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Abstract

This thesis consists of three separate studies of roles that black holes might
play in our universe.

In the first part we formulate a statistical method for inferring the cosmological
parameters of our universe from LIGO/VIRGO measurements of the gravitational
waves produced by coalescing black-hole/neutron-star binaries. This method is
based on the cosmological distance-redshift relation, with “luminosity distances”
determined directly, and redshifts indirectly, from the gravitational waveforms.
Using the current estimates of binary coalescence rates and projected “advanced”
LIGO noise spectra, we conclude that by our method the Hubble constant should
be measurable to within an error of a few percent. The errors for the mean density
of the universe and the cosmological constant will depend strongly on the size of
the universe, varying from about 10% for a “small” universe up to and beyond
100% for a “large” universe. We further study the effects of random gravitational
lensing and find that it may strongly impair the determination of the cosmological
constant.

In the second part of this thesis we disprove a conjecture that black holes cannot
form in an early, inflationary era of our universe, because of a quantum-field-theory-
induced instability of the black-hole horizon. This instability was supposed to arise
from the difference in temperatures of any black-hole horizon and the inflationary
cosmological horizon; it was thought that this temperature difference would make
every quantum state that is regular at the cosmological horizon be singular at
the black-hole horizon. We disprove this conjecture by explicitly constructing a
quantum vacuum state that is everywhere regular for a massless scalar field. We
further show that this quantum state has all the nice thermal properties that one
has come to expect of “good” vacuum states, both at the black-hole horizon and
at the cosmological horizon.

In the third part of the thesis we study the evolution and implications of a hypo-
thetical primordial black hole that might have found its way into the center of the
Sun or any other solar-type star. As a foundation for our analysis, we generalize
the mixing-length theory of convection to an optically thick, spherically symmetric
accretion flow (and find in passing that the radial stretching of the inflowing fluid
elements leads to a modification of the standard Schwarzschild criterion for con-
vection). When the accretion is that of solar matter onto the primordial hole, the
rotation of the Sun causes centrifugal hangup of the inflow near the hole, resulting

in an “accretion torus” which produces an enhanced outflow of heat. We find,
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however, that the turbulent viscosity, which accompanies the convective transport
of this heat, extracts angular momentum from the inflowing gas, thereby buffering
the torus into a lower luminosity than one might have expected. As a result, the
solar surface will not be influenced noticeably by the torus’s luminosity until at
most three days before the Sun is finally devoured by the black hole. As a simple

consequence, accretion onto a black hole inside the Sun cannot be an answer to

the solar neutrino puzzle.
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Chapter 1

Ihtroduction



1 Motivation

Despite the long and venerable history of theoretical research on black holes, the
observational evidence for the existence of those objects is not quite as compelling
as that for some other exotic objects, such as white dwarves and neutron stars.
The reason is not difficult to grasp: Black holes can be observed only through their
interaction with astronomical bodies visible in some portion of the electromagnetic
spectrum. This interaction is typically quite complex and the line of reasoning,
leading from an astronomical observation to an inference of a black-hole existence,
often contorted.

Fortunately, the broadening of the notion of astronomical “visibility,” due to
the advent of LIGO (Laser Interferometer Gravitational-wave Observatory) and
similar detectors early in the next century, is likely to provide an entirely new
and more direct view of black holes. In particular, the gravitational waves, emit-
ted by coalescing binaries consisting of at least one black hole, should provide a
wealth of information regarding not only the binaries’ orbital parameters but also
some properties of the black holes themselves, such as their masses and spins.
Furthermore, those binaries are among the primary candidates for sources of de-
tectable gravitational radiation due to the large amplitudes of the waves emitted
and the frequency range that overlaps with the range of maximum sensitivity for
the LIGO-type detectors (10 — 1000Hz). Motivated by the prospect of detection of
coalescence gravitational waves and the progress of the LIGO project, a group of
researchers at Caltech and elsewhere is devoting a significant part of their energies
to the study of emission of gravitational waves and some theoretical aspects of
their detection.

Among the parameters that can be obtained directly from a detected coales-
cence wave is the distance of the binary from the Earth. In addition, as we explain
below, the redshift can be estimated for binaries which consist of a black hole
and a neutron star or of two neutron stars. Following some early suggestions by
Schutz and Krolak [6], the author explores in detail, in Chapter 2 of this thesis,
the prospects for the use of such distance and redshift estimates to determine the
parameters describing the basic geometry of the Universe: the Hubble constant,
the mean density and the cosmological constant. Despite great efforts of many as-
tronomers, these parameters have eluded observational determination for decades

[2, 3], and new approaches, such as the one discussed in this thesis, are worth

considering.
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The black-hole members of compact binaries are end-products of evolution of
very massive stars. An entirely different mechanism of black-hole formation has
been speculated, however. In the early universe large fluctuations of density, or
violent events such as collisions of domain walls, might have lead to creation of the
so-called “primordial black holes.” The hypothetical formation of black holes in the
very early, inflationary phase of the expansion of the universe leads to a question
of principle: Both the black hole and the cosmological horizon of a mathemati-
cal idealization of the inflationary universe (the de Sitter universe) emit Hawking
radiation. The radiation fluxes coming from the two sources have different temper-
atures. This lead W. Hiscock to speculate, several years ago, that the co-existence
of the two horizons would, in any state of quantum fields, inevitably give rise to
instabilities due to a divergent renormalized stress-energy tensor at least at one of
the horizons. In particular, this would mean that if a state were chosen to yield
a regular behavior at the cosmological horizon, the infinite stress-energy tensor at
the black-hole horizon might preclude the formation of a black hole. In collabo-
ration with W.G. Unruh, the author has investigated this conjecture and shown
it to be wrong by exhibiting a quantum vacuum state that, despite the different
temperatures of the horizons, has a stress-energy tensor regular everywhere. Thus,
black holes can survive perfectly well in the early, inflationary universe. This work
is presented in Chapter 3.

If actually formed in the early universe, a primordial black hole could survive
for tens of billions of years, despite the mass loss due to the Hawking radiation,
providing its initial mass was greater than about 10'® grams. It is, then, not
totally implausible that such a black hole of a relatively small mass M (M < Mg)
could, at later times, find its way into the center of a star and subsequently evolve
through accretion. One would wish to know whether the accretion onto the black
hole could produce a significant part of the luminosity of the star and thus announce
the presence of the black hole to an outside observer. And if it could, for how long
would the hole help the unfortunate star shine more brightly before devouring it?
This, with attention focused on the Sun rather than a generic star, is the topic of
Chapter 5.

Accretion onto a black hole was proposed by Hawking [3] as an explanation for
the observed deficit of detected solar neutrinos. However, from a later study by
Flammang [5], one can infer that luminosity produced by the accretion would be
much smaller than the luminosity of the Sun — until at most a few hours before

the demise of the Sun. Still, one might conjecture that one ingredient missing from
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Flammang’s treatment, the rotation of the Sun, could supply the accreting fluid
with enough angular momentum to alter radically the geometry of the innermost
region of the flow and, thus, give rise to luminosities far exceeding Flammang’s
value. These higher luminosities, if achieved, would lead to convection, which,
in turn, would limit the amount of angular momentum that can be retained by
the inflowing fluid. Thus, a non-spherical accretion inside the Sun would be, to
use engineers’ language, a complex “heat generator with a negative feedback.”
In Chapter 5 we seek to estimate the maximum output of such an engine and
to describe, in broad strokes, the evolution of a hypothetical black hole inside a
solar-type star. As a foundation for this analysis, the importance of convection has
necessitated our generalizing the mixing-length theory of convection to a (roughly)
spherically symmetric accretion flow, where convective velocities may be compara-

ble or even smaller than the accretion velocity. This theory is presented in Chapter
4.

2 Overview

In Chapter 2 of this thesis we present a detailed analysis of the prospects for
determining the fundamental cosmological parameters of our universe using the
distance-redshift relation as revealed by binary coalescence gravitational waves.
By measuring the signal amplitudes in at least three widely separated LIGO-type
detectors, we can obtain the position of a binary source on the sky and, more
importantly, “luminosity distance” D from the Earth.

The determination of the redshifts relies on the presence of neutron stars as
standard-mass objects. Specifically, the quantity directly measurable from the
phase (frequency) evolution of the signal is the “redshifted” neutron star mass
(1 + Z)M, rather than the true mass M,. However, astronomical observations of
X-ray and binary pulsars, as well as theoretical studies of the formation of neutron
stars, strongly indicate that neutron-star masses fall within a narrow range centered
on 1.4Mg. Thus, through a measurement of the redshifted neutron-star mass, we
can infer the redshift Z itself.

In addition to discussing the basics of inferring distance D and redshift Z from
binary coalescence waveforms, we develop in Chapter 2 a statistical method for
deducing the three cosmological parameters by comparing observed and a-priori
distributions of detected events in the Z-D plane.

Based on the properties of LIGO-type detectors that are expected to be oper-
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ating early in the next century, we have been able to estimate the errors of such
a determination of the cosmological parameters. These errors are quoted in the
Abstract of Chapter 2.

In addition, in Chapter 2 we examine the influence of gravitational lensing
on the inferred values of the cosmological parameters. Due to our ignorance of
the statistics of lensing, a bias will be introduced in estimation of the parameters,
because the lensing will shift the detected luminosity distances from the values that
would be obtained in an ideally smooth Friedmann universe. In the case of the
Hubble constant and the mean density of the universe, we estimate that this bias
is less than or comparable to the statistical errors, assuming we observe with three
“advanced” LIGO-type detectors during one year. On the other hand, the bias
for the cosmological constant may be significantly larger than the corresponding
statistical error. In our evaluations we have adopted the rough binary coalescence
rates estimated by Phinney and, independently, by Narayan, Piran and Shemi [6],
and the so-called “advanced-detector” benchmark noise curves for the detectors,
as presented by the LIGO science team [7].

Chapter 3, which was coauthored with W.G. Unruh, is devoted to a study of
quantum fields in a spacetime that is obtained if a Schwarzschild black hole is
inserted inside a de Sitter universe. There are two variants of this spacetime: One
contains an eternal black hole, including its past horizon, while the other contains
a massive body that at some moment undergoes a gravitational collapse to form
a black hole. These spacetimes possess two horizons: the black-hole horizon and
the cosmological horizon resulting from an exponential expansion of the de Sitter
universe. We specialize, for mathematical simplicity, to a two-dimensional version
of the Schwarzschild-de Sitter and gravitational-collapse-de Sitter spacetimes.

In his study of a quantum scalar field in the two-dimensional collapse-de Sitter
spacetime, W.A. Hiscock [8] examined several possible vacuum states and showed
that each of them yielded a stress-energy tensor 7, divergent at one of the hori-
zons. On the basis of these results, Hiscock conjectured that there was no quantum
state that would have a T),, regular everywhere in this spacetime.

This hypothesis prompted W.G. Unruh and the author of this Thesis to identify
a new family of states having, as we show in Chapter 3, a perfectly regular 7},, on
both the cosmological and black hole horizons.

In particular, W.G. Unruh devised a general method of constructing regular
vacuum states in spacetimes with static horizons (of which the Schwarzschild-de

Sitter spacetime is one example): A regular state was defined by modes of positive
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frequency with respect to affine parameters of any pair of null geodesics which
intersected each other at a point between the two horizons.

In the case of the gravitational-collapse-de Sitter spacetime, it was possible, as
demonstrated by the author of this thesis, to single out a particularly simple regular
vacuum state (closely related to the Unruh states) defined with respect to the
affine parameter of the past cosmological horizon only. The author showed that in
this state a static particle detector would measure the modes propagating from the
cosmological horizon to be precisely thermally populated at the temperature of the
cosmological horizon. On the other hand, the modes propagating from the point
where the black hole forms, toward the cosmological horizon, would be populated
thermally at the temperature of the cosmological horizon before the collapse, and
at the temperature of the black hole horizon late after the collapse. Furthermore,
in complete agreement with the detector’s measurements, the author showed that,
near each of the horizons, T}, was a superposition of perfectly thermal radiation
at the black hole temperature and at the cosmological temperature, with positive
energy associated with the temperature of the distant horizon and negative energy
with that of the nearby one. This form of 7}, was amenable to a straightforward
interpretation in terms of the membrane paradigm [9, 10]: It was a stress-energy
tensor corresponding to the measurements made by static detectors from which
one subtracted that of a thermal bath at the temperature of the nearby horizon.

In Chapter 4 we turn our attention to the generic problem of optically thick,
spherically symmetric accretion. In particular, this Chapter is devoted to an anal-
ysis of convection on the background of the radial inflow. The main purpose is
to develop a “mixing-length” model of the convection which would be sufficiently
general to cover all possible ratios of convective and accretion velocities, with an
essential requirement that all the velocities involved be subsonic.

An important ingredient of our model i1s the heating that every fluid element
undergoes due to the inward increase of the luminosity. For instance, this heating
allows the convective elements moving upward with respect to the mean flow of the
fluid but downward relative to the black hole to accumulate more heat than the
fluid flowing with the mean velocity of accretion, and thus sustain their convective
motion. On the other hand, the radial stretching of the accreting fluid will tend to
inhibit convection: In order to accelerate through the stretching medium, a convec-
tive element will need to have a larger temperature difference with the environment
than in the case of convection in a static fluid. This will lead to a more rapid equal-

ization of the element’s temperature with that of the environment. To avoid this,
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the entropy gradient, 85/dr, will have to be more negative than a certain typi-
cally small, negative value (proportional to the amount of radial stretching) — the
threshold of convection. This shifting of the threshold constitutes a modification
of the familiar Schwarzschild criterion (85/0r < 0) for convection in a static fluid.

In an application of our model of convection to the structure of an optically
thick, spherically symmetric accretion flow at subsonic velocities, we conclude that,
at least in the case of a gas-pressure-dominated fluid with a homogeneous chemi-
cal composition, every such flow must be convective. However, in low-luminosity
situations, such as those discussed by Flammang [5], only a small portion of the
total luminosity is transported by convection and the luminosity is virtually in-
dependent of radius. Furthermore, in such situations, the inevitable increase in
the threshold of convection due to intensified radial stretching, as the fluid flows
inward, seems to provide the means by which convection will cease once the fluid
reaches the vicinity of the accretion radius r, = GM/c? (where ¢, is the speed
of sound). However, the details of the inner boundary of the convective region
cannot be studied within the framework of our model, since the accretion velocity
approaches the speed of sound near the accretion radius.

By contrast, in the case of higher-luminosity solutions of equations describing
the structure of convective accretion, the increase in luminosity as the fluid flows
inward will sustain convection even at smaller radii. These solutions would be
consistent with an everywhere subsonic settling of the incoming fluid onto a region
of high density and temperature in the immediate vicinity (r < r,) of the black hole
— at an accretion rate smaller than the Bondi rate. The structure at small radii
could be supported by rotation of the inflowing fluid. The rotation can brake the
(approximate) spherical symmetry of accretion only close to the black hole, where,
due to the presence of a centrifugal barrier, a hot and dense disk or torus-like
structure would form.

This brings us to the evolution of a hypothetical small black hole inside a solar-
type star — the subject of Chapter 5 of this Thesis. Since we have restricted our
discussion to optically thick accretion, we can follow the growth of the black hole
for masses greater than about 10?! grams. (For smaller holes the photon mean free
path is comparable to or larger than the accretion radius.)

As long as there are efficient mechanisms for braking the differential rotation
in the accreting fluid, the fluid will loose enough angular momentum to proceed
toward the black hole without being hindered by a centrifugal barrier. By “effi-

cient” we mean that the extraction of angular momentum from the inflowing fluid
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should be sufficiently rapid so that the fluid accreting at the Bondi rate would lose
most of its angular momentum before reaching the vicinity of the black hole.

In particular, we find that the braking of rotation by conventional viscosity,
due to Coulomb collisions in the accreting plasma, is efficient only for black holes
whose mass is smaller than roughly 107 M.

An efficient braking at higher masses could be provided by magnetic torques. A
pre-existing field of typical strength B, would be amplified by differential rotation.
The resulting winding of the field lines might, however, lead to reconnection of the
lines and to a reduction of the field’s ability to brake the differential rotation. The
competition between the amplification and reconnection determines the black-hole
mass range for which the magnetic braking would be efficient. As we show in
Chapter 5, for B, exceeding a few gauss, the maximum mass Mp for efficient brak-
ing by magnetic torques 1s primarily determined not by reconnection but rather by
the limited winding of the magnetic field lines; the result is M5 ~ 6 x 10-8 M, B/4
[11].

For larger black-hole masses, the rotation of the Sun will finally have an op-
portunity to exert its influence. It is plausible that the formation of a torus in the
vicinity of the black hole will lead to luminosities exceeding the Flammang lumi-
nosity, characteristic of optically thick, spherically symmetric accretion. Relying
on our model of convection in accreting fluid, developed in Chapter 4, we are able
to examine the transport of angular momentum by convection that will inevitably
follow the increase in the luminosity. We conclude that, due to the convection-
limited supply of angular momentum, the luminosity produced by the torus can
never exceed a few percent of the total luminosity of the Sun — until at most three
days before the hole completely devours the Sun. If the accretion rate during the
final three days is less then about 20% of the Bondi rate, the luminosity and the
total heat produced by the accretion cannot cause any change in the appearance of
the Sun until tens of minutes before the Sun is destroyed. Presumably at that time,
hydrodynamic effects from the final stages of the Sun’s collapse should reach the
surface of our star. By contrast, if the accretion proceeded at approximately the
Bondi rate, despite the presence of the torus, the total energy output during the

last three days could, in principle, grow large enough to cause observable effects.
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Abstract

We explore the feasibility of using LIGO/VIRGO gravitational-wave measure-
ments of coalescing, neutron star/neutron-star (NS-NS) binaries and black-hole/
neutron-star (BH-NS) binaries at cosmological distances to determine the cosmo-
logical parameters of our Universe. From the observed gravitational waveforms
one can infer, as direct observables, the luminosity distance D of the source and
the binary’s two “redshifted masses,” M| = M,(1 + z) and M}, = M,(1 + z), where
M; are the actual masses and z = AMA/) is the binary’s cosmological redshift.
Assuming that the NS mass spectrum is sharply peaked about 1.4 Mg, as binary
pulsar and X-ray source observations suggest, the redshift can be estimated as
z = M{g/1.4Mg — 1. The actual distance-redshift relation D(z) for our Universe
is strongly dependent on its cosmological parameters [the Hubble constant Hy,
or hg = Hp/100km s~'Mpc™', the mean mass density p.,, or density parameter
Qo = (87 /3H?Z)pm, and the cosmological constant A, or Ag = A/(3HZ)], so by a
statistical study of (necessarily noisy) measurements of D and z for a large number
of binaries, one can deduce the cosmological parameters. The various noise sources
that will plague such a cosmological study are discussed and estimated, and the
accuracies of the inferred parameters are determined as functions of the detectors’
noise characteristics, the number of binaries observed, and the neutron-star mass
spectrum. The dominant source of error is the detectors’ intrinsic noise, though
stochastic gravitational lensing of the waves by intervening matter might signifi-
cantly influence the inferred cosmological constant Ay, when the detectors reach
“advanced” stages of development. The estimated errors of parameters inferred
from BH-NS measurements are embodied in Fig. 2.2 and can be described by
the following rough analytic fits: Ahg/ho ~ 0.02(N/ho)(7R)"Y/2, (for N/ho < 2)
where N is the detector’s noise level (strain/+/Hz) in units of the “advanced
LIGO” noise level; R is the event rate in units of the best-estimate value, 100
yr~'Gpc3, 7 is the observation time in years. In a “high density” universe (o = 1,
Ao = 0) AQp =~ 0.3(N/ho)*(TR)"Y/2, Adg =~ 0.4(N/ho)*5(7R)~/2, for N/ho < 1.
In a “low density” universe (Qo = 0.2, Ao = 0), ARy ~ 0.5(N/ho)*(TR)"/2,
AXg ~ 0.7(N/ho)*5(TR)~'/2, also for N/hg < 1. These formulae indicate that, if
event rates are those currently estimated (~ 3 per year out to 200 Mpc), then
when the planned LIGO/VIRGO detectors get to be about as sensitive as the
so-called “advanced detector level,” (presumably in the early 2000’s), interesting

cosmological measurements can begin.
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1 Introduction and summary

1.1 Background

With construction now approved for the American LIGO(Laser Interferometer
Gravitational-Wave Observatory) [1] and French/Italian VIRGO [2] kilometer-
scale gravitational-wave detector systems, many researchers are looking forward
to these facilities as opening a “new window onto the universe,” when they go
into operation near the end of the 1990s. Arguably, in addition to aiding current
astronomical studies, the monitoring of gravitational waves 1s likely to provide
us with a view of astrophysical phenomena and objects that will be extremely
difficult or impossible to observe by conventional electromagnetic means. Among
such phenomena are the coalescences of neutron-star/neutron-star (NS-NS), black-
hole/neutron-star (BH-NS), and black-hole/black-hole (BH-BH) binaries at dis-
tances approaching cosmological. These binaries are systems like the famous
binary pulsar PSR 1913+16, whose two bodies are gradually spiraling together
as a result of losing energy and angular momentum to gravitational radiation.
About three minutes before final coalescence, such a binary’s gradually increasing
gravitational-wave frequency (equal to twice its orbital frequency) should reach
10 Hz, which is the lower end of the LIGO/VIRGO frequency band. The three-
detector LIGO/VIRGO network should then be able to monitor the final three
minutes of inspiral, as the frequency sweeps upward from 10 Hz toward 1000 Hz.

Such coalescences are rare events, and therefore to see several per year, LIGO/
VIRGO must look far beyond our galaxy. More specifically: Phinney, and inde-
pendently Narayan, Piran, and Shemi [3] have estimated, from the statistics of
successful and unsuccessful searches for “binary pulsars” in our galaxy (NS-NS
binaries), that there is one NS-NS coalescence each 10° years in our galaxy (with a
factor ~ 10 uncertainty at the “1 o level”). They have then extrapolated out into
the distant universe, using the plausible assumption that the NS-NS coalescence
rate in any galaxy is proportional to its number of massive stars (NS progenitors),
which in turn is proportional to the galaxy’s observed luminosity in blue light (the
color emitted primarily by massive stars). This extrapolation produced a NS-NS
coalescence rate of about 3 per year within a distance of 200 Mpc from Earth,
and an uncertainty of a factor ~ 2 in the distance for 3 per year. Interestingly,
this NS-NS coalescence rate is about 100 times lower than the rate of formation
of the massive main-sequence binaries that could become NS-NS binaries at the

ends of their evolutions. This suggests that 99 percent of such massive binaries
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are disrupted during the supernova explosions that convert their normal stars into
NS’s.

The coalescence rate for BH-NS binaries is much less certain than for NS-NS
binaries, since pulsar searches have not yielded any as yet. However, Phinney,
and independently Narayan, Piran, and Shemi [3] argue that the BH-NS rate will
be comparable to the NS-NS rate for the following reason: The main-sequence
binary progenitors for BH-NS’s are more massive and thus more rare than those
for NS-NS’s, but this is roughly compensated by the fact that it should be far
harder to disrupt a BH-NS-forming system during its supernova outbursts—far
harder because in this case, by contrast with the NS-NS one, during each of the
two supernovae the companion is expected to be more massive than the exploding
star and thus can gravitationally hang onto the exploding star’s core with some
ease. This (admittedly somewhat fragile) argument suggests, then, a rate of about
3 BH-NS coalescences per year out to 200 Mpc.

These estimated coalescence rates have been a major factor in setting the arm
lengths of the LIGO/VIRGO gravitational wave detectors: With the chosen arm
lengths, it is reasonable to expect “advanced” detectors in LIGO/VIRGO to reach
out to distances > 1500 Mpc for NS-NS coalescences and > 3000 Mpc for BH-NS
[1, 4] (though the earliest LIGO/VIRGO detectors may be a factor ~ 20 poorer
than this).

By cross correlating the outputs of the three LIGO/VIRGO detectors (one in
Hanford, Washington, one in Livingston, Louisiana, and one near Pisa, Italy), it
should be possible to determine the location of a binary coalescence on the sky
to within a ~one square degree error box, and also to monitor the coalescence’s
two “gravitational waveforms,” hy(t) and hy(t) [5]. The two waveforms, pro-
duced during the last three minutes of binary inspiral, are precisely determined by
the inspiraling bodies’ masses and spins, the orientation of their orbit when the
waves enter the LIGO/VIRGO band (most importantly the orbital inclination ¢
to our line of sight), and the binary’s distance from earth [6, 7]. By comparing
the observed, noise-infested waveforms with theoretically derived templates, the
observers expect to determine the binary’s parameters.

Theoretical simulations (7, 8] are beginning to give us some understanding
of the accuracies of such parameter determinations. Of greatest importance for
this paper are the following accuracy estimates: For the binary’s “chirp mass”
M, = Mf/sM:/s/(Ml + M;)'®, an accuracy AM./M. ~ 0.01/p; for the NS mass
in a BH-NS binary, an accuracy AM, /M, ~ 1.9/p where p is the total signal to
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noise ratio in the three detectors (which will be ~ V3 x5 =~ 9 at the threshold for a
believable detection of the binary’s waves (7, 8], and > 11 for the typical detected
signal [4]); and for the distance to the source, an accuracy AD/D ~ (3/p)x(a
function of the inclination angle ¢ and position of the source on the sky that is of
order unity).

Bernard Schutz [6] has pointed out that the statistical distribution of such grav-
itationally determined binary parameters can be used to probe the cosmological
structure of our Universe.

Schutz has explored in considerable detail one variant of his cosmological idea:
the combined use of gravitationally measured distances and electromagnetically
measured redshifts to determine the Hubble constant Hy (or equivalently ho =
Hy/100km s~*Mpc™!). This variant relies on assigning to each detected coales-
cence several possible redshifts, corresponding to the various electromagnetically
observed clusters of galaxies within the gravitational-wave source’s ~one square
degree angular error box on the sky. FEach electromagnetic redshift, combined
with the gravitationally determined distance, gives a possible value of hy. By see-
ing which value of hy keeps showing up over and over again and averaging it over
many inspiral events, one can zero in on the true Hubble constant. Estimates [6]
suggest that such measurements might succeed in determining hg to a few percent
accuracy within a few years after the first detection of gravitational waves from
coalescing binaries.

