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Chapter 2

Bounds for all eigenvalues of sums of
Hermitian random matrices

2.1 Introduction

The classical tools of nonasymptotic random matrix theory can sometimes give quite sharp
estimates of the extreme eigenvalues of a Hermitian random matrix, but they are not readily
adapted to the study of the interior eigenvalues. This is because, while the extremal eigenvalues
are the maxima and minima of a random process, more delicate and challenging minimax
problems must be solved to obtain the interior eigenvalues.

This chapter introduces a simple method, based upon the variational characterization of
eigenvalues, that parlays bounds on the extreme eigenvalues of sums of random Hermitian
matrices into bounds that apply to all the eigenvalues®. This technique extends the matrix
Laplace transform method detailed in [Tro12]. We combine these ideas to extend several of
the inequalities in [Tro12] to address the fluctuations of interior eigenvalues. Specifically, we
provide eigenvalue analogs of the classical multiplicative Chernoff bounds and Bennett and
Bernstein inequalities.

In this technique, the delicacy of the minimax problems which implicitly define the eigenval-

The content of this chapter is adapted from the technical report [GT09] co-authored with Joel Tropp.
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ues of Hermitian matrices is encapsulated in terms that reflect the fluctuations of the summands
in the appropriate eigenspaces. In particular, we see that the fluctuations of the kth eigenvalue of
the sum above and below the kth eigenvalue of the expected sum are controlled by two different
quantities. This satisfies intuition: for instance, given samples from a nondegenerate stationary
random process with finite covariance matrix, one expects that the smallest eigenvalue of the
sample covariance matrix is more likely to be an underestimate of the smallest eigenvalue of the
covariance matrix than it is to be an overestimate.

We provide two illustrative applications of our eigenvalue tail bounds: Theorem 2.14
quantifies the behavior of the singular values of matrices obtained by sampling columns from a
short, fat matrix; and Theorem 2.15 quantifies the convergence of the eigenvalues of Wishart

matrices.

2.2 Notation

We define M, to be the set of Hermitian matrices with dimension n. We often compare Hermitian
matrices using the semidefinite ordering. In this ordering, A is greater than or equal to B, written
A = Bor B=A, when A — B is positive semidefinite.

The eigenvalues of a matrix A in M, are arranged in weakly decreasing order: A, (A) =
A(A) = Ay(A) = -+ > A, (A) = A (A). Likewise, the singular values of a rectangular matrix A
with rank p are ordered 04 (A) = 01(A) = 05(A) = - -+ = 0,(A) = Oyin(A). The spectral norm

of a matrix B is written ||B||, .
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2.3 The Courant-Fisher Theorem

In this chapter, we work over the complex field C. One of our central tools is the variational
characterization of the eigenvalues of a Hermitian matrix given by the Courant-Fischer Theorem.

For integers d and n satisfying 1 < d < n, the complex Stiefel manifold

Vi={veCc™ :v'v=1}

is the collection of orthonormal bases for the d-dimensional subspaces of C", or, equivalently,
the collection of all isometric embeddings of C¢ into C". Let A be a Hermitian matrix with
dimension n, and let V € V}; be an orthonormal basis for a subspace of C". Then the matrix

V*AV can be interpreted as the compression of A to the space spanned by V.

Proposition 2.1 (Courant-Fischer ([HJ85, Theorem 4.2.11])). Let A be a Hermitian matrix with

dimension n. Then

A(A)= min Ay, (V'AV) and (2.3.1)
Vkt1
Ar(A) = max A, (VFAV). (2.3.2)
vevy

A matrix V_ € V; achieves equality in (2.3.2) if and only if its columns span a top k-dimensional

n

invariant subspace of A. Likewise, a matrix V, € VI |

achieves equality in (2.3.1) if and only if

its columns span a bottom (n — k + 1)-dimensional invariant subspace of A.

The =+ subscripts in Proposition 2.1 are chosen to reflect the fact that A;(A) is the minimum
eigenvalue of V* AV_ and the maximum eigenvalue of V} AV, . As a consequence of Propo-

sition 2.1, when A is Hermitian, A (—A) = —A,_;,1(A). This fact allows us to use the same
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techniques we develop for bounding the eigenvalues from above to bound them from below.

2.4 Tail bounds for interior eigenvalues

In this section we develop a generic bound on the tail probabilities of eigenvalues of sums of
independent, random, Hermitian matrices. We establish this bound by supplementing the matrix
Laplace transform methodology of [Tro12] with Proposition 2.1 and a result, due to Lieb and
Seiringer [LS05], on the concavity of a certain trace function on the cone of positive-definite
matrices.

First we observe that the Courant-Fischer Theorem allows us to relate the behavior of the kth
eigenvalue of a matrix to the behavior of the largest eigenvalue of an appropriate compression

of the matrix.

Theorem 2.2. Let Y be a random Hermitian matrix with dimension n, and let k < n be an integer.

Then, for all t € R,

P{A()Z t} < inf min e ¥ Etre®V V] (2.4.1)

n
= VeankJrl

Proof. Let 6 be a fixed positive number. Then

P{2(Y) > t} = P{A(0Y) > Ot} = P {M(V) > &0t}

<e 0. g0V = o0t ~]Eexp{ min Ay (QV*YV)} .
vev"

n—k+1

The first identity follows from the positive homogeneity of eigenvalue maps and the second

from the monotonicity of the scalar exponential function. The final two relations are Markov’s
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inequality and (2.3.1).
To continue, we need to bound the expectation. Use monotonicity to interchange the order

of the exponential and the minimum; then apply the spectral mapping theorem to see that

Eexp{ y min A, (OVYV) } = EV min A, (exp(6VYV))
n (S n

n—k+1 n—k+1

< min EA,. (exp(6V*YV))

n
VEVn—k-H

< min Etrexp(6V*YV).

