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Abstract

We classify the genuine ordinary mod p representations of the metaplectic group §Z/—12<F ),
where F' is a p-adic field, and compute its genuine mod p spherical and Iwahori Hecke al-
gebras. The motivation is an interest in a possible correspondence between genuine mod
p representations of »S/TEQ(F ) and mod p representations of the dual group PG Ly(F), so we
also compare the two Hecke algebras to the mod p spherical and Iwahori Hecke algebras of
PGLs(F). We show that the genuine mod p spherical Hecke algebra of SL,(F) is isomorphic
to the mod p spherical Hecke algebra of PG Ls(F'), and that one can choose an isomorphism
which is compatible with a natural, though partial, correspondence of unramified ordinary
representations via the Hecke action on their spherical vectors. We then show that the gen-
uine mod p Iwahori Hecke algebra of ézg(F ) is a subquotient of the mod p Iwahori Hecke
algebra of PG Ly(F), but that the two algebras are not isomorphic. This is in contrast to the
situation in characteristic 0, where by work of Savin one can recover the local Shimura corre-
spondence for representations generated by their Iwahori fixed vectors from an isomorphism

of Iwahori Hecke algebras.
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Introduction

0.1 Summary of results

The work of this thesis concerns mod p representation theory; that is, the representations are
of p-adic groups, and the coefficient field is F,,. The main subject is the mod p representation
theory of the metaplectic group §z2(F ), which is the nontrivial central extension of SLy(F)
by {£1}.

The first chapter contains preliminaries: definitions, well-known results, and some cal-
culations to be used in later chapters. The goal of the second chapter is a classification
of the genuine ordinary representations of §l/}2(F ). A genuine representation of SA'ig(F ) is
one which does not factor through a representation of SLy(F'), and we define an ordinary
representation to be a subquotient of a parabolically induced representation. In fact, we
show that all of the parabolically induced representations of ﬁg(F ) are irreducible and
inequivalent.

Let F be a p-adic field with residue field k = F,. In the following theorem and results
following from it in later chapters, we assume that ¢ =1 (mod 4). With respect to a choice
of an additive character of F*, we define (§ 2.3.3) a basic unramified genuine character 1 of

the metaplectic torus T.

Theorem A (Theorem 2.3.5 (1), (2)). 1. The irreducible smooth, genuine, ordinary mod

p representations of 3‘7;2(1?) are all those of the form I(x) := In %L2(F))Z, where Ind is
the smooth induction functor and x is an arbitrary genuine character of T(F) (defined

with respect to a fized additive character of F).



>~

2. The dimension of HomgiQ(F)(I(f(),](i’)) is 1if X = X' and is 0 otherwise, so 1(X)
I(x') if and only if X = X'

In addition, we find the invariants of these representations under the compact open sub-
groups K*, I*, and I(1)* of ﬁg(F ). These subgroups are certain lifts to G of, respectively,
the maximal compact subgroup K = SLy(Op), the Iwahori subgroup I, and the pro-p-
Iwahori subgroup (1) in SLy(F).

Theorem B (Theorem 2.3.5 (3), (4)). Let 1(X) be a genuine ordinary representation of
SLy(F).

1. The I(1)*-invariant space I(Y)!V" is of dimension 2 over F,,.

2. If the restriction of X to T NK* is not equal to 1, then I(X) has no nontrivial I*- or
K*-invariants. If X}TQK* =1, i.e., if X is unramified, then 1(X)" = I(x)'™" (and so

is 2-dimensional), and 1(Y)%" is 1-dimensional.

The third chapter is a study of the genuine mod p spherical Hecke algebra H;(§VL2 (F), K*)
of SVLQ(F) The results are:

Theorem C (Theorem 3.4.7). 1. There exists an explicit algebra isomorphism
HE(SLo(F), K*) — Hy(PGLa(F), Kg)

inducing a bijection (which depends on the additive character 1) of those irreducible
genuine unramified ordinary representations of Sf’\ig(F ) associated to characters differ-
ent from the sign character, with the irreducible unramified ordinary representations of

PGLy(F).

2. When a genuine character X = X - vy 15 defined with respect to a fized choice of ¢
(as in § 2.8.3) and x is a smooth unramified character of F* such that x* # 1, the
irreducible unramified ordinary representation I(x) of §Zg(F) corresponds under the
bijection to the irreducible unramified ordinary representation I(x ® x') of PGLo(F).
I(1) corresponds to the trivial representation of PG Ly(F).
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3. The dependence of the bijection on 1) is as follows. Fora € F*/(F*)?, let xo denote the
quadratic character of F* given by the Hilbert symbol (—,a)p. If I(x®x™') corresponds
to I(x) when the bijection is defined with respect to a nontrivial additive character 1,
then I(x @ x~ ') corresponds to I(xa - X) when the bijection is defined with respect to

the character 1, : © +— P(ax).

To prove Theorem C (1), we show that the mod p Satake isomorphism for unramified
reductive groups can be adapted to define a Satake isomorphism of H;(S/’\EQ(F ), K*) with a
subalgebra of the genuine mod p spherical Hecke algebra of the torus T. Both the spherical
Hecke algebra of T and the Satake map can be explicitly described, allowing us to find
the action of H;(ézg(F ), K*) on the K*-invariant subspaces of the unramified ordinary
representations of SNLQ(F ). We use these spherical Hecke module structures to define the
bijection of Theorem C (2) between the unramified ordinary representations of gij(F ) and
of PGLy(F) which are associated to characters y # sgn of F'*.

In the fourth chapter, we compute a presentation for the genuine mod p Iwahori Hecke

algebra of SLy (F):

Theorem D (Theorem 4.3.7). The genuine mod p Iwahori Hecke algebra of ﬁQ(F) has the

following presentation as a noncommutative polynomial algebra:
Hy(SLa(F), 1) = By, y) /(2 + 2.9°).

We then compare this algebra to the mod p Iwahori Hecke algebra of PG Ls(F') computed
by Barthel and Livné [3]. The motivation is to understand whether the partial correspon-
dence of unramified prinicipal series representations between SLy(F) and PGLy(F) can be
extended in a natural way, e.g., via a map of Hecke modules, to representations which are
generated by their Iwahori-fixed vectors. In characteristic 0, Savin [23] proved that the gen-
uine Iwahori Hecke algebra of a covering group is isomorphic to the Iwahori Hecke algebra
of its reductive dual group and that this induces an equivalence of categories of represen-

tations generated by their Iwahori-fixed vectors. However, we show that there is no such



isomorphism for the mod p genuine Iwahori Hecke algebra of ﬁQ(F ) and the mod p Iwahori
Hecke algebra of PG Ly(F):

Theorem E (Corollary 4.3.8). The genuine Iwahori Hecke algebra H;(ﬁg(F),I*) is not

isomorphic to H,(PGLy(F),I¢). In fact, their abelianizations are not isomorphic.

Finally, we note the genuine mod p Iwahori Hecke algebra is a subquotient of the mod
p Iwahori Hecke algebra of PG Ly(F), namely a quotient of the image of the mod p Iwahori
Hecke algebra of SLy(F') by the square of one of its two generators.

0.2 Perspective

These results are motivated by an interest in the mod p analogue of the local Shimura
correspondence, and in particular aim towards an explicit understanding of the relation-
ship between mod p representations of the metaplectic group ﬁg(F ) and of its dual group
PGLy(F).

The global Shimura correspondence, which relates cusp forms of weight k + % to those of
weight 2k, was given a representation-theoretic interpretation by Waldspurger and others. In
this formulation, which made it possible to use the Weil representation to relate Fourier co-
efficients to twists of L-values, a genuine automorphic representation of gj}g(A) corresponds
to an automorphic representation of PG Lo(A) (satisfying some local conditions). Locally at
p, this becomes a correspondence between genuine irreducible representations of ﬁ(F ) and
irreducible representations of PG Ly(F'), where F is a finite extension of Q,. This, the local
Shimura correspondence, is usually described in terms of theta lifting via the Weil represen-
tation. An alternative interpretation by Savin [22] views the correspondence, in the classical
case as well as more generally, as an isomorphism between the genuine Iwahori Hecke algebra
of a metaplectic group and the usual Iwahori Hecke algebra of its dual group.

The work in this thesis uses Savin’s point of view to relate the mod p representations of
ﬁz(F ) and PGLy(F) via their Hecke algebras. The strategy is to analyze the F,-valued

Hecke algebras of the two groups, and precisely understand what the modules over the Hecke



algebras of ﬁg(F ) may say about its mod p representations. The results of Chapter 3 show
that the picture given by the mod p spherical Hecke algebras is quite similar to what is seen
in characteristic 0: though we cannot translate the isomorphism of spherical Hecke algebras
into a natural correspondence of all unramified ordinary representations, we can define a
bijection which is compatible with the Hecke isomorphism for all but one representation on
each side. On the other hand, the results of Chapter 4 show that the situation is quite
different for the Iwahori Hecke algebra.

In future work, we hope to see how the failure of isomorphism of Hecke algebras appears in
the relationship between representations of §Z/—12<F ) and of PG Ly(F') which are generated by
Iwahori-fixed vectors. And as there are many genuine mod p representations of S’zg(F ) which
do not have Iwahori-fixed vectors, the spherical and Iwahori Hecke algebras considered in this
thesis cannot be expected to give the full picture. However, since every mod p representation
of a pro-p group has an invariant vector, it will be interesting to compare the genuine pro-p
Iwahori Hecke algebra of SLy(F) with the pro-p Iwahori Hecke algebra of PGLy(F). We

outline some further questions for future work in the final section of Chapter 4.



Chapter 1

Basic constructions and known results

The first section of this chapter reviews the structure of GLy(F') and SLo(F') when F is a
p-adic field, and then gives a concrete description of the nontrivial degree-2 central extension
SLy(F) of SLy(F). The second section of the chapter is devoted to describing the Bruhat-
Tits tree of SLy(F') and actions of SLy(F) and PGLy(F) on it. The tree will be very useful
in later calculations, as SLo(F') and PGLo(F) act on parts of it exactly as they do on their

double cosets with respect to certain compact open subgroups.

Notation

Let F' denote a finite extension of Q,, O the ring of integers in F, 7 a fixed uniformizer
of Op, v the discrete valuation on F' normalized so that v(m) = 1, and k the residue field
of Op. The order of k will be denoted by ¢. In this chapter alone, we will make an effort
to distinguish between a group scheme and its F-points: the name of a group scheme, for
example SLy, will be written in boldface, while its F'-points will be written in plain type, e.g.,
SLy(F). As SLy and G Lo are mentioned equally often in this chapter, their full names will
be written out, but the reader should note that SLs(F') (respectively, SLy) will be denoted
by G (respectively, G) in later chapters.

In this chapter, a tilde over the name of a group denotes the metaplectic double cover of
that group: for example, ﬁg(F ) is the twofold metaplectic cover of SLs(F'). Note in some
references, such as [11], this cover is represented by ﬁg(F ) or by SLy(F) while SLy(F)



denotes the universal central extension of SLy(F') by Ko.

1.1 Structure of GL, and SL,: Root data and distin-

guished elements

1.1.1 Root datum of SL,

Let T be the split maximal torus of SLa. The character group X*(T) of T is isomorphic to
7, via the map

X : =t | = ke,

T —keZ.

The natural pairing X*(T) x X,(T) — Z is just multiplication: if k € X*(T") and ¢ € X, (T),
then (k,()(x) = 2% for all x € F*.

t 0
Let t = L€ T(F). The Lie algebra of SLy is the trace-0 subspace of the
0 ¢

matrix algebra M, and the adjoint action of ¢ on decomposes into (1) the trivial action

0 =
on the diagonal, (2) the character z + z* on the subspace C My, and (3) the

0 0

00
character x — 272 on the subspace . Hence the roots of (SLg, T) are {2k : k € Z},

* 0
and we choose o = 2 to be the positive simple root. The corresponding Borel subgroup B,

0 =
which is the stabilizer of the space on which the conjugation action of T is

0 0
given by «, is realized as the subgroup of upper triangular matrices, and U denotes the

unipotent radical of B. The Weyl group W of (G, T) is {1,w} = Z/2Z, where w is the



reflection w(k) = —k, so the isomorphism X*(T) = X,(T) determined by the pairing is

clearly compatible with the action of W.

t 0
The coroot dual to a is @ = 1, which is the cocharacter sending ¢ — . Let

0t
Xo(T)4 :={k € X.(T) : k > 0} be the set of dominant cocharacters, i.e., those whose inner

product with «, i.e. k-2, is nonnegative, and let X,(T)_ := {k € X.(T) : k£ < 0} be the

set of antidominant cocharacters, i.e., those whose inner product k - 2 with « is nonpositive.

™ 0
Fix a uniformizer 7 of F', and note that Z = T'(F)/T(OF) via k . Then the
0 =n
composite map A — T(F)/T(Op) given by
tk 0 ™ 0
t— —
0 t* 0 7 *
o1
is an isomorphism as well. Let ag = ; then in particular
0 =

X.(T) = () CT(F)/T(OF),

where the brackets denote the cyclic subgroup, and the antidominant cocharacters correspond

to the nonnegative powers of «y.

1.1.2 Root data of GL, and PGL,

Let Tq denote the maximal split torus in GLs. We associate a root datum (X, ®, XV, ®Y)
to the pair (GL2, Tg) as follows.

The group X of algebraic characters of Tq corresponds to the group of F-algebra ho-
momorphisms F[z,z7'] — F[y,,y; " 92,95 ']. Each such homomorphism is described by
a pair of integers (my,ms) such that x — y{"'ys'?, and distinct pairs of integers, includ-

ing pairs containing the same integers in the opposite order, determine distinct F-algebra

maps. Hence X = Z2. The group XV of algebraic cocharacters of Tq corresponds to the



group of F-algebra homomorphisms Fly,y; ", y2, %5 '] — Flz,27'], and each such homo-
morphism is determined by the images of y; and y,. These must be invertible in Flz,z!]
and so y; — =™, yo — ™. Again each distinct pair of integers (m;,ms) determines
a different F-algebra map, so XV = Z? as well. X and XV are dual via the pairing
(r,y) = (my,msa) - (k1, ko) = myiky + moks.

We now describe the root system ® C X and coroots ®¥ C XV of GL, with respect to
Tqg. The Lie algebra of GL5 is the matrix algebra M, and the adjoint representation of
GLs; is the conjugation action on Ms. Restricting Ad to Tq, the action is

t7 O e e 4
Ad 1 ) f _ to :

t1

so an algebraic character o of T' gives the adjoint action of 7" on a nontrivial subspace of g
if and only if « is one of the following: o = 1, i.e., @ = (0,0) in Z? (s0 go = T), a = t;/1s,
ie. a = (1,—1)in Z* (so g, is the set of matrices with zero entries except in the top right
corner), or o = to/tq, i.e. a = (—1,1) (so g, is the set of matrices with zero entries except
in the lower left corner). Thus, taking these characters and excluding the trivial character,
®(GLy, Tg) = {(1,-1),(—1,1)}.

Starting with o = (—1, 1), we have ker(a) = {diagonal matrices (1, t2) such that t5/t; =
1}, which is equal to the center Z(GLz). Z(GLy) is connected, so T, = Z(GLy) and
Zo = Zgr,(Z) = GLa. Then oV is the cocharacter G,, — T which, over F, sends t € G,,
to the diagonal matrix (t,¢7') € SLy(F) and then (via ®,) to the same diagonal matrix
(t,t7') € GLy(F). This composition corresponds to (1,—1) € Z? in the parametrization
of XV used above. The coroot dual to « is defined to satisfy («, ") = 2, so we multiply
(1,—1) by -1 to get «¥ = (—1,1). As for the coroot corresponding to the root (1,—1), the

calculation is identical and gives the result (1,—1) € XV.
0 1

10
Let N, be the normalizer of T; in G. Then Np, acts on X by conjugation, and since

Let w be the Weyl element of GLy considered as an element of GLy(F): w =

T is commutative, the Weyl group Wy := Ny, /T also acts on X by conjugation. Noting



that Nr, is the disjoint union of T with the set of antidiagonal elements of G, that is,
Np, = Te L wTy, we have Wy = {1,w}. The nontrivial element of the Weyl group can be
interpreted as the reflection through the hyperplane orthogonal to the opposite roots in ®;
it permutes the two roots.

Let @ be a choice of a positive root, say &+ = (1,—1). This choice corresponds to the
selection of B = Lie(Tq) @ ga,-1), which is the group of upper triangular matrices, as the
preferred Borel subgroup.

Let W = Ny (F)/T¢(Op). Using the decomposition

NTG = TG I ng,

we write T¢(F)/Te(Or) HwTe(F)/Ta(Or) = A x Wy, where A = To(F)/Te(OF). As was

true for SLy(F'), there is a canonical isomorphism
A2 XY A2 (FY)O5)? =72

via the map

z 0
= (Up($>’vp<y))'
0y

The nontrivial element w € W, acts on A by

= w w =

and on X° = Z2? by permuting the two coordinates, so the isomorphism A = Z? is compatible
with the action of Wj.

To compute the root datum of PGL3, note that the characters of the torus of PGLy are
those characters of T which appear in the diagonal of Z x Z, while the cocharacters of the
torus of PGLy are those of the form (n, —n) in Z x Z. Hence the root datum of PGLy is
the one obtained from the root datum of SLy by switching X with XV and ® with ®V; that

10



is, SLy and PGL; have dual root systems.

1.1.3 Decompositions in SLy(F) and GLy(F)

We review the notation used by Barthel-Livné, Breuil, and Abdellatif to describe decompo-
sitions of GLo(F') and SLy(F). In GLo(F'), define the following elements:

1 0 0 1 01
o= , B = , W=
m m 10
Also put
™ 0
2(m) = € Z(GLy),
0 =

and note that 8 = aw and % = z(7).

In SLy(F), we define the analogous elements, some of which have appeared already:

Qo = 760:: _ y 8 1=

Every maximal compact subgroup of GLso(F) is conjugate to Kg := GLo(Op), while
the maximal compact subgroups of SLy(F) lie in two distinct conjugacy classes: one which
is represented by K := SLy(Op), and the other by K’ := aKya~!. The existence of two
non-conjugate maximal compacts has nontrivial consequences for the representation theory
of SLy(F), but in this work we will only consider K.

The Cartan decomposition of GLy(F') is the disjoint union
GLy(F) = Myen Ko Za" Kg. (1.1)

Likewise, there is a Cartan decomposition of S Ls(F) relative to each of its two representative
maximal compacts:

SLy(F) = MpenKoll K = enKog™, (1.2)

11



SLy(F) = MpenK' ol K' = pen Koy "K' (1.3)

Let I; denote the standard Iwahori subgroup in G Ly (F'), which consists of those elements
whose reduction mod 7 is upper triangular in GLy(k). It is compact and open in GLy(F).
Denote INSLy(F) by I; this is the standard Iwahori subgroup of SLy(F'). From the Bruhat
decomposition G (k) = B(k) 11 B(k)W B(k) of the groups G = G Ly and S Ly over the residue
field, we obtain the following decompositions of GLy(F') and SLo(F') with respect to their
Iwahori subgroups:

GLQ(F) = HnGZ [GZOén[G HnEZ [GZﬂOén[G (14)

and

SLy(F) = ez Iol ] Hpey 1600l 1. (1.5)

Moreover, we have two decompositions of the Iwahori subgroup itself, both valid in
GLo(F) and in SLy(F). Recall that U denotes the upper triangular unipotent subgroup,

and let U" denote the lower triangular unipotent subgroup.

Ig = (Uﬂ [G)(TG N [G)(U/ N Ig) = (U/ N Ig)(Tﬂ [)(Uﬂ [G)- (16)

Intersecting with SLy(F'), we get the analogous decompositions of 1.

When H is any compact open subgroup of G = GLy(F), PGLy(F'), or SLy(F) (or later,
of the cover of such a group) and z € G, define the volume of a double coset HxH to be the
index

vol(HzH) =[H : HNxHz™"].

We record here a list of single-coset decompositions and volumes of certain /-double cosets
in SLy(F') which will be needed in Chapter 4. Each calculation is an application of one of

the two Iwahori decompositions (1.6) in SLq(F).

Lemma 1.1.1. For ¢ > 0,

12



1. Tag'l =

and vol(Iog*I) = ¢*.

2. Tkl =
7t 0
I
0 =t
and vol(IafT) = ¢*.
3. Isag'l =
0 -1 ™ 0
I
1 0 0 n*
and vol(Isay‘I) = ¢*'.
4. Isafl =
0 -1 0
1
1 0 0
and vol(Isa§I) = ¢***+1.
5. Isl =
0 -1
1
1 0

0<v(y)<2(—1
or y=0

0<v(z)<2(—1
or x=0

= JI 1

0<uv(y) <262
or y=0

13

0
1

-1
0

1 0
ym 1
1 =z
0 1
t 0
—0
0 xt
T
1 )

yr 1



and vol(IsI) = q.

Proof. In the following calculations, x and y denote arbitrary elements of Or and a denotes

an arbitrary element of Oj.

1. We use the first Iwahori decomposition, and calculate:

w0 1 z 1 zn* 7 0 0
° = el
nt 0 1 0 1 0 n* 0 n*
0 a O a 0 0 0
° = el
at 0 a! 0 at 0 n*¢ 0 n*¢
7t 0 1 0 1 0 7t 0
[ ] —
¢ ym 1 T ¢
1 0 o »
The element isin I < v(y) > 2¢, so vol(lag ‘1) = ¢*.
yﬂ_lf% 1

2. We use the second Iwahori decomposition, and calculate:

7t 0 1 0 1 0 7t 0 ¢t 0
° = el
0 =f yr 1 ym2tt 1 0 =t 0 =
t 0 a 0 a 0 t 0 7t 0
° = el
0 =t 0 at 0 at 0 =t 0 =t
7t 0 1 =z 1 on 2 7t 0
[ ] —
0 =t 0 1 0 1 0 =t
1z 2}
The element isin I <= v(x) > 2¢, so vol(Ia§l) = ¢*.
0 1

3. We use the first Iwahori decomposition.

0 —1 7t 0 1 =z 0 —1 1 zn*t 7t 0
[ ] —
1 0 0 n*¢ 0 1 1 0 0 1 0 n*¢
1 0 0 —1 t 0 0 —1 t 0
— el
—zr 1 1 0 0 x¢ 1 0 0 n*t



T
0 —1 7t 0 1 0 0 -1 1 0 7t 0
[ ] =
1 0 0 n* yr 1 1 0 ym!=2t 1 0 7
1 —ynl=% 0 —1 7t 0
0 1 10 0 x|
1 _yﬂ'l 20 .
and the element isin I <= v(y) > 20— 1, so vol(Isay‘I) = ¢* 1.
0 1

4. We use the second Iwahori decomposition, and calculate:

0 —1 7t 0 1 0 0 —1 1 0 7t 0
[ ] e
1 0 0 =t yr 1 0 1 ym2tl 1 0 =t
1 —yn?tt 0 —1 7t 0 0 —1 7t 0
= el
0 1 1 0 0 =t 1 0 0 ot
0 —1 7t 0 a al 0 0 —1 7t 0
[ J =
1 0 0 xt 0 at 0 a 1 0 0 xt
0 —1 7t 0
el
1 0 0 7t
0 -1 ¢ 0 1 =z 0 —1 1 orn 2 t 0
[ J e
1 0 0 xt 0 1 1 0 0 1 0
1 0 0 —1 7t 0
_zr 1 1 0 0 )’
1 0 o
and the element y isin I < v(xr) > 20+ 1, so vol(Isafl) = 2( + 1.
—xT 1

5. We use the second Iwahori decomposition, and calculate
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° = el
1 0 yr 1 0 1 1 0
0 —1 a 0 al 0 0 —1 0 -1
o = el ;
1 0 0 at 0 a 1 0 1 0
0 —1 1 x 1 0 0 —1
[ - )
1 0 0 1 z 1 1 0

10
and the element isin I <= wv(z) > 1, so vol(Is]) = q.

]

Finally, for future reference we note some results of Iwahori and Matsumoto on decom-

positions of products of I-double cosets:

Lemma 1.1.2 ( [15] Prop. 2.8). 1. If ¢ and m are either both > 0 or both < 0, we have

TabTapl = Taf™I.
2. IslsI = [T 1sl,

3. Isay'Isag'l =TT Isag'l.

1.2 Definition of the metaplectic cover of SLy(F)

There are several ways to construct a nontrivial twofold cover of SLs(F). We will follow

Deligne [10] and Savin [23] and define SL,(F) to be the group generated by

{e(a), e (a), h(a)}aer~,

where
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for all a € F*.

The following two elements of C/J\ig(F) will be used to define generators h(a) of the
torus of SLy(F):

e di(a):= 1| forae F~*,

fora e F*.

2. Then the torus T C 5’\1/}2(}7’) is defined to be the subgroup generated by the following

elements:

fora e F*.

