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Cn Turbulent Flow Between Rotating Cylinders

Abstract.

The present work had as its purpose the investigation
of the velocity and turbulence distributions in the turbulent
flow between two co-axial cylinders, the inner of which rota-
ted. The radius of the inner cylinder was 7-7/8". Two aspect
ratios were used, one 10" to 1-1/16", the other 10" to 17/32".
All veloeity and turbulence measurements were made with hot-
wire technique, using a special holder which reduced spindle
interference to a minimum.

The circumferential velocity of the inner rotating cy-
linder was several hundred times the critical speed for ins-
tability of the laminar flow as given by G.I.Taylor.

It was found that velocity distributions in which the
circumferentdal velocity of the fluid increases outward ac-
tually exist and cannot be explained by the shadow effect
of the measuring instrument ag G.I.Taylor suzgested. Also

th

()

flow between the rotating cylinders is three-dimensional.
The mean velocity distribution depen&s on whether the trans-
fer of shear is carried out by turbulent fluctuations or by
secondary motion. The regions, where the secondary motion is
negligible, the mean veloecity distribution is logarithmic
which was shown by Dr. von Karman to be the distribution in
Couette's case of turbulent flow.

The analysis of the measurements indicated that the se-

condary flow can be described by assuming ring-shaped vor-
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tices between the cylinders. It was known that such ring-
shaped vortices introduce the instability of the laminar flow
Pcee Ref.l); but it was not known that such vortices exist

ak speeds as high as several hundred times the critical speed
for instability, although their shapes are distorted. The
slzes of the vortices and their numbers depend on the speed
of the imner cylinder., The vortices can only exlist in pailrs,
and at certain critical speeds the flow pattern may change
suddenly due to the logs or gain of a palir of vortices. At

N

high speeds the number of the vorltices tends to decreasse.

)

The two-dimensional theories for turbulent flow between

rotating cylinders are discussed. They can not even, taken as
a Tirst approximatlion for thig three dimenslional vortex-ring

flow.
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Introduction.

The flow between co-axial rotating cylinders ies known
as Couette's type of curved flow. The exact mean velocity dis-
tribution for turbulent flow in this case is not yet knowm.
It was the purpose of this research to investigate experimen-
tally the velocity and turbulence distributions for the tur-
bulent flow between two coaxlal cylinders.

G.I.Taylor has investigated this flow with the inner
cylinder rotating and outer one at rest. He measured the to-
tal pressure distribution acrosg the gap, and assumed a sha-
between the measured pregsure with a pitot tube of finite
bore and that whiech would be measured if the nitot tube did
not obstruct the flow 1s proportional to the resistance of
the pitot tube. By such an extrapolation of the results,
Taylor found that the experimental results satisfied his
verticlty transport theory. However the validity of such
extrapolation is somewhat in doubt.

In the present work, a speclal measuring device was
designed, which, we have assumed, reduced thiec shadow effect

to a negligible amount.

the inner cylinder was rotated and the outer one held sta-
tionary, since this 1is the most unstable case. The operating
speeds were geveral hundred times that critical speed nece-

gsary for turbulence as gilven by G.I.Taylor.



The measurements of turbulence and mean veloclity were

carried out by the use of a hot-wire anemometer.



Description of Apparatus.

1. Cylinders.

The apparatus consisted of two cylinders mounted on a
rigid frame made of steel angle stock as shown in Fig.l. The
inner cylinder was cast of an alluminum alloy, turned true to
+0.002", and carefully balanced to eliminate vibration. Its
outer diameter was 15-%3/4" and its length 11". The cylinder
wag ordinarily turned by a 1/10 hp. synchronous motor coupled
rigidly tc its shaft. A belt drive to a 1/4 hp. d.c. motor
wasg also provided, but it was used only when the variable
freguency sburce wag not available.

The inside of the inner cylinder was sealed by wooden
plates and wax so that the possibility of circulation from the
gap to the insgide of the inner cylinder was eliminated.

Two similar outer cylinders with different diameters
were used,., They wége turned of wood and had 1" walls. Their
inner diameters wegé 16-1%/16" and 17-7/8" and hence the
gaps were 17/32" and 1-1/156" respectively.

It was desirable that both ends have identical geals.
Hence at the bottom of the outer cylinder, a series of 3/4"
holeg were drilled around its circumference. Two wooden rings
with a width just a little less than the gap between the cy-
linders were attached to the outer cylinder. One ring was
at the top edge of the outer cylinder and the other was just
above the bottom holes. The clearance between the wooden ring

andtthe inner cylinder was sealed by felt. Thus both ends
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were nearly at atmospheric pressure.