VEVn—k-H

The first inequality is Jensen’s. The second inequality follows because the exponential of a
Hermitian matrix is positive definite, so its largest eigenvalue is smaller than its trace.
Combine these observations and take the infimum over all positive 8 to complete the

argument. O

In most cases it is prohibitively difficult to compute the quantity Etre?V YV

exactly. The
main contribution of [Tro12] is a bound on this quantity, when V =1, in terms of the cumulant

generating functions of the summands. The main tool in the proof is a classical result due to

Lieb [Lie73, Thm. 6] that establishes the concavity of the function
A —> trexp (H+log(A)) (2.4.2)

on the positive-definite cone, where H is Hermitian.
We are interested in the case where V # I and the matrix Y in Theorem 2.2 can be expressed
as a sum of independent random matrices. In this case, we use the following result to develop

the right-hand side of the Laplace transform bound (2.4.1).

Theorem 2.3. Consider a finite sequence {X;} of independent, random, Hermitian matrices with
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dimension n and a sequence {A;} of fixed Hermitian matrices with dimension n that satisfy the
relations

EeX < eh, (2.4.3)

Let V € V. be an isometric embedding of Ck into C" for some k < n. Then

E trexp {Z] V*xjv} < trexp {ZJ V*Ajv} : (2.4.4)

In particular,

Etrexp{zjxj} <trexp {ZjAj}' (2.4.5)

Theorem 2.3 is an extension of Lemma 3.4 of [Trol12], which establishes the special
case (2.4.5). The proof depends upon a result due to Lieb and Seiringer [LS05, Thm. 3]
that extends Lieb’s earlier result (2.4.2) by showing that the functional remains concave when

the log(A) term is compressed.

Proposition 2.4 (Lieb-Seiringer 2005). Let H be a Hermitian matrix with dimension k. Let

V € V] be an isometric embedding of Ck into C™ for some k < n. Then the function
A — trexp (H+ V*(logA)V)

is concave on the cone of positive-definite matrices in ML, .

Proof of Theorem 2.3. First, note that (2.4.3) and the operator monotonicity of the matrix loga-

rithm yield the following inequality for each k:

logEeXx < A,. (2.4.6)
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Let E;, denote expectation conditioned on the first k summands, X; through X;.. Then

/

Etrexp ZV*XJV =FEE,; ---E,_; trexp Z VX, V+V* (logexf) \'
j<t \jse—1

(

<EE;---E;_,trexp Z VX,V +V* (log]Eexf)V

\Jjst-1

<EE, ---Ej_,trexp Z VX;V+V* (logeA/f)V
\Jjst-1

/

=EE; - Eq_ytrexp | > VX;V+VAV
\Jjst-1

The first inequality follows from Proposition 2.4 and Jensen’s inequality, and the second depends
on (2.4.6) and the monotonicity of the trace exponential. Iterate this argument to complete the

proof. O
Our main result follows from combining Theorem 2.2 and Theorem 2.3.

Theorem 2.5 (Minimax Laplace Transform). Consider a finite sequence {X;} of independent,

random, Hermitian matrices with dimension n, and let k < n be an integer.

(i) Let {A;} be a sequence of Hermitian matrices that satisfy the semidefinite relations

Ee%%i < es(0)A;

where g : (0,00) — [0,00). Then, forall t € R,

> < i : -0t , -
P{Ak (ijj) > t} < ér;g Veglgl_l’}t(ﬂ [e trexp{g(@)zjv A]V} }
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(i) Let {A;: V], | — Mg} be a sequence of functions that satisfy the semidefinite relations

EefVEV < o8(0)A,(V)

forall VeV where g : (0,00) — [0,00). Then, forall t € R,

—k+1°

P{?Lk (ijj) > t} < gr;g Ver{)lﬁin [e_et -trexp{g(O)ZjAj(V)} }

—k+1

The first bound in Theorem 2.5 requires less detailed information on how compression
affects the summands but correspondingly does not give as sharp results as the second. For
most cases we consider, we use the second inequality because it is straightforward to obtain
semidefinite bounds for the compressed summands. The exception occurs in the proof of the
subexponential Bernstein inequality (Theorem 2.12 in Section 2.6); here we use the first bound,
because in this case there are no nontrivial semidefinite bounds for the compressed summands.

In the following two sections, we use the minimax Laplace transform method to derive
Chernoff and Bernstein inequalities for the interior eigenvalues of a sum of independent random
matrices. Tail bounds for the eigenvalues of matrix Rademacher and Gaussian series, eigenvalue
Hoeffding, and matrix martingale eigenvalue tail bounds can all be derived in a similar manner;
see [Trol2] for the details of the arguments leading to such tail bounds for the maximum

eigenvalue.
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2.5 Chernoff bounds

Classical Chernoff bounds establish that the tails of a sum of independent nonnegative random
variables decay subexponentially. [Tro12] develops Chernoff bounds for the maximum and
minimum eigenvalues of a sum of independent positive semidefinite matrices. We extend this
analysis to study the interior eigenvalues.

Intuitively, the eigenvalue tail bounds should depend on how concentrated the summands
are; e.g., the maximum eigenvalue of a sum of operators whose ranges are aligned is likely
to vary more than that of a sum of operators whose ranges are orthogonal. To measure how
much a finite sequence of random summands {X;} concentrates in a given subspace, we define a

function ¥ : (_; ., Vi — R that satisfies

max; Apax (V*XjV) <Y(V) almost surely for each V € U V. (2.5.1)

1<k<n

The sequence {X;} associated with ¥ will always be clear from context. We have the following

result.

Theorem 2.6 (Eigenvalue Chernoff Bounds). Consider a finite sequence {X;} of independent,

random, positive-semidefinite matrices with dimension n. Given an integer k < n, define

e = Ak (Zl EX]') :

and let V. € V7 and V_ € V] be isometric embeddings that satisfy

—k+1

b= e (D, VAEX)V, ) = A (D, VECEX V. ).
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Then

b e/ ¥(Vy)
} for 6 >0, and

P{/xk (ijj) z(1+5)uk} <(n—k+1)- [m
- }uk/ww)

]P{/lk (ijj) <(1- 5)uk} <k- [m

for 6 €[0,1),

where W is a function that satisfies (2.5.1).

