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Abstract

For a toric Del Pezzo surface S, a new instance of mirror symmetry, said relative, is introduced
and developed. On the A-model, this relative mirror symmetry conjecture concerns genus 0
relative Gromov-Witten of maximal tangency of S. These correspond, on the B-model, to
relative periods of the mirror to S. Furthermore, two conjectures for BPS state counts are
related. It is proven that the integrality of BPS state counts of Kg, the total space of the
canonical bundle on S, implies the integrality for the relative BPS state counts of .S. Finally,
a prediction of homological mirror symmetry for the open complement is explored. The
B-model prediction is calculated in all cases and matches the known A-model computation

when S = P2,
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Chapter 1

Introduction

The study of mirror symmetry in mathematics originated in theoretical physics and has, since
the 1980s, led to an intensive interaction between the two fields. An essential ingredient of
mirror symmetry is the curve counting theory of Gromov-Witten invariants. Denote by S a
Del Pezzo surface and by D a smooth effective anti-canonical divisor on it. Furthermore, let
B € Hy(S,Z) be an effective curve class. This data is associated with the genus 0 Gromov-
Witten invariants I5(Kg) of Kg, the total space of the canonical bundle on S. Local mirror
symmetry for Kg asserts that these Gromov-Witten invariants are computed via periods on
its mirror variety. Alternatively, one considers genus 0 relative Gromov-Witten invariants of
S relative to D. Such invariants are virtual counts of genus 0 curves in S with a variety of
tangency conditions along D. These are indexed by the weight partition of the cohomology
of D. One such choice governs the genus 0 relative Gromov-Witten invariants of maximal
tangency, denoted by Ng(S, D). This requires that the curves meet D in exactly one point,
thus assures that the relevant moduli space is zero-dimensional and hence removes the need
for insertions. In chapter 4, we introduce a conjecture relating these relative invariants of
maximal tangency to relative periods on the mirror to S. We call this new instance relative
marror symmetry and prove it when S is toric. A formulation of relative mirror symmetry
for general genus 0 relative Gromov-Witten invariants is under development by the author.
The proof we present for the invariants of maximal tangency relies on the following theorem,
which was proven for P? by Gathmann in [1], and then extended by Graber-Hassett to all

Del Pezzo surfaces (unpublished):



Theorem 1. (Gathmann, Graber-Hassett) With the above notation,
Ng(S, D) = (=1)"P (8- D) I4(Ks).

We explore further ramifications of this formula in chapters 2 and 5. In chapter 2 we
consider BPS state counts, which are refinements of Gromov-Witten invariants. Whereas
Gromov-Witten invariants are rational numbers in general, BPS state counts are expected to
be integers. For Calabi-Yau three-folds, of which Kg are examples, this was conjectured by
Gopakumar-Vafa in [2] and [3]. Relative BPS state counts for log Calabi-Yau surface pairs,
of which (S, D) are examples, were introduced by Gross-Pandharipande-Siebert in [4]. The
authors conjecture that these invariants are integers as well. We prove that the conjecture
for Kg implies the conjecture for (S, D). In chapter 5, we are interested in the homological
mirror symmetry conjecture for the open complement S — D. The conjecture states that the
derived Fukaya category of S — D ought to be equivalent to the bounded derived category
of coherent sheaves of its mirror Mg. Taking Hochschild cohomology on both sides yields
the expectation that the Hochschild cohomology of Mg is isomorphic to the symplectic
cohomology of S — D. As a step towards verifying this prediction of homological mirror
symmetry, we calculate the Hochschild cohomology of Mg as a module over the polynomial
ring. For P? — D, this matches up with the calculation of its symplectic cohomology by

Nguyen-Pomerleano.



Chapter 2

Local and relative BPS state counts

This chapter are the results of joint work with Tony W. H. Wong and Gjergji Zaimi. Denote
by S a Del Pezzo surface, by D a smooth effective anti-canonical divisor on it and by Kg
the total space of the canonical bundle on S. Furthermore, let 8 € Hy(S,Z) be an effective
non-zero curve class. On one side are the genus 0 degree (3 relative Gromov-Witten invariants
of maximal tangency Nz (S, D) of (S, D). On the other side are the genus 0 degree /5 local

Gromov-Witten invariants I3(Kg) of Kg. Theorem 1 relates these two sets of invariants via
N5(S, D) = (=1)"" (8 - D) I5(Ks). (2.1)

In general, Gromov-Witten invariants are rational numbers, since the relevant moduli spaces
are Deligne-Mumford stacks. Since K is Calabi-Yau, generically genus 0 curves are embed-
ded with normal bundle isomorphic to O(—1)@&O(—1). For d > 1, a degree d cover of such a
curve will contribute to the degree df invariant I;3(Kg). This contribution is quantified by
the Aspinwall-Morrison formula to be 1/d*, proven by Manin in [5]. The BPS state counts

n(p) are the rational numbers defined via

1y(Ks) = 37 MO 2.2)

k3
k|B

If all embedded genus 0 curves were of the above form, the n(/) would count actual genus 0

degree ( curves in Kg. This is false in general. It is nevertheless conjectured by Gopakumar-



Vafa that n(5) € Z for all Calabi-Yau 3-folds. This was proven in the case where Ky is toric
by Peng in [6]. On the other side, in [4] Gross-Pandharipande-Siebert introduce relative BPS
state counts for log Calabi-Yau surface pairs, of which (S, D) are examples. Assume that
is primitive and set w = D - 8. For d > 1, consider the relative GW invariant Nyz(S, D).

Adopting the same notation as in [4], we write
Ngldw] = Ngs(S, D). (2.3)

The authors consider the generating series

Ng = i Ngldw] ¢“. (2.4)

Computing multiple cover contributions leads the authors to define the relative BPS numbers

ns[dw] € Q via

o0

Ny = Zns 3 g (e (25)

Analogously to the local case, Gross-Pandharipande-Siebert conjecture that the ng[dw| are

integers for all d > 1. In this chapter, we prove the following theorem.

Theorem 2. (Garrel-Wong-Zaimi) Let € Hy(S,Z) be an effective non-zero primitive curve
class. Ford > 1, consider the two sequences of rational numbers Nqg(S, D) and I;5(Ks) and
assume that they satisfy equation (2.1) for all dB. Define two sequences of rational numbers

ns[dw| and n(d) by means of the equations (2.2), (2.3), (2.4) and (2.5). Then:
ngldw| € Z,¥d > 1 <= dw - n(d) € Z, Vd > 1.

An immediate consequence then is:

Corollary 3. The conjecture on the integrality of the local BPS invariants of Kg implies
the conjecture on the integrality of the relative BPS invariants of (S, D).

Moreover, the result in [6] on the integrality for the toric local case implies:



Corollary 4. If S is toric, then its relative BPS numbers are integers.

We prove theorem 2 in the next two sections.

2.1 A formula relating the invariants

Assuming that ( is primitive, formula (2.2) applied to df gives

S LK) a =3 3 n(h8) g

d=1 k|d

Combining this with formula (2.1) and noting that df - D = dw yields

Ns = Ns[dw]¢*
d=1

D (1™ dw Ins(Ks) ¢°

d=1

q* (=)™ dw Z %ng(%ﬁ)

1 k|d

NE

a
Il

Lemma 5. The ng[dw] are related to the n(df) by the formula

a1 (k(w—1)—-1\ d
N_Zqzk_( . )”S[zw]
=Y e Y ns()



]

Fix a positive integer m. We write the formula of lemma (5), capped in degree m + 1 and
larger, in matrix form: Let row d encode the terms in ¢¢, and let % parametrize the columns.

Then, the above m equations turn into:

R [ngldw]],=A-L-A™" [(-1)*™ dwn(d)) (2.6)

d’

where

1 i/j jw—1)—1 o
R e (P it gl
iy

0 else;
Aij = (—1)”” 7w - 5Z],

1 . o] .
1o e il

0 else.
Note that multiplying with A=! yields a matrix of determinant £1.

Notation. For a square-free integer n, let #,(n) denote the number of primes in the prime
factorization of n. Moreover, for integers k and m, write k € I(m) to mean that k divides

m and that m/k is square-free.