We can also view SLy(F) as the group with underlying set SLy(F) x {+1} and multi-
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plication

(91, 1) (92, C2) = (9192, C1¢20 (91, 92)),

where o (g1, ¢g2) is a certain 2-cocycle on SLy(F') with values in {£1}. Kubota [18] showed
that one can define the multiplication in SLy(F) with the following cocycle:

X(9192) X(9192))
o\91,92) = 5 s 1.7
0 = (R Ko , (17)
where
b c ifc#0,
x([“ _ ,
c d d ife=0.

and (,)r is the Hilbert symbol on F'.

Remark 1.2.2. In fact, the Kubota coycle o given in (1.7) is simplified from the one written
down by Kubota in [18]; see, e.g., [19] § 3 for (1.7).
Thanks to our standing assumption that p > 2, the extension éig(F ) of SLy(F') defined

by the cocycle o of (1.7) splits over the maximal compact subgroup K of SLy(F'). The
splitting is effected by the preferred section

g+ (9,0(9)),
where we define
a b (c,d) if ed # 0 and ¢ is not a unit,
0 - " (1.8)
c d 1 otherwise.

a
We note that the generators e (a) and e~ (a) defined in (1.2.1) are the lifts of
01
10 a 0
and of , respectively, by g — (g,0(g)), and that d; is the lift of by an
a 1 01

extension of the preferred section to GLo(F).
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The subgroup generated by {h(a) : a € O}} is denoted by T(Or); the extension splits
over T'(Op), since the Hilbert symbol on F' is unramified. Let K* denote the image of K in
§Z;2(F ) under the preferred section, and let K denote the full preimage of K in the covering
group. Then the image of T(Op) in SLy(F) under the section is 7' N K*.

The splitting of the extension over K is also compatible with the canonical splitting over
the upper and lower unipotent subgroups U, U’ of SLs(F'); we define U* to be the image
of the upper triangular unipotent group in ﬁQ(F ), and note that U* is the subgroup of
SLy(F) generated by {e*(a) : a € F}. Likewise U* is the subgroup of SLy(F) generated by
{e"(a) : a € F'}. We denote the common lift of UN K by (U N K)*, and note that this is the
same as U* N K* (and likewise for U’).

The extension does not split over the diagonal torus T' of SLy(F'). For a, b € F*, we

have

hab) = (1, (a,b)r) - hla)h(b).

Note that T(F) contains the element (1, —1), since F contains a unit u such that (,u) s =

—1, and

= (17 (uaﬂ)%(uau)F(ﬂ-aﬂ-)F(u?ﬂ)F = (17 (uaW)F) = (17 _1>7
but that (1,—1) ¢ TN K*.

Definition 1.2.3. Define A to be the subgroup of f(F) generated by

and define A := A x (1, —1).

We set down some notation for the sign of A(m)™, n € Z. Note that when the order of the

residue field ¢ = |k| is congruent to 1 (mod 4), then —1 € F*, so (=1,7)p = (7, 7)p = 1.
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Thus when ¢ = 1 (mod 4), we have A = (af)) x {1}. Otherwise, the sign of h(7)" depends

on the class of n (mod 4):

h(m™*™) if 2|m or 2|n,
h(m™)h(n") =
(1, (=1, m)p)h(x™"™)  otherwise.
By induction, we get
h(m* iftk=0or1l (mod4
. L (mod 4)
(1, (=1, m)p)h(z*) ifk=2o0r3 (mod4).
Hence )
" 0
.1 ifn=0o0r3 (mod4)
0o ="
h(m)" =
" 0
(=1m)p ifn=1or2 (mod4).
0 ="

\

Definition 1.2.4. For convenience in future formulae, let ¢(n) denote the sign of h(mw)™.

Concretely,

(

1 forallnifg=1 (mod 4),
—1 ifg=3 (mod4)andn=1o0or2 (mod4)
1 ifq=3 (mod4) andn=3or4 (mod4).

\

The Cartan decomposition (1.2) of SLy(F) implies that we can choose representatives

for K(*\ ézg(F )/K* which lie in A. We will show in Chapter 3 that in fact A forms a set of

representatives for the K*-double cosets in SLy(F).

Next, in preparation for lifting the decomposition (1.5) to the covering group, we describe

the normalizer of T N K* in §Z2(F)

Let Wy denote the finite Weyl group of §Z)2(F ), i.e., the subgroup generated by w(1),
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whose elements are

-1 0 0 1
w(l)? = h(-1) = (( )1) (1) = w(-1) = (( ),1)}.
0 -1 -1 0

Lemma 1.2.5. The normalizer of T N K* in SLy(F) is equal to T 11 Tw(1).

Proof. 1f (g,() € NngQ(F)(TV(OF)), then given t € O,

t 0 r 0
o[22 ) o= (2 2)1)
0 t! 0 rt

a 0
for some r € Of. In particular, g € Ngp,m)(T(Op)) =TI Ts. Let g = : ) erT,
0 a”

and let n € {£1} satisfy (¢g,¢) = h(a™')-(1,7n). That is, n is defined by { =n-(—1,a)r. We
have h(a™')™! = h(a) - (1,(=1,a)r), so
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So for any a € F* and n € {£1}, h(a) - (1,7) is in the normalizer of T(Op).
Next, suppose g € T's, so that (g,¢) = (1,7n) - w(a) = (1,n)h(a)w(1) for some n € {£1}
and some a € F*. Then (g,¢)~" = ((1,n)h(a)w(1)) ™" = w(=1)h(a™") (1,7(=1,a)F), so

(9:¢) (( Py ) ,1) (9.0~ = (Lmh(a)yw(@) - ~(t™") - w(=1)h(a™) (1,n(=1,a)F).

0 ¢!
(1.9)

Calculating with the Kubota cocycle, we get w(1)h(t~1)w(—1) = h(t), so (1.9) is equal to
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Hence

Ngpym(T NE*) =TI Tw(1).

O

We have shown that the normalizer of T'N K* in 3’\1/}2(}7’ ) is equal to the inverse image in
SLy(F) of the normalizer N of T(Op) in SLy(F), and we denote it Nt ) (T NK*) by N.
Since the Iwahori subgroup I C SLo(F') is contained in K, its image in S\EQ(F ) under the
preferred section (1.8) is contained in K*, and we denote it by I*. The main significance of
N to us will be that one can choose representatives of I*-double cosets in S’ig(F ) to lie in N.
In Chapter 4 we will show that in fact A x W, is a set of representatives for I*\ ﬁQ(F )/ I
Finally, we note that since the splitting of the extension over K is compatible with that
over the unipotent subgroups of SLy(F), the two Iwahori decompositions of I* lift to the

covering group:
F=UND(TnIU NI = U NDTNINUNI (1.10)

These decompositions will be crucial in Chapter 4, when we will need to find single /*-coset

decompositions of products of I*-double cosets lifting those given in of Lemma 1.1.1.

1.2.1 Norms and the Hilbert symbol on F

This section contains several results which will be needed in calculations with the cocycle.
Namely, we will show that since p > 2, then the Hilbert symbol is unramified, i.e. trivial on
OF x OF; that given a uniformizer 7 of F', there is a unit u € O such that (u,7)r = —1;
and that the norms from the quadratic extension F'(y/7) have index 2 in Of.

Given any degree-n extension of p-adic fields F’/F such that F' contains n n-th roots of
unity, let Np//p denote the norm map F"* — F. Recall that by local class field theory we
have a symbol (,)r on F* x F* such that ( [24], XIV Prop. 7):

1. (ad,b)p = (a,b)p(d’,b)p
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2. (a,b0)p = (a,b)p(a,b)p

3. (a,b)p =1 <= be& Npp(F").

4. (a,—a)r = (a,1 —a)p = 1, and in general if a € F*, b € F, and b" — a # 0, then

(a,b" —a) = 1.

D. (CL, b)F(b, a)F =1.

6. If (a,b)p =1 for all b € F'*, then a € (F*)".
So in particular, the degree-2 Hilbert symbol on F'is symmetric, multiplicative in each entry,
and has the property that (a?,b)p = 1 for all a, b € F*.

Recall our assumption that p # 2; hence the extension F(y/a)/F is at most tamely

ramified for all @ € F*. Then ( [24] XIV § 3) if a, b € F'*, a formula for (a,b)r is given by

the tame symbol
q—1

av® ) %
(CL, b)F = ((_]‘)U(G)U(b) po(a) ) )

where the term inside the parentheses is considered to be in the residue field k£ of F. In

particular, if b is a unit, then
qg—1

(a,b)p = (W)_ .

and if 7 is a uniformizer of F', then

=1 -1 ifg—1=2 (mod 4)

1 ifg—1=0 (mod4).

Other important cases for our applications are: if a and b are both units, then

(CL, b)F = 17
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and if 7 is a uniformizer of O and b is a unit, then

q—1

(b,TF)F = (B)T

So if ¢ =1 (mod 4), then —1 is a square in k, and so

q—1

(-L,mp=(-1)7% =1
Using multiplicativity of the symbol, we get

-1 if¢g=3 (mod4)
(mym)p=(=1,7m)p =
1 ifg=1 (mod 4).

Finally, it will be important to know that given a fixed uniformizer 7 of Op,
{ue O : (u,m)p =1}

is an index-2 subgroup of Oy. This is because, by a quick argument in group cohomology,

we have the following equality for any finite cyclic extension E/F of local fields:
[OF « Ngyr(Op)] = e(E/F),

where e(F/F) is the ramification index of the extension. In particular, when F = F(y/7)
for m a uniformizer of F', then e(E/F) = 2 thanks to our standing assumption that 2 # p.
And of course if u € OF is a norm from F(y/7), then it is the norm of an element of OF.

So the norms are of index 2 in Oj.

1.2.2 Topology of the cover

It will be very important to know that the covering group is locally compact and totally

disconnected.
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As is any p-adic Lie group, SLy(F) is locally compact and totally disconnected (an “¢-
group” in the terminology of Bernstein-Zelevinsky [4]), so has a neighborhood basis at 1 of
open compact subgroups.

This structure transfers without trouble to the covering group. By construction, the
cocycle 0 : G x G — {£1} is continuous with respect to the usual topology on SLs(F'), and
by the results of the previous section, the extension splits over the open compact subgroup
K C G. The subgroup K contains a neighborhood basis {K,, : n € N} of open compacts at
1, and we define the set of images of the K, under the splitting to be a neighborhood basis
of (1,1) in G. Let the topology on G be the one generated by this neighborhood basis. Then

G is a Hausdorff (-group, and the projection p : G — G is continuous and open.

1.3 The tree of SLy(F)

Many of the calculations in this work become easier when phrased in terms of the action of
SLy(F) on its Bruhat-Tits building, which is a g+ 1-regular tree. Though the tree is a special
case of a Bruhat-Tits building and many results about it can be generalized for unramified
connected reductive groups, it is enough here to give the following concrete description. A
reference for this section is [25].

A lattice in F' @ F is a finite-type Op-module whose F-span is equal to F' & F. Every
such Op-module is free, so after fixing a basis for Op & Op C F @ F' to correspond to the
2-by-2 identity matrix, any other lattice can be specified by a nonsingular 2-by-2 matrix with
entries in F'. A homothety of a lattice is a scaling of both basis vectors by the same factor,
i.e., a transformation by a scalar 2-by-2 matrix. Homothety is an equivalence relation on the
lattices in F' & F, so we can consider a set of vertices Ver(X) indexed by their homothety
classes, i.e., by the elements of PG Ly(F).

Thanks to the Cartan decomposition of G Ly(F'), any two elements [L], [L'] of PG Ly(F') =
GLs(F)/Z have representatives L := aje; @ ages, L' := bie; @ byey such that by = n"a; and
by = 7w"ay for some n < m € Z. The difference m — n is independent of the choice

of representatives, so we can define two vertices [L], [L'] € Ver(X) to be adjacent, i.e.,
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connected by an edge, if and only if m — n = 1. Equivalently, two vertices are adjacent if
they can be represented by lattices L and L’ such that L'/L = Op/mOp = k. Let Ed(X)
be the set of oriented edges generated by this principle. More generally, define the distance
between any two vertices [L], [L'] to be the integer m — n. One can show that the graph
(Ver(X),Ed(X)) is a tree, each of whose vertices have degree |P!(k)| = ¢ + 1.

We fix a standard apartment, or infinite path, in X, which will parametrize the diagonal
part of the group action. Let vy denote the identity vertex, corresponding to the homothety

class of the lattice Op & O C F @ F. Also recall the elements

77_1

10 0
a= € GLy(F) and o = € SLy(F).
0 = 0

Let v, := a™ - vg; then {v, : n € Z} is the standard apartment in X. Its intermediate edges
are numbered accordingly: let e, ,1; be the oriented edge originating at v,, and terminating
at vp41.

Let K¢ denote the maximal compact subgroup GLy(Op) C GLy(F). Clearly GLy(F)
acts on Ver(X) on the left; equally clearly this action is transitive and the stabilizer of vg
is KgZ, so Ver(X) = GLy(F)/KgZ as a left GLy(F)-set. In fact, Ver(X) is a transitive
and faithful PG Ly(F)-set. In particular, with the labelling conventions of Figure 1.1, which
represents a portion of the tree of Q3, the action of o on vy is to move a vertex up once along
the leftmost upwards edge emerging from it. The action of a~! on vy is one downward move
along the leftmost downward edge.

The action of SLy(F) on Ver(X) is not transitive: it has two orbits, corresponding to
the two conjugacy classes of maximal compact subgroups in SLy(F'). One of these classes
is represented by K = SLy(OF), the stabilizer of vy, while the other class is represented by
the stabilizer of vy, which is K’ := aKa~!. Since the difference of valuation between the
two nonzero entries of any diagonal element of SLy(F) is even; the orbit of vy is the set of
all vertices at even distance from vy, while the orbit of v; is the set of all vertices at odd

distance from vy. The diagonal part of the action of SLy(F') on Ver(X)/K is parametrized
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by powers of ag, which is equivalent to a? modulo the center of GLy(F); the element «y
sends vy to vy. In Figure 1.1, the vertices of the standard apartment are shaded according to
their parity: the gray dots are those which lie in the orbit of vy under the action of SLy(F).

Note that the action of GLy(F') is isometric, and that an oriented edge is fixed by g €
GLo(F) when g fixes both the origin and the vertex. A generalized Iwahori subgroup of
G Lo (F) is the pointwise stabilizer of any two adjacent vertices; the standard Twahori subgroup

is the one which fixes both vy and vy:

a

I = GLy(Op) N aGLy(Op)a™" = { ca, b, c,d € Op, ad — bc # 0},

e d

i.e. I is the pointwise stabilizer of eg; and of e; . (The coset
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is the setwise stabilizer of ey ;.) As the action of G Lo(F) is transitive on edges as well, we have
Ed(X) =2 GLy(F)/IgZ as a left G-set. Figure 1.2 shows a portion of the tree of SLy(Q3)
with gray arrows representing the oriented edges in the I-orbit of « - €1, and black arrows

representing the I-orbit of a~!

- ep,1. We define the direction of all of these arrows to be
upward, and extend to put a compatible notion of direction on all oriented edges of the tree.
Furthermore, we say that e 5 is the leftmost emerging from v;, and extend this to a notion
of “right” and “left” turns by labelling turns from the “upward” point of view. (This notion
of direction is not particularly standard and certainly not canonical, but will be convenient
and harmless to use here.)

The action of SLy(F') on Ed(X) again has two orbits: one consisting of the edges which
originate at even distance from vy and the other of edges originating at odd distance from vy.
Hence the action of SLy(F') is transitive on non-oriented edges, but not on oriented edges.

One immediate and very useful consequence of the G Ly(F)-set isomorphisms Ver(X) =

GLy(F)/KgZ and Ed(X) = GLy(F) /17 is that two elements of GLy(F') are in the same
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left KgZ-coset (respectively, left I¢Z-coset) if and only if they send vy (resp., €p1) to the
same vertex (resp., oriented edge) of X. Of course this holds for elements of SLy(F') as well.

Due to the Cartan decomposition (1.1), the Kg-orbit of the standard vertex v, is the
circle C,, of vertices at radius n from vg. The K-orbit of vy, is likewise all of C5,. The
actions of K and K on the tree should be thought of as analogous to the rotation action
of the maximal compact SO(2) C SLy(R) on the symmetric space of SLy(R).

The n-th congruence subgroup

Ken={k€ Kg:k=1 (mod ")} C Kg

fixes all the vertices which are either on C),, or enclosed by it; if m > n, then the orbit of
vy, under K, is the subset of (), consisting of all vertices from which a path to vy passes

through v,,.

1 70
In particular, if U,, := 4 € U with n > 0, then u € U, fixes C,, and all
0 1

vertices enclosed by it. On the other hand, if n < 0, then u € U, fixes all vertices in the
K ,-orbit of v, (for all m > n), while for m < n the U, orbit of v,, is the set of all vertices at
distance m — n from v,, and for which the path to v,, does not pass through v,,.1. In Figure
1.3, the vertices which are in the U-orbit of vy (and which are on or enclosed by Cg) are
marked with gray squares.

Working in PG Ly(F'), consider the intersection

KgZa"KG N OémZUv7

where U is the full upper triangular unipotent subgroup. For future reference, we count the

size of this intersection.
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Figure 1.3

Lemma 1.3.1. Form >0, (a™U - vg) N C,, # 0 only if |n| = 20+ m for some £ >0, and

1 if =0
|(OémU . 'Uo) N 02Z+m’ =

¢ g—1) ife>1.

Hence

;

0 if |n| # 20 +m for all £ > 0

" YNqg—1) if|n| =204+ m with (> 1.
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and in SLo(F'), we have

(

0 if In| <m

¢ Hg—1) if|n| =0+ m with ¢ > 1.
\

Proof. Given kq, ky € Kg, we have koo ky - vg = ko™ - vy = ks - v, € C,,, and conversely for
any v € O, there exists ky € K¢ such that kqv,, = v. By G Lo(F)-equivariance of the action,
then, an element of a™U is also in Kga™ K¢ if and only if it sends vy to a vertex in C,.

Consider an element

1 ark
U= eU
0 1

where a € Of and k € Z, and more generally let Uy, denote the subset of U whose upper-right
entry has valuation exactly k. If £ > 0, then u € K¢, so a™u - vy = a™ - vg = v,,. If k <0,
then u - vy is one of the ¢/*l — 1 vertices which sit at distance |k| from v, and are neither
equal to vy nor have a path back to vy which meets an edge of the standard apartment. As
a ranges over Oy and k < 0 stays fixed, the vertices u - vy are distributed as follows: ¢ — 1
of them are in Cy, and for each j (1 < j < |k|), ¢ *(¢ — 1) of them are in Cs;.

Suppose we take ¢ < k and consider the orbit of vy under the subset U, of elements whose
upper-right entry has valuation exactly ¢. Then U, - vo N Uy - vg = Uy - vy, i.e. for j < |k|,
the intersection of Uy - vy with Cy; is equal to that of Uy - vy with Cy;. Hence for each j > 1
the intersection of the full U-orbit U - vy with Cy; consists of ¢/~'(¢ — 1) vertices, and the
intersection of U - vy with Cy;_; is empty.

Now apply a™ to an element of U - vg: if u- vy € Cyj, then a™u - vy € Cyj44m,, and distinct
vertices of Cy; are sent to distinct vertices in Cyjypy, since m > 0. Thus we get ¢/~ '(q — 1)
points in a™U N Cyj4n,. This suffices to prove the first part of the lemma. Then (1.11) and
(1.12) follow from the action of PG Ly(F') and SLy(F), respectively, on the tree, noting that

ap has the same action on vy as a?. O
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This calculation will be used in Chapter 4 to describe the image of the Satake transform.
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Chapter 2

Genuine ordinary representations of
SLy(F)

2.1 Summary

2.1.1 Abstract of the chapter

The main result of this chapter is a classification of the irreducible subquotients of the genuine
mod p representations of SNLQ(F ) which are induced from the Borel subgroup B. Such
representations are called ordinary mod p representations of SEQ(F ). Under the simplifying
assumption that ¢ = 1 (mod 4), we show that all genuine ordinary representations are
induced from genuine characters of the torus T, which are classified up to dependence on
an additive character ¢ of F'; that they are all irreducible; and that inductions of distinct
characters are inequivalent. We also compute the spaces of spherical, Iwahori-fixed, and

pro-p-Iwahori-fixed vectors.

2.1.2 Main results

The chapter begins with a review of the smooth and compact induction functors for rep-
resentations of a locally compact, totally disconnected group over an arbitary coefficient
field. Among other background information, this preliminary section sets up notation for

the Frobenuis reciprocity maps which will be used frequently in this chapter and later ones.
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Next it is shown that every character of B factors through a character of T , and the
genuine characters of T are classified. Moreover, as an easy but crucial point, it is checked
that S’VLQ(F) has no nontrivial characters, and in particular has no genuine characters.

As a first step in the classification of the ordinary representations, we analyze the B-

module structure of representations induced from characters of B:

Proposition 2.1.1. Let F' be a p-adic field with residue field of order ¢ = 1 (mod 4). Let
X be the inflation to B of a smooth genuine character of T(F) As a B-module, I(X) has
the character x as a quotient, and the kernel of this quotient map is an irreducible, smooth,

genuine B-module. The sequence does not split, so 1(X) is an indecomposable B-module of

length 2.

The B-module structure together with Frobenius reciprocity implies the first part of the

main result:

Theorem A (Theorem 2.3.5 (1), (2)). 1. The irreducible smooth, genuine, ordinary mod
p representations of S/EQ(F) are ezactly those of the form I(X) = Ind%LQ(F))Z, where
Ind is the smooth induction functor and X is an arbitrary genuine character of T(F)

(defined with respect to a fixed additive character of F).

2. The dimension of HomﬁQ(F)(I()Z),I()Z’)) is 1if X = x' and is 0 otherwise, so 1(Y) =
I(x") if and only if X = X'
Making use of various decompositions of ﬁ)z(F ) relative to the compact open subgroups

K*, I*, and I(1)*, we find the dimensions of invariant subspaces. Then:

Theorem B (Theorem 2.3.5 (3), (4)). 1. The I(1)*-invariant space I(X)'™V" is of dimen-

sion 2 over I, for all X.

2. If the restriction of x to TNK* is not equal to 1, then I(X) has no nontrivial I*- or
K*-invariants. If )2|me* =1, i.e., when X is unramified, then I(X)" = I(x)'™" (and

so is 2-dimensional), and 1(x)X" is 1-dimensional.
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The chapter ends with a summary of Barthel and Livné’s classification of the mod p
unramified principal series representations of PGLo(F'). In Chapter 3, we compute the
genuine spherical mod p Hecke algebra of G in order to describe the relationship between
those representations of PG Ly(F) and the unramified genuine ordinary representations of

SLs(F).

2.2 Preliminaries: Smooth and compact induction

In this first section, let G denote a Hausdorff locally compact, totally disconnected (LCTD)
topological group (for example, a p-adic reductive or metaplectic group), and let (m, V') be a
smooth representation of G on a vector space V over a field F. The definitions and results
in this section hold for any field F, though in practice they may be modified slightly (e.g. by
normalization) depending on the characteristic of E. The exposition of this section mainly
follows that of [26] § L.5.

Let H be a subgroup of GG. Restriction of 7 from G to H makes (W’H, V') into a smooth
H-representation, since Stabgy(v) = Stabg(v) N H is open in H for each v. The functor of
induction from H to G should be defined so as to be adjoint to the functor of restriction.
One can define a right adjoint functor, smooth induction, whenever H is a closed subgroup
of G, and a subfunctor, compact induction, which is also a left adjoint when H is also an
open subgroup of G; these two functors agree when H \ G is compact.

Let (o, W) denote a smooth representation of H on an E-vector space. The prototypical

induction of (o, W) to a representation of G has the underlying vector space
{f:G— W|f(hg) =0(h)f(g) forall h € H, g € G},

together with the right-translation action of G. Depending on H, it is desirable to put one

or two extra conditions on the functions in the underlying space.

1. Smooth induction. The space of functions above does not give a smooth represen-

tation of G in most cases, so the first desirable condition to put on the {f : G — W}
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is one which picks out the maximal smooth subrepresentation of the prototype. When

H is a closed subgroup of G, the smooth induction of (o, W) is the space

nd% (o) ={f:G - W ‘f(hg) =o(h)f(g) for all h € H, g € G, and 3 an open

compact subgroup Ky C G such that f(gk) = f(g) for all g € G, k € Ky}

with the right-translation action of G.

Proposition 2.2.1 (Smooth Frobenius reciprocity). ( [26] 1.5.7.(i)) When G is a
LCTD topological group and H C G is a closed subgroup, then the smooth induction
[ndg 15 a right adjoint to the restriction map m™ 7T‘H. In other words, whenever
(m, V) is a smooth representation of G and (o,W) is a smooth representation of H,

there is a natural isomorphism
Homg(m, Ind% (o)) — HomH(W|H,0).
Proof. Let
® : Homg (7, Ind$ (o)) — HOHIH(T('|H,O')

be the map sending
¢ = B() == (v = o(v)(1)).