Theorem 2.6 tells us how the tails of the kth eigenvalue are controlled by the variation
of the random summands in the top and bottom invariant subspaces of Y ;EX;. Up to the
dimensional factors k and n — k + 1, the eigenvalues exhibit binomial-type tails. When k =1
(respectively, k = n) Theorem 2.6 controls the probability that the largest eigenvalue of the sum
is small (respectively, the probability that the smallest eigenvalue of the sum is large), thereby

complementing the one-sided Chernoff bounds of [Tro12].

Remark 2.7. The results in Theorem 2.6 have the following standard simplifications:

et/ ¥(V,)
P{lk (Z].Xj) Zt.uk}f(n—k—l—l)- [E} for t > e, and

IP’{)Lk (Zl Xj) < t,uk} <k-e -Pm/QYOV)) forp e [0,1].

Remark 2.8. If it is difficult to estimate ¥(V,) or ¥(V_) and the summands are uniformly

bounded, one can resort to the weaker estimates

UV < max ma, V] = 5| and

¥(V_) < maxmax; |
vevy

VX,V = max; |%;]].

Theorem 2.6 follows from Theorem 2.5 using an appropriate bound on the matrix moment-
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generating functions. The following lemma is due to Ahlswede and Winter [AW02]; see

also [Tro12, Lem. 5.8].

Lemma 2.9. Suppose that X is a random positive-semidefinite matrix that satisfies A, (X) < 1.
Then

Ee%X < exp ((ee — 1)(EX)) for 6 €R.

Proof of Theorem 2.6, upper bound. We consider the case where W(V, ) = 1; the general case

follows by homogeneity. Define
Aj(V)=Vi(EX;V, and g(0)=e’—1.
Theorem 2.5(ii) and Lemma 2.9 imply that
P {Ak (Z] xj) > (14 5)uk} < inf e~/ rexp {g(G)Zj Vi(EXj)V+} -

Bound the trace by the maximum eigenvalue, taking into account the reduced dimension of the

summands:

trexp {g(@)zj V’;(Exj)v+} <(m—k+1) Apax (exp {g(Q)Zj V”;(Exj)w})

— (n- k4 1) -exp {800) A (3, ViRV }.

The equality follows from the spectral mapping theorem. Identify the quantity u,; then combine
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the last two inequalities to obtain
) > <(n— i [g(6)—60(1+8)Tuy
P{Ak (ijl) _(1—|—5),uk}_(n k+1) 5r>1f)e .

The right-hand side is minimized when 6 = log(1 + &), which gives the desired upper tail

bound. O

Proof of Theorem 2.6, lower bound. As before, we consider the case where ¥(V_) = 1. Clearly,

P{Ak (Z] xj) <(1- 5)uk} =P {An_kﬂ (Z] —xj) > —(1- 5)uk}. (2.5.2)

Apply Lemma 2.9 to see that, for 6 > 0,
Ee?CV-XV-) = Eel-OV-XV- < exp(g(0) - VI (—EX;)V_),

where g(6) = 1 — e 9. Theorem 2.5(ii) thus implies that the latter probability in (2.5.2) is

bounded by

. 0(1-6)uy . * .
égge M . trexp (g(Q)ZjV_( ]EXJ)V_).

Using reasoning analogous to that in the proof of the upper bound, we justify the first of the

following inequalities:

trexp (g(@)ZjV*_(—EXj)V_) <k-exp {Amax (g(e)zjvi(—Exj)V_)}

= k- exp{ =g(6)- 2w (2, V2 (EXV_ )}

=k-exp {—g(0)uc} .
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The remaining equalities follow from the fact that —g(8) < 0 and the definition of uy.

This argument establishes the bound

P{lk (ZJ Xj) <(1- 5)uk} <k- eiggew(l—é)—g(e)]uk.

The right-hand side is minimized when 6 = —1log(1 — &), which gives the desired lower tail

bound. O

2.6 Bennett and Bernstein inequalities

The classical Bennett and Bernstein inequalities use the variance or knowledge of the moments
of the summands to control the probability that a sum of independent random variables deviates
from its mean. In [Trol2], matrix Bennett and Bernstein inequalities are developed for the
extreme eigenvalues of Hermitian random matrix sums. We establish that the interior eigenvalues
satisfy analogous inequalities.

As in the derivation of the Chernoff inequalities of Section 2.5, we need a measure of
how concentrated the random summands are in a given subspace. Recall that the function

W sy <p<n Vi — R satisfies

Max; Amax (V*XjV) <y(V) almost surely for each Ve U V- (2.6.1)

1<k<n
The sequence {X;} associated with ¥ will always be clear from context.

Theorem 2.10 (Eigenvalue Bennett Inequality). Consider a finite sequence {X;} of independent,

random, Hermitian matrices with dimension n, all of which have zero mean. Given an integer
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k < n, define

o2 =2 (ZJ E(x]?)) :
Choose V, € VI, . to satisfy
02 = A (Z] vjE(xf)w) .

Then, for all t > 0,

2
o {2 (X,0) 2 ¢} sk emp -2t (M2 o

k

<(n—k+1)-ex v (if)
=\ xp o +W(V,)t/3

(n—k+1)-exp{—§t2/0£} fortSU,%/\P(VJF)
< (iii)

(n—k+1)-exp{-2t/9(V)} for e = 02/ B(V,),

where the function h(u) = (1 + u)log(1 + u) — u for u > 0. The function ¥ satisfies (2.6.1) above.

Results (i) and (ii) are, respectively, matrix analogs of the classical Bennett and Bernstein
inequalities. As in the scalar case, the Bennett inequality reflects a Poisson-type decay in the tails
of the eigenvalues. The Bernstein inequality states that small deviations from the eigenvalues of
the expected matrix are roughly normally distributed while larger deviations are subexponential.
The split Bernstein inequalities (iii) make explicit the division between these two regimes.

