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ABSTRACT
This thesis demonstrates how the parameters of a slightly
non-homogeneous medium can be derived approximately from the

reflection coefficient.

Two types of media are investigated. The first is described
by the one-—dimer_lsional wave equation, the second by the more
complex Timoshenko beam equation. In both cases, the media are
assumed to be infinite in extent, with the media parameters
becoming homogeneous as the space variable approaches positive or

negative infinity.

Much effort is placed in deriving properties of the reflection
coefficient for both cases. The wave equation is comnsidered
primarily to introduce thé techniques used to investigate the more
complex Timoshenko equation. In both cases, an approximation is
derived for one of the medium parameters involving the reflection

coefficient,
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CHAPTER 1

INTRODUCTION

In this thesis we investigate some questions concerning wave
propagation in various media. In Chapter II we shall be concerned with
the familiar wave equation, while in Chapter III we will look at a
medium which is described by the less familiar Timoshenko equation.
The Timoshenko equation is a fourth order partial differential equation
describing transverse vibrations of a beam. In both cases we shall
consider only one space dimension, and the medium will extend from
negative to positive infinity. The media to be considered will be non-
homogeneous; that is, the parameters characterizing the media will

depend on the space variable,

For media which are asymptotically homogeneous at infinity,
there exist solutions which are sinusoidal waves as the space variable
approaches infinity, We will be interested in solutions which can be
interpreted as an incident sinusoidal wave which is partially transmitted
and partially reflected. For this case, we can define reflection and .
transmission coefficients, corresponding to the reflected and trans-

mitted parts of the wave,

Eventually, we will consider media which are only slightly non-
homogeneous; i.e. those in which the parameters vary only slightly
from their values at infinity. In this case we investigate the primary
problem of this thesis, the inverse problem. In the inverse problem
we will indicate how the reflection coefficient can be used to infer

approximately the parameters of the medium,



CHAPTER II

THE WAVE EQUATION:

1. Introduction,

In this chapter we consider the wave equation for a non-homo-

geneous medium;
9 9y | _ 9%y
(1.1) 9x [P(X) Bx:l = P(X) at2 .

The nonhomogeneity of the medium manifests itself in the dependence of

the parameters p and p on x.

In the first section, we will look briefly at some physical
examples which lead to Eci.(l_l)_ In the second section, we transform
Eq.(L1) to a canonical form, separate out the time dependence and obtain
an ordinary differential equation in x. In the last half of the section, we
will illustrate what happens when the medium is homogeneous. In the .
third section we limit ourselves to media which become homogeneous as
|| approaches infinity and are only slightly nonhomogeneous Sk,
In the fourth section we transform the ordinary differential equation
derived in Section 2 into an integral equation. We prove the existence
of a solution of the integral equation and, in the process, will derive
bounds on the solution. In the fifth section we use the integral equation
to define reflection and transmission coefficients for sinusoidal waveé

propagating in from infinity.

In Section 6 we derive an approximation for the reflection

coefficient for a medium which is only slightly nonhomogeneous, and in
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Section 7 we show how this approximation can‘be improved for high
frequencies. Finally, in the last section, we will indicate how the
reflection coefficient can be used in turn to obtain an approximation of

the parameter describing the medium.

Many physical examples exist where the partial differential
equation (1.1) appears. Several examples will be discussed below.
References for the derivation of the wave equation for the various cases

mentioned are readily available in the literature,

Eq. (1.1) arises in describing the transverse vibrations of a stretched
string. The transverse displacement ofthe string from its equilibrium
position attime t and position x is denoted by y(x,t). The parameter p(x)

represents the tension at point x and p(x) the mass per unitlengthat point x.

Eq. (1.1) also occurs in the theory of the loss-less transmission

line, where y(x,t) represents the electrical current in the line at the

point x and time t. The quantity p%x) is the capacitance per unit length
of transmission line, while p(x) is the inductance per unit length. An

equivalent physical interpretation is one in which y{x,t) is the voltage of

the transmission line at point x and time t, In this case P]('X) is the

inductance per unit length, p(x) the capacitanée per unit length,

In the case of longitudinal vibrations of a bar y(x,t) representsthe
longitudinal particle displacement (thatis, a displacementalong the axis of
the bar) from the equilibrium position, which is locatedatthe point x along
thebar., Theparameter p(x) is the density ofthe bar per unitlength at the

point x and p(x) is Young's modulus. We assume that the parameters
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p(x) and p(x) do not vary in a direction perpendicular to the longitudinal

axis of the bar.

2. An Ordinary Differential Equation.

The partial differential equation (1.1) can be transformed into a
standard or canonical form, In physical applications of interest the
parameters p(x) aﬁd p(x) describing the medium are positive functions
which are bounded away from both zero and infinity for all x. In
addition p(x) and p(x) are assumed continuous and integrable in any

finite x-interval,

We introduce a transformation of the independent variable, Let

MR - ok - /p(Xx)
Then
x
(2.2) T(x)= f g—f‘g—)
0

Note that $(x) is positive, real, and bounded away from both zero and

infinity. Thus we can state that x — 7T(x) is a real, continuous, one-to-
one transformation. The new independent variable T has an interesting
interpretation which is independent of the type of physical medium under

consideration, In the theory of hyperbolic partial differential equations,

B(x) = %% represents the slope of a characteristic curve in the x,t

plane and has dimensions of velocity. This characteristic velocity
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represents the velocity at which a signal travels through the medium at
the point x. The quantity T has dimensions of time, The difference
T(x;)-7(x;) is the time required for a signal to propagate from point x;

to point x,. In terms of T and t, (1.1) becomes

. 0 az
(2.3) 'a—;@z('r) %‘Tﬁ) -t ()5 =0
where
' Y
(2. 4) a(T) = [p(x) p(x)Jl .

‘We will be interested in solutions of the form
{2, 5) wlw ) = v, ie —F

The ordinary differential equation satisfied by y(7,k) is

4 (a -y dY Gl A
(2.6) - e (Mgf) + e (ny=0 .
Let us assume that the medium is homogeneous, so that p(x) and
p(x) are constant. Thus in turn both ¢ (7) and B(x) are also constant.
The variable T becomes T(k) = % The partial differential equation (2.3)

reduces to

(2.7) ey _0€ . o
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and the corresponding ordinary differential equation (2.6) reduces to

2 e
(2. 8) ;1—1_21+k2y=0.

Eq. (2. 8) has the following two independent solutions
x
T r =™ T=e P,

Y rm = ek B

so that we obtain the following two solutions to the partial differential -

equation (2. 3):

y (7, t) = e-ik(t—x/ﬁ) ,

y(m,t) = o iKit+7/B)

The above solutions can be interpreted as traveling waves,

3. The Slightly Nonhomogeneous Medium.

In this section we will be primarily concerned with a slightly
nonhomogeneous medium,., Briefly we will consider media which have
the following properties,

1. The medium becomes homogeneous for large values of ]xl .

2. The ?arameters describing the medium vary only slightly



from their values at infinity.

In terms of the parameters p(x) and p(x) describing the meaium,
our first assumption implies that as x approaches positive infinity, p(x)
and b(;{) approach constants . and P o Likewise as x approaches
negative infinity, p(x) and p(x) approach constants P and Py Which‘in
general may be different from P, and P We will restrict ourselves
even further by requiring that the differences p(x) -p;too and p(x) g - be
absolutely integrable in neighborhoods of x = + 0. As x approaches oo,

B(x) of (2.1) approaches the limit ﬁoo = 4 poo7poo . Consider the difference

/2

Y,
11 _pt(x _Fe
(3.1) ﬁ(x) poo = pl/z (x) pl/2

1/ p(x)-p_ 1/ p(x)-p

T o = gk o

%

X)+p (X)+P

The absolute integrability of the differences p(x) - P, and p(:x:)—poo in the
neighborhood of x=w implies that the difference B-l(x)—ﬁ;: is also
absolutely integrable in the neighborhood of x=c. We may now write

7(x) as follows: -

o -
(3.2) (=) === & T = [L-i at
where
| 1 ]
(3.3) Too=_£ [_(g_) -B;de;-

Thus we have the following asymptotic behavior for T(x):



. 4 =
(3.4) T(x) ‘300 + Too as x 0 .

In a similar manner we can show that

X

1 1
(3.5) T(X.)""‘_"T " [——-—:]dg,
B fw BlE) " B
(3.6) (%) ~5’_‘—— ~T__ a8 x— -w}
00
where
=00
(3.7)
1 1
i T el
a0 f B ﬁ_w] :
The parameter a(t) of (2.4) has the following asymptotic
properties:
2 S P i
a<(T) a; = P P, @8 T 0 ,
(3.8)

a*(t) ~a? =vVp_ _p 35 T -o.

In reference to the second property listed at the beginning of
this section, we will assume that the parameters describing the medium
vary only slightly from their values at infinity. In terms of Q(T) we

assume that the difference Ot(-r)--o‘!ao remains small for all v, so that



max |a(T)-a_|
=00 < T <o =

a
00

el |

We will go into a more thorough discussion of this point in the next

section.,

4, An Integral Equation.

In this section we will be interested in the solution ;+ of

-—+ .
(4.1) < (az(r) ‘—ic-'f;—) + k22 ()Y = 0

which has the property

(4.2) yHnk) ~ e as t— w,

In order to express the problem in Eqs, (4.1) and (4.2) as an
integral equation, we first write o2 (1) = a:’;o + r(7), where r(7v)—0 as

T w. Eq. (4.1) can be written as

Zr -
(4.3) Lk R R e
where

—_i_ _—
(4.4) £(1) = - = [ﬁ—(r(ﬂ LY 5 kzr(-r)y+:l ,
(s.0}
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Eq. (4.3) can be looked upon as a nonhomogeneous differential equation

with the corresponding homogeneous differential equation

dzyt o

(4. 5) TG Fk2y =0,

Using variation of parameters and the two independent solutions elkT

and e'ik'r of (4.5), we can derive the following particular solution of
(4.3).
o0
v (T,k) = f sin k(E-7) £(£) dE .
P i k
If we add elkT to the above particular solution of (4. 3), the sum is also

a solution of (4.3). We can write this sum as

o0 7
(4.6) yT(rk)=o'*T- 4 [einklbon) [dg o) +k2r<§>y+(&,kﬂd&.,
T

o0

where we have replaced (1) by its equivalent form (4. 4).

Eq. (4.6) can be simplified. Assuming r(T), %l;r approach zero

as T— o, we can show

0 . +
g7y [ommllienl 4l 2 g - fcosk(g R S CRULE
T

00

- [k sink(E-T)r(E) YT (€, dE + r(DY " (1,k) .
k

Combining (4.6) and (4.7) and simplifying, we obtain the following

integral equation for “y:+(-r, k):
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(4.8)  @*(ny f(r,10 = o? ike'™7- f ksink(g-) 9Bl T e, 10 ag

We will now show 1;hat if the integral equation possesses a
bounded continuous solution and d—ag—ég) is integrable, then that solution
satifies the original differential equation (4.1) and the asymptotic
condition (4. 2).

We assume that ;+(-r,k) is a bounded solution of the integral
equation (4.8). We differentiate both sides of (4. 8) twice., Differentiating
once {the existence of the derivative of the right hand side insures the

existence of the derivative of the left hand side} we obtain

=i .
(4.9 o2(n 9 = a2 ket - [ ksink(g-) %ﬁl'ﬁ(g,k) dt
T

Differentiating (4.9) (again the existence of the derivative of the righthand

side insures the existence of the derivative of the left hand side) we obtain

- ¥ 0
(4.10) d%_(azm %) e -kz{a;elkT-f cos k(£-7) —%l y (g, k)ag b .
T .

Substituting (4. 8) into (4.10), we retrieve the original differential eqn.(4.1).
We will now show that the bounded solution —Y-+(T,k) satisfies (4.2).

Eq. (4.8) may be expressed as follows:

L]

@) §HrR-e™ = st fatatn)e™ fcosk<-r 6) Bl e ae}

Taking the absolute value in (4.11) gives

lk.TI <

_ 2
(4.12) |y T, k) -e 2i(n) | 9 dadg de .

2
Since @_dégl is integrable, the integral on the right hand side of (4.12)
approaches zero as T approaches infinity, The first term on the right

hand side of (4.12) approaches zero. Thus we have
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eile =0

lim |y (k) -
T—00
which is equivalent to (4. 2).

