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Abstract

In this thesis we consider smooth analogues of operators studied in connection
with the pointwise convergence of the solution, u(z,t), (z,t) € R™ x R, of the
free Schrodinger equation to the given initial data. Such operators are interesting
examples of oscillatory integral operators with degenerate phase functions, and we
develop strategies to capture the oscillations and obtain sharp L2 — L2 bounds.
We then consider, for fixed smooth #(z), the restriction of u to the surface (z, t(z)).
We find that u(z,#(x)) € L*(D") when the initial data is in a suitable L?-Sobolev

space H°(R"™), where s depends on conditions on t.
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Introduction

We begin this thesis by giving motivation for the objects we will study, placing

them in their proper context.

§1. The Schrodinger Equation and Pointwise Convergence

Consider the initial value problem for the Schrédinger equation with no potential,
i0u(z,t) + Azu(z,t) =0 (r,t) e R®" x R
(1)
u(z,0) = f(z) € L*(R™).

Then
(2) u(e, ) = fR et 4l fle) de = (I ()" (=)

defines a (weak) solution of (1) such that }1_13‘6 u(z,t) = f(z) in the L? sense. When
the integral in (2) is absolutely convergent, the limit is a pointwise limit; so for
example, if f has continuous derivatives of order up to s > n/2 in L%, then the limit
exists pointwise. However, if f is an arbitrary L? function the integral in (2) may
not be absolutely convergent, and we must take the right-hand side of (2) as the
definition of u(z,t). It is not self-evident that u converges pointwise to the initial
data in this case, and in fact it sometimes does not. The question of what extra
smoothness conditions on f will guarantee the existence pointwise a.e. of }1_1% u(x,t)

arises,

For a given s > 0 let H*(R"™) denote the L?-Sobolev space,

ey = { £ @) < Wl = ([ ariemrifora)” <o
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In the context of L?-Sobolev spaces the question of pointwise convergence to the
initial data is completely understood when n = 1. It was shown by Carleson [C]
that }E.% u(z,t) = f(z) whenever f € H*(R), s > 1/4. Moreover Dahlberg and
Kenig [DK] demonstrated that for all s < 1/4 there are functions f € H*(R) such
that }i_‘—rrll)u(x,t) = 00 a.e..

The higher dimensional cases, n > 2, are not completely understood. For these
cases Vega [V] and Sjolin [Sj] independently proved that the pointwise limit exists
for all f € H*(R") provided s > 1/2, while there are counterexamples just as in
the 1-dimensional case when s < 1/4. But the question of what happens when
1/4 < s < 1/2 is in general unanswered. However, some progress has been made
in the case when n = 2. In [B], Bourgain shows that there is an € > 0 such that
f € H'/?27¢(R?) guarantees pointwise convergence to the initial data. The value of
this €, although in principle calculable, is not given (although € << 1/4). The point
here is not what the value of € is, but that there is some improvement of the above

results when n = 2,

§2. The Schrodinger Maximal Operator and Oscillatory Integral

Operators
The study of the pointwise behavior of u(z,t) as t — 0 involves the study of the
corresponding maximal operator, the Schrodinger maximal operator,

(3) u*(z) = sup |u(z, t)|

le1<1

with regard to its mapping properties—i.e., finding weak type or strong type in-
equalities for u*. The idea in [C] and [B] is to replace the nonlinear operator u*

by a family of linear operators. For each measurable function t(x), defined say on
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D", the unit disk in R", with the property that |¢(z)| < 1, one considers the linear

operator
fro [ DD Fg) de = u(e, 1(z)),
This is justified by the following.

Proposition. Suppose that for some s > 0 there exists a constant C such that

[l 2(- ))“LP(D") SO fllge

where 1 < p < oo and C is uniform over all measurable functions t, with |t(z)] < 1.

Then

”u*”LP(]])n) <C\fllg. -

In [B], L? estimates are considered. For a measurable function ¢ look at integral

operators of the form

Rif(z) = f @G () f(y)dy  k=1,2,....

Here {Gk}go is a partition of unity such that supp(6i) C {y : 257! < |y| < 2K}

when k£ > 1.

Proposition. ! Suppose there is a C and so > 0 such that
IR&fll p2my < C2°F| fl2-
Then for any s > sg there is a C,, depending on C' and s, such that

(520 Dllz2ny < Cs Ml Flls -

Thus we have reduced to the case of finding L? to L? estimates on a family of

linear operators. This is a common task in harmonic analysis, and this particular

1See lemma 5.1.1 or [B].
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one is aided by the similarites between the R;’s and a general class of operators,

Ty : L2(R™) — L%(R™), of the form

Taf(z) = Ln ei)‘qs(z’y)a(:n, y) f(y) dy.

Such operators, called oscillatory integral operators, are usually studied when the
amplitude a € C§°(R"™ x R™) and the phase function ¢ € C°(R"™ x R"), and one is
concerned with the behavior of ||Ty|| as A — oo.

There are two major differences, though, between Ty and R} that must be con-
sidered. Firstly, since the phase function in R; is not homogeneous, we cannot do
a change of variables y — 2%y to get into the form of Ty. However, for the purpose
of obtaining an e-improvement in pointwise convergence results when n = 2, it is
pointed out in [B] that it is sufficient to consider operators of the form
@ 1) = [ ow (0722 oo, s,

Rr t(z) — i(y)
where a € C§° and t and ¢ are measurable functions such that 1 < [t(z) —#(y)| < 2,

and show that there exists an € > 0 such that
(5) NTafll, L CAIfly s C independent of ¢ and %.

Such a result then implies an inequality as in (3) with sq < 1/2.

The second and more important difference is that the phase function in Ry (and
T») is not smooth. The main results about T\ say that provided the derivitives
of ¢ satisfy certain “non-degeneracy” conditions, ||T)| < CA™™ for some positive
m depending on how non-degenerate ¢ is.? The techniques used in proving these
results insist that ¢ is smooth. Nevertheless (5) is plausible due to the following

theorem, whose proof is based on ideas in [B].

2See chapter 2 for a more detailed discussion.
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Theorem 1.3 If T is as above, then

7 —

2
TN Fllz2 ey »

(6) IT5fll L2 rny < CAT

where C is uniform over all measurable t and t such that 1 < |t(z) — t(y)| < 2.

From this, when n = 2, we “almost” recover (5). The heart of [B] lies in dealing
with the non-smoothness in the phase function of T to get the estimate in (5),

which is an € improvement of (6).

§3. Smooth Analogues

In this thesis we discuss operators of the form T\ and R; when the functions ¢
and t are assumed to be smooth. We begin by considering a special case of T\ when
t=0.

Theorem 2. Let ¢(z,y) = o3l yhere t is a smooth function such that == 0.

(=)
() If Yt-(%" -(z —y)—1# 0 on supp(a), then ||Trfll, S A~ "2 |f|l,. Moreover
the exponent of A is sharp.
(I1) T general, |Txfll, S A="/*V/4 | £]l.
(III) For a given amplitude function a # 0, there are functions t € C* such that

the exponent of A in II is sharp.

This result is interesting by itself for a number of reasons. Firstly, the bulk
of our main ideas and techniques are illustrated in the proof of theorem 2. This
proof serves as a template for the proofs of other results found in this thesis, most
notably theorem 4 below. Second, a theorem which is analogous to theorem 2 in its

statement and proof is given, which is then used to prove theorem 3.

3S8ee the appendix for a proof.
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|z — y|?

Theorem 3. Let ¢ = m

where t and t are smooth functions such that
0 < |[t(z) — (y)|. Then

@) 1 Tafll, S A2,

(ITI) For a given amplitude function a # 0, there are t and t such that the bound

in I is sharp.

We find that it is possible to analyze t and t separately in order to prove inter-
esting results about 7. Thus if we have an estimate as in part I of theorem 2 for ¢
or t (or both), we may find correspondingly better estimates in part I of theorem 3.
And in general, estimates which are better than those in part Il of theorem 2 lead
to improved estimates in theorem 3.

Finally we obtain some preliminary inequalities regarding Rj. Such inequalities

then imply results of the form

(M) (-5t D2y < €1l oo

where s depends on conditions on the derivitives of . The most notable of these is

when Vt is non-vanishing.

Theorem 4. Suppose t € C*® is such that Vi(z) # 0 Vo € D™. Then for any
8 >0,
(-5t Dl zz@ny < Clfllae 5

where C may depend on s and t.

The organization of this thesis is as follows. Chapter 1 contains the tools that will
be used in proving our main theorems. It contains results that are standard but are
modified to suit our purposes. The next chapter on oscillatory integral operators

also contains standard material on the subject. Again, a sharpening of some of
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these results is given in order to further our aims. Chapter 3 contains a proof of
theorem 2 given in considerable detail. This proof is typical of others in this paper:
namely the proof of a variant of theorem 2 used in proving theorem 3, and a proof of
theorem 4. Chapter 4 is concerned with proving theorem 3 and a simple extension
of it. Chapter 5 is about (7) in general and theorem 4 in particular. Finially the
appendix has a proof of theorem 1, and, for the sake of completeness, a discussion
of other issues raised throughout this thesis. Finially, we end the appendix with

indications of further study along the lines taken up in these pages.



1. Preliminaries

This chapter contains a variety of results, most of them already known, which will
be used in proving our main theorems. In general, the operators we are interested
in are integral operators—f — [ K(z,y)f(y)dy —and §2 contains those results
about such operators that we will exploit throughout this thesis. More specifically
the kernels, K(z,y), we consider are oscillatory and a careful examination of the
method of stationary phase is crucial to our endeavors; this can be found in §3.
Another result also in §3 is lemma 1.3.5, whose usefulness is evident in chapter 4. I
am particularly indebted to my advisor T. Wolff for pointing out the main idea in
this lemma to me. The last section in this chapter contains technical lemmas which

are included here so as not to interrupt the flow of our other chapters.

§1. Notation

The following notation is used throughout.

z, y, z and £ will denote variables in R™.

« -y is the inner product in R™: z -y = 3.7 z;y;.

M? denotes the transpose of the matrix M.

H f will denote the Hessian of f.

f(ﬁ) = [ e*¢a(z)dz is the Fourier transform of f.

f(&) = (2m)™" [e'*€ f(z) dz is the inverse Fourier transform of f.
8; is the differential operator 9/0z;.

S(R™) is the Schwartz class of functions on R".
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B(p) = {z €R": [z —p| <7},
D™ denotes the unit ball in R™,
If E C R" is measurable, then |E| denotes the Lebesgue measure of E.

If a(z, y) is a function of z € R™ and y € R™, then denote by supp,(a) the projec-
tion onto the y-coordinates of the support of a. Let V,a(z,y) denote the gradient
of a as a function of y with z held fixed. Similarily Aya(z,y) = 3 8*/0y? a(z, y).

The expression z < y will mean that there is a constant C, which does not
depend on quantities that are otherwise to be kept track of, such that z < Cuy.

Dependence on such quantities will be explicitely noted.

