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ABSTRACT

I. Existence and Structure of Bifurcation Branches

The problem of bifurcation is formulated as an operator equation
in a Banach space, depending on relevant control parameters, say of
the form G(u,A) = 0. If dimN(Gu(uO,Ao)) = m the method of Lyapunov-
Schmidt reduces the problem to the solution of m algebraic equations.
The possible structure of these equations and the various types of
solution behaviour are discussed. The equations are normally de-
rived under the assumption that GgsR(Gg). It is shown, however, that
if G£¢R(GS) then bifurcation still may occur and the local struc-
ture of such branches is determined. A new and compact proof of the

existence of multiple bifurcation is derived. The linearized
stability near simple bifurcation and "normal" 1limit points is then

indicated.

II. Constructive Techniques for the Generation of Solution Branchas

A method is described in which the dependence of the solution
arc on a naturally occurring parameter is replaced by the dependence
on a form of pseudo-arclength. This results in continuation pro-
cedures through regular and "normal" T1imit points. In the neighbor-
hood of bifurcation points, however, the associated 1inear operator
is nearly singular causing difficulty in the convergence of continua-
tion methods. A study of the approach to singularity of this

operator yields convergence proofs for an iterative method for deter-



(iv)

mining the solution arc in the neighborhood of a simple bifurcation
point. As a result of these considerations, a new constructive

proof of bifurcation is determined.
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Chapter I: Introduction to Bifurcation

(1) Introduction

The purpose of this Chapter is to provide a general introduc-
tion tobifurcation. Section (2) will describe, in heuristic terms,
what bifurcation is; and will then indicate some of the varied
bifurcation phenomena to be expected in particular problems. Several
of the physical areaé of application will be mentioned. Many of these
diverse problems may be formulated in an abstract manner as a non-
linear operator map between Banach spaces depending on relevant
-control parameters. It is this approach to bifurcation which will be
pursued in Chapters II and III. As a preparation, Section (3) will
present some of the concepts and results from basic functional analysis

that will later be required.



(2) Bifurcation Phenomena-

Bifurcation is a non-linear effect, intimately tied to the
phenomenon of multiple solutions to non-Tinear equations; In this
Tight it is a Tocal theory; being concerned with a local change in the
number of solutions to a particular problem. A point of intersec-
tion of two or more solution branches will be ca11ed'a bifurcation
point.

The simplest mathematical formulation exhibiting bifurcation
is the Tinear eigenvalue problem.

Au = Au
(2.1)

ue IR™, e IR

Here A is assumed to be a real nxn matrix. If we plot the solutions
of equation (2.1) as a function of A we arrive at a picture like that

of Figure (2.1).
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The solution (o,\) persists for all A and is indicated by the

hatched 1ine. However, for particular values of A (the real eigenvalues

of A) non-trivial solutions to (2.1) exist as well. Thus we may call
the points Aatostza. ., bifurcation points.

The above problem is actually non-Tinear due to the product
term Au; but what behaviour may be expected if more bona fide non-
Tinearities are allowed to enter? We indicate this non-linear equa-

tion schematically as

G(u,n) =0 [B.2)

and several of the possible situations are indicated in Figure (2.2).

Here N(u) is some scalar measure of the solution u which can take on

both positive and negative values.

)\1 A2 )\3 )\L} )\5 >\5 :

Figure (2.2)
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We take particular note of the following:

(1) - The eigenfunction branch emanating from Ay may become dis-
torted; This situation falls under the category of simple bifurca-
tion and has received considerable work. A comprehensive study may'
be found in Crandall and Rabinowitz (8). Simple bifurcation will be

a special case of the equations studied in Chapter II

(2) There may be a point Ay, which is an eigenvalue of the
associated linear operator Gu, but from which no bifurcation occurs.
This is in contrast to the linear eigenvalue problem, where a neces-
sary and sufficient condition for bifurcation was A to be a real
eigenvalue of the Tinear operator. (Under rather general assump-
tions, however, topological arguments guarantee bifurcation at

eigenvalues of odd multiplicity. (Krasnosel'sky (22) )).

(3) Multiple bifurcation may occur, that is, more than two
solution branches may intersect, as indicated at x=x3. This may occur
in the linear eigenvalue problem as well, but in that case the number
of such branches is strictly lTimited to the geometric multiplicity
of the eigenvalue. It will be seen in Chapter II that the general
problem may have more bifurcating branches than the dimension of the
null space of the linear operator. Sather (35), (36) has given consi-

derable attention to multiple bifurcation in a Hilbert space setting.
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(4) Secondary bifurcation may appear. This is the situation
when at some point on a bifurcating branch, such as the one through

Ag4» @ second bifurcation takes place. (Pimbley (29)).

(5) We may find solution arcs from distinct bifurcation points

AS and As may join.
(6) Completely detached solution arcs may exist.

This already complicated picture can be made more intricate
by the appearance in the physical problem of more than one relevant
control parameter.

First, we may have a two parameter problem written as
G(u,A,T) =0 (2:3)

with solutions indicated by Figures (2.3). Here T is called an im-
perfection parameter, and measures the deviation of the physical prob-
lem from some idealized state. The solutions for t=0 are indicated

by the hatched Tines and for T#0 by the various dotted lines. We
see that only for the particular value of 1=0 does bifurcation occur.
From this we may speak of the imperfection as breaking the bifurcation.
This simple perturbed bifurcation has been studied quite generally
by Keener and Keller (17) and moré recently by Reiss (32) and

Matkowsky and Reiss (26).
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A different situation occurs when there are two bifurcation

parameters present in the problem. We write this as
G(u,rq,2,) = 0 (2.4)

and exhibit some possible solution behaviour in Figures (2.4). Figure
(2.4)(a) plots the solutions as a function of A for the particular
value A2=A;. We see that multiple bifurcation occurs at AT. As

AZ deviates from its critical value A; (indicated by Figure (2.4)(b) )

the multiple bifurcation splits into two simple bifurcations but in
addition a small closed Toop of solutions appears. This small loop.

coalesces to a point as Ao returns to A;. It is this situation for
which we say the appearance of an additional bifurcation parameter
generates secondary bifurcation. This phenomenon has been considered
by Bauer, Keller, and Reiss (2), Keener (15)-(16), Kreigsmann and
Reiss (23), and Goldstein, Huerta, and Nearing (10).

We now mention just a few of the physical areas of application

which exhibit some of these bifurcation phenomena.

(1) Perhaps the richest area of application is the study of
non-linear elastic deformation. Revelant problems include the
buckling of elastic plates, caps, shells, rods and beams. (Thompson

and Hunt (44), Keller and Antman (21)).

(2) The general equations of chemical kinetics may be written

as
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Tl kiv C_.l + fi(C],.,.Cn,T)
aT o Rl

St KT + g(C],...Cn,T)

where C]""Cn are the concentrations of the various reactants and
T is the temperature. This non-linear coupled parabolic system,
supplemented with appropriate boundary conditions, admits solution
sets with complicated bifurcation structure.

(Keener (16))

(3) Many of the equations governing fluid flow allow bifur-
cating solutions. For example : 7

(i) Thermal convection between heated flat plates

(Bénard problem)
(ii) Flow between rotating coaxial cylinders
(Taylor column)

(i) Flow between rotating coaxial plates
(Sattingér (38), Joseph and Sattinger (12), Keller and Antman (21),
Szeto (42))

The above 1ist is essentially endless since virtually any
physical theory which takes into account non-linear effects exhibits
bifurcation. It is with this in mind that the work of Chapters II
and III will not specify a particular set of governing equations

or a particular physical model.
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(3) Preliminary Definitions and Theorems

In the following chapters, use will be made of terms and concepts
common to basic functional analysis. In the interests of completeness
and consistency these terms will be briefly defined in this section.

A more complete and precise description of the majority of these con-
cepts can be found in either Rudin [34] or Schecter [41] .

To begin, suppose we are given a vector space X, that is, a set
whose elements are called vectors and for which addition and scalar
multiplication are defined. The scalar field for most of our purposes
is assumed to be the real numbers. The vector space X is‘ca11ed a
normed space if there exists a functional from X into IR, denoted by

[|-]], satisfying

(1) [lx+yl] < [IxI] + [yl ¥V x,yeX
(ii) |]ex|] = |o| [|x]] o a scalar

(iii) ||x|] >0 if x #0

Every normed space may be regarded as a metric space in which the dis-
tance d(x,y) between x and y is ||x-y||. These most basic preliminaries

lead to our first definition,

Definition: A Banach space is a normed space which is complete in the
metric defined by its norm; that is, every Cauchy sequence is re-

quired to converge.

Our formulation of bifurcation will be in terms of an operator map

between Banach spaces.
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Suppose now we are given a mapping F between two normed vector
spaces X and Y which is linear. A set A=X will be called bounded if =
m 3 ||a]| < mWacA. The boundedness of our linear operator F is deter-

mined by its behaviour on these sets.

Definition: F:X+Y is a bounded linear operator iff F(A) is a bounded

subset of Y for every bounded subset AeX.

It is well known that if X is normed, boundedness and continuity
of linear operators are equivalent. If X and Y are normed spaces we
let B(X,Y) denote the set of all bounded linear mappingsfrom X to Y.

This set can be made into a normed space by defining

HFIT = sup| [FOx) ]
Ix]1=1

It can be shown that if Y is a Banach space the above norm makes

B(X,Y) into a Banach space.

Using these ideas and the norm topologies of X and Y we can define
the derivative of an operator map between X and Y.
Definition: Suppose X and Y are Banach spaces and F maps X into Y.

F is Frechet differentiable at Xo iff there exists DF(xO)eB(X,Y)

such that

[FOrgtu) = Flxg) - DFOxghul

Tim [luf]
u=0
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It is clear that the Frechet derivative (if it exists) is unique.
If for some open set AeX, the map a*DF(a) is continuous then F is said

to be continuously differentiable in A.

In the following Chapters we study solutions of G(u,A) = 0, and
the structure of the Frechet derivative of G with respect to u will be

found to be of great importance.

Returning to the space B(X,Y) we note the special case when Y=IR
(or €). 1In this case the elements of B(X, IR) are called the continu-

ous Tlinear functionals on X and we have

Definition: The dual space of a Banach space X is the vector space X*

*
whose elements are all the continuous linear functionals x eB(X, IR).

*
The norm in X 1is in this case

* *
[[x [ = sup|x (x)]
[1x] =1

* i
and since IR is complete X 1is a Banach space. We can now define an

adjoint operator acting between dual spaces.

Definition: Let X and Y be Banach spaces and FeB(X,Y). Then define the

* ‘ "
adjoint F of F to be the operator for which

(Fy" ) (x) = y (Fx)
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It is easily seen that this defines F. uniquely and that [IF*[|=|[F|].
We now may use the notions of a dual space and an adjoint opera-

tor to proceed toward a statement of a specialized form of the Fredholm

Alternative. First, suppose M and N are subspaces of X and X*, res-

pectively. We define the annihilators Mt and LN as

mb = {x*lx*(x) =0 V xeM}

Ly

(x]x(x) =0 ¥ xen

Using these definitions we note the following sequence

y*eN(F*)

Fry*=0

(Fxy*)(x)=0 ¥ xeX
y*(Fx)= W xeX
y*eR (F

where each statement is equivalent to the one that follows or precedes

it. That is, N(F*) = R(F)‘L This means that to solve
Fx=y

it is necessary that x*(y)=0 for all x*ecN(F*). Under what conditions

i !

is this also sufficient? That is, when can we state R(F)= N(F*)? This

is answered by recalling that‘LM‘L= M for any subspace M. Thus,

P

R(F) = JN(F*) and we see R(F) ='LN(F*) iff R(F) is closed.

Now if X1 is a closed Qubspace of X we may define the codim X1
as the dimension of the quotient space X/X1. If this dimension is
finite then there exists a closed subspace X2 complementing X1 in X.

That is we may write X as the direct sum X = X] (©) X, with codim
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X, = dim X

1 2

Using these ideas we may now state a modified Fredholm Alternative.

Theorem: Suppose F:X+X is a Fredholm operator of index zero.

That is;

R(F) is.closed
dim N(F)=d
codim R(F)=d

Then with regard to the equation
Fx =y
we have either
(i) A unique solution for every yeY (if d = 0)
or
(ii) an infinite number of solutions for some y and none for others.

In the Tlatter case we have a solution iff y*(y)=0 for all y*eN(F*).

This is a considerably weaker statement than the usual Fredholm
Alternative. Normally one considers F=I-K with K compact and then
proves our hypothesis that F is Fredholm of index zero. The above
result is sufficient for our purposes however. We note that if F is
Fredholm and codim R(F)=d then A* has exactly d null vectors

LA : * i

Pyealy and R(F) = {xexlwix=0 i=1,..d}.

