) turns into an

2The sign factor (—1)<k+1)2a ™a was not in [67, 68]. Its presence only changes the weight of the sum
over the topological type of the U(k) gauge bundle, only when k is even. Therefore such a factor is rather
subtle. The presence is demanded for the factorization of the sphere partition function into two hemispheres
[70, 71]. As we will see, its presence is also needed for the match with the partition function of the proposed
Landau-Ginzburg model.
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integral (2r)* [\, 1, dvq for v, = %2, and we have

Zgonge AL k2 k / H 0,7, H 100 — 0|2 rIrPE) +P(D) (7.100)

ck @ a<b

where o, = 7, + v, and

E:diag(al,...,ak). (7.101)

Let us introduce variables X, as the elementary symmetric polynomials of o,; equiva-
lently, let us take
det(z — X) = ZXazk_“. (7.102)
a

where 2z is a dummy variable. Then the Jacobian between the variables o, and the variables

X, are given as in (7.65),

0X

det ( "> = ] (0a—ow). (7.103)
090 ) 1<aps<n 1<a<b<k

Therefore, we see that the gauge partition function in the infrared, (7.100), agrees with the

Landau-Ginzburg partition function (7.96), under the identification
P(X)=W(Xy,...,Xp). (7.104)

We now have the equality of S? partition functions of the U(k) theory with the twisted
superpotential in the infrared limit and those of the Landau-Ginzburg theory. Two-point
functions of BPS operators can be dealt with in the completely same way, by just inserting
the operators in the integral. It is well-known that the resulting integral expressions suffer
from subtleties: apparently spurious operators do not decouple and the choice of represen-
tatives of the (anti)chiral ring elements matters [82]. The agreement holds provided that
the operators in the gauge system are identified with those in the Landau-Ginzburg model

precisely via the isomorphism Cloy,...,04]% = C[X1,..., X}].
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Chapter 8

4d N =2 SCFT and spectral
network

Recently, many superconformal field theories (SCFTs) of Argyres-Douglas type have been
found and studied by making use of 6d (2, 0) theoretic viewpoint of 4d N' = 2 theory [5, 19]:
a topologically twisted compactification of a 6d (2,0) theory on a Riemann sphere with an
irregular puncture leads to a 4d N' = 2 SCFT of Argyres-Douglas type [19, 83, 84, 85, 86,
87, 88, 89, 90]. In this chapter we will focus on the SCFTs obtained from 6d Ax_1 (2,0)
theories, each of whose Seiberg-Witten curves is an N-sheeted cover of the sphere.

The main tool we will use to find the BPS spectra of such a SCFT on the Coulomb
branch is the spectral network of the theory [37, 91]. One merit of using spectral networks
is that one can examine BPS spectra over the whole Coulomb moduli space of a theory of
class § and find various chambers depending on the moduli. These chambers are separated
by codimension-one lines, called walls of marginal stability, across which the BPS spectrum
is changed. In the chamber where the number of the BPS states are minimal, the spectrum
of the SCFTs which we will study here is specified by the A- and the D-type Dynkin
diagrams, agreeing with the results in [54, 83, 84, 85].

We study BPS spectra of various SCFTs obtained from the A; theory compactified on
a punctured sphere. There are infinitely many theories depending on the singularity of
the punctures. When the sphere has one irregular puncture, the theory corresponds to the
maximal conformal point of the pure SU(n) SYM theory, and when the sphere has two
punctures with one being irregular and the other being regular, the theory corresponds to
the maximal conformal point of the SU(n) gauge theory with two flavors.

As pointed out in [83], the SCFTs from the A; theory discussed above have another
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realization from the An_1 theory, which can be expected from the fact that the “original”
pure SU(N) SYM theory and SU(N) theory with two flavors can be constructed in the
Apn_1 theory framework. Using spectral networks, we study the BPS spectra of a 4d SCFT
obtained from a higher rank 6d Axy_; theory (N > 2), whose spectral networks differ from
those from the A; theory by the existence of a joint of multiple S-walls.

We get strong evidence that each SCFT from the A; theory considered above is equiv-
alent to an SCFT from the Ay_q theory on a sphere with one puncture of a particular
singularity by showing that the equivalence of the chamber structure, minimal and maxi-
mal BPS spectra of the two when they have the maximal flavor symmetry, i.e., when all
mass parameters vanish. We also see the enhancement of the flavor symmetry discussed in
[92], by checking that the BPS states indeed form representations of the flavor symmetry
when we set the associated mass parameters to vanish.

This chapter is organized as follows. Section 8.1 describes 4d SCFTs that we will
consider in this chapter. In Sections 8.2 and 8.3 we study spectral networks of SCFTs on
their Coulomb branch to see their minimal BPS spectra can be represented with A,- and
D,,-quivers, respectively, and propose the equivalence between the theories in each class. In
Appendix C we describe in detail how to obtain various SCFTs at Argyres-Douglas fixed
points starting from high-energy 4d N’ = 2 theories.

8.1 SCFTs at Argyres-Douglas fixed points

8.1.1 N =2 SCFTs of class S

By partially twisted compactification of the 6d Ay_1 (2,0) theory on R x C where C is
a Riemann surface, we have a class of 4d N' = 2 SCFTs on R'3, specified by the rank of
An_1 and by the Riemann surface C [5, 19]. The Seiberg-Witten curve ¥ which determines
the low energy effective theory on the Coulomb branch is given by a curve in (z,t) € T*C

where x and t are the coordinates of the fiber and the base respectively:

2N+ er(t)aN T =o. (8.1)

The moduli of the k-th differentials ¢y on C are identified with the Coulomb moduli. In

terms of the Seiberg-Witten differential which is given in the coordinates as A = xdt, the
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central charge of a BPS state is calculated as

Z = fi A, (8.2)

where v is a two-cycle in the curve (8.1). We will see a way to determine v in the next
subsection.

We allow the Riemann surface to have punctures, at which we place codimension-two
defects in the (2,0) theory. A puncture is associated with a flavor symmetry of the 4d
theory obtained from the compactification of the 6d (2,0) theory, and is classified into the
following two types: regular where A\ has a simple pole; irregular where A has a higher order
pole. Equipped with punctures, we denote the class of theories as S[Ay_1,C; D1, Do, .. ]

where D represents a puncture or defect.

A; case Let us first focus on the rank one case, namely S[A;,C;D]. In this case the
puncture is simply specified by the degree of the pole of the quadratic differential. When
the degree is two, A has a simple pole, thus it is regular. This is related with an SU(2)
flavor symmetry and denoted as D,os. When the degree is more than two, it is irregular.
If all the punctures are regular, the 4d theory is a class of SCFTs. There are various weak
coupling descriptions of this class associated with possible degeneration limits of C, where
all the SU(2) gauge groups have vanishing one-loop beta functions. Thus, the only building
block of this theory is a three-punctured sphere associated with four free hypermultiplets.
Conversely, connecting two punctures corresponds to the gauging of the diagonal SU(2)
symmetry by an N = 2 vector multiplet.

Allowing irregular punctures gives us two more building blocks: one is a one-punctured
sphere with an irregular puncture; the other is a two-punctured sphere where one of them
is regular and the other is irregular. The former is “isolated” in the sense that this cannot
be used to construct a bigger theory. This is classified by the degree n + 5 (n > 1) of
the pole of the quadratic differential at the puncture. Thus let us denote this puncture as
Dy+s5. The 4d theory resulting from the compactification of the 6d theory on this sphere is
indeed the nontrivial SCFT of Argyres-Douglas type: the maximal superconformal point of
SU(n + 1) pure SYM theory [87, 92]. (The central charges, a and ¢, have been computed
in [93, 87, 94, 90].) We will denote this SCFT as S[A1; Dy+5]. We omit C here and below,
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since we always consider the case where C is a sphere.

The latter also corresponds to SCFTs of Argyres-Douglas type. We denote it as
S[A1; Dreg, Dpy2). Because of the existence of the regular puncture, this is not isolated
in the sense mentioned previously. When n = 1, the theory is trivial. By gauging the diago-
nal SU(2) flavor symmetry coming from the two regular punctures of two S[A1; Dreg, Ds3)’s,
we obtain the pure SU(2) SYM theory. When n = 2, the theory is just two free hypermul-
tiplets. When n > 2, we have the nontrivial SCF'T which is the maximal superconformal
point of SU(n — 1) gauge theory with two flavors [86]. Indeed, for n > 2 the quadratic
differential has moduli, indicating that the theory is nontrivial. Note that these SCFTs

have at least an SU(2) flavor symmetry associated with the regular puncture.

Dn+5 Dn+2

Dreg
(a) S[Aﬁ Dn+5] (b) 8[A1§ Drega Dn+2]

Figure 8.1: 4d SCFTs from 6d A; theory.

These two classes are the only possibilities which can be constructed in the A; theory
on the sphere with the irregular puncture. We will elucidate how to obtain the BPS spectra

of these two classes of SCFT's in Sections 8.2.1 and 8.3.1.

An_1 case We then consider the higher rank theory S[An_1;D]. The 4d SCFTs of
Argyres-Douglas type are again constructed by the compactification on the one-punctured
sphere and on two-punctured sphere with one of them being regular. We will focus on
the case with the regular puncture having an SU(N) flavor symmetry. Let us denote this
puncture as Dieg.

There are various choices of the irregular puncture. Among them we will study the
following three types of SCFTs in the subsequent sections. The first one is associated with

the one-punctured sphere where the degree dj of the pole of the differential ¢y is

(dz,dg,. . ';dN—ladN) = (4,6, ,2N — 2,2N+2) (83)

We will refer to this as Dy. This type of SCFTs S[Any_1;D1] can be obtained as the

maximal conformal point of an SU(N) pure SYM theory, as shown in Appendix C.1. Note
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that we obtained S[A1; Dyy4] from the same 4d N = 2 theory, so we propose that the two
SCFTs are equivalent, though the constructions of these SCFTs are quite different. This
equivalence was also proposed in [83].
The second type is associated with the one-punctured sphere with the following singu-

larity

(dz,dg, o 7dN—27dN—1adN) = (4,6, o, 2N — 42N, 2N + 2), (84)

which we will refer to as Dy;. This type of SCFTs, S[Anx—_1;Dr], can be obtained as the
maximal conformal point of SU(N) gauge theory with two flavors, as shown in Appendix
C.2. Because we get S[A1; Dreg, Dn43] from the maximal conformal point of the same
4d theory, we propose that the two SCFTs are equivalent. Note that when N = 3, the
singularity is (da,ds) = (6, 8).

The third type is the one associated with the sphere with one regular puncture and
one irregular puncture. As an illustration of the inclusion of a regular puncture, here we
consider only one example of SCFT from 6d As theory with a regular puncture of the

following singularity

(d27d3) = (37 5)7 (85)

which we will denote as Dry;. We show in appendix C.3 that this is obtained from SU(3)

gauge theory with three flavors as the maximal superconformal point [89].

Dy Dn Dm

Dreg
(a) S[An—1;D1] (b) S[An—1; D1 (c) S[A2; Dreg, D1

Figure 8.2: 4d SCFTs from 6d Ayx_1 theory.

The central charges and some properties of these SCFTs have been considered in [83,
94, 90], and the matching of the central charges of the SCFTs supports the proposed
equivalences. Matching their BPS spectra provides more powerful evidence for the claims,

and we will find the BPS spectra of these SCFTs in Sections 8.2.2, 8.3.2, and 8.3.3.
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Equivalence classes of SCFTs One way to summarize the proposed equivalences of
the SCFTs is to introduce a notion of equivalence classes of them. Because all the theories
mentioned above that are proposed to flow to the same IR fixed point have the same minimal
BPS spectrum, which in turn can be conveniently represented by a quiver based on a Dynkin
diagram I', we will denote such an equivalence class of SCFTs as a I'-class.

In Table 8.1 we summarized the SCFTs in the way that each row corresponds to SCFTs
that are in the same class. Such theories have the same BPS spectrum and the same
chamber structure. We also described in the table from which 4d A/ = 2 gauge theories we

can obtain the SCFT of each row.

T 6d A, 6d Ay—1 UV 4d gauge theory
An=n-1, N 23 |  S[A1;Dpys] S[An-1;D1] pure SU(N)
Ds =4 S[jl[;}%lzg)?]@s)] 5145 il e ]\If)fu?e28$(ljll;e S0
> SUsPee ] | g 1 e ey
| e T

Table 8.1: Various SCFTs from the 6d (2,0) A; and Ax_ theories in the same I'-class.

8.1.2 Study of Argyres-Douglas fixed points via spectral networks

In Section 8.1.1 we have discussed which SCFTs from Argyres-Douglas fixed points we are
interested in. Here we provide a schematic description of how to study the SCFTs using
spectral networks.

The distances between branch points depend on the Coulomb branch parameters of
the theory, and therefore the mass of the BPS states from finite S-walls connecting those
branch points vanish as we make the parameters to vanish. This could give the mutually
nonlocal massless states required for an Argyres-Douglas fixed point. Therefore the limit of
Coulomb branch parameters that results in the collisions of branch points are indications of
interesting physics, especially for Seiberg-Witten theories from the 6d Ay_1 (2,0) theory
[15]. In general we have many complex parameters controlling the locations of the branch
points, which in turn determine the shape of the Seiberg-Witten curve that is a multi-sheeted

cover over a punctured Riemann surface. Studying BPS spectra when those parameters have
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general values is an extensive, often practically impossible task. Instead, here we will pick
a few choices of the parameters that are both physically interesting and practically less
demanding.

First we maintain as much flavor symmetry as necessary. This makes mass parameters
vanish and at the same time simplifies the analysis of spectral networks. When we maintain
the maximal flavor symmetry it is easier to discuss an upper bound of the number of BPS
states of the theory.

Next, to identify interesting points in the moduli space we consider the discriminant
of the equation that describes the locations of the branch points on the ¢-plane. For a
Seiberg-Witten curve f(t,z;u;), where u; are Coulomb branch parameters, by eliminating

x from the following equations

f(t,x) =0, O f(t,z) =0, (8.6)

we get a polynomial equation ¢(;u;) = 0, whose solutions are the locations of the branch
points. Therefore the solutions of the discriminant of g(¢;w;), Arg(u;), denotes the loci on
the Coulomb branch where branch points collide. When we describe the Seiberg-Witten
curve as a multi-sheeted cover, not all the choices correspond to singularities of the curve,
however some of the choices can result in the collisions of the branch points that connect
the same sheets, then it is exactly where we have the singularity of the curve and therefore
it may result in a massless hypermultiplet. Even if a solution of the discriminant does not
correspond to a singularity, it corresponds to having a branch point of higher ramification
index, and as we have seen above it results in a more symmetric configuration of a spectral

network which is easier to analyze.

8.2 4d SCFTs in A,-class

8.2.1 SJA;;D,;5) theories

Let us start studying the spectral networks of the S[A1; D, +5] theories, which are in A,,-

class. The Seiberg-Witten curve of (the deformation of) this theory is

2=t ot b g, (8.7)
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and the Seiberg-Witten differential is A\ = x dt which has one irregular puncture of degree

n+ 5 at t = co and no regular puncture.

8.2.1.1 S[A1;D7] in As-class

The simplest theory is S[A;; D7]. This corresponds to the original example found in [4], and
its spectral networks, which are studied in [19], are the building blocks of those of n > 2.