Then ®(¢) is an H-equivariant homomorphism V' — W:

(@) (h-v) = ¢(h-v)(1) = d(v)(h) = h- (¢(v)(1)) = h- (4)(v)

since ¢ is G-equivariant. And  is injective, since if ®(¢) = 0, then ¢(v)(1) = 0 for all
v, which implies that (g - ¢)(v)(1) = ¢(v)(g) = 0 for all v, g, so ¢ = 0. Finally, ® is
surjective, since if ¢ € HomH(ﬂH, o) sends v — ¢(v), then ¢ is the image under ® of

the map ¢ : V — Ind% (o) which is defined by



To see that this ¢ really is an element of Homg(m, Ind% (o)), let g, ¢’ € G and note
that

d(g-v)(g) = wlg'g-v) =ov)(g9) = (g-b(v))(d),

so v — ¢(v) is G-equivariant. Moreover, given any v € V| smoothness of ¢ implies
that Stabg(v) is open in G; since G is locally profinite, we can choose a compact open

subgroup Ky C Stabg(V). Then for all h € H, k € Ky, and g € G, we have

(hgk - ¢)(v)(1) = p(hgk - v) = p(hg-v) = h-p(g-v) =h-(v)(g),

s0 ¢(v) € Ind% (o).

]

. Induction with compact support. When H is an open subgroup of an LCTD
group G, then H is of course also closed (as it is the complement in G of the union
of its nontrivial cosets, each of which is open), so the above definition of Ind% (o) still
makes sense. But we also get a left adjoint to restriction by defining the induction with

compact support, or compact induction, of (o, W) to be the space
ind% (o) = {f € Ind% (o) | Supp(f) is compact in G}

with the right-translation of G.

Proposition 2.2.2 (Compact Frobenius reciprocity). ( [26] 1.5.7.(ii)) Keep the no-
tation of the previous proposition, but now suppose that H is an open subgroup of the
LCTD group G. Then the compact induction mdg 15 a left adjoint to the restriction
functor: that is, whenever (w,V) is a smooth representation of G and (o, W) is a

smooth representation of H, there is a natural isomorphism

Homg(ind$ (o), 7) — HomH(o,ﬂH).
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Proof. Given w € W, define the function

o(lgyw ifgeH
Joi =19 )
0 ifg¢ H

and let G act on {f, : w € W} by

o(g'gw ifg € Hg™'
g+ fuld) = fuld'g) =
0 if g ¢ Hg™'.

Then the set {f, : w € W} generates ind% (o) as a G-representation; concretely, if

f € ind% (o), then
f=2 9" fron

geH\G

Define a map @, : Homg/(ind§ (o), 7) — Homy (o, 7| H) by setting
¢ = Be() = (w = d(fu))
and extending by G-linearity. Then for all h, ' € H,
De(@)(h-w)(h) = ¢(faw) (W) = (h- @) (fu) (W) = (B Pe(9))(R),

so . does indeed have image in Homp (o, 7| )

The map P, is injective, since
P ()(w) =0forallw e W = ¢(f,) =0forallwe W = ¢=0.
And it is surjective, since given ¢ € Hompg(o, W‘H), the map

fuw = o(w)
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extends to a G-equivariant homomorphism ind$ (o) — . ]

In summary, the two isomorphisms of E-vector spaces above are given by the following

formulae:

1. Smooth Frobenius reciprocity. When H C G is closed, we have an isomorphism
® : Homg (7, Ind% () — HOHIH(T('|H,O')

defined by

(v f) = (9o f(1))

(00— (g 0(g-v)) < (prvmw)
2. Compact Frobenius reciprocity. When H C G is open, we have an isomorphism

@, : Homg(ind% (o), 7) — Homp (o, W‘H)

defined by

(@: frrv) = (v we o(fu))
(f = 7T(g‘l)w(f(g))) “(prweo).

geH\G

When G is a p-adic reductive group, H is a parabolic subgroup, and (o, W) is a smooth

representation of H, then Ind$ (o) = ind% (o). This is a special case of the following:

Lemma 2.2.3. If H C G is an open subgroup, H \ G is compact, and (o, W) is a smooth

representation of H, then the two functors are equal.

Proof. For any closed H and smooth representation (o, W) of H, consider the support of

f € Ind% (o) in H\ G. Since f is locally constant, its support is both closed and open in
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H\G. If H is open and H \ G is itself compact, then the support of f € Ind% (o) is compact
in H \ G, hence is compact in G. O

Note that the lemma applies equally well to a metaplectic cover G of a reductive group
G and a subgroup H C G which is the full preimage of a parabolic subgroup H C G.

In order to classify the principal series representations of G = SA'Z/'Q(F ), it will be important
to understand the B-module decomposition of the smooth induction Indg(a) after restriction
to B. The following statement of the Mackey decomposition theorem is true for an arbitrary

LCTD group G and any coefficient field:

Lemma 2.2.4. ( [26] §1.5.5) Let H, K be two closed subgroups of a LCTD group G such
that the double cosets HgK, g € G, are both open and closed. Let g(H) denote the set
{gHg™' : g € G}, and given a smooth right H-module o, let g(c) denote the representation
of g(H) defined by

9(o)(ghg™") = a(g).
Then

]ndg(o)‘K = H [ndll((ﬂg(H) <9(0)|ng(H)>

HgK

and

. N . Kng(H
mdg(a)‘K = @ demg( ) (Q(U)IKQQ(HJ :

HgK

The Iwasawa decomposition SLy(F) = BK lifts to give
SLy(F) = BK*,

in which both B and K* are closed subgroups of G. Since there is only one double class,
the Mackey decomposition says that if o is a smooth representation of B , then there is a

K*-equivariant isomorphism

Indg;(a) & IndKé*(a)|K* &~ Indg;K* (O"ENK*) ,

K*
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while if 7 is a smooth representation of K*, then there is a E—equivariant isomorphism

indKé* (1) ‘E = indng* (7).

Furthermore, returning to the general case of an LCTD group G, if H is a closed subgroup
of G and K is an open compact subgroup, then the Mackey decomposition implies that for

a smooth representation (o, W) of H,
(IndGo)K = H Py HNg(K)
HgK

and

(ind§o)X = @ W HN9(E),

HgK

In particular, considering G = SA'Z/LQ(F ), the closed subgroup E, the open compact sub-
group K*, and a smooth representation (o, W) of B , then

(Indga)K* o [ BOKT

Remark 2.2.5. While the functor of invariants under a compact subgroup is exact on rep-
resentations of p-adic groups in characteristic 0 or £ # p, this is no longer necessarily true

when the coefficient field has characteristic p (cf. [2]).

2.3 Classification of the genuine ordinary representa-

tions of SL,(F)

2.3.1 A note on terminology

The goal of this section is to classify the irreducible subquotients of smooth genuine represen-
tations of G 1= S’\Z/Q(F) which are induced from genuine representations of the Borel subgroup

B. As this kind of representation tends to be characterized in different ways depending on
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the characteristic of the coefficient field, we briefly explain the choice of terminology.

We will call a representation ordinary if it is a subquotient of a representation induced
from B. We do not require ordinary representations to be irreducible (though it turns out
that all of the mod p ordinary representations of S‘EQ(F ) are irreducible). The term appears
in work of Barthel-Livné, e.g., [3], Breuil, and Herzig on mod p and p-adic representations,
and refers to the fact that the 2-dimensional representation of Gal(Q,/Q,) associated to an
ordinary elliptic curve defined over Q, has image in the Borel subgroup.

In the study of mod p representations of p-adic GL,, ( [2], [3], [6], [7], [13]), SLa, and
rank-1 unitary groups ( [1]), there is a dichotomy between the ordinary representations and
the supersingular ones, which can be read off from parametrization of mod p representations
by eigenvalues of the generators of a generalized spherical Hecke algebra: The supersingular
representations are those on which these generators act by 0. However, in this work we will
only consider the spherical Hecke algebra of G with respect to the trivial representation of

K™, so we have to defer the question of this dichotomy to future work.

2.3.2 Abelianization of B and of G

From now on, G stands for SLy(F) and G stands for SLy(F).

The torus T (F) of G is commutative, though the extension does not split over it. The
next lemma shows that T(F ) is the abelianization of B, while the abelianization of G is
trivial. Hence a 1-dimensional representation of B is just the inflation of a representation of

T by the trivial action on B / T=U *, and every 1-dimensional representation of G is trivial.
Lemma 2.3.1. G is equal to its commutator subgroup [CNJ, é}, while [E, E} =U"*.

Proof. 1t is well known that [SLy(FE), SLy(E)] = SLo(E) whenever E is a field of cardinality
> 3 (cf. [1] § 3.3.1). This implies that for each g € G, there is some ( € {£1} such that
(9.¢) € [G,G]. So to show that [§Zg(F), §Z2(F)] = ﬁg(F) we only need to prove that

(1,—1) is generated by commutators.
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y O 1 y2ac_1
(91,C1) = G (92,G) = NCR
0 y! 0 1
—1
g0 10
(937C3> - a€3 ) (947C4) = 7C4 )
0 0 =45
)

where x is any element of F*, y € F* \ {£1}, and the (; are any elements of . Then
(91,97 = (W, 9)F 50 (91,007 = (07, G, 9)p),

0(g2:92") =150 (92,G) " = (921, Co),
U(gi’nggl) = (yay)F BY (g?n C3)71 = (g?jla CS(Z/,Z/)F),
T —X

o(g1,95") = (ﬁ’ ﬁ) =150 (g4,¢) 7" = (917 Ca)-
F

Commutators of these elements generate all nontrivial members of U* and U"™:

[(91,¢1). (92, C2)] = - GG W) Fo(gr, 92)0(g192, 07 o (919297 95 1)
1 =z
0 1
1 =z
pr— ’1
0 1
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[(g3,C3), (94, Ca)] = LG5 ()P0 (93, 94)0 (9394, 95 )0 (939495 g41))
10 x Y
= .1 (Y Y)F <ﬁjy)p (%F)F(?fla(fl))p)

10
= 1.
z 1

since

and

() e (G G ) )

Now choose u € Oy such that (u,7)r = —1. We have both

u 0 T 0
(5o (50 o)
0 u! 0 unr™!
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and

ur 0 (ur)™t 0 ~
(=1, um) = (=1 um)p(ur,ur)r | € [G, G,
0 (um)™! 0 urm
SO
(s 0 (ur)™t 0
(=1 um)p(u, ™) F (=1, um)p(ur,um)p
0 (um)™! 0 um
1 0

= J(u,m)p | =(1,-1) € G, G
01

To show that [E , é] = U*, we need only recall that B = TU* and check that T normalizes

U*. Conjugating an element of U* by an element of T, we get

-1
T t 0

7]‘ )C
1 0 t!

1
0
t 0 1 x t=1 0
= 7C 71 7C(tat)F
0 t! 0 1 0 t

t tx t=1
= 7C 7C(t7t>F
0 t1 0 t
1 t’z
= 7C2(t7t)%7
0 1
1tz
= 1| eU”
0 1

Hence any commutator in B can be written as a product of elements in U*.
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2.3.3 Genuine characters of T

A smooth character of T which is trivial on {(1,£1)} is just a smooth character  : F* — F:

X ¢ | = x(a).

However, we interested in the characters of T which are nontrivial on to. These, the
genuine characters of f, are described in terms of a certain basic character x,, which depends
on the choice of a nontrivial additive character ¢ of F. Let v be the Weil index of a quadratic
form over F'; in fact 7y is a function on the Witt group W (F') of equivalence classes of quadratic
forms over F. As in [21], let v define a map from the group of additive characters of F' into

the group of 8th roots of unity in C, and for a € F'* let

where ), is the character z — 1 (az). The key properties of this map, proved by Rao in [21],
are the following: for fixed ¢ # 1 and arbitrary a, b € F'*, we have

L y(ab? ¥) = y(a,v),
2. 7(ab7 ¢) = ((l, b)F7(a7 ¢)7(b7 ¢),
3. 7(a’7wb) = (a,b)py(a,z/;),

4. v(a, w>2 = (a,a)r,

and, after fixing ¢ € F, every genuine character of the group

Fe = {(aa C) Lac FX) C € M2, (CL,C) ’ (bﬂ?) = (abacn(avb)F)}

is of the form x - vy(—, 1) for some character x of F'*.
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Since F© above is isomorphic to T by construction, we can view y(—, ) as a character of
TcG. Thus, after fixing ¢, every genuine smooth IF‘; character of T is equal to x-y(—, ) for
some smooth IF‘; -valued character y. In the following, denote this character by x, suppressing
1 from the notation but recalling that a choice has been made. At the end of the section we
will comment on the effect of varying .

The Hilbert symbol on F'is unramified since we assume p # 2, so when Y is any unramified

character of F*, then the restriction of x to (T'(F) N K*) x {£1} has the property that

X(h(a),¢) =¢

for all a € Oj. Conversely, we say that a genuine character of G is unramified if it is equal
to x for some unramified character y of F*. In particular, with respect to a given choice of
1, the representation 1 is just y(—,1)).

The unramified genuine characters of T are exactly the ones which are equal to 1 on the
subgroup (T N K*) x {£1}; any such smooth character is the product of 1 with a smooth

character of the lattice A, and so is determined by its value on h(r).

2.3.4 Genuine ordinary representations: B-module structure

All representations in the following are taken to be smooth, even if this is not specifically
mentioned. The genuine ordinary representations of G are smooth inductions from B to G
of genuine characters of T. Let X denote an arbitrary genuine character in the following, and
let the name of a character of T (0, X, etc.) also denote its inflation to B. Let V4 denote
the 1-dimensional F,-vector space on which B acts by x.

Following the strategy of [8] and [1], we begin by studying the induced representations
I(x) := Indg)z as B-modules. The result is the following:

Proposition 2.3.2. Assume that ¢ = 1 (mod 4). Let x be the inflation to B of a smooth
genuine character of T(F) As a B-module, I(X) has the character X as a quotient, and the

kernel of this quotient map is an irreducible, smooth, genuine B-module. The sequence does
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not split, so 1(X) is an indecomposable B-module of length 2.

Remark 2.3.3. The proof that ker(I(x) — X) is irreducible is essentially by the method
of [8] (§ 9.7) and [1] (Prop. 3.4.4). This is reasonable since it mainly relies on general
properties of locally profinite groups, which G inherits from G; one just has to be careful that
the necessary decompositions lift to the covering group. The assumption on q simplifies the

calculations but is probably possible to remove by careful checking.

Proof of Proposition 2.3.2. Let ¢ : I(x) — x send f +— f((1,1)); this is a surjective map of
B-modules, 50 to prove that () is of length 2 as a B-module, we need to prove that ker(Y)
is an irreducible B-module. The strategy of [1] Prop. 3.4.4 is to give a model of ker(¢) on the
space of smooth, compactly supported functions U — Fp and then to prove that this model
is irreducible; we will do the same here, showing that U can be replaced by the canonical
lift U* € G of U.

Since the (refined) Bruhat decomposition in SLy(F) lifts to

ézéHEwU*,

a function f € I(x) is in ker(¢) if and only if it is supported on BwU*. Following [1], we
adapt a lemma of Bushnell-Henniart ( [8] Lemma § 9.3) to show that the support of such an

f is actually contained in Eng for some compact open subgroup Uy C U.

Lemma 2.3.4. A function f € I(X) is in ker(¢) if and only if there is a compact open
subgroup Uy C U such that the support of f is contained in EwU{{.

Proof. Since f is a smooth function on G , there exists some compact open subgroup H C G

such that f(g) = f(gh) for all g € G, h € H. In particular, if f € ker(¢), then

f(bh) = f(b) =0

forallb € B. As a compact open subgroup of é, H must be contained in one of the maximal

compacts K* X g or K§ X g of G. Say that H C K™ X us; the situation for the other conjugacy
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class of maximal compacts is identical. Then there exists some m > 1 such that either
K! C Hor (1,-1)K}, C H, where K,,, C K is the principal congruence subgroup of level
m. By restriction of the Iwahori decomposition, we have K,,, = (K,,NU)(K,,NT)(K,,NU"),

so B(1,+1)K* = B(K? NU™). Hence there exists an m > 1 such that

1o .1 =0

for all b € B and all y € mOp. Similarly to the identity given in the proof of [8] 9.3 Lemma
for GLy(F'), we have for y # 0:

10 1 y ! 10 0 —1 1 gyt
1| = N I Y 1 1 Y
y 1 0 1 0 v 1 0 0 1
~ 1 y !
€ Bw Y , 1
0 1
~ 1 =z
Hence f =0 on Bw ,1 | when v(z) < —m. Let
0 1

Uoz{ b :v(az)Z—m—i—l};

then U, is a compact open subgroup of U, so Uj is a compact open subgroup of U*, and f

is supported on Eng. O

Define a map

for u € U*, f € I(Y). Then ¥(f) is a smooth function U* — Vi = F,. If f € ker(¢),
then thanks to the lemma W(f) is compactly supported on U*, so is in the set C°(U*) of
compactly supported smooth functions U* — F,. Give C>°(U*) the following right action of
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B (which factors through B):

for ¢ € C(U*). Note that if by, by € B, then (byby) - ¢ = by(by - ¢). Consider the
representation

CEU X

since Y is a genuine character, this is a genuine representation of B. In order to show that
ker(¢) is an irreducible B-module, we'll show that ¥ gives a Fp[g]—linear isomorphism of
ker(¢) with C°(U*) ® x 7!, and that the latter is irreducible.

To see that ¥ is an isomorphism of vector spaces, define the following map:

X(b)p(u) if g =bwu € BwU*
©:C(U) = ker(¢), ¢ = | g
0

if g € B
By construction, ®(¢) € ker(¢), and @ is the inverse of U: if f € ker(¢), then

Q(U(f)) = (u > flwu) = | g

Y() f(wu) if g = bwu € BwU* ;
O )

ifg€§

while if p € C°(U*), then

Y(b)o(u if ¢ = bwu € BwU*
X()p(u) ifg € ~ (u o) = o
0

ifgeé

Given b = (| €B,geq, and f € ker(¢), we have (b- f)(g) = f(gb); if
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gEE, then f(gb) = 0, while if g = b'w 1| € BwU*, then

(e
|
s
L
|
IS o
L
_ <
(e
—
IS
o
<
+
)
L
o

gb=10 =0 Gl w ;
a aly+ec 0 a 0 1
)
al 0 1 a2y+ate
flgb) =% |V <l | ’ 1,
0 a 0 1
—1
al —c a c
which, since (] = X ,C when ¢ = 1 (mod 4), is equal to
0 a 0 a
o 1 a?y+ate
XO)XH) - f |w 7
0 1
Then
1 a2y+a'le
v f) )= f | ’ 1l
0 1
1 a2y+ale
(b- (¥(f))) Tl =1 0 yl ,

Hence ¥ is a B-isomorphism ker(¢) — C(U*).

Now we prove that C°°(U*) is an irreducible representation of B. Let ¢ # 0 € C(U*),
and let U C U* be a compact open subgroup which contains the support of ¢. We want to
show that ¢ generates all of C%°(U*) under the action of B. (This argument is exactly as in [1]
for SLy(F), since the extension splits over U and C2°(U*) factors through a representation
of B.)

View ¢ as an element of C°(Ug) by restriction, and consider the representation of B

52



on the cyclic subspace of C°(U}) generated by . In particular, consider the restriction
of this representation to Uj C B. Since Ug is a pro-p group, C°(Ug) contains a nonzero

Uj-invariant vector. Any Uj-invariant function ¢ € C2°(U;f) must satisfy

1 =z
(2 | =((1,1))
0 1
x
for all , 1] € Uy, hence is a multiple of the characteristic function 1y;; thus

0 1
1y: € C(Uy). Furthermore, for n > 0, let

1 =z 1 xm™ 1 =z

0 1 0 1 ' 0 1

=3

I

—

=
3
S~—
3
—
>
—~
2
|
3

I
—_

.1 eUg}.

Then each U is a pro-p group contained in U*, so by same argument as for U, the subspace
of C(U*) generated (under the action of B) by ¢ must contain 1y for each n > 0. The
collection {U}},>0 is a neighborhood basis of open compacts for U* at the identity, so the

collection of characteristic functions
{]_U;{.u cueU\n> O}

generates C°(U*) as a vector space. And under the action of B on 1y: € (p) C CX(UY),

we have .
1 z 1
Al )
0 1 01
1 y—2 1
= 1y;: ’ A = uga ! , 1
0 1 01
1 = 1y
for u = ,1] and ,1 ] both in U*. Thus C*(U*) is a smooth
0 1 0 1
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irreducible representation of B , and C°(U*) ® x~! is a smooth, irreducible, genuine repre-
sentation of B.
Suppose that I(x) is a decomposable E—module, i.e. suppose there is a E—equivariant

splitting of the exact sequence

1 — ker(¢) I(x) X 1

Let f € I() be the image of some nonzero vector v € V5 under this splitting. Then for all

beé,geé,wehave
f(gb) = x(0)f(9),

so the cyclic subspace of I(x) generated by f is stable by B. We will now show that in fact
it is stable under the action of G.
Since x is trivial on U*, we have u- f = f for all u € U*. As shown in the proof of Lemma

2.3.4, f is fixed by

1 0
(U/*mK;):{ 1 ::UEOF}
m"r 1
1 0
for some m > 1. And if v/ = ,1 | € U™, then v’ can be written as a product of
z 1

clements of T and (U™ N KZ*): let k> 0 be large enough so that z7?* € 7™ Op, and check

that

So if u' € U™,
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i.e. fisfixed by U™. And since w(1) € U*U™*U*, namely

the refined Bruhat decomposition shows that the cyclic subspace of I(Y) generated by f is
in fact G-stable.

Thus (f) is a one-dimensional genuine representation of G. But since [G, G] = G, every
one-dimensional representation is trivial and so cannot be genuine. Hence the exact sequence

does not split for any smooth genuine character y. O]

2.3.5 Classification of genuine ordinary mod p representations

Using the proposition of the previous section, we can classify the smooth, genuine, ordinary
representations. We have shown that /() has length 2 as a B-module and has a unique
1-dimensional quotient which is a genuine representation of B. Soif I (X) is a reducible G-
representation, then its length as a G-module is exactly 2, and it has a unique 1-dimensional
subquotient which restricts to a genuine representation of B. But this is a contradiction:
the only 1-dimensional representation of G is the trivial character, which cannot restrict to
a genuine representation of B. Hence [ (x) is irreducible for each x.

The remaining question is when I(x) = I(X’). If these two principal series representations
are isomorphic, then

dim Homg(1(%), (X)) > 1,

so by smooth Frobenius reciprocity,

dim Homé(I(X)}E,)Z’) > 1.

But as a E—module, I(X) contains has only one 1-dimensional subquotient, which is x itself
and occurs with multiplicity 1. So the space of é-homomorphisms is 1-dimensional if ¥ = \’

and 0-dimensional otherwise, showing that I(x) = I(x’) as G-modules if and only if Y = y'.
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Next, we will describe the I(1)*, I*, and K*-invariants of I(x). The K*-invariants will be
useful in future exploration of the genuine spherical Hecke algebra and its modules, since the
K*-invariant subspace of a genuine representation gives a module over the genuine spherical
Hecke algebra. Likewise, the [*-invariants are of interest in applications of the result of
Chapter 4, as the I*-invariant subspace of a genuine representation of G which is generated
by its I*-invariants gives a module over the genuine Iwahori Hecke algebra. It will turn out

that I(x) has nontrivial I*- and K*-invariants if and only if x is unramified.

Since (1,—1) € B, the decomposition G = BI(1) 11 BB,I(1) lifts to G-

and so an I(1)*-invariant vector in I(¥) is determined (as a function G — F,) by its values

0 —7n !
on (1,1) and ,1]. These values are independent for a given function,
™ 0
so the I(1)*-invariants of I(x) are 2-dimensional for each x. Let {fi, fo} be the basis for
0 —7n!
I(1)* determined by the coset representatives (1,1) and , 1| respectively.
m™ 0

Thanks to this decomposition into double cosets as B\ SLy(F)/I(1)*, the SLy(F)-translates
of the I(1)*-invariants generate the whole representation.
Now we can use this to find the [*-invariants. The decomposition I = T'(Or)I(1) in G

lifts to G since it lives in K ; hence
I* = (TN K*)I(1)*

so if ¢ € I*, then i = h(a) - ip for some a € O and some iy € I(1)*. If a vector f € I(x) is to
be I*-invariant, then it is certainly I(1)*-invariant, so it is é—generated by the functions f;
and fo. An element i = h(a)-iy € I* sends f; to h(a) - f1 = x(h(a)) - f1, while sending f> to

1

h(a) - fo» = X(a™') - f. Since this action preserves the decomposition of I(¥)/™", a function

f is I*-invariant if and only if its fi-component and fo-component are each [*-invariant, if
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and only if ¥(h(a)) = ¥(h(a™')) = 1 for all a € OF. Hence I(Y)"" = I(x)'™" if ¥ is an
unramified genuine character, and I(x) has no [*-invariants otherwise.