§2. Integral Operators and Frozen Operators

Given z, y € R", write ¢ = (z',z,,) and y = (y', y. ), where 2’ and y' are in R"~1,
Let K(z,y) be a given bounded measurable function, which for our purposes will
be assumed to have compact support, and define an operator T : L?(R") — L?(R")
by

Tf)= [ Ky
whose adjoint is
1) = [ KGf)ds

For reference we quote the following result, Schur’s lemma, a proof of which may

be found in [St].

Theorem 1.2.1. Suppose there exists positive constant C; and C3 such that

supf |K(z,y)|dy < C; and sup] |K(z,y)|dz < Cs.
T n v Rn

Then

ITfll; £ VC1C2 ISl -
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If we fix z, and y, and let K, , (2',y') = K(2',2,,¥',yn), then we get the
: L2(R™ 1) — L%(R"!) defined by

family of frozen operators, T,

nYn

T, , f(a') = j Kooy (o, 9)F() dy

Rn—1

Note that there is no confusion between (1)

Inin

and (T,,,,)* as the two are the

same.

Lemma 1.2.2. Suppose there exists a measurable function n(z,,y,) such that

(1.2.1) ||Tﬂinllnf||Lq(]R”_1) < n(zn, Yn) Hf”LP(Rn-l) )

(1.2.2) “/n(wmyn)h(yn)dyn < CllAllzr -

L(R)
Then

ITfll paqrny < C N Fll 2o mny -

For completeness we give a proof. The idea of frozen operators can be found in
[S].

Proof. We have by Minkowski’s inequality that

1Tl o (rmy = ([_w ]Rn_l

~ = q 1/q
S (/ (/ ”Tznﬂnf(.’ yn)"Lq(Rn_i) d’yn) d.rn)
—0o —
S (/ "/. 77(-'13'11, yﬂ) ”f(', y'n)”Lp(R"_l) dyn

= c ”f”LP(IR") by (1'2'2)7

o0
/ {{(m’,mn,y',yn)f(y’,yn)dy' dyn

—oo JRP—

q 1/q
dz' da:n)

q 1/q
d:rn) by (1.2.1)

as stated. =
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Now consider

r7°f(0) = [ 1) ( [ Ko )KGrvydy ) s

If T, : L*(R™) — L?(R™"!) is the operator

7,16 = [ K&\enn)fw)du,

and T : L*(R""') — L*(R")

T;, f(y) = /Rn_l K(2', zn,y)f(2') d2’'

is its adjoint, then clearly

(TN 5 = T0, T2

Tn~zZp?

(1.2.3)
1Tz (T=)" fll p2qme-1y < [ Ten [ 1T, [ £1]2-

Lemma 1.2.3.

1/2

124 T ey < Wlasganmsy ([ Il o)

oo 1/2
(1.2.5) 1Tz fllz2@n—1) < Fll 2wy (j ||T=,.yn||2dyn) ,

— oo

Proof. For (1.2.4) we have that
) 1/2
HT:nf”L2(R") = (/ ”(T*)z"ynfniz(ﬁ@n_l) dyn)
> oo 1/2
YT TC Lo N

For (1.2.5) Minkowski’s inequality gives that

| Te fll 2 e-1y < ]

< / ||T3’-'nlln“ ||f('7yn)”L2(Rn-1) dyn

bl e o

oo

”T;cnynf('7 y")”LQ(R"—l) dyn

1/2

< Fllzeqamy ([_ n x,,,,,n*‘dyn) |

11
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the last inequality following from Holder’s inequality. |

§3. Old Results Newly Modified

The following is a collection of already known theorems, some of which are mod-
ified to suit our purposes. The modifications consist mainly in our keeping track
of constants that are usually ignored, as this is crucial to many of our arguments
below.

We begin with a discussion of oscillatory integrals, [ e*A*(¥)a(y) dy.

Theorem 1.3.1. Let a € C§°(R"™) and ¢ € C*°(X), where X is a neighborhood of
supp(a). Then for N =1,2,...

(1.3.1) l f e*'*'*“%(y)dy] < CAM|supp(a)| Y sup|D%a||Ve[*IT*N x>0,
|a|<N

where we may take C = C(N,n) ||¢||¥

cN+1(x)y"
This theorem appears almost verbatim in [H1]. Our version of the theorem

includes a statement about | supp(a)|, the volume of the support of a. See also [S],
[St].

Proof. For j =1,2...nlet U; = {y € supp(a) : |0;¢(y)| > (2n)"1/?|Vé(y)|}. The
U,’s cover the support of a, so let a = ) a; be a partition of unity subordinate to

j=1
{U § };;1. Define operators

1 1
z')\aj(ﬁaj anl X5 . (z/\ajqb)

Then we have that for any N =1,2,...

Lj=

[ 0asmydy = [(@se )N asiy)dy = [ M0 @ (as)” dy.



Schrodinger Operators and Oscillatory Integral Operators 13

Note that (L;aj)N is a sum of terms of the form

1\"Y . o (1 on 1
Y 9;°a;(y)9; @ wes G5 B9 (v) where agp + -+ ay = N.

Also 3?(1/3,— ¢) is a sum of terms of the form
07 (0i9) -+~ 0;°(9;¢)

(0;4)7+
After noticing that |8;¢(y)|™" < |Vé(y)|~! when y € U;, good bookkeeping gives

where ay + -+ +ag = p.

that
[ ay] < [Ny

<AVCW,n) Y sup D%l VN oI, [ .

<N
o 5 supp(a;)

Then (1.3.1) is given by summing over j. |
Theorem 1.3.2. Suppose that a € 8(R"). Then for any positive integer k,
(1.3.2)

[ e aty) dy = (;”‘)_/ (i(zm) iada)/jt+ [ nGler/anue) dé),

where ri(z) is the remainder of the k-th degree Taylor polynomial of e*.

This well-known result, an example of the method of stationary phase, is not
usually expressed in this form. We find it convenient to include a form of the
remainder term in the asymptotic expansion of the left-hand side of (1.3.2) in powers
of A. See [H1], [St].

2-ilél*/ax

Proof. Since the Fourier transform of the function eI ig (A /m)~/ we

have that

[ aty)dy = (;f—)_/ [ ¥ ae

o\ —nf2 fk-1 o
= (ﬂ) (Z(4iA)“’AJa(0)/j! + /R re(—il€[*/4\)a() dé“)

™
0
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by the properties of the Fourier transform and by Taylor’s formula. [ |

Remark 1.8.8. Note that |ri(z)| < |z|¥/k! whenever Rez < 0. Then an application
of the Cauchy-Schwartz inequality shows that for any integer s > n/2,
(133) [ ntleraa©a| s37 3 (ol
e la|<2k+s
A corollary of theorem 1.3.2 is needed in chapter 4, which is a variable parameter

version of theorem 1.3.2.

Corollary 1.3.4. Suppose that a is contained in a bounded subset X of $(R™ x
R™). Then for any multi-index a and any XA > 1 there is a constant C = C(a, X)

such that

(1.3.4) Am/2

D‘;/ e“‘lylza(y,z)dy <C.
R

Proof. We may differentiate under the integral sign in the left-hand side of (1.3.4).
Combining (1.3.2) and (1.3.3) with a(y) replaced by DZa(y, z), we find that for any
given s > n/2 the left-hand side of (1.3.4) does not exceed
C(AyD‘;a(o, 2+ Y ||D5D3a||2),
|8]<2+s

which is uniformly bounded given the hypothesis on a. [ |

We end this section with a lemma about C§° functions on the product space
R™ x R™. It is at times convenient that such functions be of the form a(x)8(y), a
so-called tensor, with a € C§°(R") and 8 € C§°(R™). While it is not possible that
any given C§°(R™ x R™) function is a tensor, the next best thing is true, that such a
function is an absolutely convergent sum of tensors. Lemma 1.3.5, a restatement of
the absolute convergence of the Fourier series of a smooth function, is a quantitative

assertion of this fact. A similar result may be found in [E].
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Lemma 1.3.5. Let » € C§°(R™ x R™). Then ¢ is an absolutely convergent sum
of C§° tensors. That is for j = 1,2,... there exists functions a;j ,8; and a; € C

such that
a; € C(R™),f; € C3°(R™)
lolle €1 1161l
Zla;l <c(Wih+ X ||Dw||2) s> (n+m)/2.

[vl=s

(1.3.5)

for which

z,y) = Z a; o;(z)B;(y)-

=1

The constant C in (1.3.5) is bounded once ) has bounded support.

Proof. Suppose first that supp(v) C [—1/4,1/4]**™, and consider its Fourier series
o T = [=1)2,1/2]%T ™

1/)(53,?/) Eake%"(f:y) (kx,ky

kEA

where A is the unit lattice in R™t™ k, = (k1, ... kx), by = (Buii is s bmpn) and
ap = fw(w,y)e_2"i(z’y)'(k"k") iz dy.
T

It is well known that for any s > (n + m)/2 (cf. [StW]),

D lakl < 11l +ens Y D%,

kEA |v|=¢
Choose g; € C§°([—1/2,1/2]™) such that g1 = 1 on [~1/4,1/4]", and choose g3 €
Ce2([—1/2,1/2]™) such that g = 1 on [—1/4,1/4]™. Let ax(z) = g1(z)e?™***+ and

Br(y) = g2(y)e*™¥*s to finish this special case.
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In general choose R > 1 large enough so that supp(y) C [—R/4, R/4]"*t™, and
let ¥r(z,y) = ¥(Rzx, Ry). Then supp(yr) C [—1/4,1/4]"*™. Clearly, by appealing

to the special case we may finish the proof once we note that

[l + D IDYrll, < R™CH g, + Re-(+m/72 3 DYy,

Ivi=s Ivl=s

demonstration that C in (1.3.5) is bounded when 1 has bounded support. |

§4. Miscellany

We finish this section with a couple of lemmas about n x n matrices which are

used in chapters 3 and 4.
Lemma 1.4.1. Let M be an n x n matrix with entries M;; = 6! + a;b;, where &
is the Kronecker delta and a;, b; € R. Then

(1) det M =1+ E?:l a,-bz-,

(2) rank(M) > n — 1.
Proof. We see that M is of the form M = (I + JT/f) where I is the n X n identity
matrix, and M is of the form ]\Z,— = a;b; for real numbers a; and b;. Let Iy,...,I,

and Hl, e ,Jf\;fn be the rows of I and M respectively. Consider det(-) as an n-linear

function of the rows of a matrix. Then
det(M) = det(Iy + My, ..., 1, +M,).
When the above is expanded out by multilinearity, terms with two or more rows of
M appearing in the argument of det vanish. Thus
det(M) = det(ly, .. .,In) + det(Ty, ..., Tno1, My) + det(I1, . .., Inezy M1, L)
4+ oov +det(Iy, M, ..., 1) + det(My, I,,.. ., 1)

=14 anbp + @Gn-1bp—1+ -+ + azby + a1 b;.
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(2) If M = 0 then (2) is obvious; otherwise it is clear that rank(}M) = 1, and (2)
follows immediately. |

Lemma 1.4.2. Let M be an n x n matrix of the form M;; = 61, + a;b;. Then

det(M) = anby.