The Seiberg-Witten curve is

22 =13 + cot + vy (8.8)
The parameters vo and co are respectively the vev of the relevant deformation operator
and its coupling constant with scaling dimensions 6/5 and 4/5. Thus ve is considered as
the moduli of the theory. For a fixed value of ¢y, there is a single, closed BPS wall on the

vg-plane encircling vy = 0 [19].

(a) 0 = arg(Z7) (b) 6 = arg(Z2) (¢) Finite S-walls

Figure 8.3: Spectral networks of S[A1; D] when the BPS spectrum is minimal.

Minimal BPS spectrum We first start inside the BPS wall, where the BPS spectrum is
minimal. The spectral networks of S[A1; D7] when ¢y, v9 are inside the BPS wall and when
0 = arg(Z;) such that there is a finite S-wall corresponding to a BPS state are shown in

Figure 8.3. The animated version of Figure 8.3 can be found at this website.

T state | (e,m)
T 0,0 (D——®
l o
(a) central charges (b) IR charges (¢) BPS quiver

Figure and Table 8.4: Minimal BPS spectrum of S[A1; D7].
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To summarize the results from the spectral networks, let us collect the finite S-walls
and calculate the central charge of each BPS state from the corresponding finite S-walls,
which is shown in Figure 8.4a. One of the two S-walls is an A-cycle of the Seiberg-Witten
curve of S[A1;D7], and the other is a B-cycle. Therefore the BPS spectrum of the theory
has two BPS states, which is the minimal BPS spectrum of S[A;; Dr].

We can determine the low-energy U(1) charges of the BPS states from Figure 8.3 after
picking up a suitable basis. If one chooses a branch cut along one of the finite S-walls, say
S1, of Figure 8.3c, it is natural to define the cycle corresponding to that finite S-wall as
an A-cycle and the one corresponding to the other finite S-wall, Sy, as a B-cycle. Their
intersection number is (S1,S2) = 1 with a proper choice of orientations of the cycles, see
Appendix 5.2.3 for the details. The IR charges of the BPS states are summarized in Table
8.4b and their anti-states have charges of opposite sign. Using the U(1) charges, this BPS
spectrum can be represented with an Ay quiver shown in Figure 8.4c, where the direction
and the number of the heads of an arrow correspond to the inner product of the charges

connected by the arrow.

(a) 6 = arg(Z1) (b) 6 = arg(Zs) (c) finite S-walls (d) central charges

Figure 8.5: Spectral networks of S[A1; D7] from different choices of parameters with minimal
BPS spectrum. (c) and (d): finite S-walls corresponding to two BPS states and their central
charges.

When we deform vy a bit, as long as the parameters are inside the BPS wall, the
number of BPS states does not change, which is shown in Figure 8.5. The animated version
of Figure 8.5 can be found at this website. Figure 8.5d describes the central charges of the
BPS states. Now each BPS state has a different value of central charge from those in Figure
8.4a, however the U(1) charges are the same as shown in Table 8.4b and therefore the BPS

spectrum is also represented by an Ao quiver.
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Maximal BPS spectrum When v, is further changed so that now the parameters are on
the other side of the BPS wall, we observe a wall-crossing phenomenon of spectral networks
[19] as shown in Figure 8.6, where we have an additional finite S-wall. An animated version

of the spectral network can be found at this website.

(a) O = arg(Zs) (b) 0 = arg(Z3) (c) 0 = arg(Z;) (d) finite S-walls

Figure 8.6: Spectral networks of S[A1; D7] with a maximal BPS spectrum.

The BPS spectrum of the theory after the wall-crossing is described in Figure 8.7a and
Table 8.7b, where we have an additional BPS state from the third finite S-wall. This is the

maximal BPS spectrum of S[A;; D]

state | (e, m)
1 (1,0)
2 (0,1)
3 (1,1)
v
(a) central charges (b) IR charges

Figure and Table 8.7: Maximal BPS spectrum of S[A;; D7].

8.2.1.2 S[A1;Dy45] in A, -class, n > 2

Now we generalize the previous analysis to general n. The Seiberg-Witten curve of the

S[A1; Dpys] theory when n = 2k is

2 =M el gt ot (8.9)
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Figure 8.8: A spectral network of S[A1; Ds].

with dimensions A(v;) = 2 — 2192i3 and A(¢) = %, and when n = 2k — 1 the Seiberg-

Witten curve is

22 =2k + 02t2k_2 + -+ thk + Ck+1tk_l + vktk_2 + -4 v (8.10)
with dimensions A(v;) = 2 — k%rl, Ale) = k%rl? where i = 2,...,k, and A(cxy1) = 1. vy
and ¢; (1 = 2,...,[n/2] + 1) are the vevs of the relevant deformation operators and their

couplings respectively. We can see that the Coulomb moduli space is [n/2]-dimensional.
When n = 2k — 1, X has a nonzero residue at ¢ = oo, which is Fcg41 + f(c;), where f(¢;) is

a polynomial with ¢ < k and homogeneous of scaling dimension one [92].

Wall-crossing of S[A1; D,,4+5] Studying the spectral networks of S[A1; Dg| gives us a good
idea of the generalization to general S[A1; D,+5]. The Seiberg-Witten curve of S[A;; Dg| is

2? = t* + cot® + cst + vo. (8.11)
An example of its spectral network is shown in Figure 8.8. After analyzing the spectral
networks for various values of the parameters, which is done in [19], we obtain the finite
S-walls and corresponding BPS spectra as shown in Figure 8.10.

The first row of Figure 8.10 shows finite S-walls corresponding to three states in the
BPS spectrum and the central charges of the states when the residue of A at x = oo is
not zero, i.e., %03 + fle2) = %Cg =# 0, where f is zero in this case. This is a minimal BPS

spectrum of S[A;; Dg|, but this does not have the SU(2) flavor symmetry and we have three
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BPS states of different central charges. This spectrum can be represented with a quiver

diagram shown in Figure 8.9, which is based on an A3 Dynkin diagram.

(D)—(2)——

Figure 8.9: BPS quiver of the minimal BPS spectrum of S[A;; Dg].

As we change the value of vo while fixing ¢;, we can observe three wall-crossings as
shown in the bottom three rows of Figure 8.10. Each wall-crossing is similar to that of
S[A1; Dy]: each wall-crossing adds an additional BPS state to the spectrum, and at the end
of the series of wall-crossings, we get the maximal BPS spectrum as shown in the last row
of Figure 8.10, where we have a BPS state from an S-wall connecting every pair of branch
points as found in [54]. The IR gauge charges of the states in the maximal BPS spectrum
is described in Table 8.2.

state | (e, m)

S| O | W N
—~| || =|—~

Table 8.2: IR charges of the BPS states in the BPS spectrum of S[A;; Ds].

We can generalize this to n > 3 using the fact that the spectral networks of S[A1; Dr]
serve as the building blocks of those of S[A1;Dp45]. When S[A1; Dy45] has a minimal
BPS spectrum, its spectral network can be considered as a combination of (n — 1) number
of S[A1;Dy] spectral networks, where (k — 1)-th, k-th, and (k + 1)-th branch points of
S[A1; Dyy5] are in the k-th building block. Starting from that configuration, the spectral
network of S[A1; Dy,+5] undergoes a series of the wall-crossing of S[A;; D7] when the theory
moves away from the minimal chamber in the Coulomb branch moduli space, at the end of

which we get the maximal BPS spectrum having (g) states.

Wall-crossing of S[A;;Dg] with an SU(2) flavor symmetry Now let us consider the
wall-crossing from the minimal BPS spectrum to the maximal one for S[A;; Dg| with the
SU(2) flavor symmetry, i.e., the residue of A\ at t = oo vanishes: ¢3 = 0. The first row

of Figure 8.12 describes its BPS spectrum. Because of the vanishing residue, two of the
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Figure 8.10: BPS spectra of S[A;;Dg| and their wall-crossings.

three BPS states form an SU(2) doublet [92]: the two cycles of the Seiberg-Witten curve
corresponding to the two red S-walls are the same cycle when the residue vanishes. This
is a minimal BPS spectrum of S[A;;Dg] with the SU(2) flavor symmetry, which can be

represented with a quiver of Figure 8.11.

@M

Figure 8.11: BPS quiver of the minimal BPS spectrum of S[A;; Dg] with an SU(2) flavor
symmetry. The left and the right nodes correspond to the BPS states forming the doublet
of SU(2).

Note that when c3 vanishes, the Seiberg-Witten curve is 22 = t* 4 cot? 4 vs, so for general
values of ¢o and vg, we have four branch points where each pair is located symmetrically
across t = 0. Because of the symmetry and the vanishing residue at t = oo, we can see
in Figure 8.12 that the three wall-crossings in Figure 8.10 happens now at the same time,
after which we have three additional BPS states, two of them forming another doublet of
the SU(2) flavor symmetry. Note that maintaining the maximal flavor symmetry simplifies
the analysis of wall-crossings of spectral networks: we have less number of free parameters,
which constrains the motion of branch points and in the end we have one wall-crossing

rather than three between the minimal and the maximal BPS spectrum. Figure 8.13 shows
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e

Figure 8.12: BPS spectra of S[A1;Dg] and their wall-crossings with an SU(2) flavor sym-
metry.

Figure 8.13: A spectral network of S[A;; Dg] with an SU(2) flavor symmetry on the BPS
wall.

the spectral network when the theory is on the BPS wall and 6 has a value such that the

finite S-walls appear at the same time.

8.2.2 S[An_1; D1 theories

As we stated in section 8.1.1, this SCFT is obtained as the maximal conformal point of
SU(N) pure SYM theory. See appendix C.1 for the detailed derivation. We claim this
SCFT is the same as S[A1; Dy y4)-

The Seiberg-Witten curve of the SCFT is of canonical form ™ + 32N, ¢;(H)zN % = 0
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where

. N +2
¢i = G, (Z:27"‘7[TD7
. N42
$i = UN_iy2, (zz[T]H,...,N—n, and oy = t2 + vo, (8.12)

and the Seiberg-Witten differential is A = x dt. The scaling dimensions are given by A(v;) =

2 — NQJ?Q and A(¢;) = NQ—JZFQ fori=2,..., [%] When N = 2k, there is a mass parameter
ck+1 with dimension 1. We can see that the dimensions of the operators are the same as
those of S[A1; Dn+4].

We see that there is a singularity only at ¢t = oo where the differentials ¢ have poles
as described in (8.3). Note that from this curve we can obtain the curve of S[A1; Dy 4] by
changing t — iz [37], which illustrates that this description boils down to how to project the
complex one-dimensional curve living in a complex two-dimensional space onto a complex

plane as either a 2-to-1 or an N-to-1 mapping. However, the Seiberg-Witten differentials

for the two theories differ by an exact 1-form.

8.2.2.1 S§[A2; D] in As-class

The building blocks of the spectral networks of S[Ax_1; Dj] are those of S[Ay; D1, which are
studied in [37]. We will reproduce their result and provide a configuration of the spectral
network that is useful in studying general N case. The Seiberg-Witten curve and the

differential are
224 cor+ v+ 12 =0, A= xdt, (8.13)

where A(c2) = % and A(vg) = %.
Minimal BPS spectrum We first consider the case of ¢o # 0 and v9 = 0, when the
theory has a minimal BPS spectrum. This choice of parameters results in four branch
points of index 2 at finite ¢t and one branch point of index 3 at t = oo, which is the location
of the irregular puncture. A spectral network at a value of 6 that contains a finite S-wall is
shown in Figure 8.14a. The animated version of the spectral network can be found at this

website. There will be another spectral network at m — 6 that has the second finite S-wall,
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and both of the S-walls are shown in Figures 8.14b.

(23) 12)
(12) (23)

) 0 = arg(Zy) ) finite S-walls

Figure 8.14: A spectral network of S[Ay; Di] with minimal BPS spectrum.

Figure 8.15a shows the central charges of the BPS states, and their low-energy U(1)-
charges are in Table 8.15b, which can be read out from the intersections of the cycles that
are homologically equivalent to the S-walls. This BPS spectrum can be represented by the
BPS quiver shown in Figure 8.15¢, which is an Ao quiver. Note that this is exactly the

same BPS spectrum as the minimal spectrum of S[A;; D7], see Figure and Table 8.4.

-7 Z
state | (e,m)
1 | (1,0) O—(2)
2 1 (01
-Z 2
(a) central charges (b) IR charges (¢) BPS quiver

Figure and Table 8.15: Minimal BPS spectrum of S[Asg; Dy].

Wall-crossing to a maximal BPS spectrum Now we fix ¢o and set vy to be nonzero.
When vy is small, this deforms the previous configuration of spectral networks, but it does
not cause a wall-crossing. After the value of vy is over a certain threshold, now the theory
is on the other side of a BPS wall in the Coulomb branch moduli space.

Figure 8.16a shows a spectral network with a finite S-wall that is similar to the one in
Figure 8.14a. But in Figure 8.16b we have a finite S-wall that appears only for Ax_; with
N > 2 [37]. We can see there is a supersymmetric joint formed by three S-walls, where

A2 + Aoz = A13 is satisfied. The animated version of Figure 8.16 can be found at this
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12) (23)

/BP\ 3) (12)

(a) 0 = arg(Z7) (b) 0 = arg(Z3)

(c) finite S-walls

Figure 8.16: Spectral networks of S[Ay; Dy] with maximal BPS spectrum.

webpage.
-Z Z
\ / state | (e, m)
—7; - » 73 ]‘ (17 0)
/\ 2 101
A Z 3 (1,1)
(a) central charges (b) IR charges

Figure and Table 8.17: Maximal BPS spectrum of S[Ag; Dy].

Figure 8.16¢ shows the three finite S-walls, and the central charges of the corresponding
BPS states are shown in Figure 8.17a. When we compare it with Figure 8.15a, we see that
Z1 and Zs approach and cross over each other when the wall-crossing happens, resulting in
the creation of Z3 [37]. By considering the intersections of the cycles that are homologically
equivalent to the finite S-walls, we can find out the IR charges of the BPS states as in Table
8.17b. This maximal BPS spectrum is the same as that of S[A;,D7|, see Figure and Table
8.7.

Maximal, symmetric BPS spectrum We can collide two pairs of branch points of
index 2 at finite values of ¢ without causing a singularity, creating two branch points of
index 3. This is obtained by setting co = 0 and vz # 0, which gives us the maximal,
symmetric BPS spectrum. Figure 8.18a shows a spectral network from the two branch
points of index 3 when there is a finite S-wall.

There are three finite S-walls connecting the two (123) branch points for 0 < 6 < 7.

The animated version of Figure 8.18a can be found at this webpage. Figure 8.18b shows
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the three finite S-walls connecting the two branch points. Figure 8.19a and Table 8.19b
describe the maximal symmetric BPS spectrum of S[Ag; Di], which can be identified with

the symmetric maximal BPS spectrum of S[A;; Dr].

¥(123)

X(123)

(a) 0 = arg Zs (b) finite S-walls

Figure 8.18: A spectral network of S[Ag; Di] with maximal, symmetric BPS spectrum.

-Z Z
state | (e,m)
_ZS 7 1 (17 O)
2 1 (01
31 (LD
-7 Z
(a) central charges (b) IR charges

Figure and Table 8.19: Maximal, symmetric BPS spectrum of S[As; Dy].