Note also that (as in [19] Lemma 6.3), thanks to the decomposition G = U*TK*, the
map (%) — ¥ defined by f — f((1,1)) gives an isomorphism from I(%)%" to ¥7"%". Since
X is a 1-dimensional representation of T, its T N K*-invariant space is 1-dimensional if yx is
unramified and 0-dimensional otherwise.

These results are summarized in the following theorem:

Theorem 2.3.5. Let F be a p-adic field with residue field of order ¢ =1 (mod 4).

1. The smooth, genuine, ordinary mod p representations of ézg(F) are all those of the
form I(x) := In ?Q(F))Z, where Ind is the smooth induction functor and X is an arbi-
trary genuine character of T(F) (defined with respect to a fixed additive character of

~

2. The dimension of Homngz(F)(I(f(),I(i’)) is 1if X = x' and is 0 otherwise, so 1(X)
I(X') only if X = X'-

3. The I(1)*-invariant space I1(X)!V" is of dimension 2 over T,

4. If X is not unramified, then I(X) has no nontrivial I*- or K*-invariants. If x is

unramified, then 1(Y)" = I1(X)'W)", so is 2-dimensional, and ()% is 1-dimensional.

2.4 Unramified principal series of PG Ly(F)

The unramified principal series representations of PG Ls(F') are just those of GLy(F') with
trivial central character, so can be extracted from Barthel and Livné’s classification in [2].
The (smooth) unramified principal series representations of G Ly(F') with trivial central char-
acter are exactly those of form B(y) := ind%(x ® x~!) where y : F* — ]F‘; is a smooth
character, and B(Y) is irreducible if and only if ¥ = x~'. Hence the irreducible unramified

principal series representations of PG Ls(F') are indexed by the unramified F; -characters of
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F* such that x(7)? # 1. The remaining unramified characters are the trivial character 1 and
the sign character sgn (which sends z € F* to (—1)*®), and their induced representations
B(1) and B(sgn) are isomorphic. Decomposing B(1), we get two more irreducible unramified
representations of PG Ly(F'), namely the trivial representation 1 and the infinite-dimensional
Steinberg representation St = Ind(1 ® 1)/1.

Barthel and Livné also study the /- and K-invariants of the unramified principal series
in [3]: if x* # 1, then dimg B(x)" = 2 and dimg B(x)" = 1. The Steinberg representation
has a 1-dimensional /-invariant subspace and has no K-invariants ( [3] Prop. 32), while 1 is

of course equal to its I- and K-invariants.
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Chapter 3

The genuine spherical Hecke algebra

3.1 Summary

3.1.1 Abstract of the chapter

In this chapter, we show that the genuine spherical mod p Hecke algebra of Gisa polynomial
algebra in one variable over Fp, and we find an explicit generator. Next, we recall that the
spherical mod p Hecke algebra of PGLy(F') is also a polynomial algebra in one variable
over F », 50 the two algebras are abstractly isomorphic. Then we demonstrate that a certain
explicit isomorphism between the mod p spherical Hecke algebras gives a bijection between
the unramified genuine ordinary representations of G (except for the one induced from the
sign character) and the unramified principal series representations of PG Ly(F'), and that this
is a natural correspondence in the sense that corresponding representations have isomorphic
Hecke module structures on their spherical vectors. This bijection agrees with the one defined
by theta correspondence for unramified principal series representations in characteristic 0,

including its dependence on the choice of an additive character of F.

3.1.2 Main results

The first section introduces some notation and then reviews the Satake isomorphism in
various settings, since we will define a version of it to compute the genuine mod p spherical

Hecke algebra ’H;(é, K*) of G. In the second section, we show that the mod p Satake
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isomorphism for reductive groups can be adapted to prove that H;(CN}', K*) is a polynomial
algebra in one variable, isomorphic to a certain subalgebra of the genuine spherical Hecke

algebra of the torus T.

Theorem (3.4.1). Define a map

S:H(G, K*) — HY(T, TN K*)

f=1t— Z f(tu)

weU* /(U*NK*)

Then S is injective and gives an algebra isomorphism
S H (G, K*) — H,; (T, TN K"),

where H;”(f, T N K*) is the antidominant submonoid of ]H[;(f, TN K*).

We also note that 7—[;(5, K*) is isomorphic to the group algebra F,[X(T)] of the an-
tidominant coweights of SLy(F). Thanks to a result of Barthel-Livné, this is enough to show
that ’H;(é, K*) is abstractly isomorphic to the spherical Hecke algebra of PGLs(F) with
respect to the trivial representation of K¢ (Lemma 3.4.6).

We calculate the spherical Hecke module structure of the K*- and K- invariants of the
unramified ordinary representations of, respectively, SLy(F) and PGLy(F) (Lemma 3.4.4)
and use the results to define a bijection of principal series representations induced from
unramified characters x # sgn. This bijection is shown to be compatible with the most
obvious choice of concrete isomorphism between the spherical Hecke algebras. The results

of the second half of the chapter are summarized in the following:

Theorem C (Theorem 3.4.7). 1. The F,-linear map ’Hg(é, K*) — H,(PGLy(F), K¢)
defined by t — ty is an algebra isomorphism. Furthermore, it induces a bijection (which
depends on the additive character 1) of irreducible unramified ordinary representations

associated to characters x of F* such that x* # sgn.
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2. When X = x - Yy is defined with respect to a fized choice of ¢ (as in §2.3.3) and x
is a smooth unramified character of F* such that x* # 1, the irreducible unramified
ordinary representation I(x) of G corresponds under the bijection to the irreducible

ordinary representation I(x ® x') of PGLy(F).

3. The dependence of the bijection on ) is as follows. Fora € F*/(F*)?, let x, denote the
quadratic character of F* given by the Hilbert symbol (—,a)p. If I(x®x ') corresponds
to I(X) when the bijection is defined with respect to a nontrivial additive character 1,
then I(x ® x ') corresponds to I(x, - X) when the bijection is defined with respect to

the character v, : © — (ax).

3.1.3 Review of related results in characteristic O

For context, we mention that the main theorem of [22] implies the existence of an isomor-
phism between the center of the genuine C-valued Iwahori Hecke algebra ch(é ,I*) and the
center of the C-valued Iwahori Hecke algebra of PGLy(F'). Note that Savin’s results are
more general, but we specialize them to the pair (G, PGLy(F)) in this discussion. We give
a full statement and further discussion of Savin’s isomorphism of Iwahori Hecke algebras in
§4.1.3.

The center of ch(é, I*) is the isomorphic image of the genuine C-valued spherical
Hecke algebra under the composition of a Satake isomorphism with a Bernstein isomor-
phism, and likewise the center of the Iwahori Hecke algebra Hg(PGLo(F), 1) is the iso-
morphic image of the spherical C-valued Hecke algebra of PGLy(F). Hence Savin’s ex-
plicit isomorphism of Iwahori Hecke algebras ch(é, I*) = Hc also gives an isomorphism
He.(G, K*) 2 He(PGLy(F), Ko).

This induced map of spherical Hecke algebras, viewed via the Satake isomorphism as a
map of Weyl orbits in the group algebras of the respective cocharacter lattice, sends the
Weyl orbit of the dominant coroot of SLy(F') to the Weyl orbit of the dominant coroot of
PGLy(F). As noted in [23] (p. 20), one gets a bijection between subquotients of unramified

principal series representations (over C) associated to a given unramified C-valued character
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x of F*. Over C, the unramified principal series representation I(x) is isomorphic to I(x")
for w in the Weyl group of §Z2(F ), so the W-invariance of the image of the Satake map is
crucial for the existence of the bijection.

Over Fp, we have seen (cf. Theorem A) that, for fixed choice of an additive character 1,
the ordinary representations associated to distinct F, characters y, x’ of F* are irreducible
and nonisomorphic. Away from those y such that x? = 1, we have the same result ( [2],
Thm.25 ) for the mod p principal series representations of PG Ly(F'). Hence Weyl invariance
no longer plays a role in the mod p setting, and in fact the image of our Satake map is not
W-invariant.

In the next sections, we give a more detailed review of Satake isomorphisms in different

settings.

3.2 Preliminaries

3.2.1 Notation and definitions

Let G = SLy(F), G = ﬁg(F), and K = SLy(Op). Let K* be the image of K in G under
the preferred section 6 defined in (ref to ch.1), and recall that K = K* since the extension
splits over K.

The rest of this section sets down notation for the spherical mod p Hecke algebras of G

and of T.

Definition 3.1.

1. Define Hp(é, K*) to be the algebra of K*-biinvariant, smooth, compactly supported
F,-valued functions on G. The product of two functions f;, f3 in H;(é, K*) is their

convolution f; * fo, defined by

(= f)(@) = > hld9 - falg™).

geG/K*
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2. Let H;(é, K*) denote the subset of Hp(é, K*) consisting of genuine functions, i.e.,
define

H(G, K7 o= { f € Hy(G K7): f(9(1,0) = (flg) for all g € G, ¢ € {1} }.

The convolution of two genuine functions in ]I-]Ip(@ K*) is again a genuine function, so

H;(é’, K*) is an algebra under the convolution product.

Since K* is a compact open subgroup of G , the Frobenius reciprocity map (Prop. 2.2.1)

is an F,-algebra isomorphism
H,(G, K*) — Endg(ind%. 1),

where 1k~ is the trivial representation of K* and ind?;* is the functor of compact

induction Rep(K*) — Rep(G).

3. Denote the endomorphism algebra End@(indg*lf(*) by H,(G, K*), and let H;(CNJ, K*)
denote the subalgebra of ’H,p(é, K*) which is the image under Frobenius reciprocity of
the genuine subalgebra H;(é, K*). In particular, Frobenius reciprocity is an isomor-
phism of He (G, K*) with H5(G, K*).

The isomorphic algebras H;(é, K*) and H;(é, K*) will both be called the genuine
mod p spherical Hecke algebra of é, and we will work in one or the other as context

requires.
We make the analogous definitions for the torus T of G and its compact open subgroup
TNK*
Definition 3.2.

1. Let Hp(f, TNK *) denote the algebra of compactly supported functions f : T — F,
which are invariant under multiplication by (T N K*); note that since T is abelian, left-

and right—(f N K*)-invariance are equivalent. The algebra product in ]Hlp(f7 TNK *)
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is the convolution

(fixfo)) =D AWEDALED).

teT /(TNK*)
2. Let H;(i T N K*) denote the subalgebra of genuine functions in Hp(f, TN K*).

3. Since TNK* is a compact open subgroup of T , Frobenius reciprocity gives an isomor-
phism of Hp(f,f N K*) with Endf(indng*lme*), where ind?mK* is the functor of

compact induction Rep(T N K*) — Rep(T).

Denote Endz(indZ . 17...) by H,(T,T N K*) and let HS(T,T N K*) denote the

injective image under Frobenius reciprocity of H (T, T N K*) in H,(T, T N K*.)
The genuine mod p spherical Hecke algebra of T is defined to be either one of HE(T, N
K*) or ?—[;(T, T N K*), depending on the context. We will usually omit the modifier

“mod p,” but unless otherwise specified, the coefficient field should be assumed to be

F

-
Finally, we define the antidominant submonoid of ]HI;(T, TNK *). In preparation, recall
from §1.1.1 that we have a canonical (up to choice of a uniformizer = of F) isomorphism
between the cocharacter group X.(7') and T(F)/T(OF), where T is the diagonal torus
of SLy(F), and this isomorphism sends a cocharacter A € X,(T) to the class of A(7) in
T/T(Op). The antidominant coroot (—1,1) is sent to the class modulo T(Op) of

while the dominant coroot (1,—1) is sent to ay'. Moreover we identified T/T(O) with A,

the one-parameter subgroup of 7/(T N K*) generated by the class modulo TN K* of

by identifying the class of o modulo T(Op) with the class of h(7) modulo T N K*. Accord-
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ingly, we will say that a class of T modulo T N K* is antidominant if it is represented by

h(m)¥ for some k > 0, and dominant if it is represented by h(m)* for some k < 0.

Definition 3.3. Define H; (T, TN K*) to be the submonoid of Hp(f, T N K*) consisting of

functions which are supported only on antidominant classes of T/(T N K*).

The aim of this chapter is to describe the structure of the genuine spherical Hecke algebra
H;(CN;, K*) and then to use it to relate certain unramified representations of G to those of
SLy(F). To explain how this has been done in similar settings, we review three known
versions of the Satake map: for split reductive groups and then for their metaplectic covers
when the coefficient field is C, and for unramified reductive groups when the coefficient field

is IF,,.

3.2.2 The classical Satake isomorphism for split groups

In this expository section, we break from the convention of the main text and take all
representations over C. All representations are still assumed to be smooth. The main
reference for this section is [9].

Let G be a reductive algebraic group which splits over a nonarchimedean local field
F, and let G = G(F'). Such a G has a hyperspecial maximal compact K, meaning that
K = G(Op) for a smooth integral model model G of G.

More generally, one can take G to be unramified over F', meaning that it has a minimal
parabolic subgroup B defined over F' and a maximal compact subgroup K such that G(F') =
B(F)K(F) (i.e., G has an Iwasawa decomposition over F'). Note that while not every
unramified reductive group has a hyperspecial maximal compact (since not every such group
has a smooth model over OF), it is true that if G is defined over a global field, then it has a
smooth integral model at almost every place.

Let (0, V) be an irreducible representation of K. The spherical Hecke algebra of G with
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respect to o is the C-algebra of functions
H(G,K,0) ={f:G —=EndcV : f(kigks) =0(k1)o f(g)oo(kyVk € K, ge G}

which are compactly supported mod K on the left, on which multiplication is given by
convolution and G acts by translation on the right. Although it is easy to give a C-vector
space basis for H(G, K, o) using a Cartan decomposition of G, its algebra structure (e.g., its
generators, relations, and properties such as commutativity and semisimplicity) is generally
less clear. The Satake isomorphism transfers these questions to the group algebra of the
cocharacter group of a maximal torus in GG, or equivalently to the spherical Hecke algebra of
a maximal torus, where the structure is much easier to see.

Let U = (X,(T),®, X*(T),®") denote the root datum attached to the pair (G, T): here
X.(T) is the character group of T\, X*(T') is the cocharacter group, and ® and ®" are the
sets of roots and coroots respectively. Also let W denote the Weyl group of (G,T'). Then
the dual group GY (which comes with a maximal torus TV C GV) to G is the connected
reductive group such that the root system of (GY,TV) is UV = (X*(T), ®", X.(T), ®). (The
justification for calling this the “dual group” in this situation is essentially the second state-
ment of the Satake isomorphism below, which will relate characters of the Hecke algebra of
G to representations of GV.) In particular, TV is the maximal torus in G¥ whose character
group is X*(7T") and whose cocharacter group is X,(7), and W again acts on both of these

groups. Here is the simplest statement of the Satake isomorphism theorem:

Theorem 3.2.1 (Satake isomorphism for split groups). Let G be a split reductive group over
a local field F, and let T' be a split mazimal torus of G and K = G(Op). Then there is a
canonical isomorphism between the spherical Hecke algebra H(G, K) and C[TV]V.

The W-action on C[T"V] is worth a quick note. The group algebra C[T"V] is canonically
isomorphic to the ring of regular functions on the character group of TV: given an element

f € C[TY], f acts on C* by X(f)}v where y € Hom(TV,C*) is any character. Since
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End(V,) = C, we can define a map C[T"] — Reg(Hom(7",C*)) by:

fH(X'_)ﬂ-xOC)GC)a

where Reg(Hom(7TV,C*)) is the ring of regular functions on the space of algebraic homo-

morphisms. Hence the W-action on C[T"V] is given by the usual action of W on X, (T).

With a bit more work, we can reformulate the isomorphism to replace C[TV]" with the
group of unramified complex characters of T', as follows. Identify X, (T") with Homp_ 14 gp. (G, T')
so that if ¢ € X,(T'), then the corresponding element ¢ € Homp_ag gp. (G, T') is the map
such that for all t € F, A € X*(T),

(From now on, we will just call ¢’ by ¢, and consider X, (7T) to be the cocharacter group of
T as an algebraic group, though we will also use the fact that it is the Z-dual of X*(T").)
From that point of view, we have an isomorphism X, (S) = T'(F')/T(Op) which identifies the
element ¢ € X,(T) = Homy(X*(T),Z) with the class modulo T'(Op) of elements t € T'(F')
such that

(9, A) == ¢(N) = vr(A(?)).

The algebraic characters A € X*(T) are polynomial functions on 7', and {\ € X*(T)}
is a basis for the F-algebra of polynomial functions on 7. T is exactly the spectrum of the
algebra of polynomials defined on it, so 7" = Spec(F[X*(T)]).

We now have a convenient way of describing the points of 7" under an extension K of k:

if K is a commutative k-algebra, then the K-points of T are

T(K) = Homy_aig gp. (K, T') = Homy_aigebra. (k[ X (T')], K*) = Homg(X*(T), K*).

Since X,(T') is the Z-dual of X*(T"), Homz(X*(T), K*) = X.(T) ®z K*. In particular, the
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k-points of T are X, (T) ®z k*, which indeed is isomorphic to (k*)™() = T
Let A(T) =T(F)/T(Op). Then A(T) = X.(T), and the group of unramified characters
of T is Hom(X,(7T),C*). Now let S = Spec(C[X,(T)]), a complex torus. We have

and

S(C) 2 Hom(X*(5),C*) 2 Hom(X,(7T),C*) = {unram. chars. of T'}.

So given a split torus 7', we have the following recipe for a complex algebraic group S which
parametrizes unramified characters of T' (in the sense that its group of C-points is isomorphic
to the group of unramified characters): Let S be the complex torus whose character group is
the same as the cocharacter group of S, and vice versa. The definition of the dual group to
a split reductive group grows from this idea. In particular, the group of unramified complex
characters of SLy(F) is isomorphic to the W-invariants of the complex group algebra of the
torus (over C) of PG Ly, and vice versa.

The Satake transform. One can again reformulate the theorem in a way which is less
convenient to state but whichgives an explicit isomorphism. Let G be a split connected
reductive group with a hyperspecial maximal compact K, Borel subgroup B such that G =
BK and T C B for T" a maximal split torus of G. Let H(T,T(OF)) denote the algebra
of T(Op)-biinvariant, compactly supported smooth functions on 7. Let du be the Haar
measure on the unipotent radical U of B, normalized so that fUﬂK du = 1. Finally, let
d : T — F* be the determinant of the action of T'(F") on Lie(U). In the split case, this is the

modular character of the standard Borel containing the chosen split maximal torus. Then:

Theorem 3.2.2 (Satake isomorphism, [9] Thm. 4.1 ). The map

H(G,K) = H(T,T(OF))
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defined by
f— (ur—> 5(u)1/2/ f(tu) du)
U

is an injective homomorphism of algebras, and its image is exvactly H(T,T(Op))W.

In fact, as in [12], one can replace C with Z in the definition of the spherical Hecke
algebras of G and T. Then the transform goes through as written, except that since
S(p(m))V? € Z[g*F/?], the image of S is in Z[¢*'/?], and we need to adjoin ¢*'/? before

getting an isomorphism
S H(G, K) ® Z[¢* ] — (H(T,°T) @ Zlg* )" = R(G) @ Zlg™?),

where R(G) is the representation ring of G. (This is because the irreducible representations
of G are parametrized by their highest-weight vectors, which are W-orbits of characters of
TV.)

This formula cannot be reduced mod p as it stands, since it contains the inverse of q.
However, this problem can be avoided by omitting the modular character ¢, if one forfeits
W-invariance of the image. As it turns out, this is unproblematic, as explained in the
introduction to [14], and reduction mod p gives the statement of Herzig’s mod p Satake
isomorphism in the case where V' is the trivial representation of K. (However, there are
some extra difficulties when considering nontrivial representations of K.)

Application in characteristic 0: unramified principal series representations. The
Satake transform gives an isomorphism between the spherical Hecke algebra of G and the
group of unramified characters of T via H(T,T(Or))", or C[TV]". Now we tie this to
the larger representation theory of G and its dual group G. Given an unramified character
x of T, inflate x to a character of B and then induce to G to form the principal series

representation I(x).
Proposition 3.2.3 ( [5]). 1. I(x) = I(X') if and only if X' = x* for some w € W.

2. I(x)¥ is 1-dimensional if x is unramified, and 0 if x is ramified.
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Let (I(x), Vy) be a principal series representation of GG, and identify it with the W-orbit
of x. If and only if x is unramified, the K-invariant subspace is 1-dimensional, so VXK is a
1-dimensional H (G, K)-module, i.e. the W-orbit of a character of H(G, K'). Precomposing

with the Satake isomorphism, we can view this as a character of C[TV]"". And
Hom(C[TV],C*) =2 Hom(X*(T"),C*) = T (C),

so a character of C[TV]" matches up uniquely with a C-point of TV /W.
Note that this matching works for any unramified representation of (G, so more generally
let s(m) be the semisimple conjugacy class of G, or Satake parameter, associated to an

unramified 7.

Proposition 3.2.4 ( [12], Prop. 6.4). The map m — s(7) gives a bijection between the set of
tsomorphism classes of unramified irreducible representations of G and the set of semisimple

conjugacy classes in G.

In particular, if the spherical Hecke algebras of two such groups are isomorphic, then
transfer of characters from the spherical Hecke algebra of one group to the other induces a

bijection of unramified principal series representations.

3.2.3 The Satake isomorphism for the metaplectic group in char-

acteristic O

This section is again expository, and again takes place in characteristic 0. The Satake
transform in characteristic 0 can be defined similarly for a metaplectic group, and gives an
isomorphism of the (appropriately defined) spherical Hecke algebra with the Weyl-invariants
of the group algebra of the (again, appropriately defined) coweight lattice. The main point
is to choose these two definitions carefully. The following results are due to Kazhdan and
Patterson ( [16], [17]) in the case of GL,,, and were studied by McNamara [19] for metaplectic

covers of split reductive groups.
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Let G be a split reductive group over F', and suppose that G has a hyperspecial maximal
compact subgroup K = G(Op) where G is a smooth group scheme over Op. Let B be a
Borel subgroup of G and T C B a maximal split torus; let B = B(F) and T" = T(F). Let
G be the central extension of G by y, and assume that Qn‘(q — 1). The extension splits
(non-canonically) over K; let K* denote some choice of lifting of K to G which is compatible
with the canonical lifting of the unipotent radical U C B to U* C G.

Define the antigenuine spherical Hecke algebra HE(G,K *) to be the algebra of K*-bi-
invariant smooth, compactly supported, antigenuine functions f : G — C. The algebra
product is convolution with respect to a Haar measure on G which is normalized so that
vol(K X ji) = 1. Then ( [19], Thm. 9.2) the support of H(G, K*) is p, K*HK*, where H is
the centralizer in T of TN K*. Note that H is a maximal abelian subgroup of T , as proved
in [19] Lem. 5.3. When n =2 and G = SL,, we have H = T and iy C T, so the support of
H (G, K) is K*TK*.

Let Y be the group of cocharacters of T, viewed as a subgroup of T via A — A(7). Recall
that, thanks to the commutator formula in T when G is a split group, the extension splits

trivially over Y when Qn‘(q —1). Let s: Y C G denote such a splitting. Define
A={ eY : s(\(n)) € H},

and let C[A] denote the group algebra of A. Denote the modular quasicharacter of B by o.

Theorem 3.2.5 ( [19], Thm. 10.4). Define the Satake map S : H(G, K) — C[A] as follows:
(SF)(A) = 62(A(m)) . fA(m)u) du,

where du is a Haar measure on G such that vol( K X py,) = 1.

Then S is an injective homomorphism, and gives an algebra isomorphism

H(G, K) — C[A]Y.
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To define a Satake transform on the mod p spherical Hecke algebra of ﬁg(F ), we will
need to combine these modifications to the reductive case with some modifications to the
characteristic-0 case. We now move back to characteristic p to explain what has been done

for reductive groups in that setting.

3.2.4 The Satake isomorphism for unramified reductive groups in

characteristic p

Herzig [14] has defined a Satake transform in characteristic p and shown that it is an isomor-
phism of every spherical Hecke algebra of an unramified connected reductive group with the
group algebra of its antidominant coweights. Herzig considers spherical Hecke algebras with
respect to all irreducible representations of the maximal compact K; if one is only interested
in the spherical Hecke algebra with respect to the trivial representation of K, as is the case
for us in the rest of this chapter, then the result can be deduced from a renormalized version
of the integral Satake isomorphism mentioned in §3.2.2. However, we state Herzig’s result
in full.