In finite dimensions, if an operator has an inverse then the inverse

is bounded. In infinite dimensions this need not be the case since R(F)
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may not be closed. We have however;

Theorémﬁ‘(BOUnded Inverse). Let F:X+Y be a continuous mapping from

the Banach space X onto the Banach space Y. If N(F)={0} then

FF1_1s bounded.

We shall use this result later in the following form. Suppose we
have a bounded linear operator F with N(F)=X] being finite dimensional.
Then there is a closed space X2 complementing X] in X. Further sup-
pose R(F)=Y1 is closed. Then the restricted operator E=F y +Y] has a
bounded 1inverse. 1

We now state a version of the Implicit Function Theorem which will

be quoted in the existence theorems of Chapter II. The formulation

follows that of Nirenberg [2%].

Theorem: (Implicit Function)

Suppose X, Y and Z are Banach spaces and F a continuous mapping
of an open set U< X x Y > Z. Assume that F has a Fréchet derivative
with respect to x, denoted Fx(x,y) which is continuous in U. Let
(xo,yo)eU and suppose F(xo,y0)=0. Then if DF(xO,yO) is an isomorphism

from X onto Z we have,

(i) There exists a ball Br(yo) = {y Illy-y0||<r} and a unique continu-

ous mapping u:Br(y0)+X such that u(yb)*xO and F(u(y),y)=0.
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(i1) If F is a k-times continuously differentiable in U then u(y) is

k times continuously differentiable.

We conclude this section with the statement of a basic lemma which
is essential to many of the results of Chapter II. This lemma originat-

ed in Ke11er[}§] and our presentation follows this work.

Lemma I: Let B be a Banach space and consider the linear operator

A:BXJRY+BX|RY of‘the form:

Ao (A B)
C* D
where
A: B~ B B: RY > B
c*: B > RY D: RRY - RY

(1) If A is nonsingular then A is nonsingular iff

1

(a) D - a1 is non-singular

(2) If A is singular and
(b) dimN(A) = codim R(A) = v
then ﬁ is non-singular iff:
(cq) dinR(B) =y (c7) RIBYIR(A) = (O}

(cy) dinR(CT) =y (c4) NGAN(CT) = (0}
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~

(3) If A is'singular and dim N(A) >y then A is singular.
Proof: To prove A 1is nonsingular we must show it is both one to one

and onto. We will do this by considering
X h {
g n
F + Y . .
where x, ye B and &, n elR” . Considering

+

Ax + BE

(o) (existence)
* o

€ x + DE

n
<

1
34

if A is nonsingular, (a) must have a solution for any (y, E)T.

In addition the only solution of

Ax + BE
(B) (uniqueness)
* =
C x + Dg

1}
(=)

I
o

+ 3 s .
must be x =0, £ = 0. We now consider the various cases.

Case I: Suppose A 1is non-singular and (1) (a) holds. Then from (8)

and so

~ +* i
where D=D-C A B
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~

Fhus if D is non-singular the only solution is §'= 0 forcing x

1]
o

and so we have uniqueness. Further, (a) implies

% = Ay . AL g2
~ * -

so Dg = ﬁ -C A ly
/\_ * =

—_— E=pld - ¢ 5l

Thus for any (y, ﬁ)T we determine an £ and consequently an x.

Hence we have existence.

Case. IT: Suppose A and E are non-singular,we wish to show B is
non-singular.

.As above we have

0=F-c Aty
and this has a solution for any (y, %)T, in particular y = 0. Letting
n vary we see 6 is non-singular.
Case III: Suppose (2) (b) holds and let (CO) - (C3) be satisfied.
We wish to show R is non-singular.

Considering (B) we see that if BE # 0 then Ax % 0 violating
(Cl). Thus BE = Ax = 0 and (co) forces £ = 0. Hence c*x =0 so
x € N(AYD) N(C*) and thus x = 0. This give uniqueness.

From (2) (b) we can write

B =R(A)®DC
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where dim C = v. However since dim R(B) = v and R(B)[) R(A) = {0}

we may put

B = R(A) ®R(B)

Thus for any y there is a solution —(XO’ E) of

=y - BE
AxO =y - B .

The general solution to this equation is x = Xo + Zy where Zg € N(A).

Now to solve

* _...) - *
C Zy =n - DE - C X0

*
M N(A) = {0} and dim R(C )} = v. Thus-we have a solution

*

we note N(C )

Z5 for any ﬁ and existence is satisfied.

Case IV: Assume (2) (b) and let A be non-singular,we must show
(CO) - (C3) are satisfied.

. > V
From existence, for any y e R(A) & €IR° such that
>
Ax = y - BE ¢ R(A).

Thus we must have dim R(B) = v. Now if (C3) does not hold then 3 x0¢0

T

*
such that Axo = C Xg = 0. Taking (x, E) = (xo, O)T we violate unique-

ness. Writing



then

* ~
where ;j =C ¢j. Since A s non-singular the Ej are independent
*

giving dim R(C ) = v.
Further, if (Cl) did not hold, the equation

+
Ax + BE =0
would have a non-trivial solution violating uniqueness.
Case V: Suppose dim N(A) > v. Then there exist independent XseeeX4q

*
for which -Axi = 0. The v + 1 vectors C X; i=1,...vt1 are depen-

dent and thus there is a non-zero (ul,...,uv+1) for which

*
Toa, C x. =0

i i

That is A(z o, xi) =0
*

C (z oy Xi) =0

violating uniqueness, so A 1is singular.
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Chapter II  Existence and Structure of Bifurcation Branches

(1) iﬁtrodﬁcfidn

This chapter deals with some of the theoretical considerations
involved in bifurcation. Following the approach of Chapter I we

study solutions to an equation of the form
Glu,x) = 0 (1713

Here u is an element in some Banach space B and G is a non-linear
operator map from Bx IR into B. Study is made of solutions in the
neighborhood of a known solution point (uo,ho).

It is shown in Section (2) that for the point (uO,AO) to be a bifurca-
tion point, certain requirements must be satisfied by the Tinearized

operator Gu(uo,xo). Under the assumption that Gu(uo,xo) is Fredholm
of index zero with an m-fold semi-simple eigenvalue, a necessary
condition for bifurcation is seen to be the satisfaction of a set of
algebraic equations. This approach is a slightly modified Lyapunov-
Schmidt procedure (Vainberg and Trenogin (46)). The structure of
higher order Algebraic Bifurcation Equations is also indicated.

Since isolation of the roots of these equations will play such an
important role, Section (3) is concerned with some of the conditions
under which isolation may occur.

Section (4) deals with the problem of constructing a formal
perturbation series solution in the neighborhood of a bifurcation
point. It is found that isolation of the root in question allows,

in theory, the determination of the perturbation series to any order.



..

Most approaches to bifurcation assume that Gx(uo’xo) is in the
range of the operator Gu(uo,xo) Section (5) drops this assumption
and derives a new set of algebraic equations, called the Limit Point
Bifurcation Equations.

The rooft structure of either the Algebraic or the Limit Point
Bifurcation Equations can be exceedingly complex. In general, they
fall under the classification of singularities of vector fields and so
aspects of catastrophe theory apply. (Thom (43), Chow, Hale, and
Mallet-Paret (6)-(7), Thompson and Hunt (45)). Section (6), however,
studies the root structure from a different viewpoint and indicates
some of the various possibilities.

Section (7) contains the basic existence results. It is shown
that for edch isolated root of the Algebraic or Limit Point Bifurca-
tion Equations, there exists a smooth solution branch bifurcating
from (uo,xo), with its local structure determined by this root.

The linearized stability of solution arcs in the neighborhood
of simple normal 1limit points and simple bifurcation points is con-

sidered in Section (8).
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(2) Algebraic Bifurcation Equations

In this section we study the problem of finding a formal solution

to
G(u,A) =0 £2.7)

in the neighborhood of a known solution point (uo,lo). In what follows
G will be a twice continuously Fréchet differentiable mapping from some
Banach space B1 = B xIR into B. At the point (uo,ko) we assume

Gg = Gu(uo,xo) is a bounded Tinear operator satisfying

0y _ : _ -
N(Gu) = X1,d1m X1 = d1 <

R(GS) X2 is a closed subspace of B ‘ (2.2)

codim X2 = d2 <

i.e., we are requiring GS to be a Fredholm operator and define its in-
dex by

ind(Gﬁ) = dy-d, (2.3)

The simplest case with this structure is d1=d2=0; that is, Gg has
a bounded inverse. Here the Implicit Function Theorem yields a unique
solution arc (u()),A) through (uo,ko). The next simplest possibility
is dT > 0 but d2 = 0. In this case we may define Y1 as a closed
complementing space to X.l and i]ax1x JR. Then applying the Implicit

Function Theorem to
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G(Yq.X) = G(Y1fX1,A):YTXX1-* B

we see the solutions near (uo,ko) form a d]+1 dimensional manifold.

In both these situations it is clear bifurcation does not occur. Hence,
a necessary condition for bifurcation is that Gﬁ be singular and that
codim R(Gﬁ) be non-zero. (If B is finite dimensional, this is equiva-
Tent to dim N(Ga) # 0 since dim N(GS) = codinR(Gﬁ) in this case.) 1In

this light we make the further assumption

0y _
N(Gu) = span {¢T"¢m} {2.4)
o*, _ * %
N(Gu ) = span {w1...wm}
and since R(Gﬂ) is closed

R(62) = (XeBJy3X = 0 i=1,...m (2.5)

In addition we demand the structure of the zero eigenvalue of Gg to be

such that

*
Vids = 845 (2.6)

* )
(A11 that is required is that the matrix M = (wi¢j) be non-singular,
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but the eigenfunctions can be then chosen for convenience so that

M =1.) If we define the multiplicity u of the eigenvalue by
w = din U N(E))) (2.7)

we see that (2.6) implies u = m. We call such an eigenvalue simple
when m = 1 and semi-simple when m > 1 (Kato ‘}3] .) Such eigenvalues
are often said to have Riesz index 1.

We now proceed with the study of solutiens of (2.1) near
(uo,Ao) by supposing the existence of a solution arc (u(e),r(g))
depending smoothly on some parameter e and finding the equationé which

must necessarily be satisfied by the arc. Hence, suppose we have

G(u(e),r(e)) =0 |g] L e (2.8)

with (u(o),x(0)) = (uo,xo), which depends as smoothly as desired on €.
Differentiating (2.8) with respect to € and evaluating at € = 0 we

have
(o) = 0 (2.9)
6%(0) + 6%%(0) = - (62, 4(0)i(0) + 263, i(0)A(0) + ,3%(0)) (2.10)

Here Gﬁu is the second Frechet derivative of G with respect to u

evaluated at (uO,AO) etc. Since R(GE) is closed the Fredholm Alter-
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native as stated in Chapter I specifies necessary and sufficient con-
ditions for the existence of a solution G(o) of equation (2.9),

i.e.,

. *
i

Ao)Y.Gy =0 i®= 1sa0asm (Z.1%)

0
A
From (2.5) we see equation (2.9) presents two possible cases
« ) )
(i) erR(Gu)

(i) G;¢R(Gﬁ) But A(0) = 0

The second possibility is called a normal Timit point and will be
discussed in section (5). We assume case (i) for the present, and

hence

(o) =5 £, £ = o) (2.12)
=

where the scalars Ej are as yet arbitrary and ¢o is the unique (from

(2.6)) solution of,

(2.13)
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Since GieR(Gz) the necessary and sufficient condition for the existence
of a solution U(o) is that the righthand side of equation (2.10) be in

R(GE). This requirement gives m equations for the m+1 unknowns

(B s s}

where we have defined, for i,j,k = 1,...m;

= o
34k = 24kj = PiGuu itk
\
TR, 0
by = ¥1(6yu80 * G )95 > (2.15)
/

_ ¥, .0 0 0
Ga = ll[’1'(6'uuqbod’o v ZGu>\¢o * GAA)

Clearly if (Eo,...Em) is a solution of (2.14) then so is (BEO,...Bg )

m
for any B; to avoid this non-uniqueness we add the equation
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ZEO FE. By = 1 (2.16)
We will find in the following section that this equation will allow a

unique definition of the expansion parameter €. We can rewrite (2.14)-

(2.16) in a more compact vector-matrix notation as

ABE +2eBE+EE =0  (a)

) (2.17)
BTt w2 = (b)
where
m
B(EaEpn - B € R A)Z(A ) = () ay58,)
k=1
(2.18)
- >_ T m
B:(bij) c:(c1,c2...cm) e R

The equations (2.17) are called the (quadratic) Algebraic Bifurcation

Equations. Section (6) will consider several specia1-cases of these
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equations and will indicate the varied solution structures to be ex-
pected. Clearly (2.17) (a) are m equations homogeneous of degree two
in the m+1 variables (go,...gm). In most applications the matrix B
is non-zero, in fact, it may often be taken to be the identity. How-

ever, it often happens that
A(£)=0 a; 510 i,3,k=1...m (2.19)

This can occur in two basic ways,

(i) GEU:BXB+B is identically zero

(2.20)

(1) 6o XX S X

1771 2

Since the second is less restrictive, we will assume (2.20)(ii). The
assumptions (2.2) along with semi-simplicity of our eigenvalue allows

a direct sum decomposition of B,

B = X,@X, (2.21)
and we see GE maps X2 in a one-one fashion onto X2. Defining

~

s 0
Gu = Gu (2.22)
X2
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and recalling that X2 is closed, we have the existence of a bounded

inverse for this restricted operator

(2.23)

As a preliminary to the construction of the higher order bifurcation

equations we find the third and fourth order equations of (2.8).