8.2.2.2 S[An_1;D1] in Ay_q-class, N >3

Now we generalize the previous analysis to S[Any_1;D1]. We will compare its spectral
networks with those of S[A1; Dy4] to see that both SCFTs have the same minimal and
maximal BPS spectra, and check for an example that the two theories have the same BPS
chamber structure, which we expect to hold for general N and is therefore good evidence

that both theories are in Ay _i-class.

Minimal BPS spectrum For general values of parameters, the Seiberg-Witten curve of

S[An—1; D] has 2(N — 1) branch points of index 2 at finite ¢. In addition to that, when N
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(23)
34) (12 % (12) (34
(23)
(a) spectral network (b) finite S-walls

Figure 8.20: A spectral network of S[As; Dj] with minimal BPS spectrum.

is odd, there is a branch point of index N at ¢ = oo, and by applying the Riemann-Hurwitz
formula we get the genus of the Seiberg-Witten curve ¢ = (N — 1)/2. When N is even,
there are two branch points of index N/2 at ¢t = oo, and the genus of the Seiberg-Witten
curve is g = N/2 — 1. We choose a branch cut between every branch point of finite ¢ and
the irregular puncture at t = oo.

Having these configurations in mind, we can understand that when the theory has a
minimal BPS spectrum, the configuration of its spectral networks has the branch points at
finite ¢ being aligned along two perpendicular lines. There is a finite S-wall for every pair
of branch points of the same kind, and none between the branch points of different kinds.
This gives us the BPS spectrum that can be represented as an An_1 quiver diagram.

The case of N = 4 is a useful example to understand the generalization. Its Seiberg-

Witten curve is
4 2 2 _
"+ cx” +mx + vy +t° =0, (8.14)

where A(eg) = %, A(m) =1, A(vg) = %. m is a mass parameter, and when it is zero we
expect an SU(2) doublet to appear. Figure 8.20a shows a spectral network at a general
value of 6 and Figure 8.20b shows finite S-walls of S[A3; Di] when it has a minimal BPS
spectrum and when m # 0. When m = 0, (12)- and (34)-branch points are at the same
location, resulting in an SU(2) doublet of two finite S-walls.

Figure 8.21a describes the central charges of the states in the minimal BPS spectrum of

S[As; D1] when m # 0. When m = 0, we have an SU(2) doublet with Z; = Z3. Table 8.21b

describes the IR U(1)-charges of the states, from which we can construct a BPS quiver as
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Z state | (e,m)
—Z3 -7 Z Z3 1 (1,0) c g e
2 | (0,1) @ @ ®
-7 3 (1,0)
(a) on the Z-plane (b) IR charges (¢) BPS quiver

Figure and Table 8.21: Minimal BPS spectrum of S[As; Dy].

shown in Figure 8.21c. This is the same BPS spectrum as the minimal BPS spectrum of

S[A1; Dg], see Figures 8.9 and 8.10.

Wall-crossing to the maximal symmetric BPS spectrum From the minimal BPS
spectrum of S[An_1;D1], when its parameters have general nonzero values, it undergoes
one wall-crossing of S[Ag;Di] after another to reach the maximal BPS spectrum, where
each wall-crossing adds a BPS state in the spectrum. Remember that each wall-crossing
of S[A1; Dn+4] is that of S[A1; D], and from the minimal BPS spectrum after a series of
such wall-crossings S[A1; Dn+4] reaches the chamber of the maximal BPS spectrum. This
matching of both the BPS spectrum and its wall-crossings from the minimal chamber to
the maximal one is good evidence for the equivalence of S[Ay_1;Di] and S[A1; D 4]

We illustrate this procedure with the example of S[As;Dy]. Starting from the config-
uration of Figure 8.20, we change the parameters such that two pairs of branch points of
index 2 collide with each other to form two branch points of index 3 as shown in Figure
8.22. During the change we cross a BPS wall in the Coulomb branch moduli space, adding

a BPS state in the spectrum.

(243)

(12) (12)

(243)

(a) spectral network (b) finite S-walls

Figure 8.22: A spectral network of S[As; Di] after one wall-crossing from the minimal BPS
spectrum.
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state | (e,m)

4] 1 | (1,0

-7 Z3 —Z3 Z 2 (0,1)
3 (1,0)

-2 4 (17 1)

(a) central charges (b) IR charges

Figure and Table 8.23: Next-to-minimal BPS spectrum of S[Agz; Dj].

When we compare Figure 8.23a with Figure 8.21a, we see that as we collide the two
branch points, Z3 move across Z> when the BPS spectrum gains a BPS state with charge
Z4. Analyzing the intersections of the cycles corresponding to the finite S-wals shown in
Figure 8.22b gives the IR charges of the BPS states in Table 8.23b. When we collide the two
pairs of two branch points of different kinds, the BPS spectrum undergoes two additional
wall-crossings, becoming a maximal symmetric BPS spectrum that we will see below.

Note that if we keep m = 0 throughout the whole process, then Z; and Z3 should move
on the Z-plane together because they form an SU(2) doublet, and the wall-crossing from the
minimal to the maximal BPS spectrum happens at once as the BPS spectrum of S[A;; Dg|

with an SU(2) flavor symmetry does, see Figure 8.12.

Maximal, symmetric BPS spectrum When vy # 0 and the other parameters are
zero, a spectral network of S[Ax_1;Dj] has two branch points of index N. It results in
the maximal symmetric BPS spectrum that contains 2 x (];7 ) = N(N — 1) states, including
anti-states having 7 < arg(Z) < 2x. Thanks to the symmetric configuration, the central
charges of the BPS states can be identified with the projections of root vectors connecting
every pair of weights of the fundamental representation of Ax_1 in the weight space onto
the Z-plane [30]. The maximal symmetric BPS spectrum of S[A;; Dn44] has the same
structure: the corresponding spectral network comes from a symmetric configuration of its
branch points that form vertices of an N-polygon, and there is a finite S-wall between every
pair of the branch points.

Figure 8.24 shows spectral networks of S[As,C; Di]. Note that there is a value of
that two S-walls appear at the same time, corresponding to the SU(2) doublet, as shown in
Figure 8.24a. Although the two S-walls are projected onto the same location on the ¢-plane,
they are two distinct S-walls. There are two values of 6 between 0 and 7 that a doublet

appears, and at the other two values of § only a single finite S-wall appears, thereby giving
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6 BPS states and 6 anti-states.

(a) 0 = arg(Z7) (b) 0 = arg(Z2)

Figure 8.24: Spectral networks of S[A3; D;] with maximal BPS spectrum.

Figure 8.25a and Table 8.25b describe the maximal symmetric BPS spectrum of S[As; Dy],
which can be identified with that of S[An_1;Dsg|, see Figure 8.12 and Table 8.2.

state | (e,m)
1 (1,0)
2 (0,1)
4 (1,1)
6 (2,1)
_Z2
(a) central charges (b) IR charges

Figure and Table 8.25: Maximal, symmetric BPS spectrum of S[As,C; Dj]

8.3 4d SCFTs in D,-class

8.3.1 S[A1; Dyeg, Dyy2 theories

Let us next consider the SCFTs obtained from the A; theory on a sphere with the irregular
puncture D, o and the regular puncture D,e,. This class of SCFTs S[A1; Dyeg, Dn2] differs

from S[A1; Dy45) in that there is one regular puncture with a mass parameter. The Seiberg-
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Witten curve is given by
n—1
v =t"+ Z 594t 4+ m?, (8.15)
i=1

and the Seiberg-Witten differential A = 7 dt, which has one regular puncture at ¢t = 0
and one irregular puncture at ¢ = co. The dimensions of the parameters are obtained as
A(sg;) = 2. The parameter m with dimension one is associated with the global SU(2)

symmetry which is a subgroup of the full flavor symmetry.

8.3.1.1 S[A1; Dyeg, Ds) in Ds-class

Let us first study the simplest example S[A1; Dyeg, Ds|, whose Seiberg-Witten curve is

v? =3 + e1t? + vit +m?, (8.16)
where we denoted the parameters as v; and ¢; in order to emphasize that vy is the vev of
the relevant operator and ¢y is its coupling.

Here we describe how spectral networks can be used to show that S[A1; Dyeg, Ds] is in the
same Ds-class (= As-class) as S[A1; Ds] and S[As; Di] are. We will see here in particular
that when the three theories have the SU(2) flavor symmetry they have the same BPS
spectrum. However, the way that the SU(2) doublet of S[A1; Dyeg, Ds] appears is different

from the other two theories due to the existence of a regular puncture.

Minimal BPS spectrum When the parameters, ¢, v1 and m, have general values there
are three branch points on the t-plane. When we take m — 0, one of the three branch points
now collides with the regular puncture at ¢t = 0, as we discussed in Section 5.1.3, resulting
in the spectral network shown in Figure 8.26, where we have a doublet of S-walls from
the branch point on the puncture along the same direction reaching another branch point
(Figure 8.26a). For a different value of # there is another S-wall, now a singlet, connecting
two branch points that are not on the puncture (Figure 8.26b).

From the finite S-walls we get the corresponding BPS states. Figure 8.27a describes
their central charges, where we denote a doublet as a double-headed arrow. Table 8.27b

shows the IR U(1)-charges of the states. This is a minimal BPS spectrum of S[A1; Dreg, D5,
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(a) 0 = arg(Z?) (b) 6 = arg(Z2) (c) finite S-walls

Figure 8.26: Spectral networks of S[A1; Dreg, D5] with minimal BPS spectrum.

which is represented by a D3 = A3 quiver shown in Figure 8.27c. In fact it is the same
as the minimal BPS spectrum of As-class theories with the SU(2) flavor symmetry. For
example, see Figure 8.11 and the first row of Figure 8.12 that illustrate the minimal BPS
spectrum of S[A1; Dsg].

state | (e, m)

(a) central charges (b) IR charges (¢) BPS quiver

Figure and Table 8.27: Minimal BPS spectrum of S[A1; Dreg, Ds).

Wall-crossing to the maximal BPS spectrum Next we consider the wall-crossing of
the BPS spectra of S[A1; Dyeg, Ds]. This wall-crossing mechanism, in combination with that
of §[A1;D7], will form building blocks for the wall-crossings of S[A1; Dyeg, Dn2]. Figure
8.28 shows how a wall-crossing happens in S[A1; Dyeg, D5) with the SU(2) flavor symmetry
as we move one of the branch points that is not on the puncture.

The second row of Figure 8.28 shows the finite S-walls and the central charges of the
corresponding BPS states right after a wall-crossing happens. Again it happens when the
central charges of two BPS states move across each other on the Z-plane, see the first two
rows of Figure 8.28, which show the central charge of a singlet BPS state going over that
of the doublet. And similarly to the wall-crossing of S[A1;Dyy5] with the SU(2) flavor

symmetry, which is shown in Figure 8.12, when the wall-crossing happens we have another
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Figure 8.28: Wall-crossing of S[A1; Dyeg, Ds).

doublet and an additional BPS state whose central charge is the sum of the central charges

of two states from each doublet.

state | (e, m)
1 | (1,0)
2 | (0,1)
3 (1,1)
4 (2,1)

Table 8.3: IR charges of the states in the maximal BPS spectrum of S[A1; Dyeg, Ds).

To understand the wall-crossing involving a doublet, it is helpful to introduce an in-
finitesimal value of the mass parameter m to resolve each doublet into two states with
infinitesimal difference in their central charges, as shown in Figure 8.29, where a series of
three usual wall-crossings are illustrated. When m — 0, the three wall-crossings happen at

the same time, leading to the new wall-crossing phenomena shown in Figure 8.28.
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Figure 8.29: Wall-crossing of a doublet and a singlet.

The last row of Figure 8.28 shows the maximal BPS spectrum of S[A1; Dyeg, D5 with
the SU(2) flavor symmetry, which consists of six BPS states with two doublets. This the

same as that of S[A1; Ds] with vanishing residue at infinity, see the last row of Figure 8.12.

Equivalence of S[A;;Dieg, D5] and S[A1;Dg] We have seen that the analysis of BPS
spectra of S[A1; Dyeg, D5] and S[A;; Dg] via spectral networks provides good evidence for
the equivalence of the two SCFTs. Another piece of evidence comes from comparing the
central charges of the SCFTs, which are a = 33 and ¢ = 1. The central charge of S[A;; D]
was computed in [54], see eq. (4.31) with » = 1. The central charge of the S[A1; Dyeg, Ds)
theory was computed in some papers, e.g. [94], see I 1 p in Table 3.

Actually, we can show the SCFTs have the same Seiberg-Witten curves when both of
them have the SU(2) flavor symmetry. Let us start with the curve of S[A;; Dg] with ¢3 = 0,

22 = t* + cot? + vy, (8.17)
where A = x dt. Now we change variables: first we take ¢t — \/Z,
I/ vy =
)\:xdtzi t—i—cQ—i-?dt:xdt, (8.18)
and then define v = {Z, after which we have \ = (v / ﬂ dt and
v =1 + 627?2 + ’UQ'E. (819)

These are equivalent to the Seiberg-Witten differential and curve of S[A1; Dyeg, Ds]. There-

fore we expect the two theories to be fully equivalent.
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(a) 0= arg(Z) () arg(Z1) <O <arg(Z3)  (c) 0= arg(Z3)

Figure 8.30: Spectral networks of S[A1; Dreg, Dg] with an SU(3) flavor symmetry and min-
imal BPS spectrum.

8.3.1.2 S[A1; Dyeg, Ds) in Dy-class

The Seiberg-Witten curve of S[A;; Dreg, D) is
02 =t + et + ot + vt + m2. (8.20)

The residue of the Seiberg-Witten differential A = dt at t = oo is % (C% — 462), which is
associated with a U(1) flavor symmetry. As in the previous case, the parameter m, which is
the residue of the regular puncture at « = 0, is associated with an SU(2) flavor symmetry.
When both mass parameters vanish, we expect to have an enhanced SU(3) flavor symmetry
[92], which we will confirm here from the analysis of spectral networks. When only m = 0

but the residue of A at t = oo is nonzero, it serves as a good stepping stone to understand

the cases of general n, as we will see later.

Minimal BPS spectrum of S[A;; D;cs, Ds] with an SU(3) flavor symmetry When
we set both m = 0 and ¢;2 = 4¢y and set vy = 013/54 — §, where § is a small number,
S[A1; Dyeg, Dg| has a spectral network shown in Figure 8.30. There are three BPS states of
the same central charge Zg , which is represented as a three-headed arrow in the first row
of Figure 8.32. This shows that when both the mass parameters vanish we indeed have an
SU(3) flavor symmetry, and that there is a triplet of the SU(3).

We can determine the IR charges of BPS states from Figure 8.30 after picking up a
suitable basis. If one chooses the two cuts along the triplet S-walls at 6§ = arg(Z3) of
the minimal spectrum in Figure 8.30c, we define the cycle corresponding to the singlet

finite S-wall at 0 = arg(Z;), say S1, as an A-cycle and one of the triplet finite S-walls at
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0 = arg(Z3), say So, as a B-cycle. Their intersection number is (S, S2) = 1 with a proper
choice of orientations of the cycles, and from this we get the IR charges as described in

Table 8.31a. This BPS spectrum can be represented by a D4 quiver as shown in Figure
8.31b.

(2)

state | (e, m)
1 | (1,0) @@i
2 | (0,1)
@

(a) IR charges (b) BPS quiver

Figure 8.31: Minimal BPS spectrum of S[A1; Dyeg, D] with an SU(3) flavor symmetry.

