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Chapter 4

Preliminaries for the investigation of
low-rank approximation algorithms

This chapter consolidates probabilistic and linear algebraic tools used in Chapters 5 and 6. We
also establish two lemmas of independent interest: the first, Lemma 4.3, is an exponential tail
bound on the Frobenius-norm error incurred when approximating the product of two matrices
using randomized column and row sampling without replacement; the second, Lemma 4.9, is a

deterministic bound on the forward errors of column-based low-rank approximations.

4.1 Probabilistic tools

In this section, we review several tools that are used to deal with random matrices and more

generally, random processes.

4.1.1 Concentration of convex functions of Rademacher variables

Rademacher random variables take the values £1 with equal probability. Rademacher vectors are
vectors of i.i.d. Rademacher random variables. Rademacher vectors often play a crucial role in
the construction of dimension reduction maps, an area where the strong measure concentration

properties of Rademacher sums are often exploited. The following result states a large-deviation
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property of convex Lipschitz functions of Rademacher vectors: namely, these functions tend to

be not much larger than their expectations.

Lemma 4.1 (A large deviation result for convex Lipschitz functions of Rademacher random
variables [Corollary 1.3 ff. in [Led96]] ). Suppose f : R™ — R is a convex function that satisfies
the Lipschitz bound

F)—fFWI<L|x—y|, foralxy.

Let ¢ € R™ be a Rademacher vector. For all t > 0,

P{f(e)>E[f(e)] +Lt} <e */8,

4.1.2 Chernoff bounds for sums of random matrices sampled without replace-

ment

Classical Chernoff bounds provide tail bounds for sums of nonnegative random variables. Their
matrix analogs provide tail bounds on the eigenvalues and singular values of sums of positive-
semidefinite random matrices. Matrix Chernoff bounds are particularly useful for analyzing
algorithms involving randomized column-sampling. Most matrix Chernoff bounds available in
the literature require the summands to be independent. Indeed, the Chernoff bounds developed
in Chapter 2 bound the eigenvalues of a sum of independent random Hermitian matrices.
However, occasionally one desires Chernoff bounds that do not require the summands to be
independent. The following Chernoff bounds are useful in the case where the summands are

drawn without replacement from a set of bounded random matrices.

Lemma 4.2 (Matrix Chernoff Bounds, Theorem 2.2 in [Trol1b]). Let & be a finite set of
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positive-semidefinite matrices with dimension k, and suppose that
max Amax (X) < B.
Sample {Xy,...,X;} uniformly at random from & without replacement. Compute
Pmax =€ A1(EXy)  and  pyip = £ - A (EXy).
Then

eV Umax/B
P{Al (Zij) Z(l—l—v)umax} <k- [m} forv >0, and

P{Ak (ijj) <(1- v),umin} <k- [%Tmm forv e[0,1).

We also use the following standard simplification of the lower Chernoff bound, which holds

under the setup of Lemma 4.2:
P {Ak (Z] Xj) < e,umin} <k-e = Mna/(2B)  for ¢ € [0, 1]. (4.1.1)

4.1.3 Frobenius-norm error bounds for matrix multiplication

We now establish a tail bound on the Frobenius-norm error of a simple approximate matrix mul-
tiplication scheme based upon randomized column and row sampling. This simple approximate
multiplication scheme is a staple in randomized numerical linear algebra, and variants have
been analyzed multiple times [DKO1, DKMO06a, Sar06]. The result derived here differs in that it
applies to the sampling without replacement model, and it provides bounds on the error that

hold with high probability, rather than simply an estimate of the expected error.
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Lemma 4.3 (Matrix Multiplication). Let X € R™" and Y € R"*P. Fix { < n. Select uniformly
at random and without replacement £ columns from X and the corresponding rows from Y and
multiply the selected columns and rows with \/n_/f Let X € R™*¢ and Y € R™P contain the scaled
columns and rows, respectively. Choose