Gau(i) + ng(i) = ri(u,k,...u(i*1),k(i'1)) (2.24)
where
r,=-13 [(G° 60 AYd + (62, +60 'x)‘x']% 3 (62 hut+6l, . ii?%)
3 uu ui UA" TAA UuA UAA
(2.25)



« 8=

= 0O ¢,~0 ¢ 0 ». 0 *® . o2
ra 4% [(GUUU+GUAA)U * (GuAU+GAAA)AJ

Q e~ (0 AL 0= 0.- .s
+3 [(GUUU+GUAA)U ¥ (Gukuquxl)kl

0 LI ) 0 .. 0 L .
b (GuuUUU+ZGuuAUA+Gukak)u (2.26)

0 cs 0 . 0 '2 .
+6 (GuuAUU+ZGuAAUA+G o A

o 40 o} .3 0 *2:2,,.0 =23 0 24

+ (Guuuu””““+4euuux” A+66uuxx” A +4GUXRAUA 63530 )

Now (2.17) with A (E)EO becomes
>
£,(2BE + £ ¢€) = 0
(2.27)

262 + B2 =

p—

Equation (2.27) has two possible types of solutions
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If B is non-singular case (ii) always gives one distinct solution,
which in the next section will be shown to be isolated and hence
(Section (7)) generates a bifurcating branch of solutions. If B is
singular case (ii) may have one so]ufion_(§0=0, Bg=0,_ng=1, if é#R(B),
dim N(B)=1)or a family of solutions (if CeR(B) or dim N(B)>1) but in
neither case can bifurcation be guaranteed. It is case (i) which re-
quires the study of higher order bifurcation equations since all ampli-
tudes of the eigenfunctions are left undetermined.

If we place A(o0) = Eo =0 in (2.10) we must solve

Os 0 _ 0o » - )
Guu + GyA = -Guuu(o)u(o) (2.28)

where
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and the Ej's are presently unknown. Equation (2.28) has a solution

since the righthand side is in R(Gﬁ) and we make it unique by demanding

*e. .
wju =0 3= Taassm (2.29)

Now from (2.19) we can solve uniquely for each (j,k):

0 _ _a0
Guvjk - G'uuqJ;jd)k
(2.30)
* ~ -
wivjk =0 d=l,...m
that is,
_4-1.0
vjk = Gu Guu¢j¢k (2.31)
and so we construct the unique (o) as
u(o) =Zaj£kvjk + A(0)d, (2.32)
Now when A(0) = 0 (2.25) becomes
= (0] " e QO e O o
ry = —(Guuuuuu * 3Guuuu + 3Guxux) (2.33)

and the existence of a solution to (2.24) requires
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—~
o
S
o]
oy
I
o

(2.34)
Mo) =0 EVE =1

where A(Z,Z,2) is a trilinear operator on R™ x R™ x R™ defined by

A= (aggp) = VIR0, 50k0y + 3600560 60 0 8,)  (2.35)
We note that A(X,y,z) is symmetric in its last two variables, and if
(2.20)(i) holds it is symmetric in all three. In any case A(Z,%,%)
is homogeneous of degree three. Equations (2.34) along with the
normalization (2.17)(b) are called the cubic Algebraic Bifurcation
Equations.
Although the pattern is clear, the quartic algebraic bifurcation

equations are

(2,2,2,%) + 48EX{0) =

(2.36)
A(0)=k(0) = 0 E'E =1 '

where A = (a. ) and we have

ijkam



3.

*

_ 0 o ~=1.0
23 5km Jpi:Guuuud)jq)k(bﬁud)rn i 6Guuu¢j¢kGu Guu%fbm

o (~-1.0 ~-1.0
* 36, (6, 60 (6, 6L d0d) (2.37)

B . o] pnd o, ~-1.0
* 4Guu¢jGu (Guuu¢k¢£¢m + 3Guud)kGu Guu¢2¢m)

Once again we see'A(?,?,W,?) is symmetric in its last two arguments,
its last three if GﬁuX]XTEO and all arguments if GSuXIXT=Gﬁuux1X1X1EO‘
In all cases A(E,E,é,%) is homogeneous of degree four.

The preceding has shown that the existence of a smooth arc of
solutions (u(e),A(e)) of (2.8) through a singular point (uo,xo) of the
Tinearized operator forces a solution of a set of algebraic equations.
That is, the satisfaction of the Algebraic Bifurcation Equations (of
some order) is a necessary condition for bifurcation. It will be
shown in section (7) that isolation of solutions of these equations is
a sufficient condition to guarantee bifurcation. In preparation, the

next section will define isolation and study circumstances under which

isolation may occur.
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(3) Isolation of Roots

Returning to the quadratic bifurcation equations, we define

m

m m
.- i ' .' . 2
1ol it Gl e o JE Z 23 31 452 Z by 1£ 15 *C 150
j=1 k=1 j=1

(3.1)

2 2 2
9 (- - B )ZES +..E0 + 262 - 1

and

We now suppose that for (E,Eo) = (g*,ig) we have a root of
G(Z,5,) = 0 (3.2)

Definition: Given H, a smooth mapping of a Banach spage B into itself,
and a solution X0 of

H(x0)=0
then this root is fséléfed'iff the Fréchet deriyative Hx(xo) is non-
singu]ar;

This definition applied to our situation characterizes



3T
isolation in terms of the Jacobian of (3.2) at (E*,E:) If we define

_ (%%
2d = ﬁ;——
J (+ +>% ¥

E.) (3.3}
and recall that aijk = aikj we may write

[ * * *  ky )
AE) + g B BE+g ¢
J = R R (3.4)

*T *
4 -2,

Then if J=|J| we find a root is isolated if J:0. This condition
clearly demands non-singularity of an m+1 dimensional square matrix.
This can be simplified slightly by an application'of Lemma I. We

state this in
-+ >k %k . .
Lemma 3.1 Let (g,go) = (E ,go) be a root of the Algebraic Bifurcation
Equations (3.2). This root is isolated iff
* * . "
(i) A(E) +£ B is non-singular

or (i1) g: = 0 is a simple eigenvalue of A(E*) and {4.5)

BE ¢ R(A(ED))
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Proof: We will suppress the * for convenience and will indicate the
various requirements by referring to the notation of Lemma I

in Chapter I.

First suppose A(Z) + EOB is non-singular, i.e., case (1).
To verify (a) we note
. > - 5 -+
(AE) +£B)E = -£,(BE + £¢)
and so g, T0

since otherwise A(%) +£OB would be singular.

Further

T=

v

1

x

+ 0 so J £0.

D-CTA" B = 2t + ol
- = go —g

Y

0

Now suppose case (2) and (b) holds (y=1 for our problem).
Then from (3.6) (c]) is violated unless £O=O. Thus, 5%0 is the unique
eigenvector of A(E) for the eigenvalue zero. If é%&R(A(E)) (CI) and
hence (co) are satisfied. Since £}0 (c2) is satisfied and if zero is
a simple eigenvalue (cé) is fulfilled. This exhausts all possibilities

since by case (3), if dim N(A(£)*£_B)>1 then J=0.
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In the same manner one can find conditions guaranteeing isolation
of a root of the higher order bifurcation equations. We indicate this

for the cubic equations. Defining

2%k

(€ £,)=(2".¢,)

>0

where the gi(g,go) of (3.1) are replaced by their equivalents in (2.34).

In this case we find

-

[ AGLEE) + a2, ) + 38X(0) - 382
Jy = : (3.8)

22T .0

* %k

where A(-,Z ;E ): IR™+R™ is the obvious linear operator.

If we are in the case where A is symmetric in all variables, we have

(%*,53) is isolated iff
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*- >% .n
(i) A@EZ ,*) + A(0)B is non-singular
or

(i1) (o) = 0 is a simple eigenvalue of A(Z,Z", *)
and B§*¢R(A(E*,E*,-))-

This can be proved in the same manner as Lemma {313,
If we turn to the special case of a simple eigenvalue the

Algebraic Bifurcation Equations reduce to

2 Z .

31157 5gE Y 645 = 0
(3.9)
2 i
250 +g] - 1

and we see that Lemma (3.1) states that isolation is equivalent to

1187 *Ebyy T O

(3.10)
or g = 0 and b11 £0

The second of equations (3.9) forces one of (5051) not zero, say EO+O

and define X = g]lso, then we need

2 _
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which is a quadratic equation with real coefficients. Hence, if (3.11)
has a real isolated solution, it must have a second real solution.
Hence, if moving along a solution arc, one encounters a simple eigen-
value one need only check the known (from the assumed arc) solution of
(3.9) for isolation to determine bifurcation. We will see in section
(6) that for a semi-simple eigenvalue this is not in general correct.
We note that if (o,)) is the known branch then By ™ 1/V2, £, =0

is a root of (3.9) and this is isolated iff b]1 £ 0, i.e.,
*
Y60 F O (3.12)
which is the commonly quoted bifurcation condition.

(4) Bifurcation by Perturbation

Section (2) determines the solution of the Algebraic Bifurcation
Equations as a necessary condition for the existence of a smooth solu-

tion of

G(u(e), A(e)) =0

(4.1)
(u(0),a(0)) = (ug »2r,)

The parameter e, however, was not explicitly defined. Section (3) is
concerned with conditions under which a root may be isolated. In what

follows we will describe a formal regular perturbation procedure for
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determining a solution of (4.1) and give an appropriate definition of

e. In addition, it will be shown that isolation of a root of the

A.B.E.'s is sufficient to allow the determination of the perturbation

series to any order.

Under the assumptions (2.2-6) define
2. = (¢;,0) i=1,..m
0, = (9,51

and define the subspace N{EEB] by

N, = span (@1, i=0,...m)

(4.2)

(4.3)

We define P as the projection an 81 with range N.I and introduce an

inner product on N.I by

<

]
w
Ll
+
+
w0
(=l

<U, V>

i

2&080 toBy o o8

Since the @1 are independent, this is a valid inner product which induces

a norm equivalent to the original norm on B1 when restricted to N1. We

0 B, <(0551)5 (0, 10>+ oo + o 8<(9,0),(6,,0)>

use this to define £ as the norm of the projection of the solution in

N That is we attempt to solve

'lo
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G(u(e),r(e)) =0 (a)
(4.5)
| 1P((u(e),r(e)) - (UO,KO))I]N] =€ (b)
where || ||, is the norm in N,. We assume a solution of the form
1
. EZ'I
xle) = Aofex(o)+-2-—>\(o)+...
(4.6)

u(e) = u0+e:l](o)+~g—~h'(o)+...

Placing this into (4.5) we get equations (2.9), (2.10), (2.24), (2.25),

(2.26) up to the fourth order in €. As before
m
i0) = ) €05  Ao) =gy (4.7)
J=0

and existence of a solution to (2.10) results in the Algebraic Bifur-
cation Equations. We suppose (E,EO) is an isolated root of (2.17).

We see that to this order (4.5) is satisfied. Under these conditions

the solution of
1) i - . - . 02
GOU+GA =- B0 1(0)0(0)+267, (o)A (0)+6,,3%(0)) (4.8)
may be written as
m
as i -l
u(o) = E: Ej¢j + W, (4.9)
J=0

El = A(0)
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where W, has no component in X1 and is uniquely determined but the
S; are arbitrary. If we use this expression in (2.25) then the exist-

ence of a solution at third-order forces
> - I o -
(A(E)+E B)E, + (BE+E CYE ) = Ky(E,E ,wWq) (4.10)

where 315 (E;,...,E;)T and K1 is a known vector depending on deriva-
tives of G and the indicated arguments. In addition we see, where

2
uz(e) = u0+eﬂ(o)+%—ﬁ(o)

JLCAORACISCRW IR e (BTEr2el )+ (BTE 428 E))
and so to satisfy (4.5)(b) to this order we demand

T+ 1 _
EE+2eE =0 (4.11)

We can rewrite (4.10), (4.11) using the definition (3.3) as (with

0.
ky = 0)
& &
J = (4.12)
S

Now since J is assumed non-singular we may uniquely determine (31,51).