Wall-crossing of S[A;; Dycs, Dg| with an SU(3) flavor symmetry When we maintain
the maximal flavor symmetry of S[A1; Dreg, Dg] during the wall-crossing, we observe that the
BPS spectrum jumps from the minimal to the maximal one at once. Figure 8.32 illustrates
such a wall-crossing.

When 6 — 0, the singlet becomes massless and the BPS spectrum jump from the minimal
one to the maximal one at once, and the result is as shown in the second row of 8.32, where
now vy = 013/54 + 0. The last row of Figure 8.32 shows the case of ¢; = co = m = 0 and
v1 # 0, which has the SU(3) flavor symmetry and also symmetric arrangement of branch
points and therefore a symmetric BPS spectrum. Under the same basis the charges of BPS
states as we found to get Table 8.31a, states in the maximal BPS spectrum has IR charges

as described in Table 8.4.

state | (e,m)
1 | (1,0
2 | (0,1)
3 | (L3)
4 (1,2)
5 | (2,3)
6 (1,1)

Table 8.4: IR charges of the states in the maximal BPS spectrum of S[A1; Dyeg, D] with
an SU(3) flavor symmetry.

Figure 8.33 provides an explanation of such a wall-crossing by resolving the triplet into

three BPS states and considering a series of usual wall-crossings between a singlet and a
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Figure 8.32: Wall-crossing of S[A1; Dyeg, Dg| with an SU(3) flavor symmetry.

triplet, as we have resolved the doublet of S[A1; Dyeg, Ds] to understand the wall-crossing of
its BPS spectrum, see Figure 8.29. In the limit of the three resolved BPS states becoming
a triplet, these eight wall-crossings happen at the same time, resulting in two additional
triplets and two additional singlets. We can also see that the structures of the triplets and

the singlets suit well with what we have in Figure 8.32.
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Figure 8.33: Wall-crossing of a singlet and a triplet.

8.3.1.3 S[A1; Dyeg, Dny2) in Dy-class, n > 4

Now we consider S[A1; Dyeg, Dny2] for a general n. When n = 2k + 1, the Seiberg-witten

curve is
v? =t et gt opth 4 ot 4+ m?, (8.21)
and when n = 2k the Seiberg-Witten curve is
V=t ot 4o PP ot o P ot + m2 (8.22)
We will focus on the case of m = 0, where the BPS spectrum has an SU(2) flavor symmetry.

S[A1; Dreg, Dnt2] with a minimal BPS spectrum & an SU(2) flavor symmetry To
consider the generalization, let us go back to the previous example and focus on the case
with m = 0 and general values of ¢1, ca and v; where the flavor symmetry is U(1) x SU(2).

Figure 8.34 shows a spectral network of S[A1; Dreg, Ds) of the choice of the parameters. In
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(a) at general (b) finite S-walls

Figure 8.34: A spectral networks of S[A1; Dyeg, Dg] with an U(1) x SU(2) flavor symmetry
and minimal BPS spectrum.

Figure 8.34b we have an SU(2) doublet of the finite S-walls connecting the puncture and
one of the other branch point, as we have seen from the spectral network of S[A1; Dyeg, Ds].

We can see that the spectral network can be considered as a combination of an S[A;; Dr]
spectral network and an S[A;;Dyeg, D5| spectral network. This also applies for every
S[A1; Dreg, Dny2] with n > 4, whose spectral network can be considered as a combina-
tion of an S[A1; Dreg, Ds| spectral network and an S[Aq; Dy43] spectral network, which in
turn consists of spectral networks of S[A1; Dy].

Figure 8.35a and Table 8.35b describe the minimal BPS spectrum of S[A1; Dyeg, Ds)
with only the U(1) x SU(2) flavor symmetry. For general values of ¢; and ¢z, we have a
nonzero residue of A at ¢ = co. Then the central charge of the doublet differs by the residue
from the central charge of one of the other two BPS states, whose corresponding S-wall
is the same cycle of the elliptic curve from the Seiberg-Witten curve as the S-wall for the

doublet.

z
state | (e,m)
_z 23 s 1 (1,0) 9
— 1
Z 2 | (0,1 (3)—-(1)
3 | (0,1)

)
2
Z 2

(a) central charges (b) IR charges (¢) BPS quiver

Figure and Table 8.35: Minimal BPS spectrum of S[Aq; Dyeg, Dg] with an U(1) x SU(2)
flavor symmetry.
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Figure 8.36: Wall-crossing of S[A1; Dyeg, D] with a U(1) x SU(2) flavor symmetry.

Wall-crossing of S[A1; Dreg, Dny2] with a U(1) x SU(2) flavor symmetry The wall-
crossings of S[A1; Dyeg, Dg| consists of the wall-crossings from S[A1; D7] and S[A1; Dreg, D5,
as illustrated in Figure 8.36. Starting from the minimal BPS spectrum of Figures 8.34b and
8.35a, after an S[A1; D;] wall-crossing we get the BPS spectrum at the first row of Figure
8.36. Between the first row and the second row is another S[A1; Dyeq, Ds] wall-crossing, and
after two additional S[A1; Dyeg, D5 wall-crossings we arrive at the last row of Figure 8.36,

where we have the maximal number of BPS state, six BPS states and six anti-states.

Maximal BPS spectrum of S[A;; Dreg, Dpy2) with a U(1) x SU(2) flavor symmetry
The configuration of a spectral network of S[A1; Dreg, Dn2] is a straightforward general-
ization of the previous discussions and the resulting minimal BPS spectrum has the BPS

quiver of D,. But its maximal BPS spectrum, which has (7

2) X 2 states and their anti-

states, is more complicated, so here we describe an example of the maximal BPS spectrum,
having in mind that this will be used to analyze the equivalence of S[A1; Dyeg, Dr+2] and

S[A,—2; Dril.
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(a) 0 ~ arg(Z2) = arg(22) (b) arg(Zs) < 6 < arg(Zy)

~_ r

/’\ J
(c) 0 = arg(Z;) = arg(Z3) (d) finite S-walls

Figure 8.37: Spectral networks of S[A1; Dyeg, D7| with maximal, symmetric BPS spectrum.

Consider S[A1; Dreg, D7]. When only vy # 0 and all the other parameters vanish, we have
a symmetric arrangement of branch points around the massless puncture, which results in
the spectral networks shown in Figure 8.37. From the finite S-walls shown in Figure 8.37d,
we can find the maximal, symmetric BPS spectrum of S[A1; Dyeg, D7), described in Figure
& Table 8.38, where each state is labeled such that Z; 4 = Zie”r/ 4. Between the minimal

and the maximal BPS spectra there is a series of wall-crossings relating the two spectra.

8.3.2 S[An_1; Dy theories

Here we study the BPS spectrum of the SCFT associated with the sphere with one ir-
regular puncture of degree (8.4).! We claim that this class of SCFTs is the same as
S[A1; Dreg, Dy 3], namely the maximal conformal point of N' = 2 SU(N) gauge theory
with two flavors. Indeed, as we will see in appendix C.2, staring from the N-sheeted cover
form of the Seiberg-Witten curve of the latter theory we can obtain the irregular singularity

as described above.

"When N = 3, the degree of ¢, at the irregular puncture is 6, so we have C(s,8), which is an exception
compared to N > 3.
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state ‘ U(1

=

—

~—

1 2
1 (1,0) | (0,0)
2 (0,1) | (0,0)
3 (1,0) | (1,0)
4 (0,0) | (0,1)
5 (1,1) | (1,0)
6 (2,1) | (1,0)
7 (3,1) | (2,2)
8 (1,0) | (1,1)
9 (1,0) | (1,2)
10 (2,1) | (2,2)
11 (3,2) | (2,2)
12 (2,1) | (1,1)
13 (1,1) | (0,0)
14 (2,1) | (1,2)
15 (1,1) | (1,2)
16 (1,1) | (1,1)

(a) central charges (b) IR charges

Figure and Table 8.38: Maximal BPS spectrum of S[A1; Dyeg, D7].

The Seiberg-Witten curve of this theory is again of canonical form

N+ EN:@DCN_i =0,
=2
where
o= e (=2 [0,
i = UN—it1, (i:[$]+l,...,N—2),
dnN_1 = tPdvy, éN =c1t? + Oot + vy

The dimensions of the parameters are easily obtained as

23 23
Av)) =2 — Nl Ag) = Nl A(C) = A(Cy) =1,
fori=1,...,[N/2], where Cy := ¢|(v41)/2) with dimension-one exists only when N is odd.

Note that the sum of dimensions of v; and ¢ is 2. This is the same set of operators as that

of S[AB Dreg: DN+3]-
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8.3.2.1 S[A9; Dy} in Dy-class

We first study S[Az; Dri], which has a couple of interesting features because of its SU(3)

flavor symmetry. The curve is 2% + ¢ox + ¢3 = 0 with
Pg = 2 + Ci, ¢3= Cth + Cot + vq, (8.26)

where the scaling dimensions of the parameters are A(vi) = 3, A(c1) = 1 and A(Cy) =
A(C3) = 1. This is the same spectrum of operators as that of S[A1; Dyeg, Dg). Note that we
can only see a U(1)? flavor symmetry whose mass parameters are combinations of Cy, Cy
and 012. We propose that this is enhanced to SU(3), which is the case of S[A1; Dyeg, D).

Each );; has a residue at the irregular puncture ¢ = oo, which are of the form
Res (\i;(t), 00) = a;;C1 + Bi;C2 + yijer?, (8.27)

where a;j, B;j, and 7;; are numerical coefficients. The residues are mass parameters for the
SU(3) flavor symmetry. By requiring the mass parameters to vanish, we find the relations

between the three parameters

3
01 = —1012, 02 = 0, (8.28)

which ensures the theory to have the maximal flavor symmetry. From now on we will fix
C4 and (5 to satisfy the above relations.
Now we have two complex parameters ¢; and v; that can be changed. The discriminant

of the equation that describes the branch points is

613 3 613 3 6
Avg(er,v1) (Ul — 4) <v1 + 4) <v1 + 4013> ) (8.29)

The choice of 6”1—13 =a; = i corresponds to the singularity where we have a massless triplet

of the flavor SU(3), whereas the choice of 5 = as = — 2 results in a massless singlet. The
third choice, 6”1—13 =az = —% does not correspond to any singularity, but it gives us a branch

point of index 3.
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(23)x

(23)x

(12)%—%(12)

X(23)

X(23)

(a) spectral network (b) finite S-walls

Figure 8.39: A spectral network of S[Ay; Dyi| with a minimal BPS spectrum.

U1

o3 < a1, when the

Minimal BPS spectrum Let us first consider the case of as <
theory has its minimal BPS spectrum. Its spectral network at a general value of 8 and the
resulting finite S-walls are shown in Figure 8.39.

There are six branch points of index 2. Because the irregular puncture at ¢ = oo is not a
branch point for this case, the (12)-branch cut should terminate at two (12)-branch points
without intersecting two (23)-branch cuts connecting each pair of (23)-branch points. Thus
we can figure out the intersections of the cycles corresponding to the finite S-walls. The
finite S-walls corresponding to the BPS states of the triplet correspond to the same cycle,
say A-cycle, of the Seiberg-Witten curve, which is a genus-1 curve in this case. The other
finite S-wall corresponding to the singlet is a B-cycle that has intersection number 1 with
the A-cycle. This intersection corresponds to the IR U(1) charges described in Table 8.40b,
and we can represent this BPS spectrum with a BPS quiver of D4 as shown in Figure 8.40c,

which illustrates the SU(3) flavor symmetry. This is the same BPS spectrum as that of the
minimal BPS spectrum of S[A1; Dyeg, Dg), see Figure 8.31 and the first row of Figure 8.32.

Wall-crossing to the maximal BPS spectrum When ch13 approaches the value of

a1, each pair of two branch points of the same indices collides, thereby giving a massless
triplet. From the consideration of the wall-crossing of S[A1; Dyeg, Dg) with the SU(3) flavor

symmetry that we studied previously in Section 8.3.1.2, we expect S[A9;Dr1] to have a

(%1

maximal BPS spectrum as we go across the BPS wall. When the value of e approaches
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Z
A
state | (e,m)
B e A 1 (17 0)
2 | (0,1)
\
(a) central charges (b) IR charges (c) BPS quiver

Figure and Table 8.40: Minimal BPS spectrum of S[Ay; Dry].

(12)

(a) near 0 = arg(Z3) (b) near 0 = arg(Zs) (c) finite S-walls

Figure 8.41: Spectral networks of S[Az; Dyy] with a maximal & symmetric BPS spectrum.

asz, now it’s the singlet that becomes massless, and again a similar wall-crossing will give us
a maximal BPS spectrum after we go over the BPS wall. Therefore when we consider the
plane of the value of (Z—g, there is one chamber of the minimal BPS spectrum and the rest is
another chamber of the maximal BPS spectrum, and the BPS wall goes through ch13 = ay
and 0”1—13 = as.

Deep in the chamber of the maximal BPS spectrum is the point ¢ = C; = Co =0, v # 0,
where we have a symmetric arrangement of branch points that leads to a symmetric BPS
spectrum. Figure 8.41 shows two examples of its spectral networks, one near the value of 8
for an SU(3) triplet and the other for a singlet.

Figure 8.42a and Table 8.42b describe the maximal symmetric BPS spectrum that has
three triplets and three singlets, which can be identified with the maximal, symmetric BPS

spectrum of S[A1; Dyeg, Ds), see the last row of Figure 8.32. Upon suitable choice of A and

B-cycles, the BPS states in the spectrum have the same electric and magnetic charges as
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those in the maximal BPS spectrum of S[A1; Dyeg, Dg|, compare Table 8.42b and Table 8.4.

z 2 state | (e,m)

; 4 1
3 —Z‘;

Xf
S| O = | W[ N
—~| ||~ =~

(a) central charges (b) IR charges

Figure and Table 8.42: Maximal & symmetric BPS spectrum of S[As; Dry].

8.3.2.2 Exactly marginal deformation of S[As; Dy

When and only when N = 3, we can add a marginal deformation to the theory at the fixed

point. The corresponding curve is
o =t +C1, ¢3 =1+ cit? + Cot + vy. (8.30)

Compared to the previous curve of S[Az,C; Dyi] there is an additional ¢3 term whose coef-
ficient is dimensionless which we have fixed to 1. We claim this corresponds to an exactly
marginal deformation by showing that the BPS spectrum of the SCFT and its wall-crossing
is the same as those of the theory without the deformation.

By requiring the residue of A;; to vanish, we find the relations between the three pa-

rameters such that the theory has the maximal SU(3) flavor symmetry are C; = —3—31012

2

and Cy = 3%01 . From now on we will fix C7 and C5 to satisfy the above relations. The

discriminant for the given Seiberg-Witten curve is

312 31 - 312 312

Asgler,v1) o <v1 - 23613) <1)1 - Clg) <v1 Ser’ 4 /g3 — 31)) <vl NGV 31)) .

(8.31)

23

57z corresponds to the singularity where we have a massless triplet

The choice of % = a1 =
c13

of the flavor SU(3), whereas the choice of o =ax= 3% results in a massless singlet. The
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(a) at a general 6 (b) finite S-walls

Figure 8.43: A spectral network of the deformation of S[Ay; Dyi] by a t3-term, with minimal
BPS spectrum.

other two choices, 0”1—13 =a4 = i%(él\/@ F 31) do not correspond to any singularity, but
they give us a branch point of index 3. Therefore the singularity structure is the same as
that of S[As,C; Dyi], and we observe the same wall-crossing.

