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LAGRANGIAN FUNCTIONS WHICH DETERMINE
A SYMMETRICAL TENSOR BY SCHRODINGER'S RULE

Summary.

The choice of a Lagrangian function to be used
in a variational principle may be limited by the con-
dition that the tensor derived from it by Schrodinger's
rule shall be symmetrical, To meet this condition the
function must satisfy a certain set of partial differ-
ential equations. Particular and general solutions of
these equations are found in various cases--according
as the function is restricted to depend (A) only on
the éomponents of a vector, (B) only on their first
derivatives, or {C) on both; and according to the number
of dimensions of the vector. Methods of obtaining such
solutions, and of proving their independence or of find-
ing the relations between them, are discussed.

This rgseérdh is an extension of results obtained
by Professor H. Bateman? In order to present the col-
lections of solutions as completely as possible, many

are included which may be found in his papers.

* Proc. Nat. Acad., of S., V.13, 5, P.326, May 1927
Proc. Nat. Acad., of S., V.13,11, P.771, Nov.1l927
Phys. Rev, V.30, 1, P. 55, July 1927
A Variationsal Principle in the Theory of

Elasticity (Unpublished.)



1, statement of the Problem.

In the application of a variational principle in
studies in theoretical physics, & function, called the
Lagrangian function, must be chosen, the variation of
whose integral is to vanish, Since in several ceses
the tensor determined from this Lagrangian function by
Schrodinger's rule must be symmetric to give a useful
physical interpretation, it has been suggested by
Professor H. Bateman that a collection of the possible
Lagrangian functions which satisfy this condition is of
value. Such functions are of particular interest in
three dimensions by reason of their use in modern
elasticity theory, and in four dimensions where they
are used in electromagnetic theory. However, in
formulating the problem of finding these fuanctions,
it is evident that they should not be limited dimen-
sionally at the start but only as the mathematical
complexities of the investigation require that two,
three, or four, rather than n, dimensions be considered.

To state the problem explicitly for the case of n
dimensions, let the Lagrangian function,l, depend on the
components (u&,,4%,, ', 4x) of an n-vector and on their

2 - . . - Py
n  derivatives with respect to the n coordinates (x,%, %)

(l) ‘L=L(u‘nu-za"'1““w;u’n:“’u)""“’"\"ﬁ)

where w, = gxb . Then the Schrodinger rule may be

b

P

extended to associate with L the tensor whose components

are:

(2) Z{ “‘a ,,Lg—';_}ww;%‘i—sul_



where (=1,2, ' ,m J=hLa- N SQ. is Kroneker's symbol.
The condition for tensor symmetry is that I satisfy the
linear homogeneous partial differential equations:

(3) T3 =7;e .

Hence the restated problem is to find solutions, L, (of

the form of (1) ) of the equations (3).

2. Completeness of the set of equations.

Defining the operators:

I -_c(z'n a a —u _a w i +u‘a— _uhi_
(4) ) —,Z—{ R TS LIS T U V0 - R T
and

(5) @aba: ﬂgab{g‘fcd( )} _?cd{i»b( )} ’

equations (3) become:
(6) g, (L)=0.
A _sufficient condition that this set be complete is
that (for each a, b, ¢, d):
@akcd (L)-—-'I;‘J(L) ﬁ.omw o3
namely, that no new equations are added to the set (6)
by this operation.
This is proved by direct substitution of (4) in (5)

while distinguishing various cases.
Case I (&) a=b ; ¥, =0 ; c_';_Sa'bcd(L)zo

(b) c=d; 'g_}cd-:O ; @abod (L):O
Case II o, bc,d dutiut ; P, , (L)=0

Case III (a) a=c¢ a,bd detict ; B,,.q (L) = Ty (L)
() bed abe ditict; B, (L)=T,_ (L)



case IV (8) a=d a,b,c dictoet ; é;d9=?MKL)
(B) b=c avb,d ditiet 5 B, ,L=F,, (L)
case V (&) a=c¢ b=d ; $,,,, (L)=0
(b) a=d b=c ; &,, (L)=0
Note that Case II occurs only when n24, and Cases
III; IV only when m2 3, Zero is always a member of
the set ¥ (L) ; in fact, ¥;;=0, Since the five cases
are exhaustive, it is established that equations (6)

form a complete set.

S Clgssifigation'of cases.,

For convenient reference the various cases to be
discussed are syﬁbolized by:

A, when L depends only on the vector components;

B, when L depends only on the first derivatives
of the vector components;

C, when I depends both on the veotor components
and their first derivatives.

A subscript on A, B or C indicates the number of
dimensions considered. Note that equations (6) re-

duce to simpler form in cases A and B.

4, Number of equations.

The set (6) contains n® equations, but it is
necessary to choose from these a set of linearly

independent equations, as few in number a8 possible--



that is, a fundamental set in tlerms of which the
others may be linearly expressed.
Case A. Choose the set:
ILJ.(L)=0 b=l j=2,3,",m n-) .aﬁ/wai'u‘rwa :
Cases B, C. Choose the set:
| IQ(L>=O (=02, =l j=23 M
These are linearly independent by inspection, since no
term involving the derivative of a vector component
(such as “as%%; ) occurs in more than one of them;
while they are sufficient in number, since all others

are either identically true, such as ¥..W=0,0r de-

rivable from the chosen set by means of the relation

’]f-,-,j (L)=-¥,, (L), There are then “(:") equations in the

required set.