To show this process is the same at each step we consider



B

6, (ule) A (£))5546, (u(e) A ()3 = 0 (4.13)

and differentiate w.r.t. € (n-1) times to find

Gu(e)u(n) + G}L(E)A(n) = r(e) (a) (4.14)

+ Ho(u(]), o AU Lo b
1 1
. d(n )Gu . 1 d(n )G)\ ?\('I):I (b)
de de

= Guku(n—1)+6kxk(n_1)+H2(u(]),...u(n-z),k(]),...k(n-z))

(d)
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=601 Qukk(]) (e)
da
7 = Guut’t + gt (f)

Collecting (4.14) (a)-(f) we find

(n)
Guu +GAA

+uM . u(n-2), 1(1),...x(”‘2))] (4.

From the structure of (4.15) we see that we can write

m

where wo is the unique solution of a compatible (n+1)§E-equation

the Eg are determined by making the (n+2)ﬂg-equation compatible,

0 n

(AR)+EBIE, + (BE+EE)E] = K (B q, . By qyawqseiam)) (4

and we satisfy (4.5)(b) to this order by forcing

(n)=—[ " ((Guuu(1)+GuxA(]))u("—1)+(Guku(1)+GXAA(1))A(n'

1)

15)

.16)

and

17)
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n--] 03 .

R e I G AR AL PACICI ) I CRT)
3=1

and once again we rewrite (4.17), (4.18) as

I LR S

n n
J = (4.19)

kg(s,...i(n_1))

Thus we see that an isolated root of the Algebraic Bifurcation Equations
is a sufficient condition for the existence of a unique perturbation

expansion of (4.5) to any arbitrary order. The form of the solution is

given by
u(e) = e £5(e)ey) + ePue)
j=0
(4.20)
Aple) = (e)
where w;w(s) =0 j=1,...m
_r 4E L 4l £ TE ) + 28 ( )2 = (4.21)
and Ej(s) -gj+§gj+ ... wit | E(e) E(e £ le | = A

We note the especially simple case of bifurcation from the trivial state.

Here Ny = span (4,,0) and | |iN coincides with the norm in B,
1
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(if || ¢4 [| = 1) and our solution is

=
—

m
~—

1]

ugte(d ten(e))

>
o~
m
S®
L]

Aofei(o){.. ' (.22)
tp’;w(s) -0

and here ¢ is precisely the norm of the component of un(s)—u0 in the
null space of Gﬁ. Even in the semi-simple case if B.E has a Hilbert
space structure we may choose our ®j to be orthonormal and then once
again ||P( )[[N] = || |lg. and so here also e becomes the norm of
solution in the eigenspace of GS 2 Gg.

The perturbation expansions derived in this section are in general
not convérgent to an actual solution. However, if (u(e),A(g)) is the
exact solution (guaranteed by section (7)), it is possible to show

these expansions are asymptotic to (u(e),A(e)). That is one may

write

u,(e) + e(”+1)vn(e)

u(e)

A (e] # s(nﬂ)u(s)

A(e) .

and by using isolation and contracting mapping techniques one may show

V,(e) and u(e) are uniformly bounded for !s]gpo.
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We conclude this section by quoting a Lemma which could be
applied to give (4.15) and to indicate some of the structure of

el D, u(n-2) 5 (0 5 (n-2),

g5 s

Lemma (4.1) Let G(u,A) and u(e),x(e) have M continuous derivatives
in some neighborhood of G(u(o),r(0)) and e=0,
respectively. Then for some e >0 and all Ielggo and

forn=1,2,...M

n
k
n _ 2 :
0"6(ule)A(e)) = ) ) Gy hlkgkpsnse)
k=1 kytk,=k
Dotk 2
a.(kq,n B.(k,,n)
_ > 1° ’
h(ky.ky,n5e)= R A(Y(k],kz,n)ﬂ—rD ! U(efr]b P e
[¥(kqskyen) | =n i=1 i=1
where =d_ sz = G (u(e),a(e))
de kg Uewsll Agaahtov /92
Ky ks

A(?(k],kz,n) are positive integers and ?(k],kz,n) is the multi-index
with k1+k2=k positive integer coefficients

>
and |y(kjaky,n)| = aq + ooy 4By 4 Lol

1 2
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This Lemma is a generalization of Lemma (3.14) of Keller and
Langford [?d] and can be proved in a straightforward though laborious

manner by induction.

(5) Normal Limit Points:Simple and Multiple

In this section we continue our study of solutions (2.1) in the
neighborhood of a singular point of Gu of the type specified by
(2.2)-(2.6). Early in section (2) we found that a solution of

ega(o) + Ggi(o) =0 (5.1)
required A(0)d =0
(5.2)

d. = w:eg i=1,...m

which presented two possible cases; (i) d=0 or {11} d#0 but i(o)=0.
The first case was pursued in section (2) and led to the Algebraic
Bifurcation Equations. 1In this section we shall consider case (ii).
The point (uo,Ao) at which A(0)=0 but GfiR(GS) is called a normal
1imit point, simple if m=1, and multiple if m>1. Simple and multiple

normal 1imit points exhibit qualitatively different behaviour. We
shall see that there is a unique solution arc through any simple normal
1imit point. A multiple normal limit point, however, may exhibit

bifurcation.
If we have (uo,xo) a simple normal limit point and A(0)#0 then in

a neighborhood of Ao there are either two solutions or none. That is,
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A, s the Timiting value of A for which a solution (on this branch)
exists. The terminology is unfortunate, however, since the points AO

and C0 of Figure (5.1) are also normal limit points.

>

<0 tom>]

-
.

N(u)

Figure 5.1
We now proceed to derive the equations which must be satisfied
by any smooth solution arc through a normal Timit point. With i(o)=0

Equations (2.9), (2.70) and (2.24) become

eﬁa(o) = 0 (5.3)
GSU(0)+G§X(0) = -eguu(o)u(o) (5.4)
G‘Jﬁ‘(o)mgr(o) = —3(Ggu'lit]+GﬁAfD()-Gguuﬁ(o)ﬂ(o)ﬁ(o) (5.5)
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The solution of (5.3) is given by
m
u(o) = Zajcbj (5.6)
J=1
and existence of a solution U(o) requires
AE)E + X(o)d = 0 (a) (5.7)

In addition we may impose the normalization (4.5)(b) which forces

£y * 0 & BEE=T (b) (5.7)

Each root of (5.7) (a),(b) gives a candidate for a solution arc. It
will be shown in section (7) that each isolated root of (5.7) generates

a solution branch through (uo,xo). The Jacobian of the above system

is given by
2A(E) : @
J — ]J[ = . - . : = (5'9)
2T 0

Using this expression we can state conditions for the isolation of a

root of the Limit Point Bifurcation Equations as;

Lemma 5.1 Let (£.x(0)) be a root of (5.7)

This root is isolated iff
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*
(i) A(Z) is non-singular .
or (ii) A(o) = 0, zero is a simple eigenvalue of A(ﬁ#); and

WR(AET)).

Proof: Isolation is equivalent to non-singularity of J. We indicate
the various requirements by referring to the notation of

Lemma I in Chapter I.

. *
Suppose we are in case (1), i.e., A(E ) is non-singular, then A(o0)#0

and hence
2T
p-calB=58-1 149
x(o) Alo)

and J is non-singular. Now suppose case (2) with vy = 1, - Then from

(5.7) (c1) is violated unless A(o0)=0. Thus, 2* is the unique eigen-

vector of A(g*) for the eigenvalue zero. Since €*¢o (by 5.7) (cg) is

satisfied and if zero is a simple eigenvalue (c3) is fulfilled. Thus,

if §¢R(A(§*)) (c]) is satisfied and J is non-singular. This exhausts
L%

the possibilities for isolation since by case (3) if dimN(A{£ ))>1 then
J=0.

Suppose we have a root (£,A(0)) of (5.7), then the solution of

(5.4) is

m
u(o) = E:Yj¢j + W (5.10)
j=1
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x 3
where W is the solutien of (5.4) with ij=0 j=1,...m. Compatibility

of equation (5.5) then forces
3A(E)Y +'X(0)d = K(£,%X(0)) (a) (5.11)

where k is a known vector. We add the corresponding normalization

equation to this order
£ =0 (b) (5.11)

and we see (5.11) can be written as

5] (¥
J = (5.12)
.X(o) 0

Hence, .if J is non-singular we can uniquely determine (y.i(o)). It is
a simple matter to show that isolation of a root (g;ﬂ(o)) allows the
determination of the terms in a perturbation series solution to arbi-
trary order.

It is also possible to arrive at higher order equations for a
normal 1imit point. That is, if we assume

Buwsr, @0  sdsk = Ty oudld (5.13)

ijk

then the only solution of (5.7)(a) 1sli(o) = 0, £ arbitrary. This

forces



BB,

m
u(o) = Zéiajvij
1531
0 .. w0
where Guvij = Guu¢1¢j (5.14)
* _ k B
wkvij =0 =71, ...m
and we place this in (5.5) to find
A(E,E,E) + x(0)d = 0
] .. T (5.15)
A(o) = x(o) = 0 £ £=1

Where the trilinear operator A(-,-,-) is given by (2.35). 1Isolation
of roots of (5.15) can be handled in precisely the same manner as
isolation of the roots of higher order bifurcation equations was con-
sidered in section (3).

We now consider the special case when the normal Tlimit point is

simple. Here équations (5.7) (a),(b) reduce to

2. . == _
a;iEy * A(o)d1 = B
(5.16)
& _
=1

Thus we have the solution



(5.17)

This yields only one distinct solution since switching the sign of 51
merely changes the sign of e. This root is clearly isolated. Hence,
if we apply the results of section (7) we find a unique solution arc
thfough (uo,ko). No bifurcation can occur at a simple normal limit

point. In the case of higher order equations we find

(0) = -agy 4 /4 (5.18)

to be the unique solution.
It will be found in section (6) that equations (5.7) may have as

many as 2m/2 distinct isolated roots. For m>1 we may thus have several
branches through (uO,AO). A11 these branches, however, have %% =0

at (u_,2r).

0" 0

(6) Root Structure of the Algebraic Bifurcation Equations

From the work of the previous section it is clear that the solution
of the Algebraic Bifurcation Equations is intimafe]y tied to the solution
of the full problem (2.1) in the neighborhood of a singular point. In
this sense the reduction of an (in general) infinite dimensional problem

to the solution of a finite set of polynomial equations is a tremendous
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simplification. Unfortunately these equations can exhibit a bewildering
variety of possible solutions. This section will not attempt a compre-
hensive description of the possibilities. Rather several special
examples will be considered which indicate the kind of results to be
expected. An application of a fundamental theorem of algebraic geometry
will be shown to give an upper limit to the number of possible isolated
bifurcating branches.

To begin we recall the Quadratic Algebraic Bifurcation Equations

as

m

m
. ~ 2
i=1,...m  f.(E,...5 ) = Z a;5kE55k * ZZbijEjEO + ik (a)

j.k=1 j=1

(6.1)

As noted before fi’ i=1, ...m are m homogeneous equations in m+1 scalar

m+1

variables and as sugh exhibit lines of roots in IR That is if

(g, o7+ 0Ey) is a root for any oe IR.

Equation (6.1) (b) excludes the identically zero root and removes most

,...Em) is a root then (af

of the non-uniqueness. However, if (EO,...Em) is a root (—Eo,...-gm) is

still a root. This corresponds to the two tangent vectors

¥+ = +(u(0),A(0)), determined by the direction of approach to (uo,ko).

For our purposes these roots will not be considered distinct.

As a first case we consider the equations for a simple eigenvalue

mentioned at the end of section (3). They are
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2 5 -

or c X242b X+aaaq = O x=Eg £.#0
1 1% g

(6.2)

In either case we clearly have a quadratic equation in one variable

~giving as possible real solutions either 2 isolated roots, one double

root or no roots. Viewed as an equation over € we always have two roots

(counting multiplicities). A theorem of Bézouyt indicates that this

behaviour is carried over to the case where m>1. For any point

(EO,...Em)e@m+1 we associate the line through the origin

(BEO,....BEm) ¥eeC, with a point in the m-dimensional complex projective

plane tP™.  Then one of the first results of algebraic geometry states

(Abhyankar [1]).