Lemma 6. Define the m x m matriz C' as follows. If t|s, let

— (=1)*  \#p(s/kt) [ 1\ktw k(tw—1) -1
Cuim g 2 (UM et 27)

If t does not divide s, set Cyy = 0. Then the invariants {ngs{dw]} and {(—=1)™ dwn(d)}, for

1 <d < m, are related via

O+ [nsldul], = [(~1)™ dwn(d)]

E



Moreover, C has determinant £1 and is lower triangular. It follows by Cramer’s rule that
C integral <= C~! integral.

Proof. We start by writing L = B - L - B~!, where

1 if jli,
ij =
0 else;
1
Bij = =0y

By MGbius inversion, the inverse of L is given by

(=1)#»G/3)if j)i and i/j is square-free,

0 else.

Moreover,

and

5y

SIS

((AB>71)U = (_1)“1)

It now follows from formula (2.6) that the matrix C is given by
C=AB-L' (AB)™'-R.
We calculate that

_1> (=1)w % (=1)#»/7)if r|s and s/r is square-free,
ST

0 else;



and that

(05 e (10T it

((AB)™" - R)

rt
0 else.

If ¢ does not divide s, then there is no integer r such that ¢|r|s, so that Cy, = 0. If, however,

t|s, then

Cu= 1 () (e s (T T

(s/t)? r/t—1
gy L (/) (qyew (T/E (w0 —1) =1
— () g S uen e (1T,

where the sum runs over all r such that t|r|s and such that s/r is square-free. Set k = r/t,

so that, for t dividing s,

Co = (=1)™ @ ST (1)l (g (k (twk—_11) —_ 1))

kel(s/t)
finishing the proof. [

Lemma 6 reduces theorem 2 to proving that the coefficients of the matrix C' are integers.

We show this in lemmas 9 and 10.

2.2 Integrality of C

The following lemma follows directly form the proof of lemma A.1 of [6].!

Lemma 7. (Peng) Let a,b and « be positive integers and denote by p a prime number. If

p = 2, assume furthermore that o > 2. Then

“q—1 olg —1
P = (7 . mod (p%‘).
p*b—1 p*1th—1
'In the combinatorics literature, there are a significant number of results on the divisibility of binomial
coefficients by prime powers, see e.g., [7].




In the case that p = 2 and a = 1, we have the following lemma:

Lemma 8. Let k > 1 be odd and let a be a positive integer. Then

(o) + 0 (§2)) =0 mot )

Proof. Note that

(Zka—l)_Qka—l 2ka—2  2ka—2k+2 2ka-—-2k+1

%—1) 2k—1 2k-—2 2 1
_ 2ka—1 ka-—1 ka—k+1 2ka—2k+1
T 2%k—1 k-1 1 ' 1
_ (ka—1)(ka—2)---(ka—k+1) (2ka—1)(2ka —3)---(2ka — 2k + 1)
(k—1)(k—2)---1 ' (2k—1)(2k—3)---1

~ (ka—1\ (2ka—1)(2ka —3)---(2ka — 2k +1)
_<k:—1)' 2k —1)(2k —3)---1 ’

and hence
2ka — 1 (1 ka —1
2k —1 k—1

_(ka—1 o (2ka—1)(2ka —3)---(2ka — 2k + 1)
_(k—1>((_1) i (2k—1)(2k—3)---1 )

It thus suffices to show that

(2ka — 1)(2ka — 3) - - - (2ka — 2k + 1)
2k — 1)(2k — 3)--- 1

(=1 mod (4). (2.8)

Suppose first that a is even, so that the left-hand-side of (2.8) is congruent to
(=1)(=3) - (=(2k = 3))(=(2k - 1))
1-3---(2k=3)(2k—1)
=(—1)" = (=1D)*"" mod (4),

where the last congruence follows form the fact that k£ is odd. Suppose now that a is odd.
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Then the left-hand-side of the expression (2.8) is congruent to

%(a—1)+ (2k—1) 2k(a—1)+ (2k—3)) 2kla—1)+1
2% — 1 ' 2k — 3 o 1
=1=(-1)""" mod (4).

]

We return to the proof of theorem 2. If s = ¢, then Cy; = 41 and is therefore an integer.
We assume henceforth that t|s, but ¢ # s. Let p be a prime number and « a positive integer.

For an integer n, we use the notation

p”n,

to mean that p®|n, but p®*  n. In order to show that Cy; € Z, we show, for every prime

l ’ )

then

p2a’ Z (_1)#p(s/kt) (_1)k’tw (k’ (twk—_ll) — 1) '

keEI(s/t)

Fix a prime number p and a positive integer o such that
il
p .
For k € I(s/t) to be square-free, it is necessary that p*~!|k. This splits into the two cases
k=p-l, or k=1,

where

[ € I(s/pt).
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Regrouping the terms of the expression of (2.7) accordingly yields
ST (ayhlernn (ke k(tw—1) =1\
kE—1
lel(s/pt) ke{l,pl}
Thus, it suffices to prove that for all [ € I(s/pt),

f(l) — Z (_1)#p(s/kt) (_1)ktw <k (twk—_ll) — 1) =0 mod (p2a) :

ke{l,pl}

ktw

which we proceed in showing. There are two cases: either the sign (—1)"* in the above sum

changes or not. The only case where the sign does not change is when p = 2, @ = 1, and

both ¢ and w are odd.

Lemma 9. Assume that either p # 2 or, if p= 2, that o > 1. Then

f)=0 mod (p*).
Proof. In this situation,
B pltw —1) —1 l(tw—1)—1
=" - (M)
=0 mod (pQO‘),

by lemma 7. [

Lemma 10. Assume that p = 2 and that « = 1. Then

f()=0 mod (4).
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Proof. In this case,

== () s ()

=0 mod (4),

follows from lemma 8.
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Chapter 3

Mirror geometries to P?

Broadly speaking, mirror symmetry for a Calabi-Yau mirror pair (X, X) states that the

assoclation

> mirror symmetry

X

X,

exchanges the complex and symplectic geometries of X and X. The complex side is called the
B-model, while the symplectic side is referred to as the A-model. The classical formulation
of mirror symmetry in addition produces a recipe for computing Gromov-Witten (GW)

invariants of X in terms of the periods of X, schematically:

Periods of X GW invariants of X.

The first part of this chapter consists in reviewing some of the mirror constructions
and mirror symmetry statements relating to P? and Kp2. This will serve to motivate the
result on relative mirror symmetry of the next chapter, and the result on the consequence
of homological mirror symmetry in the chapter after that. Additionally, in section 3.5 we
explore how two families of affine elliptic curves, serving as mirrors for Kp2, are related.
Throughout this chapter we emphasize an enumerative perspective. From this viewpoint,
local mirror symmetry calculates the genus 0 local Gromov-Witten invariants of P2, which
are the genus 0 Gromov-Witten invariants of Kpz. This terminology is justified by the fact

that genus 0 stable maps into Kp2 factor through P2
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3.1 Mirror symmetry statements for P? and Kp»

Denote by 6, the logarithmic differential z%. For holomorphic functions
f: A" —C,

consider the differential equation

Lf=0, (3.1)

where

L=0%+320,(30, +1)(30, + 2).

This is called the A-hypergeometric differential equation associated to P2. Chiang-
Klemm-Yau-Zaslow in [8] show that (the Taylor coefficients of) solutions of this equation,
via change of variable and analytic continuation, calculate the local GW invariants of P2
The solutions to the above equation are expressed as periods of various mirror geometries,
which in turn are based on the mirror constructions developed by Batyrev in [9] and [10].