In passing we should note the following1 dual problem:

(4.13) %(az('r)%) + k222 (T)y =0
(4.14) g_('r,k) e e-ikT as T -o

Proceeding as we did for ;—'—(T,k), we can reduce the above problem to

showing that the following integral equation has a bounded solution:
(4.15) e?(t) y (T,k) = a 1kT+f cosk(t-§) ———%:")' (€,k) dE

Up to this point we have reduced the solution of the problem
stated in (4.1) and (4. 2) to showing that the integral equation (4. 8)
possesses a bounded solution. We need to show that the integral

equation does indeed possess a bounded solution.

In the following lemmma we prove that the integral equations (4. 8)
and (4.15) possess bounded solutions. In the process of proving this

lemma, we will be able to construct bounds on the solutions 3_r+(-r,k) and

v (T, k).

Lemma: Let the derivative of a(7) be integrable on -0 < T < o, a(7) be
bounded away from zero and infinity. Then the integral equations (4. 8)
and (4.15) possess bounded solutions ;r-+(-r,k) and ;-(T,k) with the

following properties:
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2

S a A (7)
BaCE IR =
- : A ()
Iaz(-r)y-l-('r,k) -af:) elkTIS aoz A () e i
(4.16) ﬁ _ 2 A_(r)
IY (T,k)]s- Q’Z(T) e
. = A_(7)
L |e2(T) vy~ (7,k) -afooe 1kT|-€ afoo A (1)e

where
2 do
A= S || e
(4.17) o
2 d.
A_(1) = _fw " fd—‘g g |

Proof: We shall prove the lemma for ;+(T,k). The proof for ;-(T,k)

follows in the same manner as that for ;+(-r,k).

We shall use the method of successive approximations to con-

struct the solution ;+('r,k) of the integral equation (4. 8).

As a first approximation to the solution of the integral equation,

we set

o’

(4.18) Yo (1,50 = 2%y o .

To obtain a second approximation we can substitute the first approxi-
mation for §+('r,k) into the right hand side of the integral equation. The

second approximation will then be
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a? e
ikT

Vi (rio) = 2 T - iy [ eos igom) S v e 0

Proceeding in this way we obtain the following for the (n-1-1)St approxi-
mation ;;('r,k): :
2

_ o :
(4.19) THrh) = %5 &t~ )fcosk(g T)—El F (X dE .

We show that the sequence ;;(-r,k) converges to a limit function and that

this limit function satisfies the integral equation,

The iterates ;n('r,k) can be expressed in another form, Let

o’

- ik
(4.20) Dolm k) =g (1,k) = 25y
(4. 21) A (T,K) =y (t,k) -y (r,k) mn=1,2, ...
n ' n n-1

The iterates 711(1-,1() in turn can be expressed in terms of the differences
An('r,k). Summing the differences [_\.m(-r,k) from m=0 to m=n and usiﬁg
(4. 20) and (4. 21) we find

n

(4. 22) Valmk) = ), A (7K -
m=0

L]

We can derive an expression for the An(-r,k) similar to the expression
in (4,19) for the ;r-:(-r,k). Subtracting the expression for ;;_I(T,k) from

the expression for ;r:-(-r,k) we obtain the following:
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YR () = QZ(T)fcosk(e, n S8 [ (6070 |t

or, in terms of the differences Arn(-r,k) R

o0

(4.23)  A_(7,K) = - &Tl(——ﬂ [ cosk(g-T) dicfégl A__ (6, %) dE .
T

Thus if the series

v}

(4.24) )Y A_(nk)
m=0

converges, then so do the iterates ;z(-r,k). First we obtain upper

bounds on the absolute values of the differences Am(T,k).

Taking absolute values of both sides of (4. 20), we have the

following bound on Ay (T,k) ¢

Z

(T)

{4.25) ]AO(T k),

Using this bound for Ay (T,k) in the iteration equation (4.23), we can

establish the following bound for A; (7,k):

(4. 26) tAl(T,k)l < ;‘ET) A (T)
where

L 2
(4. 27) 3 A+(T) = IT a(E) l g_‘g_ ' dg .
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Using the conditions on «(§) that dt be absolutely integrable on -~ <Tt<w
and that o(§) be bounded away from zero, we have that the integral A+(-r)
exists and is bounded (in fact bounded by A+(-oo) ). Again using the

bound in (4. 26) on A;(T,k) in (4, 23), we can show that

2
(4. 28) By (rii0)| = 2 f 5 | 5| a0

However, note that the integral in (4. 28) can be integrated directly since

@ | e
a(§)| 2 | ag = -aa, @),
A+(oo)=0 .

Thus the bound on A, (7,k) becomes the following

QZ

aun| < - 2 fA (&) A, (£)

(4. 29)
o (A

a? (1) 2!

lAz(T,ii)i <

Proceeding in this way, obtain the following bound on An(-r,k):

n
o [A (7]
(4.30) (8L (m R < 255 o

Note that the above bound is uniform in k., In addition we can derive the

following bound on An(-r,k) which is also uniform in T:
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n
a? [A, (-e0)]
(4.31) IAn(T’k)l < "min 0212(1') ‘—I’:.l! .
—0< <00

The series (4.24) can be bounded in absolute value by the sum of

the absolute values of An(-r,k). Using the bounds (4. 31) gives

n
x 2 2 [A (7]
iz An(T’k)i Sazo(o'r) Z ;!
n=0 n=0
or
o a? A ()
(4.32) \ Zo An('r,k)~ < az“zT) . FT
n=

Thus the series (4.24) converges absolutely and uniformly with respect

to T and has the bound as is given in (4. 32).

To show that the series (4.24) satisfies the integral equation (4.8)
we return to the definition of An('r,k) in (4.23). Summing both sides of

(4.23) we get

00 ' 00 00
(4.33) ), A_(7k) = -), 2( ) fcosk(g T)——éﬁla (£,k)dE.
n=1 n=1

We can interchange the summation and integration on the right hand side
of the equation because of the uniform convergence of the series, Eq.

(4. 33) becomes

00 0 o’

_ _ _oo  _ikT
Y Ay(rk) = ), A (r,K) - S e
n=i ) n—o

Z(T) f coe kiber) = Z A_(£,X) dE
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which is our original integral equation. Thus —y—+(-r,k) = E An(T,k) is a
n=o

solution of the integral equation and from (4.32),

\;-l-('":k)' = a2 (1) e e

Let us return to the integral equation (4. 8)

00
BT - [ coskig-m) 2a(d) $E ¥ (g, at

Slcyng T e
a?(m)y (7,k) al e i

Taking absolute values of both sides of the above equation and using the

bound in (4. 23), we can show

A (E)
Me+ dg .

dg

ikT

<az foo.,g.._’
T Tl a(f)

QZ(T);+(T,K)'Q§Oe

However, A+(§) is less than or equal to A+(T), if T is less than or equal

to £, Thus we can write the above as

ikT

a?(7) yT(7,k) -a? e

Note that if we rewrite the above as

- . A (1)
S50 [ b b B | | 2 o2 A (r)e
o : a? A (7)  |e?(T)-a? |
Y ri-e T < 5o A (e T

then we can see that as T approaches infinity
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-Y_+('r,k) _ e1k'r s B .

The proof of the Lemma for ;_(-r,k) proceeds in exactly the

same way as the proof for ;+(-r,k). The details of the proof for

¥ (7,k) will be omitted.

5. Reflection and Transmission Coefficients.

In this section we define and interpret the reflection and trans-
mission coefficients for a nonhomogeneous medium. We shall use the
properties of ;+(T,k) which we derived in the previous section,

Let us return to investigating solutions of the partial differential
equation (2.3). Using Eq. (2.5), we can combine the time factor e_lkt
with the function ;+(T,k) studied earlier to construct the following
solution to the partial differential equation:

+ =ikt —+
y (7,t) =e y (1.k).

Let us now consider the asymptotic behavior of y+(-r,t) for large

7. First using (4.2), we find that y+(-r,t) has the following asymptotic

behavior as T approaches infinity:

y+('r,t) - e-ik(t-‘r)
-ik(t- E’i‘—)

* 9]
~ e [
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Comparing the above with the results for the homogeneous medium, we

see that the right hand side is just a simple harmonic wave propagating

to the right with velocity Boo.

Next we will derive the asymptotic expansion of y+(-r,t) as T
approaches negative infinity. Using the integral equation (4. 8) for

+('r, k), we can write the function y+('r,t) as follows:

a? . -ikt
v (mt) = By e T Gy feontr-t) ) T 1) at
~ik({t-T) a? 1 R —ikg do(£)—+
=% { Q,_?.?Q;)' " 2%(7) :{e (€) ag ¥ (§,k)dE}
-ik(t+T) ®
e Lt S e wa

If we let T approach minus infinity in the above representation for y+(-r,t)‘

we obtain the following asymptotic behavior for y+(-r,t)

5

2 | -ik(t- =) ~ik(t+ =)
(5.1) a;wy+(T,t) ~ [1+P1 (k):l e P 4 Py(k)e T
oo
where
o0
(5. 2) P, (k) = 5}— J & ag) R e, 1) ag
0 Too
[¢0]
(5. 3) Pok) = - o [ ™ ate) BH v, a8
00 -0o0

Note that the absolute integrability of %g— over the entire T-axis and the

boundedness of _Y-+(T,k) insures the existence of the above integrals.



-

Thus as 7 approaches -ow, the right hand side of (5.4) contains
both a simple ha.rrﬁonic wave propagating to the right and one propagating
to the left, both propagating with speed {3_00. If we divide (5.1) by 1+ B(k), ‘

we can write the following for the asymptotic behavior of v+(-r,t):

-ik(t- 22— -ik(t+ =2
+ - ' ( 6'00) PZ (k) ’ ( ﬁ-oo)
(5.4) v {T,t)~ e +m e as ir—— e
X — =00
-ik(t- _X_)
B-oo
{(5.5) v+('r,t) = W as T— o

(x~—> o) ,

where v+(-r,t) is defined as follows:

2

(04

ﬁf(nt)
+( T A -
VATEH = 1Y P, (k)

We can interprete the right hand side of the above as follows. A
sinusoidal wave originates at x = -w and propagates to the right with
velocity ﬁ_oo. It is partially reflected and returns to x = -0 as a sinu-
soidal wave propagating to the left with velocity B_Oo. In addition the
original wave is partially transmitted and appears at x = was a sinu-
soidal wave propagating to the right with velocity [300. Thus as x —+ -w0
the solution v+(-r,t) behaves like the sum of two simple harmonic waves,
one wave with amplitude unity traveling to right and the other wave, a
reflected wave, traveling to the left. While as x — oo the solution v+(-r,t)
behaves like a transmitted simple harmonic wave,

We define the reflection coefficient R+(k) and the transmission
coefficient T (k) as the amplitude of the reflected and transmitted

components of the solution v+(~r, t).



P

[ e (e) SEY G ¢ ryag

Pa(k) s dg
(5.6) R'(K) = rp o= o .
ago- S T ag) L T g roag
(5.7) T+(k) afoo/a;) a-z'oo .
y TP (k) T 0 . .
2 - [T o) ER T He g

Using this definition for R (k), and T1(k), we can write (5.4) and (5. 5)

as follows:

-ik(t- =) -ik(t+ =)
(5.8) vi(r,t) ~e "® 4 RT(k)e =

as T— -0 (x— -~w)

-ik(t- =)
(5.9) vi(r,t) ~ T (k)e oo

as T— o {(x— o) ,
In a similar way we can manipulate the integral equation for

; “(T,k) to obtain the following transmission and reflection coefficients:

0 - S
J e $EY 76 0at

~0o0

2+ [ et ale) Fy €

(5.10) R (k) =

(5.11) T (k) = . .
a2 + [ o™ a(e) Sy, wat
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If we define v-(—r,k) as follows:

v (T,k) =T (k) y (T,t)

where :

ikt

y (r,t)=e "y (T,k)

then we can show that v (r,t) has the following asymptotic behavior:

-ik(t+ =) -ik(t- =)
v (t,t) = T (K)y (7,t)~e 9 % B Ke © as T—o (x—o0)
-ik(t+ éf—
vi(T,t) = T (k)y (7,t)~T (k)e "® as T -0 (x— -c0) |

The above is just the opposite of the situation pertaining to y+(-r,t).
The above asymptotic behavior tells us that V-(T,t) starts out at x=o0
as a simple harmonic wave propagating to the left and is partially

reflected back to x=ow and partially transmitted to x = -oo,

6. An Approximation to the Reflection Coefficient.

In this section we will assume that the medium is only slightly
non-homogeneous, That is, we will assume that the parameters des-
cribing the medium are only a small perturbation from their values at
infinity. With the assumption we will obtain an approximation for the

reflection coefficient,
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First we write a(T) as follows
a(T) = aw[l + er('r)]

where we will assume that € is small compared to 1,
We will further restrict »(T) by assuming that its derivative is

absolutely integrable on -w < T < wand by assuming

dr
£

Ta dg
0 ~o0

(6.1) e [

=00

Note that the above implies the following :

. 00
€ |r(7)] s e f
e

dr
o d§ < <1
(6.2)
%—(i) =1+ er(t)=1+ Oe) uniformly in 7 ,
o0

The parameter € is our perturbation parameter. We obtain a

perturbation expansion for the reflection coefficient in terms of e,

Let us consider the reflection coefficieht

b Pl P (k) (k)
Pz(k) = 1+R(k)

where P, (k) and P, (k) are given in (5.2) and (5.3). Using (4.23) wehave

[?*(T,k)’ =6
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where C is independent of ¢ and k. Using this bound on ;+(T,k) we

obtain the following bounds on P; (k) and P, (k):

o0

1 do
IPI(k)ISC1(1+Cz€)a— f Iaz'dﬁ:écge
. o0 To0
00
1 do
| P2 (k)| < Cy(1+Cze) - I lgé-’dgscge
0 Too

where the Ci (i=1,2,3) are independent of k and €. Thus both P, (k) and

P, (k) are O(e) uniformly in k.