The hot-wire was inserted at the central part of the
outer pylinder. The schematical diasram of the holder 1s
shown in Fieg.2. The hot-wire was Solde}ed acrogs the 1/2"
gap shown in the figure. Since the spindles were far from
the hot-wire, the effect of their wake was neglagible. The
snindles were mounted on a block which rested on a slide so
that the spindles could travel back and forth with the block
as a whole. The slide was moved by a micrometer which indi-
cated the position of the hot-wire in the space belween the
cylinders.

The front part of the hot-wire holder which was In-
serted into the outer cylinder, was made of hard rubber. In
order to obtain a good Tit between the hot-wire holder and
the cylinder, a brass slot wag made and set into the wall
of the outer cylinder. The ingide of the outer cylinder, the
brass slot and the hard rubber holder were turned as one
piece and palnted simultaneously. Therefore these three

)

- a smooth cylindrical surface.

L

pleceg Tormsc

o

A serieg of

n

atatic holes, fifteen in number, wasg
drilled along an element of the outer cylinder. These statlc
holes mave an indication of the flow pattern in the gap.

The r.p.m. of the inner cylinder was measured by

means of a ten pole generator atitached to the shaft of the



drive motor. The output of this zenerator was compared with
that of a calibrated oscillator by the Lessajou flgures

formed on a cathode ray oscilloscope.

2. tot-Wire Anemometer.

The hot-wire anemometer used was the No.2 falclt hot-
wire anemomelter which consiszsted of three main parts, namely:
1. hot-wire and its heating circuit, 2. vacuum tube amplifier,
and %, output instruments.

Two types of hot wires were used: 0.001" diameter pure
platinum wire for mean speed and 0.C005" diameter ¥Wollaston
wire for turbulence. The diagzram of the heating circult is

shown in Fic.3, which 12 essentially the conventional Wheat-
s 5

In turbulence measurement, the fluctuating voltag
drop produced by speed fluctuations acting on the hot-wrie 1is
usually of the order of a few thousandths of a volt and there-
fore must be amnlifie@. The circult of the vacuum tube amp-
lifier used is shown in Fig.4. The amplifier 1g a four-stage
high gain resistance-capacity couplsed amplifier, compensated
for the lag of the hot-wire. The response of the amplifier,
uncompensated and compensated, 1le shown in Fige. 5 and 6,

respectively. +he output of the suplifier was measured by a

thermocounle used in conjunction with a wall galvanometer.



In addition, the output could be measured by an a.c. volt-
meter, which was used to indicate its approximate magnitude;
or by cathode ray oscllloescope, which wags used for visual
inspection of the wave form. A complete description of this

hot-wire anemometer 1z given 1n reference 12.



Degcription of Measurements.

Traverse were carried out at several different rota-

)

ting gpeedg of ths inner cylinder and at 3eveaﬁl axial posil-

m

tions for each aspect ratio. During each traverse, the dis-
tribution of the static pressure was recorded.

The hot wires used were calibrated in a small tunnel.
When used for turbulence, the ordinary calculations were ap-
plied.»ginee the holder was very large, the Galclt vibrator
Psee refernce 12) could not be used to calibrate the wires.
However a wire similar to those used wag so calibrated and

its lag constant, M (gee refernce 7), was found to agree

well with the cowmputed value.



Turbulence Criterion.

The instabllity of an ide®i fluid in circulatory mo-
tion was Iirst investigated by Lord Rsyleigh. He congidered
the equilibrium conditions between the pressure gradient
along a radius r and the centrifugal force. He found that the
stability of the velocity distribution depends upon the va-
riation of the product Uxr, where U 1z the linear circumferen-
tial velocity and r the distance from ths center., If the
product Uxr increases with increasing radiug the veloelty
distribution is stable, while in the opposite case it 1is
unstable.

G.I.Taylor extended Rayleigh's investigation to the
case of viscous fluid in laminar motion, e.g., to the case
of laminar circulatory motiongbetween two rotating cylinders.
According to Taylor's results the range of stability is
enlarged. On the asswmption of symmetrical disturbance the
criterion for gtability of a viscous fluid in steady motion
between concentric rotating cylinders was found. The exact
criterion is too complicated to be used. However an appro-
ximate form for the criterion was developed which is useful
for numerical computation. We are going to apply this ap-
proximate criterdon for our two cases as follows:

When the gap is small in comparison with both radiil
of the rotating cylinders and when the ratio of the rotating

speeds of the two cylinders w lies between O and 1, the



approximate criterion may be stated as below:

P = 0.0571 (FT - 0.652 g }+0.00056 (322 -0.652%:}-1 (1)
where

P = T e (P1+§%) (2)

Bw8a?rR3(1 - —%%}(1—w)

Ri1 = radius of the imner cylinder.