Minimal BPS spectrum Let us first consider the case of ay < ;—13 < a1. An example of
its spectral network and the resulting finite S-walls are shown in Figure 8.43. Indeed the
configuration of the spectral network and the S-walls are different from what we had for
S[Ag; Dy1] without the t3-term, but the BPS spectrum is the same, see Figure 8.44a and
Table 8.44b. Its BPS quiver is again a Dy quiver as shown in Figure 8.44c, which exhibits
the SU(3) flavor symmetry.

Z
A

state | (e,m)

1 | (1,0)

AT A 2 10D o
Y
-7
(a) central charges (b) IR charges (c¢) BPS quiver

Figure 8.44: Minimal BPS spectrum of the deformation of S[Asg; Dyy] by a t3-term.
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12)

A (13)

(a) near 0 = arg(Z3) (b) near 0 = arg(Zs) (c) finite S-walls

Figure 8.45: Spectral networks of the deformation of S[As; Dyy] by t3, with a maximal &
symmetric BPS spectrum.

Wall-crossing to a maximal BPS spectrum When we change the value of v; from
(a1 — d)c1® to (ag + 6)e1®, where § is a small positive real number, we are on the other side
of the BPS wall in the Coulomb branch moduli space, where the triplet went through the
phase of becoming massless.

When ¢; = C1 = Cy = 0, v1 # 0 the deformed theory has the maximal, symmetric
BPS spectrum, as S[Ag; Dyy] did. Figures 8.45a and 8.45b show its spectral networks when
0 is close to having a triplet and a singlet, respectively. Again, the spectral networks are
different from those of the undeformed theory.

Figure 8.46a and Table 8.46b describe the BPS spectrum of the deformed theory, which
can be identified with the maximal, symmetric BPS spectrum of S[Ag; Dy, see Figure
8.42a and Table 8.42b. Although the two theories have different spectral networks, their
BPS spectra agree and this is good evidence for the claim that t3-term corresponds to an

exactly marginal deformation for the 4d SCFT.

8.3.2.3 S[AN_l;DH] in DN+1—class

Now we want to consider S[An_1; Dri| with general N and show its BPS spectra and their
wall-crossings are the same as those of S[A1; Dyeg, Dy43]. One difference from N = 3 case is
that when N > 3 the maximal flavor symmetry is SU(2) (or SU(2) x U(1) when N is odd),
and we only have doublets rather than triplets of SU(3) that exist in the BPS spectrum of
S[Asg; Dyy).

Let us start with the minimal BPS spectrum. The configuration of a spectral network

that provides the minimal BPS spectra of S[Ax_1; Dr1] has branch points of index 2 aligned
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z 2 state | (e,m)
1 | (1,0)
2 (0,1)
2 Z—zﬁ 3 | (13
: i 4 (1,2)
-7 L 5 (2,3)
0 6 (1,1)
(a) central charges (b) IR charges

Figure and Table 8.46: Maximal & symmetric BPS spectrum of the deformed S[Asg; Drpl.

(23)

B4H(12) | (12)(34)

(34)

(23)

(a) general 6 (b) finite S-walls

Figure 8.47: A spectral network of S[As; Dyy] with minimal BPS spectrum.

along two perpendicular lines on the t-plane. Because the BPS spectrum is represented by
a Dy,y1 quiver, which contains an Ay_; quiver in it, we expect the spectral network of
S[AN—_1;Di| to be a part of that of S[Ax_1;Dr1] and it is indeed the case, see Figures 8.39
and 8.47, which represent N = 3 and N = 4 cases, respectively, and contain the spectral
networks of S[Ay; D1| and S[As; D1, respectively, see Figures 8.14 and 8.20.

The Seiberg-Witten curve of S[Ay_1; Dy has two more branch points of index 2 in
addition to those of the curve of S[Ax_1; D1]. Remember that a trivialization of S[Ax_1; Dj]
is achieved by putting a branch cut between every branch point at finite ¢ to t = co, where
either there is a branch point of index N when N is odd, or there are two branch points of
index N/2 when N is even. The two additional branch points are connecting the (N — 1)-
th and N-th sheets. These branch points intercept two branch cuts from the other two
branch points of the same kind, therefore at ¢ = oo the curve of S[Ax_1; D] has either

a branch points of index N — 1 when N is even, or two branch points of index (N —1)/2
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when NV is odd. Note that by applying the Riemann-Hurwitz formula we find the genus of
the Seiberg-Witten curve to be ¢ = N/2 when N is even and g = (N — 1)/2 when N is
odd. With this trivialization of the curve of S[Ax_1;Dy1|, and that we have two more finite
S-walls compared to S[Ax_1;D1] with minimal BPS spectrum, it is straightforward that
the minimal BPS spectrum of S[Ay_1; Dy is equivalent to that of S[A1; Dyeg, Dny3] and
can be represented by a Dy quiver. Figure 8.48a and Table 8.48b describe the minimal

BPS spectrum of S[As; Dy], which can be represented with a D5 quiver as shown in Figure

8.48c.

state | U(1); | U(1)2

1 (1,0) | (0,0)

~7, 2 (0,1) | (0,0)
\ 3 (1,0) | (1,0)

4 (0,0) | (0,1)

(a) central charges (b) IR charges

)
(¢) BPS quiver

Figure and Table 8.48: Minimal BPS spectrum of S[As; Dyy].

To show that S[An_1;Dr) is equivalent to S[A1; Dreg, Dn43], we also compare the
maximal, symmetric BPS spectrum of the two. When only v; # 0 and all the other
parameters vanish, S[Ay_1;Dy1] has a symmetric arrangement of branch points around
t = 0. There are 2N branch points of index 2, each pair of them having the same indices
and being located oppositely from ¢ = 0. The indices of the first IV branch points are
(12), (23), ..., (N —1,N), (N,1), and each branch point is an end point of a branch cut
that goes to t = co. When N = 3 this leads to no branch point at ¢ = oo as we have seen
previously. When N > 3, if IV is even there is a branch point of index N — 1 at t = oo, and
if N is odd there are two branch points of index (N —1)/2 at t = co.

This configuration leads to a symmetric, maximal BPS spectrum, where there are N (N —
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(12)
(23) 41
(34) (34)
(41) (23)
(12)
(a) 0 =~ arg(Z1) = arg(Z3) (b) 0 ~ arg(Z2) = arg(Z%) (c) finite S-walls

Figure 8.49: Spectral networks of S[As; Dyi] with maximal, symmetric BPS spectrum.

1) singlets and N doublets, including anti-states, which results in N(N — 1) +2 x N =
N(N+1)= 2(N;rl) states in the BPS spectrum, which is the same as the number of states
in the maximal BPS spectrum of S[A1; Dreg, Dn43]. An example of spectral networks for
the N = 4 case is shown in Figure 8.49. The resulting BPS spectrum is described by
Figure 8.50a and Table 8.50b, which is the same as the maximal symmetric BPS spectrum

of S[A1; Dreg, D7], see Figure 8.38a and Table 8.38b.

state | U(1)1 | U(1)2
1 (1,0) | (0,0)
2 (0,1) | (0,0)
3 (1,0) | (1,0)
4 (0,0) | (0,1)
7 . 5 (1,1) | (1,0)
— 2‘_\21\ 6 (2,1) | (1,0)
Z 7 (3,1) | (2,2)
—/; = = o » 73

-7 8 (1,0) | (1,1)
\.Z?‘Zz 9 | (1,0) | (1,2)
10 (2,1) | (2,2)
11 (3,2) | (2,2)
12 (2,1) | (1,1)
13 (1,1) | (0,0)
14 (2,1) | (1,2)
15 (1,1) | (1,2)
16 (1,1) | (1,1)

(a) central charges (b) IR charges

Figure and Table 8.50: Maximal, symmetric BPS spectrum of S[A3; Dry].
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8.3.3 S[A2; Dieg, Dini| theories

Here we will see an example of 4d SCFT from the 6d (2,0) Ay_; theory with N > 2
compactified on a Riemann surface with both a regular puncture and an irregular one. The

Seiberg-Witten curve is v + QEQU + qgg = 0 with

&2 = ct+ (02 —ma_/S),

~ Comy  2m3
= 2—ot— - =t
¢3 v <C3 3 27 )

(8.32)

where the regular puncture is at ¢ = 0 and the irregular puncture is at ¢ = oco. The

Seiberg-Witten differential is A = 7dt. The dimensions of the parameters are
1
A(C3) =3, A(Cy) =2, A(my)=1, A(c)= 3 Av) = =. (8.33)

These are the same as those of the class 2 SCFT of SU(3) with Ny = 3 in [95]. We will
show that the BPS spectra of this theory and their wall-crossings are the same as those of
S[A1; Dreg, Dg] and S[Az; Dy, all three of which are in the same Dy-class..

The irregular singularity at t = co is a branch point of index 3 and has no residue. For
general values of parameters, we have four branch points of index 2. When we set the values

of Cy and (5 as

3 3
m m
+ +

Cy = , C3 =

—= 34
3 57 (8.34)

two among the four branch points collide with the regular puncture at ¢ = 0, forming a
branch point of index 3. This choice corresponds to enhancing the flavor symmetry to
SU(3), and the puncture has two triplets of S-walls coming out of it.

With values of C; fixed as above, the discriminant of the equation of branch points is

C

Aug(e,v) x & (v - ;) . (8.35)

v = ¢3/27 corresponds to the singularity where a singlet becomes massless. ¢ = 0 does not
correspond to a singularity but a collision of two branch points of index 2, forming a single

branch point of index 3.
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(12) (12) (123)

% X ®

(a) near 6 = arg(Z) (b) near 6 = arg(Z3) (c) finite S-walls

Figure 8.51: Spectral networks of S[Ay; Dyyy] with minimal BPS spectrum.

Minimal BPS spectrum When c is fixed as a real number and v = ¢3/27 — §, where §
is a small real number, we have two branch points of ramification index 2 in addition to the
puncture of index 3, as shown in Figure 8.51, where finite S-walls corresponding to BPS
states are also depicted.

Note that, in addition to a finite S-wall connecting the two branch points of index 2 that
corresponds to a singlet, there is a triplet of S-walls from the puncture, i.e., there are three
coincident finite S-walls connecting the puncture and one of the branch points of index 2,

which gives us an SU(3) triplet.

%
state | (e,m) @
= > 21 L[ (Lo M
2 | (0,1)
©)

(a) central charges (b) IR charges (c) BPS quiver

Figure and Table 8.52: minimal BPS spectrum of S[Asg; Dryy].

The intersections of the cycles corresponding to the S-walls can be easily read out if we
consider the trivialization of the Seiberg-Witten curve by introducing a branch cut between
the two branch points of index 2 and another branch cut connecting the puncture and the
branch point of index 3 at infinity. The resulting BPS spectrum, described in Figure 8.52a
and Table 8.52b, is the same as the minimal BPS spectrum of S[A1; Dyeg, Dg| (Figure 8.31)
and S[Ag; Dri (Figure and Table 8.40), all of which can be represented with a D4 quiver as

shown in Figure 8.52c.
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(123) %’( (123)

(a) near 6 = arg(Z) (b) near 6 = arg(Z3) (c) finite S-walls

Figure 8.53: spectral networks of S[Ay,C; Dyyi] with maximal BPS spectrum.

Wall-crossing to the maximal BPS spectrum As § — 0, the two branch points of
index 2 approach each other, corresponding to the BPS state from the S-wall connecting the
two becoming massless, and as we go across the wall at 6 = 0 the BPS spectrum undergoes
a wall-crossing to the maximum BPS spectrum, which is similar to what we have observed
for the other theories with a Dy BPS spectrum and an SU(3) flavor symmetry. Now we fix
the value of v and take ¢ — 0, then the two branch points of index 2 move to the other side
of the puncture, and one of the two branch points goes through the branch cut connecting
the puncture and infinity, resulting in a branch point connecting different sheets.

When we eventually set ¢ = 0, the two branch points collide to form a single branch
point of index 3. This is a symmetric configuration of three branch points (including one
at infinity), considering the locations of three points on a complex plane does not introduce
any modulus. Figure 8.53 shows its spectral networks and finite S-walls, from which we
get the maximal, symmetric BPS spectrum of S[Ag; Dir] described in Figure 8.54a and
Table 8.54b. This spectrum can be identified with those of S[A1; Dreg, Ds] (Figure 8.32 and
Table 8.4) and S[As; Dyi| (Figure and Table 8.42), thereby providing good evidence for the

equivalence of the three theories.
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state | (e, m)

O O =W N
|~~~ =|—~

(a) central charges (b) IR charges

Figure and Table 8.54: Maximal BPS spectrum of S[Asg; D).
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Appendix A

Normalization of compactified
Seiberg-Witten curves

A.1 Normalization of a singular algebraic curve

To understand how normalization works, let’s try to normalize a curve with a singularity,
A C CP2. The left side of Figure A.1 illustrates how a singularity of A is resolved when we

normalize it to a smooth curve A = o 1(A) by finding a map o. There are various kinds

N,

L

CP? S =o0(s1) =0(s2)

Figure A.1: Schematic description of the normalization of a singular curve.

of singular points, and the case illustrated here is that A has two tangents at the singular

point S = o(s1) = o(s2), which corresponds to two different points o=1(S) = {s1, s2} on
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A.l Without any normalization, A is an irreducible curve that is singular at S. After the
normalization we get a smooth irreducible curve A.

Finding such o that works over all A will not be an easy job, especially because we
don’t know how to describe A globally. However, if we are interested only in analyzing a
local neighborhood of a point on A, we do not need to find ¢ that maps the whole A to
the entire A, but finding a local normalization [18] of A near the point will be good enough
for that purpose. What is good about this local version of normalization is that we know
how to describe A locally. That is, because A is a Riemann surface, we can choose a local
coordinate s € C on A such that s; = 0. Then a local normalization is described by a map

s, from the neighborhood of s; € A to the neighborhood of S € A.
05t Ny, = Ng, s (2(s),y(s)),

where (z,y) is a coordinate system of C2 C CP? such that S = (0,0). Or if we see o5, as a
map into a subset of CP? when S = [Xg,Ys, Zs] = [Xs/Zs, Ys/Zs, 1],

05 : Ngy = Ns, s = [Xg/Zs+x(s), Ys/Zs +y(s), 1].

We can sew up the local normalizations to get a global normalization if we have enough of
them to cover the whole curve.

Now let’s get back to the case of Figure A.1 and find its local normalizations. Schematic
descriptions of the local normalizations are shown in the right side of Figure A.1. When we
zoom into the neighborhood N of the singular point S on A, we see a reducible curve, called
the local analytic curve [18] of A at S, with two irreducible components {47, A}, where
each component A; is coming from a part of A. By choosing Ng as small as possible, we
can get a good approximation of A at S by the local analytic curve fg(x,y) = 0. Because
we have two irreducible component for the local analytic curve illustated here, we can
factorize fs(x,y) into its irreducible components fs, (z,v), i.e., fs(z,y) = fs, (z,Y) fso (z, ),
each giving us the local description of the component. Then we find a local normalization

0s,(8) = (z(s),y(s)) for each component defined as the zero locus of fs, (z(s),y(s)).