Let us take a closer look at P, (k). We can write P, (k) as follows:

P, (k) = Pyy(k) + Py, (k)

where
o0
o[ o2ikE 1 do
(6. 3) - Pak)s= [we =(5) at 96
OO 3 ' .
(6.4) Fpld=gg [SSomSE [azug)?*(g,k)—a;elkﬂ dt
o0 T00

Using the integral equation (4.8), we can write the following:
0
200t - ikT de | =+
o)y (rx) -2, T < 2 [ ae)| S| 7600 ag

2 == _ 2 ikT _ 2
a®(7t)y (7,k) as e = ZamO(e)

uniformly in T and k for all 7 and k.
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Using the above bound in (6.4), we can show that P,, (k) satisfies

P, (k) = Ofe?)

uniformly in k for all k,

Thus, combining the above results, we have the following for

RYx):
o0
Dow o o 2iké 1 da
(6.5) R (k) = Ioo 2] at dE + O(e?)

uniformly in k for all k, Noting that

1 da _ dloge
a(f) dg- ~  dE

we can write (6. 5) in the following equivalent form:

oo
(6. 6) R = - [ M LBEE 4 4 o)
— 00

Thus we have that the first approximation of the reflection co-

efficient involves the Fourier transform of d—é%gg- . We would like to be

able to invert the Fourier transform and express %ggg approximately
in terms of the reflection coefficient R+(k). This will be the task of the

next section.
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7. The Approximation for High Frequency

We showed in the last section that in the expression for the

reflection coefficient

RY(k) = -f o alg "3‘% d§ + E(k,e€) ;
=00

E(k,e) was O(e?) uniformly in k for all k. As Ikl approaches infinity,
we can establish a better bound on E(k,e). Obtaining this improved

estimate will be the objective of this section.

We will first derive a different integral equation for the solution
§+(-r,k). This new integral equation will be used to generate new bounds
on ;+(-r,k), bounds which will be useful as Ik] becomes large., In
addition, the intégral equation will be used to obtain a new expression
for the reflection coefficient R+(k). Finally, applying the new bounds
for ;+(T,k) in the new éxpression for R+(k), we obtain the desired

bound on the error term E(k,¢).

First we will obtain bounds on §+(-r,k) for large |k|. We will do

this in the following lemma.

2
Lemma, Let g'__r"%’ along with g—c_f_ be absolutely integrable for T in the
interval -0 < 7T < 0. Then?r"f(-r,k) satisfies the following inequalities for

k| > %k, >0:

la(m)y T (7, k) - ae




-8

Proof:
Let us define a new dependent variable as follows:
(7.1) whir, k) = 2D T 5
- 00

The differential equation (4.1) for §+(-r,k) is transformed into the

1

following differential equé,tion for W+(T,k) :

(7.2)

B 2
dsw +[kz 1 da:lwi-___o‘

d=2

T a(T) dT*

As T approaches positive infinity, a(T) approaches a and §+(-r,k)

approaches elkT. Thus

(7.3) w+('r,k) ~ eikT as T — c0.

Rewriting (7. 2) as follows

2 +
(7.4) ddi; + k2w = f(7,k)
2
for k) = S P

a?(7) agz v

we get a problem of the same form as that in (4.3), (4.4).
Proceeding as before we can generate an integral equation for

W+(T,k). We can express W+(T,k) as follows:
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[ o]
Witk =e T+ [ Eiﬂﬁl—ﬁg‘"—“f(é,k)d&
v £~
: 51nk( 1 d2g
(7.5) = Tt _1[ a(.‘;) dgz w (g ,K)dg -

In terms of ;+(T,k) we obtain

(7.6) a(n)y (r,Kk) = a7y [ 2alET) C2 THE gag -
T

We are now in a position to obtain the bound given in the lemma.

First express (7. 6) as follows:

_ .
- Ly s - 2 o
a(riy ¥ (r,k)-q o7 = [ SIREEIT G S i ag
T

Next we take absolute values of both sides of the above equation and use

(4.16)
_ 5 2
o _ . kT 1 % a2 A, 6)
}a(-r)y (7, k) Qe i f—;— ] R (5] di® © dg
(7.7)
. A+(T) 0
alry (v, k)a T < r [ & S Lo,

This establishes the lemma.,

The integral equation (7. 6) can be written as follows:

o0

e a 3 -
¥ o) = 72, 871 2—1117,;; ) &1 L2 T4 K1t s f etE Lo THe e .
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Using (7.7) we can establish the following asymptotic behavior:

(7.8) =2 ¥ ~ e as 1o
)
%o =+ ikT -ikT
(7.9) ';'03 y (T,k)~|:1+Q1(k)]e +Q,(k)e as T—™ -
)
where Q, (k) and Q, (k) are defined as follows:
o0
_ -ikE dZa —+
(7.10) Q) =-55- [ e gz v (6, K)dE
0 -0
L P e e g
. i a —
(7.11) Q) =g [ o g v (6. K)E
oo -oo
If we define the function w+('r,t) by
.
W+('T',t) - le -ikt
1+Q,(k)

then we can show that w+(-r,t) has the following asymptotic behavior:

-ik(t-

. i) .y -ik(t+[§i)
(7.12) wi(T,t) ~ e t Tio,09 © as T oo (x— ~co)
~ik(t- i)
(7.13) w7, t)~ ToE T e e

Comparing (7,12) and (7.13) with (5.7) and (5.9), we obtain an alternate
representation for the reflection coefficient R+(k) and transmission

coefficient T (k).
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Q, (k)
(7.14) R.+(k) = m
+ _ 1
(7.15) T‘(k)-—I:TS:TET

We can write (7.14) as follows:

" Q, (k) Q, (k)
(7.16) RY(k) = Q: (8) - @

If we replace a('r)g_r-+('r,k) by aooelkT in the term Q; (k), we have

o0

Z
Q; (k) =ikf G a4 zlka f &5 —g[ &)y ek o & ﬂ‘g] dt.

5
If we assume 3g—g is absolutely integrable, then using lemma 2 we can

obtain a bound on the second term and can write Q, (k) as follows:

o0
o2 2 2
(7.17) Q, (k) = '%Z._f Tep a—}ajgg dt + o( &5)

the order relation holding uniformly in k for |k| = 1,

The integral in (7.17) can be simplified. First,

-4

Thus we can write Q, (k) as

‘-2

J«[so%]-

mlé"

1
a(£)

(7.18) Q, (k) = I, (k) + I (k) + O( 55)
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where
w -
(7.19) Lk) =5 [ e2F %[ﬁg) d—‘g’] dg
ot P e T al
(7.20) I, (k) = 535 g G [;@ (—f—] dg

the order relation in (7.18) holding uniformly for Ik[ =1

Consider next I, (k). We can integrate by parts once in I, (k);

using the fact that =2 dg vanishes as |§| approaches infinity, it follows that

I, (k) =

! f 2ikE 2 do 1 d*a _(lda at
@ik)zd ° Ta(g) At |a(E)dE? T \a dg ’
2
The absolute integrability of % and -g—g(;- yields
€2
I (k) = O(3z )

uniformly in k for |k| 2 1. In the integral I, (k), we can integrate by

parts again and show that

00
L == My Rar .
=00
Thus
o0
(7.21) Q) = - [ ¥ e at + oz

uniformly in k for |k| = 1.
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We showed earlier that
Sk
y (7,k) =0(1)

uniformly in v and k. Using the above and the relationships, (7.10),and

(7.11), we can establish the following for Q; (k) and Q, (k)
Q, (k) = O({)
Q; (k) = O(§)

uniformly in k for |k|= 1. Thus

QK Q (k) .,

(7.22) TEa = 0Gz)

uniformly in k for |k|= 1.

Substituting (7.21) and (7.22) into (7.16), we derive the following

result for the reflection coefficient R+(k) :

o0
(7.23) R0 = - [ E Lo 22 qe 1 o(5)

the order relation holding uniformly in k for all k.
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8. The Inverse Problem

Up to this point we have assumed that a(7t) was known, and we
worked toward approximating the reflection coefficient R+(k) associated
with the medium described by the a(7). We will refer to this as a
"forward problem." An equally interesting problem is one in which the
reflection coefficent is known and an approximation to «(T) is desired.

This second problem is referred to as an "inverse problem."

In the previous sections we have shown that the reflection
coefficient to first approximation is equal to the Fourier transform of

the derivative of loga(7T). That is, we have shown that

o0

(8.1) RY(k) = - [ ¥kt d—lci’égﬂ dt + E(k, €)

In addition, we have established the following bounds on the error term

E(k,e). In particular, in (6. 6) and (7.23) we have shown that

O(e?) ’ uniformly in k, |k| < w
E(k,€) =

2
O(i—z) . uniformly in k, |kl p- 1
These two bounds can be consolidated into the following single bound:
€2
(8.2) E(k,¢) = O( 157 )

uniformly in k.
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We are interested in inverting the Fourier transform to obtain a
relation for dloge involving the reflection coefficient R+(k). Inverting'

dg
: . . . 1 -2ik§
the Fourier transform involves multiplying (8.1) by 20 ©

and
integrating with respect to 2k over the interval -0 < 2k < . We must
justify the existence of the integrals, The first term on the right of
(8.1), as mentioned earliér, is the Fourier transform of a function.
Conditions will be given on the function which will validate the inversion
of the Fourier transform. As for the error term, we will show that it
is absolutely integrable with respect to 2k on the interval -o <2k < wo ,

and thus we will be able to bound the inversion integral involving this

term.

Consider first the error term E(k,€). We can show that

o0 (e 0]
1 2ikt c , dic
‘ = E(k’e)dkl < = [ =
-00 -0
< Ce?

uniformly in §.

As for the first term on the right hand side of Eq. (8.1), we will

need the following version of the

Fourier Integral Theorem: Let f(T1) be continuously differentiable and

absolutely integrable on -w <T <w. Then the inversion integral of the

Fourier transform exists and

o0 0
£(7) =7r}_— [ & [ 2 E prey de gie |

- 00 ~ oo
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For the case we are considering, (1) = Sloge . The absolute integ-

dr
rability of f(7) follows immediately from previous assumptions on a(T).
2
If g_rg is assumed to be continuous, then -g—i(‘r) is also continuous,
Thus we have
o0
(8. 3) L [ e BT Ry ak = - 21082l | g(e2)
=00

uniformly in x for all x, Since the right hand side exists, we have the

integral on the left hand side also exists,

Writing o(7) = a [1 + e_r(—r):\ , We can express the right hand side

of (8.3) as follows:

dr

2
So+ Ofe?)

(8.4) F(r,e) =€

uniformly in T for all v, where

o0
—_— -2ikT L+
F(r,e) = - = [ e RY(k)dk |
=00
Thus, we have shown that
(8.5) F(7,e) =€ Fo(1) + O(e?)

uniformly in 7 for all T and
d
Fo(r) = g7
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Thus, if we are provided with a reflection coefficient, R+(k),
corresponding to a medium described by «(T), then we have a means of
recovering c.z(-r) to order €. We summarize this result more precisely

in terms of the following theorem,

Theorem: Suppose
l. a(T) is twice continuously differentiable and
both the first and second derivatives are

absolutely integrable on the interval -w < T < co.

2. a(T) can be written as

a(T) = aool:l + € r('r)] , r(t)— 0as v — oo

Then

[+e}

F(r,0)= -+ [ e %7 pt)ax

~00

exists and can be expanded as follows:
F(t,e) =€ Fg(7) + O(e?)

uniformly in 7 for all 7, and

dr
a- = FglT) .