Theorem: (Bézout-1770): Let fi(go,...gm) =0 i=1,2,...mbem

algebraic ecuations in the m+1 complex variables EO,...g

th

with the 7" equation homogeneous of degree m, . Sunpose

the fi have no common intersection component. Then these

equations have
m
M= 11- m.
i=1

roots in gP". (counting multiplicities!)

The multiplicity of a root is a delicate concept. But for our

purposes it is sufficient to note that a root has multiplicity one iff
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it is isolated. A common intersection component is loosely a one para-

meter family of roots. As an example, suppose

FolE e ) = (Fag) (el
i(Eos-+Ep LML e
0 0

that is, each quadratic can be factored into two linear terms. The
m
plane 0=g(£0,...6m) = ( %:ajgj) is a common intersection component

If we apply this result to the equations (6.1)(a) we immediately deduce

Lemma (6.1) The quadratic algebraic bifurcation equations arising from
a multiplicity m semi-simple eigenvalue can have at most
2™ jisolated real roots.
For m=1 this clearly reduces to our known result for a simple eigenvalue.
We can use the structure of (6.1)(a) to say a bit more in the quadratic

case.

Lemma (6.2) The number of real roots (counting multiplicities and
assuming no roots from common intersection components) for

the quadratic bifurcation equations is even.

Proof: The coefficients of equations (6.1)(a) are real. If there is
no common intersection component, then there are 2™ yoots in ¢P™.
Hence, if P0 is a root ﬁe (complex conjugate) is a root. Since the
total number of roots is even and real roots are fixed by conjugation,

we see the number of real roots is even (counting multiplicities).
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For the case of a simple eigenvalue these two lemmas show that
existence of 1 real isolated root forces the existence of a second
isolated real root and hence, bifurcation. For m>1 this is not so sim-
ple. For example, if m=2, we have 4 roots in Eﬁz, if we know the exis-
tence of 1 isolated real root (from a known branch) we could either
have a second isolated real root or a real root of multiplicity 3.

In the second instance, the existence of bifurcation could not be
claimed.

If the problem in question requires the consideration of the cubic
bifurcation equations (2.34), then we may alternately write

to get 2 sets of m equations homogeneous of degree 3.
A(E.EE) + 3y°BE = 0 (a)
(6.3)
AEEE) -3BE =0 (b)

We see that if (E,y) is a root of (6.3)(a) then (%,1Y) is a root of
(6.3)(b) Thus, all real roots of (2.34) are given by the real roots

of (6.3)(a) plus roots (£.iv) of (6.3)(a) with (£,y) real. Here Bézouts
Theorem would allow at most 3" real isolated roots. Since 3" is odd,

it is possible to have a single real root. In the same way we write the

quadratic limit point equations (5.7)(a) as

A(E)E + v d= D (6.4)

and the real roots of (5.7)(a) are all roots of (6.4) of the form
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(Z,v) or (£,iy) for (£,v) real. The number of such roots can at most be
al However; suppose we have a real root'(g;i(o) = YZ), then clearly
(—E,X(o) = (-Y)Z) is also a root which appears to be distinct. As

before these two roots correspond to the two tangent vectors

AL)

¥+?i(ﬁ(0),i(0)) determined by the direction of approach to (u .A ).

(Eﬁuiva]ent]y they correspond to different choices of the sign of e;)
They will not be considered distinct for our purposes and so the maxi-
mum number of isolated roots would be 2"/2.

A11 the previous analysis gives an upper bound on the number of
isolated roots but does not guarantee the existence of any real roots
of equations (6.1), (6.3) or (6.4). We now mention a technique which
in special cases can prove existence of real roots of the Algebraic
Bifurcation Equations.

Suppose our problem has (u,A) = (o0,A) as a solution for all A.

Then it is easy to see the bifurcation equations (6.1) become

(a)

i
o

A(B)E + 2t BE
(6.5)

1}
—

262 + ET¢ (b)

and we see one root is given by o 1/V/2 , € = 0. (This is the root

corresponding to the trivial branch). This root is isolated if B is

non-singular. Assuming this, we can write (6.5)(a) as

T(E) =¢ & (8,51



where

=]

T(E) = - 87 A2 (6.7)

Problems of the type (6.6) have been studied by Birkoff and Kellog [4]
and Berger and Berger [3] under the name invariant direction problems.

Keller [}é], using the Birkhoff-Kellog theorem, has shown,

Lemma (6.3) Let B be non-singular and m-odd then (6.6) (and hence 6.5)
has at least one root with f#O.

We now extend this result to bifurcation from the non-trivial state.

Lemma (6.4) Let (A{O,R’;) be an isolated root of (6.1) with v # 0.

Then if m is odd (6.1) has at least one root distinct from

3 M

Proof: We reduce our problem to that of Lemma (6.3).

If we consider
AT + 2y By + &2 = 0
and AR + 2n (A(Y) + v B)n = 0 (6.8)

then it is easily seen that £ =1 + no?, B =W, is a root of (6.1)(a)

0
Thus, we may reduce the problem of finding a root of (6.1)(a) to find-

ing a root of (6.8),which is in the form of bifurcation from the trivial
state. By isolation and Ty # 0 we may write (6.8) (since then A(?)+YOB

is invertib]e),
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T'I (ﬁ) = noﬁ
(6.9)

-+

Ty == A+ B) AR

no}—

Applying Lemma (6.3) to (6.9) we find a root of (6.8) with n#0.
A11 that remains is to show (Eo,g) is distinct from (Yo,;). Suppose

>

(BvysBY) = (£,,) then By, = £ =n_y, so 8 =n_ and thenn = Z- n Y
= (B-n0)¢ = 0,a contradiction. ///

We note that there is no guarantee that the roots provided by
these lemmas are isolated. Also we see that if we assume no common
intersection components, then Lemma (6.2) gives the above results for
arbitrary m.

Further results based on invariant direction properties are

possible if T(Z) of (6.6) is a gradient system. That is, when
T@) =@ =1, (6.10)

Langford [24] discusses several possibi]ifies and notes fhat scalar self-
adjoint two-point boundary value problems generally lead to gradient
system bifurcation equations.

We conclude this section with two simple algebraic examples

indicating some of the situations described above. First, we consider

G(u,A) = (6.11)
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0o -1
0 _ " o _ 0
Here G = Gu(o,o) —( )and G, = [ J¢R(Gu).

0o : 0

This is a multiple 1imit point situation and the bifurcation equations

are easily seen to be

We have the maximum four isolated roots (51,g2,x) = [£1,0,71), (0.4157)
but we see this gives only two distinct tangents. These roots cor-
respond to the two bifurcating solutions given by

MUOIRON

(0,v2X,1)

w222y - (vzm,0.0)

and indicated in Figure (6.1) .



BB

“Figure (6.1)

Second, we consider a special case of a set of equations described by

Stakgold [a0].

-

F
u](x—y1(u%+u§))

G(u,A) = ¥:>0 (6.13)

.uz(x—yz(u$+u§))

o

Once again GS = 0 so we have a double eigenvalue. Here, however, the

algebraic bifurcation equations are cubic;

1
o

£1(2y1(£5+55) R (0)) = (a)

1
(]
—
o
~—

£, (2v,(£5+£5)-K(0)) = (6.14)

gf+eS = 1 (c)



by

These equations have four roots if Y]#YZ.

(1) €420, £,=tT, A=2y, or (i1) £,=0,E,=¢T, A=2y:

& 2
If we define X = — , Y = ;g- then (6.14) (a),(b) are represented
A

A

in Figure (6.2).

(a)
(b)

000
o 1111

non
o

Figure (6.2)

If Y1#Y2 these four intersections are isolated and yield two bifurca-
ting branches similar to Fig. (6.1). However, if Y=Y, the equations
have a common intersection component. It turns out that each point on

the co-incident circles yields a branch and hence, we have a sheet of

bifurcating solutions indicated by Fig. (6.3).



—§7-

Figure (6.3)
In general neither multiple roots nor intersection components can be

extended to bifurcating solutions. Often, however, the original equa-
tion may be invariant under some group action. In this case Sattinger
[}i] has shown the Algebraic Bifurcation Equations also exhibit this
invariance. Indeed all the higher order equations are invariant. This
invariance can easily be seen to generate a common intersection com-
ponent. For this situation it is often possible that any point of the
component will yield a bifurcating branch, and the group action will
then generate a sheet of solutions. Whether this is always true is at
present not known. This problem has received some consideration by
Ruelle [?3] and recently by Biichner, Marsden and Schecter [5] .
Although bifurcation in the presence of a symmetry group is made
difficult because the roots of the bifurcation equations are not iso-

lated, this situation may also introduce simplifications. The Algebraic
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Bifurcation Equations of order m in general involve 0(m3) independent
coefficients (aijk’ etc.). Sattinger [31] and [éé] has shown that
consideration of the irreducible representations of the group under
study can lead to a dramatic reduction in the number of these indepen-
dent coefficients.

A different situation occurs when the Towest order Algebraic
Bifurcation Equations have an intersection component due fo some invari-
ance which is not shéred by the higher order equations. In this case

one cannot expect each point of the component to yield a branch.
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(7) Existence of Multiple Bifurcation Branches

Most of the work of the previous sections considered formal solu-

tions of
G(u(e),Aa(e)) = 0 ({7:1)

depending smoothly on a parameter €. If a smooth solution (u(e),x(e))
of (7.1) was assumed to exist then its local structure was determined

by our analysis of sections (2), (4), and (5). This approach will be
justified in this section in the following manner. For each isolated
root (E,Eo) of the Algebraic Bifurcation Equations (2.17) we will show
the existence of a smooth branch of solutions bifurcating from (uo,xo)
with its local structure determined by the root (E,EO). In addition,

if GE¢R(63) we will show that each isolated root of the Limit Point
Bifurcation Equations (5.7) generates a smooth solution arc (u(e),r(e))
through (uo,ko). These results will be presented separately in Theorems
(7.1) and (7.2). The existence proof in both cases will rely upon appli-

cations of the Basic Lemma I.

(H1): We suppose G(u,A) is twice continuously differentiable
with respect to both u and A in some neighborhood of (uO,xo). We assume
that at (uO,AO) the Tinear operator Gu(uo,Ao} satisfies (2.2) - (2.6).
That is, 63 is a Fredholm operator of index zero with an m-fold semi-

simple zero eigenvalue. Also assume G;eR(GE).
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* *
(H2) Suppose @ ,EO) is an isolated root of the quadratic

Algebraic Bifurcation Equations. That is

A(E" )2 2 BE e %= 0

(7.2)

25*2_*_%'*1:5*:'1

(0]
and

GOIN: B+ ¢

0 0
Bal=1 - - - . . |lro (7.3)

S*T *

. “o J

Under the assumptions (H1),(H2) we construct the unique solution Vo of

o, ,1,.0 0 .. * 0 %2 _ N
Guvo+§(Guu¢¢+26uk¢€o+Gxxgo ) =0 (a)
*
ViV, = 0 i=1,...m (b) »  (7.4)
m
*
6= ) £y (c) |
J=0

* %
From this root (E?Eo) and solution v, e construct a branch emanating from

(uO,AO).
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Theorem (7.1) Let (H1),(H2) hold and let Vs be the unique solution
of (7.4Y, Then'350>0 such that for all [a|<e0 there
exists a unique ¢(e), v(e) for which

Gute(o(e)tev(e)),A t+eg (e)) = 0

b(e) = ) £4(e)d (7.5)

*
lbiV(E) =0 i=1,...m

The gj(g), v(e) are continuous functions of € with

]
oy
.,

]

o
v
3

Ej(O)
(7.6)
v(o)

I
<

If in addition G(u,\) is three times continuously differentiable w.r.t.

u and A then ¢(e) and v(e) are continuously differentiable.

Proof: In order to apply the Implicit Function Theorem we define the

- following functions.



g(&o,g;V,E) =
B V _ 2 >Tr
ho(gosgsvse) - ZEO + E g -
' *
hi(goygsvse) = 1P1‘V

. . * 5k
We see immediately that g(go,g ,v0,0)=0,

I O R

'and we find

lﬁﬁ(u +e(ptev),A +eg )

i=
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1

T,...m

G v+l(e [ $0+26 A¢g +62, 2)

* *
hi(EgsE 5V,50

e#0

1]
o

E

=0

(Ps?)