Unfortunately, this gravitational/electromagnetic approach to cosmology will
probably be restricted to fairly nearby binaries (distances less than a few hundred
Mpc), because at greater distances there will be too many clusters of galaxies in
the gravitational error box for the method to work. This distance restriction may
prevent the gravitational/electromagnetic approach from ever giving useful infor-
mation about the Universe’s other cosmological parameters: its density parameter
o = (87 /3HZ)pwm (where p,, is the mean mass density), and its dimensionless cos-
mological constant A\g = A/(3HZ) (where A is the familiar cosmological constant
of dimension length~=? in geometric units, c =1, G = 1).

A second, purely gravitational variant of Schutz’s cosmological idea has hope of
determining all three parameters, Hg, (2o, and A;. Krolak and Schutz [6] mention
this variant in passing, but neither they nor anyone else has yet explored it in

detail. Such an exploration is the objective of this paper.
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1.2 The method of determining Ay, g, and A

The theoretical foundation for this purely gravitational variant of the original
Schutz’s idea is the redshift-distance relation D(z) for distant objects, which de-
pends sensitively on the three cosmological parameters. This relation is briefly
reviewed in Sec. 2. In the electromagnetic astronomical studies conducted so
far, it has been possible to determine the redshifts z of distant astrophysical ob-
jects with fairly high accuracy. The main obstacle continues to be, unfortunately,
the uncertainty of the intrinsic luminosities, which impairs the determination of
distances D.

This situation is, in a way, reversed for gravitational waves from merging bina-
ries: The distance to the source (actually the “luminosity distance” D) is a direct
observable; it can be read directly off the time evolving waveforms [6]. However,
the redshift z is not a direct, gravitational-wave observable.

Fortunately, for binaries at cosmological distances, the redshift can be inferred
indirectly. As we elaborate in Sec. 3, all quantities intrinsic to the binary with
physical dimension (mass)? [or (length)?] enter the waveforms observed at earth
multiplied by factor (1 + 2)P. In particular, the waveforms contain, as a direct
observable, the “cosmologically redshifted mass” M/ = M,(1 + z) of the binary’s
NS (or NS’). In our own galaxy, radio and X-ray observations have strongly
indicated that the mass distribution of NS’s in binaries is sharply peaked around
1.4Mg. Assuming that this will be true also for distant, coalescing NS-NS and BH-
NS systems (and, crucially, that the NS mass spectrum is independent of redshift
at z> 1, which is very plausible), one can estimate the redshift as (1 + 2) =
M!/1.4Mg. This is the best one can do for a BH-NS binary; but for a NS-NS
system, the redshifted chirp mass M! = (M!M})*/5/(M! + M})'/® can provide
a somewhat more accurate redshift estimate [(1 + z) = M!/1.2M,,], since M! is
measured far more accurately than the individual, redshifted NS masses M| and
M, (see previous subsection).

For each observed coalescence, the deduced luminosity distance D and red-
shift z will be influenced by several noise sources: (i) noise intrinsic to the detec-
tors, which contaminates the waveforms and thereby alters the inferred D and z;
(ii) a deviation of the actual NS mass or chirp mass from the “standard” value
(1.4M or 1.2M); and (iii) gravitational lensing by inhomogeneities of the Uni-
verse’s gravitational field, through which the gravitational waves propagate. (By
contrast with electromagnetic astronomy, there is no significant noise introduced

by any other propagation effects; for example, absorption, scattering, and redden-
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ing by interaction with intervening matter are utterly negligible for gravitational
waves [5].)

The noise-induced errors in D and z will cause the detected coalescence events
to “scatter” considerably away from the correct distance-redshift relation D(z);
and, therefore, we must develop a reliable statistical method of finding from the
data a “best fit” D(z) curve that is as close as possible to the real one. Developing
such a method is a central goal of this paper.

Our method is based on computing a priori distributions of events in the
redshift-distance (z-D) plane, assuming that the binaries’ true z and D (their
“starting points” before noise infects them) lie on the theoretical redshift-distance
curve D(z) corresponding to a specific set of values of the cosmological parameters
ho, 0, Ao. These a prior: distributions (one for each {hg, 0, and Ao}) can then
be compared with the observed distributions, and from that comparison, using the
method of “maximum likelihood,” one can deduce “best-fit” values of, and uncer-
tainties for ho, 2o, and Ag. In the limit of a large number of events, the average
errors in the cosmological parameters are given by the Cramer-Frechet-Rao (CFR)
limit [22], which we discuss in Appendix B and Sec. 4.

In Sec. 4 we develop concepts and formulas for computing the a priori z-D
distributions. Crucial ingredients for the computation are: (1) The spectral density
of the detectors’ noise and formulas for how that noise influences the measured
distances D and redshifted NS and chirp masses, M/ and M!. (ii) The statistical
distribution of actual NS and chirp masses in coalescing binaries. These first two
ingredients very strongly influence the a priori z-D distributions and the resulting
values and uncertainties of hg, 2o, and Ag. It therefore is fortunate that these
ingredients are likely to be rather well understood by the time the cosmological
studies begin.

Not so well understood, but fortunately less influential, will be the following in-
gredients: (iii) the statistical distribution of sources along the real redshift-distance
curve (i.e., the event rate as a function of distance from Earth), (iv) the statistical
distribution of the actual BH masses in BH-NS binaries, and (v) the spectrum
of gravitational-lens-producing gravitational inhomogeneities in the Universe. For
concreteness, in this paper we make the plausible assumption that out to the rel-
evant redshifts (z ~ 3 for both the NS-NS and BH-NS binaries), the event rate
on a “per unit comoving volume” basis is independent of distance from Earth. In
Sec. 4 (especially Fig. 2.6) we explore quantitatively the influence of uncertainties

in the BH mass spectrum and show that it will be sufficient to know the spec-
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trum (from gravitational wave measurements) to an accuracy of ~ 2Mg (out of a
typical 10 or 20Mg). In Sec. 5 (especially Fig. 2.8) we explore the influence of
gravitational lensing and show that uncertainties in the Universe’s gravitational
inhomogeneities will not seriously affect the deduced Hubble constant hg, but they
may introduce systematic errors into the determination of the density parameter

o and the cosmological constant Ag.

1.3 Estimates of the accuracy with which Ay, Qq, and Xg

can be determined

In Sec. 4 we estimate the accuracy with which this method can determine ho,
Qo, and Ag. Our estimate is obtained by constructing model a prior: distributions
in the 2-D plane and applying to them the maximum likelihood method in the
CFR limit. The assumptions that go into our model distributions are discussed at
length in Secs. 3 and 4. The more important of these assumptions, stated in brief,
are:

(1) The detectors’ noise spectrum has the shape shown in Fig. 2.3, for which
the signal-to-noise ratio p for the binary’s inspiral waveforms, in each of the three
detectors, is given by Egs. (22) and (23). In this paper we embody the influence of
the detector noise on p in the distance ro [Egs. (24) and (25)] of a binary that would
produce p = 1 for the relative orientation of the source and the detector giving the
strongest signal. As currently estimated, for the “advanced” noise levels toward
which LIGO/VIRGO detectors will evolve over time, ro ~ 8Gpc for a NS-NS
binary, and r¢ =~ 17Gpc for a BH-NS binary with the black hole mass M, = 10Mg
[4].

(ii) The accuracy with which a NS-NS binary’s redshifted chirp mass is mea-
sured is AM!/M! ~ 0.01/p (which is so good that its errors have negligible in-
fluence on the inferred cosmological parameters). The accuracy with which the
redshifted neutron star mass in a BH-NS system will be measured is AM! =1.9/p
[Eq. (2.47)).

(iii) The accuracy with which the luminosity distance is measured is given by
Eq. (2.47), where € is a function of source’s inclination angle and its position on
the sky and varies in the range 2 < e < 7; see Fig. 2.4,

(iv) The actual spread in NS masses is M,/ < M, >= 0.2 (based on fairly
numerous but not highly accurate X-ray binary observations) or 0.05 (based on

fewer, but much more accurate radio binary pulsar observations).
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(v) The distribution function for the observed distances and redshifts is log
normal [Eq. (2.60)], with standard deviations that are determined by assumptions
(i), (i), (iv), and are given by Egs. (2.47) and (2.63) for NS-NS binaries or
Eq. (2.67) for BH-NS binaries.

(vi) The rate of mergers is constant per unit of co-moving volume, Eq. (40)
with Nago = 3 NS-NS events and 3 BH-NS events in a sphere of comoving radius
200 Mpc.

(vii) Noise due to gravitational lensing is unimportant.

(viii) The BH’s in BH-NS systems (for simplicity and concreteness) all have
masses Mgy = 10Mg.

(ix) Observational data are collected for one year.

With these assumptions, the estimated errors in the determination of the cos-
mological parameters, are as shown in Fig. 2.1 (for NS-NS binaries) and Fig. 2.2
(for BH-NS binaries). The errors are plotted vertically as a function of the hor-
izontally plotted detector sensitivity, which is embodied in the parameter ro of
assumption (i) above. (Recall that 7o ~ 8 Gpc for advanced detectors and NS-NS
binaries, and 17 Gpc for advanced detectors and BH-NS binaries — as projected at
present.)

Note the typically smaller errors for the “compact” universe. This is in part
due to the larger number of events detected in a universe with smaller average
distances between galaxies (see Fig. 2.5). In addition, a compact universe allows
the observer to better access the distances (redshifts) at which the contrast in D(z)
for different values of €2y and Ay is more apparent.

Also note that for both cosmologies, “advanced” LIGO-type detectors’ obser-
vations of NS-NS binaries (1o =~ 8Gpc) could give fairly accurate measurements of
the Hubble constant. On the other hand, in order to obtain the other two cosmo-
logical parameters, 2o and Mg, with any respectable accuracy one would have to
develop the detectors even further. Of course, since all errors are inversely propor-
tional to the square root of the number of detected events, an alternative, at least
in a compact universe, might simply be to have a lot of patience and observe for
many (order of 10) years.

The errors in the BH-NS case are only slightly larger than for NS-NS binaries
at a given rq. Therefore, the better accuracy of redshift determination based on
the chirp mass of NS-NS binaries does not seem to be as important as one might
expect. Due to the larger ry in the case of BH-NS binaries, the advanced LIGO-

type detectors could give interesting measurements of all three basic cosmological
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parameters in the “compact” universes. In the case of a “spacious” universe,
however, further improvements in the detector and/or longer observation times
would still be needed.

Obviously, these estimated errors will scale as 1 over the square root of the
number of events observed, i.e., as 1/1/Nyo7, where Nygo is the event rate in a
comoving volume that has radius 200 Mpc, and 7 is the observing time in years.
Combining this with rough analytic fits to the curves in Figs. 2.1 and 2.2, we
obtain the results quoted in the abstract.

2 Friedmann cosmological models —

an overview

The main purpose of this section is to establish the notation and review the basic
equations that will be needed later. Much more detail can be found in the opulent
literature on the subject [10].

Despite the apparent clumpiness even at scales of order 100Mpc, it seems [11]
adequate to use homogeneous and isotropic Friedmann models to describe the uni-
verse at still larger scales. The assumptions of homogeneity and isotropy inevitably
lead to the Friedmann metric [10]

dr?
1 — kr?

ds? = —di? + R(t) ( + r2(d6? + sin? 9d¢2)) . (2.1)

in which the evolution of the scale factor R is described by the equation

s 2
7 8w A k
(E) =3ty (2:2)

where p, is the total matter density, A is the cosmological constant and R = dR/dt.

Equation (2.2) simplifies if we define the following parameters

A k
U = ——— 2.
Y (2:3)

8T p
W = —LE0 e
°= 3 g2 T 3HY

and
R 1
a=——= '
Ro 1 -|- z
Here the subscript o denotes the present values, z is the redshift and Hq =

(R/R)g = ho x 100 km/(sMpc) is the Hubble constant. The three parameters

(2.4)
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defined by Egs. (2.3) are related to each other by the equation

With the additional observation that the post-recombination universe can be treated
as pressureless [pm = pm,(Ro/R)?], we obtain
ﬁlgaz .. (%ﬁ + Aoaz) =1~ fls — A5, (2.6)
Obviously, the Friedmann models, and, presumably, the universe at very large
scales, are completely described only by the three parameters Ho(ho), Qo and Ao.
At least in principle, the three cosmological parameters can be inferred through
their imprint on observable quantities. Among the observables we will concentrate
on the relation between luminosity distance and redshift. The luminosity distance,
D, of a source of radiation is defined as D = /L/4wF where L is the intrinsic
luminosity of the isotropically radiating source and F' is the flux detected by the
observer. In terms of the Friedmann radial coordinate r (see Eq. (2.1)) of the

source and its redshift, the value of the luminosity distance is

D = (1+ 2)rR,. (2.7)

Using Eq. (2.6) and the equation of a null ray propagating from the source to the
observer at r = 0,

dR o dr (2.8)
RR V1 — kr?’ '

sin( |04 |'/20 (2
L for Qo+ Ao > 1

%+ [iz) for Qo+ X =1 (2.9)

one obtains

*—(—Mh L i for Qo+ X <1

\ [Qxr/2

where
dz'

Pz) = fo (w1 + 2)3 + Qu(1 + 2)2 + Xo)/?’

and Q) =1 — 0o — Ag. In the special case of vanishing cosmological constant, the

(2.10)

above expressions reduce to

D(z) = ang [Qoz — (2 - Q)(\/1 + Qoz - 1)] | (2.11)
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Among other measures of distance that we will be using later are the angular
diameter distance D 4(z) and “corrected luminosity” or “proper motion” distance

T, simply related to the luminosity distance by
) Ply

Ds = DJ(1+z),

Obviously, if we could measure both the redshifts and the distances of a num-
ber of sources, that would allow us to determine all the Friedmann cosmological
parameters. As we elaborate in this paper, the detection of gravitational waves

from distant coalescing binaries might provide just such an opportunity.

3 Gravitational waves emitted by coalescing bi-

naries and their detection

3.1 Elements of gravitational wave detection

The proposed application of gravitational waves from coalescing binaries to cos-
mological measurements relies primarily on the relative “simplicity” of the physics
involved. Namely, the wave forms produced by compact binaries can, at least in
principle, be computed with high accuracy. They depend on relatively few param-
eters: the masses of the binary members, their spins, and the orbital orientation
at the time the waves sweep into the detector’s frequency band. Furthermore,
the propagation of the gravitational waves from the source to the earth is not
complicated by interaction with intervening matter that affects electromagnetic
radiation — absorption, scattering etc. The only potentially significant propaga-
tion effect, gravitational lensing by inhomogeneities in the matter distribution, will
be discussed in Sec. 5.

The wave emitted by inspiraling binaries reaches (at f >~ 10Hz) the detector’s
observable frequencies long after the orbit has been circularized by gravitational
radiation reaction. At that time post-Newtonian corrections to the amplitude and
frequency of the wave are still not larger than about 10% and the wave’s two

waveforms are well described by the Newtonian quadrupole formula [5]

hy = %(1+c052L)Rehc(t),
hy = Z(cos¢)Imh.(1), (2.13)
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where

he(t) = 4

oo (o 1)

Here Re and Im denote the reral and imaginary part respectively, ¢ is the orbit’s
inclination angle (the angle of the orbital angular momentum to the line of sight),
M. = (M1M2)3/5/(M1 + M;)!/5 is the so called “chirp mass” (M; and M, are the
binary components’ masses) and r is the distance from the detector to the source.
For the moment we assume that the source is close enough to make effects associ-
ated with the curvature and expansion of the universe negligible. The frequency

f grows with time as

1 #5 M Y
10 == (o) -

wM. \2561p —t
In later phases of inspiral post-Newtonian corrections grow to about 20% at
100Hz and 100% at 1000Hz [7]. In addition to the parameters already present in

the Newtonian order waveforms (2.13), those corrections will depend on the spins

(2.15)

of the binary companions and, more importantly, on different combinations of the
masses My, M,. Thus, by comparing the measured waveforms with theoretically
computed templates, the masses and spins can be determined. Naturally, the
inevitable noise in the detector will introduce a certain error in this determination.
Nevertheless, the known statistical properties of the noise will make it possible to
estimate the errors together with the parameters themselves [8].

The response of the j’th member in a set of LIGO-type detectors is a linear
combination of the wave forms (2.13)

h’j = F+j(a)ﬂ)’7;9a¢)¢)h+ + ij(a,ﬁ,'y;ﬁ,qé,z,b)hx. (216)

Functions Fy; and Fy; depend, among other parameters, on detector’s geographic
longitude a, latitude B, and the angle v from the local parallel anticlockwise to
the “4” arm. For instance, at v = 0 the arm directed along the unit vector a
points eastward along the parallel, while the other arm, directed along the unit
vector b (4-b = 0) points northward along the meridian. In addition, 6 and ¢ are
the standard geocentric polar coordinates of the source of radiation where the pole
(6 = 0) coincides with the northern pole, while the § = 7/2, ¢ = 0 axis is drawn
from the center of the earth through the intersection of the Greenwich meridian
with the earth’s equator. 1 is the angle between the vector 35 at the source and
the axis z' of the “wave frame” (in the plane orthogonal to the line of sight to the
source) in which Ay and hy were defined [5]. The basic steps in the derivation of

functions Fy; and Fy; are outlined in Appendix A.
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A quantity of principal importance for detection of gravitational waves and
binary parameter estimation is the signal to noise ratio which for the 7’th detector

15

p; = (< hylh; >)2. (2.17)

We have introduced here a scalar product, which for two real functions of time,
my(t) and my(t), is defined as

oo e ~ d
< mq|ma >E4-/(: Uk(ml(f)mg(f))g—i, (2.18)
where ™, and m, are the Fourier transforms of functions m; and ms,,
w(f) = f 2™ tm(t)dt, (2.19)
and Si(f) is the spectral power of the noise [5].
Using the Fourier transform of the detector response h;
= 1 . 3
Bi(f) = [Fay5(1 4 07) + 1P ulhol ), (220)
where v = cos ¢, and kg, which can be obtained [8] from Egs. (2.13)-(2.15)
" M? |5 g 3 —5/3
ho(f) = =S| o5 (w M. f)™7/0 i +2mitot ss(ede)=20), (2.21)
T 24
one can derive the j’th detector signal to noise ratio
T
pi = Xi(e. 8,18, 6,%,1)—, (2.22)
where
1 1/2
3 = (Ff_jz(] +v2)? 4 Fszﬂ) , (2.23)

(0 < x < 1). 7y is a function of the binary chirp mass M., the minimum S,
of the noise spectral power and the frequency f,, at which the minimum occurs
(Sm = Su(fm)) [1, 5]; see Fig 2.3.

For a binary consisting of a black hole and a neutron star, the value of ry can
be estimated as (8]

10-24Hz='/2\ (70Hz\*"* [ M. \*/®
~ 28G —t . :
E ‘“( Vi )( fm) (3114(.)) (2:24)




26

SN

frequency f

Figure 2.3: The expected noise spectrum for broad-band LIGO/VIRGO gravita-
tional wave detectors [1, 4]. The transition frequency between thermal noise and

seismic noise, and the slope of the seismic noise have a negligible influence on the
issues discussed in this paper.

In the above expression we have taken as fiducial the chirp mass corresponding to

a 10Mg black hole and a 1.4My neutron star. For the case of a pair of neutron
stars, the relevant value is

10-24Hz-Y2\ (70H\** [/ M. \*'°
To = 14Gpc( 7 ) ( [ ) (1'21,”@) : (2.25)

The numerical value of the noise level (1/5,,) used in Egs. (2.24) and (2.25) is
the order of magnitude of the noise predicted for the “advanced” LIGO/VIRGO
detectors. At the time of the writing of this article it is estimated /S, =~
1.7 10~24Hz"%/2 (4], corresponding to ro = 8Cpc for NS-NS binaries and ro =~
17Gpc for BH-NS binaries.

Determination of the distance to the source requires the knowledge of its posi-
tion on the sky which can be obtained from the time delays between signal arrivals
in three detectors. As we stated in the introduction, three is indeed the number

of detectors planned for the early next century and the number we assume in this
article.

On the other hand, to eliminate “spurious” detections we will demand that the
signal to noise ratio pgy, in the detector giving the weakest response to a given
binary coalescence event be at least five [7]

r [
Prmin = Xmin;cl 2 5. (2.26)
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Figure 2.4: (2)Probability P(> x) of Xmin exceeding x. (b)Functions x(x) which
determine the error in distance estimation. Any binary whose orbit orientation

and position on the sky yield xmin = X is assigned one of the five values ex(x) with
equal probabilities.

Thus, statistically speaking, of all the waves arriving from sources with same M,
and r, and being observed by three detectors with identical noise properties, only
those with Xmin = X(r) = 57/ro will be used for distance determination.

For our cosmological applications it will be important to know the probability
P(> x) of Xmin exceeding a certain value x. This probability function, obtained by
a Monte-Carlo method is shown in Fig. 2.4(a). The three detectors are supposed
to be constructed in Washington state (o ~ —120°, 8 =~ 45°,v = 130°), Louisiana
(¢ = =90°,F =~ 30°+ = 200°), and Italy near Piza (¢ =~ 13°,0 = 45°,4 =
0°(presumed)). The sources were assumed isotropically distributed over the sky,

with an isotropic distribution of binary orbital planes.
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3.2 Distance determination

Since the source’s position on the sky can be obtained rather accurately (to better
than one square degree [6]), we will assume that § and ¢ are exactly known.
Then we will try to estimate together the three remaining parameters (r,v =
cos t,7) entering the amplitude of the signal, while leaving M, along with the other
parameters appearing in post-Newtonian corrections (see below), to extraction
from the phase (time dependence) of the signal. This approximate scheme is aimed
at yielding rough estimates of distance determination errors. We thus disregard
possible but, most likely, not very significant contribution from other parameters
to the errors in », v and 2.

The signals obtained from three detectors can be represented by the column

ha
h=| hy, |. (2.27)
hs
The inferred parameters 7 (1, = 7,72 = v,73 = ¢) are those that maximize the

maximum likelihood function [12]. They are thus obtained from equation
< n+ h(rgy) — h(7)|h,,>=0, (2.28)

where n is the noise present in the three detectors at the detection, h(7(y) is
the original (uncontaminated) signal, h(7) is the best-fit template, and h,, is
the partial derivative with respect to the p’th parameter. The scalar product in

Eq. (2.28) is naturally related to the scalar product defined in Eq. (2.18) — for

instance:
3

<nlh,,>=%" <njlhj,.>. (2.29)

1=1
Expecting relatively small deviations A7 = 7 — 7(g), we expand Eq. (2.28)

around 7(g) up to the second order in noise strength and At
)
<n-—h, An, — ih,,,)\ At ,A7ylh, + hy ATy, >, (2.30)
where all derivatives are evaluated at T(o)- To first order in AT we obtain
e— y > S
AT AT, = (G )”)4 (G )Un < hyn><nlh, >

= (7). (2.31)
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where G, =< h,, |h,, >, G is the inverse of G, and overlining denotes statistical
ensemble average.

From Eq. (2.20), bearing in mind the spin-2 property of gravitational waves,
Fi,y= 2Fy and Fy,y= —2F,, and using z = 7/7(0) (r(0) is the true value of

distance) instead of 7, we obtain the six independent components of matrix G:

1 2\2 | - 27 (T0)?
Gee = [Frag(l+0? + Fr?) (2,

1 2 0 2
G = —[.7:++§(1+'u v + Fyxv] (-r—) :

1 2
G:,‘b = —f+x[§(1+?}) —2’02] (T'()) 3

Gvu — [f++2)2 + -’/TXX (

G = Fax(v®—1)w (r) ,
Gyy = 4Ga, (2.32)

where s s
]:++EZFij, }"XXEZFX , Fax =) Fy,Fy,. (2.33)
=1 =1
We see from Egs. (2.31) and (2.32) that the errors are proportional to r/rg if
det(G) # 0. For v ~ 1, however, det(G) =~ 0, which is caused by vectors h,, and
h,, being collinear:

2

In other words, in the treatment linear in A7, discussed so far, the combination
Az + Av can be arbitrarily large. Of course, as we depart farther from 7(0) we
need to include higher derivatives and powers of A7 as we have done in Eq. (2.30).
For the realizations of noise ng which “push” the inferred parameters along the
“degenerate” ray A7y (Azg = Arg/ro) = Avg, Aty = 0), which implies h,, A7, =0

at vo) = 1, we obtain

1
< nglh,, > 5% h,, |h,, > ATYAT] =0, (2.35)

to the second order in A74. From the solution of this equation

< hing >< nqlh >
F2, ’

(Lm ]* == (2.36)
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we can estimate a rough upper limit on Ax:

< hjn >< nlh > e
AL 4
Fi+
1/4
(4&]%&) o (2.37)
e To

The deviation Az is thus changed from being proportional to r/rg away fromv =1
to a weaker dependence (o< (7/70)*/?) near v = 1.

As we shall see in the next section, our cosmological application of coalescence
signals will be based on a statistical treatment of a relatively large number of events.
To facilitate our estimates we will assume that errors in distance (Az = Ar/r ()

are actually always proportional to ro/r

Az = (8, ¢, 0)—, (2.38)
To
where, to account for the modification near v = 0, we limit € from above
(0, ¢,%,1) < E(6, ¢,9). (2.39)

The limit £ is defined as

o Fei(6,6,9)+ Fu (6,6, 0\ e
£ = (4: fi+(9,¢,¢) ) < ‘: >, (240)

where < ro/r > 20 (for pmin = XminTo/7 > 5, see Fig. 2.4(a), is the typical average
value of o /r for all events detected by all three detectors. More specifically, given
values of 6, ¢ and v, €(6, ¢,%,.) is computed according to Eqgs. (2.31) and (2.32)
if v is far enough from 1 so that £ does not exceed the limit (2.39). Otherwise, the
limit (2.39) is taken as actual e.