At this point it is interesting to note that if we wanted to approx-

imate the original parameters p(x) and p(x) from the approximation to

a(T), we could not do so uniquely.
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CHAPTER III

THE TIMOSHENKO EQUATION

9. Introduction..

In this chapter, we will consider the Timoshenko equation des-

cribing the transverse vibrations of a non-homogeneous beam,

In the first section a brief discussion of the various theories
relating to the transverse vibrations of a beam will be presented, Using
the Timoshenko theory, we will derive the Timoshenko Beam equation

for a non-homogeneous beam,

In the second section we will investigate the properties of

solutions of the Timoshenko Beam equation for a homogeneous medium, '

In the third section we shall return to the non-homogeneous beam.
We shall assume that the material composition does not vary, although
the beam may be tapered. Finally, as with the wave equation, we shall
assume that the taper becomes uniform at infinity and that the taper is

only slightly nonuniform otherwise,

In the fourth section, we separate the time dependence and
derive a fourth order ordinary differential equation, which is expressed
as an integral equation. Finally we prove the existence of solutions to

the integral equation and, in the process derive bounds on the solution.

In the fifth section using the integral equation we define reflection

and transmission coefficients for a sinusoidal wave incident from infinity.

In the sixth section we approximate the reflection coefficient for

the case of a beam with a slightly non-uniform taper.
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In the seventh section we improve the approximation to the

reflection coefficient for high frequency incident waves,

In the final section we show how the medium parameters can be

approximated from the reflection coefficient .

10, A Derivation of the Equation

In this section we shall consider transverse vibrations of a beam,
This is but one of many ways that a beam can vibrate, Other types of
vibrations of a beam are compressional vibrations, and torsional or
twisting vibrations, Omne of the simplest examples of a flexure vibration

is the motion of a struck tuning fork,

Problems involving transverse motions of a beam can be set up

- mathematically using the three-dimensional linear theory of elasticity.

Although the partial differential equations and boundary conditions are
strictly linear, the solution of these problems is extremely difficult. In
fact, the only problems investigated up to the present time have been
associated with beams which are composed of a homogeneous material

and have a uniform circular cross-section (see Abramsom, [1]),

Because of the difficulty of solving the exact equations arising
from the theory of elasticity, the exact theory must be abandoned in
favor of an approximate one, In the exact theory we analyze the micro-
scopic motions of the beam. In an approximate theory we cease trying
to find out \ﬁ;hat happens in the small, but rather make some assumptions
about the gross behavior of the beam, The partial differential equations

and boundary conditions we obtained by making these assumptions are
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easier to handle than those arising from the exact theory.

There are three approximate theories for the flexure vibrations

of a beam. Inthe elementary theory, a transverse slice of the beam is

viewed as moving only transversely to the axis of the beam, In the

Ravleigh theory, the slice is assumed to rotate as well, The Timoshenko

theory includes both the assumptions of transverse and rotary motion of
the slice of beam, and in addition takes account of distortion under the '
action of the shear force., These three theories can be ordered with the
Timoshenko theory being the most cdmplex and the elementary theory

being the simplest,

Using the Timoshenko theory we proceed to the derivation of the
Timoshenko beam equation. To do this we consider an increment of
beam bounded by two plane cross-sectional faces, separated by a
distance dx, When the beam is at rest, we align the centroidal axis so
that it is horizontal and we choose the plane cross-sectional faces so
that they are vertical. We now assume the beam is set in motion. We
assume that the initial plane cross-sectional faces remain planes. This
assumption is common to all three theories., We denote by y the distance
that the centroidal axis is displaced from its equilibrium position and by
¢ the rotation angle of the plane cross-sectional face. We denote by z

the direction perpendicular to x and vy,

We next assume that y and ¢ do not vary much with position.
That is, 0y/9x and Bga/ax are small, Thus the angle that the centroidal
axis makes with the horizontal is approximately 8y/9x. We allow the
various material and other parameters describing the beam to depend on

x but to be independent of y and z., The cross-sectional faces are
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initially perpendicular to the centroidal axis. However, with the
ensuing motion of the beam, we assume that the faces no longer
remain perpendicular to the centroidal axis, but are bent from the

perpendicular by an angle  due to the action of shear forces. Thus

we set
' 9y .
(10.1) o< — ¢t V.
Now the moment acting on the increment of the beam is just
' 2
(10. 2) M= Eradl

ox

where E is Young's modulus and r is the radius of gyration of the cross-

sectional area about the centroidal axis and A the cross-sectional area.

The shear stress at a point on one of the cross-sectional faces is

equal to

py(y, z)

where y(y, z) is the local angle of shear, and pu is the modulus of rigidity.

The total shear force Q acting on a face is given by

Q = “ffli(x) Yy, =) dy dz

or
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Q=pAT

where

,z)dy d
ffK(x)v(Y z) dy dz

ff_ dy dz

A(x)

IN(x) =

o

is the average shear angle over the face and

A = IIK(X)dy dz

is the area of the face. At this point the Timoshenko theory

assumes I"(x) is proportional to ¢y = %;% -¢. That is,
= Ny

It is further assumed that the constant of proportionality A depends on .
the shape of the cross-section and not on its size, Putting this together,

we obtain the following expression for the shear force,
(10. 3) ' Q =ApAy .

Now we examine the momentum equations for the increment of the

beam. The translational equation of motion is,



=l =

: 2
(10. 4) 80 = pA 8 v
Bx atz

while the rotational equation of motion is

oM 2@y
(10. 5) ax, + Q = pr atz

At this point we shall deviate from the standard derivation of
the Timoshenko beam equation, in that we shall assume that the para-
meters appearing in the above equations are functions of position. The
parameters may be classed into two groups, The parameters p,E, and
p depend on the material of which the beam is composed. If these
parameters vary with the position, the beam is said to be nonhomogen-
eous, The remaining parameters A\, A, and r? are dependent only on
the shape of the cross-sectional area. If these parameters vary, we
shall speak of the beam being non-homogeneous in shape. Proceeding with

this assumption, we combine (10.1), (10. 2) and (10. 4) to get

9. oy . B¢ _ 9 = 2y
(8. 5) ox (M*A ax) Al g P o PRAL= pA G

Combining (10. 2), (10.3) and (10.5) we get

‘ N ix B 9y _ | _ 2, 0%y
(10.7) Bx(Er Aax) MJ.A!:aW (p]—pr A otz

Now let
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a(x) = Er?A B (;c) = \pA
(10.8)
alx] = % b(x) = ﬁ

- We rewrite (10. 6) and (10. 7) using (10. 8):

S LY oy _ o, _ . 09
(10. 9) i ( a ax) +BoL - Bp=aa 24

9 9Y\ _ ,p 98¢ _ 98 _ 2%y
(10.10) 9x ( B Bx) Box ~Pox - PP oz °

Thus for a nonhomogeneous beam of nonuniform shape we get a system
of second order partial differential equations in the unknowns ¢ and y.
The Timoshenko equation for a uniform beam can be easily retrieved
from (10, 9) and (10.10) by letting a(x) = @y , B(x) = B , a(x) = ag, and
b(x) = by, where @y, Bo, 29 2nd by are constants, Egs. (10.9) and

(10.10) then become

29  Bo 8y By _ . Do
{10.11) oxt T a, 0x ap? " 20 ot
8%y _de _ 22y
(10.12) 5:2 ° " ox - Po gz

Eliminating ¢ from these equations yields the following fourth order
partial differential equation which is the Timoshenko beam equation for
a homogeneous beam of uniform shape:

; 34 84 32 84
(10.13) o 8—}} - @y (ag+ bg) -ﬁz—%& + Bobo ﬁ‘zh aobo o —a—t} =0 .
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If we eliminate y from (10,11) and (10.12), we obtain a partial differential
equation for ¢ which has exactly the same form as the partial differen-

tial equation for y; that is

4 ‘o ) ‘o
(10.14) aog—x{—' - o, (ag +byp) aizatz + Bob aatz + dpaghby aae* = 0 .

11. The Timoshenko Equation for a Homogeneous Medium

In this section we investigate the partial differential equation
describing lateral vibrationé of a homogeneous uniform beam. We will
study the properties of a particular set of solutions corresponding to
traveling sinusoidal Waveé. Finally, we will derive an expression for
the solution of the fourth order inhomogeneous ordinary differential

associated with the partial differential equation (10, 14).

We consider the following equation describing the transverse

vibrations of a homogeneous beam:

4 ' 4 b 92 4
1) —ﬂgx4 - (a+b)——{Laithz +% —@%tz 4 &k —‘E%t4 =0

The subscripts onthe @, 8, a, and b have been deleted in writing (11.1)
since we shall only be considering the uniform beam in this section,

The parameters ¢, 8, a, and b are positive constants,

We look for solutions of (11.1) of the following form:

a.z) alighl = 2 i)
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Substituting into (11.1), we find that :; satisfies

iif_fz 222_:‘_’_; - 2 (B = 2X T
(1. 3) F + (atblo? TF - bo (a_ aw ) =0 .

We now look for a solution ;(x,w) of (11. 3) of the following form:

(11. 4) olx,0) = VX

Substituting into (11. 3) we find that v must satisfy the following charac-

teristic equation:
4 _ 262 2 (B _ 2y =
(11. 5) vt - (a+b)w?v? - bw (a aw ) 0.

Eq. (11.5) provides an implicit relationship between v and w, and

in fact is a fourth degree polynomial in v. We can obtain the four roots

w

(11.6) vz T w \/% [b+a - \/(b—a,)z + 4‘5-‘(-:22— :t

v = \/% [b+a + V(b-a)2 + 4 8 %}

V3 = =Vj4 Vg = “V3 o

The roots v; and v; are real and are respectively positive and negative
for all real positive values of w. The roots v, and v, are real and are

respectively positive and negative for positive w greater than W where

a7 w_ = plaa >0
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For positive w less than w_ s V2 and v, are pure imaginary. For

negative w we can deduce similar properties of vj by using

vy (mw) = -v; (@) = v; (0)
(11. 8)

vy (Fw) = -vy (w) = vy ()

If v is one of the roots vj, then

ilwt+ v.x)
(11, 9) o(x,t) = e J j=1,2,3,4

is a solution of (11.1). For real values of w and vJ., the solution given by
(11.9) can be interpreted as a simple harmonic wave, The frequency of
vibration is %, the wave-length is 2'_‘)—? and the velocity of propagation

(or phase velocity) is %y = vﬂ If |w |<t.0c, then v, and v, , and thus the
velocities ¢, and c,, are iniaginary, and (11, 9) can no longer be inter-
preted as simple harmonic waves. For positive w, ¢, is positive, while
for positive w greater than w_, €2 is positive; and in each case (11, 9)
represents a wave propagating in the negative x-direction. The same
holds true with negative w. However, for positive w, ¢; is negative,
"while for positive w greater than W, C4 is negative; and in both cases
(11. 9) with j=3,4 represents a wave propagating in the positive x-direc-
tion. Again with negative w (11. 9) with j=3,4 represents a wave propa-
gating in the positive x-direction., We will speak of the solution given

by (11. 9) for either v; or vy as the first mode of vibration and for either

v, or v, as the second mode. Note that the magnitude of the velocity of
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the first and second modes varies with the frequency of vibration., This
result is different than that for the wave equation of a homogeneous
medium where simple harmonic waves propagate with a speed indepen-

dent of the frequency.

The roots v; and v, have the following asymptotic behavior for

certain limiting values of w., As w approaches zero, we can deduce that

a

~ _ /B
v 2 a @

Defining Aw as w-w_, we.can show that as Aw approaches zero,

o 2 /ﬂ /2
(11.10)

1
v; ~ (a+b) /2 W,

(11.11)
2w Aw 1

/
va ™~ (a(-:i-b )?’ s

Finally for large w

a+b+|a-b |
vy ~ '2— w = max(va, vb)w

a+b-[a-b|
> w

(11.12)
min(va, vb)w

- Using the definition of the propagation speeds Cj’ j=1,2 and (11, 6) we

can show that as |w| approaches infinity,
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oy = \/# I S
Btk ]b-al max(va, vb)

(11.13)

2 1
c, ~ T T S 5z ———
| o \/a+b-lb-a| el b

Thus at high frequency the speed of propagation of the waves of the two

modes becomes constant.

Consider the solutions

qoj(x,w) = ej(X) .

(11.14) ) j=1,2,3,4
: iv.x

= J
e.(x)=e
J()

where vj are as given by (11. 6). Computing the Wronskian W of the

solutions (11.14) we get
2
(11. 15) W = "4V1V2(V12 "sz) .
Forw=#+ 0, @, the quantities v;, v,, and
2 B
(vi2-v,2%) =ow?| (b-a)w?+ o P

are non-zero, Therefore, the Wronskian does not vanish. Thus the

solutions given by (11, 14) are linearly independent.