To apply the Implicit Function Theorem we must consider

J

*

¥

0/r0
f Gu(Guu¢¢1+G

= a(g,ﬂ,ho)

1 3(v £.8,)

0 *
ux¢1£0)' v

0]

M < oy ey

L
o *

1]
o

(6° 60, +6% 6 £7) (62 o+ 62, )

0

2e"
gm

0

4
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To apply Lemma I we relabel

A
—
-
r AO BO A
B
¢t
Jy = 0 o (79}
e
C D

X * * *
We consider £0=0 and 50#0 separately. First, suppose EO#O. Using
the notation of Lemma I applied to the operator A we see we are in
case (2) with dim N(A)) =y =m. Condition C, is satisfied since

* * 0 - * - -
w]...wm are linearly independent. N(AO)[]N(CO) = {0} since if

* *
¢ksN(Co) then wj¢k=0 Vj contradicting the assumed semi-simplicity. Thus,
. - - —_ - - + * +—
C3 is verified. R(AO)(]R(BO) = {O}since if BoyeR(AO) then wiBOY— 0

V., that is (A(E*)+g:B)$ = 0, and by (7.3) with gZ#o,A(E*)+ng is

-i,
non-singular forcing y=0. In the same manner dimR(Bo)=m since

=>

Bo?=0 implies $=O. Hence CO and C] are satisfied and we conclude
is non-singular. Thus, we are in case (1) when applied to J1 and so
we must calculate

A*I\_'I ~

S=D-CA B (7.10)

To do this we solve AX = B with X = (%)EB XIR™, i.e.,

' P N
Bnd * Sty

-
on + BOY

* -
Cov + DOY =0



Ay -

O, - _(p0 4 { iz ld ] *.0
GV (Guu¢(Yj¢j)+EOGUA¢ij—(GuA¢+EOGAA)) (a)

(sum over j) (7.11)
Piv=0 i=1,...m (b)

Compatibility of (7.11)(a) requires (A(g*) + giB)? = (Bg*q-g:t)
A " ; o s o e S +>* %
and the unique solution of this equation is y = -§ /EO.
*
o’8q Hence (7.10)

Using this in (7.11) determines the unique v = -2v_/&
becomes
K Ty%

s=ag + 25 =2 40
:

ymYy

*
0 0
and so J1 is non-singular.

* ~
Now suppose that EO = 0, then if we solve AX = 0, i.e.,

' m
Gﬁv + GEU¢(§:Yj¢j) =0 (a)
=1 ' (7.12)
*
P.v =0 i=1,...m (b)

Compatibility of (7.12)(a) forces A(E*)? = 0 and so by isolation

- +%

vy = £ , and then from (7.12)(b) v = 2v0. Hence dimN(A)=1. Now if

we solve y*A = 0 where y* = (v%,?T)

m
* % *
Gﬁ v + E:ijj =0 (a)
j=1

(7:13)
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m
Then w:¢j = §ij forces ? = 0 hence v* = E: <xj¢; and (7.13)(b)
j=1
demands A(g*)g =0sod = E*. Thus codim R(R) = 1 and we are 1in case
(2) of Lemma I. Now E # 0 since BE* # 0 and so C  is satisfied. Since

* * ke ~ ~ . o
PR . 1, C #0and C, is verified. N(AYOIN(CT) = (0} since N(A)

> 3
£

Finally R(B)f)R(ﬁ) = {0} since if AX = B with X = (v,_\?)T we see |

> o 2V 3
=Pl {(2V0’g*)T}a”d C*( *ﬁ = E*Tg* = 1. Thus C, is satisfied.

A(g*)$ ='B§*, i.e., BE* sR(A(E*)) a contradiction of the assumed
isolation of (g*,o). Thus in this case as well Jy is non-singular.

We see from the definitions of g,_ﬁ,h0 that these functions are
continuous in all arguments and continuously differentiable with res-
pect to E’go’ and v. Thus, we can apply the Implicit Ffnction Theorem
to the system (7.7) to claim the existence of continuous E(e),go(e),
v(e) satisfying (7.5) with initial values given by (7.4). We note
that if G is in c3(Bp(u0,x0)) then= gle) is 01(1515;0), and hence
our solution (¢(e), v(e)) is continuously differentiable.

The uniqueness given by the Implicit Function Theorem only
applies to solutions nearby the solution with initial structure given

by (7.4). Each isolated root of (7.2) generates a smooth solution arc

through (uo,ko).
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We now turn to the case of limit point bifurcation. We shall

assume
0 0
(H3) Let H1 hold but GPYR(6))

(H4) Let (E*,n*) be an isolated root of the quadratic Limit Point

Bifurcation Equations. That is

AR +md=0
(7.14)
+*T—é* - 1
and
AET) v @
J =|J] = . e #0 (7.15)
T o

Under the assumptions (H3) and (H4) we construct the unique solution

v0 of
0 1,00 _*.0 \
Guvo +-§(Guu¢¢ el GA) =0 (a)
* i .
wjvo =0 j=1,...m (b) ? (7.16)
i *
b = Zajq)j (c)
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+*
From this root (¥ ,n*) and so1ution'vO we construct a branch emanating

from (uO,KO).

Theorem 7.2 Let (H3) and (H4) hold and let Vs be the unique solution
of (7.16). Then3Je >0 such that for all |€|§§0 there
exists a unique (¢(e),v(e),n(e)) for which

8uyte (4 (e)+ev(e)) Agren(e)) = 0

b(e) = Zaj(e)cpj (7.17)

w:V(E) =0 d=1,...m

where the gj(e),n(e), v(e) are continuous functions of € with

Ej(O) = E; j=1,...m
n(o) = n* (7.18)
v(o) = ¥

If in addition G(u,\)e CB(BO(uO,AO)) then ¢(e) and v(e) are continuously

differentiable with respect to e.
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Proof: The proof proceeds in the same manner as in Theorem (7.1).

" Define

P
igﬁ(uo+€(<b+&:V)_,7\0+€2n) e#0

g(n,g,v,a) =<

o.,1,.0 0 : Ny
GuV+§{Guu¢¢+2nGK) e=0

{7.79)

ho(n,—é,V,E) =€T€ = 1

hi(n,g,v,e) =Y.V im0

* . *
We clearly have a root of this systemn =n , & = % s V=V, €7 0.

To generate a smooth family of roots we study

3(g,h,h )
J]E,___:_.L
3(v,E,n)

v =Y

0

*

T = N

> >%

Sl
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where.
r 0 0 0 0 b
Gu Guu¢¢1 Guu(M)m GA
*
¥
J_l = . (7.20)
*
lpm
0 2 * *
1 g] = & zgm 0 )
Relabelling
~ A N
Ao Bo: &
hE| & D (7.21)
" Re W RS
- c :D J

*
We first suppose n #0. Then clearly dimN(A0)= codinR(Ao)=m and we are
s * *
in case (2) as applied to A. Since w1...wm are linearly independent
* *

C, is satisfied. N(AO)(\N(CO) = {0} since if ¢ksN(CO) then
*
wj¢k=0 j=1,...m a contradiction of semi-simplicity. Thus (C3) is veri-

- * % .
fied. Now suppose BOYER(AO), then wiBY =0 Vi so A(E )y = 0 forcing
vy = 0 since A(g*) is non-singular by isolation. Thus, (C]) is satis-

*

fied. Finally dimR(BO)=m since BO?=O forces A(E )Y = 0 requiring

Y = 0; Thus (co) is verified and Lemma I states that A is non-singular.
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To deduce the same of J] we must consider

S=D-CA B (7.22)
To calculate S we solve AX = g for X = (1 eBXRm, i.e.,
i 4
m
0 0 .. p0
GUV GUU¢(ZYJ¢J) - G)\ (a)
3=1
(7.23)
Pov =0 i=l,...m (b)

which has the unique solution y = -£ */n*. Then (7.23)(b) forces
*
v = —2v0/n .
~ Zg*Tg* &
Thus S =0+ =—=5==2/n # 0 and J1 is non-singular.
n

* ~
Now suppose n = 0. If we solve AX=0 we see

m
0 (0] -
Gov + Goy#( ), Vs05) = O (a)
j=1 (7.24)
*
wiv=0 i=1,...m (b)

*
Compatibility of (7.24) requires A(Eﬂ)$ 0 which has the unique solution



8=

s ~

-
Y = £, and then from (7.24)(b) we find v = 2v . Thus dimN(A) = 1.

S
To solve y . A=0, we find

m
O** *-
Guv +Zijj-0 (a)
J=l
(7.25)
* 66, =0 j=1,. b
v Ul.lqbqoj - J=l,...m ( )
: m
* * * *
Sinceq5¢R(GE ) we see v =0 and so v = E:(%f% and then (7.25)(b)
J=1

forces o = 2?. Thus codim R(A)=1 and we are in case (2) applied to

J1. DimR(§)=1 since d#0 implies Gg#O, verifying (CO). To check (c2)
T . o~ ~ S . e
we see £ '£=1 so dim R(C )=1. N(AY\N(C )= {0} since N(A)=span
. 2V 2 X
tlav, B Tand © | L0 = 27" = 1. Finally R(BIR(A) = {0} for if

S e

~ ~ *

AX = B we would have A(E )y = d a contradiction since aéR(A(E ))

by the assumed isolation. So in this case as well J] is non-singular.
Thus we can apply the Implicit Function Theorem to generate the

solution arc given by (7.17) - (7.18).
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8. Stability of Simple Bifurcation and Normal Limit Points

In this section we will study the stability behaviour of solution
arcs containing simple bifurcation points as well as simple normal
1imit points. This will be done within the context of linear stability,
that is, attention will be paid only to the eigenvalues of the appro-
priate linearized operator.

Suppose we have a solution point (uo,ko) of G(uo,Ao). We consider

the linear eigenvalue problem

Gy (g2, )6 = o (8.1)

o’ o

The point (uo,xo) will be considered stable if all eigenvalues o of
(8.1) have Rea<0. If at least one eigenvalue has Rex>0 then (uo,ko)'
will be called linearly unstable. The point (uO,AO) is neutrally stable
if the largest real part of the eigenvalues of GS is zero. We will
assume this situation when studying the zero eigenvalue of GS at simple
bifurcation and normal Timit points. Similar stability results for
bifurcation points are determined in Crandall and Rabinowitz [9} and

are indicated in Sattinger [?é].

To begin suppose Gﬁ is Frednolm of index zero with a simple zero
eigenvalue. In addition suppose (u(s),A(s)) is a smooth solution arc
through (u(so),R(so)) = (uo,ko) depending on some parameter s. Then for
s near s, Gu(u(s),k(s)) is also Fredholm of index zero, and the results
of Section (4) (Chapter III) allow us to decompose B in a natural way.

These results can be summarized in the following fashion.

Suppose Gu is continuously differentiable with respect to u, A and



=B 3

s. Assuming a(so)=0 is a simple eigenvalue then for s near s  there
exists a pair (a(s),d(s)), continuously differentiable with respect

to s for which
G, (u(s),A(s))o(s) = als)e(s) (8.2)

In addition, this small real eigenvalue remains simple. That is, we

can define

N(Gu(s) - a(s)I) = NT(s)

(8.3)
R(Gu(s) - afs)I) = Xl(s)
and these subspaces decompose B, i.e.,
B = Ny (s) ® Xy (s) (8.4)

*
“from this decomposition we have the adjoint eigenfunction ¢ (s) satis-

fying
(6,(s) - a(s)1)y (s) = 0
and Xy(s) = {xeBly (s)x = O} (8-5)
We normalize to 9 (s)é(s) = 1 and observe
()8, (s)u(s) = 0 w(s)ex;(s) (8.6)

Now from

G(u(s),A(s)) =0 (8.7)
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we see 6, (u(s)A(s)) g+ G (uls), MsNE =0 (8.8)
If we decompose
U = 8(s)e(s) + Ws) (8.9)

where w(s)eX, (s)
then

6, (s)w(s)+a(s)8(5)d(s)+6, (s)3: = 0 (8.10)
Acting upon (8;10) with w*(s) we find

a(s)8(s) = ¥ (5)8, (u(s),A(s))92 (8.11)

This expression is exact as a function of s and will be used to relate
the behaviour of a(s) to that of %% as s approaches s .
First we consider the case when (uo,Ko) is a simple normal 1limit

“point. Here

Pisy) = 0(s,) = o,

since satisfaction of the simple normal 1imit point equations forces

8(so)=1 (Section 5). Further w*(so)G£=d]#0 and so we find
afs) = -d; 3 + 0(| (s-5.)3) (8.12)

That is, suppose for some m>0 we have A(s) = A0+a(s—so)m+...., then a(s)
= b(s- so)m lt.... This result forces a change in stability in the

situation'wheré>g%»changes sign through Sq° (This is the case when the
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solution arc turns back on itself (i.e., m is even) and 1is indicated in

Figure (8.1).)

