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Abstract

Noncommutative geometry is a source of particle physics models with matter Lagrangians
coupled to gravity. One may associate to any noncommutative space (A, H, D) its spectral
action, which is defined in terms of the Dirac spectrum of its Dirac operator D. When
viewing a spin manifold as a noncommutative space, D is the usual Dirac operator. In this
paper, we give nonperturbative computations of the spectral action for quotients of SU(2),
Bieberbach manifolds, and SU(3) equipped with a variety of geometries. Along the way we

will compute several Dirac spectra and refer to applications of this computation.
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Chapter 1

Introduction

Noncommutative geometry is a source of particle physics models with matter Lagrangians
coupled to gravity [18]. A noncommutative geometry consists of a triple (A, H,D), of an
algebra A and a self-adjoint, typically unbounded operator D concretely represented on a
Hilbert space H. Such spaces are usually referred to as spectral triples. The associated
action functional, which underlies these physics models, is defined as the trace of the cutoff
of the Dirac operator by a test function, and is called the spectral action. More precisely,

the spectral action is given by the expression

Trf(D/A). (1.1)

In this expression, A is a positive number, and f is a positive smooth even function decaying
rapidly at infinity.

There is a general asymptotic expansion for the spectral action, and by studying the
appropriate spectral triple, one can use this asymptotic expansion to recover the classical
Lagrangian and Einstein-Hilbert action, along with additional terms [23].

Noncommutative cosmology aims to build cosmological models based on the spectral
action [50]. To extrapolate these models to the recent universe, one cannot use the asymp-
totic form of the spectral action. The calculations below consist of more direct calculations
of the spectral action which are valid in a broader regime than the asymptotic approach,
and were undertaken in order to enable a further analysis of these cosmological models.

These calculations are possible in highly symmetric situations, where the spectrum of
the Dirac operator is exactly known and decomposable into arithmetic progressions indexed

by Z* or N*_ and the multiplicities are polynomials of the eigenvalues. In order to carry out
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the calculations one must first compute the Dirac spectrum. This is done by casting the
problem into familiar problems in representation theory. In several of the cases considered
below, the spectrum has been calculated explicitly by others. In other cases, formulae for
generating the spectrum are known, and we simply apply these formulae to produce the
explicit Dirac spectrum. In yet other cases, we determine for ourselves the formula for gener-
ating the spectrum. Once the Dirac spectrum has been computed, one then finds a suitable
decomposition of the spectrum into arithmetic progressions and discovers the polynomials
which describe the multiplicities of the eigenvalues. In this form, the spectral action may
be usefully expressed by applying the Poission summation formula or the Euler-Maclaurin
formula when the spectrum is indexed by ZF or N* respectively. The first calculations of
this sort were performed in [16], in the case of SU(2) with the round metric and [17] in the
case of SU(2) equipped with the Robertson-Walker metric.

All of the spectral action computations below, with the exception of SU(3), use the
Poisson summation formula. Once the Dirac spectrum has been explicitly computed, there
is a unifying structure to all of the calculations, which we presently review. Suppose that
the spectrum has been computed and decomposed into one or several pieces as described
above, where the multiplicities are described by one or more polynomials, P. Specifically,
this means that the spectral action can be expressed as a sum of one or several terms of

the form

> P(no+n)f (nojn> =Y g(n), (1.2)

nezk nezk
where g(n) = P(ng +n)f (22£2).

Next, we apply the Poisson summation formula to g.

> 9= gn). (1.3)

nezk nezk

Since f is a Schwarz function, one has the estimates

> FO((An)| < CpAF, (1.4)
n#0

where f() denotes the Fourier transform of |z|7 f(z).

As a result, as A goes to infinity, the sum of all terms g(n) for n # 0 decays faster than
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A* for any k > 0. The final expression for the spectral action is
Trf(D/A) = §(0) + O(A™"), (1.5)

for arbitrary k > 0.
As for SU(3), we compute the spectral action using the Euler-Maclaurin formula. In

one-dimension, the formula is

b

> ot = | @)+ 19O NNBi 6oy 00y R, (16)

k=a 7j=2
where Bj are the Bernoulli numbers, and the formula for the remainder R,, is

_1\m b
Rm:(nll? / 0™ (2) B (2 — [2])da. (1.7)

In the remainder formula, B,,(z) are the Bernoulli polynomials. When we use the Euler-
Maclaurin formula to compute the spectral action in this situation, we once again have
g(n) = P(no+n)f ("), except here n will be summed over N instead of Z. To compute
the large A behavior of the spectral action, we take a Taylor expansion of the integrand, g,
with respect to A, and estimate the remainder R, for varying values of the parameter m.
In the case of SU(3), we need a two-dimensional version of the Euler-Maclaurin formula,
but the analysis is completely analogous.

In chapter 2, we review the author’s first calculations of the spectral action, on quater-
nionic space, the Poincaré homology sphere, and flat tori.

In chapter 3, we undertake a more systematic study of such calculations on Bieberbach
manifolds. In this case, we use symmetries of the spectrum to obtain expressions of the
spectra which are indexed over Z*.

In chapter 4 we undertake a more systematic study of such calculations on coset spaces
of SU(2). For these calculations, we apply general formulae to obtain explicit expressions
for the Dirac spectra. Guided by the spectral action calculations, we uncover a mistake in
the computation of the Dirac spectrum for lens spaces performed in [5].

In chapter 5 we study such calculations on twisted Dirac operators over coset spaces of

SU(2). These calculations were necessary in order to study the noncommutative cosmolog-



ical models in the presence of matter.

In chapter 6 we study such calculations on a one-parameter family of Dirac operators
over SU(2) and SU(3). In this chapter, we review formulae used to produce the Dirac
spectrum developed by the author in collaboration with Alan Lai. To compute the spectral

action of SU(3) we apply a multivariate version of the Euler-Maclaurin formula.



Chapter 2

Quaternionic Space, Poincaré
Homology Sphere, and Flat Tori

2.1 Introduction

To begin, we recall the first example of a nonperturbative calculation of the spectral action,
undertaken by Chamseddine and Connes in [16]. The space considered here is the three-
sphere, S3. This calculation uses the same techniques as the one performed in the sequel
and is somewhat simpler than the cases we will consider later on.

The basic tool used in this chapter is the Poisson summation formula. One version of

this formula states that for a test function A € S(R) in Schwartz space,

> h(n) =" h(n). (2.1)

nel neL

The notation  denotes the Fourier transform,

h(z) :/Rh(u)e%i“xdu.

For the calculations below, we need the slightly more general form of 2.1,

1 TINT 7>
S h(z+an) = < 3 R, (2.2)
A A
nez nez
To compute the spectral action nonperturbatively the Poisson summation formula is
applied to a function of the form P(u)f(u/A), where P(u) is a polynomial whose value at

u is the multiplicity of the eigenvalue w in the Dirac spectrum, and f is a positive, smooth,
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even cutoff function of rapid decay. In the case of S3, the eigenvalues are given by % +n,
for n € Z, with multiplicities n(n 4+ 1). Applying the Poisson summation formula gives the

desired result:

Trf(D/A) = A3 /Rv2f(v)dv — 1A/Rf(v)dv + O(A™F),

as A goes to infinity, where k can be any positive integer.

2.2 The quaternionic cosmology and the spectral action

Let Q8 denote the group of quaternion units {£1, i, £7, +k}. It acts on the 3-sphere, with
the latter identified with the group SU(2).

2.2.1 The Dirac spectra for SU(2)/Q8

As we show here, the main reason why the case of SU(2)/Q8 can be treated with the same
technique used in [16] for the sphere S2 is because the Dirac spectrum is given in terms
of arithmetic progressions indexed over the integers, so that one can again apply the same

type of Poisson summation formula.

More precisely, we recall from [31] that one can endow the 3-manifold SU(2)/Q8 with a 3-
parameter family of homogeneous metrics, depending on the parameters a; € R*, 7 =1, 2, 3.
The different possible spin structures €; on SU(2)/Q8 correspond to the four group homo-
morphisms @8 — Z/27 with g = 1 and Ker(¢;) = {£1,+0;}, with o; the Pauli matrices.
The Dirac operator for each of these spin structures and its spectrum are computed explic-
itly in [31]. The case we are interested in here is the one where the metric has parameters
a1 = ag = az = 1, for which SU(2)/Q8 is a spherical space form. For this case the Dirac

spectrum was also computed in [4].

In this case, see Corollary 3.2 of [31], the Dirac spectrum for SU(2)/Q8 with the spherical
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metric a1 = ag = ag = 1, is given in the case of the spin structure ¢y by

3+ 4k with multiplicity 2(k + 1)(2k + 1)
3 +4k+2  with multiplicity 4k(k + 1)

—3 — 4k —1 with multiplicity 2k(2k + 1)

—3 — 4k — 3 with multiplicity 4(k + 1)(k + 2),

\
where k runs over N. For all the other three spin structures €;, j = 1,2, 3, the spectrum is
given by

(

3+ 4k with multiplicity 2k(2k + 1)
% +4k +2  with multiplicity 4(k + 1)2

—3 — 4k —1 with multiplicity 2(k + 1)(2k +1)

—3 — 4k —3 with multiplicity 4(k + 1),

again with k € N.

2.2.2 Trivial spin structure: nonperturbative spectral action

By replacing k& with —k — 1 in the third row and k with —k — 2 in the fourth row, we rewrite

the spectrum (2.3) in the form

3+ 4k with multiplicity 2(k + 1)(2k + 1) 25

3+ 4k +2 with multiplicity 4k(k + 1),

where now k runs over the integers Z. This expresses the spectrum in terms of two arithmetic
progressions indexed over the integers. Now the condition that allows us to apply the Poisson
summation formula as in [16] is the fact that the multiplicities can be expressed in terms
of a smooth function of k. This is the case, since the multiplicites in (2.5) for an eigenvalue

A are given, respectively, by the functions P; () and P»(\) with

1, 3 5

Pi(u) =-u?+ Sut —

1(u) = qu+ 10t 1 20
1, 3 7 '

Py(u) =74 14 16
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We then obtain an explicit nonperturbative calculation of the spectral action for SU(2)/Q8

as follows.

Theorem 2.2.1 The spectral action on the 3-manifold S = SU(2)/Q8, with the trivial spin

structure, is given by

~

TH(F(D/A)) = S(Aa)*FO0) ~ - (Aa)F(0) +(A), (27)

with a the radius of the 3-sphere SU(2) = S3, with the error term satisfying |e(A)| = O(A™F)
for all k > 0, and with J?(k) denoting the Fourier transform of v*f(v) as above. Namely,
the spectral action for SU(2)/Q8 is 1/8 of the spectral action for S°.

Consider a test function for the Poisson summation formula which is of the form
h(u) = g(4u + ;), for some s € Z.

Then the Poisson summation formula gives

S 1 LTSN . __ M
29(4”+§) = Zzexp( 1 )9(1)7 (2.8)
neZ nez
which we apply to g;(u) = P;(u)f(u/A), with P; as in (2.6) and f the Schwartz function in
the spectral action approximating a cutoff.
This gives an expression for the spectral action on S = SU(2)/Q8 with the trivial spin

structure, and with the sphere S® = SU(2) of radius one, which is of the form

Tr(f(D/A)) = Zgl 4n+ +Zg2 4n+
Tn min n (2.9)
= Ziexp(g4 —G—Zfexp ! gg(z).

Assuming that f is a Schwartz function, then g; is also Schwartz, hence so is g;. There-

fore, for each k € N, we get an estimate of the form

1._..n _
> < Gi(5)] < CeAh
4 4
n#0

This shows that we can write the right hand side of (2.9) as the terms involving g;(0) plus



an error term that is of order O(A~F).

One then computes
g LASF) (0) 4 22270 (0) + 2 AT
91(0) = N (0) + Yol (0) + TGAf(O)' (2.10)

Similarly, one has

lAf(O), (2.11)

32(0) = LA FO(0) - SA7F0(0) -

so that one obtains for the spectral action in (2.9)

Te(f(D/A) = §(91(0) +2(0)) + O(A™F)
(2.12)

= LA3F@(0) — LAF(0) + O(AF).

The case with the 3-sphere SU(2) = S2 of radius a is then analogous, with the spectrum
scaled by a factor of a~!, which is like changing A to Aa in the expressions above, so that

one obtains (2.7).

2.2.3 Nontrivial spin structures: nonperturbative spectral action

The computation of the spectral action on SU(2)/@Q8 in the case of the non-trivial spin
structures €; with j = 1,2,3 is analogous. One starts with the Dirac spectrum (2.4) and

writes it in the form of two arithmetic progressions indexed over the integers

3 +4k with multiplicity 2k(2k + 1)
(2.13)
3 +4k+2 with multiplicity 4(k + 1)

In this case one again has polynomials interpolating the values of the multiplicities. They

are of the form

1 13

P — o ty— 2

1) = qut = Ju =3 .11
1, 1 1 ‘

We then obtain the following result.

Theorem 2.2.2 The spectral action on the 3-manifold S = SU(2)/Q8, for any of the non-

trivial spin structures €j, j = 1,2,3, is given by the same expression (2.7) as in the case of
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the trivial spin structure €.

It is enough to observe that the sum of the two polynomials (2.14) that interpolate the
spectral multiplicities,
15 1

Py(u) + Py(u) = QU = A

is the same as in the case (2.6) of the trivial spin structure. One then has the same value of

1. 1 1

1910)+ 3200 = 1 [ (P + Pa(w) f(/8) du

which gives the spectral action up to an error term of the order of O(A*).

2.3 Poincaré homology sphere

The Poincaré homology sphere, which is the quotient of the 3-sphere S3 by the binary
icosahedral group I', is also commonly referred to as the dodecahedral space, due to the
fact that the action of I' on S% has a fundamental domain that is a dodecahedron. The
dodecahedral space is obtained by gluing together opposite faces of a dodecahedron with

the shortest clockwise twist that matches the faces.

2.3.1 Generating functions for spectral multiplicities

To explicitly compute the Dirac spectrum of the Poincaré homology sphere, we use a gen-
eral result of Bér [4], which gives a formula for the generating function of the spectral
multiplicities of the Dirac spectrum on space forms of positive curvature.

In the generality of [4], one considers a manifold M that is a quotient M = S™/T
of an n-dimensional sphere, n > 2, with the standard metric of curvature one, and with
I' € SO(n+1) a finite group acting without fixed points. It is shown in [4] that the classical

Dirac operator on S™ has spectrum

(2.15)

2

+ (9 + k) k>0, with multiplicities 2"/2 <k * Z N 1).

The eigenvalues of M are the same as the eigenvalues of S™, but with smaller multiplicities.
The spin structures of M are in 1-1 corrrespondence with homomorphisms e : I' — Spin(n+

1), such that © o € = idp, where © is simply the double cover map from Spin(n + 1) to
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SO(n + 1). If D is the Dirac operator on M, then to specify the spectrum of M, for one
of these spin structures, one just needs to know the multiplicities, m(£(n/2 + k)), k > 0.

These are encoded in two generating functions

im +k D)z (2.16)
:im(—(ﬁJrk),D)z’“. (2.17)
2
k=0

It is elementary to show that these power series have radii of convergence of at least 1 about
z = 0.
Now denote the irreducible half spin representations of Spin(2m) by

pt :Spin(2m) — Aut(X] )

p~ :Spin(2m) — Aut(X;,)),

where E;Em are the positive and negative spinor spaces. Let xT : Spin(2m) — C be the
character of p*. It is shown in [4] that the generating functions of the spectral multiplicities

have the form

)
(

2.3.2 The Dirac spectrum of the Poincaré sphere

In order to compute explicitly the Dirac spectrum of the Poincaré homology sphere, it
suffices then to compute the multiplicities by explicitly computing the generating functions
(2.18) and (2.19).

Let T be the binary icosahedral group. To carry out our computations, we regard S° as

the set of unit quaternions, and I" as the following set of 120 unit quaternions:

e 24 elements are as follows, where the signs in the last group are chosen independently

of one another:

{1, +i, +j, £k, (ilizij +k)}. (2.20)
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e 96 elements are either of the following form, or obtained by an even permutation of

coordinates of the following form:
1/2(0 i+ ¢~ 1§ + pk), (2.21)

where ¢ is the golden ratio.

Then I acts on S3 by left multiplication. Similarly, if S? is regarded as the unit sphere in R4,
then SO(4) acts on S® by left multiplication. In this way, we may identify a+bi+cj+dk € T,
with the following matrix in SO(4):

a —b —c —d
b a —-d c
c d a —b
d —c b a

2.3.3 The double cover Spin(4) — SO(4)

Let us recall some facts about the double cover Spin(4) — SO(4). Let S3 ~ SU(2) be the

group of left isoclinic rotations:

a —b —c —d
b a —-d c
c d a -—b 7
d —c b a

where a? + b? + ¢ + d*> = 1. Similarly, let S% ~ SU(2) be the group of right isoclinic

rotations:
p —q —T —S
q P s —r
r —s p q

S r —q P

where p? 4+ ¢> 4+ r? + s* = 1. Then Spin(4) ~ S? x 5%, and the double cover © : Spin(4) —
SO(4) is given by (A,B) — A - B, where A € S3, and B € S3. The complex half-spin
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representation p~ is just the projection onto S3, where we identify S7 with SU(2) via

a —b —c —d

b a —-d ¢ a—bi d+c
H

c d a b —d+c a—+bi

d —c b a

The other complex half-spin representation p* is the projection onto 513%, where we identify

S% with SU(2) via

p —q —T =S

q p s -r p—qi S+
—

r —s p q —s+rt p+aqi

s r —q p

2.3.4 The spectral multiplicities

We define our spin structure € : I' — Spin(4) to simply be A — (A, I). It is obvious that
this map satisfies © o € = idp. Therefore, given v = a + bi + ¢j + dk € ', we see that

We then obtain the following result by direct computation of the expressions (2.18) and

(2.19), substituting the explicit expressions for all the group elements.