As stated, Theorem 2.10 controls the probability that the eigenvalues of a sum are large.

Using the identity
A ( - ij) = —An-k+1 (ij) >
J J

Theorem 2.10 can also be applied to control the probability that eigenvalues of a sum are small.
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To prove Theorem 2.10, we use the following lemma (Lemma 6.7 in [Tro12]) to control the

moment-generating function of a random matrix with bounded maximum eigenvalue.

Lemma 2.11. Let X be a random Hermitian matrix satisfying EX = 0 and A, (X) < 1 almost

surely. Then

EefX < exp((e? — 6 —1)-E(X?)) for 6 > 0.

Proof of Theorem 2.10. Using homogeneity, we assume without loss that ¥(V, ) = 1. This implies

that A« (Xj) <1 almost surely for all the summands. By Lemma 2.11,
Ee”™ < exp(g(0) - E(X})),

with g(8)=e? —6 —1.

Theorem 2.5(i) then implies

IP’{)Lk (Z) Xj) = t} < ggge_gt -trexp (g(@)zj ViE(XJz.)VJF)
<=k 1) fnf e Ay (exp{g(0) Y, VIEGEW, })

ce -0
=(n—-k+1)- euige f.exp {g(@) * Amax (Z] V“:LIE(XJZ.)VJr) } .
The maximum eigenvalue in this expression equals oi, thus

]P’{lk (Z] Xj) > t} <(n—-k+1)- gggeg(e)oi—er,

The Bennett inequality (i) follows by substituting 8 = log(1 + t/ a%) into the right-hand side

and simplifying.
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The Bernstein inequality (ii) is a consequence of (i) and the fact that

2

us/2
M) > —'2 foru>0
W=z 73 foruzo,

which can be established by comparing derivatives.
The subgaussian and subexponential portions of the split Bernstein inequalities (iii) are

verified through algebraic comparisons on the relevant intervals. O

Occasionally, as in the application in Section 2.8 to the problem of covariance matrix
estimation, one desires a Bernstein-type tail bound that applies to summands that do not have
bounded maximum eigenvalues. In this case, if the moments of the summands satisfy sufficiently
strong growth restrictions, one can extend classical scalar arguments to obtain results such as

the following Bernstein bound for subexponential matrices.

Theorem 2.12 (Eigenvalue Bernstein Inequality for Subexponential Matrices). Consider a finite
sequence {X;} of independent, random, Hermitian matrices with dimension n, all of which satisfy

the subexponential moment growth condition
m!
E(XT') = ?Bm—zzf. form=2,3,4,...,
where B is a positive constant and 212. are positive-semidefinite matrices. Given an integer k < n, set

Wi = Ag (Z] IEXj) .

n e
Choose V, € V7 _, | that satisfies

Pk = Amax (Zl Vj_(EXj)V+) >
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and define

2 _ 2
02 = Amax (Z].ViEjW) .

Then, for any t > 0,

]P’{Ak (ijj)Zuk-l-t}S(n—k+1)~exp{—o_§2_|{zt} 0

(n—k+1)-exp{—%t2/ai} fort < U%/B
< (ii)

(n—k+1)-exp{—}‘t/B} fortZUi/B.

This result is an extension of [Tro12, Theorem 6.2], which, in turn, generalizes a classical
scalar argument [DG98].

As with the other matrix inequalities, Theorem 2.12 follows from an application of The-
orem 2.5 and appropriate semidefinite bounds on the moment-generating functions of the
summands. Thus, the key to the proof lies in exploiting the moment growth conditions of
the summands to majorize their moment-generating functions. The following lemma, a trivial

extension of Lemma 6.8 in [Tro12], provides what we need.

Lemma 2.13. Let X be a random Hermitian matrix satisfying the subexponential moment growth
conditions

m!
E(X™) = ?22 form=2,3,4,....

Then, for any 0 in [0, 1),

62
< y2
Eexp(0X) = exp (QIEX—I— 20 9)2 ) .
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Proof of Theorem 2.12. We note that X; satisfies the growth condition

E(X]") = 5 Bm 222 form>2

if and only if the scaled matrix X;/B satisfies
X\"_ m %
E (—) 2 form > 2.

Thus, by rescaling, it suffices to consider the case B =1.

By Lemma 2.13, the moment-generating functions of the summands satisfy
Eexp(0X;) = exp (QEXj + g(e)zf) ,

where g(6) = 62/(2 — 26). Now we apply Theorem 2.5(i):

P{A" (ijf) Z“k“} inf e”furt). U’eXP( > VHEXV, +5(0) ) ViEV )

6<[0,1)

< inf (n—k+1): exp{ — O(u+ )+ 6 A (ZJ v+(Exj)v+)

+9(0) - Ama (Z},V”;)}fw) }

= i f — 1 . — 2 .
96%,1)01 k+1) exp( 9t+g(0)0k)

To achieve the final simplification, we identified u; and o%. Now, select 8 = t/(t + 0%). Then

simplication gives the Bernstein inequality (i).

Algebraic comparisons on the relevant intervals yield the split Bernstein inequalities (ii). [
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2.7 An application to column subsampling

As an application of our Chernoff bounds, we examine how sampling columns from a matrix
with orthonormal rows affects the spectrum. This question has applications in numerical linear
algebra and compressed sensing. The special cases of the maximum and minimum eigenvalues
have been studied in the literature [Tro08, RV07]. The limiting spectral distributions of matrices
formed by sampling columns from similarly structured matrices have also been studied: the
results of [GHO8] apply to matrices formed by sampling columns from any fixed orthogonal
matrix, and [Far10] studies matrices formed by sampling columns and rows from the discrete
Fourier transform matrix.

Let U be an n X r matrix with orthonormal rows. We model the sampling operation using a
random diagonal matrix D whose entries are independent Bern(p) random variables. Then the

random matrix

)
Il

UD 2.7.1)

can be interpreted as a random column submatrix of U with an average of pr nonzero columns.
Our goal is to study the behavior of the spectrum of U.