In [8], the authors consider the family of affine elliptic curves
By = {Py(z,y) =ay —dp(z®+ 4y +1) =0 | 2,y € C*}, (3.2)

for ¢ € C* and periods of the 1-form

Resp,— (log Py)

Using the same family, Takahashi in [11] expresses mirror symmetry with relative periods.
These are integrals of the relative cohomology class % € H2(']T2,B¢;Z) over relative
homology classes in Hy(T?, By;Z). Based on [9], Stienstra in [12] proves that periods of the
family

MY = {0: 1+t1+t2+%|(t1,t2) € TQ}, (3.3)
102

for ¢ € C*, correspond to solutions of (A.1). Here, the author considers integrals over
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the cohomology class dﬁ—;y c H*(T?, Mg;Z). We show how the two families are related in
lemma 11 and proposition 13 below. Hori-Igbal-Vafa in [13] consider the related family of
open 3-folds

Z, = {xy = Fy(tty) =14ty -ty + % |(z,y) € C2, (t1,ts) € T?} . (34
102

and integrals of the holomorphic 3-form

Res dedy € H°(Z;, 7).
Ty — Fq(tl, tQ) tltg y ( 1 )

Hosono in [14] proves that these periods yield solutions to the differential equation (A.1). The
mirror to Kpe of this form was constructed by Gross-Siebert in [15], see also [16], by passing
through tropical geometry. A construction avoiding tropical geometry and emphasizing semi-
flat coordinates was elaborated by Chan-Lau-Leung in [17]. Geometrically, Mg is the fixed

locus of the C*-action on Z; given by
- (l’, Yy, tl, tg) = ()\ZL‘, )\_ly, tl, tg)

By instead taking the GIT-quotient of the same action, one gets a correspondence of the
periods of each family. This was described by Gross in [18] and thoroughly developed by
Konishi-Minabe in [19]. The latter authors describe the variation of mixed Hodge structures
on M (? and Z;, yielding a natural language for the local B-model. Denote by ¢ a third root
of ¢. After the coordinate change

ti = @i,

the family M} is described as

1
{0:1+¢<t1+t2+—) |t1,t2€@x}.
t1to
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Setting

1
Wo(ti, te) ==t +to + —,
tita

we can rewrite M g as the family parametrized by the fibers

Wo(ti, t2) = —1/9,

of the superpotential
Wy: T? — C. (3.5)

A Landau-Ginzburg model consists of a complex manifold and a holomorphic function on
it, called the superpotential. The present Landau-Ginzburg model, namely (T2, W), is the
mirror to P? constructed by Givental in [20]. In terms of periods, mirror symmetry in
this setting sets up a correspondence between oscillatory integrals on (T2, W) and Gromov-
Witten invariants of P2. Implementing the SYZ conjecture, the Gross-Siebert program relates
both sides of this correspondence to tropical disk counts of tropical P?, see, e.g., [21]. Mirror
symmetry for P? also states that the quantum cohomology ring Q H*(IP?) of P? is isomorphic
to the Jacobian ring Jac(Wy) of Wy. In terms of the homological mirror symmetry (HMS)
conjecture introduced by Kontsevich at the ICM in Ziirich (cf. [22]), this is categorified as
follows. Define M by compactifying the fibers of W, i.e.,

M = {t3ty + t115 + 15 — stytats} C PLy,

and denote by W the extension of Wy to M. The generic fiber of W is an elliptic curve
(mirror to an elliptic curve in P?) and the three singular fibers are simple nodal curves of

arithmetic genus 1. Homological mirror symmetry then predicts a set of correspondences

(M, W) «+ P2,
Complex geometry of Crit(1) <+ Symplectic geometry of P?,

Symplectic geometry of Crit(W) «» Complex geometry of P?,
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where Crit(W) denotes the critical locus of W.!' On one side, the symplectic geometry of
Crit(W) is described by the derived category of Lagrangian vanishing-cycles D Lag,.(1V),
while its complex geometry is encoded in its category of matrix factorizations MF (/). On
the other side, the symplectic geometry of P? is described by its Fukaya category JF(P?),
whereas its derived category of coherent sheaves D Coh(P?) encodes its complex geometry.

Kontsevich’'s HMS conjecture states that these categories ought to be equivalent:?

MF(W) ~ F(P?),
D Lag,. (W) ~ D Coh(P?).

The second correspondence was proven by Auroux-Katzarkov-Orlov in [23], building on work
by Seidel of [24].3 A proof of the first correspondence was announced by Abouzaid-Fukaya-
Oh-Ohta-Ono. The data of Gromov-Witten invariants is encoded by these categories as
well, albeit too abstractly to allow for calculations: Q H*(P?) is the Hochschild cohomology
of F(P?); and Jac(W) = Jac(Wj) is the Hochschild cohomology of MF(W).

3.2 The SYZ conjecture

The discussion in the previous section elaborates on an algebraic viewpoint of mirror sym-
metry. That is, we introduced different varieties that function as mirrors, i.e., their periods
calculate Gromov-Witten invariants of the A-model. These statements do not explain why
mirror symmetry holds. Enters the Strominger-Yau-Zaslow (SYZ) conjecture, see [26], which
provides a geometric explanation of mirror symmetry in terms of dualizing Lagrangian torus
fibrations. This conjecture is not expected to hold in full generality, but adaptations of it
have led to a geometric understanding of mirror symmetry. The mirror constructions for

P? and Kp2 are schematically summarized as in the diagram below. As usual, denote by D

LConcerning the second equivalence, if Crit(W) is not symplectic, the statement is adapted.

2Kontsevich originally formulated the conjecture for pairs of mirror Calabi-Yau manifolds. The statements
here are an adaptation to Fano varieties.

3See also the paper [25] by Auroux-Katzarkov-Orlov.
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a smooth effective anti-canonical divisor on P2, i.e., an elliptic curve, and denote by T the

toric divisor on P?, namely the union of the coordinate axes.

Homological

(M’ W) Mirror Symmetry (]Pﬁ’ D)
Compactification of fibers Smoothing of divisor
(T2, W) —— ™ (P, T)
C*-fixed locus 0-section and C*-fixed locus
Zq MirrorL;;iimetry KPQ ’

The geometric construction of the family Z; was carried out by Gross-Siebert using tropical
geometry in [16]. The Gross-Siebert program aims at explaining mirror symmetry in terms
of the SYZ-conjecture by passing through tropical geometry, cf. [15], [21] for P? and the
book [27]. Chan-Lau-Leung in [17] give an alternative construction of the family Z; without
passing through tropical geometry: The SYZ conjecture describes how to construct a mirror
for an open subvariety V' of Kpz. In order to get a mirror to the entire space, that mirror needs
to be deformed by quantum/instanton corrections. These are encoded by open Gromov-
Witten invariants that arise in the Lagrangian torus fibration constructed by Gross for V,

see [18].

3.3 Batyrev’s construction

In this section, we describe in more detail Batyrev’s mirror constructions relating to P2,
following the exposition of Konishi-Minabe in [19]. The families M of A.3 and Z; of A.4

are affine open subsets of the families we introduce here. Start with

3
Lyey = {(ao,al,az,ag) c C* | ayasas # 0, %o + 27 # O} ,
a

14203
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and consider the T3-action

1
()\0, A1, >\2) : (ao,@baz;a?)) = )\o(flo, A1aq, Aaag, —as),
A1

as well as the character

x: T® = CX,

Denote the associated GIT-quotient by Mc. All points of M are stable and M is identified
to P'\{—1/27} via

/V1@ — Pﬂ,

(a;) — [ag, ajaas).

For a = (a;) € Mg, define the Laurent polynomial

a
F,(t1,t2) = ag + aty + aoty + =
t1to

Denote by
M(g — Mg,

the family of affine 3-folds whose fibers are given by
{Fo(ti,ta) + 2y = 0| (t1,t2) € T?, (z,y) € C*};

and by
Za — M(C7
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the family of affine curves whose fibers are given by

{Fu(ti,t2) = 0] (t1,t2) € T?}.

Consider the affine open {ay # 0} C M with coordinate

. a1a2a3

3 )
Qg

so that ¢ parametrizes C*\ {—1/27}. This will yield the families M} and Z; with the singular

fiber removed. Consider the change of variable

(%)
—t;,

)

t; —

to get

Fo(ti,t2) = ao <1 +it i+ i) .
t1to

If ag # 0, then
M7 — C*\ {-1/27},

is given by

0:1+t1+t2+i|(t1,t2)€'ﬂ‘2 ,
t1to

as in (A.3). On the other hand, by dividing, e.g., y by ag, the family
Zy — C\{-1/27},
is described as

{xy:1+t1+t2+£|(x7y) €C27 (tlth) GTQ}a
102

which agrees with (A.4).

Remark. Two points are in order:

1. Described this way, the GIT-quotient M¢ may seem arbitrary. In fact, the authors
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in [19] start by considering the respective families over L and then consider the GIT

quotient induced by the action
Fo(ty,ta) = MoFa(Mty, Aata), (A1, Ag, Ag) € T2

The resulting families are the same as the ones described above.