4n n . 2n .
02— > 0 IXIBINOIE and B> = max X o[Vl

Thenif 0 <t < 0?/B,
- t2
P{|XY-XY||; > t+0} <exp (_@) :

To prove Lemma 4.3, we use the following vector Bernstein inequality for sampling without
replacement in Banach spaces; this result follows directly from a similar inequality for sampling
with replacement established by Gross in [Grol1]. Again, vector Bernstein inequalities have
been derived by multiple authors [LT91, BLMO03, Recl1, Trol2, CP11, Grol1]; the value of this

specific result is that it applies to the sampling without replacement model.

Lemma 4.4. Let ¥ be a collection of n vectors in a Hilbert space with norm ||-||, . Choose V1,...,V,
from ¥ uniformly at random without replacement. Choose V-, ... ’V2 from ¥ uniformly at random

with replacement. Let

/4
u= E"Zizl(vl’. —EV))

2

and set

o2 > #E||V)|; and B> 2max [V]l,.
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If0<t <0?/B, then

4
IP{HZiZlvi — (EV,

£2
> tb < - .
zwe)zon(-2)

Proof. We proceed by developing a bound on the moment generating function (mgf) of

i
HZizl Vi —LEV,

_‘u“
2

This mgf is controlled by the mgf of a similar sum where the vectors are sampled with replace-

ment. That is, for A > 0,

14
Eexp (A- HZilei —(EV,

—Au ) <Eexp(A- Ze V. —(EV,| — A (4.1.2)
, M) < Eexp Vi fl, = A ) 1.

This follows from a classical observation due to Hoeffding [Hoe63] that for any convex real-

valued function g,
¢ e,
Eg (Zi:l Vi) =Eg (Zi:l Vi)'

The paper [GN10] provides an alternate exposition of this fact. Specifically, take g(V) =
exp (A HV —({EV, H2 — A,u) to obtain the inequality of mgfs asserted in (4.1.2).
In the proof of Theorem 12 in [Gro11], Gross establishes that any random variable Z whose

mgf is less than the righthand side of (4.1.2) satisfies a tail inequality of the form

tZ
PiZzu+ty< - 4.1.3
=nrazon(-2) o

when t < s?/M, where

223 BV BV
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and ||V: —EV; “ , < M almost surely for all i = 1,...,{. To apply this result, note that for all
i=1,...,¢,

Vi — BV ]|, < 2max||V]l, = B.

Take VY to be an i.i.d. copy of V] and observe that, by Jensen’s inequality,

ST E|v/- BV = e5|v] - BV |
< B|[V; vy |2 < €= (Vi |, + |V2],)?
< 24B|[V; 2+ V22

= #E||V; | < o>

The bound given in the statement of Lemma 4.4 when we take s?=c0%and M =Bin (4.1.3). O

With this Bernstein bound in hand, we proceed to the proof of Lemma 4.3. Let vec : R™*" —
R™" denote the operation of vectorization, which stacks the columns of a matrix A € R™" to

form the vector vec(A).

Proof of Lemma 4.3. Let ¥ be the collection of vectorized rank-one products of columns of

v/n/l -X and rows of y/n/{f - Y. That is, take

n

i=1

V= {Evec(X ; Y(i))}
- ! (i)

Sample V,...,V, uniformly at random from ¥ without replacement, and observe that EV; =

¢~ 1vec(XY). With this notation,

[ =], ~ [ 35, v~ Ev
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where ~ refers to identical distributions. Therefore any probabilistic bound developed for the
right-hand side quantity holds for the left-hand side quantity. The conclusion of the lemma
follows when we apply Lemma 4.4 to bound the right-hand side quantity.

We calculate the variance-like term in Lemma 4.4,
4|V, 2 = e Z X IO = 4" Z XISV < o2
1|2 — ni=1£2 (D2 2 €i=1 L) 2 — .
Now we consider the expectation

4
w=E HZizl(Vl{ ~EV)

2.