Proof. Write M = J + M where J is an n x n Jordan block with zeros on the

diagonal, and JTZ,-J- = a;b;. Arguing as in lemma 1.4.1, we see that
det(M) = det(Jy + M, ..., Jn + M,) = det(Jy, Jz ..., M,) = anby,

as stated. -
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2. Oscillatory Integral Operators

We continue with preliminary material of a more specific nature than found in

the previous chapter, and again we pay close attention to detail.

§1. Introduction

Having discussed the basic facts about integral operators and oscillatory integrals,

we consider the family of operators Ty : L%(R") — L*(R"™), A > 1, of the form

(2.1.1) Tsflow) = /Rn e“‘b(z’y)a(m,y)f(y) dy,

where the amplitude a € C§°(R™ x R™), and the real-valued phase function ¢ €
C*>°(X) with X a neighborhood of supp(a). We call such operators oscillatory inte-
gral operators in view of the exponential factor in the kernel of Ty. Under suitable
conditions the oscillations of the exponential factor give rise to cancellations, and
|Tx|| tends to zero as A tends to infinity. Just how rapidly ||Tx|| decays depends, of
course, on ¢, and the relevant thing to consider, as we shall see in §2, is the mized

Hessian of ¢, the n X n matrix Hy(z,y) defined by

82
(Hg(x,y))i,j = @%(w,y)-

When H, is non-singular the decay of ||Tx|| is as rapid as possible, and in such case

we have the following theorem ([H2], [St]).

Theorem 2.1.1. Suppose that Hy is non-singular on supp(a). Then

(2.1.2) [Tafllz < CA™"2||f]l2
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In §2 we explore theorem 2.1.1 in some detail, and again we are careful when
keeping track of the constant C' that appears in (2.1.2). In §3 we show how the
estimate in (2.1.2) cannot be improved, and we outline a general strategy for showing
how degeneracies of Hy translate into slower rates of decay for ||T)|| —i.e., slower

than in (2.1.2).

§2. The Main Estimate

The constant C in (2.1.2) may depend on the L® norm of finitely many deriva-
tives of a and ¢, on the volume of supp(a) and on n. For the purposes of our
subsequent work we are interested in the dependance of C' on the properties of a.

This leads to the following theorem, whose proof follows the outline of that in [H2].

Theorem 2.2.1. Suppose that Hy is non-singular on supp(a) and that the follow-
ing quantities are uniformly bounded on supp(a):
@) 15 ()l
(ii) [[VyDg 9|l peo(xyfor all a with || =2
(iii) HvngqBHLw(X)for all @ with |a| <n+ 2.

Then if M = max {1, |supp,(a)| } and

@21 M=ol (Mlserp, @I 3 supiDgae v} )
la|<n+1

then

(22:2) 173 fll < CM A2 1]l

where C' is bounded.

Proof. Assume without loss of generality that ||a||, < 1. It is sufficient to consider

T2T} and show that

(2.2.3) 17335l < CMIAT" || f]l, -
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We note that T3 f has the form ThT% f(x) = [5. Ka(z, 2)f(z) dz, where
K(,2) = [ exp(iMe(e,) - 6(z,0)))ale, v)ale ) dy.
We will show that there is a constant C so that
(2.2.4) |Ka(z, 2)| € CME(1 4 Mz — 2|)~(*+D),

and in doing so we will keep careful track of C, showing that it is bounded once
the quantities in (i), (ii) and (iii) are uniformly bounded. By theorem 1.2.1, (2.2.4)

implies (2.2.3) since

Ki(z,2)|dz < CM? 14 Az — z|)~(*tD gz
Rn e Rn

=CM2™ /Rnu + |2))~ D dz = CM2A",
Note that
(2.2.5) |Ka(z, 2)| < |supp,(a)l.
By Taylor’s formula we have that

(22.6) Vy(¢(z,y) — ¢(z,9)) = Hy(z,y)(z — 2)
& Z(m —zi)zj; — z-)/‘1 v (ﬂ) (tz+(1—t)z,y)(1 —t)dt
= LA R L R - P TR b )
Since Hy is non-degenerate on supp(a), |Hy(z,y)(z — 2)| > ||H;1||“1|m — z|, while

the remainder term in (2.2.6) is O(|z — 2|?) depending on (ii). If we were to assume

that |z — 2| < ||H¢fl||—1 then (2.2.6) would guarantee that

(2.2.7) Vy (‘35(7“" y) — ¢'(z7 y)) Z “H;lﬂ_l.

|z — 2|
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If supp,(a) is partitioned into small balls (whose size depends on Hy) we may indeed
assume that |z — z| is as small as necessary by writing (2.1.1) as a sum of like terms;
in doing so, by considerations of almost orthogonality®, we gain the factor of M1/2
in (2.2.1). Given assumption (iii) about the uniform boundedness of the derivitives

of ¢, by the mean value theorem,
Dg(ﬁ(xa y) - D;QS(‘Z’ y)
|z — 2|
when |a| < n + 2. And so by (2.2.7) and theorem 1.3.1 (with N = n + 1),

(2.2.8)  |K(z,2)| S Mz —2))" " supp,(a)] DY sup|D¥a(z,y)a(z,y)l,
loj<n+1 ¥

< [|v-Dyéll, S 1.

the implicit constant in (2.2.8) being bounded given (i), (ii) and (iii). Clearly then,
(2.2.5) and (2.2.8) give that

= —(n41)
) ®+D
K(z, 2)| S | suppy(a) (1 FAle— z|{ ) supiD“a(z,ma(m,zn} )

lo| <nt1 #¥2
This is essentially (2.2.4) which gives the result. |

Remark 2.2.2. When bounding || H ;1 || uniformly form above it is convenient to use
the classical theorem for the inverse of a matrix, H(;l = (det Hy) ' adj Hg. Then
we need only bound det Hy uniformly from below and the entries of Hy uniformly

from above.
The situation when rank Hy < n is not completely understood. However, we
may still say something about ||T|| in this case, though we shall not do so in as

much detail as in theorem 2.2.1.
Theorem 2.2.3. Suppose that rank Hy > k on supp(a) . Then

(2.2.9) 1Tafllz < CAT*2|£]l2.

This is a corollary of theorem 2.2.1 once we have the following change of variables

lemma for Hg, whose proof is an easy application of the chain rule and is omitted.

18ee the appendix for a discussion of almost orthogonality.
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Lemma 2.2.4. Suppose that ¢ is a given C*™ function, and let F, G :  — R" be
C* diffeomorphisms on a domain Q@ C R™. If ¢(z,y) = ¢(F(z),G(y)), then

(2.2.10) Hy(z,y) = (DF(z)) Hy(F(z), G(y))DG(y).

Proof of theorem 2.2.3. After a linear change of variables, given (2.2.10), we may

¢ \*
det (Bﬂfi@yj) #0

ij=1

assume that

on supp(a) . Write = = (7,%), y = (¥,7) as a splitting of variables in R*¥ x R*~*,

Then, since a has compact support

Bl = (//’/feuqs(z’y)a(x,y)f(y) dy dy i dz di)m
< C/ (f‘feu(ﬁ(x’y)a(%y)f(y)dg 2 di)llz i

< CA 2| fllz,

by theorem 2.2.1 applied to the k-dimensional case. [ ]

§3. Lower Bounds

It is easy to show that the exponent of A in (2.2.2) is sharp in the sense that
Alingo AP ||Ta|| = oo whenever p > n/2. On the other hand the exponent of A in
(2.2.9) is not necessarily the best possible. This first statement can be seen from
the following well known result, whose proof is implicit in [H2]. The second one will

be illustrated in chapters 3 and 4.

Theorem 2.3.1. Let T be as in (2.1.1). Suppose that there are measurable sets

R C supp,(a) and Rc supp,(a) and measurable functions ¢; and ¢, such that

(2.3.1) Mé(z,y) — d1(z) — da(y)| < 1/2  when (z,y) € R x R.
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If la(z,y)| > ¢ > 0 when (z,y) € R x R, and

(2.3.2) l /E a(m,y)dy’ > 3/4 fé e, )y

then there is a positive constant C such that

T2l = C/IR||R].

Proof. Let f(y) = e~*2*2(0)y =(y); then ||f|l, = |R|'/?. When z € R,
[Taf(@)] = |7 DT, f(2))
> U_a(x,y) dy’ _ I/" (o=t @—a) _ 1) a(m,y)dy‘
R R
=TI+1I.

By condition (2.3.1)
111172 [ la(a, vl dy.
Thus (2.3.2) guarantees that
[ 193 @)F dz = CIRIIEE,
and dividing by ||f||2 gives the result. [

Now let (z9, yo) be a fixed point in supp(a) . Suppose that welet ¢1(z) = ¢(z, yo)
and ¢o(y) = ¢(z0,y) — #(z0,y0). If we expand ®(z,y) = ¢(z,y) — d1(z) — ¢2(y) in

a Taylor series about the point (z¢,yo), we see that
®(z,y) = Hy(z,y)(z — 20) - (v — 0) + Oz — zo[*|y — yo| + & — zo|ly — vo|*)-

Assuming that |z — zo| < A™12, |y — yo| < A7Y/2 and that a(zo,y0) # 0, we may
apply theorem 2.3.1 to see that for any given T with a # 0, ||Ta|| > CA~"/2. We

shall use similar arguments in chapters 3 and 5.
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3. Main Theorem, A Special Case

For a given fixed amplitude a € C§°(R™ x R™) we shall consider certain examples
of oscillatory integral operators. In the first instance, in §1, we look at the special
case of T defined in (4) of the introduction when ¢ = 0. Theorems 3.1.2, 3.1.6 and
3.1.7 below characterize the behavior of ||Th|| in this specific case. The details of
the proofs are fully given, and the ideas and techniques involved will be exploited
throughout the rest of this thesis. The second example will involve a phase function
that is similar to the one studied in §1. Its purpose is to provide a means of
understanding T in its full generality. The phase function involved, ¢(z,y) =
—2z -y +t(z)|y|?, is more suited to this task from a technical standpoint. We could
have just as easily applied theorem 3.1.6 to the more general case of T, but the
proofs of theorems 3.2.1, 3.2.2 and 3.2.3 follow closely those of their counterparts,

theorems 3.1.2, 3.1.6 and 3.1.7, and we get these results almost for free.

§1. The Core Arguement

We let a € C°(R™ x R™) be a fixed given function, and let ¢ € C*°(R"™) be such

that 0 # ¢(z) on supp,(a). We shall consider oscillatory integral operators T with
|z — y/?
#(z)

Remark 3.1.1. Since supp,(a) is compact and 0 # #(z) Yz € supp,(a), there is a

phase function ¢(z,y) = and catalogue the behavior of ||T3|| below.

constant ¢ > 0 such that ¢ < |¢(z)| V& € supp,(a).

The best possible case is when Hy is non-degenerate, and this situation is char-

acterized in theorem 3.1.2 below.
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Vit
Theorem 3.1.2. If1— —m-(m—y) # 0 on supp(a) then |[Tafll, < CA™™2||f|l,

t(z)

and the exponent of A is sharp. Moreover if we fix ¢; > 0, then 3¢, (which depends

on ¢ and supp(a)) such that the constant C above is uniform over the set!