2. Also, as detailed in [19], the construction readily generalizes to other toric Del Pezzo

surfaces.

3.4 Local mirror symmetry for P?

We overview the mirror construction to Kpe given by Chan-Lau-Leung in [17]. The authors
consider as complex moduli of Z; the punctured unit open disk A* with complex parameter
g. The Kéahler moduli of Kp2 is isomorphic to A* and we denote by ¢ € A* the Kahler
parameter. Denote by ¢(q) a certain generating series of open Gromov-Witten invariants.
The instanton-corrected* mirror to Kpe is any one member of the family parametrized by ¢

of non-compact Calabi-Yau varieties

{xy:1+t1+t2+ | (z,y) € C?, (tl,tg)ETz}.

9
c(q)3tits

The complex parameter ¢ € A* parametrizes the symplectic structure of Kp2. The authors

provide conjectural evidence that the map

S q
g =

c(q)?’

4The SYZ conjecture describes how to construct a mirror for an open subvariety V of Kp2. In order to get
a mirror to the entire space, that mirror needs to be deformed by 'quantum/instanton corrections’. These
are encoded by open Gromov-Witten invariants that arise in the Lagrangian fibration predicted by SYZ for
V. (More precisely, a slightly different fibration needs to be considered.)
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provides an isomorphism between the Kahler moduli of Kp2 and the complex moduli of Z;,

thus being inverse to the mirror map

G = exp(=12(q)),
where I5(g) is defined in the next chapter to be the logarithmic solution to the differential

equation (A.1).

3.5 Relating two families by coordinate change

We end this chapter by describing how the families of (A.2) and (A.3) are related. Recall

that, for ¢, ¢ € C*, these two families were given by
By ={0=uay—¢(=* +y° +1)|(z,y) € T*},

and

MY = 0:1+t1+t2+i|
a tits

(t1,t2) € TQ} :
Consider the following embeddings into projective space:

e Denote by N, C P? x C* the family given by
XYZ - (X +Y?+ 2% =0. (3.6)
e Then B, is the affine variety N, — {XY Z = 0}, so that
By C T? x C*,

By: zy—o(x® +y* +1) =0,

with affine coordinates = = %, Yy =

ST
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e On the other hand, denote by M; C P? x C the family given by

TET, + VT3 + T3 — T T, T3 = 0.

e Then Mg is the affine variety M; — {11775 = 0}. Choosing affine coordinates t; = %,

_ I
ty = Tor We get

M C T? x C*,
M) : ity + tits + 1 — Gtyta = 0.
Comparing the Weierstrass forms of each families, we obtain the following result.
Lemma 11. For ¢ € C*, ¢ # 1/27; and for ¢ € C*, § # 27, the families

Nys and Mgs,

parametrized by ¢ and ¢, have isomorphic fibers via the identification

I
3 —1/27

~3

More precisely, the isomorphism of the fibers is given by the projective change of variable
X =2V3iTi+ (3+V3i) T — (14+v34) T,
X = -2vBiTy + (3-V3i) T+ -1+ V3i) 4T,

6 ¢ qT5;

Y
A
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or, alternatively, by the projective change of variable

T, — -3 (1—|—\/§z’> ¢QX+3(—1+\/§Z'> GGY +247,
Ty =66G(X +Y)+2q7,

T35 =6 Z.

Proof. By direct verification. ]

We remove the fibers above ¢* = 1/27 and ¢* = 27, so that M; and N, have isomorphic
fibers. Moreover, lemma 11 gives an explicit isomorphism between the families. Consider

now the family N, to be embedded into P? x C*, via the map
M; — Ny C P? x C*.
We proceed to removing the divisor
{XYZ =0},

from both families. On Ny, we get the above family By with affine coordinates

Denote by A; C M; the resulting family. Since Z is never zero on A, T3 is never zero either

and we we can use affine coordinates

fy = L
1 Tg,
15
to = —.
2 T,

Lemma 12. For G € C*, ¢® # 27 and affine coordinates t; and ta, the fiber A; is obtained
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by removing the union of two lines given by
3(t1 + t2)* — 3(ty + §)(t2 + §) + 4>

This corresponds to the union of the coordinate azes xy = 0 on a fiber of By such that

S |
T = Faar

Denote by ¢ a primitive third root of unity and consider the affine coordinates x,y on
2 X 1 k
B, C T* x C*\ 2—7C]k:0,1,2 ,

as well as t1,t5 on

M) CT?x C\{27¢"|k=0,1,2}.

For T'y a 2-cycle in T? with its boundary supported in By, Takahashi in [11] considers the

o deAndy
‘[(¢) T /1“¢ -Ty )

relative periods

and shows that I(¢?) satisfies the A-hypergeometric differential equation (A.1) associated to
P2 Tt follows that (¢?) calculates the local Gromov-Witten invariants of P?. Using lemma

11 to move the above integral to the family M g , we get the following result:

Proposition 13. Denote by A; a 2-cycle in T? with boundary supported in Mg. Consider

the relative periods

/ 3v3idt;dt,
Ay 3t +12)2 = 3(t1 + ) (t2 + §) + 4%

v(q) =

Then the functions \Il((ﬁg__—ll/w), for ¢ € C*, ¢ # 0, and for various 2-cycles A4, correspond

to solutions of A.1.
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Conclusion

Starting from the family Mj;, we can either remove the divisor {71757 = 0} and consider

relative periods of % and get the result on relative periods from [12]. Or we can remove

the divisor

{(B3(T + Tn)* = 3(Ty + (T2 + ) + 4¢%) Ts = 0},

and consider the above relative periods to get the same result.
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Chapter 4

Relative mirror symmetry

The goal of this chapter is to introduce relative mirror symmetry. We start by stating the
theorem and then verify it separately for all toric Del Pezzo surfaces. In the appendix,
we describe the Gromov-Witten invariant calculations and the solutions to the system of
A-hypergeometric differential equation more explicitely in the cases of P?, P! x P! and P?

blown up in one point. Recall the notation A* for the closed punctured unit disk.

Definition. For a Landau-Ginzburg model (T? W) and z € C*, let I' = I'(z) be a coherent

choice of relative 2-cycles of the fibers of W i.e.,
[(x) € Hy(T*, W (2); Z).

Consider moreover the integrals

1Yv(x) = / wo,
I'(x)

where wy = [%] € H*(T?, W—'(z); Z). Then the relative periods associated to W and I

are defined, for x € A, by
IV (x) = iV (1/x).

Theorem 14. Let S be a toric Del Pezzo surface and let D be a smooth effective anti-
canonical divisor on it. Denote by (T2, W*) its mirror Landau-Ginzburg model and by r

the dimension of the Kdhler moduli of S. Then there is an (r — 1)-dimensional family W(f

r—1

of deformations of the superpotential W, parametrized by ¢ € (AX)™", with the following
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property. For coherent choices of relative 2-cycles
Ly = Ty(x) € Hy(T?, (W) (2); 2),

consider the relative periods
WS

where (z,9) € A* x (A*)"™L. Then these periods, via change of variable and analytic

continuation, calculate the genus 0 relative Gromov-Witten invariants of mazimal tangency

of (S,D).

Remark. Denote by Kg the total space of the canonical bundle on S. Theorem 1 yields
a correspondence between the genus 0 Gromov-Witten invariants of Kg and the relative
Gromov-Witten invariants of the conjecture. The solutions to the A-hypergeometric system
of differential equations associated to S calculate the genus 0 Gromov-Witten invariants of
Kg. Therefore, it is enough to show that, via change of variable and analytic continuation,
the above relative periods yield the solutions to the A-hypergeometric system of differential

equations.

In the next section, we review some aspects of local mirror symmetry for toric Del Pezzo
surfaces. In the sections thereafter, we prove theorem 14 separately for each toric Del Pezzo
surface. Denote by S;, for ¢ = 1,2 and 3 the toric Del Pezzo surface obtained by blowing up

P? in i general points.

4.1 Reflexive polytopes and local mirror symmetry

We start by reviewing the mirror constructions by Batyrev of [10], as well as parts of the
local mirror symmetry calculations of Chiang-Klemm-Yau-Zaslow in [8]. For a toric Del

Pezzo surface S, denote by Ag the 2-dimensional integral reflexive polytope such that

S =Pa..
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Then these polytopes are as follows. Note that the number of 2-simplices equals the number

of independent solutions to the associated system of A-hypergeometric differential equations.