Starting from this basis, we obtain by a Monte-Carlo method five functions

ex(x) computed in the following way: We take all events with xmin > x (see

Eq. (2.23)), then arrange them according to increasing e. Finally, we define ex(x)
to be the average € of those events in the k’th fifth of this array. By this modeling
procedure we take into account the range of errors corresponding to different angles
8,¢,% and ¢, while keeping the amount of computation, necessary to obtain the
results discussed in the following sections, within relatively modest bounds. The

functions £x(x) are shown in Fig. 2.4(b). Their relevance will become completely

clear in the next section.
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3.3 Chirp and neutron star mass estimation

Due to the change in wave frequency Eq. (2.15), the parameter which can be
measured with highest accuracy is the chirp mass [8] — to about 0.1% at p =~ 10.
On the other hand, if one wants to obtain individual masses, one will have to use

post-Newtonian corrections of the form (8, 9]

113

743 11 p
T i)

7@) = fren[1~ (355 + 7o) (PMD 4 (4m — <200 = 26) (M +-

(2.41)

where (, and £, are projections orthogonal to the binary orbital plane of the
vectors, { = 5+ 5, and £ = (Mz/M1)§1 +(A41/]\-42)§2 (51 and S, are components’
spins, ¢ and M are the reduced and the total mass of the binary). fNewt is the
lowest order Newtonian expression corresponding to Eq. (2.15). Relatively similar
frequency dependence of the two correction terms in the above equation will make
it difficult to disentangle the effects of spins from the dependence on the individual
masses. It is estimated [8] that this will cause the fractional error in g to be as high
as about 10% in the case of an NS-NS binary and about 15% for a BH-NS binary
at signal to noise ratio p = 13. Since the error is, naturally, inversely proportional

to p, we will thus assume for a BH-NS binary
AM, 19

M, p

(2.42)

where AM,, is the average error in the estimation of the member neutron star’s
mass, and (p)? = (p1)? + (p2)? + (p3)? is the total signal to noise ratio in the three

detectors. In practical computations, we will use

p(r) = 22 < Gl + (o) + (xa)? >, (243)
where we average over all angles that give xmin > X = 57/70.

It is important to note that the above expressions for errors strictly apply
only in the limit of small errors [12]. In this limit the estimated parameters will
be distributed around the true ones according to a Gaussian with the variances
indicated in Eqgs. (2.38) and (2.42). For a smaller signal to noise ratio, and corre-
spondingly large errors, the distribution of inferred parameters is not necessarily
Gaussian. Nevertheless, the errors quoted give us an estimate of the spread of the
inferred parameters described by a distribution function whose details, though yet

unknown, can be fully worked out in the future.
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3.4 Gravitational Waves and Cosmological Redshift

We can easily generalize the above treatment to the source at cosmological dis-
tances. In this case h., Eq. (2.14), is modified to

t
he = M. (M. f)*"? exp (iQﬂ'/ fdt)
Te
M a (o
= — 'y 2 'dt’ 2.44
e i ey (2 [ i), (244)

where 7., the so-called “corrected luminosity” or “proper motion” distance, was
defined in Sec. 2. (See Eq. (2.12)). Also, M! = (1 4+ z)M,, dt' = (1 + 2)dt and
f' = f/(1 + z), where t', f' are quantities measured by the observer and f,t are
the quantities at the source. From the above definitions and Eq. (2.15), it follows

3/8
f 1 5 M \°
' = = - . 2.45
f=1r mM! \ 256t — 1/ (2:45)

One immediately sees that any quantity with the dimensions (length)? (in geo-
metric units) will be scaled by the factor (1 + z)?. This will hold for any order of
post-Newtonian corrections to the waveform Egs. (2.13) — (2.15). From Eq. (2.44)
one can then conclude that the signal to noise ratio p; in each detector, being
proportional to M®/6/D (D is the luminosity distance of the source — see Sec.

2.), behaves as

'r() ]. To 5/6
iy T e e G : 2.46
Pk = Xeo T oiTe Xk (1 +2) (2.46)

By a straightforward generalization of Eqs. (2.38) and (2.42), the binary parameter

estimation errors are

AM:, 1.9

M, p’

AD D 1

D T “rltzpl et

As we see, the luminosity distance of the source is measured directly while the
redshift, z, is disguised in the measurable combination of parameters M’ = (1 +
z)M. However, if one of the members of the binary is a neutron star, one still might
be able to estimate the redshift due to the observation that neutron star masses

fall within a certain range. The data currently available from X-ray and binary
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pulsars [13] are consistent with the average neutron star mass of M, = 1.4Mg
and the standard deviation of about AM, = 0.3 Mg, corresponding to the relative
error of

6§ M,/ M, =~ 0.2. (2.48)

One should note that the far more reliable data from binary pulsars indicate a

narrower range of

§M, /M, = 0.05. (2.49)

However, the number of observed objects is still rather small so in the following
we will consider both these ranges in turn.

The existence of binaries consisting of two neutron stars offers an opportunity
for even more accurate determination of source’s redshift. As we mentioned earlier,
the (redshifted) chirp mass, M! = M_.(1+ z), will be determined with high accuracy
which, contrary to individual masses, does not suffer from spin effects. Since the
spread of chirp masses for NS-NS binaries is comparable to that of neutron masses
themselves, this will, obviously, enable the observer to pinpoint the redshift with

far more certainty than in the case of BH-NS binaries.

4 Determination of cosmological parameters

from gravitational wave measurements

As we noted in Sec. 3, the errors quoted in Eqs. (2.47) are estimated in the limit
of large signal to noise ratios and, correspondingly, small errors. As we receive
signals from larger distances, the mean errors will, naturally, increase. The larger
errors will not have a strictly Gaussian distribution, which is obvious at least from
the fact that measured distances and masses cannot be negative. However, the
known statistical properties of the noise should make it possible to find the actual
distribution of errors, away from the Gaussian regime. Thus, one would be able to
use in the statistical analysis not only the relatively few events with large signal
to noise ratios, but also those more numerous, coming from very large distances
as well.

We will first discuss the utility of NS-NS binaries for estimation of the cosmo-
logical parameters. While on one hand the gravitational waves from coalescing
NS-NS binaries are weaker than those from BH-NS binaries, hence allowing detec-
tion of events at relatively smaller distances, they can provide redshifts with far

greater accuracy. The latter point will be strengthened even further if it turns out
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that the chirp masses of binary neutron stars fall within the narrower of the two
ranges mentioned at the end of the last section. One can reasonably hope that this
uncertainty will ultimately be resolved on the basis of continued observations of
binary pulsars and/or detection of gravitational waves from relatively nearby (say
z < 0.1) binaries.

From the distribution of errors induced by noise in the detectors (once the dis-
tribution is known), one can compute the distribution P(z, D|z,, D,, M., w)dzdD
which gives the probability that a source of redshift z,, distance D,, having chirp
mass M, and relevant angles (6, ¢, 1, ) denoted here together by w (see Sec. 3) will
be detected in the element dzdD of the redshift-luminosity distance plane. Then,
given the distribution of binary neutron star chirp masses p.(M.) ([ p.dM. = 1),
discussed above, along with conveniently chosen bounds M and M2, one can find

the probability density
M
P(z, D|z,, D.(2,)) :fMd pc(ﬁ4c)dn4cfdw'P(z,D|zs,D_,(zs),Mc,w), (2.50)

of observing at z and D a source which is actually positioned at z, and D,. Here
D,(z,) is the cosmological distance-redshift relation we seek to determine. If we
know the rate no(z,)dz, (measured in year™') of binary mergers in the redshift
interval dz,, we can compute the total number of events N¢(z, D) observed in a

patch dzdD of unit area

Zmax

Ne(z, D) =/ Pz, D|2s, Do(2:))n0( 2. )dzs, (2.51)

0

where ¢ denotes the three cosmological parameters which determine the distance -
redshift relation of the source (¢; = ho, c2 = o, c3 = Ag). In the above expression
we have assumed that the NS-NS binaries do not exist beyond some redshift z ..
Another assumption is that the chirp mass function p. does not change with time
(redshift).

Expression (2.51) implicitly contains the requirement that the signal to noise
ratios pg, Eq. (2.46), of events which are accepted as true binary mergers (as
opposed to mere glitches in the noisy detectors) should exceed some minimum
threshold p, in all three detectors. In this article we have adopted p, = 5. In
reality p is a random variable, dependent on the actual realization of the noise
as well as on the “real” parameters of the binary. Therefore, an exact treatment
would include a probability distribution for p given the real binary parameters
(M., D,,¢,---). This distribution can be provided in the future by the same token

as the error distributions mentioned above. However, in order to simplify our
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treatment, we will work only with the noise averaged values of signal to noise ratio

p(M.,D,0,¢,%,v = cosi), actually given by Eq. (2.46), and assume that only

events with
L,

ro(l + 2)5/8
are detected. Thus only the fraction P(> x(D,))(see Fig. 2.4) of all sources at
given D,(z,) will be detected. Of course, if ¥ > 0.74 (the maximum value of i for

the configuration of detectors we have assumed in this article) no coalescences will

Yrain, 2 )Z(Zs, Ds) =19 (252)

be observed at the given distance and redshift. We emphasize that this simplifying
limit is imposed “at the source” so that only the binaries whose real parameters
satisfy the above requirement are considered to be actually detected.

From the point of view of the observer, the signal to noise ratio is computed
on the basis of inferred parameters M/, D. Then the observer accepts or rejects
the signal as a true binary merger based on whether the signal to noise ratio so
computed is larger or smaller than p,. Hence, consistent with the limit at the
source, given some reasonable maximum chirp mass M}, the observable region is

limited from above by

(1 + z)%/®

D < Dmax(z, M:) = 0747'0(1‘4:)
Pt

(2.53)
Note that the distribution of observed signal to noise ratio for a given source would
follow directly from the realistic noise-induced distribution of inferred parameters
of a binary. However, since we will be working with model distribution functions in
the following, we shall impose the signal to noise limit “at the source” separately.

Following the above assumptions, one can write down the probability distribu-

tion,

Pota D = ﬁ%, (2.54)
of events in region S accessible to our detectors [defined by Eq. (2.53)]. This
probability function, computed theoretically on the basis of statistical properties
of the noise and the distribution of neutron star masses, can serve as foundation
for an estimation of the cosmological parameters. Specifically, given a set of n
observed events (z;, D;), the cosmological parameters can be estimated by the
method of maximum likelihood (see Appendix B) which consists of searching for

those values of ¢ such that the likelihood function,

L({z,D},c) = Pelz, Dr)Pe(29, Da) - -~ Pel2s; Dy )s (2.55)
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is maximized. Since the number of events observed will be fairly large (see below),
the error of such an estimation will approach the so-called Frechet - Cramer - Rao

limit in which the bias of estimation (see Appendix B) is zero and the average
errors Ac, are

Acy = (/< (eu — ) > = /3, (2.56)

where cf, are the correct cosmological parameters and Efﬂ) is the inverse of matrix

I;(‘:): defined as

I = n/s(ln Pe(2, D)) ,u(In Pe(z, D)), Pe(z, D)dzdD (2.57)

[See also Eqs. (2.93) and (2.94) in Appendix BJ.

As hinted above, in order to estimate the accuracy of the determination of the
cosmological parameters in absence of the “real” distribution, we will assume that
the measured quantities z and D are related to the real values z,, D,(z,) by

Az N
z = z,(l+ ) ;

Zs

A.D,)”2

s

D = D, (1 ¥ (2.58)

where z, and z, are random Gaussian numbers with standard deviation 1. AD,
is, in our model, computed according to Eq. (2.47) with £ taken with equal prob-
abilities from the set of five functions €;(x). We can, then, express the probability
of observing an event in the range dzdD), centered on z and D if the real position

of the source is z,, D,, as
5
Plz, Dz, D) = Z'PJ(Z,D|25,D,), (2.59)

where

= 2
Pilz, Dles, Ds) = €; exp _%(ln(llnizéz)/zs)) }/Z

/D)

1 In(D/D,) ’
ORI TY (1n(1+AD,j/D,))

(2.60)

where C; are normalization constants chosen so that [ P;(z, D|z,, D,)dzdD = 1.
For fixed j, In(z/z,) and In(D/D,) are distributed according to Gaussian distri-
butions with standard deviations In(1 4+ Az/z,) and In(1 + AD,,/D,), respec-

tively. In the limit of large signal to noise ratio and small errors, we can write
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log(z/z,) = (z — z,)/2, (similarly for D), and the above model distributions ap-
proach the familiar Gaussian expressions

1 1/2z—2,\2 1({D-D,\*
(2, D)2ey D) = s————exp | —= L S ot 3 (R
Pi(2, Dlz., D.) 27rAz,AD,exP[ Q(Az,) 2(AD,,. ” .

The model distribution (2.60) that we have adopted as a substitute for the more
realistic distribution (2.50) is a version of the so-called “log - normal” distribution

[14]. Accommodating the positive definiteness of both redshift and distance, the

distribution (2.60) is asymmetrical for large errors, giving typically larger upward
than downward “shifts” in z and D.
The error Az,, appearing in Eqs. (2.60) and (2.61), is primarily due to the fact
that the observer is computing the redshift z as
M!
M

z

(2.62)

where M, is the a priori average of the proper, i.e., not redshifted, binary neutron
star chirp masses. Since M! = M.(1 + z) will be measured very accurately, we can

write
M.,

Bz, =1 z,)—i[;-. (2.63)
This deviation, stemming entirely from the spread §M. of proper binary chirp
masses, Eqs. (2.48) or (2.49), simulates in effect the distribution function p.(M.)
and will, for our purposes, substitute for it, thus eliminating the need to integrate
over M. as it would be done in Eq. (2.50).

All the approximations and assumptions, discussed so far in this section, con-
cern the reasonably predictable statistical properties of detector noise and the
neutron star mass distribution. Those approximations should not influence sig-
nificantly our estimation of accuracy with which we will be able to measure the
cosmological parameters. However, in order to obtain the c-dependent distribution
(2.51) we also need to know the rate ng(z,)dz,, defined as the number of mergers
in the redshift interval dz, that occur during one year of time measured by clocks
on earth. Assuming that the coalescence rate in the comoving volume is constant

throughout the universe, we obtain

4rr? dr.

(1 + 2)y/1 — kHgr2 dzs’

no(zs) = Ng (2.64)
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where r.(z) was defined in Eq. (2.12), and

No = 1251N B 3G. “3yvear™!
¢ = et T T e

3
90 (N;m) (%) Gpc3year™! (2.65)

is the proper number, counted in the local rest frame, of events per cubic gigaparsec

in one year. We will assume that Nygo = 3 consistent with the estimates of Phinney
and of Narayan et al. [3].

Il

The premise of constant proper rate, which is roughly equivalent to a constant
average rate in a typical galaxy or cluster of galaxies, might potentially be the most
unreliable of those adopted in this section. Indeed, due to complex evolutionary
processes in galaxies, this rate might change even at moderately low redshifts.
Even so, given many observed events, one could be able to “invert” the statistical
map {z,, D,} — {z,D} described by the calculable distribution (2.50), and, by
using the powerful machinery of statistical analysis and hypothesis testing, obtain
not only the cosmological parameters, but also the rate ng(z,) as a bonus. Of
course, the increased uncertainty might reduce somewhat the accuracy with which
the cosmological parameters are estimated [15].

Finally, from Eqgs. (2.59), (2.60) [using Eqs. (2.63) and (2.47)] and (2.64) we
obtain a model distribution

Zmax

Pe(2,D) = c’f Pz, D|za, Dol 2,))no0(2:) P[> % Ds(25))|d2s, (2.66)

0

where C’ is a normalization constant ([g PcdzdD = 1). The factor P(> X) is
the fraction of events at given z, actually detected, as discussed in connection
with Eq. (2.52). It is included explicitly because of the normalization of P,
Eq. (2.60). This simply means that the total number of events observed in one
year is [y™* noP(> ¥)dz, (see Fig 2.5). Once again P, depends on the cosmologi-
cal parameters ¢ through the distance-redshift relation D,(z,). We will sometimes
emphasize this fact by using the notation P(z, D|c) for P.(z, D).

The distribution function (2.66) can now be used in Egs. (2.56) and (2.57) to
estimate the average errors one will make in using binary coalescence measurements
to infer the cosmological parameters.

The results of numerical computation of errors (2.56), based on the model
distribution (2.66), are shown in Fig. 2.1 for different values of . It was assumed

that z,ax = 3, Naoo = 3 and that the data were collected for one year. The
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Figure 2.5: Average numbers of events with pmin > 5 detected in one year as
functions of rg, for two sets of cosmological parameters.

errors of cosmological parameter estimation are presented for the two values of
§M. /M., 0.20 and 0.05, and for two sets of cosmological parameters, (ho = 1.0,
0 = 1.0, Ag = 0) and (kg = 0.5, o = 0.2, Ag = 0, which we call “compact”
and “spacious” universe respectively). These results have already been discussed
in the Introduction.

We turn attention now from NS-NS binaries to BH-NS binaries. As we pointed
out above, the main advantage of BH-NS binaries for cosmological measurements
comes from the relatively greater strength of a typical signal at a given distance
compared to the case of NS-NS binaries. This obviously translates to a greater
distance accessible to BH-NS merger detection by a set of earth based detectors
(see Eq. (2.24)). However, apart from greater uncertainties regarding the rates of
BH-NS mergers, the main disadvantage stems from the broader range of black hole
masses and, equivalently, very little a priorti knowledge about typical chirp masses.
In addition, we can use only the rather inaccurately measured (see Eq. (2.47)) red-
shifted neutron star mass M’ = (1+z)M, to infer the binary’s redshift. Combined
with the independent uncertainty of proper neutron star masses § My, the resulting
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error in redshift determination can be estimated roughly as

an=9 () + (52) ] @en

(see Eq. (2.47)), which can, in principle, be quite larger than the error (2.63) in
redshift for NS-NS binaries.

Though equipped with a fairly accurately determined redshifted chirp mass
M!, we have to contend with a wide range of both proper M), =~ M3/2M73/2 and
redshifted M} ~ M'*/2M!~3/? black hole masses. Therefore, in order to construct
an a priori distribution Pc(z,D) = P(z, D|c), similar to the one associated with
NS-NS binaries, one would need to know the black hole mass function px(My)

(f prdM}, = 1). Given such (presumably redshift independent) p,(M}), one would
compute

M
P(z,D|c) = fMd Pa, (2, Dlc)pu(My)d My, (2.68)
h

where Py, is a distribution computed following the same sequence of steps outlined
above for the NS-NS case with an additional assumption of a fixed black hole mass
M. In Eq. (2.68) we have assumed that the distribution of neutron star masses
is independent of the companion black hole mass, so that we could write the joint
mass function of the BH-NS binaries as p(M, M,.) = pn(My)p.(M,), where p,
would be the neutron star mass function used earlier in this section.

However skeptical one might be regarding the prospects of knowing the neu-
tron star mass function in advance of the cosmological applications proposed in
this article, the mass function of black holes will, in all likelihood, remain only a
matter of speculation until a large number of BH-NS or BH-BH binary mergers
are observed. In fact one might be more ambitious than we have been so far and
try to obtain pn(M,), in addition to ¢, by matching the measured parameters z,
D, M}, Mj, (or M!), and a “grand” distribution P(z, D, M, M} |c,ps), assuming
again a known neutron star mass function p,.

Since in this article we focus on the determination of cosmological parameters,
it is important to see how sensitive our method really is to the actual black hole
mass function. In other words: Through 7o (see Eq. (2.24)) the distribution Py,
depends on the mass M} black holes are assumed to have. Different black hole
masses will produce different spreads of observed events (z, D) around the real
cosmological curve D,(z,). To evaluate the importance of p, we will consider the

following question: Given a universe with BH-NS binaries containing black holes
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of a single mass M,(‘O), how large a systematic error (or bias - see Appendix B) is
introduced if we try to fit a distribution function Py, (2, D|c), with the “wrong” M
to data which are actually distributed according to PM'(‘c.)(z, D|c). More specifically,
we are interested in finding

bMh) =< &, > -8, (2.69)

where < &, > would be the average over an ensemble of “gravity wave detec-
tion projects” of the best fit parameters ¢, obtained by the method of maximum
likelihood (see Appendix B) using the wrong function P, . As explained in the
Appendix B, bE‘M’-) can be estimated by maximizing

T(M)(¢|c%) = / P, (2, Dlco) In Pa, (2, D|c)dzd D (2.70)
S h

with respect to c.

In order to compute model distribution functions PA,,LO) and Py, , that appear
in Eq. (2.70), we use Eq. (2.66), where the distribution P(z, D|z,, D,), Eq. (2.60),
is computed by taking AD, from Eq. (2.47) and Az, from Eq. (2.67). In all these
formulas ro(M.) is given by Eq. (2.24) where M. = (M, M,)3*/5 /(M) + M,)/5
increases with M.

Assuming 6 M, /M, = 0.05 and using M), = 10M,,, we have computed this bias
for different values of M,Eo). The results for ho = 1, Qo = 1, Ao = 0 and 7y = 28Gpc
are shown in Fig. 2.6.

We can see that while hg and ) are very weakly affected by our ignorance of
the real black hole mass, the ensuing bias in Aq can be significant.

To put these results into perspective, we compute the average random (as
opposed to systematic) errors that would be ohtained if, somehow, we knew exactly
the black hole mass, M, = A/f,(lo). These errors are obtained in the same way
as in the case of NS-NS binaries, using now Py, (2, D|c) (instead of Pc(z,D) =
P(z,D|c)), with M), = 10Mg in Eq. (2.57), and are shown in Fig. 2.2 for the
indicated values of cosmological parameters and neutron star mass range. We have
discussed these results in the introduction and given analytic power-law fits in the
abstract where the noise level was expressed in units of the predicted “advanced”
LIGO noise level, N = /S,,/1.7 10-**Hz"'/2 .

A comparison of Figs. 2.6 and 2.2 suggests that as far as hg and £y are con-
cerned, our ignorance of the black hole mass function does not really matter. In

other words, even if we have only a very limited knowledge of typical black hole
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Figure 2.6: Systemla.tic errors b, due to the uncertainty of the typical mass of

black holes in BH-NS binaries as functions of M,(‘o) assuming M, = 10Mg is used
in the statistical inference.

masses in the universe, we can determine those two parameters with a high accu-
racy. On the other hand, a determination of )y with accuracy approaching that
“promised” in Fig. 2.2 (e.g., AX = 0.2, for rg = 28Gpc and a “compact’ universe)
would require some familiarity with the “fine” structure (on scales of about 3Mg)
of the black hole mass function entering Eq. (2.68).

5 The effects of gravitational lensing

5.1 General considerations

In the preceding section we have assumed that the gravitational waves emitted by
distant, compact binaries propagate to the earth through a homogeneous Fried-
mann universe, neglecting possible effects of local inhomogeneities in the form of
individual stars, galaxies, clusters of galaxies, superclusters, etc., which abound in
the real universe. As we mentioned earlier, these inhomogeneities can affect the
propagation of gravitational waves only through their local gravitational fields or,

in different words, through the local curvature of spacetime they generate. As for
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electromagnetic radiation, the effect of those intervening inhomogeneities consists
of amplification of the gravitational waves and, sometimes, analogously to mul-
tiple imaging of quasars, the appearance of more than one signal from a single
astrophysical event. On the other hand, if there are no intervening clumps of mat-
ter in the vicinity of the wave’s path (so called “empty cone”), the gravitational
wave, received on earth, will be weaker than the wave that would propagate from
the same coalescence through a smoothly filled (“full cone”) Friedmann universe
[16]. The latter phenomenon is, somewhat awkwardly, referred to as “deamplifi-
cation.” In this section we will treat this gravitational deflection (lensing) within
the framework of geometric optics, neglecting the effects of the finite wavelength of
gravitational radiation. This is a very good approximation in all realistic situation.

Since deflection does not change the phase properties of the wave, the amplifi-
cation results only in a change of the apparent distance of the source as measured
by the observer on earth. This implies that even if we had perfectly accurate and
noise-free detectors (“perfect observer”) we would still observe dispersion of mea-
sured distances away from the ideal Friedman curve Dp(z,). At least in principle,
this phenomenon can be described by a probability distribution P{?(D|Dg(z.))
(f Pffo)dD = 1), where Dg(z,) is the distance corresponding to a (hypothetical)
propagation of the signal through a completely homogeneous Friedmann universe
and D is the distance as observed by the imagined perfect observer. In reality the
noise in the detectors compounds this uncertainty so that the probability density
that the signal originating at z, will be interpreted as coming from redshift z and

distance D is
Py(2, Dlzs, Drlz,)) = /°° P(z, D|zy, D'YPSN(D'| Dp(2,))d D, (2.71)
0

where P(z,D|z,,D') is the distribution discussed in the previous section (see
Eq. (2.50) or the model distribution (2.60)). In order to pursue our main task
of finding the cosmological parameters ¢ we might, again in principle, follow the
method described in the previous section: (i) integrate the distribution Py, over the
source redshifts exactly as it was done in Eqgs. (2.51) - (2.54) for NS-NS binaries or
similarly for BH-NS binaries, (ii) thereby obtain the distribution Pr(z, D|c), and
(1i1) finally adjust c to find the maximum likelihood for a set of observed redshifts
and distances. One necessary ingredient, the knowledge of the “primary” lensing
statistics 'P,(Jo) might, however, remain elusive. By analogy with the problem of un-
certain black hole mass we faced in the last section, we can inquire about the real

price we pay for our ignorance about the distribution 'Pg)). In the most extreme
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case we would like to know just how much additional error is introduced in the
determination of c if we ignore the effect of local inhomogeneities in the universe
and stubbornly use the lensing-free distribution P(z, D|c), discussed in the last
section, in fitting to the observed redshifts and distances. Of primary interest,
then, is an estimate of the systematic shift (bias) of the parameters ¢, inferred in
this way, from the real ones c°.

Similarly to the case of uncertain black hole masses in BH-NS binaries (see also

Appendix B), this bias can be estimated by maximizing
Ty = / Py(z, D|c®)In P(z, D|c)dzd D (2.72)
s

with respect to c. Of course, in computing this expression, instead of the unknown
real 'P‘(Lo), we must use a model function which, hopefully, captures the main fea-
tures of the propagation of light in an inhomogeneous universe.

That one should, in general, expect non-zero bias is due to a typical asymmetry
between amplification and deamplification, which is reflected in the asymmetry
of the distribution 'P}JO)(D|D,(z,)) around Dgp. More specifically, usually many
sources are weakly demagnified (effectively “shifted” farther away) and relatively
few are strongly magnified. This can be seen at least from the fact that, on
one hand, the total flux from all sources at given z, is conserved, and, on the
other, although a point source can, naively speaking, be magnified by an arbitrary
amount, there is a limit to demagnification corresponding to the so-called Dyer-
Roeder empty cone distance [17] (see below). This Dyer-Roeder distance arises in
the extreme and idealized case of a ray remote enough from any clumps of matter
to be totally unaffected by any shear.

This asymmetry between amplification and deamplification is only augmented
by splitting of a wave (binary merger in our case) into several “image” signals,
some of which are too weak to be observed. It should be intuitively clear that in
any “egalitarian” statistical method the preponderance of weakened sources will
shift the measured values of the cosmological parameters ¢ towards those of a more
spacious universe (e.g., smaller 2), assuming we are not able to deconvolve the

effects of lensing due to our ignorance of T’}JO).