Rz = radius of the outer cylinder.

d = Rg-R; = gap between the cylinders.

v = kinematic viscosity of the fluid.

W1 = o = angular veloclty of the inner cylinder.

@z = angular velocity of the outer cylinder.

W

wz/wy (lies between O and 1).
Taylor found that this criterion hold true for the gap ratio
d/Ry as high as 1/3. Hence the criterion may be applied to

our cases where the greatest gap ratio was only 0.135.

where

the following

In our case only the

0, the criterion will be

P = 0.0571(1 -~ O. 652R +
1
T2 °(Ry+Rs )
2023 3R3
(@\2 _ T*(Ri+Rs)
v 2Pd 2R3

The numerical calwulation for our two cases is given in

tables. All the

inner cylinder was rotating,

then reduced to

d

-1
Rl)

0.00056(1 - 0.652=—
(4)

A

(5)

I

dimensions of

\

/

(3

length are in
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inches except when otherwlise gpecified.

Table I

Case Ry d d/Ry P
1 7.875 1.0625 0.1350 0.0527
2 7.875 0.5313 C.0675 0.0551

Table II
Case Ry+Ra as R  (w/p)® (w/>§ Rchg%%g
1 16.8125 1.200 62.0 208.0 14.45 121
2 16.281 0.150 62.0 153%5 39.20 162

where RNC is the eritical Reynolds number for the instabili-
ty of the flow in the corresponding case.
The operating range of the circumferential speed of

the inner cylinder in our case 1s from Ui = 40.0 ft/sec. to

4

U,= 150 ft/sec. If we take.p= 0.0241 in?/sec. = 1.675 x 10~

i
ft®/sec. which corresponds to barometric pressure 745mm Hg.

at 22°¢,( about the average atmospherical condition at Galeit),
the operating range of Reynolds number (RN}OD for our two

B

caseg will be given as In Table III

Table III
. Jsd
Case a (HN}OP:J
1 1.0625 21100 to 79200

2 0.5313 10600 to 39700
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From Table II and Table III we have the ratio of the

operating Reynolds number to the critical Reynolds number for

instability of laminar flow as given in Table IV.

Table IV
Case d (RN}op/(RN)C
1 1.0625 175 to 655
2 0.5313 656 to 240

From this calculation, we are justified in saying

that the flow investigated was turbulent, because the ope-

rating Reynolds number was much larger than the critlcal

Reynolds number.
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Theoretical Discussion.

In turbulent motion, the relationship of turbulence
to the mean flow 1s very important. The statistical effect
of turbulence on the mean flow is similar to that of vis-
cosity. Lumps of fluild carry its transferable properties
from one layer to another just as molecular agitation trans-
fers such properties as heat and momentum in a non-turbulent
fluid. In these theories, a mixing length I plays a part
analogous to the mean free path in molecular diffusion. Lumps
of fluid leave thelr original neighbourhood and move in a
direction transverse to the mean flow a distance L. At this
point theyw mix with the gurrounding fluid so that their
properties becomes identical with the average properties of
the 1luild in that region.

Prandtl, in his momentum transport theory, assumed
that the maéses of fluid which transport the momentum of
one layer to another move without beilng acted on by the
transitory pressure gradients assocliated with turbulent
motion. In the case of rotating cylinders, these fluid
masses, acted on by the radial gradient of mean pressure,
retain their moment of momentum about the axis of the
cylinders.

Prandtl's expression for parallel flow (see Ref.l1l)

T 2 dU}dU/ or ., aU (6)

T T F dylay < 3y



is therefore replaced by

To_L%d 2
P - F(dl"( U}) or

for the flow between rotating cylinders. Where k@ is the

RS

%F(PU} (7)

eddy viscosity. The couple about the axis due to the tan-
gential stress p over a cylindrical surface of radius r 1is
independent of r. Hence

d

% = 2nrk F=(rU) = constant (8)

where GL is the moment about the axis of reactlon between

the inner and outer cylinders and 1 is their length.
“According to momentum trangport theory %F(rU) does

not vanish anywhere in the space between the two cylinders

and if the inner cylinder rotates and the outer cylinder is

at rest, ruU @ggreases continuously with increasgng radius.
G.I.Taylor suggested that the fluld masses preserve

their component of vorticity during the mixing process. When

the mean motion ig circular as is the case here, the component

of vorticity,g, about the z-axis ( the axis of the cylin-

ders) may be expressed in cylindrical coordinates as

=14 = ) )
$ = & gz(rU) = constant ?ﬁé (say) (9)
rU = Ar® + B (10)