P? P! x P! Si

Starting from Ag, Batyrev in [10] describes how to construct a family of affine elliptic
curves whose mirror family is induced by the dual A%. For the periods of the family induced
by Ag, Chiang-Klemm-Yau-Zaslow in [8] derive associated systems of Picard-Fuchs equa-
tions. The authors moreover show how the solutions to these equations yield, via change
of variable and analytic continuation, the genus 0 Gromov-Witten invariants of Kg. We
proceed to describing how these families of affine elliptic curves are constructed. Denote by
m the number of vertices of Ag. We label the vertices counterclockwise vy, ..., v,, starting

with the vertex at (1,0). Let moreover vy = (0,0) and set

v; = (]_,Ui), 1= 0,...,m.
Denote by r the dimension of the Kahler moduli of S. For j = 1,...,r, consider an integral
basis of linear relations {lj =1,... ,lfn)} among the v;. That is, such that

=0
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In addition, the I/ are required to span the Mori cone of Pag. This condition uniquely

determines the 17 for all S except for S3. The authors obtain the following relations:

1. For P?:
' =(-3,1,1,1).
2. For P! x P':
' =(-2,1,0,1,0), 1* = (=2,0,1,0,1).
3. For Sy:
' =(-2,1,0,1,0), * = (-1,0,1,—1,1).
4. For Ss:

ll - (_17 17 _17 17070)7 l2 = (_1707 ]-7 _]-7 170)7
I’ =(-1,-1,1,0,0,1).

5. For S3 we use the following choice:

ll = (_17 17 _17 1707070)7 l2 = (_1707 17 _17 17070)7

P =(-1,-1,2,-1,0,1,0), {* = (=1,-1,1,0,0,0, 1).

The authors furthermore describe how to obtain from this data the system of A-hypergeometric
differential equations associated to S. We do not recall it, as it is not relevant here. Never-

theless:

Theorem 15. (Chiang-Klemm-Yau-Zaslow in [8]) The solutions to the A-hypergeometric
system of differential equations associated to S compute, via change of variable and analytic

continuation, the genus 0 Gromouv-Witten invariants of Kg.

Following [19] and [10], let L(Ag) be the space of Laurent polynomials with Newton
polytope Ag. Write v; = (v}, v?). Then F, € L(Ag) if

Fu(ty, ty) = Zazt1 i
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where (t1,%5) € T? and a = (aq, - . ., a,). In the case of P? for instance, this yields

as

Fa(tl, tz) = ap + altl + (Igtg + .
11t

Moreover, F, is defined to be Ag-regular, written Fj, € L,.,(Ag), if in addition the following
condition is satisfied. For any 0 < m < 2 and any m-dimensional face A’ C Ag, the

equations

have no common solutions. Here,

’ vl w2
FaA = E altlz tQ’L .

’UiEA’

Denote by Zg — L;¢y(Ag) the family of affine elliptic curves with fibers given by
{F,(t,t;) = 0} C T2
Consider moreover the T3-action,
Fo(ti,ta) = XoFa(Aity, Aata),
where (Mg, A1, o) € T3, as well as the GIT-quotient

ZS/T?) — M(As) = Lreg(As)/Tg.
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Then each of I/ determines a T3-invariant complex structure coordinate

L
%
i=0

for S. This yields:

1. For P?:
aijaoas
ag
1 1.
2. For P* x P
a1as Aoy
21 = 29 =
2 2
0 Qg
3. For Sy:
a1a3 A204
21 = ESCEE 29 = .
o Qapas
4. For Ss:
a1as A2Qy A205
21 = y R2 = y B3 = .
QpAg Gpas apay
5. For Ss:
a,as o azas a0
21 = y B2 = y B3 = y R4 = .
oG apas apa1a3 apay

Requiring that z € (A*)", for z = (24,..., 2), determines a subset of M(Ag). Denote by
M5 — (AX)" the restriction to this subset. This yields the following list.

M =230

i+t + —
1 2 t1t2}

0

{
{
M {0
{
{

+
MEE Lty 4ty + - 2
t t2
+

1
t ty+ — ) + —
1+Zl(2 tl) t1t2}

0=14+2 t1+t1t2+t2)+ -f-
i1 tz

M

z

M

z

0=1 t tit t —_—
+2’1 1+ 1t + 2)+t1+t1t2+t2}
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We will need the following result by Stienstra. The theorem is initially stated for the family
Z, but it translates readily to the family M?. Note that the result applies more generally.

Theorem 16. (Stienstra, in [12], see also [19]) Let S be a toric Del Pezzo surface S and

consider the relative cohomology class wy = [%} € H*(T?, M?;7Z). For coherent choices

of relative 2-cycles I', € Hy(T?, M?; Z), the period integrals

Pfg(z) = /z wo,

are in bijection with the solutions to the A-hypergeometric system of differential equations

associated to S.
Combining this with theorem 1 readily yields:

Corollary 17. The period integrals Pg, via change of variable and analytic continuation,
compute the genus 0 relative Gromov-Witten invariants of (S, D), where D is a smooth

effective anti-canonical divisor on S.

4.2 Proof of relative mirror symmetry

Denote by (T2, W*) the Landau-Ginzburg model mirror to the toric Del Pezzo surface S.

Various non-zero values can be taken for the coefficients, so we set them all to 1. Then:

1
WP2(151,152) =1+t +ta+—,
tito

1 1
WPlXPl(tl,tg) — 1 —|— tl —|— t2 + - —|— )

th 1o

; 11
W2t te) =1+t +ta+ — + —,
t1 tite

1 1
WSQ(t17t2) = 1+t1+t1t2+t2+t_+t_7
1 2
S. 1 1 1
tl tth t2
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In light of corollary 17, it suffices to show that the relative periods of (T2, W*), via change of
variable and analytic continuation, are in bijection with the periods Pg. We prove theorem

14 for each surface separately.

Proof for P2

Denote by x a third root of the complex parameter z. The family

MP =d0=14t +ts+— %,
ity

after the coordinate change

t; — l'ti,

is described as the fibers
WPQ(tl,tQ) = —1/17

Note that this coordinate change does not change wy. Then

Pr(z) = It (=a%),

3

2
that is, the periods I}V ’ (x), after the change of variables z = —z*, are in bijection with

the solutions to the A-hypergeometric differential equation associated to P2. This proves

theorem 14 for P2,

Proof for P! x P!

Denote by z = (21, 22) € (A*)? the complex parameter for P! x P'. For i = 1,2 and for a

choice of square-roots ¢; of z;, consider the coordinate change

L ~ @ity
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Then the family M *F" is described as
_ 2
0=1+6 [t +1 iy t2+ .
1

1
ngxpl(tl,h) = tl -+ t_ + w (t2 + _> )
1

Define, for 1) € C*,

so that Mflxpl is given by
{0 =1+ W, F (t1, 1 }
W

For a coherent choice of relative 2-cycles T'y(z) € Hy(T?, W, 1(2); Z), relative periods are

1 1
W]P’ xXP

Y (=) A = C,

z r—)/ w
Iy (1/2)

pl xpl

'PPIXPI( ) _ Ill/vw (—Qﬁ, (¢2/¢1)2) .

Then

IW]PI x Pl

Therefore the relative periods , via change of variable and analytic continuation,

correspond to the periods PX *F' | proving theorem 14 for P! x P!,

Proof for S

Denote by z = (21, 29) € A* x A* the complex parameter for S;. By choosing a square root

¢1 of z; and by considering the change of coordinates
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the family M?>' is described by

1 Z9 1
0=1 t t —_ 4 = .
{ +¢1<1+2+t1+¢1t1t2)}

Equivalently, it is given by the fibers of

1
S _
WZ21/¢1(t1,t2) = _E7
where
v
WOty ts) i=t1 4ty + — + —.
o (1) 1+ 2+t1+t1t2

Let T'y(2) € Hy(T?, W, (2); Z) be a coherent choice of relative 2-cycles. Relative periods for

S, are

wol

Il"w (_7w>:AX _>C7

2 Wo-
Iy(1/z2)

Note that

7)51 _IW51 2 2
7 (2) = Ip ( 1722/¢1)7

w1
so that, via change of variable and analytic continuation, the relative periods I ¥ correspond
to the solutions to the system of A-hypergeometric differential equations associated to Sy,

yielding theorem 14 for 5;.