Theorem 2.3.1 Let S = S3/T be the Poincaré sphere, with the spin structure € described

here above. The generating functions for the spectral multiplicities of the Dirac operator are

16(710647 + 317811y/5)G ()

Fi(z) == (7 + 3/5)3(2207 + 987V/5) H+(2)’

(2.22)

where
GT(2) = 621 + 18213 + 24215 4+ 12217 — 2219

C 6221 - 9228 1 9,25 4 4,27 | 3,29 4 ;31
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and
HT(2) = —1—32% —42% — 225+ 228 4 6210 + 9212 4 9214 4 4,16

42,18 _ 9220 _ 9222 _ 6224 _ 2226 4 2228 4 4230 4 3232 4 234’

and
Fo(z)=— 1024(5374978561 + 2403763488v/5)G~(2) (2.23)

- (7+3v5)8(2207 + 987TVB)H(2) '

where
G (2) = 14322 +42* +220 - 228 6210
2212 + 12211 4 24216 + 18218 4 6220,

and

H=(2) = —1—32%2 —42% — 226 + 228 1 6210 + 9212 1 9214 4 4,16
4218 — 0220 9222 _ 6224 — 2226 1 2228 1 4230 4 3232 4 234,
We can then obtain explicitly the spectral multiplicities from the Taylor coefficients of

F.(z) and F_(z), as in 2.16 and 2.17.

2.3.5 The spectral action for the Poincaré sphere

In order to compute the spectral action, we proceed as in the previous cases by identifying
polynomials whose values at the points of the spectrum give the values of the spectral

multiplicities. We obtain the following result.

Proposition 2.3.2 There are polynomials Py(u), for k =0,...,59, so that Px(3/2 + k +
607) =m(3/2+ k4 604, D) for all j € Z. The Py(u) are given as follows:

P, =0, whenever k is even,

11 1

Pi(u) = — — —u+ —2

1) =75 ~ 504+ 5%
31 1

Py(u) = — — — 4 —2

s =g " " g

13 7 1,

Pi(u) = — — Ly —
5 =50 "% e

o400 200 T60

7 11 1
Py(u) + —u?,

~ 80 60" 60
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19 47 1

Pr1(u) :*@JF@UJF@U ;
29 1 1

Plg(u) = % — ZU + @UQ,
11 17 1

Pis(u) = 30 so @UQ,

37 19 1

P, _ = = -2
17(W) =500 " 60" T 0

79 13 1,

P = —— 4+ — —
19(u) 240 T 20" T 60"
3 23 1
P2]_(’LL) = E — @U—f‘ @Uz,
71 7 1
Pas(u) = +Sut —u?,

240 ' 12 60
53 9 1,

Pos(u) = — — Z oyt —
5 =30 " 30" T
19 29 1
P27(’LL) = % — %U @UQ,
59 29 1
ng(u) = — + —U+ 7’&2,

240 ' 60 60

11 9 1
P3l(u) - _@ + %U + @U%

22 7 1,

P33('LL) = %—ﬁu—{—@u s
47 23 1
Pas(u) = ——— + “oq gy
5 =35 T 50" T 0"
77 13 1
P37(u) = go — %U + @UZ,
13 19 1
ng(u) = —% + @’LL + @’LLQ,
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7 17 1
P41(u) = *@ + @U + @U2,

31 11,

3w =905t 4T 5o
1 47
Pys(u) 30 @UﬂL 60U27
23 11 1
Prr(t) = — =2 4 gy 4 g2
() =35t et T et
19 3 1
P49(u) = — + —U+ qu,

240 ' 20 ' 60

17 1
P51(u) = —E + @u + @’lﬁ,
11 1
Pos(u) = ——— + —u+ —u?
() = —50 T4 et
7 1 1
Pes(u) = ——— + —u+ —u?
5(1) = ~500 Tag% T o
39 59 1
P57(’LL) = % — 60u + %UQ,
119 59 1
Psg(u) = 2

240 T 60" Te0"

These are computed directly from the Taylor coefficients of the generating functions of

the spectral multiplicities (4.100) and (4.101).

We then obtain the nonperturbative spectral action for the Poincaré sphere.

Theorem 2.3.3 Let D be the Dirac operator on the Poincaré homology sphere S = S3/T,
with the spin structure € : I' — Spin(4) with A — (A, I4). Then, for any Schwartz function,

f, the spectral action is given by

60

T(0/) = g (

Lasge ) - éAf(O)) , (2.24)

which is precisely 1/120 of the spectral action on the sphere.

The result follows by applying Poisson summation again, to the functions g;(u) =

Pj(u)f(u/A). This gives, up to an error term which is of the order of O(A~¥) for any
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k > 0, the spectral action in the form

The result then follows as in the sphere case.

2.4 Flat tori

2.4.1 The spectral action on the flat tori

Let T2 be the flat torus R3/Z3. The spectrum of the Dirac operator, denoted Ds, is given
in Theorem 4.1 of [6] as
+27 || (m,n,p) + (mo, no,po) ||, (2.25)

where (m,n,p) runs through Z3. Each value of (m,n,p) contributes multiplicity 1. The

constant vector (mg, ng, po) depends on the choice of spin structure.

Theorem 2.4.1 The spectral action Tr(f(D3/A?)) for the torus T3 = R3/Z3 is indepen-

dent of the spin structure on T° and given by
AS
TH(f(D/A%) = - / Fu? + 0% + w?)dudo dw + O(A"), (2.26)
7 R3
for arbitrary k > 0.
By (2.25), we know the spectrum of D3 is given by
47T2 H (m>nap) + (m07n07p0) ||27

where (m,n,p) runs through Z3, and each value of (m,n,p) contributes multiplicity 2.

Given a test function in Schwartz space, f € S(R), the spectral action is then given by

72((m 4+ mg)% + (n + ng)? 2
Te(f(D/A%) = Y. 2f<4 (fm +-m)” + (0 1 no) +(P+p0))>’
(m,n,p)€Z?
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In three dimensions, the Poisson summation formula is given by

> g(m,n,p) = G(m,n,p),
73 73
where the Fourier transform is defined by
g(m,n,p) = / g, v, w)e™ ZTHUEIVERY) gy doy o,
R3

If we define

4m((m + mg)? + (n + ng)? + (p+po>2>> (2.27)

g(m,n,p) = f ( A2
and apply the Poisson summation formula, we obtain the following expression for the spec-

tral action:

Te(f(D3/A%)=2 >  g(m.n,p)

(m,n,p)€Z3
= 25(0,0,0) + O(A™%)
2 2 2 2
_ 2/ f <47T ((u+mo)® + (v+np)* + (w+ po) )> dut do duw
RS

AQ
+O(A™F)

A3

:4713/ f(u? + v + w?)dudv dw + O(A™F).
R3

The estimate >, , )20 9(m,n,p) = O(A~F) for arbitrary k > 0 is elementary, using
the fact that f € S(R). We observe that the nonperturbative spectral action is independent

of the choice of spin structure.
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Chapter 3

Bieberbach Manifolds

3.1 Introduction

The simplest case of Bieberbach manifold is the flat torus 7%, which we considered in the
previous chapter. In general, Bieberbach manifolds are quotients of the torus by a finite
group action. In this section we give an explicit computation of the nonperturbative spectral

action for all Bieberbach manifolds with the exception of one class.

Calculations of the spectral action for Bieberbach manifolds were simultaneously inde-

pendently obtained in [60].

The Dirac spectrum of Bieberbach manifolds is computed in [63] for each of the six
affine equivalence classes of three-dimensional orientable Bieberbach manifolds, and for
each possible choice of spin structure and choice of flat metric. These classes are labeled

G'1 through G6, with G1 simply being the flat 3-torus.

In general, the Dirac spectrum for each space depends on the choice of spin structure.
However, as in the case of the spherical manifolds, we show here that the nonperturbative

spectral action is independent of the spin structure.

We follow the notation of [63], according to which the different possibilities for the
Dirac spectra are indicated by a letter (e.g. G2(a)). Note that it is possible for several spin

structures to yield the same Dirac spectrum.

The nonperturbative spectral action for G1 was computed in [50]. We recall here the

result for that case and then we restrict our discussion to the spaces G2 through G6.
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3.2 The structure of Dirac spectra of Bieberbach manifold

The spectrum of the Bieberbach manifolds generally consists of a symmetric component and
an asymmetric component as computed in [63]. The symmetric components are parametrized
by subsets I C Z3, such that the eigenvalues are given by some formula ), = € I, and the
multiplicity of each eigenvalue, A, is some constant times the number of x € I such that
A = Az. In the case of G2, G4, G5, G6 the constant is 1, while in the case of G3 the constant
is 2.

The approach we use here to compute the spectral action nonperturbatively is to use
the symmetries of \., as a function of € I, to almost cover all of the points in Z? and
then apply the Poisson summation formula as used in [16]. By “almost cover”, it is meant
that it is perfectly acceptable if two-, one-, or zero-dimensional lattices through the origin
are covered multiple times, or not at all.

The asymmetric component of the spectrum appears only some of the time. The ap-
pearance of the asymmetric component depends on the choice of spin structure. For those

cases where it appears, the eigenvalues in the asymmetric component consist of the set

1
B:{QWH(ku—i-c)meZ},

where c is a constant depending on the spin structure, and k is given in the following table:

Bieberbach manifold | k
G2 2
G3 3
G4 4
G5 6

For no choice of spin structure does G6 have an asymmetric component to its spectrum.
Each of the eigenvalues in B has multiplicity 2. Using the Poisson summation formula as
in [16], we see that the asymmetric component of the spectrum contributes to the spectral

action

% /]R f(u?)du. (3.1)

The approach described here is effective for computing the nonperturbative spectral

action for the manifolds labeled in [63] as G2, G3, G4, G6, but not for G5. Therefore, we do
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not consider the G5 case in this paper.

3.3 Recalling the torus case

We gave in Theorem 8.1 of [50] the explicit computation of the non-perturbative spectral

action for the torus. We recall here the statement for later use.

Theorem 3.3.1 Let T = R3/7Z? be the flat torus with an arbitrary choice of spin structure.

The nonperturbative spectral action is of the form
A3
Tr(f(D?/A?)) = 43/ f(u? 4+ v? + w?)dudvduw, (3.2)
s R3

up to terms of order O(A~°).

3.4 The spectral action for G2

The Bieberbach manifold G2 is obtained by considering a lattice with basis a; = (0,0, H),
az = (L,0,0), and ag = (7,5,0), with H,L,S € R% and T" € R, and then taking the
quotient Y = R3/G2 of R3 by the group G2 generated by the commuting translations #;

along these basis vectors a; and an additional generator a with relations
a?=t, atsal= t;l, atsa”! = tgl. (3.3)

Like the torus 72, the Bieberbach manifold G2 has eight different spin structures, pa-
rameterized by three signs 0; = 1, see Theorem 3.3 of [63]. Correspondingly, as shown in
Theorem 5.7 of [63], there are four different Dirac spectra, denoted (a), (b), (¢), and (d),

respectively associated to the spin structures

5| 82| 6
(@ |£1| 1| 1
@) | £1 | -1] 1
() | 1| 1] -1
d) | £1| -1 -1

We give the computation of the nonperturbative spectral action separately for each
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different spectrum and we will see that the result is independent of the spin structure and

always a multiple of the spectral action of the torus.

3.4.1 The case of G2(a)

In this first case, we go through the computation in full detail. The symmetric component

of the spectrum is given by the data ([63])

I={(kl,m)|k,l,meZ,m>1}yU{(k,l,m)lk,leZ]1l>1,m=0}

1 1 1 1 T
Niim = i27T\/Hg(k + 5)2 + ﬁlz + ﬁ(m - 55)2,

We make the assumption that T'= L. Set p = m — [. Then we have equivalently:

I={(kLp)klLpeZp>—-LyU{kLplkleZl>1,p=—1}=T1UL

1 1 1 1
+
Xep = j:27r\/ sk +3)°+ P+ 52p2.

Theorem 3.4.1 Let G2(a) be the Bieberbach manifold R? /G2, with T = L and with a spin
structure with §; = {£1,1,1}. The nonperturbative spectral action of the manifold G2(a) is
of the form

A

3
Tr(f(D?/A%)) = HSL <2W> . f(u? +v? + w?)dudvdw, (3.4)

up to terms of order O(A™°).

We compute the contribution to the spectral action due to I;. Since )\Ep is invariant

under the transformation [ — —I[ and p — —p, we see that

D FOR/AY) =2 FON /) + Y F(NR /A7),

73 I p=—1
The decomposition of Z? used to compute this contribution to the spectral action is dis-
played in figure 3.2. Applying the Poisson summation formula we get a contribution to the

spectral action of

HSL A ’ f(u2+v2+w2)—HL7S A i f(u? +0?)
2 R3 \/L2—|—52 2w R2 ’
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Figure 3.1: Lattice decomposition for the I; contribution to the spectral action of G2(a).
Two regions and the set [ = —p

plus possible terms of order O(A™%°).

As for Is we again use the fact that the spectrum is invariant under the transformation

Il— —I, p— —p to see that
Zf/\kl( /A2 _2Zf>\lp/A2 Z FNap/N?).
p=l=0

The decomposition for this contribution to the spectral action is displayed in figure 3.1. We

get a contribution to the spectral action of

plus possible terms of order O(A™%°).

When we include the contribution (3.1) due to the asymmetric component we see that
the spectral action of the space G2-(a) is equal to

2 /A2 A

Tef(D*/A%) = HSL ( o~

™

3
> f(w? + v? 4+ w?)dudvdw
R3

again up to possible terms of order O(A™%°).
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k
L L] L] L L] L ] L] (] L] (] 1

Figure 3.2: Lattice decomposition for the Iy contribution to the spectral action of G2(a)
Two regions and the set [ = 0.

3.4.2 The case of G2(b) and G2(d)

The spectra of G2(b) and G2(d) have no asymmetric component. The symmetric component

is given by
I ={(k,l,m)|k,l,m e Z,1 >0}
1 1 1 1 1 T 1
+ _ 2 2 2
=22m\/ — — — - — - = —))2.
)‘klm ﬂ-\/Hg(k_‘_ 2) +L2(l+ 2) +Sg(m+c L(Z+2))

Let us once again assume that T' = L.

Theorem 3.4.2 Let G2(b) and G2(d) be the Bieberbach manifolds R3 /G2, with T = L
and with a spin structure with 6; = {£1,—1,1} and 6; = {£1,—1,—1}, respectively. The

nonperturbative spectral action of the manifolds G2(b) and G2(d) is again of the form

3
Tr(f(D*/A?%)) = HSL (;) f(u? +v* + w?)dudvdw, (3.5)
R3

up to terms of order O(A™%°).
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p
L] L] L] L] L] 1

Figure 3.3: Lattice decomposition for G2(b), (d) computation. Two regions.

With the assumption that 7' = L, and letting p = m — [, we can describe the spectrum
equivalently by
I={(k,l,p)lk,l,p€Z,1 >0}

1 1 1 1 1 1
)‘kilp = jE27T\/H2(k? + 5)2 + p(l + 5)2 + §(P+ c+ 5)2-

Using the symmetry

[——-1-1,
we cover Z3 exactly, (see figure 3.3) and we obtain the spectral action

3
Tr(f(D?/A%) = HSL <2A7T> f(u? + v? + w?)dudvdw + O(A~>).
R3

3.4.3 The case of G2(c)

In this case, the symmetric component of the spectrum is given by

I ={(k,lym)|k,l,m € Z,m > 0}

1 1 1 1 T
Aoy, = i%\/m(k + 5)2 + ﬁﬂ + ﬁ((m +1/2) — fl)Q'



26

Again, we assume T = L.

Theorem 3.4.3 Let G2(c) be the Bieberbach manifolds R3/G2, with T = L and with a
spin structure with 6; = {£1,1,—1}. The nonperturbative spectral action of the manifold
G2(c) 1is again of the form

A

3
Tr(f(D?/A%) = HSL <2W> . f(u? +v* 4+ w?)dudvdw, (3.6)

up to terms of order O(A~°).

If we substitute p = m — [, we see that we may equivalently express the symmetric
component with

I=A{(k,l,p)lk,l,peZ,p>—l}

1 1 1 1
)\k:tlp = :|:27T\/H,2(k’ + 5)2 + ﬁp + ﬁ((p—l— 1/2)2

Using the symmetry
l—=—l p—1—p,

we cover Z> exactly (see figure 3.4), and so the spectral action is again given by

3
Trf(D%/A?) = HSL <2A> f(u? +v? + w?)dudvdw + O(A~>).
T R3

3.5 The spectral action for G3

Consider the hexagonal lattice generated by vectors a1 = (0,0,H), a; = (L,0,0) and
asz = (—%L7 @L, 0), for H and L in R . The Bieberbach manifold G'3 is obtained by the
quotient of R3 by the group G3 generated by commuting translations ¢; along the vectors

a; and an additional generator o with relations
ad=t1, atsal=t3, atzat =ttt (3.7)

This has the effect of producing an identification of the faces of the fundamental domain
with a turn by an angle of 27r/3 about the z-axis, hence the “third-turn space” terminology.

As shown in Theorem 3.3 of [63], the Bieberbach manifold G3 has two different spin
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Figure 3.4: Lattice decomposition for G2(¢) computation. Two regions.

structures, parameterized by one sign 6; = +1. It is then shown in Theorem 5.7 of [63]
that these two spin structures have different Dirac spectra, which are denoted as G3(a) and
G3(b). We compute below the nonperturbative spectral action in both cases and we show
that, despite the spectra being different, they give the same result for the nonperturbative

spectral action, which is again a multiple of the action for the torus.

3.5.1 The case of G3(a) and G3(b)

The symmetric component of the spectrum is given by

I={(kl,m)k,ImeZl>1,m=0,...,1—1}, (3.8)
M —aom ] Lt o2+ L2 (- om)? 3.9
kim — T4 m( +C)+ﬁ +@(—m), (3.9)

with ¢ = 1/2 for the spin structure (a) and ¢ = 0 for the spin structure (b).

The manifold G3 is unusual in that the multiplicity of )\flm is equal to twice the number

of elements in I which map to it.

Theorem 3.5.1 On the manifold G3 with an arbitrary choice of spin structure, the non-
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perturbative spectral action is given by

3
Tr(f(D?/A?)) = \}3 (2/;) HI? /RS f (u? +v* + %) dudvdt (3.10)

plus possible terms of order O(A~°).

Notice that )\flm is invariant under the linear transformations R,.S,T, given by

R(m) =—m
S(l)=m
S(m) =1
T()=1—m
T(m)=—-m

Let I = {(k,l,m)|k,l,me€Z,1>2m=1,...,1—1}.

Then we may decompose Z> as (see figure 3.5)

73 =TURUST)URSI)UTI)URT()U{l=m}. (3.11)
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Therefore, we have
Z FOm/N?) = Z F N/ A?)
I

+2

-~

I 21
+ D FNam/A?)
l=m
=6 Z PO/ D) = D F N /A?)

+ Z FOFim/ D)+ F M/ A?)