Recall that the decay of the Chernoff tail bounds is influenced by the variation of the random
summands when compressed to invariant subspaces of the expected sum, as measured by ¥(V).
In this application, the choice of invariant subspace is arbitrary, so we choose that which gives
the smallest variations and hence the fastest decay. This gives rise to a coherence-like quantity

associated with the matrix U : Recall that the jth column of U is written u;. Consider the
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following coherence-like quantity associated with U :
Ty = min max; HV*uj“2 fork=1,...,n. (2.7.2)
Vevy

There does not seem to be a simple expression for 7,. However, by choosing V* to be the
restriction to an appropriate k-dimensional coordinate subspace, we see that 7; always satisfies
T < minrnax»i]u2

) l]'
<

The following theorem shows that the behavior of ak(ﬁ), the kth singular value of U, can be

explained in terms of 7.

Theorem 2.14 (Column Subsampling of Matrices with Orthonormal Rows). Let Ube ann X r
matrix with orthonormal rows, and let p be a sampling probability. Define the sampled matrix U

according to (2.7.1), and the numbers {7} according to (2.7.2). Then, for each k =1,...,n,

I} P/Tnks1
P{ak(ﬁ)z \/(1+5)p}5(n—k+1)~ [m] for 6 >0, and
-5 p/Tk
P{ak(ﬁ)s \/(1—5)p}5k- [JW} for 6 €[0,1).

Proof. Observe, using (2.7.1), that
o (0)? = 1, (UD?UY) = A, Z djujuj ,
J
where u; is the jth column of U and d; ~ Bern(p). Compute

pi = Ay (ZJ Edjujuj) =p - 4(UU") =p- A (D =p.
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It follows that, forany Ve v?'_, .,

Amax (Z] V*(Edjujuj)v) =D Amax (V*V) =D = Uk,

so the choice of V, € V' , . is arbitrary. Similarly, the choice of V_ € V! is arbitrary. We select

1

V. to be an isometric embedding that achieves 7,,_,,; and V_ to be an isometric embedding

that achieves 7. Accordingly,

2
¥(V,) = max; ||V*+u]~u3’.‘V+|| = max; [[Viu;||* = 7,41, and

¥(V_) = max; ||Viujuij_|| = max; IIVfu]-II2 = Tp.

Theorem 2.6 delivers the upper bound

P{on@ = VA +8)p} =P{ | D djuyu; | =(1+6)p
J

e5 :| p/Tn—k+1

<(n—-k+1)- [m

for 6 > 0, and the lower bound

-5 /7K
P{o@) = V/A-0)p}=P{ 4 | Yduu | <@-8)p Sk-[e—}
j

(1-6)°

for 6 € [0,1). O

To illustrate the discriminatory power of these bounds, let U be an n X n? matrix consisting

of n rows of the n? x n? Fourier matrix and choose p = (logn)/n so that, on average, sampling
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Figure 2.1: SPECTRUM OF A RANDOM SUBMATRIX OF A UNITARY DFT MATRIX. The matrix U is a
102 x 10* submatrix of the unitary DFT matrix with dimension 104, and the sampling probability
p= 1074 log(104). The kth vertical bar, calculated using Theorem 2.14, describes an interval
containing the median value of the kth singular value of the sampled matrix U. The black circles

denote the empirical medians of the singular values of U, calculated from 500 trials. The gray
circles represent the singular values of EU.

reduces the aspect ratio from n to logn. For n = 100, we determine upper and lower bounds for
the median value of o' (U) by numerically finding the value of § where the probability bounds
in Theorem 2.14 equal one-half. Figure 2.1 plots the empirical median value along with the
computed interval. We see that these ranges reflect the behavior of the singular values more

faithfully than the simple estimates o (EU) = p.

2.8 Covariance estimation

We conclude with an extended example that illustrates how this circle of ideas allows one
to answer interesting statistical questions. Specifically, we investigate the convergence of the
individual eigenvalues of sample covariance matrices. Our results establish conditions under
which the eigenvalues can be recovered to relative precision, and furthermore reflect the
difference in the probabilities of the kth eigenvalue of the sample covariance matrix over- or

underestimating that of the covariance matrix.
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Covariance estimation is a basic and ubiquitious problem that arises in signal processing,
graphical modeling, machine learning, and genomics, among other areas. Let {n; };?:1 C RP be
i.i.d. samples drawn from some distribution with zero mean and covariance matrix C. Define the

sample covariance matrix
—~ 1
— *
Ch=- E n;n;-
n j
j=1

An important challenge is to determine how many samples are needed to ensure that the
empirical covariance estimator has a fixed relative accuracy in the spectral norm. That is, given

a fixed ¢, how large must n be so that

C,— ¢, <elicl,? (2.8.1)

This estimation problem has been studied extensively. It is now known that for distributions
with a finite second moment, Q(plogp) samples suffice [Rud99], and for log-concave distri-
butions, Q(p) samples suffice [ALPTJ11]. More broadly, Vershynin [Ver11b] conjectures that,
for distributions with finite fourth moment, Q(p) samples suffice; he establishes this result to
within iterated log factors. In [SV], Srivastava and Vershynin establish that Q(p) samples suffice
for distributions which have finite 2 4+ ¢ moments, for some ¢ > 0, and satisfy an additional
regularity condition.

Inequality (2.8.1) ensures that the difference between the kth eigenvalues of C, and C
is small, but it requires O(p) samples to obtain estimates of even a few of the eigenvalues.
Specifically, letting k, = A;(C)/A,(C), we see that O(S_ZKip) samples are required to obtain
relative error estimates of the largest £ eigenvalues of C using the results of [ALPTJ11, Ver11b,
SV]. However, it is reasonable to expect that when the spectrum of C exhibits decay and £ < p,

far fewer than O(p) samples should suffice to ensure relative error recovery of the largest £
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eigenvalues.