5, Number of solutions.

In each case the general solution of equations (6)
is of the form:
L =F(L, L, ke,
where F is an arbitrary function and L, L, .- .,L, are
particular solutions forming an independent set. There-
fore‘p equals the number of variables minus the number
of equations.

Case A . =m -(m-1) = |

2 2
(nrem) =000 n(ny3)
2 2 ?
solutions of A and B are automatically solutions of Cu 3

P
Case B . p= nt = n(n-) _ nim+ 1)
P =

Case Qw- but the



hence the number of further solutions (involving both

the w, omd w, ) is only:

e+ _n(n4) _ o
P 2 2 ' n

6. Independence of eolutions.

In érder that the solutions form an independent

set, there must be no relation netween them such as:
G(L, L, L) =o0.

This can be tested for the simpler sets by inspection
or by showing that a Jacobian involving the p functions
and p of the variableé is non-vanishing. However, for
the more complex sets a condensed method may be used
since the functions are all polynomials,

To demonstrate the independence of p polynomials

(L,,L., -+.,L,) in m variables (3:’jz>"' ’3P3
consider the matrix:

aL, ... oLk

_33, a'ﬂl

oL, ... 2La

af"m afjm

These variables may be either the W, , 4,,, or any set
of independent linear functions of them., From the
matrix select a p-row determinant and rearrange its
columns and rows, Select some of the variables to be
zero, so that the elements of the determinant are
simplified. The desired result is a determinant which

equals the product of the elements of its major diagonal



and hence non-vanishing, This implies that the value
of the determinant was not identically zero before
simplifying, therefore that the functions are indepen-
dent.

Since the sbove-mentioned rearrangements and

selections are not systematic but depend on the comput-
er's foresight, en exa.mple is appended. 1In case B*
(which see in tables) the functions 6, ¢, ¥, w, L, «,
g, %, ».,5 in the variables ab,c,d, £ 9R, LR B, M v
are proved independent by the following determinant in
which all terms in o, ¢k, (.8, 7,0, 2,9 have been
omitted.,

w », B ? 0 X 4 S' o«

d | -bgr bt & b I 0 o -fEf o
j ¢ afusagil © o o 0 o o o
{ o -2bg® 298 o o o o o o
f o -afSuf o -2f o o ° © °

° b§* P b I o o o o
7 ° 29§ ) ) o s o o )
A ) 0 o o o E 2§9p 0 o

0 o ) o o © 2gp§  2bgfu  ©
§ 0 -.Zfzj o 0 o o e -2bg*€ 2§

0 o o 0 | J 0 -3‘51 0

- JC'_ 3‘-




TABLES OF SOL UT’ ONS) fOr Cm A,Bz,BJ)Blf-)Bn;Cz)CS

with defimitioms of variables, compfefe c'udepena/enf sei‘s)

relations between solwtions | etc.

Starred so)u,fipns are 9dVen ch Bateman’s pepers.

:Qm“_;g‘\: p=1 m=n Sebilicn. ca

A=
=? .
A=) w,
A=y
Law B, p=3 m=4 Sobolicse aw:
% ‘ ;:2 _
b,’é:_ u‘a.a. - R'
a=i
J as2 =2 a.=—2 a~._2
SSZZ u'a.b'uba Rz= - Z_- “ba ubo.
\ szt b=l as] 227
r 9= a+ b @ = A +B
g=ab-R* & =AB-H*
u/-ZMA:
a=u, b=Uu, 2?@:(&,7_4-&(.,_, 28 =Wy Uy
A""“uz*“z:- B = u’/;*'a:;_ H=wylpy + Uz Uy,
B
A= wn + 4t B=uw+ Usy H= wydey + %12ty

oot aale: 0) S5, S, R @ 6 g, 3) @, &,

Relolionn beliveern, asbitivng:

J<9=5,=R, S=f, =9
g=£S*-#+S, -4 R. Si=-2x-2p+6"
(<=7 Ra- 3 S Ro= 2« 29+ 6"
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[ 8= a+hb+te

g=tbc-f +ca-9"+ab-A"

¥ = abc +2fy£‘ -a,f‘-bg‘-c;"(;‘

*ﬁ o = Ereqre$t

5 = 2 Erebyt vc §*rafq {+2g ¢§ +3f’{§'7

Y= (v’bc-f'>§1+(ca.-?‘)'7" + (ab-8*)8*
r2(gA-af)nl +2 (hf-bg)CE + 2(fg-ch)iqg

P=A+BrC
F=BC-F*+CA-G*+AB-H"*
¥ =ABC+2FGH-AF*-BG*- CH*

\
{ [ = AE +Ba+ CETraFy+ 26242 HEy
*

A = unutz ua ——u-u u-;3 "Lu*‘ LL,,_ uu u,3 u."_ u + (,(_'3 (,(1' a3z— u’lza'z_[ u33

A = W,, “33 - U, U, +a33 u, - ua, Uy +Uy Uy, ~ a,”. w

2t

12l
Af T Uiy, 29 = Uy + YUy RA= Uy, + Uy,

whenk
{ &= Uy b= Uyy C=Usz;

2§ = Uy-dy 27T Uy = Uy 28 = Wiy - Uy,

ot
§

U v Uy = Uy, F Uy le, F U Uy

I
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