S SOk /A%) = 5 (S0 F /A7) + <klm/A2>)

7.3 m=0

( f lm/A2 ZfA lm/A2 )
m=0, =0

Therefore the symmetric component of the spectrum contributes to the spectral action

AN o 2, 2 1 2
> HL R3f(u +wv —|—§(v—2w))

) i f s 5= (50 f e

2
) HE [ f? + 202+ o(a—)
- 3
2/;3HL2 f(u2+u2+;(u—2w —H/f )

RS

O A~

7 N

(

O

Il I
QO old —~ —~

+ O(A™™).

Combining this with the asymmetric contribution (3.1), we see that the spectral action

of spaces G3(a) and G3(b) is equal to

3
2(A HLZ/ flu?+0* + 1(v —2w)? ) dudvdw + O(A~°).
3 27'(' R3 3
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Figure 3.5: Lattice decomposition for G3 computation. Six regions and the set [ = m.
The dashed lines indicate one of the boundary lines which define the region I along with
its images under the symmetries of Agjy,. The other boundary line of I overlaps with the
boundary of I.

Now, if one makes the change of variables (u, v, w) +— (u,v,t), where

2w —v

73

t =
then the spectral action becomes

1 (AN
—(—) HL? 20?442 A,
\/§<2ﬂ> /Rgf(u + v® + t*) dudvdt + O(A™)

Notice that, a priori, one might have expected a possibly different result in this case,
because the Bieberbach manifold is obtained starting from a hexagonal lattice rather than
the square lattice. However, up to a simple change of variables in the integral, this gives

the same result, up to a multiplicative constant, as in the case of the standard flat torus.

3.6 The spectral action for G4

The Bieberbach manifold G4 is obtained by considering a lattice generated by the vectors
a; = (0,0,H), ag = (L,0,0), and a3 = (0, L,0), with H, L > 0, and taking the quotient of
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R3 by the group G4 generated by the commuting translations ¢; along the vectors a; and

an additional generator a with the relations
ot =t ataaTl=t3, atza”l=t;" (3.12)

This produces an identification of the sides of a fundamental domain with a rotation by an
angle of w/2 about the z-axis. Theorem 3.3 of [63] shows that the manifold G4 has four
different spin structures parameterized by two signs §; = +1. There are correspondingly two
different forms of the Dirac spectrum, as shown in Theorem 5.7 of [63], one for §; = {+1, 1},
the other for §; = {£1, —1}, denoted by G4(a) and G4(b).

Again the nonperturbative spectral action is independent of the spin structure and equal

in both cases to the same multiple of the spectral action for the torus.

3.6.1 The case of G4(a)

Theorem 3.6.1 On the manifold G4 with a spin structure (a) with §; = {£1,1}, the non-

perturbative spectral action is given by

Tuf(Dz/A%)::;<[\>3}JL2 f(u? + v* 4+ w?)dudvdw (3.13)

27 R3
plus possible terms of order O(A™%°).

The symmetric component of the spectrum is given by

I={(k,1,m)klmeZ1l>1,m=0,...,20—1}

1 1 1

First, we make the change of variables p = m — [. Then we use the symmetries
l— -1

l—p p—l

l—=p p——l
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Figure 3.6: Lattice decomposition for G4(a) computation. Four regions.

to cover all of Z3 except for the one-dimensional lattice {(k,l,p)|l = p = 0}. This decom-
position is depicted in figure 3.6. In the figure one sees that the points I = p such that
[ < 0 are covered twice, and the points [ = p such that [ > 0 are not covered at all, but via
the transformation (I,p) — —(I,p), this is the same as covering each of the points [ = p,
I # 0 once. Observations like this will be suppressed in the sequel. Then we see that the

contribution from the symmetric component of the spectrum to the spectral action is

LAANY 2., .2 2 L/ A 2
—|— ) HL f(u® 4+ v* 4+ w*)dudvdw — - | — H/f(u )du, (3.14)
2 \ 27 R3 2 \ 27 R

up to terms of order O(A™°°). Combining this with the asymmetric component, we find

that the spectral action is given by (3.13).

3.6.2 The case of G4(b)

In this case there is no asymmetric component in the spectrum. The symmetric component

is given by the data

I=A{(k,l,m)|k,limeZ,1>1,m=0,...,2] -2}
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Ny = iQW\/;Q(k + %)2 - %((z —1/2)%+ (m — 1+ 1/2)2).

We again obtain the same expression as in the G4(a) case for the spectral action.

Theorem 3.6.2 On the manifold G4 with a spin structure (b) with 6; = {£1,—1}, the
non-perturbative spectral action is also given by

3
Tr(f(D?/A?)) = % <21;> HI? . f(u? +v* + w?)dudvdw (3.15)

up to possible terms of order O(A™°).

We make the change of variables p = m — [. Using the symmetries

l—1-1
l—=p p—=l

l—=p p—1-—1,

we can exactly cover all of Z3, as shown in figure 3.7 and so the spectral action has the

expression (3.15).

Remark 3.6.3 The technique we use here to sum over the spectrum to compute the non-
perturbative spectral action does not appear to work in the case of the Bieberbach manifold
G5, the quotient of R? by the group G5 generated by commuting translations ¢; along the

vectors a; = (0,0, H), as = (L,0,0) and a3 = (%L,@L,O), H,L > 0, and an additional

1 — 2% 4, which produces an identi-

generator o with a® = t1, atoa™! = t3 and atza™
fication of the faces of the fundamental domain with a 7/3-turn about the z-axis. It is
reasonable to expect that it will also give a multiple of the spectral action of the torus, with

a proportionality factor of HL?/(4+/3).

3.7 The spectral action for G6

We analyze here the last remaining case of compact orientable Bieberbach manifold G6, the

Hantzsche—~Wendt space, according to the terminology followed in [66]. This is the quotient



34

Figure 3.7: Lattice decomposition for G4(b) computation. Four regions.

of R? by the group G6 obtained as follows. One considers the lattice generated by vectors
a; = (0,0, H), as = (L,0,0), and a3 = (0,5,0), with H, L, S > 0, and the group generated
by commuting translations t; along these vectors, together with additional generators «, (3,

and v with the relations

o?=t, atal=t', atza”l =131,
B2=ty, BBt =17", Btspl=t5",

1 1

) ) (3.16)
Y=ty AtiyTi =t Aty =1t

")/504 = {113.

This gives an identification of the faces of the fundamental domain with a twist by an angle
of 7 along each of the three coordinate axes.

According to Theorems 3.3 and 5.7 of [63], the manifold G6 has four different spin
structures parameterized by three signs d; = =+ subject to the constraint 41203 = 1, but all
of them yield the same Dirac spectrum, which has the following form.

The manifold G6 also has no asymmetric component to its spectrum, while the sym-

metric component is given by

I={(k1l,m)k,1,meZ1>0k>0}
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k

Figure 3.8: Lattice decomposition for G6 computation. Four regions.

1 1 1 1

1 1
Nem = iQW\/HQ(k + 5)2 + ﬁ(l + 5)2 + @(m + )%

We then obtain the following result.
Theorem 3.7.1 The Bieberbach manifold G6 with an arbitrary choice of spin structure has

nonperturbative spectral action of the form

1/AN?
Trf(D?/A?) = 3 <27r> HLS g f(u? +v? + w?)dudvdw (3.17)

up to terms of order O(A~°).

Using the three transformations

k— —k—1,
l—=—1-1,

k——-k—-1 l——-1—-1,

one exactly covers Z3, as seen in figure 3.8, and so we see that the nonperturbative spectral

action is given by (3.17).
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Chapter 4

Coset spaces of S°

4.1 Introduction

The spectral action is a functional which is defined on spectral triples (A, H, D) [15]. In

this paper, we only consider the commutative case of compact Riemannian spin manifolds.

For a spectral triple (A, H, D), the spectral action is defined to be
Tef(D/A), (4.1)

where f: R — R is a test function, and A > 0.

A compact Riemannian spin manifold, M, may be viewed as a spectral triple by taking
A equal to C*°(M), H equal to L?*(M, X, ), the Hilbert space of L? spinor-valued functions
on M, and D equal to the canonical Dirac operator. Since we are considering compact
manifolds, the spectrum of the Dirac operator is discrete, and the meaning of the spectral

action becomes simply

Tef(D/A) = Y fOA/A).

AESpecD
We will be content in each case to determine the spectral action up to an error term which

is O(A=F) for any k > 0. We will use the notation O(A~>°) to denote such a term.

There is an asymptotic expansion for the spectral action in terms of heat invariants, valid
for large values of the parameter A, which is described in [16]. Since the heat invariants are
local, it follows that the asymptotic series is multiplicative under quotients. That is, if D is
the Dirac operator for a space X and D’ is the Dirac operator for X/H, where H is a finite
group acting freely on X, then the asymptotic expansion for Trf(D’/A) is equal to 1/|H|
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times the asymptotic expansion for Trf(D/A). In [16], Chamseddine and Connes obtain a
nonperturbative expression for the spectral action of the round 3-sphere, S3 = SU(2). In
the computation below we obtain a nonperturbative expression for the spectral action for
SU(2)/T, where I is a finite subgroup of SU(2) and this expression is a multiple of 1/|T'|
of the expression derived in [16], and so the nonperturbative expressions satisfy the same
relation as the asymptotic expansions.

In this paper, we only consider one spin structure for each space, which we call the trivial
spin structure. In general the Dirac spectrum depends on the choice of spin structure, so
it would appear at first glance that the spectral action would also depend on the choice of
spin structure. However, the asymptotic expansion of the spectral action does not depend
on the choice of spin structure and so any such dependence must disappear as A goes to
infinity.

The method used to compute the spectral action is a very slight modification to the one
used in [16]. First, one computes the Dirac spectrum and decomposes the spectrum into a
number of arithmetic progressions and finds a polynomial which describes the multiplicities
for each arithmetic progression. Then one obtains a nonperturbative expression for the
spectral action by using the Poisson summation formula.

This nonperturbative form of the spectral action of a three-dimensional space-like section
of spacetime was used in the investigation, [50], on questions of cosmic topology. This
application motivated the computations in this paper.

Up to conjugacy is it well-known that the finite subgroups of SU(2) all lie in the following

list.
e cyclic group, order N, N =1,2,3,...
e dicyclic group, order 4N, N =2,3,...
e binary tetrahedral group
e binary octahedral group

e binary icosahedral group.

The main result is the following:
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Theorem 4.1.1 Let I' be any finite subgroup of SU(2), then if D is the canonical Dirac
operator on SU(2)/T" equipped with the round metric and trivial spin structure, the spectral

action s given by

1

T/ (D/A) =

(A3f<2>(0) - iAf(O)) + O(A™). (4.2)

In sections 4.4-4.7, we compute the Dirac spectrum for SU(2)/T" equipped with the
Berger metric, and the trivial spin structure, and the spectral action for SU(2)/T" equipped
with the round metric and trivial spin structure, where I' is cyclic or dicyclic. In sections 4.2
and 4.3 we review the results and definitions needed to perform the computation, following

the reference [5].

In sections 4.9, and 4.10 we compute the Dirac spectrum and spectral action in the case
where I' is the binary tetrahedral group and binary octahedral group respectively. For these
two cases, we switch to the method of generating functions [4], because the representation
theoretic calculations become difficult. This method gives us the spectrum for the round
metric only. Again, we only consider the trivial spin structure. We review the key results

needed for the computation in section 4.8.

In section 4.11 we compute the Dirac spectrum and spectral action in the case where
I" is the binary icosahedral group. We correct the expression of the Dirac spectrum found
in [50]. The expression for the spectral action derived here is the same as the one found in

[50].

There are two methods used to compute Dirac spectra, one which uses the representation
theory of SU(2) and one which uses generating functions. It is comforting to note that when
both methods were used to compute the Dirac spectrum of a dicyclic space, they yielded

the same answer.

In [31], the Dirac spectrum for SU(2)/Qs was computed for every possible choice of
homogeneous Riemannian metric, and spin sructure. (g is the quaternion group of order

8, which is the same thing as the dicyclic group with parameter N = 2.

In this paper, we take the least element of N to be zero.
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4.2 Spin structures on homogeneous spaces

In this section we recall, for convenience, some facts about spin structures on homogeneous

spaces appearing in [5].

In what follows, M = G/H is an n-dimensional oriented Riemannian homogeneous

space, where G is a simply connected Lie group.

In this case, the principal SO(n)-bundle of oriented orthonormal frames over M takes

a simple form. Let V be the tangent space of H € G/H, and let
a:H— SOV)

be the isotropy representation induced by the action of H on G/H by left multiplication.
If we choose an oriented orthonormal basis of V', then we obtain a representation of H into
SO(n), which we also denote by «. The bundle of oriented orthonormal frames may be
identified with G' x, SO(n), that is the space of pairs [g, A], g € G, A € SO(n), where one

has the equivalence relation
9, A] = [gh,a(h™")A],h € H. (4.3)

Let m : G — G/H be the projection map, and let p = 7(e). The identification of G X ,SO(n)

with the bundle of oriented frames is given by the formula

where b = (X1, Xo,...,X,) is our chosen basis of V.

The spin structures of M are in one-to-one correspondence with the lifts o/ : H —
Spin(n) satisfying

Ood =a,

where O : Spin(n) — SO(n) is the universal double covering map of SO(n). One associates

o’ to the principal Spin(n)-bundle G X, Spin(n). The right action of Spin(n) is given by

[9, A1] - A2 = [g, A1 Ag], (4.5)
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and the covering map onto the frame bundle is given by
l9:A] = [g,0(A)]. (4.6)

In this paper we take G = SU(2) = Spin(3), and for any subgroup I' C SU(2), one
always has the spin structure corresponding to the identity map ¢ : SU(2) — Spin(3), which

lifts the isotropy homomorphism a. We call this spin structure the trivial spin structure.

4.3 Dirac operator on homogeneous spaces

In the case where I" is the cyclic or dicyclic group, we shall compute the spectrum of the
Dirac operator for the one-parameter family of Berger metrics. The key result that we use

is the following.

Let XM denote the spinor bundle corresponding to the spin structure o/. Let p :
Spin(n) — U(,) be the spinor representation. Let G denote the set of irreducible repre-
sentations, 7, : G = GL(V), of G up to equivalence. Let g be the Lie algebra of G. We
decompose g as h @ p where h is the Lie algebra of H and p is an Adg-invariant subspace

of g.

Theorem 4.3.1 ([5], Theorem 2 and Proposition 1) The representation of the Dirac
operator on L*(M, Y M) is equivalent to

VGGV & HomH(VV, by )

Here, H acts on 'V, as the representation vy dictates, and on Xy, via poc/. The Dirac operator

acts on the summand Vy, ® Hompy (V,, %,) as id ® D.,, where given A € Hompg (V5, %,),
D, (A) = Zek Ao (my)e(Xk) + Zﬁlel + Z aijkei - ej-ex | - A. (4.7)
k=1 1<j<k
Here, e; denotes the standard basis for R™, acting on spinors via Clifford multiplication,

53X X X)), (4.8)

j=1

B =
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1
aigre = 5 ([Xi, Xjlp, Xi) + (X5, Xilp, Xi) + {[Xe, Xilp, X;))- (4.9)
The notation Y, denotes the projection of Y € g onto p with kernel b, and the angle brackets

denote the pairing of tangent vectors via the Riemannian metric.

—

Let V,, € SU(2) be the n+ 1-dimensional irreducible representation of SU(2) of complex
homogeneous polynomials in two variables of degree n. When G = SU(2), H is a finite
subgroup of SU(2), and G/H is equipped with the Berger metric corresponding to the

parameter 7' > 0, 4.7 becomes (see [5], section 5)
T 1
DnA = —zk:ek -A- (Wn)*<Xk) - <2 + T) .

Let D!, denote the part
= Ep A () (X). (4.10)
k

Let P, € V,, be the basis polynomial
Py(z1,29) = 277k 2K (4.11)

Now, we take A, Bi, k=0,1,...,n to be the basis for Hom¢(V},, X3):

1
, ifk=1, kiseven
0
Ap(P) = 0
, ifk=1, kisodd
1
0, otherwise
0
, if k=1, kiseven
1
By(P) = 1
, ifk=1, kisodd
0
0, otherwise
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We have the following formulas for D!, (see [5]):

1
D, Ay = T(n —2k)Ar 4+ 2(k 4+ 1)Ag41, k even
1
D;Ak = 2(n +1-— ]{Z)Akfl + T(Qk — n)Ak, k odd
1
D! By =2(n+1—-k)Br_1+ T<2k —n)Bg, k even

1
D%Bk = f(n — 2]{7)Bk + 2(]{,‘ + 1)Bk+1, k odd.

The formulas remain valid when k = 0 and k& = n, provided that we take A_1 = A, 11 =

Bfl — Bn+1 — O

4.4 Dirac spectra for lens spaces with Berger metric

In this section we compute the Dirac spectrum on lens spaces equipped with the Berger
metric and the trivial spin structure. This calculation corrects the corresponding one in [5].

To proceed, we need to determine which linear transformations, f € Home(V,,, X3) are
Zy-linear. A C-linear map f is Zy-linear if and only if f commutes with a generator of

Zpn. We take

enN 0
B = —271
0 enw
to be our generator, and we define
Jik
= f(Pg). (4.12)
Jok

Since we are considering the trivial spin structure corresponding to the inclusion map

t:Zn — SU(2), fis Zy linear if and only if
fomn(B) =uB)of,

which leads to the identity

- 2k—n—+1
fik TN fig

2k—m—1
fok TN for
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It follows that Homg, (V},, ¥3) has the following basis:

{Ak;k::ﬁ@iéglijle{O;L.”,n}ﬂnezz,kevm@

uﬂﬁ:k:ﬁﬂi%ﬁiie{Q1,“ﬂ@Jnezwowﬁ
U&u:kzzgtgﬁilG{Qlw”ﬂﬁﬂn€Z$omﬂ
U{Bk:k::fﬂiéglfjie{o;u.”,n}ﬂnezz,keva@.

With the basis in hand, let us now compute the spectrum.

N even

First let us consider the case N = 0 mod 4.

In this case, %

is an integer precisely when n is odd. In particular, this means
that Homg,, (V},, ¥3) is trivial if n is even.