From Taylor's experimental results, by a special method of
extrapolation, he found that the vorticity € is zero, 1.e.
rU ies constant, over about 80% of the region between the

cylinders (but not near to the walls).
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So far we have considered that the flow between the

extension to the three dimensional case can be made at the
present time due to the complexity of the problem. However
in case of three dimensional turbulent motion, if one neg-
lects the shearing stress due to pure viscosity, the trans-
fer of angular momentum at each section of radius r must be
equal to the torgue which 1s constant, i.e.
r®(U +u +u' Xv + v') = constant (11)

where U 1s the average mean circumferential velocity at radius
r for all the axlal positions; u is the deviation from the
mean circumferential velocity at radius r at a given axial
pogition; v 1s the radial velocity; u' and v' are the circum-
ferential and the radial turbulent fluctuations respectively.

From the continulity of flow, the average of the term
Uv taken over the whole length of the cylinders will be zero.
Averaging over time and length 1n’the axial dieection one
has from equation (11)

r3®(Uv + u'v') = constant (12)

Thig equation shows that the torgue is transferred from one
cylinder to the other by two differemt mechanisms : (A)
secondary motion, and (B) turbulent fluctuations. The reia-

tive importance of these should be determined experimentally.

¥
2
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Experimental Results and Discusgsion.

1. Preliminary Investigations.

At first it was thouzht that the flow between the
cylinders would be two dimensional except near the ends.
Hence measurements were made at the exact center of the
cylinders where the flow would best represent thés two-dimen-
sional type. However two entirely distinct types of flow
Were obtained at the same position depending on the starting
conditions. The typical sets of the velocity and the turbu-
lence distributions across tha gap for these two types are
shown in Figs. 14 to 17. For convenience, let us call the

type of flow shown in Pigcs. 14 and 16, "A", and that shown

|..l~

n Figs.1l5 and 17, "B". The malin features of these flowse
are as follows:

For type "A" flow, there is a large toundary layer
near the inner cylinder, i.e., the mean velocity decreases
gradually from the inner cylinder toward the center of the
‘gap. Beyond the center of the gap the mean speed incresses
slightly toward the outer cylinder until a very short dis-
tance from the wall is resached whence it decreases rapidly
to zero at the wall. The turbulence decreases toward the
outer cylinder and its masnitude is comparatively lower
than for type B.

For flow of the type B, the mean veloclty decreases

rapidly from the inner cylinder outward to a certaln minimum



16

value. Then 1t starts to increase slightly toward the outer
cylinder until the maximum value is reached. Reyond the maxi-
mum point the mean velocity starts to decreased gradually
toward the outer wall. Hence there is a large boundary

layre near the outer cylinder wall and a small one near the
inner wall. The intensity of turbulence is higher near the
outer wall and decreases gradually toward the inner one.

The relation of these two types of flow to the start-
ing conditions is given below:

If we started the inner cylinder in such a manner
that we dacreased its speed gradually up to the desired value
and if the hot-wire cpindles were close to the inner cylin-
der, type A flow was obtained. On the other hand, if we
started with the hot-wire spindles close to the outer cylin-
der and increased the speed to a fairly high value at once
and then brought it down to the desired value, type B flow
wag obtalned. Once either type of flow was established it
seemed unafiected by slight changes in rotating speed.

Furthermore at higher sveed 1t was found that in ﬁhe
middle of the run, the type A flow might suddenly change
to the type B flow. Thig iz 1llustrated in Fig.18. At first
we started the cylinders in such a way that the type A flow
Was obtalned, and took readings outward. These followed the
upper full-line curve as shown in Fig.18, At certain point

near the outer wall, the mean speed dropped suddenly along
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the dotted line and then the velocity distribution became
that shown in the lower full-line curve, i.e. type B flow.
Further traversing had no effect. When the 17/32" gap was
used, decreasing the rotating speed of the inner cylinder
to a certain low value restored the type A flow, however
for 1-1/16" gap this did not occur.

The explanation for the above phenomena may be one
of the following: It micht be due to the fact that the spin-
dles of the hot-wire produced a thick boundary layer on the
cylinder wall during starting. Or the flow in the rotating
cylinders was not two dimensional so that some special tran-
gition cauged the above phenomena.

At first the inner cylinder was not sealed and it
wag possible that ecirculation from ite interior into the
gap occurred. Hence we décided to seal the inside of the
inner cylinder by wooden plates S0 as to eliminate the
pogsibility of such a secondary flow. However such a seal
did not change the experimental results in any noticable
manner, so that probably no undesgirable secondary flow
exlsted in the cylinders.