5.2 Quantitative estimates

In order to estimate quantitatively the effects of the propagation of waves through

the inhomogeneous universe, we will assume that a certain fraction 1 — ( of the



45

total mass of the universe is in the form of Schwarzschild lenses, while the rest, (,
is smoothly distributed. Strictly speaking, Schwarzschild lenses correspond only to
the more compact astrophysical objects like stars and black holes. However, since
we are primarily interested in the possibility of systematic effects of lensing on
the determination of cosmological parameters, we shall use Schwarzschild lenses to
represent lensing in general including that due to galaxies. Since the propagation
of the gravitational wave amplitude in a curved background space obeys the same
laws that govern the propagation of electromagnetic waves 18], we can simply use
the results known for the lensing of electromagnetic radiation [16]. For simplicity
we will also assume throughout this section that the real cosmological parameters
are o= 1,2 =0.

Due to the long-range nature of the gravitational interaction, many Schwarz-
schild lenses will affect the propagation of the wave. Therefore, the “distortion”
matrix describing the deformation of a ray bundle,

o4,

B=22 2.73
5 (2.73)

=

where 6; and @, are the angular positions of the image and source respectively [16],
will, in general, be a nonlinear function of shears from many individual deflectors.
However, it seems likely that rays weakly influenced by shear will give the dominant
contribution to the systematic errors in cosmological parameters c. Therefore, as
proposed by Schneider and Weiss [19], we shall keep only the terms linear in shear,

and, after taking a continuous limit, obtain

B, =31 =~ ( ~ ™ ) . (2.74)

(o] = 5

In this formula the first (demagnifying) term is due to the fact that we have actually
removed a fraction 1 — ( from the smooth component of the mass and converted
it into a population of Schwarzschild lenses whose total shear is modeled by the
second term. Then if we randomly choose a ray we can, still following Schneider

and Weiss, derive the probability distribution P, (o, ¢3)de;do, for the components

of the total shear
1 Y.

27 vz + of + 03)*"
associated with the ray. In the above equations b, is the ratio of the Dyer-Roeder

distance to the Friedmann distance, while Y, = Y'(z,) is the solution of the integral

Py(01,02) =

(2.75)
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equation .
Y(z) =b(2z) -1 +,/o dex'(2)8( 2, 2)Y (=), (2.76)

where &/(2) = (3/2)(1 — {)Da(2)Ho\/1 + 2. D, is the angular diameter distance
defined in Sec. 2; B(z,2) = Da(z,2)/Da(z), where D(z, z) is the angular diam-
eter distance of a source at z as observed by an observer at redshift z between the

source and earth.
The ratio of the apparent distance (D) resulting from gravitational lensing
to the distance (Dp) corresponding to a completely smooth ({ = 1) Friedmann

universe Dp 1s equal to the square root of the determinant of the matrix B,
D—— DF|53—0'?—O'§|]/2. (2“)

For the rays carrying images of positive (detB, > 0) or negative (detB, < 0)
parity, one can derive from Eq. (2.75) the probability distribution for the distance
ratio my = D/ Dp,

},5m'f
Te = (Y2 + b2 5 m2 )**’ a1
where 0 < my < b, and 0 < m_ < oo. Of course,
b, 00
jo P, drn +[0 B, dm. =L (2.79)

It is important to understand that the above probabilities pertain to a ray
randomly chosen from the 47 angle around earth or any other reference point. As
we follow a bundle of rays back to the source, its opening solid angle §Q will change
according to whether the source is amplified or deamplified. Since §Q, = m3 8%,
where (), 1s the solid angle at the observer and Q, is the solid angle at the source,
the differential solid angle in the source plane inhabited by the sources whose

distance is shifted by factor my is

40
dmi

Yomi
m =
(Y2 + b2 Fm3 )

— 4'rrmfthi =4

(2.80)

Note that (47)=1 [2*(dU+) /dm, )dm, = (\ b2 +Y2 - )’,)2, which can be shown to
be greater than or equal to one, in agreement with every source having at least one
image of positive parity. On the other hand, in the simple model we are considering
here, the integral [5°(dQ{~)/dm_)dm_ is infinite, which, within our interpretation,
would mean that there should be an “infinite” number of negative parity images

for each source. This is hardly relevant from the observer’s point of view, for not
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only is the total flux of those images finite, but only few sources produce negative
parity images strong enough to be observed. In fact, as interpreted here, the total
flux conservation law [20]

1 b dQ{Y) 1
= ( : dmy +[ — m_) =1, (2.81)

dm. mJr

is nothing but the statement that the total probability, Eq. (2.79), for a single,
randomly chosen ray, is one. This conclusion, of course, is independent of the
simple model we have been working with.

Angular distribution of magnification in the source plane, Eq.(2.80), is easily
translated into the probability distribution ’P,EO)(D|DF) by

dP)(D|Dr) _p L 1 dag
dD " Dpdrm dmy’

(2.82)

where we have taken only the images of positive parity into account. The nor-
malization constant C is necessary to compensate for the fact that in general
(47)* [ (dQH) /dmy )dm, > 1. We thus consider every source to have exactly
one image of positive parity.

Equipped with the model distribution (2.82), we can use Eq. (2.71), where P
is given by Eq. (2.60), to maximize expression (2.72) with respect to ¢ and so
find an estimate of the bias introduced by gravitational lensing. The numerical
computation we actually perform is based on BH-NS binaries with r, = 28Gpc.
As assumed in this section Ag = 0, 0y = 1. We also take ho = 1. In Fig. 2.7
we depict three cases, ( = 0.8, 0.5, 0.2 respectively. On the left hand side are
typical, Monte-Carlo generated, samples of events in the inhomogeneous universe
as they would be observed by perfect, noise-free detectors. The shift of most
events towards larger distances relative to the Friedmann redshift-distance curve
Dpr(z,) is obvious. Naturally, this eflect increases as ¢ is lowered. On the right
hand side we see those same events as “processed” by noisy detectors. We also
show (dashed lines) the redshift-distance curves computed using the corresponding
biased parameters < ¢, > as obtained by minimizing Expression (2.72). In the
same way we compute the values of bias b, =< ¢, > —c),, where ¢, are the real
parameters, as functions of 1 — ¢ which are shown in Fig. 2.8. While b., can
be complicated functions of ¢ individually, they combine so to give the expected
systematic upward shift of the average best-fit curve D(z) (Fig. 2.7). We note
that the shift in hg is rather small — in fact comparable to the error of statistical

inference itself (see Fig. 2.2 with rq = 28). Roughly the same conclusion seems to
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Figure 2.7: The effect of propagation in the inhomogeneous universe for three
values of the parameter ¢: 0.8, 0.5, 0.2. p = 5 curves show the signal to noise
limit, Eq. (2.53).
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Figure 2.8: Systematic errors due to lensing. See text after Eq. (2.82) for expla-
nation.

hold for Qq, while the bias in Aq, for a strongly clumped universe, can be up to
twice as large as the statistical error.

In our computation we have actually taken into account only the main, positive
parity images when computing P{”(D’|Dr(z,)). In reality, the observer might
attempt to reduce the bias by using D = (1/D% + 1/D?)~'/2 as a better measure
of the distance of a source whose two images were observed at distances Dy and
D_. That way he would take more observed flux into account, hopefully shift the
best-fit curve D(z) a little downward and perhaps get more accurate estimates
for c. The two images are indeed likely to be recognized as belonging to the
same source because they would have the same waveforms (though with reversed
polarizations) and they would come from the same portion of the sky.

To conclude, we emphasize that the arguably large inhomogeneity - induced sys-
tematic shifts in observed cosmological parameters, obtained above, should really
be considered extremal, since the Schwarzschild lens model we adopted somewhat
unrealistically overestimates the number of sources within empty or semi-empty
cones, as, indeed, its authors [19] conclude on the basis of more reliable Monte-
Carlo computations. Nevertheless, relying on the more general considerations pre-
sented earlier in the section, one can expect that the biasing would persist even in

much more realistic models, though with smaller, possibly unnoticable magnitude.
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Appendix A: Functions F'| and F

We delineate the basis for obtaining numerical values of angle-dependent functions
F, and Fy which are used extensively in this article.

The response of a detector [21], whose arms are directed along mutually or-
thogonal unit vectors & and b, to a gravitational wave expressed in “transverse-
traceless” coordinates with unit basis vectors ef and ef orthogonal to the direction

of propagation,
h=hi(ef el —elmel!)+ he(ef el +efwel), (2.83)

is proportional to
h=Tr(D-h), (2.84)
where {
= 5(5005-60@[)) (2.85)

is the matrix “projecting” the gravitational wave onto the detector. h is a linear

function of hy and hy

h = F+(a)18;7;6)¢:¢)h+ + Fx(a,ﬂ,fy;G,qS,v,[z)hx, (2‘86)

whose angle-dependent coeflicients are

Fi = 3[(a-eff—(b-eRy — (a-ef) + (b-ef)Y]
Fy = (a-ef)(a-el)— (b -eM) (B, (2.87)

In the geocentric frame whose k axis is directed through the northern pole, i
through the intersection of the Greenwich meridian and equator and j = k x i, the

relevant vectors are

e; = (cosicosBcose+ sinysin P)i
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+(cos 1) cos @ sin ¢ — sin1p cos ¢))
— cos 1 sin Ok

ef = (—sin cosfcos ¢ + cos P sin ¢)i
+(— sin 1 cos 8 sin ¢ — cos v cos ¢)F
+ sin 1 sin Ok
a = (—cosysina— sinysinfcosa)i
+(cosy cosa — sinysin Gsina)j
+ sin cos Bk
b = (sinysina — cosysin B cos )i
+(—sin~y cos @ — cos vy sin fsin a)j
~+ cos vy cos_ﬁl}. (2.88)
The above vectors can then be used to compute functions Fy and Fy. It is straight-
forward to show that in the special case, @ = 0,3 = 7 /2,7 = —7 /2, the expressions
for Fy and Fy reduce to the more familiar form [5]
F, = % cos 29(1 + cos? 8) cos 2¢ + sin 21) cos 0 sin 2¢
¥, = —% sin 21(1 + cos® 0) cos 2¢ + cos 29 cos 0 sin 2.

(2.89)

Appendix B: Bias and error in mathematical

statistics

In this appendix we summarize some known mathematical results pertinent to the
problem of estimating parameters of a probability distribution, given a set of mea-
surements [22]. Suppose we have a set of measurement results x;, X3, ..., X,. Each
of the results is itself a set of m numbers. Suppose also that the measurements
are distributed within an m-dimensional set S according to the probability distri-
bution P(x|c) ([g¢ Pd™z = 1), where ¢ denotes a set of p parameters which are a
priort unknown.

Having performed the n measurements, we find the best-fit parameters ¢ by

choosing them to maximize the likelihood function

Li{{x},e)) = Plxile)Plxsle):«« Plx.le). (2.90)
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Any statistical inference is, in principle, subject to error and bias in the inferred
parameters. For each parameter ¢, the variance of estimation is defined as

2 ~

c <c

a2, 2 > — 28, 3 (2.91)

1l

where < > denotes the expectation value of an ensemble whose each member con-
sists of n measurements under the same conditions; ¢, are the values of parameters
estimated from the n measurements in a member of the ensemble. On the other
hand, the bias

by =< bcy >=< &, > —c, (2.92)

is the systematic departure of estimated parameters from the “true parameters”

0

c?. One can show [22] that, in the limit of large number of measurements n,

the maximum likelihood method gives unbiased estimation (b, = 0), with the

covariance matrix,

2 =< (8, - )& - &) > (2.93)

H

equal to the inverse of the so called “information matrix”
I = n/s (ln P(x|c°)) - (ln P(x|c°)) w P(x|c®)d™z, (2.94)

where (In P),,, denotes derivative with respect to the pu-th parameter c,. These
asymptotic values are known as the Frechet - Cramer - Rao (FCR) limit. One can
actually prove that the above covariance is the minimum that can be achieved by
any unbiased statistical method.

Assume now that, due to our ignorance about the actual functional dependence
P(x|c), we are trying to fit the results of measurements to a (slightly) wrong dis-
tribution P(x|c) instead of to the correct one Py(x|c). We therefore are searching
for the maximum of the logarithm of the likelihood function (4.68),

Inl)u=y. %"’S) =i () (2.95)

i=1
Again, we denote by ¢ the parameters inferred in that way.
Averaged over the “real” distribution Py, Eq. (2.95) gives
Yol (2.96)

where

¥(clco) = /SP(,(x|cn) In P(x|c)d™z. (2.97)
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Then, in the limit of large n a good estimate of bias, Eq. (4.70), at a given ¢° can
be obtained by finding that value of ¢ which maximizes ¥(c|c?), or, equivalently,
satisfies condition (2.96).

For a set of n measurements, one can expand In £ around the maximum

1
Il = (L), + 3 (In L) 0 Acubey + -+ - (2.98)

For large n one can approximate the coefficients in the above equation by their av-
erage values with respect to distribution P;. One thereby obtains an approximately

Gaussian distribution for shifts Ac of the parameters about ¢ = c® 4+ b

1 n
L o exp (—Efli( )AC#ACV) . (2.99)
where va(") = —n(ln¥),,,, computed at c?. Defining §P = P, — P, one obtains
B("-)_ P:p.LP)u P: P:u P)u/ ™m
18 _nfsTdmm+nf55P( - [;)a' z. (2.100)

The mean spread of inferred parameters ¢ around the biased means is now given

by the matrix
BEY =< (8 — D) - eB) >, (2.101)

i v

which is the inverse of Ifu("). Naturally, in the lowest order in §P, the spread is
the same as in Eqs. (2.93) and (2.94) for the unbiased case.
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Abstract

We present a general way to define regular vacuum states of a quantized massless
scalar field in two-dimensional spacetimes with horizons. We discuss in more de-
tail the cases of Schwarzschild-de Sitter spacetime and especially the exterior of
a massive shell that collapses to form a black hole in a two-dimensional de Sitter
spacetime. In the latter case a vacuum state is defined using modes of positive
frequency with respect to the past cosmological horizon’s affine parameter. In this
vacuum static observers, long after the shell has collapsed, detect thermal fluxes
coming from both the cosmological and the black hole horizons, and character-
ized by the corresponding Hawking temperatures. The renormalized stress-energy
tensor in this vacuum state is regular everywhere and has precisely the form one
would expect from prior experience with de Sitter spacetime and with gravitational

collapse spacetimes that have a vanishing cosmological constant.



1 Introduction

During the sixteen years since Hawking [1] discovered that black holes should emit
thermal radiation, a clear understanding of the quantum field theory properties of
spacetime horizons has emerged (2]~ [6]. Among the horizons that have been stud-
ied are those of Schwarzschild spacetime, Kerr spacetime, and de Sitter spacetime,
as well as gravitational collapse spacetimes that are asymptotically Schwarzschild
or Kerr in the future. In each of these spacetimes, when a quantum field is in
an “Unruh-type” [2] vacuum state, the field’s properties are remarkably simple
and aesthetic: (i) Particle detectors at rest just above the horizon, and also de-
tectors at rest far from the horizon (“static detectors”), measure the horizon to
emit perfectly thermal radiation at the “Hawking temperature”; (ii) the renormal-
ized stress-energy tensor 7" is regular at the horizon; (ii1) far from the horizon
T#” has the form of outgoing, thermal radiation; (iv) near the horizon T* has
the form of downgoing thermal radiation, but with negative energy density rather
than positive — as is required by energy-momentum conservation; (v) the near-
horizon renormalized T'#” can be regarded as the naive flat spacetime stress-energy
tensor corresponding to the quanta measured by static particle detectors, minus a
contribution from vacuum polarization which is precisely thermal at the horizon’s
temperature [6, 7].

Recently Hiscock [8] has argued that there is a breakdown in these properties
in the case of a body that collapses to form a black hole in de Sitter spacetime.
Such a spacetime is more complex than those studied previously because it has two
horizons, the black hole horizon and the cosmological horizon, with two different
temperatures, T and T,.. The temperature difference, Hiscock speculated, forces
the renormalized stress-energy tensor in every vacuum state to be divergent at at
least one of the horizons. Correspondingly, Hiscock implied, if Nature chooses a
vacuum state that is well behaved at the cosmological horizons (as one would ex-
pect), gravitational collapse will produce a black hole horizon that has a divergent
renormalized T#. If true, this would mean that quantum field theory produces
an instability of the black hole horizon. As evidence for this speculation, Hiscock
enumerated several possible vacuum states for a massless scalar field and showed
that each of them had a divergent 7" at one of the horizons.

In this paper we show that Hiscock’s conjecture is incorrect: There do ex-
ist states in both the “eternal” black-hole/de Sitter spacetime (otherwise called

Schwarzschild - de Sitter spacetime) and the gravitational collapse/de Sitter space-
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time which are regular on all of the horizons, cosmological and black hole. These
states have the nice properties enumerated above, including renormalized stress-
energy tensors, T}, which are regular at all of the horizons.

Throughout this paper we will restrict our attention to two-dimensional model
spacetimes in which the § ¢ dependence of the metric is suppressed. Consider, first,
the two-dimensional eternal black-hole/de Sitter spacetime [3]. In this spacetime
the left and right moving modes are uncoupled. As an aid in defining our vacuum
state, we choose two null geodesics which cross in the region between the black hole
horizon and the cosmological horizon. For each of the left and right moving modes,
we define positive frequency with respect to the affine parameters along these null
geodesics. Since the affine parameters are regular along each of these null geodesics
as they cross the horizons, the vacuum state defined with respect to these affine
parameters will also be regular on the horizons, leading to regular stress energy
tensors at each of the horizons. One can easily see that this vacuum state is not
invariant with respect to the time translation isometry of Schwarzschild-de Sitter
spacetime. This property is indeed inevitable according to Kay and Wald [9], who
have proved the nonexistence of stationary, nonsingular states in Schwarzschild-de
Sitter spacetime.

In the case of the gravitational collapse/de Sitter spacetime, to which we will
devote more attention, we define the vacuum state with respect to the affine pa-
rameter along the past cosmological horizon. The positive frequency modes come
into the collapsing star, reflect off the origin » = 0 within the collapsing body, and
propagate outward again. These modes will again be regular along any null line
traveling from the past cosmological horizon into the future black hole horizon.
This regularity of the outward propagating positive frequency modes along inward
propagating surfaces at the horizon again ensures that the stress energy tensor will
be regular at the black hole horizon, besides being regular at the past and future
cosmological horizons — just as in the case of usual black hole spacetimes [2].

This paper is organized as follows: In Sec. 2 we examine the stress energy
tensor for “vacuum” states for a massless scalar field in a static spacetime with
a horizon. As did Hiscock, we restrict attention to a two-dimensional version of
the spacetime in which the angles (8,¢) are suppressed [10] (this simplifies the
calculations). We show that for the stress energy to be regular on the horizon,
the null coordinate used to define the vacuum state in the manner of Davies,
Fulling and Unruh (DFU) [11] must have certain smoothness properties across the

horizon. As mentioned above, the null coordinates defined as the affine parameters
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of a pair of crossing null geodesics indeed have these smoothness properties. We
also briefly outline the application of these ideas to to the eternal black-hole/de
Sitter spacetime. In Sec. 3 we specialize to the geometry of the gravitational
collapse/de Sitter spacetime. For simplicity we take the collapsing body to be a
thin, spherical, massive shell. In Sec. 4 we introduce the vacuum state which we
designate by | V), and in Sec. 5 we explore its properties at early times, before
the collapse begins, and at late times, after the black hole horizon forms. Among
other things, we show that in this vacuum state static particle detectors measure
incoming modes to be precisely thermally populated at the temperature of the
cosmological horizon (which is where these modes originate). Outgoing modes, by
contrast, are measured by static detectors to be populated in different manners
before the collapse and after the collapse: before, they are thermally populated at
the cosmological temperature; afterward, they are thermally populated at the black
hole temperature. In Sec. 6 we evaluate the renormalized stress-energy tensor in
the | V) vacuum and show that it has all the nice properties that one might expect
from prior experience: It is regular at all horizons; and near each future horizon it is
the T#* of radiation flowing into the horizon — radiation that is a superposition of
perfectly thermal radiation at the black hole temperature and at the cosmological
temperature, with positive energy associated with the temperature of the distant
horizon and negative energy with that of the nearby one. This T# has just the
form that one expects from the “membrane paradigm” [6, 7]: it is the naive stress-
energy corresponding to the measurements made by static particle detectors, minus

that of perfectly thermal radiation at the temperature of the nearby horizon.

2 Regular states on a static horizon

In this section we will be concerned with requirements that a state must satisfy in
order that the stress energy tensor be regular on a horizon. We will show that the
requirement is that the state itself be regular on the horizon. We will work in a
two-dimensional static spacetime, with the field of interest being a massless scalar
field.

By a suitable choice of the spatial coordinate r, we can bring the metric into

the form
dr?

7Y .

where f(r) is assumed to be zero at r = 7, (the horizon), and to be smooth (have

ds? = f(r) di? -
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a power series expansion in r — 7y ) near r = rj.

Using the usual null coordinates in the region exterior to the horizon

u=d—r, (3.2)
and
U = 1, (3.3)

where dr, = dr/ f, we get the following two-dimensional metric:
ds® = f(r(v — u))dudv. ' (3.4)

If we define new null coordinates

V= fhu(-u)du, (3.5)

and
U= /hu(u)du, (3.6)

where h,(v) and h,(u) are some as yet unspecified functions, we can rewrite the

metric as

52:f(7‘(v_u')) F =
dst = § TS dUAV = Cduay. (3.7)

As in Davies, Fulling, and Unruh (DFU) [11] we can define a vacuum state
with respect to these UV coordinates by choosing the positive frequency modes of
the Klein Gordon field to have the form e *“V and e~**V for w > 0. The energy

momentum tensor in this UV-vacuum is then given in DFU by

1 1 1
Ty = ——C20ydyC™ 2, (38)
127
1 .5 -
Poey ox e O3 By By 04, (3.9)
127
Tyy = ———CR (3.10)
uv = _9671' A :

where R is the curvature scalar for the spacetime.

This tensor obeys the usual conservation law

™, = 0, (3.11)
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which in this case reduces to

C

T = — Ry
0o 96;7!' R:Ua
C
TVV:U = 967T,R‘,V ) (312)

in any null coordinate system, V. Thus along the null ray I/ = const, we have
i - <
_ m0 %
Too = Too + 557 ] CR dV, (3.13)

and similarly for Ty along a V = const ray.
We are interested in the behavior of the stress energy tensor at the horizon,
r = r,. We define a UV coordinate system in which the metric coefficients are

regular along the horizon by

0 o _e—nu,
V = e, (3.14)
where x = 1 f'(rn) and where / denotes a derivative with respect to r. In these

coordinates the horizon r = 7, is located at U = 0. Using the relation (13), the
value of Ty on the horizon can be found from the value off the horizon in the
interior region. Assuming that the curvature R is regular everywhere, including
on the horizon, we see that Ty will be regular on the horizon if it is regular in
the rest of the spacetime. We thus need worry only about the behavior of Ty on

the horizon.

We have ,
ou
TUU = (60) Tyu. (315)
Writing
i = fi,,u(u)du, (3.16)
this becomes
hZ(u)
T = == T
oo hﬁ(u) vu
1 1 5 f2 b h2
S I T A
187 ha(w) [ FTE T Yo

1 e2ru fuf le hu ha
RN |

2 4 h., h2 (3'17)
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where a dot, ', denotes a derivative with respect to u. The horizon occurs at
1© = 0o, and in order that the stress energy tensor be regular on the horizon, the

quantity in brackets must fall off at least as fast as e~ ?**. The terms in f go as
2F"f — 7 % —f@+ O((r — ) = — 2 + O(e=), (3.18)

where f{ = df /dr |,=r,. We must then have

k B2 12
2f - 3ﬁ§ = _% + O(e~ ™) = —&° + Ofe™ ), (3.19)
or
1 1
4hdB2he ? = k? + O(e ™). (3.20)

Thus for the stress energy to be regular, we must have

hu(u) = e¥**(Const. + O(e™>**)), (3.21)

or

¥ = /hu(u)du
= e¥*(const. + Qe "))
= U*(const.' + O(U?)). (3.22)

U is the coordinate which is used to define the vacuum state, while U is the
coordinate regular on the horizon. Thus this relation states that the coordinates
defining the state must be related to the coordinate regular on the horizon either by
direct or inverse proportionality. Direct proportionality is easily obtained. Take
any null geodesic which intersects the horizon. Define the U coordinate to be
the affine parameter along this geodesic. This coordinate will obey the required
condition.

The inverse relation is somewhat harder to arrange. The simplest way is to
place reflective boundary conditions on the scalar field at some point » = ro within
the spacetime. If we now choose the state such that positive frequencies are defined
with respect to the affine parameter, V along the U = 0 horizon, then the boundary
conditions at g = r(v—u) = r(In(—VU)/k) mean that positive frequencies in the
U direction are given by €“'U™" for w’ > 0, which is the required condition. The
state we shall examine below for the collapse/de Sitter spacetime is of just such a

form.
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This inverse relationship is a general one. If we have two coordinates U and U
where U = 1/U, then states defined with respect to these two coordinates lead to

exactly the same stress energy tensors.

_ oU
Tow = (BU) Too

— T yr-4Aar g2 A}
- 12WU oralo-%

= —I——U—3c%(U26U) Cc-: /U

B 1 gz OF

- ‘mac OuU"0u—

- —— (O3R2(0-3

= 12WC a;C

= Tuu, (3.23)

while Tyy is obviously left unchanged, as is Tyy « R.

The energy momentum tensor can be simply calculated everywhere in the static
spacetime if we choose U and V to be affine parameters along some curves u = uq
and v = vg. In the uv coordinates, the Ricci curvature, R depends only on v — u.

Thus the conservation equation reads

f f
e NI = mA - = 3 = U .24
. QGTFR(U u) %WR(U w) (3.24)
so that f s
bR Y .2
Tt ggr ™t = / Tl A28

along a u =constant null surface. Now, along the surface v = vy, we choose U
to be the affine parameter. Thus the metric C = 2gyy is independent of U along

v = vy, and thus Tyy ( and T,.) is zero along this surface. Furthermore, f depends
only on 7, so that f,, = 1f'f. We thus have

Tw = o= (o = WR( — ) = f(vo ~ )R )~ [*5'fRdv), (3.26)

and similarly for T,,.

