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Abstract

A novel spectroscopy of trapped ions is proposed which will bring single-ion
detection sensitivity to the observation of magnetic resonance spectra. The approaches
developed here are aimed at resolving one of the fundamental problems of molecular
spectroscopy, the apparent incompatibility in existing techniques between high information
content (and therefore good species discrimination) and high sensitivity. Methods for
studying both electron spin resonance (ESR) and nuclear magnetic resonance (NMR) are
designed. They assume established methods for trapping ions in high magnetic field and
observing the trapping frequencies with high resolution (<1 Hz) and sensitivity (single ion)
by electrical means. The introduction of a magnetic bottle field gradient couples the spin
and spatial motions together and leads to a small spin-dependent force on the ion, which
has been exploited by Dehmelt to observe directly the perturbation of the ground-state
electron's axial frequency by its spin magnetic moment.

A series of fundamental innovations is described in order to extend magnetic
resonance to the higher masses of molecular ions (100 amu = 2X105 electron masses) and
smaller magnetic moments (nuclear moments = 10-3 of the electron moment). First, it is
demonstrated how time-domain trapping frequency observations before and after magnetic
resonance can be used to make cooling of the particle to its ground state unnecessary.
Second, adiabatic cycling of the magnetic bottle off between detection periods is shown to
be practical and to allow high-resolution magnetic resonance to be encoded pointwise as
the presence or absence of trapping frequency shifts. Third, methods of inducing spin-
dependent work on the ion orbits with magnetic field gradients and Larmor frequency

irradiation are proposed which greatly amplify the attainable shifts in trapping frequency.



The dissertation explores the basic concepts behind ion trapping, adopting a
variety of classical, semiclassical, numerical, and quantum mechanical approaches to
derive spin-dependent effects, design experimental sequences, and corroborate results
from one approach with those from another. The first proposal presented builds on
Dehmelt's experiment by combining a "before and after" detection sequence with novel
signal processing to reveal ESR spectra. A more powerful technique for ESR is then
designed which uses axially synchronized spin transitions to perform spin-dependent work
in the presence of a magnetic bottle, which also converts axial amplitude changes into
cyclotron frequency shifts. A third use of the magnetic bottle is to selectively trap ions
with small initial kinetic energy. A dechirping algorithm corrects for undesired frequency
shifts associated with damping by the measurement process.

The most general approach presented is spin-locked internally resonant ion
cyclotron excitation, a true continuous Stern-Gerlach effect. A magnetic field gradient
modulated at both the Larmor and cyclotron frequencies is devised which leads to
cyclotron acceleration proportional to the transverse magnetic moment of a coherent state
of the particle and radiation field. A preferred method of using this to observe NMR as an
axial frequency shift is described in detail. In the course of this derivation, a new quantum
mechanical description of ion cyclotron resonance is presented which is easily combined
with spin degrees of freedom to provide a full description of the proposals.

Practical, technical, and experimental issues surrounding the feasibility of the
proposals are addressed throughout the dissertation. Numerical ion trajectory simulations
and analytical models are used to predict the effectiveness of the new designs as well as
their sensitivity and resolution. These checks on the methods proposed provide
convincing evidence of their promise in extending the wealth of magnetic resonance

information to the study of collisionless ions via single-ion spectroscopy.
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Chapter 1: Introduction

The study of ions by cyclotron resonance techniques continues to expand more
than sixty years after its introduction.! The many types of cyclotron experiments all rely
on the determination of ion mass from its inverse relationship to the measured cyclotron
frequency in a given magnetic field. Earlier ion cyclotron resonance (ICR) experiments??3
scanned through a single frequency at a time and were, thus, relatively time consuming.
The advent of more sensitive detection electronics and of fast Fourier transformation by
computers led to Fourier transform ion cyclotron resonance (FT/ICR) experiments,3
which obtain the entire frequency spectrum at once. Chemical interest in ICR goes well
beyond mass spectrometry. The ion selectivity afforded by double resonance techniques,
where certain ions are purged from the cell by ICR excitation while other ions are
monitored, is useful in observing reaction rates.57 All ICR experiments rely on the ion
trapping due to cyclotron motion. The magnetic field confines ions transversely in
cyclotron orbits, and the addition of electrostatic plates leads to harmonic axial motion.
This combination of electric and magnetic fields keeps ions trapped as long as several
seconds in typical chemical applications. To study single trapped ions, however, physicists
employ precise field configurations such as the Penning trap:® a single electron has been
trapped for as long as ten months.® Values of the Lande g factor measured with a single
electron in a Penning trap are the most accurate to date.1?

While ICR and related techniques are highly sensitive, the only observable they
measure is mass (with the exception of the single electron g experiments). Conventional
ICR thus cannot distinguish two structurally different species of equal mass. This is in

marked contrast to nuclear magnetic resonance (NMR) and electron spin resonance



(ESR), which yield a wealth of information from low-energy spectral features, but have
poor sensitivity. This is a basic problem of experimental chemical physics and extends to
other forms of spectroscopy: discrimination and sensitivity seem incompatible. This
dissertation presents the theoretical framework for a spectroscopy of ions which will use
the fine sensitivity of trapped-ion techniques to observe highly discriminating magnetic
resonance spectra. The case of ions with spin 1/2 magnetic moments is treated here for
concreteness and relative theoretical ease, but the results may be extended to more

complex magnetic characteristics and to the rotational spectroscopy of ions.

1.1 Background

The cyclotron was first introduced by Lawrence and Livingston in 1932 as a tool
for "the production of high speed light ions without the use of high voltages."! Four years
later, Penning used magnetic and electric fields to increase the lifetime of electrons within
a discharge.® These experiments provided a solid base on which the field of ion cyclotron
resonance spectroscopy was later built. Its importance in studying chemical reactions was
demonstrated in the late 1960's by Beauchamp, Baldeschwieler, and coworkers,!!-12 using
double resonance techniques® where changes in the concentration of a product ion
(monitored via the intensity of its cyclotron signal) were monitored as a function of the
energy of a reactant ion (varied by resonantly pumping its cyclotron energy). The
manipulation of ion populations in an ion trap was extended by the introduction of
resonant ion ejection as a tool for isolating interesting chemical species.” The advent of
Fourier transform ICR in 1974 brought increased speed and sensitivity to these
applications. 313

While ICR development in chemistry labs from the late 1960's on had as one of its

fundamental goals increased bandwidth in order to study ions of widely ranging masses



simultaneously, research in physics labs at the time seemed directed orthogonally: narrow-
bandwidth detection with single-ion sensitivity to measure ionic masses with
unprecedented precision. The tools developed would thus enable the metrology of
fundamental constants. The first milestone on this road ‘was the trapping and detection of
a single electron in a 6 V deep Penning trap by Wineland, Ekstrom, and Dehmelt in
1973;'* the electron was viewed as bound to the earth (through the Penning trap), rather
than to an atom, and was thus termed "geonium." This experiment, in turn, led to the
metrology of the electron spin (Lande) g factor by measuring the spin dependence of the
detected axial frequency in the presence of a weak magnetic bottle.!51617.18  This
measurement of the electron magnetic moment from geonium spectra, which earned
Dehmelt the Nobel Prize in physics, provided a dual motivation to develop the proposals
included in this dissertation: its success suggested that magnetic resonance might be
carried out on trapped atomic and molecular ions, while its technical feasibility only for
masses as light as the electron necessitated the search for greatly amplified spin-dependent
effects which culminated in schemes for extended periods of spin-dependent work on
trapped ion motions.!9:20.21

More récent developments in trapped ion physics have extended the detection
sensitivity to single atomic and molecular ions by using one of two techniques: optical
detection or electrical detection. Optical methods use laser cooling to minimize ion
motions and therefore the effects of field imperfections, increasing resolution; cyclotron
frequency measurements accurate to up to 1 part in 1013 could be possible in the future.22
The fluorescence signal from single ions with appropriate internal level structure can then
be monitored?3-2* via schemes based on Dehmelt's electron shelving.25 Optical detection is
not generally applicable, since it is limited to ions which can be made to fluoresce.
Electrical detection has the advantage of promising single-ion sensitivity for any ion given
a large enough orbit, at the expense of the relative ease with which high resolution is

available after laser cooling to the single quantum level. In electrical detection, the ion's



image current induced on the trap electrodes couples the ion to electrical circuits attached
to the trap. Pritchard and coworkers have pioneered single-ion sensitivity in molecular ion
detection, observing the axial motion of single trapped ions by using a high-Q
superconducting tank circuit to couple the ion trap to an rf SQUID.2¢ Single-ion
cyclotron resonance (SICR) measurements in a Penning trap have already been carried out
with mass accuracy AM/M = 4x10-1027 Simultaneous observation of two ions in a
Penning trap with single-ion sensitivity,2® as well as classical squeezing with parametric
drives,?® promises to extend the accuracy to a part in 1012, The magnetic resonance
methods proposed presented in this dissertation will employ electrical detection with

single-ion sensitivity and moderate resolution requirements.

1.2 Outline

The classical description of ions stored in a Penning trap is presented in Chapter 2.
The effects of superimposed field gradients are considered, with particular attention paid
to the case of the so-called magnetic bottle field gradient, %3¢ which couples spin to the
spatial degrees of freedom. Trajectory simulations via numerical integration of the
classical equations of motion are introduced as a powerful tool for characterizing and
designing ion trap experiments. Ion cyclotron resonance is described within the classical
formalism of this chapter.

Chapter 3 presents a quantum mechanical description of ion trapping which
replaces the Penning trap's normal modes with corresponding harmonic oscillators.
Position and momentum operators are thus replaced with quantum raising and lowering
operators. A strength of this quantum formalism is the relative ease with which it allows
the effect of field gradients to be considered through perturbation theory. This technique
is illustrated for the case of the magnetic bottle. The quantum operators are used to

describe classical systems by constructing semiclassical wavepackets which describe ion



motion. This treatment is used in a rotating frame calculation to derive cyclotron radius
changes due to ICR.

The experiments proposed in Chapter 4, ion orbit nudging rhrough resonance
induce cyclotron kinematics (IONTRICK), study a paramagnetic (spin 1/2) ion confined in
a Penning trap with a magnetic bottle superimposed, coupling spin and space operators.
This allows ESR magnetic transitions to be observed by monitoring changes in spatial
quantities, in particular the ion cyclotron frequency. A proposal to monitor the cyclotron
frequency change due to a change in axial energy after an induced spin transition is
presented. This idea is then extended by the use of multiple 7 pulses synchronized to the
axial motion such that spin-dependent work can be done on the ion's axial motion and
monitored through the cyclotron frequency. Results from simulations establish the
feasibility of the IONTRICK proposal, and its technical requirements and challenges are
discussed.

Chapter 5 presents a more general proposal, spin-/ocked internally resonant ion
cyclotron excitation (SLIRICE), enabling the observation of NMR transitions via electrical
ion detection. A historical precedent which provided some of the motivation for
SLIRICE, Bloom's deflection of neutral molecular beams by radiofrequency field gradients
(the "transverse Stern-Gerlach effect"),3132 is discussed. The conditions under which a
magnetic field gradient modulated at both the Larmor and cyclotron frequencies leads to
cyclotron acceleration proportional to the transverse magnetic moment of a coherent state
of the particle and radiation field are derived both semiclassically and quantum-
mechanically. The need for two additional magnetic field gradients is clarified: a
radiofrequency spin-lock field preserves spin coherence, and a static magnetic bottle
translates the spin-dependent cyclotron work into a corresponding shift in the axial
trapping frequency. Numerical simulations are employed to support the validity of the

SLIRICE proposal.



Concluding remarks are presented in Chapter 6. This is followed by two
Appendices. Appendix A describes the programs used to integrate the equations of ion
motion numerically. Appendix B describes the programs which simulate experimental
timelines analytically and allow the evaluation of expected signal-to-noise (S/N) ratios. In

each appendix, sample program source codes and run-time instructions are presented.
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Chapter 2: Ion Trapping and its Classical Description

The classical equations of ion motion in a Penning trap are presented in this
chapter. The analytical solution of these equations will be shown to yield cyclotron, axial,
and magnetron motional modes with respective characteristic frequencies. The effect of
field gradients on these modes will be addressed, with particular attention paid to magnetic
bottle field gradients. Ion trajectory simulations via numerical integration of the equations
of motion will be presented as a valuable tool to elucidate ion motion when field gradients
prevent the existence of analytical solutions. The chapter concludes with a discussion of
ion cyclotron resonance, with particular attention to the derivation of cyclotron excitation

and to experimental details.

2.1 Equations of motion

The general equation of motion of a charged particle of mass m in an
electromagnetic field (ignoring spin) is! (using the mks system of units)

%=%(E+wﬁ) [2.1]

where T represents the ion coordinates, t is time, q is the ionic charge, E is the electric

field, ¥ is the ion velocity, and B is the magnetic field. In the case of zero electric field

and a homogeneous, time-independent magnetic field B = By, ion motion is unrestricted

along the field and confined to a circular oscillation perpendicular to the field at the

cyclotron frequency,
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B
0 =q?°. [2.2]

The direction of rotation is clockwise for a positively charged ion (looking along the —Z
direction). The cyclotron motion thus constitutes a two-dimensional trap. To complete
the trapping in all three dimensions, a steady electric field is applied along the Z direction
by placing flat plates of potential Vy perpendicular to the magnetic field (at +z), such that
qVy > 0. The ion will then be kept confined to -z < z < z; as long as its axial energy is
not greater than qV,;. Conventional ICR cells utilize such flat plates to make cubic or
rectangular cells. Since the electric field near the center of these cells is nearly
quadrupolar, the axial motion is harmonic.2 Trapping times on the order of seconds can
be achieved with these relatively simple cells.

The Penning trap®43 uses three hyperbolic electrodes (two endcaps and a central
ring), as shown in Fig. 2.1, to produce a more exactly quadrupolar electric field, small
deviations can be corrected with compensation electrodes. The two endcaps are along
the two branches of the hyperbola of revolution

2 2 Pz
z :ZO+7’ [2.3a]

and the ring electrode lies along the hyperbola of revolution

g 9
2=f "Ho [2.3b]
2
The coordinate p is the radial distance of the ion from the z axis; that is,
p2 = x? +y24 [2.4]
Defining a characteristic trap dimension d by*
2
11 2, Po
d% == wb 4oL ; 2.5
i [2.5]

the electric field now takes the form



Fig. 2.1. Scale drawing of the electrodes of the Penning trap used in the single

electron experiments. Adapted from Ref 4.

E=E(§i+%9-zz). [2.6]
d
The equations of motion are
2
d?x) [o; e B
S —Zx+0.—
dt 22 dt
dzy O dx
— = Zty-0.— 2.7
dt2 2 5 Cdt [ [27]
d2
e I IS
dt )

with ©, defined as the angular frequency of the purely harmonic axial motion,

B = q—Vg [2.8]

md
The equations are solved analytically by introducing two new transverse
components of motion* or by introducing trial solutions for x and y that are superpositions
of harmonic oscillations at two different frequencies. These give equivalent descriptions
of the behavior, namely, that the transverse motion is the superposition of a fast cyclotron

motion (at a modified cyclotron frequency, ®,) and a slower magnetron motion (at the

magnetron frequency, ©_). The relevant frequencies are
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1
mizg(mciwfcog—%)?z‘). [2.9]

Introducing the transverse vectors V) such that

d : 5
> +sign(g)[o+2xp], [2.10]

where the dependence on the sign of the ionic charge has been made explicit by sign(q),
which is "+" for q > 0 and "-" for q < 0, the transverse Hamiltonian of the system can be

expressed as*

= 2 = 2
o +v(+) =y L=

o= [2.11]

m
.

2

The cyclotron and axial motions are bound harmonic oscillations. Although harmonic, the
magnetron motion is motion around a potential hill, not bound in a potential well, and

gives a negative contribution to the total energy. The relative magnitudes of the

frequencies are

04 >>0,>> 0. [2.12]
This hierarchy is typically most pronounced for smaller particles. Considering a magnetic
field of 1 T, with V, =10 V and d = 1 cm, the respective frequencies vy, v, , and v_ (with
®; = 2mv;) are 28 GHz, 21 MHz, and 8.0 kHz for an electron, 15 MHz, 490 kHz, and 8.0
kHz for a proton, and 145 kHz, 49 kHz, and 8.4 kHz for a 100 amu ion.

2.2 Modification of trapped ion motion by a magnetic bottle

In order to incorporate spin dependence into trapped ion experiments, it will be
necessary to couple spin to the spatial ion modes. This can be achieved by devising
situations analogous to the Stern-Gerlach experiment, which first established the
quantization of spin angular momentum.®?# In the Stern-Gerlach apparatus, an

inhomogeneous magnetic field coupled the spin of the valence 5s electron of silver atoms
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to the motion of the atoms in a beam, splitting the beam into two branches, one for each of
the quantized spin 1/2 orientations. A trapped ion analogy is the change in frequency of
the Penning trap modes in proportion to spin magnetic moment.>!° The symmetry of this
problem suggests the use of a cylindrically symmetric gradient. The simplest such field is

a magnetic bottle of the form*

2
AB=B, I:(zz - -"Z—Jz— zﬁ], [2.13]

where

p=xXX+yy. [2.14]
In the mks system, B, has units of T/m2, which are equivalent to G/cm2?. The reason for
the term "bottle" is obvious when a magnetic moment p is aligned along and on the z axis.

Then, the correction to the Penning trap Hamiltonian is

AH(p =0,z) = —uBy 2%, [2.15]
and, for pB, < 0, an axial harmonic potential traps the moment along the z axis.# Fields
similar to the magnetic bottle arise as inhomogeneities in laboratory magnets; the "z2"
shim coil of an NMR magnet has approximately this form.

Frequency shifts due to such inhomogeneities can be analyzed within the
framework of classical mechanics. The classical equations of motion for an ion in a
Penning trap are modified by the presence of a magnetic bottle. The extra Lorentz force

due to the bottle must thus be added to the equations of motion [2.7]. The addition of an

inhomogeneous field also introduces a spin-dependent force, Fg, given by!!
B =V(jieB)=(fieV)B. [2.16]

For classical trajectories in the absence of Larmor frequency magnetic fields, the

quantization direction for the spin magnetic moment adiabatically follows the
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instantaneous direction of the total magnetic field, B, and the direction of {l is parallel to

the direction of B, that is,

|

= [2.17]

foe]

(where [ = pj1, and p carries the sign of [i).

The spin force due to the total magnetic field in this case is

T [ (B()-i--B——p )*+y(-30+%2_p2)9+2z(130+32 zz)i:l. [2.18]

In this semiclassical treatment, this spin-dependent (and, therefore, intrinsically quantum

mechanical) force is added to the classical equations of motion [2.7], which now become

AT ﬂ[p_J Byt B g By o),

v I m 2 Jjdt m " dt m[B| 2
2 [ 2]
d—~2¥- = coiy— coc+qll P d—x—ﬂhngﬁ—“';}[—Bo +§-2—p2)y [2.19]
dt m 2 )J|dt m dt m|B 2
d?z ) #
3 mzz+£2—z(xdy y£)+-2£_.2(BO+B§z2)z
dt m dt ~dt) m[B|
\

Due to the extensive coupling of these differential equations, the classical problem
has no analytical solution, and may only be solved approximately or numerically, a
numerical integration is discussed below. Quantum mechanical perturbation theory can
also provide estimates of trapped ion behavior in a weak magnetic bottle, as will be shown
in Chapter 3. Laukien!? calculated the first order frequency shifts due to generic magnetic
field gradients. Applying his results to the magnetic bottle (in the limit of axial and

magnetron amplitudes small compared to the cyclotron radius p.) leads to the cyclotron

frequency shift

A, =——LB,p? [2.20]
2m

and the axial frequency shift
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L

Fig. 2.2. Double loop variable magnetic bottle. Adapted from Ref. 5.

qo ¢ 2
Aw, =—B 2 2.21
2 2mo, 2Pe [221]

2.3 The variable magnetic bottle

The design of magnetic bottles is reviewed in detail by Brown and Gabrielse.* The
bottle field is typically produced by a loop of ferromagnetic material in the x-y plane of the
Penning trap, at the center of the z axis, and is constant in time. Variable bottles, also
feasible, are a central component of the experiments proposed throughout this

dissertation.

2.3.a  Coplanar double loop variable magnetic bottle (superconducting flux

transformer)

Van Dyck et al.® discuss the design and successful implementation of a variable
bottle made from a single continuous superconducting NbTi loop twisted into two

concentric loops (Fig. 2.2). The double loop is inserted into the homogeneous magnetic



16

field above its critical temperature, as it cools to the superconducting state, the enclosed
flux is frozen in. Application of the field from a third magnet (an external solenoid of
variable current) leads the now superconducting double loop to resist the new flux via
Lenz's law, producing a persistent current. It is this current that adds a bottle field; since
the field is proportional to the expelled flux, the apparatus is called a superconducting flux
transformer. A single loop would have the same effect, but the double loop has an added
advantage. There exists an optimum ratio, o, of the outer loop radius to the inner loop
radius for which the only contribution to the field is the magnetic bottle itself. No other
terms are added to the magnetic field, most importantly no zeroth-order term; in fact, a
double loop with ratio a improves the uniformity of the homogeneous field at the center
of the trap.® Thus, the double loop can serve as a shim to cancel out precisely any stray
magnetic bottle-like inhomogeneities due to the trap itself (by creating a bottle field of
opposite sign) and increase the uniformity of the remaining field. In the experiments
proposed below, the main attraction of the double loop bottle is its variability and its

capacity to produce large bottle fields, at least on the order of 100 to 1000 G/cm?.
2.3.b Coaxial triple loop variable magnetic bottle (room temperature)

While the superconducting flux transformer succeeds in producing a variable
magnetic bottle field, its requirement that the loops be immersed in liquid helium
introduces a significant technical challenge. Even if this is done, the requirement for an
external solenoid to drive the bottle complicates the geometry. As an alternative, a
variable magnetic bottle may be designed from three coaxial current loops. Each loop is a
simple non-persistent electromagnet, which could be at any convenient temperature. The
end loops both have the radius R, and each is separated from the central loop (of radius
Ry) by the distance d, as shown in Fig. 2.3. Note that a configuration with Ry>R; will be
ideally suited to use with a Penning trap, since the trap will fit nicely inside the loop

assembly. The problem to be solved now is finding a choice of Ry, Ry, d, and the currents
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Fig. 2.3 Tn’ple loop variable magnetic bottle. The individual Cartesian and
spherical coordinate systems for each of the three loops are labeled: (x.yi.z4)<>
(r1,64,¢.) for the top loop, (x,y,z)¢>(r,0,9) for the central loop, and (x_,y_,z_)<>(r—6_
,¢_) for the top loop.

I; (end loops) and I; (central loop) that will produce a pure magnetic bottle field, no

homogeneous field, and minimum error terms.

The problem is solved by considering the vector potential for the system.
Jackson'? gives the vector potential for a single loop of radius R with current I, in

spherical coordinates:

o (2- k2)K(k)-2E(k)

A (r,6)=
: C\/R2 +12 4 2Rrsin® k2

, [2.22a]

A=K =0 [2.22b]
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where

rRrsin B
R2 +r2 +2Rrsin®

e

[2.22¢]

and K and E are the complete elliptic integrals. The total vector potential for the case of

the triple loop assembly is the superposition of the respective single loop potentials.

Working in the central loop coordinate system, the problem is solved by transforming the

end loop potentials to this coordinate system through the use of the identities

rf =12 + 42 —2rdcosH,

0, :sin—l[ rsin® :|
\P+d2 —2rdcosb

rf =2 +d? +2rdcos6,

and

0 =sin~! rsin@ ]
\/r2 +d? +2rdcos®

The magnetic field corresponding to the total vector potential is

1 0.
B rsin® E(SmeA‘#)’

Bg = ———(fA¢),

B¢=0.

[2.23]

[2.24]

[2.25]

[2.26]

[2.27a]

[2.27b]

[2.27¢]

The procedure now involves manipulating the loop variables until Eqs. [2.27] describe a

magnetic bottle field gradient (Eq. [2.13]).

The constraint applied enforces the magnetic bottle shape over the plane of the

central loop, thus requiring that
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2 2
T 2 X +Yy
B,|6=—|=B o A

The calculation is carried out near the center of the loop assembly, and B, is thus

r2
=By ) [2.28]
f=—

2

expanded in r about r = 0, for small r (r « R and r « Ry), yielding

c|Rp (d2+Rf)3/2 e Rg (d2+Rf)5/2

+1zn§0 2_(5_) [B_q+5(1_1] ﬂ]r2+0(r3)_ [2.29]
CRO IO R] I0 RO

According to the constraint, B, should have no r0 or r! terms. Setting the 0 coefficient to

2 3
2I1R 2I1R

zero yields the condition
3/2
2., 42
(R1 +d )

I, =-1g [2.30]

2RR?
Setting the r! coefficient equal to 0, solving for I, and equating the result to the

expression above produces the second condition
2 2
d* =RoR; —-R7J. [2.31]

Since d2, Ry, and R; are all positive numbers, Ry > R;. Combining the expressions for I;

1 {RO
Iy =——0p |2, 232
1 S04 R [2.32]

This expression may be inserted into the r2 coefficient; setting the coefficient equal to —

and d2 results in

B,/2 and solving for B, gives the magnetic bottle strength

=22 [L_L) [2.33]
cR2 \Ro Ry)

whose sign is opposite to that of the current I,

B,
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The design is made easier to construct in practice by using the same current
magnitude in all three loops (with opposite orientation in the end loops relative to that in
the central loop): I; = -I,. This sets the loop radii at R| = 0.25R, with the end loops
separated from the central loop by d = 0.25J3_R0 =0.433R. Under these conditions,
the magnetic bottle strength is

~36ml
By =—20. [2.34].
cR0

A likely design would call for Ry = 1 cm, R; = 0.25 cm, and d = 0.43 cm; with a 10 A
current, this would yield a bottle strength of 113 G/cm? for each turn of wire used,
requiring nine turns to reach 1000 G/cm2. Note that, for resistive wire, there is a tradeoff
between cooling requirements and the validity of the approximations used. Specifically,
bundles of thinner wire are more likely to resemble current loops of infinitesimal cross
section, but the higher resistivity of thin wire will increase severely the amount of heat
dissipated. For example, a 3x3 bundle of 20-gauge wire will have a large cross section
radius of 0.12 cm, but its power consumption at 20° C will be only 27 W, whereas the
small cross section radius of a 32-gauge bundle (0.03 cm) will require handling 450 W,
which is feasible with a circulating coolant. (Values for wire diameters and resistivities are
available in the CRC Handbook of Chemistry and Physics.’4) Superconducting analogs of
this geometry are also worth pursuing, in which case the magnetic bottle would be

included in the same cryostat as the detection electronics.

2.4 Numerical simulation of classical ion trajectories

The complexity of the equations of motion [2.19] in a Penning trap and magnetic
bottle does not allow a classical analytic solution of the problem. Furthermore, the
trajectories of interest fall outside the range of application of the guiding center

approximation,!’ especially considering the extreme accuracy needed (~10-7 in frequency).
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The equations must thus be solved numerically via an iterative integration of individual ion
trajectories for given sets of initial conditions. A good simulation program can be useful
in determining the stability of trap configurations, extracting the frequencies of the various
ion modes, and understanding the requirements and resuits of hypothesized experiments.
The trajectory simulations written to support much of the work in this dissertation
are included in Appendix A. They allow the study of ion motions in three dimensions and
can be altered to include any combination of electric and magnetic fields. Changes in
motional amplitudes can then be analyzed by direct observation of Cartesian positions. In

addition, Fourier transformation facilitates the extraction of motional frequencies.

2.5 Axial motion in strong magnetic bottles: numerical simulations

Simulations of ion trajectories in Penning traps with strong magnetic bottles show
frequency shifts which scale with the size of the magnetic bottle strength. Table 2.1 lists
the cyclotron and axial frequencies observed in trajectory simulations of a singly charged,
positive, 100 amu ion in a Penning trap with By = 1T, Vo =10V, and d = 1 cm. The
simulations were all carried out with a frequency resolution of 15 Hz and with an
integration time step of 6.9x10-8 s (except for the 10000 T/m?2 calculation, carried out
with a 2.5 ns step). As the bottle intensity is increased, the axial transform continues to
consist of a single frequency (to better than 1 %) in strong bottles (B, ~ 1000 G/cm? in
Penning traps with B, ~ 1 to 5 T). This is understood qualitatively if the axial motion is
assumed to remain strongly decoupled from the cyclotron and magnetron modes (a point
that will be important in the experiments proposed below).

The simulation programs also reveal previously unreported behavior in the strong
bottle limit: the cyclotron motion is modulated at twice the axial frequency. Small
motional sidebands of the o, centerband, with intensity up to ~ 10 % of the centerband,

appear at ©; + 20, in the Fourier transforms of the transverse coordinates (both ®, and



B, 0, /2% ®,/27 o, -20,) | o, +20,) | I(peak"noise")
(T/m2) from x from z (o) (o,) o,)
FFT (Hz) | FFT (Hz) in x FFT in x FFT in z FFT (%)
(%) (%)
100 147450 50790 1.3 0.4 0.02
1000 147465 55545 11.1 1.8 0.3
10000 146010 90270* 7.3 11.8 2.3
Table 2.1. Trapping frequencies for varying magnetic bottle field strengths.

Trajectory simulation parameters are described in the text. The frequencies have a
resolution of 15 Hz. Peak "noise" is the largest intensity in the axial spectrum other

than the axial trapping frequency.

o, are shifted by the bottle). The transverse transform sidebands are easy to understand
qualitatively as frequency modulation (FM) sidebands. A stable axial oscillation at
frequency ®, varies the z2 term in the Z component of the bottle field (Eq. [2.13]) at a
frequency of 2w,. Since 04 » ©,, a given cyclotron orbit averages out the transverse
components of the bottle, but keeps the axial component: hence the modulation of the
cyclotron frequency at twice the axial frequency. This FM model, however, grossly
overestimates the sideband intensities, emphasizing the need for the quantitative trajectory
simulation. The small size of the axial frequency sidebands and the absence of other
modulation facilitates the development of the theory presented below. The size of the
frequency shifts observed will be justified quantitatively by quantum mechanical

perturbation estimates in Chapter 3.
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2.6 Spin dependent axial potentials

Examination of equations of motion [2.19] in light of the decoupled axial motion
observed in numerical simulations suggests a helpful simplification which will be used to
derive analytical solutions for the effect of magnetic resonance on the axial motion. The
only dependence of the axial equation of motion on the transverse coordinates comes in

through the term with X((ji_)t, - y%—’f—, and through ’Bl It is interesting to note that insertion

of the transverse solutions for a Penning trap with no magnetic bottle (the sum of two
oscillators with frequencies @, and ©_) makes the term with derivatives vanish. In the
presence of a bottle, this term must also remain small, since no modulation of the axial
motion by the transverse modes is observed in simulations. This term, in fact, defines the
mechanical magnetic moment p;, of the ion,

o = %(xj—f—y%f), [2.35]
which is an approximate constant of the motion.!> Note that, in an ideal Penning trap with

no magnetic bottle, the mechanical magnetic moment reduces to

1 1
W = Eqm +pi +—2—qm _pi. [2.36]

Neglecting spin, the magnetic bottle shifts the axial frequency by

_ HmB)
mo,

Ao [2.37]

z

In the limit of no magnetron motion, this expression reduces to the shift calculated by

Laukien!2? and presented in Eq. [2.21]. Furthermore, in the limit where |AI§]«B0 over all

points sampled by the ion trajectory (which occurs for typical orbit sizes, even for

relatively large B,), the term in the axial equation of motion which involves E‘ can be

expanded about B, ~ 0:



24

2 2 2B’ :
%(BO +B§zz)z= l’fz z- mBs z[z2 ,%}O(Bg). [2.38]

The term quadratic in B, can be neglected and helps explain the decoupled axial motion
observed in the axial simulations, since the axial and transverse coordinates remain
decoupled through first order in B,. Under these conditions, the axial equation of motion
becomes
d?z [ , 2B,
dt—2+[mz+T(um-u)]z=o. [2.39]
Since the case under consideration is a spin 1/2 ion, p = +glug|/2 for mg =+ 1/2. Eq.
[2.39] is now split into an explicitly spin dependent equation,
%+{wi+%(um¥%|u3‘ﬂz=0 [2.40]
formg ==+ 1/2.
This differential equation may be solved by the energy method.!¢ Straightforward
integration of the equation with respect to the axial coordinate gives the potential energy
per unit mass. Defining spin up and spin down potentials as U, and U_ , respectively, the

potential per unit mass is

2B -
}%Ui :J.{[mi +—r;l'g-(um +%|nB|)]Z}dZ, [2.41]

: ’ : S 2
Performing the integration, and substituting in Eq. [2.8] for oz,

qVo - 2 hoyp
U =) 2 %4 | s Tl B |22 & 2210 2.42
+ [Zdz (“m 2|MB|) 2]2 > [2.42]
L0

; : ho )
where the constants of integration i—z—— are the z=0 energies of each curve. At z=0,

the only potential energy contribution arises from the Zeeman splitting of the electron spin

levels in the homogeneous magnetic field ByZ; thus,

U,(z=0)-U_(z=0)=hoy,. [2.43]
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Note that these potentials are independent of mass, and U, > U_ up to a crossing point,
since U_ is steeper than U, over this region. The two potential curves cross at
+,/Bg /B, ; with By=1 T and B,=1000 T/m2, the crossing point occurs at 3.16 ¢cm, much
larger than typical trap dimensions, so the crossing -points play no role here. The
difference in axial frequencies due to the different curvatures is negligible; this will be
corroborated by the negligible weight of the spin-dependent term in the quantum
perturbation estimate for the axial frequency shift to be presented in Chapter 3.

The difference in curvature of the two potentials implies that a given amount of

axial energy will translate into a larger axial amplitude in the shallower (spin up) curve.

Following the usual notation, |OL) stands for the spin up (mg=1/2) state, and lB} stands for

the spin down (mg=—1/2) state. Then,

a) <> |B) transitions should cause a change in the
axial amplitude of a trapped ion. Consider transitions due to © pulses precisely at z=0 to
maximize the effect, when all of the axial trapping energy is "stored" as kinetic energy.
The ion carries this kinetic energy with it when the 7 pulse moves it from one potential to
the other. Moving between these potentials of different curvature changes the classical

turning points, i.e., the amplitude of the axial motion. Defining z, as the axial amplitude in

state |oc), and z_ as that in state |B), the axial amplitude change for a transition is obtained

by solving the equation

U+(z:z+):U_(z:z_)+th0. [2.44]
This effect will be employed directly to design techniques for monitoring ESR of trapped

ions in Chapter 4.
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Chapter 3: Quantum Mechanical Description of Ion Motion
in a Penning Trap

3.1 Introduction

A quantum mechanical description of motion in the Penning trap is possible. This
advantageous tool yields new insight into the motion and makes perturbation estimates of
modifications due to more complex fields readily available. An early motivation for a
quantum treatment was that an electron or positron at a temperature of 4 K is not a
classical particle and, in particular, its cyclotron motion (more so than the magnetron and
axial motions) must be described quantum mechanically.! Since the research proposed in
this dissertation deals with molecular ions, the need for a quantum mechanical formalism
must be justified. Other workers?3? have described ICR by building classical oscillators
from superpositions of quantum mechanical states. The approach followed here relies
only on energy eigenstates to yield perturbation results. The classical limit is obtained by
considering large quantum numbers characteristic of the kinetic energies of interest. This
provides an easy mechanism to calculate the perturbation of ion motions by modifications
of the electric and magnetic fields. This is illustrated by the calculation of the radial and
axial dependence of cyclotron frequency shifts due to the addition of a magnetic bottle
field. These and other quantum results can be checked against numerical classical
simulations, providing corroboration of each method. Thus, quantum and classical

mechanics become complementary techniques in the study of trapped ion motions.
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3.2 Solutions for the axial and transverse modes

Brown and Gabrielse! develop a quantum mechanical treatment that relies on the

raising and lowering operators for the axial, cyclotron, and magnetron degrees of freedom.

Since the motions are harmonic, the solution of the quantum harmonic oscillator is readily

applied to each case. It is best to begin with the axial motion, since it is an exact harmonic

oscillator in one dimension, with Hamiltonian

2. 2.2
P mo-z
H,=—%+—%—
2m 2
and canonical commutation relation
[z,pz] =ih.

The usual creation and annihilation operators are

al = [0z, -
2=V 2n 2mho, 7
a —Jmmzzﬂ .
J 2h 2mhoazpz’
with
| -
[az,az]—l.
Inverting equations [3.3],
e [ (at4a),
2mo,  * *

Pz = 11/ mhzm = (al —az)'

Substituting equations [3.5] into the Hamiltonian [3.1] yields

H, = hmz(aZaz +%)

[3.1]

[3.2]

[3.3a]

[3.3b]

[3.4]

[3.5a]

[3.5b]

[3.6]
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with the usual orthonormal energy eigenkets |k), k=0,1,2,... with corresponding energies
E, =ho,(k+1) [3.7]

and the creation and annihilation relations

a |k)=+k|k-1) [3.8a]
al|k)=vk+1|k+1). [3.8b]

The transverse Hamiltonian is quantized in complete analogy to the axial
Hamiltonian. Cyclotron (+) and magnetron (—) creation and destruction operators are

defined from the transverse vectors of equation [2.10]:

- b @) zivd ).

— T I SR \% 3.9
E 2h(co+—co_)( x Ty ) 5]
T /2 (v iy, 3.9b
"% 2h(o)+—co_)( x Ty ) et

Inserting these into the classical Hamiltonian [2.11] reveals the quantum Hamiltonian:

i, =hm+(af_a++%)—hm_(aza_+%). [3.10]

H,, is separable into its cyclotron and magnetron components; thus, the transverse energy
is the sum of the cyclotron and magnetron energies, and its eigenstates are the direct
products of the cyclotron and magnetron energy eigenstates. Using the index » for the

cyclotron motion and the index / for the magnetron motion,
Eny=ho,(n+d)-no_(1+1); [3.11]
|nl)=|n)®|1), [3.12]

with creation and annihilation relations analogous to equations [3.8]. The total

Hamiltonian for an ion in a Penning trap is

H=H,+H, [3.13]
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and the total energy is

E=E; +E, . [3.14]
The transverse coordinates can be written in terms of the operators [3.9]. They depend on
the sign of the ionic charge, sign(q), through equation [2.10], which defines the transverse
vectors V() Throughout the remainder of the dissertation, results will be presented for

the case of a positively charged ion, with sign(q) = 1. The transverse coordinates are

: h t
x:lsz(m+_m_)(ai—a++a_—a_), [3.15a]
y= i (at +a -al -a ), [3.15b]

2mlo, -0 )  + "+ - -

i 2h t

p=x+iy =1 m(co+—co_)(a"’—a_)’ [3.15¢]

3 2h t 1 ¥ %
P —m( +a++a_a_+1—a+a_—a+a_), [315d]

and the kinetic momenta are
Aim

iy 5 m[m+(al+a+)—m_(aj+a‘)], [3.16a]

- hm T T
py-——'“l m[m+(a+—a+)+m_(a_—a_)]. [316b]

Equations [3.5], [3.15], and [3.16] can be used to represent any physical
observable in terms of the axial, cyclotron, and magnetron creation and annihilation
operators. Many typical computations are facilitated by this method's commutation
relations, as will become apparent in the following section: most commutators vanish, and

the only ones that survive are

1’71

[a. aT]=1, i=4,—k. [3.17]
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3.3 Perturbation calculation of frequency shifts due to a magnetic bottle

The magnetic bottle was introduced in Chapter 2 (Eqn. [2.13]) as a tool to couple
spin to trapped ion motions. Semiclassical estimatés and the results of numerical
simulations were presented to describe its effect on motional frequencies. Quantum
mechanical perturbation theory is useful here, as long as IABI « By over the ion orbit. The
magnetic bottle adds a perturbation Hamiltonian AH to the Penning trap Hamiltonian
[3.13]. As before, it is convenient to restrict this discussion to the case of a spin 1/2 ion;
the results can be extended easily to ions of different spin. The ion will once again be
considered a point particle with mass m and spin 1/2 due to a paramagnetic electron, with
magnetic moment + g|ug|/2, where pg is the Bohr magneton. If G represents the Pauli

spin matrices, the perturbation Hamiltonian is!

g|l~l]3| -

AH = 5 GeAB-qveAA. [3.18]

AA is the modification to the vector potential. In the symmetric gauge, where the vector
potential for the homogeneous magnetic field of the Penning trap is

5
2

A=-Bxp, [3.19]

the modification to the vector potential due to the magnetic bottle is
s 1 p2 A
AR =By z2—T B xp. [3.20]

Since spin is now included in the problem, spin wavefunctions must be accounted

for. The eigenstates |nkls) of the total system in the absence of the magnetic bottle are
direct product states of the cyclotron, axial, magnetron, and spin eigenstates:
|nkis) =|n)®|k)®|1)®|s). [3.21]

Likewise, the total energy E,, ;. ¢ is the sum
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En,k,!,s = h(’)-#(n'*“%)_ ho _ (l +%) +h(l)z(k +-;—) + Ao 1 gmg, [3.22]

with mg = +1/2 , and o  the Larmor frequency of the electron,

B
By = gup[Bo. [3.23]
h
Perturbation theory now gives the first order correction to the energy as*
AE,, .15 = (nkls|AH|nkls). [3.24]

First order frequency shifts associated with quantum number i are then calculated by
holding the other three quantum numbers constant and subtracting two adjacent perturbed

energy levels of i:

1
Ao; =—(AEj; - AE;). [3.25]

The shifts in the cyclotron, magnetron, axial, and Larmor frequencies are

__ By
m((o_,_—co_)

uplemg + P O (g4 1) 2eFO-(; 1) O+ ()|l [3.264]
m| o 2 2 =

Z (D+_(l)_

Ao = X

Ao =— B2,
m(o, -—o_)

{[u3|gms +q_1:[(:0_ (k +%—)—%(n+%) ... 1)]} [3.26b]

2 0, -0_ 0, -0

B h 0] 0]
®, COZ{ lnp|gmg + [CM_CD_(n+2)+m+_m_(l+2)”, [3.26¢]

Ao = *—BngPBI{L(" +%)—

S (n+l+l)]. [3.26d]
2m ®,

The magnetic bottle couples each degree of freedom to the other three. Changes

in a given quantum number may be monitored by changes in the observed frequency
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associated with another. This is useful, for example, in the single electron experiments,
which made use of the first term in Aw,.! In a typical laboratory field of 5 T, the electron
cyclotron frequency v is about 160 GHz, a microwave frequency too high to be observed
easily with the current technology. The axial frequency lvz (with Vg=10 V and d~.3 cm) is
approximately 60 MHz, an easily observable radiofrequency. A weak magnetic bottle is
thus added, coupling the cyclotron motion to the axial oscillation. Changes in the
cyclotron motion, as well as spin flips, are thus monitored by measuring changes in the
axial frequency.!