As to the possibility of producing a thick boundary
layer on the surface of the cylinder wall by the hot-wire
spindles, a dummy hot wire was inserted into the rotating
cylinders 2t the same axial position but 180° from the real

hot-wire. It is shown in Fig.7. The velocity distributions
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across the gap obtained by starting the rotating cylinders
with different positions of the dummy and the real hot-wires
in the gap, are shown in Fig.19. In genral these two distinct
types of flow still existed. The transition phenomenon was
not due to the production of a thick boundary layer by the
hot-wire spindles during starting.

In order to determine the Tlow pattern in the gzap
of the cylinders, a few evenly spaced orifices were first
ingerted on the outer cylinder along the axial directiom.
The readings of these orifices showed that the static pres-
sure was not constant 2long the axial direction as would
be expected in case of two dimensional flow, but varied
up and down. This gave some indication that the flow was
not two-dimensional but that certain peculiar secondary
motion exigted there.

It was found that the end conditions of cylinders have
considerpable influence on the static pressure readings. Al
firset the end conditions were not same and it appeared
desirable to make them so. Several means were tried. The
results showed that the end conditions did effect the velo-
city disgtribution across the gap even at the middle point
of the cylindere where our measurements were taken. However
the types of flow still existed. The final system adopted
wag that described on page 3.

For the 1-1/14" gap, the aspect ratio,i.e. the ratio
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of the lengzth of the working section to the width of the Zap
1g only about ten to one. For such an aspect ratio, the end
effects on the flow at the mid-point might be considerable.
fdence we repeated the measurements with 17/32" gap, increasing
the aspect ratio by two, in ordre to reduce any effect that
dld exlst. However the results obtained with the 17/32" gap.
Were essentially the same as those obtained with the 1-1/16"
£ap, and we felt that the end effects were negligible at
the place where our measurements were taken.

In order to see whether the flow was twd— or three-

dimensional, the measurer
?

b

2

lente at differsnt axial positions
were made. For the same starting conditiog and the same static
pregsure disskibution, it was found thatigifferent axial posi-
tions, the velocity distribution across the gap is different.
Hence we knew that the flow was really three dimensional.

An extensive investigation was then carried out. The number

of the static pressure orifices was increased to fifteen, as

shown in Fig.7. As a result, a qualitative idea of the flow

pattern in the gap along the axial direction could be obtained.

2. Behavior of the Static Pressures.

In case of two-dimensional flow the variation of sta-
tic pressure across the gap of the cylinders can be calculated.
Let U be the circumfemential velocity at a radius r from the

center of the cylinder. Then the pressure gradient along r
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must be in egquilibrium with the centrifumal force.

2

<l

ep _ @

d 3
= (13)

|

It would have been difficult to measure the statlc pressure
at the wall of the inner rotating cylinder. Since the static
pressure pg at the outer stationary cylinder could easily
be obtained, ithe difference in static pressure between the
two cylinders was roughly estimated by the help of equation
(13). | |
The mean level of the static pressure cannot be de=~
termined mathematically, because we do not know the exact
limits over which equation (1%} should be integrated. It
wag found that the level of the static pressure at the outer
wall was determined by two factors. Cne was the end condl-

’

tions and the other was the speed of the inner cylinder.

We measured the static pressure with the atmospheric pres-
sure as reference. It was higher than the atmospheric at the
outer wall and its value increased as the sguare of the speed
of the inner cylinder. At first the ends of the rotating
cylinders were closed very tightly as shown in Fig.l-A. The
level of the static pressure was very hizh. A typical dis-
tribution curve for this case ig shown in Fiz.20. The va-
riation is seen to he of the came order as the pressure dif-
ference between the inner and the outer walls as estimated
by equation (13). Several different ends arrangement were

tried, each offi which gave a different level of statlc pres-
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sure. However the variation with the axial position still
exlsted and the value still increased with the square of
the rotating speed of the inner cylinder. The arrangement
finally used gave 2 very low mean ctatic pressure, its

digtributions curves are shown in Fig.21.

From Fig.21l, one point is noticable; that the peaks
are approximately egui-distant. Ags we know that along the
wall flow must occur from the high to lower pressure regions,
this disgram indicates that there was a secondary flow such
as ring-shaped vorticeg. It 1ig worthwhile to note that the
distribution shwon in Fig.21 corresponds to the atarting
conditions which gave type A flow in the éreliminar%finves—

&4
£

tigations. ¥

3. Investigations along the Axial Direction of the
Uylinders.

From the distribution of the static pressure as shwon
in Fig.21, we knew that the flow was three dimensional. Hence
we investigated the veloclty and the turbulence distributlons
at various axial positiong in order to obtaln a better un-
derstanding of the phenomena. Since the flow pattern could be
changed by the starting conditions, care had to be exercised
ﬁhat the statlc vressure distribution along the axial direc-

tion was kept the same for all the runsg at any given speed.