Finally, we calculate the change in the energy momentum tensor component
Ty along the U = 0 horizon. We have

1 = =
T = T 4 9—67;/072.,& dv. (3.27)
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For our spacetime, R is a function only of 7 and is independent of where one is on
the horizon. Thus we can write

CR,y = R,:Cf(r) (—51—) e

K
x —OR,, (r — rp)e ™
~ _1OR, e
K
1 -
r ——CR,V, (3.28)
K

and, since € is constant along the horizon, we finally get

1 = V2
Too = Ty + =—CR,r —

: 3.29
967k 2 ( )

Thus in this affine parameter coordinate system, this component of the stress
energy tensor diverges as one travels along the horizon, if R,, is not equal to zero
at the horizon. However, if we transform to the proper reference frames of freely

falling observers whose four-velocities are

0o 0 s
u = \/f]r_a — f() e fé;‘, (330)

where fy is f at the points from which the observers are dropped, we find the

components of the stress-energy tensor to be finite as V' — 0. Specifically, at the

8" o 1~ d’ ty, (3-31)
‘/

where 3; is the U-directed proper null vector of a freely falling observer. This
ensures the finiteness of Tyy as V — oo along the horizon.

In order to examine the behavior of Ty, where @, is the V-directed proper
null vector of a freely falling observer, we need to see what happens along the
null ray u = ug as v — oo. There we might approach another horizon, lo-
cated at » = v} > ro, whose surface gravity is «’. This is indeed the case in
the Schwarzschild- de Sitter spacetime [3]. Here r, is the position of the black hole
horizon while 7}, corresponds to r., the position of the cosmological horizon (see
Sec. 3). Alternatively, there could be a future null infinity (“<’ = 0”). Again using

the relations among V-directed vectors at the » = r, horizon

05 «x VOy o 0,, (3.32)
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and the DFU formula we have
av\?
Ty = — | T
v = ()0
« h2Ci:C~%
1
; r(v—u) 2 1 2 r(v—u) -
o (em)z( e ) (=Lsa) (_)
eTFrupcFrv eFr'v eFrupgFr'v

eﬂ:Zn'ue:FZ:c’u’ (333)

N

o<

as v — oo. Here the upper signs correspond to the choice of affine parameters
along u = ug or v = v rays. For instance, near the v = co horizon we have either
V o V' or V o 1/V' as discussed above in this section. Hence h,(v) x exp(F&'v).
From Eq. (3.33) we see that Tg; is finite at the horizon located at » = r, even as
V — oco. Together with the finiteness of Tyg and Tyg, this guarantees the regularity
of the stress energy tensor everywhere on the horizon. Similar arguments can be
applied to any horizon that might exist at u = +o00 or v = +o0.

The eternal black-hole/de Sitter spacetime can be regarded as a special case of
the above analysis. By choosing U and V' coordinates to be the affine parameters
of null lines that cross at the point 5,7 (rn < 70 < 7.), we define a vacuum
state whose renormalized stress-energy tensor is, according to the above discussion,
regular at both the black hole and cosmological horizons. We shall return to this
vacuum state at the end of Sec. 4, after first discussing vacua for the gravitational

collapse/de Sitter spacetime.

3 The gravitational collapse/de Sitter spacetime

According to the generalization [12] of Birkhofl’s theorem to nonzero values of the
cosmological constant A, the exterior region of a spherically symmetric body of

mass M has the Schwarzschild - de Sitter line element:

dr?

ds” = f(r)de" — s — 77(d0°  sin® 044°), (3.34)
where f(r) is
flr)=1- zf{ - %rz. (3.35)

For the sake of simplicity, we will assume that the massive body is a shell of radius

R whose interior is described by the de Sitter line element:
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2
ds® = g(r)di® — d(’") — 12(d6? + sin® 6d¢?), (3.36)
a(r
where g(r) is
A
g(r)=1- ET‘Z. (3.37)

Requiring that the proper time as measured by a clock on the shell be independent

of whether it is calculated using the exterior or interior metric, we obtain:

i [1 11y (dr)?])
— = —g+(———>(—~)}} - (3.38)
dt {f [ f g i r=R(f)
We suppose that the radius of the shell is fixed (R = Ry) until the moment £ = 0
when the shell starts imploding. At the moment ¢ = {, it crosses its horizon radius
rn and forms a black hole.
Of the three zeros of the equation f(r) = 0 one, r_, is negative. The two
others, r, and 7., are the locations of the black hole and cosmological horizons
respectively [13]. The corresponding surface gravities are

1 (df) _ A(re =) —72)

o= o \er

1 (df
¢ = o=l - . 3.39
" 2 (dr)r:rc 67, ( )

The Penrose diagram describing the causal structure of the spacetime is shown in
Fig. 3.1.

In this diagram one sees the past (H7) and future (H}) cosmological horizons
as well as the future black hole horizon (H;') which is created by the collapse.

Note that in this spacetime, by contrast with pure de Sitter, » = 0 is uniquely

determined: it is the center of the spherical shell.

4 The vacuum state | V)

As in Sec. 2, we will ignore the spherical coordinates ¢ and 6, reducing the space-

time to two dimensions.

In addition to v and v, Eqs. (3.2)-(3.4), we shall need a second set of coordinates
U and V defined as follows; see Fig. 3.2.

We first define the affine parameter of the past cosmological horizon

= g, (3.40)
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r=0

Figure 3.1: Penrose diagram of a gravitational collapse/de Sitter spacetime. The
shell in region Istarts its collapse at point £ = 0, while the shell in region II remains

static forever.

0=/

Figure 3.2: The definition of U and V coordinates. For simplicity, only the region
I from Fig. 3.1 is depicted.
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Then we choose an arbitrary point P at which the values of U and V are to be
defined. The value of V at which the past directed null ray propagating rightwards
from P hits H_ is the coordinate V(P). This construction gives

V= e (3.41)

everywhere outside the shell. Similarly, we extend the past directed, leftward
propagating null ray from P through the shell to » = 0, and there we reflect it into
a past directed, rightward propagating null ray. The value V at which this ray hits
H_ is the coordinate U(P).

Note that the coordinate V' can be extended beyond the future cosmological
horizon H}.

For u < u;, where U;(u;) and V,(v;) are the coordinates of the beginning of the

implosion, we have the simple relation
U= —e™ ", (3.42)

However for u > w; this relation is changed. As the point P gets close to the
future black hole horizon, the past directed, leftward propagating ray used to
define the coordinate U is strongly affected by the collapsing shell. In this region

(r. & —o00,u — o0) the metric function f has the following asymptotic behavior:
f ox e = ghlv=u) (3.43)

From this relation and Eq. (3.38) we obtain

il e-—m,(u—u) (3‘44)

near the point where the shell crosses its black hole horizon. Using Egs. (3.43)
and (3.44) we can, following the past directed ray through and out of the shell

[14], derive the following expression

din(-U) o
T o —8 3 (345)
which implies
U U
T o —ln(— )= (1-— A4
¢ co (Uh) ( Uh) ’ (3.46)

for values of U very close to Up, the position of the black hole horizon.
We now quantize the real scalar field with respect to the modes proportional to

exp(—wwV') or exp(—iwlU). Both types of modes originate at the past cosmological
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horizon H_, where they are positive frequency with respect to the past horizon
affine parameter V. Thus, they are a natural extension to our gravitational collapse
spacetime of de Sitter invariant modes in a pure de Sitter spacetime. The quantum
state which contains no particles in these modes we will call the | V) vacuum. It
is a natural generalization of a de Sitter invariant vacuum of de Sitter spacetime.
Namely, in the case where the shell has zero mass (pure de Sitter), | V) reduces
to the conformal de Sitter vacuum [15]. On the other hand, in the case of a
collapsing body in an asymptotically flat spacetime (A = 0), the past horizon
affine parameter would be replaced by the advanced time at the past null infinity
and our state | V) would become the vacuum state originally discussed by Hawking
[1] and subsequently by Unruh [2].

The vacuum | V) is closely related to the vacuum state for the eternal black-
hole/de Sitter spacetime discussed in Sec. 2. The vacuum defined there using the
affine parameters of any pair of crossing null rays can be shown to exibit late time
behavior identical to that of the vacuum | V). By contrast with Schwarzschild/de
Sitter, however, in the gravitational collapse/de Sitter spacetime we need only one
null ray propagating from the past to the future cosmological horizon to specify the
vacuum state | V) . This null ray is chosen to coincide with the past cosmological
horizon, thereby defining the state’s initial conditions in the past relative to all

static observers outside the massive body.

5 Properties of | V) as measured by static ob-

servers

Because the proper time 7 of a static observer (r = r,,) is proportional to the time
coordinate ¢

dr = yf {7, )dt, (3.47)
and hence 1s also proportional to w = ¢ — 7, and to v = t + r,, a particle detector
carried by such an observer detects particles that are of positive frequency with
respect to u and v. The corresponding vacuum state | S) (S for “static observers”)
is one in which the particle detector sees no quanta in the modes e=** and e~*.

The relation (41) between the null coordinates V' of the | V) vacuum and v of
the | §) vacuum implies that when the field is in the | V) state, static observers
will see the modes e~*? thermally populated at the cosmological temperature

Ke

:‘—2?.

T. (3.48)
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Stated more precisely, when studying observables confined to region I of the space-
time, one can regard the pure state | V) as being equal to a mixed state that is
obtained from | §)(S | by populating all the incoming modes e~*¥ thermally at
temperature T [16].

Similarly, the asymptotic relations between U and u at early and late times
imply that, for outgoing modes e~*** the | V) vacuum is seen by static observers
as obtained by populating | S)(S | thermally at the cosmological temperature 7.
at early times (before the collapse) and at the black hole temperature
Kh

T o

Ty (3.49)

at late times (after the collapse).

These thermal population properties of | V) show up not only in the mathe-
matical expressions for | V) in terms of | §), but also in the behavior of static
particle detectors. Consider, for concreteness, a model particle detector that is
adiabatically switched on at late times (long after the collapse). When the quan-
tum field ¢(z) is in the state | V), its influence on the detector is described by the
Wightman function [17]

DY (z,%")

(V| ¢(z)g(z") | V)
1
= *4—1n[(V—V’uie)(U—U'—ie)]. (3.50)
T
Using this Wightman function and the asymptotic expression (46) for large u, we

find that the transition rate from the ground state of the detector to an excited

state of energy E is proportional to the response function

1 1 1
FB) =% (eEam —1 B = 1)- \#-al)

Here a(r,,) = 1/f(7s0) is the “lapse function,” which blue shifts the temperature.
Expression (51) confirms that the detector behaves as though it were bathed by
cosmological and black hole thermal fluxes coming from opposite directions and
having the temperatures 7. and T} respectively. That this conclusion does not
depend on the position of the detector relative to the horizons is due to the fact that
in two spacetime dimensions the quanta propagate freely, without encountering any

centrifugal barrier and without scattering off spacetime curvature (2, 5].
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6 The vacuum stress-energy tensor

The renormalized stress-energy tensor of the conformally coupled scalar field in
the | V) vacuum of our two-dimensional spacetime is given by the DFU formulae,
Egs. (3.8)-(3.10).

Before the collapse starts (U < U;) this stress-energy tensor, transformed to
the proper reference frame of a static observer, has the following time independent
form:

. AT
M 2 f fe ™3 s T r3 rd ST

where Iy 1s the unit 2 x 2 matrix.

2
111, A 2MA 2M+3M R (3.52)

As we approach the cosmological horizon (r — r.) for U < U;, the first term in
Eq. (3.52) vanishes and we are left with the simple expression
R
T.uu = 48 _q.uu (353)
This T, is obviously regular at the horizon.

Long after the collapse starts, at u > u,, we have

T = -8 K+ ki — 'ZF(T)] - ;']T.Rf + O (6—2“"“) )

487
1 1 2R
Trr = "n Ao ¢ 9
sz““L 487 f
—2Kpu
T, = 487rf [fc = Kh] + ()( h ) ; (3.54)
where { .
F(r)= 37~ 511" (3.55)

At u > wu,; static observers observe the thermal radiation coming from the
black hole, in addition to the already existing cosmological Hawking radiation.

Very close to the black hole horizon, r — 7, (v — u — —o0), we have
Fir)=ki+0 (ez""(”'”)) ; (3.56)

In that region the renormalized stress-energy tensor (54) in a static observer’s

r [/TA\? /T R
Pow 2= e (a2l o T8 .
u 12[(&) (a)] 4871'+h0’

proper frame is:
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T N2 Tih* R
DRI U L h.o.
o 12[(a) (a)}+487r+ e
2 T 2
T, = Tu=-— [(2) - (_") ] + hoo., (3.57)
12 a «a

where h.o. denotes terms of second order or higher in a = /f.

The leading, O(a™?) terms in (57) have precisely the form of ingoing thermal
radiation in two-dimensional spacetime, except that the sign of the component at
temperature T}, is negative rather than positive. This result, obtained directly from
the Davies-Fulling-Unruh formulae, Eqs. (3.8)-(3.10), has a simple interpretation
in terms of measurements made by static observers — an interpretation embodied
in the “membrane paradigm” for black holes [6, 7]: The static observers, near
the horizon, measure outgoing modes to be precisely thermally populated at the
temperature 7T}, and incoming modes precisely thermal at temperature T.. The
rule for renormalization, in terms of these static observers’ measurements, is to
subtract off, in all modes, a thermal contribution with temperature 7. Doing so
leaves zero net renormalized stress-energy in the outgoing modes and leaves in the
incoming modes the difference between a thermal flux at temperature 7. and that
at Tj, — which is precisely the O(a~?) contribution to expression (57).

Turn attention now from the vicinity of the black hole horizon to the vicinity
of the future cosmological horizon, long after the collapse. Near the cosmological

horizon, r — r. (v — u — ©0), we have

F(r) = r? 4+ O (72l (3.58)

There the renormalized stress-energy tensor (54) in the proper reference frame of

a static observer takes the following form

o X)
2 2 ;
™ h T R
TAF - 12 (_) B (F—-c_) 487 o
12 [ o o * 487 Tl
2

Ty = To=-—oc [(E) - (2)2] +ho., (3.59)

(01

Like the 7)., near the black hole horizon, this has the simple, standard membrane-
paradigm interpretation of being, at O(a~?), the stress-energy tensor measured by

static observers, minus the contribution of perfectly thermal radiation at temper-

ature 7 in all modes.
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Expressions (57) and (59) exhibit the usual blue shift of temperature (factors
a~?), which causes the stress-energy as measured by static observers to become
infinite as either of the horizons is approached. This divergence, however, is an
artifact of the pathological behavior of the static observers’ reference frames at
the horizons. To verify that the stress-energy tensor is, in fact, regular at both

horizons, we can transform to the proper reference frame of a freely falling observer

VR8s

Here f, is f at the starting point of the free fall, the + and — signs pertain to

whose four-velocity is

the observer falling towards the cosmological or black hole horizons respectively.
We can either repeat the argument presented following Eq. (3.29) or use the late
time expressions Eqs. (3.54), as well as Eq. (3.56) (at the black hole horizon) or
Eq. (3.58) (at the cosmological horizon), to verify that in a freely falling observer’s
reference frame, the stress-energy tensor remains finite as the observer crosses any

of the horizons, regardless of where the crossing point is located.

7 Conclusion

In this paper we have seen that quantum field theory does not induce an instability
of the black hole horizon formed by gravitational collapse in de Sitter spacetime.
Rather, when a massless scalar field is in the natural generalization of the de Sitter
vacuum (also a natural generalization of the Unruh vacuum), it remains everywhere
well behaved — and, indeed, behaves in just the manner one would expect from
the study of quantum field theory in other horizon-endowed spacetimes.

After the original version of this paper was submitted for publication, we re-
ceived a preprint by Shin-ichi Tadaki and Shin Takagi which reaches the same
principal conclusions as we derive in Secs. 4 and 6 — but describes them in some-

what different language [18].
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Abstract

We develop a simple model of convection in a fluid spherically accreting onto a
black hole. The model is based on a generalization of the standard mixing length
theory of convection and is applicable if the convective velocities are either larger
or smaller than the accretion velocity. The change in the accretion velocity with
radius leads to a radial stretching of the inflowing fluid which impedes convection.
Thus, in order for convection to occur, the specific entropy has to grow inward at
the rate higher than some threshold value (dS/dr < (dS/dr)reshola < 0), which
modifies the familiar Schwarzscild criterion for convection. However, this minimum
rate is of such a small magnitude that even, for instance, optically thick, gas-
pressure dominated accretion flows, discussed by Flammang, would necessarily
involve convection, though the convective luminosity would be small compared
to the total luminosity. We illustrate our model through its application to an

accretion onto a small primordial black hole at the centre of a Sun-like star.
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1 Introduction and summary

1.1 Motivation

Despite its seeming simplicity the problem of the luminosity produced by an op-
tically thick, spherically symmetric accretion onto a black hole resisted various
attempts at solution for a relatively long period of time [1]. Finally a series of
papers by Flammang and collaborators [1, 2, 7] provided a first self-consistent,
relativistic treatment of accretion under a broad range of conditions in either radi-
ation or gas-pressure dominated environments. Flammang succeeded in isolating a
well-behaved solution, L,(r), for the luminosity, which is unique for a given mass of
the black hole and environmental density and temperature. If we neglect the mass
of the accreting fluid enclosed within radius r, this solution approaches, at large
radii, a constant value which we will call the Flammang luminosity, and whose
value in the gas-pressure dominated case is [7]
I' =1 PagdrGMc
Y w K '
where P,.q and Pg,s are the radiation and gas pressures in the fluid surrounding
the black hole and I" & 5/3 is the adiabatic exponent of the gas.

If, in order to examine certain arguably realistic astrophysical situations, we

L =4 (4.1)

drop some of the assumptions underlying Flammang’s result, we immediately face
considerable uncertainties. For instance, one case, where Flammang’s treatment
may be of relevance, would be the accretion onto a black hole residing at the cen-
tre of a star. It is then quite realistic [8] to consider a possibility, not included in
Flammang’s treatment, that the rotation of the star might impart enough specific
angular momentum to the accreting fluid to significantly change the mode of ac-
cretion: While far from the black hole the inflow would still be almost spherically
symmetric, at smaller radii there could form, due to the possible presence of a
centrifugal barrier, a torus like structure of dense and hot fluid concentrated in
the equatorial plane. It is very difficult to estimate the luminosity emitted by such
a relatively complex configuration, as well as the accretion rate itself which may
now differ from the familiar Bondi rate

Mg = 4W)\,G—2££p,. (4.2)

Here M is the mass of the black hole, p; is the density of the fluid surrounding the
black hole, c, is the speed of sound, and ), is a constant of order unity (A, = 1/4
for P = §/3).
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The possibility that cannot be excluded is that the impeding effect of the
centrifugal barrier would reduce the accretion rate relative to Mg, and, at the
same time, through friction within the torus, increase the luminosity over the value
(4.1). As it spreads outward through fluid of lower temperature, this luminosity
may be too high to be transported by radiation only, thus causing convection.

Convection may be relevant to the spherical accretion from another, more theo-
retical point of view. As Flammang himself noted [1], his solution, L,(r), entailed
a slightly negative specific entropy gradient, dS/dr < 0 at large distances from
the black hole. According to the Schwarzschild criterion for convection in a static
fluid, this would imply an instability to convection. Though Flammang was able
to conclude that the convection, even if it actually occurs, should not significantly
modify his solution, a fuller understanding of convection in this context remains
desirable.

A situation, somewhat analogous to convective spherical accretion onto a black
hole, has been encountered in the study of the so-called Thorne-Zytkov objects
[5, 6], in which the material from a red giant’s interior accretes onto its neutron-
star core. The relatively small accretion rate in such objects means that the
typical convective velocities are much larger than the velocity of radial inflow [6],
thus allowing a direct application of the standard mixing length theory (MLT) of
convection, which is frequently used in the theory of stellar structure [9].

Despite its simple-mindedness and inevitable crudeness due to the poor state of
theoretical understanding of convection, the standard MLT has been remarkably
successful: Models of the structure and evolution of the Sun and other stars,
which rely heavily on MLT, agree well with the observations and are not sensitive
to uncertainties of MLT, such as the value chosen for the mean distance traveled
by a convective fluid element before it disintegrates, the so-called mixing length,
I

In the standard formulation of MLT [9], one assumes that any averaged motion
of the stellar material (e.g. due to an evolutionary contraction of the star) is far
slower than the convective cells’ speeds; and correspondingly there is no coupling
between the averaged motion and the convection. As we noted above, this presents
no difficulty in the application of the standard MLT to Thorne-Zytkov objects.
There are situations, however, when the averaged motion is fast enough that the
coupling cannot be ignored. One such situation — the coupling of convection to
large amplitude stellar pulsations — has been studied in some detail in the past

[8]. In this paper we examine another such situation: the coupling of convection
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to a steady, radial inflow of stellar matter, i.e. steady spherical accretion.

1.2 Overview

We will develop a simple model of stationary convection in a spherically accreting
fluid based on a straightforward extension of the standard MLT. In other words,
instead of attempting to found our treatment in the basic hydrodynamic equations
we proceed directly from a semi-phenomenological level occupied by convective el-
ements as “elementary particles” of our model — exactly as is done in the standard
MLT.

Although we will allow the accretion velocity to be comparable to or even exceed
the convective velocity in the mean rest frame of the fluid, we will restrict ourselves
to subsonic accretion. This is because a supersonic theory would be far more
difficult — and probably is not needed since at supersonic convective velocities the
convective elements would presumably be quickly decomposed (through shocks).
Thus they cannot travel upstream against a supersonic flow, and they cannot carry
energy outward. The energy is presumably trapped in the inflow and the accretion
can be approximated as adiabatic [1].

As in the more familiar setting of stellar structure theory, so also in a (subsonic)
accreting flow, an excess temperature gradient, or, equivalently, a negative specific
entropy gradient, naturally tends to impart buoyancy to convective elements. The
elements of smaller entropy and, therefore, higher density will thus tend to fall
through the accreting fluid of higher specific entropy and progress more rapidly
toward the black hole. Similarly, the hyper-entropic elements will experience a
buoyancy force directed upwards. The accretion may, however, sweep both classes
of elements toward the black hole.

Of great importance here is the fact that the luminosity may be radius-dependent
(OL/0r < 0) in a steady-state accretion flow, even if heat sources such as nuclear
burning, are neglected. As we explain in Sec. 2, within the region where convec-
tion is present, the luminosity is growing as we approach the black hole (8L/0r i
0). This causes every fluid element to gain heat as it progresses towards the black
hole: simply more heat is received from the fluid below than is released to the fluid
above the element. The heavy (“hypoentropic”) elements will, due to their faster
inward motion, accumulate less heat in this way, after traveling a given distance,
than the fluid moving with the mean velocity of accretion. In the opposite case the

light (“hyperentropic”) elements will accumulate more heat than the surrounding
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fluid. This enables both classes of elements to sustain their respective density dif-
ferences with the environment and thus to move relative to it under the influence
of buoyancy forces. As we show in Sec. 2 [Eq. (4.35)], the elements from the two
classes move symmetrically in the mean reference frame of the accreting fluid, i.e.
with velocities of the same magnitude but opposite directions.

There is, however an impediment to convection which we will explore in Sec.
2: The fluid flowing toward the black hole is being stretched in the radial direc-
tion (Ov/dr > 0, where v = dr/dt < 0 is the radial accretion velocity). This
effect makes it more difficult for the convective elements to move relative to the
mean flow. In the course of their motion, they exchange more heat with the en-
vironment due to larger temperature differences needed to produce the requisite
buoyancy forces. If the magnitude of the luminosity gradient, |0L/0r|, is not
large enough to sustain those temperature differences in the presence of the ad-
verse effect of stretching, the convection will be inhibited. Since 85/8r o< 8L/0r,
this modifies the familiar Schwarzschild criterion for convection, 85/8r < 0, by
requiring that 85/0r be smaller than some (typically small in magnitude) nega-
tive quantity proportional to the amount of stretching. Naturally, even when this
modified Schwarzschild criterion is satisfied, and convection occurs, the stretching
drives the temperature gradients up, as we discuss in Sec. 2.

Having developed in Sec. 2 the basics of our MLT model of convection on
the background of an accretion flow, we turn in Sec. 3 to a discussion of some
consequences of the model for optically thick accretion onto a black hole. In all
cases to be considered, the black hole is sufficiently small that its environment can
be assumed homogeneous. In the case of a small black hole located at the centre
of a star, this means that we consider only radii that are much smaller than the
radius of the star’s central region. In addition, since we treat convection only at

radii large compared to the so-called accretion radius [6],

oM

2
Cs

Ta

(4.3)

(where c, is the speed of sound), the pressure scale height, Hp = —P/(0P/dr), at
a given 7, will be much larger than =, typically by several orders of magnitude. For
that reason we will assume that the mixing length at a given point is always of the
order of the distance from the black hole to that point. Thus emerges a picture of
concentric convective regions of growing thickness as we move away from the black

hole.

Among other issues, we will examine the conclusion of Flammang that the tem-
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perature gradient, at least in a gas-pressure dominated environment, is slightly
superadiabatic, i.e., that the specific entropy of the accreting fluid increases in-
ward. We will find that even this amount of superadiabaticity actually exceeds
our threshold for convection. This inevitably implies that Flammang’s solution is
convective, though the convective heat flux is still small in comparison to the ra-
diative heat flux. It turns out that Flammang’s solution to the combined equations
of inflow and convection may be regarded as just the lowest-luminosity member
of a class of solutions all of which involve convection. However, the particularly
appealing property of Flammang’s solution, whose luminosity is virtually constant
throughout the convective region, is that the increase in the threshold of convec-
tion at smaller radii seems to provide a natural mechanism for extinguishing the
convection in the vicinity of the accretion radius. By contrast, in the case of solu-
tions of higher luminosity, most of the heat is transported by convection. Due to a
rapid growth in luminosity, as the fluid flows toward the black hole, these solutions’
temperature gradients remain safely distant from the convection threshold even at
small radii. As we have remarked in the last subsection, this kind of behavior
would occur if the conditions at small radii (e.g., high specific angular momentum)
lead to higher temperatures and/or higher densities within and around the accre-
tion radius r,. This would preclude a supersonic transition at r,. Instead, the
fluid would settle (probably at a rate lower than the Bondi rate) onto the dense
and hot inner region, whose description remains outside the scope of this paper.