In doing so, we will use the notation E [C |A,B,...] to denote the conditional expectation of
a random variable C with respect to the random variables A, B, .... Recall that a Rademacher
vector is a random vector whose entries are independent and take the values £1 with equal
probability. Let £ be a Rademacher vector of length £ and sample V3,...,V, and V{,...,V]

uniformly at random from ¥ with replacement. Now u can be bounded as follows:

u = EHZ;(VQ—EVQ)
< B[ Xw-vo, [ ]
= E[Hz;si(vg—vg’)

2R [HZ; evi|| |{V§},8}

25 [ |2,

- 2\/]E []E [Zf,j:figivaﬁ' |s] |{V§}}

= 2y/EY, Vil

2

VL v/ |

IA

IA

2
, {{vg},s}
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The first inequality is Jensen’s, and the following equality holds because the components of the
sequence {V; —V/'} are symmetric and independent. The next two manipulations are the triangle
inequality and Jensen’s inequality. This stage of the estimate is concluded by conditioning and
using the orthogonality of the Rademacher variables. Next, the triangle inequality and the fact

that IET,”V’1 ||§ = EHV1 H; allow us to further simplify the estimate of u :

¢ 2 2
p<2/EY [VIE=2y/m|wi <o
We also calculate the quantity
2max|[Vll, = 2 max [Xo [ /IYO]l, < B
vy Vll2 = = Maxiifa iz 2=

The tail bound given in the statement of the lemma follows from applying Lemma 4.4 with our

estimates for B, o2, and u. O

4.2 Linear Algebra notation and results

In subsequent chapters, we use the following partitioned compact SVD to state results for
rectangular matrices A with rank(A) = p :

k p—k vT

A=UxV' = [ (4.2.1)

U; U, } \'
Here, X; contains the k largest singular values of A and the columns of U; and V; respec-
tively span top k-dimensional left and right singular spaces of A. The matrix A; = U12}1VI is

the optimal rank-k approximation to A, and A,_ = A— A, = UZZZVZT . The Moore-Penrose
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pseudoinverse of A is denoted by A'.
When A is a positive-semidefinite matrix, U =V and (4.2.1) becomes the following parti-

tioned eigenvalue decomposition:

k p—k uT

A=UxU" = [ (4.2.2)
The eigenvalues of an n X n symmetric matrix A are ordered A;(A) >--- > A,(A).

The orthoprojector onto the column space of a matrix A is written P, and satisfies
P, =AA" = A(ATA)'AT,

Let & be a k-dimensional subspace of R" and P, denote the projection onto . Then the
coherence of & is
n
w) = A max; (P );;.
The coherence of a matrix U € R™¥ with orthonormal columns is the coherence of the subspace

& which it spans:

u(U0) == u(&) = %maxi(Py)ii = %maxi(UUT)ii-

The kth column of the matrix A is denoted by A); the jth row is denoted by AY). The vector
e; is the ith element of the standard Euclidean basis (whose dimensionality will be clear from
the context).

We often compare SPSD matrices using the semidefinite ordering. In this ordering, A is
greater than or equal to B, written A = B or B X A, when A — B is positive semidefinite. Each

SPSD matrix A has a unique square root A'/? that is also SPSD, has the same eigenspaces as
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A, and satisfies A = (Al/ 2)2. The eigenvalues of an SPSD matrix A are arranged in weakly
decreasing order: A, (A) = A;(A) > A5(A) > --- > A,(A) = A, (A). Likewise, the singular
values of a rectangular matrix A with rank p are ordered 0,.4(A) = 0,(A) = 05,(A) > --- >
0, (A) = 0 yin(A). The spectral norm of a matrix B is written ||B||, ; its Frobenius norm and trace
are written ||B|| and Tr(B), respectively. The notation || - || indicates that an expression holds

for both £ =2 and £ =F.