5]

‘he results are shown in Fig.22 to Fig.30. Investiga-
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tions were made at three differént speeds of the inner rota-
ting cylinder,i.e. 960, 1200, 1500 r.p.m. Measurements were
taken at seven axlial stations at the central portion of the
cg¥linders. The distance between the two adjoining stations
was 1/2". Hence the total axial distance investigated was
3". Let us number these stations from 1 to 7; the number
increasing towards the bottom of the cylinders. The actual

these stations are marked by the arrows in

the static pressure diagrams on the right of the corres-

Now let us take the results for 1200 r.p.m. as a
typical set and analyze them in detail.

The mean veloclty digtributions for this case are
shown in Fig.22. It 1s seen that both types of flow obtained
in the preliminary investigations existed simultaneously
for the same flow pattern, but at different axial positions.
The mean veloecity distribution changes from one type to
the other, gradually. for instance, at station No.l the
distribution is type B; at stations No.2 and No.3, 1t is
type A; at station No.4, it is an intermediate type, we
will call 1t A,; at stations Wo.b and No.6, it is type B
againg; while at station No.7, the intermediate stage 1is
agalin obtalined.

If we plot one of the digtribution of type A, say

at station Wo.2, and one of type B, say at station ¥No.®B,



on semi-logarithmic paper, we obtain Figg. 31 and 32 respec-
tively. From these curve we see that for flow of type A, the
velocity distribution near the inner wall is logarithmic,
while for type B, the velocity distribution near the outer
wall 1s logarithmic,i.e. Uy = U = const. x log y, where y
is the distance from the wall. I we plot the typical velocity
distrlbution obtained in the preliminary investigations in
the same manner, the results are gimilar, see Figs. 33 and 34.
It was shown by Prof. von Karman in his paper "The Funda-
mentals of the Statistical Theory of Turbulence'" that for
Gouette'§ flow, the mean velocity distribution 1s logarithmic
if ho;g%eneg;s turbulence is assumed. It may be stated
that at the place where the velocity distribution is logari-
thmic, the transfer of shearing stress from one cylinder
to the other 1s mainly by the turbulent fluctuations.

" From eqguation (12) we have

2

(uv +

g

r

S

} = constant (12
Since the gap is small in comparison with both radii
of the cylinders, by first approximation we have
Uv + U v' = constant (14)
At the place where the influence of the secondary motion,i.e.
the term of uv is negligible we have
W' v' = constant {15}
This i1s also the condition for Couette's flow, in which the

veloclty distribution is logarithmic.

At the place where the influence of turbulent flue-
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tuations 1g small we have

uv = constant ' (1

C
Mg

Wle did not attempt to measure the radial velocity v of the
secondary motlion. However we can draw some conclusions as
to the distribution of v along the axial direction from
equation (16), after examining the distribution of u ,i.e.,
the deviation of the circumferential velocity from the
average value along axial direction.

 First we take an average of the mean velocity curves
of the seven stations. This average mean velocity distribution
1g plotted as dotted curves on the mean velocity distribu-
tion curves of Fig.22. *he differences between these curve
glve the distribution of u at various axial positionsg,
as shwon in Fig.23.

From equation (16) we know that the signs of u and
Vv should be the same. But from Figz.23 we see that for flow
of type A, u 1s positive, and that for type B, u 1s negative.
Hence we conclude that the radial component of the velocity
of the secondary motion,v, changesg its direction at different
axlial position.

It seems therefore that ring-shaped vortices which
are known to introduce the instabllity of the flow in rota-
ting cylinders gtill exist at Reynolds numbers as high asg
several hundreds times the critical Reynolds number. In

order to glve satisfactory explanation of the experimental



results, these ring-shaped vortices must be assumed to be
distprted and arranged as sgshown in Figs. 35 and 36. (cf.
Fig.1% which is Taylor's original conception of the vor-
tices). Since the fluid alons the walls diverges froum
stations No.3 and from somewhat beyond No.7, the static
pressure has peaks at these points. The static pressure
drops in the neighbourhood of stations No.?% and No.7 rather
rapldly and over the mean portion of the interval between the
two peaks 1s more or lesgss constant. Thig is 2lso consis-
tent with the suggested distribution of vortices. COpposite
to the stations No.2 and No.3, near the inner cylinder there
ls a turbulent domain; this explains why we get the flow
of type A. In this turbulent domain we expept the velocity
distribution to be logarithmiec; this has been found to be
correct. At stations No.5 and No.6, i.e. between the vor-
tices, there is a turbulent domain near the outer cylinder
wall; this results in the flow of type B. At stations No.4
and No.7, the intermediate stage will be obtained because
the influence ofbthe secondary motion and that of the tur-
bulent fluctuations are of the same order of magnitude.