The setting is as follows. G is an unramified connected reductive group over F with
Iwasawa decomposition G(F') = BK, and T is a maximal torus such that B =T x U. Let
(m, V) be an irreducible representation of K. The spherical Hecke algebra of G with respect

to V' has the following two equivalent definitions:
He(V) = Endg g (indf{(F)V) :
where indf((F)V,r is the compact induction, i.e., the space
I(K,G,V)=A{f:G— Vz: f(kg) =n(k)f(g9)Vk € K, g € G}

where f is locally constant and compactly supported mod K on the left, and with the
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right-translation action of G}
Ho(V) ={f:G — Endg,V : f(kigks) = 7(k1)f(g)7 (k) for all ki, ky € K, g € G}

where f is compactly supported and the F,-algebra structure is given by convolution. The
two algebras Hq (V) and Hg (V) are isomorphic by compact Frobenius reciprocity.

Let k denote the residue field of F, and let U(k) denote the image of U(Op) in G(k).
When V is an irreducible representation of K, then the U(k)-invariant subspace of Vi is a
one-dimensional representation of T'(k), and the Hecke algebra of T'(k) with respect to this

representation is defined to be
Hy (VY®) = {f : T(F) = Endg, (VV®) 2 F, : f(kigka) = f(9) Vki € T(Or), g € T(F)}.

Given an irreducible representation (m,V) of G(k), let Hy— (VU®) be the subalgebra of

H7(VU®)) in which all functions are supported on 7.

Theorem 3.2.6 ( [14] Thm. 1.2). Suppose that V is an irreducible representation of G(k)
over Fp. Then the map
S :Hg(V) = Hp(VY)

given by

f—=lt— Z f(tU)’VFU(k)

ueU(F)/U(OF)

is an injective F,-algebra homomorphism with image Hp- (VU®).

Note that the image of the transform is isomorphic, via evaluation of coweights on a
uniformizer of Op, to the group algebra F,[ X (S)], where S the maximal F-split torus in
GG which is normalized by 7'
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3.3 F,-vector space structure of 7—[;(@, K*)

We now begin to describe the structure of the genuine mod p spherical Hecke algebra

H, (G, K*) defined in §3.2.1.

3.3.1 Support of the genuine spherical Hecke algebra

The goal of this section is to prove the following proposition:

Proposition 3.3.1. Fvery element of SA'Z/LQ(F) 1s contained in the support of a function
belonging to the genuine spherical Hecke algebra H;(SEQ(F), K*).

Remark 3.3.2. The statement of Proposition 3.3.1 is well-known for the C-valued spherical
Hecke algebra of é; for example, see [19], Thm. 9.2 for a more general statement which
reduces to Proposition 3.53.1 in the case G = SLy, n = 2. The proof in the context of
C-valued functions remains valid for F,-valued functions, but for completeness we give an

elementary arqgument for G = §Z2(F)

We first reduce the proof of Proposition 3.3.1 to showing that K*h(m)" K* # K*h(m)"(1,—1)K*

for all n > 0.

Lemma 3.3.3. For each n € 7Z, there is a genuine function supported on
K*h(m)"K* | JK*h(m)"(1, - 1) K*

if and only if K*h(m)"K* # K*h(m)"(1, —1)K*. In particular, if K*h(m)"K* # K*h(m)"(1,—1)K*,
then the function
1genmnres — Licenmyn(1,-1) K+
is in He (G, K*).
Proof of Lemma 8.5.3. If K*h(m)*K* = K*h(m)*(1,{)K* for some n € Z, then there exist
ki, ko € K* for which h(m)"(1,—1) = k1h(m)"ke. Then a genuine function f must satisfy

—f(h(m)") = f(h(m)"(1, =1)) = f(kih(m)"ks) = f(R(7)"),
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so f(h(m)™) = 0. Hence f(g) =0 for all g € K*h(m)"K*|J K*h(m)"(1,—1)K* if the union is
not disjoint.

Conversely, if K*h(m)"K* N K*h(r)"(1,—1)K* = (), then the function
Linynrs — Licsn(mn(1,—1) K+

is in H;(é, K*) and is supported on K*h(m)"K* N K*h(m)"(1,—1)K*.
[

Lifting the Cartan decompositions (1.2) to G, we can write G as a union over K*-double

cosets in the following ways:

=11 U &rm@or | =] U K=",k (3.1)
n>0 \ ¢e{+1} n<0 \ ¢e{+1}
Hence every element of G is contained in K*h(m)"K*UK*h(m)"(1, —1)K* for some n > 0.
So if K*h(m)"K* # K*h(m)"(1,—1)K* for all n > 0, then Lemma 3.3.3 shows that every

element of G is contained in the support of a genuine function.

Proof of Proposition 3.3.1. By the discussion following the proof of Lemma 3.3.3, it is enough
to show that K*h(m)"K* # K*h(m)nK* for all n > 0. As it is no harder to show this for
arbitrary n € Z, we will prove:

Claim. For each n € Z, K*h(m)"K* # K*h(m)"(1,—1)K*.

Proof of Claim. Since (1, —1) ¢ K*, the claim is clear for n = 0. Suppose that K*h(m)"K* =
K*h(m)"(1,—1)K* for some n € Z, n # 0. Then h(m)"(1,—1) € K*h(m)"K*, so there exist
k1, ko € K such that

(v, O(k))h(m)" (s, 0(k2)) ™" = h(m)" (1, —1);
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or equivalently, such that
(s 00k ()" = ()" (1, —1) (s, (k). (32)
Recall from (ch. 1. ref) that ¢(n) € {£1} is defined by

h(m)" = (ag, d(n)),

b e f

and write k; = and ky = . In terms of these matrix entries, the equality

c d g h
(3.2) can be rewritten as

ar™ " br" er™™ fa "

0(k1) - ¢(n) - (ki a5) | = ,0(ka) - (=¢(n)) - olag, ka) | ,
et drn™ g™  hm"
(3.3)
where 6 is the map G — {£1} defined in (1.8). Equality of the SLy(F)-parts implies that

a=ce, br™ = f, ¢ = gn*", and d = h. Applying the formula for 0, we have

(gr*" d)p = (9. d)r if 0 < [gn™"|p <1,
0(ky) = (3.4)

1 otherwise.

Since n # 0 and g € Op, gr*" is never a unit, so the first case of (3.4) occurs if and only if

g = 0. Applying 6 to ko, we get

(g.d)p if 0 <|glp <1,
O(ks) = (3.5)

1 otherwise .

It is now clear that 6(k1) = 6(k2) whenever g ¢ OF.
In fact, 0(k1) = 0(k2) when g € O as well; we prove this now. Suppose that g € Oj.

As cis in Op, g = e~ ¢ OF whenever n < 0, so we may assume that n > 0. Then

76



v(c) = v(gn?) = 2n > 0, and considering det(k;) = ad — bc = ad — bgm** = 1, we have
0 = v(ad — bgr®")

if and only if v(ad) = 0. Since a, d are both in Op, v(ad) = 0 if and only if a, d are both in

Op. Then, since the Hilbert symbol on F' is unramified and g,d € O}, we have

(k1) = (9, d)F = 1,

and 0(ks) = 1 by definition. Thus 0(k;) = 6(k2) for all values of g € Op.
Next we show that the values of the cocycle o agree on the two sides of (3.3). On the

right-hand side, we have

ool k) — (7", g)p = (7", cn™*")p = (7", ¢)p  if ¢ #0, (36)

(Wn,h)F:(ﬂ'n,d)F ifCIO,

which is exactly the value of o(ki, ) on the left-hand side.
If the two sides of the equation (3.3) have equal projections to GG, then their projections
to {£1} are, respectively,
0(k1) - p(n) - o(ki, af) (3.7)

and

0(kz) - (=¢(n)) - o(ag, ks)- (3-8)
Since 0(k1) = (k) and o(k1, ) = o(ag, k), we have
O(ks) - (=0(n)) - olag, ks) = =0(k1) - ¢(n) - o(ky, ag),

and so (3.7) # (3.8). Hence there do not exist &y, ko which satisfy the equation (3.3), implying
that h(m)"(1,—1) ¢ K*h(m)"K*. We conclude that K*h(mr)"(1,—1)K* and K*h(m)"K* are

disjoint.
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The statement of Proposition 3.3.1 now follows from Lemma 3.3.3 and the Cartan de-

composition (3.1).

3.3.2 Vector space bases for H;(é, K*) and 7—[;(@, K*)

In this section, we use Proposition 3.3.1 and the Cartan decomposition of G to give an
FF,-vector space basis for H;(é , K*), and then apply the Frobenius reciprocity map to get a
FF,-vector space basis for H;(é, K*). The result is:

Lemma 3.3.4. 1. Forn >0, let

tn = = (Lgsnmnrs — Licsn(ryn(1,-1)K*) -

1
2
Then {t,}n>0 is an F,-vector space basis for H;(é, K™).

2. Forn >0, let T,, be the element of Endé(deé*lK*) which is determined by
Tn(]-K*) = tn

Then {T,,}n>0 is a F,-vector space basis for H;(CNJ, K™).

Proof. 1. While proving Proposition 3.3.1, we showed in particular that K*h(m)"K* #
K*h(m)"(1,—1)K* for all n > 0. Then by the last statement of Lemma 3.3.3, we have

lgsnynxs — Lisn(mn@a,—1Kk+ € H;(é, K"),

so also t,, € H;(é , K*). Since the proof of Proposition 3.3.1 shows that all of the unions

are disjoint in the Cartan decomposition (3.1), we have



The disjointness of the union implies that the set {t,},>¢ is linearly independent over

IF‘p, and its exhaustion of G implies that every g € G is contained in
K*h(m)"K* I K*h(m)"(1,-1)K~*

for some n > 0. By K*-biinvariance, an arbitrary function f € H;(é , K*) is determined
by its values on the set of representatives {h ()", h(m)™(1, —1)}ns0 of K*\ G/K*, and
since f is genuine it is in fact determined by its values on {h(m)"},>0. Hence f can be

written as a linear combination
1
[ = Z an= (Licn(rynis — Licon@mm(,—1)K+ ) »

where a, = 0 for almost all n since f is compactly supported. Thus the linearly

independent set {t,},>0 also generates H;(é, K*) as an [F,-vector space.

. We can obtain a basis for H;(é, K*) as a vector space over [F, by applying compact
Frobenius reciprocity to the basis {¢,},>0 for H;(é, K*). Denote the image of ¢, in
H;(S‘EQ(F ), K*) by T,,. Using the explicit description of Frobenius reciprocity from

(2.2.2), we see that T, € Endéindg*lp sends f € ind]G;*lK* to

(9’ =Y talg 97" f(g)> € indE 1, (3.9)

ges’

where S’ is any set of left coset representatives for K* in G.

Given any such set S’, the set of characteristic functions {1x+,},es forms a basis for
indszl Kk~ as a vector space. Thus the characteristic function 1x+ generates indg*l K+
under the right-translation action of G. Since T), € Endé(indg*l k+) and in particular
is é—equivariant, T, is determined by its value on 1x«. Applying the formula (3.9)

Tn(1g) = (9’ = b (g g7") 1k (9)>

ges’
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= (¢ = ta(9) = tn.

Hence a vector space basis for ’H;(é, K*) is given by {7}, },>0 where T}, is determined
[

One could directly compute relations between the vector space generators t,, (respectively,
T,) to find a presentation for H;(@ , K*) (respectively, for ’H;(é , K*)) as an algebra. However,
it will be easier and more illuminating to describe of the genuine spherical Hecke algebra of G
in terms of that of the torus 7'. In the next section, we will explicitly describe H;(f, TNK *)
and its antidominant submonoid H;*(Tv TNK *), and in §3.4 we prove that ]H[;(é, K*) is
isomorphic to Hg_(é, K*).

3.3.3 The genuine spherical Hecke algebra of T

In this section we check that that the genuine spherical Hecke algebra of the torus Tis a

polynomial algebra in one variable, and we give a concrete description algebra generator:

Lemma 3.3.5. The function

T = (1K*h(7T)K* - 1K*h(7r)(17*1)K*)

N | —

belongs to H;(j:,f N K*), and in fact we have an isomorphism of F,-algebras
He(T, TN K*) = Fylr].

We have a similarly concrete presentation for the antidominant submonoid H;’*(T , TN
K*):
Lemma 3.3.6. Let 71 be the function defined in Lemma 3.3.5. Then 1 also belongs to
]HI;’_(T, TN K*), and we have an isomorphism of F,-algebras

HS (T, T 1 K*) 2 F,[n].
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Proof of Lemma 3.3.5. We have the decomposition

T= [[ (TnK)hm)"(1,0),

nez
ce{£1}

so a vector space basis for H;(f , TN K*) is given by

1
{Tn ) (1(Tm1<*)h(7r)" - 1(TﬂK*)h(ﬂ)"(1v*1)> }nez'

For a € OF, n € Z, we have the formula (cf. §1.2)

. a 0 ™" 0
h(a)h(m)" = 1 ,¢(n)
0 at 0 ="
ar™" 0

5 ifk=nand (=o(n)(a1")r
ar " 0
Tn 0 ek Gl =9-% ifk=nand(=—¢(n)(a,m)r (3.10)
a T
0 if k£ #n.

For each pair n, m > 0, the convolution 7, * 7,,, is genuine and TNK *-invariant, so is
determined by its values on {h(m)¥}rez. To find relations among the elements of the vector

space basis {7, }nez, we compute the value of a convolution 7, * 7,,, on an arbitrary TN K*
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coset representative h(m)E.

teT/(TNK*)

= Y nlh(® R (1,0) m(h() (L))

JEZ,(e{£1}

The summand 7, (h(m)*h(7)7(1,¢)) 7, ((h(7) 77 (1, ¢)) is nonzero only if k+j = n and m = —j,
0 (7, * T ) (R(7)*) = 0 unless k = n + m.

When k = n + m, we are left with the summands indexed by j =n, ¢ € {£1}:

(7 # 7o) (R(T)™™) = Y 7u(A(m)" (1, €)) T ((A()™(1,))

So, since T, * T,, is genuine and TNK *-invariant, we have for all ¢ € f,

¢ ift e K*h(m)"t™(1,¢)K*
To % T (t) =
0 otherwise

= Tn—i—m(t)'
In particular,
Tp *XTog = To* Ty = T,

foralln € Z, so g = % (1K* — 1K*(17_1)) is the identity element of the algebra H;(f, N K*).
And

Tn * T—p = 70,
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SO

Tp =T/, (3.11)

and so
HY(T, TN K*) 2 F,[r, 7] = F, [, (3.12)
as desired. O

Proof of Lemma 3.3.6. The class of h(r)" modulo T'N K* is identified with the cocharacter

(—n,n), which is antidominant if and only if n > 0. Hence

71 = = (Lxnmrs — Lish(r)(1,-1)k*)

DN | —

is supported on an antidominant class in 7/(T N K*). By (3.11), as n runs over the nonneg-

ative integers, the powers

n __
T =Ty

run over the basis elements of H;(i TNK *) which are supported on antidominant classes.
Hence the isomorphism (3.12) given in Lemma 3.3.5 restricts to an isomorphism of F,-
algebras

HY(T, T N K*) 2 F,[n].

Remark 3.3.7. The map 7, — (a¥)" is an isomorphism
HL(T, T 0 K") 2 Fy[X.(T))
where T is the diagonal torus of SLs(F'). Restricting the map to {T,}n>0, we also get an
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isomorphism of H;’*(i T N K*) with the submonoid of F[X,(T)] generated by antidominant
cocharacters:

HS™(T,T N K*) = F[X; (T)].

3.4 Isomorphisms of spherical mod p Hecke algebras

In this section, we define a Satake transform S : H;(é, K*) = HYT, T N K*) and prove
that it is an isomorphism of H;(é, K*) with the antidominant submonoid He= (T, T N K*)
of Hy(T, TN K*).

3.4.1 The mod p Satake isomorphism for SL,(F)

Before stating the theorem, we recall from §1.2 that the extension defining G is canonically
split over the unipotent subgroup U, and that a preferred section g — (g, 0(t)) was chosen
so that the extension splits over the maximal compact subgroup K of G. Furthermore, these
two splittings are compatible on the intersection (U N K). We let U* (respectively, K*)
denote the image of U (resp., K) in G under the canonical (resp., preferred) section, and
define (U N K)* to be the image of U N K in G under either one of the two sections. In
particular, (U N K)* =U*N K*.

Theorem 3.4.1. Define a map

S HY(G, K*) — H(T, TN K*)

f=|t— Z f(tu)

weU* /(U*NK*)

Then S is injective and gives an algebra isomorphism

S:HY(G, K*) — HS (T, TN K*),
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Remark 3.4.2. The proof closely follows that of the main theorem of [14], which in the case
of the spherical Hecke algebra with respect to the trivial representation of K* (the only case
we consider here) also follows the classical proof in most ways. The vanishing outside the
antidominant range is a particularity of the mod p situation.

When extending Herzig’s argument from the case of a reductive group to that of the
covering group G = ;é\l//g(F ), the main additional point is to check that no extraneous signs
are introduced by the Satake transform or by convolution products in the genuine spherical

Hecke algebras.
Proof of Theorem 3.4.1. The proof is in four steps.

1. We first verify that S defines a F,-linear map of H;(é, K*) into H;(f, TNK*).

Let f € Ho(G, K*). By Lemma 3.3.4,

f - Zantn

where t, is the vector space basis element defined in Lemma 3.3.4 and a,, € IFp with
a, = 0 for almost all n. Furthermore, since K* is a compact open subgroup of é, each
K*-double coset K*h(m)*(1,¢)K* in G is a finite union of left K*-cosets. Thus f is
supported on a finite number of representatives of G /K*. By the Twasawa decomposi-
tion

G = BK*,
we can choose representatives of G/K* to liec in B/(B N K*), so f(b) = 0 for all but

finitely many representatives b of B/(B N K*). We also have the decomposition
B =TU",

so f(tu) = 0 for all but finitely many representatives ¢ of T/(T N K*) when u runs
over U*/(U N K)*. Furthermore, when ¢ € T is fixed, we have f(tu) = 0 for all but

finitely many representatives u of U*/(U N K)*. Hence the support of S(f) is finite in
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T/T(Op), and if a representative ¢ € T/(TNK)* is in the support of S, then S(f)(t) is
given by a finite sum of values f(tu) € F,. Thus S(f) € H,(T,T7 N K*), and S defines

a map of [F,-vector spaces.

Since f is a genuine function on G, we have

SHHL) = > fELQuw= > (f(tu) =(SE),

uweU* /(UNK)* ueU* /(UNK)*
so S(f) is in the genuine subalgebra H;(ZIN“, TN K*) of IHIp(f7 TNEK*).

2. Next we check that S is a homomorphism of algebras.

Let fi, fo € HS(G, K*) and t € T. Then [S(f1) * S(fo)](t) =

- ¥ ST A S A

t'eT/(TNK*) u'€U* /(U*NK™) weU* /(U*NK*)
= > > Yoo A ().

v eT/(TnK*) wWeU* /(U*NK*) ueU*/(U*NK*>)

On the other hand,

S(hixh) )= Y. Y filtug)falg™).

ueU*/(UNK)* CJ/K*
Since G = BK we can choose representatives for G /K* in

B/(BNK") = (T/(T N K"))(U* /(U N K*)).

86



Thus S(f1 * fo)(t)v =

= Z Z fi(tub) f(b~)

ueU*/(U*NK*) pe B/(BNK*)

_ Z Z Z fl (tutlu/)fz(u/—lt/—l)

uwe€U* /(U*NK*) ¢reT /(TnK+*) W eU*/(U*NK™*)

As T normalizes U*, we have ¢~lut'u’ € U*, so can substitute «' — #'~ut’s/. Then
o7 = ()] T s /7y, and we can replace the above sum with the

following;:

= Y > > AR BT ).

teT/(TnK*) W EU*/(U*NK*) ueU*/(U*NK*)

And finally, substitute ¢« '¢'~1u s u:

= Y > . A L ),

veT/(TnK*) W eU* /(U*NK*) ueU* /(U*NK*)
which is equal to [S(f1) * S(f2)](t), so S is a homomorphism.

. The next step is to compute the transforms of the F,-basis elements {t,, },,>0 of H;(é , K).

Let n > 0, and let ¢, be the vector space basis element of H;(é, K*) defined in
Lemma 3.3.4. The transform S(t,) is a genuine T'N K *-invariant function on T, so it

is determined by its values on {h(7)™},,ez. We calculate

St)(h(m)™) = Y talh(m)™u)

ueU* /(UNK)*

1 m
9 Z (ke s (W)™ 1) = Licen(mn 1, -1y (h(m) ™)) -

welU* /(UNK)*
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Now we need to know how the value of

1enmnres — Licen(myn(1,-1) K+

on h(m)™u varies with u. In fact, the value is either always nonnegative or always

nonpositive as u runs over U*, and we can calculate it:

Lemma 3.4.3. Letn >0, me Z. If ue U* and
h(m)"u € K*h(m)"K* I K*h(m)"(1,—1)K*,

then
(Lcnmnies (R(T)™ 1) — Lgspmyn(1,—1)c= (h(7) ™)) = ¢(n)p(m).

Proof of Lemma 3.4.3. Recall from §1.2 that the projection of u to {£1} is equal to 1

1 =z
for all w € U*, while the projection of u to G is equal to for some z € F.
0 1
So, given u € U*, we can write the product h(m)™u as
™ 0 1 =z
,p(m) 1
0o =™ 0 1
I oY ™ 0 1 =z
= ,p(m) o :
0 T o =™ 0 1
T ™ -
= ) gb(ﬂ’L) (17 ™ )F
0 "
o opmT™
= ,¢(m)
0 ™

Hence the projection of h(m)™u to {£1} is equal to ¢(m) for all uw € U*. Suppose that
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for some particular pair v € U*, { € {#1} we have
h(m)™u € K*h(m)"(1,()K™.

Then 1gspmpnic- (7)™ 1) = Lgspmpn(1,—1) = (h(7)"w) = p(m)d(n).
If «" is another element of U* such that h(7)"w € K*h(m)™(1, () K*ILK*h(m)™*(1, —¢) K*,
then v='u' € (U N K)*, so the K*- double cosets represented by h(7)™u and h(7)™u’

are in fact equal. This proves the lemma.

A summand of St,,(h(m)™(1,()) =
1 m m
Z 5 <1K*h(ﬂ.)nK* (h(ﬂ') U) - 1K*h(7r)"(1,71)K*(h(7T) U))
weU*/(U*NK*)

is nonzero if and only if the projection of h(m)™u to SLy(F') is contained in af'U N

Koy K, so by Lemma 3.4.3, the value of the sum over U*/(U* N K*) is equal to

%¢(n)¢(m)|a6”(] N KalK|. (3.13)

When m > 0, then by (1.12) of Lemma 1.3.1, we have

.
0 ifn<m

lagUN KogK| =41 ifn=m

¢ (q—1) ifn=~+m with{>1.

\

So St,(h(m)") = 0 (mod p) unless m = n or m = n — 1. We calculate ¢(n)?> = 1 and
d(n)p(n — 1) = (—1)"*z . Thus

(mod p) (3.14)



while

1 g—1

Stalh(m)"™) = 3la— Dolm)o(n — (-1 = J(~1)F (mod p). (315)

N | —

This completes the calculation for m > 0.

Now we show that St,,(h(7)™) vanishes (mod p) for all m < 0. Note that

™ 0 1 =«

7¢(m) ’]‘ =
0O ™ 0 1
1 xr—2m -m o0

;1 ,o(m) |,
0 1 0o =z

and when m < 0, the U*-factor on the left is in UNK* whenever v(z) > 2m. Then, since
t, is U N K*-invariant, the transform St,,(h(m)™) is equal to [U(7OF) : U(7*™OF)] =
g™~ times a sum over U*/(U N K)*:

Z tn (R(m)"u) = Z tn (uh(m)™)

uelU* /(UNK)* ueU* /h(m)™(UNK*)h(r)
= [U@Op): U™ Y tu(uh(m)™)

W eU* J(UNK)*

—g Y (™)

WeU* ) (UNK)*

=0 (mod p) for all m < 0.

Combining the vanishing on {h(7)™},,<o with the values (3.14) and (3.15) gives the

following formula:

To ifn=0
St, = (3.16)
q—1 .
T+ (D)% 1, ifn>0.
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In particular,

1—7 ifg=1 (mod4)
Stlz

n+71 ifg=3 (mod4).
. Finally, we use the results of step (3) to show that the image of S is equal to HIf;~ (T, TN

K*), and that it is an injective map.

Every f € H;(é,K *) is a linear combination of the basis elements {t,},>0, and we
showed in step (2) that S is a homomorphism, so the vanishing of S(¢,,) on h(m)™ for
m < 0 is enough to show that the image of S is contained in He~ (T, T N K*). And

the algebra generator m € ]H[e’_(f , TNK *) is in the image of S, in particular equal to

S(t1+t0):Tl—T0—|—T0 lqul (mod 4),

Sti—ty)=m1+71—17 ifg=3 (mod4),

so S is onto He (T, T N K*).