Proof for S,

The family M2, with complex parameter z = (21, 2, 23), is given by

29 %
0=1+2 (t+tita+ta) + 2+ 28,
t1 1o



37

which in turn is described as

221 231
{0:1+z1 ((t1+t1t2+t2)+—2—+—3—)}.
thl thg

Setting
W(szmbz)(tl’ to) ==t1 +tita + 12+ :i)_ll + %7
it is given by the fibers of
W ey (tists) = —Zil.

Hence

5 W2 v
PF2<Z> :Ir e (—21722/21723/21),

w2
and the periods I @192 have the desired property.

Proof for S;

Finally, denote by z = (21, 22, 20, 24) the complex parameter for the family M5 given by

V4 z zZ.
0=1+42 (t +tity + 1) + = + — + 24
| hiy b

or, equivalently by

29 1 z3 1 zy 1
O=1l+z((titttatt)+——+——t—= ).
Z1 tl Z1 tltg Z1 t2

Now,
S — ¢1 ¢2 ¢3
Wil gyt 12) = it 4 da 04 2 4 2,
yields the description of M as the fibers of
1

S p—
W(zz/zhzg,/zhz‘l/zl)(tl, t2) — _Z_l.
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Therefore

w2
PIL?Q(Z) = [r (wivzsve) (—21, Z2/2’1, 23/21, 24/21) )

which yields relative mirror symmetry for S3, and finishes the proof of theorem 14.
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Chapter 5

A prediction of homological mirror
symmetry

In this chapter, we are interested in proving a prediction of the homological mirror symmetry
conjecture for the open complement, yielding evidence for this conjecture in that setting. We
perform the B-model side calculation for every Del Pezzo surface. The calculation of the A-
model side in the case of P2, which matches our calculation, was done by Nguyen-Pomerleano

and will be published in a forthcoming paper.

Set up

Denote by S a Del Pezzo surface and by D a smooth effective anti-canonical divisor on it,
i.e., in the present setting, an elliptic curve. We additionally denote by Si the Del Pezzo
surface obtained by blowing up P? in 0 < k < 8 generic points. Note that every Del Pezzo
surface but P! x P! is obtained as such. If k < 3, then S}, is toric. Auroux-Katzarkov-Orlov

in [25] construct the Landau-Ginzburg model
Wk : Mk — Al

mirror to Sg. For S toric, we considered in the preceding chapter the Landau-Ginzburg
model mirror to (S,T), where T is the toric divisor. In this chapter though, we consider the

mirror Landau-Ginzburg model with respect of the smoothing of T" to D. According to the
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construction of [25], W}, : M}, — A! is an elliptic fibration with k+3 nodal fibers. In the case
of P! x P!, it is an elliptic fibration with 4 nodal fibers. For toric S, these elliptic fibrations
coincide with the fiber-wise compactification the superpotentials considered in the previous

chapter. We will proceed with the following abbreviations.

Notation. Denote by W : M — A! the Landau-Ginzburg model mirror to the Del Pezzo

surface S. Then M is an elliptic fibration with r nodal fibers, where 3 < r < 11.

Homological mirror symmetry for S (at least one direction) states that the derived Fukaya

category of S should be equivalent to the category of matrix factorizations of (M, W):
MF(M, W) ~ F(S).

Taking Hochschild cohomology of both categories yields that the Jacobian ring of W is

isomorphic to the quantum cohomology of S
Jac(W) = QH*(9).

We need to understand how this statement is modified when the divisor D is removed on
S. The mirror operation consists in removing the superpotential. Thus, conjecturally, M is
the mirror to the open complement S — D. The homological mirror symmetry conjecture
for S — D states that the wrapped Fukaya category on S — D ought to be equivalent to the

bounded derived category of coherent sheaves on M:
D® Coh(M) ~ WF(S — D).

Moreover, taking Hochschild cohomology on both sides yields the prediction that the Hochschild
cohomology of M is isomorphic to the symplectic cohomology of S — D:

HH* (M) = SH*(S - D).

We aim in the present chapter at investigating this statement.
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The Hochschild cohomology of M

Since M is Calabi-Yau, its Hochschild cohomology takes a particularly nice form. Denote
by Qy the cotangent bundle on M. Denote by H(Q,y), respectively by H*(€,) the sheaf
cohomology groups H'(M, Oyy), respectively H (M, Q). Denote moreover by HH'(M) the
Hochschild cohomology groups of M. Then, HH'(M) = 0 when i < 0 or i > 3, and

Indeed, as vector spaces, we have the equality
HH.(M) = @&2_RT(M, N’Qy).

This is the direct sum of the cohomology groups of the sheaves O, Qy; and A%2Q,;. Moreover,

M is Calabi-Yau and thus wy; = A2Qy; = Oy In degree i,
HH, (M) = @, H/(M, APQyy).

For ¢ > 1, the groups HY(O)s) and HY(O,) are zero as M is a fibration over Al of relative

dimension 1. It follows that
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Note that the ring structure of HH*(M) is not apparent in this description. Moreover, since
M is Calabi-Yau and of dimension 2, it follows that, after a translation of the degree by 2,
HH, is isomorphic to HH*. Hence the above description. In this chapter we compute the

Hochschild cohomology groups HH*(M ), as modules over the polynomial ring.

Two short exact sequences and identities

Denote by €2y;/41 be the sheaf of relative differentials, forming an exact sequence
W*QA1 — Qp — QM/AI — 0.

Now, 2,1 is trivial, so that W*Q 1 = O,,. Moreover, since M is smooth, the above sequence
is exact:

Denote by wy/a1 the relative dualizing sheaf, yielding a short exact sequence

0 — Qaar — waryar — HOpi — 0, (5.2)

i=1
where r is the number of nodal fibers and where the p; are the ramification points of W. As
mentioned above, wy = Oy, Moreover, wy/a1 = wy @ W*(w)y), so that wyyyar is trivial as
well. Then, R*m,(Oyy) is zero. Thus, by the theorem of cohomology and base change, for all

s € Al, the natural morphism
R'W.(On) ®c k(s) = H' (M, Oy),

is an isomorphism. As all the curves in the family are of arithmetic genus 1 (the family is
flat), H'(M,, O,) = C and therefore R'W,(Oy) = HY(M,Oy)~ = (C[t])~. By the same
reasoning, H’(M, Oy;) is free of rank 1 over C[t]. Consequently, the non-zero cohomology

groups of wyy and wyy a1 are free of rank 1 over C[t] as well.
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Cohomology of §2y//4

The short exact sequence of (5.2) turns into a long exact sequence
0— HO(QM/Al) — HO(CL)M/AI) = C[t] —-C"'—

— Hl(QM/Al) — Hl(wM/A1> = (C[t] — 0.

For principal ideal domains, submodules of free modules are free and thus H’(Q//41) = C[t].

We argue that the sequence
0— HO(QM/Al) = C[t] — HO<WM/A1) = (C[t] —-C"' =0

is exact: Elements of H’(wy/a1) correspond to the global sections of ROW,(wyr/a1). As
wiyar = Onry, ROW(wpgyar) = R'W.(Oyy) is locally free of rank 1 as well. It follows that its

global sections correspond to functions on A!. Moreover, the map

H(war/ar) = HO(] ] On,)

corresponds to evaluating a function at the W (p;)’s. Since a polynomial can be chosen to take

on any value on any number of chosen points, this map is surjective. Hence H' (/1) = Clt].

Cohomology of ),

Recall the short exact sequence of (5.1):
0—>OM—)QM—>QM/A1—>0

Since (2 is locally free, but not 2y7/41, it follows that €2, is not the trivial extension. Hence
the boundary map
C[t] = H(Qpra1) — H' (On) = Cl1],
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is non-zero. Since it is a map of C[t]-modules, it is therefore injective. It follows that (5.1)

induces the long exact sequence

I

0 — HO(Op) = CJt] — H(Qy) = HO(Qp/a1) = Clt] —

1%

— H'(On) = Clt] — H' () — H' (Quya1) 2 Clt] — 0,

so that
HO(QM) = C[t].