The independent solutions ;J of the homogeneous differential
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equation (11.3) can be used to solve the inhomogeneous differential

equation
o | d? o |
(11.16) - T2+ (bra)e? TF - be? (g - a.wz) 2 = £(x,0).

A particular solution of (11.16) is given by

_ o W e pa}(E)
(11.17) ox,0) = ), wlee) [ ey 16) 4
k=1 " a '

where Wk{al 64} (x) is derived from the determinant W{al 54} (&)

e

by replacing the kth column by

= O OO

iv. x
The constant a is arbitrary. We have shown that ek(x) =e k s k=1,2.3,

4, constitute a set of linearly independent solutions, Therefore, we can

choose Ek(x,m) = ek(x) in (11,17). If in addition we let a = -o, then for
each j

4 p-d

W, {er- e} ()
PaS _ k 1 4

(11.18) bs(x,0) = e;(x) + 2, et [ Wle e, T f(&)dt

k=1 e

iv.x
J

is a solution of (11,16), The solution /g;j(x,m) behaves like ej(x) = e

as x approaches -w. Evaluating Wk(el'-- ey)(E) we get

. k, 2 2
W, (e e e)(§) = 2iv, 1 (-1)"(vy = vy _o)e, (-€)
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where for k=1, 2 we let Vo = V4, v_,;=v3. (11.18) becomes

4 X
i ey f(E)
(11. 19) ¢j(x,w) = ej(x) +kz J:oo ek(X E,) zivk("i"’f{_z) d& =
=1

Eq. (11.19) will be needed in the next section to transform certain

differential equations into integral equations. .
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12. The Timoshenko Equation for a Non-homogeneous Medium

In the present chapter we shall restrict: attention to certain types
of non-uniform beams, V;/rith this restriction we will be able to simplify
the system of partial differential equations (10. 6) and (10, 7) to a single
fourth order par‘tial differential equation. We will reduce the fourth
order partial differential equation further to a fourth order ordinary
differential equation., Finally, we will transform the differential

equation to an integral equation for solutions with particular asymptotic

properties for large |x . We solve these integral equations by succes-

sive approximations,

First we assume that the beam is composed of
homogeneous material throughout. This assumption implies
that the material parameters such as the density p, Young's modulus E,

and the modulus of rigidity p do not vary with position.

Secondly we shall assume that the shapes of the cross-sections
remain geometrically similar along the beam, although we allow their .
sizes to vary. As an example for a rectangular-cross-section, we
would limit ourselves‘to the case where the ratio of the lengths and the
ratio of the widths of the sides of two cross-sections are the same. The
variations of sizes of the cross-sectional areas will result in a taper of

the beam. We shall refer to such beams as nonuniform.

The second assumption implies that X\ is constant, as we men-
tioned in Chapter 1. The parameter A\ depends on the shape and not the

size of the cross-section.
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The second assumption also has certain implications

for the cross-sectional area A(x) and the radius of gyration r(x).

We have the following expressions for A(x) and r(x) :

Ax)= [[_  dzdy
A(x)
(12.1)
r2 (x) A(x) = ff_ y2 dy dz
A (x)
where K(x) is the region in the y,z plane at the point x whose cross-

sectional area is A(x). The value of A(x') and r? (x') at another position

x' will be given by similar integrals.

A(x') = ff_ dy' dz'
A(x')
(12. 2)
2
r2(x) Alx') = [ [ (y') dy' dz’
: A(x')
However, by our second assumption, the dimensions of K(x') are just

some constant multiple m of the dimensions of X(x). We make the fol-

lowing change of variables

in the integrals of (12.2). The area in terms of y and z is just A(x)
since the shape is the same, and the ratio of the corresponding dimen-

sions of the two areas is m, Eqs. (12.2) become



.y
Ax') = ff_g(x)dy dz = m? A(x)

r2(x') A(x') = [ [ y?dydz = a5 s Al
A(x)

Thus

r? (x) _ r?(x')
(12. 3) S = EhT

which implies @/ is constant. Thus we can show

(12. 4) e B
@ 8

With these assumptions on a, b, @, and B we shall now reduce the

system of second order partial differential equations to one fourth order

differential equation, First (10,9), (10.10) can be written as

2
) 2
(12. 6) 58; [ﬁW“gi):l*i'bﬁ aatz =0 , B =pB(x).

Divide (12, 6) by p and differentiate once with respect to x to obtain
8 rl 9 _9y %y
(12.7) ax‘_{ 5 3= [B(qo ax):]} +baEsL=0 .

After some manipulating, (12.7) can be written in the following form:
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9 1l 9 -9
(12.8) == 5 B [ﬁ(cp g}f)]} atz (¢ - ax)+b atz =0 .
Now we substitute the right hand side of (12.5) into (12.8) , obtaining
9 flo (0 Qe _ 02¢|y 0270 0o,
2.9 ax{pax[ax("’ 5x) 2@ Ggz | FPa@l| pRleg)-ae atz SEr 5F atz =%

Expanding (12.9) and using (12.4), we derive the following partial

differential equation for ¢(x,t) :

4 2
12.10) 38 -m) o o G+ 58 -
___.‘2 a'' e\l ote a' 93
{2 +[3a 2( Ct)]axz (a+b) “—‘Laxat?-

where we have written a' for da/dx,

13. An Integral Equation

In this section we will begin by separating out the time from
(12.10), thus reducing the partial differential equation to an ordinary
differential equation. We then transform the ordinary differential
equation into an integral equation. In the remainder of this section, we
will show the existence of solutions of the integral equation and, in the

process, derive bounds on the solution,
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We ask if (12.10) has any solutions of the following form:
(13.1) plx,t) = e p(x,0) .

Substituting this into (12,10) , we arrive at the following ordinary dif-

ferential equation for ;(x,w) -

(13. 2)

Ay

2 - —_ -
+ (a+bw? 517‘2 + mZ(aw2~g) ¢ =Lg

where L:; is given by

s 2 e

p- _ 1,2 2o a' _,a', |de
(13.3) Lo(x,w) = -{2°%- o +|3 %5 -25) |2
o't o' o d_ W at ZQ,E o' . 2=
+ = = dX+(a+)awdx+a(a)wgo} .

The operator on the left hand side of (13. 2) has constant coefficients and

is identical to that of (11. 3) for a uniform beam.

We shall consider the case where the beam becomes uniform as
x approaches + . That is, we shall assume that @(x) becomes constant
and all derivatives of ¢ va:nish, as ]xl approaches o. In addition,
further assumptions about the derivatives of 0(x) at + « will be made

later in connection with the requirement that certain integrals converge,

The above assumptions have implications on the solutions o(x,w)
of the differential equation (13, 2). Suppose we look for a set of solutions
of this differential equation which are bounded and have bounded deriva-

tives of various orders as x approaches -ow, Then applying the
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assumptions in the previous paragraph, the differential form L;(x,w)
will vanish as x approaches -0, and, we would thus expect that bounded
solutions of (13.2) would approach the solutions (11.14) of the differential
equation (11.3) as x approaches -w. That is, we would expect that there
are solutions ;j(x’w)’ j=1,2,3,4 of the differential equation (13. 2) which
behave like

iv.x
ej(x) = e J

as x approaches -oo.

In the following work, we shall derive integral equations for the
solutions -q;j(x,w) which have the above asymptotic behavior as x approaches
-oo. In addition, we shall derive conditions on a(x) for the existence of

such solutions and obtain bounds on those solutions.

If we compare (13.2) with (11.16) we see that the two equations are

the same with f(x) = L;(x,m). We may therefore write

~ ¢ ox Lg; (£,0)
(13. 4) o(x,w) = ej(x) + kz-,—-lj:m e, (x-£) 2ivy (v 2 -v,2 ) g .

The differential form ng(x,m) contains derivatives of ;j(x,m). Performing
suitable integrations"by parts in (13, 4) yields
x

_‘;j(xsw) = ej(X) - f k(x, g;w);j(gsw) dg

~00

where
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4

(13. 5) K(x, 630) = ), ey (x-E) My (€)
k=1

and Mk is given by

(13.6) M (§) = - m)g |:-va(+ (a+b)wz:l %' - dvy [3 “7” -4(%'-) ]

o' allg! _(1'_'_3
+[a -85 +4(a):|

2 " 12
- 2 [(a_+b) 2 - (2a+b)(%) ]i
iv o a ’

k
The boundary terms appearing after the integration by parts leading to
(13.4) vanish, This follows at the lower limit since the various deriva-
tives of a(x) vanish at the lower limit, £ = -0, The vanishing of such

terms at the upper limit £ = x is due to the following identity:

4
(13.7) 3
k=1

Eq. (13.4) is an integral equation for ;j(x,w). The solution of the integral

equation satisfies the differential equation (13, 2) and behaves like ej (x)

as x approaches -oco.
We can expand (13, 5) and obtain an explicit relation for k(x, §;w).
The nature of the kernel will depend on whether |w ]><.oc or |w| < W, -

: For‘m|> Wes
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(13.8) k(x,&;w) = - —2;_‘—'&,_ [vlzcos v(x-£)-v,%cos v,_(x-g):,

Vi TV

g @y ath _callal s el 3
" [(a+b)w? “/o+ v{z"-’ -svzz [at+4("/e)] [cos VI(X'g)‘Cost(X‘g):l

a' a! 2
G138 fa-a(C/e) ] l:vlsinvl(x‘ﬁ)'szinvz(x-g)]

T
vyt TV,

_ 0t (a4B)® Vo -(2840)(* ei] [sinv,(x—a) ) sinv;(x-g)]

viZ-v2 Vi Va

For 0 < |u|< w,

O!' 2
(13.9) k(x,&;w) = - “v—l‘z‘z—_-%zz—rz [lvl] coshlvll(x-g)-Ivzlzcoshlvzl(x-—g)]

_ [(a+b)w? cv‘/a+ a"'/a_5a"a'/az +4(a|/0!?]
vi|2-lvs|?

|:cosh | v, [ (x-&)-coshlv;l(”@ﬂ

a!l (1" 2
L3 fe-d( /e ] [|v1|sinh|v1|(x-§)-!vz|sinh|v2|(x-§):[

"1| ‘]"zlz )

, @l(@+b)* /- (2a1+b)(*/e)’] [stehlplfact) sinh ol (-6)])

[v1[?-lva? vy va

In later work we will be considering a(x) of the following form
ox) =[1+ € r(x)] a
where r(x) approaches zero as x approaches wand € is small, To

facilitate future work, we will use this form for a(x) in the remainder of

this section., In the next section we will consider the case of small €.
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In this section the only restriction we need place on € is that a(x) be

bounded away from zero for all x,

In the following we will show that the integral equation has a
solution and we will obtain bounds on the solution. For the work done in
the following sections we need only bounds on the solution ;j (x,w) for
Iw[> w_ . Therefore, we will restrict ourselves to le > W, -

First consider x less than zero. Let

o0
(13.10) ?;(x,0) = nz,o B, 0)
where
Ajo(x,w) = ej(x)
(13.11) N
Aplxiw) = - _fw k(x, Gi0) Ag g (8,0) A6

We will show that (13,10), along with (13,1l1), provides a solution to the .

integral equation (13.4) for x less than zero.

For |w|>w
) C
IAjO(x,w)| < 1,
.~ From (13.8) we obtain the following bound on k(x, £;w) for |w| >w

(13.12) |k(x, &) | < € C E(£)



-

where
(13.13) E(t) = max{|r'|, |r'], jr'|z, e, 2=,

[Ee¥t], |&LsmR] & &

The constant C is independcnt of w and € . In the derivations which
follow we will use the symbol C, occasionally with a subscript, to

denote any constant independent of w and € .

Using (13, 11), (13,12) we get the following bound on Ajl(x,w) for

x<0:.

x

[Ajl(x,w)|§€c [ E®)ag .

~o0

Substituting the above into (13.11), we get the following bound on Ajz(x,m):

x =
8,,t0)| < € € [ E®) [ EE),
~ 00 o0

1 X 2
g
|Aj2(x,w)| s eC? 3 [f E(g)dg:l
Continuing in this way, we can show that
X V n

(13.14) [Ajn(x,w” < ;117 [e cf_w E(g)dg] ,

Thus,using (13.10), we see that
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00 : x n
EACRSIED) = [Cef E(f;)ng
n=0 -co .
(13.15) %
7yte0)| < exp[Ce | m@IE]
In addition we can show,
x x

(13.16) |¢ (%, w) e. (x)l cEfE(g)dg exp[CefE(g dg} ‘

Thus we have some bounds on ;j(x,c.o) for x less than zero.