In Sec. 3 we apply our model to accretion onto a small, primordial black hole
of mass M = 1078 My or M = 10~*M,, residing at the centre of a Sun-like star
[3], which, for simplicity, is assumed to consist of pure hydrogen. At the relevant
conditions (T = 1.5 x 107K, p = 150 g/cm®), Prag = 1.3 x 10'*dyn/cm? and
Pgas = 3.7 x 10*"dyn/cm?, which implies

M
Lp ~ 2.5 x 102628

sec 10-8 M, (4:4)

[see Eq. (4.1)].
We integrate the equations of structure of the accretion flow inward from the

upper boundary of the convective region to r = 10r,, where [see Eq. (4.3)]

M

. =32 % 10%¢m———.
" RTEITA

(4.5)

Thus, as we remarked above, in addition to avoiding the near-sonic region of ac-

cretion where any MLT is bound to break down, we leave open the question of
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inner boundary conditions, which may depend strongly on the parameters of the
innermost portion of the flow.

The conditions at smaller radii might also influence the accretion rate, as we
noted above. Thus we will study accretion for three different accretion rates:
M = 0.01Mg, M = 0.1Mg and M = Mg, where

2 2
My = Mo (M) =4x10155( M ) (4.6)

~ 50sec \ Mg s \10-8 M,

is the Bondi accretion rate [see Eq. (5.1)]. The given range of accretion rates will
allow us to observe a continuous transition from a convection very close to that
described by the standard MLT, where accretion is too slow to have any effect
on convection, over to a convection very strongly influenced by the presence of
accretion.

In Chapter 5 of this thesis we will use our modified MLT formalism for con-
vection, and these convective accretion models to analyze the evolution of a small
black hole at the centre of a Sun-like star, and the structure of the accretion flow

onto it.

2 Heat transfer and convection

in an accreting fluid

2.1 Heat transfer and pressure balance

The basic equation of heat transfer [11] in the local rest frame of the fluid, with

entropy sources (e.g., viscosity or nuclear reactions) neglected, is

dS
T—=-V.q, 4.7
6T = q (4.7)
where S is the entropy per unit mass. This equation involves the heat flux q
regardless of the mechanism of heat transfer — whether it is photon diffusion,

electron conduction, or convection. In our convective situation we have in mind a
somewhat artificial picture of large-scale fluid elements exchanging heat by, among
other means, trading packets of fluid with extra high or low (depending on the
direction of motion) entropy content. Of course, in order for convection to occur,
the Schwarzschild criterion involving entropy and pressure gradients has to be sat-
isfied. As we shall see the Schwarzschild criterion, though with some modifications,

retains its importance in a spherically accreting fluid.



86

In the spherically symmetric (q = Fe,) and stationary (zero time derivatives)
flow, Eq. (4.7) can be rewritten as

as 1 0L

T = - 4.8
S or 4772 Or’ (4.8)

or as 55 &
MTE === (4.9)

where L = 47r?F is, again, the total (radiative and convective) luminosity mea-
sured in the rest frame of the fluid and v (v < 0) is the radial velocity of accretion.

Using the total differential of specific entropy

as dT oS
ws [(a—T)PF(a—PU o
= Cp(v—vad)d—P}i, (410)

where cp is the isobaric heat capacity per unit mass, and denoting by V.4 =

(0InT/01n P).q the adiabatic temperature gradient and by V= dIlnT/81n P the

actual temperature gradient in the fluid, Eq. (4.9) leads to
Hp 0

‘M(CPT or '

Here Hp = —P/(OP/0r) is the pressure scale height.

In the convective regime fluid elements of density differing from the average

V= Vaa = —

(4.11)

density of their surroundings move relative to the mean rest frame of the fluid
under the influence of the buoyancy force. However, since we assume the accretion
flow stationary, we will find it occasionally convenient to consider the motion of
the convective elements in the rest frame of the black hole — the frame in which
all quantities associated with the bulk flow change only with radius r.

The total force per unit mass acting on a fluid element of density p. and moving

with velocity v, is then

dve Fo- ~GM  109P
dt N 2 p.Or
B GM 1 GM Ov
- 2 pe \ 72 Yy
Ap_  dv
8 g, (4.12)

where Ap = p. — p, and M is the total mass enclosed within radius r — including

the mass of the black hole. We have denoted by d/dt the time derivatives comoving
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with the convective element on the left-hand side, and with the mean flow on the

right-hand side of Eq. (4.12):

%vc = (% 4 ve%) Ve, ditv = (% + v%) v. (4.13)
In Eq. (4.12) we have also introduced the “effective” gravity § = GM /r* + dv/dt
which in the case of stationary accretion (stationary mean flow) is simply § =
GM|/r? 4+ v(0v/dr). Thus the motion relative to the general accelerated (term
v0v/0r) flow of the surrounding fluid is due to to the density difference Ap. We
can therefore identify the first term on the right-hand side of the last of Egs. (4.12)
as the buoyancy force. We see that if the density Ap difference can be sustained,
convection will inevitably follow. The density difference itself critically depends on
the details of the dynamics of convective elements and the heat exchange between

them and the surrounding fluid.

2.2 Motion of convective elements through

the surrounding fluid

The heat exchange between a convective element and its environment can be ap-
proximately treated as consisting of two components. The first component, or, as
we will call it, the “horizontal heat exchange,” 1s due to the temperature differ-
ence AT between the element and the horizontally surrounding fluid. The second
component is the “vertical heat exchange” with the fluid just above and below the
convective element; it results if the luminosity L changes with radius — as can be
expected in an accreting fluid even without any energy sources or sinks [see Eq.
(4.11)]. This vertical exchange occurs even for fluid elements whose temperature is
equal to the temperature of the horizontal layer in which they reside. It is simply
due to the fact that the amount of heat being received by the element from below
need not equal the amount of heat released to the upper levels. For simplicity we
assume that this exchange does not depend on the element’s motion through the

surrounding fluid. The vertical contribution can then be written as

dS 1 1 0
(E)v = —ﬁv 9= =T By L (4.14)

The total rate of change of the entropy per unit mass in the convective element

1s, then,
ﬁ B gﬁ 1 dS
e/, \dt), \di),
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1 d A
= _WEL - VT (4.15)
In the above expression we have introduced the convective element’s volume V
and the “horizontal” heat flux A through its surface, which for a roughly spherical
element of diameter d and surface area ¥ can be written approximately as

3
Bl AT, (4.16)
3kp d

Using Eq. (4.10), d/dt = v.d/dr along the trajectory of the element, and the
definition of pressure scale height, we can derive

H

3 B O R -
Ve McpT Or pVcpv.T
where we have introduced the “convective element” temperature gradient V. =

(8InT/81n P). which describes the change of temperature in the element as it

A=

vc_vad:_

(4.17)

moves through the layers of different pressure, and relative to the accreting fluid. In
Eq. (4.17) we have actually averaged over all upgoing (or all downgoing) convective
elements passing through a stationary (fixed r) referent surface instead of treating
them individually — in the same way it is done in the standard MLT [9]. Similarly,
in omitting the partial time derivative from the expression for the acceleration
of the convective elements (4.13), we have in fact assumed that the pattern of
convection, emerging as a result of the averaging in a stationary accretion flow, is
itself stationary.

Following approximations familiar from the mixing-length theory, we assume
that convective fluid elements traverse on average the mixing length [, in the
mean rest frame of the fluid. From now on we will denote by a subscript + (—)
quantities corresponding to convective elements moving “upward” (“downward”)
in this reference frame. Thus the “upward” moving elements may either move
away from the black hole (v4 > 0) or actually approach it due to advection by the
accretion flow (vy < 0, yet vy —v > 0).

We now return to an individual (i.e., not averaged) fluid element and examine
its motion. We denote by z the radial distance that this fluid element has traveled
relative to the mean fluid motion, under the destabilizing action of its buoyancy,
since the moment it was created in near equilibrium with its surroundings. Simi-
larly, we will denote by r4 the distance of the element from the black hole. Because
the element’s velocity relative to the fluid’s mean local rest frame is v 4 —v = dz/dt,

while its velocity relative to the black hole is vy = dry/dt,
Ut

d'f‘i =

dz. (4.18)

vy —V
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Using this relation, we can rewrite the fluid element’s equation of motion (4.12) a

P = td’ri * Ud‘f‘iv
d dv
= Uid_-(vi —v) + (vs ——'u)
T4 T4
1d
= = —(vy — ) + (vy — 'u)a (4.19)

In Eq. (4.19) we have taken advantage of the fact that the mean flow is stationary
to write

d 1[0 2\ 8
a":—(aﬁ ar)”"'é?"' (4:20)

The second term in the last line of Eq. (4.19) has the form of a “frictional braking”
whose origin is not difficult to explain: The radial separation Ar between any pair
of points comoving with the mean flow of the fluid (|v| oc 1/7? typically, so dv/dr >
0) is increased as they approach the black hole (Ar o 1/7®). This radial stretching
effectively decelerates the convective elements relative to the surrounding fluid,
thus counteracting the buoyancy force. This is analogous to an ant crawling on
the surface of an expanding balloon, or to the cosmological “redshifting” of the
velocity of a cosmic-ray proton, as it moves through the expanding universe.

We now seek to integrate Eq. (4.19) in an averaged sense (averaged over all up-
going or downgoing elements). In doing so, we estimate that the average buoyancy
force, that has acted on the upgoing (or downgoing) fluid elements now passing
through some referent surface, is one half the buoyancy force they are now experi-
encing at that surface. Since they have traveled, on average a distance /2 (in the
fluid’s frame), the portion of the specific “work” of the buoyancy force available

for the elements’ acceleration is, again on average,

/2 [ Apy 1 18ps \{, lm
- e |- += 4.21
2/ ( g) dz 2( 2, 7 5 |3 (421)

where we assumed that half the buoyancy “work” was spent on “pushing” the sur-

rounding fluid aside. The numerical factors appearing in Eq. (4.23) are somewhat
arbitrary — they were introduced in order to conform to the standard mixing-
length theory [9].

Similarly, we approximate the effect of the radial stretching of the accreting

fluid by
tlm/2 dv vy — v\ dv -
S Duds P == == 4.22
fo (v =) drdI ( 2 ) dr (:i: 2 ) ( )
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Equation (4.19) then gives the following relation between the approximate speed

of convective elements relative to the surrounding fluid, and the average density

difference Apy:

1 1A 1. dv
E(Ui -— 1))2 = :F—S— Piglm F Zlmg(vi — ‘U). (423)

The convective elements’ average displacement A7 in the frame of the black
hole, as they traverse the mixing length [,, in the fluid’s frame, is [see Eq. (4.18)]
lm ilm V4

A‘I‘i = V4 = e
lve — v| vy — v

(4.24)
Thus, the temperature difference between the elements, which started their con-

vective motion from an average distance Ary /2 below (above) the referent surface,
and their environment is

A?"il
ATy = — = —_— -
e M, 5 iy —ValP
lm vyt
= V-V)T 4.25
:t2Hp ('Ui—'l))( :h) ) ( )

where V4 = (0InT/8In P); are averaged temperature gradients carried by con-
vective elements as they move across layers of different pressure. The temperature

difference, Eq. (4.25), leads to a density difference

X
Apr =pr—p = —&JT*
5[m V4
i V'="$ulp. 4.26
P () (V-9 (4.26)

In the above equation we haveused § = —(d1n p/d1nT)p and assumed the equality
of pressure in the elements and the environment due to all relevant speeds being

subsonic.

Finally, using Eq. (4.26) we obtain from Eq. (4.23) an equation for the velocities

of convective elements
(ve —v)® £ =l—(vs — v)? = v3w’(V — Vy), (4.27)
T

where we have introduced a new quantity of the dimension of velocity

512\ o2
w = (851’[]'“) ~ ";—” (4.28)
P s
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In the last equation we denoted by vg = (2§ln)!/? the velocity that would be
acquired by a particle freely falling through a height /,, in a gravitational field of
strength g. Note that if Hp < r, we can assume, as is usually done in the theory
of stellar structure [9], that [, & Hp. In this case w = c,.

Defining
|v] vy 1y dv
=—, ti=—, V¥V=—-——— 4.29
w 5w 2 wdr ( )
we can conveniently rewrite Eq. (4.27) as
(b + 2P £ V(ts + 2)* =t:(V — V). (4.30)

Adopting the convention [, £/Vd = (9/2)/l, from the standard mixing length
theory (9], using Eqgs. (4.16), (4.25) and (4.28), and defining

3acT® (8P\'/*
U= — =) (4.31)
kp2cpl2g \ bp
it is straightforward to rewrite Eq. (4.17) as
V-V
Ve-V+X = —X & W—-2 (4.32)
V4 Wi =1
where we have used a new dimensionless quantity
X =V -V (4.33)

We recall that the second term on the right-hand side of Eq. (4.32) stands for the
averaged “horizontal” heat exchange due to the temperature difference between
the upgoing (downgoing) convective elements and their surroundings. This heat
exchange is proportional to the dimensionless parameter U, which 1s roughly equal
[9] to the ratio (Hp/g)'/?/Taq; of the free fall time through the height Hp, and the
“adjustment” time 7.q; = |pl3 cp ATy /A| [see Eq. (4.16)] over which an element’s
temperature would approach that of the environment. For instance, in the case of
“efficient” convection (U < 1), the elements tend to exchange very little heat hor-
izontally with the environment until they are disrupted after traveling an average
distance I, < Hp.
With the help of Eqgs. (4.27)-(4.30), we can rewrite Eq. (4.32) as

(tx + 23 £ (2U + ¥)(ts + Z2) — (X —2U9)(t+ + Z) = 0. (4.34)

Equation (4.34), being a cubic in the unknown ¢y, has three solutions. The
following two solutions are physically acceptable,

1/2

" 1 \2
ti:—Z$(U+5)i[(U+§‘IJ) +xu2w} , (4.35)



ty = —2; (4.36)
The third solution (the same as (4.35) but with the last + substituted by a F)
is physically unacceptable because it says that the “+” solution is downgoing
and the “—” solution is upgoing, contrary to their definitions. The acceptable
solution (4.36) corresponds to elements moving together with the average flow (an
unstable situation according to the Schwarzschild criterion), while the solution
(4.35) represents convective elements moving symmetrically in opposite directions
in the mean rest frame of the fluid.

Since for the elements moving upward (downward) with respect to the fluid we
must have t4 + Z > 0 (t- 4+ Z < 0), the convective solution (4.35) is physically
unacceptable when X < 2U WV, thus leaving the equilibrium t4 + Z = 0 as the only
acceptable solution. This tells us that, in the presence of our accelerating flow, the
Schwarzschild criterion for convective instability, which normally takes the form
X =V —V.a > 0 gets modified to X > 2UV¥. This happens because, as we pointed
out earlier, the radial “stretching” of the inflowing fluid effectively reduces the
action of the buoyancy forces. Equivalently, the larger element-environment tem-
perature difference necessary to produce a given magnitude of convective speeds,
vy —v, will lead to a more rapid cooling of the upward moving elements or heating
of the downward moving ones.

Let us discuss this in greater detail: Consider, for concreteness, the downward
moving elements. Due to their higher velocity of radial inflow they are heated
less rapidly by the changing luminosity than the surrounding fluid. Since this
heating deficit is proportional to X [see, e.g., Eq. (4.32)], we obtain that, in order
to keep these elements cooler than the environment, X needs to exceed 2UV.
Thus for 0 < X < 2U V¥, although the Schwarzschild criterion is satisfied, the too
rapid temperature equalization between the elements and the environment inhibits
convection.

Of course, since the numerical factors we adopted in Egs. (4.21) and (4.22) are
somewhat arbitrary, the factor 2 in our condition X > 2U V¥ for convection is only
approximate. We will see in the next section that the presence of ¥ in the criterion
for convection is unlikely to be of importance in the case of efficient convection
(U < 1), or/and for a very subsonic flow [r > r,, see Eq. (4.3)]. The latter case

constitutes the proper domain of the applicability of our model.
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2.3 Equations of flow in the convective regime

In order to determine the basic quantities describing convection, X and t 4, we need
to supplement Eq. (4.34) with an equation expressing the convective transport of
energy. The convective heat flux in the mean rest frame of the fluid (moving with
velocity v) is

Fo=p_(vo —v)epAT_ + py(vy —v)epATy, (4.37)

where py /p are the fractions of the fluid participating in “upward” or “downward”
convective motions. Assuming that all of the fluid is included in convection (p4 +
p- = p), and bearing in mind that, due to the symmetry of solutions (4.35),
p+ = p_ in order to conserve the total mass flux M = —4wpr?v, we conclude
P+ =p- = p/2.

Using Eqs. (4.25), (4.29) and (4.30), the convective flux (4.37) can be rewritten

as

lm 1
F.= chwT———[(t+ + 2P+ U+ 2P - (- + 2P+ P(t- + Z)z]. (4.38)
2 2Hp 2

Since the total heat flux is the sum of the radiative and convective fluxes
F=F + F, (4.39)

where F' is proportional to the so-called radiative temperature gradient V.

L 4caT*
= = Er—t;H—P " (4.40)
and . -
= 52_‘;_;{: (4.41)
Eq. (4.38) can be rewritten as
8 1 \? L 1 1
SUW - X) = “(U+ S¥) +X ~2U'~D] o s 5\1:]
1/2

2
1
. RN

2
[(U + %\p) L X - ZUW]

where we have introduced W = V, — V and used Egs. (4.28), (4.31) and (4.35).
If ¥ = 0, Eq. (4.42) is identical to that for X in the standard MLT [9]. Indeed,

together with Eq. (4.35), it shows that, within the framework of our model, con-

vection can be thought of as nothing but a “Galilean boost” of the standard MLT
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picture into the local accelerated rest frame of the inflowing fluid. The inclusion of
¥ # 0 then only accounts for the fact that the local velocity of the inflowing fluid
is not homogeneous (dv/8r # 0).

For sufficiently small U (U <« X'/? and U < V), the right-hand side of Eq.
(4.42) can be considerably simplified

8 1 2
SUW — X) = [(Zqﬂ ks X) — 5@] X. (4.43)
The effect of the “stretching” of the inflowing fluid is now quite transparent: The
presence of ¥ reduces the amount of luminosity that can be transported by con-
vection [proportional to the right-hand side of Eq. (4.43)] at given X — just as we
would expect on the basis of our discussion in the last subsection of the effect of
radial stretching on convection.
In order to determine the structure of the convective region, we need, in addition
to Eq. (4.42), equations describing the variation of the total mass M, pressure,
temperature, accretion speed and luminosity with ». While giving the necessary

derivations in the Appendix, here we only present those equations:

oM

o = 4mpr?,

0P  GMp 1-2r*/GM

ar 12 1—(a—6V)pw2/P’

orT TdP

o - VP&

oL : 18P

- = =i 4.44
g — MeElEApes (4.44)

where we have introduced a = (81np/81n P)r. Note that the second and third of
Egs. (4.44) as well as Eq. (4.42), are coupled in a seemingly complicated way due
to the presence of V = V.4 + X, the definition of W, and the related Eq. (4.40).
Moreover, in order to find ¥, which is also used in Eq. (4.42), we need to compute

Ov ( 18P 10T 2)
v 6

o '\ “Por "‘Tor r

P or T 8r T

(see Appendix for derivation). However, since we are limited to subsonic flow

(4.45)

(v? < P/p), this coupling is very weak. In a numerical solution of Eqs. (4.44), for
instance, only one or two iterations, starting from an essentially arbitrary initial

X in the second equation of the set, yield a highly accurate solution for X.
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3 The structure of the convective region

As we have noted in connection with Eq. (4.35), within the framework of our
model X must be larger than 2UW¥ in order to drive convection. Because the
radiative gradient V, is always greater than the actual gradient V (W > X), the
condition X > 2UV implies W > 2U V. Since in our treatment of convection we
are naturally limited to (very) subsonic accretion velocities, ¥ is likely to be a
small number at the upper boundary of the convection region. Indeed, at very
subsonic accretion velocities (v/cs < 1, or, equivalently, r/r, > 1), where Hp > r
and thus the density gradient dp/0r can be ignored, r(dv/dr) ~ —2v, and thus
¥ ~ Z(ln/r)< Z. As we mentioned in the Introduction, in this region we can
reasonably estimate the mixing length [, to be of the order of ». Defining n =
Im/r <1 and using Egs. (4.3) and (4.28) we obtain

GM o X442 ¥
W ) (S_P) ~ s (4.46)
Since the accretion velocity is .
M
= 4.47
ol = g, (47)
Egs. (4.29) and (4.46) imply
M (8P\'*1
V=0oo— | — —. 448
47 GpM ( 5p) T ( )
Under the same assumptions, U can be computed from Eq. (4.31)
U - 3acT? 8r He
~ Gepn?ep?M \ bp
2 -
0.7 1LINT?2 1 M
» e UL Y ey e 4.49
4.8 x 10 (77)(’%) VL (4.49)

where we have expressed the temperature and density in units of their values at the
centre of the Sun: T' = T/Tg = T/1.5x 107K, 5 = p/pe = p/150g/cm®. The mass
of the black hole, M_g, is given in units 10"8 M;. We have also approximated the
opacity k with a sum of electron scattering and Rosseland mean bremsstrahlung
(free-free) opacities

K ™ Kes + Kbs, (4.50)

where
Kpe = 6.4 x 1022pT""? cm/g. (4.51)
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The value of this opacity is kK ~ 1.1cm?/g for the conditions at the centre of the
Sun. The opacity in Eq. (4.49) is assumed to be in units cm?/g.
From Eq. (4.48) we can, then, obtain the threshold of convection

12ac  MPT?1
Xc =2U¥¢ = - =
v wG26n2cp kpi M2 r

2 n7/2 2
= 66x10- 27 (1—1) 1 1 (M) 2
7 K p: M_g \M/ r

where we have used the Bondi accretion rate (4.6) as well as its dependence on

(4.52)

the density and temperature of the environment in the case of a gas-pressure-
dominated fluid, Mg o« Mp/T3/?. As should be obvious from Eq. (4.52), the
typically small value of X, in the upper part of the convection zone, where r» > r,,
implies only a tiny modification of the Schwarzschild criterion for the onset of
convection.

The value of X, is, however, important in another context. Assuming purely
radiative heat transfer, Flammang [1] found that the equations for the structure of
a spherically symmetric accretion flow implied the existence of only one solution
for luminosity, L,(r), for a given mass of the black hole and environmental density
and temperature. This result can be understood for subsonic velocities (r > r,)
with the aid of our Eqgs. (4.44):

Since we are, for the moment, ignoring the possibility of convection, X = W
and F = F; [see Eqs. (4.40) and (4.41)], the last of Eqs. (4.44) can be written as

d
4 = {5~ L), (4.53)
dr

where L, is the luminosity that would be obtained in the case of an adiabatic

temperature gradient, or, equivalently, at constant specific entropy S, and where

- 167GecaM T

—Vad, 4.54
L.l 3k P d ( )
and

o 3 Mool

¥ " 167 caT?® r?

=2
P~ Ta

K
= —65x10' (=) £ (4.55)
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The typically large negative value of k, implies a very “stiff” [12] quasi-exponential
behavior of the luminosity. Namely, a small deviation from a certain stable solu-
tion, L,(r) of Eq. (4.53), will lead to an exponential divergence (as we integrate
inward) from L,(r) with the e-folding distance k-!. To prevent this divergence,
I:o(r) has to closely follow L,. This is most simply expressed in terms of the excess
temperature gradient X =V — V4=V, —V,.q4. Since L = L,(Vaa+ X)/Vaa, we
can rewrite Eq. (4.53) for r > r, as

r 0X X r OLs 3cpeMp X
st = = — — 4.56
Vaa Or i (l Vad) Ls Or 167caT3 r’ ( )
or as
r 0X 3cpeMp 1 ( X ) GMp
—_— ek 1
Vaq Or 167caT3r * T Vad Pr *
K—Kes (9 Frs
4V — 1 “V—1) — dp—| .
X[V + - (2V 1) 4WGM2]
(4.57)
We see from Eq. (4.57) that, except for a narrow interval near
GM? 4 K— Kes (9 1/4
o = (57) o= (v )
I T8 = i\ WY
z A, Ya—— | = = 4.58
48><10rn’ﬁ§ﬁ]/4 (5+ 5 5) ; (4.58)

(Vaa = 2/5 for a gas-pressure-dominated fluid) at which the second term on the
right-hand side of Eq. (4.57) changes sign, we can neglect the derivative term in

(4.57) to obtain an approximate solution

. 16wGeca T3 M Ko Ky 0 ) Prt

= e - e ] =l

feckr] Gor 8P ™ [W " (2 "GM?
1LAINT?2 1 M3 k—Kesh
~ -5 — o s | .
= S0a (n) P2 M_SM{s 5 5

MN\? /r\*
=19 x 10~ M2, (7\7) (7:) ]

(4.59)

and the corresponding luminosity L(r) = (1 + Xo/Vaa)Ls(r). The small positive

value of X, at r < r, stems from the growth of temperature as the fluid approaches



98

the black hole. In conjunction with the resulting fall in opacity, this will increase
the luminosity Lg that can be transported by radiation at V = V,q. Since the
actual luminosity has to follow this growth of Lg, this implies that even if, as
we have assumed, convection doesn’t occur, the temperature gradient is (slightly)
super-adiabatic: The fluid receives some heat as it flows toward the black hole.

Comparing, now, Eqs. (4.52) and (4.59), we observe that X,(r) and X.(r) are
comparable in the vicinity of r, regardless of the values of 7', p and M_g. However,
the r,/r dependence of X (r) makes it smaller than X(r) for 10r, < r < r,, thus
necessarily implying convection in this region.

Let us now examine the effects of convection. The increase in Lg, as we go
inward, will, as in the case of non-convective accretion discussed by Flammang,
lead to the existence of a solution L,(r) ~ ﬁ,,('r) ~ Lg(r) for which X, ~ X, is just
sufficient to enable the luminosity to follow Lg. However, the rate of deviation of
nearby solutions from L, will be much smaller than for non-convective accretion.
Specifically, since X, > X, for 10r, < r < r,, we can, for the case of “efficient”
convection, U < X/2, solve Eq. (4.42) to obtain

8 2/3
X = (guw) . (4.60)
Then, using the last of Eqs. (4.44), we can derive

d . 18P,
E(L = Lo) = MCPTFE()\ — Xo)

; 18P 2W — W,
Ml 55w

12

16 U
= gkl L), A8
where W, = 9X3/2/8U. From Eqs. (4.49), (4.55) and (4.59) we can compute the
rate of deviation of L from L, in the convective region r < 7,

r 0 16 U
L_LDE(L—LD)—T'ICC = T*Q'-?Wr

2
0.7 g \Y2 P . anmT
2 o /22
—-5.8x 10 ( > ) (1.1) T7/2M_3 .