T =3(e1,c0) = {t € C® : ¢y < |t(z)|, |Vi(z)], | Ht(z)|| < ¢z Vz € supp(a)}.

Proof. It is easy to calculate that

(3.1.1)

%4 e NN C))
Frioy; Y T i) (‘5" AETE ) '

Then we see that Hy is of the form described in lemma 1.4.1, and we conclude that

(3.1.2) deh iy = (%)n (1 _ Vtzg) Az — y)) .

The first part of the theorem follows now from theorem 2.2.1; the second part will
follow after a careful examination of the hypotheses in (i), (ii) and (iii) of theorem
2.2.1 as they relate to ¢.

First note that if ¢; is chosen to be small enough, and |Vt| < ¢z, then

‘ Vi(z)
t(x)

So if we assume that ¢ € X for this choice of ¢; (and ¢;), then |det Hy| > ¢ ™27 71,

(z — y)‘ < ¢ 1| Vi(z)| 2 diam(supp(a)) < 1/2.

and, given (3.1.1) and remark 2.2.2, ||H,;1|| is uniformly bounded on supp(a) and
over all t € ¥. We claim also that ”VxD;’qS“ T is uniformly bounded for all « with
la| < n+ 2. In fact |a| < 2 will suffice as all higher order derivatives vanish. The

claim is evident from the form of ¢ as

_ 95t()
(t(x))?

1 Here || Ht|| denotes the matrix norm of the n X n matrix H.

9 peg(e,y) = D2 (|z — yf?),

o
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and ¢ € ¥. Finially we check that ||V,D%¢]||, .. is also uniformly bounded when

o = 2 since

P, —~ it(2)0;t(z

The hypotheses of theorem 2.2.1 being satisfied, the theorem is proven. |

The more interesting case is when det H;, = 0. Lemma 1.4.1 and theorem 2.2.3
readily give the estimate || Thf|| < A~™/2+1/2 ||f|l, in this case. But before proving

a stronger estimate, a few remarks are in order.

Remark 3.1.8. If we cover supp,(a) with balls of radius é and take a partition of
unity subordinate to these balls, we may assume that diam(supp,(a)) < § without
any loss of generality if we provide that é does not depend on A. Then 6 is chosen

to be as small as necessary to assist in technical matters.

Remark 8.1.4. (3.1.2) says that we may assume (after a partition of unity) that on
the support of a, 1 < |Vi(z)|. Otherwise Hy is non-singular, and we may again

appeal to theorem 2.2.1.

Remark 8.1.5. If A is a rotation then the change of variables (z,y) — (Az, Ay)
“preserves” ¢ in the sense that ¢(Az, Ay) = th;ofi'i is of the same form as ¢(z,y),
the form of phase function presently under consideration, with ¢ replaced by t o A.
Similarily if A is a translation, ¢ is again “preserved” under the operation ¢(z,y) —
#(Azx, Ay). Since such transformations are measure preserving, the norm of the

oscillatory integral operator with phase function ¢(z,y) and amplitude a(z,y) is

the same as the one with phase ¢( Az, Ay) and amplitude a(Az, Ay).

Theorem 3.1.6. Let ¢ be as above. Then in general

ITaflly < CATERA )£,
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Proof. Let ¢ € supp,(a) be given. By remark 3.1.4 we may find a rotation A,
such that Vi(z)A, is parallel to the n-th unit vector e, in R*. Let z = A 'z
and t4, = to A;. Then Vity,(z) is parallel to e,. Assuming that A, is also a
dialation, Vt4_(z) = e,. Furthermore |Vi4, | > 1. Then there is a neighborhood
U, of z, a neighborhood V, of z and a diffeomorphism p; : V, — U, such that
ta, © ps(w) = w, for all w € V,. Moreover Dp,(z) = I, and we may assume
that diam(U,) and diam(V,) are as small as necessary. Let U, = A(U,), and
take a finite subcover {fjr. }:11 of supp,(a). By remark 3.1.3 we may assume that
supp,(a) C ﬁzl for example. Since A,, is arotation, by remark 3.1.5 we may assume
therefore that there is a ball Bs(zo) and a diffoemorphism p : Bs(zg) — supp,(a)
such that tp(z) = z,, and Dp(zg) = L.

Given this, it suffices after a change of variables to consider the operator

fAf(w) = f M( - )a(p 'T)ay)f(y) dy.

K 85 = TAT:, then S, is an integral operator with kernel

Koo,y = [ e ({1220 2=V ap(o), ) o0, .

Tn

‘We must show that
(3.1.3) 1Safllz S A2 ||l -

Let ¢ € C§°(B1(0)) be such that ¢ =1 on By /5(0), and let {5 =1—1. Then
(3.1.4)
S flw) = / f(2)Kp(z, z)¢ ( ) dz+/ Ff(2)Kp(z, z)v,b( ) dz
= S3f(@) + S3f(=),
where ¢ is to be chosen. S} represents when |z, — z,| is small, and S} represents

when |z, — zn| is large. Each operator is studied via differing strategies. S} is
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considered as the composition of two operators, and we study the factors separately.
5% is found to be the sum of oscillatory integral operators, and an estimate is made
for each term.

First consider S} and its corresponding frozen operators

(enenf@) = (2722) [ FCE (',
= (2255) B )

Recalling (1.2.3) and (1.2.5), we consider (T3)

(3.1.5)

for fixed z, and y,. The (n —

Enin

1) x (n — 1) matrix

32 2 = n—1
(@)~ ) = (=2Dins()7,

i,7=1
is the mixed Hessian for (TA),““. As noted above, when = = z( this is —2 times the
(n —1) x (n —1) identity matrix. So in a small neighborhood of zy the determinant

of the above matrix does not vanish (see remark 3.1.3). Hence

I(T2)anon | S ATC=D2 (2 un) 1 Flly

where x is compactly supported. Then this along with (1.2.3) and (1.2.5) implies
that

Tn — Zn

||(Szl\)wnyanL2(Rn-—1) S )\Hn+1 X'(in,zn)lp ( ) ||f“L2(]R"—1) ’

€

where x' is also compactly supported. By theorem 1.2.1 and lemma 1.2.2 we have
S 153711, S A="Fe 7l

Now consider S? and its corresponding frozen operators (S3).,., for fixed z,
and z,. Note that

(3.1.7)
\p(m) - y\z _ \p(z) — y|2 — (L _ i) |,y _ F(.’E,Z)|2 _ |p($’,(£n) — p(z"zn)|2

Tn Zn Tn — Zn

?
n n
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where

znp(z) — znp(2)
3.1.8 F = -
(3..8) (s7) = B =20
Let

Az, z,y) = a(p(z),y) a(p(2),y),
.1.9
(3 1 ) L= (.3; B ;1:) .

Then
=) exp (i—2—lo(e) — o)1)

/ eV A(z, 2,y + F(z, 2)) dy

I{P(ml"z,)xnzn {15 (
(3.1.10)

is the kernel of (S5%),,.,. By theorem 1.3.2, for fixed N to be chosen,
(3.1.11) / e’ A(z, 2,y + F(z,z)) dy
Rn

Z,U, —n/2 N-1 o
= (—) > (4in) A} A, 2, F(z, 2)) /5!

™ =0
¥ / rN(z‘Jé|2/4n)e*ff'F(f’z>A(w,z,s)ds),

where A denotes the inverse Fourier transform in the last variable. In view of

(3.1.10) and (3.1.11), (52)

is a sum of oscillatory integral operators

Tnzn

(3.1.12) (—j;)_n/? ( )Z (—;/; '” chad i Z’

where

(3.1.13)
Rl f(z') = /R eNI=r O (A] A)(a, 2, F(, Df()de' G =10, N =1

Rgf(;c') = f eiA'l"(I)_p(z)|2uN (] TN(i|§|2/4y)e_i5'F(‘”’z)A(m, 2 &) d{f) f(z")yd2'
]Rn

n
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Each Rf;, has phase function of the form |p(a',z,) — p(2', z,)|? for fixed z,, and z,.

Look at the mixed Hessian:

el n—
(dm?:zj P’ 2n) = Pl zN)lz)i,jzl N (—2 ;&pk(z)af‘ok(f’)) ,-,j=11
Since Dp(z¢) = I,
9?2 n—1
det (g lo(as ) = o2 zn)P)i’j:l g o

So we may assume that this mixed Hessian is non-degenerate (see remark 3.1.3).

Now for j =1,...,N — 1, Ri, has amplitude Aé'A(.z, z,F(z, z)). Since
(3.1.14) DY F(z,2)| < |2n — 2a| 1%,

we see that

[3.1.15) sup [D% (AJ A(z, 2, F(z, 2)) AjA(w, z, F(w, 2)))| S |25 — za| 1%

To apply theorem 2.2.1 we must calculate, for fixed z,, and z,, the volume of
suppz,(A-;A(m, z,F(z,z))). Note that by the properties of supp(A) we must have
that F(z,2) S 1—ie., |zop(2) — zpp(z)| S |€n — 2,|. This says that for fixed z,

i) n " .
p(z) is in the ball of radius w—\wn — zn| centered at i—p(x) Since |z,| is bounded
n n

from below (see remark 3.1.1) and p is a diffeomorphism, z lies in a set of diameter

~ |Tn — zp|. So
(3.1.16) | supp A{,A(m, 2, F(z,2))| ~ |2n — za|™" for f = By s ¥ —1,

Putting (3.1.15) and (3.1.16) into (2.2.1) (recalling that \' = (xi—z)) gives that

for d =15 N =1

—(n—1 (n—1)
< ATz, — 20l T x(2n, 20) |l L2mn-1) >

J
@117 |RLf| e S
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where x has compact support.

Coming to RY,, it has amplitude, call it Ay(z, 2), equal to

p [ e GIER e R A, ,8) .
This means that in view of the remark 1.3.3 and (3.1.14)
(3.1.18) sup [DS Ay (2, 2) Ax(w, 2)| $ |2 — 2a| 710,
Then (3.1.18) implies that

_(,;2_ )

1
(3.1.19) ||R;V'f||1,2(mn—l) SA X(ﬂfnazn)Hme(Rn—l)-

Looking at (3.1.12), (3.1.17) and (3.1.19) we see that

Ty — Zn

H(Si)ﬂnznf”L2(Rn—-l) 5 J ( ) X(:l'na Zn)

(3.1.20) x (/\—n+1/2|$n —znl_llz-
N-—1 . ‘
(3120’) i Z )\_n+1/2_J|$n . znl_l/g_J
i=1
(3.1.207) # AT gy — 207 £l gy

where y is compactly supported. Now we apply lemma 1.2.2 to obtain

”S)z\fHLz(Rn) 5 ”f“L?(IR")

(3.1.21) X (A-"“/?
N_l . .
(3.1.21°) + Y AT Ami /2
=1

(3.1.21”) _|_/\—n+1/2—N€—n/2—N+1).
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In consideration of (3.1.6) and (3.1.21”) set

In this case

A—nHlg — \—n+1/2—N —n/2—N+1 _ y—n+1/2 ) 5255

Also, it is easy to check, in consideration of (3.1.21"), that

\—n/2+1/2—5 1/2—) < \—n+1/2

for this choice of e. Evidently (3.1.21) is the main term in the estimate of ||S,|| pro-
vided that n < 2(NN + 2). Since N can be arbitrarily large, (3.1.3) is demonstrated,

and the proof of theorem 3.1.6 is complete. |

Given the general nature of theorem 3.1.6, it is natural to ask whether or not the
result is sharp. We shall find in the next theorem that we may not always be able

to improve the exponent of A in theorem 3.1.6.