4.2.1 Column-based low-rank approximation

The remainder of this thesis concerns low-rank matrix approximation algorithms: Chapter 5
provides bounds on the approximation errors of low-rank approximations that are formed using
fast orthonormal transformations, and Chapter 6 provides bounds on the approximation errors
of a class of low-rank approximations to SPSD matrices.

Both of these low-rank approximation schemes are amenable to interpretation as schemes
wherein a matrix is projected onto a subspace spanned by some linear combination of its columns.
The problem of providing a general framework for studying the error of these projection schemes
is well studied [BMDO09, HMT11, BDMI11]. The authors of these works have provided a set of so-
called structural results: deterministic bounds on the spectral and Frobenius-norm approximation
errors incurred by these projection schemes. Structural results allow us to relate the errors of
low-rank approximations formed using projection schemes to the optimal errors ||A — A || for
£=2,F.

Before stating the specific structural results that are used in the sequel, we review the
necessary background material on low-rank matrix approximations that are restricted to lie

within a particular subspace.
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4.2.1.1 Matrix Pythagoras and generalized least-squares regression

Lemma 4.5 is the analog of Pythagoras’ theorem in the matrix setting. A proof of this lemma can
be found in [BDMI11]. Lemma 4.6 is an immediate corollary that generalizes the Eckart-Young

theorem.

Lemma 4.5. If XY =0 or XY =0, then

X+ YIZ = IXIIE + Y12

and

2 2 2 2 2
max{|[X|ly, [Yll5} < [IX+ Y5 < [IXIl5 + [[YIl5.

Lemma 4.6. Given A € R™" and C € R™¢, for all X € R™*"

IA—PcA|Z < ||A - CX|?

forboth § =2 and £ =F.

Proof. Write

A—CX=(I—Pc)A+ (PcA—CX)

and observe that

(I-P)A)"(PcA—CX) =0,

so by Lemma 4.5,

IA—CX|I > [(1-P)A]Z.
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4.2.1.2 Low-rank approximations restricted to subspaces

Given A € R™"; a target rank k < n; another matrix Y € R™¢, where £ > k; and a choice of
norm & (§ = 2 or £ = F), we use the notation Hf{ «(A) to refer to the matrix that lies in the
column span of Y, has rank k or less, and minimizes the £-norm error in approximating A. More

concisely, Hf{ ((A)= YX¢, where

Xt = arg min ||A—YX||§.
XeR*M:rank(X)<k

The approximation 1'[5 «(A) can be computed using the following three-step procedure:

1: Orthonormalize the columns of Y to construct a matrix Q € R™*¢.
— : T
2: Compute X, = arg MiNyepexn rank(x)<k ||Q A— X”F.

3: Compute and return IT{ , (A) = QX,,,, € R™".

There does not seem to be a similarly efficient algorithm for computing l'I% L (A).
The following result, which appeared as Lemma 18 in [BDMI11], both verifies the claim that
this algorithm computes l'[f( «(A) and shows that l'[f{ «(A) is a constant factor approximation to

H%’k(A).

Lemma 4.7. [Lemma 18 in [BDMI11]] Given A € R™" Y € R™, and an integer k < {, the
matrix QX € R™*" described above satisfies o, (A) = QXpt, can be computed in O(mné + (m +
n)t?) time, and satisfies

2 2
F 2
|- @], =2,
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4.2.2 Structural results for low-rank approximation

The following result, which appears as Lemma 7 in [BMDO09], provides an upper bound on the
residual error of the low-rank matrix approximation obtained via projections onto subspaces.

The paper [HMT11] also supplies an equivalent result.

Lemma 4.8. [Lemma 7 in [BMDO9]] Let A € R™ " have rank p. Fix k satisfying 0 < k < p.

Given a matrix S € R™¢, with £ > k, construct Y = AS. If VlT S has full row-rank, then, for & = 2,F,
1A —PyAll2 < [|A—TI5 (A2 < [|A — Al + (13,5 S(VT ) |12, (4.2.3)

In addition to this bound on the residual error, we use the following novel structural bound

on the forward errors of low-rank approximants.