A quantum mechanical analogue of the classical cyclotron frequency shift [2.20]

may now be derived. The quantum analogue of the classical radius (squared) of state

|nkls) is the expectation value of the operator for p2 (Eq. [3.15c]),

2h

m(o, —o_)

Since o, » @, » @_, and in the limit of small &, the cyclotron frequency shift [3.26a] is

p2 = (nkls|p2 |nkls) = (n+1+ 1). [3:27]

approximately

Ao, ~-—LB,p2. [3.28]
2m

This quantum perturbation expression is equal to the classical shift [2.20]. However, the
quantum expression is also valid for arbitrary &, a fact that will be important for the
analysis of experiments proposed later in the dissertation. This functional dependence will
be exploited to detect small changes in the axial quantum number as cyclotron frequency

shifts in the presence of a magnetic bottle.

3.4 Rotating frame calculation of ICR excitation

The previous section employed perturbation theory to study the effects of a static

magnetic field gradient. The quantum mechanical formalism is also useful for calculating
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the behavior of trapped ions subject to oscillating magnetic and electric fields. Such
calculations are performed in a rotating frame defined by the unperturbed ion modes. To
illustrate the method, the cyclotron radius change due to ICR excitation by a resonant
electric field is calculated in this section. |

The calculation begins by using the transverse part Hj of the Penning trap
Hamiltonian (Eq. [3.10]) to define a rotating frame. The lab frame perturbation due to the

ICR electric field is

V = qEx cos(ot). [3.29]
This can be rewritten in terms of quantum operators by using the (q > 0) operator

expression for x, Eq. [3.15a], to yield

V:in\]zm(mf_m_)(aI_—a++ai—a_)cos(cot). [3.30]

The perturbation is transformed to the rotating frame by expanding the expression

—iH,t/h int/h.

V=e Ve [3.31]

via the Baker-Haussdorf formula4

el Ae~I0 = A +iA[G,A],

[i"l‘?
+
21

where G is a Hermitian operator and A is a real parameter. The resulting rotating frame

J[G,[G,A]]+---+(inn}:n J[G,[G,...[G,A]]...] [3.32]

Hamiltonian is

i h
V=—qE
2q JZm(ou_ ~—0_) s

{aTei(&)—m+)t i e—i(co—co+)t + —i(m+m+)t _
+

ilo+o )t
" +a_ e a_e *
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+aTe_l( -a e +a'e

i(o-0_)t ilo-o_)t ¥ i(“’“"-)t__a e_i(m""m*)t}A [3.33]

Setting ® = @, to meet the ion cyclotron resonance condition and keeping only those
terms which are constant in the rotating frame, the average rotating frame Hamiltonian

becomes

= i 1
V(0)=%q}3\/2m( ’ )(a:[-a+). [3.34]

w + - —
The goal of the calculation is to determine how the radius operator p changes with time
upon application of the resonant electric field; this is solved via

(0) - 7 (0) i
—iv t/hg iH t/hp iv t/healt/hPP). [3.35]

picr (t) = (¥|e
The initial wavefunction |¥) is the quantum mechanical representation of the
(classical) trapped ion motion, and may be solved for by calculating p(t), the position in

the absence of any perturbation, to yield normal cyclotron and magnetron motion. This

derivation starts with the general wavefunction

%) =3 Jcule™" |c; e
n,l

[3.36]

where the coefficient associated with the cyclotron ket |r) is written explicitly in terms of
its magnitude |c,, | and its phase ¢,,, and similarly for the magnetron ket. The unperturbed
position is

(t)= (‘I’|e—iH"t/hpemP”h|‘P). [3.37]

Substituting in the expression for the wavefunction and transforming p into the rotating

frame,

et oeilio s 5 e 2h 4 ey
t):[2|°n'|° W |y e (n7,1 |J[1 _—m(o)+—m_)(a1e el g g™ t)]

n',I’

X (Zlcnlei‘b" lc,|ei¢’ ]n,l)]‘ [3.38]

n,l



36

This expression reduces to

. 2h bl 5.
p(t) =i m [z(|c,,+1nc,,|e‘¢n ¢"+)\/—n+l)e ¢

n

~z(|c,_1nc,|ei‘¢fW—”ﬁ)aim-f}. [3.39

The final solution for the wavefunction now rests on a choice of phase and a classical
approximation. By definition, both the cyclotron and magnetron phases are chosen to be

zero along the positive x axis, requiring that the overall motion have the form

p(t) — p+e—im+t +p_e—im_l, [340]
where p, and p_ are the cyclotron and magnetron radii, respectively; note that the sense
of rotation is chosen to be clockwise as observed looking along the —z axis, as expected

for a positively charged ion. Enforcing this condition sets the cyclotron and magnetron

ket phases:
bn+1—bn =g; [3.41a]
1Y
b =9y s [3.41b]

Since the wavefunction is to describe classical motion, it is reasonable to assume that the
probability amplitude distributions for each quantum number will be nonzero over broad

ranges, peaking at large values, and will therefore be smooth, allowing the assumptions

len+1] = |enl; [3.42a]
lcre1| = e l; [3.42b]
n=n+l; [3.42c]

Inml+1. [3.42d]
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Equations [3.41] and [3.42] fully determine the wavefunction I‘P) In addition, using

these assumptions to compare Eqs. [3.39] and [3.40] for p(t) enables the determination of

the cyclotron and magnetron radii in terms of the average quantum numbers # and / :

= 2 [3.43a]

g o o _fF [3.43b]
m(o, —o_)

With the correct wavefunction in hand, Eq. [3.35] for PICR(t) can be solved by

first propagating the rotating frame radius under v (Heisenberg picture):

PICR(t) = <"I’||:1 —ITT(-(D—;’Z)ET—)(aIe—imd = a_e‘iﬁJ_t )}I\P>

_r qEAh —io ,t
A P et L) .44

Inserting the wavefunction and solving the problem,

qEt —iw ,t —io _t
t)=|py ——"— t* p ™01, 3.45
picr (t) (m Zm(m+_m_))e p-e [3.45]

The cyclotron radius increases linearly with time for qE < 0, but the magnetron radius is
not affected by the resonant interaction. Using the approximation @, — &_ ~ o, = qBy/m,

the radius change can be written

Apicr (1) = [3.46]

Bt | _|Elt
2m(0)+—co__) 2By’

the well-known result from the ICR literature.’
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Chapter 4: Proposals for ESR Spectroscopy of Trapped Ions

4.1 Direct monitoring of ESR in an ion trap

The first experiment proposed is a general method to obtain the ESR spectrum of
any small ion with unprecedented resolution under collisionless conditions in a Penning or
similar ion trap. By encoding ESR transitions into axial frequency shifts of dilute trapped
ions, spectra will be obtained with a sensitivity increase of at least ten orders of magnitude
relative to conventional ESR and with unprecedented resolution.! The experiment
exploits the difference in curvature (and thus axial frequency) between the spin up and
spin down axial potentials presented in Chapter 2. As has been shown, this arises because
the presence of the magnetic bottle AB couples together the axial, cyclotron and
magnetron motions and the spin.

A key illustration of this coupling was the use of the spin-dependent shift of the
axial frequency to measure the g-factor of the electron2.3:456 cooled at 4 K to the ground
state of its cyclotron motion. This seminal experiment of Dehmelt observed random spin
flips of a single trapped electron as spin-dependent 1 Hz shifts of the 60 MHz axial
frequency, as predicted by quantum perturbation theory (Eq. [3.26c¢]). The
straightforward generalization of this experiment to atomic and molecular ions is not

practical, however, since the spin-dependent shift,

Ao z(ms) =- ‘uBIgB2ms S—— lUB‘ngmsd ,

mo,  JqVom

[4.1]
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is inversely proportional to the square root of mass. Using similar trapping values for 100
amu ions, the axial frequency shift due to an electron spin magnetic moment would be 2
mHz, and that due to a proton magnetic moment would measure only 4 pHz. Even with
significant technical improvements, including the increése of the magnetic bottle strength
from 150 T/m?2 to 5000 T/m? and the lowering of the axial frequency to 20 kHz, the ESR
shift would be 0.6 Hz, while the NMR shift would remain an impractically small 0.9 mHz.

A more difficult problem is that the three trapping frequencies and the Larmor
frequency become inhomogeneously broadened due to the many thermally accessible
states. The n, /, and k contributions to the perturbed trapping frequencies of Eq. [3.26]
are significantly larger than the mg contribution, obscuring any hope of direct detection of
spin-dependent behavior over an ion ensemble. Minimizing this by ion cooling methods
would be time-consuming and reaching a single state of the cyclotron motion is generally
impractical, since this quantum decreases inversely with mass.

The approach proposed in this section is to overcome the inhomogeneous
broadening of the axial motion by convolving spectra taken before and after the spin flip.
The convolution process will be shown to isolate the spin-dependent behavior for each ion
within a thermally broadened ensemble. Inhomogeneity of the ESR spectrum is avoided
by switching off the magnetic bottle during the spin evolution in the proposed

experimental sequence.
4.1.a Proposed experimental sequence

Fig. 4.1 is the time line for the proposed experiment. Ions are created in the cell by
an ionizing beam along the z axis or, alternatively, are guided into the cell in such a way
that the trapped orbits have small cyclotron and magnetron radii.” The magnetic bottle
field is on by this point, with B,<0, and the potential difference S (ty,) (b for "before")
between the end electrodes due to the axial motion of the trapped ions is recorded for a

period T, comparable to or longer than the inverse of the spin-dependent part of the
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FIG. 4.1. Proposed experimental sequence, as discussed in the text. Times are not

to scale.

axial frequency. The bottle field is then turned off adiabatically, i.e., slowly enough to
conserve the axial action and the mechanical and spin magnetic moments. The ESR may
now be encoded under homogeneous field conditions. Ideally, this is done in the time
domain, to allow a high average probability of a spin flip over a large range of ESR
frequencies without power broadening. Alternatively, as in the example depicted, a
frequency-domain continuous wave spectrum is produced by weak microwave irradiation
during a fixed time t;. The microwave frequency ® is incremented on successive
repetitions ("shots") to encode the ESR spectrum. Subsequent to the ESR period, the

magnetic bottle field is restored adiabatically, but with the opposite sign. Again the axial

voltage is recorded for a period 7., and stored as 2 (-ca) (a for "after").

4.1.b Signal processing algorithm: time-reversed product

The resulting data set consists of two 2D sets S (TC ,co), where C indicates b or

a. Each stored axial signal is the sum of signals from individual ions at frequencies mgf :

This section will detail a procedure for processing this data set to extract the spin-

dependent axial frequency differences between the "before" and "after" ESR signals; the
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procedure is diagrammed in Fig. 4.2. Denote the signal from the nth jon (in axial

amplitude units) as

Sg(tg, ) Sln((r)g:‘tg +¢Q)exp( YZTC) [4.2]
where zi is the initial magnitude of the axial turning points and the axial phase is
d)f1 = tan"l[—vm(rc 0)/(1)g zn(rg O)] [4.3]

The upper and lower signs again represent the eigenvalues of spin. The decay of the axial
oscillation due to coupling to a detection circuit is represented by the damping constant
v,.2 The axial frequency for each ion, including corrections to @, due to a negative

magnetic bottle, can be written from Eq. [2.42] as

1/2
b+ _) 119V =8
®zn ‘{E[—d—f_z(um +5|“B|)IB2I:|} [4.42]
B, .
=0, - | | (!Jm g|uB|)+O( ) [4.4b]
mo

The corresponding quantity co for the second detection period is obtained by reversing

the sign of B,:

at _ IBZI — 8 2

0t —mz+mmz(pm+5‘u3|)+O(B2). [4.5]

The calculation will focus on values small enough that the terms through first order in B,
suffice. Therefore, in the absence of a spin flip, the axial phase due to B, accumulated
during 1y, is removed during t,. By the same reasoning, the point T, = 0 can be chosen
to begin at an interval At subsequent to the end of recording in Tt} so that phase
accumulation due to the rise and fall transients in B, in this interval is zero. This leaves a
net phase 0y = ® ,At at 1, = 0 independent of ion orbit, which would be present even in
the absence of B,. Thus, in the absence of a spin flip, and including the decay of the orbit

during the first detection period,
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Signal Processing
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n—

T 171
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Fig. 4.2. Signal processing procedure, as described in the text.
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a
ZI]

Zg exp(~ 2 Tmax) [4.6]

and
a_4b
¢, =0, +60. (4.71
If the spin is flipped during the ESR period, then ® 2: is replaced by co";;: and,

since the spin-mediated effect of the transients of B, now adds constructively, an extra

phase 8% is accumulated during the period At between observations. This is given by

At
B
5% = :J-—————g|“ ;Ilmz ® 4, [4.5]
Z
0

independent of ion orbit, where the upper (lower) sign indicates mg=+1/2 (mg=1/2)

before MR. Thus, for the case where the spin flips,

a _ b +
¢ =¢, +6p +5~. [4.9]
In order to limit the necessary detection bandwidth, the axial signals are mixed

with the reference exp(—io,t) and single-sideband-filtered to keep only the difference term.

Following single-sideband mixing, the signals are

G

n

§i(tg,m) = —-; z exp{i[((ogiE —mr)tg +¢i]}exp(—yz'c<;). [4.10]

Now consider the product formed from the "before" and "after" signals of a given

ion with reversal of the time ordering in the complex conjugate of the "after" signal:

5% (1,0) = §8(1,0)[ 88 (tmax - ©.0)] [4.11]
There are four distinguishable paths in spin space starting in either state and ending in
either. Let p. be the initial probabilities of the two spin states and P(w) be the probability
for a stimulated spin transition. With cw irradiation at frequency ® during the time t, a

single ESR line offset from resonance by Ao = © — ©g is governed by the Rabi transition

probability®
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P((D)=-—il_)zsi[12(% 0)%+(A(D)2tl); [412]
here,

o] =-yBy, [4.13]
where 7 is the gyromagnetic ratio and B is the circulating magnetic field strength. Then

the expectation value over an ensemble of signals can be written
(52 (x.0)) = b [1-P(0))(55* (1)) + p.P(0)(S}(v))
+p_[1_p(m)](s;-(t))+p_p(m)(s;(t)). [4.14]

Here, for example, S;"(t) is the product due to an ion with spin up in the "before" signal

and spin down in the "after" signal. The cases where the spin does not flip during ESR

give
S:i(t) = —% zg exp{i[(co 'Z’: -0 ,)r +¢g]}exp(—yz‘c)
x{—% i exp{i[(m‘;: - r)('c]mx -1) +¢i]}exp[—yz('cmax - 'c)]}*[4.15a]

= % zz‘z exp(-2y Ztmax)exp{—i[(m;f -0 r)Tmax +90]}

xexp{i[(mlz’: +m;: —2mr)'c]}. [4.15b]

The Fourier transform of this expression for the time-reversed product is similar to the
convolution of the frequency domain signals that would be obtained by Fourier
transformation of the "before" and "after" signals separately. The oscillatory term in T has

the valuable property that its frequency

bt at
O TOun

20, =2(0,-0;) [4.16]
is independent of B, and of ion and thus of the effects of random orbits. This allows fully

constructive averaging of the magnitude spectrum over shots; the randomness of the phase
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(due to the range of values of ® ;: ), however, limits one to a small number of contributing

ions within each shot. In the case of multiple ions in the cell, cross terms between ions
exist, but vanish on average and have a broad B,-dependent spectral range. Since this
overlaps the observation region 2(w,-w,), it contributes fo the noise, but will be negligible
relative to the thermal noise for the cases considered of small numbers of ions at a time.
The fluctuation in the number of ions in the cell from shot to shot can be eliminated as a
noise source by dividing on each shot by the integral of the central lineshape; frequency-
domain baseline correction before this minimizes other sources of noise.

The same considerations apply to the other two paths. The important difference is

that the paths which involve spin flips lead to lines with magnitudes proportional to

piP(m) at the orbit-independent satellite frequencies

glug| B, |
2mo,

o)bi

s t0dt—20,=2(0,-0.)% [4.17]

Defining the ESR interferogram S(w) as the amplitude per ion of the central line

subtracted from the sum of the satellites gives

S(0) = 2P(w)-1. [4.18]

Note that this is independent of p, and so has the character of a "flop-in"® experiment

where no initial polarization is needed and spin flips in either direction contribute
identically.

Noise may be suppressed in the time-reversed product processing by introducing

"noise blanking." In this procedure, all "before" signals are processed by first being

Fourier transformed; once in the frequency domain, the original spectrum is then

"blanked" by applying a threshold function, equal to some number above the mean

intensity of the spectrum. All peaks above this line are preserved, while the points with

intensities below the threshold are set to zero. The blanked spectrum is then transformed

back to the time domain, and subsequently multiplied by the time-reversed "after" signal,
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as detailed above. The simulations presented in the next section will illustrate this

procedure.
4.1.c Simulations

The proposed experiment was simulated numerically using exact 3D trajectory
calculations to confirm the validity of Eq. [4.4a], and then using Eq. [4.4a] to calculate the
axial signals of ions undergoing the sequence of Fig. 1. Switching times for the magnetic
bottle were also examined with 3D trajectory simulations to ensure adiabaticity. These
simulations helped set the switching time parameter to values sufficiently slow to minimize
the perturbation of the cyclotron and axial motions. The full experimental sequence was

then simulated by a program employing analytical approximations for all relevant

processes.

Magnetic bottle Axial frequency Axial frequency Relative
strength (T/m?2) from trajectory from Eq. [4.4a] difference

simulations (Hz) (Hz) (%)

10 50790 49850 -1.85

500 52980 52130 -1.60

1000 55545 54850 -1.25

1500 57923 57430 -0.85

1000 90272 90770 0.55

Table 4.1. Comparison of axial frequency observed in trajectory simulations to

that calculated with Eq. [4.4a]. Simulation parameters are discussed in the text.
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4.1.c (i) Trajectory simulations of axial frequency behavior

The adequacy of Eq. [4.4a] in describing the axial frequency was tested by
comparing its predictions with trajectory simulations for various values of the magnetic
bottle strength. Simulated axial signals were Fourier transformed to extract the axial
frequency. Singly charged positive ions of 100 amu mass were simulated with 15 Hz
resolution in a Penning trap with By = 1 T, V=10 V, and d = 1 cm. The cyclotron
radius and the axial amplitude were both 0.5 cm, with negligible energy in the magnetron
mode. The results, listed in Table 4.1, show excellent agreement between trajectory

simulations and the axial frequency predicted from the mechanical moment in Eq. [4.4a].

4.1.c (i) Trajectory simulations of magnetic bottle turn-on and turn-off

A modified version of TRAJFOR was written to include the effects of the
magnetic bottle turn-on and turn-off periods. The bottle was assumed to turn on with a
rising exponential shape, while the turn-off was modeled with a decaying exponential. Ion
cyclotron radii (with no magnetron motion) and axial amplitudes were compared before
and after a bottle was turned on to 1000 T/m? and back off again over a total time At,
where each switch (on in At/2, off in At/2) took place over ten exponential time constants

To = At/20. The magnetic bottle was switched on with the form

2
ABgyp =By [(22 —%)2— zbjl[l - e_t/(AUZO)] [4.19]

with the associated electric field

2
AE,, = ﬂ-(zz —p—)(yﬁ—-xﬂ(l—e_uto ) [4.20]

and switched off with the form

Mg =By [(zz = %)2 - za]e‘(“” 2)/(ax/20) [4.21]
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Total time (At) for bottle Relative cyclotron Relative axial amplitude
turn-on and turn-off (us) radius change change compared to B, =0
compared to B, = 0 run run (%)
(%)
10 0079 32.40
100 -0.011 5.35
1000 -0.00023 0.11

Table 4.2. Cyclotron radius and axial amplitude shifts observed in simulations of

magnetic bottle switching. Parameters are explained in the text.

with the associated electric field
2

= B A A —(t- T
AE of¢ =—i[zz—%J(yx-xy)(l—e (t-1/2)/ "). [4.22]

Since any effects would be expected to be more pronounced for lighter ions, the
simulated mass was 2 amu, with By =1 T, Vo =10V, and d = 1 cm, with initial cyclotron
radii and axial amplitudes of 0.5 cm each. Results from simulations without the associated
electric fields are presented in Table 4.2. The values are presented relative to similar
simulation runs with B = 0 to eliminate numerical errors. The results for At = 10 ps were
compared to the output from a simulation which included the electric fields, and the
difference between the two calculations was negligible: with the electric fields, the
cyclotron radius changed by —0.000027 % (rather than —0.079 %) and the axial amplitude
grew by 32.75 % (rather than 32.40 %). Since the electric field strength is inversely
proportional to the switching time, the electric fields should not change the results shown
in Table 4.2 appreciably for longer switching times, and were not included in the 100 ps

and 1 ms runs.
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The proposed experiment seeks to measure spin-dependent axial frequency shifts
on the order of 1 Hz. Other experiments proposed later in this dissertation will create
similarly sized, spin-dependent shifts of the cyclotron frequency. Any other systematic
shifts must thus be smaller than this quantity. Tﬁe radius and amplitude changes
calculated here will lead to frequency shifts in the presence of a magnetic bottle, as
discussed in Chapters 2 and 3. The choice of a 2 amu mass for these simulations again
provides a "worst case" scenario, since heavier masses are perturbed less readily. With a 1
ms switching time, in a 1000 T/m2 magnetic bottle, the resulting axial amplitude change
corresponds to a cyclotron frequency change of 0.1 Hz (no axial frequency shift occurs to
first order in B,). The cyclotron radius change perturbs the axial frequency by 11 qu
and the cyclotron frequency by 50 mHz. These shifts are all negligible when compared to
the 1 Hz shifts to be observed.

4.1.c (iii) Simulation of proposed experimental sequence

The proposed experiment was simulated with the program AXIALCWO.FOR, a
predecessor of the AXIALIR8.FOR program presented in Appendix B. A positively
charged ion of 100 amu mass was trapped with By = 1 T, |B,| = 5000 T/m2, V;=0.5V,
d = 0.46548 cm (with axial trap length z, = 0.6 cm), g = 2.0023, ug = 9.285x 1024 J/T,
Tmax = 10 s, and magnetic bottle switching time At = 0.1 s. The axial amplitude, cyclotron
and magnetron radii, and resulting p,, of each ion were chosen randomly, by assuming
that a 298 K neutral gas was ionized with uniform probability in a cylindrical region of
radius 10 um coaxial with Z, with B, = -5000 T/m2 on. The ionization was done with an
initial trapping voltage of 1.5 mV and the voltage was subsequently raised adiabatically to
Vy linearly in 0.1 s. Ions with higher values of u,, were thus preferentially detrapped due
to the cancellation of part of the low electrostatic trapping potential by the magnetic bottle
term, constraining the range of allowed axial frequencies (through Eq. [4.4]), keeping all

ion signals within the detection bandwidth used (205 Hz). In addition, the subsequent
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increase in trapping depth to V; compressed the axial orbits to have |z,,| < zo/2, thereby
avoiding the regions of the cell where anharmonicity would be induced by deviations in the
form of the trapping fields. To increase the signal amplitude, the axial motion was excited
by a 1 V, 5 usec voltage pulse, which would have excitéd an ion with zero axial energy to
a 0.1 cm amplitude; this pulse was still weak enough that ions were not excited to the
anharmonic regions of the cell. To improve the signal-to-noise ratio, 100 shots were
simulated for each point in . The number of ions per shot has Poisson statistics with an
average of ten ions remaining trapped per shot. This is 1.3 % of the ions formed, the
others being in orbits that collide with the ion trap surfaces. New ions were chosen for
each shot, but, if desired, the same ions could be used for successive repetitions.

The stimulated spin transitions were induced by a microwave field with B; = 0.1
G; this can be achieved with microwave power of 10 W, easily attained for the electron
resonance frequency in a 1 T magnetic field (= 30 GHz). The field is assumed to be on
during t; = 1.79 psec, which gives unity probability for a spin transition at resonance. The
spectrum of a single ESR line 2 MHz off resonance was simulated by sweeping the
microwave frequency over 40 points in 250 kHz steps, giving a 10 MHz bandwidth.

Fig. 4.3 is a simulation of the signals including noise. Axial detection in each
period took place over 1y, = 10 sec, giving 0.1 Hz resolution. The signals were mixed

with the reference frequency o/2n = 23748.3 Hz. The relationship between single-ion
LS

1/2
5 ® 4 <zz> .2 With a detector input impedance of
29

. . . P Z
signal and axial amplitude is I ="

108 Q, the axial energy decay rate due to the measurement is a negligible y,/2n = 17 mHz.
White noise equal to the Johnson noise of a 108 Q) resistance at 4.2 K was added to each
record.

The frequency domain signal from a single detection period is shown in Fig. 4.3(a).
The axial frequencies of the 12 ions present in this shot are indicated by arrows. Note that

the phases are random and the sensitivity at this point is marginal for single ions with the
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assumed level of electrical noise. As outlined in the previous section, all "before" signals
were processed by first being Fourier transformed. Once in the frequency domain, the
original spectrum (e.g., Fig. 4.3(a)) was then "blanked" by applying a threshold function,
equal here to three standard deviations above the meén intensity of the spectrum. All
peaks above this line are preserved, while the points with intensities below the threshold
are set to zero, as in Fig. 4.3(b); note that, in this example, 9 of the original 12 ion peaks
survived the procedure. The blanked spectrum was then transformed back to the time
domain, and was subsequently multiplied by the time-reversed "after" signal. In Fig. 4.3(c)
the transforms of the time-reversed products are shown for 5 of the 40 values of ©
simulated. Fig. 4.3(d) shows the resulting ESR spectrum, which reveals the simulated 2
MHz:z offset line with adequate signal-to-noise ratio = 4. The total experimental time

corresponding to the simulation is = 24 hours.
4.1.d Discussion

If the electron experiences hyperfine coupling to nuclear spins in the ion, then there
will be multiple resonance frequencies Aw. Spin-rotation and spin-orbit coupling will
introduce additional structure.!® Since the electron Larmor frequency can be made much
higher than these couplings, the analysis generalizes: S(w) is the autocorrelation function
of the off-diagonal density matrix elements excited by the microwave pulses, mapped out
by incrementing © and repeating the experiment. The number of bits needed at each value
of ® and the number of different values of ® will depend on the complexity of the
spectrum.

The only broadening mechanisms relevant are those that lead to time dependence
of a single ion's orbit during one shot. Aside from loss of energy to the detection circuit
which leads to a minor damping of the axial amplitude, the other general linewidth
mechanism is collisions with neutrals or other ions. In the absence of a detailed theory, it

is simply noted that the latter can be eliminated by working, if necessary, with a single ion
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Fig. 4.3. Results of numerical simulation outlined in the text. (a) Fourier transform of
signal from a single shot. The arrows indicate the 12 ions present. (b) The same
transform after "blanking." (c) Time-reversed products for five frequencies with

resonance offsets as labeled. (d) The ESR signal S(o).

in the cell at one time and the former by working under collisionless conditions. In ICR,
non-reactive, ion-neutral interactions are described by the reduced collision frequency,!!
and made negligible (< 1 Hz) at room temperature by operating at pressures below 10-8
torr.

Aside from the phenomenal sensitivity increase, the method as proposed is capable

of recording single-ion spectra at resolution limited only by experimenter patience.
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Resolution for spin-related Hamiltonian parameters will easily surpass that of existing
approaches for highly reactive species: matrix-isolation studies (= 100 kHz)!° or hyperfine
analysis of high-energy transitions (= 1 MHz).’? This will allow unprecedented high
precision measurements of the many quantities which will determine the line frequencies:
magnetic moments, hyperfine splittings, spin-rotation coupling, tunneling splittings, and
electric field gradients.

The technique proposed may also be used for high-sensitivity nuclear magnetic
resonance (NMR) spectroscopy of any sample in any phase that can be obtained with
strong nuclear spin ordering and converted to trapped ions. Modulation of this order by
NMR will appear as modulation of the hyperfine multiplet intensities in the ESR of ions
produced and detected within the nuclear spin-lattice relaxation time. In addition, one
may also propose schemes which employ spin-dependent work on the trapped ion motions
to produce larger frequency shifts than those obtained in this section. Techniques
involving spin-dependent work are proposed for both ESR (in the remainder of this

chapter) and NMR (in Chapter 5).

4.2 Ion orbit nudging through resonance inducing cyclotron kinematics: an

IONTRICK for spin-dependent work

In the previous section, the existence of spin-dependent axial potentials allowed
the development of a novel magnetic resonance spectroscopy of ions, where spin flips
would be detected as small shifts in the monitored axial frequency. A single spin flip was
used to incorporate ESR information. The procedure proposed in this section will employ
additional spin flips to magnify the spin dependence of the ion motions. The extra flips
will perform spin-dependent work on the axial mode, and the corresponding energy
change will be detected via its shift of the cyclotron frequency in the presence of the

magnetic bottle.!* Since manipulation of the ion orbit in a spin-dependent fashion will be
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made to yield shifts in the observed cyclotron spectrum, the technique has been named
"ion orbit nudging rthrough resonance inducing cyclotron kinematics" (IONTRICK).

For a given amount of axial energy, the amplitude of the axial oscillation contains
information on the spin state of an ion. It will be shown that spin flips synchronized with
the axial oscillation of an ion change the axial amplitude and thus serve as a test of the
original spin state. The sign of the change depends on the original spin state, analogous to
the situation in a Stern-Gerlach experiment. The magnitude of the change can be
magnified by using multiple flips. Even so, the change in axial amplitude will usually be
small and impractical to detect by direct observation of the axial motion. However,
because of the coupling of the cyclotron motion to the axial motion mediated by a strong
magnetic bottle, the amplitude change can be detected as a shift in the cyclotron
frequency. Examination of Eq. [3.26a] shows that an increase in axial amplitude (i.e., an
increase in the axial quantum number & ) should produce an increase in the cyclotron

frequency for a positively charged ion.
4.2.a Axially synchronized spin flip cycles

The mechanism proposed uses the difference in the curvatures of U, and U_ as an
energy pump or drain, depending on the initial spin state. Spin flips take place via 7 pulses
at two different frequencies, corresponding to the resonances connecting the potentials at
z~0 and z ~ £z,. Since feasible © pulse times for electrons are as low as ~ 10 nsec, the
pulses are considered instantaneous on the axial timescale. At z = 0, the resonance
frequency is just the Larmor frequency @py. At z =+ z;, however, the frequency o is
given by (using Eq. [2.42] for the spin-dependent axial potentials, accurate to first order in

the magnetic bottle field strength)

1 B
oLy = E(U+(Z= 21)-U_(z=2;))=0r _§_|H_Bﬁ|_22% +0(B§ZT)- [4.23]
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Fig. 4.4. Effects of one axial cycle with synchronized spin flips. = pulses of
frequency oy flip the spin as the ion goes through z=0 (steps 1 and 3), while & pulses of
frequency oy ; flip the spin as the ion moves toward the origin through z=+z;. There is a
net energy change after a full cycle, but spin is conserved. (a) Spin is up initially. (b) Spin
is down initially. The dimensions are not to scale; differences in the curvatures of the two
potentials are greatly exaggerated.

It is assumed initially, for simplicity, that the axial motion has been previously excited by a
voltage pulse to the trapping electrodes to a reasonably large initial amplitude, z5 (.05 to
.5 cm), so that the distribution of axial velocities is small compared to the mean axial
velocity. Thus there will be a definite phase of the axial motion to which the magnetic
resonance pulses will be synchronized. The o ; spin flipping positions, + z;, are chosen
as large as possible, but smaller than z, by at least 10%, to ensure that the axial amplitude

is still greater than z, after a given spin flipping experiment.

To distinguish between the two possible initial spin states, the spin flip sequence is

chosen so that it will decrease the axial energy if the initial state is |o.), and increase the

axial energy if the initial state is |B). A total of four 7 pulses are given in each axial

period, as shown in Figs. 4.4. The ion is assumed to be at z = z, at time zero, and moving
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toward the origin. Consider first the case where the initial spin state is |0L), as in Fig 4 4a.
The ion experiences a m pulse (frequency oy o) as it passes through the origin, and moves
to the U_ potential, losing energy /iwy ¢ in the process (step 1 in Fig. 4.4a). Having gone
from a shallower curve to a steeper curve, the ion turns‘ at some point closer to the origin
than —z,, and then undergoes a spin flip (t pulse of frequency oy ;) as it moves through —
z,, gaining energy hoy  from the transition (step 2 in Fig. 4.4a). It is this step that sets an
upper bound for z;, since the turning point of the ion while in the U_ potential must
always be farther from the origin than +z;. Steps 3 and 4 of Fig. 4.4a are similar to steps
1 and 2, respectively. At the end of one axial period, the ion has lost an amount of energy

equal to 2i{w -y ). If this is repeated over N such cycles, the axial amplitude

decreases to a value zy. such that

U, (zn4) = Uy (za) -2Ni(o 9 -0 r1). [4.24]

The explicit solution of this equation is

2Na(op-o1)

qu g
2d2 (Um lUB|)B2

The energy gaining case, where the initial spin state is IB), is analogous to the

situation just described. The ion starts at z ~ z, at time zero in the spin down potential.
As it moves through the origin, a T pulse of frequency oy o sends the ion to the spin up
potential, with energy gain hoy o (step 1 in Fig. 4.4b). The ion turns at a point beyond —
z,, since it has gone from a deeper to a shallower curve, then returns toward the origin.
A 7 pulse of frequency o ; flips the spin as the ion moves through —z1, with energy loss i
o (step 2 in Fig. 4.4b). Steps 3 and 4 of Fig. 4.4b are analogous to steps 1 and 2,
respectively. In contrast to the preceding case, the ion has gained a total amount of

energy equal to 2i(0 o -0 Ll) after one axial period. If N such cycles are performed,

the axial amplitude increases to a value zy_ such that
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U_(zn_)=U_(zp)+2Ni(o1g-o). [4.26]
Solving this equation,
2N = |22 + 2NHoro—oL) [4.27]
2d2 m 5 B 2

The axial amplitude changes predicted here are substantiated by exact numerical
simulations of the full classical motion. A version of TRAJ.FOR designed to flip the spin
instantaneously at z=0 and z=+z, at the times indicated above, and in Fig. 4.4, with axially
synchronized spin flip cycles, shows axial amplitude changes that match Eqs. [4.25] and
[4.27]; sample results are presented in Table [4.3] This agreement increases confidence in
the approximations used to justify an expression for the axial potential good to first order
in the magnetic bottle strength B, and coupled to the transverse motions only through the
mechanical magnetic moment p,,. The axial motion can indeed be considered decoupled
from the transverse motions. The simple physical picture of two axial potentials differing
only because of the spin state of the ion is valid.

As stated previously, these changes in axial amplitude will be monitored via shifts
in the cyclotron frequency. This can be understood qualitatively by supposing that the
cyclotron frequency is proportional to the average magnetic field experienced over an
axial period. Greater axial amplitude carries the ion into the region where the magnetic
bottle contribution B,z2 is more important. More precisely, the spin-dependent shifts due
to the magnetic bottle will be shifted further by the spin-dependent change in the axial
quantum number k. Squaring the quantum operator for z (Eq. [3.5a]) and taking its

expectation value in a pure state |nkls), a quantum analogue of the square of the axial

amplitude is obtained. Rearranging this and solving for £,

_ mmz<22) 1 [4.28]

2h 2
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Parameter Run 1 Run 2 Run 3 Run 4
Original spin orientation |ot) |B) 1B) |B)
N 109 109 10000 10000
p, (cm) 0.5 0.5 0.05 0.5
Trajectory integration time 5x109 | 5x10°9 | 6.9x108 | 6.9x10-8
step (s)
Trajectory integration 500 500 10 10

resolution (Hz)

Zn+—z A (pm) expected from -0.78 0.78 73.7 T1.2
Eqs. [4.25] and [4.27]

ZN+—ZA (um) observed in -0.69 0.69 2.3 61.2
trajectory integration

Table 4.3. Axial amplitude changes due to axially synchronized spin flip cycles:
the changes predicted via Eqs. [4.25] and [4.27] are compared to results from numerical
trajectory simulations, produced by a version of TRAJFOR (see Appendix A).
Simulation parameters are listed in the table. In all runs, m = 100 amu, q =+1, Bj =1 T,
Vo=10V,d=1cm, B, =1000 T/m2, z, = 0.5 cm, z; = 0.4 cm, p_ = 0, and the ion is

assumed to have the magnetic moment of an unpaired electron spin.

Assuming that the quantum numbers » and / for transverse motion remain constant, the

observed shift after a spin flipping experiment is

8=AAo, )= Ao, [k(zn)]- Aw ,[k(za)]. [4.29]
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Examining Eq. [3.26a] for the perturbative shift of the cyclotron frequency due to the
magnetic bottle, and assuming qB, >0, it is determined that Aw, increases with increasing
k. Thus, the energy gaining experiment, where the initial state is |B), produces a positive
frequency shift, while the energy losing case, with iniﬁal state |(x>, leads to a negative
shift.

Inserting Eqs. [3.26a] and [4.28], and remembering that o, » &_,

5.~ qunf (22, -22) [4.30]

for initial spin mg = +1/2. The 1/m dependence, which comes from the usual sensitivity of
cyclotron frequency to mass, means that heavier ions require a greater number of spin flip
cycles to separate spin states by a given cyclotron frequency difference. For a fixed trap
size (d), the trapping voltage (V) may be adjusted for heavy ions to compensate for the
mass effect. Inspection of Eqs. [4.25] and [4.27] reveals that the axial amplitude change

depends on 1/ Vo, in the limit of a small magnetic bottle and/or small mechanical

magnetic moment; specifically, this is the limit of coi » WmBy/m. Expressing 8 in terms

of the fundamental experimental parameters, for initial spin mg = +1/2,

By = ¢( @4 ) NAgB; (010 - 11) : [4.31a]
0L —-0_ m[%+(um$IuBl)sz|
2d
N B2 2
5:,::-?[ B ) nglu131 271 . [4.31b]
OO0 T | 350 (4 F|up))B,
2d?2

This suggests that, with a limited frequency resolution in the detection mechanism, the
applicability of the spin flipping technique may be extended to larger ions by lowering the
trapping potential instead of resorting to very long trains of & pulses, in the limit of a small

bottle. Estimating the practical limit of this process requires a thorough exploration of ion
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cooling and trapping with low potentials. In the following, values of V( near those of

known trapping experiments will be assumed.
4.2.b Calculated shifts for typical experiments

The inverse mass dependence of the axially synchronized spin flip effect (Eq.
[4.30] ) makes the choice of a small ion appropriate for the first experiments. The smallest
molecular ion, H; has one unpaired electron and is therefore a good test ion. Typical
numbers for the detection of its electronic spin state via ICR follow. However, with future
experiments in mind, numbers are also presented for a spin 1/2 ion of 100 amu mass. The
Penning trap considered has a characteristic dimension of 1 cm, with B, = 1 T, and a
strong magnetic bottle, with B, = 1000 T/m2. The cyclotron radius and the axial
amplitude are both assumed excited to 0.5 cm. Under these conditions, the cyclotron
frequency (in the absence of the bottle) of H; is approximately 7.6 MHz, and that of the
100 amu ion is 150 kHz.

With a trapping voltage of 10 V, 10 axially synchronized spin flip cycles give a
cyclotron shift of +1 Hz; thus, spin up and spin down are separated by 2 Hz. The voltage
dependence discussed above may be put to experimental advantage by reducing Vgto 5 'V,
giving the same shift with 8 cycles. At a trapping voltage of 10 V, the 100 amu ion
requires 180 cycles to give a £1 Hz shift. Reducing V to 5 V decreases the number of

cycles to 93; reducing V, further to 1 V decreases the number of cycles to 24.
4.2.c Proposed IONTRICK experimental sequence

Cyclotron frequency differences of the magnitude predicted above would be
readily observed in ordinary ICR. However, in the presence of the bottle needed to couple
spin and space variables, the distribution of thermal energies would give rise to
distributions of cyclotron frequencies which would obscure the spin effects. This can be

seen by substituting into Eq. [3.26a] values of the quantum numbers 7, k&, and / typical of
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Fig. 4.5. Experimental sequence for magnetic resonance by ion cyclotron

resonance via IONTRICK.

ion ensembles at ambient temperatures. At 300 K this effect gives an inhomogeneous
distribution of the cyclotron frequency equal to ~15% of its center value. The small shifts
0, must be measured despite this distribution. This can be achieved via measurements of
the cyclotron frequency taken before and after a magnetic resonance evolution period in
which the bottle field is absent. Suppose the cyclotron frequency of an ion is measured
just before applying N spin-flipping axial cycles. Let the initial measured frequency be
©,(t=0) and let the time after the N cycles be ty. Then, o, (t=ty) is @, (t=0)+8,. for mg =
+1/2. After the application of another set of N cycles, ending at time tyy, ©,(t=tyy) is
@, (t=0)+28,. for mg = +£1/2. However, if some event caused a spin flip between the first
and the second set of N cycles, o, (t=tyy) would be @ (t=0) for both spins. In the
following, it is assumed that the only significant mechanism of spin flips in the period
between the = trains is Larmor frequency irradiation. Spin-lattice relaxation is assumed
negligible, since no effective mechanism is present for small molecules under collisionless
conditions.