If n =1 mod 4, and m is an integer, satisfying
—n<mN —1<n, (4.13)

then

k= % (4.14)

is an even integer between 0 and n — 1, inclusive. Since k is strictly less than n, A1
is not equal to 0. Therefore Ay and Agy; lie in Homy, (V,,, X3), and span an invariant

two-dimensional subspace of D!. With respect to these two vectors, D], has the matrix

expression
I(n—2k) 2n+1—(k+1
Fn—26) 2n+1- (k+1) w1
2(k+1)  H(2(k+1)—n)
which has eigenvalues
A= ! +4/(1 2 2N2 L 1 4.16
=7 (1+n)24+m 7z 1) (4.16)

Now let us consider the case n = 3 mod 4. In this case, if 4.13 and 4.14 hold then k is
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an odd integer between 0 and n — 1 inclusive, By, and By lie in Homg,, (V;,, ¥3), and span
an invariant subspace of D,,. Bpi1 is not equal to 0, and with respect to these two vectors
D!, once again has the matrix expression given by Equation 4.15, with eigenvalues given by
Equation 4.16.
If
mN—1=n, m=1,2,..., (4.17)

then By, and B, are eigenvectors of D/, with eigenvalue

o P _1-mN

7 7 (4.18)

In the case N = 2 mod 4, the analysis proceeds exactly as when N = 0 mod 4, except

for a few minor changes which do not alter the spectrum. Namely, for n = 1 mod 4, it

/
ns

is By, Br+1 which span an invariant subspace of D;, not Ag, Ax4+1, and for n = 3 mod 4,

Ay, Ap11 span an invariant subspace of D!, not By, Bj11.
To determine the spectrum of D we just need to add —% — % to D), which just shifts
the eigenvalues, and then tensor with idy;,, which just multiplies the multiplicities by n + 1.

To summarize we have the following.

Theorem 4.4.1 If N is even, then the Dirac operator on the lens space Ly equipped with
the Berger metric corresponding to parameter T > 0, and the trivial spin structure has the

following spectrum:

A multiplicity
{—%i\/(l—kn)z—i-mQN? (72 — 1)
ne2N+1,meZ —n<mN-—1<n} n+1

{-Z — 2¥|m e N} 2mN

Note that the second row of the table corresponds to the case n = mN — 1, in which

case, n + 1 = mN, which accounts for the factor of mN in the multiplicity.

N odd

In contrast to the case where N is even, Homy, (V,,, X3) may be nontrivial whether n is
even or odd.

As in the case when N is even, if 4.13 and 4.14 hold, then one of Ay, Agy1, or Bi, Brt1
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spans a two-dimensional invariant subspace of D!, where D/ has matrix expression (4.15)

and eigenvalues (4.16).

When n is even, k is an integer if and only if m is odd. On the other hand, when n is

odd, k is an integer if and only if m is even.

If n =mN — 1, where m is a positive integer, then By and either B,, or A,, (depending

on whether n is even or odd) are eigenvectors of D;, each with eigenvalue —7 = 1_51“\[ .

We have shown the following.

Theorem 4.4.2 If N is odd, then the Dirac operator on the lens space Ly equipped with
the Berger metric corresponding to parameter T' > 0 and the trivial spin structure has the

following spectrum:

A multiplicity

(n € 2N+ 1,m € 2Z) or
(n€2N,me 2Z+ 1), —-n <mN — 1 <n} n+1

{~5 - " imeN} 2mN

4.5 Spectral action of round lens spaces

The Berger metric corresponding to T' = 1 is the round metric. By substituting 7" =1 into

Theorems 4.4.1 and 4.4.2, we obtain the following expressions for the Dirac spectrum.

If N is even, then the Dirac operator on the lens space Ly equipped with the round

metric has the following spectrum:

A multiplicity

3 1
—5—n,5+n
{3 -ndtnl o
ne2N+1meZ,—n<mN—1<n} n+1

{—% —mN|m € N} 2mN

If NV is odd, then the Dirac operator on the lens space Ly equipped with the round

metric has the following spectrum:
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A multiplicity

{—%—’I’L,%—FT”
(ne2N+1,m € 2Z) or . (4.20)
mne2N;me2Z+1), -n<mN —1<n} n+1

{—1 —mN|m € N} 2mN

However, these are not the simplest expressions for the spectra. In this special case,
the eigenvalues in the first row of the spectrum no longer depend on m, so we should count
the values of m which satisfy the inequality as a function of n in order to eliminate the

dependence of the spectrum on m.

4.5.1 Round metric, T'=1
N even

Let us write n = kN +2s + 1, for s € {0,1,2,... %}, and k € N (recall that n is always

odd in this case). Then we may replace the inequality
—n<mN-—-1<n

by the inequality
—kN <mN < kN,

where —kN and kN are respectively the minimum and maximum values of m/N which
satisfy the inequalities. From these new inequalities, it is clear that there are 2k + 1 values
of m satisfying them.

We now have the following form of the Dirac spectrum, which is still not quite the

definitive form.

A multiplicity
B +kN+2skeN,s€{0,1,...,%-2}} (2k 4+ 1) (kN + 25 + 2)
(=3 KN —2|K €N,s €{0,1,..., 521} | (2K + 1)(K'N +25 +2) |
{1 —mN|m € N} 2mN

(4.21)
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The definitive form of the spectrum of the lens space Ly equipped with the round
metric, with N even, is obtained when one realizes that the first row of table 4.21 already
completely describes the spectrum as soon as one lets the parameter k take values in all of
Z as opposed to just in N. To see that this is indeed the case, one absorbs the third row
into the second row by making the substitution m = &’ + 1, which affects the multiplicity of
the second row only in the case s = ¥ Next, one shows that when k is allowed to take
values in all of Z, one combines the parts of the spectra corresponding to s and s’, when

N-4 N—2

s+ s = 5= if s and ¢’ are less than % and when s = s’ = 55 otherwise. As a result

we have the following corollary.

Corollary 4.5.1 If N is even then the Dirac operator on the lens space Ly equipped with

the round metric has the following spectrum:

A multiplicity
{3+ kN +2slk €Z,5€{0,1,..., Y523} | (2k + 1) (kN + 25 +2)

N odd

The corresponding expression in the case N odd is only slightly more complicated. Here,
we need to divide our analysis according to whether n is even/odd, and k is even/odd. We

write

n=kN+j je€{0,1,2,...,N—1}, keN. (4.22)
Suppose n is odd. Then if k is even, one can see that there are k + 1 even values of m
satisfying the inequalities 4.13. If k£ is odd, then there are k such values of m.

If n is even, then when k is even there are k odd values of m satisfying the inequalities,

and if k£ is odd, there are k + 1 such values of m.

Therefore, we have the following expression for the Dirac spectrum in the round, odd

case.

If NV is odd, then the Dirac operator on the lens space Ly equipped with the round

metric has the following spectrum:
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p) multiplicity
(=2daN=tb), e N, b e {0,... N-3}) (2a + 1)(2aN + 2b + 2)
(3HdaN+db 1, e N b e {0,... N53)) (2a +1)(2aN +2b+2)

(U e N b e {0,... M) | (2a+ 1)((2a + 1)N +2b + 1)

(LUt DN e N, b e {0,... X211} | (2a+1)((2a+ 1)N +2b+ 1)
(Z3AaV=tb1g e N, b € {0,... Y51} 2a(2aN + 2b+1) (4.23)
{IHaVE2 4 e N, b € {0,... ML)} 2a(2aN +2b+1)

(DU g e N, b e {0,... M52} | (20 +2)((2a+ 1)N + 20 + 2)

(2 Uat2INTA e N b e {0,... 53 | (2a+2)((2a + 1)N + 20 + 2)

(BHUEINT ) e N, b e {0,... X231} | (20 +2)((2a + 1)N +2b + 2)

{5} — mN|m € N} 2mN

Just as in the even case, we can simplify the expression 4.23 by combining rows. The
last row can be split into two parts and combined with the third and fifth rows, altering
the multiplicity in each case for b = % Then, the first and fourth rows, second and
third rows, fourth and eight rows, and fifth and sixth rows may be combined by letting the

parameter a run over all of Z instead of just N. The definitive form of the spectrum in the

odd case is given by the following corollary.

Corollary 4.5.2 If N is odd then the Dirac operator on the lens space Ly equipped with

the round metric has the following spectrum:

A multiplicity
(34Nt e 7 b e {0,... V521 (2a +1)(2aN +2b +2)
(LU e 7, b€ {0,... M50} | (2a+1)((2a+ 1N +2b+1)
(1Nt € 7, b € {0,... V51 2a(2aN +2b+1)
(U e 7, b e {0, 2531} | (20 +2)((2a+ 1N +2b+2)

4.5.2 Computing the spectral action

First we consider the case where N is even. For s € {0,1,2,...

N=2} | define

—3+ N —4s — 4u + 2Nu — 8su + 4u?

Ps(u) =

2N
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Then, Ps(\) equals the multiplicity of
A=3/24+ kN + 2s. (4.24)

Moreover, we have the following identity:

(4.25)

Now to compute the spectral action, we proceed as in [16], and use the Poisson summa-

tion formula, except here we sum over =2 arithmetic progressions instead of just one.
) 2

The Poisson summation formula is given by

> " h(k) =Y h(x), (4.26)
Z Z

where our choice of the Fourier transform is

h(x):/Rh(u)e_Qmuxdu. (4.27)

In each instance of a spectral action computation below, we encounter the situation

described by the following lemma:

Lemma 4.5.3 Let f € S(R) be a Schwarz function, and let P(u) = >, cxu! be a poly-
nomial. Define g(u) = P(u)f(u/A), h(u) = g(a + ubMl), for real constants a and M, then

S h(u) = 17 3 A6 T (0) + O(A),
7 =0

where fm is the Fourier transform of v f(v).
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Furthermore,

727rzxkd

/ a+xM)e —2mizk o
1 2mia 7‘7
= 3@ [geian

]. 2mia

= (e ) g0/ M),

Since f € S(R), so too are the functions f(j) and so we have the estimate as A approaches

plus infinity,

> [h(k) Z—m k/M)|

k40 k40
< an | ATTES | F9) (kA /M)
§=0 k0
= O0(A™™).

On the other hand,

Now one applies Lemma 4.5.3 and the identity 4.25 to compute the spectral action of

the round lens spaces for NV even:

TH(F(D/A) = 32 S P + BN +5) (5 + kN +5)/8)
s=0 keZ
1

2

— 5 (2720 - 270)) + 04,
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In the case where N is odd, the interpolating polynomials are collected in the following

table.
_3_ —Ay— 2 _
Pb(u) — 3—4b+2N 4ZN8bu+4Nu+4u , b c {0’1’” 23}
C{—dp— 2 _
Qp(u) = ==tbButd” 1 ¢ fo 7, ML)
—1—4b—8bu+4u? N-1
Rb(u):—MVUJr L be{O,l,...—2 }
_3_ —Ay— 2 _
S’b(u) —_ 3—4b+2N 4ZN8bu+4Nu+4u 7 bE {0’1,.” 23}

With these polynomials in hand, we obtain the identity,

N-3 N1 N1 N-3
2 2 1
Z Z 8= g 2 (4.28)
§=0 §=0 §=0 §=0

Then using Lemma 4.5.3 and equation 4.28 we see that

Tr(f(D/A)) = % <2A3f(2)(0) - ;Af(0)> +O(A™) (4.29)

— 5 (4720 -

»JM'—‘

Af(@)) + O(A~). (4.30)

We have shown the following:

Theorem 4.5.4 For each N = 1,2,3,... the spectral action on the round lens space Ly,

with the trivial spin structure is given by
1 1, -
T(D/W) = 7 (AF0) = {A70)) + 0,

4.6 Dirac spectra for dicyclic spaces with Berger metric

Here we consider the space forms S3/T', where I' C SU(2) is the binary dihedral group, or

dicyclic group, concretely generated by the elements B and C, where

eﬁ 0
B = — T ?
0 enN
and
0 1
C p—
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First we consider the trivial spin structure corresponding to the inclusion ¢ : I' — SU(2).

Therefore, a linear map f € Homg(V,,, X3) is I-linear, if f in addition satisfies the conditions

fom(B)=1uB)of, (4.31)

and

fomp(C)=1(C)of. (4.32)

We once again use the notation of Equation 4.12, whence the Equations 4.31 and 4.32

become the set of conditions

fi = e XD £ (4.33)
for = enEmn=D g (4.34)
fie=(=0"" " fo g, (4.35)

(4.36)

4.36

for = (=1)""* fi(n_p)-

2k—n+1

These conditions imply that for & € {0,1,...,n}, fir = 0 unless 5%

is an integer

_ v 2k—m—1 .
and for, = 0 unless 53— is an integer.

When performing our analysis for the dicyclic group of order 4N, we need to break up

our analysis into the cases N even, and N odd.

N even
Suppose
2k —n+1
Sy =M €Z. (4.37)
Then
2mN -1
k= % (4.38)

k is an integer precisely when n is odd. Therefore, we only need to consider the cases

n =1,3 mod 4.

First, if n = 1 mod 4, one deduces from conditions 4.33 — 4.36 that for each integer m
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such that
—n<2mN —1< —1, (4.39)
v1 = A + An_i (440)
and
v = Agt1 + An—k—1 (4.41)

span an invariant two-dimensional subspace of D/,. With respect to the ordered pair (v1,v2),

D!, has the familiar matrix expression 4.15, which gives the eigenvalues

1 1
7;t¢ﬂ+nﬂ+4m%ﬂ<Tj—Q, (4.42)

which are slightly different from those given in equation 4.16, the difference being due to
the fact that the relationship between k and m is slightly different. When 2mN — 1 = —1,

i.e. when m = 0, then
_2mN+n—-1 n-1

k 4.43
: = (4.43)
and Ay + A,,_j is an eigenvector with eigenvalue
1
A=—-+n+1 (4.44)

T

Now suppose n = 3 mod 4. This case is very similar to the case n = 1 mod 4. In this case,

for each integer m such that 4.39 holds,
v1 = By — Bk (4.45)

and

Vg = Byy1 — Bn_j1 (4.46)

form an invariant two-dimensional subspace of D!. Once again, with respect to the pair

(v1,v2), D}, has the matrix expression 4.15. When
9mN — 1= 1, (4.47)

By — B,_ is an eigenvector of D!, with eigenvalue % —(n+1).
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The only remaining case is when

n=2mN —1, (4.48)

in which case k = n, and B,, — By is an eigenvector of eigenvalue —.

As in the lens space case, to determine the spectrum of the Dirac operator, we simply
shift the spectrum of D!, by —% — % and multiply the multiplicities by n + 1.
Therefore we see that if N is even, then the Dirac operator on the dicyclic space S3/T

equipped with the Berger metric corresponding to parameter T° > 0, and the trivial spin

structure has the following spectrum:

A multiplicity
(-T4 \/(1 +n)2 4+ 4m2N2 (4 — 1)
ne2N+1meZ, —n<2mN-1< -1} n+1

- (4.49)
{-5+n+1neNn=1(4)} n+1
{-L —(n+1)|neN,n=3(4)} n+1
{-£ - 228 e N} 2mN

N odd

Now let us consider the case where IV is odd. Unlike the case of lens spaces, the expression
for the spectrum is the same whether N is even or odd. As in the case where IV is even,
k is an integer only when n is odd, which means that Homp(V,,,¥3) is trivial unless n
is odd. So suppose n is odd. For every integer m such that 4.39 holds either the set
{Ak + Ap—, Ag+1 + Ap—k—1} or the set {Br — Bk, Bk+1 — Bn—k—1} span an invariant

/

1, when k is even or odd respectively. The eigenvalues of

two-dimensional subspace for D
each two dimensional subspace are given once again by expression 4.42. Exactly as in the

case when N is even, for each n = 1(4),
Ans + Aupn (4.50)
2 2
is an eigenvector of eigenvalue % +n+ 1, and for each n = 3(4),

Bui = Bugi (4.51)
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is an eigenvector of eigenvalue % — (n+1). For each m € N, B,, — By is an eigenvector of
eigenvalue % — ”TH These eigenvectors form a basis of Homp(V,,, X3), and we see that the

spectrum has the same expression as when N is even.

Theorem 4.6.1 Let I be the dicyclic group of order 4N. The Dirac operator on the dicyclic
space S3 /T equipped with the Berger metric corresponding to parameter T > 0, and the

trivial spin structure has the following spectrum:

A multiplicity
(=% & /(1 +n)2 +4m2N2 (& — 1),
ne€2N+1meZ —n<2mN —1< -1} n+1

(TrntineNn=1) n+l
{3 —(n+Dn €N,n=3(4)} ntl
{-L — 22N € N} 2mN

4.7 Spectral action of round dicyclic space

4.7.1 Round metric, =1

Substituting 7" = 1 into Theorem 4.6.1, we obtain the spectrum for dicyclic space equipped

with the round metric:

A multiplicity
(-2 —nne2N+1,meZ —n<2mN-1< -1} n+1
{(+nne2N+1,meZ -n<2mN-1< -1} n+1
{2 +nneN,n=1(4)} n+1
{-2 —nlneN,n=3(4)} n+1
{-1—2mN|m=1,2,3,...} 2mN

Now, we may write n € 2N + 1 uniquely as

n=2kN+2s+1, keN,se{0,1,2,...N—1}. (4.52)



Then the inequality 4.39 becomes
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—2kN —25s—-1<2mN —-1< -1

—2kN — 25 <2mN < 0

—2kN <2mN <0

—k<m<0,

whence we see that there are k integer values of m satisfying the inequality. Therefore we

may rewrite the spectrum as follows:

A

multiplicity

{3 +2kN +2s|k € N,s € {0, 1,...

N —1}} | (26N + 25+ 2)k

{-5—2kN —2s]k e N,s € {0,1,...

N — 13} | (2kN + 25+ 2)k

{+nneNn=1(4)} n+1
{-2 —nlneN,n=3(4)} n+1
{-1 —2mN|m=1,2,3,...} 2mN

(4.53)

In order to find the definitive form of the spectrum, we must first analyze the rows into

commensurable parts. To do the analysis we need to consider the cases where IV is odd and

N is even separately.

N even

In this case, the third and fourth rows of 4.53 may be decomposed into N/2 parts and

written as

A multiplicity
{3 +2kN +2slkeN,s€{0,1,...,N —1},s even} | 2kN +2s+2 |
{-5—2kN —2slk e N,s € {0,1,...,N — 1}, s odd} | 2kN + 2s + 2

(4.54)

The fifth row of 4.53 can be combined with the case of s = N — 1 in the second row.

Combining the rows together yields the following expression for the spectrum in the even

case:
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A

multiplicity

{3 +2kN +2s]k €N, s € {0,2,...

N =21} | (26N +2s+2)(k + 1)

{3 +2kN +2s|k € N,s € {1,3,

N — 11 (2kN + 25 + 2)k

—2kN —2slk €N,s € {0,2,...