Suppose S(f) = 0 for some f = > cut, € ]I-]I;(é, K*), where n > 0 and ¢, = 0 for

almost all n. Then

CoTo + D>y CnlTn — Tne ifg=1 (mod4
= a5ty — 4 Do) (mod 4)

om0 + Dy Ca(Tn + (-=1)¥®™7, 1) ifg=3 (mod4).
As {7, }n>0 is linearly independent over [, so are
{7 — o1, Totnz1 and {7, + (=1)" 171, 7o }nx1,

so we have ¢, = 0 for all n. Hence f = 0, showing that S is injective.

This concludes the proof of Theorem 3.4.1.
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As a consequence, we find the following generator for H;(CNJ , K*) as a polynomial algebra
in one variable over IF‘p:
t1+t ifg=1 (mod4)

ty —to ifg=3 (mod4).

3.4.2 Action of H;(CNJ, K*) on spherical vectors

We work out the action of e~ (T, TNK*) = ’H;(é , K*) on a spherical vector in an unramified

genuine ordinary representation. The result is the following:

Lemma 3.4.4. Fiz a nontrivial additive character v of F', and let x be a smooth unramified
character of F*. Let x be the genuine character ofj: defined with respect to v in §2.3.53,
and let I(X) be the unramified ordinary representation induced from x. Then the K*-fired
subspace 1(X)X" is isomorphic to X' = (x - v4) ™" as a right H=—(T,T N K*) module.

Before giving the proof of Lemma 3.4.4, we briefly explain how the genuine spherical
Hecke algebra acts on the spherical vectors of a general smooth representation of G. Let
(r,V) be a smooth representation of G such that VX" £ 0. Then VE" is a H;(é, K*)-
module:

VE >~ Homp (1, ) 22 Homé(ind?{*lm, )

where the second isomorphism is Frobenius reciprocity for compact induction. The image of

veVE in Homé(indg*lw,ﬂ) is the map
], : indg*lK* — T
which sends 1x- — v, and hence (by G-equivariance) sends
lgeg-1 = 7(g) - v.

The effect of an element 7' € ’H;(é, K*) is to precompose ®, with the image of T in
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HE(G, K*) = Endg(ind$1x-):
(- T) (1) = ®o(T(1x-)).

Hence VE" is a right H;(é, K*)-module.

Proof of Lemma 3.4.4. Let x be an unramified character of F'* and let () be the induced
ordinary representation. Then, as shown in Theorem B, I(y)X" is 1-dimensional. Since

G = U*TK* and I(x) is trivial on U*, we have an isomorphism of F,[T]-modules
IR = 100"

given by f— f((1,1)), where f is any nontrivial function in 7(y)%".
Fix v = f((1,1)) #0 € I(Y)X". Then

(v 7-1)<1T0K*) = (v- Tl)(lme*) (3.17)

_ %cpv (1m*h(w) - 1'T“mK*h<w)<1,—1>>

- % (X(h(m) ™) - v = % (h(m) 7 (1, =1)) - v)

= £ (X)) v+ (AR ) -v) = () v
= X(7) - Yy (),

where v is the additive character of F' with respect to which the genuine characters of T are

defined. So for fixed ¢, I(%)TM5" = (x - 4)~! as a right H;’_(f,f N K*)-module. O

3.4.3 Comparison with the spherical Hecke algebra of PGLy(F)

The spherical Hecke algebra of PGLo(F) with respect to the trivial representation was

shown by Barthel and Livné to be a polynomial algebra in one variable. Recall that o =
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€ GLy(F).
0 m

Proposition 3.4.5 ( [3], Prop. 4). Let t be the element of
H,(GLy(F), Ko Z) = Bnder, ey (indy 3" 1)

defined by

t: 1KGZ — ]-Kc;ZocKG'
Then H(GLQ(F)7 KGZ) = Fp[t]
Hence we immediately have:

Proposition 3.4.6. The genuine spherical Hecke algebra 7—[;(@, K*) ofé 18 abstractly 1so-
morphic to the spherical Hecke algebra of PG Lo(F).

In fact, we can choose an isomorphism which induces a bijection of unramified ordinary
representations on each side, except for I(sgn) on the G side, and which is compatible with
the bijection between unramified ordinary representations and characters of the spherical

Hecke algebras:

Theorem 3.4.7. The F,-linear map H;(é, K*) — H,(PGLy(F), K¢) defined by t — ty is
an algebra isomorphism. Furthermore, it induces a bijection (which depends on the addi-
tive character ) of irreducible unramified ordinary representations on each side, except for
I(sgn). This bijection is compatible with the correspondence of unramified ordinary repre-

sentations to characters of the spherical Hecke algebra.

Remark 3.4.8. Of course, the bijection can be completed by matching I(sgn) on the G side
with the Steinberg representation St on the PGLy(F) side, and it may be that this can be
made natural in another way (e.g., from a matching of Iwahori Hecke module structure).
However, as St has no Kg-fived vectors, we cannot bring it into the correspondence via the

spherical Hecke algebra.
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Proof. By the mod p Satake isomorphism for the reductive group PG Ly(F'), we have
Hyp(PGLy, Ki) = H, (T, T6(Or)) = Fy[ X, (T6)],

where X¢ .(T¢) is the cocharacter lattice of (PG Ly(F), X¢ «) and X ,(T5) is the antidom-
inant submonoid generated by a. The preimage of a in H,(PGLy, K¢) is the element
1+t so 1+tis a generator of H,(PGLy, Kg) as an algebra. Hence the F,-linear map
’H;(CNJ, K*) — H,(PGLsy(F), K¢) defined by t + ¢, is an algebra isomorphism.

Next we construct a bijection between irreducible unramified principal series representa-
tions of G and of PGLy(F) which are associated to characters y of F* such that x* # 1.
The bijection is defined via the action of H,(PGLy(F), K¢) on the F,-span of a spherical
vector in an unramified principal series representation I(y ® x~!) of PGLy(F), which we

now calculate.

Let @, € HomTG(md o) 176(0r); I(x ® x7 1)) be the Tg-equivariant map defined by
1TG(OF) — v. Then
(v-t) (1TG(OF)) = o, (1TG(OF)a) (3.18)
=, (1TG(0F>a)
=&, (o' 1gg0p)

Il
~

(x®x e

(m)v

I
>0

so I[(x ® x e 2 x! as a H(PGLy, Kg)-module.

As I(X) and I(x ® x~!) are both irreducible for x? # 1 and I(¥) 2 I(x'), I(x ® x ') %
I @ x' ) if x* # 1,x* # 1, and x # X/, the map Repg — Reppgy, () which identifies
I(x) with I(x ® x™!) is a bijection of unramified principal series representations associated
to characters y of F' such that x* # 1. Moreover, as the calculations (3.17), (3.18) show, this

bijection is compatible with the isomorphism ¢ <> 71 of the spherical Hecke algebras (for a
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fixed choice of ).

Finally, we describe the dependence on ¢ in the bijection. Let a € F*/(F*)? and define
1, to be the character x +— 1 (ax) of F. Then by Property (3) of the Weil index given in
§2.3.3, we have

7(‘757 ¢a> = (:L’, a)F’Y(Iv ¢)

Let x, denote the quadratic character (—,a)r of F*. Then if I(x ® x~!) corresponds to
I(x) = I(x - 7(—, %)) under the bijection defined in this section with respect to v, then
I(x ® x™ ') corresponds to x, - I(X) under the bijection defined with respect to 1/,.

O

Remark 3.4.9. On unramified ordinary representations not associated to sgn, the bijection
between unramified principal series representations agrees with that defined by theta corre-

spondence in characteristic 0, including the its dependence on an additive character i of

F.

3.4.4 Comments on > =1

Recall from §2.4 that I(1® 1) = I(sgn ® sgn) as representations of PG Ly(F'), and that this
representation is reducible with the trivial representation 1 as a subrepresentation and the
Steinberg representation St as a quotient. On the other hand, I(1) and I(sgn) are distinct
and irreducible representations of ﬁg(F ). The K*-invariants of I(1) and of I(sgn) and the
Kg-invariants of 1 are all 1-dimensional, and the calculations of their spherical Hecke module
structure go through as in (3.4.4) and in (3.18), respectively, for x? # 1. Thus the bijection
for x? # 1 extends naturally to y = 1, identifying I(1) with the trivial representation of
PGLy(F). However, since (St)f¢ = 0, we cannot expect to identify St with an unramified
principal series representation of G via the action of the spherical Hecke algebras.

On the other hand, (St)/¢ is 1-dimensional, so it is a nontrivial right module for the
Iwahori Hecke algebra H(PGLs, I). This is a reason for the comparison of H(PGLa, I)
with the genuine Iwahori Hecke algebra H¢(SLy(F), I*) in the next chapter.
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Chapter 4

The genuine Iwahori Hecke algebra

4.1 Summary

4.1.1 Abstract of the chapter

The goal of this chapter is to give a presentation for the genuine mod p Iwahori Hecke
algebra of (NJ, and then to show that this algebra is not isomorphic to the mod p Iwahori
Hecke algebra of PG Ly(F') computed by Barthel and Livné.

This is in contrast to the situation in characteristic 0, where Savin ( [22], [23]) has
shown that if H is the n-fold metaplectic cover (with p /n) of a simply laced Chevalley
group H, then the genuine Iwahori Hecke algebra of H is isomorphic to the Iwahori Hecke
algebra of a dual group to H. When H = SLy(F'), the dual group to H is PGLy(F), and
Savin’s isomorphism induces an equivalence of categories between genuine representations
of H which are generated by their [*-fixed vectors, and representations of the dual group
which are generated by their Iwahori-fixed vectors.

The motivation for comparing Hg(é, I*) to H,(PGLy(F), 1) was to eventually define
a correspondence between mod p representations of G and of PGLy(F) in cases which are
not addressed by the spherical Hecke algebra isomorphism of Chapter 3 (alternatively, to
explain why no natural one should exist in some cases). Though the two algebras are not
isomorphic, we relate some elements of H,(PGLy(F), 1) to elements of H,(PGLy(F), Is)
using the tree of SLy(F).
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4.1.2 Main results

There is quite a lot of notation to set up, most of which is done in the first section. We
define a graph A in analogy with the tree of SLy(F'), explain how its edges identify with
I*-double cosets in 6’, and define a F,-vector space basis for G in bijection with the edges
of a “positive half” of A.

Next, we review some results of Savin and Iwahori-Matsumoto for use in calculating rela-
tions between the vector space basis operators and compute some I*-double coset identities
in G. The results are used to show the main result: for certain operators z := Ty, and

y:=1y5, € H(G, I*), we have

Proposition 4.1.1. The following is a complete list of positive powers of x = T&_l and

y:=1Ty,: fork>1,
ab = ((IFT = (<1,

0 e
9 = T, k=1

0 if k> 2,
3. (xy)k = Tz_k]fzkﬂa

o (ya)t = (DR Try,
J. y(xy)k = Tg_kli2,2k+1

6. x(yz)t = (1M T TR

Moreover we can show that these products are linearly independent and span H;(CNJ, I*) as
a Fp—algebra. Thus z = T&_l and y = T£1 generate ’He(é, I*), and we show that the algebra

has the following presentation as a noncommutative polynomial algebra:

Theorem D (Theorem 4.3.7).
H(G, ') = Fola, /(2 + 2,7).
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We compare this algebra to a known presentation for H,(PGLy(F), I¢):

Proposition 4.1.2 ( [3], Prop. 7). The mod p Iwahori Hecke algebra of PGLy(F') has the

noncommutative presentation
H(PGLy, Ig) 2 Fy(a,b)/{a* — 1, bab + b}.

Comparing the number of F,-characters on each side, we get

Theorem E (Corollary 4.3.8). H;((N;, I*) is not isomorphic to H,(PGLy(F), Is). Indeed,

their abelianizations are not isomorphic.

However, using the graph A we can identify x € H;(é, I*) with ba € H,(PGLy(F), Ic)
and y with ab. The subalgebra of H,(PGLy(F), I¢) generated by ba and ab is the image of
the embedding of the Iwahori Hecke algebra H,(G, I) of SLy(F) in H,(PGLy(F'), I). Hence
we interpret the identification of  with ba and y with ab as an identification of ’H;(CNJ, I")

with the quotient of H,(G, I) by the square of one its two generators, namely the one which
maps to ab in when H,(G, I) embeds in H,(PGLy(F), I¢).

4.1.3 Savin’s isomorphism in characteristic 0

As already mentioned, the motivation for the work of this chapter is a theorem of Savin
which recasts the correspondence between certain C-representations of a metaplectic group
with certain C-representations of a reductive group as an isomorphism between their Iwahori

Hecke algebras. The main result is:

Theorem 4.1.3 (( [23], Thm. 7.8). Let n be an integer and p a prime not dividing n. Let
Z, be the n-torsion subgroup in the center of a simply laced Chevalley group G over a p-adic
field F' which contains n n-th roots of unity, and let G be the central extension of G by the
n-th rooths of unity. Then the genuine Iwahori Hecke algebra of G is isomorphic to the
Twahori Hecke algebra of G, (F'), where Gy, is the algebraic group isomorphic to G /Z,.
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By a theorem of Borel, in characteristic 0 the functor of Iwahori-invariant vectors is an
equivalence of categories

Rep;(G) — Mod(H(G, 1)),

where Rep;(G) is the category of smooth representations of a reductive group G which are
generated by their Iwahori-fixed vectors, and Mod(H (G, I)) is the category of right modules
over the Iwahori Hecke algebra. Savin notes that the same result holds for a metaplectic
group G when the adjective “genuine” is applied both to the representations and to the

Hecke algebra. Hence the isomorphism of Theorem 4.1.3 induces an equivalence of categories

between Rep;(G,,) and RepS.(G).

Remark 4.1.4. To our knowledge, there is no analogue of Borel’s theorem for mod p repre-
sentations of metaplectic groups; even if the genuine mod p Iwahori Hecke algebra ofCNJ had
been found to be isomorphic to the mod p Iwahori Hecke algebra of G, we would not have
been able conclude equivalence of the categories of mod p representations. The relationship
between the mod p representations of a metaplectic group and the modules over its Hecke

algebras is an interesting point which we hope to explore in future work.

4.2 A presentation for H;(ﬁg(F), I

Let R =Z or R =TF,. Define Hz(G, I*) to be the algebra of functions
{f G > R: flirgiz) = f(g) for all g € é,z’j € I" and f is compactly supported },

where the product on Hp(G, I*) is given by convolution. Let HS (G, 1*) € HS(G, I*) be
the subalgebra of genuine functions, i.e., of those f such that f(g(1,¢)) = (f(g) for all
g € G and ¢ € {£1}. The algebra Hp(G,I*) is isomorphic to the full Iwahori Hecke
algebra H R(é ,I*) :== End R[@](indg) by compact Frobenius reciprocity; explicitly, a function
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¢ € H(G, I*) maps to the endomorphism of indg(ll*) which sends f € indg 1+ to

<g’ = w(g’gl)f(9)> € ind%1;.,
ges’

where S’ is any set of left coset representatives for I* in G. We define the genuine Iwahori

Hecke algebra to the image of HS,(G, I*) in H,(G, I*) under Frobenius reciprocity.

4.2.1 A vector space basis for H%(ﬁQ(F),I*), R=F,or R=7

Recall that the finite Weyl group W, of G is generated by

and that Wy is the homomorphic image of the finite Weyl group of G = SLs(F) under

the section which splits the cover over K. Also recall that A = T'(F)/T(Op) is isomorphic

to the cocharacter group of GG by evaluation on the uniformizer 7; the analogue for the

covering group Gis A = f(F )/ (f N K*), which we will identify with the subgroup of T
71 0

generated by (1,—1) and h(r) = J(—=1,7) | . and let A = A* x {(1,£1)}.
0 =«

Then T = A x (T N K*).

The affine Weyl group of G is the semidirect product A x Wo, which we denote by W.
Note that W is contained in the normalizer of 7 N K* in é, which was calculated to be
T Tw(l) in § 2.2. The projection of W to G is equal to the semidirect product of A with

the finite Weyl group of G, which is a system of representatives for I \ G/I. Hence

G=I'WI",

so we can choose representatives in W for the I*-double cosets in G.

In order to relate our presentation for ”H;(é, I*) to the Barthel-Livné presentation for
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H(PGLs, 1), we will choose representatives for I*\ CNJ/]* whose SLy(F')-parts agree (after
a dilation by a factor of 2 on the diagonal part) with their representatives modulo the center

of GLy(F). Recall the following elements of G Lo(F):

1 0

o (Y = s
0 =
0 1

° = ,
™ 0

o 2(x) = for x € F*,

0 =z

1 0

° 7= :
0 -1

Barthel and Livné take the following set of representatives for IoZqg \ GL2(F)/Ig ( [3],

Lemma 5):

{ana Ban}n€Z~

Then they choose the vector space basis

{Liszca-n16s Ligzepo—ntnez

for the convolution algebra H,(GL2(F), I¢Z¢), and define T}, ,,+1 (respectively, T}, 41.,) to be
the image in H(GLy(F),IcZ¢) of 11,z.0-n1, (vespectively, 1;.z.pa-n1,) under Frobenius
reciprocity. Then {7}, .41 }nez} is a vector space basis for H(G Lo (F), I Z¢). After computing
relations between these basis elements, Barthel and Livné give the following presentation for

Hy(GLo(F), [ Z¢) = Hp(PGLo(F), I):

Proposition 4.2.1 ( [3], Prop. 9). H,(GLy(F), IcZg) is (non-commutatively) presented by
Hy(GLo(F), IgZe) = T[T, T1,2]/(Tﬁo — 1, T 2110, T2+ Th2).
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Hence H,(PGLs(F), I;) is generated as an algebra by the operators T} o and 77 5, which
correspond, respectively, to the characteristic functions 17,z,s1, and 1;,z,0-11,- The oper-
ators T o and T7 5 can be interpreted as PG Lo(F')- equivariant correspondences on Ed°(X),
where X is the tree of SLy(F'): 11 sends the unit edge ey to ey o, while T} 5 sends eg; to
the Ig-orbit of e; 5. (See § 1.3 for a picture of the tree and more details of the I-action on
its edges.)

Recall that we have defined the following elements of G = SLy(F):

1 0
[ ] O[O — ,
0 =«
0 —1
® S =
1 0
0 —7m !
o By =aps =
™ 0
Then
ap = z(n71)a?, By = aos =7 2(n ), ags =77 2(m )T,
and

agt = z(m)a?, (afs) ™t = yz(wkfl)ﬂof(%*l).

Under the projection G — G we have
h(m)7F(1,£1) = ap®, w(1)(1,£1) = s, and (h(7)*w(1))"(1, £1) = w(=1)h(r) (1, £1) — («a

Define
5¢ = {h(m) (1,0, w(=1)h(m) (1, )} rezceren:

and let S = ST 115~ We will check that S is a set of representatives for I*\ G/I*, and then
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explain how to associate the double cosets {I*gI* : g € S} to sums of edges on a disjoint
union of copies of the tree X.

Since A x Wy is a set of representatives for I \ G/I and S = (A x Wy) x {(1,£1)} as a
set, we only need to check that I*gI* # I*g(1,—1)I* for all g € S. If this is not the case for
some ¢, then

g(1,=-1) € I'gI" C K*gK".

But K*h(m)*K* # K*h(r)k(1,—1)K* for all k € Z, so the inclusion is impossible both for
g = h(m)™* and (since w(—1)"' = w(1) € K*) for w(—1)h(m)~*. Hence the set {114+ : g €

S} is an F,-vector space basis for Hp(é ,I*), and the set of genuine functions

{Lrnmy 1 = Lpnmy—+r Lrrw(ennem -k — Lrow(—1)m(m) -k (1,-1) 1+ f

forms a vector space basis for He(G, I*).
Next, we associate these basis elements to sums of edges of a graph. Let A denote the
disjoint union

A =Ugce Xy,
Zx+

where each X, = X is preserved by the usual action of PGLy(F'). Fix a unit vertex vé’””

and standard apartment v*" = a™vs" in each Xy, and give A an action of GLy(F') by
letting the central element z(z) € Zg send the unit vertex vg’n € Xj, to the unit vertex
" e Xy 4, and defining its effect on the rest of X}, by PGLy(F)-equivariance. The
action of T¢(Op) is trivial. Then the action of GLo(F') on the oriented edges of A has two
orbits: the set of oriented edges of AT = ez Xy 4, and of A~ = ez Xi . Let egf be the
unit edge of Xy . The orbit of egf under SLy(F) is the set of edges {e’;;ﬁgkﬂ}kez. Finally,
let (1, —=1)vkn = o= for all k, n € Z.

In Barthel and Livné’s notation, the (characteristic function of the) left coset IoZga™
is identified with the edge a"eg; = ey 41 of the standard apartment of X, while the left
coset IqZqPa "1g is identified with a"ﬁ_lem = a"Bep1 = ept1n. These left cosets are

identified, respectively, with the edges e , and eg’il of Xo+ C A. Identify the left cosets

n,n-+
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{I*g: g € S'} with edges of A as follows:

h(m)*(1,0) = (af, Co(k)), s0 A(m) (1, (et = (2(m)*a, C(k))el ¢ egppp41, Which
is identified with I*h(m)=*(1, ().

o h(m)*w(1)(1,¢) = (afs, ((k)), 50 h(m)*w(1)(1,¢)egy = (2(m)* " Ba~ Y, (o(k))eqy

e%(gkll , which is identified with I*w(—1)h(r)7*(1, ).

Let S’ be a set of representatives for the left I*-cosets in G such that S C & , and for
g€ S define S, ={¢g € S:I*¢' C I*gI*} so that

rgre= 1] Iy
g'€Syg
Identify the double coset I*¢g/* with the sum of those edges associated to I*¢’ for ¢’ € S,.
Then as k ranges over Z, each non-oriented edge of A is identified with exactly one left
I*-coset of G'. If I*g is identified with e*
with I*gl*.

then let ¢} denote the sum of edges identified

nm7

Finally, if w € ST, let TF,, denote the image of t, = & (Lpwr — Lpewa,—1yr+) In
'Hi—i(é, I*) under Frobenius reciprocity. Then the set of all such Tff’m forms a vector space
basis for 15 (G, I*). The labeling conventions for generators of H;(é, I*) are summarized in

the following definition:
Definition 4.2.2. For k € Z,

1. The function tpm-+ € H;(é,[*) corresponds by Frobenius reciprocity to the operator
T27€1f2k+1 € H;(Gv [*)'

2. The function ty_1)px)-+ € H;(é, I*) corresponds by Frobenius reciprocity to the oper-
ator TQE(;C,;_% € ’H;(é, I).

Remark 4.2.3. Note that the labeling convention defines a bijection, via

te < TF

n,m?’
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between ST and the set of triples
{(=k,2k,2k + 1), (—k,2k,2k — 1) }xez.
Since {t,, : w € St} forms a F,-vector space basis for H;(é, I*), the set

—k —k
{TQk,2k+1? T2k,2k—1}1€€z

forms a F,-vector space for H;(é, I).

Remark 4.2.4. Of course, the labeling system for the basic operators ij,m 15 redundant:
the corresponding basis element of Hg(é, I*) can be recovered from any two of k, n, m. We
originally included the superscript as an error check when calculating in G Ly(F'), and retain
it here as a way of distinguishing our operators from Barthel-Livné’s while also emphasizing
their relationship. We hope that the superscript will not be confused with an exponent, and

will always use parentheses when writing powers of the T, ,’;m

4.2.2 Effect of basic operators on the unit edge of A

Any two é—equivariant endomorphisms of ind[G* 1;+ are equal if and only if they agree on the
characteristic function 1;«; equivalently, under the identification of the previous section, if
they agree on the unit edge egf. In preparation for the calculation of relations between the

: 0
Wi I*-
basic operators T)¥ e note the effect of 7%, on ey) and on 1

n,m’

Lemma 4.2.5. If T,’;m 1s the image of t,, under Frobenius reciprocity, then
T’r]f,m(]'f*) = tuw.
Equivalently, under our identification between I*-double cosets and edges of A, we may write

07 , —
T’r]f,m(eo,;—) = (qbfz,; - Z,m) .

DN | —
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Proof. By Frobenius reciprocity,

TF,(r) =g = > tulgg™) - 1r (9)>

ges

1 : !
¢ itg e Iw(l,()I*
= ngtw(g,): ’ .

0 if not

= to.

Recall that the unit edge eng is identified with the coset [* and with its characteristic
function 1+, while the function ¢,, is identified with the linear combination % (gb’fbjg1 — ﬁ%)

of edges of A. Hence we also have

O7 , —
T’r]f,m(eo,ii_) = (¢Z,; - fb,m) :

DO | —

We will move freely between the two points of view depending on the context.

4.2.3 Products in H(G, I*) and in H5%(G, I*)

The product in HS(G, I*) is casy to describe: an clement T € H5(G,I*) is an R[G)-
equivariant endomorphism of ind?i(l r+). Hence if T)T" € H%(é,[ *), the product 7" - 7"
is the composite endomorphism 7 o T” of indIG:(l ).