LA similar kind of singularity occurs at (z,w) = (0,0) of a curve defined by zw = 0 in C?, which can be
lifted if we consider embedding the curve into C* and moving z = 0 and w = 0 complex planes away from
each other along the other complex dimension normal to both of them.
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A.2 Calculation of local normalizations

Calculation of a local normalization of a curve near a point is done here by finding a Puiseux
expansion [17] of the curve at the point. Puiseux expansion is essentially a convenient way
to get a good approximation of a curve in CP? around a point P on the curve. That is,
for a local analytic curve defined as fp(z,y) = 0, the solutions of the equation describe the
different branches of the curve at P, and each of them is called a Puiseux expansion of the
curve at P.

When the local analytic curve is irreducible, as we go around P the branches of the
local analytic curve at P are permuted among themselves transitively. However, when it
is reducible, for example into two components like the case we saw in Appendix A.1, the

permutations happen only among the branches of each component.

A.2.1 SU(2) SCFT

We showed in Section 3.1 how to compactify the Seiberg-Witten curve of SU(2) SCFT. So

let’s start with the compactified curve, Cqw, that is defined as the zero locus of
F(X,Y,Z)=(X - Z)(X —t12)Y? —uXZ3

in CP2. We want to get the local normalizations near

(1) {pi € Csw}, where {¢(p;)} are the points we add to Csw to compactify it,
(2) {4 € Cswldt(qi) = 0} = {g; € Csw | (9f/0v)(t(q:), v(q:)) = 0},

(3) {r; € Csw|v(r;) = 0}.

The corresponding points on Csw are

o(p1) =10,0,1],
a(p2) = a(ps) = [0,1,0],
U(p4) = [170’0]

from (1). (2) and (3) do not give us any other candidate.
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1. Near o(p1) = [0,0,1], let’s denote a small deviation from [0,0,1] by [z,y,1]. Along
Csw z and y satisfy

F(z,y,1) = (x — 1)(z — t1)y? — uz = 0. (A1)

From this polynomial we can get the corresponding Newton polygon. Here is how we
get one. First we mark a point at (a,b) € Z? if we have in the polynomial a term %y
with nonzero coefficient. We do this for every term in the polynomial and get several
points in the Z2-plane. For instance, the polynomial (A.1) gives the points in Figure
A.2, where the horizontal axis corresponds to the exponent of z and the vertical one

to that of y for a term that is represented by a point. Now we connect some of the

24 ) )

Figure A.2: Newton polygon of F(x,y,1).

points with lines so that the lines with the two axes make a polygon that contains all

the points and is convex to the origin. This is the Newton polygon of the polynomial.

Using this Newton polygon, we can find Puiseux expansions at o(p;). Here we will
describe just how we can get the Puiseux expansions using the data we have at hand.
The underlying principle why this procedure works is illustrated in [17], for example.
First we pick a line segment that corresponds to the steepest slope and collect the
terms corresponding to the points on that edge to make a new polynomial. Then the
zero locus of the polynomial is the local representation of Cgw near [0,0,1]. In this

case, the polynomial is

t1y2 — uzx.

The zero locus of this polynomial is an approximation of Cqw at * = y = 0, i.e.,

the local analytic curve at [0,0,1]. We can get a better approximation by including
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“higher-order” terms, but this is enough for now. The solutions of this polynomial,

y(@) = i\/f

are the Puiseux expansions of y in x at * = y = 0. We can see that there are two
branches of y(x), that the two branches are coming together at x = y = 0, and that

the monodromy around x = 0 permutes the two branches with each other.

To get a local normalization near the point, note that

opy 5> [2,y,1] = [s2,a08, 1], ap = J/u/ty

maps a neighborhood of s = 0 to the two branches. Therefore o, is a good local
normalization when we consider s as a coordinate patch for Cqw where p; is located

at s = 0.

Now we have a local normalization o, near p;. Let’s use this to calculate the ramifi-
cation index v, (7). Remember that the local description of 7 : Csw — Cp near p; is

realized in Section 3.1 as

Near s = 0,
Tpy (8) — mp, (0) = 1 - 0=s"

The exponent of this map is the ramification index at s = 0. That is, v, (7) = 2.

We can also calculate the degree of (w) at py using the local normalization. Remember

that (w) is the Seiberg-Witten differential pulled back by o onto Cgw.

omooy o (2a( X)),

Near s = 0, this becomes
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Therefore w has neither pole nor zero of any order at pi, which implies v, (w) = 0.

. Near o(p2) = o(p3) = [0, 1,0], let’s denote a deviation from [0, 1,0] by [z, 1, z]. Then

along Csw x and z satisfy
F(x,1,2) = (z — 2)(z — t12) — uzz® = 0.

The Newton polygon of this polynomial is shown in Figure A.3. We collect the terms

1 2 3

Figure A.3: Newton polygon of F(z,1,z).
corresponding to the points on the edge to get a polynomial

22 d oz (=1 —t)) + 2%t = (z— 2)(x — t12),

whose zero locus is the local analytic curve of Csw at [0,1,0]. Note that this polyno-
mial is reducible and has two irreducible components. This is the situation described
in Figure A.1. Therefore we can see that [0,1,0] has two preimages ps and p3 on
Csw by o. However, this local description of the curve is not accurate enough for us
to calculate Ry or (w). To see why this is not enough, let’s focus on one of the two

components, x — t1z. This gives us the following local normalization near ps.
Opy 1 S [z, 1, 2] = [t1s, 1, s].

From this normalization we get
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which maps the neighborhood of ps on Csw to a single point ¢t; on Cp. Also,

wpy = ——d <$(S)> ~ Lawy=o,

x(s)  \ z(s) t1s

which does not make sense. The reason for these seemingly inconsistent results is
because the local analytic curve we have now is not accurate enough to capture the
true nature of Csw. Therefore we need to include “higher-order” terms of the Puiseux
expansion. To do this we first pick one of the two components that we want to improve
our approximation. Let’s stick with x —t;z. The idea is to get a better approximation
by including more terms of higher order. That is, we add to the previous Puiseux

expansion

one more term

x(2) = z(t1 + z1(2))

and then find such x1(z) that gives us a better approximation of the branch of Cgyy.

For that purpose we put this x(z) into F(z, 1, z). Then we get
F(z(ty + x1),1, 2) = 22 Fi (21, 2),

where we factored out z? that is the common factor of every term in F. Now we draw
the Newton polygon of Fj(z1,z) and do the same job as we have done so far. The

Newton polygon is shown in Figure A.4. Collecting the terms on the line segment

1 2

Figure A.4: Newton polygon of Fi(z1, 2).
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gives
(t1 — D)y — ut12°.

Setting this to zero gives x1(z), and by putting it back to z(z), we get

t
1 23.
-1

x=z(t1+21(2) =tz +

We now have an improved Puiseux expansion. If we want to do even better, we can
iterate this process. However, as we will see below, this is enough for us for now, so

we will stop here.

For the other irreducible component, x — z, we do a similar calculation and get the

same Newton polygon and the following Puiseux expansion.

u
r=z(14z1(2) =2+ 1—t123'

These expansions give us the following local normalizations
op; 185+ [z, 1, 2] = [bgs + b1s°,1, 5],

where by and by are

at po and

tiu

bo =t1, b1 =
0=" =

at p3. From each of these local normalizations we get, near each p;,

x(s)

77101'(5) - 77101'(0) = —— —bp x s? = V;DQ(W) = Vp3(7r) =12,

z(s)
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and

wyy = — d<x(8))ocds:>l/p2(w):1/p3(w):0.

. Next, consider o(ps) = [1,0,0]. We start by denoting the deviations from [1,0,0] as
[1,y,z]. Then y and z satisfy

F(17y7 Z) = (1 - Z)(l - tlz)yz - uz3 - 07

whose Newton polygon is shown in Figure A.5. This gives us a polynomial

Figure A.5: Newton polygon of F(1,y, z).

y2 — UZ3,

whose zero locus is the local analytic curve of Csw at [1,0,0]. The corresponding

local normalization is
Opy s [Ly, 2] = [1,0083,32], co = V1.

Using this local normalization, we get

1 1 z(s) 9
— = — — X 8§ =y, (1) =2,
Tpa(s)  mp(0) 1 o0 "

where we took a reciprocal of mp,(s) because mp,(s = 0) = m(ps4) = co. And we also

find
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As we have found out in Sections 3.1, for the Seiberg-Witten curve of SU(2) SCFT,
{p1, ..., pa} are all the points that we need to investigate. Therefore we have all the local

normalizations we need to construct R, and w. From the results of this subsection, we have

Rr=1-[p1]+1-[pa] +1-[ps]+1-[p4]

and

A.2.2 SU(2) x SU(2) SCFT

The corresponding Seiberg-Witten curve Csw is the zero locus of
ft,v) = (t = 1)(t —t1)(t — t2)v? — urt? — ugt.
We embed this into CP? to compactify it to Csy, the zero locus of
F(X,Y,Z)= (X — 2)(X —t12)(X — t22)Y? —u1 X223 —up X Z%.

in CP2. Now we want to get the local normalizations near

(1) {pi € Csw}, where {¢(p;)} are the points we add to Csw to compactify it,
(2) {gi € Cswldt(qi) = 0} & {gi € Csw | (9f/9)(t(q:), v(qi)) = 0},

(3) {ri € Cswlv(r;) = 0}.

The corresponding points on Cgw are

U(pl) = [0’07 ”7
o(p2) = o(ps) = o(ps) = [0,1,0],

U(p5) = [17 0, 0}

from (1), and

U(q) = [10707 1]7 p= _u2/ul
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from (2). (3) does not give us any other candidate.

1. Near o(p1) = [0,0, 1], the Newton polygon of F(x,y, 1) is shown in Figure A.6. This

Figure A.6: Newton polygon of F(x,y,1).

gives us a polynomial
2
titoy” + uaw,

whose zero locus is the local analytic curve of Csw at [0, 0, 1]. The local normalization

near p; is

Op 1S 2,y 1] = [s%, ags, 1], ag = \/—ua/(tit2),
from which we can get
x(s)

Ton () = 7, (0) = 52— 0 ox 5% = 1y, (1) =2,

y(s)

wp, = ——=d(x(s)) oc ds = vp, (w) = 0.

(s)

2. Near o(p2) = o(p3) = o(ps) = [0, 1,0], the Newton polygon of F(x,1,z2) is shown in
Figure A.7. This gives us

N W
( ]

1 2 3 4

Figure A.7: Newton polygon of F(z,1, z).
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2 4 2?2 (<1 —ty — tg) — 2Btitg + x2? () +ta + tits) = (x — 2)(x — t12)(x — t22),

whose zero locus is the local analytic curve of Csw at [0,1,0]. We see that it has
three irreducible components, and that each component needs a higher-order term to

calculate v, () and v, (w). We pick a component
T = byz.
By denoting the higher-order term as x1(z), now x(z) is

1 at b2,
z = 2(bo + 71(2)), bo = q ¢; at ps,

tz at P4.
and by putting this back into F(z,1, z), we get
F(z,1,2) = 23Fi(z1, 2).

The Newton polygon of Fj(z1, 2) is shown in Figure A.8. This gives us a polynomial

3
2 )
1 )

Figure A.8: Newton polygon of Fi(z1,z).

+
(1_12)(1{2_,52) at po,
_ 2 — t1(t1ut+u2)
T2 b= Gy at e,
ta(tau1+ug)
- D(l2—tr) 2 P4
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Therefore the Puiseux expansion at each p; is

x = 2(bg + 21(2)) = boz + b1 2.
The local normalization near each p; is
s [z, 1, 2] = [bos + bys>, 1, ],

Op;

(3

from which we can get

(s)

T, (8) — mp, (0) = 26) by x % = vy, (T) = 2,
w _ g () x ds Vp; (W) =
pm gt (G e o=

3. Near o(ps) = [1,0,0], the Newton polygon of F(1,y, z) is shown in Figure A.9. This

Figure A.9: Newton polygon of F(1,y, z).

gives us

P — g2

as the local analytic curve of Csw at [1,0,0]. The local normalization near ps is

ops s [y, 2] = [1,6033,32], co = /U1,

from which we can get

1 1 z(s) 1 9
— = — — X §° =y (1) =2,
Tps(8)  Tps (0) 1 00 e

wpy = y(s)d (2(13)> x ds Uy (@) = 0.
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4. Near o(q) = [p,0,1], the Newton polygon of F(p + x,y,1) is shown in Figure A.10.

This gives us a polynomial

Figure A.10: Newton polygon of F(p + x,y,1).

usx — (p—1)(p — t1)(p — t2)y?,

whose zero locus is the local analytic curve of Csw at [p, 0, 1]. The local normalization

near q is

U2
(p=1)(p—t1)(p—t2)’

Uq53'_>[p+l’,y,1]:[p+827d05,1], dOZ\/

from which we can get

mols) — mg(0) = PEIE 2 my =2,
g = dl(;d(:r(s)) x s2ds = v(w) =2

From these results we can find out

Re=1-[p1i]+1-[pa] +1-[p3]+1-[pa]+1-[ps]+1-]q],

(w) =2-[q].

A.2.3 SU(3) SCFT

The Seiberg-Witten curve Csw is the zero locus of

ft,v) = (t — 1)(t — t1)v> — ugtv — ust.
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We embed Csw into CP? to compactify it to Cqw, which is the zero locus of
F(X,Y,2)=(X - Z2)(X —t12)Y> —ups XY Z3 — us X Z*

in CP2. We want to get the local normalizations near

(1) {pi € Csw}, where {¢(p;)} are the points we add to Csw to compactify it,
(2) {q € Cswldt(qi) = 0} < {qi € Csw | (9f/0v)(t(q:),v(q:)) = 0},

(3) {ri € Csw|v(r;) = 0}.

The corresponding points on Cgw are

a(p1) =10,0,1],
o(p2) = o(p3) = [0, 1,0],
0(p4) = [170,0]

from (1), and

144+ T+t +p)\> U /3)3 uz /2
o(qx) = [t+,vo,1], tj::i; pi\/(l p) —tl,P:(z/) 110:—(3/)

from (2). (3) does not give us any other candidate.

1. Near o(p1) = [0,0, 1], the Newton polygon of F(z,y, 1) is shown in Figure A.11. This

Figure A.11: Newton polygon of F(z,y,1).

gives us a polynomial

3
ty” — uzx,
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whose zero locus is the local analytic curve of Csw at [0, 0, 1]. The local normalization

near p; is

Opy 15+ [1,9,1] = [8%,a0s,1], ap = Vus/t,
from which we can get

x(s)

Tpy (8) — mp, (0) = T~ 0o s® = v, (1) =3,
= L dla(s) o ds = () = 0.

2. Near o(p2) = o(p3) = [0,1,0], the Newton polygon of F(z,1,z) is shown in Figure
A.12. This gives us

Figure A.12: Newton polygon of F(z,1, z).

22— (1+t)zz+ 122 = (z — 2)(z — t12),

whose zero locus is the local analytic curve of Csw at [0,1,0]. We see that it has
two irreducible components, and that each component needs a higher-order term to

describe Csw up to the accuracy to calculate vy, () and v, (w). We pick a component

1 at po,
T = b()z, b() =

t1 at p3.