N -2V} | (2kN +2s+2)k

{_
{_

5
2
5
2

—2kN —2slk e N;s € {1,3,...

N =33} | (2kN + 25 +2)(k + 1)

{—3 — 2kN —2N|k € N}

(26N + 2N)(k + 2)

(4.55)

At this point it is easy to check that the first two rows of 4.55 describe the entire spectrum

if k takes values in all of Z, in which case the second row accounts for the third row, and

the first row accounts for the fourth and fifth rows. Writing s alternately as 2t and 2t + 1

we obtain the following definitive form of the spectrum in the even case.

Corollary 4.7.1 If N is even then the Dirac operator on the dicyclic space SU(2)/T, where

I" is the dicyclic group of order 4N, N > 2, equipped with the round metric and trivial spin

structure has the following spectrum:

A multiplicity
{3 +2kN +4tlk € Z,t € {0,1,..., Y2}} | (2kN + 4t +2)(k + 1)
{2 +2kN + 4tk € Z,t € {0,1,..., ¥2}} (2kN + 4t + 4)k

N odd

By writing k alternately as 2a, and 2a+ 1, and also by writing s alternately as 2t and 2¢+1,

the first two rows of 4.53 may be written respectively as
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A multiplicity
{3H8aNH8 g e Nt € {0,..., ML)} (4aN + 4t +2)(2a)
{TH8aN48t | e Nt € {0,. .., N53)) (4daN + 4t + 4)(2a)
{3ABaNHANESE 10 e N, t € {0,..., 52}} | (4aN 42N + 4t +2)(2a + 1)
{TEBANHANES g e Nt € {0,..., M52} } | (4aN + 2N + 4t +4)(2a + 1)
[Z3BAN=8t| e N, ¢ € {0,..., Nx2}) (4aN +4t+2)(2a) | (4.50)
{Wm e N} 4a(1 + 2a)N
(98N8, e Nt € {0,..., Y3}) (4aN + 4t + 4)(2a)
{=2=8alANBl g e N, t € {0,..., %53}} | (4aN + 2N + 4t +2)(2a + 1)
{FL=8aN=8N |, ¢ N} A(1 +a)(1 4 2a)N

{FO=BalAN=8l G e Nt € {0,..., Y53} | (4aN + 2N + 4t +4)(2a + 1)

We have separated out the case t = % from the fifth and eighth rows and given them

their own rows to make it clear how this case combines with the other rows.

Next, we analyze the third and fourth rows of 4.53 each into N arithmetic progressions,

and then separate each set of progressions into two groups. Doing this we obtain the table

A multiplicity
(N e Nt (0. M5l | daN +de+2
{Tr8alVHANEBl g € Nyt € {0,..., 253}} | 4aN + 2N +4t +4 . (4.57)
{=2=8=8l|q e N, t € {0,..., 553}} 4aN + 4t +4
{=o=BalNAN=8t g € N, t € {0,..., Y53}} | 4aN + 2N + 4t + 2
{MM €N} 4aN + 4N

Again, we separated out the case t = % from the fourth row so that the rows combine

simply.

The fifth row of 4.53 can be decomposed into two parts yielding

A multiplicity

{—1—8a2N—4N‘a c N} 4aN + 2N (4.58)
{FL=8aN=8N 15 € N} | 4aN + 4N
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At this point, the rows have been decomposed into commensurable parts. Rows with the
same value of A can be combined by summing the multiplicities together. Once this is done,
it is easy to check that rows coming from the positive spectrum combine perfectly with rows
coming from the negative spectrum just as in the case of lens spaces. One checks this by

N-3

making the variable substitutions a = —a’ — 1, t + ' = =5, (with the case t = t' = %

being a special case which is also easy to check), and allowing the variable a to run through

all of Z.

We now have the definitive form of the spectrum in the odd case.

Corollary 4.7.2 If N is odd then the Dirac operator on the dicyclic space SU(2)/T", where
I is the dicyclic group of order 4N, N > 2, equipped with the round metric and trivial spin

structure, has the following spectrum:

A multiplicity
(348aNE8t 1y € 7, ¢ € {0,..., ML)} (4aN + 4t +2)(2a + 1)
(TH8aN48t 1, ¢ 7,1 € {0,..., N53Y) (4aN + 4t + 4)(2a) : (4.59)

{38alVHANES 14 € 7,1 € {0,..., 571} | (4aN + 2N + 4t +2)(2a + 1)
(Tr8alHANES g € 7.t € {0,..., Y53} | (4aN + 2N + 4t + 4)(2a + 2)

4.7.2 Computing the spectral action

To compute the spectral action, in the even case, one observes that the two rows of Corollary

4.7.1 can respectively be interpolated by the polynomials

One has the identity

5 w2
Pifu) + Qul) = 3 + 5 (4.60)

w
i
=)

In the odd case, the rows of Corollary 4.7.2 are interpolated respectively by the polyno-
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mials

Bw)=—sN "N an "N Tan
S ( ) — 1 L i + 3721 2t7u + LQ
=573 N """ aN T N Tan:
We have the identity
N1 N-3 N1 N-3
2 2 2 2 1
2 Py(u) + tz_; Qi(u) + tz_g Ry(u) + tz_; Silu) = =7 + . (4.61)

Therefore using identities 4.60 and 4.61, and Lemma 4.5.3 we have:

Theorem 4.7.3 The spectral action for round dicyclic space with the trivial spin structure

1s given for each N > 2 by

Te(f(D/A)) = & <A3f(2)(0) - iAf(O)) +O(A™). (4.62)

4.8 Generating function method

When I is the binary tetrahedral, binary octahedral, or binary icosahedral group, it becomes
difficult to determine Hompg (V,3,), so we turn to another method to compute the Dirac
spectrum, which we presently review. The key results, taken from [4], are presented here
for convenience. A similar discussion was presented in [50].

In this case, we only consider the round metric on S™. Let I' be a finite fixed point free
subgroup of SO(n + 1), acting as usual on S™ C R"!. The spin structures of S”/I" are in

one-to-one correspondence with homomorphisms
¢:I' = Spin(n + 1) (4.63)

which lift the inclusion

t:I'= SO(n+1) (4.64)
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with respect to the double cover
© : Spin(n +1) = SO(n +1). (4.65)

That is, homomorphisms € such that : = © oe.

Let M = S™/T', equipped with spin structure e. Note that we may assume that n is
odd, since when n is even, the only nontrivial possibility for M is RP"™, which is not a spin
manifold. Let D be the Dirac operator on M. The Dirac spectrum of S™ equipped with
the round metric is the set

{£(n/2 + k)|k € N}. (4.66)

The spectrum of D is a subset of the spectrum of S™, and the multiplicities of the eigenvalues
are in general smaller. Let m(a, D) denote the multiplicity of a € R of D. One defines formal

power series F (z), F_(z) according to

Fo(z) = im (g n k:,D) & (4.67)
k=0

F(z) = im (- (g +k),D)) 2. (4.68)
k=0

Using the fact that the multiplicities of D are majorized by the multiplicities of the Dirac

spectrum of S™, one may show that these power series converge absolutely for |z| < 1.
The complex spinor representation of Spin(2m) decomposes into two irreducible repre-

sentations, p4, p_ called the half-spin representations. Let x* be the characters of these

two representations. The key result is the following.

Theorem 4.8.1 ([4], Theorem 2) With the notation as above, we have the identities

1 5 X (7)) —z-xT(e(v))

Fele) = Tl %5 Det(lom —2-7) (4.69)
1 X (e(y) —z- x(e(v))

F_(z) = m > R — (4.70)

vyel

One may identify SU(2) with the set of unit quaternions, and choose {1,1,j,k} to be

an ordered basis of R*, then via the action of I' on SU(2) by left multiplication one may
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identify the unit quaternion

a+bi+cj+dkel (4.71)
with the matrix in SO(4)
a —b —c —d
b a —-d c
(4.72)
c d a —b
d —c b a

4.8.1 The double cover Spin(4) — SO(4)

The text in this section is reproduced with slight modification from [50].

Let us recall some facts about the double cover Spin(4) — SO(4). Let S3 ~ SU(2) left

isoclinic rotations:

a —b —c —d
b a —-d c
c d a —b |
d —c b a

where a? + b? + ¢ + d*> = 1. Similarly, let S% ~ SU(2) be the group of right isoclinic

rotations:
p —q¢ -1 —s
q p s -r
ro—s p q |
s r —q p
where
P+ st =1 (4.73)
Then
Spin(4) ~ S3 x %, (4.74)
and the double cover
© : Spin(4) — SO(4) (4.75)

is given by

(A,B)— A B, (4.76)



63

where A € §3, and B € S%. The complex half-spin representation p™ is just the projection

onto S?, where we identify S7 with SU(2) via

a —b —c —d

b a —-d ¢ a—bi d+a
H

c d a —b —d+ci a-+bi

d —c b a

The other complex half-spin representation p~ is the projection onto S%, where we identify

5% with SU(2) via

p —q —T —s

q p s —-r p—qi s4+71i
H

r —s p g —s+ri p+qi

S T —q P

In this paper, when I is the binary tetrahedral group, binary octahedral group, or binary

icosahedral group, we choose the spin structure corresponding to
e : ' = Spin(4), (4.77)

A (A L), (4.78)

and we call this the trivial spin structure. It is obvious that e lifts the identity map, and

hence that it corresponds to a spin structure.

4.9 Dirac spectrum of round binary tetrahedral coset space

Let 2T denote the binary tetrahedral group of order 24. Concretely, as a set of unit quater-

nions, this group may be written as
1
{:I:l,:l:i,:l:j, j:k:,Q(j:lj:z’j:jj:k:)}, (4.79)

where every possible combination of signs is used in the final term.

Theorem 2 of [4] provides formulae for generating functions whose Taylor coefficients
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about z = 0 give the multiplicities for the Dirac spectra of spherical space forms. Using
these formulae we obtain the following generating functions for the Dirac spectra of S3 /27"

2(1+ 2% — 2% 4 26 + 728 4 3210)

Fi(z)=—
+() (=14 22)3(1 4 222 4 221 4 26)2°

2253+ 722 + 24 — 20 4 28 + 210)
(=14 22)3(1 4 222 4 224 4 26)2 °

F_(z)=—

The kth Taylor coefficient of Fi(z) at z = 0 equals the multiplicity of the eigenvalue

A=+ @ + k) (4.80)

of the Dirac operator of the coset space S3/2T.

The Taylor coefficients of a rational function satisfy a recurrence relation. Using this

recurrence relation, one may show by induction that the multiplicity of
u=3/24+k+12n, neLZ, (4.81)
is given by Pg(u), where Py, k =0,1,2,...,11 are the polynomials

Py(u) = 0,if k is odd

Py(u) = 16 + %u + %uQ
Py(u) = ‘1% - 1352u+ %zﬁ
Py(u) = TERTL EUQ
Ps(u) = % + %u + %uz
Ps(u) = % + iu + %uz
Let .
Fi(z)= Zakzk (4.82)
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be the series expansion for F about z = 0. Clearly,

Pi(3/2 + k4 12n) = agy19n (4.83)
for each n if and only if
for each n and
Pu(3/2 + k + 12n) = api12n (4.85)
for some n. Now, let
Z b2, Z ¢z’ (4.86)
Jj=m 7=0

be the numerator and denominator respectively of the rational function Fy(z). Then for

each k, one has the recurrence relation

M
bk = Zak,jcj. (487)
7=0

In particular, for each & > P, we have

M
Z ap—5C5 = O, (488)
§=0
and hence also
M
Z(akJrlQ,j — ak,j)cj =0. (4.89)
j=0

We don’t need to worry about the smaller values of k since we can simply check those by

hand. Therefore to verify that

Pu(3/2 4 k +12n) = ajy1on (4.90)

for each k£ and n, one simply verifies that the values Py(3/2 + k + 12n) satisfy the same
recurrence relation as ayy12, and checks that these two values are equal for small values of

n. The recurrence relation is given by
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P[k](3/2 +k+12(n+1)) — P[k} (3/24+ k+12n) =

M
;01 Z(P[k,j}(3/2 +h+12(n+1) — §) — Py (3/2 + k +12n — j))c;,
j=1
for each k from O to 11, and this can be checked by direct evaluation of the polynomials.
Once one also verifies that the polynomials interpolate the spectrum for small eigenvalues,
then by induction (12 inductions in parallel) one has shown that the polynomials interpolate
the part of the spectrum in the positive reals. Here [a] is the integer from 0 to 11 to which
a is equivalent modulo 12.
The polynomials Pj also interpolate that part of the spectrum in the negative reals. To
verify this, one checks a recurrence relation much like the above except derived from F_

instead of Fy. Namely, if the numerator and denominator of F_ are given respectively by

Z b2, E c; 2’ (4.91)
Jj=m Jj=0

then the recurrence relation for the polynomials P that must be checked is

1 M
o > Py (=3/2 = k+j —12(n+1)) = Py_jy(=3/2 — k+j — 12n))c;,
j=0
which again can be checked by direct evaluation. Here [a]” is the number between 0 and 11

such that [a] + [a]’ 4+ 3 is a multiple of 12. This ensures that we have the set equality
{=3/2—K —12njn € Z} = {3/2 + k + 12n|n € Z}, (4.92)

which is clearly the condition we need to have in order for the polynomials Py, to interpolate

the entire spectrum.

By this procedure we have:

Proposition 4.9.1 For the round binary tetrahedral space with the trivial spin structure

the spectrum of the canonical Dirac operator D is contained in the set {+(3/2 + k)|k € N}.
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The multiplicity of 3/2 + k + 12t, where k € {0,1,...11} and t € Z, is equal to

Pi(3/2 + k + 12t). (4.93)

Now observe that

11
S Pyu) = %(ﬁ —1/4). (4.94)
k=0

Therefore by Lemma 4.5.3 we have computed the spectral action of the binary tetrahedral

coset space.

Theorem 4.9.2 The spectral action of the binary tetrahedral coset space is given by

1

50 (A3ﬁ2> (0) — iAf(O)) + O(A™). (4.95)

4.10 Dirac spectrum of round binary octahedral coset space

Let 20 be the binary octahedral group of order 48. Binary octahedral space is the space
SU(2)/20. It consists of the 24 elements of the binary tetrahedral group, (4.79), as well as
the 24 elements obtained from

1
—(£1 ¢+ 05+ 0k), 4.96
Vol ji+ 0 (4.96)
by permuting the coordinates and taking all possible sign combinations.

The generating functions are

2(1+ 22 + 21 — 20 + 228 + 2210 110212 + 4211 4 4,16)

F =—
+(2) (—1 4 22)3(1 4 222 + 324 4 326 + 228 4 210)2 ’

and
227(4 + 422 +102% 4 226 4 228 — 210 4 212 4 14 4 £16)

F (2)=—
(2) (=14 22)3(1 4 222 4 324 4 326 4 228 4 210)2
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We define polynomials Py(u), k =0,1,2,...,23, where

Pi(u) = 0,if k is odd,
15 23 1,

Py(u) = 32 + oY ﬂu ,
Py(u) = —% - %u%— 214u2,
a(u) = _% B % 214“2’
5(u) = _3% N % * 214“2’
Ps(u) = % gu + %zﬂ
Pio(u) = 7% - % + %U2,
Pio(u) = 3—72—1-% iqﬁ

31 5 1,

Pry(u) = ~96 " gY + t
Pro(u) % * % * 214 2
Pig(u) 32 + 2% + iu{
Pao(u) = %+ ;U+iu2,

One uses the procedure of section 4.9 to show the following.

Proposition 4.10.1 For the round binary octahedral space with the trivial spin structure
the spectrum of the canonical Dirac operator D is contained in the set {+(3/2 + k)|k € N}.
The multiplicity of 3/2 + k + 12t, where k € {0,1,...11} and t € Z, is equal to

Pi(3/2 + k + 24t). (4.97)

The sum of the polynomials is
Z Py(u (u? —1/4). (4.98)

By Lemma 4.5.3, we have the following.
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Theorem 4.10.2 The spectral action of the binary octahedral coset space is given by

1

= <A3f<2> (0) iAf(O)) +O(A), (4.99)

4.11 Dirac spectrum of round Poincaré homology sphere

When T is the binary icosahedral group the space SU(2)/T" is known as the Poincaré ho-
mology sphere.

This case was discussed in [50]. Unfortunately, the expressions for the generating func-
tions F(z), F_(z), and the interpolating polynomials Pj in [50] are incorrect. They are
necessarily incorrect because they imply that the spectrum of the Poincaré homology sphere
is not a subset of the spectrum of binary tetrahedral space, which is a contradiction, since
the binary tetrahedral group is a subgroup of the binary icosahedral group. However, the
expression for the spectral action in [50] is correct, which was the only thing that was used
in the rest of [50], and so the rest of the paper is unaffected. The correct expressions are
found below.

Let S = SU(2)/T be the Poincaré homology sphere, with the spin structure e described
here above. The generating functions for the spectral multiplicities of the Dirac operator

are

Fy(z) = (4.100)

)
2(1 + 322 + 42 + 225 — 228 — 6210 — 2212 412214 + 24216 18218 4 6220)
(=14 22)3(1 + 222 4 224 4 26)2(1 + 22 + 2% + 26 + 28)2

and

F_(z) = (4.101)

2211(6 4+ 1822 4 2424 41225 — 228 — 6210 — 2212 - 2214 4 4216 4 3218 1 220)
(=14 22)3(1 4222 4224 + 26)2(1 + 22 4 24 4 26 4 28)2 '

In order to compute the spectral action, we proceed as in the previous cases by finding

interpolating polynomials. Using the procedure of section 4.9 we obtain the following result.