(3 LR K.,,34)"1/2
X s s o
5 K 5

(4.62)
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We see that, despite the reduction in the deviation rate brought about by convec-
tion, the rate is still relatively high at sufficiently small radii unless M _g < 0.1. For
this reason the solution X,(r) retains some of the significance it had in the non-
convective model of accretion: Should X fall below X,, as we approach the black
hole, it will proceed, with the e-folding distance k! towards X.. Upon crossing
Xc(r) the convection will end, and the fall of X will accelerate and then continue
with the much smaller e-folding distance k. This fall will rapidly annihilate the
luminosity L. Quite obviously, these solutions must be considered un-physical.
In the opposite case, X > X,, the solutions will rapidly move towards higher lu-
minosities and higher X. However, in contrast with the unphysical solutions for
X < X,, this growth will be inhibited to some extent by the presence of convection
for all radii 107, < r < 7,.

We illustrate the above analysis by the accretion onto a small black hole of
mass M_g = 1 which resides at the centre of a Sun-like star (p = 150g/cm?,
T = 1.5 x 10’K). In Fig. 4.1 we show the behavior of the luminosity L, convective
velocities vy, and gradient differences, W and X, for various solutions of Egs.
(4.44).

As we explained above, between X, ~ X, (dotted line in Fig. 4.1) and X.
(dashed line) for » < 7, lies the region of unphysical convective solutions. Note-
worthy is also the sustained fall of relative convective velocities, |vy — v| with
respect to the accretion velocity |v|, for the “lowest luminosity” physical solution
Xo(r). This was to be expected, since, due to the (approximate) constancy of X,,
W, = 9X3/2/8U and L, for r < r,, Eq. (4.38) implies |ty + Z| < 7~/3 for X > X,
and thus |[vy — v| = w|ty + Z| oc 77473 [see Eq. (4.46)], while |v| oc r~2.

The upward shift of the upper boundary of the convective region, e, relative to
7, (solid X curve relative to dotted), requires, however, some explanation. In the
convective regime, relatively small changes in the excess gradient X = V — V 4
may result in much larger changes in W = 9X3/2/8U (X > X_), as can be seen in
connection with Egs. (4.61) and (4.62). Analogously to Eq. (4.56) we can derive,
using L = Ls(1 + W/Vaa), an equation for X in the convective case

0XVN r OX v 8Ls 1 O yup (7 OLs L%) _ 3cpMp X
16 U Vaa Or Ls 0r Va.a8U Ls Or U Or 16wcaT? ri
(4.63

The third term on the left-hand side of Eq. (4.63) is proportional to a small quan-
tity W = 9X3/2/8U and can be neglected in comparison with the second term

on the same side. As we move outward across r,, the second term changes its
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Figure 4.1: Luminosity, relative convective velocities and temperature gradient
differences, W and X, are shown for various solutions of the structure equations
(4.44) with M_s = 1. The lowest-luminosity, physically acceptable solution is
denoted by a subscript ,. The dotted line in the plot of X is the gradient difference
X, for the Flammang solution; see Eq. (4.59). The dashed line is the convection
threshold X (r), Eq. (4.52).
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sign from negative to positive. However, in order for X to change appreciably
[-(r/X)0X/8r ~ 1], the first term on the left-hand side needs to reach some (neg-
ative) value whose magnitude increases with growing X, the value of X at r < r,.

This is achieved roughly at r. which can be estimated from

g)‘{sn _ TcOLs 3cprMp X
16 V.U - Ls Or 16mcaT? r.

dmprd —rt  3cprMp X
M r 167caT? r.’

(4.64)

where we have used the expression for 8Lg/0r appearing in Eq. (4.57). Solving
Eq. (4.64) for the case shown in Fig. 4.1, with X ~ X, =~ 10~%, one obtains
re = 2r, = 10°r,, in reasonable agreement with the exact numerical solution
displayed in Fig. 4.1. Thus, the convection effectively “smears” the effect of
a sudden drop in X, at r,. This effect may, actually, be inferred directly by
comparing Eqgs. (4.56) (non-convective model) and (4.63) (convective model): In
the case of efficient convection, U? < X, the derivative term in the convective
case is “weighted” by a relatively large factor X'/2/U which is absent from the
non-convective model. This circumstance, together with the relatively small rates
of deviation of the un-physical solutions (X < X,) from X, at r <7, (see Eq.
(4.62)), gives a certain limited “lease on life” to these solutions on both sides of
r,, with the range of radii, over which such a solution can exist, increasing with
growing X (see Fig. 4.1). Ultimately, when X reaches X, this range extends up
to r. and all the way down to the vicinity of r,.

Once we have gone beyond r., the upper boundary of the convection zone,
toward larger radii, the relatively rapid fall of X, stops, approximately at Xo(rc) &
0, and then the solution proceeds along the Flammang-type non-convective curve
X,(r). A similar conclusion holds for solutions with X (r) > X,(r), or, equivalently,
L(r) > Lo(r), for which the radius at which they merge into the Flammang-type
solution is naturally shifted upwards as we can see in Fig. 4.1.

If the luminosity L is sufficiently larger than L,, we can compute straightfor-
wardly the radius of the upper boundary of the convection zone. Specifically, if
the luminosity at » > r, is L = (1 + {)Lp), the radiative gradient will be

3 kLP 1 a4

V= 16macG MT4 ™1+ w(rfra)?’

(4.65)

where we have taken into account that the accreting fluid may contribute signifi-

cantly to the mass enclosed within the given radius, M ~ M +4mp,r3/3, and have
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introduced the dimensionless parameter p

_ Amperd

7 1.1 % W2, (4.66)

The upper boundary of the convection zone will then lie at r., where

1/3 1/3
Te = (C—) —0.97 x 105 (4.67)
M

b §
Tu p 'y

and (. is the value of ( at r..

In Fig. 4.2 we further illustrate the influence of accretion on the structure
of the vicinity of the black hole. We choose a relatively high value (. = 1 (so
the luminosity is twice Flammang at the outer edge of the convection zone), and
show the solutions for M_g = 10* and for three values of the accretion rate: M =
O.OlMB, 0.1 Mg, and 1.0Mg as indicated on the figure. As we have noted in the
Introduction, such departures of the accretion rate from the Bondi value (5.1)
are not implausible: The conditions at and inside r,, such as the presence of a
relatively high specific angular momentum in the fluid, and the resulting formation
of an accretion torus that pushes back against the low, may hinder the inward flow
and thus reduce the accretion rate below Mp. The flow at larger radii could well
remain virtually spherically symmetric and thus amenable to the foregoing analysis.
Naturally, in the limit M = 0 one obtains constant (dL/dr = 0) luminosity and a
W which changes very slowly for intermediate radii because V, < L/ M, and M
varies little inside rp (M) = (3M /47p,)'/* = 210 r,(M /107 M)?. Note also that,
not surprisingly, at larger accretion rates (M ~ Mg) both the “downgoing” and
“upgoing” elements are swept by the accretion towards the black hole (vy —v < —v)
throughout the convective region. This behavior should be contrasted with the case
of a smaller black hole (M_g = 1), discussed above, where only the solutions with
very low luminosities had the accretion velocity exceeding the convective velocities
at small radii — an obvious consequence of the fact that the characteristic accretion
rate Mg o M? grows faster with mass than the characteristic luminosity Lp o< M.

Finally, for completeness, we show in Fig. 4.3 the profiles of M, p and P, again
for M_g = 10*. These quantities are virtually independent on the accretion rate.
Thus, pressure balance is only slightly affected by the accretion since g—GM/r? =
(v/vg))GM [1?  (14/7)*GM/r?, where vg = (GM /7)}? is the “free fall” speed.
Similarly, since X < 1 in all cases considered, V is almost the same as Vaq thus

determining the temperature profile independently of the accretion rate.
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Figure 4.2: Quantities strongly dependent on the accretion rate — the luminosity
L, W, (vy—v)/|v| = —(v-—v)/|v] and X — are shown for three different accretion
rates. The numbers next to the curves indicate these accretion rates in units of
the Bondi rate Mpg. In all three cases we assume L = 2L at the upper boundary
of the convection region.
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Figure 4.3: Quantities weakly dependent on the accretion rate — Mass M, density
p and temperature T — are shown as functions of r for L = 2Lg. Although three
different accretion rates were used as in Fig. 4.2, the differences in M, p and T
are invisibly small.

4 Conclusion

The modified MLT approach to convection in spherically symmetric accretion
flows, that we have developed in Sec. 2, and the insights we have gained from
specific examples in Sec. 3, are used in Chapter 5 of this thesis as an important

tool for deducing the evolution of a small black hole inside a Solar-type star.
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Appendix: Derivation of the equations of

structure

The first and third of Eqs. (4.44) need no special explanation. The second equation

can be obtained easily if we note that

| 8 M
dr  Or \A4mpr?
M M 8y
- 2wp3  4wpr? Or 4
2 1 9P 19T
= —|v| (;+a55—555;), (4.68)

where we have used

Olnp Olnp (':HnP+ Olnp OlnT\ dln P
Alnr OlnP T@lnr OlnT # 6lnP) Olnr

dln P
= — 6V 4.69
o ) Olnr ( )
With the aid of Eq. (4.68) we can easily solve
oP ov GMp
B e e .

for OP/0r and thus arrive at the second of Eqgs. (4.44). The fourth of Eqs. (4.44)

is nothing but a rewrite of expression (4.11).
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Chapter 5

Evolution of a primordial black hole

inside a rotating solar-type star
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Abstract

We investigate the accretion-driven evolution of a primordial black hole at the cen-
ter of the Sun or any other solar-type star. We show that if the star’s rotation is
small enough for the accretion to be radial, then the black hole grows at the rather
fast “Bondi” rate [so the remaining life of the star is 50( M /M )s when the hole’s
mass is M|, and the flow produces luminosity at the rather low “Flammang” level
[Lp = 2.5 X 103*(M/Mg) erg/s]. As a result, the growing hole has no influence on
the star’s external appearance until tens of minutes before it completely destroys
the star. We then examine the effects of a solar-like rotation. If each fluid ele-
ment were to retain its angular momentum during the inflow, the accretion would
centrifugally hang up and form an “accretion torus” near the growing hole, until
the hole’s mass M reaches M, = 107*M,,; thereafter the inflow would be radial.
We show that, when M < M, = 10~!' M, then molecular viscosity removes an-
gular momentum from the flow fast enough to prevent such an accretion torus
from forming; and when M < Mp = 6 x 10~ B,*/*M,,, where B, is the magnetic
field strength at the star’s center, then magnetic torques prevent the torus from
forming; and in these regimes the flow remains radial at the high Bondi rate, and
the luminosity remains at the low Flammang level. For M above these regimes
but below M, = 1073 M, an accretion torus probably does form and may increase
the luminosity L above Flammang and slow the flow M below Bondi. However,
until at most three days before the star is destroyed, the increase of L cannot be
by more than about an order of magnitude because the higher L would produce
strong convection outside the accretion torus and the resulting turbulent viscosity
would remove so much angular momentum from the flow as to prevent the torus
from forming in the first place. Furthermore, if the accretion rate is reduced to
less than about 20% of the Bondi rate, the rotation does not change the final con-
clusion: The black hole has no significant influence on the external appearance of
the star until tens of minutes before.the star is destroyed. If, on the other hand,
the accretion rate somehow remains approximately Bondi, the luminosity and the
total energy output of the accretion could, in principle, grow large enough to cause
observable changes in the star, but not earlier than the last two or three days be-
fore the end of the accretion. As a corollary, the “solar neutrino problem” cannot

be solved by postulating a small black hole at the Sun’s center.
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1 Introduction and summary

Over the past two decades the discrepancy between the observed and theoretically
predicted solar neutrino rates [1, 2] has given a healthy stimulus to a great variety
of speculative attempts to solve the so-called “Solar Neutrino Problem.” Proposed
explanations at one extreme are based on modifications of the standard solar model
through precarious alterations in the temperature and/or chemical content of the
Sun’s core. Explanations at the other extreme are based on the fundamental parti-
cle physics of neutrinos; these, especially the Mikheev-Smirnov- Wolfenstein theory
of neutrino flavor mixing, have gained popularity recently due to improvements in
empirical understanding [2].

Exotic as they might seem, these models’ boldness is exceeded by Hawking’s
early proposal [3] that accretion onto a black hole residing inside the Sun could
substitute to some extent the energy produced by conventional nuclear reactions.
Since the energy flux due to accretion would be accompanied by few neutrinos,
1t might seem straightforward to produce both the photon and neutrino fluxes as
they are currently observed [4].

However, the expected progressive increase in the mass of the black hole and
in the hole’s accretion rate immediately posed the problem of the time-scale over
which the accretion could provide the necessary luminosity. In their model of So-
lar evolution involving a central black hole, Clayton et al. [5] assumed (without
justification on the basis of any models) that the accretion rate M was directly
proportional to the luminosity L, for whose value they simply adopted the Edding-
ton luminosity. These assumptions lead to an exponential growth of the mass of
the black hole. The authors concluded that if the accretion provided a significant
fraction of the observed luminosity at some moment, the star would ultimately be
eaten up by the black hole in a time At = 0.1¢,..(f/0.1), where %,z is the present
age of the Sun and f = L/Mc? is the efficiency of accretion, which was assumed
(without proof) to be constant. Thus although we would indeed live in an un-
typical era, a relatively short time before the end of the Sun, there would still be
enough time to, say, develop sufficient technology and move to another hospitable,
this time hopefully black-hole free, solar system.

This conclusion is, alas, brought into question by a more careful examination of
the assumptions regarding the accretion luminosity. Specifically, for a black hole
mass M larger than about 10*! grams, the accretion radius [6] 7, ~ GM/c will
be larger than the mean free path [, = 1/kp, of a photon. (Here ¢, = 6 x 107cm/s



111

is the speed of sound in pure, completely ionized hydrogen at 1.5 x 107K, x ~
1.1cm?/gram is the opacity, and p, = 150g/cm? is the central density of the Sun.)

In this mass range, if the Sun’s rotation is negligible, we should be able to treat
the accretion in the first approximation as everywhere adiabatic and radial with

the familiar Bondi accretion rate [6]

: G? M? My [ M\?
M= agp T it = [ :
g P =Gl =, (MQ) ()

(where A, is a numerical constant of order unity, equal to 1/4 for the adiabatic

exponent I' = 5/3), which leads to a remaining lifetime for the Sun
tie = 50s(My /M), (5.2)

when the black hole’s mass has reached the value M. Moreover, as Flammang has
shown [7], the radial flow and large optical thickness at the accretion radius lead

to a unique luminosity emitted by the accreting fluid,

Lp = Wadﬂ_adm ~ 2.5 x 1034%£

9.
Poa K s My’ (5.3)

where Prag = 1.5 x 10"dyn/em? and Py, = 3.7 x 10'7dyn/cm? are the radiation
and gas pressure corresponding to the above mentioned values of the temperature
and density; Vg = (0InT/8In P)s = (I' — 1)/T" is the adiabatic “temperature
gradient” [8, 9]. It is easy to see that Lg is the luminosity that “leaks out” from
the accreting fluid whose temperature gradient is almost exactly at its adiabatic
value.

A straightforward conclusion can now be drawn from Egs. (5.1)-(5.3): If the
present day accretion luminosity is a detectable portion (say 1 percent) of the total
solar luminosity (and if the Sun’s rotation is negligible), there remain only about
10 hours until the final throes of the dying Sun. Moreover, the accretion luminosity
has been this high only during the past day—far too short for the accretion-induced
photons to diffuse out to the solar surface. Correspondingly, we cannot know that
the Sun has a black hole at its center until hydrodynamic effects from the final,
catastrophic accretion reach the Sun’s surface—presumably tens of minutes before
the Sun’s death. The apparent conflict of this result with naked eye observations
hardly seems to be compensated by the remote possibility of a briefly reduced
neutrino flux.

One would, thus, be lead to reject the black hole inside the Sun as a cure for

the solar neutrino problem.
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This simple picture might, however, be changed significantly due to the rotation
of the Sun (or any other solar-type star)—as Martin Rees has pointed out to us.
Although the Sun may be considered a relatively slowly rotating star with the
period of about 25 days at its surface and about 15 days in its core, the fluid
flowing from large radii toward the black hole could have enough specific angular
momentum to get hung up at the corresponding Kepler radius before reaching
the black hole. Thus, at least until the growth of the black hole makes the last
stable orbit radius exceed the Kepler radius of the inflowing fluid (which happens
when M = M,; ~ 107*My), there is a possibility that a torus-like structure,
supported by the angular momentum, could form near the black hole and produce
a luminosity larger than the Flammang luminosity. Therefore, the above-described
analysis and conclusions, regarding the evolution of a black hole inside the Sun,
would be valid, strictly speaking, only for very slowly rotating solar-type stars.

In order to get centrifugally hung-up, the inflowing fluid needs to retain a
substantial portion of its original angular momentum. For that reason, this paper
1s, in large part, devoted to an analysis of various mechanisms of transferring
angular momentum from the fluid at small radin to a more distant environment
(i.e., of “braking the rotation”), and to the limits these mechanisms could impose
on the formation of an accretion torus and on the luminosity produced by any such
torus. In our treatment we will focus attention on the region around the equatorial
plane where the influence of the rotation is strongest, and will assume that the
angular momentum is transferred only within this region. In other words, we will
ignore the exchange of angular momentum between the near-equatorial region and
the fluid closer to the axis of rotation. Such exchange, occurring, for instance,
through meridional circulation [10], presumably would only weaken the effects of
rotation on the accretion. For that reason our treatment will underestimate to
some extent the rotation-braking effect of all of the mechanisms examined.

Since the accretion rate increases with the growing mass of the black hole, the
time over which the braking of the differential rotation can act is ever shorter
as the hole grows larger and the fluid is increasingly able to retain its angular
momentum. This will put an upper limit on the mass of the black hole, above
which a given braking mechanism loses its effectiveness. Thus we will conclude in
Sec. 3 that (for the parameters characteristic of the center of the Sun) braking by
molecular viscosity is capable of removing the centrifugal obstacle to radial inflow
only for M < M, = 107"* M. On the other hand, as we shall see in Sec. 4, the

mass limit Mp for effective braking by magnetic torques depends on the strength
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of the initial “seed” field By in the Sun’s core, which is amplified by the differential
rotation. Though one might presume that the braking effect would be limited by
reconnection of the field lines and subsequent ohmic dissipation, an analysis in Sec.
4 shows that for By > 5 Gauss the mass limit Mp = 6 x 1078 Mg(Bo/Gauss )*/4 is
determined not by reconnection but by the limited amplification of the magnetic
field due to an insufficient amount of winding of the field lines at the given accretion
rate M = Mp. If By < 105Gauss, there will be a range of black hole masses Mg <
M < M, over which magnetic braking is incapable of preventing an accretion
torus from forming.

In this mass range we see no way to prevent a torus from forming. If the torus
1s to be of any interest for the external appearance of the Sun, it must increase the
accretion’s luminosity well above the Flammang level and /or reduce the inflow rate
well below the Bondi level. A detailed analysis of the torus’s actual structure and
luminosity is beyond the scope of this paper—and turns out to be almost unnec-
essary. Instead, in Sec. 5, we investigate the question of whether, in the region of
radial flow outside the torus, a substantially increased luminosity and/or reduced
inflow rate is compatible with a flow which carries enough angular momentum
to form the torus in the first place. The answer is “No,” because of luminosity-
induced convection: Based on a mixing-length theory of convection in a spherically
accreting fluid developed in Chapter 4 of this thesis, we estimate that luminosities
exceeding the Flammang level Ly (M) by a factor of a few would produce strong
convection, and the resulting turbulent viscosity would remove angular momentum
from the inflowing fluid so efficiently as to prevent the torus from forming. There
is a possible exception: When M ~ 0.1M, the luminosity required to prevent
the torus formation could exceed the Lp by two or or more orders of magnitude
if M ~ Mg. If M is significantly reduced from the Bondi value (M < 0.2M3),
this increase in luminosity is not large enough to cause observable energy release
during the short time (at most three days) before the black hole reaches the limit
M, and reverts to spherically symmetric accretion with the accompanying Flam-
mang luminosity. Therefore, in the probable case of sub-Bondi accretion rates, the
Sun or any other solar-type star will show no surface signs of the cancerous black
hole at its center until (presumably) tens of minutes before the hole destroys the
star. Only then, with hydrodynamic effects from the final catastrophic accretion
reaching the star’s surface, will external observers learn of the hole.

If the accretion rate persists at about the Bondi level, the luminosity as the

hole passes through the range M ~ (0.1 to 1)M, might be large enough to lead
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to observable effects — but only during the last two or three days before the final
collapse of the star.

In our analysis we have ignored the fact that the flow down the polar axis of the
Sun would not be hindered by a centrifugal barrier. However, due to the formation
of a torus, one would expect the radiative flux to be preferentially emitted along
the axis, and thus to push (to some extent) the fluid back. This is closely related
to a possible caveat in our discussion: Since we are not analyzing the detailed
structure of the innermost region where the torus should form, we are not able
to exclude the (however unlikely) possibility that a very large luminosity could
be directed almost entirely along the axis of rotation. Although this pattern of
heat transfer could, in principle, produce visible effects on the star’s surface, it
might still not cause a significant convection in the equatorial plane, and thus our
heat generator would be left without an effective negative feedback. However, due
to the high density and opacity of the fluid near the centre of the Sun, it seems
implausible that the high anisotropy of the flux could extend to distances large
enough (r > 7,) to affect our basic conclusions.

Apart from this remote possibility, our analyses, leading to the conclusions
outlined in this Introduction, are rather crude, since the detailed effects of rotation,
magnetic fields, and convection on the flow are probably quite complex. However,
our arguments appear to be quite robust, and thus our conclusions fairly secure.

Our analysis can be easily extended to any star similar to the Sun, but with
possibly somewhat different parameters. However, for simplicity, in this paper we
will restrict ourselves to the solar parameters—including, for example, the rotation

rate of the Sun’s core (period 15 days).

2 The role of the Sun’s rotation

At first sight, the rotation of the Sun might seem too slow (we assume angular
velocity of o = 27/15days = 5 x 107®sec™! at the center of the Sun), to be of
any consequence for the accretion onto a small black hole. However, consider a
fluid element, close to the equatorial plane, which at the beginning of accretion
happens to be at distance r, from the black hole. If the inflowing gas conserves
its angular momentum, the rotation will still provide this element with enough

specific angular momentum | = Qo7 to stall its inflow near the corresponding
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Kepler radius r = r§Q3/M G which can be re-expressed as

13
Tk _ -7 (AJQ)Q 54
— =2Tx%10 — j (5.4)

Ta

for the conditions at the center of the Sun. In Eq. (5.4) we have taken into account
that by the time the initially distant fluid element approaches the center, the black

hole mass will have grown approximately to
M = d7nripo/3. (5.5)

In epochs when the inflow has been approximately radial near the hole during
the last several doublings of the hole’s mass (e.g., because of viscous or magnetic
torquing), the black hole will be rotating slowly and thus will be approximately
Schwarzschild. In epochs when the inflow has maintained an accretion torus near
the hole during the last several mass doublings, the gas descending from the torus
to the hole will have carried so much angular momentum that it will have spun
the hole up to nearly extreme Kerr [11]. We shall parameterize the hole’s actual
spin at any epoch by the specific angular momentum of the gas at the last stable
circular orbit lj,,, in units of that for a Schwarzschild hole; i.e., by the parameter

1 1n the following equation:

heo = 2\/51,0221—4. (5.6)

For a Schwarzschild hole, 1 = 1; for an extreme Kerr hole, 4 = 1/3. In order for
a torus to exist at some epoch, the specific angular momentum of the fluid as it

nears the hole must then exceed [li,,. This condition sets the maximum mass

1 /c%N\2 1 [ 3 \? T

above which the rotation of the infalling matter will not be able to supply enough
specific angular momentum to stall the accretion at the centrifugal barrier.

From Eq. (5.7) we conclude that for M > M, = (0.001 to 0.01)M; one can ne-
glect the influence of rotation on accretion and assume that the accretion is roughly
spherically symmetric. [Actually, as the black hole grows beyond ~ 0.1 Mg it will
accrete the material from radii where specific angular momentum is significantly
higher than it would be for a body of unform density. Nevertheless, one can see
by looking at the standard solar model tables (e.g., [1]) that this cannot stall the

accretion at the Kepler radius except for the last ~ 10% of the mass of the Sun.]
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Various mechanisms of the outward transport of angular momentum within the
accreting fluid could, however, remove the centrifugal barrier and preserve essen-
tially spherical accretion at the Bondi rate even for M < M. Of those mechanisms
we first examine braking by molecular viscosity (Sec. 3), then magnetic braking

(Sec. 4), and finally braking by convection-induced turbulent viscosity (Sec. 5).

3 Viscous transport of angular momentum

In order to estimate the conditions under which viscosity can keep the accretion
practically spherical, we will examine the viscous transport of angular momentum
on the background of radial inflow at the Bondi rate M = CoM? [where Cy is
defined in Eq. (5.1)]. The radial velocity is then given by

CoM?

Vp = — 47'rp'r'2 . (58)

Since the effects of Sun’s rotation should be most pronounced near the equatorial
plane, we will consider only the motion in a thin slice —a/2 < 8 < a/2 (where 6
is the angular latitude with # = 0 at the equator), and neglect its coupling to the
fluid outside the slice.

The total angular momentum enclosed in the ring-shaped part of the slice from
rtor + Aris

L = a2n(Ar)prl, (5.9)
where [ is the specific angular momentum. The change in L is given by the following
equation

d a 0
d—tﬁ — (E+UTE) [. —T(T‘)—T(T+AT)
0
~ —Ar—T A |
r=T(r), (5.10)
where 5
T(r) = —a2mpvr®—Q (5.11)

or

1s the viscous torque exerted on the side of the “ring” at radius r, v is the kinematic
viscosity, 8 = [/r? is the angular velocity and pvrd§/dr is the viscous stress.
Using Eqgs. (5.8)-(5.11), as well as the conservation of mass d(pr?Ar)/dt = 0,
we arrive at the angular momentum transport equation
a CoM? 0 1 & o8 il
— — — = —— pu'r—( l).
ot 47 pr? Or pr? Or or

(5.12)

re
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We now take advantage of the fact that after approaching the black hole to
within, say, one half of its original distance 7y, the subsequent flow of a fluid element
can be considered stationary since M does not change significantly over the rest
of the course of the inflow. Thus, neglecting the time derivative for r < r¢/2, we
can write the first integral of Eq. (5.12)

I+ é:;;r"% (%z) = K, (5.13)
where K is a constant of integration.