ESR information is encoded by providing a variable mechanism for spin

reorientation between the two sets of N spin-flipping axial cycles. After the first set of N
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cycles, the bottle field is turned off (to make the magnetic resonance spectrum
independent of the translational quantum numbers), and a 7/2 pulse is applied, followed
by another one at a variable time t; later. The bottle is then turned on again, the second
set of N cycles is applied, and the cyclotron frequency is measured. As t; is varied from
one run to the next in multiples of the axial period 21/, the probability of finding the ion
in one spin state or the other oscillates, and ESR is observed via the cyclotron shifts.
Specifically, each ion exhibits one of three outcomes: a shift by 28, a shift by 26_, or no
shift. If Ao is the resonance offset, the probability of the first two outcomes is
%[1 + cos(Acotl)] each, and that of the third is %[1 - cos(Amtl)]. The signal S(t;)
consists of one bit (a zero or a one) placed in each of these three "channels." To obtain an
accuracy of at least M bits in each channel, the single-ion experiment must be repeated 4M
times for each value of t;. The number of bits needed and the number of points in t; will
depend on the complexity of the spectrum S(w,), the Fourier transform of S(t;).

If the experiment is performed on a single ion, the same ion may be used again as
ty is varied, or a new ion of the same species may be trapped. Because of the probabilistic
nature of the spin state transitions, however, it will save time to perform this experiment
on small clouds of ions. Since the distribution of cyclotron frequencies o, (t=0) is orders
of magnitude greater than the shifts 6., there is negligible probability of the signal from
two ions falling in overlapping ranges. Thus the limit on the number of ions will likely be
determined by ion-ion interactions, a subject of future study.

A schematic timing diagram for the experiment is presented in Fig. 4.5. It includes
an initial period of axial and ICR excitation; this is advantageous, since larger axial and
cyclotron amplitudes increase both the strength of the signal observed, and the effects of
the magnetic bottle. It may also be necessary to repeat the ICR excitation pulse before
every run, since the cyclotron frequency detection circuit will damp the cyclotron motion

considerably, as discussed below.
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4.3 Experimental considerations

A variety of experimental issues has been addressed in order to quantify the
technical challenges posed by the proposals presented in this chapter. The effect of
microwave pulses on trapped ion motions will be shown to be insignificant. The
application of microwave power for ESR pulses, however, will be enhanced by using the
normal modes of cylindrical microwave cavity operated as a Penning trap. A novel tool,
selective detrapping of ions by a magnetic bottle in the presence of a weak axial trapping
potential, will be developed. A dechirping algorithm to extract sharp cyclotron frequency
information in spite of continuous chirping of the signal during the detection process will

be derived.
4.3.a Cylindrical Penning trap and microwave cavity

The hyperbolic Penning trap described above provides a highly precise electrostatic
field by virtue of its design. Further precision is possible through the use of small
compensation electrodes (see Fig. 1), and careful design of trap geometry enables
compensation without distortion of ®,.1* However, this type of trap requires delicate
machining, and is thus exceedingly difficult to build. A cylindrical Penning trap, a simple
cylindrical ring with flat endplates, is a better choice for the proposed experiment.!> With
orthogonal anharmonicity compensation, the trap is suitable for high precision work.
Furthermore, this trap forms a microwave cavity with well-known properties,? an
important consideration in achieving electron resonance. Final design of the actual trap
used will involve the numerical solution of Laplace's equations to find an adequate choice
of parameters providing stable and precise trapping over a large volume (up to =.5 cm
radius). The boundary conditions will be complicated by the various necessary

imperfections of the trap. Several holes will be needed for ion injection, vacuum,
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microwave irradiation, etc. In addition, the cylindrical ring will be split into four
quadrants; thus, the trapping ring will also excite ICR and detect cyclotron motion.
Several issues related to the design of a combination microwave cavity and
Penning trap are discussed below. These include two approaches to studying the effect of
microwave pulses (for ESR) on the trapped ion motions. The first of these uses the direct
approach of trajectory simulations; the second approximates the pulses via the
ponderomotive potential.!¢ In order to understand the form of this potential, the structure
of the normal modes of a cylindrical microwave cavity will be quantified, and particular

modes will be chosen for the proposed experiments.
4.3.a (i) Microwave pulse effect on ion motion studied via full trajectory simulations

The first approach used to investigate the consequences of applying strong
microwave pulses to trapped ions employed a trajectory simulation based on the numerical
integration program TRAJ.FOR (see Appendix A). This version added the magnetic and
electric fields due to microwave radiation to the standard Penning trap electromagnetic
configuration (this was done in the DERIVS subroutine of TRAJ. FOR). Simulations with
this program showed a negligible microwave contribution to the ion motion.

The microwave field, composed of the magnetic component B; and the electric

component E, is described by the equations

B; = Bl[fccos(o)t)+§rsin(o)t)] [4.32]

and

E; = E;[&sin(ot) - §cos(at)]. [4.33]
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Parameter Run 1 Run 2 Run 3
Simulation length (s) 1.84x10-8 | 1.84x108 | 1.78x106
p, (cm) 0.05 0.5 0.5
Ax = final x (x,,) with microwaves 3.0x10-8 | 3.0x10% | 1.7x10-8
minus final x (x,¢) without microwaves
(m)
AX [ ot 6x10-5 6x106 -6x10-3
Ay = final y (y,p,) with microwaves -2.8x10-10 | -2 8x10-10 | -2 .0x10-8
minus final y (y,g) without microwaves
(m)
Ay ! yoir 3x1075 3x10°6 4x106
Az = final z (zén) with microwaves -4.3x10-15 | -4.4x10-14 | -3.0x10-10
minus final z (z,g) without microwaves
(m)
Az [z -9x10-13 | -9x10-12 -7x10-8

Table 4.4. Translational coordinate changes due to microwave pulses with © = 28
GHz and B; = 10 G, simulated with a version of TRAJFOR (see Appendix A).
Simulation parameters are listed in the table. In all runs, m = 100 amu, q =+1, Bu=1T,
Vo=10V,d =1 cm, B, = 1000 T/m2, zp = 0.5 cm, p_ = 0; the ion is assumed to have

the magnetic moment of an unpaired electron spin, and the integration time step is 1x10-12

S.

The experimentally reasonable value B; = 10 G, which gives a 7 pulse time of 17.8 nsec,
implies a corresponding electric field strength E; = 3 kV/cm. Assuming the ion under

study to be a 100 amu paramagnetic ion (with an unpaired electron spin supplying the
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magnetic moment), the Larmor frequency is oy ¢/2x = 28.01 GHz at z = 0 and oy /2t =
27.57 GHz at z; = 0.4 cm. The integration time step of 1x10-12 s thus sampled the ion
motion 35 times per microwave period. Simulations were performed over lengths of time
equal to both 1 pulse and 100 pulses; the results of runé with and without the microwave
field were compared.

The results, presented in Table 4.4, show translational changes that are negligible
compared to the axial amplitude change expected from the axially synchronized spin flip
sequence. For example, the simulation with 100 pulses showed an axial coordinate
decrease of 4x10-12 m. A 100 pulse sequence is equivalent to 25 axially synchronized
spin flip cycles, which, under conditions similar to those in Table 4.3, would change the
axial amplitude by 2x10-7 m. This is larger than the microwave pulse effect by a factor of
50000, suggesting that the effect of microwave radiation of trapped ion motions is

negligible.

4.3.a (ii) Microwave pulse effect on ion motion studied with the ponderomotive potential

for cylindrical cavity modes

While the simulations presented in the previous section suggest that the microwave
field necessary to stimulate ESR transitions does not perturb the ion motion appreciably,
the results do not offer complete proof of this. An in-depth study via direct trajectory
integration should include a study of convergence as a function of the time step used; it is
likely that sampling each microwave period 35 times, as was done above, does not provide
sufficiently accurate results. However, further work by this method would be time-
consuming and limited by current computational power. The fact that the microwave
frequency is much higher than all of the trapped ion frequencies, however, allows the
introduction of an effective, time-independent "ponderomotive" potential.'¢ With it, the
ion motion under the effect of microwave irradiation may be simulated while still using the

cyclotron period as the relevant sampling time scale.
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Irradiation at a frequency ® much greater than all of the trapped ion motional
frequencies (w,,0_,»,) allows the use of the oscillation-center approximation.!é

Microwave radiation may then be accounted for via a ponderomotive potential @,

9 E2
c1>=_§_2 0% [4.34]
m-o 2

where E is the time-averaged microwave field strength. The oscillation center r( of the

ion experiences the acceleration

d2l'0
dt?

=-VO. [4.35]

Poole!” gives equations for the standing magnetic and electric fields in a cylindrical

microwave cavity corresponding to TMp, modes:

H,; = —nﬂo[i@}in(mtb) cos(kzz); [4.36a]
Hy = -HoJ i (kr)cos(mé)cos(k,z); [4.36b]
H,=0, [4.36c¢]
Hy—=2—171/,(k r)cos m(b)sm(k z); [4.36d]
( e ,/k +k
Ey = \/EHO Ky m[Jm(kcr)]sin(md)) sin(kzz); [4.36¢]
€ sz +k2 kcr
e &

s —kc———Jm(k r)cos(mad)cos(k ,z); [4.36f]
‘/: 0,/k§+k§ )

where Hy) is the maximum magnetic field strength in the cavity, J,, is the regular Bessel

function of order m, I}, is its derivative with respect to the argument. Furthermore,
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k, =+,
Z d

[4.37a]

[4.37b]

with d the cavity length, a the cavity radius, and (kca)mn the nth root of the mth order

Bessel function J ( kcr) .

It is clear from the magnetic field equations that the TM,; mode is excellent for

delivering 7 pulses at z = 0, while the TM),, mode provides power for pulses closer to

the axial ends of the cavity. Restricting the discussion to m =0,

(E%}:EZ - E2 +Ei +E%,

2

E2 = u-H—O{kg[JO(kcr)cos(kzz)]z + kg[Jl(kcr)sin(kzz)]z}.

€ k2 + k2
C z

This result is achieved with the help of the Bessel identities

iJ (x)_ Jn—l("‘{)_-]m\-l(x)

dx B 2
and
J_n (x) = (—l)an(x) .
Evaluating the necessary partial derivatives,

BEZ_E H%
o g k?ii?
C Z

- kckill(kcr)Jz (kr) sinz(kzz)};

{Jo(kcr)Jl(kcr)[kckg sin? (k) - 2k3 cos” (k2) |

[4.38a]

[4.38b]

[4.39a]

[4.39b]

[4.40a]

[4.40b]

[4.40c]
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Before proceeding further, units will be examined, and Hy will be replaced with the
more experimentally suited quantities of power P (in watts) and loaded cavity quality
factor Q. The derivative equations are in MKS units, so E is in volt/meter, lengths are in
meters, and H is in ampere/meter. Poole!” gives an approximate expression relating the
magnetic field strength H; (in G = oersted) in a cavity to P and Q:

(2)~1073 PQ(\;—W), [4.41]

Cc
where V, is the volume of 1 wavelength in the waveguide and V, is the volume of the
cavity. (This equation is used only as an estimate, since it is really for a TE;,; waveguide

only.) Since 1 amp/m = 4nx10-3 oersted,

Ho[in amp/m] = Hl[in gauss = oersted] X amg/m ; [4.42]
41 x 10~ oersted

Combining the last two equations, and using the approximation H; = 1’(Hf > ;

Hy ~ ' PQ(Yl). [4.43]
-3
4t x 10 Ve

Using a cavity of 4 cm length and 1 cm radius, and approximating the waveguide cross-
section as 1 cm? and the wavelength as 1 cm, the volume ratio is V/V, = 1/(4n), and the
square of the magnetic field is H(Z) ~ 0.5PQ.

This discussion now culminates with the calculation of the acceleration a
contributed to the trapped ion motion by the ponderomotive potential. Combining the
ponderomotive equations,

= —q2 2
a=——V<E ); [4.44]
2m?e?
this expression is then expanded, separated into its Cartesian components, and inserted
into the DERIVS subroutine of a version of the TRAJ.FOR trajectory integration program

(see Appendix A).
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Several simulations were carried out with such a program, integrating the
equations of motion for H; in a magnetic field of 1 T, with trapping potential Vo =1 V,
characteristic trap dimension d = 1.5 c¢m, and no magnetic bottle. Motion was simulated
over the course of 1 ps, with a sampling time of 10-1! sec, allowing the observation of a
total of seven cyclotron periods and one quarter of an axial period (o,/2n = 7.6 MHz, &_
/2w 3.5 kHz, and ®,/2n = 232 kHz). Results for pulses applied with TMg;; and TMgy,
modes were compared, using PQ values of zero and 10° W. The translational positions
and velocities were converted into quantum numbers to extract the mode energies. The
quantum numbers were found to remain constant in all cases, indicating that the
microwave pulses have a negligible effect on the ion motions. This is easily understood in
terms of the ponderomotive potential, since it scales inversely with the square of the

applied frequency.
4.3.b Selective ion detrapping with the magnetic bottle

It is often necessary to control the spread in orbits over an ensemble in an ion trap.
Most techniques for this involve cooling schemes or control of the initial neutral gas or the
ionization conditions. An alternative method is presented in this section to selectively
make the axial motion detrapped for ions with transverse orbits beyond a threshold value.
This scheme, employed in the ESR proposal depicted in Fig. 4.1, operates by adjusting
two independent parameters in the expression for the axial potential. One of these terms
depends on the transverse orbit and can be used to make the axial potential repulsive for
ions with too large a mechanical magnetic moment.

The expression for the axial frequency in the presence of a magnetic bottle,
neglecting spin, can be written from Eq. [2.42] as

o = \/ Vo , 2HmBy [4.45]
2
md m
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For bound axial motion, the ions oscillate harmonically with this frequency. However, if

Vo  2upB g 7 .
q g +2Em22 <0, the motion is unbound, and ions are detrapped. Neutrals may be
md n

ionized with V|, positive and B, negative such that ions will be detrapped immediately if

qVo

Expanding the expression for the mechanical magnetic moment,

Vo
d*[B,|

i) +pi +0 _p% > [4.47]

As a numerical example, consider a singly charged positive ion of mass 100 amu in
a Penning trap with characteristic dimension d = 1 cm, a magnetic bottle strength B, = —
1000 T/m2, and a 1 T magnetic field. Ionization under a trapping voltage Vo = 1 V
produces axially bound ions only for cyclotron radii p, < 1.8 mm, with the equal sign

being the limit of zero magnetron radius p_.
4.3.c Signal detection

Detection circuits for the axial and cyclotron motions are shown in Fig. 4.6. The
circuits are entirely analogous, since both detect the image currents produced on opposing
plates by the motion of charge in the trap. The axial circuit (Fig. 4.6a) uses the trap
endplates for driving and detecting the axial motion, while the cyclotron circuit (Fig. 4.6b)
uses two opposing quadrants of the slit cylindrical ring. The drive voltage in each case is
used for coherent excitation of the respective modes. The resistor damps the motion by

removing energy from the observed oscillation.

4.3.c (i) Single-ion sensitivity

The proposals presented in this chapter rely on the electrical detection of trapped

ion motions with single-ion sensitivity. Single molecular ions (e.g., N;) have been

detected via their axial frequencies by Pritchard's group at MIT.!® Their detection circuit
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(a) (b) segmented
: ring I i
detector electrode &

P _(go 3

} _/ endcap

I Y
_®_

drive

Fig. 4.6. Detection and driving circuits. (a) Axial circuit. (b) Cyclotron circuit.

Adapted from Ref. 2.

consists of a superconducting tank and transformer stage leading into a superconducting
quantum interference device (SQUID) detector. For such a circuit with quality factor Q,
effective inductance L, resonance frequency ®, and detection bandwidth B, the time-

domain signal-to-noise ratio is

S oLQ
I - 4.48
N ™Y 4kgTB [4.48]

where T is the temperature of the circuit, kg is Boltzmann's constant, and the rms current

is given by

_x 0V |zal

I . 4.49
T2V 2m dzg L4451

The ion's axial amplitude is denoted by |z, |, while d is the Penning trap characteristic

dimension, z; is half the trap axial length, and x is a constant of order unity. Combining
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Parameter Value cited in Ref. 19 Value propqsed for ESR
experiments
n; 10 1
|za| (cm) 0.02 0.25
0,/27 (kHz) 160 23.750
Q 12000 300
L (H) 5.7x103 0.5
B (Hz) 13 79
time-domain S/N 5 0.1

Table 4.5. Extension of SQUID detection to more massive ions, with lower

these two equations with the definition of the axial frequency, ® , = \quO / md? , to reveal

the main trends in the signal-to-noise ratio,

S @3/2L1/2Q1/2

where n; is the number of ions contributing in phase at frequency ®. This allows a direct
comparison to the MIT experiments, aiding the extension of the technique to more
massive ions in the ESR proposals presented here. The comparison presented in Table 4.5
shows how the superconducting tank / SQUID circuit can be altered to give a time-
domain signal-to-noise ratio of ~ 0.1. Fourier transformation with resolution A can then
be used to yield an effective signal-to-noise improvement of (B/A)!/2. Note that the ESR
simulations presented in section 4.1.c have a similar time-domain S/N, illustrating the

power of Fourier transformation in extracting signal information from time-domain noise.
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4.3 ¢ (ii) Cyclotron signal dechirping

The detection process removes quanta from the detected mode. If the detected
frequency depends on the number of quanta in the mode, the frequency will be shifted
continuously, or "chirped," throughout the detection period. This situation exists when
the transverse trapped ion modes are detected in the presence of a magnetic bottle. Axial
detection does not suffer from this shortcoming, since the bottle-perturbed axial frequency
does not have any axial quantum dependence (Eq. [3.26c]). The cyclotron frequency,
however, is linearly dependent on the cyclotron energy (Eq. [3.26a]). Since small
cyclotron frequency shifts due to the axially synchronized spin flip experiment will be
measured in the IONTRICK, any other mechanism which also shifts the frequency must be
understood. Restricting the discussion to cyclotron effects only, and restating the classical

expression for this phenomenon as derived in Chapter 2,

W 2
AO)+ = ‘z—mszc. [451]

Assuming that qB, > 0, a uniform decrease in the cyclotron radius leads to a uniform time-
dependent increase (chirp) in the magnetic bottle shift of the cyclotron frequency. If this
increase can be predicted accurately, its effect may be removed from the problem by a
variety of methods (sweeping a reference frequency at the same rate, manipulating the
Fourier transformation mathematically, etc.) which demodulate the chirp. This is very
much like some problems encountered in radar observation. In this section an apparently
novel dechirping algorithm is presented which is time-efficient by virtue of being based on
the fast Fourier transform.

The damping constant vy, defines the rate at which the cyclotron energy decays:2

E, (t)=E_ (t=0)e "+, [4.52]
gk’ - R o

= i S 4.53

Y+ (21[5(1) mm+—co+’ [ ]
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where R is the resistance in ohms and ' is a constant of order unity, exactly equal to one
for perfectly flat endcaps. Since the cyclotron energy is proportional to the square of the
cyclotron radius, and since the magnitude of the bottle shift to w, is also proportional to
the square of the cyclotron radius, the magnitude of the shift also decays with time
constant y,. The cyclotron motion during detection has a time-dependent frequency. The
small frequency shifts 8, produced by the IONTRICK experiment can be calculated, since
the peaks in the demodulated ICR Fourier transforms are just the frequency at the end of
the pre-experiment detection period and the frequency at the beginning of the post-
experiment detection period. For example, for the H; experimental values given above,
the total cyclotron frequency shift due to damping during one second of detection is
around 150 Hz. Algorithms will now be presented to remove this chirp and extract the
cyclotron frequency at the beginning or the end of a detection period. These algorithms
have been tested and have been shown to have the added attraction of being robust to

noise.

Let the signal due to an ensemble of trapped ions be represented by

S(t) = Za J-ei"’ﬂ'(‘)‘_ [4.54]
j

Defining
m+j(t)=m++Aco+j(t)=m++Am3je’y+t [4.55]
and establishing a reference frequency o, such that

A =0, -0, [4.56]

the signal becomes
it Ao +A0 § &7+
s(t) = E aje]( e ). [4.57]
J

The dechirping function used to extract the frequency at t=0 is defined by



T4

flt,o)= eit[(l_e_w)((o _Am)]; [4.58]

the desired dechirped signal G(®) is then obtained via

Glo) = J'S(t)f(t,m)e_imtdt, [4.5]
0

the Fourier transform of the product of the signal and the dechirping function. The
dechirping can be rewritten in terms of Fourier transforms to take advantage of the
computational speed of the fast Fourier transform (FFT).2° This also allows the separation
of the problem into a larger part which is calculated once for each set of similar
experiments (e.g., with the same y,) and a smaller part involving actual individual signals.
The dechirping procedure begins by calculating the matrix F(o,0’), which requires one
FFT over o’ for each value of ®. This is calculated only once, since it remains constant
for different signals as long as the damping constant v, and the reference offset Ao do not
change:
©
Flo,0") = J £(t,0 )e @i gt [4.60]
0

The FFT of each signal is then computed:

S(o) = J.S(t)e_i(”tdt. 61T
0

The dechirped signal is finally calculated by integrating over the product of the transfornis

calculated in the two previous equations:

6(o) = JS(m)F(w,w’)dw’. [4.62]
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Fig. 4.7. Demonstration of dechirping for a single-ion spectrum (a) without and

(b) with noise. Simulation parameters are described in the text.

The last two transforms, S(®) and G(o), are repeated for each signal over the course of an

experiment. Note that the frequency extracted by the above procedure is that at t = 0,
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this is set by the definition of f{t,®). The signal frequency at t = T may also be extracted by

using the dechirping function

i s 'Y+(1-'¢) =Nt
f(t,m):et[(l ) Jo-a )]. [4.63]

The frequencies extracted by these algorithms are the instantaneous frequencies ® j(t),

given by
_d 0 —v.t),]_ 0 —y,t
mj(t)_a[(Am +h0l e )t]—Am +a00 (1-y e+ [464]

Fig. 4.7 demonstrates the application of this technique to an ion with Aw/2nt = 55
Hz, Ao 2_1121: = 40 Hz, and y,/2n = 1 Hz using a 256-point simulated data set and 1 Hz
resolution. Fig. 4.7(a) shows the successful dechirping of the spectrum in the absence of
noise, isolating initial and final frequencies of 95 Hz and 70 Hz, respectively, as predicted
from Eq. [4.64]. In Fig. 4.7(b), noise equal to the amplitude of a single ion's signal has
been added without impairing the success of the dechirping algorithm. Fig. 4.8
demonstrates dechirping for a simulated signal from ten ions with random phases,
including noise of amplitude equal to three times a single ion's signal. The ion parameters
are tabulated in Table 4.6. This example illustrates the power of the dechirping technique:
while no lines can be distinguished from noise in the chirped spectrum, dechirping reveals
all ten peaks in both the initial-frequency- and final-frequency-dechirped spectra and

allows the definite separation of most ion lines from the noise.
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Fig. 48. Dechirping of a simulated ten-ion spectrum with noise amplitude
equivalent to three ions. Parameters are described in the text and in Table 4.6 (a)
Chirped spectrum. (b) Spectrum dechirped to reveal the initial frequencies. (c)

Spectrum dechirped to isolate the final frequencies.
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Ion # (index j) | g /27 (Hz) phase ;(t=0)/2n o;(t=T)/2n

1 (degree) | ~° (Hz) (Hz)
1 -180 0 -125 &y
2 -170 195 -115 -8
3 -150 70 95 0
4 -115 290 -60 13
5 -70 20 -15 29
6 -40 120 15 40
7 -5 235 50 53
8 30 260 85 66
9 50 180 105 73
10 70 45 125 81

Table 4.6. Individual ion parameters for the ten-random-ion dechirping simulation
presented in Fig. 4.8. The following parameters are equal for all ions: Aw/2n = 55 Hz,

Y+/2n = 1 Hz, resolution = 1 Hz, number of points = 256, T =1 sec.

4.3.d Vacuum and temperature requirements

Collisionless conditions have been assumed throughout. This allows the treatment
of spin as a conserved quantity. Collisional phenomena are understood well in ICR and

are separated into chemically reactive and nonreactive categories.!! In ICR, an ensemble
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of ions is observed after coherent excitation, and the signal is modeled in terms of an
effective rotating electric monopole in the trap.2! Nonreactive collisions lead to dephasing
of the individual orbits, a decrease in the radius of the monopole, and a loss of signal;
reactive collisions eliminate ions. Assuming that the céllisions in the case proposed here
are nonreactive, analysis of the reduced collision frequency for the Langevin potential
(ion-induced dipole potential) gives room-temperature relaxation times of around 2
seconds for 100 amu ions of unity charge with pressure of 10-8 torr.2! This corresponds
to linewidths (and reduced collision frequencies) on the order of the frequency shifts to be
measured. Therefore, vacuum better than 10-8 torr will be necessary.

Low temperature may help solve part of the collisional problem. In addition to
slowing the motions of neutrals, low temperature may also induce neutrals to stick to the
walls of the trap (cryopumping). The main advantage of working at low temperature,
however, would be the decrease in Johnson noise in the preamplifier used for ICR
detection. This factor combined with the large cyclotron radius will help make single ion

detection practical.
4.3.e Coupling to rotation

Molecular rotation must still be incorporated into this theory. Previous work on
the radiofrequency spectrum of H-zF polarized the sample optically, then probed the
magnetic structure by observing the dissociation of the ion.22 Since the cross section for
photodissociation by a polarized beam depends on the magnetic state of the ion, excitation
of the rf resonances between magnetic substates increases the ion decay rate. Experiments
show that these magnetic substates include the coupling of electron spin to the two proton
spins and to the rotation vector. An experiment to observe the magnetic resonance alone
could work on cold H_;, in the limit of having only the lowest rotational level occupied.
Alternatively, the coupling of the electron spin to the rotation could be observed by using

+ y . :
para-H,, for which the total nuclear spin quantum number I1=0; Jefferts?* discusses
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photodissociation experiments of this type. Another possible direction to explore is that
of detecting (purely) rotational transitions by the methods described here. For an ion with
Zeeman splittings on the rotational spectrum there will be cyclotron shifts analogous to
those described here for magnetic resonance. Since rotational spectroscopy of ions under
collisionless conditions is impossible by straight microwave absorption techniques, such a
method could augment the structural information available from magnetic resonance.
Future work on the theory of detecting magnetic resonance via ICR must explore the

coupling of spin to rotation, as well as to motional moments.
4.3.f Possible extensions

Since many "parent ions" of diamagnetic neutrals are paramagnetic, the techniques
presented here could be applied to a large number of systems. In addition, this experiment
need not be confined to the study of electron spins. Though nuclear spins have
gyromagnetic ratios three orders of magnitude smaller than that of the electron,
adjustment of the various parameters of the experiment could make the direct observation
of nuclear resonances possible. The limits of low trapping voltages, large bottle fields, and
high-resolution detection must be examined further to assess the possibility of NMR
experiments.

The general scheme presented here is not the only way to separate spins via ICR.
This work was originally motivated by the goal of creating spin-dependent cyclotron
radius changes by the application of resonant gradients, enabling the detection of nuclear
magnetic moments. In principle, any inhomogeneous field will couple spin to the spatial
coordinates, making the spatial separation of spin states possible. The challenge is to find
experiments, like the one presented here, which translate this possibility into easily
observable quantities. This goal has been fulfilled, and the resulting proposals are

described in the following chapter.
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Chapter 5: Spin-Locked Internally Resonant Ion Cyclotron
Excitation

The previous chapter suggests experiments which exploit single-ion sensitivity in
the detection of the axial and cyclotron trapping frequencies. The magnitude of the
frequency shifts produced, however, restricts the ready applicability of the proposals to the
study of electron spin resonance. The ultimate goal of this dissertation is to develop
experiments which can probe the magnetic resonance spectra of nuclear magnetic
moments by using spin-dependent forces to modify trapped ion frequencies. This chapter
presents the fulfillment of this goal and focuses on design issues for a promising method in
which spin-dependent cyclotron acceleration is imposed. The resulting change in ion orbit
is detected as a change in the axial trapping frequency.!

As in the electron g-factor measurement of Dehmelt23, the shift in axial trapping
frequency is proportional to the strength of a static magnetic bottle field gradient.
However, that direct effect of a spin flip is impractically small for nuclear spin flips of ions.
In the present case, the transverse magnetic moment is coupled to a radiofrequency
gradient to provide an accelerating force. A precedent is M. Bloom's deflection of neutral
molecular beams by radiofrequency field gradients (the "transverse Stern-Gerlach
effect").45 The effect desired is a continuous Stern-Gerlach force that will perform spin-
dependent work on the ion, as opposed to the continuous Stern-Gerlach effect® produced
by a magnetic bottle, which does no work on the ion.

Semiclassical and quantum mechanical derivations in this chapter present the
conditions under which a magnetic field gradient modulated at both the Larmor and

cyclotron frequencies will lead to cyclotron acceleration proportional to the transverse
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magnetic moment of a coherent state of the particle and radiation field. This effect has
been named spin-/ocked internally resonant ion cyclotron excitation (SLIRICE). In the
presence of a magnetic bottle, the corresponding shift in the axial trapping frequency due
to this spin-dependent work can be made much larger than the shift due directly to a spin
flip.

This effect has been incorporated into a proposed experimental procedure in which
the spin-flip probability, resulting from a period of high-resolution magnetic resonance,
controls the presence or absence of a net axial frequency shift between two detection
periods. The data reduction algorithm presented in Chapter 4 allows rapid conversion of
the "before" and "after" signals from one or many trapped ions into a point of the magnetic
resonance spectrum or interferogram. Simulated signals, including the anticipated noise
from both the detection circuit and intrinsic quantum fluctuations in the number of spins

flipped, indicate the method is practical.

5.1 Background: the transverse Stern-Gerlach experiment

The work presented later in this chapter shares a common root with the
"transverse Stern-Gerlach" (TSG) experiment, first proposed by Bloom and Erdman in
19624 The experiment, demonstrated on a beam of potassium atoms in 1967,° achieved
spin-dependent acceleration of neutral atoms in a beam by applying a radiofrequency
magnetic field gradient resonant with the Larmor frequency corresponding to the atoms'

spin angular momentum. With a field of the form
B =By +(Gx& + G,y¥)cosot, [5.1]

the resonance condition ® = ®y = -yB causes the spin to be quantized transversely in the
reference frame rotating about the z axis with angular velocity ©.° This is contrast to the

conventional Stern-Gerlach experiment, where the quantization is along the z axis and the
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spin-dependent force is due to gradients in B,. The demonstration of the transverse Stern-
Gerlach experiment was accomplished using a quadrupole field (produced by four anti-
phase wires along the z axis, placed at the corners of a square in the transverse plane) with
Gx=Gand Gy =-G

Bloom and Erdman proposed the extension of the transverse Stern-Gerlach
experiment to ion beams using similar fields, and predicted (but did not derive concretely)
the existence of An = 1, Amg = *1 transitions for ® = ©0y—o; and An = =1, Amg = F1
transitions for ® = wg+w,; in the same paper, they announced the construction of such an
apparatus to measure the magnetic moment of the free electron,* but the completion of
this experiment was never reported. In this chapter it is demostrated that the rf field
configuration suggested there does not have the desired effect of steady spin-dependent
cyclotron acceleration, but that is achievable with modified rf fields. Eight years later,
Enga and Bloom’ proposed a TSG experiment for ion beams traveling down the axis of a
helical quadrupole wire system. The quadrupole nature of the magnetic field gradient
would provide the necessary spatial dependence, while, in the ion frame of reference, the
helical twist of the four quadrupole wires would translate into the time dependence
essential to achieve resonance. However, calculations done as part of this dissertation
work failed to derive the expected linear, spin-dependent changes in cyclotron energy
when a time-dependent quadrupole field alone was added to a Penning trap.

Numerical trajectory simulations were carried out to explore the feasibility of the
TSG effect for trapped ions. The trajectories were carried out with a version of the
program IRICEO1.FOR (see Appendix A) modified to add the field due to a quadrupole
wire arrangement parallel to the z axis of a Penning trap. The simulations integrated the
six-dimensional system of equations of motion for the three spatial (Cartesian) coordinates
(x,y,2) and the three semiclassical spin coordinates (jiy,Hy,11;). Note that the spin is scaled
by a factor of 108 to magnify spin-dependent effects, enhancing their visibility in runs with

limited computational time. The cyclotron quantum number for several 40 ps runs is
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plotted for several simulation runs in Fig. 5.1, the corresponding transverse magnetic
moments are depicted in Fig. 5.2 The solid line trace corresponds to excitation by a
quadrupole field (of frequency ©® = wg—w.) alone, and shows no cyclotron acceleration.
The transverse magnetic moment in this case is modulated between |i| and zero,
indicating that a quadrupole field does not lock the spin in the transverse plane, and hence
cannot produce a TSG effect, contradicting the previous proposals.#?7 The addition of a
spatially homogeneous spin-locking field b cos ®gt, however, corrects this deficiency.
This field constrains the spin magnetic moment to have a non-zero transverse component
at all times, locking the spin in the transverse plane. Viewed in the frame rotating about
the z axis with angular frequency , the spin is locked in the x direction. The spin-down
results with two different values of b show that doubling the spin-locking field from 0.005
T to 0.010 T increases the average transverse magnetization from 0.69|fi| to 0.80|fi]. In
turn, this increases the linear change in cyclotron quantum number (ie., the TSG
effectiveness) by a factor of 2.5. The spin-up and spin-down runs with b = 0.010 T show
equal but opposite changes in cyclotron quantum number, the desired spin-dependent
effect.

Several, albeit limited, attempts have been made via numerical simulations,
semiclassical calculations, and quantum mechanical calculations to improve the degree of
spin locking with this configuration. When viewed in the rotating frame, loss of a spin
lock arises even with an ideal locking configuration when the initial spin condition does
not correspond to one of the spin eigenstates of the system. The rotating frame
magnetization then precesses about the eigenvector axis. In the simulations presented
above, the axial magnetization observed was symmetrical, indicating that the spin
eigenvector in each case was in the transverse plane. However, runs with the spin initially
in the y direction and at angles of n/4, 37/4, 57/4, and 7m/4 relative to the x axis (in the
transverse plane) failed to give perfect spin locks (no modulation of the transverse and

axial magnetization magnitudes in the laboratory frame). The sections that follow produce
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the desired effect with a different field configuration, both semiclassical and quantum

mechanical derivations for this configuration are presented.

5.2 Semiclassical derivation of SLIRICE

Consider the case of a positive ion confined in a Penning trap. Choosing the large
homogeneous magnetic field B to define the positive z axis, and neglecting magnetron

motion throughout this derivation, the ion's transverse motion is given by

% =p[codo 4+, )% —sin(w t+¢,)7] [5.2],
where the cyclotron radius p, and the cyclotron frequency o, are both positive quantities,
and ¢, is the cyclotron phase relative to an ion on the positive x axis at time t = 0. Since
the results being derived will be applied to nuclear magnetic resonance, spin will be
expressed in terms of the gyromagnetic ratio, as is conventional in the NMR literature.

Assuming that the ion has a spin-1/2 magnetic moment fi, of magnitude p = |y|#/2, which

has been spin-locked in the x-y plane, the spin's motion is given semiclassically by

_|yln e 5
p.=%[cos(mot+¢0)x+sm(m0t+¢0)y], [5.3]

with no z component. This spin-lock is the transversely quantized spin eigenstate of the
transverse Stern-Gerlach effect;®> any field configuration which performs spatial work
dependent on the transverse spin moment must preserve this spin lock. For a spin with a
negative gyromagnetic ratio y (e.g., a proton), ®¢ is a positive quantity; the two (quantum

mechanical) orientations of spin have phases that differ by =.
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Fig. 5.1. Cyclotron quantum number changes due to TSG. Results from
trajectory simulations with G = 0.023 T/m in a Penning trap with Bo =1 T, V3 = 0.5
V,d=1.1 cm. In each case, a 100 amu ion with a single positive charge and a proton
magnetic moment is on the x axis at time t = 0, with cyclotron radius and axial
amplitude both equal to 0.5 cm and negligible magnetron radius. The quadrupole field
oscillates at the difference of the Larmor and cyclotron frequencies, while the spin-
locking field of magnitude b oscillates at the Larmor frequency. The legend indicates
the spin-locking field strength and the initial spin orientation for each run, where "up"
and "down" are parallel and antiparallel, respectively, to the x axis. The simulation
time step is 5x10-11 s; the spin magnetic moment is artificially scaled by a factor of

108 to make spin-dependent effects readily visible with limited computational time.
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Fig. 5.2. Transverse magnetic moment during TSG. Results from
trajectory simulations described in Fig. 5.1; the magnetic moment scaling by 108
mentioned in that caption sets the magnitude of the spin moment at 2.88x10-11
erg/T. The two b = 0.010 T curves overlap almost completely and are not
distinguishable on this plot. The salient feature of this figure is the nearly total loss

of transverse magnetic moment for the b = 0 curve.

The ultimate goal of this calculation will be to derive a force that accelerates or
decelerates the cyclotron motion depending on the spin eigenstate's orientation. This force
must be resonant with the cyclotron motion, and, by analogy to ion cyclotron resonance,
tangential to the cyclotron orbit. That is, the force must be parallel (or antiparallel) to the
direction of motion, so that the ion is continually pushed (or pulled). The force will thus

be perpendicular to the position vector, and will be described by



93

Fg oc +sin(o  t + ¢, )k £cos(o .t + b, )F. [5.4]

5.2.a SLIRICE field configuration

Since the goal is the design of an ICR-like experiment with spin dependence, the
resonant electric field of ICR is replaced by an oscillating magnetic gradient with
components at the cyclotron and Larmor frequencies. This field is constructed by
arranging two orthogonal quadrupole coils: one is parallel to the x-axis with current
proportional to cos(w,t+d;)cos(w,t+d,), and the other is directed along the y-axis with
current proportional to cos(wt+d3)cos(w,t+¢4)., as shown in Fig. 3. The total magnetic

field is now
B=Byz+G(yy—z2)cosdwot +d;)cos(® .t + ;)

+G(z2 - x&)cos(m gt + ¢3 ) cos(® .t + b4 ) + beosot. [5.5]
The greater number of adjustable parameters provides more design freedom than the
single-frequency quadrupole originally suggested for TSG. A Helmbholtz pair contributes
the spin-locking field b cosotx; this field has been accounted for already by the
assumption of a transverse magnetic moment in Eq. [5.3], and will be neglected for the

rest of this semiclassical calculation. The corresponding spin-dependent force on the ion is
E, = V(fieB); [5.6]

this is approximated by

- =

F,=(fieV)B. [5.7]
The expression for the force can be expanded and compared to the desired ICR-like form.
The field's arbitrary phases can then be selected to make the spin-dependent force

tangential to and resonant with the cyclotron motion. The resulting values for the phases

are
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b1 = o + /2, [5.8a]
b2 =4, [5.8b]
b3=¢o +m, | [5.8¢c]
and
b4 =4 + T/2; [5.8d]

note that other (equivalent) solutions can be constructed by simply adding & to any two

phases. With these values, the field reduces to
B =B(z+bcosnt

+£2}-{(x§< = yy)sin[(coo —0 4 )t] - (xR +y§ +222) sin[(@¢ +© +)t]}. [5.9]

The spin lock is lost at the nutation rate

ou, - 'YI'Ylth+
ot 4

sin[z(mot +¢0)]sin[2(co +t+d>+)]. [5.10]
Integration over time reveals the time dependence of the z component of the
magnetization:

_xlv[Ghe,

Hz(t) = 3

{—]w{sin[Z(mo — 0.4 )t+2(bo ~4:)] - sin[2(00 - 0,.)]}

0Wg—O4

+;{sin[2(¢0 +¢+)]— sin[2(co0 +co+)t +2(dg +¢+)]}}. [5.11]

®p+0 4

For a proton in a 1 T magnetic field with p,. = 0.5 cm and G = 1 T/m, the amplitude of the
terms in p,(t) is 6.29x104 |

, a negligible quantity, and the spin lock is conserved.
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Fig. 5.3. Orthogonal quadrupole coil and Penning trap configuration for

SLIRICE. The dark wires compose a quadrupole coil along the y axis, while the
light wires are part of the coil parallel to the x axis. The arrows indicate the relative

direction of the electrical current traveling through the wires. The vertical loops

represent a Helmholtz pair producing the spin-locking field b cosotx.
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5.2.b Change in cyclotron radius and its monitoring via axial frequency shifts

The spin-dependent force, neglecting high-frequency (greater than ®) terms, is

E, :TrMhG
. 4

[sin(o) )& +cos{o _,_t))"/]. [5.12]

For excitation by this spin-dependent force small compared to the initial energy, the

change in cyclotron energy due over a period T is

X(7) T
AE, = - J.f?od)“i =JF.(§)dt=¢Mcos¢+. [5.13]
ot 4
X(0) 0

The corresponding change in cyclotron radius is

T ol [5.14]
+

the desired spin-dependent displacement, linear in time. The effect is depicted
schematically in Fig. 5.4.

This shows that an ensemble of ions originally at radius p, with spins quantized
along the z axis, which are accelerated to larger or smaller orbits depending on their
transversely quantized spin state and their azimuthal position, can be monitored as a
change in the axial frequency in the presence of a magnetic bottle. The axial frequency for

each ion, including corrections to ®, due to the magnetic bottle, can be written from Eq.

[2.42] (using the NMR notation) as

o & B, _vln 2
®z=m2+mmz(um+-—2——J+0(B2) [5.15]

for spin quantum number mg = +1/2. The change in axial frequency due to a change in

cyclotron radius is
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(a)

(b)

Fig. 5.4. TIllustration of the IRICE effect. The circles represent ions; the arrows
represent the orientation of each ion's spin eigenvector. (a) Prior to IRICE, the axis of
spin quantization is the z-axis. Ions excited to the cyclotron radius p, by coherent ICR
excitation have been dephased by B, during an initial axial detection period. (b) IRICE
quantizes the spins transversely and accelerates the ions to new orbits. The effect scales

with cos¢,, as seen in Eq. 8., and is thus maximized with ¢, = 0 or =.