Proposition 4.11.1 There are polynomials Py(u), for k =0,...,59, so that Py(3/2 + k +
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607) =m(3/2+ k + 604, D) for all j € Z. The Py(u) are given as follows:

P, =0, whenever k is odd,

39 59 1
P —_ — —_— — 2
o(u) = 35+ 5%+ ggt

7011,

Py(u) = —% - 210u+ 610u ,
Py(u) = ~510 " % + @uQ,
(1) = —v — o+
s(u) = —% - %u + %ﬁ
Pro(u) = — o — s+ o,
Pra(u) = % + gu + %UQ,
14(u) = —23710 — iu %uQ,
717 1,
16(u) = VTR @U—l- 60u ,

= 1 + Eu + iu2

240 20 60’
47 23 1

Py (u) = 210 "ot @UQ,

23 7 1,

Py (u)

P24(u):%+ﬁu+@u s
11 9 1
P26(U) = —@ — %U + @Ua

50 29 1
Poau) = — 22 _ 2 L2
28(4) =515 " 50" T o
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Pyo(u) = % + %u + %u%
Paa(u) = 25730 + % + 61*0162,
Psy(u) = —% - 1—72u + %uQ,
Psg(u) = 36 + % + %uQ,
Pss(u) = —% — %u + %uQ,

3719 1
—— 4+ —u+ —u
240 1 60 60
117 1,

29 1 1,

Pu(w) =55+ 14 T 50"
19 47 1
Pys(u) 360 0 2,
11 1
p K 2
1s(u) = o5+ 6o T g%

17 3 1
P AL O
50(4) = 50 T 0% T 5o

13 7 1,

Pso(u) = 210 + @ U+ @u
3 1 1

Psg(u) = 0 + —u+ ks u?,
1 1 1

Psg(u) = s gt @UQ,

119 59 1 ,

Peg(u) = ——2 = 22 4~
58(4) = —520 " 50" T 6o

These are computed directly from the Taylor coefficients of the generating functions of

the spectral multiplicities (4.100) and (4.101). Notice that

1 1
> Pi(u) = §u2 -3 (4.102)
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Once again, using Lemma 4.5.3 we obtain the nonperturbative spectral action for the

Poincaré homology sphere.

Theorem 4.11.2 Let D be the Dirac operator on the Poincaré homology sphere S = S3/T,

with the trivial spin structure and round metric. Then the spectral action is given by

1

= <A3f<2>(0) - iAf(O)) +O(A). (4.103)

Tr(f(D/A)) =
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Chapter 5

Twisted Dirac Operators

5.1 Introduction

Following the method developed in [16] and [50], [73], we compute the spectral action of
the quotient spaces S®/I" equipped with the twisted Dirac operator corresponding to a
finite-dimensional representation « of I' as follows. We define a finite set of polynomials

labeled PF

+, and P, which describe the multiplicities of, respectively, the positive and

negative eigenvalues of the twisted Dirac operator, in the sense that Pt (u)()\) equals the

multiplicity of the eigenvalue
A=-1/2+(k+1), k>1 (5.1)

whenever £k = m mod cp, where cr is the exponent of the group I', the least common
multiple of the orders of the elements in T.

The main technical result we will prove is the following relation between these polyno-
mials: o -

mZ::l P (u) = mz::o P (u) = Z;FF <u2 - i) | (5.2)

Since the polynomial on the right-hand-side is a multiple of the polynomial for the spectral
multiplicities of the Dirac spectrum of the sphere S (see [16]), we will obtain from this the
relation between the non-perturbative spectral action of the twisted Dirac operator D) on
S3 /T and the spectral action on the sphere, see Theorem 5.1.1 below.

Furthermore, we shall show that the polynomials P (u) match up perfectly with the
polynomials P, (u), so that the polynomials P (u) alone describe the entire spectrum by

allowing the parameter k in equation 5.1 to run through all of Z. Namely, what we need to
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show is that

Pi(u) = P, (u), (5-3)

m

where for each m, m’ is the unique number between 0 and cr — 1 such that m +m/ + 2

is a multiple of cr. To be more precise,

cr—2—m, ifl1<m<ecr—2

m' = cr — 1, ifm=cr—1 . (5.4)
cr — 2 ifm=cr
Define
gm(uw) = Pl (u) f(u/A). (5.5)

Now, we apply the Poisson summation formula, to obtain,

Tr(f(D/A) = > gm(1/2+ erl +m +1)

m e
N _ _
= a7 > gm(0) + O(A™)

- ;VP (/R u?f(u/A) — jl/Rf(U/A)> +O(A™™)

— ot (8720 - jaf0) + 0a )

and so we have the main result.

Theorem 5.1.1 Let T' be a finite subgroup of S3, and let o be a N-dimensional repre-
sentation of T'. Then the spectral action of S®/T equipped with the twisted Dirac operator

18
N

T/(D/A) =

<A3f<2>(0) - lef(O)) +O(A), (5.6)

Here f@ denotes the Fourier transform of u? f(u).

Similar computations of the spectral action have also been performed in [50], [51], and [73].
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In the sequel we describe how to obtain equation (5.2), by explicitly analyzing the cases
of the various spherical space forms: lens spaces, dicyclic group, and binary tetrahedral,
octahedral, and icosahedral groups. In all cases we compute explicitly the polynomials of
the spectral multiplicities and check that (5.2) is satisfied. Our calculations are based on
a result of Cisneros-Molina, [19], on the explicit form of the Dirac spectra of the twisted

Dirac operators DY, which we recall here below.

5.2 Twisted Dirac spectra of spherical space forms

The spectra of the twisted Dirac operators on the quotient spaces are derived in [19]. Let

us recall the notation and the main results.

Let E} denote the k + 1-dimensional irreducible representation of SU(2) on the space of
homogeneous complex polynomials in two variables of degree k. By the Peter—Weyl theorem,
one can decompose C*°(S3,C) = ®pE, ® E; as a sum of irreducible representations of
SU(2). This gives that, on C®(S3,C2@ CN) = @B, ® El ® C? ® CV, the Dirac operator
D ® idcn decomposes as @pidg, ® Dy ® tden, with Dy @ Ef ® C? — E ® C2. Upon
identifying C*°(S3,C? @ CM)'' = @, Ey ® Homr(Ey, C? ® CV), one sees that, as shown in
[19], the multiplicities of the spectrum of the twisted Dirac operator D! are given by the
dimensions dim¢ Homr (Ey, C2®@CY), which in turn can be expressed in terms of the pairing
of the characters of the corresponding I'-representation, that is, as (xg,, Xoga)r. One then

obtains the following:

Theorem 5.2.1 (Cisneros-Molina, [19]) Let o : I' — GLy(C) be a representation of T.

Then the eigenvalues of the twisted Dirac operator Dg on S3/T are

1

5 (k + 1) with multiplicity (Xg,. > Xa)T(k+ 1), k>0,
1

) + (k + 1) with multiplicity (XE,_,, Xa)v(k+ 1), k> 1.

Proposition 5.2.2 (Cisneros-Molina, [19]) Let k = crl +m with 0 < m < cr.
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1. If =1 €T, then

%(Xa(l) + xXa(—1)) + (XE,., Xa)T if k is even

T (Xa(1) = Xa(=1)) + (XBw, Xa)r  if k is odd.

(¢}

~ —

o —

(XEp»> Xa)T =

2. If =1 ¢ T, then
Nerl

4T

<XE1€’X04>F = + <XE'm7XOc>F-

5.3 Lens spaces, odd order

In this section we consider I' = Z,,, where n is odd. When n is odd, —1 ¢ T", which affects

the expression for the character inner products in Proposition 5.2.2.

For m € {1,...,n}, we introduce the polynomials,
N mN “a mN N
pPr — .2 a 77 Pm 20 2T
m(®) n + (B n Jut 2 2n  4n’
where

IB?YL = <XEm_15XOé>F)

and m takes on values in {1,2,...,n}.
Using Theorem 5.2.1 and Proposition 5.2.2, it is easy to see that the polynomials P (u)
describe the spectrum on the positive side of the real line, in the sense that P} (u)()) equals

the multiplicity of the eigenvalue
A=—-1/2+(k+1), k>1

whenever £k = m mod n.

For the negative eigenvalues, the multiplicities are described by the polynomials

ut—+— -2

N, (2N mN 3N mN A2
nu+< 7m> dn  2n 2

m € {0,1,...n — 1}, in the sense that P, (u)()\) equals the multiplicity of the eigenvalue

A=-1/2—(k+1), k>0
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whenever £ = m mod n. Here 7, is defined by

’Y% - <XEm+1 ) XO¢>F'

Let us denote the irreducible representations of Z, by x:, sending the generator to

exp(#). Here t is a residue class of integers modulo n.

For the sake of computation, we take Z,, to be the group generated by

2mi

en 0

_ 2mi

Then in the representation Ej, B acts on the basis polynomials P;(z1, 22), j € {0,1,...k}

as follows:

B - Pj(z1,22) = P; ((21, 22)B)

27 27

= Pj(en z1,e n 29)

= (e%zl)k_j(e_%@)j
276 (1o
=en (k QJ)P]'(ZLZQ)'

Hence, B is represented by a diagonal matrix with respect to this basis, and we have:

Proposition 5.3.1 The irreducible characters xg, of the irreducible representations of
SU(2) restricted to Z,, n odd, are decomposed into the irreducible characters Xjy of Zn,

by the equation
j=k

XE, = ZX[k—Qj]- (5-7)

J=0

Here, [t] denotes the number from 0 to n — 1 to which t is equivalent mod n.

In the case where —1 ¢ T, that is to say, when I' = Z,, where n is odd, by equating
coefficients of the quadratic polynomials P and P, the condition 5.3 is replaced by one

that may be simply checked.

Lemma 5.3.2 Let ' be any finite subgroup of SU(2) such that —1 ¢ T' the condition 5.3 is



78

equivalent to the condition

Xa(l), f1<m<ecp—2
B + Yo = ’ (5:8)

2xa(1), ifm=cr—1,cr

where a is an irreducible representation of I'. Furthermore this condition holds in all cases.

Using proposition 5.3.1, it is a simple combinatorial matter to see that

n
n+1
Z <XEm_1 ’ Xa>F =N 2 ) (59)

m=1

for any representation « of Z,.

For the argument to go through, one also needs to check the special case
Pr(1/2) =0.
By direct evaluation one can check that this indeed holds.

For the negative side, we see that

. n+3
> (XBurs Xa)r = N=o=, (5.10)

m=1

for any representation « of Z,,, and so:

Proposition 5.3.3 Let I' be cyclic with #I" odd, and let o be a N -dimensional represen-
tation of I'. Then

n n—1 - N
lePnt(u) = Z P, (u) = Nu? — R

m=0

Note that in the statement of Theorem 5.2.1, the first line holds even if we take k = —1,
since the multiplicity for this value evaluates to zero. Therefore, we automatically have
Po1(=1/2) =0,

which we still needed to check.
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5.4 Lens spaces, even order

When n is even, we have —1 € Z,,. When —1 € ', from Theorems 5.2.1 and 5.2.2 it follows

that the multiplicity of the eigenvalue
A=1/241lecp+m, l €N
is given by, Pt m € {1,2,...,cr},

P (@) =,§|<xa<1> + (= 1)y (—1))u+

( o~ L (a1 + <—1>m+1xa<—1>>) v

#T
+ 39 = T (aD) + (<1 xa(-1)
- g (al1) + (<1 (1)),

The one case that is not clear is A = 1/2. It is not an eigenvalue of the twisted Dirac

operator. However, it is not clear from Theorems 5.2.1 and 5.2.2 that
Pi(1/2) =0, (5.11)

and this needs to hold in order for the argument using the Poisson summation formula to

go through. Evaluating equation (5.11), we see that one needs to check that

(XBop1s Xa) = %(xa(l) + (=) g (—1)), (5.12)

and indeed it holds for each subgroup I' and irreducible representation a.

Proposition 5.4.1 For any subgroup T' C S3 of even order, the sum of the polynomials
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Pt s

m

cr

Ph(u) =~ xa(1)u?

4T

3
I}

CQXa(l) cr(Xa(l) = Xa(—1)) .- a
—l—(— FQ#F — 94T +m§:15m>u
arxa(l)  fxa(l) | er 1O~ oo
T ToAr 4T +4#PX“(_1)+2;%'

Since the coefficients of the polynomial are additive with respect to direct sum, it suffices
to consider only irreducible representations.

In the case of lens spaces, cr = #I', and x;(—1) = (—1)!. As a matter of counting, one
can see that:

Proposition 5.4.2

I 22 ift is even
> b= .
m=1 5 iftis odd

Putting this all into the expression of proposition 5.4.1, we have, for an N-dimensional
representation, a,

milpg;(u):zv( 2-1). (5.13)

The negative eigenvalues are described by the polynomials

P () =

:#F (Xa(l) + (_1)m+1Xa(_1))u2+
(2 )+ ()™ (1) =3 )
ST (D) (<) (1) = 3

27%,

m € {0,1,...cp — 1}. And so, we have the following proposition.

Proposition 5.4.3 For any subgroup T' C S3 of even order, the sum of the polynomials
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m=1 #F
-1
Xa(1)cf + 3xa(1)er + Xa(=1)er _ < a ) g
94T 94T 94T m
m=0
1 1 1
Xa( )CF + Xa( ) + Xa 1 Z 7m
2#I 4#T 4#F
By counting, one can see that
el . o4 if ¢ is even
> A= ) : (5.14)
0 nt2if t is odd

To complete the computation of the spectral action one still needs to verify the condition
(5.3). We have the following lemma, which is obtained by equating the coefficients of P}
and P_,, and it covers the cases of the binary tetrahedral, octahedral and icosahedral groups

as well.

Lemma 5.4.4 Let T' be any finite subgroup of SU(2) such that —1 € ' the condition (5.3)

1s equivalent to the condition

Xa(D(Xa(1) + (=1)""xa(-1)), f1<m <er—2
’3% + ’7%/ = 2Xa(1)(Xa(1) + Xa(_l))7 me = — 1 ’ (5'15)

2Xa(D)(Xa(1) = Xa(=1)), if m=cr

where a is an irreducible representation of I'. Furthermore this condition holds in all cases.

5.5 Dicyclic group

The character table for the dicyclic group of order 4r is, for r odd,
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Class | 14 1_ 2; ro | 71
Yoo |2 |21 G| 0] o
xi |1 1 1 1|1
e |1 -1 0t | i | =i |
x3 | 1 1 1 —1| -1
xa | 1 ~1 (—1)! —i | i

and for r even,

Class | 11 1_ 2; ro | 71
Yo | 2 |20 |+ oo
xi |1 1 1 1|1
xo |1 -1 (—1)! i | —i
x3 | 1 1 1 -1 -1
xa |1 —1 (—1)! —i | i

Here (o, = eﬂTi, 1<t<r—-1,1<1[<r—1. The notation for the different conjugacy
classes can be understood as follows. The number indicates the order of the conjugacy class.
A sign in the subscript indicates the sign of the traces of the elements in the conjugacy class

as elements of SU(2).

For the dicyclic group of order 4r, the exponent of the group is

2r if r is even

4r if r is odd

cr =

One can decompose the characters xg, into the irreducible characters by inspection,

and with some counting obtain the following propositions.

Proposition 5.5.1 Let I' be the dicyclic group of order 4r, where r is even.

cr % Xa € {XlaXQ’X37X4}
Z P = T Xa =Y, T 1S even
m=1 )

r+1 Xa=1Y, tisodd
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5+1 Xa€{Xx1,X2, X3, X4}
Z%?l: r+2 Xao=1U, tiseven
r+1 Xa=1v, tisodd

Proposition 5.5.2 Let I' be the dicyclic group of order 4r, where v is odd. The following

equations hold:

2r  xa € {x1.x3}

T “ 2r+1 xq € {XQ,X4}
> Bn=
m=1

4r Xa = Wt, t is even

4r+2 xoq =Yy, tis odd

2r+2 xa € {x1,x3}

cr—1

N 2r+1 xa € {x2, x4}
>
m=0

dr +4 xq =Yy, t is even

dr +2 Xo =1, tis odd
5.6 Binary tetrahedral group

The binary tetrahedral group has order 24 and exponent 12. The character table of the

binary tetrahedral group is

Class | 14+ | 1_ | 4o+ | 4ps | 40— | 4p— | 6

Order | 1 2 6 6 3 3 4
X1 1 1 1 1 1 1 1
X2 1 1 w? w w w? 1
X3 1 1 w w? w? w 1
X4 2 | -2 1 1 -1 -1 0
X5 2 | 2| w? w —w | —w? | 0
X6 2 | 2| w w? | —w? | —w 0
X7 3 3 0 0 0 0 -1

27

Here, w =¢ 3.
For the remaining three groups, we can use matrix algebra to decompose the characters

XE} -



Let x;, ¢j, j = 1,2...,d denote the irreducible characters, and representatives of the
conjugacy classes of the group I'. Then since every character decomposes uniquely into the

irreducible ones, we have a unique expression for xg, as the linear combination

If we let b = (bj) j = 1,...,d be the column with b; = xg, (z;), and let A = (a;;) be the

d x d matrix where a;; = x;j(z;) and let ¢ = (c;“) j =1,...d be another column, then we

have

A is necessarily invertible by the uniqueness of the coefficient column ¢, and so ¢ is given

by

84

d
_E k., .
XEk - Cij'
J=0

b= Ac.

c= A"

By this method, we obtain the following proposition.

Proposition 5.6.1 Let I' be the binary tetrahedral group. The following equations hold:

5.7 Binary octahedral group

The binary octahedral group has order 48 and exponent 24. The character table of the

binary octahedral group is

3,
cr

D A= T
m=1

9,
cr—1 4’
D= T
m=0

12,

Xa € {x1, X2, X3}
Xa € {x4, X5, X6}
Xa = X7

Xo € {X17X27X3}
Xa € {X47X57X6}
Xa = X7
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Class | 14 | 1_ | 64 6 6 | 84 | 8- | 12

Order | 1 | 2 8 4 8 6 | 3| 4
X1 1] 1 1 1 1 1|11
X2 1|1 | =1 |1]-11]1]1]|=
X3 2 | 2 0 2 0 |-1|-1]0
X4 2 | =2 V2 |0 | =vV2|1]-1]0
X5 2 =2 V2] 0| V2|1 ]|-1]0
X6 33| -1 ]-1| -1]01]0]1
X7 313 1 | -1 1 00 |-1
X8 4 | —-4] 0 0 0 |-1|11]0

Proposition 5.7.1 Let I' be the binary octahedral group.

67 Xa € {XlaXQ}
o 12, Xa = X3

Z /8% = 13, Xxa =€ {X4;X5}
m=1

187 Xa € {XG?X?}
26, Xa = X3

7, Xa € {x1,x2}

ep—1 14, Xa=x3
doUm =19 13, xa=€ {xaxs)
m=0

217 Xo € {X61X7}

26, Xo = X8

5.8 Binary icosahedral group

The binary icosahedral group has order 120 and exponent 60. The character table of the

binary icosahedral group is



Class | 14 | 1_ | 30 | 204 | 20— | 124 | 12p4 | 124— | 125

Order | 1 2 4 6 10 5 5 10
X1 1 1 1 1 1 1 1 1
X2 2 1-2]10 1 -1 o v — U —v
X3 2 1-210 1 -1 —v —u v W
X4 3 3 | -1 0 —v W —v 7
X5 3 3 1—-1] 0 o —v 7 —v
X6 4 4 0 1 -1 -1 -1 -1
X7 4 | -4 0 | -1 1 -1 -1 1
X8 5 5 1 -1 | -1 0 0 0 0
X9 6 | -6 0 0 -1 1 1 -1

Here, p = \/52+1, and v = \/52_1.