Theorem 3.1.7. For a given amplitude function a # 0, there are t € C* such

that the exponent of A in theorem 3.1.6 is sharp.

Proof. By assumption there is a point (zo, yo ) such that a(zo,yo) # 0. After perhaps
a translation and a rotation—in view of remark 3.1.5—we may assume that z¢ = ey,

the n-th unit vector in R™, and yo = 0. Then let ¢(z) = z,, and note that we may

assume z, # 0 on supp(a). Let f(y) = f(y’)f(yn), where 0 < f € C§°(R™ 1),
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f =1 on supp(a) and f(ya) = €2V x(_, 4(yn). Then

- r__ 2 2 : 1121-
1 €%n =" =¥’ f(y') 61)\:" a(:c, y’, yn)dyn dy,

e~ Ty f(z) = f

R™ - —€
. —(n—1)/2 €
A - i
- (mn“) 26f($ )26 [e (1(.’1,‘,.7,' :yn)dyn
BTN T pe
i ;g- o /
+ (mnw) flz") g (e 1) a(z,z',yn ) dyn
i\ —(rmD/2 .
+ (:cn7r> 2¢ /}Rﬂ_1 rl(zxn[£'|2/4)\)

1 [ .82 o
(6 + 05 [ P FRaten -+ atum) dun ) (€ a
=T+ I1IT+1III.

Now it is easily seen that

|II| 5 /\—n/2+3/263,
and by (1.3.3)

[TIT| S eA™?/2712 0 3
|a| <2+n/2

1 & awl
D;,f(x'—l—-)%/ 6'Az" a(z, - ,yn) dyn

=

L2(Rn—1)

S EA—n/2—1/2‘
Supposing that € is small we have that

|I] Z e\—n/2+1/2 2’ e\~ n/2+1/2

5c | ot un) v,

e

on a set of positive measure in z-space. If we let € = ¢A~1/2 where ¢ is a small

constant independent of A (i.e., let eA™"/2+1/2 = & \=7/2+3/2) then clearly
IT3fella 2272 and || felly = A7H2
So

”Tj\ffHZ > A—n/2+1/4

[ fell2
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as desired. [ |

Remark 3.1.8. Using a result of Pan and Sogge [PS] it is a routine matter to show
that if Hi(z)(z — y) - (x — y) # 0 on supp(a) where Ht(x) denotes the Hessian of ¢
at z, then |74 f|l, < CA~™/2+1/8 || f||,. See the appendix for details.

§2. A Variant

Here, as in §1, we let a € C§g°(R™ x R™) be a given fixed amplitude function,
but we let ¢ denote any smooth function. Now we shall study oscillatory integral
operator T, with phase function ¢(z,y) = —2z -y +t(z)|y|?>. Theorems 3.1.2, 3.1.6
and 3.1.7 find their analogues in theorems 3.2.1, 3.2.2 and 3.3.3 respectively. The
proofs of theorems 3.2.1 and 3.2.2 follow the same pattern as their counterparts,

and while being complete, they are brief. Theorem 3.2.3 is proved using theorem

2:3:14

Theorem 3.2.1. If 1 — Vi(z)-y # 0 on supp(a) then || T\ f|l, < CA~™/%||f||,, and
the exponent of A is sharp. Moreover 3¢ such that the constant C is uniform over
the set

S =3(c)={teC™®: |Viz)|, | Ht| < ¢ Vz € supp(a) }.

Proof. We note that

5
(3.2.1) Bmigsyj (z,y) = —2(&i; — Bit(x)y;)-

So lemma 1.4.1 guarantees that
(3.2.2) det Hy(x,y) = (—2)" (1 — Vi(z) - y).

Hence the bound for T} is as given.
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The reasoning for the boundedness of C over T is the same as in theorem 3.2.1.

If ¢ is small enough and |Vt| < ¢, then
|Vt(z) - y| < ediam(supp(a)y) < 1/2.

This and (3.2.1) allow us to conclude that ||H(;1 || is uniformly bounded on supp(a).

Noting that the absolute value of

0
3. Dy ¢(z,2) = —2D5y; + 8;t(=)Dy |y/*
T3

on supp(a) for all |a| < 2 depends only on t € ¥ and diam(supp(a)), and that the

same is true for

Fo(z,y) _ _ H(z)

9z 0z ; Oy Oz;0z; =

the proof is complete. |

Theorem 3.2.2. Let ¢ be as above. Then in general

IT5fll, < CAT A ], .

Proof. Remark 3.1.3 still applies, (3.2.2) means that remark 3.1.4 is still in order,
and remark 3.1.5 is still valid if we only allow A to be a rotation. Given this,
as before, we may assume that there is a ball Bs(z¢) and a diffeomorphism p :
Bjs(zo) — supp,(a) such that t o p(z) = z,, and Dp(z¢) = L.

Again too, it suffices to consider

Tuf(e) = [ P ba(o@),y)i(w) dy

where supp(a) is sufficiently small. As in the proof of theorem 3.1.6 let S\ =

TVA(T)\)*, an operator with kernal

Ky(e:) = [ exp(=2o(2) = p2) - )+ (on = 20)luP )l w)alol:), ) o,

i
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and write Sy = S} + S} just as in (3.1.4).

First consider S}. For fixed z, and y, we readily find that

I(T5)envn £l S ATV (20, ya) £l

has mixed Hessian

as (Th)

Tnin

52 n—1 s
—2 2 = (—2D;p;(2))"™
(dm,-dyj p(z) + Taly| )i,j:-l ( 2D,p](m)),’1=1,

which is non-degenerate on supp(a) . Hence, as in (3.1.6), we find after an applica-

tion of theorem 2.1.1 and lemmas 1.2.2 and 1.2.3 that

(3:2.3) 153711, S A~"+e I,

~

The similarities between the operators considered in theorem 3.1.6 and the ones

considered here becomes apparent when we note that (cf. (3.1.7))

—2(p(2) = p(2)) -y + (2n — 2)ly[? = (2n = 2u)ly — F(z, )2 — 2LZ220) — oz

Ty — 24

where this time we let

Flo,s) = 2E)=P2)

Tp — Zn

(3.2.4) Az, z,y) = a(p(z),y) a(p(2),y),
p=Az, — 2,)-

Then, as in (3.1.10),
2 ror [ Tn — Zn . A 2
Ky(z',2")anen =% | —— | exp | i———|p(z) — p(2)|
€ Tn — 2Zn
x [ €A,y + Fle,2) dy

is the kernel of (5%).,.,. We see now that (5%).,., is virtually identical to its

counterpart in the proof of theorem 3.1.6, the only (minor) differences being in the
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definitions of x and F (cf (3.1.8) (3.1.9) (3.2.4)). Then we may proceed ezactly as

before taking care only when we must consider u or F.

With p and F as above we have that (5%),... is a sum of oscillatory integral
operators as in (3.1.12) with R;’;,, J=1:-- N asin (3.1.13). We know that each Ri,
has the same non-degenerate phase function, and so we will have exactly the same
estimates, (3.1.17) and (3.1.19), as before once we examine the amplitude function
of each R, and find that they satisfy estimates like (3.1.15), (3.1.16) and (3.1.18).
Estimates (3.1.15) and (3.1.18) follow from (3.1.14), and it is clear that the new F
satisfies (3.1.14). So we need only calculate the volume of suppz,(Ag Az, z, F(z, 2)))
for fixed z, and z,. We argue only slightly differently than before; the only dif-
ference is that, unlike in theorem 3.1.6, we do not have to assume that #(z) # 0,
and so we need not appeal to remark 3.1.1. By the properties of supp(A) we must
have that F(z,2) <1 —ie. |p(z) — p(z)| £ |#n — 2zn|. This says that for fixed z,
p(z) is in the ball of radius |z, — 2, | centered at p(z). Since p is a diffeomorphism,
z lies in a set of diameter ~ |z, — z,|. So (3.1.16) holds. Now it is clear that we

have exactly the same bound for (5%) as in (3.1.20), (3.1.20”) and (3.1.20”), and

consequently H,S'?\fH2 is bounded as in (3.1.21), (3.1.21") and (3.1.21”). The proof

is completed by choosing € as before. [ |

As expected we have the following result regarding the sharpness of the exponent

of A\ in theorem 3.2.2

Theorem 3.2.3. For a given amplitude function a # 0, there are t € C*> such

that the exponent of A in theorem 3.2.2 is sharp.

Proof. We shall apply theorem 2.3.1. Let (z¢,yq) be such that a(zg,yo) # 0. After

a rotation we may assume that yo is parallel to e,; let yo = ke, with &£ > 0. Take
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t(z) = z,/k and notice that
—2z -y + (@)Y’ = —2(’ — )y + W' [* + T lym — k[ — kzn — 205 - ¢,
Take ¢1(z) = —kz, and ¢2(y) = —2z; - y and let

R={z:|o —ah| S A2, [2a] S 1)

R={y: Y| <A™ lyn — k| S cA7'2},
where ¢ is a small constant (independent of A). If ¢ is small enough then (2.3.1)

and (2.3.2) hold, and
IT5ll 2 V/IRIR| = A—n/2+1/4

as desired. ]
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4. Main Theorem

We now turn our attention to the family of operators T with phase function

t(:)__{(zy) where t and ¢ are smooth functions such that 0 <

[t(z) — #(y)|- In what follows we will always take a to be a fixed amplitude function

of the form ¢(z,y) =

with compact, connected support. Hence we may assume without loss of generality
that there is a constant ¢ > 0 such that ¢ < #(z) — #(y) on supp(a). This will be
our general setup throughout this chapter.

In §1 we shall find it to be possible that rank Hy = n — 2, and therefore the ideas
in chapter 3 do not carry over into the analysis of ||T4||. Instead, we would like to
consider T as a composition of operators whose factors are known to us, and as
alluded to previously, these factors already have been studied in §2 of the previous
chapter. We may then use the estimate in theorem 3.2.2 to get sharp results for T'.
In actual fact, though, we will not realize T directly as a composition, but nearly
so. The composition of operators we consider has the same phase function as T
but has a different amplitude. The transition to T in theorem 4.2.1 from theorem
3.2.2 is facilitated by lemma 4.1.2, which allows us to compare oscillatory integral
operators with the same phase function but different amplitudes. We prove this
lemma in §1. In §2 we prove sharp estimates for T and we discuss further the idea

of considering T’ as a composition.