In fact, Vershynin shows this is the case when the random vector is subgaussian: in [Verlla],
he defines the effective rank of C to be r = (Zle 2;(C))/2,(C) and uses r to provide bounds
of the form (2.8.1). It follow from his arguments that, with high probability, the largest ¢
eigenvalues of C are estimated to relative precision when n = O(e‘er? log p) samples are taken.
Clearly this result is most of interest when the effective rank is small: e.g. when r is O(1), we see
that O(e_zxf log p) samples suffice to give relative error accuracy in the largest £ eigenvalues
of C. Note, however, that this result does not supply the rates of convergence of the individual
eigenvalues, and it requires the effective rank to be small. To the best of the author’s knowledge,
there are no nonasymptotic estimates of the relative errors of individual eigenvalues that do not
require the assumption that C has low effective rank.

In this section, we derive a relative approximation bound for each eigenvalue of C. For
simplicity, we assume the samples are drawn from a A4'(0, C) distribution where C is full-rank,

but we expect that the arguments can be extended to cover other subgaussian distributions.

Theorem 2.15. Assume that C € M, is positive definite. Let {n j ;7:1 C R? be i.i.d. samples drawn

from a (0, C) distribution. Define

—~ 1 n
Cn = ;Zj:l ;-

Write A for the kth eigenvalue of C, and write A, for the kth eigenvalue of En. Thenfork =1,...,p,

—nt?

P{il > A+t <(p—k+1)-exp| ———
{k k } (p ) P(lek ?:kki

) for t <4ni,,



44

and

—3nt?

k
P{d, <A —t} <k-exp fort <n(A+ > A;).
{ } (811(11 +30, )Li)) ;

The following corollary provides an answer to our question about relative error estimates.

Corollary 2.16. Let A, and A, be as in Theorem 2.15. Then

—cn€2

pA
i=k 72

P{ik2(1+e)7nk}§(p—k+1)-exp for e <4n,

and

—Cn82

P{A (A=) <k-exp | 5———— | forec(0,1],
Ti(zi:l A_Il{)

where the constant c is at least 1/32.

The first bound in Corollary 2.16 tells us how many samples are needed to ensure that A
does not overestimate A. Likewise, the second bound tells us how many samples ensure that A,
does not underestimate Ay.

Corollary 2.16 suggests that the relationship of A, to A is determined by the spectrum of
C in the following manner. When the eigenvalues below A, are small compared with A;, the

quantity
P
D il A
i=k

is small (viz., it is no larger than p — k + 1), and so A is not likely to overestimate A,. Similarly,
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when the eigenvalues above A; are comparable with A;, the quantity

A&
T D Al

i=1

is small (viz., it is no larger than k - K‘i), and so ik is not likely to underestimate Ay.

Remark 2.17. The results in Theorem 2.15 and Corollary 2.16 also apply when C is rank-deficient:
simply replace each occurence of the dimension p in the bounds with rank(C).

Indeed, assume that C is rank-deficient and take its truncated eigenvalue decomposition to
be C=UAU". If n; ~ A4(0, C), then n; lies in the span of C. It follows that Ax = A, = 0 for all

k > rank(C). When k < rank(C), we observe that

M@ =2(A) and A | Yommi | =A | DLEET
j j

where &; = U*n; is distributed 4(0, A). Thus,

A | 2omimy | = 24(Q)] = A | DOEES | — ).
j J

Consequently, the problem of estimating the eigenvalues of C to relative error using the samples
{n;} is equivalent to that of estimating the eigenvalues of the full-rank covariance matrix A to

relative error using the samples {&;}.

It is reasonable to expect that one should be able to use Corollary 2.16 to recover Vershynin’s
result in [Verlla] for Wishart matrices: that Q(¢ *r«7logp) samples suffice to estimate the
eigenvalues of the covariance matrix of a Gaussian random variable to within a relative precision

of 1+ ¢. Indeed, this result follows from Corollary 2.16 and a simple union bound argument.

Corollary 2.18. Assume C is positive semidefinite. Let {n; };.1:1 C R? be i.i.d. samples drawn from
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a (0, C) distribution. If n = Q(e_zrkf log p), then with high probability

12(C,) = A(C)| < eAr(C) fork=1,...,L.

Proof. From Corollary 2.16, we see that

. A A
]P’{lk(cn) <(Q1- s)kk} <p~P? whenn>32¢72 (A—i Zigk A_,i) (logk + Blogp).

Recall that . = 1,(C)/2A,(C) and r = (D_; 2;(€))/A,(C), so

)Ll Ai 2
(3 Zaiy) =i

Clearly, taking n = Q(s_zrkf log p) samples ensures that, with high probability, each of the top ¢
eigenvalues of the sample covariance matrix satisfies A (C,) > (1 — £)A4.

Likewise,

. A
P {Ak(Cn) >(1- E)Ak} <p P whenn>32¢72 (Zizk A_,l() (log(p —k+ 1)+ Blogp)

and

KT,

)

A A (s M) (X 2)
Z — = < Kk A =

iZk A A A 1

so we see that taking n = Q(e~2rk, log p) samples ensures that, with high probability, each of
the top { eigenvalues of the sample covariance matrix satisfies Ak(an) <1+ &)A.
Combining these two results, we conclude that n = Q(e_erf log p) ensures that the top

¢ eigenvalues of C are estimated to within relative precision 1 % ¢ with probability at least
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2.8.1 Proof of Theorem 2.15

We now prove Theorem 2.15. This result requires a number of supporting lemmas; we defer
their proofs until after a discussion of extensions to Theorem 2.15.

We study the error |1, (C,,) — A(C)|. To apply the methods developed in this chapter, we pass
to a question about the eigenvalues of a difference of two matrices. The first lemma accomplishes
this goal by compressing both the population covariance matrix and the sample covariance

matrix to a fixed invariant subspace of the population covariance matrix.