8=0,(ps +Apy) -0 ,(py). [5.16]
Neglecting both the direct spin term and the magnetron motion, and rewriting the
mechanical magnetic moment in terms of the cyclotron radius, the axial frequency

including the effect of the cyclotron radius in a magnetic bottle is

+ L30B8y o2, [5.17]
mo,

The SLIRICE axial frequency shift, neglecting terms quadratic in Ap,, is

5:MAP+_ [5.18]
mo,
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Inserting Eq. [5.14] for the cyclotron radius change yields the frequency shift

5 _ = Baly[nGp, cosd,.

4m2(:)Z

[5.19]

For a 100 amu ion with a proton magnetic moment in B, = 1 T, with B, = 1000 T/m2,
®,/2n = 262539 Hz, p, = 5 mm, ¢, = 0, G = 200 G/cm, and t = 1 sec, the spin-
dependent change in the cyclotron radius is Ap, = 1.4 um, with the corresponding axial
frequency shift 6/2r = 0.4 Hz. This represents an improvement of five orders of
magnitude when compared to the 4 uHz direct shift of the frequency caused by the spin in
a magnetic bottle, as calculated from the full axial frequency above as well as from the
perturbation expression for Ao,, Eq. [3.26b].

The expression derived above is good as long as the components of the field
gradient are exactly resonant with the Larmor and cyclotron frequencies. Resonance with
the cyclotron frequency is achieved easily for a single mass as long as SLIRICE takes
place in the absence of static field gradients which might broaden the cyclotron lines over
an ensemble of ions. This, of course, requires that any experimental procedure which
detects the SLIRICE radius change via axial frequency shifts in a magnetic bottle must
keep the SLIRICE and axial detection periods separate in time, so that B, may be off in
the former periods and on in the latter.

The assumed condition of spin resonance poses a problem, however, since a time-
domain NMR experiment involves exciting all lines uniformly across some broad spectral
region. Inability to observe off-resonance lines would require the use of continuous wave
techniques, leading to a slow time-sequenced experiment in which the Larmor component
of the radiofrequency field would be stepped in frequency from one shot to the next. Spin
locking over a range of NMR line frequencies solves this problem allowing spin-dependent
cyclotron acceleration to be incorporated into time-domain NMR experiments. It allows
spins with Larmor frequencies across a broad spectrum to remain in phase with the spin-

dependent force, allowing all lines to be excited nearly equally. A quantitative theory of
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these offset effects is derived via a fully quantum mechanical calculation in the next

section.
5.3 Quantum mechanical derivation of SLIRICE

The SLIRICE effect obtained semiclassically in the previous section will now be
derived more systematically via a quantum mechanical rotating frame calculation similar to
that used to evaluate ICR excitation in Chapter 3. Unlike the semiclassical derivation, this
method will include the spin-locking field and resonance offsets explicitly. The rotating

frame used is defined by the transformation T = exp(+iHt) with

Hy=H,+H,- ol [5.20]
the transverse and axial Hamiltonians are those defined in Chapter 3. The SLIRICE effect

is produced by adding the rf field
B = G(y} - zﬁ)cos(mt +¢p)cos(w 4 t+dy)
+G(z17: - xf) cos(ot + ¢35 ) cos(® .t + b4 ) + bcosot X. [5.21]

The corresponding perturbative addition to the total Hamiltonian H = Hy + V is

V=vyleB; +Aonl,, [5.22]

where T is the vector of spin operators (Ix,Iy,IZ) and the resonance offset is

Ao =0 — ag. [5.23]

Expansion of the perturbation yields

V = —yGxI  cos(wt + d3)cos(w 4t + by )+ YGyly cos(ot + ;) cos(o .t + ¢o )

+yGzI, [cos(cot +¢3 )cos(co by ) - cos((ot + ¢4 ) cos(co +t+by )]
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+vbl, cosot + Anl,. [5.24]

3.3.a Rotating frame interaction

The interaction in the rotating frame is
v - e—iHot/hVei.Hot/h' [525]
Expanding this yields
V = —yGxI, cos(wt + ¢3 ) cos(® 4t + h4 ) + YGFIy cos(wt + ¢1) cos(@ 1t + b3 )
+yGiTz[cos(cot + ¢3) cos(o e ¢4) = cos(cot + d)l) cos(® s+ 0 )]
+ybI, cosot + Aol,. [5.26]
The individual rotating frame operators are now tabulated:

o _ —iH /R iHt/h
X=¢€ Xe

_ B

"\/2m(co+—m_)

+i(a1 -—a+)cosm+t+i(a1 —a_)cosco_t; [5.27a]

[(aI +a+)sinco+t—(ai +a_)sinco_t

o _ —iHt/h_ iHt/h
e ye

:\/Zm(mf—a)_)[(al +a+)cosm+t—(ai +a_)coso)_t

—i(aI —a+)sinco+t—i(aj —a_)sinm_tj|; [5.27b]
T i h y ;
5 = o U A, iH, t/h _ -z-r;ﬁ)——[(az +az)cosm zt—l(al —az)smmzt}; [5.27¢]
z
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I, = eimlzt/hlxe_imlzllh = I cosot — Iy sinot; [5.27d]

1. = e—lwlzt/thelmIZt/h

y = Iy sinot +1y cosot. [5.27¢]

These expressions can be inserted into V to evaluate the general rotating frame
interaction. The problem is made more specific by selecting phases (by inspection) that
will lead to the desired spin-dependent cyclotron acceleration. The phases chosen here
coincide with those determined semiclassically in the previous section (Eq. [5.8]),
assuming that the arbitrary reference phases ¢ (of the rf) and ¢, (of the ion motion) are
both set to zero. Keeping only those terms that are constant in the rotating frame, the

average rotating frame interaction is

= G h yb
PO, T B (.t a1+ 21 4 Ael,. 528
2 2m(co+—co_)( i "') A . [>28]

5.3.b Laboratory frame radius operator

Restating the expression for the rotating frame radius operator from Chapter 3,

el

—iHpt/h __iHt/h _ . 2h
e pe =

i )(aie-i“)+t -—a_e_im-t)‘ [5.29]

The radius operator is now transformed to the interaction frame, becoming

(0 5(0)
(t)ze—lv t”‘be‘V t/h

P
. yGeTlout Ao [ ]
=p- I.t— t/—1]1I
P 2m(o, -0 )| ¥ o2 cos(geﬂ‘) y
=eff
% o0 [sin(m t)—co t](AcoI -0l ) [5.30]

&3 =eff =eff X =1Z/|° )
=eff

where the operators



YG h ¥ b
o, =—— [—— |a! +a |J+— 5.31
=] 3 \/2m(m+—m_)( hi +) 2 5311
and
2 2 2
0l =07 +(Ao) [5.32]

have been defined to make the equations more compact and to isolate important

precessional frequencies, as will become apparent later in this calculation. In this

2

expression, the use of @ off in the denominator is simply a notational convenience to

simplify the result into trigonometric operator form; expansion of the trigonometric
functions into their respective infinite series reveals that all operators appear with powers

that are positive integers. The solution for the radius observed in the laboratory frame is

o(t) = (lP|e“iV(°)t/”e‘iH0"hpeiH0""eiV(")t”‘|‘{f) _ (Wle(t”?) [5.33]

5.3.c Wavefunctions in the classical limit

The wavefunction |‘I’) is assumed to separate into the simple product of the

cyclotron (#77), magnetron (7), axial (k), and spin (£, for mg = £1/2) wavefunctions:

W) =¥, ) ®[F)) ® ¥y ) ®|Fs ). [>24]
Since the operators present in the current calculation do not have any axial dependence,
the axial wavefunction will simply factor out. The nature of the spin wavefunction will be
investigated in the following section. The limit of classically-sized (large) orbits will be
assumed, and thus the cyclotron and magnetron parts of the wavefunction are those
derived in Chapter 3, with the combined wavefunction of Eq. [3.36] subject to the phase

relationships of Eqs. [3.41] and the amplitude constraints of Eqs. [3.42]. Given these

conditions, the expectation value of the operator @ i reduces to
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Q= <\P|21|\P)

G

G * ’Yb
2 —0_) E n+1 n c:.n'—lcn"/z]_'__

-5 2m(o, —o_ )Z 1cn) cpvn+1+(—ic,)" n‘/,j]

2

ooy Qe (-]

n

For large n, the sum collapses to zero and ® reduces to the Rabi frequency

b
(DI%‘Y—

A similar analysis shows that

and

2
b
o2y = (¥lo2e|¥)~ (D] + (20"

These large 7 results reduce the observed laboratory frame radius to

oM
2

) = g, 1 gy gm0t
,YGe—iCD+t A(D
= Y, (I, [Py )t - cos(@ ogpt) — 1{ Wy [T [Py ).
2m(m+—m_){< « [Ix| ¥ ) mezﬂ[ (0 K £ [Ty [¥s)

(O}

eff

;D [sin(coefft) _(Deﬂ‘t](A(D(‘P:t | We) -0 (We |1, ¥y ))}

[5.35]

[5.36]

[5.37]

[5.38]

[5.39]
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5.3.d Spin eigenstates of the SLIRICE system

This calculation has as its goal deriving the conditions under which spin-1/2
wavefunctions may be detected via linear changes in the cyclotron radius. Experimentally,
the SLIRICE procedure will measure the spin (as long as the cyclotron radius changes are
larger than the ion deBroglie wavelength, a very small quantity for atomic ions) in the
sense that it will project an arbitrary initial spin state into one of the SLIRICE eigenstates.
Therefore, a calculation of this effect will succeed only if the spin eigenstates of the system

are evaluated correctly. To this end, consider the spin eigenstates |¥, ) for a system

quantized along the u axis (i.e., the eigenstates of L)), with

U = Zcosb + XsinOcosd + ¥ sinOsin . [5.40]
These are
0 _ips2 CIRTYZTIRY
|'¥, )= cos e [+>+sm5e |-); [5.41a]
P )= —singe'i¢’/2|+)+cosgei¢’/2‘—). [5.41b]

The angles 6 and ¢ are defined in Fig. 5.5 and |+) are the eigenstates of I,. Reevaluating

the expression for the observed radius with these spin wavefunctions,

Fig. 5.5. Coordinate system for spin quantization along the u axis.



Fig. 5.6. Coordinate system for spin quantization in SLIRICE.

p(i)(t)z o e Pt g gDt

—io .t
F ke tsin O cosd — Azu} [cos(c)eﬂt)—l]sinesind)
Ao | . .
+— [sm(coefft)—coeﬁ»t](Amschosd)—(olcosG). [5.42]
O efr

Since the transverse spin dependence of the rotating frame interaction \7(0) consisted

solely of I, terms, it is expected that the SLIRICE eigenstates will lie along

¢ =0, [5.43]
collapsing the radius expression to
, . —-io 4t
p(i)(t) = g Pl L @ It Jris tsin O cosd
4m(o) +—O_ )
g ;0 [sin(o ort) — 0 grt](Aw sin® - cosd) . [5.44]
o
eff

The goal of cyclotron radius changes that are exclusively linear in time will be realized

only if
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Ao

3
meﬂ‘

[sin(m offt) — (Deﬂ‘t](A(D sin® —m ; cos®) = 0; [5.45]

the unique solution to this equation is

0 = tan~! (91—) [5.46]
Ao

Having evaluated the spin wavefunction axis of quantization (depicted in Fig. 5.6), the
radius observed is readily calculated to be

—1 t
miogt o oty 1Ghe Cr o1
- am(o, —0_) o

plE)(

t)=pye [5.47]

The term depending linearly on time is of the same frequency and phase as the initial
cyclotron radius and thus represents a change of p, exclusively, leaving the magnetron

radius intact. The cyclotron radius is changed by

Ap(f)(t) -F YOk d Y [5.48]
dm(o, —0_) 0 o

for spin in the |'¥,. ) eigenstates.

Since @, » @_, this expression is equivalent to the semiclassically derived radius
change of Eq. [5.14]. The two different approaches yield the same magnitude for the
radius change, but provide additional different, and complementary, pieces of information.
Whereas the semiclassical simulation explains the cyclotron phase dependence of the
effect, the quantum mechanical derivation elucidates off-Larmor-resonance behavior. This
behavior allows the application of SLIRICE to Fourier transform NMR spectroscopy over
sufficiently large Larmor frequency bandwidths to study interesting problems. For
example, with a spin-locking field strength b = 0.005 T (50 G) and a proton magnetic
moment, the Rabi frequency is w/2r = 106 kHz, and the SLIRICE efficiency @ /@ is
greater than 90% over a 100 kHz bandwidth. This would be adequate to cover essentially
all proton resonances in any diamagnetic ion and all resonances within a particular electron

spin level of a paramagnetic ion.
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5.4 Semiclassical numerical trajectory simulations

The SLIRICE effect has been studied extensively through numerical trajectory
simulations with the FORTRAN program [RICEOI.FOR (see Appendix A). As was the
case with the TSG simulations earlier in this chapter, the spatial and semiclassical spin
equations of motion were integrated, and the spin was scaled by a factor of 108 to magnify
spin-dependent effects and bring their observation into the reach of program runs with
limited computational time. The motion of a 100 amu, singly charged, positive ion with a
proton magnetic moment was simulated in a Penning trap with Bg=1T, V5 =05V, d =
1.1 cm, G=0.01 T/cm, and b = 0.005 T over the course of 40 us. The Larmor frequency
(0g/2m) is 42.58 MHz, and the Rabi frequency (w,/2m) is 106 kHz. Both the axial

amplitude and cyclotron radius were 0.5 cm, while the magnetron motion was zero.

é 2.05E+10
2 2.00E+10
E 1.95E+10 {
& | spin “up”
g L9OEHO t™ |, spin "down"
= L8SE+107 T
o T
£ 1.80E+10 } T
£ e
> L75E+10 : L '
0 10 20 30 40
Time (us)

Fig. 5.7. SLIRICE cyclotron quantum number change on resonance, as described

in the text.
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Fig. 5.8. SLIRICE cyclotron quantum number change off resonance, as described

in the text.

Fig. 5.7 shows the cyclotron quantum number during an on-resonance (Ao = 0)
SLIRICE period for ions in the "up" and "down" eigenstates of spin (£l in the rotating
frame). Spin-dependent cyclotron acceleration creates the expected linear changes in
quantum number. (The integration time step in these runs is 5x10-11 5.) The transverse

magnetization remains constant, indicating perfect spin locks.

Figs. 5.8 and 5.9 illustrate off-resonance behavior with Aw/2n = 100 kHz. (The
integration time step in these simulations is 5x10-12 s.) The ion whose traces are marked
"not spin eigenstate" starts the simulation with its spin along I,. Since this is not the spin
eigenstate (see Fig. 5.6 for the axis of quantization), the spin precesses about the
eigenstate direction and is thus not locked, as observed in the deep modulation of the
transverse magnetization (Fig. 5.9). The cyclotron radius change is not linear, but is
modulated at the same frequency as the transverse magnetization. The ion marked "spin
eigenstate" begins the simulation with its spin along the axis of quantization. It remains

spin-locked (its transverse magnetization is constant), and its cyclotron change is linear in
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time and 39% larger than that of the ion whose spin is not locked. As described in the nex
section, SLIRICE will be used for fixed times and these small inefficiencies due to off-
resonance behavior have no substantial effect on the ability to classify trajectories as

needed to extract the NMR signal.

5.5 Proposed experimental procedure

5.5.a Time line for the proposed experiment

SLIRICE may be incorporated as the central feature of a proposed experimental
magnetic resonance procedure by inserting it between two periods of axial frequency
detection. Cyclotron radius changes due to IRICE are then monitored as axial frequency
differences between the two detection periods, each carried out in the presence of a
magnetic bottle, which converts the radius changes into frequency changes. The NMR

information is encoded by introducing a period of spin evolution within the IRICE period.

3.00E-11
2.50E-11
2.00E-11 {1~
1.50E-11 ¢
1.00E-11 1
5.00E-12 ¢
0.00E+00

----- spin eigenstate
not spin eigenstate

Transverse Magnetization

0 10 20 30 40
Time (us)

Fig. 5.9 Transverse magnetization during off-resonance SLIRICE, as described in

the text.
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Fig. 5.10. Time line for proposed experiment incorporating the SLIRICE
effect.

Inhomogeneity of the NMR spectrum is avoided by switching off the magnetic bottle
during the spin evolution and the IRICE period. The spin evolution results in a certain
probability of flipping the transverse orientation of the spin; this probability can then be
modulated by varying the timing or frequency conditions of an NMR experiment. For
example, IRICE could be split into two periods separated by spin evolution in B, during
the variable time t,. Fourier transformation of the resulting interferogram would yield the
NMR spectrum. Alternately, a simpler (though slower) implementation could involve the
sweeping of the Larmor frequency term in the IRICE field, yielding a continuous wave
experiment. NMR lines would then be detected as peaks in the magnitude of the axial

frequency shifts detected.

Fig. 5.10 shows the proposed experimental sequence. After purging the trap and
injecting neutrals, ions are created in a low trapping voltage Vj,; which is swept
adiabatically to the final value V. This procedure helps constrain the range of ion axial
amplitudes present. The approach followed to overcome the inhomogeneous distribution

of the axial frequency and to extract the axial frequency shifts involves convolving spectra
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taken before and after the SLIRICE/NMR period, in a manner similar to the signal
processing method proposed for direct monitoring of ESR in Chapter 4 (Fig. 4.2). The
multiplication of the signal from the "before" axial detection period by the signal from the
"after" period, with the "after" time axis reversed, produces a signal whose Fourier
transform includes a peak at the sum of the "before" and "after" frequencies. Since the
magnetic bottle is always positive in this proposal, the time-reversed product algorithm is
adjusted to yield the difference of the frequencies, rather than the sum used in the ESR
case. The derivation of the signal processing algorithm in Section 4.1.b still applies, but

the time-reversed product is now

SP2(1,11) = 8% (1) 82 (tmax — Ta). [5.49]
This differs from the Chapter 4 expression in the lack of complex conjugation of the time-
reversed "after" signal.

The two SLIRICE periods are assumed to be in phase with each other, so that the
precession period between them leads to a definite probability of a spin "flip." A "flip"
occurs when the second SLIRICE period interrogates the spin state and the spin is not
projected back into the state it was originally in during the first SLIRICE period. The spin
evolution during the free precession period governs the probability P of this occurrence,

which can be calculated as

2
1{ o
P=E($) [l—cos(Acotl)]. [5.50]

When the spin is flipped, the net SLIRICE cyclotron radius change and, hence, the net
axial frequency shift detected is zero. Cases where the spin is not flipped lead to twice the
single SLIRICE period shift 8. Since this shift is modulated by each ion's cyclotron phase,
and since no cyclotron coherence is assumed in this proposal, the time-reversed products
will consist of a sharp center peak at zero frequency and a continuous distribution of

sidebands bounded by +25.
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5.5.b Simulations

The experiment proposed above has been simulated with the FORTRAN program
AXIALIR8.FOR, included in Appendix B. Singly charged, positive, 100 amu ions at
room temperature (298 K) were created as if by ionization with an electron beam of 100
um radius traveling down the z axis of a Penning trap with Bo=1T, d = 1.1 cm, and Vju;;
= 0.05 V, the trapping voltage was subsequently raised to 0.5 V. On the average, 83 ions
were created in each shot, of which 55 were trapped and 12 had axial frequencies within
the 205 Hz signal bandwidth (enforced by a filter to avoid oversampling). The signal and
noise were modelled to correspond to a 100 MQ) impedance maintained at 2 K and mixed
down into the Nyquist bandwidth with a 26000 Hz reference frequency. Each signal
consisted of 2048 points sampled every 4.88 ms for each trace in ty. Signal averaging was
accomplished by adding 200 shots for every t; point. There were 32 points in t;, sampled
in 12.5 ps intervals, to give an NMR resolution of 2.5 kHz and a bandwidth of 80 kHz. A
radiofrequency gradient field with G = 2 T/m was applied over a 1 s interval in each
SLIRICE period, while the strength of the spin-locking field was b = 0.05 T. Adiabatic
sweep times of 0.1 s were employed for both the trapping voltage and the magnetic bottle,
and the bottle strength B, peaked at 1000 T/m2. The simulation set the Larmor resonance
offset of half the ions at 15 kHz, and that of the other half at 30 kHz, thereby mimicking a

two line spectrum.
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Fig. 5.11 shows the time-reversed products (after Fourier transformation) S(,t;),
for whose calculation a noise blanking threshold of three standard deviations above the
mean was employed. The center peaks are narrow and readily visible, as expected,
whereas the sideband signal intensity is diffused due to fhe full range of cyclotron phases
present. The NMR interferogram S(t;) was constructed by first applying a baseline
correction to the time-reversed products: the minimum value in each t; trace was
subtracted from the entire trace. The integral of each trace was then calculated, and the
traces were divided by their respective integrals in order to normalize the traces and
remove possible effects from statistical fluctuations in the number of ions. The sideband
regions were then integrated (from -0.9 Hz to -0.2 Hz for the left sideband, and 0.2 Hz to
0.9 Hz for the right sideband), their integrals were added together, and the integral of the
central peak was subtracted from this sum to yield the NMR interferogram S(t;), shown in
Fig. 5.12. This was Fourier transformed to reveal the NMR spectrum S(®) included in
Fig. 5.13. Note that this resolves the simulated lines at 15 kHz and 30 kHz well, and with

an ample signal-to-noise ratio.

Time-Reversed Products

Fig 5.11. Time-reversed products S(w,t;) calculated in the simulation described in

the text.
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Fig. 5.13 NMR spectrum S(w) for the simulation described in the text. The

simulated lines at 15 kHz and 30 kHz are resolved. A peak at zero frequency, due to

residual DC offsets, has been removed from the plot.
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5.6 Discussion

A novel method for performing NMR spectroscopy on trapped ions has been
designed. In contrast to the methods proposed for ESR in Chapter 4, where (1) the direct
axial frequency shift due to the spin interaction with a magnetic bottle and (2) spin-
dependent work on ion motion performed by a train of axially synchronized spin flips were
used to encode the ESR spectrum into trapped ion motional frequencies, SLIRICE is a
continuous Stern-Gerlach experiment leading to the separation of spin packets via changes
in the cyclotron radius.

The technique proposed extends the applicability of NMR to gas phase trapped
ions by circumventing the insensitive method of detection through Faraday law methods,
substituting the single ion sensitivity of trapped ion detection. When applied to the
elucidation of NMR spectra, this single-ion-sensitivity experiment stands in sharp contrast
to conventional Faraday-law detection methods for NMR, which have a detection limit of
~ 1018 spins. SLIRICE thus promises a sensitivity improvement of up to 18 orders of
magnitude in the detection of NMR spectra. Since the observation time can be seconds,
the potential frequency resolution is many orders of magnitude better than that of ion

beam spectroscopy, which is transit-time limited.
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Appendix A: Trajectory Simulation Programs

The complexity of the equations of motion of an ion a Penning trap subjected to
various electric and magnetic fields with time and space dependence does not allow a
classical analytical solution of most interesting problems. In such cases, the equations can
be solved numerically via an iterative integration of individual ion trajectories for given
sets of initial conditions. A good simulation program can be useful in determining the
stability of trap configurations, extracting the frequencies of the various ion modes, and
understanding the requirements and results of hypothesized experiments.

The first program presented here is TRAJ.FOR, written in FORTRAN to run on
DEC VAX/VMS systems. The central integration algorithm is a three dimensional, fourth
order, five point Runge-Kutta scheme as modified by Zonneveld.! Its coefficients take
into account the full coupling of positions, velocities, and accelerations present in the
second order differential equations of motion. TRAJFOR was easily modified to
calculate ion trajectories in any combination of magnetic and electric fields; these fields
may depend on space and time in any arbitrary manner. The version included here
simulates the application of a magnetic bottle field gradient. The program reads its input
values from a parameter file containing such quantities as initial time, position, and
velocity, program step size, coefficients of common electric and magnetic field terms, and
trap characteristics. Output includes the final time, position, and velocity, as well as two
data files. One of these includes a user specified number of points at the beginning and
end of the simulation, akin to "before" and "after" snapshots. The other output file is
meant to be Fourier transformed: it contains a user-specified number of points from

throughout the entire simulation, spaced by a sampling time determined from the user-
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specified frequency resolution of the spectrum. The inverse of this resolution is the length
of time the program simulates and the bandwidth is the resolution times one half the
number of points sampled. A separate program, TRAJ FT.FOR, processes the two
output files; this is the second program presented in this Appendix. This program is kept
separate from the more time consuming integration program, the simulation is run as a
batch job, while the plotting and processing are handled interactively. TRAJ_FT.FOR is
driven by interactive responses from the user to plot and Fourier transform the data. It
can plot the "before" and "after" snapshots of the x, y, and z motions versus time, as well
as a convenient x-y plot (in the plane of the cyclotron and magnetron motions). It can
also apply a Fast Fourier Transform (FFT) algorithm? to transform the x, y, and z motions,
plot these transforms, and find peaks. All graphics are handled by FORTRAN calls to the
VMS implementation of the international standard Graphical Kernel System (GKS): the
program was therefore easily transported to other systems.

The third program included in this Appendix is IRICEO1.FOR, which is based on
TRAJ.FOR. This trajectory simulation extends the integration space to include three spin
coordinates in addition to the three spatial coordinates. In this fashion, a semiclassical
picture of quantum mechanical effects can be achieved by introducing spin degrees of
freedom into the problem of an ion stored in a Penning trap.

The simulation reproduces results from a broad variety of experiments. The step
size required depends on the complexity of the fields used in a given experiment. Motion
in a homogeneous magnetic field only requires as few as 50 to 100 steps per cyclotron
orbit, while motion in a Penning trap and strong magnetic bottle (e.g., 1000 G/cm?2) may
require as many as 1000 steps per cyclotron orbit for full convergence (e.g., to 1 Hz
accuracy). Use of an adaptive step size algorithm has been avoided to minimize
computational overhead time; since a typical project involves several simulations with

equivalent fields, a few initial test runs suffice to determine an adequate step size.



119

A.l1 References

1Zonneveld, J.A., Automatic Numerical Integration (Mathematical Centre Tracts, vol. 8,
Mathematisch Centrum, Amsterdam), 1964.
2Press, W.H., B.P. Flannery, S.A. Teukolsky, and W.T. Vetterling, Numerical Recipes

(Cambridge University Press, Cambridge), 1986.



0cl

Jeau’I=T § op
(¢1’x1)3RWIOT ¢
Aexyeu (g‘g)pesal
(0TT'¥T)3eWICT] T
0'Z/(3353du)3e01Ip«521 = 3sbAug
33s3du (Z'gipeaa
s21 (g’g)peax
p (9’'glpesa
13 (9’glpeax
(ypd33BWIOIUN, =WIOT * , MBU, =SNJB]S ‘g 1= TF ‘0T=3Tun)uado
(,pP@33BWIOIUN, =WICT  ,MBU,=5NJBIS ‘ToTTI=aTT] ‘g=1Tun)uado
(09e’XT)jewIoy 1
78117 (1’'g)peed
18113 (1'g)peRx
{ipTO,=snjel}s’, 1ed- (1}, =2TTI ‘g=3TUN) UadO

09§ /I838WTJUSD UT (T)3IEB3SA
IajouTiuss ul (I)%
6G0Ly > Aeiieu
Z Jo zemod e 337s3du
ZH UT s§831
%8s Ut 3P ‘13
sed-[(e13 utr sisjsuered peay

vobuboLbuvoLLLO

FE-PLBBSFSO'T = Teqy

el
985 [ PE-PLBBSFSO'T = TBOY 2
2
2

6L68SES9ZESTIT E = Td

2
TIGLE 66669 TL6TF B8Z0G 6LTE8 £EFIZ 9VBEZ £6L68 SE69Z 6STPI € = Td ]
2]

Ipiadx ] /yZ)I/UoumOD

AesTnd ‘xesTnd ‘AmD ‘xMD 1

*barjmospeibqperb zqoq’p ‘oA ‘utds ‘wowbew ‘u’b suoT/uowmos

{68/9/L UO Pappe) s1001q uoumio)

oo

2811312113 09xI93oEIRYD
Jxauu‘dajsu‘jyu’yyradu’yysidu’/Aerreu qunoou rabsjur
ZXBWIYZUTW]) ‘TXPW] ‘TUTW] pxTEOX

#4440
T3uenb/yjuenb‘ujuenb/dmum‘om?zm 1RQU Y €

L322 1]
1d’AesTnd *xasTnd ‘AMD ‘ xMD ‘baT Imo Z
‘zq'epeIb'qpeab?oq‘p o ‘utds ‘wowbew ‘w’b’ (xewu) X 1
4 (xewu) ap ! (xewu) A’3sbAuy‘serqp 1343 uorsioaid arqnop
{g=7eAU) 1o3owWeIed
(g=xeuwu) 1sjsweied

(ery werboxd

222202200222222223220222222022200232020205022222302020220203020202222000030000

LLLLLLDLLDLLLODULUULLDLDLLDLDLDULUDUDLDOLOLLDLDLDLDLLDLLDLLVLLDLULLLLUDOLOD

*$¥#4D Jo siTed usemlaq BpISE
j9s a1k abueyo STY3 03 JUBASTI E8UTT 'A'X TEUTF pue
TETITUT 8Yy3 IoJ T*Y‘u SIDGQUNU wnjuenb s83BTNOTED MON

68/6/07 - sUOTISTA®I - drd

*dVd " Zdrvdl 03 ue3jtam za'Aa’xa‘ztA’x‘’y Atup C {3no
pojusUMIOD ) WYd LYYl JO UOTSIaa mau §83TIm Iabuol oN

68/%2/8 - SUOTSTADI - dprd

“uoTIBTNUTS AT0303(BI3 SUF JO PUB BUY I8 UV’ ZALWVMI
PUB YYd LYl JO SUOTSIDA MeU S9]3TIM MOU ENHUOH&

68/21/L - SUOTISTADI - drd

*/BZYI/ PUBR JUOT/ SYD0TY UOUNIOD pappy

68/9/L - SUOTSTARI ~ dpd

*esnd IO
MO Aq ‘UOT308ITP X I0 X UT ¥DI Fo A3TTiqedes peppy

68/LT/p - suolsTA®I - 4rd

‘17 [e13 Aq pejjord pue pessasoid aq o3 ‘pajjeuwroyun
21 saT1J B3IEP YlO0d °"SUIT 3ISBT 8yl ul ZxXewj pue
‘Zutwl‘TRew] ‘TuTwl pue ‘8T1J 8yj JO 8UTT 3ISITI 8yl
UT AVQHYN Y3TM ‘T3TI3 uT Arojocelery syj jo

pua pue Butuutbag oYy JO spIooal DuUOT-AVH¥YN Saaes
*9UTT 3STITF @Yl UT Z/IASLANxSTY=LSDANA PUB IJSI4AN
U3tM ‘z3TId ut sjutod @say} seAeS *Z/13SIAN+STY

aq TTIM Iid I119Yyy Jo Aouanbarl astnbAN syl jeys os
awty ut paoeds sjutod IISLAN seaes pue setiojldele1l
uoT TeDTssel2 sejndwed LWdl P (UYd LWL oTTF
8yl UT TTB) S3T3TO0T8A puUe suoljtsod ‘swrl I0J
sanieA TeT3ITUT Y3t Huole ‘1g dejls swr3 uoTjeTNUIS
Azojoelery e pue ‘13SLdN sauted wnrjoads IaTInog

Jo Jaqunu e ‘SEY uotrinfosal AousnbaIl pallssp B USATH

68/9¢/1 '0ITeZTI ‘[ OIPAd - [LWHL

LOLLLLDLLLLLLLULVLDLDLDLDLLOLLDLLOULDLDLLDLDLDODLUDLDLLLLLOLOD

D3002220025220222002202022232222020202222300020202200223200220002002922300

SUIAISAS SINA/X VA 10] UONIA “qOA TVAL ¢V




1T1

T+ (1-3353du) x33738du = dejsu
( { {(3353du)3e0TIP#SaI43P ) / 0°T )3uju = 33713du

2
jutod 13 r8d sjutod Arojoelery Tequnu = j33iadu aje(nored )
2

#4#4D

T3uenb‘yjuenb‘ujuenb’, 7’y ‘u, (x*9)e3TIM

PP T (2M/ (£) Ax (£) A+ (£) ¥x (£) Xx20) & ( (TRQUy* Z) /w) =y3uenb

PP Tx (Zxx ({T) Xedm-(2)A) 1
+ Zax ((2)Xadms (1) 4) ) » (( (um-dm) xTRqUx * Z) /u) =TIUBND
P=P Tx (Zxx ({T)XsWM=(Z)A) T

+ T ((2) %Mt (T)A) ) ¢ ( ( (wM-dM) xTEqUx * 2) /u) =U3UEND
(oas/wo () A () A (T)AY =T A (x79)03TaM

WD EIR(Z)R(TIRY L IE-T %, (x79)03TIM

1288 ..u._ =% A«..wkuﬂu?a

{ssaTuOTSUBWTP SIsqunu wnjuenb ayj sayeuw y-p°I

1Zxx (W/w2) ST 3TNS2I OS5 ‘O8S WD UT A ‘WO UT X

aouTs papsau ([’y‘u)juenb ur p-p'1 Jo Ioloe])
sIaqunu wnjuenb pue ‘Ajroorsa ‘uoyjtsod Ter3TuT 3IndIng

ouvoovoovo

111
()R ()% (T)% {0T)e3Tam
3sbAuy‘33s3du (0T)83TIM
1=33u
T=3unoosu
((€)x) 1Bus* ((g)¥) TBus’ ((1) %) Tbus (g)®3TIM
Aeizeu (g)e@3Tim
13=3
(13) Tbus=TuTW}

sonyea But3aels peoq

1ZH o ' (1detZ) /Mty = za, [« f9)83TamM
JZH o {TdxcZ) /um’, = wa, (x79)e3Tam
4ZH ' (Tdy Z) pdm?, = daA, (x79)83TIM
WZH ' (1dsZ) /oM, = oA, (579)83TaM

J
sa@touenbaxy 3nding 3
2
uM-oM = dm
(ZMyZMyZ = OMyOM)3TDELG 0 - DMyG'Q = WM
u/0q«b = om
{((Zxx("00T/P))sw) /0axb)37bs = zM
3
(w> jou ‘w ut p T *00T/P) 2
(zg 3o eousasqge ayj UT) saTousnbalj spow TeEwWIOU BY3 d3IBTNOTED 3
2
44D
(g=3Tunjeso(>
D
dvd LWL 307D o
]

be1jmox1dy*Z = baximo

095 /SUBTPET 03 baIjmd 3I8AUOD

Aastnd (9’g)peax
xasind (9’g)peal
Amo (9'g)pesx
X2 (9'g)peal
barimo (9’g)pesx

wo/A ut AssTnd’xesTndAMO 'xXMD
ZH ut baiimd YOI 103 I8jaweled

F-P 1x2d = 29

SATH3A Ad paITnbal SB !Z,xI930WTIUSD/BTS3] 03 gd 3IDAUOD
zq (9’g)pear

ZexWD/SSNED = Z4,T238W/BTS8Y} UT Zq :873304 oT38ubey

P/0Ax2peID = SpeIb
apeib (g9’g)pear
P/0qsqpeib = qperb
qpexb (9‘g)pesr

*I9joWIluL0/3T0A IR ,epe1b, Jo s3tTun
*Iejswrjuso/ersey eIe ,qpeirb, Jo s3tup
‘sjuatperb ejndwod !, epexb, ‘,qpeib, I10J soTieI peay
-utbtio 8ayj woij p soue3lSTIP 3B SPIAIJ 213IELIS
@yl Jo sbejusdred wnwixew e yoesl 03 Pa[eEDdS SPISTJ JUSIpPEID

09 (9‘g)peax
P (9’g)peex
0a (9'g)pesr

BS®3 UT (g ‘I8®j2WTjusd Ul P ‘370A ul QA :dexj bButuusg

woubew (9/g)pear
utds (9‘g)peas
w (9‘g)pear

b (9’g)peax

eTse3}/b1e 61-PILIQOTP T = wowbew uojord
e1ss3/b1o (1-pzegy8e 6 = wowbew uoIjosTe
jusuiow ST3aubew = ,wowbeu,
(g/1-utds) umop 107 ‘- ‘dn 103 T = utds
by LZz-058%92L9°T = uojoid jo ssew
By TE€-AFES60T'6 = UOIIDB[® JO SSBW

quoTnod §T-AZ68T1C09°T = @ 1930N
(bx ut) ssew otuol ‘(@ yo sydr3arnu) sbieys dn 38§

(ST°0EP‘XT) 3EWIOY
anut3juoo

(T)a (9'g)pesa
TeAU’T=T G Op

enuyjuod
(T)% (9'g)pesx

oo QuUo voLoLoL

voLvboLvoLoLo

oo

uovovovuvovoLoLo



(g=31TUN)8SOTO

Assnd (9’g)a3Tim
xosTnd (g9’g)@3Tim
Amo (g9'g)a3Tim

¥Mo (978)83TIM

(1dy ") /ba1gmo (97g)e3TIm
PP Tx2d (978)93TIM
0A/PxepeIb (978)33TIM
0d/pxapeab (9/g)a3TImM
09 (9’8)a31IM

p (9'gla3tam

oA (9'g)a3TIm

wowbew (g’g)eatTam
utds (98)a3TIM

w (9g)elTIM

b (9g)e3TIm

(¢)a (9’g)a3TIm

(2)a (97B)e3TIMm

(T)a (978)@3TIM

(€)% (97g)@3TImM

(2)x (9’g)e3tIm

()% (97g)a3TIm
Aexzeu (g’g)ejtim
13s3du (Z’g)@3TIm

saI (978)83TIM

3P (9'g)e3TimM

3 (9’8)e3TImM

ZaT1T3 (18)83TIM
12113 (1°8)23TIM

(,mau,=sn3e3s’,1ed* (e1},=2717 “g=3TUN) uado
"¥¥d LYYl JO UOTSISA MU 23TIM

(0T=31uUn}aso12>
(g=3TUN)@SOTO

(44!

vvbvovLvuLvLvLbLLLLLLLDLDLDLDLLDLDLDLODLDLDODLDLDOLOOLDOLDOLDOD

F4440

T3uenb’yjuenb’/ujuenb /i Ty ‘U, (x79)3TIM
PP Tx (247 (€) Ay (£) A+ (€)% (£) Xx2M)  ( (TBQUx " Z) /W) =)3uEND

PP Tx (Zex ((T)XxAM-(T)A) T
+ Zax ({2)%4GM+ (1) A)) # [ ( (Wm-dm) xTBQUS " Z) /W) =T3UEND
PP Tx (Zex ({T)XxuM=(Z)A) T

+ Zox ((2) %50+ (T)A) ) & (( (wm—dm) x TRQUy * Z) /W) =U3UEND
Joes/wo M (e)AM(2)al (1A’ ie-T A, (s78)03TIM

WO )R (Z)IR(TIXE-T ¥, (x79)23TIM

1098 130 = 3, (479)93TIM

(ssaTuoTSUBUTP SIaqunu wnjuenb ayj sayew p-p°I

fZxs (W/WO) ST 3ITNSST 05 ‘OB /WO UT A ‘wd UT X

@outs pspesu (T‘y‘u)juenb uy p-p°1 Jo I03dEJI)
sIaqunu unjuenb pue ‘A37100T3A ‘uorjTsod TETJTUT 3Ind3no

(SRORSRESRS]

a

4§40

1085 3¢ = 3, (#f9)83TIM D
Joes/uwo (gAY, = zA, (xf9)e3TIM D
(esjuo L (Z)AY, = Any (x79)83TIM D
(oes/wo L (T)AY, = XA, (579)83TIM D
W (g)xf, =z, (xf9)e3Tam D
w2kt = A (sf9)83Tam D

e (1)t = % (+f9)e3TaM D

2

usaI0s 03 3‘a’‘x Indino bo)

2

Zxew) ‘ZuTwy ‘TREW) ‘TuTW} (§)93TIM

(3) Tbus=zxeuy
BNUTIUOD €1
JTpua
1+337aduy1Ju=3%xsuu
T+33u=33u
AR () %)% (0T)e3Tam
uayy (3x¥auu-ba:junoou)JT
{(g)x)1bus’ ((z)x) 1Bus’ ((1)x)TbUs (6)o3TIM
T+3UNO2U=3UNODU
pZYT TIED
Aexreu’1=y ¢€12 op
(3p+3) Thus = zutuy

o}
z(e134z33 BuTT113 ‘sdels AvyduN TBUTI &Yel D
o
BNUTIUOD ETT
JTpus
T+33318duy3Ju=3X2Ul
T+31Ju=33u
3(e)x!(Z)x(1)x% (oT)®3TIM
uay3l (3xsuu-bs-junoou)3T
1+3UNOOU=3UNODU
PZYI TTED
Aexieu-dejsu’T+Aerzeu=y €11 op
o]
sdels AVHYYNxZ-d3ISN Ixau ayel ol
o

(3) Tbus=Txeu3
anUTIUOD €T
Itpue
T+3318duyc3jJu=3xauu
T+3Fu=33u
IAEIRI(ZIRI(T)® (0T)e3Tam
uay3l (3x¥suu-bsa-junoou)IT
({g)x)1bus’ ((Z)x)Tbus’ ({1) %) 1bus (g)o3Tim
T+3UNOOU=3UNODU
pZYI T1ED
Aexreu’z=y ¢1 op
2
Tle13/133 BuTTITT ‘sdejs XWMYYN 3ISITI 8yel O
Q
1 + 3372duylJu=3xauu