N(u)

[l unstable
0000 stable

Figure (8.1)
This stability change can be shown directly by an application of
Leray-Schauder degree theory but here the particularly simple calcula-

tion results in an explicit determination of the behaviour of a(s) near

the singular point.
We now consider the expression (8.10) when (uO,AO) is a simple

bifurcation point. To do this we write
)

* * W * dG '
6 (16, (1297 (5, )60+ (s=s N GL (s, 26040 (s g1 U5 1) (8.13)

*
Now at a bifurcation point ¢ (so)Gg=O, so we must calculate the linear

term.
K ng'_ * O'dﬁcj 0 dAO |
b lsglgs™ = ¥ (5p) BgeGgs ™) (8. 1)
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Cdu® a0
where F"gfb E‘b]g dS —EO

* .
To calculate g%—{so)ﬁg we consider the decomposition

v(s)o(s) + v(s)

G, (s)
where v(s)e X1(s), and solve
G bo(s) *+ v(s) =

where w*(g)¢0(s) =0. MWe see ¢O(s =¢_and v(s ) = GO,

"
terms in (8.16) are in X1(s) we have

07 ()6, (s)8,(s)

and so

d¢* 0 % dGE & odéo
HE‘(So)Gu¢o + Y (SO)H§"¢0 + Y (O)Guag—'= 0

i

*
Now ¥'(s )6, = 0 and from (8.16) at s =s_, Gié = -G;.

Hence .
- REAC CTATREC
Placing the expression (8.18) in (8.11) we find
a(s)B(s) = b (s )(j—ij% :i")‘”(s -5,)40(| (s-s,)° )

Expanding the linear term results in

a(s)8(8)= -(byqEy+eqE, 1 qa(s-5,)+0([ (s-5)% S

(8.15)

(8.16)

Since both

(8.17)

(8.18)

(8.19)

(8.20)
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This expression will be used to study the behaviour of a(s) on a solu-

(o] .
. . da . : g : 5
tion arc with - 0. First, however, we will derive an expression

0
to be used when g%—-# 0. From our definition

G, (s)e(s) = a(s)e(s) (8.21)
we find
ooo.dg ,
do | u, _ da d¢
Guds Tas ¥ T 0t ogs (8.22)

Evaluating (8.22) at $=5, and acting upon the result with.w*(so)=w7

X _ DL X
we have, (using u(so)—O, w1Gu:0 and w1¢r1)

do” _ *. .0 du o dx

ds ll)1(Guua§ * B, ds)(b'[ (8.23)
That is

do® CE (8.24)

ds 111=1 1170 :

Recalling the Algebraic Bifurcation Equations and the isolation require-

ment given in Section (3) we see either

3 +b1150#0 and EO#O

[T

(8.25)
or 3111511071505 50 But byq#0

The first case allows us to state
0
(i) Along any simple bifurcating arc for which %%—%O
s ot B
then g%"¢0 and hence

there is a stability change through So
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For the second case we use (8.20) and note that if £0=0 then B(s0)=1

and so (b1]#0)
a(s) = —b”(S-so)—% + 0(| (s'-so)zg—él) (8.26)

This allows the statement
(ii) Along a simple bifurcation arc for which %%

changes sign the eigenvalue

a(s) remains of one sign and there is no change

in stability.

Particular examples of these two cases are indicated in Figures (8.2)
and (8.3). The situations depicted actually indicate an exchange of
stability, that is as one solution arc loses stability the other arc
becomes stable. We now indicate why this is to be expected.

First consider the case of Figure (8.2). The two roots (E;,E}),
(Ei,&%) have géai#o and so defining x=€]/€0 they are the two distinct

roots X1sXo of

fin) = CRPE S 2byqx +cqg =0 (8.27)
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Figure (8.2)

Figure (8.3)
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It is easily shown that
' 1 = 2
P (x])f (xz) = ay9167 - by (8.28)

and hence this product is negative since the quadratic has two real

roots. Now in order toomove along the two branches in the same
dx’
direction we choose agl , i=1,2 to be of the same sign. With this

choice and (8.24) we see

TP o Ll )
o,(s Yo, (s.) =
10’72 70 51 gz

<0 (8.29)

Hence the eigenvalues cross the origin in opposite directions and we
have an exchange of stability.
Now consider the case when one branch has £l=0. From the Algebraic

Bifurcation Equations this forces a]]]=0. Applying (8.24) to the branch

with £2#0
' dkz ,
a,(s,) = byyge=(s,) (8.30)
However (8;20) yields
. dk] 2
aq(s) = -bqq(s-s dgz{(s)+0(]s-s |) (8.31)

We also note that (s;sé)dx1(s) > 0 regardless of the choice for
ds
the direction of increasing s. (See Figure (8.3))

The two expressions‘(8.30)—(8.31) show that if (uz(s),lz(s)) loses
stability (i.e., by;>0, 522(s,)>0) then (uy(s),A;(s)) is stable and

so that here also we have an exchange of stability.
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The situation for multiple eigenvalue bifurcation is considerably
more complicated. The main problem rests on guaranteeing the existence
of m continuously differentiable eigenvalue-eigenfunction pairs
(di(s),¢i(s)). At present it appears that analyticity of
Gu(u(s);x(s)) with respect to a complex parameter s is required. How-
ever, if existence is assumed, similar formulas for the determination

of the behaviour near zero of the various eigenvalues are possible.
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Chapter III  Construction of Bifurcation Branches

(1) Introduction

In this chapter we continue our study of solutions to problems

of the general form:
"G(u,A) =0 * fE:F)

where G is a nonlinear operator mapping the Banach space Bx IR into
B. Once again A has been explicitly separated from u to indicate

its importance as a state or control parameter for the particular
problem.
Suppose now we have a point (uo,ko) which satisfies (1.1).

Several natural questions arise.

(1) What is the structure of the solutions of (1.1) near

(uO,AO)? In particular, can we give sufficient conditions for the

existence of a smooth solution branch I'(s)
P(s) =C(u(s) AT 6lu(s)A(s))= 0 (u(sy).ls,)) = (ugah,))
(1.2)

through (uo,k depending smoothly on some parameter s?

o)

(2) What explicit methods can we derive which will allow the

construction of these solution branches?

The first question was studied in Chapter II where the point (uo,xo)



..

was a singular point of GE of various special types. The second

question will be considered in this chapter.

Figure (1.7)

In the specification of the solution arc T(s) of (1.2) the
parameter s is left undefined. Referring to Figure (1.1) we see that
A dqtself would seem to be an acceptable choice of parameter in the
neighborhood of point A. Such a point will be defined in Section
(2) as a regular point. Intuitively it is clear that this choice
would be unacceptable in the neighborhood of point C. If the point
B is a simple normal limit point we shall see that choosing our

parameter to be an approximation to arc-length in BxIR will allow
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continuation past B without difficulty. This choice of parametri-
zation leads to what will be called the inflated problem.

Sections (3) through (7) are concerned with the continuation
problem in the neighborhood of a simple bifurcation point (Point C).
In Section (3) the structure of the inflated problem linearized
about the solution point {(u(so),A(so)),(ﬁ(so),i(so))} is studied.
It is seen that in general the inflated system inherits the structure
of Gu(uo,Ao). The linearized inflated operator, called A(so), will
be Fredholm of index zero, and provided i@o)#o, will have a simple
zero eigenvalue. Section (4) introduces results on the perturbation
of such eigenvalues. The Tinear operator A(s) is non-singular for s
in some deleted neighborhood about So° and it is the size of its
smallest eigenvalue o(s) which will allow us to determine the manner
in which A(s) approaches singularity. With this idea in mind,
Section (5) calculates the rate at which the simple eigenvalue
a(s) travels to zero. This rate is seen to be related to the Alge-
braic Bifurcation Equations. When i(so)=0 the operator A(so) has a
single null vector but the eigenvalue is of multiplicity two.
Section (6) is concerned with the perturbation of this eigenvalue.
Conditions are determined under which the eigenvalue splits into two
simple eigenvalues which approach zero like /§:§;.

With these preparations Section (7) considers the convergence
of an iterative method in the neighborhood of a simple bifurcation

point. The scheme presented will be Newton's method, with the initial
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guess being a point on the tangent ray through the bifurcation
point. Assuming the existence of a smooth solution branch
(u(s),x(s)) through (uo,ko), it will be shown that the Newton iterates
can be guaranteed to converge at least geometrically. A second
result, resting on a finer estimate for the distance between the first
two iterates, will allow the statement of quadratic convergence.
This result will not require the assumption of a solution branch

through (u ), and will thus furnish a constructive proof for the

oA
0’0
existence of bifurcation. The application of this scheme at the bifur-
cation point is avoided since it is known (Rall (30), Reddien (31))
that Newton's method will not generally converge auadratically in

such a situation.
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(2) The Inflated Problem

In order to construct a solution arc I'(s) through (uo,ko) given by
(1.2) an immediate problem is the choice of an appropriate parametriza-
tion of the arc. This choice is quite arbitrary, but since XA has al-
ready been distinguished as an important physical parameter, it is a
rnatural choice. In the neighborhood of a solution point isolated with
respect to A this choice is usually acceptable. More precisely, if
G(u,Xx) is in C1(Bp(u0,ko)) and GEEGu(uo’Ao)‘iS non-singular then the
Implicit Function Theorem guarantees the existence of a unique smooth
arc of solutions (u(A),r) where lX-AO|<pO for some po>0. (Points
(uo,xo) where Gz is non—éingu1ar will be called regular points.) How-
ever, if (uo,ko) were a simple normal limit point this choice would be
unsatisfactory. To avoid this difficulty and to give greater flexi-
bi]itj in the choice of a parameter we use a technique developed by
keller [18].

We specify the parameter s by imposing a normalization on the

solution, that is we replace (1.1) by

G(u,A) = 0 (a)
N(u,A,s) = 0 (b)

(2s1)

Here N is a functional on BXIRZ. This approach makes (u(s),x(s)) the

solution of an inflated problem. Introducing XEB1 = BXJR and

P:B1XIR - B] as
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G(u,A)
P(X,s) = (a)
N(u,A,s)
(2.2)
X = (i) (b)
then our solution arc I'(s) satisfies
P{X(s).,s) = © (2.3)

For a given S, our solution X(so) is isolated with respect to s if

G, (ulsy)sAls)) 6 (u(s ),A(s,))

Alsg)=Py(X(sg)asgi= | (2.4)
Ny(ulsg)or(sy)) Ny (u(s ),a(s,))

is non-singular.

*
We write NUEN (u(s ),x(s.)) since Nu is a linear functional on B

u 0 0
and since all normalizations we consider will make Nu continuous.
A major advantage in considering this inflated system is that A(so)

may be non-singular when GS is singular. The conditions under which
this occurs are specified by an application of the Basic Lemma I. To

satisfy these conditions one must choose a proper normalization. The
normalization used here will be an approximation to arc-length.
If we define s to be arc-length in the Banach space B1, then we

require,



L0 fo

A

(2.5}

Ny (uahes) = |94

ds

This expression is not the most useful since there is no explicit de-
pendence upon s, hence an approximation to (2.5) is derived. If we know
a solution (uo,xo) of (2.1)(a) at S=S s and if in addition we solve for

(ﬁ(so),i(so)) satisfying

Qs 0! _
620(s ) + GA(s,) = 0 (2.6)
then we define
. * .
No(u,x,s) = uls ) (u(s)-u )+A(s Y(A-A )-(s-s ) (2.7)
Here ﬁ(so)*eB and satisfies u(s ) u(s ) [lu(s || . This expres-

sion is an O(S-SO) approximation to arclength in B, and is the normali-
zation that will be used in all of what follows unless otherwise
stated.

Differentiating (2.3) with respect to s we see

A(s)X(s) = r(s) (2.8)
01 /o

where r(S)=( )=( ) (2.9)
N [\

From (2.8) we note that

)] 12= [1aes)] 2+ 13(s )12 > 0 (2.10)
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We now show that with our normalization a simple normal 1imit point

with respect to A becomes a regular point with respect to s. Suppose

&= § is a simple normal 1imit point and hence by assumption G§¢R(GE)

and thus i(so) = 0. From (2.6) 4 = ¢1€N(G3), and ]|¢1|[ # 0 by (2.10).
* ¥ * 0

Thus N é; = G ¢, = |]o,[] # 0 and so N(Nu)f\N(Gu) = {0}. Lemma I

now states that A(SO) is non-singular. We note that simplicity is not

% :
strictly required. Suppose by is the unique solution of

o**

G, ¥ =0 (2.1}

Then one could have w:¢1 = 0, so ¢]eR(Gﬂ) without affecting the result.
This meahé that Gﬁ éouid HaQe ¢, as its oniy null vector and
the zero eigenvalue could have multiplicity u > 2, yet A(SO) would
remain non-singular. In all previous applications of Lemma I
= dimN(Gz) = u was assumed.