The level of the mean velocity of the type A flow
ig higher than that of Type B, because the flow ol type A
is assoclated with a positive radial velocity v and a posi-
tive uj Whilé negative v and u will be agsociated with type

R flow.
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Very cloge to the walls, the shear should be mainly
determined by pure viscosity. In order to transmit the same
amount of shear as exists in the central portion of the gap,
Lhe slope of the velocity curve near the walls must be enor-
mougly large. In all the velocity curves that we obtained,
this is true.

The distributiong of u', the circumferential turbu-
lent fluctuations, are shown in Fig.24. It is interesting
To note that the curvature of the distribution curves for
u and u' are opposite for any ziven axial stations.

Flgs. 25 to 27, in sequence, show the mean velocity
distributions, the deviations of the circurnferential veloclty
from the average value, and the circumferential turbulent
fluctuations, at various axial positions; all for a sneed
of 9560 r.p.m. Filge. 28 to 30 are a similar series for 1500
r.p.m. The general features of theze curves are similar to
those obtained at 1200 r.p.m. which we have justréiscuSSGd.

If we reduce the average mean velocity distributions
for the three speedg into non-dimensional form, we find
that they are very close to each other. One curve, Fig.37,
may represent all of them. In Figz.3%8, this final average
mean veloclty curve 1g plotted on semi-logarithmic paper.
From these curves we gee that the average mean veloclty 1is
constant over about £0% of the region between the cylinders,

but not near to the walls. The curve ig symmetrical about
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the middle of the gap, however even in the region where the
average mean veloclty 1s variable its distribution is not
logarithmic. This can be expected, because the term uv re-
sulting from the secondary motion 1s variable over the gap.
It can be assumed that in the center portion of the gzap
the momentum is transferred entirely by the secondary motion.
The relative pogition of the vortices in the axial
plane is influenced somewhat by the end conditions of the
cylinders. As wé changed the end conditionsg, the static pres-
sure distribution curve changed too. However the existance
of the vortices 1s not affected by the end conditions because
no matter what these were the zeneral character of the ex-
perimental resultis remained the same. |
As to the relation of the vortices to the rotating
speed of the lnner cylinder the following facts were found:
Measurements at a fixed axial position but with
different rotating speed were made, see Fig.%9,. The proce-
dure was as follows:
Running at the low speed of 1200 r.p.m. we obtained
the curve shown on the top of Fig.39,1.e. diagram 1. It
gshows egsentially a flow of type A. Then we increased the
speed to 1500 and 1800 r.p.m. The results are given as in diagrams
2 amd 3 of ¥ig.39 respectively. The distribution of
the static pressure as well as the distribution of mean

velocity are more or legs simlilar to those of diagram 1.
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Now we further increased the speed to 2100 r.p.m. Then the
distributions of stetic pressure and of veloclity were sud-
denly changed, as shown in diagram 4 of Fig.39. The pressure
peak that exlisted in the three preceding cases at the mid-
point where the measuremants were taken, dlsappeared and thus
the mean velocity distribution at thispoint became type B.
When again we reduced the ro tating speed to 180C and 1500
r.p.m., diagrams 5 and 6 in Pig.39 were obtained. They are
gsimilar to diégram 4, which shows that the new flow pattern,
once egtablished, conitinued after a considerable reduction
of the speed. But as we decreased the rotating speed to

1200 r.p.m., the original flow pattern returned, as shown

in diagram 7 of Figz.39.

It seems that at lower speed there was a certaln
stable configuration of the size and the number of the
vortices. As the speed was increased, a critical value was
reached when the voritlices increases in gize and decreases
in number. Since the vortices can exist only in pairs, be-
cause the total circulation must be zero, a pailr of vortices
may disappear at a ceratin critical speed as the speed in-
creases, and reappear at some other critical speed as the
speed decreases. There 1s no reason why these two critical
speeds should be the same. This mechanism explalns fully the
sudden changes of flow encountered in the preliminary inves-

tizations. The effect of the position of the spindles was
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that 1f the solndles were in the place where the secondary
motion predominated, they would prevent the formation of
such vortices. Hence during starting the spindles had to
be placed in the turbulent domain, this i1s consistent
with the experimengi} results.