By denoting the higher-order term as xz1(z), now z(z) is

x = z(bg + z1(2)),
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and by putting this back into F(z,1, 2), we get

F(z,1,2) = 22Fy(x1, 2).

The Newton polygon of Fi(x1,z) is shown in Figure A.13. This gives us a polynomial

Figure A.13: Newton polygon of F}(z1, z).

U
1_2151 at pa,

xr1 — 5122, bl =
t1ug
-1 at ps.

Therefore the Puiseux expansion at each p; is

T = Z(bo + ml(z)) = byz + blzg.

The local normalization near each p; is

op; + 8 [x,1,2] = [bos + b1s>,1, 8],

from which we can get

Wpi(s)_ﬂ—pi(o):zég_bOOCSQ:VPi(W):Qv
RO x ds vy (w) =
pm gt () = =0

3. Near o(ps4) = [1,0,0], the Newton polygon of F(1,y, z) is shown in Figure A.14. This

gives us

WP — ugt



Figure A.14: Newton polygon of F'(1,y, 2).

as the local analytic curve of Csw at [1,0,0]. The local normalization near py is
Opy iS5 [y, 2] = 1, cost, s3], co = Yus,

from which we can get

1 I z2(s) 1 B
@) @ T T e T T M =3
wp, = Y(s)d (z(ls)> x ds = vp, (w) = 0.

4. Near o(q+) = [t+,vo, 1], the Newton polygon of F(t+ +x,vp+y, 1) is shown in Figure
A.15. This gives us a polynomial

Figure A.15: Newton polygon of F(ty + z,vo + y, 1).

1 /14+t1+p 3tr\ o
(T ) e (S5 ) A
0 2 2vg

whose zero locus is the local analytic curve of Csw at [t4,vg, 1]. The local normaliza-
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tion near ¢+ is

2 (14t +

Ogs t 8 [ta + 2,00 + 4, 1] = [t + s, v0 + dos, 1], do = voy [ o STATP ;
3p 2t

from which we can get

t+ +x(s
maa() e () = EET 2 () =2

Wey = :—id(x(s)) x sds = vy, (w) = 1.

From these results we get

Re=2-[p1]+1-[po] +1-[ps] +2-[pa] +1-[q4] +1-[q-],

(w)=1-[g+]+1-[g-]

A.2.4 SU(3) pure gauge theory

The Seiberg-Witten curve Cgyw is the zero locus of
f(t,v) =t 4+ (v3 — ugv — uz)t + AS.

To avoid cluttered notations, let’s rescale the variables in the following way:

t v U,
— =, ATV kT Uk (A.2)

It is easy to restore the scale if needed, just reversing the direction of the rescaling. Then

the equation that we start the usual analysis with is
ft,v) =12+ (v —ugv — uz)t + 1 = tv® — ugtv + (2 — ust + 1)

whose zero locus defines Cgywy. We embed Caw into CP? to compactify it to Caw, the zero

locus of

F(X,Y,2) = XY3 —uuXYZ% + (X?Z? —us X Z° + Z%).
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in CP2. We want to get the local normalizations near

(1) {pi € Csw}, where {¢(p;)} are the points we add to Csw to compactify it,
(2) {ai € Cswldt(qi) = 0} = {g; € Csw | (9f/0v)(t(q:), v(q:)) = 0},

(3) {ri € Cswlv(r;) = 0}.

The corresponding points on Csyw are

U(pl) = [0’ 1, 0]7

U(pZ) = [L 0, 0]

from(1),

U us\ 2 [u
U(Qab> = [tQabanaa 1]7 CL,b - :]:1, ZL/Qab - <U2a3 + ?3) + b\/(UQGLg + ;) - 17 V2qg = Q@ ?2

from(2), and

u u 2
O'(Ti): [tgi,o,l], t3i:?3:|: (i) -1
from(3).

1. Near o(p1) = [0, 1,0], the Newton polygon of F'(x, 1, z) is shown in Figure A.16. This

Figure A.16: Newton polygon of F(z, 1, z).

gives us a polynomial

T+ z7,

whose zero locus is the local analytic curve of Csw at [0, 1,0]. The local normalization
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near pi is

from which we can get

a(s)

7Tp1(5) _Wpl(o) =< 0xs

z(s)

Wp, = 9;(15)d (iég) o ds = v, (w) = —2.

2. Near po = [1,0,0], the Newton polygon of F(1,y,z) is shown in Figure A.17. This

Figure A.17: Newton polygon of F(1,y, 2).

gives us
Y3+ 22
as the local analytic curve of Csw at [1,0,0]. The local normalization near py is

Opy i 5+ [Ly, 2] = [1, -5, 87,

from which we can get

1 L z2(s) 1
Tpy () N Tp, (0) 1 X Vea(T) = 3,
1 ds
A CdEI L = ) = 2.

3. Near qup = [taap, V24, 1], the Newton polygon of F'(toqp+ 2, v24+y, 1) is shown in Figure
A.18. This gives us a polynomial
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3 )
2 )
1
1 2

Figure A.18: Newton polygon of F(toq + x,v2, + 9, 1).

U 2
<2b\/(vga + 23> - 1) T+ 3U2at2aby27

whose zero locus is the local analytic curve of Cqw at [t2ab, V24, 1]. The local normal-

ization near qqp is

Ogup © 5+ [t2ab + T, 020 + Y, 1] = [togp + 52, V9q + €0, 1],

2b us 2
=/ (] + =) —1.
« \/ 3U2at2ab \/(U2a * 2 )

from which we can get

tgab + JJ(S)
T (5) = T (0) = 2202

Wa, = %d(az(s)) o sds = vy, (w) = 1.

— togp X §7 = Voo (T) = 2,

. Near ry = [ts+,0,1], the Newton polygon of F(t3+ + x,y, 1) is shown in Figure A.19.

This gives us a polynomial

3 )
2
1 )
1 2

Figure A.19: Newton polygon of F(t3+ + z,y,1).
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us
2 (75:& — ?) T — Uu2l3+y,

whose zero locus is the local analytic curve of Csw at [ts+, 0, 1]. The local normaliza-

tion near r4 is

1 U
Ory 08— [tax +x,y, 1] = [tax + s,dos, 1], do = — <2— 3) .
U la+

from which we can get

t3+ + x(s
Ty (8) — 7y (0) = ?’il() —t3r x s = v, (1) =1,
Wy = @d(x(s)) x sds = v, (w) = 1.
t3+

From these results we can find out

Re=2-[pr]+2[po] +1-[gr4]+1-[qr]+1 [g-4]+1-[g--],

(W) ==2-[p] =2-[po] + 1-lgr] + 1 [q -]+ 1-[gq ]+ 1 fg ]+ 1 [ry] +1-[r].
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Appendix B

On Kazama-Suzuki models and
their Landau-Ginzburg
descriptions

The Kazama-Suzuki model [65] is a coset model G,/ H where G is a compact simple simply
connected Lie group, H is its closed subgroup of the same rank as G such that the space
G/H of left cosets is Kéhler; k is a positive integer. It can be realized as a gauge theory
[96]: the gauge group is H and the matter theory is the direct product of the G Wess-
Zumino-Witten model and the g/h-valued free fermion, where H acts on G and g/h by the

conjugation. The models relevant for us are a subclass of

SU(m + n)g
B.1
S[U(m) x U(n)] B
with the central charge
c kmn
f=—-=———. B.2
T3 T ktm+n (B2)

This model is invariant under permulations of k, m,n [65]. The model with m =n =1, i.e.,
SU(2)x/U(1), is equivalent to the N' = 2 Aj minimal model [97]. The model with m = 1,

n=N—k, ie.,
SU(N);
S[U(k) x U(N — k)]’

(B.3)
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is believed [74, 63] to be equivalent to the IR fixed point of a Landau-Ginzburg model with

a superpotential W (xq,...,z) which is chosen so that
k
W(z,...oxn) =Y oy, (B.4)
b=1

where op, are auxiliary variables such that x; are their elementary symmetric polynomials:

Tp = Z 01,01y -+ Ol - (B.5)

1<l <lp<-<ly<k
One piece of evidence of the equivalence comes from computing the central charge and
the spectrum of the operators on each side and matching them. In addition, when & > N —k,
we can re-express everything in terms of N —k chiral fields, which implies k <+ N — k duality
[63]. Another nontrivial evidence comes from the calculation of elliptic genera in the two

descriptions, which yields agreement [98, 99].
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Appendix C

SCFT's of Argyres-Douglas type

C.1 S[An_1; D theories from SU(N) pure SYM

The M-theory curve of N' =2 SU(N) pure SYM theory is
ANE? + Py (o)t + AN =0, (C.1)

where Py = vV + Zf\iz wivVN " and wu; are the Coulomb moduli parameters. By setting

v = zt, we get the following form of the curve:

N
2N+ i)V =0, (C.2)
=2
where
U . N unN AN
6 = o (i=2... .N-1), and én =57+ 3y + 737 (C.3)

The Seiberg-Witten differential is A = xdt. This denotes that there are two irregular
singularities at ¢ = 0 and ¢ = oo.
The maximal conformal point is at u; = £2A%V 5N (we choose the minus sign here), at

which the curve becomes

N
mN+

it 1)2 =0. (C.4)

To consider the small deformation from this point, let us define the parameters as u; =
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@y — 202NNV by which the curve is

(t 12+ TN =, (C.5)
i=2

Let us look at the region close to t = 1. To do this, we introduce the new coordinate

t = (t — 1)A® with @ > 0 and take the limit A — co. This is written as ¢t = 1 + Aia The

SW differential is now written as A = ﬁdﬂ so we define = {7 such that the differential

is of canonical form. The curve in terms of these coordinates is written as

N .
#N | AN-(2+N)aj2 ' Uy N—i _ . '
N +;Aw(1+(’)(A—a))1x 0 (C.6)

We want to keep the second term finite which means a = NLJFZ In order for the deformation

terms to be finite, we also have

N .
ZALi = Amzci, (C?)
where i = 2, ..., N. We can easily see that the scaling dimension of ¢; is NQ—J’FQ Let us define
Vi = CN_jyo for i =2,..., [%] such that the dimensions are
2i 2i
Alv) =2— ——, Ag) = . .
() =2 g0 Ale) =51 (C3)
fori=2,..., [%] Note that they satisfy A(v;) + A(v;) = 2. When N = 2k, there is a
mass parameter ¢, with dimension 1. The final form of the curve is
N .
BN+ ait)EV =0, (C.9)
i=2
where
. N +2
¢Z = G, (Z - 27 ) [TD7
. N+2
i = UN_ipo, (i=[—=—]+1,...,N—1), and ¢y = > + vs. (C.10)
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C.2 S[AN_l;DH] from SU(N) with Nf =2

The Seiberg-Witten curve of SU(N) gauge theory with two flavors with masses m; o is
AN"H v —my)t? + Py (v)t + AV Lo —mg) = 0. (C.11)
The most singular point of this curve is at
up = £2AN 76, vy, my =mg = 0. (C.12)

Indeed the curve is factorized at this point into

L (tE1)?
where v = xt.
We parameterized the parameters as uy = —2A2%+1i; and the coordinate as A%(t—1) = t.

The SW differential is A\ = 2 dt = Z df where Z = Aa- By substituting these into the curve

N—-1
N+1

the curve of the form (C.9) where

we obtain a = in order to keep the second term in (C.13) finite. Therefore we obtain

. N+1
¢i = Gy, (Z:277[TD
. N +1
¢ = uN-ir1, ((=[——]+1...,N-2)
on-1 = P +uve, ¢n=cit? + Col + vy, (C.14)

where the last terms have been obtained from the expansion of 2° terms

1 ANfl ~ ANfl
- (- m2 R\ S ) . (C.15)
ANa (1+t/Aa)N+1 (1+t/Aa)N (1_|_t/Aa)N71
The dimensions of the parameters are easily obtained as
Aw) =2 2 Ale) = -2 A(C) = ACy) = 1 (C.16)
Vi) = N-I—]_, CZ_N—I-]_’ 1) — 2) — 4, .

fori=1,...,[N/2], where C} := c|(n41)/2] With dimension-one exists only when N is odd.
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C.3 S[AQ; Dreg; DIH] from SU(S) with Nf =3

Let us next consider the AD point of SU(3) with Ny = 3. The Seiberg-Witten curve is

given by
¢ — _Li + @ + L
T 3 -12 e T eit-1)
2m? A2 COs— 202% us UM
= 4+ 4= - . C.17
¢s 27— 1p @ £ TR0 3R(-1) (C.17)

There are a simple regular puncture at ¢t = 1 and a full regular puncture at t = co. The
puncture at ¢ = 0 is irregular of {2,4}, which corresponds to no hypermultiplet.

We first consider ¢ whose expansion is, by setting ¢ = A%w,

(C.18)

A2a Cy — mi/3 Uy — 2m%r/3 Uy — m%r
A2aw2 A3aw3 A4aw4 R

Let my be finite parameter here. It follows that the second term can be kept finite by

uo = A% and the higher order terms are suppressed. So, we get

Cy —m?/3
:2m+/+v

o 2 3 (C.19)
We next consider ¢3 whose expansion is
C. 2m3 2m3 4m3
A3a CS_ an++ T;; §++A3+U3_uz?++ 7;++u _2UQ3m++ (020)
A3aq3 Adaqyd ABaqyd B :
Since m is finite and ug ~ A%, in order to have 1/w® term we need to set ug = —A3+ A3/ 2,
and a = 3/2. By this, we get
2m3
03 - CQ;n+ + T’; V2 1
¢3 = 3 P S (C.21)
The dimensions of the parameters are
3 1
A(C?)) - 37 A(CQ) - 27 A(m-i-) = 17 A(’Ul) - 57 A(UQ) - 5 (022)

These are the same as those of the class 2 SCFT of SU(3) with Ny = 3 in [95].
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In terms of a Riemann surface, this AD point corresponds to a sphere with one regular
full puncture at ¢ = oo and one irregular puncture of {3,5}. Note that these degrees are
lower than those of the two hypermultiplets, which is {4,6}.

By the transformation w — 1/w, the Seiberg-Witten curve is

v 02 - m2 3
b = Lyl
w w
Com 2m?
1 vy (55— + =+
¢3 = P 2)3 2 (C.23)

where the regular puncture is at ¢ = 0 and the irregular puncture is at ¢ = oo. The

Seiberg-Witten differential is A = & dw, where 23 + ¢ox + ¢35 = 0.



224

Bibliography

[1] N. Seiberg, Supersymmetry and Nonperturbative beta Functions, Phys.Lett. B206
(1988) 75.

[2] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N=2
supersymmetric QCD, Nucl. Phys. B431 (1994) 484-550, [hep-th/9408099].

[3] N. Seiberg and E. Witten, Monopole Condensation, And Confinement In N=2
Supersymmetric Yang-Mills Theory, Nucl. Phys. B426 (1994) 19-52,

[hep-th/9407087].

[4] P. C. Argyres and M. R. Douglas, New phenomena in SU(3) supersymmetric gauge
theory, Nucl. Phys. B448 (1995) 93-126, [hep-th/9505062].

[5] D. Gaiotto, N=2 dualities, arXiv:0904.2715.

[6] A. Klemm, W. Lerche, P. Mayr, C. Vafa, and N. P. Warner, Self-Dual Strings and
N=2 Supersymmetric Field Theory, Nucl. Phys. B477 (1996) 746-766,
[hep-th/9604034].