Now, by Serre duality in families,
H' (Qur) = H(Q); @ wagyar)” = H(9Q5,)".
Finally, as Q, is locally free, H’(Q2},) has no torsion. Thus the map
H'(On) = H' (),
is trivial,
Hl(QM) — Hl(QM/Al),
is an isomorphism and

H Q) = C1].

Conclusion

We end by assembling the above cohomology groups together.

Theorem 18. Let S be a Del Pezzo surface and denote by M its mirror, as constructed
in [25]. As C[t]-modules, the Hochschild cohomology groups HH®(M) and HH?*(M) are free
of rank 1, HH' (M) and HH*(M) are free of rank 2, and HH' (M) =0 fori <0 ori > 4.
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Appendix A

Local mirror symmetry for P?

In [1], Gathmann describes how mirror symmetry calculates the genus 0 relative GW invari-
ants of maximal tangency of P2. This result, under a somewhat different form, is stated in
corollary 20. We start by recalling some notions of the preceding chapters. Denote by 6, the

logarithmic differential z%. For holomorphic functions
f: A" = C,
the A-hypergeometric differential equation associated to P? is
Lf=0, (A.1)

where

L=0%+320,(30, +1)(30, + 2).

We start by recalling the following two families of affine elliptic curves. For ¢ € C*, in [§]

and [11] is considered the family

By ={0=azy— oz’ +y*+1)|z,y € C*}. (A.2)
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For a € M¢ = P!\ {—1/27}, the family of [12] reads as

MO = {o: 1+t1+t2—|—%|(t1,t2) € 11“2}. (A.3)
102

Finally, recall the family of open 3-folds

a
Z, = {a:y = Fy(ty,ts) =141t + 1ty + —e | (z,y) € C?, (t1,t) € T2} , (A.4)
142

which was introduced in [13]. Following Konishi-Minabe in [19], we proceed to describe how
the periods of the families Z, and M? are related. The periods of Z, are given by integrals

of the relative cohomology class

dxd
_dady

H*(T?, M?; Z,),
2y

Wo

over relative 2-cycles. The periods of M? are given by integrating the 3-form

1 dt, dty
xy — Fu(ti,ta)  tits

we = Res dzdy € H*(Z,,7Z),
over 3-cycles. Konishi-Minabe in [19] describe an isomorphism of mixed Hodge structures

H*(T?, M2, Z) = H*(Z,,7),

that sends wp to w,. This isomorphism respects the Gauss-Manin connection, which explains
why periods of wy over relative 2-cycles correspond to periods of w, over 3-cycles. On the

other hand, Gross in [18] describes an isomorphism
Hy(T?, M(?;Z) = H;(Z;,Z),
where ¢ € A*. Put together, this yields a correspondence

periods of Mg <— periods of Z;.
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We proceed by describing a basis of solutions to the equation (A.1), following Takahashi
n [11]. See also [8] and [28]. The following functions are a constant solution, a logarithmic
solution and a doubly logarithmic solution satisfying (A.1) as holomorphic functions (with

possibly one or two branch cuts) A* — C:

]1(2’)
L(z) =log z + I{”(=2),

() = Bl p)lpmo = (og 2 + -+

L,

where

ko (k)37
3

—~

P)3k k_k+
—1)" P
1+p)1§< )

£
N
=
i

NE

() =a-(a+1)---(a+k—1).

Local mirror symmetry asserts that the solutions spanned by these functions are given as both
periods of Z; and relative periods of M, g. Translating these to Gromov-Witten invariants is

achieved via the change of coordinate

q:= —exp(ly(z2)).
Indeed:

Theorem 19. (Chiang-Klemm-Yau-Zaslow, in [8]) Denote by K, the genus 0 degree d
Gromov-Witten invariants of Kp2. Written in the coordinate q and via analytic continu-

ation,

(log(
L(g) = g ZSd Kag".

Recall the notation Ny(P?, D) for the genus 0 degree d relative Gromov-Witten invariants
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of maximal tangency of (P?, D), where D is an elliptic curve. Recall also from chapter 2 the
notation np2[3d] for the associated relative BPS numbers (here w = 3). The two following
results follow from theorem 1. The first was described by Gathmann in [1], albeit from a

different perspective.

Corollary 20. With the same notation as above,

13((]) _ (log<2_q))2 o

W

(—1)*Na(P*, D) ¢

a
Il

1
calculates the genus 0 relative Gromov-Witten invariants of mazimal tangency of (P?, D).
In terms of BPS state counts, this yields:

Corollary 21.

I(g) = (1og(2—q>> _ Z(_l)dns[dw]zé(k(dw]ﬁ—_? - 1) o
d=

1 k=1
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Appendix B

Local mirror symmetry for P! x P! and

S1

Following the exposition of [8] and [19], we describe a basis of solutions to the A-hypergeometric
differential equation associated to P! x P! and S, which is the blow up of P? in one point. In
both of these cases, the complex moduli is of dimension 2, isomorphic to A* x A*. Denote

by z = (z1, 22) the complex parameter. For i = 1,2, denote by 6; the partial differential

operator Zi%. Then the A-hypergeometric differential system associated to P! x P! is of

order 2. For functions f : A* x A* — C, it reads

'le = 07
£2f = 07

where

[,1 = 9% - 221(91 + 92)(201 + 2492 + 1),

EQ == 6; - 222(91 + 92)(291 + 262 + 1)
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A basis of solutions consists of

Il
EQJ
QD
N

&
=
X
T
—~
n
s
~~
E_
Il
)
N
Il
o
Il
—
o
o
N
[
—
@]
o
N
no
+

where

HlP’l x Pt 21,%29) = Z o s
( ) 2) nq,ng9 >0 nl + n2 (nl')Q(TLQ')Q 1 2
(n1,m2)#(0,0)
P Xnﬂ(z, p) = Z (201 4 2p2)2n, +2n5 St paten

(p1+1)2 (p2+1)2,7"

n1,n2>0

The case of Sy proceeds analogously. Denote again by z = (21, 29) € A* x A* the complex

parameter. The A-hypergeometric system of differential equations associated to S is

‘le = 07
£2f - 07

for functions f : A* x A* — C, where

[,1 = Q1<91 - 02) — 21(201 + 92)(281 + 492 + 1),
£2 = 05 + 22(261 + 92)((91 — 92)



o1

A basis of solutions is given by

[1(Z17Z2) = 17
I5(21, 20) = log 21 + 2H% (21, 22),
13(21722) = lOgZQ + Hsl(Zl,ZQ),

1
=93 + aﬂl aPQ)w31 (Za P) ’01=P2=07

[4(Z1>2’2) = (2 o1

for

2ny +mny — 1)!
B9z = Y e e

o n1!<n1 — ng)!<n2!)2
ny>ng

W (21, 22) = Y (201 + p2)an s T(1+ p1 — pe)

ni,n2>0

(p1+ Dny(p2 +1)5, T(L + p1 = p2 + 11 — n2)

21

ni1+p1 z;m +p2 )
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Appendix C

Some Gromov-Witten invariants

In this appendix, we provide some Gromov-Witten invariants of Del Pezzo surfaces. We
consider local and relative invariants, as well as local and relative BPS state counts. We are
not concerned with calculations via geometric tools or mirror symmetry. Rather, emphasis is
put on how these numbers are related to each other. Denote by S; the (degree 8) Hirzebruch
surface given by blowing up P? in one point and by S, the (degree 7) Del Pezzo surface given
by blowing up P? in two general points. Alternatively, Sy is obtained by blowing up P! x P*
in one point. Denote by Kp2, Kpiypr, Kg and Kg, the total spaces of the responding
canonical bundles. Most of the computations below are performed with the open-source
software Sage. Hu proves the following formula in [29], which we use as a means of checking
some of our calculations. Let S be a Del Pezzo surface, and assume that its blowup at one
point, p : S — S, is a Del Pezzo surface as well. Denote by 8 € Hy(S,Z) an effective curve

class. Denote moreover by

n(B) :== PD(p"(PD(p)),

its push-forward. Here PD stands for Poincaré dual. Then Hu proves that the Gromov
Witten invariant of Kg of class 8 equals the Gromov-Witten invariant of Kg of class pi(53).
In examples below, pulling back the class of a line in S yields the class of a line in S
(away from the exceptional divisor) and the class of the exceptional divisor. We proceed to

introducing some notation:

o H,(P?) = Hy(Kp2) = Z. For either groups, we denote by d > 0 an effective curve class
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of degree d.

e Hy(S)) = Hy(Ks,) = Z @ Z is generated by the classes pulled back from P? and
by multiples of the exceptional divisor. We use as a basis B, the class of a line away
from the exceptional divisor, and F', the fiber class, which is the class of the exceptional
divisor. Moreover, we denote by (dg,dr) > (0,0) the effective curve class dg- B+dp-F

of degree dg + dp. In particular, the pullback of a line in P? is (1,1).

e Denote by I and I3 the classes of two lines generating Ho (P! x P!). In this setting, we

use the notation (ds, d3) to indicate the class dy - ls + d - [3.

e Consider Sy as the blow up of P! x P! in one point, denote by L, and L3 the pullbacks
of Iy and 3. Denote by E the class of the exceptional divisor. In accordance with [8],

we use the notation (dy, ds, d3) to mean
dy-E+dy- Ly+ds- Ls.