Lemma 2.19. Let X be a random Hermitian matrix with dimension p, and let A be a fixed

Hermitian matrix with dimension p. Choose W, € V¥

k1 and W_ € Vi for which

A(A) = Aoy (wiAw+) = Amin (wi Aw_) )

Then, for all t > 0,

P{2k(X) = A (A) + t} < P{ Ao (WXW,, ) > 24(A) +t} (2.8.2)

and

P{24(X) < A(A) = t} S P { Ay (WEA-X)W_) >t} (2.8.3)

We apply this result with A = C and X = C,,. The first estimate (2.8.2) and the second

estimate (2.8.3) are handled using different arguments. The second estimate is easier because
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the maximum eigenvalue of the matrix C — C,, is bounded. Indeed,

A'max (Wj_(c - an)w-i-) = Amax (W):_CW_,_) :

Thus, we may use Theorem 2.10 to complete the second estimate. The next lemma gives the

matrix variances that we need to apply this theorem.

Lemma 2.20. Let & ~ A4(0,G). Then

E(EE* —G)? =G24+ tr(G) - G.

The first inequality (2.8.2) is harder because En is unbounded. In this case, we may apply
Theorem 2.12. To use this theorem, we need the following moment growth estimate for rank-one

Wishart matrices.

Lemma 2.21. Let § ~ A(0,G). Then for any integer m > 2,

E(EE)™ 22™"m!(rG)™ ! - G.

With these preliminaries addressed, we prove Theorem 2.15.

Proof of lower estimate in Theorem 2.15. First we consider the probability that A, underesti-

p .
mates A,. Let W_ €V} satisfy

A(C) = Ay (WECW_) .
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Then Lemma 2.19 implies

P{2(C) < A(€) = t} S P{ Ao (WE(C—CIW_) > ¢}

]P’{Amax (Z; W*(C— njn;f)W_) > nt} .

The factor n comes from the normalization of the sample covariance matrix. Each term in the
sum is zero mean and bounded above by W* CW_ in the semidefinite order, so Theorem 2.10
applies. As we desire a bound on the maximum eigenvalue of the sum, we take V, =1 when we

invoke Theorem 2.10. Then
2 2
2 _ _
02 = Armax (ZE (W (c—nmpw_] ) = e (E [W(C—mym)W_]").
The covariance matrix of 1, is C, so that of W* 1, is W* CW_. It follows from Lemma 2.20 that
E [W*(C—ny0)W_]" = (W CW_) + tr(W" CW_) - W' CW_.
Observe that W* CW_ is the restriction of C to its top k-dimensional invariant subspace, so
) k
Gf = N pax (E [Wi(C - nlnT)W_] ) =nA,(C) (M(C) + Z Ai(c))
i=1

and we can take W(V,) = A, (C).

The subgaussian branch of the split Bernstein inequality of Theorem 2.10 shows that

—3nt?
]P){)'max (iji(c - nﬂﬁ)W-) Z Tlt} S k +exXp

81,(C)(11(C) + XX, 1,(C)

when t <n(1,(C)+ 25;1 A;(C)). This inequality provides the desired bound on the probability
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that Ak(an) underestimates A;(C). O

Proof of upper estimate in Theorem 2.15. Now we consider the probability that A, overestimates
Ar. Let W, € Vi—k+1 satisfy

Ak(C) = Aax (Wj_CW+) .
Then Lemma 2.19 implies

P {24(C) 2 24(C) + t} <P {Apa (WEC, W, ) 2 24(C) + ]

_p {/xmax (Z] w:(njnj)m) > 2, (C) + nt} L @284

The factor n comes from the normalization of the sample covariance matrix.

*

The covariance matrix of 7; is G, so that of W7,

n; is W, CW,. Apply Lemma 2.21 to verify

that WY, n; satisfies the subexponential moment growth bound required by Theorem 2.12 with
B=2u(W;CW,) and 3?=_8u(W,CW) W\ CW,.

In fact, W} CW, is the compression of C to the invariant subspace corresponding with its bottom

p — k+ 1 eigenvalues, so
p p
B=2>" 2(C) and Ay (2]2) =82,(Q)> 1 A(C).

We are concerned with the maximum eigenvalue of the sum in (2.8.4), so we take V. =1 in the
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statement of Theorem 2.12 to find that

P
0% = Amax (ZJ zf) = MAmax (33) =8n24(€) Y, 4(C) and

U1 = )Lmax ZWiE(njn;()W+ = nxmax (W*.;.CW+) = nkk(c)-
j

It follows from the subgaussian branch of the split Bernstein inequality of Theorem 2.12 that

P{A (Z W, (n;n7)W ) = ni (C)+”t} <(p—-k+1)-exp L
k\ Ly T+ ) = Ak - 322,(C) Y7, 4(C)

when t < 4nA,(C). This provides the desired bound on the probability that Ak(an) overestimates

A (C). O

2.8.2 Extensions of Theorem 2.15

Results analogous to Theorem 2.15 can be established for other distributions. If the distribution
is bounded, the possibility that A, deviates above or below A, can be controlled using the
Bernstein inequality of Theorem 2.10. If the distribution is unbounded but has matrix moments
that satisfy a sufficiently nice growth condition, the probability that A, deviates below A, can be
controlled with the Bernstein inequality of Theorem 2.10 and the probability that it deviates
above A, can be bounded using a Bernstein inequality analogous to that in Theorem 2.12.

We established Theorem 2.15 using this technique to demonstrate the simplicity of the
Laplace transform machinery. However, the results of [ALPTJ11] on the convergence of empirical
covariance matrices of isotropic log-concave random vectors lead to tighter bounds on the
probability that A, overestimates A,. There does not seem to be an analogous reduction for

handling the probability that A, is an underestimate.
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To see the relevance of the results in [ALPTJ11], first observe the following consequence of

the subadditivity of the maximum eigenvalue mapping:

Amax (Wj_(X - A)W+) z Amax (Wj_XW_,_) - Amax (WiAW+)

= A'max (WiXW+) - Ak(A)-

In conjunction with (2.8.2), this gives us the following control on the probability that A;(X)

overestimates A (A) :

P{2k(X) 2 A4 (A) + t} < P{ A (Wi (X~ A)W, ) > £}

In our application, X is the empirical covariance matrix and A is the actual covariance matrix.