[7] E. Witten, Solutions of Four-Dimensional Field Theories via M-theory, Nucl. Phys.
B500 (1997) 3-42, [hep-th/9703166].

[8] A. Fayyazuddin and M. Spalinski, The Seiberg- Witten differential from M-theory,
Nucl. Phys. B508 (1997) 219228, [hep-th/9706087].

[9] M. Henningson and P. Yi, Four-dimensional BPS spectra via M theory, Phys.Rev.
D57 (1998) 1291-1298, [hep-th/9707251].

[10] A. Mikhailov, BPS states and minimal surfaces, Nucl. Phys. B533 (1998) 243-274,

[hep-th/9708068].



225
[11] A. Karch, D. Lust, and D. J. Smith, Equivalence of geometric engineering and
Hanany- Witten via fractional branes, Nucl. Phys. B533 (1998) 348-372,
[hep-th/9803232].

[12] H. Ooguri and C. Vafa, Two-Dimensional Black Hole and Singularities of CY
Manifolds, Nucl. Phys. B463 (1996) 5572, [hep-th/9511164].

[13] D. Tong, NS5-branes, T-duality and worldsheet instantons, JHEP 07 (2002) 013,
[hep-th/0204186].

[14] J. A. Harvey and S. Jensen, Worldsheet instanton corrections to the Kaluza-Klein

monopole, JHEP 10 (2005) 028, [hep-th/0507204].

[15] C.Y. Park, Ramification Points of Seiberg- Witten Curves, JHEP 07 (2011) 068,

[arXiv:1102.0288|.

[16] P. C. Argyres and N. Seiberg, S-duality in N=2 supersymmetric gauge theories, JHEP

12 (2007) 088, [arXiv:0711.0054].
[17] F. Kirwan, Complex Algebraic Curves. Cambridge University Press, 1992.

[18] P. A. Griffiths, Introduction to Algebraic Curves. American Mathematical Society,
1989.

[19] D. Gaiotto, G. W. Moore, and A. Neitzke, Wall-crossing, Hitchin Systems, and the
WKB Approximation, arXiv:0907 .3987.

[20] T. J. Hollowood, Strong coupling N = 2 gauge theory with arbitrary gauge group, Adv.

Theor. Math. Phys. 2 (1998) 335-355, [hep-th/9710073].

[21] P. C. Argyres, M. R. Plesser, N. Seiberg, and E. Witten, New N=2 Superconformal
Field Theories in Four Dimensions, Nucl. Phys. B461 (1996) 71-84,

[hep-th/9511154].

[22] P. C. Argyres and A. E. Faraggi, The vacuum structure and spectrum of N=2
supersymmetric SU(n) gauge theory, Phys. Rev. Lett. 74 (1995) 3931-3934,
[hep-th/9411057].



226
[23] A. Klemm, W. Lerche, S. Yankielowicz, and S. Theisen, Simple singularities and N=2
supersymmetric Yang-Mills theory, Phys. Lett. B344 (1995) 169-175,
[hep-th/9411048].

[24] P. C. Argyres, M. R. Plesser, and A. D. Shapere, The Coulomb phase of N=2
supersymmetric QCD, Phys. Rev. Lett. 75 (1995) 1699-1702, [hep-th/9505100].

[25] A. Hanany and Y. Oz, On the Quantum Moduli Space of Vacua of N = 2
Supersymmetric SU(N,.) Gauge Theories, Nucl. Phys. B452 (1995) 283-312,
[hep-th/9505075].

[26] U. H. Danielsson and B. Sundborg, The Moduli space and monodromies of N=2
supersymmetric SO(2r+1) Yang-Mills theory, Phys. Lett. B358 (1995) 273-280,
[hep-th/9504102].

[27] A. Brandhuber and K. Landsteiner, On the monodromies of N=2 supersymmetric
Yang-Mills theory with gauge group SO(2n), Phys. Lett. B358 (1995) 73-80,
[hep-th/9507008)].

[28] P. C. Argyres and A. D. Shapere, The Vacuum Structure of N=2 SuperQCD with
Classical Gauge Groups, Nucl. Phys. B461 (1996) 437-459, [hep-th/9509175].

[29] E. J. Martinec and N. P. Warner, Integrable systems and supersymmetric gauge
theory, Nucl. Phys. B459 (1996) 97-112, [hep-th/9509161].

[30] K. Hori, C. Y. Park, and Y. Tachikawa, 2d SCFTs from M2-branes,

arXiv:1309.3036.

[31] A. Hanany and K. Hori, Branes and N = 2 theories in two dimensions, Nucl. Phys.
B513 (1998) 119-174, [hep-th/9707192].

[32] E. Witten, Phases of N=2 theories in two-dimensions, Nucl. Phys. B403 (1993)
159-222, [hep-th/9301042).

[33] E. Witten and D. 1. Olive, Supersymmetry Algebras That Include Topological Charges,
Phys.Lett. B78 (1978) 97.



227
[34] P. Fendley, S. Mathur, C. Vafa, and N. Warner, Integrable deformations and

scattering matrices for the N=2 supersymmetric discrete series, Phys.Lett. B243

(1990) 257-264.

[35] S. Cecotti and C. Vafa, On classification of N=2 supersymmetric theories,
Commun. Math. Phys. 158 (1993) 569644, hep-th/9211097].

[36] A. D’Adda, A. Davis, P. Di Vecchia, and P. Salomonson, An Effective Action for the
Supersymmetric CP"~ Model, Nucl. Phys. B222 (1983) 45.

[37] D. Gaiotto, G. W. Moore, and A. Neitzke, Spectral networks, arXiv:1204.4824.

[38] N. Dorey, The BPS spectra of two-dimensional supersymmetric gauge theories with
twisted mass terms, JHEP 9811 (1998) 005, [hep-th/9806056].

[39] N. Dorey, T. J. Hollowood, and D. Tong, The BPS spectra of gauge theories in
two-dimensions and four-dimensions, JHEP 9905 (1999) 006, [hep-th/9902134].

[40] D. Gaiotto, G. W. Moore, and A. Neitzke, Wall-Crossing in Coupled 2d-4d Systems,

arXiv:1103.2598.

[41] J. Barbon, Rotated branes and N=1 duality, Phys.Lett. B402 (1997) 59-63,
[hep-th/9703051].

[42] S. Elitzur, A. Giveon, and D. Kutasov, Branes and N=1 duality in string theory,
Phys.Lett. B400 (1997) 269-274, [hep-th/9702014].

[43] S. Elitzur, A. Giveon, D. Kutasov, E. Rabinovici, and A. Schwimmer, Brane
dynamics and N=1 supersymmetric gauge theory, Nucl. Phys. B505 (1997) 202-250,
[hep-th/9704104].

[44] A. Giveon and D. Kutasov, Brane dynamics and gauge theory, Rev.Mod.Phys. T1
(1999) 983-1084, [hep-th/9802067].

[45] K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, et al., Mirror symmetry.
the American Mathematical Society, 2003.

[46] J. H. Brodie, Two-dimensional mirror symmetry from M theory, Nucl.Phys. B517
(1998) 36-52, [hep-th/9709228].



[47]

[48]

[49]

[50]

[51]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

228

D.-E. Diaconescu and N. Seiberg, The Coulomb branch of (4,4) supersymmetric field
theories in two-dimensions, JHEP 9707 (1997) 001, [hep-th/9707158].

E. Witten, Instantons, the Quark Model, and the 1/n Ezpansion, Nucl.Phys. B149
(1979) 285.

D. Tong, Superconformal vortex strings, JHEP 0612 (2006) 051, [hep-th/0610214].

A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles, and three-
dimensional gauge dynamics, Nucl. Phys. B492 (1997) 152-190, [hep-th/9611230].

A. Hanany and D. Tong, Vortez strings and four-dimensional gauge dynamics, JHEP
0404 (2004) 066, [hep-th/0403158].

N. A. Nekrasov and S. L. Shatashvili, Supersymmetric vacua and Bethe ansatz,

Nucl. Phys. Proc.Suppl. 192-193 (2009) 91-112, [arXiv:0901.4744].

N. A. Nekrasov and S. L. Shatashvili, Quantization of Integrable Systems and Four

Dimensional Gauge Theories, arXiv:0908.4052.

A. D. Shapere and C. Vafa, BPS structure of Argyres-Douglas superconformal

theories, hep-th/9910182.
D. Gaiotto, G. W. Moore, and A. Neitzke, Framed BPS States, arXiv:1006.0146.

S. R. Coleman, More About the Massive Schwinger Model, Annals Phys. 101 (1976)
239.

A. Ritz, Superconformal R-charges and dyon multiplicities in N=2 gauge theories,

Phys.Rev. D75 (2007) 085008, [hep-th/0612077].

P. A. Bolokhov, M. Shifman, and A. Yung, 2D-4D Correspondence: Towers of Kinks
versus Towers of Monopoles in N=2 Theories, Phys.Rev. D85 (2012) 085028,

[arXiv:1202.5612].

N. Dorey and K. Petunin, On the BPS Spectrum at the Root of the Higgs Branch,
JHEP 1205 (2012) 085, [arXiv:1202.5595].

J. de Boer and Y. Oz, Monopole condensation and confining phase of N=1 gauge
theories via M theory five-brane, Nucl. Phys. B511 (1998) 155-196, [hep-th/9708044].



[61]

[62]

[63]

[66]

[67]

[68]

[69]

[74]

229

D. Tong, TASI lectures on solitons: Instantons, monopoles, vortices and kinks,

hep-th/05092186.

E. Witten, The Verlinde algebra and the cohomology of the Grassmannian,

hep-th/9312104.

D. Gepner, Scalar Field Theory And String Compactification, Nucl. Phys. B322
(1989) 65.

K. Hori, Duality In Two-Dimensional (2,2) Supersymmetric Non-Abelian Gauge
Theories, arXiv:1104.2853.

Y. Kazama and H. Suzuki, New N=2 Superconformal Field Theories and Superstring
Compactification, Nucl. Phys. B321 (1989) 232.

Y. Kazama and H. Suzuki, Characterization of N=2 Superconformal Models
Generated by Coset Space Method, Phys.Lett. B216 (1989) 112.

F. Benini and S. Cremonesi, Partition functions of N=(2,2) gauge theories on S* and

vortices, arXiv:1206.2356.

N. Doroud, J. Gomis, B. Le Floch, and S. Lee, Fxact Results in D=2 Supersymmetric
Gauge Theories, arXiv:1206.2606.

J. Gomis and S. Lee, Fxact Kahler Potential from Gauge Theory and Mirror

Symmetry, arXiv:1210.6022.

D. Honda and T. Okuda, Ezact Results for Boundaries and Domain Walls in 2D

Supersymmetric Theories, arXiv:1308.2217.

K. Hori and M. Romo, Ezact Results In Two-Dimensional (2,2) Supersymmetric
Gauge Theories With Boundary, arXiv:1308.2438.

E. Witten, Constraints on Supersymmetry Breaking, Nucl.Phys. B202 (1982) 253.

K. Hori and D. Tong, Aspects of Non-Abelian Gauge Dynamics in Two-Dimensional
N=(2,2) Theories, JHEP 0705 (2007) 079, [hep-th/0609032].

W. Lerche, C. Vafa, and N. P. Warner, Chiral Rings in N=2 Superconformal
Theories, Nucl. Phys. B324 (1989) 427.



[75]

[87]

[83]

230

W. Lerche and N. Warner, Polytopes and solitons in integrable, N=2 supersymmetric

Landau-Ginzburg theories, Nucl. Phys. B358 (1991) 571-599.

E. Witten, Branes and the dynamics of QCD, Nucl.Phys. B507 (1997) 658-690,
[hep-th/9706109)].

K. Becker, M. Becker, and A. Strominger, Five-branes, membranes and

nonperturbative string theory, Nucl.Phys. B456 (1995) 130-152, [hep-th/9507158].
J. Gomis, Private communication. March 1-3, 2013.

S. Lee, talks at Geometry and Physics of the Gauged Linear Sigma Model”, Univ.
Michigan, March 4-8, 2013 and at Strings 2013, Seoul, June 24-28, 2013.

E. J. Martinec, Algebraic Geometry and Effective Lagrangians, Phys.Lett. B217
(1989) 431.

C. Vafa and N. P. Warner, Catastrophes and the Classification of Conformal
Theories, Phys.Lett. B218 (1989) 51.

S. Cecotti and C. Vafa, Topological antitopological fusion, Nucl. Phys. B367 (1991)
359-461.

S. Cecotti, A. Neitzke, and C. Vafa, R-Twisting and 4d/2d Correspondences,
arXiv:1006.3435.

S. Cecotti and C. Vafa, Classification of complete N=2 supersymmetric theories in 4

dimensions, Surveys in differential geometry, vol 18 (2013) [arXiv:1103.5832].

M. Alim, S. Cecotti, C. Cordova, S. Espahbodi, A. Rastogi, et al., BPS Quivers and
Spectra of Complete N=2 Quantum Field Theories, arXiv:1109.4941.

G. Bonelli, K. Maruyoshi, and A. Tanzini, Wild Quiver Gauge Theories, JHEP 1202
(2012) 031, [arXiv:1112.1691].

D. Xie, General Argyres-Douglas Theory, JHEP 1301 (2013) 100, [arXiv:1204.2270].

S. Cecotti and M. Del Zotto, Infinitely many N=2 SCFT with ADE flavor symmetry,
JHEP 1301 (2013) 191, [arXiv:1210.2886].



231

[89] H. Kanno, K. Maruyoshi, S. Shiba, and M. Taki, W5 irreqular states and isolated
N=2 superconformal field theories, JHEP 1303 (2013) 147, [arXiv:1301.0721].

[90] S. Cecotti, M. Del Zotto, and S. Giacomelli, More on the N=2 superconformal
systems of type Dp(G), arXiv:1303.3149.

[91] D. Gaiotto, G. W. Moore, and A. Neitzke, Spectral Networks and Snakes,

arXiv:1209.0866.

[92] P. C. Argyres, K. Maruyoshi, and Y. Tachikawa, Quantum Higgs branches of isolated
N=2 superconformal field theories, JHEP 1210 (2012) 054, [arXiv:1206.4700].

[93] A. D. Shapere and Y. Tachikawa, Central charges of N=2 superconformal field
theories in four dimensions, JHEP 0809 (2008) 109, [arXiv:0804.1957].

[94] D. Xie and P. Zhao, Central charges and RG flow of strongly-coupled N=2 theory,
JHEP 1303 (2013) 006, [arXiv:1301.0210].

[95] T. Eguchi, K. Hori, K. Ito, and S.-K. Yang, Study of N=2 superconformal field
theories in four-dimensions, Nucl. Phys. B471 (1996) 430-444, [hep-th/9603002].

[96] E. Witten, The N matriz model and gauged WZW models, Nucl.Phys. B371 (1992)
191-245.

[97] J. H. Schwarz, Superconformal Symmetry and Superstring Compactification,
Int.J.Mod. Phys. A4 (1989) 2653.

[98] E. Witten, On the Landau-Ginzburg description of N=2 minimal models,
Int.J.Mod.Phys. A9 (1994) 4783-4800, [hep-th/9304026].

[99] P. Di Francesco and S. Yankielowicz, Ramond sector characters and N=2

Landau-Ginzburg models, Nucl.Phys. B409 (1993) 186-210, [hep-th/9305037].