In particular, the pullback of a-1l; + b1y is (a + b,a,b).
e For whichever surface of the above surfaces, D denotes its anti-canonical divisor.

Let S, respectively Kg, be one of the above varieties and let 5 € Hy(S,Z) be an effective
curve class. Recall the notation I5(Kg) for the genus 0 degree 5 Gromov-Witten invariants
of Kg, as well as the notation N3(S, D) for the genus 0 degree § relative Gromov-Witten

invariants of maximal tangency. These invariants are related by theorem 1 as
Ns(8, D) = (=1)7(5 - D)I5(Ks).

For the Calabi-Yau threefold Kg, instanton numbers or BPS state counts n, are defined

via the equation

Ng/a
Ky=14(Kg) =) aé :
alp
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Relative invariants of P?

In [30], p. 43, the authors compute the GW invariants for Kp2. They get:

Kq
3

_ 45
8

244
9

12333
64

211878
125
102365

6

64639725
343

1140830253
512

6742982701
243

__ 36001193817
100

O |0 | N | O | O = | W | N |~

—_
e}

Now, Ng(P?, D) = (—=1)3¢-3d - I;(Kp2), so that:

Na(P?, D)
-9

_ 135
4

—244
36999
T 16
635634
T 925
—307095
193919175
49

_ 3422490759
64

_ 6742982701
9

_ 108003581451
10

O |0 | N | O | O = | W N~

—_
e}

The instanton numbers of Kpz are calculated in [8] to be:
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d Ny
1 3
-6
27
-192
1695
-17064
188454
-2228160
27748899
360012150

© [0 [ | O | O | = | W | N

—_
[a)

Applying the formulae discussed in chapter 2 yields the following relative BPS state

counts:

d n[3d]
1 -9

=27

-234

-2232

-25380

-305829
-3957219
-53462160
-749211021
-10800167040

O |0 | | O | O = | W | N

—_
e}

Relative invariants of 5

In [8], the authors calculate the instanton numbers of Kg, to be:



o6

Mapap) | dr |0 112 3 | 4 5 6
dp

0 200] 0] 0 0 0
1 10357 ] 9 | 11 13
2 0[0|-6|-32|-110| -288 | -644
3 00027 |28 | 1651 | 6885
4 0[0|0| 0 |-192]-3038 | -25216
5 0[0]0| 0] 0 | 1695 | 35870
6 000|000 0 | -17064

The result by Hu explains why the above diagonal coincides with the instanton numbers
of Kp2. We proceed to calculate the Gromov-Witten invariants of Kg,. As an illustration,
we perform a few computations by hand. For instance, K1) = n(,) = —2, since no class
divides (0, 1) other than itself. The same holds for the line corresponding to (1,4). But not

so for K(39). Indeed

TL(Q,Q) n(171) 3 45
(2= =~ F o T3 8
For the same reason as above, K23y = n(23) = —32. But not so for (2,4):
N(2,4) 11,2 ) 875
K =— 4+ 2= =_110+=-= ——.
) =T T T T3 8

Doing these calculation with the help of Sage, we get that:
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Kpae |dr | 0] 1] 2 | 3 4 5 6
dp
0 210 | 0 0 0 0
1 13 5 |7 9 11 13
45 875 5145
2 0]0|—-2|-32| -5 | —288 | 38
244 185900
3 0] 0] 0 | %% | 28 | 1651 | 183200
4 00| 0 | 0 |—28]-3038 | —25220
5 00 0 | O 0 258 | 35870
6 00 0 | O 0 0o | -5

Since

using theorem 1 yields:

Nagap | dp | 0| 1| 2 | 3 4 5 6
dp
0 6| 0 | 0 0 0 0
1 3| 18| 45 | 84 | -135 | 198 -273
2 0|0 | -2 480 | -5 | 6048 | -15435
3 00| 0 |48 -6006 | 39624 | -185900
4 00| 0 | 0 |38 82026 | -756600
5 00| 0 |0 0 | 5281 -1183710
6 00| 0 |0 0 0 | -614190

Relative invariants of P! x P!

As previously mentioned, the authors of [8] calculate the relevant instanton numbers. A

very similar calculation as above yields the following relative Gromov-Witten invariants for

(P! x P, D):



o8

ds 0 1 2 3 4 5 6
dy
0 6 0 0 0 0 0
1 6 -24 54 -96 150 -216 294
2 0 54 -390 1650 —108% 13524 -30744
3 0 -96 1650 —2%32 74676  -313728 1089132
4 0 150 —10%5 74676  -654435 4139748 ~ —4M212
5 0 -216 13524 -313728 4139748 —2390002 959947930
6 0 294 -30744 1089132 —4H2B2 950047930 — 230910916
Relative invariants of S
In [8], the authors compute the following instanton invariants:
di =2 | ds 1 2
di=0|d; 0 1|/di=1|d;s 0 1
dy
d2 d2
0
0 1 0 1 -2
1 4 5
1 1 0 1 2 3
2 5 -6
d1:3 d3 0 1 2 3
dy
dy
0
0
1 8 9
1 6 7
2 32 135 -110
2 -6 35 -32
3 -8 135 -400 286
3 7032 27
4 9 -110 286 -192
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di=5ds 0 1 2 3 4 5
da
0
1 -10 11
2 -110 385 -288
3 -110 1100 -2592 1651
4 -10 385 -2592 5187 -3038
) 11 -288 1651 -3038 1695

The symmetry is due to the fact that we pulled back our classes from P! x P!, Via similar

calculations as above, we get for the local GW invariants:

d1:2 dg 0 1 2
d1:O d3 0 1 d1:1 d3 O 1
ds
dy dsy
0
0 1 0 1 -2
1 -4 5
1 1 0 1 -2 3 15
2 5o
di=4|ds 0 1 2 3 4
di=31ds 0 1 2 3
dy
dy
0
0
1 -8 9
1 -6 7
2 -9 135 -5
2 6 35 -32 2 s
3 -8 135 -400 286
3 ro-32 % A 875 12333
9 —85 935 123
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di=5|ds 0 1 2 3 4 5
dy
0
1 10 11
2 -110 385  -288
3 110 1100 -2592 1651
4 -10 385 -2592 5187 -3038
5 11 -288 1651 -3038 22578

Applying the appropriate formula, and noting that the degree of (dy, dy, d3) is dy +da+ds,

we get the following relative invariants of (Ss, D):

di=21|ds 0 1 2
di=0|ds 0 1|/ d=1|ds O 1
dsy
dg d2
0
0 -3 0 -3 -12
1 48 -75
1 -3 0 1 -12 -27
2 =75 -108
di=3|d3 0 1 2 3
ds
dsy
0
0
1 -192 -243
1 -108 -147
2 =780 -3645 —%
2 -108 -735 -768
3 -192  -3645 -12000 -9438
3 -147 768 732 13125 110997
4 -243 === -9438 0 — =
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dy=51ds 1 2 3 4 5

da

0

1 -300 -363
2 -3300  -12705  -10368
3 -3300  -36300 -93312  -64389
4 -300  -12705 -93312 -202293 -127596
) -363  -10368 -64389 -127596 ——3%5%2
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