To show that for x less than zero ;j (x,w) as given by (13,10) does

satisfy the integral equation, sum both sides of (13.11). Thus

(13.17) Z B (5,00 = e5(x) - Z f (e, 8,0) 8y (€, 0)dE
=g %
Using (13.15), we see that the series given in (13,10) converges absolutely

and uniformly for |w|> @_.. Thus we can interchange the summation and

integration in (13.17) and we retrieve the integral equation,

For x> 0 we proceed as follows, Let

(13.18) pilx,0) = ), A (x,0)

n=0

where now

0
Spbew) = o) - [ kb, £)iw) (8, @)t

xX

Kbew) = = [ Kb Ei0) A (€, 0)dE

(13.19)
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For x> 0 we have the following bound on k(x, §;w):
(13. 20) |k(x,&;0) | < xe CLE, (£) + € CE(£)

where E(£) is given in (13.13), C and C, are constants independent of w

and € , and
2
3. 21) By (g) = max [[2], [e], Je0], o5, feen]

Using the bound in (13.16) for Ej (x,0) or x < 0, we get

X X

|z_\?}0(x,w)| <1+ xeC, [ E;(E)dE + e C[ E(£)dt
' =00 =00
iAgO(x,w)l <C,(1+ex) .

Using the above in (13.19), we get the following bound on Ajl(x,w):

x

|5,05,0)| < C2(1+ ex)e [ {C1EE, () + CE@©)} at .

Substituting this into (13.19) we obtain

x g
|A+j2(x,m)| < C, (+e x)e? [ [ClgEl (§)4-CE(§)]I [cln E1(ﬂ)+CE(n)]dn dg
0 0 )

X
5 {e [ [C1EE, (&) CE(E)] dg}
lAjz(x,w)l < G, (It ex) BN "

Continuing in this way, we can show that



il

{e | [Ci1EE, (§)+CE®)] }

n!

IA-;n(x,-wi <€ G, (l+ex)

Thus, using (13.19) and the above, we can show

b4 n
© {el[C\EE, (5)+CE(E)] at }

(13. 22) |$j(x,m)|<.cz (l+ex) ), =
n=0 :
X
|$J.(x,w)|s C, (I+ex)exp{e [ [CI§E1(§)+CE(§):|d§} .
(4] ;

We can verify that the series in (13.18) satisfies the integral
equation (13.4) for x greater than zero in exactly the same way as we

did with the series in (13.10).

If we restrict ourselves to |w| = wy > w_, the analysis becomes
much simpler, as we do not have to contend with the singular behavior

of l/vk. Again we express the solution in terms of a series

(o.0]
pi000) = ) A (x0)
n=0
where Ajn(x,w) satisfies some iteration formula, If we were to succes-
sively derive bounds for Ajn(x,w), we would find that Ajn(x) is bounded
as follows for all x:

x n
[Ce I_OOE3 (£)dg]

n!

|Ajn(x,w) I <

where

By (€) = max [ 0], |=], |ev]]
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Thus, we would obtain the following bounds on ?oj(x,w) valid for

|m| 2 wo> W :l

C
x 1
ij(X.w)ISexp[Ce' IOO E, (g)dg:l
x b4

|o5(x,0) ~e;x) | < Ce [ Ey (&) exp[Cef E, (&)dg] .
=00 —~00

With this, we have completed the investigation of the solutions Ej (x,w).

14, Reflection and Transmission Coefficents

We now move on to defining and deriving expressions for
reflection and transmission coefficients for the beam. We will find that
the integral equation (13. 4) is quite useful to this end. It can be written
as follows:

4 x
(14.1) ?i(x,0) = e5(x) = ) ey (x) _fmek(-g)Mk(e;)cpj@,w)d&
: k=1
where Mk(g) is as given in (13.6). The solution ;j(x,w) has the following

asymptotic behavior:

;j(x,m) ~ ej(x) as X— - o0
(14. 2) 4
fﬂj(x,w) & ej(x) + kz-,-_l ij(w) e, (x) as x—o

where



-

® e (-E)M, (&)
k k
(14. 3) P ) = f_w Zv E, ¢jlEie)de.

We will first consider |w|> w_. For these values of w, the roots

iv, x
k

are real and ek(x) =e , k=1,2,3,4, is a bounded function whose

Yk
real and imaginary parts are cosines and sines,

For the wave equation in a non-homogeneous medium, we saw
that we could interpret certain solutions as an incoming wave which was
partially reflected and partially transmitted. In such a case we could
define quantities called reflection and transmission coeifficients which
characterized the reflected and transmitted waves and depended only on

the wavelength of the incoming wave,.

In this section we will also define reflection and transmission
coefficients for reflected and transmitted waves in a Timoshenko beam
of nonuniform cross-section. We will find that there are two reflection
and two transmission coefficients, instead of one each in the case of the
wave equation. Finally, we will derive explicit expressions for the

transmission and reflection coefficients.

We will look for solutions which look like incoming waves which
have been partially transmitted and reflected, That is, as x approaches
- o0, we seek a solution which behaves like a sinusoidal wave, part of
which is travelling to the right and part to the left. However, as x
approaches o, we want that same solution to appear only as a sinusoidal

wave propagating to the right,

The solutions ;j (x,w) are independent., Therefore, the general
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solution of the differential equation (13. 2) can be written as a linear

combination of the solutions ;j(x'm)‘ Consider the following linear

combination:
‘ 4
(14. 4) V. (x,0) = gi(x,0) + k23 Age 91 l0,0)

The function vj(:’c,c...u)e]'("LJt is a solution of the partial differential equation
(11. 28). As x approaches -ow
4

it '
Vj(x,w)e ej(x-clt) + E Ajk ek(x—ckt)
k=3

where Cj and ¢, are the phase velocities defined earlier. Thus, as x

k
approaches -wfor j=1, 2, ’Vj (x,m)eimt looks like a sinusoidal wave propa-
gating in the positive x-direction with speed Cj> 0 and two reflected
sinusoidal waves propagating to the left with speed c¢; and ¢, (note ¢;=-c3,
C; = -c4 ). Sinusoidal waves propagating with speed c¢; associated with the
first mode of vibration will be referred to as ;'type I" waves. Sinusoidal

waves propagating with speed c, associated with the second mode of

vibration will be referred to as "type II" waves.

As x approaches o for j = 1,2, we want vj(x,w) to be composed
only of transmitted sinusoidal waves, i.e. waves propagating to the right
only, Therefore, we will choose Aj3’ Aj4 so that any waves travelling
to the left will not be present. Using (14. 4), the asymptotic approximation
(14. 2) of ;j(x,w) as x approaches o, and the requirement that no waves be

propagating to the left as x approaches o, we find that Aj3 and Aj4 must

satisfy the following:



.

< .
), e
(14. 5) A.. + A. P = ~-P.
jk a jm ~ mk jk k=3, 4

For each fixed j we have two simultaneous linear inhomogeneous

equations in the unknowns Aj3 and Aj4' Solving the system of equations
in (14,5), we get

Pi3(1+ P44) il I

& o= s 14~ 43
j3 (1+P3:‘})(1+P44)—P34P‘13
(14. 6)
A - Pi4(1+P33)-P13P34
j4 (WP WA E )=, /P

as long as the denominator does not vanish (we will investigate the

possibility of the denominator vanishing later).

With the above choice for Ajk we find that vj (x) has the following
asymptotic behavior

2
Vj(xsw) i ej(X) +k2—1 Rjk(w)ek_l_z(x) as X" ~oo
(14.7) 2
Yj(x,m) ~ E Tjk(m)ek_l_z(x) as X — oo
k=1
where
(14, 8) Rjk(oo) = A'k+2 s
4‘
(14.9) T0) = by + Py + i P
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where again j=1,2and k = 1,2, We shall refer to Rjk as reflection

coefficients and to Tjk as transmission coefficients.

Note that we have a total of two reflection and two transmission
coefficients, Compare this with the wave equation éf a nonhomogeneous
medium for which we have only one reflection and one transmission
coefficient, For the Timoshenko beam equation we see the possibility
that a sinusoidal wave propagating from x = - can generate two reflected

waves and two transmitted waves of different wavelengths,

15, An Approximation to the Reflection Coefficient

In this section we examine one particular reflection coefficient,
namely R, (w). This reflection coefficient is associated with the
reflected type II wave generated by an incident or incoming type II wave
from x = -0. We restrict attention to the case in which the non-uniformity

in the beam is small, so that with
a(x) = |:l + € r(x)] a
(00}

We shall require € < <1, The quantity € is our perturbation parameter,
In this section we will derive a perturbation expansion for R;; (w) in

terms of €,

From (14. 6) and (14. 8) we can derive the following expression

fOI' Rzz ((.D),

P,, ) [14+P,, ()] =P, ;(w) P, , (w)
o Taa 33 23 3y
s Raz ) = Tirp_ )] (148, ,@)] - B, @) B,,®)
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where from (14. 3)

o0

(15.2) Piclo) = = f e8I M (E)750x,0) a8
and

2
(15.3) M, (§) = Ef;i"'-_vli:)% [-kaz +(a+b)wz:| Qé- ivy [3 “7 -4(%) ]

2 i 1
ii;’;[(a—fb) o -(za+b)(°‘;)£ :

(R R 1,0 13
s el

+

Writing a(x) = [1+€ r(x):I a, we have the following equivalent forms

o:;) - %%G)J = er'(x)[1+0(]

|

a'"(x) _ € rll.l(X)
a(x) = l4er(x)

€ r'''(x) [1 + O(e)]

as € ~ 0, uniformly in x for all x. In addition, in the last section we

showed that _q;j(x,co) = O(l) as € = 0 uniformly in x and w.

We are interestea in approximating the reflection coefficient
R,; (w) for |w| = W Note that for w = W, the roots v, and v, vanish, 7
The function Mk(.‘;) contains terms which have factors l/vk. For k=2,4
these terms become infinitely large as |w| approaches W . As a first
step, we will work toward approximating R,, (w)- for |w| bounded away

from Wi that is
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IO.)I = (A)o>0t)c

In this case we can show that v, and v 2 ""ﬁ-l are bounded away from
zero.

Substituting the above into the expression (15. 2), we can show

the following for ij(w):
(15. 4) P (@) = Ofe)

as € ~0, uniformly in w for ]wl Z wy > w_- Thus, using (15.1), we can

show that
R,; (w) = -sz(r)c;ze())(EZ)

or

(15. 5) Ry (@) = -P, () + O(é)

as € — 0 uniformly in w. Thus, we are left with the problem of approxi-

- mating P24(w)a

Instead of approximating P24(w), we will work toward approxi-

mating the general term P}k(w)' We will find that Mk(ij,) can be expressed

in a form which will simplify later work. First we note that
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Q’” o' a!

= =2l B LY s
1t " ' 1 3
Sl - e SRl

Using the above expressions, we write Mk(g) as follows:

(15.6) Mk(g) = E‘W}Vf{?g [-2vf{+ (a+b)<.oz:] %"

[

v 3 - (“;')1 H(E) 290y p( &y

o
“E [ (a+b) (& - a(“;')"” ,

Using (15. 6) and replacing :;;j(x,w) by ej(x), we can divide up the

expression (15, 5) for ij(w) as follows:

(15.7) | ij(w) = I;k(w) + I;k(w) + I;k(w)



-

where
0
1
(15.8) Ly @) = - [ e (-6) My (6) e;(8) b,
2 co
15.9) L) = - e (-6) My )] 7,(E ) -e(6) Jat
o0
3 —
(15.10) Ly @) = - [oo e (-E) My, (8) (6, 0) dE
(5. 1) M. (B} = [-2v2+(a+b)wz]g-"
: kl 2(vi-v, 2) k a
v, &)+ &) - L (@) (—"i)'i
k'o @ M @
15.12) M P T § e [ - N
(15. -kz(g) - Z(Vﬁ-vkz—l) ke a? (a + ivy (&
(15.13) M, (§) = My, (E) + My, (E) .

1 ]
First we will consider Ijk(m). The order of the derivatives of %

can be reduced by integrating by parts. As ]g | approaches infinity, the
]
¥ i
terms %— and (g&_) vanish so that the integrated terms vanish, Thus, the

expression (15.8) can be simplified to the following after the integration

by parts.
¥ 2 T
1 v.(v, +v.) -w (atb) v /v, 7 i
I i’ 'k g B
(15.14) I (@)= 22y Iw es(£) ey (-6) Trdg
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We showed in the last section that
cpj(x,co) - ej(x) = QOfe) ase— 0,

uniformly in x and w .