Lemma 4.9. Let A € R™" have rank p. Fix k satisfying 0 < k < p. Given a matrix § € R,

where £ > k, construct Y = AS. If VlTS has full row-rank, then, for £ = 2,F,
1Ak = PyAllZ < 1A — AglIZ + 112,V S(VI ). (4.2.4)

Proof. Observe that

(A —PyA) (PyA, ;) =0,

so Lemma 4.5 implies that

1Ak = PyAllZ = [|Ax — PyAr — PyA, 12 < [|Ax — PyAllZ + 114, 12



102

Applying Lemma 4.6 with X = (VI S)’VT, we see that

A — PyAl2 < [|A, — YCVTS) VT2 + 1A, 2
= 1A, — A SVTS)VT + A, SVTS)VT |2+ 1A, 12

= ||Ax — U; =, VIS(VTs)vT +Ap_ks(vfs)”fv{||§ + 1Ay _il13.

Since V] S has full row rank, (V] S)(V] S)" =1I;. Recall that Ay = U;%,V] and A,_; = U,%,V;.

Consequently, the above inequality reduces neatly to the desired inequality

1A, = PyAllZ < [|Ax — Uy, V] + A, SV S VI + 1A, 12
= {14, SV )V 17 + 1A, _ilI?

= 1A — Al + 1122V5 SV S)IIZ.

4.2.2.1 A geometric interpretation of the sampling interaction matrix

Let 2, = VlTS and Q, = Vg S denote the interaction of the sampling matrix S with the top and
bottom right-singular spaces of A. It is evident from Lemmas 4.8 and 4.9 that the quality of the

low-rank approximations depend upon the norm of the sampling interaction matrix

vIs(vTs)" = a,al.

The smaller the spectral norm of the QZQ'{ the more effective S is as a sampling matrix. To give

the sampling interaction matrix a geometric interpretation, we first recall the definition of the
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sine between the range spaces of two matrices M; and M, :
sinZ(Ml,Mz) = [|I— PMl)PMZHZ-

Note that this quantity is not symmetric: it measures how well the range of M; captures that of

M, [GV96, Chapter 12].

Lemma 4.10. Fix A € R™" a target rank k, and S € R™¢ where £ > k. Assume S has orthonor-

mal columns. Define

Q,=V{S and Q,=V,S.

Then, if @, has full row-rank,

||9291||2 = tan’(S, Vy).
Proof. Since V; and S have orthonormal columns, we see that

2

sin®(S, V;) = ||(1— ssT)V, Vi ||;

= ||V1T(I—SST)V1||2
= 1-vissv,
=1-2,(V]ss"V))

=1- i)

The second to last equality holds because VfS has k rows and we assumed it has full row-rank.

Accordingly,

.2
sin“(S,V;) .
=[5 - 1.

2
tan®(S,V;) = ——— 1= —
(8,V1) 1—sin%(S,V;)
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Now observe that

= sV a-svivis)visy|,
- “(STVQTHE -1

= tan?(S, Vy).
The second to last equality holds because of the fact that, for any matrix M,
o - wanayca "', = [ -

this identity can be established with a routine SVD argument. O

Thus, when S has orthonormal columns and V{S has full row-rank, ||QZQ“'1'|| 5 is the tangent
of the largest angle between the range of S and the top right singular space spanned by V;. If
V{S does not have full row-rank, then our derivation above shows that sin?(S,V;) = 1, meaning
that there is a vector in the eigenspace spanned by V; which has no component in the space
spanned by the sketching matrix S.

We note that tan(S,V;) also arises in the classical bounds on the convergence of the orthogo-
nal iteration algorithm for approximating the top k-dimensional singular spaces of a matrix (see,

e.g. [GV96, Theorem 8.2.2]).