§1. Preparations

We begin with the following result about the singularities of Hyg.
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Proposition 4.1.1. Let ¢ be as above. Then rank Hy(z,y) > n—2, and moreover

rank Hy(z,y) = n — 2 if and only if

. _Vt(a:)-(:c—y)_
O T
Vi(y) - (z—y) _

@ 1= @) )
(iii)) Vi(z) - Vi(y) = 0.

Proof. We begin by noting that

(4.1.1)
a2¢(x,y)_ -2 i 1 g _ T i N
o = T T\ =T (g e ~ )+ s — )
, 0:t(2)951(y)
tie—u wm—ﬂw))'

Suppose first that V#(y) = 0. Then from (4.1.1),

—2 i_ (=
(Hqg,(l‘, y)),‘j = m((&- — Wa t(.’.’:))

and such a matrix has rank > n — 1 by lemma 1.4.1. So we may assume that
Vi(y) # 0. In fact we may assume that Vi(y) || en. For let A be a rotation

o2
of R™ such that Vi(y)A || e,. Consider ¢4(z,w) = ¢(Az, Aw) = : (lzz) I;_)l( }’
a(z) —ta(w

ta=toA ty =to A Then Hy, = A'Hy(Az, Aw)A by lemma 2.2.4. For given

z and y, let z = A7'2, w = A~ !y. Then clearly rank Hy(z,y) = rank Hy, (2, w).

Moreover, it is routine to check that

(") 1~ Vi(z) - (z —y) —1_ Vita(z) - (f —w)
t(w) — #(y) ta(z) —ta(w) °
)~ 1) Fal2) —Talo)

(iii’) Vi(z) - Vi(y) = Via(z) - Via(w).
Since V#(y) || en, we have that the (n — 1) x (n — 1) submatrix H}, of Hy formed

by deleting the last row and last column is of the form

(3@ )is = iy ¥ = (5~ w)23t(=)  1Si<n—1,1<j<n-1
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This submatrix has rank > n — 2 (by lemma 1.4.1); hence so does Hy.
Suppose that (i), (ii) and (iii) are satisfied. Since Vi(y) || e, and (iii) holds, we
have that d,t(z) = 0. So by (ii),

Hy(z,y) = Hy(=,y)

B e

o

T
Since (i) (or (ii)) holds, z — y # 0. Clearly,

(0’07 ey Tp — yn)H¢($7 y) = 07

while by (i)
(z' —y',0)Hy(z,y) = 0.

So rank Hy(z,y) =n — 2.

Now suppose that rank Hy(z,y) = n — 2 (assuming again that Vi(y) # 0). In
particular, by lemma 1.4.1, H} has rank n—2, and V. t(z)-(z'—y") = t(z)—1(y) # 0.
So we know that z' — y’' # 0. Now it is clear that (i), (ii) and (iii) hold if we know
that Op,t(z) = 0. The claim is that indeed 0,%t(z) = 0, for suppose not. Consider
the (n — 1) x (n — 1) submatrix of Hy given by deleting the first row and n-th
column. It is of the type described in lemma 1.4.2. Thus (27 — y1)0,t(z) = 0, and
hence (z; — y1) = 0. Now delete the second row and n-th column from Hy. After
switching two columns, we may again apply lemma 1.4.2 to obtain that o —y, = 0,

and continuing in this way we find that ' — y' = 0 which is a contradiction. |

It is easy now to construct ¢ and f such that (i), (i1) and (iii) of proposition 4.1.1
are satisfied, and we give a simple example to demonstrate this fact. Let t(z) =
and #(y) = yn; then (i)-(iii) are satisfied on the set {(z,y) : 21 = o, y1 = yn }.

Suffice it to say that there are many ¢t and t such that rank(Hy) = n — 2, and we
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reserve a more detailed discussion of this for a later writing prefering to move on to
the main technical lemma of this chapter.?

It is the nature of the singularities of the phase function as reflected in the mixed
Hessian that determine how rapidly the norm of an oscillatory integral operator
tends to zero as the parameter A tends to infinity, while the amplitude plays only
an auxillary role, provided that it does not vanish when Hy is singular, and that
finitely many of its derivatives are bounded. Given two oscillatory integral operators
with the same phase function and different amplitudes it is not unreasonable then
to believe that a favorable estimate for the norm of one should imply a similar
estimate for the other, given that the two amplitudes satisfy certain conditions.
More generally, the norms of two different integral operators may be compared
once their respective kernels satisfy relationships outlined in the following lemma,

which makes use of lemma 1.3.5.

Lemma 4.1.2. Let Ky, K; € C§°(R” x R™) and let

7,5@) = [ f@E@ndy =12
Suppose that there is an open set U C R™ such that
(4.1.2) supp(Ky) CU and K; #0onU.

If there are constants C'1, C2 and C3 > 0 such that
”KZ/Kl”Ll(R"an) < Cl,

<C; for some s > n,
L2(R™ xR")

Y D(Kz/K)

|a|=s

(4.1.3)

supp(K,) C Bg,(0) x B, (0).

1See however the appendix §4.
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Then
T2l < C |11,

where C = C(C;,C2,C3) is bounded once Cy,C3 and C3 are bounded.

Proof. Note that Ky(z,y) = %Kl(x,y) on supp(K3;). Clearly by (4.1.2)
1(2/1{1 € Cgo, so

Ky(z,y) = Ki(z,9) Y _ a;a;(z)B,(y)
i=1
where a;, a; and §; are as in lemma 1.3.5. Then by (1.3.5),

T2/l < D~ lal IT2]l < €T,
i=1
as stated. [
If we let K;(z,y) = e*?EWb(z, y) and Ky (z,y) = e*¢(=:¥g(z, ), the conditions

(4.1.2) and (4.1.3) in this case translate as

(4.1.2) 3U c R” open, supp(a) CU and b#Oon U,

la/bll L1 (mn sy < C1s

(4.1.3%) % O for some s > n,

L2(R" xRR")
supp(a) C B¢, (0) x Be,(0).

> D*(a/b)

|a|=9

§2. The Main Theorem

From proposition 4.1.1 we readily obtain the result ||Tyf]|, < CA~=2/2 | f||,
by considering theorem 2.2.3, and although it is possible to find functions which
satisfy conditions (i), (ii) and (iii) of proposition 4.1.1 at a point, or on even larger
varieties, it is not possible that H, should be so singular that such an estimate is

sharp. This is the content of our main theorem.
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Theorem 4.2.1. Let T be the oscillatory integral operator with phase function ¢

as above. Then

”TAf“z < CA—(n_l)ﬂ “f”z -

Proof. Let B = {x € R™ : |z| < R}. Suppose with out loss of generality (after
perhaps a dialation) that supp(a) C By x By. Assume also (after a change of the
parameter A) that 1 < ¢(z)—1t(y). Choose ¥ € C§°(Bs) with ¢ = 1 on B4. Consider

the following operators:

(4.2.1) 1 f(x) zf eM=22 v+ @D (2 )op (y) fy) dy,

n

(4.2.2) Sif(:c)z/ A2z Y+ U DY) (2 )op () F () dy.

n

We know that
ISl g™ s=13

Thus
IAm/2SY(S2)" || S AT/,
Now
AESN(SH H(e) = [ P, )1 () d,
Rﬂ
where
(4.2.3)

— \n/2 TL’(fl’)fL'(z) / iA|yl?, .2 Y B du.

@) = A =i e © Y @ e T Hm —i)) P
We wish to apply lemma 4.1.2 to finish the proof; this amounts to checking
(4.1.2’) and(4.1.3’) for a and bx. Let U = By x Bs, and suppose that (z,z) € U—

ie., |z] < 2, |z] < 2. We apply theorem 1.3.2 to the integral in (4.2.3) to obtain

that
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where E(z, z) is the first-order remainder in (1.3.2). Now since

r—z

t(z) — 1(2)

<4 when (z,2) € U,

then

4 <t_(xi§“:7z(“5) =1  when (z,2)€U.

Moreover by 1.3.3,

|E(z,2)| < CA™" ) ||D*%?||,<1/2  when A> 1.
|| <n /242

So for large A (depending only on ¢), |ba(z,2)| = 1/2 on U. We also see from
corollary 1.3.4 that

ID%ba|l, S 1 for o] < n +1.
Clearly then (4.1.2°) and (4.1.3’) are satisfied with Cy, C2 and C3 < 1. [

Again, we may not make an improvement in theorem 4.2.1 as evidenced by the

follwing.

Theorem 4.2.2. For a given amplitude function a # 0, we may find t and t such

that the exponent of A in theorem 4.2.1 is sharp.

Proof. Let t(z) = zp, and t(y) = yn. We may assume that on supp(a), 0 < z, < 1
and 2 < y, < 3. Choose (zo,y0) € supp(a) such that a(z,yo) # 0, and without loss
of generality assume that supp(a) is contained in a small neighborhood of (zg, yo)-
For fixed z,, and y, define a family of operators T(z»,y.) : LZ(R"™?) — L?(R"!)
by

T(2p,yn)f(z') = AP/21/2 ] emw 7V (! 20y yn) F(Y') dy.
Rn-—l
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We know by the discussion after theorem 2.3.1 that there exists ¢ € C§°(R"™!)

with ||g||, = 1 such that

(4.2.4) LS IT((z0)ns (yo)n)yll, -

Since supp(a) is small, (4.2.4) is true for all z,, and y, in supp(a) .

Let f(y) = ei)‘y"g(y')x[o,”(yn); then || f||, = 1. Note that

g — 2 ' — 2
eyl _ =y
Tn — Yn Tn — Yn

Tn — Yn-

Then by the mean value theorem (for integrals) there exists ¢ € supp, (a) and

s € supp,, (a) such that

imite= ([ [ .

= AT |1, )gll,

3
. A 2
P iy |
2 Rn—l

X a(Z,Zn, Y, Yn)9(y') Ay’ dyx

2 1/2
dz' dxn)

> /\—n/2+1/2

~J

as desired. [ ]

We finish this section by noting that the estimate in theorem 4.2.1 may be im-
proved when we have a better bound on one of the “factors” S} or S3 of Th. If for
example ¢ and 7 satisfy the hypothesis of theorem 3.2.1 then infact ||Th| < A~"/2.

More precisely we have the following theorem whose proof is simply that of theorem

4.2.1.

Theorem 4.2.2. Let t, t and ¢ be as above. For a given amplitude a with support

contained in By x By, let

; e “2
T.f(e) = [ exp™ O oz, )5 () dy
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If S1 and S% in (4.2.1) and (4.2.2) are such that
ISil S A7 and [[SX]| S A7,

then
I TaFlly & X~P2F 2 || £, .

47
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5. Applications to the Schrodinger
Equation

§1. Introduction

In this chapter we consider, for a fixed smooth function #(z), the solution to
the Schrodinger equation (2) at time ¢ = ¢(z) —u(x,t(z)). As pointed out in the
introduction, this is motivated by a desire to understand the Schrédinger maximal

operator in (4). We obtain results of the form

[l - at('))”u(n}w) SO fllge

where s depends on conditions on the derivitives of t. We do this by first considering

for k = 0,1,... the operators Ry : L2(R") — L%(D") of the form,

(5.1.1) B e /}Rn e E v @I g, (1) F(y) dy.