We had only two stable vortex-systems in our opera-
ting range. Let us call the one which prevails at lower

speed, the small-vortex-system, and that existing at high

¥
speed, the large-vortex-system. For 17/32" gap the upper
critical zpeed of the small-vortex-sgsystem was found at 180C
r.p.m. or higher. Hence we can say that the upper limit

of the critical Reynolds number for the existance of the
emall-vortex-system 1s about 20C times ths critical Rey=-
nolds number for ingtability of the laminar flow. Beyond
this 1limit only the large-vortex-system can exist. The
lower 1limit of the critical Reynolds number for the large-
vortex-gystem,(i.e, at 1200 r.p.m. or lower), is about 100
times that of the critical Reynolds number for instability
of the laminar flow. Below this limit only the small-vortex
system can exist. There is a range in which both types of

the flow pattern can exist and it depends on the starting

conditions which pattern vprevaile in a particular case. For

S

1-1/16" gap the lowest operating Reynolds number is about
175 times that of the critical Reynolds number so that we

could not change from the large-vortex-system to the small-
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one, 1f the large-vortex-system was once established.

Due to the mechanical limitation of the present equip-
ment, we can not operate the rotatins cylinder at very high
speed. It would be interesting to rebuild the whole equip-
Ment so that it can be operated at a speed ten or more times
the present hichest value and make the ¢ylinders two or
three times longer so that more vortices may be obtained. Then
a thorough investigation of the relation between the vortices
and the rotating speed of the cylinder could be made. Cne
more thing should be done in further investigation of the
flow bhetween rotating cylinders; a method should be found
for determining the radial and the axial components of the
secondary motion and of the turbulent fluctuations. In
the present investigations by the hot-wire anemomeher we
could not determine the direction of the flow nor any
Other velocity components but those in the direction of
the main flow. If the other components of the secondary
and the turbulent motion were determined, the behavior of‘
the vortices would be more thorousghly understood.

Though 1t 1s evident that the two-dimensgional theo-
ries we discussed before can not be applied directly to

these three dimensional motion of the ring-shaped vortices,

[

is l1nteresting to compare these theories with the actual

!

t
low. The Ur curves for the two typical distributions A

]

and B are shown in Figs. 40 and 41 respectively. It 1s seen
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that the Ur neither decreases with the increase of r as predi-

cted by Prandtl's theory, nor is constant as predicted by
be
%.I.Taylor. Hence these theories can not used even as

first approximation.
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Conclusions.

Measurements of pressure and velocity distributions
in ihe flow between coaxial rotating cylinders where the
inner cylinder rotates and the outer one is at rest show
the following general results:

1. Hot-wire measurements of ths velocity distribu-
tion between the cylinders show that the mean velocity in
certain section increases with increaging radius. Since
the "shadow effect" of the measuring device, suggested by
G.I.Taylor, did not exist in the present case, gsuch velo-
city distributions must be explained by assuming a se-
condary motion.

2. The analysis of the veloclity distribution across
the gap and the pressure distribution along the outer wall
leads to the concluslion that ring-shaped vortices which
are known to introduce the instability of the laminar flow
exist at a Reynolds number as high as several hundred times
the critical Reynolds number for instablility, but their
shapes are gomewhatlt distorted.

%. Due to the existance of the ring-ghaped vortlces
there are two main types of distribution of velocity and
turbulence across the gap between the cylinders. These are
due to the different directions of the radial flow and the
relative contributions of the secondary motion and the

turbulent fluctuations to the transfer of the shearing



stress.

4. In regions where the secondary flow is negligible,
the flow between rotating cylinders with small gap can be
approximated by the flow of the Couette type and the mean
velocity distribution is logarithmic.

5. The static pressure is not constant along the
axlial direction of the cylinders because of the secondary
motion. The mean level of the static pressure in the rota-
ting cylinders is mainly determined by the end conditions.
For a given end conditions, the value of the static pres-
sure increases with the square of the speed.

6. The gize of the vortices and their number depend
on the sgpeed of the inner cylinder. The vortices can only
exist in pairs. A certain critical speeds, the vortices
may suddenly loss or gain a palr, and a big change in the
flow pattern occurs. In general at high speedg the number
of the vortices tends to decreasse and theilr size increases.
in cersain speed range either of the two different arrange-
ments may exists, depending on the starting condition of
the system.

7. Further research to determine the radial and the
axial components of the velocity and the turbulent fluctua-
tions is necegsary in order to analyze thoroughly the nature

of the vortex-ring-system.
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Plate I - Cylinders



Plate II - Hot Wire Holder, showing two hot-wires used

to measure at two axlial stations simulianeoucsly.



tPlate III

Hot Wire

Anemometer
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FIG1-C -SMALL GAP CYLINDERS
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