Since it will sometimes be more convenient to compute products in the convolution
algebra H%(é, I"), we give an explicit formula for the convolution of two basic genuine
functions t,,, t,s. Recall that for w € ST, we have defined

tw =

(Lpewre — Lrmw(,—1y1+) -

N | —
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Lemma 4.2.6.

where

Let w, w'" € ST. Then

Cooyw = I\ Tw™ (L O w" N W' T

Proof. The standard convolution product on HR(C?, I*) is given, on characteristic functions

of I*-double cosets with representatives in W, by

1!
lpwr - Yy = E cg,wflf*w/q*,
w”"eWw

where ¢, := |I*\ I"w™' I*w” N I*w'I*|. Note that the index ¢, is nonzero in Z if and

w,W

only if I*w"I* C I*wI*w'I*. Since I"w(1, —1)I*w'(1, —1)I* = I"wl*w'l*, we have

w// w//

cw(l,—l),w’(l,—l) = Cyuw's

and since wl*w(1,—1)I* = Fw(1l, —1)[*w'T*,

w// 1"

cw(l,—l),w’ = Cw,w’(l,—l) :

Then 1psyp + 1w = 11*w'(1,—1)l* : 1I*w(1,—1)1* and 1y, ps - 1[*w(1,—1)]* = 1I*w/(1,—1)1* :

1reyr+, SO

tw/ . tw == Z(ll*wll* . 11*11)]* - 1]*11)’1* . ]-I*w(l,—l)l*
— Y~ Lrewrs + 1w a—nyr - Lrew@,—1)1+)

(Lrewrre - Lirwrs = Lpewrre - Lpsw(i,—1)r) -

N —
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By definition of the convolution product in HR(CNJ, I*), this is equal to

1 17 "

E : w § w

5 Cw,w’ 11*10”1* - Cw(l,—l),w’ 11*11)"1*
w" eW w'eWw

1 1 1!
= Z §<C$’wl - Cﬁ(l,—l),w’) (1I*w”l* — lf*w”(l,—l)l*) s

w'’eS+t

which by definition of ¢, is equal to

w// w//
§ (Cw,w/ - Cw(l,fl),w’) Ly

w'’eSt

4.2.4 Double-coset decompositions in SL,(F)

Recall the ITwahori decompositions of I C G from (1.6):
I=UNDHTOp)UNI) =UNHT(Op)(UNI),

where U is upper triangular unipotent subgroup of G and U’ is the lower triangular unipotent

subgroup. The extension defining Gis split over [ since I C K, so the Iwahori decompositions

lift to G:
= (UND(TNK)U NI)* (first Iwahori decomposition in G);

I*= U NnDYTNK)UNI)* (second Iwahori decomposition in G)

Note that the preferred section 6 is trivial on U’ as well as on U, so both (U N I)* and
(U'NI)* are contained in G x {1}.

Lemma 4.2.7. The following commutation relations hold in G.

1. For k>0, (U NI)*h(r)™* C h(m)*U' NI)*
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2. fork <0, h(m) MU' N I)* C (U NI)*h(r)*;
3. for k>0, h(m)"8(UNI)* C(UNI)*h(r)7F;
4. fork <0, (UNI)*h(x)™" C h(x) (U NI)
o (U'n ) w(=1) Cw(=1)UNI)%;
6. w(=1)U"NI)* < (UNI)yw(=1);
7. for k>0, (UNI) w(=1)h(m)™ C w(=1)h(m) (U N I)*;
8. for k>0, w(=D)h(m) U NI)* C (U NI)*w(=1)h(r)*
9. fork € Z, w(—1)h(m)Fw(=1)h(r)* = (=1, (t*, 7) p);
10. for k € Z and a € OF, h(m)*h(a) = h(a)h(r)~*;
11. for k € Z, w(—=1)h(m)kw(=1) = h(m)* (=1, (=1)*5)).

Proof.

(1) and (2) follow from the calculation
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(3) and (4) follow from the calculation

(25 ((2))
(57
AL ) o)

(5) follows from
(6) follows from

()

(7) follows from
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(8) follows from

L O(=k)* (=1, 7)F

(10) is true since 7" is abelian.
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(11) follows from the calculation w(—1)h(rm)*w(—1) =

0 1 k0 0 1
1 , oK) 1
-1 0 0 r* -1 0
0o 7" . 0 1
= 7¢(k)(_177r>F al
—7F 0 -1 0
— gk 0 X
= 7¢(k>(_1777 )F
0 —k
-1 0 7 0
= 1 (k)
0 -1 0 n %
-1 0

]

Next, we find I*-double coset decompositions in G of the following products, using the
commutation relations of Lemma 4.2.7 and Iwahori-Matsumoto’s I—double coset decompo-

sitions in G from (1.1.2):

Lemma 4.2.8. 1. If k and j are both > 0, or if k and j are both < 0, then
I*h(r) I h(7) T = I*h(r) "B 1,

2. I"w(—=1)I*w(=1)h(x) "' 1* = I*h(7) " ",
3. I'w(—1Dh(r) "\ Iw(—1)I* = *h(r)(1, (1)) I*.
4. For k>0, I"w(=1)h(7) " I*h(7)~*I* = I*w(=1)h(7)~F+FD >,

5. For k <0, I*w(=1)I*h(n)~*I* = I"w(—=1)h(x)~*I*.
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6. I*w(—1)I"w(—1)I* = I* I I*w(—1)I".

7. I*w(=1)h(m) " T*w(=1)h(r) 1T =
I*(1, (1)) I I'w(—1)h(x) " T* I Iw(—1)h(x) "1, —1)I*.
Proof. 1. First suppose k, j are both > 0. By the first Iwahori decomposition in é,
() F P h(m) 1 = Ih(x) ™5 (U 0 DT 0 1)U N D h(r) T
By (3) and (10) of Lemma 4.2.7,
Fh(n) (U N DTN I)U NI h(x) ™1 C Ih(x) U N1 h(x) T,
and by (1) of Lemma 4.2.7,
I'h(m) (U N D)*W(m) T € I*h(m)"h(x) T = I*h(x)"*H T~

Conversely, I*h(m)~* ) [* ¢ [*h(m) FI*h(m) I T*.

When £, j are both < 0, we use the second Iwahori decomposition in G:
() * I h(x) 1 = Ih(x) (U 0 DT O 1)U N1 h(r) T
By (2) and (10) of Lemma 4.2.7,
Fh(n) (U N DT N I)U NI h(x) T C Ih(x) U N D h(x) 7T,
and by (4) of Lemma 4.2.7,

Ih(m) (U N D*h(r) T € I'h(x)  h(r) T = I"h(x)~*D 1,
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Again we have the reverse inclusion I*h ()~ ) [* C I*h(7)FI*h(m) I T*.

. By the second Iwahori decomposition in G ,

Fw(=1) I w(=1)h(x) " = Fw(=1)(U' N D) (T N IYU NI *w(=1)h(x) " T*
By (6) and (10) of Lemma 4.2.7,
Fw(=1)(U' N DTN IYU N w(=1)h(x) "1 C Fw(=1)(U N D *w(—1)h(x) " T,
and by (7) of Lemma 4.2.7,

Fw(=1)(UNI)*w(=1)h(r) ' I* C I'w(=1)*h(x) ' T* = I*h(x) ' T*.
Conversely,
I*h(m) T = Fw(=1)*h(r) ' T C Fw(=1)Fw(—1)h(r) T

. By the first Iwahori decomposition in é,

Fw(=1D)h(m) ' Tw(=1)1* = IFw(=1)h(x)" YU N D (T N I)U' NI w(—1)T*
By (8) and (10) of Lemma 4.2.7,
Fw(=D)h(@) YU N DTN IYU N w(=1)I" C Fw(=1Dh(x)" (U N 1) w(=1)I*
and by (5) of Lemma 4.2.7,

Fw(=1)h(m)" YU N D*w(=1)I* C Fw(=1)h(r) tw(=1)I*
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The reverse inclusion I*w(—1)h(m)  w(—1)I* C I*w(—1)h(m) ' I*w(—1)I* is clear, so
IFw(=Dh(m) w(=1)I* = I"w(=1)h(r) " Tw (1)1,
and by (11) of Lemma 4.2.7,

g—1

Fw(=1)h(r) w(=1)I* = Ih(r)(1, (—1) )"

. By the first Iwahori decomposition in é,

Fw(=1)h(m) T h(x) 1 = Fw(=1)h(x) "N (U N D) (T N YU NI h(x)* 1
By (8) and (10) of Lemma 4.2.7,
Fw(=D)h(@) " (UNDNT AU N h(x) 1 € Pw(=1)h(x)" (U N I)*h(x) 1%,
and by (1) of Lemma 4.2.7,
Iw(=Dh(m) "YU N I)*h(x) ™ 1 € I'w(=1)h(x) " *h(x)*1* = I"w(—=1)h(x)"*+D 1,

Conversely, I*w(—1)h(m)~ V1" C I*w(=1)h(m) " I*h(m) " I*.

. By the second Iwahori decomposition in G ,
Fw(=1)I*h(m) T = Fw(=1)(U' N 1) (T N 1)U NI h(x) ™+ 1.
By (6) of Lemma 4.2.7,

Fw(=1)(U' N DTN IYU N h(x) ™ 1" € IFw(=1)(T N I*)U N I)*h(x) T,
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and by (4) and (10) of Lemma 4.2.7,
Fw(=1)(T N IYU NI h(x) ™1 € Fw(=1)h(x)~* 1.

Conversely, *w(—1)h(m) " 1* C I*w(=1)I*h(7)~*I*.

. Since the extension defining G is split over K and we have both I* € K* and w(—1) €
K*, the product I*w(—1)I*w(—1)I* is equal to O(Pr([*w(—1)I*w(—1)I*)) where 0 is

our preferred section G — G*.

We have Pr([*w(—1)*w(—1)I*) = IsIsl. By (1.1.2),
Islsl =T111sl,

so I*w(—1)*w(—1)I* = 0(I) L O(IsI) = I* 11 [*(—1, D)w(—1)I*. = I* I [*w(—1)I*.

. The projection of the product I*w(—1)h(7) *I*w(—1)h(7)*I* to G is
Pr(IFw(=1)h(m) ' IFw(=1)h(r) ") = Isay ' Tsag 1.

By (1.1.2),
Isag ' Isag'l = I Isag 1.

If w € S satisfies I*w'I* C Iw(—1)h(r) ' T*w(=1)h(r)"'T*, then Pr(w’) = 1 or
Pr(w') = —sagy’, and hence w’' = (1,41) or w' = w(—1)h(7)"1(1,£1). So to prove
the statement, it suffices to show that I*w'I* C I*w(—1)h(r) ' I*w(—1)h(r) " I* when
w' = (1, (—l)qz;l), when w' = w(—1)h(r)~!, and when v’ = w(—1)h(7)~ (1, —1), but

not when w = (1, (—1)+).

117



We have

AN

So, working over Z, we have cfj(’ﬁ)l)h(w),l7w(_1)h(ﬂ)71 =

2 |1\ I"h(m)w(1)T*(1,¢) N T*w(—1)h(x) "I
= 2 |I'\ IPw(=1)h(r) (1, (1) =) I* N Fw(=1)h(r) " T7].

When ¢(—1)Z = 1, the intersection I*w(—1)h(m) " (1, ¢(=1) = ) "N w(—1)h(x) " T*

is equal to I*w(—1)h(r)~I*, and when C(—l)%l = —1, the intersection is empty.
Hence
. A T* _ —1 7% : — (_ =1
10 _ 2-volz(I*w(=1)h(m)~'1*) (= (-1)"= (1)
w(=1)h(m) = w(=1)h(m) = 1 ‘

if ¢ = (=17,

In particular, I*(1,¢)I* C I*w(—1)h(m) ' I*w(—=1)h(7) ' I* when ¢ = (—1)51571 but not
when ¢ = (—1)1*+'%".

It is shown in the proof of Lemma 4.3.5 that I*w(—1)h(7) ' I* and I*w(—1)h(r) "1 (1, —1)I*
are contained in *w(—1)h(r) " I*w(—1)h(r) "1 T*.
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4.3 A presentation for H(SLy(F), ")

In this section we compute relations between elements of the vector space basis given in §4.2.
Before doing so, we collect some useful facts about convolution products in Iwahori Hecke

algebras.

In [15], Iwahori and Matsumoto prove the following results for Chevalley groups:

Proposition 4.3.1. Let G be a Chevalley group over a p-adic field F' with residue field of
order q and uniformizer mw, Tg a torus of G, R the root system of G with respect to T, and
I an Iwahori subgroup of G. Let X denote the length function on the extended Weyl group of
G with respect to Tg. For x € G, let vol(IzI) = [I : I Nz~ Iz]|. Then

1. ([15], p. 44) Then the map Hz(G,1) — Z defined by
> dy - Twl =Y " dy, - vol(Twl)

(where w runs over the extended Weyl group of G and d,, € Z such that d,, = 0 for

almost all w), is a surjective ring homomorphism.

2. ( [15], Prop. 3.2) For w in the extended Weyl group of G,

vol(w) = ™).

Let Pr: G — G denote the projection (g, () — g. The following lemma is an adaptation

to our situation of an observation by Savin in the proof of [23], Prop. 6.1.

Lemma 4.3.2. Normalize the volumes of the I*-double cosets in G by setting vols(I*) =
%, so that volz(Pr=*(I)) = 1, and normalize the volumes of I-double cosets in G so that
volg(I) = 1. If w is an element of W = A x Wy, then volg(I*wI*) = Svole(I Pr(w)I).

2

Proof. Since volgz(Pr(I)) =1 = volg(I), we have

volg(Pr~'(I Pr(w) I)) = -volg(I Pr(w)I).
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The inverse image Pr=1(I Pr(w)I) is equal to the union
I'wl*UI"w(l, —1)I7,

which was shown in §4.2 to be disjoint for each w € W. Since (1,—1) is central in G, we

have
volg(I"wI™) = volz(I"w(1, =1)I"),
S0
volg(Pr—(I Pr(w) I)) = 2 - volg(I*wI*).
Thus

1
volg(I"wl™) = §VOIG(I Pr(w)I).

For an element w € W, define the Weyl length A(w) of w to be A(Pr(w)). Then
) = volg(I Pr(w)I)=2- volg(I*wI™),

where the first equality is by Proposition 4.3.1 (2) and the second is by Lemma 4.3.2.

Lemma 4.3.3. The map H5(G, I*) — Z defined by

Z Ay tw — Z 2 - dy volg(I"wI™)

weSt weSt

(where d, € Z, d,, = 0 for almost all w € S*) is a ring homomorphism.

Recall that the volumes of the double cosets Iwl were calculated in Lemma 1.1.1 for
certain elements w of the affine Weyl group of SLs(F). For convenience, the results are

listed again here: For k > 0,

1. vol(Iag*I) = ¢*.
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2. vol(Iakl) = ¢
3. vol(](—s)aak]) — g1

4. vol(I(—s)akl) = ¢*+!

5. vol(Isl) = q.

We now state the key proposition of this section.

Proposition 4.3.4. The following is a complete list of positive powers of x = TO{_1 and

y:=1T3,. Fork>1,
1. xF = (—1)’“*1T017_1 = (=1)*ta,

0 o — T§1 ifk=1
0 if k> 2,

3. (zy)k = T27f2k+1a

4 (yx)k = <_1)k%le2k,—2k+1>

5. ?/(Wﬁk = T2_kliQ,2k+1

6. x(yz)* = (—1)"3(1%177'“Jrl

—2k,—2k—1"

Proof. 1. Tolﬁ1 is the image of t,(_1) under Frobenius reciprocity, so we calculate the

convolution product

bu(-1)  tw(-1) = Z (Cﬁ(—n,w(—n - 05(—1)(1,_1)@(_1)) s

w"eS+

working with Z-coefficients until the last step of the calculation. The coefficient

1

Co(—1) (1.0 w(—1) = [T\ Tw(1)(L, O Iw” N IMw(—=1)17]
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is nonzero in Z if and only if I*w"I* C Iw(—1)(1,{)[*w(—1)I*. By Lemma 4.2.8 (6)
we have

IMw(=)I"w(=1)I" = I I"w(-1)I". (4.2)
Multiplying both sides of (4.2) by (1, —1) preserves disjointness of the union, so
Mw(=1)1,-)I"w(-)I" =I"(1,—1) I I"w(-1)(1,-1)I".

1" w//

Hence 05(71)@(71) # 0 only if w” = (1,1) or w” = w(-1), and Coo(—1)(1—1) (1) = 0 for

all w” € ST.

Since both w(—1) € K* and I* C K*, the index
Cgél_)l)@(_n = [\ F"w(1)I7]
is equal to the index ¢}, of I = Pr(I*) in IsIsI = Pr(I*w(—1)I*w(—1)I*), and
o) wen = I\ Fw() I w(=1) N Fw(-1)1|

w(—1),w(-1

is equal to the index ¢, of I's] = Pr(I*w(—1)I*) in Islsl = Pr(I*w(—1)I"w(—1)I*).

The coefficient 6;5 is easily calculated:
oy = [T\ IsI| = volg(Is]) = q,

with the last equality from Lemma 1.1.1.

We calculate ¢, by applying volg to both sides of the equation
Lror - 1por = ¢ 17 + ¢S 1t

Recall from Proposition 4.3.1 (1) that the map defined by 1, — volg({wl) is a ring
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homomorphism Hz(G,I) — Z. By Lemma 1.1.1, volg(I/s]) = q, so
volg(IsIsl) = volg(IsI)?* = ¢?,

while
ey vola(I) + ¢ vola(IsT) = c; + ¢} .a = q(1 + ¢ ).
Hence ¢* = q(1 + c; ), which implies ¢§, = ¢ — 1.

Thus, over Z, we have

and
w(—1) s
Cw(fl),w(fl) =Css =4 — 1
S0
tuw(-1) * tw(-1) = @t + (@ = Dbw-1) = —lw-1)  (mod p).
Hence T _, o Tol,_l(egf) = —Tol’_l(egf) over I, so

1 1 1
To,—1 'To,—1 = _To,—l

in H;(é, I*). Letting x = Ty _,, we have 2% = (—1)¥'z for k > 0.

) TQO’1 is the image of £,,(_1)n(r)-1 under Frobenius reciprocity, so we calculate
Lw(—1D)h(x)-1 * Lw(=1)h(m)-1 =

> (03<—1>h<w)—1au(—l)h(vr)—l - Ci,’j(_l)h(w)—l(1,_1),w(_1)h(7r)—1) -
w'esS+
We have shown that I*w(—1)h(r) ' I*w(—1)h(r) "' I* is contained in

(1, (1)) I F'w(—1)h(r) " T Fw(—1)h(r) " (1, 1),
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SO czl(/_l)h(ﬂ),l(174)7w(_1)h(ﬂ),1 # 0 for at least one ¢ € {#1} only if w” = (1,1) or
w” = w(—1)h(7)~!. The calculations for w” = (1,1) are easy to complete: we showed

in (4.1) that

. ~(T* _ —1 7% . _(_ Q;Ql
C(LC) _ 2 VOlG(I w( 1)h(ﬂ'> I ) if C = ( ]_)
w(—=1)h(m) =1 w(=1)h(r)~! g1
0 if ¢ = (—1)+

(1,9 _ @y . .
Note that Con( 1) ()L —1)h(m) -1 = Coo(—1)h(m) =1 (1,¢)o(—1)h(m)~1> SO it only remains to com-

pute the volume in the case ( = (—1)%1. By Proposition 4.3.2,
2 - volg(I*w(—1)h(r) "' I*) = volg(I Pr(w(—1)h(x)~") I) = volg(Isagy'I).
By Part (3) of Lemma 1.1.1 with ¢ = 1,
volg(Isap'l) = q.

Hence the coefficients for w” = (1,1), ¢ € {£1} are

. g—1
- B g if¢= (_1)%
Cu(=1)h(m) =1 (1,0)w(~Dh(m) =1 ~ . g1
0 if¢=(-1)"*"%.

Now we turn to the calculation of the coefficients CZE:BZE:);;(1,(),w(—1)h(7r)*1’ ¢ € {£1}.

Since the calculation is rather involved, we state it as a lemma and warn that several

sub-lemmata are contained within.

Lemma 4.3.5.

e(=Dh(r) ! _ qe(=Dh(m) ! _q—1
w(=1)h(r=1)w(-1)h(r)~? w(=1)h(r=1)(1,-1)),w(-1)h(m) ! 9
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e w(—1)h(r)~! _
Proof. By definition, Cor(=1)h(r)~1(1,0) (= 1)h(m) 1 —

I\ I*h(m)w(1)I* N Fw(—=1)h(r)  T*h(m)w(1)(1, C)‘ (4.3)
We first identify those g € G such that
(9,0)"t € I'h(m)w()I* N IFw(—1)h(7)  T*h(m)w(1)(1,¢)
for some d, ¢ € {£1}. We have the projections
Pr(I*h(m)w(1)I*) = Tags],

Pr(I*w(—1)h(7) ' I*h(m)w(1)(1,¢)) = I(—s)ay  Tays,

so if (g,06) € I*w(—1)h(x) "' I*h(m)w(1)(1, ) N I*h(m)w(1)I* for some d, ¢ € {£1},
gt € TagsI NI(—s)ag*Taygs.
Conversely, if ¢! € Tagsl N I(—s)ay Tags, then
(9,0)"" € I"w(=1)h(m) " I*h(m)w(1)(1,¢) N I*h(m)w(1)I*

for some 6, ¢ € {£1}.
We pause the proof of Lemma 4.3.5 to prove an auxiliary statement.

Lemma 4.3.6. Those g € G which satisfy

gt € TagsI N I(—s)ag ' Tags (4.4)
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are exactly those which, modulo I on the left, are of the form
g= (4.5)

with a, u, and d € OF and b € OF.

Proof. In the proof of [19] Thm. 12.3 (3’), McNamara asserts:
Claim 1. Those h € SLy(F) such that

h=t e Tagl N Isagllao

are exactly those which, modulo I on the left, are of the form
h = (4.6)

with a, d, and v € OF and b € Op.
For completeness, we prove Claim 1 here, together with an additional statement:

Claim 2. If h™' € SLy(F) is in the intersection ITagl N Isag'lag, then there is a

ok
representative / € I such that v(k) =1 and
¢ m

ok
hlelag| ?
{ m

Proof of Claims 1 and 2. If h™! € Isa; ' Iy, then modulo I on the left,
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a b
with € I. If also h™! € Tagl, then (again modulo I on the left)

T 0 J k gt knl

0 { m 2 mi

-k
where ( / € I. By definition of I, we must have v(a) = v(d) = v(j) = v(m) =
¢ m
b) > 0,

0, v( v(k) > 0, v(c) > 1, and v(¢) > 1. In particular, v(j7~') = —1 and
v(lr) > 2.
t x
Let be an arbitrary element of I. Then v(t) = v(y) =0, v(z) > 0, v(z) > 1.
y =z

Consider the valuation of the upper-left entry of the product

t x gt k! tir~t + xln  thr™l 4+ amm
y z r mm yim t + 2ln yknTl 4 2mm
Since v(zfn) > 2 while v(tjm~!) = —1, we have v(tjm—! + xfr) = —1. Hence the

valuation of the upper-left entry of h~! is invariant under left multiplication by I. So
v(—er™?) = v(jrt) = —1, i.e.,, ¢ = urn for some u € OF. We conclude that every

h € G such that b=t € Tagl N Isap ' Iay is of the form (4.6), proving one direction of

Claim 1.
_ ) br? d
On the other hand, suppose that A is of form (4.6), i.e., suppose that h =
—a —un!
a b
G witha,u,d € Op and b € Op. Then det(h) = ad—ubr = 1,501 := €q,
ur d

and the assumptions on v(a), v(b), v(u) and v(d) imply that ¢ € I. The inverse of h

: —ur~t —d . . o

is h™! = , | and the second equality of (4.7) (taking ¢ = um) implies
a br

that h™! = sagyliag € Isag'Iag. To finish the proof of Claim 1, we have to show
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that h~! is equivalent under multiplication by I on the left to an element of Iovl.
ik

Let i = | 7 denote an arbitrary element of I, i.e., assume v(j) = v(m) = 0,
¢ m

v(k) >0, v(¢) > 1, and jm — k¢ = 1, and consider the product

y gt krl br? d bym — akmw™
apt'h = =
I mm —a —un! blm3 — amm dlt — mu

Vodjrt — kun 2

If (4.8) is in I for some j, k, £, m such that ¢ € I, then h™! € Iyl as desired.