Here {Hk}:io is a partition of unity subordinate to diadic intervals: 8y € C§°(|y| <
2), 6o(y) = 1 when |y| < 1; Ox(y) = 6o(27Fy) — 6,(2' ~*y), when k > 1. Before
stating our main results we prove a lemma which is the beginning step in all that

follows (cf. [B]). Its purpose is to reduce H?® estimates to L? estimates.

Lemma 5.1.1. Suppose there there is a C' and an s¢ such that

||kaHL2(D") < C2%* 11l -
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Then for any s > 3¢ there is a constant Cy depending on C and s such that
(5.1.2) w5t Dl 2ny < Callfll e -
Proof. Note that kaz Rk(X[supp(Bk)]f)' Hence

. . 1/2
||kanmn>s02’°k( / If(y)|2dy)

supp (i)

A 1/2
5(2—(8-“))'“(]R lyl“lf(y)lzdy) < C2Cmk | fll g

Then by Minkowski’s inequality,

luC 2 Dllpe@my < D IRk Fllze@ey < €D 27C700k || £l 4, = Cy || fl|
k=0

k=0

Remark 5.1.2. We may multiply R by a C§° function a which is unity on D", if
necessary, and all results about this “new” Ry will be the same as for that in (5.1.1).

By abuse of notation R will denote either one.

§2. No Critical Points

Our first result is obtained by applying the techniques in the proof of theorem

3.1.6 to Ry. It involves the important special case when Vt does not vanish.

Theorem 5.2.1. Suppose t € C* is such that Vi(z) # 0 Vo € D*. Then for any

s >0,

(-, (- ))“L2(]D") <Clfllge
where C' may depend on s and t.

This follows immediatly from Lemma 5.1.1 and the following.
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Theorem 5.2.2. Let t be as above. Then there is a constant C, which is indepen-

dent of k, such that
IBefllz2@ny < CNFIl, -

Proof. Since Vt does not vanish, arguing as in theorem 3.1.6, we may assume that
supp,(a) is a small neighhborhood of a point zy such that there is a C*° diffeomor-
phism p, whose range lies in supp,(a), and such that to p(z) = z,,, and Dp(zq) = L.
Let A = 2*. After making a change of variables (z — p(z), y — Ay) it suffices to

show that

(5.2.1) IRAfllz2my S A2 111,
where
Baf(z) =ala) [ O r Do, ) sy dy

Write a(,y) = a(2)8;(y) and proceed as in theorem 3.1.6. If

K@) = [ e (H{Mp@) = p(2)) v+ N(on — 20)lul?}) ale, v)aCz, v
then, if we let Sy = RyR%,

53/ = [ 1K@ (222 v [ fx T (225

— S3f(z) + S3f(a),

where ¢ is as in theorem 3.1.6.
Once again we find that the frozen operators (S3),, ., have the form

Ty — 2

(D)o f(2) = ¥ ( ) (BaB)onnn F2).

For fixed z,, since z,|y|? is a function of y only, we may consider (EA)zn,n as an
oscillatory integral operator with phase function p(z) - y. Clearly, by the construc-

tion of p, the mixed Hessian of this phase function is non-degenerate on supp(a) .
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Arguing as in theorem 3.1.6, we apply theorem 1.2.1 and lemmas 1.2.2 and 1.2.3 to

see that

(5.2.2) [S3fll, S A7 tellfll, = A7 [I£1l2

if we take e = A™!. In what follows we shall take e = A~!, and in doing so we may
assume, given the support properties of J, that Alep, — 2n| 2 1.
Now we turn our attention to S%. Note that

lp(z) — p(2)I?

Np(@) = p(2)) -y + M (e = z)lul? = N = za)ly + Fe, ) = =PI

where F(z,z) = %)—Lz) Let A(z,z,y) = a(z,y)a(z,y) and g = A%(z, — 2,).
Top — T

Then the kernal of Si is

b (f"—;—zl) exp (—i%) /R e’ A(z, 2, F(z, z)) dy.

Here we have that
] e¥* A(z, 2, F(z, 2)) dy

™

_ (%) o (A(a:,z,F(:c,z)) + /R r(IE]2 J4p)e € F®D A(z, 2, £) d&)

where A denotes the inverse Fourier transform in the last variable (cf. (3.1.11)). So

($%)..., is the sum of two terms, (S%)’ and (S%)Y . having kernels K'(z', 2')

Tnin Tnz

and K" (', z") respectively. Since

w0 - () I (222 2 ) exp (i¥o(e) = p(2)F) Ale, 2, P, 2),

where ' = —1——-*, we may treat (S3). , as an oscillatory integral operator

Az, — zn
with phase function |p(z',2,) — p(2',2,)|* and amplitude A(z,z,F(z,2)). And
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although this phase function does depend on A, because (A|z, — 2,|)~! < 1 we may
uniformly bound finitely many 2'-derivitives of A. Moreover, since |z|, |z| < 2, then

|supp,s A| < 1. So by (2.2.2)

~f Tn — Zn —n =
(5-2.3)  [[(S3)inen fllpaqge-1y S ¥ (f) Ao = 20l ™2 |l paggnsy -

Also (Si);’nzﬂ may be treated as an oscillatory integral operator as
o . snld —nfr-1 " Ta — Bn .
K@, ') = (i) 271 (22222 ) expliX () - o))
< [ G e T e, 2,6) de

The phase function is the same as in the previous case, but the amplitude is different.
To apply thorem 2.2.1 we must consider z'-derivatives and the volume of the 2’'-

support of this amplitude,

Iz fR,, ri(ilé|? /4p)e’ TP Az, 2, €) de,

and find L*> bounds on these quantities which are independent of A. Since |z|, |z| <
2 when this amplitude does vanish, and by consideration of (1.3.*) it suffices to show

that for s > n/2

Y |DEDE (e FED A(, 2,£) dE)|| L2 (agy S 1,
lal<2+s

for all |8] < n, and this is easily seen to be so given that |[A(z, — z,)| > 1. Then

(2.2.2) shows that

5.2.4) (S S (22 ) AT e — 2zl IS

( Iy ) “( /\)Enzn‘fHLz(R"_l) ~ ¢ = Tn Zn L2(Rn—1) *
Using lemma 1.2.2, (5.2.2), (5.2.3) and (5.2.4) we see that

ISxfllz S AT 1 llz



Schrodinger Operators and Oscillatory Integral Operators 53

and this implies (5.2.1). |

In some sense this represents a best possible case given the strength of the result
in theorem 5.2.2— i.e., the constant C is independent of k. It is interesting to
remark though that this constant must become unbounded as |V¢| tends to zero,

for otherwise the result in [DK] would be contradicted.

§3. Non-Degenerate Critical Points

The case when Vit # 0 represents the easiest to treat using the methods of
theorem 3.1.6. When V¢ vanishes, the situation is more complicated. However the
case when the Hessian of t is non-singular whenever V¢ vanishes—i.e., ¢ has non-
degenerate critical points—is treated below. We limit ourselves to the case when

n=1orn=2.

Theorem 5.3.1. Suppose that t has only non-degenerate critical points. Then for
any s > 0,

lu(- st DM p2@ny < Cllfllge
whenn=1orn =2.
This follows from

Theorem 5.3.2. Suppose that t has only non-degenerate critical points. Then
IRk fIl < CE2 | £l

whenn =1 orn =2.

Before giving the proof of theorem 5.3.2, we state a technical lemma whose proof

is given at the end of this section.
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Lemma 5.3.3. Let n =1 orn = 2, and suppose that A is an n X n diagonal matrix

whose eigenvalues are +1. If A(z) denotes the quadratic form A z - z, then

su 4 M n
(5.3.1) s fD A+ X[ A(@) — AR ~ ( : )

Proof of theorem 5.3.2. We know that t only has finitely many isolated critical

points in D™. Away from these critical points [V¢| > ¢ > 0. Near a given critical
point we may change variables in such a way that ¢ is a quadratic form. After a
partition of unity, an application of theorem 5.2.1 and a change of variables, we

may assume that Ry is of the form

Ruf(z) =3 [ explifAn(e) -y + X A@)slDale, 1) ) dy,

where A = 2%, A is as in lemma 5.3.3, p is a C°° diffeomorphism and a € C$P(D™ x

D™). As always Ry R} has a kernal K of the form

K(a,2) = 3" [ explilip(z) = ple) -y + X(A(2) = ANyl Dale. v)alz, 1) .

< A", while by stationary phase |K(z,z)| < A"(\?(A(z) —

~s

In general |K(z,z)|
A(z)))~™/%. Then an application of theorem 1.2.1 and lemma 5.3.3 yields the desired

result. |

We restrict ourselves to the case n = 1, 2 because the estimate in (5.3.1) is no
longer valid for larger n. The estimate that one does get for n > 3 is not good

enough to prove results that are better than those already found in [Sj] and [V].

Proof of lemma 5.5.8. We consider the cases of when n =1 and n = 2 separately.
Casel,n=1.

After a change of variables, z — /) it suffices to show that

oy
dz
< In{ ).
IiTlS?A/O (1+ |22 — 22|)1/2 ~ n(})
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We calculate, for fixed |z| < A, that

T B /’Izl dz " /‘)‘ dz
(1 s |a:2 - z2|)1/2 - 0 (1 + 22 — x2)1/2 I2] (1 4 22 — 22)1/2
A+V/1—22 4 A2
= arcsin (ﬁ) +1n ( + 2] +z1 L ) < In(A).

Case 2, n =2 and A= +1I (say A =1).

Again we change variables as before, so it suffices to show that

A rdr
5.3.2 sup/ < In(A 2
(532) 58 Jy T —peep S

We make a further change of variables, s = r? so that the left-hand side of (5.3.2)

is equal to (modulo a constant factor)

/*’ dr /"42 dr /*"’ dr
o 1+[r—z2 S 141zP=r  Jpl4r—|z?

= In(1+ |z|?) + In(1 4+ A% — |2|?) < In(N).

Case3,n:2andA=ﬂ:((1) _01)

We must consider, where ¢ = Az - z,

f dx dy
B,y 1+ Al22 —y2 — ¢

After the change of variables u = 2 + y, v = z — y and a dilation, we may consider

/ / d;vdy le| < A,
1+ |2y — -

In fact it is clear that we only have to consider

/ ] _dzdy | < A2,
1+ |zy —¢f -
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By changing variables the above is equal to

A Ay
[ ([ i) s mor,
1 Y y 1+|.I‘—C|

~ and this completes the proof. [ |

§4. Counterexamples

It is not possible that we may always get estimates as in theorems 5.2.1 and 5.3.1
for all s > 0 as the following 1-dimensional counterexample shows. The heart of

the matter is found in theorem 5.4.2, but first a simple lemma is needed.

Lemma 5.4.1. Let t be a fixed C* function and let Ry be as in (5.1.1). Suppose
there exists constants C' and p, independent of A, such that as an operator form

L*(R") — L*(D"),

(5.4.1) |Re| > C2°%.
Then the map

(5.4.2) Sf(z) = u(z,t(z))

is not a bounded map from H*(R") — L?(D") for any s < p.