The kinematic viscosity at the center of the Sun can be estimated as
cm? T /2 (150g /cm®
~ dgcs ~ 20 ( ) ) 5.14
m=a s \1.5x107K P )
where Mg ~ 1.2 x 107®cm T?/pIn A (CGS units) is the mean deflection time of a

proton due to Coulomb collisions and In A ~ 4 is the Coulomb logarithm.

We can estimate conditions for effective viscous braking of rotation even with-
out actually solving Eq. (5.13). (However, see Appendix A.) If
CoM? Mo\
D, = ~ 1 x 107 _— , 5.15
S 4mpy S (IO‘IGM@) ( )
the second term on the left-hand side of Eq. (5.13) will prevent a significant increase

in angular velocity. The same condition can be translated into the requirement

that the viscous torque per unit area, pv r29Q)/0r, be greater than the angular
momentum current density, p|v.|l. This can be achieved at r = 7o for M <
10~Mg. In this range of masses, the viscous braking is effective for D, < r <
To. Assuming that rotation is roughly rigid (@ = Qo) for r > D, and totally
unaffected by viscosity [ =~ Qo(D,/r)?] for < D,, we estimate the specific
angular momentum that the fluid will retain at » < D,

S IO-IOM(Q
Equating ! with [, gives, then, the maximum mass M, =~ 10~'' M, beyond which

an effective removal of angular momentum by conventional viscosity is impossible.

2 Mo\
1=0Q,D% =5 x 103 ( ) . (5.16)

4 The transport of angular momentum by

magnetic torques

A potentially more efficient mechanism of braking the accretion-driven differential

rotation for black-hole masses above M, can be provided by the well known ten-
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dency of magnetic fields, “frozen” in a highly conductive plasma, to resist any flow
that would deform the field lines.

The evolution of the magnetic field is governed by the well known equation of
magneto-hydrodynamics (MHD) [12]

%B — V x (vxB)=7VB, (5.17)

where 7 = ¢?/4wo and o is the conductivity of the plasma given by

116 (2kT)%/?
- w32 ;ml2e21n A

3/2
To ) (5.18)

~ 2.0 x 1081 (-—-——-—
S\ TEx 107K

thus giving n ~ 36cm?/s for the center of the Sun.

4.1 Ideal magneto-hydrodynamics in the accreting

plasma

At first we consider the ideal MHD case (n = 0) leaving the effects of finite
conductivity to the next subsection. Assuming for simplicity axial symmetry,
Ow/0¢ = Ov,/0¢ = 0, where ¢ is the azimuthal angle, we obtain equations describ-

ing the amplification of any preexisting “seed” magnetic field through compression,

2
B, = (’”—") - (5.19)
T
and winding up,
d (By\ . (T0\? 09
() =m(7) % (5.20)

of magnetic field lines pinned to a fluid element at the equatorial plane. By is
the radial component of the initial field in the fluid element which is at ro at the
beginning of accretion.

As in the previous section [see comments after Eq. (5.15)], the condition for
effective braking of differential rotation is that the magnetic torque per unit area

should exceed the angular momentum current density:

B, By
47

CoM?
42

r

: (5.21)

' ZF’FUT” =

where T4 = —B,By/4m is the physical “r¢” component [eg = (1/7)3/8¢] of the

magnetic stress tensor and M, is the current mass of the black hole. Using Eq.
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(5.19) and defining ¢ = r/ro, mc = M. /M, = M./10"'' Mg, we can re-express this
condition for effective braking as

B¢ B¢ C’()]V.[z[I _3m5/3 Q 3
= £_ i~ G < . —z°. 22
B, B, B3 6.3 x 10 B2 Qoz (5.22)

Whenever the azimuthal (toroidal) magnetic field of a strength sufficient to satisfy
condition (5.22) is generated, the angular velocity will be kept roughly constant,
thus preserving an essentially rigid rotation of the accreting fluid.

Similarly to the approximation used in the previous section, we can divide
the inflow in two “phases:” in the first (say 1/2< 2z < 1), r does not change sig-
nificantly, while M. grows, starting from ~ M,, by, possibly, several orders of
magnitude

1 1
M, M.

(for M. < M, ~ 10~ M, rotation is rigid due to viscosity — see previous section).

= Cot (5.23)

In order to determine whether the winding of the magnetic field lines can
lead to the fulfillment of the condition (5.22), we will compute the maximum

amplification of the field which is obtained if we neglect the back-reaction on the

rotation (2 = Qo(ro/r)?* = Qo/z?)

aﬂ_ 9 (ro\* 20 ro\3
3 =3 (7) '“To[(?) ‘l]’ (5:24)

where we have used dro/dr = r?/r?. Given Eq. (5.24) and the growth in M. with

decreasing z,
M, — M,
B =8 Y 5.25
: L (5.25)
where M = 4wpr3/3, the growth of By, Eq. (5.20), can be expressed for M, <

M. <M (1 <m.<m,where m= M/M, = M/10-"' M) as
By = rrgBoj ——dt
o ¥

M. dM. 20 M. — M,
M, Co]\’{cz To A4

Q

—ToDg

Q

2008, | (Mc)
coM "\ M,

Inm

-5 x 10730

Q

, (5.26)

m



120

where Inm. = Inm.

The field thus amplified can effectively brake the differential rotation for 1/2 <
z < 1 only if roughly (see Eq. (5.22))

m®3/Inm < 3 x 10°B, (5.27)
or if
M < ma(Bo)M, ~ 6 x 10~8 Mg B3'*, (5.28)
assuming 1 < m < M /M,.
The seed magnetic field By satisfying condition (5.28) will successfully brake
differential rotation even for z < 1/2, where r (or z) changes by several orders of

magnitude while M remains roughly constant (m. = m). More specifically, in this
region Eq. (5.20) leads to

. Awprd r O, Amprd
By~ —r e Bo ]m/z Sdr ~ — s Bor(2 = Q), (5.29)
and thus - .
$o % Tro_ 0 (5.30)

B, = CoM,m
The requirement that the magnetic field so amplified keep 2 roughly constant (2 —
Qo = O()) implies, again through Eq. (5.22), relation (5.28) — independently
of z.

4.2 Effects of finite resistivity

The winding of the magnetic field lines will inevitably force regions of oppositely
directed fields into mutual proximity, and thus, possibly, bring about the onset of
fast reconnection and accelerate Ohmic dissipation [effects of the finite conductivity
of the plasma, Eq. (5.18)].

From the simple geometry of the frozen magnetic field, we see that the distance
Ar between two initially remote points that are brought close to each other by the
winding of the field line to which both are pinned is

Ar =

Tr. (5.31)
®

Then, the time scale 7g at which the field line will reconnect is inversely propor-

tional to the reconnection speed which is a fraction of the Alfvén speed vg = fva
(B<0.1)

1Ar 1, Jf4«p
= 2 o o R TP 32
Bon = B2 1B,) s’

TR
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As a result of the reconnection, the field which was originally ordered on a large
scale (2 7o) is being fragmented into isolated “islands” or “cells,” thus reduc-
ing its ability to transport angular momentum. However, as long as 7r is larger
than the characteristic time scale of field amplification 75 = Bg/(dBg/dt) =~
(Bg/B,)/|rd02/ dr| [see Eq. (5.20)], By will continue to grow. In other words if

3

TR 1 m!/3 | B, r |68

— ~2x10°= S—l—| 21 533

LR S L LS (5.33)
[where we have again used Eq. (5.19) and r = moz = 3.2 x 10%cm m!/3z], the

magnetic cells will, on average, gain in length along the ¢ direction despite being
occasionally broken up by the reconnection.

The reconnection by itself does not cause a significant loss of the magnetic
flux. Nevertheless, the reduction of the relevant length scale due to the winding
of the field lines will accelerate the familiar Ohmic dissipation which will proceed
on the timescale 7p = (Ar)?/n. Then, from Egs. (5.19) and (5.31), we obtain
the condition for a continuing amplification of the magnetic field, despite Ohmic
dissipation

3

B.l” 4r |05
B¢ Qo or

The effect of reconnection in the early phase of accretion (1/2 < =z < 1) might be
to stop the amplification of the magnetic field before condition (5.22) is satisfied.

Otherwise, as shown in the previous subsection, the field will keep the rotation

D 1.4 x 10"m?3

%1, (5.34)
B

essentially rigid, therefore removing the danger of an all-out reconnection.
The borderline case occurs when 7g/75 =~ 1 at the moment the ratio By/B,
reaches the value (5.22). This implies [see Eq. (5.33)] that an effective braking, for

1/2 < z < 1, can be achieved despite reconnection if

TR =, w0l B3
(TB)e.b ~3 x 10 B i3 > 1, (5.35)

where we have used |0§2/0r| < 28 /r, 1/ < 4. Therefore, if

i}
pB3/14

the differential rotation will be braked before the field is fragmented by reconnec-

m < mg ~ 200

plsas (5.36)

tion. Of course, this assumes that the amplification of the field is efficient enough

[condition (5.28)] to give rise to substantial magnetic torques, capable of braking
the rotation.
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Similarly, at the point of effective braking [Eq. (5.22)], Eq. (5.34) yields

Gl 1 - B8
(TB)Eb ~ 5 x 10M 2, (5.37)
leading, therefore, to the upper mass limit for negligible dissipation at effective

braking
m < mp =2 x 103B}*". (5.38)
If condition (5.38) is satisfied, most of the magnetic flux will be preserved
despite reconnection. This raises an interesting possibility that the magnetic field

fragmented at z =~ 1 might still achieve ratio By /B, sufficient for effective braking
later in the course of accretion. More specifically, for z < 1/2

(T_R) zgxlggl Bg L(Q‘l)sf_ o0
TB/ ab. AmEge \Q/ Qs

— 5.39

il (5.39)
where we have, again, substituted By/B, from the relation (5.22) and assumed a
rough conservation of the flux (B = By/z?) which is necessary for Egs. (5.22) and

(5.33) to be valid. If we also assume that, after the reconnection at z ~ 1, the

rotation is virtually uninhibited by any angular momentum transport, Q =~ Qq/z?
(though the magnetic “cells” produced by reconnection do indeed provide some

“friction” [13]), thus minimizing (5.39), we obtain

RY  _ 0l Bs 1
(Ta)c.b._zxm vk (5.40)

Thus if the accretion is capable of generating strong enough magnetic fields
[see Egs. (5.28) and (5.30)], the reconnection will lose its ability to disrupt the
achievement of |Bg/B;|.p. at the distance (in units rg)

5/2
Byen 22 1 W 105LB0

\/B'mﬂa’

from the black hole for m < my, m < mp but m > mg.

(5.41)

The angular velocity that has increased during the inflow from 1 to Z;es, Slres =
Qo/z2,, will remain roughly constant inward from .. to, say, the accretion radius
Ty = ra/ro ~ 1 x 10-"m?/3, where the effective transport of angular momentum
should presumably cease due to the increased radial velocity of the inflow. The
requirement that the corresponding specific angular momentum [ should be smaller

than the last stable orbit angular momentum [,

I Sueri
ho  2V3YGM/c

B mi7/3

s 12— —
¥ B

<1, (5.42)



123

translates into a new reconnection limit

3/17
M < miM, =5 x 10" My, BL*/"7 (%) , (5.43)
thus depending only weakly on the details of the mechanism of reconnection (factor
B), or the angular momentum of the black hole (factor ).
We note in passing that for z < 1/2 the danger of Ohmic dissipation is di-
minished with decreasing = [see Eq. (5.34)]. Indeed, the ratio (7p/7g)ep. actually

increases inward from z =~ 1,

3

(LD) ~ 9 x 1072 | B g2 |99
TB/ eb. $lep. Qo |Or
B¢ 1

14 0

[compare with Eq. (5.37)]. Therefore, the condition (5.38) which ensures that the
flux is not dissipated near z = 1 guarantees its approximate conservation during

the subsequent inflow.

Finally, we conclude that if all three conditions (5.28), (5.38) and (5.43) are
satisfied, the magnetic field will be able to preserve a roughly spherical accretion
despite the reconnection and Ohmic dissipation.

For By greater than about 5 Gauss, we see that the only relevant upper mass
limit is (5.28), which is imposed only by the limited ability of the flow to amplify
the seed magnetic field through an ideal MHD dynamo action. Therefore, if we
want the magnetic braking of the differential rotation to be successful throughout

the relevant range of mass (M, < M < M,), we would need to have By 2 5 x 10°
Gauss.

5 Convective transport of angular momentum

Since we have shown that viscosity and magnetic braking (for seed fields By <
5x10°G) are not able to ensure an essentially spherical accretion we are faced with a
possibility that the rotation of the fluid can radically change the mode of accretion.
Following the current understanding of accretion in various astrophysical contexts
[6, 14], one might then suspect that the resulting disk or torus-like configuration
around the black hole could generate a significantly higher luminosity than the

spherical accretion.
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Although the details of the accretion at small radii may be very complex and
the luminosity emitted by the torus difficult to determine, we will rely on the
following simple physical picture to extract enough information for our analysis:
The torus, supported in its innermost part by a high specific angular momentum,
will push out against the accreting fluid, possibly as far as the accretion radius
r, and beyond, and thus reduce the rate of accretion. On the other hand, the
increased luminosity produced by the torus cannot be transported by radiation
alone. Some, possibly a large part, of the luminosity will have to be transported
by convection. However, convection cannot transport the heat efficiently against a
supersonic flow since the convective elements would presumably be dissipated by
shocks at supersonic convective velocities.

For these reasons, if the luminosity is to be increased above that of Flammang
and/or the accretion rate reduced below that of Bondi, the accretion very likely
must be subsonic within and everywhere above the torus: Instead of the super-
sonic transition near r,, which determines the Bondi rate, the fluid will settle
subsonically onto the torus.

Besides transferring heat, the convection will also transport angular momen-
tum in the fluid which rotates differentially due to accretion. Since the angular
momentum is essential for the maintenance of the altered mode of accretion, we
will, in this section, try to estimate the maximum luminosity L(M) at which the
magnitude of the convective turbulent viscosity would still allow the inflowing fluid
to keep a large part of its angular momentum while passing through the convective
region surrounding the black hole.

In estimating the effects of convection, we will rely on a mixing-length theory
(MLT) of convection in a spherically accreting fluid that we have developed else-
where [8]. Though the luminosity, as well as the accretion rate, can be affected
by the presence of a torus at small radii, we will assume that the accretion at
r > 107, will deviate very little from spherical symmetry for, say, M > 10 %M
[see Eq. (5.4)]. Similarly, while the luminosity may be preferentially emitted along
the axis of rotation, we will also assume that the heat flux is roughly 1sotropic at
7 3> ra > rx. [However, see our remarks in the Introduction.] This (almost) spher-
ically symmetric portion above the torus and above r, is the proper playground
for our MLT model of convection in accretion flows.

We will consider only the stage in the evolution of the black hole when its
mass is around M = 107* M, since it is at this stage that, due to a high accretion

rate, the convection will have the most difficulty reducing the amount of angular
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momentum in the inflowing fluid — just before the rotation of the Sun looses its
relevance at M = M,. Therefore, we can expect the highest L(M) right around
M =10-*Mg (m = 107).

As elsewhere in this paper, our estimates will be crude. First of all, we will
associate with the convection an effective viscosity v = |vc. — v|lm, where v, — v is
the average velocity of the convective elements in the mean rest frame of the fluid
and l, is the mixing length, which is going to be of the order of the distance of
the point, at which [, is estimated, from the black hole [8]. Then, by analogy with
the discussion in Sec. 3 in connection with Egs. (5.12) and (5.13) (see also the
Appendix), we can consider the convection capable of holding the angular velocity
of the accreting fluid roughly constant at given radius r only if the “braking length”

M

D
7 dwpr,

(5.45)

is smaller than r. The length D. is analogous to the quantity D, introduced in
Eq. (5.15).

Following this basic fact we will simply assume that the angular velocity is
constant in the region where D. < 7 and, on the other hand, free to change as 1/r?
wherever D. > r. The region where D. < r will be called the “braking zone,” and
its bottom and top radii will be denoted r and 7.

The discussion so far has not taken into account the overall conservation of
angular momentum. Specifically, as a fluid element enters the convection zone
from above, the “viscosity” rises abruptly and the element actually gains some
angular velocity. Physically, the entering element is at the “receiving” end of the
angular momentum “transmission line.” Thus we can expect that the (roughly
constant) angular velocity within the convection zone should be somewhat higher
than the angular velocity of the fluid just above it. This effect is augmented
somewhat by the fact that the fluid departing the braking zone leaves behind most
of its angular momentum. Because the (molecular or magnetic) viscosity at r > 7,
is far smaller than the (turbulent) viscosity at r < ry, the braking zone is isolated in
terms of angular momentum transport from the rest of the star, especially during
the late phase of accretion that we are particularly interested in. This braking
zone actually serves as an angular momentum “depository” throughout the later
stages of accretion.

For this reason we will compute the total balance of angular momentum in the

braking zone. The contribution that has been brought into the braking zone by
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the fluid that is currently there is
Lig = /n 2w aplin(r)ridr (5.46)
Ty

where « is the opening angle of the wedge around the equatorial plane (see Sec.
2) and b, = Qor?, is the specific angular momentum brought by the fluid starting

from radius 7;,. Bearing in mind that

4 4
ot + M = gt (5.47)

we derive .
" 3 2/3
Lin = %4”' ‘/1"5 P8 (T'3 * EM) ridr
. a 29 5/3 3 5/3 3 5/3
= 56.0 x 10*° ergs m ((r./m) + 1) - ((rb/ro) + 1) (5.48)

The contribution from the history of departing fluid leaving most of its angular

momentum in the braking zone is

2ra M
Lo = = [ (ha(M) — heo( M))aM
h oy, (ln(M) = o M)
= %6.0 x 10% ergs [m®% — 1087 x 107 (m? —1)],  (5.49)

where we have assumed that the luminosity in the whole previous history since
the the end of the “viscous” era at M, was just enough to reduce, via convection,
the specific angular momentum from (M) = Qo(3M/47p)*® to hs [Eq. (5.6)
with ¢ = 1/3, see Sec. 2|. In Eq. (5.49) we have integrated from M, because for
M < M, the accretion is slow enough for the angular momentum to be distributed
throughout a large portion of the star [see Sec. 3].

The sum of the “input” angular momenta £;, and £}, must be equal to the total
angular momentum L, stored in the braking zone. This L, will depend on the
bottom and top radii r, and r; of the braking zone, and on the (roughly constant)

angular velocity €2, in the braking zone:
Lar = Z‘R'OCQC/ t pridr. (5.50)
Tb

Given a value of the luminosity at the upper boundary of the convective region
(which virtually coincides with r), we can integrate the equations of structure of
the (convective) spherically symmetric accretion flow [see [8], Egs. (42) and (44))
and then obtain 2. from equation

Lin+ Ly = L. (5.51)
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The larger is the total luminosity L emerging from the accretion flow, the
stronger must be the convection and thus the stronger the turbulent viscosity.
The resulting increase in braking efficiency implies that the fluid leaving the brak-
ing zone at m,, and proceeding toward the vicinity of the black hole, will have a
lower specific angular momentum. There is an upper limit, L(M) on the allowed
luminosity; above this limit, the inflowing specific angular momentum will be too
small to allow an accretion torus to form and thus too small to increase the lumi-
nosity above that of Flammang. Thus, this L(M) is the accretion flow’s luminosity
when the specific angular momentum emerging from the braking zone is equal to

liso, which means when Q. = lj;o/r{. For this .,

A llso T
Lo=Ly = 2ma— pridr
T'b Tb

= %1.9 x 10?7 erg sm? ((rt/ro)s - ('rb/'rg)s) (ro/ms)?®.  (5.52)

In Fig. 5.1 we plot the luminosity L, the fraction L,/L of the total luminosity
transported by radiation, the relative convective velocities and the ratio D./r,
determining the braking of rotation, for M = 10~* M, and for three values of the
accretion rate: M /Mg = 0.1 (full lines), 0.5 (dotted lines) and 1 (dashed lines).
In each of the cases shown, the luminosity as measured at the upper boundary of
the convective zone has been fixed as L, i.e., chosen to yield equality (5.51) for
0o = b /et

We observe that the luminosity L(M), thus obtained, is primarily determined
by the need to achieve sufficient braking, i.e., sufficiently small D . at small radii.
Especially at higher accretion rates (M =~ Mg), the ratio D./r can be very small
(efficient braking) in the upper portion of the convective region. However, this
does not guarantee that the rotation will be braked at small radii, where the
increased accretion velocity could make the fluid escape toward the black hole
before a significant part of its angular momentum is removed. For this reason,
at least at higher accretion rates, we need relatively high luminosities to achieve
efficient braking. Naturally, these high luminosities lead to large portions of the
total luminosity being transported by convection and to more extended convective
regions (see Fig. 5.1) [15].

We notice that at M = Mp (and for M = 107*My), L =~ 170Lg. This
corresponds to about 10% of the solar luminosity. However, at this accretion rate
there remain only 50sMg /M ~ 6 days until the mass of the black hole exceeds M

and the rotation ceases to affect the accretion. The amount of heat deposited in the



L (erg/s)

128

(v, = v)/IM

LRl | T T r oy T T T T 7] [Ty T T T T T T rorvro
0% = 1
E - E
r- - -
10“5- . O.l_g_-
: 1 =
1035- . } 0-0015
3 3 :
1035- 3 0.00015
103 3 10-¢
m Iill 1 - -] llllll 1 A A llllll —‘ llll L A 1 l‘kl]l L 1 s l‘llll
L 7 100 1000 10495 100 1000
£/x; r/r,
SOL—"' T — T o 3
: - i 7
| A0 i 7
8 |-
10 = |
= . 1= i
5F 3 i (-
[ ] e I ]
L il a g | 4
L 1
lé- = |
0sk _E 0.1 \ | 3
i ] 3 N
i T 0.05+ e st
L | ] i i
0.1 1aal 1 13 s sl i a4 oa Saaall aaal 1 Loaoa el s il
10 100 1000 10 100 1000
£/T, T/T,

Figure 5.1: Luminosity L, ratio of the radiative and total luminosity L,/L, convec-
tive velocity in the mean rest frame of the fluid in units of the accretion velocity
and the ratio D./r for M = 107*M and three values of the accretion rate as
explained in the text.
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central region of the Sun by the accreting black hole at this stage (~ 10*%erg) will be
exceedingly small — certainly too small to have any effect that might be observable
from outside our star (e.g., the thermal energy stored in the deepest 1% of the mass
of the Sun is ~ 10*7erg). A similar conclusion holds for smaller accretion rates, at
which the time the black hole spends in the vicinity of M = 10~* M will be longer
while the luminosity L will be considerably smaller: L ~ 30Lg for M = Mg/2
and L ~ 4L for M = Mg/5. Since the accretion rate (Mp < M?) will be much
smaller in the earlier stages of the evolution of the black hole, the luminosity will
never exceed a few Flammang luminosities for M < 1074 M.

As the black hole grows beyond 10~* My, the convection will find it more diffi-
cult to cope with the higher accretion rate as can be seen from Fig. 5.2. We have
followed the growth of fJ(M), as determined by the prescription outlined above,
up to the point where L roughly equals the solar luminosity Lg and the central
convective region encompasses about 10% of the mass of the Sun. Clearly, the
correct integration of the solar structure, at such relatively large radii, would have
to include the energy produced by nuclear burning. However, by not including it,
we obtain a reasonable approximation to the requisite L [16].

In Fig. 5.2 we express L(M) in terms of both the Flammang [Ly(M)] and solar
(Lg) luminosities. We also show the portion Mc.nv/Mg of the total mass of the
Sun that is included in the central convective region, as well as the time tye(M)
that remains until the end of accretion at the given mass of the black hole. Again,
the full lines correspond to M = 0.2Mg, dotted to M = 0.5Mg, and dashed to
M = 1Mg.

We observe that in all three cases the luminosity L(M) will reach Ly about
three days before the final collapse of the Sun. However, at smaller accretion rates
(M = 0.2Mp — see dashed lines) this luminosity is achieved when the mass of the
black hole is near M. Given the proximity of M, and the relatively small total
energy released at this stage (~ 103%ergs), it is almost certain that the accretion
will sail through this period without producing any change in the appearance of
the Sun. Obviously, due to the still lower L(M), this conclusion would hold for
even smaller accretion rates (M < 0.2Mg). Thus, the probable lowering of the
accretion rates below the Bondi value, due to to the formation of the torus at
small radii, would lead to an accretion invisible for outside observers until the last
tens of minutes before the demise of the Sun.

If the accretion could somehow proceed at higher rates (M ~ MB), a much
higher energy output would be possible in the last two or three days. The physics
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M_qny in the short interval before M/ reaches M,
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of accretion would become rather more complex, resulting in a possible change
in the Sun’s appearance. This last stage would then lie outside the scope of this
paper. We rest content with the conclusion that for all but (at most) the last
two or three days of the accretion, an outside observer would see no reason not to

consider the Sun just another, ordinary star.
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Appendix: A stationary solution of the viscous

angular momentum transport equation

We rewrite the time independent Eq. (5.13) in a more convenient form

d D KD
—0=-—= vzt .53
er 7"2Q+ rd’ (3.53)
where Q = I/r? and
; 2
= M Ll (5.54)
4mpu 4dmpv
Assuming that D is constant everywhere, we can (substitution y = 1/r is
useful) arrive at the solution
2
Q:Qo{1+2+l(2)}, (5.55)
T 2 A7

where we have substituted (0o = C/D?. This solution describes a peculiar station-
ary vortex in which the angular velocity (2 is constant at » > D but increases as
1/r? for r < D. The “exit” specific angular momentum for the fluid that finally
escapes (r < D) the braking action of the viscosity v is lox = QoD?/2.

Strictly speaking, this solution is not directly applicable to the problems dis-
cussed in this article because it assumes a constant accretion rate and stationarity
everywhere — as well as a constant viscosity . However, it strongly indicates that
viscosity, or any other angular momentum transport mechanism which can be rea-

sonably quantified by a “diffusivity” v, can effectively keep the angular velocity
constant if » > D.
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