We now show that such j, k, ¢, m exist, and furthermore that we must have v(k) = 1.

o (Upper-left entry of (4.8).) Since v(b) > 0, we have v(bjm) = v(b) + 1 > 1 when
v(j) = 0, and since v(a) = 0, we have v(akn™') = v(k) — 1 > —1. Thus

v(jbr — akn™') > min(v(b) + 1,v(k) — 1)

when v(j) = 0. Since v(b) + 1 > 1, then under the condition that v(j) = 0, we
have v(jbr — akm~!) = 0 if and only if v(k) = 1.

o (Upper-right entry of (4.8).) Recall that v(d) = v(u) = 0 and, due to the conclu-
sion from the upper-left entry of (4.8), we assume that v(k) = 1. Write k = kom

where ky € Op. Then
djin™t —ukt? = (dj — uko)m
so v(djm™t — ukm™2) = v(dj — uko) — 1. When v(j) = 0, we have
v(dj — ukg) > 0,
and can get the desired bound

v(dj — uky) > 1
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by requiring that j = (y7 + uky)/d for some v € Op.

o (Lower-left entry of (4.8).) Since v(b) > 0, whenever v(¢) > 1 we have v(blr?®) >
4, and since v(a) = 0, whenever v(m) = 0 we have v(amm) = 1. Hence v(bln> —

amm) = 1 whenever v({) > 1 and v(m) = 0.

e (Lower-right entry of (4.8).) Since v(d) = v(u) = 0, whenever v(¢) > 1 we have
v(dlm) > 2, and whenever v(m) = 0 we have v(mu) = 0. Hence v(dlm — mu) = 0

whenever v(¢) > 1 and v(m) = 0.

e (Determinant.) Finally, we show that the conditions we have imposed so far are
compatible with the condition that jm — k¢ = 1. Suppose that v(j) = v(m) = 0,
v(l) > 0, k = kom for some ky € O, and j = (y7 + ukg)/d for some v € Op.
Then

gm —kl = (%—Ek())W—i- msz’

where muky/d € O}, and the coefficient of 7 is in Op. Hence jm — k¢ = 1 if and

only if both
muk mry

It is easy to satisfy the conditions of (4.9): for example, fix £ and m and take

ko = d/mu; then v = d*¢/m*u € Op.

ok
We have shown that it # = [ * is any element of I such that v(k) = 1, then
¢ m

i =opi’h €.
Then h=! = " 'ayi’ € Tapl, and moreover

&
I
{ m
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ok
for an element | * € I such that v(k) = 1.
¢ m

We conclude that if 4 is of the form (4.6), then h™' € TagI N Isa~' Iy, proving Claim
1. Now if A=t € Tagl N Isay ' Tay, then h is of form (4.6), so the half of the proof of
Claim 1 proceeding from that assumption shows that

Jj k

h_l S ICV()
{ m

-k
for some | 7 such that v(k) = 1. This proves Claim 2.
¢ m

We now turn to the proof of Lemma 4.3.6. Suppose that g € G is of the form (4.5).
Then

0 —1 a ur ! —br?  —d
Sg g g 5
1 0 b2 d a urn !

which is of the form (4.6) in Claim 1. Hence, by Claim 1,

(s9)7' € Tl N Isap o,

-k
so by Claim 2, there is moreover an element / € I such that v(k) =1 and
¢ m
k
(sg) € Ty /
¢ m
Then
-k ok A
g ' e la / s = Tags(—s) J s = Taps / ,
¢ m ¢ m kE-m
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and since v(k) = 1, we have / € 1. Hence
E-m

gt € Tapsl.
And since (sg)~! € Isay'Iayg as well, we have
gt e Isag'lags = I(—s)ay  Taygs,
S0

gt € TagsI NI(—s)ay Tag,

which proves one direction of Lemma 4.3.6.

Conversely, suppose that g € G satisfies g=' € Tagsl N I(—s)ay Tags. Then, since
aps = sap ', taking £ = 1 in Part (3) of Lemma (cite ch. 1 decomps) we get the left

coset decomposition

1 0
Tagsl = H Tags
yeORU{0} ym 1
Hence
. 1 0
g € lags
yr 1
for some y € Of U {0}. Then
. 1 0 -1 —yr
s € lags s=layg C logd.
(sg) 1 1 Tagl
ym 1 0 -1

And g7! € I(—s)ay ' Iaps implies that
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so we have

(sg) ™ € TapI N I(—s)ag Tay.

Then by Claim 1, up to multiplication by I on the left we have

br?  d a urt
g=—:5 = )
a ur! —br?  —d
which is of the desired form (4.5). This completes the proof of Lemma 4.3.6. O

We now return to the proof of Lemma 4.3.5. By Lemma 4.3.6, the ¢ € G such that

g7t € TagsI N I(—s)ay ' Tags are exactly those of the form

a um
g =
b2 d
for some a, d, u € O and b € Op.
a ur?
Next, fixing g = , with a, d, v € O and b € Op, we identify ¢ and
br d

¢ € {£1} such that

(9,0)"t € Fw(=D)h(mx) ' I h(m)w(1)(1, ) N I*h(m)w(1)I*.
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Define the following elements of I*:

‘ ut 0

1 = 5 (U, 7[_)F
—dm u

1 0

ig - ) 1 )
—au~ 't 1

. d —=b

13 = ) (CL, 7T)F
—ur a

Then (using the fact that det(g) = ad — ubm = 1, as well as the fact that the Hilbert

symbol on F' is unramified) we calculate i1(g, d)is =

ut 0 a ur !
,(u,m)p L0
—dm u b2 d
4
uta 71! 1
5(u W)F(d, b7T)F
-7 0 —au
wla w1t 1
O(u,m)p(d, ™)
—T 0 —au~
\
4
0 =« !
,5('&, 7T)F(d7 bW)F if b 7£ 0
-7 0
0 =t
LO(u, ) p(d, ) p ifb=0
-7 0
\
(
w(—1)h(m) (1, 6(—ud, 7)p(d, b)) it b#£0,
\w(—l)h(ﬂ)_l(l, d(—ud, m)F) ifb=0.
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Thus

(4.10)

Fw(=1)h(m) Y1, 0(—ud, m)p(d, b)) I*  ifb+#0
(9,0) €
Fw(=1)h(r)" Y1, 6(—ud, m)p) I* if b= 0.

We have
(0.5)" (974, 6(br%, —bn?)p) = (g74,6) ifb#£0
g, —
(97',6(d,a)p) =6(g7", 1) ifb=0,

u  dr ! d —b
,6(&, bﬂ-)F ) (a7 Tr)F if b 7£ 0,
—ar  —bw —ur  a

w(—=1)h(m)"1,6(=1,7)p(a,b)p) ifb#0

| w(—1)h(r) (1L, 5(~1,7)) i b= 0.
Thus
I"w(—=1)h(m) "Y1, 6(=1,7)p(a,b)p)I*  ifb#0
. lw(lw)le{ (= 1)h(m) (1, 6(=1, 7 (a, b)) A0
Fw(=1)h(r) (1, 8(=1, 7) s T* i b—0,
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Hence, by (4.10) and (4.11), we have tw(_l)h(w)fl(lj_l)(g, J) tw(_l)h(w)q((g, ) tw(=1)h(r)™ ) =

S, ) D)e - 0(-1 W) (o, D) = (udm)plad b 00,

(—ud,m)p - 6(=1,m)p = (ud, 7)p if b =0.

The value of ngjgzgij(1,(),w(—1)h(7r)*1 is equal to the volume of the union of left I*-
~ a ur!
cosets represented by those (g,0) € G such that g = , with a, d, u € Of
b d
and b € Op and such that the value of (4.12) is equal to (. We will now show that

Jo(=Dh(r) ! _ qw(=Dh(m) !
w(=Dh(m) = w(=Dh(r) = T Cw(=Dh(m) =} (1~ w(-1h(r) 1

i.c., that (4.12) takes the two values £1 on equal volumes in G.
Fix b € Op, and note that if b # 0, then for any a, d € O} we have
1 if 2|b
(ad,b)p = (ad, 7°®)p =
(ad,7)p if 2 fb.
Hence the value of (4.12) depends on a, u, d, and b as follows:

p

(ud,m)p if b# 0 and 2|b

(412) = § (ua,7)r ifb#0and 2 fb

(ud, m)p ifb=0.

\

Note that, when b € Op is fixed, we have the freedom to choose any two of a, d,
u € OF to define

a Uﬂ'il

g =
br?  d

Hence as a, u, and d run over O such that this g is in G for the fixed choice of b,
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the first argument of the Hilbert symbol in (4.12) (corresponding to the valuation of

b) runs uniformly over Oy. Then, since
{r €O : (x,m)p =1}

has index 2 in Op, the value of (4.12) is equal to 1 on half of the total volume of the

a Uﬂ'il

union of left I*-cosets represented by (g, d) with g = , € G (with fixed
b d
b € Op and with «a, d, v € O}), and is equal to —1 on the other half. Since this holds

for each b € Op, we conclude that

w(—1)h(r)~1 w(—1)h(m) "

Co(=1)h(m) L w(=1h(m) 1 = Cw(=1)h(r)=1(1,~1)w(=1)h(r)~1"

Since the two coefficients are equal, for each ¢ € {£1} we have
|7\ I*h(m)w(1)I* N Fw(=1)h(r) ' Fh(m)w(1)(1,¢)| = %|I \ TagsI N Isay Tays|,
so to finish the calculation it suffices to show that
[T\ TapsI N Isay Tags| = q — 1.

Consider the convolution product

—1

) 1 sag
]‘Isao_ll ]‘Isao_ll - Csaal,saalll + Csa(;l’saal]‘lsao_ll (413)

in Hz(G, I), and note that

c =TI\ TagsI NIsay'I| =|I\ Isag'I| = volg(Isay '),
0

sag L8

-1
=TI\ TagsI N Isay Tays|,
0

sag 8¢
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Applying the ring homomorphism volg : Hz(G, I) — Z to both sides of (4.13), we have

(Vol(;(]sozgll))2 =cl 1 avolg(I) + csai _ volg(Isag'l). (4.14)
0

S0 S8 s 80

By Part (3) of Lemma (cite ch. 1 volume calcs) with £ = 1, we have volg(Isag'l) = ¢
while volg(7) = 1, so the equation (4.14) becomes

2 sag !
q - q(l _I_ CSOLQI sail)'
0 20
Thus
sa%l,sa v =q-1
S0
Q=D ! _q—1
w(=Dh(m) = (LOw(=Dh(@) = — 9
for each ¢ € {£1}. This concludes the lemma. O

We now return to the calculation of the convolution product £,—1yn(x)-1 * tw(=1)am) -1 :

Lw(=1)h(m)~1 Tw(=1)h(r)-1 =
(171) 171) t
Co(=Dh(m) L w(-1)h(x)-t — Cw(=1)h(x)=1(1,—1)w(—1)h(x)-1 ) L(1,1)

()L w(—Dh(r)=1 — Cw(~1)h(r)- (1,71),w(71)h(ﬂ')_1) tuw(—1)h(m)1

w(—1)
- qg—1 q—-1
= ((—1) 2 q) ta + (T - T) tuw(-1)h(m) !
-1
= ((=1%q) tay =0 (mod p)

Thus the product t,_1)ax)-1 - tw(—1)nm-1 is equal to 0 in H;(é, I*); equivalently,
Ty, o Tgl(egf) = 0 over F,. Hence Ty, Ty, =0in H;(é, I).
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3. We first show that xy =T, 01’_1 o T20’ =T 2_31 The corresponding convolution product is
bu(-1) * bw(-1)h(m)—1 = Z (Cg(q),w(q)h(w)—l - 03(71)(1,71),w(71)h(ﬂ)—1> .
w’eSt

By Lemma 4.2.8 (2),
IFw(=1)Fw(=1)h(x) ' 1* = I*h(x) T,
so for w” € ST, we have

1 if¢=1and w" = h(m)™!

Cop(—1)(1,0) aw(—1)h(m) 1 =
0 otherwise.

Thus

tw(=1) * Lw(=1)h(x)-1 = ta@m)-1,

and tj(z-1 corresponds by Frobenius reciprocity to T: 2_31

Now we show that (zy)* = (T54)" = Tz_,f%ﬂ for all k > 1. The base case k = 1 is done;
suppose that for some k > 1 we have (xy)f =T 22’,621@ +1, and consider T 271451,6214: 1 oTzfgl. The

corresponding product in H;(é, I") is

by “lh(m-1 = Z (Cg(ﬂ)_k,h(ﬂ)_l - c}?(fr)_k(l,fl),h(w)%) Lot
w’eS+

By Lemma 4.2.8 (1),

I'h(m) * 1 h(x) T = I*h(x) "D 17,
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so for w” € ST,

1 if ¢ =1and w” = h(r)" "+

Ch(m) =R (1,0)h(m) =1 =
0 otherwise.

Thus
bh(m)—+ * ta(m) =1 = Lp(m)— (k1)

which implies that

—k 1 (k1)
Tores1 © Toz = Toginynes1)+1

in ’H;(é, I*). So by induction,

(xy)k = (T2_31)k = Tz_kl,gzkﬂ

for all &k > 1.

. We will first show that yz = T3, o Ty _; = (—1)L§1T}2771. Calculating in Hg(é, I,
buw(—1)a(m) 1+ tw(-1) = Z <C$(—1)h(7r)*1,w(—1) - CZ(—l)h(ﬂ*)*l(l,—l),w(—l)) 28
w'est

By Lemma 4.2.8 (3),

g—1

Iw(=1)h(r) w(=1)I* = I*h(r)(1, (1) =2 )I*.
Hence for w” € ST,

, 1 if ¢ =(-1)"2 and w" = h(n)

Coo(—1)h(m) 1 (L) an(~1) =
0 otherwise.

Then

q—1

tw(—1)h(m)-1 * tw(-1) = (—1) 7 tae), (4.15)
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which implies, via Frobenius reciprocity, that in ”H;(CNJ , I*) we have

g—1

T20,1 © Tol,—1 = (_1)7Ti2 1

Next we show that 7%, ., oT!, | = T’_“;r<%€+1)7_2(k+1)+1 for all k > 1. The relevant

convolution product is
i)k~ thir) = Z (Clwu(q),w(q)h(w)—l - 05(71)(1,71)@(71)11(#)—1> .

w'eS+t

By Lemma 4.2.8 (1), I*h(m)*I*h(7)I* = I[*h(m)*1I*, so for w” € ST,

1 if ¢ =1and w” = h(m)kH!

1

Ch(m)k(1,0),h(r)

0 otherwise.

Hence

Uh(ryk * thix) = Ch(myk+t,

which implies that

— Tk+1

k 1
Tk, oky101 5 4 —2(k+1),—2(k+1)+1

for all £ > 1. By induction on k,
(TiQ,—l)k = Tk2,—1 (4-16)

for all £k > 1.

Now, by (4.15) and then (4.16),
(yl’?)k = (_1)k%(Ti2,—1)k = (_1)k%szkz,—2k+1'

5. By Prop. 4.3.4 (3) above, y(zy)" = T3, o T2_kl,€2k+1 for all £ > 1. We calculate the

140



corresponding product in H;(CN}', I"):
bu(~1)h(m)—1 'th(ﬂ)”“ - Z (Cz(fl)h(w)fl,h(w)*’“ - Cﬁ(fl)h(w)*l(1,—1),h(7r)fk> Lo
w"”eS+

By Lemma 4.2.8 (4),
Iw(=1)h(m)  Frw(=k) I = Iw(=1)h(x) =),

SO
1 if ¢ =1and w” = h(m)~k+)

1"

Cu(—1)h(m) =1 (1,0),h(m)~F =

g

0 otherwise,

which gives the result

tw(—l)h(ﬂ')—l . th(ﬂ-)—k — tw(—l)h(ﬂ')*““JFl)‘ (417)

Applying Frobenius reciprocity to both sides of (4.17), we get

0 —k ek
T2,1 © T2k,2k+1 = T2k+2,2k+1a

s0 y(xy)F = T5lt 5 9,1 as desired.
. By Prop. 4.3.4 (4) above,

q—1

a-1 g=1
f(yx)k = Tol,—1 o (—1)k 2 T]—C%,—Qk—i—l = (‘Uk 2 (Tol,—1 o T]—CQk,—Qk-&-l) .

We compute the convolution product in H;(@ , I*) which corresponds to Ty _;0T%y, o4

1" w//

bu(-1) © tp(mye = Z <C$(—1),h(7r)k - Cw(—1)(1,_1),h(7r)k> .

w'eSt
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Since k > 0, Lemma 4.2.8 (5) gives
Iw(=1)I*h(n)* I = Iw(=1)h(m)* I,
so for w” € ST,

" 1 if ¢ =1and w”’ = w(—1)h(r)"

Cu(=1)(1,0)h(m)F = _
0 otherwise.

Thus

bw(=1) O tp(m)e = Luw(—1)n(m)k>

which implies by Frobenius reciprocity that

1 k _ k+1
To,f1 o T72k,72k+1 = T—Qk,—zk—l'

Hence

a-1 a=1
f(yx)k = (‘Uk 2 (Tol,—1 o TE%,—%H) = (_1)k 2 Tf;kl,qkq-
O

Theorem 4.3.7. The genuine mod p Iwahori Hecke algebra H;(é, I*) is generated by x :=
Tol’_1 and y = TQOJ, and the algebra has the following presentation as a noncommutative

polynomial algebra:

Ho(G,I7) = Fylw, y)/(2° + 2, 4°). (4.18)

Proof. Consider the F,-linear homomorphism
Fy(z,y) — H5 (G, T) (4.19)

defined by

1 0
T > Toﬁ17 Yy — TQJ.
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Since (Ty _,)*> = =T, _, by Proposition 4.3.4 (1) and (13,)*> = 0 by Proposition 4.3.4 (2),
the map (4.19) factors through the relations 22 + x and y?. We now show that the induced
map

Q:Fylz,y)/(a* + z,y%) — ’H;(CNJ, I

is an [F,-algebra isomorphism.

An F,-vector space basis for F,(z,y)/(z* + z,9?) is given by the set

A={1z,y, (xy)", (y2)*, x(y2)*, y(zy)* i1

On the other hand, a F,-vector space basis for H;(CNJ, I*) is given (cf. Remark 4.2.3) by the

set
—k —k
B = {T2k,2k+1a T2k,2k—1}k€Z'
Proposition 4.3.4 demonstrates that the following elements of H;(é, I*) are collinear with

distinct basis elements T, , € B:

{L T()l,q, TZO,D (Tol,flOT20,1)ka (Tzo,loTol,fl)ka T20,1°<T01,710T20,1)ka T()l,flo(TzoJOTol,fl)k} (4.20)

k>1

and that each basis element T}, € B is collinear with exactly one element of (4.20). So
H;(CNJ, I*) is generated as an F,-algebra by Ty _, and T3, and the map z — Ty _;, y — 15,
is a bijection between the vector space basis A of F,(z,y)/(2* + z,y*) and the vector space
basis B of H;(é , I"). Hence (2 is a bijective map of F,-vector spaces. Since {2 was also an -
algebra homomorphism by construction, we conclude that € is an F,-algebra isomorphism.

Thus H;(CNJ, I*) has the presentation

IFP<CC7 y>/(1’2 + €, yQ)

as a noncommutative polynomial algebra over F,. O]

Corollary 4.3.8. The genuine mod p Iwahori Hecke algebra H;(ﬁg(F), I*) is not isomor-
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phic to the mod p ITwahori Hecke algebra H,(PGLy(F), Is).

Proof. If the two algebras are isomorphic, then they must have equal numbers of I_Fp—characters.
However, we will show that H;(é , I") has only two distinct F,-characters while H, (PG Ly(F), I)
has four.

We have the following presentations for the two algebras:

HE(SLa(F), I*) = Bz, y) ) (2* + 2, 9°) (Theorem 4.3.7)

H,(PGLy(F), Ig) 2 F,(a,b)/(a® — 1,bab+b)  ( [3] Prop. 7, cf. Proposition 4.2.1)

Consider an F,-character of ’H;(é, I*), by which we mean an F,-linear homomorphism ¥ :
F {z,y)/(z* + x,y*) — F,. Such a map is determined by its values on x and y, which must

satisfy
x(¥)? = x(y*) = x(0) =0 (4.21)

and

x(2)* = x(2*) = x(—z) = —x(=). (4.22)

From (4.21) we deduce x(y) = 0, and from (4.22) we deduce that x(z) is a root of the
polynomial z? + z = z(z + 1), hence x(x) = 0 or x(z) = —1. So H;(é,[*) has two -

characters,

X000, y— 0, and

X-1,0: T+ —1, y+—0.

We will call xo the trivial character and x_; ¢ the sign character of 7—[;(@, I").
On the other hand, consider an F,-linear homomorphism y : F,(a,b)/(a? — 1, bab + b) —

F,. Such a map must satisfy

x(a)* =1 =x(a®>—1) =0, (4.23)
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xX(0)*x(a) + x(b) = x(0)x(a)x(b) + x(b) = x(bab +b) = 0. (4.24)

By (4.23), we must have x(a) =1 or x(a) = —1. If x(a) = 1, (4.24) implies that

x(b)* + x(b) =0,

so x(b) is a root of z(z 4+ 1) and hence x(b) = 0 or x(b) = —1. If x(a) = —1, then (4.24)
implies that
—x(b)* + x(b) =0,

so x(b) is a root of z(1 — z) and hence x(b) = 0 or x(b) = 1. Conversely, each of the four
possibilities we have listed does define a F,-character of H,(PGLy(F), I5). We label them

as follows:

Xl’olaHl,bl—)O,
X1,-1: Q@+ 1, b— -1,
X-1,0:a+— —1, b0, and

X-1-1:a+— —1, b— —1.

Since H;(CN?, I*) has only two distinct F,-characters while H,(PGLy(F), I5) has four, we

conclude that the two algebras are not isomorphic. ]

4.4 Comparison of H(SLs(F),I*) with other Iwahori
Hecke algebras

Though the two algebras are not isomorphic, we can describe some relationships between
He (G, I*) and H, (PG Ly, Ic).

Calculating in H(PGLy(F), 1), we have ab = T goT1 5 = Ty and ba = Ty 20T o = Ty 1.
Hence there is a natural identification, in terms of correspondences on the tree of SL,, of the

generators z and y of He(G, I*) with these elements of Hy(PGLy(F), I). Identify z = Tjj
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with ba = Ty and y = T3, with ab = Ty ;; if we try to extend this to a map of H;(CN}', I*) into
H,(PGLy(F), 1), the result is well-defined on the one-parameter subalgebras of ’H;(é, I")
generated by x, by zy, and by yx, but not on the one-parameter subalgebra generated by
y, since y*> = 0 but (ab)? = —ab # 0. So ’H;(é, I*) is the quotient of the subalgebra of
H,(PGLy(F), Ic) generated by (ab,ba) by the relation (ab)? = 0, and in particular it is a
subquotient of H,(PGLy(F), Is).

Note that the subalgebra of H,(PGLy(F), Is) generated by (ab, ba) is just the Iwahori
Hecke algebra of G = SLy(F') in terms of Barthel-Livné generators: it is the algebra of opera-
tors corresponding to edges of the tree which originate at vertices lying at even distances from
the base vertex, with composition relations calculated as in H(GLo(F')). Hence it is natural
to identify H;(CNJ, I*) with the quotient of H,(G, I) by the square of one of its generators, in
particular the one sent to ab =T o when H,(G, Is) embeds in H,(PGLy(F), Ig).

4.5 Further questions

We emphasize the fact that Theorem 4.3.4 and Corollary 4.3.8 give a picture quite different
from the one in characteristic 0, where the two algebras are isomorphic. This section lists
some questions for future work; their answers should help explain the impact of Corollary
4.3.8 on the mod p representation theory of G.

The first question concerns the relationship between H;(é, I*) and ”H;(CNJ, K*). Ollivier
[20] has shown the compatibility of the Satake and Bernstein maps for split reductive groups
mod p. In that situation the Bernstein map gives an explicit isomorphism of the group algebra
of the dominant cocharacters with the center of the Iwahori Hecke algebra, so the spherical
Hecke algebra embeds as the center of the Iwahori Hecke algebra. It will be interesting to
know whether H;(é, K*) embeds in H;(é, I*), and if so whether its image is central.

Related to the spherical Hecke algebra, we would like to know whether the partial bi-
jection of unramified principal series representations can be completed in a natural way
by identifying the representation I(sgn) of G with the Steinberg representation St via the
actions of ’H;(é, I*) and of H,(PGLy(F), Is), respectively, on their Iwahori-fixed vectors.
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Likewise, we can ask whether the partial bijection we have defined using the spherical Hecke
algebra can also be defined in terms of actions of the Iwahori Hecke algebras on Iwahori-fixed
vectors.

More generally, it is not known whether the functor of [*-invariants gives an equivalence
of categories, a bijection, or neither between the category of smooth irreducible genuine mod
p representations of G generated by their I*-fixed vectors and the category of simple modules
over the genuine Iwahori Hecke algebra of G.

The previous question becomes particularly interesting when I* is replaced by its pro-p
subgroup /(1)*. Since every mod p representation of a p-adic group has a vector fixed by its
pro-p-Iwahori subgroup, one expects modules over the pro-p Iwahori Hecke algebra to give
the most complete information about the mod p representation theory. As a starting point,
one can ask for a presentation of the genuine pro-p Iwahori Hecke algebra of G and whether

the genuine Iwahori Hecke algebra embeds in it.
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