Proposition 5.8.1 Let I' be the binary icosahedral group.

cr

> B

m=1

15,
31,
45,
60,
62,
75,
93,

16,
31,
48,
64,
62,
80,
93,

Xa = X1
Xa € {x2,x3}
Xa € {x4, x5}
Xa = X6
Xa = X7
Xo = X8
Xa = X9
Xa = X1
Xa € {X2,x3}
Xa € {X4, X5}
Xa = X6
Xo = X7
Xa = X8

Xa = X9
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5.9 Sums of polynomials

If we input the results of propositions 5.4.2, 5.5.1, 5.5.2, 5.6.1, 5.7.1, 5.8.1 into propositions

5.4.1, 5.4.3 and also recalling proposition 5.3.3 we obtain the following.

Proposition 5.9.1 Let I' be any finite subgroup of SU(2) and let a be an N-dimensional

representation of T'. Then the sums of the polynomials Pt and P, are given by

cr—1

S P = S Py = N (2L
30 Pl = 3 Patw = (7).
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Chapter 6

One-Parameter Family of Dirac

Operators, SU(2) and SU(3)

6.1 Introduction

6.2 One-parameter family of Dirac operators D;

Let us recall the one-parameter family of Dirac operators constructed by Agricola [2] on a
Lie group G. Instead of considering just the Levi-Civita connection, one may consider a

whole family of connections,

Vi = V% +t[X, ],

where V? is the connection induced by left-multiplication.
One checks that V* is a metric s0(g) connection. The torsion, T'(X,Y) = (2t —1)[X, Y],
vanishes when ¢ = 1/2 and so we see that V;ﬁ is the Levi-Civita connection.

The so(g) connection V* lifts to a metric spin(g) connection Vi [62] given by the formula

%\tX:v +t— Z [ Xk, Xy X X

Let Cl(g) denote the Clifford algebra generated by g with the relation XY + Y X =
—2(X,Y) for X, Y € g. Let {X;} denote the set of orthonormal basis of g with respect to
the metric (-, ). The Dirac operator in C1(g) ® U(g) induced by Vi is given by the formula

D= X;®X;+tH € Cl(g) ®U(g), (6.1)
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where

1
= ZZXijXl ® (X, [ Xk, Xi]) € Cl(g) @ U(g)-
il

6.3 Spectrum of D;

In this section we review a general analysis of the spectrum of D7 given in [43].

The operator D? can be written in terms of the Casimir operator Cas. This is useful
because the action of Cas on irreducible components of a Lie algebra representation is
well-known.

Let us recall the calculation for D7, done in [2].

Proposition 6.3.1 ([2]) Let {X;} be the set of orthonormal basis of g, Dy, to be defined as
in Equation (6.1). Then

1
D? = 1®Cas+(1—3t)§ZXkXZ®[Xk,Xl]+9t2|p|2.
K,

Now, we write the degree one term in terms of the Casimir as well, using the homomor-

phism,

Theorem 6.3.2 ([40]) The map 7 : g — Cl(g) given in the orthonormal basis Xj € g by

m(Xi) = > (X, (X, Xi)) Xi X,
"l

1s a Lie algebra homomorphism.

For a semi-simple Lie algebra, 7 is an injection. Extend 7 to 7 : U(g) — Cl(g). Now

write the degree one term in D? as

%ZXleG?[Xk,Xl] = >
k,l

i

N =

> Xk, X)), X)) X X © X,
k,l

)

= 2) m(Xy)®

7

Let A : U(g) — U(g® g) = U(g) @ U(g) denote the co-multiplication given by the
diagonal embedding
AX) = Xi01+10X; €U(g) @Ul(g).
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Then
ACas = —Z(Xi®1+1®X,~)2
= 1®ZCas+Cas®l—22Xi®Xi.
Thus,
—%ZXle@b[Xk,Xl] = (r®1)(ACas—1® Cas— Cas®1).
k,l
We obtain

Theorem 6.3.3 For D; defined as in Equation (6.1), D? can be written as

where
U(g) @U(g) 5 Ty := 1 ® Cas +(3t — 1)(A Cas —1 ® Cas — Cas ®1) + 9¢%|p|2.

Since 7 is injective, the action of D? is determined by the action of T; which in turn is

written as a combination of 1 ® Cas, Cas®1, and A Cas.

Lemma 6.3.4 ([38]) Let V) be an irreducible representation of g with highest weight X.

Then Cas acts as a scalar on Vy, and the scalar is given by
A+l = lol? = (A +2p, ).

Suppose that S is a Clifford Cl(g)-module so that Cl(g) ® U(g) acts on S ® L*(G),
where Cl(g) acts on S via the Clifford action and U(g) acts on L%*(G) as left-invariant

differentiation.

By the Peter-Weyl theorem, L?(G) decomposes as the norm closure of

Pwvevy,
re@G
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where )\ ranges over the irreducible representations G of G.

Since U(g) acts as left invariant differential operators on L?(G), it acts as the identity

on the dual components Vy'.

Theorem 6.3.5 ([40]) Let S be any Cl(g)-module. Then the g-representation on S defined
by composition with ™ is a direct sum of p-representations, where p is the half sum of all

positive roots, the Weyl vector.

The theorem implies that as a U(g) ® U(g) representation, S ® L?(G) decomposes as

SeL*G) =P PV, naVy.
P XeG

The sum P 0 and the dual components V)" only change the multiplicity of the action. We
will for the moment ignore them and only look at the V, ® V) part.

We can read off how Cas®1 and 1 ® Cas act on V, ® V) already by directly applying
Lemma 6.3.4. However to know how T}, hence D?, acts on V, ® Vi, we need to know the
action of A Cas, which can be obtained if one knows the direct sum decomposition of V, @V
into irreducible components, the so-called Clebsch-Gordan decomposition. In effect, we are

reducing the study of the spectrum of D7 to the Clebsch-Gordan decomposition of V, @ V.

Suppose that V, ® V) decomposes as

Vo,@Vy= @ Vitry (6.2)
v

for some weights ~.

We examine on it the action of
T, =1 ® Cas+(3t — 1)(A Cas —1 ® Cas — Cas ®1) 4 9¢|p|2.
One has

(—(3t — 1) Cas ®1 + 9¢*|p|?) = —(3t—1){p+2p, p) + 9t*|p|?

Vp@‘/)\
— (3t—1)(3t -2l + ol
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and
((3t — 1)A Cas —1 ® Cas) = (3t—1) (()\ £y 420, A E ) — (A +2p, /\))
Vp®v)\
= 203t — 1)(A+p,+7) + (3t — 1)|y/?

= 2N+ p, £(3t — 1)7) + (3t — 1)7]? — (3t — 1)(3t — 2)|y|*.

Thus, the action of T; on V, ® V), is given by the following.
Theorem 6.3.6 Let v denote the weights in the Clebsch-Gordan decomposition of V, @ V)
as in Equation (6.2). Then

B, = A o= 1P+ 3 13- 2) (1~ ). (6.3)

Notice that for t = 1/3, T} /3 acts on V, ® Vy as | + p|?, obviating the Clebsch-Gordan
decomposition.

By the injectivity of 7 ® 1, one obtains as well the action of D? on V, ® Vj.

6.4 Spectral action for SU(2)

Using the results of the previous section, we can now compute the spectral action for the
one-parameter family of Dirac operators on SU(2).

In the case of SU(2), let V,,, denote the irreducible representation of SU(2) of dimension
m+ 1, m € N. The Weyl vector is given by p = 1, and the tensor product decomposition

that we need for our calculation is
Vi & Vm = Vm+1 5> Vm—l-

For m = 0, we ignore V_; and the equation reads Vi ® V = V;. In this case, the Clifford
module S equals just a single copy of V;.

Plugging A = m, p = 1, and v = 1 into Equation (6.3), one obtains the action of T}
is m + 3t on V41 with multiplicity (m + 2)(m + 1) for m > 0; and m + 2 — 3t on V1
with multiplicity m(m + 1) for m > 1, which can alternatively be written as —n — 3t with
multiplicity (n + 2)(n 4+ 1) for n < —1 by the change of indices m + 2 = —n. Hence, the
spectrum of D? is given by (n + 3t)? for n € Z with multiplicity (n + 2)(n + 1), and tthe
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2
spectrum action Tr f (%) is

Trf(ig) = Y (n+2)(n+1)f (W) (6.4)

nez

Now we follow the analysis of Chamseddine and Connes [16]. Let g(u) = (u + 2)(u +
1 f (%) Its Fourier transform, denoted by g(z), is

g(z) = /R(u +2)(u+1)f <(“Jj\23t)2> e~ 2mizu g,

= / (Ay — (3t = 1))(Ay — (3t = 2)) f(y*)e W= Ady
R
_ A3672m’x(73t) /]R ny(y2)6727TixAydy
_A2e—27rix(—3t) / 3(2t o 1)yf(y2)€—27ria:Aydy
R

+A /R (3t — 1)(3t — 2) f(y?) e~ 2mi=Av gy,

Now let f(m) denote the Fourier transform of 3™ f(y?)

. By the Poisson summation
formula, Zg(n) = Z:q\(x), the spectral action Tr f (%2 (6.4) then becomes
z zZ

D? .
() = Sam
Z
— A3 Z 672m'n(73t) J/c\(2) (An)
Z
_A2 Z 3(2t — 1)6—27rz'n(—3t)}*\(1) (An)
Z

+AD (3t —1)(3t — 2)e 23 F(An).
Z

By taking f to be a Schwartz function, f(m) has rapid decay, thus for all &
]f(m (An)‘ < Cy(An)*
and

> M (An)| < CLATE.
n#0
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As a result,

> g(n) € O(A™).
n#0

Finally, we obtain:

Theorem 6.4.1 The spectral action of D, for SU(2) is

() = ao+on
= A3F2(0) — A2F1(0)3(2t — 1) + Af(0)(3t — 1)(3t — 2) + O(A™)

e /R V2L )y + A3t — 1)(3t — 2) /R F()dy + O(A).

The result of Theorem 6.4 coincides with that of [16] for ¢ = 1/2, where D/, is the

spin-Dirac operator.

6.5 Spectrum of Dirac Laplacian of SU(3)

First, let us summarize our results for the spectrum of the Dirac Laplacian of SU(3).

Theorem 6.5.1 In each row of the table below, for each pair (p,q) with p,q in the set of
parameter values displayed, the Dirac Laplacian D? of SU(3) has an eigenvalue in the first

column of the multiplicity listed in the center column.
Let
Mu,v) = u? 4+ v? 4+ uv,

and

p+Dg+D(p+q+2)(p+1+a)g+1+b)(p+qg+2+a+b)

m(a,b) = 1

We denote by N2¢, the set {n € N:n >a}, and we take N to be the set of integers greater

than or equal to zero.
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Eigenvalue Multiplicity Parameter Values
A(p + 3t,q+ 3t) m(1,1) peN,geN
AMp+2—3t,g—1+6t) m(—1,2) peN,geN
Ap+1,g+1)+3(3t—1)(3t—2) m(0,0) p€N,qgeN,(p,q) # (0,0)
Ap+ 3 —6t,q+ 3t) m(—2,1) peN2l geN
AMp—1+6t,q+2—3t) m(2,—1) peN,geN
AMp+1,g+1)+3Bt—1)(3Bt—-2)| m(0,0) pe N2l ge N2t
A(p+3t,q+ 3 —6t) m(1,—2) p€eN,qge N1
AMp+2—3t,g+2—3t) m(—1,-1) peN,geN

There is some flexibility in the set of parameter values. For instance in the second line,
we could have used instead p € NZ! since for that line the multiplicity is zero whenever

p=0.

6.5.1 Spectrum for ¢t =1/3

In the case of ¢ = 1/3, the expression of the spectrum becomes much simpler, as we no

longer need to take the Clebsch-Gordan decomposition into account.

Theorem 6.5.2 The spectrum for the Dirac Laplacian D%/:,) of SU(3) is given in the fol-

lowing table.

Eigenvalue | Multiplicity | Parameter Values

P+ ¢ +pq|20°¢*(p+9)?| peNgeN

We will later apply the Poisson summation formula to the result of Theorem 6.5.2, and we
will make use of the nice property that the multiplicities of (p,0) and (0,q) are zero for
p,q € N.

6.5.2 Derivation of the spectrum

The pairing (-,-) is in general the dual pairing on the weight space of a nondegenerate
symmetric bilinear form on the Cartan subalgebra of g. Such a nondegenerate symmetric

bilinear form is necessarily a constant multiple of the Killing form, which for SU(3) is given
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k(X,Y) =6Tr(adx ady), (6.5)

where the trace and multiplication are taken in the natural representation of X,Y as 3 x 3
matrices. One may identify g* with g by identifying A € g* with the unique X such that
(X),Y) = A(Y), for all Y € g. This is possible due to the nondegeneracy of the pairing
on g. In this way, one defines the dual pairing on g*. The particular pairing which occurs
depends on the normalization of the Riemannian metric.

Henceforth, we assume that the metric is normalized so that (p, p) = 3. This leads to
the simplest expressions for the spectrum.

In order to derive the spectrum of the Dirac Laplacian, one must first analyze the pairing

of weights. We take for our basis of the Cartan subalgebra, b, the set {Hy, Ha},

1 0 0 00 0
H=l0 -10|,H=l01 0 [. (6.6)
0 0 0 00 —1

We identify weights concretely using this basis, i.e. for A € h*, we identify A with (A(H1), A(H2)).
In terms of Theorem 6.3.6, in the case of SU(3) we have A = (p,q) e Nx N, p=(1,1),
v = (a,b) = (0,0),(1,1),(2,—1), or (—1,2); and its multiplicity is 3(p + L £ a)(p + 1)(g +
1£b)(q+1)(p+q+2+(a+b)(p+q+2). And S = Vi 3.
The weights A\; = (1,0) and A2 = (0,1) form an N-basis of the highest weights of
irreducible representations of SU(3). The pairing of weights can be determined up to

normalization, using duality, and the Killing form, from which one deduces the relations
(A1, A1) = (A2, A2) = 2(A1, A2). (6.7)

From these relations and Lemma 6.3.4, we immediately obtain the following lemma.

Lemma 6.5.3 On the irreducible representation of highest weight (p,q), p,q € N, the

Casimir element acts by the scalar

Cas = (0 + ¢+ 3p+ 3¢+ pg) (A1, A1) (6.8)

(p,q)

For the normalization that we are considering, we have (A1, A1) = 1.
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We have listed the irreducible representations of SU(3) as well as the action of the
Casimir operator on them. To write down the spectrum of the Dirac Laplacian the only
obstacle now is to understand the term A Cas in Theorem 6.3.6; i.e. we need to know the
Clebsch-Gordan coefficients of the tensor products V,® V(, ;). These were computed in [61].
We recall the Clebsch-Gordan coefficients that we will need below.

Lemma 6.5.4 ([61]) The decomposition of V, ® V{,, o) into irreducible representations is
Vo ® Vipg) = uVius (6.9)

where the summands V,, appearing in the direct sum are given by the following table:

Summand Parameter Values
Vipr1,g+1) peN,geN
Vip—1,4+2) pENZtgeN
Vwo | PEN,gEN, (p,q) #(0,0)
Vio—2.411) peN?geN : (6.10)
Vipt2.4-1) peN,qge N
Vv p € N2l g e N=!
Vip+1.4-2) p €N, qe N2
Vip-14-1) pe Nz ge Nt

Each summand in the left column appears once if (p, ¢) lies in the set of parameter values
listed on the right column. For instance for (p,q) = (1,1), the summand Vi, o) = V(1 1)
appears twice in the direct sum decomposition, since V|, ;) appears twice in the left column,
and (p, q) is in the set of parameter values in each of the two rows.

By combining Theorem 6.3.6, Lemma 6.5.3, and Lemma 6.5.4, we obtain Theorem 6.5.1.

The multiplicities are obtained using the Weyl dimension formula

SO+ 1+ Dp+a+2) (6.11)

dim Vi, ) =
When ¢t = 1/3, the formula for the Dirac Laplacian in Theorem 6.3.6 simplifies to

D}y =1® Cas+3. (6.12)
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Therefore, we no longer need to decompose any tensor products into irreducible components,

and using just Lemma 6.5.3, one obtains Theorem 6.5.2.

6.6 Spectral action for SU(3)

In this section, we compute the spectral action, Tr f(D?/A?%). In the case t = 1/3, one
may apply the Poisson summation formula as in [16] to quickly obtain the full asymptotic
expansion for the spectral action. For general t however, this approach no longer works. An
expansion can however still be generated using a two variable generalization of the Euler-
Maclaurin formula [37]. However, this requires more work to produce, and produces the
full expansion of the spectral action if the test function f is taken to be “flat” at the origin.
The flatness assumption of f is natural as the role of f is to act as a cut-off function. Here,

we compute the spectral action to order AY.

6.6.1 t=1/3

Let f € S(R) be a Schwarz function. By Theorem 6.5.2, the spectral action of SU(3), for

t =1/3 is given by

2, 2
2 2) P +q"+pq
Tr f(D)3/A%) ZZ% (p+a)*f <A2 ) . (6.13)
p=0 ¢=0
In order to apply the Poisson summation formula, one needs to turn this sum into a sum
over Z2. For this purpose, one takes advantage of the fact that the expressions for the

eigenvalues and multiplicities are both invariant under a set of transformations of N? which
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together cover Z2. The linear transformations of N which together cover Z? are

Ti(p,q) = (P, q);
Tr(p,q) = (=p,p +q),
Ts(p,q) = (—=p — ¢;p),
Tu(p, q) = (=p, —q),
T5(p,q) = (p. —p — @),
Ts(p,q) = (p+q,—p)

Each of the transformations is injective on N2. The union of the images is all of Z2. The
six images of N2 overlap on the sets {(p,q) : p = 0} and {(p,q) : ¢ = 0}. However,
the multiplicity is equal to zero at these points, and so this overlap is of no consequence.

Therefore, we may now write the spectral action as a sum over Z? as

2 2
LTSI S DI ST ] Ca e R (A0

p——oo q=—00

For a sufficiently regular function, the Poisson summation formula (in two variables) is

> 9pa) =) dlx,y). (6.15)
72 72

Applying Equation (6.15) to Equation (6.14), and applying the argument used in [16]

we get the following result.