The spectral norm dominates the maximum eigenvalue, so

P{2(C) = 2(C) + t} S P{ Ao (W(C, —OOW, ) > ¢}

< P{IW(C, — OW, || > t} =P {|WC,W, —§%|| > ¢},

where S is the square root of W CW.,.. Now factor out $2 and identify A,(C) = ||S?|| to obtain

P{2(C) = A (CQ)+t} <P{IsT'W;C, W s~ —1]|||s?| > t}

=P{IsT'W,C,W, S —1|| > t/2,(C)}.

Note that if 1) is drawn from a 4(0, C) distribution, then the covariance matrix of the transformed
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sample S_1Win is the identity:
E(ST'Winn*W, S =sT'WiCw, s =1.

Thus S_1W*+EInW+S_1 is the empirical covariance matrix of a standard Gaussian vector in
RP~k+1 By Theorem 1 of [ALPTJ11], it follows that A, is unlikely to overestimate A, in relative
error when the number n of samples is Q(p — k + 1).

Similarly, for more general distributions, the bounds on the probability of A, exceeding A
can be tightened beyond those suggested in Theorem 2.15 by using the results in [ALPTJ11] or
[Verllb].

Finally, we note that the techniques developed in the proof of Theorem 2.15 can be used to

investigate the spectrum of the error matrices C, — C.

2.8.3 Proofs of the supporting lemmas

We now establish the lemmas used in the proof of Theorem 2.15.

Proof of Lemma 2.19. The probability that A;(X) overestimates A;(A) is controlled with the

sequence of inequalities

P{(X) > A (A)+t} = ]P’{ inf  Amax (W'XW) > A.(A) + t}

p—k+1

< P{ Amax (WXW, ) > A (A) + £}

We use a related approach to study the probability that A;(X) underestimates A;(A). Our
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choice of W_ implies that

Ap—ii1(—A) = =Ak(A) = = Ay (WEAW_) = Ay (WE(-AIW_) .

It follows that

P {24(X) < 24(8) = t} = P{A, 441 (=X) 2 2p 11 (-A) + t]
IP’{ inf Amax (W (=X)W) = Aoy (W5 (ZAW_) +¢ }

< P{ Amax (WE(=XIW_) = Aoy (WE(-A)W_) > ¢}

{
{

< P{Anax (W-(A—X)W_) > t}.

The final inequality follows from the subadditivity of the maximum eigenvalue mapping. O

Proof of Lemma 2.20. We begin by taking S to be the positive-semidefinite square root of G.
Let S = UAU" be the eigenvalue decomposition of S, and let y be a 4/(0,1,) random variable.

Recalling that G is the covariance matrix of &, we see that £ and UAy are identically distributed.

Thus,

E(£E* — G)? = E(UAyy*AU* — UAU*)?

= UAE(yy*A%yy*)AU* — G2, (2.8.5)

Consider the (i, j) entry of the matrix being averaged:

E(ry* A*yy*); = ZE(meiMi.
k
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The (i, j) entry of this matrix is zero because the entries of v are independent and symmetric.

Furthermore, the (i, 1) entry satisfies

E(ry A%y = E(rHA2 + Y E(rDAZ = 222 + (A?).
k#i

We have shown

E(yy*A%yy*) = 2A2 +tr(G) - L.

This equality and (2.8.5) imply the desired result. O

Proof of Lemma 2.21. Factor the covariance matrix of & as G = UAU* where U is orthogonal
and A = diag(A,,...,4,) is the matrix of eigenvalues of G. Let y be a 4/(0,1,) random variable.

Then & and UA'/?y are identically distributed, so

E(EE )" =E [(£ )" EE" | =E [(r*Ay)" TUA 2y AU ]

Consider the (i, j) entry of the bracketed matrix in (2.8.6):
% m— p m—1
E[(F*A)" iy ] =E [(ZH 2er?) m]} : (2.8.7)

From this expression, and the independence and symmetry of the Gaussian variables {y;}, we
see that this matrix is diagonal.

To bound the diagonal entries, use a multinomial expansion to further develop the sum in
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(2.8.7) for the (i,1) entry:

Bloani])= 2 (elr,n.i,lep)kil - AE [

Ly +-FL,=m—1

Now we use the generalized AM-GM inequality to replace the expectation of the product of
Gaussians with the 2mth moment of a single standard Gaussian g. Denote the L, norm of a

random variable X by

X1, = EX|DHY".

Since {4,...,{, are nonnegative integers summing to m — 1, the generalized AM-GM inequality

justifies the first of the following inequalities:

2m

Clyal+- -+ lypl+ Iyl ™
EY?ZI"'YIZ;EPYI-ZSE( 1171 mpr Yi

1 p
=lm |Yi|+2£j|}’j|
=1

2m

L2m

IA

1 p
m HYi“L2m+Z:€j”YJ‘||L2m
=

B (1+£1+...+£p

2m
) el et

The second inequality is the triangle inequality for L, norms. Now we reverse the multinomial

expansion to see that the diagonal terms satisfy the inequality

elowr]s 3 (7 Joaree
>%p

G+l =m—1 by,

=+ ...+ 2,)"E(g*™) = tr(G)"'E(g>™). (2.8.8)
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Estimate E(g%™) using the fact that I'(x) is increasing for x > 1:

m

2m 2m 2
—TI'(m+1/2)< —I'(m+1)=—m! form>1.
T

2mY\
2(e) = 7= N N

Combine this result with (2.8.8) to see that

m

2
E[(r'An)™ tyr] = ﬁm! r(G)™ 'L

Complete the proof by using this estimate in (2.8.6).