Thus we can show that

4 1
Ry (@) = -1, (@) + O(e?)

z o \
(15. 15) R,; (@) = ‘.J“Tf("‘_‘—:f% [ e4-E)e,(8) <dt + O(e?)
cozja+b1 - 2iv, € a!
s Ryp () = 2(vZ -v,2) Iooe *a & dg + O(e?)

as € = 0 uniformly in w for |w| Z wg > W .

As ]ml approaches w,, we must be more qareful in our approxi-
mation of Ry, (w). We see that for |w| = w, the roots v, and v, vanish.
Thus any term in R,, (w) which contains a factor 1/v, or 1/v, will become
infinite. However, the terms v;, v3 , and vkz -kal for all k remain

bounded away from zero.

Using (15.14), (15.10) and (15.9), we can show that
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1
vz [(vz-vi)+ wi(a+b) _{;_] C i(vitvy)E @
P,j) = 2(vE -v?) lme‘ FUEE e 9 O

' 1 00
Vz [(Vz'i'vl)‘wz(a-'i’b) T,_i'] i(V -y )g Q"
Pyl = =575 J SRR a0
(15.16)
1 oo
.Vl[(V1+V2)"-°Z(a+b) T;_z] i(v,-v,) '
Pylw)=- 2% va?) _{o etz ™1 € -‘-;— d€ + O(e?)

VA 12 ‘(.\)z (a+b) 00

Byy) = o7 f_w “-dg + O(e?)

as €~ 0 uniformly in w for |<.o] 2 w_. Combining the above, we have
' = O(e?) + O(E2
(15.17) P23(<.o) P34(w) = O(e®) + O(vz)
- 2 ol
(15.18) P43(w) P34(w) = O(e?) + O("z ¥ v

Again the order relations hold as € —~ 0 uniformly in w for |w | > @ .

Let us look more closely at Pzz}(“’)' First, let us consider 12.3:?;(“’)'

We can write this term as follows,

I ) = “ [ eglo8) My, () e, (6 a
m P—
- [ egl-8) My (6) [ 52 (©),00-e (8 |t
=00
3 ™ e
1,6 = - f_w M, (8)dt + O(5-)
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as € — 0, uniformly in w for |w]|= W Now isolating those terms which

become infinite in Izi(m) we have

co

3 - aw? it 8 €3
(15.19) 4@ = 3o o T Iw &) g +0(?) + 0(5-)

as €~ 0, uniformly inw for |w|= w_.

Next we look at the term Izi(m). Isolating the term which becomes

unbounded, we can write Izz(w) as follows,

Zin(V IZ_VZZ)

o]
(15. 20) Izi(m) T [ ey-8) %'[Ez(g,w)-ez(é):i d§ + O(e?)
=00

uniformly in w for |w|>w_. To continue further, we will have to take a

closer look at the expression ;z (x,w)-e, (x).

Using the integral 'equation (13.4), we can write the following:

x 4
o (x,0)mep(x) = = [ ), M, (£) e, (x-£) (6, w)dE
"9 k=1

;2 (x,w)-e, (x) = J,; (x,w) + T, (x,w)

where

x 00
Tmer= - [ Y M) e eotlv g0l ds =12
k=1

and Mki(g) is given in (15.11) and (15.12),

Let us consider first the term J, (x,w). Using (15.12) we can
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writé J; (x,w) as follows:

x 4 s
k(X g) o' .2 a''a! ! .
as.2) TpGso) = - L gramym | ) -z[ - [t ra
© k=1
e @)
fo sinv, (x-§) —
i '[00 C(viE-vr?) Vi ¢z (E,0) dE
* iaw? (ga__')z sinv,(x-£) —
L e S L NS

Since v; is bounded away from zero for |<.o| = w_, wWe can show that the
first two terms on the right hand side of (15.21) are O(€?) uniformly in

x and w for Im! 2 W As for the third term, u'sing the bound

sinv, (x-§) _
—sz— < (x-§)

we have
Js (x,w) = O(€?)

for € < <1 uniformly in x and » for lw | = Q.

Continuing to J; (x,w), we can write this as follows:

x 4

Tix,0) = = ), M (E) ey (x-£) ez (€) dE
'°°k=1

j Z, 1 () ey (x- E)[S”z(g w)-e; (z;)] dg .
"% k=l
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The second term on the right hand side can be approximated in much the
same way that the term J, (x,w) was approximated. In fact, we can show

that the second ferm is (|x| +1) O(€?). The first term on the right is

integrated by parts once, giving us the following for J; (x,w):

2 1
4 [-3iv) ~i(vz-v, )- iﬁ—k(awn% ()
J; (x,w) = - Z e,(x) - = - -
=1 2os - o) 2 -V

. B vz
x 4 v, (vk+v2)-<.o2 (a+b) .

e

"0 =1

g e, (x-E)ez (£)dE

ik T Yk-1

+(|x|+1)0(€2) ase— 0,

uniformly in x and w for |u>] = ® . If we sum the first term, we find
that it vanishes. In the second term we isolate the parts of the term
which do not vanish, Thus we find that J;(x,w), and thus ;z (x,w)~-e, (x),

can be expressed as follows:

X X

(15. 22) J,(x,w) = Hatble® [ez(-x)f %" e, (Zé)dé-?z(x)f ‘;—'dé_l
s )

2(vy% -v,?)
+ vy Oe) + (x| +1) O(e?)

(15, 23) @2 (x,w)-e5 (E) = T; (x,0) + (|x]|'1) O(e?)

as € = 0, uniformly in x and w for |m| = W, -
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Substituting (15. 22) and (15. 23) into (15. 20), we find that

4 2 N i ' g i
(15. 24) L) = - o tPl—, [_fw(g‘;) e (28)] G dn g

I .
f Pl (2n)dn dg] + O(e?) + . O(e)
2

-00

-[ &)

uniformly in w for |<.o I > w .. We can simplify (15. 24) further by integ-

ration by parts. In fact, we can show

i ] . g 1 % ] g 9

_fw (5 e, (2£) IOO-C-”; dn dg = - Iw%— [Zivzfoo-q;— dn+%l]ez(2§)dg
® 1 : g i 0 1 2

[wé;—) [ & eat@mandt = - [ () ez (26)d .

o0 — 00

Combining the above equations with (15, 24), we can establish the

following:
(5. 25) 1.2 ) = Ole?] + 2-0fY)
2 24 VZ

uniformly in o for lm| = W

Finally, using (15.14), we obtain the following for 1214(“’):

o0

(15. 26) I,,60) = fatb)w® [ e®vet Zge

(ZVIZ 'sz) b

Combining Eqs. (15, 26), (15, 25), and (15. 20), we have the following for

P24(w):
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©0
2 i 1
(15. 27) P24(w) - _(_a::’:h)w_ f eZlvz‘g -C—é— dg
- 00

- Z(Vlz —sz)

[o.¢]

2 o' 2 Q
7 _{o (&) dg+0(e?) + O(-)

aw
C 7 2ivy (v v

The analysis of .P44(w) proceeds in the same way as the preceding
analysis of P24(w), ‘and the details will be omitted, We obtain the

following for P44(w):

[2v,2 -(a+b)w?] o

1 ey
Z(Vlz ‘sz) cg a__oo

(15.28) B () = -

00

2 1 2 3
= fw () dE+O0(®) + OC-) .

+ "
2ivy (v42 -vp?)

(]

Using the various approximations which we have obtained for the

terms ij(w), we, derive the following expression for R;; (w):

Afw) + B (w)
1+ Oe) + By

(15. 29) R,; (w) =

2(1’12 ‘sz)

00
Aw) = ____(_@._i}_:)_)_uf___ f eZing _.a_&'_dg + O(e?)

jee]

By () = 52 [f @)’ ag + 0<es>]

cO

B, () = By ) + O()
2

the order relations holding uniformly in w for |w| = w_. Note that
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° 2
J (5 a = o(e?) .
=co

With a little modification,. we can write (15, 29) as follows:

(15. 30) RZZ ((.D) - _{i‘*ﬂ)_i’-’__ f 21'\}2& g&[ dg + E(w’e)

"V 2)

i f,—z B, ()[1+0(e)]

(15. 31) E(w,e) = 5
1+ Oe)+ i %—z B, (w)[1+0(€)]
2
15—2133 (w)
v L]
+1Vz 3 ()
i€? B, (w)
= V,+1€% B, (w) ]:1+O(€):\
where
- _Zi‘*)z— 0 |2
(15, 32) B; (w) = TR f_m (r')y dt .

Note that the denominator of E{w,e) in (15. 31) is a complex quan-—.
tity. The real part of the:' denominator for |w] =z W is v,, while the
imaginary part is €2B; (w). The magnitude of the denominator can be
bounded below by either the magnitude of its real part or the magnitude
of its imaginary part. Since B, (w) is bounded away from zero for finite
‘wl ch, we have that the denominator of E(w,€) can ﬁever vanish for finite
\mla W In addition, we have the following two bounds on E(w, €):

(15.33) E(w,€) = 1+ Ofe)
(15, 34) Elw, €) = O(i—:)

uniformly in w for |w| = w
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16. The Approximation for High Frequency

We shall need bounds on the solution cpj(x, w) for large values
of lwl . To obtain the bounds we return to the original fourth order
differential equation (13.2) and make a change from the dependeﬁt
variable tpj (x, w) to a new dependent variable \}/j (%, w) . The differ-
ential equation in terms of the new unknown will be transformed into
an integral equation. This integral equation will be used to obtain a
bound on cpj (x, w) .

Let q:j = JTcp_j . Substituting this into Eq. (13.2), the original

differential equation becomes

(16.1) il + (a+b)w? ——-l + bw?(@w® -9-)\1/. =L, V.
dx* dx® @) ' J
where
_ 1 /a'™\? da‘JL ol allal o'\3 d_\l/_
LIW.__{7<7 dx2+- o ¥ & o3 -(?)]dx
(16.2)

+[_%aﬂ: +%a:;a 4( n) "(a»')a +§_é.(“’>4:lw

+uﬁ[ (@ +b)°’_“ ; (5a;b (“')]\V}

Compare the differential equation (16. 1) with the differential
equation (13.2). The left hand sides of the two equations have exactly
the same form. We can transform the differential equation (16.1)
into an integral equation in exactly the same way that we did the diffe-r-
ential equation in (13.2). We get

L, \l/j(%, w)

(16.3) v.(x, w) = & _ e; (x) +Z f e, (x-8) dg
! e Rl 2y Yyefuge =V g )
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Note that as x approaches -w
‘ifj(x, w) = Ja(x) 'CEE(X, w) ~ Jer_ ejv(X)

where @_ is the limit of a(x) as x approaches -0 .

Nex_t we remove the derivatives of the \j.rj (x, w) in L1 \J/j (x, w)
appearing in the integral in the integral equation (16.3). We accom-
plish this by integrating by parts in the‘,a.p.propria.te way. Carrying

out the integration by parts and re-expressing in terms of cpj (x, w),

we get
: f X
(16.4) o) (x, w) = Wa_ei(x) - [ K (x B, (E, w)ds
=00
where

4
K (58w = I e (x-£)/alB) N, (§)
k=1

] 1 gw éalllal 9(&") a'“(oz')a
3 =g = glg T

2iv, (vZ-v2 ) { 5 & o o
75 (g_')4 ' am alla! (a')‘e a(a')a
- T6\= +2VkET ta— 3G It (e
d a  (5a+b) (a' )a
- g ofvn) o + GBI (S0 .

For |w| sufficiently large and bounded away from zero and w, we

(16.5) Nk(E) =

have, using earlier asymptotic estimates,

l\) < Clwl

el
C;
< ’
Zivk(vk" - vli’_l) | w]|®
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Using these estimates, we can obtain the following bound for K, (x, §;w):

(16.6) |K: (5, G| € = E(8)
w|
where
Ez (E) = max (lalml’ la_,ml’ lanl, |a"|) .

The constants C and C; are independent of x, £, and w.
We have shown that the function aj (x, W) is bounded for all

values of w. Thus we can show, using (16, 4) and (16. 6) that

C 5C
(16. 7) Vot &, @) - e ()| <o — [ Eo(2)as
w| -c0
Vo) 3,6, @) - B eilx) = —— O(e?)
w

uniformly in x and @ for all x and large | w|

Eq. (16.4) can be rewritten as follows:

(16. 8) ﬂ’f:cp (x, @) = e (x) -Eek(x)f e, (-€ f*fg)Nk(@)cp (, wds .

As x approaches minus infinity, (16.8) has the following asymptotic

behavior:

(16.9) ,\/%“)'Q CTD:j(x,w)'vej(x) .