{68/9/L UO pappe) S¥2OTY UOUMIOD

KosTnd’xasTnd ’Amo ' xmd ‘baxgmo ‘apeab ‘qpexh £

‘29°09‘p’0a ‘utds ‘wowbeu‘w’b ’ (1eAU) APPY] ‘ (TRAU) XPFUZ '] 4
/(1eAu) An’ (JeAu) XX/ (TeAU) AP’ (TRAU) $Y ! (TeAU) X4 (TBAU) ZY 1
f(xeAu) Ty’ (TRAU)OX ‘3P “] ¢ (TBAU) A’ (TEAU) X UOTSTOBId 8Tgnop

(g=TeAu) To38weIed

pzy1 sur3InOIgNS

£Cl

oo

2202002000002032022232222222002000220222022220023202220020202223000000302220

LLuLbLLLLDLLLDULDOLDLLDLDOLOLDOLOL

*/¥Z{I/ puUB /UCT/ SY90TQ UOWWOD PIPPY

68/9/L - SUOTISTARI - dprd

*A PUB ‘¥ ‘I UT pRuInNlaI oI sonfBA MON "SAIYIA Ag
pepesu sisjswered TeoisAuyd eIe selgETIIEA ISY30 8U3 pue
'SBATIBATIB®P PUCDSS 2Y3l £23eTNOTED UdTUm SUTINOIGNS ayjl

ST SAI¥dQ -de3s swr3 8y3l ST Id PUE ‘OATIBATISP 3ISIT]

8yl ST A ‘slqetIea juepusdep ayj ST X ‘eoTqETIEBA

quspuadepul ay3 ST I 'SSATIBATISP 31$TTJ Y3Tm uoTjenbs

TBT3USI93IJTp I9pIo puodes e Joj dels uorjerbejurl
e33ny-abuny 7Jutod-saty ‘Iepio-yjInoj suo sajnduc)

*0p-g¢ -dd f(p96T ‘wepIelsuy ‘UnIjus) YISTIRWSYUIEW

‘g "ON §3oBIL ©I3U8) [EOTIBWSYIEW) ,Uorierbejul
TeoTIBWNN OTJEWOINY, ‘PTOASUUOZ 'Y ‘[ UO peseq

68/L1/7 ‘o1IeZld 'L 0Ipdd - PIMY

voboLobLLLLLLLUDOLLLOLDLOLOLOLOD

D32D222223222330022222022322222200222000202520202020002232020222232220000200

pus

(6=31UN)®S0T2
(g=31TUN)®S50TD

Restnd (9’g)eaTIm
KosTnd (g9’g)peax
xosTnd (9’g)e3TIm
xasTnd (9‘g)pesl
Amo (9'g)e3TIM
Amo (9'g)pesa

®0 (9/6)93TIM
®Md (9'g) pesx
barjmo (9’6)a3TIM
beizmo (9’g)pesx

29 (9’6)e3Tam
Z9 {9'g)peax
“MYd " ZECYIL WOIF PERI ST ¥Od'ZHrWYL JO 21330q o13auben

ape1b (946)e3TIM
apeab (g9‘g)peex
qperb (96)o31IM
gqpeib (9‘g)pest
09 (9'6)@3TIM

od (9‘g)pear

p (9'6)e3TIM

p (9‘g)peex

0a (96)@3TIM

or (9'glpesx
wowbew (g9’g)o31IM
wowbew (9’g)peal
utds (9'6)e31IM
utds (9‘g)peer
w (9’6)o3TIM

w (9‘g)pes1

b (g’¢)a3T1Im

b (9‘g)pesx

(€)a (9'6)23TIM
(Z)a (9'g)a3TIm
(T)a (96)e3Tam
(€)% (9'6)@31IM
(2)x (9'6)a3TIm
(T)% (9'6)23Tam
(x‘g)peaI
(x'g)pear
(x‘g)pea1
(x'g)pEDI
(‘g)pERI
{x‘g)pEDI

Aeixeu (g'p)a3TIM
Aexieu (g‘g)peea1
*dvd ° ZELYHL WOTJ pesT ST YO zZdrwdl Jo yjbusel Aerxay

IP (9’6)e3Tam
ap (9‘gipear
‘¥¥d 240Vl WoIJ peal sT Wod tzdrvdl Jo awty burrdues

3 (9'6)93TIM
3 (9'g)pear
"¥Yd " ZE0YYD wWolJ pesl ST ¥OdgdLWdl JO eswll pul

3 (9'6)e3TIM
(x'g)peax

T21T3 (1’6)e3TIM
18713 (1'8)peax
*¥Vd " ZHCVYL WOTJ PESI ST YOI ZHCWYL JO sweu o713 ejeq

(,maU,=sn3e3s’,Jed gqler3,=o113 ‘g=31UNn)uado
(4PTO,=snje3s‘, 7ed" ZqlEI}, =87 TF ‘g=3TUN)Uado

"YVd ZEOVYD JO UOTSIBA MBU 83TIM

vov



(68/9/L UO pappe) J20TQ UouWO)

AesTnd’wasnd’Amo 'xmd *baiimo 2
‘oejuds’zpea’zq’gq’bewq ‘woubew ‘epeib ‘qpeabpoa’p ‘oA 1
Su)gf(u)a’{u)x’(u)3apap’(u)a‘utrds‘u’b’y uorstoead signop

(g=u) 1338uwered

(X13pAp‘A’])sAaTISp 2uT3InNOIgNS

14!

oL

02002022333252323332022202233232232203250202233200032303332322322002000030020

vovboLouvvLLoLoLOLOLO

T/UOT/ }00Tq UOUMIOD P3PPY

68/9/L - SUOTSTIASI - drd
-watqord usAatb e ur ‘ssew
oTUOT pue abreyo se TTom se ‘spTatj orleubew pue
o1I1309T1e obueys 03 BYTJF STY3 3ITPE ‘sorio3ldalery
uot Butursaob suorienbs TerjuaIsIITP 8yl dn s3es

68/2/¢ ‘oxrezid ‘p 0Iped SATYEd

vobovoobouvoLbLvLbLbOLOLO

D002022022022223220230232203320202222202300D32222220233003000000003223302320

pue
uinjal

anutljucd
9/ {T)EX + (D A+(T)TA) =2 + (T)0A) + (T)a = (T)A
o/ ZAHD TA+(T) 0A) + (T)A) %3P + (T)X = (T)X
Ieau’T=1 Q9 op
P+ =13

A ‘X ‘1l MBU 83E[NOTED

8anuTjuocd
((T)pAx"8- T
(T e+ (T ZAHID TA) " E+ (T 0A%"T=) % (*€/°2) = (T) APPUI
6/ LT e b+ (LTI A+ (T) TA) %€= (T) 0= ") »IP=(T) XP¥UI
IBAU‘T=T (G Op
8nuIjuod
(T)AP£3P = (T)9Y
Ieau’t=t1 GG op
(XX 'Ap‘AA“]])EATIBD [TED
SnNuUTju0sS
tze/ D) A= (T) 2 "ETH(T) THx "L+ (T)0Ax"G) + (T) A=(T) AA
59/ LTI TAx " TTH(T) 0% " L+ (T) Ax " 8F) 3D+ (1) X=(T) ¥
Teau’T=1 0 op
SL°0£IP + 3 = 33

09

SWI9) JOITI8 @3B[NOTRO ‘pailsep JI

anutluod
(T)apx3p = (T)ed
TeAu’T=T Sk op
(xx’Ap’an‘33)satTIop TTED
snuTjuOD
(1gd + (D)4 = (1)aa
*Z/UTIZH + (T)Ax"Z) %3P + (T)X = (T)XX
Ieau’T=T 0F oP
i+ 3 =33

(T)gx @e3ernofed

anuUTIUOD
(T)Apx3P = (T)eH
JeAU‘T=T G op
(XxX‘aAp‘aa‘i3)satisp [7ED
anuT3uOD
T/ATITH + (T)a = (T)an
Jeau’T=T 0¢ op

(T)Z% @3eTnoTed

SNUT3UOCD
(T)Aps3p = (T} 1Y
JeAU'T=T GZ op
(XX 'AP’AA“]])SATIOD TTED
SNuUT3U0D
*Z/{ToX + (T)Aa = (T)aa
8/ ((T)od + (TlAx p)a3P + (TIX = (T)%X
Teau’1=1 02 op
2/ + 3 =133

(T) 1% 83eTndTED

3NUTJ3UO0D

(F)ap«3P = (T)0%
IBAU’T=T GT op
(XxX’ap’Ar’33)saTIOp TTED

8NUTJUOD
(1)a = (T)aA
()% = (1)xx

TBAU‘T=T QT Op

1 =313

(1)0Y ®3eTN2TED

Ip’A‘RI] /pzyI/uoumod
Aasnd ‘xasTnd ‘AmMd ‘MO 1
‘bexjmo‘epeab’qpeab’zq’oq’p’pA‘utds ‘wowbew’w’b suot/uocumos

Sk

oF

S€

0t

oo

voo

14

0¢

ST

0T

voov

oo



vvuvuvuvLvuvoLovLvLLLDLLDLOLOLDODOLDO

(&}

obovobvuvoLoLLULOLOLLLOLOLOLOD

y3ITH ‘wrcgysuery xerdwod Op mMOU - sauTinol Li3 psbueyd
06/81/5 - sUOTSTA®Y - drd

‘ussoyo a1e sjold

suIT) I0J SI030BJ B[E0S 8I0jaq usalds ayjl o3 ndino

a1e Aoyl :uTwz ‘wewz ‘utwhd ‘Xewhk ‘uTwx ‘¥eux peppy
68/G6/6 - SUOTISTA®Y - drd

“x 03 s3jo1d 107 siojoey burieos jo jewiroy 3ndut psbueyd
68/1/6 - SUOTSTASY - drd

*Teuof3ydo 3 °sa z 10 ‘A ‘¥ Jo butrijord spen
68/21/L - SUOTSTASY - drd

‘pawIOISUBI] 18TIN0d 8¢ 03 Teubrs ayj duep mou ue)d

68/01/L - SUOTSTASY - drd

2

* (404 *TIId0NEZ
el e) 5,13 103 TepuTJ jead 03 TOIIUOD PTOUSAIY} Pappy

‘sAeixe 1sbiey 103
sbuturem 10118 peppy ‘sjutod 9£669 Y3Tm sAeIIe ssed01d
03 I8pIo Ul ‘QQOOFT ©3 00000 WOIJ XWITeu PaseaIdul

68/L/L — SUOTSTASY - drd

“L3dT 13 OYEL 113 pejjeuiogun

3yl uT 8»TyYdd SEB paaes Io ‘uaalos ayj uo pajjord
uayl ST STYL ‘wIojaaem buyiirnser ayj jo wiojysuel]
T8TINOJ 15B] 8Yy3 buryey pue (Arsarioersijur 3ndut)
autsoo patjtoeds B 03 ButousIsyax AQ IVA'ld LWHL

UT ejep gxIvdd 2y} S2§6300I4d 'SIBWIOI JO SOTOYD

B UT IVQ LYYI UT SABITe pyTYEM @Yl §30Td  “¥0d (WL
Aq pejearo Iy('ld CWYl PU® IVQ LYYl S8TTF 8yjl spesy

68/LZ/T ‘0178214 °r 0Iped - Id [WEL

§cl

VvLvLLLVDLDLDLLDLOLLOOLUDOOLDOLUOOLOLOLDOD

0o

bLbLbLLLLLOODULUOLDOLDLLDOLOLDD

202202022222232222222222023023202222222202322020222232233220223322300300023020

SUI)SAS SWA/XVA 10) LA Y OI'Ld (VAL €'V

pua
uInyal

((E)Xx (£) %29 + 09)x (£)Xx2Ax0BIUAS T + 4

qperby (£)qxoeIUds + 1

((ZhaxlT)a = (T)Ax(2)a + $PO T+ (E)@) x(u/b) = (£)3PAP
(ZPRIAZUxG 0 + 0Ox'T-)x (Z)XxZqsoeJUdS + e

*p/(2)%x (ZyxapeID) xOBJUdS + 1

({T)ax{£)g = (£)Ax(T)A + PPO"Tx(Z)2) x (u/b) = (Z)3PAP
(ZPBILZAxG "0 + 0dx"T-)x (1) XyZax2EFUDS + Z

*p/ (1) %x (ZxxapeID) cORTUdS + 1

({£)ax(2)q = (2)Ax(€)a + PPO T+ (T)3) x (w/b) = (T)3IPAP

uoT308ITP Yoe® Ul (Z.0es/JI@3BWI3UeD UT) Ip/AP e3e[noTed
(beuqyw) /woubewyutdsy (-p0 1) = oejuds

oejuds autjeq

apeIb - (£)XxP0Ax0°I- = (€)@
KesTnd + (3xb®aIMO)soopyxAMo + (Z)%xp0axS 0 = (Z2)°
xosTnd + (3:D21JM0)500P4XMD + (T)XxP0AxG™0 = (T)®

(Zxx(€)A + Zex(2)d + Zxx(1)a)37bSP = Oewq
(ZPeI4G 0-Zxx (E)X)xZ2d + (£)X+qpEID + 09 = (£)Q
(€)X (2)%x29 = (2)%4qpeIbsg 0~ = (2)9

(E) ¥y (T)%x2d - (T)Xxdperbxgo- = (T)q

ZxxI93BWTJUSD/BTSY UT 2Q
(z)a’(1)g << (€)q
(erse3 ul) @ pue (I83aWTJU8D/3T0A UT) F :spT=a713 dn 388

*I@jswrijusd /3704 @18 ,8pe1b, Jo siTun
*I19]8wTjusn/es9a) aIe ,qpeib, jo sjtun
*urh1I0 Byl WOIJ P SOUEISTP JB SPIATI OTIEIS
ay3 jJo abejusorad wnuIXew B yoeaIl 0} PaTeEDdS SPTeTJ IJUSTPEID

(PxP) /04 = POA
B{S@3 UT Qg ‘I8jawijusd ul p ‘370A ut ga :dexl bButuusg

e1sa3/b12 6T-PILTIO0TY T = wowbew uojoxd
e1sal/bie [ 1-pges¥82 6 = wowbew uorjosre
Juswow o13eubew = L wowbeu,
(z/1-utds) umop 103 *T- ‘dn T03 'T = utds
by Lz-058F92L9"T = uojord jo ssew
By 1€-Q¥£G601°6 = UOIIDBT2 JO SSEUW
quoTnod pT-0Z681209°T = @ t330N
(b ut) ssew otuot ‘(& Jo o1dr3iTnw) abreys dn 385

(Z)%x(2)% + (T)®4(T)% = zpex
(ZxxWD UT) Zpel ‘snipeJ @sJeAsuell JO a2Ienbs sje[nored

Kas1nd ‘xesTnd *AMd * ¥M0 1
‘bexgmo‘epeab’qperb’zq‘pq’p’oa ‘utds ‘wowbew‘w’b JuoT/uouwmco

(SR GRS

oo

LLoLbLbLLOLbOLOLO

oobuvoLoLvbuvoLLOLOLO

oo



({3} 30Td3xX "uTWX) TUTWE=UTWX

({y)307d3Ix’!xXewx) [Xewe=Xeux

(%) 30TdA= () 301d34

() 301dx= () 301d3x

(3)301d32 (3} 301dA’ () 301dx (6) peal
Aeazeu’z=y ¢1 op

(1)301d3z=uTUZ

(1)301d3z=XEUWZ

(1) 3071d3A=uTWA

(1)301d34A=xEUA

(T)30T1d3ax=UTuUX

(1) 10Td3IxX=XBWX

(1)307dA=(1)301d34
(1)301dx=(1)301d3x
(1)301d3z/ (1) 307dA’ (1) 301dx (6) pPESI

9C1

2911318113 09+1910BIRUD

£IMSUB ‘ZIMSUR T, I930BIBUD

BWRUSTT] GxIDJOBRIEYUD

TRUTWIS] GxI930BIEBYD

ISMSUE gyI030BIBUD

deayT ‘wrs3T ‘jor1dJu‘3o1dju’33sydu‘Aesaeu tsbegur

(xwazeu)brzaTd’ (xwrrteu)wyz3Td’ (xwareu) 13337d’ (xwareu) 13331d £
‘uTwz ‘Xewz ‘uTwh ‘ XewA ‘uTwx ‘ xewx ! zxeuy J 2

fzxew ‘zutwy ‘Txews  TuTwy 4 (xwrreu) Jordiz f (xwrreu) jo1diA 1

f (xwrreu) jo1dix’ (xwrreu)jordyy ! (xuxTeu) Jo1dA’ (xwrseu) 307dxX px1E2T
(xwrreu)ubew) ! (xwiTeu) bewtbs ! (xurzeu) esxbs B
‘dwep’1d/xewy]‘aseyd’ (xuireu)foberg‘sex 2

! (xwrTeu) bewTy7 (xwITeu) [ear33*baiy 1

Y (xurJeu)swiy’ (xwizeu)sodz’ (xwrTeu)sodA’ (xuxreu)sodx ‘3sbAug gyTe21
(000ZET=¥wrTEU) I93swered

b
sdols ZVUYN 3ISITJT aje] Fo 13 [ea3 wexboad
ol
Itpus 220220220222222220020322222222002220203223222223022302322203D0232223222320220
,§307d awty y0J sjutod Auew o0oJ :ONINHSYM HOWHE, (x'9}23TIM o) a
XwIJeu=3oTd3ju o]
usyl (xwrizeu-3b-jordiu)JT *3dey e1e fAFIANIZHTAADNT+TT 2]
Zsherreu=307d3u D sjutod ‘snyr c3dey sT 3jurtod gzaAYI KisAe 3IATUI IOT )
{"0%/"GBx (Aexzeu)jeol3) x13T1=307d3u ¥$440 o} S)YSEe MOU ZITd J0J SOTTJ UTeuwop awuljl a3TIM 03 uotido 2}
Keireu (g)pesar 3 5
(,p@33jewIojun, =wroy’,p1o,=sn3e3s ‘1a713=2113 ‘6=31Un) uado o)
0007 0305 (,dNON, *be-Te113 10" ,8u0U, ‘b ' 187TI)IT 16/62/0T ‘0TIIBZTd 'L 0IP3d - SUOTSTA®Y s}
2 2 3}
s307d UTeWOP-aWT} 10J BlEp PEOT o) a2 'ZH UT (WHMI) 2
Fa) 5] UIpIMauTIT B se patJioads mou ST §87T1F Jd4d To3 Butdweq o]
{oge)jewIoy 6 ol )
28117 (e’'S)peeT ol
{4 *ANON JO ‘eTTJ ejep ufewop swTj L3 JO Sweu Isjug, ‘XG)jewIoy g 16/2/5 '0IIBZTJ 'L 0IP8d - SUOTSTASY s
(g'9)@3TIm o 2]
127117 (6‘G)pear 2
{, :ANON o ‘8113 e3jep joysdeus Arojoslery Jo sweu Isjud, ‘xg)jewroy o *s307d utewop awil ul sjoysdeus o]
(L'9)@3Tam ) SWTj [BUTJ pue [eT3TuT ussmlaq Durtpped oIsz pajeutwily 2
o 2 2
soueu a1TJ ejep 389 ) o}
o] T6/0€/p ‘OITEBZIJ '[ 0IPad - SUOTSTASY 2
+0T0%3, = Teutwrsl (¢-berwrslr) 3l 2 D)
yeduer, = Teutwral (g-ba-wralr)Jt )
+0b234, = Teutwre)l (7-be-wrelr)Jr 'Zl1d Aq pa33o1d aq o3 o]
p 030b (grau-wIalT ‘pue’ Z'autulIsly ‘pue- ['auwIslT }JIT o) sa71] 3ndjno utewop-swtl bButonpoad jo uorjdo seath moN o)
{ge)jewioy 9 o) 2
wralt (x‘g)pesx 5]
{4 (Dd) uoTiETUS, T 06/9/21 *0ITIeZTd '[ 0Ipdd - SUOTSTA8Y 3
4, OTOPMAL = € YWWANYT = ¢ 0FZIA = T TEUTWISL, ‘¥G)3ewroy g ) 5}
(g’'9)e3tIm ¥ g *STRUTWI®Y QTOPAPL JO 3
o} o} uoTjenWS Dd I0J ,010F3, Teqel Teutwral ayj sidecoe moN Q
adAy Teutwial 389 D s o
0 2
£6L68565926GTPT € = 1d 06/€1/9 ‘'oxxezld ‘[ oIped - SUOTSTA3Y 2
o] 2 o)
TIGLE 66569 TL6TF 88205 6L2E8 €EFOZ 9¥BEZ €6L68 SEG9T 6GTHI'E = 1d 2 2 *JBWIOJ USATIP-nUSW o}



LTl

(1)301dA‘ (1)30Tdx (xg)33TIM
deax1/AerTeu,z‘T=T 90f OP
(.MU, =sn3je3s’, jep Ax, =a717‘g=31Un) usdo
deayT (Goe=TT2‘y’g)peEST
Li(TTE deey 01 1) N I8jue f3jutod YN Aiaas desy . (x79)03TIMGOE
y0€ 0306 (,X,'8u‘zimsue ‘pue: K, *au‘zZIMSUB)JT
0F 0306 (,N, be-zamsue -J0°* ,u,-be-zimsue)Jt
ZIimsue (p0g=IT8'pp 'G)pEST

GN/JR d21Td . T
*,Aq Butljotd 107 IWQ'AX @113 03 307d A-¥ 33TIM s (x79)23TIMBOE
2
¢butyzord zITa 103 Aro3dvelery jndino 2
2

(Teutwial ‘jordA’jo1dx'zZ«AB11RPUTBMSUR ‘¥WTTEU) J0Td TTED
Z0€ 0306 (,%,'8urzimsue -pue- A, -su-zimsue)JT
yoc o30b (N, "bs-zimsue 10 ,u,ba-zimsue)Jt
ZImsue (gog=I133'y Ly ‘) pea
+IN/R &Azo3oelexy jo14 «(x’9)e3T1IM Z0E
Jwo fuTwA Y, = utwA | ‘xewk’, = xewk, (x19)23TIM
JWo  ‘uTwx Y, = UTWX , ‘Xewx’, = Xewx, (x’g)91TIM
000§ ©30b (,3NON,*be-18113'70",8u0U, "ba"13T1TF)IT 00F

3
Azo3oele1]3 3014 2
o

0¥ ©30b

(+’9)@37IM

. "STQETTEAR jOU BTTJ B3Ep paxfnbay  , (x’9)83Tim
(x9)83TIM 0006

2
:paTfeo 8117 sTqelTeAeun JI D
2

0% ©030b
006 o30b (,1IX3, be-remsue -10° ,31%e, "bo-iemsue)J1
00F 0306 (,243NIT, ‘ba-1amsue ‘10 ,z33uTl, *ba-Tamsue)JT
00F 0306 (,z3107d,'bs*1emsue -10* ,z3301d, "be-Jamsue)JT
00% 0106 (,X33INIT, ‘be-1amsue °*10°* ,Ay3uTT, "be-yeomsue)JT
00p o30b (,%31074, ‘ba*1emsue -10° ,A33071d, ‘ba‘1amsue)3IT
00F 0306 (,X3INIT, "be-ramsue -10* ,xJaufl, "bs-iamsue)JT
00 030b (,X3107d, "be-1emsue -10°* ,%x33071d, "be-ismsue)JIT
oce 0306 (,1ZANIT, ‘ba‘remsue -10°* ,3zeutlf, ‘be-zamsue)JT
0£€ 0306 (,1Z101d, “be-iemsue *10°* ,3z307d, "be-Iomsue)JT
0z¢ 0308 (,IX3NIT, "be-rzamsue *10° ,3A2utl, ‘ba-1oMsue)IT
0ze 0306 (,IX1071d, "ba*ramsue *10° ,3A301d, ‘ba-rxomsue)JIT
0T€ 0306 (,IXANIT, "bersemsue *10°* ,3x8uTl, 'be-Iemsue)JT
01¢ 0306 (,I¥I01d, "berremsue ‘10 ,3x3071d, *ba-1amsue)JT
00€ ©30B (,AXANIT, "be-rIiemsue ‘10 ,Axaufll, ‘barismsue)Jr
00§ 030b (,A¥I101d, "be‘remsue ‘10° ,Axj01d, "be-iamsue)JT

(ge)jeuwroy ¥p
Jsmsue (py ‘c)peal
(,:1IX3 10 T

‘ZJANIT'ZIL0Td *AJANIT ' XIT0Td ‘XIANTT ‘XILOTd ‘LZANIT, ‘XTT) JBWIOT €F
(€p’9)e3TIm
{4 “IX3INIT 1

‘IXANIT’AXINIT 121074 ‘LAIOTd ‘IX10Td AXIOTd I23ud, ‘XG)JBWIOY Z§

(gr’g)e@3tIm 0OF

s

¢1JdJ 8fej 10 ‘utewop awTj 30Td

SNUTIUOD §IT

{T)3eo13=(1)301d33

(3oT1dyu’3ordju) xew =T $1Z Op 0002

(s3071d Aousnbsi] pue swiyl 103 pesn) Aeiie xspul elep 23TIM

(01=371uUN)850T0

3NUTUOD Q6T

(1)owr3’(1)sodz’ (1)sodA’ (1)sodx (QT}pesa
33s3du’1=T 06Z op
JTpus
.s301d Aouanbaiy 103 sjutod Auew 0Ol :ONINYYM HOUET, (+?9)23TIM
XuIrIeu=3jo1dyu
uayl (xwrreu-3ib-jordju)JT
(*0v/"G8x{T+2/33s3du)3e013) XxTJT=301d3U
31sbAuz‘3zs3du (Q1)peEST
(ypa33BUIOIUN, =UIOT 4, PTO, =6NJBIS /78T TI=2T1F/0T=3TUN) Uado
000z o30b (,3NON, ‘be‘ge113 10°,8uU0U, "ba ' ZaT1])JIT

ldd 103 ejep peoq

(=3TUN)BSOTD
Zxewy’zutuy A Txewy ‘TuTwy (6)pead

BWBIIX2 dWT] pesy

BNUTIUOD €12

( (+Aexxeu-j07d3u) jo1diz ‘uTwz) TUTWE=UTWZ
{ (x+Aexxeu-30Td3u) J071d3Z  XBWZ) [XBWE=XBWZ
( (y+Aeareu-307d3u) Jo1d3A ‘uTWA) TUTWE=UTWA
{ (y+AexxeU-307d3U) J0Td3A ‘®eWA) TXEWE=XEWA
( ({+AexTeU-30T7d3u) JOoTdIX ‘UTWX) TUTWE=UTWX
( (y+Aea1PU-j0Td]Uu) JOTdIX ‘XBUX) [XEBWR=XEWX
{y+£e11eU) J01dA=(Y+Ae1aRU-JOTd]u)JoTdrKk
{f+Ae1TeU) JoTdX=(Y+ABITRU-JOTdju) J0TdIx
(y+Aexzeu-3o01dau)jo1daz 1
Y (y+Aexzeu) jo1dA’ (y+Aerzeu) jordx (g)pesr
Aerieu’T=y g1z op

ol
o}

o}
2
o]

0001

o)
o}
o]

oo

ol

sdals AYJUWN TBUTJ 3yel ol

B

aNuUT3u0D 0ST #4440
*0={{)301d32 #4440
*0={3)301d34 440
*0=(%)301dax #1440
Aeireu-jordju’r+AeITRU=Y QG OP #4440
pos

spiooa1 joT1d awryl [T1J-0187 )
2

|nuT3uCY €1

((x)3071d3z ‘uTWz) TUTWE=UTWZ
( (%) 301dyz ‘weuz) TXEUE=XEWZ
( (%) 3071d3A ‘uTWA) TuTWE=UTWA
( () 301d3A ' xewk) T¥ewe=xewh



8Tl

deeqT (Geg=I1I2'y’g)peEST
(i(TTe deay o3 T) N I83jus !jutod YN Azaas desy e f9)oTIMGES
p£e o3o0b (,x,°9u-zimsue -pue* A, “9U ZIMSUE)JT
0 ©30b (,N, ba-zimsue +10° ,u,-bs-zimsue)JT
Zamsue (peg=1I9'pLp G)peal
N/R 21T 1

‘4Aq butjzord 107 IvQ Lz o113 o3 301d 3-2 831aM Vs f9)edTampee
)
¢butizord zr1d 103 Arojoelerl 3nding e}
]
{gwewj‘zutwy T

fixewy‘tutwy ‘yotdyz f3o1day ‘yo1dau‘Aereu fxuaTeu) gyead 1r1eD
vxxxnx UOTIOW (2) TBTXE UT SHBRd xxwxx (v 79)e3TIMzEE
1£g o300
b€ 030b6 (N, *bs-gimsue -10* ,u,-bs-zimsue)ITr
zeg o306 (, %, *be-zamsue -10°* A, -be-zamsue)JIT
gamsue (yLp’c)peax
(x*9)@31IM
Ju/A gsyead puty (x78)@3TIM
(«’9)e31IM Iee
(TeuTwIa] ‘zxews ‘zutwy ‘Txews  Tuiwy 1
‘qo1d3z‘jo1d3y ' ZxAeaTRU Y TOMs ue /qoTdju sxmITeu) JoTdauTy TTED 10€€
00¢€ ©30D
1€€ o306 (,N, 'be-zamsue +10* ,u,-bs‘:zimsue)JT
T0ge o30b (,X,‘ba-zimsue ‘10 K, -ba-zimsue) ]t
Zamsue (prp'gipeax
(x*9)@3TIM

JUu/K iprover Azojoslery sty 3014 s (% 79)23TIM
(x'9)23T1IM 00gt
JWo  futwz !, = utwz , ‘Xewz’, = Xewz, {4x‘g9)a3TIM

0006 0306 (,3NON, ‘ba*121T3 10" ,2ucU, *ba TaTTJ) IT 0£E

0p o30b
(g=37Un)ss01>
SNUTIUOD 9Z¢
(1)301d347 (1) 301d33 (x'g)o3TIm
dsay1/30Td3u’T=T 92¢ op
(\mou,=sniels’ 3ep 34, =113 ’g=31un) uado
deay1 (gze=T110'y’G)pERT
yi(TTe deay o3 1) N 183us {3uTod YN Areas desy 1 (x19)83TIMGZE
pze o30b (,X, su-Zimsue -pue' A, au‘gimsue)IT
o 030b (,N,berzimsue -"1o0* ,u, *ba-gzimsue)JIT
JIMSUEB (pZ€=T1T2'p L} G) peal
VIN/K ETITd o T
‘,Kq But3jord T03 Iva LK o713 ©3 301d 3-A 831iM W (xf9)e3TImpee

ol
¢buryzord zi1d 103 Ar03oslery 3ndino o
%)

(zxewy ‘ZuTuy T

fTxews ‘Tutwy ‘307d3A “‘301d33 ‘3o1d3u‘AerTeu‘xurIeu) zyeed T1ED
(xsxxy UOTIOW K UT SYBBI yxxxx (6 79)93TIM Z2E

1Z€ 0300

$z¢ 0306 (N, 'ba*zimsue -10°* ,u,-ba-zimsue)JT

22€ 030D (,%,'barzimsue -z0* A, -bs-zimsue)JT

ZImMsue (pLp‘c)pesT

(x'9)931IM

Wu/A ¢syead putig (% 19)23TIM
(x'9)o37am 243
(TeutwIa] ‘Zxew] ‘zutwy / Txewy TuTwW) T
‘301d3A ‘3071d33 ‘L AeTTRU ‘TAmsue ‘JoTdju/ ¥uTTeu) joTdswty [1ED T02¢
00ze o30b
12¢ 0306 (4N, ‘bs'zimsue -10* ,u,‘'be-zimsue)JT
102€ o30b (,X,'ba‘zimsue -10°* A, ‘'bsrzimsue)JT
ZIimsue (p.p‘G)pesar

(x*9)e3TIM

Ju/A ¢proosx Azojoslery siyl 3oT1g (% '9)23TIM
(x*9)@3TIM 00Z¢

o fuTwA Y, = utwA |, ‘xewk’, = xewA, (x’9)93TIM

0005 ©306 (,@NON, *be°18113°10°,8uo0u, "ba"13713) IT 02¢

0F o30b
(g=31TUNn)850TO

SNUTIUCD 9T¢

(1)301d3xr’ (1)307d33 (+’g)®3TIM

deeyt‘jordiu‘T=T 91¢ Op
(iMoU, =snje]s ‘3P " 3X, =8TTF 'g=3Tun)uado
deayT (GTE=1Ta3 'y 'G)peaT

Ji(TTE deay o3 1) N 183ue f3utod yjN Azsrs deay W (%19)93TIMGTE
1€ 030D (,%,'8U‘ZImsue °'pue’ A, au’zimsue)IT
0% o306 (N, ba‘gimsue -10* ,u,‘ba‘zimsue)JT
ZImsue (pTg=I12 'y b 'G) pead

P10 QA G 1
' Aq Butyzord 103 IV@“IX STTF ©3 307d 3-% 831IM V(6 ’9)23TIMBTE
2
¢butyjord zi1d ro3 Azojosfery 3nding D
o)

(gxewy ‘zutuy 1

f1xewy ‘tutwy ‘qo1dax‘3o07da3 ‘3o7dau’AexTeu’xuizeu) gyesd TTED
yxxxpx UDTJOU X UT SYEST syxxx 1 (x?9)03TIM ZTE

11¢ o30b

p1f 030D {,N,-barzimsue *10* ,u, ba’zimsue)JIT

21¢ o30b (,x, berzamsue +10* A, berzimsue) It

Zimsue (prp'c)peax

(x’9)®3TIM

Juzk gsyead puta x?9)e3TIM
(s*9)23TIM 11¢

(TeuTwIra] ‘Zxew] ‘zuTwy  Txews / TuTwy T
‘jo1d3x‘301d33‘2sAe1aeUuT9Msue ‘qoTdu ‘xwITeu) Jordauty TTED 10T¢

00TE 0306

11€ 0o30b (N, be-zimsue -10° ,u,‘be'zamsue)]IT

101¢ 0306 (,%, bs-zimsue -10° K, *bo‘zimsue)3yt
(Te)3ewro] pry

ZIMsUR (pLP‘G)peax

(x’9)®3TIM

WU/& ¢prooex Axojoelery s1yy 3014 s (x'9)e3TIM
(x'9)@3TIM oote

JWo UTWX Y, = UTWX , YXBIMRY, = XBUX, (x‘9)83TIM
000§ ©30b (,3NON, "be-1a113 10" ,5u0u, *ba TaT13) JT 0T€

0F o306
(g=3TUn)sso1d
SNUTIUOD 9Q¢



6Tl

= uumgjy
= wumay
uwrl3
= XT3y
= uwrljy
= ¥wIjJ

[=R=Nalaleia]
H

3NUTIUOD LE00T
({1)Aoba13) 1bus = (1)bi331d
(1)3e0TI«521 + 3IsbAujys-1- = (1)Aobaxg
3033du’T=T L£00T ©OP
(3033du) 3e013p/3sbAuz«0-z = sa1

o
saTousnbalj Tenjoe 83BINOTEBD O
2

(ubtst/bewriyfTeary‘jolqdu’bewt3z rea1ij)xa1duod 337 1182  GE00T

JTpus
snuTluoD ¥£002

0= ([)beuryy

*0=(()TeOI3]

j033du’‘T+3383du=[ p£0OZ OP
2£00Z 030b (3353durar-3oladu) It
(x*9)o31aM

3033du (££00Z=T19"s ‘G)pEST

o2 (2 30 erdriTow) T
‘ys3jutod jJo Jaqunu [E303 I3UF, (x‘9)03TiM ££002
8sT®
6£002 ©30b

33s3du = 3033du
uey3 {g-ba-'1)3T
Z£00Z 03006 (1°8u‘T ‘pue* Q-dU‘T)JIT
(x*9)231IM
T (ZE00g=133*c‘g)peas
W0 - ON ¢ T - s8%  &TTTJoIaz ¢, ‘33s3du’,=SIdN, (x‘9)23TIM 2€002

|anutjuod 0€002
204 (T)bewtbs + s854 (1) TE0I6s = (1)BEWTIL]
sex (1) beUTbS - 2004 (T)TERIbS = (1) T®®131]

(duepy (T)awryy *T-)dxoy z
(eseud + (1)aut3sbary.tdy-2)urs = ss
(duepx (T)ewTdy *T-)dxox 1

(eseyd + (T)ewri«boryy1ds-z)s00 = 20
33s3du’T=T 0£00Z OPQ9F

aNUTIUOD GG
‘0 = (1)beurbs
(1)sodz = (1) Te81bs
33s3du’1=T 5S¢ op
\JBP*233J, = SWEUSTTJ 0Gh

09% o306

@NUTIUOD Gh¥
‘0 = (1)beutbs
(T)sodA = (1) Tea1bs
3353du’T=T G¥¥ Op
v3eprA333, = SWRUSTTI O%F

09y ©30b
SNUTIUOD GEP
‘0 = (1)bewrbs
(1)sodx = (1)1e=21bs
37s3du’1=1 GEF OP
1 IBPUX3JJ, = SWEUSTTJ 0¢h
0sy o306 (,Z3INIT, Dbe-1amsue '10* ,z79uTT, ba-1amsue) J1
06y 0306 (,Z4107d, "be'1emsue '10' ,z3301d, ‘ba*Iamsue) JT
0¥F 0306 (,X3JINIT, Dba‘1emsue ‘10 ,AJauTty,'bs:ismsue) JT
0¥p 0306 (,X31074,'ba'zemsue *10* ,AJ301d, 'ba’Iomsue) JT
0£y o300 (,XJAANIT, "be-zemsue *J0°* ,xJjouTll, 'bs-ismsue) 3J1
0¢y o030b (,Xi1074, ba-Tamsue ‘10° ,x3Jj01d, ‘bo‘Ismsue) JT

0 =< ‘(gi/1) o8s/1 03 dwep 3TsAu0)] (dwep)sgepyTd = duep
duep (8100z=172 'y ‘g)peaT
(4:2H UT ‘y3ptmautl Durdwep ey3 Ie3jud, ‘xg)Jewroy 6100
(6100Z/9)@3TIM 8700
durep (8100g=133'x‘g)peal

Z
4
fo

(,:088/1 ul ‘3juelsuod swrj butdwep ayjy yejuj, ‘xg)3ewroy 610022
(61002°9)93TIM  8T00ZD

*081 / 1d x sseyd = aseyd
sseyd (§100Z=118’s‘G)pear

{,:5921b5p uT ‘aseyd souUaIaIAT I23jUF, ‘XG)JEWIO] 91002

(9700Z’9)231IM ST00

bai1y (00002=113'4'g)peal

(,:2zH ut ‘Asuenbeiy sousiajar Iajud, ‘XG)3eWIOT 0100
(0T00Z'9)®@3TIM 0000
(x'9)23TIM
vox % % x x x % % x» » LA J xoxoxoxox % ox x x % (£'9)937IM
1- = ubtsT

0005 0306 (,3ANON, *ba*zar13"I10°,8u0u, *ba*zaT1T3) IT 00F

jou J0 saes 307d (133 93B3 ! (I420UBISIDT«I«TdxZ)dxe
Rq ejep Atdiatnu ¢Aouanbery aouaiajer I0J XSY - Ldd

0F 030B6 (p°be-'1)3T

0L 030b (1*eu‘T ‘pue’ Q-8U‘T)JIT
T (0L=113"'¢’G)peal
(x’9)@3TIM

10 - ON :T - s8% eldd <<---  (x’9)@31IM (L

0% o306
{g=3TUNn)8S0TD
®NUTIUOD 9¢¢
(1)301d32(1)307d33 (x'8)23TIM
deayT/301d3u’1=T 9g¢¢ op
(ymdU,=5Nn31B36* Jep*3Z,=011J ‘g=31un)uado

Z

<
4

vouvo



0¢€l

2

222§ II UOTSTA TedueT e Jo QpzlA ® uo 307d 03 M9 sasn 5
o}

68/8T/1 ‘oITezTd 'p 0Ipad - I0Td D

2

020302025202222032202232202203222020203320322023220220020322023022002200020000

PUs 0%

0500¢ ©30b
(xew37‘ubewy’Aobarg ‘ba1y ‘3sbAug ‘3033du’xurreu) yyead [1eo
{({uwwyy) sqe’ (xuwyy) sqe) TXewe)edp = Xewjj 09102

0500¢ ©30b
(xewy3‘bewt3y‘Aobaxy‘bar33sbAuz‘3033du/xurreu) Jyead 11ED

(({uwr3F)sqe’ (xwy33) sqe) Txewe)s[gp = Xew3y  0G102

05002 ©30b
(xew3j‘Tesx33’Aobaxy‘bax3’3sbAuz‘q033du‘xwazeu) Jesed [1ED
{((uwr33)sqe’ (xwIl1)sqe) [Xewe)sTdp = XEwWlj orT02

05002 ©30b
(x79)@3TIM
¥uwijyf, = Xew ,‘uu3yf, = utw + (x79)837Im
«2H ,“3sbAuz’, = Aousnbail 3sTnbAN . (x’9)@3T7IM

(uunry 3 “xunn 3 4 (1) bry31d” (3033du)ba3atd 1
‘Teutwisl ‘w3z31d‘bry31d’3033du’,auTT, ‘¥wIireu)y3ord 11E0 0€£102

05002 0306
(x79)03TIM
KWI3JF4, = Xew ,‘uwr3iy’, = utw v (x79)03TaM
+ZH , ‘3sbAuz’, = Aouenbs1l 3sTnbAN s (k?9)e3TIM

(uwt3z xwry3‘ (1)bry3Td’ (3033du)bryird T
‘Teutwial‘13331d‘br331d‘3033du’,auty, ‘xwareu) y3o1d T1ED 0g102

0500Z 0306
(«9)o31IM
¥wI13y’, = ¥ew ,‘uwrlj’, = utw s (x’9)o3TIM
VZH . '3sbAuj‘’, = Aouanbai3 3s5TnbAN v (xf9)03TIM

(uwr3z’¥wryy‘(1)brz3rd’(3033du)bryard 1
‘Teutwray ‘13337d/b1331d 3033du’, 2uTY, ‘xwiTeu) Jjo1d 1e0 01102