Theorem 6.6.1 Let f € S(R) be a Schwarz function. For t = 1/3, the spectral action of
SU(3) is

Trf(D1/3/A2 // 2?y? (x4 y)f (2% + v + 2y)dady A® + O(A™F), (6.16)

for any integer k.
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6.6.2 General ¢t and the Euler-Maclaurin formula

The one-variable Euler-Maclaurin formula was used in [17] to compute the spectral action
of SU(2) equipped with the Robertson-Walker metric. A two-variable Euler-Maclaurin

formula may be applied here to compute the spectral action on SU(3) for all values of t.

Let m be a positive integer. Let ¢ be a function on R? with compact support. One

instance of the two-variable Euler-Maclaurin formula is [37]

! = L(——)L*(—— / / dpd Rl(g). (617
YD 9p.a) G E Gy ), 9w adpdal L Rnlg). (617)
p=0¢=0 Lovne
The notation Y > indicates that terms of the form ¢(0,¢q), ¢ # 0, and g(p,0), p # 0
have a coefficient of 1/2, ¢(0,0) has a coefficient of 1/4, and the rest of the terms are given
the usual coefficient of 1. The operator L?¥(S) is defined to be

1
L*(S) =1+ 55252 + b S, (6.18)

1
MGIAT

where b; is the jth Bernoulli number. The number k is defined by k£ = |m/2]. The

remainder RS (g) is

R (o) (6.19)
8 m
_ m—1)(2—|I]) 2k
= %y e [0 I ot (5 ) st adnds,
1C{1,2} icl 2 i¢l h=0

Equation (6.17) is proved in an elementary way in [37], by casting the one-variable Euler-

Maclaurin formula in a suitable form, and then iterating it two times.

Using Theorem 6.5.1, one may write the spectral action in terms of eight summations

of the form

where
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The notations A;(p, ¢) and m;(p, q) denote the eigenvalues and multiplicities of the spec-

trum in Theorem 6.5.1.

One then applies the two-variable Euler-Maclaurin formula to each of the eight summa-
tions to replace the sums with integrals. Then to obtain an asymptotic expression in A,
one controls the remainder, R5!(g), to arbitrary order in A by taking m to be sufficiently
large, and computes the big-O behavior of the other integrals to arbitrary order in A by
applying the multivariate Taylor’s theorem to a large enough degree. The terms in the

Taylor expansions of the integrals yield the asymptotic expansion of the spectral action.

6.6.3 Analysis of remainders

Let us consider in detail the case I = {}, of the remainder, (6.19). The functions P,,(x;) are
periodic, and hence bounded. Furthermore, they are independent of A. Therefore to study
the big-O behavior with respect to A of the remainder, (6.19), we only need to estimate the

integral
am om
. 2
//‘apma o f(sA(p, @)m(p, q) (6.20)

The integration happens over (R*)? = [0,00) x [0,00), and m(p,q) is the multiplicity

polynomial. The differentiated function is a sum of terms, whose general term is given by

Cs' fONNED (p q) .. A0 (p, g )ymUF) (p, g), (6.21)

where C' is a combinatorial constant, s = A~2, and where j and k are less than or equal to

mand 0<7<2m—j—k and
> (ai,bi) = (m—j,m—k).

Since m is degree 4 in both p and ¢, we know that j < 4 and k < 4. Since X is degree
2 in both p and ¢ we know that each of the coefficients ay, by is less than or equal to 2.

Therefore, one has the estimate

20> aj=m—j>m-—4 (6.22)



and so
.. m—4
i > (6.23)
2
It is not too hard to see that the integral
// FOsA@O) (p gy NG5 (p YmUR) (p, q)dpdg (6.24)

is uniformly bounded as s approaches zero, and therefore we have that the integral has a
big-O behavior of O(smT_él) as s goes to zero.
The same argument gives the same estimate for the terms in the cases I = {1} and

I = {2}. Therefore we have shown:
Lemma 6.6.2 The remainder R (g) behaves like O(A~=%) as A approaches infinity.

Since the sum in the Euler-Maclaurin formula, (6.17), gives only a partial weight to terms
on the boundary, and since the functions g;(p, q), are at times nonzero on the boundary,
{p = 0} U {q = 0} even when there are no eigenvalues there, we must compensate at the
boundary in order to obtain an accurate expression for the spectral action.

In doing so, one considers sums of the form

> 6i(p,0) and Y g;(0,9).
p=0 q=0

One treats these sums using the usual one-variable Euler-Maclaurin formula, which for a

function, h, with compact support is

i h(p) = /oo h(z)dx + %h(O) — i baj RZ=D(0) + Ry (h), (6.25)
0 -

2 2+ (2)

where the remainder is given by

Ro(h) = /O () (i)m h(z)dz. (6.26)

The necessary estimate for the remainder (6.26) is as follows.

Lemma 6.6.3 R,,(g(p,-)) and Rn(9(-,q)) behave as O(A~™4) as A approaches infinity.

To prove this, we observe that since the polynomial P,,(x) is bounded and independent
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of x, we only need to estimate for instance

/000 <§E>mgi(ﬂfa 0)dz

The function g;(x,0) is of the form

ar? +br +c
f (1\2 + d) m(x,0), (6.27)
where a, b, ¢ are independent of A and z, and d is independent of . The polynomial m(x,0)
is of degree 4 in x. Therefore, when one expands the derivative of (6.27) using the product
rule, the derivatives of f (% + d) are all of order j > m — 4. A simple inductive

argument shows that the expansion of (9/0x) f (% + d) under the chain rule the

terms are all of the form
1, (az?+bz+c
el (m + d) (),

where k > j, and a(z) is a polynomial. Finally we conclude the proof of the lemma by

observing that

is uniformly bounded as A goes to infinity.

6.6.4 Analysis of main terms

With the remainders taken care of, one still needs to work out the big-O behavior of the
spectral action with respect to A of the remaining terms coming from the two-variable and
one-variable Euler-Maclaurin formulas.

The calculation required is lengthy, but the technique is elementary. One changes vari-
ables to remove (most of) the A dependence from the argument of the test function f.
Then, one uses Taylor’s theorem to remove the A dependence from the limits of integration,
and whatever A dependence remains in the argument of f. In this way, one can obtain
the big-O behavior of the spectral action with respect to A to any desired order. We have
performed the computation up to constant order in A. If one assumes that the test function

f has all derivatives equal to zero at the origin, then one obtains the asymptotic expansion
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to all orders in A.
To give a better idea of how the calculation proceeds, let us consider in detail a couple
of terms coming from the Euler-Maclaurin formulas.

One term that appears upon application of the Euler-Maclaurin formula is

/0 N /0 h 91(p, q)dpdg, (6.29)

where

91(p, q)

_ <(p+3t)2 + (g + 3%+ (p+3t)(Q+3t)> (p+D@+D(p+g+2)(p+2)(g+2)(p+g+4)
N A2 4 '

First, one performs on (6.29) the change of variables,

P o T k.
A Y=

whereby one obtains

1 oo o¢]

/ f@® 4+ y* +oy)(1 — 3t + xA)(2 — 3t + 2A)x

4 J3e/n J3t/n

x (1 — 3t +yA)(2 — 3t + yA)(2 — 6t + zA + yA) (4 — 6t + 2A + yA)A*dzdy.

Next, one does a Taylor expansion on the two lower limits of integration about 0. The first

term in this Taylor series is obtained by setting the limits of integration to zero.

4/0 /0 F@? 42+ ay) (1 — 3t + 2A)(2 — 3t + 2A) x (6.30)

x (1 — 3t +yA)(2 — 3t + yA)(2 — 6t + xA + yA) (4 — 6t + zA + yA)A?dzdy.

Remarkably, if one sums the analog of (6.30) for ¢gi,...,gs one obtains the complete
spectral action to constant order. All of the other terms which appear in the computation
(of which there are many) cancel out, to constant order in A, in an intricate manner.

The end result of the calculation is the following.

Theorem 6.6.4 Let f be a real-valued function on the real line with compact support. To
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constant order, the spectral action, Tr f(D?/A?) of SU(3) is equal to

Tv f(D}/A?)
= 2 [ 1@ ey P dady A
(R+)2
+3(3t — 1)(3t — 2) // f(2? + % + zy) (2 + 223y + 32%y% + 229° + ) dxdy A°
(RT)2
+9(3t — 1)%(3t — 2)2 // f(2® + 9% 4 zy) (2 + zy + v dedy A*
(RF)2

+6(3t —1)3(3t — 2)3 // f(@? +y* + zy)dedy A% +O(A™Y).
(R+)2

Here, the integrals are taken over the set (RT)? = [0,00) x [0,00). When f is taken to be
a cut-off function so that it is flat at the origin, this expression gives the full asymptotic

expansion of the spectral action.

The linear transformations, 77 ... Tg in Subsection 6.6.1, are all unimodular, and the images
of (R*)? cover R?, up to a set of measure zero. Therefore, in the case of t = 1/3, integrating
over R? multiplies the result by a factor of 6, and we see that Theorem 6.6.4 agrees with

Theorem 6.6.1.

When computing the asymptotic expansion of the spectral action using the Euler-
Maclaurin formula, as a result of the chain rule, the negative powers, A~/ appear only
with derivatives f*) (0), k > j. This is why the terms of the asymptotic expansion vanish

for negative powers of A, when the derivatives of f vanish at zero.

6.7 Details of the Calculations

Since the Dirac Laplacian spectrum of SU(3), Theorem 6.5.1 is divided into eight pieces,

the spectral action also naturally divides into eight pieces of the form

> a(pa),

where

9, q) = f(thi(p, @))mi(p,q), i=1,...,8,



106

and the index values taken on by p and ¢ are determined by the expression of the spectrum,

Theorem 6.5.1.

By the Euler-Maclaurin formula, we have

/ _ 12k 2k
> g =1L <78h1)L (ahz)/hl /hz 9(p, q)dpdq h1:07h220+Rk(g)-

p=0 ¢=0

The apostrophe in the double sum indicates that the terms g(p,0), p # 0, and ¢g(0,q), ¢ # 0
are taken with weight 1/2, and the term ¢(0,0) is taken with weight 1/4. We compensate

for these weights, and arrive at the equation

8 a o0 o0
_ 2k 2k
> glpg) = L (Thl)L (ahQ)/h1 /h2 9(p, ¢)dpdq h1:07h2:0+Rk(9)

(,9)

+a) g(0,9)+ B g(p,0) +79(0,0),

q=0 p=0

where the indices taken on by p and ¢ are the appropriate ones as determined by the
spectrum in Theorem 6.5.1, and the constants «, § lie in the set {—1/2,0,1/2}, as deter-
mined by the spectrum. The term v¢g(0,0) is there to ensure one has the correct term at
the corner (p,q) = (0,0). One then applies the one dimensional Euler-Maclaurin formula

to these boundary sums, to get our final formula

S TR 7 THLN A
@%9(1”(1) = LG (ahQ)/h1 /h2 9(p, a)dpdq|, . (6.31)
ok Oy [T ok 0y [
+al(50) [ o0.ada+ B [T oo (632
+79(0,0) + Ri(g)- (6.33)

We have collected the remainders coming from the two-dimensional Euler-Macularin for-
mula and the two instances of the one-dimensional Euler-Maclaurin formula into a single
remainder, Ry (g). We already demonstrated that Ry(g) can be made to behave like O(A™%)

for any s, so long as k is chosen to be sufficiently large.

Now let us analyze this final formula term by term, and demonstrate how to transform

these terms into asymptotic expressions in A.
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6.7.1 The Identity Term

First we consider the term
o o
dpd 6.34
/h1 /;12 9(p, q)dpdg 0.0’ (6.34)
which is in a class of its own. Let us work out one concrete example. We take

9(p,q)
_ g <(p+ 1?2+ (g+1)2 + (p+1)(g+1) +3(3t — 1)(3t—2)> 1

13 1P+ D g+ D P+ +2)%

We perform the change of variables (p + 1)/A = u, (¢ + 1)/A = v. Then the integral
(6.34) becomes

A2/1 /1 ; <u2+v2+w+ 3(3t1)2(3t2)> P(u, v, N)dudv. (6.35)
A A

Here and below, P denotes a generic polynomial. To move the remaining A dependence

outside of f, we make the Taylor expansion replacement

fle+y) = f@)+ f@)y+ F@)y2/20+ %) 30+ 7 () /4 + O(y°),

where
3(3t —1)(3t — 2)
A2 '

r=ul+v +w and y=

Here, 3° is O(A™19), which is enough to suppress the positive powers of A in the remaining
part of the expression, if one is working up to constant order.

Next, we perform a Taylor expansion in the two lower limits of integration. This process
leads to three classes of terms.

If we let h(z,y) denote the double integral, where x and y are the two lower limits of

integration, then the expansion is of the form

. io/J
ha,y) = 3 hED(0,0)55 4 oA,

151
AWM
ij<s J

This expansion naturally leads to three classes of terms
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Class 1: i=j=0.

This is simply the double integral (6.35) with lower limits set to zero

A2/ / P(u,v, A)dudv.

If one collects this term for each of the eight pieces of the spectrum one obtains all of

the terms which contribute to the expansion of the spectral action.
Class 2: Exactly one of i, j equals zero.

Suppose for instance that ¢ = 0, then the terms in this class look like

A? /OOO(—U (i)j_l ((---)P(u,v,A)) o (D]; (6.36)

This class of terms has non-vanishing terms up to order A°.

Class 3: Neither ¢ nor j equals zero.

This class of terms is very straightforward to compute. They are of the form

P () o) () e

This class of terms only has non-vanishing terms to constant order or lower in A. The

constant order term is a degree 8 polynomial in ¢.

When working to constant order, only small values of ¢ and j are needed. For large
values of ¢ and j the powers of % suppress the powers of A appearing in the remainder of

the expression.

6.7.2 The terms ZQL (8@) ffg p, q)dpdq

Here by; are the even Bernoulli numbers. The ones we need to compute up to constant order
in A are bg =1, by = 1/6, by = —1/30, bg = 1/42, bs = —1/30. We now consider the next

set of terms in (6.31). Performing the partial derivative in h gives

o\ [ [ o0 21
9 _ 0 | |
<8h> /0 /h 9(p, Q)dpdq’hzo /0 (1) p 9(p.q) ol (6.38)
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Once again, let us work out one case concretely. We let

2 2
gpq) =f ((p T e 3t/)\2+ (p+3t)(g + 3t)> mult(p, q). (6.39)

In this case, the expression (6.38) becomes

o) 2 2
/0 1P (f(”) ((St) + (g + 3?\; (3)(g + 3t)> 7q7t’Aa) da. (6.40)

Here and below, the argument f°(z) in the polynomial indicates that f and some of its
derivatives evaluated at = are variables of the polynomial. Next, one does the variable

substitution (g + 3t)/A = v, to get

00 2
A/ (-1)P <f<b> <v2 + W) ,v,t,A“) dv. (6.41)
3t/A

Finally, one makes the replacement

fO@z+y) = fO@) + O (@)y... + fOF (a:)?;? +0(y”), (6.42)

where z = v? and y = ((3t)? + 3tAv) /A% Since y? is O(A™Y) this is enough to suppress the
other powers of A when working to constant order.

The final expression will be of the form

A e <f(b)(v2),v,t, Aa) dv. (6.43)
3t/A

Next we do the Taylor expansion in the lower limit of the integral:
N0
h(z) = hU (O)j!.
§=0

This leads to two classes of terms

Class 1: j = 0 Here one simply sets the lower limit of integration to zero.

(ZZ!A /OO(—l)P (f(b)(v2),v,t,A“) dv.

0

This class of terms has non-vanishing contributions up to order A®.
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Class 2: j # 0 These terms are of the form

boi 9 U-1)
(2¢)!A(_1)%

st)’ 1
v=0 \ A ]'

This class of terms only has non-vanishing contributions no higher than constant order in

P (f(b) (v?),v,t, A“)

A. This constant order term is a polynomial in ¢ of degree 5.

L 2i 2
6.7.3 The terms %% (%1) ((9%2) [ 9(p, q)dpdq

These terms generate just a single class of terms, which are easy to handle. They are of the

form

b% b2j o j*lﬁi*l

ooy g W Q)‘p:ogzo'
This works out to an expression of the form
bai  baj W ("
@i’ (" (5))- (6.44)

In order to get an asymptotic expansion to constant order, one simply replaces the argu-

ments of all of the () with zero.

The resulting expression has non-vanishing contributions no higher than constant order,

and this term is constant with respect to t.

6.7.4 Boundary Term [ ¢(0,q)dg, [ g(p,0)dp

In the two-dimensional Euler-Maclaurin formula, the terms corresponding to the boundary,
p =0 and ¢ = 0 are not given full weight. In addition, there may or may not be eigenvalues
with positive multiplicity at the boundary, depending on which of the eight pieces of the
spectrum one is considering. Therefore, one must fill in or take away the sum at the
boundary in order to obtain the full spectral action. One can do this by applying the

one-dimensional Euler-Maclaurin formula.

Now let us consider the terms that come when compensating for the boundary. The

/ 9(0, q)dq,
0

first terms are of the form
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/0 g(p,0)dp,

by symmetry in p and g, it is sufficient to consider only one of these cases. Let us consider

and

the case p = 0, and take

gpq) =f <(p kD dChs 3t/)é+ pt36){a + 3t>> mult(p, q). (6.45)

Then

~ [ (3% + (¢ +31)% + (3t)(q + 3t)
/0 9(0,q)dq = /0 f < 1 > mult(0, q)dg.

We perform the variable substitution (¢ + 3t)/A = v so now we have

00 2
A/ f (v2 + w> P(A, v, t)dv.
3t/A A

Next we remove the A dependence out of f using a Taylor expansion to get

A/ P(f®(?), A% v, t)dv.
3t/A

Performing the Taylor expansion in the lower limit of integration we are led to two

classes of terms

Class 1: 5 =0.

Simply set the lower limit to zero, and use a Taylor expansion. This class of terms has

non-vanishing contributions up to order A°.
Class 2: 5 #0.

These terms have non-vanishing contributions no higher than constant order in A. The

constant order term in A is a polynomial in t of degree 5.
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, 2i
6.7.5 The Boundary Terms % (%) J 9(0,q)dq

These terms are straightforward to handle and are of the form

b2i 8 21—1
(o) 00

These terms contribute no higher than constant order in A. The constant order term in A

is constant in t.

6.7.6 Corner Term

Finally we have the term ~g¢(0,0). This contributes no higher than constant order in A,

and the constant order term in A is constant in t.
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