Proof. The condition (5.4.1) means that for each £ = 1,2,... there exists a function

fr € L? such that ||fx||2 = 1, supp(fkx) € supp(fi) and for which
| Bi fell2@m) = Cars,

Choose g € L? such that § = frx0;. Fix an s for which S in (5.4.2) is a bounded
map from H*(R") — L?(D"). On the one hand, by (5.4.1),

1S9kl z2@n) = || RifillL2n) = C2°5.
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On the other hand, by the choice of s,

1/2
ISgkllz2m < C'llgllae = C ( [is@ra+ |x|2>°’dx)
S anska“z - Cstk.

Hence 2(p—9)k < 1, which is only possible when p < s. |

This lemma is the counterpart to lemma 5.1.1 and justifies our reduction form
H* norms to L? norms. The only drawback to this scheme is that it does not give

endpoint results—i.e., when p = s in lemmas 5.1.1 and 5.4.1.

Theorem 5.4.2. Let t(z) = Stz™ where m > 2. Then

|Ri]| > C(2*) =D,

Proof. Let A = 2%, Then ||Ri| = A'/2||Ry||, where

o0

Rif(z) = f Aev=22e" 00, (y) £ (y) dy.

—o0

We will apply theorem 2.2.2 to Ry, with ¢(z,y) = 2y — %Awm|y|2. Let (zo,y0) =
((mX)™7,1). We expand &(z,y) = ¢(z,y) — $(z0,¥) — $(z,%) + $(0, %) in a

Taylor series around the point (zg,y) to obtain

®(z,y) = —(mA) ™ (z — 20)*(y — yo) — (¢ — zo)(y — yo)?

+O(lz — zo*ly — yol + |z — zolly — o l* + |z — zo[*ly — w0 *).

Now assume that |t —z9| < cA7P and |y—yo| < eA™?, wherep = r’r’:iIT), g = 3—(7-9"7':%

and c is a small constant independent of A. On this rectangle, A\|®(z, z)| < 1/2, and

an application of theorem 2.3.1 gives the desired result. |
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6. Appendix

In this final chapter we discuss those issues previously mentioned, not central to
our main ideas, which have not been adequately discussed. In §1 we give a proof of
theorem 1 of the introduction. The idea of almost orthogonality as it was used in
chapter 2 is discussed in §2. In §3 we continue the discussion of oscillatory integral
operators taken up in chapter 2 and segue into §4 where we remark on questions of

further research.

§1. A Proof of Theorem 1
In the introduction we stated the following theorem.

Theorem 6.1.1. Let

1i(@) = [ o (054 ale i),

where a € C§°(R"™ x R") and t and t are measurable functions defined on supp,(a)

and supp,(a) respectively such that 1 < [t(z) — #(y)| < 2. Then

(6.1.1) IT5fll, < CAT*F NIflla s

where C is a universal constant independent of all such t and t.

Although this theorem does not appear in [B], some of the ideas in the proof
may be found there. It is interesting to note that in spite of the non-smoothness of

the phase function, ||Tx|| — 0 as A — oo when n > 2.



Schrodinger Operators and Oscillatory Integral Operators 59

Proof. For e to be chosen, let

Uj = {z € supp,(a) : je<t(z) <(j +1)e}

= {z € supp,(a) : ke <#(y) < (k+1)e}

Letting x;(z) and xi(y) be the characteristic functions of U; and Uy respectively,
we see that Ty f(z) =

5 [ow (M=) v@enioa
=3 Lo (W) vt o a

+ [ (e (zxt(f)‘_yt’(;)) - e (W20 ) i @)ate a0 do

= Ta f(2) + Tao f(2),

where t; € [je, (7 + 1)) and & € [ke, (k+ 1)e). When ¢ € U; and y € Uy it is

clear that

= (i)~ (W52 )| =

Then by theorem 1.2.1

(6.1.2) ITa1fll, S Aellfllo -

Now we estimate ||T;|| by duality. Let ¢ € L? be such that ||g||; = 1. First notice

that the number of indices j or k¥ ~ ¢!, and let T be the oscillatory integral
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|z —y/?

operator with phase function
t; —tg

and amplitude x;(z)a(z,y)¥x(y). Then

‘ ] Tro f(2)g(2) do

exp ( 3;|2> gl st ols, il d)fly) ds dy'

n

- 2 losells I3 4l < Z(Z loxal?)’ 2(“Tjk( fXj)||§)1/2
= ||g||2 [ Fllge 2 by theorem 2.1.1.
So
(6.13) ITxzfll, S AT 2 || £l -
Choosing € = A~"/*=1/2 in (6.1.2) and (6.1.3) yields (6.1.1). |

§2. Almost Orthogonality

We consider a collection of operators {Tj}j.vzl on L%(R™), or more generally any

Hilbert space, and we wish to improve upon the estimate

N
2T

Jj=1

(6.2.1)

N
< > Il
=1

If the T;’s were mutually orthogonal, that is T;T; = 0 = T/T) when j # k, then
we may bound the left-hand side of (6.2.1) by max{||Ty||, ..., ||Tw]|}.- The next
best thing is when the T)’s are almost orthogonal, when we may favorably bound
the number of compositions T;Ty, T} Ty which are not identically zero. This is
the subject of Cotlar’s lemma, which appears below as theorem 6.2.1; our proof is

adapted to fit our needs in chapter 2 form the one found in [St].



Schrodinger Operators and Oscillatory Integral Operators 61

Theorem 6.2.1. Let {Tj}j.vzl be operators on a Hilbert Space. Let

M = max{||Ty||, ..., T~ }
A= lgaéXN[{k :TJ'T;: ?é 0 }’
Ay = lgaéxN]{ ko Tka 7é 0 }l
Then
N
ZTj S MV A1A2~

Jj=1

Proof. Let T = Zfrvzl T;. Since ||T|| = |T*T||*/?, then for any n,
ITl = I(T*T)™)*/>",

and we have that

N N N N
(6.2.2) T < D> 30 > T T, -+ T T, -
jlzl k]_:l ]n=1 knzl

A typical term in (6.2.2) is bounded by M?2™, and if we count the number of non-

vanishing terms we find that there are NAT 'A% of them. Thus
ITI = [(T*T)"||*/*" < My/A1Ax(N 4)'/7",

and letting n — oo gives the result. [ |

As an application of this theorem, we consider what happens when we partition
the support of the kernel of an integral operator. As in §2 of chapter 1, let K €
CS(R™ x R™), and let T'f(z) = [ K(«,y)f(y) dy. Suppose that {a,-}ill, {ﬂi}?:1
are partitions of unity subordinate to covers of supp, (K') and supp,(K) respectively
such that the number of a;’s and §;’s with over-lapping support is a fixed constant

independent of N; and Na. Then T = ) T;; where T}; is the integral operator with
ij
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kernel o;(z)K(z,y)B;(y), and we find that A; ~ Ny, A; ~ Ny. The theorem then
says that ||T|| < M+/NyN; which is an improvment over the estimate in (6.2.1),
|T|| £ MN1N;. So if for example the a;’s are all supported in balls of radius ~ 1,
and say N, = 1, then ||T|| < |supp,(K)|'/2M. This is the situation occurring in

the proof of theorem 2.2.1.

§3. A Non-Folding Canonical Relation

We recall the situation in §1 of chapter 3. We are given an oscillatory integral

2
. r — . s
operator with phase function ¢ = Q, where t € C*°,t # 0. We mentioned in

()
remark 3.1.8 that if

(6.3.1) Hi(z) (s —y)- (s —y) #0  on supp(a),
then we have an even stronger result than in theorem 3.1.6, namely
(6.3.2) IT5fll, < CATR2HE | £, .

This follows from a result in [PS] regarding oscillatory integral operators in general.

For a given phase function ¢ let Cy denote the manifold
Co = {(x, ¢2(2, ), y, =4y (, ¥))},
and let IT; : Cy — R™ (j=1,2) be the projections
Iy(z,&y,m) =(2,8)  Ma(z,&,y,m) = (y,n)

If Ty is as in (2.1.1) and if the II;’s have at most folding singularities’, then (6.3.2) is
true of 7). The condition on ¢ given in (3.1.6) is just a restatement of the conditions

on the II;’s.

1See [H1, Vol II1] for the definition of a folding singularity.
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In fact, if we consider the case of T as above we easily find that II; has only
folding singularities, while II, may or may not depending on whether or not the
condition in (6.3.1) is satisfied. Nevertheless we find that the inequality in theorem
6.3.1 is always satisfied. This is no coincidence as we have recently found the

following result in [GS].

Theorem 6.3.1. Let T be as in (2.1.1). Suppose that one of the II;’s has at most
folding singularities. Then
I1Tall < CATP/AA

Our result in theorem 3.1.7 shows that in general this result cannot be im-
proved. It is interesting to consider intermediate cases—i.e., when say II; has
fold singularities, and the singularities of Il are such that | Ty|| < A~"/2+", where
1/4 < r < 1/6—and apply this to the operator in §1 of chapter 3, but in the context

of pointwise convergence this does not seem fruitful.

§4. Further Directions

What does seem fruitful is a study of the dependence of ||T5|| and ||Ri|| on the
C*° data of t and £. As we are originally interested in the pointwise convergence of
Schrodinger operators, as noted in the introduction, the case when ¢ and ¢ are only
assumed to be measurable is really our main concern. On the one hand we have
an estimate on ||T|| as in theorem 6.1.1 which does not depend at all on the C*®
data of t and ¢, while on the other hand the estimate in theorem 4.2.1, although
much better in terms of the expenent of A, assumes that ¢ and ¢ are smooth. In
dimension n = 2 theorem 6.1.1 is not good enough to prove a pointwise convergence
result, and it would be too much to that theorem 4.2.1 be valid when ¢ and t are

only measurable. How much can we relax the smoothness assumption on ¢ and ¢
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and still prove a theorem better than theorem 6.1.17

The question of smoothness also relates to counterexamples—i.e., finding when
pointwise convergence results are not valid for all H*® functions. Perhaps it is possi-
ble to find sequences of functions {¢,}, {#;} whose C*® data becomes unbounded in
such a way that in the limit theorem 3.1.6 is no longer valid.? In dimension n = 2,
at least, this may provide counterexamples. Also, ¢ la theorem 5.4.2, we may find
counterexamples by considering smooth functions {t ]‘} whose limit is “bad.”

Of course, we do not have a full understanding of the R;’s even when # is an
arbitrary smooth function. It would be interesting to find a “good” estimate on
|| Rk|| which is valid for any smooth t. One approach is as in theorems 5.2.1 and
5.3.1 where we deal directly with Ri. Another approach is along the lines pursued
in [B] where we reduce to the case of T in (4). The argument there does not
lend itself very easily to sharp results about ||Rg||, and it would be interesting to
develop strategies to deduce results about ||Rg|| from those about ||T)||, which we

now understand.

2This approach was suggested to me by T. Wolff.
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