05002 0306

(0T=3TuUn)ssoro
(6=3TUn)@sor2
(g=31UN)350TD

3NUT3UOD 78002
(TJw3z3rd’(1)ba331d (4‘0T)23TaM
(1)13331d’ (1)b1731d (4 ‘6)®3TIM
(1)13331d* (1)b1337d (+‘B)o3TIM
3033du’1=T Z800Z OP

(,m8u,=sn3e3s’,jep ubew3y,=sT1J7/0T=3TUN) Uado
..ch.nn:umum..umw.omEMuu.uwﬁﬂu~muuM=:u:wQO
(,moU, =s5N3E]3S *, JEP [BSI3], =913 g=31un) uado 08002

ts]
butijord zi1d4 To3 144 3ndino D
2

05007 0306

0y 030b (g'be-imsuet)JT
08007 ©30b (g'ba‘imsuet)JT
00007 030D (.-be'imsuet)JIT
0910z 0306 (g9 ba'amsueT)JT
0510¢ 0306 (g be-imsuert) It
0p10Z 0306 (p'be-amsuert) It
0£10Z 030b (g-ba-imsuet) It
0Z10Z 0306 (z-be-imsuet)J T
01102 0306 (1-ba-imsuet) 3T

IMSURT (0G00Z=TI3 'y 'G) pESI

(,werbord utew 03 uInNlay - g, ‘XL)IBWIOF 8L002
(12174 Aq But3jord 1037 §81TF 03 13d Indino - g, ‘¥.)3euTog LL00Z
(ys1a3awered 133 abueyp - [, ‘¥()JeWIo] 9L00¢
(;@pnjtubew ut syesd putd - 9, ‘xL)3eWIO] ¥L00Z
(,37ed Azeurbewy ut syead putd - G, ’¥.)3ewIoy ZL00z
(y37ed Teax ut syead putd - p, ‘XL)3IEWIOF 0L002
(»opnytubew 3014 - €, ‘XL)3BWIOT  §900T

(y37ed Axeutbewl 3014 - 2, 'XL)3jewIo] 99002

(y37ed TE31 J01d - T, ‘¥.)3ewrO] ¥9002

{4 :5u0T3d0 <<==-- T- = NOISI - 1id,’xg)3ewiog 19002
(4 :su0T3do <<--- T = N9ISI - l1id, ‘XG)3IeuwIoy 09002

(8L00Z’9)®31aM
(LLO0Z'9)83TM
(9L002'9)2@3TIM
(PLO0Z'9)®3TIM
(zZL00Z'9)@3TIM
(0L0029)231IM
(8900Z‘9)@31am
(9900Z*9)@31IM
(¥900z*9)231IM
(19002 ‘9)®31am (T1-barubtst) 3T
(0900z’9)e3tam (1-ba-ubtsT)3IT 05002

snutjuod 0%002
Ju3zjTd/uunny) TUTWE = Uwwyj
Ju3I3Td/XuMly) TXEWE = Xum3j
vﬂuuuﬁa\aﬁﬁuuvﬁcﬂsmn:squu
u
U
U

T

4
T3737d/%WT33) [XeWE = XWIlj
13337d/UWI3]) TUTWE = UWI}J
T)13737d/xuI33) T¥ewe = xwIlj
((t)ubeu3y) 1bus = (T)w3iz3rd
({1)Bewt3y) 1bus = (T)13331d
({1)1€2733) 1bUs = (1)13331d
(Zxx (T)PBUTIT + Zyx(T)T€2133)33bs = (T)ubeunj

3033du’1=T 0¥00T Op

(ol
(f
((r
((r
((1
((



({t@°1'3D" (UTwx)sqe)

10

[€1

S¥9 ©2TTeTITUL

(1938T3p, =SN3B3S ‘Z[=3TUN) BSOTD
(0TB’XT‘0TR’XT)JEUIOL 9}
ONUTIUOD Bj
(1)3dAo’ {1)3dxo (9p‘zT)pERT
€1=T b% Op
{ipT0,=sn3eE}s’, Yo} 305 (I}, =813 ‘gT=31UN) Uado

(,de®y,=sn3Ee3s T[=31UN} 850D
(Z2°0T2’XT‘Z"0T2'XT) JBUTOT T}
anuT3ucD Qp
18pro/ (1) 3dA‘T8pI0/ (1) 3dX (ZH ‘TT)8ITIM
€'T=T 0% op
(,meUu,=6n3835 ¢, yo3 105(E€13, =TT T T=11UNn) uado

STeqET SIXE 83E8ID

uTwA= {¢)wk
uTwA=(Z)wh
uTwA= () wh
UTWX= (¢ )wx
uTwx= (Z)wx
UTWX= (T )ux
7/ (UTWA-xewh) + utwh=(g)3dA

XewA=(z)3dA
utwA= (1) 3dA
2/ (UTWX-XBeux) + UTWx=(g)3dx
Xewx=(z) 3dx
)

utwx=(T1)3dx

"G8/G " Lx (UTWA-XPWA) =TpTOqA
*G8/G " L (UTUX-XBWX) =IPIOQX QOF

s1apIoq dn 398

05t 030b

*0T/uTwA=utwA

*QT/*¥euh=xewk

“OT/UTWX=UTWX

T T/ ReuX=xeux
*01/T@pI0=18pI0 Q9¢

00F ©30B
09¢ 0306 Z

(Lo 13D (xeux)sqe) T
(ta* 136" (xewd)sqe)) IT 06t

‘10°
{ta-1°3b6" (uTwA)sqe) -710°
00g o3cb

“OTxUTWA=UTWA

* 0T« XBWA=XBWA

*QT«UTWUR=UTWR

* 0T XBWX=XBWR

LUoLoL

ol
o]
o}

*01xI9pI0=I8pI0 OTE

05¢ ©30b
0T¢€ 0308 ({-p-au‘utwA -pue’ p-9°7°37° (UTWA)sqe) €
*I0" ("QraurwewA -pue* p-9°'1°17° (¥ewAk)sqe) 7
‘IO (rQreu-urw¥ -pue’ §-9°'T 37" (UTWX)sqge) 1
*I0° (rQUeutxewx ‘pue’ p-2°T°37° (xeux)sqe))IT 00¢
*{=JI9pI0
Atejeradordde utwd pue ‘wewA ‘utwx ‘xeux 3snlpe ‘3ey3 ueyl Ia[EWS
8IE 8I8Y PaATOAUT SaTess ayj aduls pue ‘ga°1~ 3Byl Iabiel 7o
y=3* T~ UBY] IS[[EBWS SISPIOY MOPUTM 3YT] IOU SI0P SHH 82UTS

9105 -TIOA=UTWA
81e05+TI0A=XEWA
9TeOS-TIOX=UTUX
9TBOS+TIOX=XBWX

TI0A(y ‘g)peEST

(,:301d Jo I193ueD [EDI3I®A I83UYF, ‘XG)JeWIOT 0T
(oeT’9)@3Tam
TIOX (4 ‘G)peax

(,:301d Jo I83jueDd Te3UOZTIOY I9JUF, ‘XG)JEWIOT OTT
(oTT’9)@3TIM
o1e0s (x 'g)peaa

, $OTEDE MOPUTM Ia3ud, ‘Xg)3ewIod 00T
(00T9)@3TIMm

*0=(p)orez

*0=(g)orez

‘0=(g)or8z

‘0=(1)o782

(€)3dAo’ (g)3dxo QTxI230BIRYD

TEUTWIS] GxId30eIRYD

JOMSUE pxI930BIBYD

Jpuwru‘sjtunu‘sidu zebsijut

Topro‘TIokfTION ‘BTEOS 4 (g)wh’ (¢)uxr z

‘xewd ‘utwh xewx ‘utwx ‘ (0000Z) A (00002) %! (p)oTez’(p)3dA 1
Y (p)3dx? (xwrreu)joT7dA’ (xwrreu)307dx’IpIogh IPIOQY pxTEST
(TeuTwrsy ‘JordA ‘30T1dx ‘s3du ' Temsue ‘xurreu) 307d auT3noIgns

vovouov

0200222222222230022022222022220232220222022022202322022002002000002022222200

o]

o]
2
2

[CRGRS]

‘STeUTUIS} QT0FYSL JO
uotTjeTNWS HDd I0J ,0T0F3, Togel Teutwriaj ayj s3jdeooe MON
o]

06/€T/9 '©ITBZIJ °[ 0IpaE - SUOTSTASY
“1@*1 ueyj 1sbIe] Sispioq I0JF Ispio s3snlpe MON

2

68/1/6 'OITEZTJ ‘D OIPad - SUOTSTASY

voLoLoL oooLo

8]



2

*ggze II uoTsTa TedueT B Io QpzIA B uo 30[d 03 SM9 sasn

2
68/91/1 ‘01Ie21d ‘[ 0Iped - LOTJIWIL

cel

& @ o

2
o}

D022022222022232222222020222302222232022220222222022022322222202220230300200

pua
uInjyax

JTpus
axe3 z1eduey TTe2
uayy ((,V¥dNVT, ‘ba‘reutwIal) *10* (,eduey, "ba- reutural)) It
()syb os0T104s%B TT1ED
(1)sm @soTo¢s3b TTED
{1)sm ajear3oeapssyb 11eD
(xT) 3eUTOZ
(gg’g)pear
{,:307d sTY3] 25012 03 <NMNLAM> ssa1d, ‘¥G)jewioy
(0Z'9)231am

(K= ‘Tpuwru)eutTATodssyb 11E2

SNUTIUCD

18pI0x (X3pUT) 30TdA= (1) A

I9pIoy (xopur)3o1dx=(T)¥

T+0000Z+S3TUNU=XSPUT
IpULIUfT=T 99 Op

61 ©30b(Q-ba-apuwiu)3T

2nuTjuod
(A'%’p000z)ouTTATOdSSYD TTRO
SNUT3UOD
T3pIoy (¥opuT)3oTdA=(T)A
JopIoy (¥apuT)joTdx=(T) %
T + 0000Z%(1-[)=xoput
0000Z“T=T 09 op
s3jtunu’T= 29 op

¥9 o030b(p-bas3tunu) 3T

61 030D
(A*x*1pumTu) I8y IewATOdssb T1ED
BNUTIUOD
I8pI0y (xopUT)3OTdA=(T) 4
13pT0x (XepUT) JoTdx=(T) ¥
T+0000ZxS3TUNU=XapUT
IpuwIu’I=1 95 op

61 ©30b (0 bs apuwiu) 3t

sNUTIU0D
(A% ’0000z) Tex1ewATOdssYb TTED
aNUTIUCD
TapIoy (¥aput) jo1dA=(T)A
I9pI04 (%8puT)JoTdx=(1) %

s¢

0g

6T

99

¥9

<9

09

ST

9s

¥S

49

0s

T + 00002+ (T-[)=%xaput
0000Z‘1=T 0§ op
s3tunu’=L g¢ op
FG o30b(p-barsjtunu)JT

g1 0306 (,3NIT, bo:Ismsue ‘Io* ,suty, ba-Iemsue)JT

{0000z *s3du) pou = IpuwIu
(*0000z/ (s3du) JEOTF)XTIT = s3TUNU

il

(1)2dA3 y7eud jesssyb TTED
((g£)3dAo ! () 3dA‘utwx)3xa3$syb TT€D
((z)3dAo’ (2) 3dA‘utwx) 3x934s4b TTED
((1)3dAo’ (1)3dA‘uTwx)3¥8345%6 TTEO

(g'z)ubtre 3xo3 33sésyb T11ED

(3dA*ux‘g) goyaewATodssyb TTED

{ (g)3dxo‘utwA’ (¢) 3dx) 3x234s%6 11D

{(z)3dxo‘utwA’ (g)3dx)3xalésyb y1ED
((1)3d=o ‘utuwA“ (1) 3dx) 3¥8345%6 [TED

(1z)ubtre_3xa3 3asgsyb [1ed
((uTwA-xewA+I1pI0ghsZ) «xGT0"0) JUDTEY 3Ixe} J8sésyb TTED
(wh #1dx ‘¢ ) ToyTewATodésyb TTED

(z)odA3 y1ewd jasgsyb 11eD

{0°T)®zTs y3eud 3es¢syb [Teo

STageT a3T1IM ‘s30T MBIQ

(ox8z 13dxz)auTTATodss®b T1ED (0*oT1'uTwA ‘pue’ -p*ab-xewk)IT
(3dA‘oxszz)autTATodssyb T1eo (p-aTuTtux °pue* -(Q-ab:xewx)Jt
{3dA‘ux ’z)sutTATodésyb T1ED
{wk /q3dx *z)sutTAT0odésyb TTED

SaXe MmelI(Jg

(T)wroIx 300Tas¢syb TTeED
(IpI0ogA+xeuh‘ IpIogA-uTWA 1
.uuuonx+xmﬁx.uuuonxucasx\ﬁVZOUcHBIuwmwmxm 1182

2z1s moputm sotydeab 3eg

{1)sm e3earioessyb 1Ted
Jtpue
(zL*, :3ndanogsAs, ‘1) sm uadossyb T1eD
{, 110118¢5As, ) syb uadogsyb T1eO
usyl (,0T0F3, "be’TeRUTWIS]) IT
JTpua
(0'0'1)sm uadogsyb TTeD
(,:T011848As, )syb uadogsyb 1RO
usyl (,0pZ3a, Do TeUTWIS])JT
JTpus
(ZL*413T833, ‘1) sm uadogsyb 110
1 1J1011868As, ) syb uadogsyb 1T1ED
ydeib reduel 1TED
usyy ((,¥dN¥T, "ba‘1euturey) -xo- (,eduer, "be TRUTWI®]) ) IT

[SRSGRS] oo

(SRSRE]



€Ll

SM9 ®2TTEBTI3TUL o)

2 09¢ 030D ({L®'1'36" (uTwA) sqe) - 10" (Lo 1 3b" (¥ewk)sqe))IT 0GE
{1@3878p, =8NJEJS 'ZT=3TUN) BEOTO 02g 030D
(0T 'XT‘0TR/XT)JEWIOT 9% *0TsuTwA=uTWA
(€)3dAD’ (p)3dxo(9y ‘ZT) peT * 0T s xewA=xeul
aNUTIUOD §h ‘0TxAT2pI0=AT8pI0 OEE
(1)3dAo” (1)3dxo(9p ‘zT)PERT
£1=T b% Op 06¢ o30b

(iPTO,=sn3e3s*,yo3y-10slex3,=a113'gT=31UNn) usdo
0¢€ 0306 ((*p'su‘uTwA ‘pue* p-2°7°37° (uTw)sqe) T

(,deey, =snje3s ' T1=31Un) 85072 *10° (*Q-eurxewA -pue' p-o°T'37°(xewA)sqe))IT0TE
(Z°0T®’X1'Z°0T® XT)JeWIOT Z¥ *1=K18p7T0
o]
Azeproy/ (g)3dA‘gxewxR (ZP*1T1) 23 TIM Atejetrdordde utwh pue xewA jsn(pe ‘3eyj ueyj IsTTEWS 9]
A1spIo/ (g)3dA‘guTux (Zp *TT)23TIM 818 8Iay POATOAUT €3[eD§ B8Yj] 8OUTS pue ‘ge’ [~ ueyj I1sbiel 10 a
Axspio/(z)3dA'Ixewx (Zp 11)83TIM ‘p-2° 1~ UBU] ITS[TEWS SI9PIOQ MOPUTM 8YT] 3IOU S20p SH¥OH ¥DUTS 5}
Azspio/(1)3dA/TUTWXR (ZF ‘TT) @3 TIM 2

(ymou, =snje3s’, ys3 - 10slexy,=a 113 Tr=37un)usdo

] XeuwA ( ‘g)pear
STeqe[ SIXe ajeai1) 9 {, twunuTxew Te2T3I8A I33Ud, '¥G)IewIO] O¢1
o) (0T 9)o31IM
e uTwA (4 'G) pea
(1) zux=(2) Zux (y ;wnWTUTW TEOTJ3IDA T83JUH, ‘¥G)JBWIOT OZT
(T+g/83du-301d3u) JeOTF=(T) Zux (0Z1'9)@3TIm
utwA=(¢)wk
utwh=(Z)wh ‘0=(f)or82
UTWA= (T)wA "0=(g)o192
UTWY= (£ )wx ‘pD=(zZ)o182
0" 1=(Z)ux *0=(1)o7182
0 T={T)ux
Z/ (utwA-xewh) + urtwA=(g)3dA {€)3dho* (§) 3dx> 0T.I530BIRYD
xewh= (z)3dA TBUTWIa] G4I3JOBRIBYD
UTWA= (7} 3dA IaMsUe p4I8]DBRIBYD
(1+2/83du-3071d3u) 3eCTI=(£) 3d¥ Jordu’spuwru‘sytunu‘sidu 1abejur
Xewx=(z)3dx (Z) qux £
uTwx=(7)3dx ‘zxeux ‘zutwx ‘A1epIo ‘x1spIo‘jelTep’ (g)wh/ (g)ux z
‘xewd ‘utwA /Txewx ‘ TuTwx / (000024 (0000Z) % (p)oxaz’ (p)3dA 1
*G8/6 " Ly (UTWA-XEWA) =TpI0QA 4 (p)3dx* (xuxreu)joTdA’ (xurTeu)joTdxX/IpI0gA ‘ IpIOgX Hy[EDI
*G8/G" Lx (UTWX-XBUWX) =TPIOQX
o] (TeuTwIS] ‘ZXeWwx ‘ ZUTWX / TXBWX  TUTWX T
s1apI0oq dn 38§ o) ‘q07dA*301dx ‘s3du‘Temsue ‘qoTdju ‘xurIeu) Jordsury aurjnoIrqns
o)

8nuTIUOD QT
A18p10y (1) 30TdA= (1) 307dA D00202230035050202222032222322222222D232222222222023003222323222223222222000

j01d3u’1=T 0T op 2 o}
o) ‘sTeUTWISY QTOFABL JO 2
(301d3u) JeOTI=XEUX o uot3eTnWe D4 I0J ,0T0F3, T8qe TeuTwIaj ayj s3dadoe MON o)
(T)3e0TI=UTWX O0F 2 o
o
0sg o30b 06/€T/9 ‘OITRZTJ '[ OIPad - SUOTSTASY 2
0T /uTWA=UuTWA o 2
“QT/Xeuh=xewl o *1®°1 ueyy yabaet sisprogq roj Arspro sisn{pe mMON o)
*0T/AT89pI0=AT8PI0 09¢ ) o]
fo]
00k 0306 68/1/6 ‘0I1TeZld ‘[ 0Ipad - SUOTSTASY o)



usy3

vEl

snuTjUOd 0701

Az1sp1oy (1) 307dA=(1)30TdA
3o01d3u’1=T OT0T OP

325 e3ep JO senlea TeUuTbBIIO 810388y

Jtpus
axs1 Teduel TTED
({.¥dN¥YT, ‘be-TeutwIal) *10° {,BdUeT, "bo TRUTWI®]) ) IT
()syb osorossyb TTED
(T)smM esoTogsyb TTED
(T)sM ajear3joeapssyb T1ED
(¥1)3eWIO]
(gz’g)peea
{,1307Td §TY3 25070 03 <NJNLIY> §531d, 'XC) JeuI0]
(0z*9le3tam

(A?x?Ipuwau)sutfATodssyb [TED

anuT3juoD

(xeput)iordi=(T)A

(xoput)jordx={1)x%

T + 0000ZxS3TUNU=XSPUT
TpuuIu‘T=T 99 Op

61 ©30b{p-be*Ipuwiu) It

anuTIUOD
(A*x'Q000z)@uTTATOdSS%D TTRO
enuTIUAD
(xoput)jordA=(T)A
{xeput)3o1dx=(1)X
T + 00002« (1-L)=%xaput
00002“1=T 09 op
s3jtunu’t=L z9 op

¥9 0306 (0 *basjtunu) JT

61 o30b
(A% *1puuIu) 1oy reuAtodgsyb T11ED
anuTjuoo
(xoput)jordi=(T)4
(xaput)jordx=(T)¥
T + 0000Z+S3TUNU=X3puUT
JpuwIu’T=T 95 op

61 ©30b{pba-Ipuuwiu)Jt

m_-:hw juos
(A'x’00007) TeyIeWATOdss YD TTED
anuTjuos
{xeput)jordi=(1)A
(xaputT)jordx=(1)%
T + 0000Zx {1-[)=xaput
0000Z‘T=T 05 °oP
sjtunu’t=L zg op

Lo

S¢

0¢

61

99

12

9

09

ST

9g

4]

Zs

0s

#G o3j0b (g 'ba-s3tTunu) It
GgT o306 (,ANIT, beriemsue *I10* ,2ulf,'be-Iomsue)JT

{0000z *30Tdu) pow = IpuwIl
(*00002/ (30TdU}3BOTF) KTFT = sITUNU
jot1dau=jordu

(T)odAy yrewd 3osssyb 110

((g)3dAo* (¢)1dA’0 T)I*e38s3b T1ED
((g)3dAo’(g)3dA’0 1) Ixa38syb 118D
((1)3dAo*(1)3dh’0 1) Ixe3ssyb TTED

(g’z)ubt1e 3323 3°s$syb 1TED

(9dA fzux ‘¢ ) TexTewATOdssb TTED

(3dA tuix ‘g ) ToxTewATodss b TTED

({p)3dxo‘utwA’ (3ordju)jeor3)Ixe3ssyb 11e0
({z)3dxo'utwh/ (z/s3du)1e013) 1%0185%6 TTED
(T'c)ubtie 3xe3 Josésyb 11ED

( (g)3dxo’uTwk’ (1+z/53du-jordau)jeorI)Ixessyb 1180
((T)3dso’utwh ‘g 1) 3%23$5%6 178D
AH.chmﬂamluxqupmmwmxu 11D

{ (uTwA-xewk+1pT0Gh«Z) £GTO0)IUBTAY I¥83 J0585%B TTED
(wA *3dx ‘¢ ) 19 TewATodssyb T1ED
{z)edAy yaewud 3esssyb TTeED

(0*1)2z15s yrewd jes¢syb T1ED

sTage] 23TaM ‘sy213 Melq

(oxez’3dx’z)eutTATodssD 1182 (0'e'utwk -pue* 'p°3b wewk)JT

(3dA’zux‘z) sutTATodssyb T1ED
(3dhux*z)surTATodssyb 1T1ED
(wA‘3dx?z)sutTATodssyb 11D

SaxXe MeI(J

{(T)wro3x 3oo1esssyb [1e2
(TpT0gh+xEwh ' 1pIrOogA-UTWA 1
/IPIOQX+XBUK IPTOGX ~UTWX / T)MOPUTM 305¢5Y6 TTED

8z1s moputm sotudeab j3ss

(1)sm @3eATIORSSHE TTED
JTpus
(ze*, :andanogshs, ‘1) sm uadogsyb 110
(, 1701788848, ) 536 uadossyb TTRO
uayy (,0T0F3, ‘b TeuTWISY})IT
Jtpus
(07077)sm uadogsyb TTEO
(, :10110¢8As, )b uadogsyh T1ED
usyl (,0%Z3A, "ba-TRUTWISY)IT
_ Jtpus
(e 'y 21833, ‘1) sm usdossyb Tred
{, 17017108845, ) s3b uadogsyb T11EO
ydeab xeduey [1ED
usy3 ((,V¥dNYT, be-teutwiai) -30- (,eduer, -ba'Teutwray))zt

oo vov

(S R



SEl

and
SNUTIUOD 006 ¥
(g)asoT1d
(12, e’%)3eUIT0] £Ees
osa’(geeG’6)93TIM

{006F=112,pP10,=5N3es’, TTRUTWIS}S, =2 1] ‘g=3Tun) uado

/ig/ ose ejep
063 Ial}OoBIEBUD

IXIL WYANVT INIINOYENS

22222222222223222223233220222222222222222223220I32222223223D3223032303330220

o}
ol
o]

o]
202222022220222222222222223222222223222232003220222022222222022222232223000

o}

“opoul 3¥X33 O3UT TRUTWIR) ZZgf II UOTSTA TedueT s389 2

sIsmog sSMY - IXAL YVANVT o}
ol

ana
BNUTIUOD 06 ¥
(g)es012
(B, T,/®/X)3BUIOT  HEES
sb*osa’ (peeG'6)23ITIM

(106p=118,p10,=6N3€36 /, [TEUTWIS§, =0 [F ‘6= Tun) usdo

/62/ sb ejep
/LZ/ 288 EJ}ED
sb’csa 1930BIRYD

HAWID YYINYT INIINOYENS

2002222222222322222222222222322223222222232222322002500222322322223223202220200

2
o}
o)
J

)

sopou sotyderb ojur TRUTWISY 222 IT UOISTA Iedue] sisn )

SToMOg SSTH - HAVHO ¥YANVT O
2

00222222322222222222222220232202222222222222232220320020232233222323222302222D

pue
uInl}ay
Jtpus
o€ o30b
dejs T=xeum
8NuUT3uUOD 0§
M+ TAMy dua M+ TdMy TM=TM
IM4 TAMx TM=-TAMy IM=TM
Im=dusim
anuijuoo op
Tdwel+ (T+7) BJEP=(T+T)B3EP
Idwej+ (1) e3ep=(1)e3ep
1dwsl- (T+7) e3Ep=(T+() e3ED
Idwa3- (1) e3EP=([)E3EP

([)egepyTm+ (T+[) BIBPLIM=Tdua]
(1+F) e3Ep M- ([) BIBDx IM=TdE]
Xeunu+ T=C
dejst/u‘w=1 Qp OpP
2'¥euu’ T=u oG op
0pP*0=TMm
O0p* T=IM
(e39y3) uTsp=Tdm
Zxx (B12UIx0PS " 0) UTSPXOP * T-=TdM
(xeuw,ubT1sT) /0P6G6LTLOEGBTERZ  9=BI2UT
XBUly 7=d81ST
uayy (xeun 36 u)J1
Z=XEeuu
snuIjucoO
wt(=C
JTpus
0T o306
Z/u=u
w-C=
uayy ((w-3b° () “pue- (z-sb-w))JI7T
z/u=u
Jtpus
Tdwe3=(T+7)B3IEP
Tduai=(1)E3EP
(1+7)e3ep=(T+[)E3EP
(1)e3jep=([)e3ep
(1+[) e3ep=Tdway
([)ejep=1dusy
usy3l(1-36°0) 371
z‘u’1=1 Q7 op
1=(
UlyZ=U
Tduey ‘sdwal ’ (Uuyg) BJep gTEST
ejayl ‘duem’/Tdm’adm TMYIM gxTBOT

(ubTsT‘Uuu‘ejep) 1IN0J 2UIINOIQNS

0¢

02

01

02002022223222222222222222222222222320032200223222222220222222202223230020200

LbLvbLvLuLvLLDOLDOLUOL

gxTe21 DutyjlArsae opeu - gg/£g/1 ‘0aIEZTd P OIped

*(iToJ ps8ydayd 30u ST §TY3) ¢ Jo Ismod 1ebsjur ue

89 ISAW NN

*NN«2Z Y3zbual jo Aeiize [ess e ‘Arjusiearnbs

T0 NN y3zbus1 Jo Aezze xeTdwed ® ST ¥Ivg ‘T- Se
InduT ST NOISI JT ‘WIOJSUBI] ISTINOJ 2I3IDSTP VSISAUT
§37 saury NN Aq ylyg secefder 1o T se jndut sT N9ISI

JT 'wrojsuel} IaTINoj 232705Tp §3T AQ ¥lvad seoerdey

G-p6¢ +dd ‘9ggT ‘sedyoey [eOTISWNN WOIJ - TWNOI

OvovuvovovLvoLboLOLOL

000002202050202233222232233332332223222232023220003203232222122202222222223220

pus
uInysx



Jtpue

(T)suajur ‘wty (0TT9)83TIM
uayy hy
(({T+T)8US3UT 3T (T)SUSJUT) *pue* ((T-T)SUSIUT 3T (T)SUSBIUT)) JT

Itpue
(T)sus3ut‘wry (Z01°9)83Tam
usyy 1
(({1+7)susjur-3b- (T)susjur) *pue- ({1-T)susjut-ba- (1)susqut))JT
Jtpue
(T)sua3jut‘wiy (T0T‘9)23TIM

uay3 1
(({1+7)susjut-ba- (T)susjuy) ~pue- { (T-T)suajur-3b" (T)sualuT)) It

JTpUS
(T)susjutwrl (00T‘9)83TImM
usyy T
({ (T+7)sua3uT 35" (1)suelut) *pue- { ([-T)susjuT 36" (T)Suajul)) It
(1-AexTeU)JBOTJ/ (ZUTWI-ZXEW]) T

» ({T+ARITRU-53dU) JOTT-(T)aUTY) + ZUTWY = W]
1-s3du’T+Reraeu-s3du=1 09 op

2nuT3jU0D
JTpUS

(T)sua3jut‘wry (ZTT’9)93TIM
uayy 4
(((T+T)suajuy 17" (T)suajut) "pue’ ((T-T)sualut -ba- (T)su2lut))IT
JTpus
(T)sua3jut’wil (T1179)93TImM
usyy 1
({(T+T)suajur-bs* (1)suajut) *pue" (([-F)suUs3uT 37" (T)suajuT))JIT
JTpus
(T)suajuT’wry (0IT79)83TIm
uayy 1
({(T+T)SuajuT-37* (T)SualuT) "pue- ((T-T)sua3ur 37" (T)SULUT} ) IT
Jtpus
(1)sua3uT/wTy (Z0T’9)83T1IM
usyl T
({(1+47)susjut-35° (T)suelut) *pue’ ((T-T)susjut ba- (T)susjut) )3T

ITPUS

(1)susjuT Wry (10T49)83TIM

9¢l1

0s

usy3 T
({(T+T)susjut-ba* (1)susjur) *pue’ ( (T-T)sud3uT 36" (T)suajur)) It

ITPUS

(T)susjut‘wry (00T’9)a3TIm
usyl T
(({1+T)susjur-3b" (1) sus3ut) *pue- ( ([-T)sus3UT 36" (T)suslut) ) It
(1-Aexzeu)3ROTT/ (TUTWI-TXBWY) « (" T-(T)8WTF) + TUTWI = WI3
Kexxeu’z=1 Q¢ op

JTpus
(Thsusjut’Tutwy (£0T’9)83TIM
usyy ((Z)susjuy-bs* (1)sualuT)IT

Jtpue
(T)suajur/TuTwy (QT1'9)83TIM
uay3l ((g)sue3jur-3T-’ (1)sueljul) It

JTpuUs
(T)susjuT‘TuTwy (00T‘9)e3TIm
usy3 ((z)susjut-3b* (1)sualur) T

a11334d 09sI930BIEYD
1sueyd T.Ia3jo0BIRYD
sjdu’xurreu 1abajut
ZXBWY A TXEUD FZUTWY TUTWY ‘WTY Y (XWITRU)SsWTY ! (XWITBU) SUBJUT pxTEST

(Zxeu ‘gutwy T
4{xewy‘TuTWwy) ‘suajut ‘eury ‘sydu ‘Aexreu ‘xurreu) gyesd surjnoIqns

2D032222222222222302222232222222222020222220222202222220220222223220320020

2

(SRR

2

2
*sjutod 3seB] pue 3s1TJ JO 3Indino pappy

o]
68/L/6 '0ITeZTId "L 0IPdd - SUOTSTASY

o]
*aT13 yead anes o3 uorjdo pappy
sewTuTW/PWTXEW JubTI/3FOT I0J YoIees pappy

o
68/21/L '0IIBZId 'L OIP8d ~- SUCTISTASY

*BUTUTW pUE BWTXEW SPUTd

2
68/€T/Z ‘0IIBZId [ 0IPad - ZMVId

a2

D

voo

voLoLoL

o)
o)

D22220022022222222222222222222322222222222202000202220002222322000220202200



usyy 1
{{{1+7)sus3ut*ba" (1)suajut) "pue” ((1-T)sus3ut 3H- (1)suajut)) 3T

JTpUS

(T)suajut‘wry (QOT’TT)93TIM
usyy T
(((1+T)sua3uT 36" (T)sUa3UT) "pue” ((T-T)sua3zuT 356" (T)suUajuT))IT
(1-Aexzeu)3BOTI/ (ZUTWI~ZXEW]) 1
« ((T+ABITRU-53dU) JROTI~ (T)oWT]) 4 ZuTwWy = wWlj
1-s3du’T+Aexzeu-s3du=1 Q9¢ ©Op

LEl

BNUTIUCD OGE

Jtpus

(T)suU8aluUT ‘WTy (ZTT*TT)93TIM
usy3 1
({(T+7)SU83UT 37" (T)SuLlUT) "pue" { (T-T)SuUsjuT ba" (T)suUs3uUT) ) IT

JTPUS

(T)suajut‘wry (TTT’IT)@3TIM
uayy T
(({1+T)suajur-ba (T)suajut) *pue* ((T-T)SUSIUT 3T " (T)SUSJUT))IT

ITpuUe

(1)suajuT wiy (OTT'1T)93TIM
usyy I
(({T+T)sU23UT*3T* (T)SULUT) *pue* ( ([-T)SUSIUT*IT* (T)SUSIUT) ) IT

J1pUS

(T)suajur‘wry (ZOT‘TT)93Tam
usy3 ¢
(((T+T)sUa3UT 36 (T)sUSUT) "puUE” ((T-T)SUaIUT ba~ (T)sudluUT) } IT

J1pues

(T)suajur’ury (TOT’IT)@3TIm
usy3 1
(((1+7)su@3jut-ba" (1)suajut) "pue’ ((T-T)suajur*3b* (T)suajur)) It

JTpue

(T)susjut‘uty {(00T‘TIT)@3Tam
uayl I
(({T+T)suagur-3b- (1)sualut) *pue" ( ([-T)suajur-3b- (T)suajut)) It
(1-Ae1Teu)1BOTI/ (TUTWI-TXEWD) x (*T-(T)8WTI) + TUTW) = W]
Aerreu’z=T 0¢¢ op
JTpus
(T)suejur’‘TuTwl (€QT‘TT)®3TIM
uayy} ((z)susjutr‘ba: (T)susjut) It

ITpUB

(T)susjut’Tutwy (QTT'IT)®3ITIM
uayl ({g)susjutr- 37 (T)su=3ut)IT

JTpus
(T)susjuT/Turuny (00T IT)e3TaImM
usyl ((z)sus3ut+1h: (1)sue3ut) It

{(+'TT)231IM
sTTIHd (+ 'T1)831aM

(,mou,=sn3e35 87T I4d=01TI*TT=27Un) uado
(09®) 3eWICT OTE
aTTyid (0TE‘G)pESa
4 i91TJ pIooal yead Jo sweu Iajuy (% 79)83T1IM00E

00z ©30b
00F o30b (,N,'be-isuexd r10° ,u,'be-isueyd)Jr
00 0306 (&, barasuexd 1o+ ,A,'barisueyd)JT
(Te)3RUIOT OTZ
Isueyd (Q1g‘G)peal
WN/XA  ¢pTooar jyead sTy3l 8Aes 03 juem noA og v (x19)831IM Q02

{ywd ‘g gTa’, ‘Oos ,’'g-GTa’, -uTW 3JybTY, 'XG)3BWIOF ZTT
{ywo ,'g-gTe’, “‘o®s ,’g°GT®’, “UTW 3IoT, 'XG)3IEWIOI ITT
{iwo ,‘g-gT2’, ‘o885 ,’g°GT®’, B WNUTUTK, ‘XG)IBUIOT OTT
(Lud , fg g1’y ‘085 ,'g-¢T8‘, jutod 3seq, ‘xg)3IewIo] H0T
(yuo , ‘g g1a’, ‘o8s ,‘g-GgTe’,JuTed ISITJ, ‘®G)JEWIOT 0T
(ywo , ‘g gre’, “‘oss ,’g-°gle’, -xew 3jybry, ‘xg)3jewIoT 701
(> ‘g gTa’, ‘das ‘g GTa’, ‘Xew 3387, ‘Xg)3BWIo} 10T
(,ud ,'grg1e’, ‘0885 , ‘g GIa’, 3 WNWIXEW, ‘X§)IBWIO] Q0T

JTpua
(s3du)suajut‘gxeu3 (pQT’g)a3ITIM
usy3 ((71-s3du)susjuy-be- (s3du)susjur)IT

Itpus
(s3du)susjut ‘zxew) (QTT1’9)83T1IM
usyl ((7-s3du)suajur 3T’ (s3du)susijut) It

ITPUS
(u)suajuT ‘Zxeuy (QOT‘9)a3TIM
uayy ({(1-s3du)susjut 36 (s3du)susiur) Iy

SNUTIUCD (9
JTpUS

(T)susjuT wry (ZTT'0)83TIM
usyy 1
(({T+T)sUdUT "3T" (T)sua3uT) "pue* { (1-T)susjur-bs* (1) sus3ur) } 3T

ITPUS
(T)susjut‘wry (IT1’9)e3TIm

usyy 1
(((T+T)suejuT-ba" (T} SUSUT) "pue* ( (T-T)SUSIUT 31" (T)SUSIUT) ) IT



Jtpus
xew3j/(tr)susjutr’(1)Aobaxy (€019)e3TImM
usyy ((z)suejut-ba’ (1)sua3uT)IT

JTpUs
xew3J/(T)suajut’ (1) Aobaxy (0QIT1’9)e3TIM
uay3l ((z)susjutr-3T* (T)sualuT) It

ITpUB

Xew33g/(1)suajut’ (1)Aobsr3y (00T1‘9)e3TIM
usy3y ((z)susjut 3b- (T)sus3jut) It

TUsIy3’, = proysaIyl , (x*9)e3rTim

+ZH ,'bax3*, = Aousnbaij sousisjey Jxf9)o3TIM

yJjutod/zH , ‘se1’, = uoTynjosay Arojoaler] yixf9)o3TIM
(3753du)3e013p/0 ' Z¥3I8DAUT = sax

+ZH . '3sbAuz’, = Aouanbaiy 3sTnbAN s{xf9)@3TaM

33s3du’, = pswIrojsues] sjutod uTewop swil JO JaQUNN Jlx’g8)e3Tam

XEW3I‘, = (00°T) AJTSUSIUT WNWIXEW , (x*9)83TIM
(0T 0zp) 32WIOY

XBW3IxTUSIYF = USaIyy

1UsIY3 (o€ ‘5)pest

., iprousaIyl 183Ul , (£79)93TIM

a1133d 09«T030BIRYD

Isueyd [sIajoeIByO

33s3du 1sbejur

YsaIyl‘TysIyl ‘seITT] ‘Xeuyy i

‘se1'baxy’ysbAuz’ (xwrIeu)AobsiJ’ (xuITeu)suajur gy[eal

(xew3J‘suajuy ‘Aobary‘baxy’ysbAuz‘33s3du‘xurreu) yyead surjnorqns

8¢l

(13

1010)010702010197010/6/0107010/010 0 01010.8010/0101010.0010/01018601010001010/016161010:0/010/810)0101010/6/01101010/0 0101010101100 8

2
ol
o}

vboovo

(SRS R E)

*X¥WI3 3nd3ino moN

o]
16/€/9 ‘0I1IBZTJ ‘[ 0Ipag - SUOTSTASY

*1+2/3353du jou ‘sentea 33s3du 1aa0 dool MON
*T+Z/¥urreu jou ‘HBuor xwireu sAeire spey

)
68/%1/6 ‘0Ilezig ‘[ 0Ipad - SUOTSTASY

3
*sjutod 3sel pue 3sITJ Jo 3ndino psppy

)
68/L/6 '0IIeZ1g ‘' OIPAd - SUOTETASY

sewputw/EwTXew 3ybTI/3Fe] I0J YyoIess pappy

2
68/2T/L '0ITEZId ‘[ 0Ipad - SUOTSTASY

o]
2
2

voLoLo Lo 0o voLvLoLL

(&)

*PTOHSTYHL ©3 308(qns ‘Idd U BWTUTW pue eWIXew sputd

oo
oo

)

68/6/Z ‘0ITeZT4 ‘[ oIpad - HYAd 3

o 2
02022222920002299320099330003222330202223233922223322233233332300032292223222

pua
uIn}aI 0ok

(1T=1TUn) 85072

JTpus
(s3du)suajut‘zxewy (pOT'TT)93TIM
uayy ((1-s3du)susjur-be- (s3du)suajur) 3T

JTpU
(s3du)susjut‘gxewy (0TT’TIT)937IM
uayy ((1-s3du)susjur 37* (s3du)sUsINT) IT

JTpus
(u)susjut ‘Zgxewy (QOT'TT)a3TIM
uay3 ((1-s3du)susjut-3b’ (s3du)susijuy) It

3NUTIUOD 09E
ITPUB

(T)sualjuT ‘uTy (ZTT’TT)93ITIM
usy3 1
{((1T+47)sua3uT-37" (T)suajut) "pue- ((T-T)sua3jut-ba- (1) suajut))JT
Jtpus
(T)suajur’wrl (TIT/IT1)93TIM
uay3 1
(((T+7)suajuT-ba- (T)suajuT) "pue- ((T-T)SUL3UT 3T (T)sULa3UT) ) IT
JTpus
(T)susjut ‘Wil (OTT'TT)O3TIM
usyy T
({(T+T)sua3uT 37" (T)suajur) *pue- ( (T-T)suajutT 371° (1)suajuy)) J1
JTpus
(T)suejur‘wrl (ZOT'TT)83TIM
uayy 1
(((T+T)sud3uT 36" (T)sua3uUT) *pue" ((T-T)suajuy-be- (1)sus3ut))IT

Jtpus

(T)susjut‘url (TOT’'TT)93TIM



6¢1

Xew3j/(1)susjut‘ (1)AobsrI (10T’TT)83TIM

uayl (((yssay3z-sb* ((T+T)susluT-(T)susjut)sqep) °*I10° Z
ysaayy eb* (((1-1)susjui-(1)susjur)sqep)) ‘pue: 1
{(1+T)sus3jut ba- (T)suajut) *pue’ ((T-T)sualuT 36" (T)susjut)) JT
jTpUS
xeuw3j/(1)sus3zur’ (1)Asbaxy (gor’tT)o3Tim
uay3d (((yssayj-sb-((T+T)susjul-(T)suajut)sqep) *I0° Z
yssayy-eb* { ({1-1)susjuy-(1)suajut)sqep)) -pue’ 1