As x approaches plus infinity, (16.8) behaves as follows:

4

o(x) = -
(16. 10) «/OT:; Tl 0 = i)+ D ey x) Q)
(16.11) _ij(w)— [ e 1(-8) V& (E) Ny (B), (5, w)dw
o =00
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We cofnpare the asymptotic forms (16, 9) and (16, 10) with the
asymptotic forms (14.2). As we did earlier, we can multiply
Ww cp (x, w) by ot and, for large |x|, we can interpret
incident, reflected, and transmitted sinusoidal waves. We consider

the linear combination

—— 4 _
(16.12) . () = J“‘X) .l w) + 3 B.k(w)J“( P 0% @) -
J o J s J

24

As x approaches minus infinity, gt W (x) appears as an outgoing
type I sinusoidal wave propagating to the right and a type I and type II
sinusoidal wave returning to the left.

As x approaches +x, we choose Bjk(w) so that eiwt Wj (%, t)
is composed of sinusoidal waves propagating to the right only. This
conditioﬁ on Bjk(w) gives us two simultaneous equations which Bj3

and Bj4 must satisfy. Solving these equations, we obtain the following:

[14Q, () ][1+Q 4 ()] - Q 5 (w) Qg (w)

(16.13) Bj3(‘°) = -

j=1,2
Again, as we did in (14.8) and (14. 9), we can define reflection and

(16.14) B, 4(w) = -

transmission coefficients as follows:

(16.15) Rjk(w) = Bjk+2(w)
, 4
(16. 16) Tjk = ij+z + Q. k(w) + 2 BJm 2 BT

m=3



B

Thus, we have another representation for the reflection and trans-

mission coefficients. This representation will be useful for large

lw] .
Returning to the reflection coefficient RZZ’ we have the
following:
Q,, Wl1+Q,, (W) ]-Q, , (w) Q, , (W)
(16.17) Rzz(w) _ B24 - 24 33 23 34

1f we separate out the term QZ4 in the expression (16.17) we have

Q34 Q44140530405 ,(Q,3+05, Q4 5)
(1+Q

33) 34 743

Let us take a closer look at ij(w). First we can establish

the following bound on part of the integrand of ij(w):

(16.19) e, (-8) N, () JaTEY | = ‘—C—l E; (5)
w
Thus, since c_pj (x, w) is uniformly bounded for large ]wl, we have

_ €

the order relation holding uniformly in ( for |wl >> W Thus we

can establish that

' 2
(16.21) Rypw) = - Q@) +0 ()



i P

uniformly in @ for |w| >> w,

Let us consider Q24(w). First we can write Q24(w) as follows:

(16.22) Q, 4w fe4( E)N, (8) e, (E)

w —
oy OIS Bj(Ei0)- o ey(8)1aE .

Thus, using (16.7) and (16.19) we can bound the second term on the

right hand side of (16.22) and obtain the following:
00 62
(16.23) Q, 4w = _{o ez (2E)N, (§)dE + O(F>

uniformly in ¢ for le 0o W

We now look at the terms which are O(g) in Nk(g) . We find
that each of the terms o™ /o, a"Wea, a" /o, a'/a are O(c). We will
be interested in integrating the integrals. Rewriting Nk(g), we

obtain the following:

Nk(g) = Zin(‘v—]g _V}:-l) {%(%}_} _ %a::" ) %(%3>2
1-4%:‘:'_)2 1127?7 +2\)kI: Oz“cz' _(C%>3:l

- —%— a?[(a+b)(%l)' g 98’;% %)3]}

Substituting the above into (16.23) and retaining the order € terms

and terms which are O(e® /w), we can simplify the expression for

Al

Q,,(w) to the following:
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. es (28) o .
(16.24) Q,, () = {o 21\):\)1 E {3(&) - (%)

Foferm(@)r 222 @) Jar s o ()

the order relation holding uniformly in w for lwl >> wc.

Consider the following term in (16. 24):

Y e, (28) 1\
W = [ — PR () et

. 2
~0 2ivp (Vy -va )

If we integrate by parts in I{(w), we can show

o = ‘9a+5bfa'al fa'
Hw) & ————0 [ 8528} -/ 148
4% (w2 -2 e % a® (Q ) :I

and thus

&3
Hw) = O(%%):
w
uniformly in (@ for le >> w, - Thus we have the following for

Qpgtor = -7 2 () (2

=00 2'1Va (V1 'Va
puten) (%) Jae+o() .

Integrating by parts in the above, we can finally simplify the expres-

sion for Qz4(w) to the following:

a _ 3 w2/ '
\)1 = Vg =00

Q,4(w) =
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Substituting the above results for Qz4(w) into (16. 21), we derive the

following for Rzz(w):
(a+b)w 2.1v £ Ct ___.
(16. 25) R,,(w) = 2y f 2 dE + O(5 -

17. The Inverse Problem

Up to this point we have solved the "forward problem" of

approximating the reflection coefficient R, ,{w) in terms of the param-

22

eter a(x). In this section, we will concentrate on solving the "inverse

problem": given the reflection coefficient R, (w), approximate the

22
parameter o(x).
In previous sections, we have shown that the reflection coeffi-

cient to a first approximation is proportional to the Fourier transform

of the derivative of log a(x). That is, we have shown that

§a+b)w 21iv loga
(17.1) Ryp(@) = - 30 20 5 f 2 __g_dg df + E(v2,£)

-0

In addition, we have established the following uniform bounds on E(v,, §)

in (15.33). (15.34), and (16. 25):

i E(v,,€) = 140(e) for ]Vzl bounded away from zero
g
1 E = Of=— f 11
(17. 2) < (va,€) (Vz) or all v,
z
i E(v,,€) = O(Viz'f) for all v,

The last two bounds can be consolidated into the following single bound:
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3
(17. 3) E(vp, €) = O(lv_€|+v—3)
e 2

uniformly in vy .
As in the case of the wave equation discussed in Part I, we

want to invert the Fourier transform in (17.1) and obtain a relation

for the derivative of log @(x) involving the reflection coefficient

Rzz(w). To do this we multiply (17.1) by the factor

v ® - v5®

e-Zi vy E

& caetataen
= (a+b) w?
and then integrate over the interval -0 <2 vy <w . A few words
should be said about the parameters v; and v, as functions of w.
From (11.6), we can show that v; and v, are monotonic functions
of w3 Thus, the functions v;(w) and v, (Ld) are one-to-one mappings.
Therefore, v; and wcan be expressed as functions of v,.

As for the integral arising from the first term on the right
hand side of (17.1), we can apply the Fourier integral theorem
given in the last section of Part I. The conditions which we
assumed earlier on the parameter a(x) are enough to insure the
existence of inversion of the Fourier transform of the derivative of
log a(x).

As for the integral containing the error term, we will be able

to bound it in terms of the integral of the absolute value of E(vg, €).

First we will bound E(vg, €) as follows:
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1 +O(e) l\’al < g?
E(\)a,e) <
o(=—) Ivwl>e?
t e Va € .
‘V |+Vz

Splitting the range of integration into two parts, we can obtain the

following:
00 Vi = Vg _2u e
e Y < 21\)S'XE(\)E,G:)dvz <0 J dvs
-0 wuf (a+b) o
oo dvy
+C, €? . o
€ Vg tVg

£ Ce® +C, e® Loge® .

Thus, we can show that the integral involving the error term is
O(e® loge), uniformly in x for all x.

Thus we have

3
0 (vi®-vs")

(17. 4) d lczigi (x) _ _ 1 e—Ziv‘? x

@) T s R tetd g

+0(e® loge)

uniformly in x for all x. Since we showed that the integral of the
right hand side of (17.1) exists, the integral on the right hand side
of (17.4) must also exilst.

1f we express a(x)as

a(x) = a—ooEI +€r(X)]
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then we can write (17.4) as follows:

(17. 5) F(x, ) = ¢ 9= + O(c?loge)

uniformly in x for all x, where

2
0 \)12 =-Vg

<= _____]-______ -Zi\)gx
F(x,e) = - T (a+b) -o./; _(;J;-_ e Rzz((ﬂ)d\)g .

Eqg. (17.5) says that the function F(x, €) can be approximated as
follows:

F(x,e) = € Fo(x) + O(c® loge)

where Fgq(x) equals the derivative of r(x). Thus, if we have the
reflection coefficient Rzz(w), we can construct the function F(x, €)
and, in turn, a.pproximater the derivative of r(x). All of the above
results can be stated more precisely in the following theorem.
Theorem: Let «(x) satisfy the following:

1. a(x) possesses a fourth order partial derivative for all x.

2. The following integrals exist:

o N
/ g—%ldx, n=1,234,
-00 |dx
= dVa
/ x dx , m=1,2,
. =00 dx™

3. a(x) can be written as

ax) = a_ [1+ex(x)]
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Then the function

00 4
F(x,e) = =~ ——1—-—- f ELB-LEE e-zlvsz (w)d\)
» T@b) L 22 2

exists and can be expanded as follows:
F(x,e) = € Fgo(x) + C)(e:a loge)
uniformly in x for all x, and

d
Fo(x) = a—}r; .

The proof of the theorem follows from the previous work.



-94-

CHAPTER IV

CONCLUSION

The Inverse problem has wide physical interest. Two situations
where the inverse problem is physically applicable are discussed

below.

In the first situation, suppose we were required to determine
the parameters characterizing a non-homogeneous medium. However,
suppose we were limited by the fact that the medium were inaccessible,
so we were unable to measure the parameters directly. Yet, if we
could stand off at infinity and measure the reflection coefficient
associated with sinusoidal waves of various frequencies, our work here
provides us with a means of approximating the parameters. Thus, we
have a means of determining properties of a certain medium from a

remote location.

A second situation is essentially a synthesis problem. In this
situation, we would be reé;uired to synthesize or construct a medium
which would have a desired reflection coefficient or whose reflection
coefficient would have certain desired properties. Again, our work
would provide a means of approximating the medium parameters, and
thus provide us with a means of approximately designing and synthesizing

certain systems or media,

The primary goal in our investigation of both the wave equation
and the Timoshenko equation was to provide an approximate method of
solving the inverse problem for a slightly non-homogeneous medium.,

In both cases, we found that the approximation to the derivative of the
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parameter @ was simply a Fourier integral involving the reflection

coefficient,

In the case of the wave equation, there are alternative approaches
for obtaining an approximation which differ from the one taken here. We

will discuss briefly these approaches in the paragraphs which follow.

Eq. (7.2) of Chapter II is recognized as the one dimensional
analog of the Schroedinger equation from quantum mechanics, with the

potential V() being given by

If we had transformed our differential equation into the Schroedinger
form, and then tried working with this for all values of k, we would
have run into difficulties for small k. If we had worked with the integral
equation corresponding to the Schroedinger equation for a slightly non-
homogeneous medium, we would have obtained the familiar Born
approximation for the reflection coefficient. The Born approximation i.s
unsatisfactory in our case, because as k approaches zero, the best we
can do is show that the reflection coefficient is O(l). However, we
showed that the reflection coefficient is O(g) uniformly in k for all k,
Thus, by avoiding the transformation to the Schroedinger form of the
differential equation, we were able to obtain a better bound on the
reflection coefficient for small k. We were content in using the
Schroedinger type equation to approximate the reflection coefficient for

large k.
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In addition, if we had used the Born approximation to retrieve

the parameter «(T), the best we could have done would have been to

da

approximate Lo

with an error which was O(e2loge) uniformly in x for
all x As it was, we were able to approximate % with an error which
was O(€?) uniformly in x for all x.

A second approach involves solving the inverse problem exactly.
Kay [6] demonstrated how the inverse problem for the wave equation
could be solved exactly in terms of the reflection coefficient, Their
method relies on work done by Gelfand and Levitan [5]. The exact
solution does not give a closed form for the solution, but merely reduces

the problem to solving an integral equation. The solution of the integral

equation is related to the parameter

1 d*o

Wt = a(T) a2z

In the case of a slightly non-homogeneous medium, by using
successive approximations, an approximate solution to the integral
equation can be obtained (Faddeyev, [4] pp. 81 and 90), and thus the
parameter % can be approximated. There is - no problem in obtaining
a uniform approximation on the semi-infinite interval (as done in

Faddeyev [4]); However, the uniformity of the approximation cannot be

extended over the entire infinite interwval.

The Gelfand-Levitan method has been extended (see Agranovich
and Marchenko [2]) to cover the inverse problem associated with certain
systems of second order differential equations. In turn, this extension

can be used to solve the inverse problem for certain fourth order



-97-
differential equations,

One objectioﬁ to the exact approach is that it can be applied to
only certain fourth order differential equations, and unfortunately, the
Timoshenko equation cannot be transformed into a form which can be
covered by this method. Thus, we are left with our direct approach in

solving the inverse problem approximately,
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