({1+7)sue3ur 36 (1) susjur) *pue- ((-T)suslur 36" (1)suajutr))IT
1-33s3du’z=1 05¢ op

ITpus
xew3y/ (T)susjut’ (1)Aobe1y (£0T‘IT)e3TIM
usyl ((z)susjut-be- (1)susiut)JT

Itpus
xew33/ (T)susjut’ (T)Aobary (QTT/IT)23TIM
uayl ((g)sus3ur-3iT- (T)suslul}JT

ITpUe
Xew3J/ (T)susjut’ (T)Aobary (00T°IT)93TIM
uayy ((z)susjur-3b- (T)susjuT)IT

vZH ,‘bexy’, = Aousnbeaj sousiejey AxfTT)e3TImM
vjutod/zy , fsax’, = uoTyNTOSSY xfTT)e3TIM

+ZH , *3sbAuz’, = Aousnbeaij 3sTnbAN Vik?TT)e3TamM

TUsIyl‘, = proyssiayr !, ’3zysidu’, = sjutod e fTT)e3Tam
Xew3j‘, = (00°T) A3TSUSIUT wnWTXeR s fTT)@3TIM

STTINd (x*TT)83TaM

(,m3U, =8n3E}s ‘aTTIHd=0TTI TT=3TUN} usdo
(09®) 32WT0F OTE
artIdd (0T€‘S)pERT
, 19117 pIodeI yead jJo aweu Ia3u3y , (x*9)®3TIMQOE

00z 030b
ooy o306 (,N,'ba-isueyd -1o* ,u,-ba'zsuexd)3T
o00o¢ 030b (,x,'be-isuexd -10- A, ba-isuexd)JT
(Te)JewIoy 01T
1sueyd (Q1Z’G)peax
JN/E epIooex yead STYl aaes 03 juem nod og . (£?g9)@31IM Q02

(¢ 0Tp’, = A3Fsusjul ‘zH ,‘0'9TJ‘, ruTw 3JubTY, 'XG)IEWIOF ZTT
(£'0TP*. = A3TSUS3UI ‘zH ,’0°9TF*, “UTW 3IST, 'XG)JeWIOI ITT
(€-0TP*, = A3TsUa3UI ‘2zH , ‘Q0°9TI‘, 3° WNWTUTH, ‘XG)JBWIOT OTT
(€'0TP’', = A3TSUL3UI ‘zH ,'0°9T3*, 3Iutod 3seT, 'XG)JewroF yOT
(€'0TP*, = A3TSUBIUI ‘zH , ‘0" 9T3F‘,jutod 35ITJ, 'XG)JBWIOT £0T
(€°0TP*, = A3Tsuelul ‘zH ,'0°9T13‘, -w¥ew 3ybTY, ‘¥5)JewroF Z0T
(£70TP?, = A3TSULIUL ‘zH ,‘0°9TF*, ‘"XEW 3J57T, 'XG)IRWIOT 10T
(€-0Tp’y = A3TSUSIUT ‘ZH ,‘0°9TF', I& WNUTHEH, '¥G)JBWIOT 00T

JTpus

xew33/ (33s3du)suejut’ (37s3du)Aobaiy (poT’9)e3TIm
uayy ((1-33s3du)susiut-bs: (33s53du)suslut) I1

Jtpus
xew33/ (33s3du)susjut’ (33s3du)Aobary (0TT9)e31Im
usyl ((1-33s3du)susijur 37’ (3753du)suslut) 31

JTpus
xeu3J/(33s3du) susjut’ (33s3du)Aobaiz (QOT’9)e3TIM
usyy ((1-33s3du)susijut-1b’ (3153du)suslut) 37

SNUTIUOD
Jtpus

XewyJ/ (1)susijut’ (1) Aobea3y (zT11'9)o31Im

usyl (({(yseryz-eb: ((T4T)suajuT-(T)SULIUT)sSqep) "Jo- ¢
(yseay3-eb- {(1-T)suajuT-(1)5USIUT)SGeP)) ‘pue’ i
({T41)suajur 37" (T)susjuy) ‘pue- (([-T)suajut-ba- (1)suajut) )3t
JTpUS
Xew3I/ (T)sus3jutr’ (1) Aobsiy (T1TT1’9)@3TIM
uayy (((uysaiyi-sb- (([+T)suajut-(T)susjur)sqep) -Io° z
(ysexyz-eb- ((T-T)sua3uT-(T)susjut)sqep)) -pue- 1
((1+1)suejuy-ba- (T)sus3juy) *pue- (([-T)susjuy 37" (T)sualjur)) I
ITpUS
Xew3y/ (T)susjut’ (1)Aoba1y (0TT1’9)23TIM
uay3z (((uysaayy-sbh-((T+T)suszur-(T)suajuT)sqep) °I0° z
(yseay3-eb- ({1-1)sua3jur~(7)suajur)sqep)) -pue: T

((T+T)SU8IUT 37" (T)SUSIUT) *pue” ((T-T)SUBIUT T * (T}SUSIUT)) IT
ITRUS

xeu3y/ (1)suejur’ (1)Aobary (zotr‘g9)93TIm
uaul {((yseayj'eb-{(T+7)suUslutr-(T)susjut)sqep) -I10° Z
(ysery3-eb* ((T-T)EUSIUT-(T)5Ud3UT)EQEP)) ‘pue* 1
({T+7)sua3uT 3b- (1)suajut) ~pue- ( (-T)suajut ba- (T)suajut)) It

J1pus

Xeuw3j/(1)suajur’ (1)Aobary (10T‘9)e3TIm

uayy ({(uysaryj-ab- ((T+T)sUS3UT-(T)6UaIUT)Sqep) "I0°

(ysoayy-sb- ({1-T)sue3uT~(1)susjur)sqep)) -pue* T
{(T+7)sua3uT ba- (1) susjur) "pue’ ((T-T)suajur 36’ (T)sualuT)) IT

o~

JTpUS
xew3I/(1T)suajut’ (1)Aosbery (00T’9)e3TImM
usyl (((useIy3-eb- ((1+7)5U8IUI- (T)SUs3UT)sqep) *To° z
(yseayy-ah- ((1-T)susjuT-(T)Ssuajur)sqep)) -pue: 1

({1+1)8UsjuT 3b° (T)suajut) *pue- ((T-T)suajuT 36 (T)sUUT})IT

T1-3353du’z=T oG op

0s



ovl

(0g1’9)03TIM D

TIOoX (s 'G)PERI D

(1:307d 3O I®3uULO TBJUOZTIOY ISJUF, ‘XG)IBWIOT OTID
(otT’9)e31am O

8Te0S (4 ') PEST ]

(, 19728 MOpPUTM I@3UY, ‘XG)3IBWIOI 0QTD

(ooT'9)@3TIM o)

TuTwA = utwA
TxewA = xeuwd
TUTWX = UTWX
TXeWX = Xewx

*0=(p)oTaz
*0={(g)oxeZ
‘0=(2) o182
+0={T1)0182

(g£)3dAo’ (g) 3dxo QT«I232BIRYD
TeUTWI®]} GxISJIDEIBYD

JBaMSUR pyI230BTIRYD
Ipuwiu’situnu’sidu I8bajut

TXEWA A TUTWA / TXBWX ‘ TUTWX ‘XIDPI0 ‘TI0A ‘TI0X ‘oTeds / (g whA/ (g)ux z
‘xewd ‘utwA ‘xewx futwx / (00002) A (00002) X * (P)oT22 () 3dA 1

4 (p)3dx’ (xwrzeu)joTdA’ (xwideu)joTdx ‘IpI0ogh‘IpIOogx pyxIEOI

(TUTWA 4 Txews / Tutux 8

‘pxewx ‘TeuTWIS] ‘Jordh‘jo1dx‘s3du‘Temsue ‘xuITeu) Jjo1d suTInoiIgns

D02222222222222222222222232222222202222222222222222222222202223220222222220

voLboo

oo

voov

uotjernwd Hd 103 ,0T0F3, Tedqer TeutwIal ayl sidasdoe moN

‘Yewk‘UTWX ‘XEWX §,8uUT3inorgns sajenbs pue ‘3oejur (Jurwk

sTeuTWIS} QTOPYRL IO

oo

2
06/£1/9 ‘01IBZ1Id ‘[ CIPad - SUOTSTASY

Lo

2
*Areat3ioedsar ‘asayl o3 uTWA

‘Txeuk/ TUTWX ‘TXBWX) UTW pue xXew TeuTbiIo ssaesT MON

vovoov

o}
06/61/G ‘0IIRZTd ' 0IPed - SUCTSTA®Y

Lo

o)
*At1ejeredes siepIo A’x sisnlpy -TIED
s3T Jo 3Ied se utwA pue ‘xewd ‘uUTWX ‘¥ewx Speal MON

oo

o]
68/p1/6 '0IIEZI4 "L 0IPad - SUOTSTASY

+1@°1 uey3y 1abrel sIisploq I03y Iepio s3sn(pe MoON

LLoLOL

2]
68/1/6 ’‘011eZ1q 'p OIpPad - SUOTSTASY

[6)

0o

o)

“222¢ 11 uoisTA Teduef e 10 0pZIA B U0 3J0Td 03 §49 s98n

2

68/81/1 ‘oITez1g *p oIpad - 107d

o]
o]

o]
o]

D22022222220222222220222222222203222220222222222220222022222222022200222000

pus

uIniaI 00%

{TT=3TUn)8so1>

ITpUS

xeuy3/ (33s1du) suajut’ (3753du) Aobs1y (pOT’TT)®ITIM

usyy ((r-33s3jdu)suajur-be- (33s3du)susjut)Ju

JtpUs

xew3j/ (33s3du) susjut’ (33s3du)Aobaxy (QTT’TT)o3TIM

uayy ((r-33s3jdu)susiur-a(- (33s3du)suslur) 3t

ITpUR

®ew33/ (33s3du)susjut / (33s3du)Aoba1y (00TTT)@3TIM

uayy ((r-33s3du)susjur-3b- (33s53du) sualuy) It

w::ﬂu:OU
ITpus
xew3j/ (1)susjut’ (1)Aobazy (ZT1'11)93TIm
uayl (((yssayz-ab- ((1+7)suejur—~(T1)susjuy)sqep) -Io- z
(ysaxyz-eb- ({1-1)suajur-(T1)susjut)sqep)) ‘-pue- 1

((T+T)sus3UT* 17" (T)SUL]UT) *pue’ ((T-T)susjut-ba* (1)suajuT))I7
ITpus

xewlJy/(1)sueijut (1) Aobaay (TTT'TT)=3TIM

uay3y (((yssay3-sb- ((1+7)susjur-(T)suajut)sqep) -10°

(ysszy3-ab- ((1-1)sus3jur-(T)susjur)sqep)) -pue-
((1+1)sua3uT-ba- (T)suajut) "pue’ ((T-T)sua3juT 3T (T)suUa3uT)) 3T

ITpUS

Xewjy/(T)susjut/(1)Aobaay (0TT'TT)83TIM

usyy (({ysary3-eb- ((T+7)suUdjuT~-(T)sua3ut)sqep) ‘10"

{yseayy-eb- ((1-T)susjul-(7)susjur)sqep)) -pue-
((T+7)SU83UT"3T" (T)SUSIUT) "pue” ((T-T)SUBJUT IT* (T)SUSIUT) ) IT

JTpus
Xew3J/ (T)suajut’ (1)Aobaxy (Z01’TT)83TIM
uayy (((ysary3-eb- ((T+1)suajuT~(T)sua3ut)sqep) "o
ysary3-eb: (({(1-7)susjur-(T)susjur)sqep)) -pue*
({1+7)suejuT-36- (T)suajut) “pue’ ((T-T)suajur-ba- (T)suajut)) Iy

ITpue

06¢



84!

8218 moputm sotyderb jes

(1) sm a3eaT3oedsyb TTED
JTpus
(zL ', :Ind3nogsAs, ‘1) sm uadogsyb 11RO
(, :7011065As, ) 616 uadossyb [TeD
usyy (,0T0p3, ‘be-TeuTwIS]) IT
ITpUS
(0’0*1)sm uadogsyb TTEO
(. :7011045As, ) s3y6 uadossyb [TED
usyy (,0rZ3A, ba'TeuUTUIS])IT
J1pue
{ZL*.:TE33, ‘1) 6M_usdogsyb TTED
s 170139¢5As, )syb uadogsyb 11ED
ydeib 1eduet [TED
uayy ((,¥dNvT, *ba-Teutwrsy) ~J0° (,eduer, "be' reutural)) 1

SMO SZTTeT3TUl

(,2381ep,=5N3L3s/Z2T=1TUN} 35072
(0TE'XT’0TR‘XT) JEWIOT 9f
SNUTIUOD ¥
(1)3dAo’ (1) 3d%o (9p *zT) PRI
£€°T=T pb OP
(iPT0,=sn3®3s*,yo] 106 (€13, =811F 'ZT=1TuUn) usdo

(,deay,=sn3e3s /I =3TUN)3SOTD
(Z*0T®’XT1'Z°0T8 XT)jeWIO] Z¥
aNUTIUOD (OF
Azepioy (1)3dA‘x1spio/ (T)3dx (gv ‘1T)23TIM
£'T=T 0F OP
(,MOU, =6NJEYS?, Yoy 106 [B1],=aTT] ' 1T=1TUn) uado

sTeqe[ SIXe 83e8I)d

uTWA= (¢)wk

uTWA= (Z)wk

uTwA= (1) wh

UTWX= (¢ )wx

U= (Z)ux

UTWX= (T)wx

Z/ (uTwA-xewl) + uTwh=(g)3dA
xeuwlh=(z)3dA

utwA= (1) 3dA

Z/ (uTuxX-xewx) + utux=(g)3dx
¥eux=(g)3dx

uTWx= (1) 3dx

*68/6 " Ly (UTWA-¥eWA) =TpTOgA
*G8/G " Ly (UTWX-XBWX) =TPIOqX 00}

sIspiog dn 38s

VOO

oo

vooo

osg 030b

0T/uTuh=uTwA

*0T/XewA=xewh
*01/A19p10=K18pT0 GBF

00F o30b

Gge o306 T
{(L®"1°3b* (uTwA)sqe) -Jo* (Lo-1-3b" (xewh)sqe))IT 08¢

oLg o306

0T +UTWA=UTWA

* 0T xXBWA=xewA
*0TxATIBpIO=KI0PIO GLE

0gg 030b

GLE 030D ((*p*eururwh -pue: p-3°7°37° (uTwA)sqe) 1
*10* (*Qrou‘xewd ‘pue‘ p-a'1°37° (¥ewk)sqe))IT OLE

06¢ o30b

TOT/UTWX=UuTWy

*OT/XBUX=XBUX
*0T/XISPIO=XIDPIO 09f

OLE 0308

09¢ 0306 T
((L2° 136" (uTwx)sqe) -Jo° (r8'1-36° (Xewxr)sqe))IT0sE

00f o306
TOTsUTWX=UTWX
0T xXBUX=XEWX

‘0T XIBPIO=XIBPIC 0T

05¢ ©30b

0T€ 0306 ((-Q*au-uTWX ‘pue p-a°T°37° (UTux)}sqe) T
*Io* ("Q-9uU'XEwx ‘pue‘ p-8°[°3T° (XBWX)Sqe))JIT00¢

- 1=A13pI0

"T=XIspI1o

u
A1ejetadordde utwA pue ‘xewk ‘utwx ‘xewx 3sn(pe ‘jey3 ueyy IaTTRUS i}
9IE @I3Y PIATOAUT SBTEOS 8y} 9OUTS pue ‘ge°T~ 3y} IabIe] I0 )
‘p-9° [~ UBY] ISTTBUS SI8PIOQ MOPUTM BYTT JOU S30p SO SOUTS )

o}

aTeos-TI0A=UuTWA o]
2TeOS+TI0A=xXBWA 0y
87e0s~-TIOX=UTWX 2
81BoS+ TIOX=XBUX o}
ol
o
o’

TI0A (4 ‘G) peax
(+:301d JO I97UBD TEOTITBA TBJUF, ‘XG) IBUIOF 02T



vl

ubtsT/3353du xsbajur

(3353du) beutyy 1
’(33s3du) 12133’ (3353du) bewry’ (3353du) T8I}’ (XBWULZ) BIBP BxEDT

(000Z€ T=xewu) I83sweied
(ubtsT‘bewTyg‘Tes13733s3du‘bewry ‘TeT3) ¥adwoo 333 BUTINCIGNS
02D20202222032222233220222322020222222222230020202200202222223222322222200

' (3sbAuz) 14 = (3sDAuz-)I3 eyl Jaquewsy -3sbAug

03 spuodsea1roo 33s3du jutod pue ‘Aousnbarj oxez o3
spuodss1100 Z/13SLdN 3utod ‘sar+3sbAug- 03 spuodselioo
T 3utod fsjutod IISIAN 8ABY UdE® SYWILI PUE TYRILI
*Tetjuauodxe 133 ay3 ul ubTs 8y3l ST STy} aouTs ‘NOIST
Agq Jes ST 144 ey3 jJo osuss ayl 'SYWILI 3Ied AzeutBewr
3T pue TyRII 3Ted Tesar 631 se 134 xeTduwod sy3 s3indino
‘squtod JISIAN 4Y3TM yoee ‘oyWil 37ed Areutbewr pue
TYTYL 37ed (e8I Yyitm pIoOsI uTewop-swll ¥sTdwod B USATH

68/p1/6 ‘0ITezId "L 0Iped - XITIWOD Lid

LvVLbLbLLLDLODOLDLDLOLDO
LLvoLoLLLVLLLDLDODOLDOLDDL

20222002322222222232022220322020002002302200032523300223303033030322222230

pus
uiniex
JTpus
axe3 1edue] TTED
usyy ((,¥dNVT, 'be-TeutwIal) *10° (,edUET, *ba-TeuTWIB®]))IT

()s3xb @sorogsyb TTED

(1)sm esoTossyb TTED

{T)sm 83eATIOBBPSSYD TTED
(¥T)3jewioy ¢g

{Gz's)peax
(,:301d STY3 85072 03 <NUNLTY> $S81q, ‘XG)3BWIOT 0F
(0z*9)83TIM 6T

(A% ‘apuuxu)autrATodssyb 11RO
aNUTIU0D 99

A18pI04 (¥8pUT)JOTdA=(T}A

XIBPI0y (X8PUT) J0TdR=(T) X

T+0000Z%53TUNU=X3pUT
JpUWIU‘T=T 99 OP 9

61 o30b(p*ba-1puwru)JIT

|NUTIUCD Z9
(A'x’gpo0z)outTATodssyb 11ED
2nurjuod 09
K1aproy (xaput)jordA=(T1)4
XIepJIox (xepuT)jordx=(1)%
T + 00002« (T-)=xoput
0000Z’T=T 09 op
sjTunu’=( g9 op

F9 0306 (0*ba‘siTunu)Jr

61 0306
(At 1puwru) seyrewdAtodssyb 11e2
anuT3ued
A1spioy (xeput)3ordA=(T)A
®I8pI0oy (XopuT)joTdx=(1) ¥
T+00002»S3TUNU=XPUT

TpuwIu ‘=T 95 op

61 o30b(0'ba-spuwzru) T

SNUTIUOD
(R*%100002) ToyTRWATOdg5 YD TTRO
3NUIJFUOD
K1eproy (¥aput)joTdi=(T)A
XI9pI0y (¥oputr)joTdx=(T) X
T + 00002x(1-[)=%xaput
0000Z'T=T 0§ op
s3tunu’i=L gg op

PGS 0306 (p-ba-s3tunu) 3t
¢T 0306 (,3INIT, beryomsue -10* ,2urT, ‘bo*Iomsue)JIT

{00002 *s3du)pow = IpuUWIU
(*00002/ (s3du}3e0TI) XTIT = sjTUNU

{1)edA3 yaewd jesssyb TTed
((g)3dAo’ (¢)3dA‘utwx) 3xe3$8%b TTED
((z)3dAo’ (z)3dA ‘uTux) 3x@3$53D TTRO
Aﬁﬂvun>u.Aﬁ,uux.mﬂﬁwixwuwmxu T1E2

(6’z)ubT1e %83 38585%b 11RO

(3dA fux ‘¢ ) TayTewATodgsyb TTEO
((g)adxo‘utwA’ (¢) 3dx) 3xe34s%b [TED
({z)3dxo‘utwA’ (7)3dx) 1¥e348%b B2
({T)3dxa’uTwA/ (1) 3dx) 3%e3¢s3b 11ED

(1'z)ubr1e _3xe3 jasisyb [reo

{ (uTWA-XEWA+IPIOQA«Z) xGT0"0) IUBTEY 3%97 3854865%H TTED
(wA43dx ‘¢) ToxTeWATodss b TTED

(z)edAy yrewd 3esésyb TrED

(0°1)2215 yrewd 1as¢syb [reo

STOUET &3TIM ‘S3013 MeI(Q

(oxaz’3dx‘z)autTATodssyh 11eD (g oT uTwA -pue: *g'ab-xeuwk)JT
(3dA’oxez’z)BurTATodésyb 11RO (p*oT uTWX ‘pue* *(‘ab'wewx)jT
(3dA*ux’z)outTA10dssyb 11D
(wh/qdx’z)sutTAT0dSssyb 11RO

soxe meIq
(T)utogx 3o8Tesssyb 110

(TpI0qh+ ¥ewk ‘ TpTOQA-UTUA T
.uvuonx+mexkunuonxncﬁEx.HQZOU:leuwmwmxm 118D

ST

9¢

¥S

4

0s

(GRS R &}

oo



LOLLOLDLDLDLDLDLDOLDOLOLDOLDOLDLDLDLULDLDLULDDLDLULDLDLDLLDLDLDLDOOLDULUDLDDODULODOL

oo

LLLvLoLoL

IT (AVJHUN => AN peaN  "seT1J AJojoslery utds ayjy
103 AVdYVYW yjbusT Aexre ureuwop-swil s3jeiedsas ' sey MoN

16/S/TT - SuOISTARI -

* (pezTTewIou
se 3jndur 8q jou psduU JO3O08A U3l ‘'8°T) BU0 03 I0ID8A
2y3 burzTTEWIOU ‘sucTleElULTIO 8sayl sasn ueirbord aygl

"eTTI WVYd 'l @Yl JO pus 8yl WoIJ ‘So1BUTPIOOD 101084
uot3jejuaTIo UTds SYy3l ‘gNIdS PUB ‘ANIAS ‘XNIJS SPeal MON

16/62/01 - SUOTSTARI -

‘PTBTI 3T 951 2U3

jo Aousnbalj ayj I0J pesn MOU ST OIYIMD *0=1P/WP pue
‘0=AW=ZH ‘HOWOYHxZ+NIdS=XW ST uoT3ejusTio urds TerjTut
8yl 5308778 °7330q oTjsubew sjeTnoIEd 30U S8OP
UoTsI2A STYL -plet3d ol3jeubew 31 551 8y3 Jo yjbusiis
JuaTpeIb sy} mou ST 4AWD  * (9)X=2W PUB (S)¥=AW

Y (p) X=¥W 2I® Juewow oDTiaubew uids ey3l Jo sjusuodwod
8UL -"PBATOS MOu ST suoTienbs TeTIuSIL8IITP paldned

g JO 385 ¥ *(9H51) juswtiadxe YoBII®H=-UI3]S SSISASUEBIJ
Ul ucTlezijaubew JO UOTIEINOTIED SOPNTOUI - YOJ *9SILWUL

16/€2/0T - SUOISTA®I -

“#¥#40 JO sated usamiaq spise

195 o1e sbuBUD STYJ O3 JUBASIaI SBUTT 'A’X TRUTJ pue
TeTITUT @yl 107 [’j‘u sIequnu wnjuenb sejeIno[ED MON

68/6/0T - SUOTSTABT -

*YV¥d *Za0WEI 03 Ue33Tam za‘Aa‘lwa’z’A‘w’3y ATup - {3no
palusumIod) HYd‘LVHI JO UOTSISA MdU $33Tim I9DHUOT ON

68/F2/8 - SUOTSTA®T -

*uoT3R[NUTS AIo3os(eI] aYy3l Jo pue oYyl I ¥¥d ' Zd0WHl
pU®B YYd LYYl JO SUOTSISA MBU S83TIM mMou werboxg

68/21/L - SUOTSTART -

*/2331/ pue JUOT/ SYDOTQ UOUMOD PappY

68/9/L - suolsTARI -

*asTnd 10

MD Ag 'uoT3odITp X I0 ¥ UT YOI JO A31Tiqeded pappy
68/LT/y - SUOTSTADT -

*317 (e13} Aq pa3jord pue pessasord agq o3 ‘pajlewIoIUn
®I® S8[TJ B3IBP Ylog °BUTT 3BT 8YJ UT ZXBW} pUE

drd

dard

drd

drd

ard

drd

drd

drd

vl

LOLLLLLLLDLULDLLVLLDLLLDLLLLLDLLLDULULLULULLDLDLLLLDLLDLLOLOLUL

[ORGRENE]

vovLoLvbLLoL

‘ZuTwy‘Txewy ‘TuTwl pue ‘8TTJF 8yl JO SuTT 3ISITI oyl

UT AYHYYN U3TM ‘TATI3 uT Azo3oslerl sy3 jo

pua pue Butuutrbeq 8yl Jo spIooal DUOT-XWMYYN SaAes

*OUTT ISITJ 2Y3 UT Z/IISIAN+SHI=ISOANA pue I3ISIaN

Y3t ‘zITId uT sjutod 8ssyl SSABS  Z7/IJSIANsST

aq TTTM LJid ITey3l Jo Aousanbarj 3sTnbAN ayj 3eyj os

sury ur peoeds sjurtod [ISLAN SeABS pue satiojosler]

uoT Teoisseros sejndweo PWHlL (dvd T ovdL e11d

®Uj UT [1e) seI3Ic0[aa pue suorjtsod ‘swTl IOJ

sanTeA TeI3TUT y3Tm bBuore ‘1ad dels swil uOT3ETNUIS

A1o30e(e1] e pue ‘IISIAN s3iuted wnijzosds Istanod

Jo Jaqunu e ‘ST uoTinTosaIl AousnbsIl paITsep B USATH
2

LLDLLLVLLLDOLDLDLDODLDO
QULUOLDULDLDLDOLDLDULODLOLOD

o}

68/9¢/1 ‘01I€ZIJ ‘[ ©OIPRd - LWEL 2

2 2
D2000200022023230300230023002302030202020222322022232022222323220323032220D

SURJSAS SMOPUIAY /SO 10J UWMNITA O T0IDTII V'V

pua
uIn3al

JTpUd
anuTjuos (0}]
33s3duy/ (1) beuryy = (1)bewr3y
33s3du/ (1) TeRI3] = (1)1E2137
3753du‘1=1 0o op
usyl (r--be'ubrst) T

aNUTIIUOD Qf

(z+33s3du-T4z)elep = (7)beuryy

(1+3353du-T«z)E38P = (T)T®3I37
33s3du’g/33s3du=1 Q¢ op

3NUTIUOD Q7

(Z+TxZ+3Fs3du)e3ep = (1)beuryy

(1+TxZ+3I53du)elEp = (T)1E2I3]
2/3353du+T-“1=1 0z op

(ubtsT/3353du‘ejep) TIn03 [TED

2NUTIUOD QT
= {TxZ)e3ep
(I-TxZ)e3eD
3353du’1=1 QT op

ﬁﬁvmmgﬂu
(1)TE813 =



vvLLULULDLDLDLULDULDLDULLLLLOLDOD vvLLLVLLDLDLDLDLLLODOLOL

LvovouvbuvoLboLvbuUuLLLLOL

oS TMYDOTOTa3uUNOD) TONYId 21bue ay3y Aq pautjep ST STXE
S31 "SYH41g eseyd pue DIyd1d Aousnbsiy y3jmm s83eT1I0S0
pTeTJd $3T feTsa) ur 3nduT sT 1§ 3007 utds HHN

TewIou B I0J PI=13 T4 snosusbowoy epnouUl - TETIODZLWHL

Z6/E1/L - SUOTSTA®I - 4nd

' (WAONTA POTqesTp ‘*2°'1) I0/Wd
PUB W JO UCTJEZITRUIOUDI PaTdesTd - WIONTHON TICDZLWdL

Z6/ET/L - SUOTSTART -

"WJONTY PU®B SAIYNEQ UT pTeT1J o139ubew pejosixo)

26/12/1 - SUOTSTART -

(*TSHAMD ©3 SYHAMD pabueyd)

*NOI ¥007q uouuwos ayj o3 pappe

usaq SABY PUB Y¥d'CYdl JO pus a8yl woIJ pPesI Mou aJe
pSHAMO pue ‘£SHAMD ‘ZSHAMO ‘OTddWY  8oUSTUSAUOD I03

ut 3JoT u®eq aaey selgeliea @3eradoadde syz !pajeuTuUIIR
ussq oAy ‘IJIHS ©1 STTED @ouay pue ‘Burjjrys
*PSHAMD Pue ZsHAMD seseyd y3Tm DAUIWY Aousnbarl
a2y3 3je peje[npow spnjtrdwe pue ‘gSHIMD Pue TSHAMD
saseyd y3lm OAMD Aousnbsei] 71 ayj e bBurjeTTiose
STT0D om] Aq pepraoIld ST UOTIEITOX® JI - HOITIODZLWAL

aseud

Z6/9T/T —~ SUOTSTABI =~

* {SYHdMD Jou) SueTpeI 03 (QSHAMD 318AucD :bng paxig

26/9/T - SUOTSTA®I -
d¥d 'OWHI WOTJ ‘SYHAMD 30U ‘QSHAMD UT pesl :bngq pex1a

16/82/C1 - SUOTSTARI -

‘WHONTY auTinoIgns ayj Ul N0 patIIed
MOU ST IpP/HP pue 10308A ulds @yl JO UOTJIEZTTRWIOUDI BYL
*SYHdAY X20Tq UOUMICD U} S8sn YoTuM
.EmHImm auTiInoIgns 24l Ul 3InO palIled ST :Oﬂumummo STUL
* (OMASHA« (T1-1)+L3IHSTA) INIQ«1JIHSHd + OSHAMD = SYHAMO
(SNU3 ST (NOI 32019 2Y3 UT TTT3IS ST UDTuM) SyHIMO @seud
J1 951 snoauejuelsul oyl °pe3jlys oq Aew s33ITys oseyd
Jo souanbas ayjy ydTUM Aq OYISHA Jo potred B jJo uorloel]
e ‘IiHSTQ ©3 AFSTINd pebueyp - (spuooes BdASHA/T A1sns
SHAT3A Aq pa3JTys ST sseyd syl ‘*a°T) Pa3ITys sT aseyd
oYy yoTym 3e Aousnbary oyl ‘OYiSHd 03 XIASTINd babueyd
*awty BuT3FTys sseyd yoee 3e pe3JTUs sT oseyd syl yaTuM
Aq juawaroutr ayj ‘LIHSHA 031 AMD psbuey) -sueTpeI 03
pe3I2Au0D pue §921bsp uT Indur ‘QSHAMD O3 SYHIMD
woiJ praty jusTpeib J1 syl jo sseyd TeTITUT &yl paebueyd

“}20Tq NOI @43 03 OWKWNAS PSPPY "NOI

drd

drd

ded

drd

144!

DLLLULLDDLDULLLDLUVDLOLDLDLDOLDOLDULDLOLDOLOLOLOUOD LLDLVLDLDLDLLLDLDDLDOLDLOLDOLOLDOD

vLoLvLDLLDLDLLDULLOLOLDL

8]

LvLLOL

vovoLo

voLbvLvoLbLLbLOLOLOLOD ovvoLoboLvoLbLoLOL

vLoLoLoLo

VLLLDULLUD

00T UOUMICS BYY WOIF XIASTNA PUP ‘YXASTNG ‘AMD PoAcusH

16/€2/¢T - SUOTsSTA®T - drd

*SATYAd Jo 3no ‘wexboad
utew ayj 03 )oeq IP/HWP JO UOTIEZTITEWIOUSBI PIAOH

16/22/¢1 - SUOTSTAdT -

D0ZATId pue DOTATIA UT satrojosledl

11eyy 3ndino pue uorieTnuTs jnoybnoryl sisqunu wnjuenb
83e[noTeD) 'O ®bIeyo ayjz jo ubis 8yl ‘NOISD ST
sjusunbre asoym Jo SUC ‘SINYND 2UTIINCIQNS ayjl uTr auop
MOU ST STUL *TINYND PUB NINVND JO UOT3IETNOTED paxld

16/12/21 = SUOTSTASI -

' (OYWNGS
spn3tubew utds ssn) uids Jo UOTIEZTITRUIOUST Pa3D8IIo)

*9fG p=T(T)A SB SATHIQ UT IP/HP 27015
16/81/2T - SUOTSTA®I -
*qutod yoea 3B K I030aA uUTds SYy3l SZTTEWIOUSY

T16/8T/21 - SUOTSTART -

‘g §S0I> [ WOIJ IP/WP IBINOTED 03 SATHEQ pabueyn

16/LT/ZT - SUOTSTAST -

*SUBTPET 03 PalIsaucd A[sjeIpsum] pue
ses1bsp ur Indut ST STYL ‘PTaTJ JusTperb 3T oSl sy3 Jo
aseud sUl ST UOTUM ‘SYHAMD 01 XMD STqeTTea pabueud

T6/0£/TT - SUOTSTA®T -

*ATaaT30adsar ‘pesn sIa3UNOD ayj

278 NIdSN pu® 3D¥dSN r3utod 3saTI @Yl y3Is bButuuibeq
‘peaes sT jutod (NI4SI I10) FOYISI ATeas (AVIUVH

10) AWMMHMYN I9A0 “-ATearioedser ’‘sucrje[noles urds

pue soeds =2y3 107 NIJSI pue IowWdSI syebsjur syz bursn
Aq paaes sjutod UTEWOpP-2WTY JO Jaquinu 8yl S$80NpsaI MoN

o]

drd

2

drd

drd

drd

drd

o}

ded

o]

T6/TT/TT - SUOTSTAdT - 4pd

TARRIYN 89 TTTM AVNYW 2AT309338 ‘30U

DL

VLDLOLDLDLLOLDLDOLODOLOD vouoLoboLvLLLODLOD DLOLDOLO

ubouvouo

LovuvoLboLoLvoLouLUL

&)



(b ut) ssew otuor ‘(@ jo erdiirnw) sbreys dn 3es

(S1°0€P‘XT)3RWIO]

anuUIIUGD

(t}a (9‘g)peaa
£'T=T g op
anuTjuod

(1)% (9‘g)peax
€'T=T ¢ op

(02T 'xT)3BWIO]

Aeizeu (g ’g)peax

{0TT’xT)3eWIO]

0+P0" ¢/ (3353du) 3e0T1Jpssa1 = 3sbAug
33s3du (Z'g)pesd

s3I (9'g)pear

3P (9‘g)peex

13 (9’'g)peax

(,pe@3jjewIosun, =wWIOJ 1
‘ymeu,=sn3e3s?, 1ep bb, // (¢xput: 1) gaTTI=1T3 ‘§T=3TUN) UadO
(,pPe33BWIOJUN, =WIOT 1
/ mau, =snje3s’,3ep bb, // (TXpUT:T) 18T TI=2TTJ ‘£ T=3TuUn) uado
{,paj3jewIojun, =WIOJ 1
‘. mau, =5n3e38*, Jep uu, // (ZXPUT:T) Z8TTI=9TTJ ZT=3TuUn) usdo
{,pe33PWIOIUN, =WIOT 1

‘,maU, =sn3eIS’, Jep UM, // (TXPUT:T) T8TTI=2113 ‘TI=3Tun)uado
(,P83]PWIOTUN, =WIOT 4, MBU, =SN3RIS *, JBP ", //Z2TTI=8TTJ ‘0T=3Tun) usdo
(,pe33BWIOTUN, =WI0T 4, M3U, =606/, 38D ", //TSTTI=AT 1T §=1Tun) uado

sa[13 usdo

1 - ZXPUT = ZXPUT
T9=gxput (0-ba‘zxpur)JIT
(s 4/22TT3)%XSpUT = ZXPUT

T - IXpul = TXpurt
19=T%puT (0'ba-Txpur)JIT
(4 4 'T®TTI)XSPUT = TXPUT

saweus[TJ Jo yibusy 389

(09®’XT)JRWIOY

a1ty (1’8)pERT

121717 (1’g)peaa
(,pTo,=sn3e3s’,1ed- [e13,=27113 'g=371un) uado

095 /1930WTIUS0 UT (T)3TE36A
I838WTIU8D uT (T1)X
6G0LF > Aexieu
Z 30 1emod e 33s3du
ZH uT sa1
298 UT 3P ‘13
Jed-(er3 ur szajsweied pesy

PE-PLBBSFSO'T =

34!

0o

voov voo

CRSHSRSRERS RSN SRS

088 [ pE-PLBSSHSOT = TEQY
6L685£69265T¥1 ¢ = Td
= 1d

TTIGLE 66€69 TL6ETF 8820G 6LZE8 €EV9Z 9FPBETZ E€6L68 SES9Z 6GTIPT €

(x'6T)03TIM
{x?9)@31IM

4, ' T0EDOTYI werbord Jo uotinosxe butuutbeg,
. " T °T0d0IYI weiboid jo uorjinoexe Hutuuibag,

(,P833BWIOY, =WIOJ ‘ ,MBU,=5N3B]S’,IN0"®OTIT,=_T1F‘GgT=31un) usdo

(AepT1 ‘uout ‘1AT) 3ep3eb T1E2
(430011 /028 T ‘UTWT ‘IyT)WT3I8b TTED

1d‘ba3ysyd‘13/33usTp ‘3Jysyd’psydmo ‘sydp1o /seydys/uoumod
ssew’ub1sb ‘y3uenb’[juenb ‘ujuenb ‘Teqy‘zmum’dm /ojuenb/uounod
IP‘A'X’] /JTBAZYT/UOUNMIOD

1buetq‘seydiq’baryrqig’

psydmo ‘gsydmo  zsydmo ‘bax yue ' bewuds / eueb / T sydmo
‘barymo‘epeab’gpeab’zq’oq’p‘oa‘utds ‘wowbew ‘w’b suoT/uowwon

(68/9/L UO pPappe) SYD0Tq UOUMIOD

AeptuowT‘TATY3OOTT OBS T /UTNT ‘IYT Z«I3003UT
Z9TTI'19T1T 09xTS30BIRYD
y‘1‘utdsu’eoedsu’utdst ‘eoedsT ‘ZxpuT ‘IXput Iabajur
Kexrew’3xauu‘dslsu’3ju’yzzedu’yysidu’LAexreu’qunoou Isbajut
Zxews ‘zutwy ‘TXew} ‘TUTW] ps1EST
psydmo‘sydpTo uotstoard argnop
bewuds ‘3oe3ds ‘wiouds ‘zutds ‘Autds ‘¥utds uorsToaad a1qnop
1buetq‘seydrq’bs1yiq’iq’
psydmo ‘g sydmo Y zsydmo *baxue /

ssew’T3uenb ‘yjuenb ‘ujuenb ‘dm‘um ‘om‘zm TRQY !

ubtsb ‘eueb 1d’3JysTp ‘brgysyd/33ysud ‘ 1sydmo ‘baxgmo
‘zq‘epeib’qperb‘gq’p‘oa‘utds ‘wowbew ‘w ‘b * (xewu) x
‘(g)q* (xeuu)Ap (xewu) a’3sbAuy’sex‘3p ‘1343 uorstoaid eaTgnop
(9=1eAU) I338uweIed
(9=xewu) 1a32wered
Ieau’yewt Isbajuy
suou 3ToTTdUT

1082111 weiboad

S
1

— o

#4440

#4440

202200220322232222223232223220300200020003222322232003222322223322222222220

o]
5 */IBAZYI) 03 /pzyT/
O §007q uouwwod Jo sweu pebueyd ‘uoTsisA D4 WHI - T0IDIMI

26/b1/21 - SUOTSTASI - 4rd

vouoLbo

s (019Z 3Je STXE Z 8y3l y3IM ‘z 3nogqe aTbue

ovvboLvuuoLoL



(g=3TUN)350T>

dvd OWdl 25010
0+P'081/1dxTbuetq = tbuelq
0+P 081/ Tdyseudrq = seydiq
ba131qx1dx0+p "z = ba13I1q

SUBTPEI 03 TONYIH ‘SVHATH ¢095/SUBTPEI 03 QIUATA II8AUOD

aa1bsp; 16uelq (9g)peax
231bap; seydiq (g9’g)peax
ZHj ba131q (9’g8)peal
elsalj 19 (9’g)peax

isIajswered T HWN

0+p*08T/Tdxpsudmo = psydmo
0+P*08T/Tdxgsydmo = gsydmo
0+p*08T/TdszsUdmMo = zsydmo

barjue,1dsg+p*z = bazjue

SUBTPEI O3 pSHAMD
‘ESHAMD ‘ZSHAMD fo@s/suelpel o3 barjue jI192Au0)

psydmo (9’g)pesa
gsydmo (9’g)peax
Zsydmo (9’g)peax
barjue (g9’g)pesx

§881bsp UT PSHAMD ‘€SHAMO ‘ZSHAMD #ZH UT OFYIWY
uotrjernpow spnjtidwe pue JI syj jo saseyd pue Aousnbaij pesy

(Zx+2UTdS + ZxsAUTAS + ZyxXuTds)3yzbsp = wIouds
zutds (9‘g)peax

Autds (9’g)peax

xutds (9‘g)peer

9zTTeWIOU PUB ‘I0308A uoTlEjuRTIO uTlds ayj pesy
urdsT (g‘g)peer

soedsT (g‘g)pEaI

Aerlew (gfg)peal

ga113 utds eyj T03 yjbusr AerTe UTRWOP-WT] 8Y]} pedY
osydmo = Tsydmo

TSHAMO ®ZTTEBI3TUL

0+P"081/1dx33ysuyd = 337ysuyd
0+P*081/Tdx0sydMd = gsuydmo

sueTper 03 33ysuyd ‘gsydmo 3I3AUOD

ol

#E#4D

voLooLo oo oo oo oo

(SRS NS

(GRS N S]

(&

bexymoy1dy0+p'2 = bazmo
oas/suetpel c3 beaazmo jasauod

3Iusip (9‘glpeer
bigsyd (9‘g)pear
33ysyd (g9'g)peaz
osuydmd (9‘g)pear
beiymo (9’g)peex

potriad bagsyd jo uor3ioeay sT 3IJYSIP
saa1bsp ut 3Jysyd ‘psydmo

zH ut bagysyd ‘berjm> :3I1 951 I0J sIsloueIegd

p-P 1x20 = 24

SATHAA Ag paITnbel SB /7,,T238WTJUaD/ETS8] 03 Zg 3I8AUOD

2q (9'glpear
ZxxWD/ssNeb = zyyI2jow/eTse] UT Zq 813309 OT38ubey

p/0AxopeIb = 8peib
epeiab (g‘g)peer
pP/0d«aperb = gpeib
gperb (g‘g)pear

*I9]2WTIUSD/3TOA 81e ,epeib, JO s3tun
rIajawtjuad/e(s9] aie ,gpeib, jo sjTun
*sjuatpexb ajndweo :,epeirb, ‘,qpeib, 10J sorjel pesy
*utbTI0 BY3 WOIJ P 2OUBJSTP IB SPISTJ OTIEIS

ay3 Jo abejusorad wnWIXEwW B UYOBST O} POTRIS SPTaTlJ JualpeIn

09 (9‘g)pess
p (9‘g)peax
0A (9'g)peax

BIS23 UT 09 ‘I93awljued uT p ‘3ToA ul ga :derj butuusg

LO-P" Tx (TEqU/WOUbeW, 04+p 7} = ewueb
wowbew (g’g)peax

urds (9’g)pesx

w = S5eul

w (g'g)peax

(b)sqep/b = ubyish

b (9'g)peax

(Lx0®8) /T 8Xe s3jyung

Tequ/uwowbeu,z = euweb = orjer o13subewoikb
ersa3/bre gT-pTLI90Tk 1 = wowbew uojoxd
e[sa3}/b1s £1-pzes¥sZ 6 = wowbew uorjdeTs
Juswou Orjeubew = ,wowbeu,,

(z/1-utds) umop 103 °T- ‘dn 103 *T = urds
By 1z-058¥92L9°1 = uojoId Jo ssew

by T€-Q¥€S60T°6 = UOIID8T® JO SSEBW

quoTNOd> 61-0268T209°T = @ 1930N

Ooo

oo oovoou

LLO

#4200

OvuvoLoLLO

(G GRS

voovovLvoLvoLoLL



wiousl TleD
pZ3T TTED

(3'Tsydmo) 331ysd T1ED

Kexreu’z=y ¢1 op

IP/WP ‘W 2ZTTeWIousy|

aseyd JI1 9SI &3BINOTED]

Tlex31/733 BUTTTITS ‘sdels AWYUWN 3ISITF SYEL

T + 373aduyjgu=3¥auu
T+ (1-3353du) x3339du = de3jsu
{ ( (3353du)1eOTIP«E®T¥IP ) / 0°1 )3UTU = 3338dU

qured L3 rod sjurod Arojoeler; requnu = 33I1adu ajernore)d

(9) a4 {G) A’ (p)a’, s2uA’AUA WA, (5 GT)23TIM
{o)x’(g)x‘(p)x’, tzwAw'xu, (x‘GT)23TIM
yauenb/Tyuenb/ujuenb’, 11U, (x‘GT)@ITIM
pos o M (e)at (At (TIAY, tg-T A, (+7GT)23TIM
o (e RZIRI(TIRY ie=T Xy (xGT)93TIM
1095 137 = 3, (% 16T)e3TIM

{g)a’(g)a’(p)a’, 1zua’Aua‘xua, (x*9)03TIM
(9)¥/ (G) X (p)x*, t2u’Aw’xu, (4 *9)83TIM
jauenb’T3uenb/ujuenb’, 17U, (x*9)02TIM
s /uD f(e)af(Z)a(T)AY iE-T Ay (x79)93TaM
WD E)RI(ZIRITIR L iE-T X, (x79)83TaIM
085 '3, = 3, (x79)eaTam

[ssaTUOTSUAWTP SIacqunu unjuenb syl sejew p-p°1

!Zxx (W/WD) ST 3TNS3aI OS ’‘DBs/Wd UT A ‘WO UT X

2ouUTs pepsau {[‘y‘u)juenb utr $-p°7 jJO I0310EJ)
sTaqunu umjuenb pue ‘A3t1oofea ‘uoritsod TeT3TUT 3Indino

3‘jjuenb’1juenb’/ujuenb (p1)e3Tam
3sbAuz‘33sadu (y1)a3TIM

309k (g)x ! (p)% (ZT)@3TImM

3sbRuz‘3zs3du (g1)e3tam

eI (x4 (T)% (0T)93TIM

3sbAuz‘3zsadu (p1)e3Tim
(y3uenb)1bus (Tuenb) (bus’ (ujuenb) TBhus (g1)e3Tam
KAeireu (€1)93TIm

sjuenb jre>

T=17JUu

J=3uncosu

1 = utdsu

({g) %) TBUS * ((g)x) Thus’ ( () X) TBUS (TT)83TIM
Aeazeu ([T)e3Tim

1 = 8oedsu
({g)x)1bus’ ((g)x) Thus’ ((T)X) Tbus (6)a3TIM
Kexzeu (g)e3tTam

T3=3

(13) bus=Tutwy

senTea Burjiels peo]

Lyl

oo

DLOLUYD

RiHH

vbLvoLoLbLLO

LEE 2]

LoLoL

wuIousI TIED
(3/1sydmo) 337ysd TTED
04P'0 = sudpro

I3 =9
wrouds/zutdsx3oeids = (9)%
wrouds /Autdsyjoegds = (G)%
wrouds/xutdsy3oeyds = ()X

(30e3ds) sqep = Beuuds
wowbeuyutdsx0+p*Z = 30€3dS

utds dn 3838

Jbep , ‘td/°08T+TDueLq’, = oTbue sTxe II Tq, (x’ST)23TIM
bep , *1d/ 081«5eUATY’, = 8sBUd IT Td, (+‘GT)33TIM
«ZH Y (1dy " 7) /beaITq, = Adusnball JI T1d, (x‘GT)8ITIM

Jbap , ‘1d/ 08T+FSUdMD’, = aseyd we (xfGT)e3TIM
Jbop |, ’1d/ 08Tsgsuydmo’, = aseyd 31 (x-2z) g 110D (»'CT)O3TIM
JBop , ‘1d/0BT4g5YdMD’, = @seyd we lx'gT)e3TIM

JBep , f1d/ 08T«TsUdMO Y, = aseyd 31 (z-A) T TTOD, (x‘6T)33TIM
VZH f(1dy"Z)/Doajue’, = Aouenberl we, (x‘cT)a3TIM
vZH o (1dy2) /beaImo’, = Aousnbary I, (x’GT)@3TIM

(x/GT)33TIM

1098 | ! (Tqyeuweb) /Tdy 2, = aut) Td, (x‘ST)83TIM

sjusuodwos Builelor om] JO 8U0 Jo8TES 03 Z/149 eosn :ewry 1d
WZH ¢ (Tdyt2) JodxBumeb’, = QA ('GT)33TIM

W2H M (Tdy ) /2zmty = za, (5 '6T)23TIM

WZH (Tt g) fumt, = WA, (4 16T) 23TIN

WZH o M (Tdyrg) zdmf, = da, (x’GT)O3TIM

vZH o (Tdyg) fomty = oA, (4 'GT)R1TIM

Jbep ,1d/ 08T<TBuBTIq’, = oTbue sTxe II 14, (x‘9)a3TIM

JBbap , ‘1d/-0gTseydia’, = aseud JT T4, (x‘9)23TIM

v2H o ' (1dscg)/boa31q’, = Aouenbery 31 1q, (x'9)33TIm
bep , ‘1d/08Txbsydmo’, = eseyd we s (x’9)831IM
bap | ‘1d/08Tsesydmo’, = sseud JI (X-2) Z 110D, {x‘9)83TIM
bop |, ‘1d/-08TxzsYdmo !, = sseyd we V(xf9)e3TIM
bap , ‘1d/ 08T+T5ydMo’, = aseyd 31 (z-A) T 110D, {x‘9)93TIM

vZH 4 1 (1dyZ) /baague’, = AouanbaIlj we, (y‘9)83TIM

WZH 4 f (1de'2) /b2agmo’, = Aousnbairj 11, («’9)03TIM
(x‘9)93TIM

1098 ¢ (Taseueb) /Tdy 2, = awry Td, (x9)23TIM

sjuauodwod burjejol oml} JO @U0 308[@S 03 Z/T9 esn :awry 1d
1ZH o (Tdx"Z) /0qxBumeD !, = 04, (x‘9)83TIM

vZH M (Tder ) /zmty = Za, (x79)83Tam

vZH 3 (Tdstg) fumd, = A, (4 '9)@3TaM

ZH 3 (Tdgtg)/dm’, = da, (5 f9)83TIM

WZH (Tdet ) /oM, = oA, (x'9)B3TIM

satousnba1l 3nding

WM-oM

(ZMyZMx 7 = OMyOM)3TIDS%G°0 = DMy G0
w/Qdxb

[ ({Zxx (*00T/P)) sw) /00+D)31bS

(s 30U ‘w uT p ST *QO0T/P)

"

dm
wM
oM
zM

(zq Jo edoussqe ayj UT) saTdouenbsaIj spow TeWIOU 3Yj S3BINOTED

(SRR S)

vouov

oo



fZxx (W/WO) ST 3TNSOI OS ‘D3S/WO UT A ‘wo Ul X
80uUTs pspsal (T’'y‘u)juenb ur p-p'1 Jo I1030BJI)
syequnu wnjuenb pue ‘A3Toorsa ‘uoritsod TeriTur 3Inding

088 1Y = 3, (xfGT)e3TIM
Lo8s/W LM (E)At, = za, (xMGT)S3TIM
yoes/uo (At = Aay (s'GT)e3TIM
yoss /w0, {T)AY, = xa, (x'GT)93TIM

Juo M (e)x?, = 2z, (xfgT)e3TamM
WD ()% = Ay (£GT)93TIM
o TRt = %, (576T)e3TImM

1088 134, = 3, («f9)e3TIM

Joes/ud  f(g)aty = zA, (x79)@3TIM
J08S /WD (Z)AY, = ARy (£79)93TIM
(095 /wD L (T)AYy = XA, (479)23TIM

Juo (g%, = 2, («'g)e3Tam
Jue L (Z)xty = A (wf9)8)TIm
s )R, = %X, («f9)e3Tam

uaaI0s 03 3’A‘x 3ndanp

Zxewy/zuTury A Txewy ! TuTwy (£1)337IM
Zxewy ‘zutwl ‘Txew} ! utwl (I7)231IM
ZXeur ‘ZuTwy ‘ TXEW}TUTWY (6)83TIM

(3) Thus=gxeuy
anuUI3UCD
Jtpus
T+3312duyg3ju=3xauu
T+3Ju=33u
3’j3uenb’T3uenb’ujuenb (p1)83TIM
sjuenb [1ED
A9 x(G)X (B)® (ZT)B3TIm
el (2)x (1% (0T)e3TIm
uay3 (3xauu-ba-junoou)jT
ITpus
JTpus
T + uidsu = utdsu
asTe
T = utdsu
({9) %) 1bus* {(g)x)TBus’ ((p)x)TDus (TT)°3TIM
uayy (utdst-ba-utdsu)iT
uayly (¥ 371 Aerrew-Aeireu)JT
FTpus
1 + &oedsu = aoedsu
asT@
1 = eoedsu
(y3uenb) 1Bus 4 (Tyuenb) Tbus / (ujuenb) TBus (£T)83TIM
sjuenb T1e0
{{g)x) Tbus’{(Z)x)TBUs’ ((T)%)TBus (g)a3TIM
usyy (soedst'ba'aoedsu)jT
1+3UNCOU=3UNODU
AP/HP ‘W @ZTTRWIOUSY| wIousI TTED
FZy3 11e2

8yl

#hES

€T¢

VVLLLLLLOLODLLDLLLLLDLLOLDOLOLUL

(371sydmo)33Tysd 11RO
Rexzeu’1=y £1Z op
(3p+3) 1Hus = zutuy

aseyd 31 HSI SIBTNOTED]

Zler3/z33 DUTTTITF ‘sdejs AVJ¥yN TeuTJ e3el

utdst = utdsu
aoedsT = soedsu

NIdSN pue JID¥ISN I859Y

aNUTIUOD
JTipus
T+3378du ]3Ju=31%¥8UU
T+3Ju=3JU
3 ‘jy3juenb/T3juenb’ujuenb (p1)ejztam
sjuenb TTeS
3 (9)x* (g% (p)¥ (ZT)e3TIm
3 {e)x (¥ (1) % (0T)@3TIm
uayy (3xauu-bs-junoou)JT
T+3UNODU=3UNODU
IP/HWP ‘W SZTTEWIOUSY| urousI [red
FzyI T1TED
(3/15ydmo) 331ysd 1180
Aerzeu-dsjsu’T+AeIIRUu=) €T OP

aseyd 31 DSL 93eTNOTED]|

5do3s IVIYYNsZ-dIISN I¥8U axe]

(3) TBus=1xveUW]
aNUTIUOD
JTpus
1+33T10dus3iju=3xouu
T+33u=3JU
3’jy3uenb‘Tjuenb’/ujuenb (y1)a3TIM
sjuenb [1ed
3(9) ¥ {Q) R (p)X (ZT)83TIM
3(e)x! {Z)x' (T)% (pT)e3Tam
usyy (3xsuu-bs-junoou)IT
Jtpus
JTpUD
T + utdsu = utrdsu
aste
T = utrdsu
((g)%) TBus” ((G)¥) Thus’ ((¥)x) TBus (T1)®3TIM
usy3 (utdst-ba‘:utdsu)JT
usyy (Aezzew-sT1-y)JT
JTpua
1 + soedsu = aoedsu
es1e
1 = ooedsu
(y3uenb) 1Bus* {(T3uenb) THhus ! (ujuendb) 1bus (c1}83TIM
sjuenb T1EO
((g)x) 1Bus‘ ((Z)x)1bus’ ((T1)%) 16U (6)®3ITIM
uayy (eoedsT-be-acedsu)JT
T43UN0DU=3UNODU

LDOLO

(SR SRS}

ELT

DL

el



(41

anuT3juod QT
(T)Aa = (T)an
(11 = (1)
IeAu’1=T QT op

1=M1

(1)0% @3eTNOTED

Lo

Ip/AIxX?y JIeAZYT fUOUMIOD
tbuetqg’seydrq’baryiq’iq’ S
psydmo *£sydmd 4 zsydmo ‘baxjue  bewuds ‘eunteb / [sydmo T
‘ba1jmo ‘epeiab’qpeib’zq’oq‘p’oa’utds ‘woubew‘w‘b ;uoT/ucumos

(68/9/L U0 pappe) syo0Tq UOWWOD

voou

1buetq‘seydrq‘bsayrq’1q”’
psydmo ‘gsydmo
‘zsudmo ‘bax e ' bewuds ‘euneb ‘ Tsydmo ‘bax Jmo *epeab ‘qpeab
‘2q’0q'p’oA‘utds ‘wowbew‘w’b’ (TeAU) APFYTY ¢ (TRAU) XPFYT ‘32
Y (Teau)aa’ (TeAU) XX’ (TBRAU) AP’ (TRBAU) Y ¢ (TEAU) EY/ (TRAU) ZY
‘{1eAU) 1Y’ (TRAU) QY '3P '3/ (TRAU) A (TRAU) X UOTSTO21d 3Tgnop
{9=TeAu) rsj8wered
1‘reau I8bojut
auou 3ToTTdwt

- oMo

pZ)YT auT3jnoIqns

222222222232222223322232232322222222202232222002000220232202220222222332220

2 o]
2 T/IBAZYI/ O [p2AT/ 3
D YD0Tq UOWWOD JO Sweu pabueryn "UOTSIBA D4 WAI - T0dDIMI o]
D jo}
el Z6/FT1/C1 - SUOTSTA®I - d0fd o
2 2
D

(*TSHAMD ©3 SYHAMD pabueyd) 3]

D; *NOI ¥°0Td fe}
D uouwod 8y3 03 pSHAMD PUB ‘€SHAMD ‘ZSHAMD ‘OFYIWY PeppY 2
be 2
2 ¢6/91/1 - SUOTSTASI - drd )
5 2
5} “Yo01q D
2 NOI @yl 03 OVWNJS POPPY "SUT3noJIqns sTy3j wWoij pue NOI D
o] 300Tq uoumod ayj WoIJ X3ISING Pue ‘XISTING ‘AMD pasowsy o]
<l 2
2 16/£¢/C1 - suolstAal - dpd ol
e e}

o

*/F2Z{I/ pue /UOT/ S§}O0TQ UOUWWOD PSPPY o

2 2
2 68/9/L - SUOTSTA®I - 4[d B
2 5]
s | *A Pue ‘Y ‘I ul pauInjal saIe sanTeA MaN ‘SAI¥Ad Aq i3

vobovoLvoboLoboLoboLoboLOLOL

py]

pepeoau sIajawered TeoTsAyd aIe ssTqeTIEA I8y3jo ayj pue
‘SBATIBATISP PuoOas ayj S83ETNOTED YOTYM BUTINOIQNS ayj
ST SAT¥da dels aury 2yl ST IQ PUB ‘SATIBATISP 3ISITJ
oYy ST A ‘elqeraea juspuasdep 8y3z ST ¥ ‘eTqeriea
Juapuadsput ayj ST I *SSATIBATISP 3ISITI U3TIm uoTienbe
Tet13jusI8lIIp I2pio puodes e J0J dejs uorjeibsjut
ej3ny-abuny 3Jutod-aAT] ‘I5pIO-Y3INOI auo saindwod
‘0p-2€ *dd  ‘(p9eT ‘wepIejsuy ‘unIjusd YosTIewsyjen

‘g "ON S§30BI] 2I3U8) TEOT}RWAYIEN) ,uoTijeibejul
TESTI8UNN OT3BWOINY, ‘PIPABUUOEZ 'Y °[ U0 paseq

to)
68/LT/2 '0IIBZTd "L OIpRd - PINM

voovovovvoLovLoLLOLOL

2
o}

2220000222220002202222222002300022202230222022220200220022000202222222233000

pua

(72T % '8 er " b BR el s 2T BT 1
‘PTY-f202T - 2T :3e papue welbold, ‘XT)3euwIo;
(FARA SRR AF A SR T A4 ST 52 9 1
‘PTY- 22T - ‘2T, 13e pejae)s werborg, ‘XT)3ewIog
Y300TT ‘oS T uTUWT ‘IyT ‘TAT 'ABpT ‘uowT (20Z‘GT)@3TIM
Y300TT *oosT uTwr ‘Iyt ‘7AT ‘AepT ‘uowt (z0Z‘9)e3tim
(U300TT 08sT ‘uTwr ‘IYT)WI33eb TTED

(Aep1 ‘uourt “1A1) 3p33H TTED

Y100TT o8sT uTwWr ‘1Yt ‘IAT ‘AepT’uowt (00Z‘ST)@3TIm
(x'GT)237IM

U300TT o8sT ‘UTWT ‘IYT ‘IAT ‘ABpT/UOWT (00Z‘9)@3TIM
(x79)®31am

(#T=3TUN)B50TD
(€T=37TUN) 35072
{zT=3TUN)®507TD
(TT=3TUN) 85072
(0T=3Tun)®so12
{6=3TUN)@50TD

202

00¢

##440

(9)A’(G) A’ (p)A’, tZuA‘AWA ‘XUA, (5 *GT)33TIM

(9) X4 ()% (p) x4, szw’Au’xur, (5 ‘ST)®3TIM
jyjuenb’/T3uenb/ujuenb’, 1 ‘T’U, («'ST)23TIM
(9)A(G)a’ (p)a’, t2wa’Aua’XUA, (x9)83TIM
(9)x*(g)x’(p)=’, tzw’Au’xu, (x“9)83TIM
jjuenb/Tjuenb‘ujuenb’, 1y ’17u, (x’9)83TIM
sjuenb [1eo

WOB5/WO M)A (Z)AN(TIAY E-T AL (x7GT)OTIM
WO E)R(Z)XTIRY =T ¥, (x7GT)03TIM
088 '3, = 3, («fST)O3TIM

WOBs/W0 L (E)AM(ZIA(T)AY =T Ay (x79)33TIM
0 E)RIZ)RI(T)RiE-T % (x79)93TIM
005 13, = 3, (kf9)eaTam

(ssaTuoTsuUBWTP syaqunu umjuenb ay3 ssyew p-p-T



voovovo

vooLo

vvuvbovbovovovoLvLvLvbLLvLLLLLOLULUOLDOLOO

NOI U3 O3 OVWNAS poppy dUT3INOIGNS STY3 WOIJ Pue NOI
§007q UCUWOD Y} WOIJ AISTING PUB ‘XIASTNd ‘AMD Parowsy

16/€2/21 - SUOTSTABI - drd
*SATHEQ Jo 3no ‘uexbord
UTEW 3yl o3 yoeq IP/WP JO UOTJIEZT[BUIOUST PIAOK

16/22/21 - SUOTSTAST - 40d

"9'6 p=T*(T)A S® SATYIQ UT IP/WP 9I035
16/81/21 - SuolsTA®I - 4rd

‘g SSOID W WOIJ Ip/WP @3BTnOTeD 03 SAIWdd pebueyd
16/L1/21 - SUOTSTA®I - dpd

‘yjbuarls juatpeIrb prarj JT 9SI Y3 Mou ST gAWHD
‘98l 103 suorienbe uids pue soeds ayj psuwerboig

16/81/07 - SUOTSTA®T - drd
*/UOT/ 3207q uouMod pappy
68/9/L - SuOTISTASI - drd
rwatqord usath e utr ‘sseu
oTuol pue abieyd se [Tem se ’‘spralj orjaubew pue
oTI3o9T8 abueyo o3 8[TJ STY3 3TPE ‘serrozdalery

uot butursaob suorjenbas TeTjUaIBIITP 8yl dn 5385

68/2/¢ ‘01IeZIg " 0IpPag SAIY3d

0S1

vooLvoLUvL

voovoLo

voLboLvoLoLvLLOLODLLDULULLOLDOLDLDLOLODLLOLUDODOLDOD

222223222202220223222222223222232222222232003222322032202322222020022302200

pus
uInjelr

BnuTIuUCD
9/ (Thed + ({TIZA+(T)TA)»2 + (T)0A) + (T)a = (T)a
(*o/ LTI A+ (TITAH(TI0A) + (T)A) 3P + (TR = (T)X
IeAU‘T=T 09 Op
P +3 =73

A 'YX 'l mBuU s3ETNOTED
SNUTIUOD

((T) p3ix"8- T
(D e+ (D) 2A+ (T) T 2 "€+ (T) 0X="T=)x (" €/"2) = (T) APFUI

09

vouov

LSD

6/ (T e b4 ((T)2A+ (D) T = "€-(T)0Ax"2) »IP=(T) XPPUI
Teau’T=T 1§ Op
snuijuod
(T1APx3P = (1) %Y
IBAU‘T=T GG OP
(X% ’Ap’AA’]])SATIOP TTED
ANuUTIUOD
/UM A= (D) A "ET+(T) THx "L+ (T) 0Ax"G) +(T) A=(T) AA
59/ ({T) T "TTH(T) 0% L+ (T) Ax"BF) » 3P+ (T) X=(T) XX
IeAU’‘T=T 0G Op
SL'0x3IP + 3 = 33

SuI®y) JoIIs 23E[NOTED ‘paitssp JI

2NUTIUOD

(T)APx3P = (T)EX
JEAU/T=T Gp op
(Xx’Ap’An’3])SAaTISp [T€D

anuijuod
(1121 + (T)A = (T)aAn
g/Tled + (T)ax ) e3P + (T)X = (T)xx
TeAu‘T=T QF OP
ap o+ 3 =33

(T)ex @a3ernored

anutjluod

(T)APxIP = (T)2H
Teau’t=1 GE op
(xx‘Ap’AA‘33)saTISp TTED
anuTIuoD

/U + (T)A = (T)AA
IeAu’T=T Qf op

(T)za e3etnored

anuUTIUOD
(T)apx3P = (1) T4
IeAU’T=T GZ Op
(XX’ApP’AA‘3]) SATIBD TTED
enuUT3U0D
*Z/(110d + (T)a = (T)an
8/ U(TI0A + (T)Ax"p)3P + (T)% = (T)xX
IBAU‘T=T 0Z oOp
T/ + 3 =17

(1) 13 @3eInOTED

anuIjuoD

(T)Apx3P = (T)0X
Ieau’T=T GT op
(XX*AP'AA*]])SATISD [TED

56

voLvLLLLLDLLDLDLLLOLOLDOD

1 4

oF

oo

SE

o€

Lo

S¢

(14

[SRERS]

ST



UOT3OSITP Yoes U (Z,095/I938WIJUSD UT) 3IP/AP ©3BTNOTED

(we0+p*Z) / (€-p0O" 1) = dejuds
(wx0+P*2) / (15YdMo+3«beaIM0) soopxapeaby (€-po 1) = oejuds
(Bewdw) /uoubew,utdsy (E-p0 1) = oeJuds

oeyuds autjeq

apeI1b - (£)X«POA0°T- = (£)®
(2)®xP0AXG 0 = (2)®
(T)XeP0AxG 0 = (T)®

(zsudmo+yxbazjue) soopy (1sydmo+3xba1IMo) s00prgpRIB-
(psydmo+3xbaxue) soopy (gsydmo+3«baamo) soopsqpeib = (g)xpap
(zsydmo+3 «ba1gue) soopy (1sydmo+3sba1Imo)soop.ape1b = (Z)XpPap
(psydmo+3 «ba1gue) s0opy (£5Yydmo+3xbaIIM0) sOOpPLOpRIb- = (T)XPOP

{ (zsydmo+3ixbaijwe)soopy (Tsydmo+isbaxjmo)utspybaaimo 4+

(zsydmo+3«bazJue)utspy (Tsydmo+isba1Imo) soopybatue +
(psydmo+3xbaijue)soopy (esydmo+isbaajmo)utspybaagmo -
(psydmo+3,barjue)urspy (£sydmo+ixbazmo) soopybazue -
) x (€) xxapeIb +
{ (zsydmo+3«ba1jue)soops (1sydmo+3xbaigmo)soop -
(psydmo+3baxjwe)soopy (gsuydmo+]yybaamo) soop
)« (£) axgpeIb = (£) 3PP
(1bueTq) utspy (seyd1q+3«ba13T1q) uTspsbarzTas1q -
( (zsydmo+3xbaajwe)soopy (Tsydmotixbazgmo)utspybazimo +
(zsydmo+3sbarJue)utspy (Tsydmo+3xba1imo) soopybaxyue
) % (2) xyqpe1b -
(zsydmMo+3.baxjue)soop,
(1sydmo+3xba13M0) 500py (2) AxqPRID = (Z) 3PP
(1bue1q) soopy (seydiq+3xbarztq)utspsbaiztas1q -
( (psudmo+3cbaigue)soopy (¢sudmosixbaIgmo)utspybarmo +
(psydmo+3sbazjue)urspy (¢sydmo+3sbarimo) soopbatyue
) ¢ (1) ®4qpeIb +
(psydmo+3xbarwe) soopy
(£sudmo+3+ba1Imo) s00py (1) AxqpRIB- = (T)3PAP
(Zxx (€)9 + Z++(2)q + Zxx(1)q)33bSp = Deuq
( (zsydmo+3ysbaijue)soopy (Tsydmo+yxbaxjmo)soop -
(psudmo+3xbarJue) soopy (¢sydmo+ixba1imo) soop
)x (€)%Xxqpeab + 09 = (€£)q
(TBue1q) uTspx (SEYdTIq+31+b21ITq) S500PX T +
{zsydmo+3cboajue) soopy (TsUydmo+3xbaI1ImD) 500py () ¥xapeIb = (Z)q
(1Buetq) s0op4 (seydiq+3«bar31q)s00py1q +

(psudmo+3ybargue) soopy (£5UdMO+34baIIMD) 500D, (T) XxapRIB- = (T)q

ZxxT235WTIUSD/RTES] UT 29
(2)a’(1)q << (g£)q
(eTse3 uT) g pue (I9jawrjusd/3[oa ul) 3 :spraty dn 38§

*I9jawTjuad/3oA oIe ,epeirb, Jo s3tun
*I93jaWTjusd/BTS9Y a1e ,qpe1b, Jo s3jtun
*uthTI0 8Y3 WOIJ P SOUBYSTP 3B SPTOTJ OT3e3s

8y3 jo abejusolsd WNWTXEW B UDEAI 03 PaTEIS SPTATJ] JUSTPRID

T

— N TN oM N O

oM N

4
T
18

I

[S1

0o

[CRSRSRS NS

vuovvbvovuvovoLoLL

(PxP) /04 = POA
B[SS] UT Qg ‘I9jawrjued Ut p ‘370A utr oA :dexjl Dutuuad

e1sa3/b1e T-PTLIS0TF' T = wowbew uojord
e1sa3/b1e (1-pzegpez 6 = wowbew uoIjyoeTs
Juswow or3aubew = L woubeu,
(z/1-utds) umop 103 *1- ‘dn 703 T = utds
by (z-a58¥9ZL9'T = uojexd Jo ssew
By T€-APES60T'6 = UOIDE[S JO SseuW

quoTnod §T-0Z68TC09°T = @ 1930N

(b ut) ssew otuor ‘(e jyo ardrirnu) abreys dn 388

(2)%x(2)% + (T)%x(T)X = ZpEI

(ZyxWD UT) ZpeI ‘sNIpeI 8sIaasuelyl Jo aienbs a3eINOTED
1buerq‘seydiq‘baryiq 19’ S
psydmo ‘gsydmo  gsydmo ‘ba1 e ‘beuuds ‘euwreb / [sydmo 1
‘baijmo ‘epeib’qpeab’zqoq‘p‘oa’urds ‘wowbew’w’b suot/uocuos
(68/9/L uUO peppe) A201q UOWUOD

(€)xpap’ (¢)Ipwp ’ (£) Ipgp uofstoaxd Tqnop
1buetq’seydiq‘baiziq’1q”’

<
psydmo '¢sydmo  zsydmo ‘bax Jue / bewuds ‘euweb / Tsydmo ‘bazgmo z
1

‘oejuds ‘zpe1‘zq’oq ‘beuq ‘woubew ‘opeb ‘qpe1b ‘poa‘p ‘0a
Y(u)g’(u)a’(u)x’(u)3pap’(u)a‘utds ‘w’b’3y uorstosrd siqnop
{g=u) Tajswered
u 1sbajur
suou 3ToTTdwr

(X ‘31pap?A’])SATIBP aUTINOIGNS

DLbLvLvDLLLULLLLLDOLOOLDOLDOLDOD

D02300220222222232323222322232022220222222232222222322223253232223022230000200

bovbovbuvoLvoLou

LoLvovoLvLvLbLoLL

*pIe13 or3jeubew pejoe1io)
26/12/1 - SUOTSTA®I - Jrd

‘p1913 oT3aubew ayy jo (£)XAEQ 2oUsbLIBATD
ay3y butsn Aq 82103 juspusdep urds 83B[NDOTED MON

(*TSHdMD 03 SWHAMD pabueyp)

"NOI ¥20T1q uoumicd ayj

03 pappe usaq 3ABY pSHAMD PUB ‘£SHAMD ‘ZSHAMD ‘OTUINY
*PSHAMD PU®B ZSHAMD seseyd y3itm OFYIWy Aouenbeiz

ay3 3B pajernpouw spnijTidue pue ‘gSHIMD PUE TSHAMD
soseyd y3tm OFHIMD AousnbaIJ JI ayj je Durjel[Toso
ST100 om} Aq pepTAoId ST UOTIEBITORS JI - YOI TIODZLWHL

76/9T/1 - SUOTSTA®T - drd

“¥001q

vDuouvoboLoLoL

LLDLLLLOLDOLOOLDOLDOD



(9=xewu} 1932uered
xeuu Iabajut
suou 3ToTTdur

WIOUSI |UTINCIGNS

49!

220222200222202232022222022222020202222032222322222022222222222222223200000

vobuvuvoLubobLbLLLOL

CODOLDLLLDLOLDOLDLOLDLOLOOD

"/IRAZAI/ 03 /y2HT/

400Tq uoumicd Jo sueu pabueyy -uoTsISA Hd WAI - TOIDIWI

Z6/P1/2Z1 - SUOTSTA®T - drd

*p1eT13 o132ubew pajcaizc)

76/T%/T - SUOTSTASI -

*{g)g o3 {g)d pabueyd

(" TSHAMD ©3 SYHAMO pabueyd)

*NOI Yo0Tq uoumod ayjy

0} pappe U8sq 8APY ySHAMD PUE 'ESHAMO ‘ZSHAMD ‘OFUIWY
*pSHAMD Pue ZSHAMD seseud y3jmm OFYdWy Aouenbaig

8yl 1e pajernpou apnitrdue pue ‘gSHAMD PUB TSHAMD
saseyd y3Tm DTYIMD Aousnbary 31 syy 3B DurleTTIOSO
§1T00 ou3 Aq pepracId ST UOTIEITOXRS JI - HOd "TICOZLVHI
Z6/91/1 = SUOTSTADI =

*1p/WP PUE J0308A utds 8yj sezTlewIOUSY

16/€2/21 ‘0IIeZ1d 'r ©Iped

dard

drd

WAONTd

vDLDLvLLOLODLDOLDOLDOLOOL

VLDLLDLDLDOLDLDLDOLDLDDLDOLOD

D222222203200222222202222222020325300032003022202502320032002320230023032000

pus
uiniaz

Jbep |, ‘1d/0+pr08TxsBUdMO?, = aseuyd mau fo@s

T

34, =3, (x'9)831Im (sydpro-au-seydmo)Jt
( brysudy (13-3) + 3FUSTP )3uTP«33Fysyd + gsydmo = seydmo
seydmo = sydpio

1d‘brysyd‘1y‘33usTp‘1Iusyd’osydmo‘sudpte /seydya/uouuod

1d’baysyd’13/334sTP ‘33ysyd ‘gsydmo‘sydpto

T

'3'seydmo uolsIoeld elgnop
euou 3ToTTAUT

(3 ’seydmo)33Tysd surjnoigns

D202222202202222222220222202222322222222232222232222222200022022222022002020

vovo

*pa33T1ys s1 eseyd syj usym usaios syy o3 beyg e
synd3ano pue ‘eseyd JI 951 snosuejuelsul syl S2IBTNOTRD

vovoLo

a
2]

16/€2/21 'orrezid "L 0Iped

LJIHSd

D
2

20020202222022222202232002020222002022222222002020300222220232020220232000

pue
urniyax

P=D Ta (217 (€) Ay (€) A+ [£) Ry (€£) X5 ZM) (TRQUy* Z) /W) =33uETD

P-D Tx (Zex ( (1) ®edMeub1sb4 (2)A) 1
+ Zxx ((2) XedMxUBTSh- (T)A)) ¢ ( ((WM-GM) xTRQU * ) /W) =T3UEDD
PP Tx (Zex ( (1) xwrmyub1sb+ (7)) T

+ Zrx ((2) XxWMgUBTSD= (T)A) ) 4 ( ( (wM-dM) xTRQUy * Z) Jw) =ujuenb

w!ubtsb jjuenb T3uenb/ujuenb/ Teqy fzm ‘um ! dm /o3 uenb s ucumes

APAIKIY /TBAZYT /UOUMIOD

1d’ubtsb’qp’3 ‘yjuenb’13uenb ‘ujuenb i
‘Ieqy’zmium’dmiu’ (xewu) A’ (Xewu) X uotsToalid aTgnop
(9=xewu) Isjewered

xeuu yabajur

auou 31o711dut

sjuenb sutrinorgns

20002000220032203200232203200000022022200022022020002200232002020003022222000

vobLLOLODL

DouoLbooLvv

“/IBAZNI/ OF /92ZAT/

yo0Tq ucwwod Jo sweu pebueyn -uorsIsA D3 WAI - TOIDIYI

C6/¥1/C¢T - SUOTSTA®T - drd

ssurinoIgns syl Aq psIsile seIqRIIEA
Afuo eyj seie TINYND Pue ‘MINYND ‘NINYND "S8T3To0T8A

pue suotirsod woIy MINYNO PUB ‘TINYND ‘NINYND sIaqunu

unjuenb TeTXE pue ‘uoijaubew ‘UoIJOTOAD S83ETNOTED

16/1¢/¢T '0IT8ZTd "[ 0Ipad

SINVNO

vDobLOLOD

LovLLOLOD

220222222232202222222222202022023222200020200222220023022230200222022000200

pus

uInisr
( (T)ax(s)na - (2)ax(k)a + 1
(1)3papx (G} % - {Z)IPUPx (F) X )<BUWED = (9)3pap
(0+P " T=)x{ (T)ax(9)A = (g)Ax(P)A + 1
(1)3papx(9) % - (€)3paps«(p)¥ )xeUMED = (G}3pap

( (2)de (908 - (£)ax ()0 + 1
(2)3Pap« (9) %X = (£)3PAPx (G) X ) seumeb = (p)3pap
(£)¥paby (9) ¥50eTUdS + 1

((2)ax (1) = {T)ax(2)d + PO Tx{€)®)x (W/D) = (g)3pap
(2) ¥PApx (5) Xx0EJUdS + 1

((T)ax(e)g = (€)Ax(T)Q + PPO"Tx(2)®) «(W/B) = (Z)3pap
(1) ¥pap« (F) Xx0EJUdS + T

({e)ax(2)g = (2)ax(£)A + PPO T+ (1)3)+ (W/B) = (T)3pap



¢Sl

((1)ax (G)%=(Z) Ax (p) ¥) xEUMED

(04+P"T=) » ((1)Ax (9) %= (£) Ax (¥) X) yEUMWED

((Z)ax (9) %~ (£)dx (G) X) xBUNIED

( (zsuydmo+3yxbsijuwe)soopy (1sydmo+ixbarimo)soop -
(psydmo+1sbaijue)soopy (gsydmo+lbaiimo) soop

)x(€£)X+qpeIb + 09

(1bueTq)utspx (seyd1q+3xba131q) s00pL19 +

(zsydmo+3xbaTJwe) soopx (15Yydmo+3xbaIImo) soopy (Z) Xxqpeab

(TBueTq) s00p« (SBYdTa+3+DBIIT1q) S0OPTq +

(psydmo+3sba1gue) soopy (£sydmo+3ba13mo) 500p« (1) XxqpeIb-

pua

uinjex

n

(9)a
(5)a
(F)a
(€)a
(2)a

(1)q

((9)AY(G)AY(F)A) = IP/HP @ZTTRWIOURY

wiouds/ (9) ¥y bewuds
wrouds/ (G) xyBeuwuds
wrouds/ () xxbewuds
(T2 (9)% + Zax(G)X + Zux(p)X)3IDSP =

=

(9)x
(g)%
(p)x

wiouds

((9)%*(g)X*(p)x%) = W T0308A urds @zTTeWIOUsy

IP/A'X?] /IBAZY{I/UOWMOD

1buetqseydiq‘baiyra1q’
psydmo ‘gsydmo ! zeydmo ‘bax Jue ‘ bewuds ‘euueb ‘ Tsydmo

‘baxjmo ‘aperb ‘qperb’zq’0q‘p‘oa ‘utds ‘woubeu‘w‘b /uoT/ucumos

1buetq’seydrq’‘baryrq‘1q’
psydmo ‘¢ sydmo ‘zsydmo ‘baxjue ‘urouds / (£) q
‘3p’ (xewu) A’ (xewu) X ‘3 /Hbewuds ‘euneb / Tsydmo ‘bexgmo

‘apexb‘qpeib’zq’oq’p‘oa‘utds ‘uowbew‘wu’b uotstoaid argnop

T

T

S
1
S
Z
T

(GRSRS]



154

Appendix B: Analytical Model Simulation Programs

The detailed study of ion motions and proposals to incorporate spin into the
motional modes produced analytical approximations to many quantities of interest. In
particular, closed form expressions were derived for the axial frequency in the presence of
a magnetic bottle, the change in cyclotron radius due to SLIRICE, and other important
quantities. These expressions can be assembled together into analytical model simulation
programs that can simulate entire experimental sequences, from ion creation through
detection of the proposed spin-dependent phenomena. Various versions of these
programs were written to model several different ideas, including the experiments
proposed here. The most recent of these simulations, AXTALIR8.FOR, is included in this
appendix. It was used to model the SLIRICE experimental sequence proposed in Chapter
5.

The time sequence of the simulation is that proposed for the SLIRICE experiment.
The mechanics of the simulation are explained in detail in the program comment lines.
AXIALIRS is written in FORTRAN and has been used with the Microsoft FORTRAN
compiler for the DOS operating system on IBM PC compatible computers.

Also included in this appendix are all the supporting materials necessary to recreate
the simulation figures presented at the end of Chapter 5. The parameter file Y7. PAR was
copied to AXIAL.PAR before running AXTIALIR8. The output file Y7.OUT includes
program run information. After completion of the main program, the batch file Y7. BAT
controlled runs of the program PLOTCUT3.FOR to isolate the simulation data range of
interest. Final processing and graphics preparation were performed with Mathematica for

DOS, using the input file Y7.SUM.
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