In this manner the difficulty with normal 1imit points disappears.
An obvious question is can A(so) be singular when GE is not? That is,

can a regular point with respect to A become a singular point with

respect to s? This would occur if

S = N}\_N A = | ( "

ol B o .
S = Nk+Nuu/A = —NS/A #0
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(i # 0 since A =0 implies G = 0 from (2.6) which is a contradictioh
of (2.10).) Hence if any normalization is chosen with NS # 0, regular
points remain regular points.

The preceding analysis indicates the structure of the inflated
system near regular and normal Tlimit points (uO,AO)EBxIR. In the hext
section we will consider the inflated system in the neighborhood of a

singular point of G(u,A) of the type leading to simple bifurcation.

(3) The Inflated System at a Simple Bifurcation Point

In the previous sgction we considered situations where the
structure of G(u,\) was modified by embedding this equation in an in-
flated system. Here we want to find conditions under which P(X(s),s)
inherits the structure of G(u,\). In particular we wish to study
A(so) at a point (u(so),x(so)) of the type yielding simple bifurcation.

We do this by applying the following Temma

Lemma II. Let B be a Banach space, B1 = B x IR, and consider the linear

~

operator A:B]+B] of the form

~ [A B A: B+B ¢*: B>R
A_
B: IR=B D: IR+ IR

* -
where C and D are continuous linear functionals. Suppose A is Fredholm

of index zero with a simple zero eigenvalue. That is
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N(A) = span {¢]}

s *_
N(A ) = span {¢1}

* (3.1}
R(A) ={XeB[w1X = 0}
* —
Then we may conclude K is Fredholm of index zero with
N(A) = span (& )
N(A*)= span (W*)
iff (i) or (ii) are satisfied.
*
(i) BfR(A) and ¢1eN(C )
Then we may take
¢‘| * * k5 (3 3)
@ =(0) s Y= (yregdgsT)
g +D
where - -0ty = yoB
‘T_
v,

*
and : A is the unique solution of

ok ok

. L *
A"y +C =0 ¥,91=0



* -f y;B'+D
Here ¥ Sog=e | —f (3.4)
b,B
(i1) BeR(A) and |c*¢O+D[ + [c*¢][ 40

where ¢0 is the unique solution of

1l
o

A¢>O+B
1P~| ¢0 =0

Then we may take

(a) if c*¢1 40

! (3.5)
*
C ¢ +D
where 0y =-( —_ )
C ¢1
*
So ¥ o = oo
(b) if C¢y =0 (Co #D # 0)
by * * *
o = ( ¥y o= (w],o) Yo =1 (3.6)
0

The zero eigenvalue of A is simple if a]#o in case (i) or mzfo in case

(i1).
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Proof: MWe consider separately the two cases BeR(A), B4R(A).

(i) B4R(A). Writing

A B X ,
- ( =0 we see a=0
cC D o

Then X = vy , ve IR and we see that there is a unique (up to a multiple)
d\
1

*
eigenvector iff C ¢1=0, and we may take ¢ =(0) . Now solving

(y*,e>[

* * *
we see (since yA= Ay ) ,

A B .
* o 0 with B§R(A) and ¢,eN(C")

* % *
Ay +8C =0
*
yB+8D =20

* * * * * k * .
Since C ¢; =0, C eR(A ) so Hyo such that Ay +C = 0 and y_ is unique

. * * k% * *
if we demand y ¢, = 0. Thus y =By +v;,ve IR and so B(yOB+D)+Yw]B = 0,

" YgBtD
Since w1B # 0 we get y= -g(——) and we may take
wTB
*B+D
* * Y *
vo= (v -y, 1)
¢TB

as our unique eigenvector.

(ii) BeR(A) then



-104-

implies X = a¢o + Y¢1 s YE IR where ¢0 is the unique solution of
*+—O *"O
A,¢O B = " ¢]¢O = 0. Then we have,

* *
(C ¢O+D)a +(C ¢3)y = 0 and we can solve uniquely for
* *
ofy or y/a iff C ¢O+D and C ¢1 are not both zero. If this is the case

we may take

(¢o+a2¢1) -(C*¢ +D)
& . @, = S

) 1

* d)]
and if C ¢1=0 we may take ¢=
0

*
To solve for ¥ we set
* * *
Ay +8C =20
*
yB+DB =0

* * * *
First suppose C ¢1#O, then R=0 and y =Yw] and so we need Yw1B=O which

is true forany y. Here we may take

* * * "
¥ = (7,0). Now suppose C ;=0 but C ¢ +D70

* * * * ok .
Then C eR(A ) soy = By by and we require
* *
B(y B+D) + Y98 = O
* ) *
Thus B(yOB+D) =0 s1nce'¢]B =0

* * * * *
Finge B —l\¢o we see yoB = Yo A¢0 == yo¢o =C ¢0
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* *
Thus y B+D = C ¢ +D # 0 and so B = 0. Here we may take our eigen-

vector to be

*

¥ = (7,0)

~

To conclude the proof it is necessary to show R(A) is closed.
Suppose we have a sequence (yn,Bn)TeR(A) for which (yn,Bn)T+(y,B)T.
Then there exist (Xn,an)T such that

AXn + Bun oF .2

n=1,... (3.7)

*

CX, * Do = B
Now we may write Yy, as the direct sum iy YnB+Zn where Zn has no
component of B. Then (Yn,Zn) converges to some (y,Z). From (3.7)
we may take T = Yy and so AXn = Zn. Since R(A) is closed and Zd+2

there is an X for which AX = Z. Thus we have AX+Ba=y and since C* and

* ”~
D are continuous C X+Da=pR. Hence RA) is closed.

To apply this lemma we suppose we have an arc of solutions satis-

fying (using the notation of section (2))

P(X(s),s) =0 (3.8)

and

A(s)X(s) = r(s) (3.9)
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where

GU(S)_ G)\(S)
A(s) = (3.10)
N(s) My (s)

Suppose further that at s = so,Ga is a Fredholm operator of index zero
with a simple zero eigenvalue. Finally suppose GgeR(Ga) so that we are
in the case where bifurcation may occur. Define ¢O as the unique

solution of

0 o _
Gu¢0 + GA =0
(3.11)
% =0
\D'ld)o"
From (3.9) with our normalization (2.7) we must have
o- 0% _
Guu(so) + GAR(SO) =0 (a)
(3.12)
5 * . . 2
u(sy) uls) + Alsy)™ =1 (b)

We see that (3.12)(a) has the solution ﬁ(so) = Eo¢o + E1¢1 with

5 y * .
A(so) =&, To determine u(so) we construct the two linear func-

* *
tiona]s'cbo,cb1 satisfying

* 9 * __l
¢0¢1-0 ¢0¢od
(3.13)
* . * o
670,20 071
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)* = €6¢; + £1¢: we see &(sd)*u(sb)=€§+£§, which
2

Then if we place ﬁ(sb
which is never zero unless ﬁ(so) = 0. Thus ﬂ(sd)*ﬁ(so) = Bl]&(so)ll
and our constructed linear functional is the desired one to within a
non-zero factor. We use this expression since if (50,51) satisfies the

simple Algebraic Bifurcation Equations

2 2
A8y T D58, Y g8 = 0 (a)
(3.14)
2 . 2
Zgo + g] -1=0 (b)

we see that (3.14)(b) forces the satisfaction of (3.12)(b).
Now since GgeR(Gﬁ) we are in case (ii) of Lemma II and we find

* —
C ¢O + D = 250
(3.15)
*
Coy =8
From (3.14)(b) lC*¢O+D]+]C*¢1! = 2lgol+[£1i # 0. Thus A(so) has a zero

§ i v v i (0] i 4
eigenvalue and unique eigenvector ¢ inherited from Gu. This zero eigen-

value is simple if W*é = 0, # 0 where

*
-(C ¢0+U) ZEO
G.2 = e = B E‘— (3.]6)
C ¢, ]
Hence we have simplicity unless i(so) = EO = 0. Provided i(so)#o

we redefine our eigenvectors as

ooy o
(] cotn o
2L\ 0

HH
o
Q I‘-—t
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so that ¥*® = 1.

The above work has shown that at a solution point (uo,xo) leading
to the simple Bifurcation Equations the inflated problem 1nherifs the
structure of G(u,A) = 0. In particular A(so) is usually (unless
i(so) =0) a Fredho]m operator of index zero with a simple zero eigen-
va1ue; The next section will present some results on the perturbation
of simple eigenvalues. These results will then be applied to the simple
eigenvalue of A(s) resulting in a bound on the growth of [IA(S)'1iI
as s approaches S A bound of this type will be found to be neces-

sary in section (7) to gquarantee contraction of an iteration scheme

designed to construct solutions near a bifurcation point.

(4) Perturbation of Simple Eigenvalues

In the previous section we found that at a simple bifurcation
point, the linearized operator of the inflated system has a simple zero
eigenvalue provided £y = Ao) # 0. We will now show that for s near

s , A(s) has a small simple real eigenvalue o(s) and corresponding eigen-

g
function ¢(s). If A(s) is continuously differentiable with respect to
s then so are a(s) and ¢(s). These conclusions are not valid if the
zero eigenvalue of A(so) is not simple; in this case, the eigenvalue
a(s) may not remain real and may not be continuously differentiable at
zero. |

Most of the results of this section were derived by Crandall and

Rabinowitz [9] in the context of a discussion of linearized stability.

Here the conclusions will be shown to follow from particularly simple
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applications of Lemma I.

We recall the formulation of the inflated problem from section

(2) as

P(X(s),s) =0 | (4.1)
and then

A(s)X(s) = r(s) (4.2)
where

Afs) = (4.3)
NE(X(s)) My (X(s))

With this description in mind we state the following:

Lemma (4.1 Suppose A(s):B] - B1 and w*(s)th are given continu-
ously differentiable mappings for ]s-sol<60. In addition, at 555,
suppose A(so) is a Fredholm operator of index zero with a simple zero
eigenvalue and w*(so) e where A*(so)¥* = 0. Then 36]>0, p0>0 and
unique continuously differentiable functions (¢(s),m(s))eBp ((2,0))

0
satisfying

a(s) ¢(s)

i

A(s) ¢(s)

w*(s) $(s) =1
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for [s-s [<8;. At s=s_ we have

where A(so)® = 0.
Proof: We define the operators

Fi(s;u,t): Bix R-B  i=1,2

by

F1(S;U,t) = A(s)u-tu
(4.5)

Folssu,t) =

|

<=
—

w
~—

=

|
—

We see immediately that F1(50;¢»0) = 0 and the Fréchet derivative of

these equations at $=S, is given by

2 (F1.F,) Msg) ®
HE. = - (4.6)
0 3(u,t) W 0
S§=8_
0

*
Since ¥ 3#0 we see DFO is non-singular. In addition the Fi(s;u,t) are

continuously differentiable with respect to all arguments. The Implicit
Function Theorem thus gives the desired results.
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With very Tittle more work we can see that the eigenvalue a(s) remains

simple. This is contained in

Lemma 4;2) Given (¢(s),a(s)) satisfying (4.4) for ls—s !<§ then

there is no solution of (A(s)-a(s)I)w = ¢(s) for |s-s ]<6 »85,>0.

Proof: We define the linear operator F(s) by

¥ 0

—a(s)I o(s) u
CTER s IV IR
w (S) I 0 [ it
Simplicity is equivalent to requiring that F(s ( ] 0 have only
the trivial solution (u,t)T = (o,o)T. We see that F(o)(0)= 0
A(s ) @
and DF0 = g(izu = [ & 4 ] is non-singular.
S

)
. . T ..s T T

Thus we have a unique solution (u(s),t(s)) with (u(so),t(so)) =(0,0) .

Since our operator is linear (o,o)T remains a solution and by unique-

ness is the only one.

It is necessary to strengthen the result of Lemma (4.1) for later
use. In general the Implicit Function Theorem guarantees uniqueness

of the constructed solution only about the known solution point. In
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Lemma (4.1) this would be about (u,t) = (¢,0). Lemma (4.2) does not
suffer from this defect since in the Tinear case local uniqueness is
equivalent to global uniqueness. We now show that all eigenfunctions
(u,t) of (4.5), where t is sufficiently small, are of the form given by
Lemma (4.1). We know ¢(s) = a+w(s) where ||w(s)]|+0 as 5+5 - To find

a distinct eigenfunction we must solve

A(s)u = tu
with W*u =0
Then we have
Alsy)u = [(A(so)-A(s))+tI] u (a)
(4.7)
¢ u = 0 (b)

From (4.7)(b) we see ueR(A(sO)) and since A(so) is non-singular when

restricted to this subspace we find
[Hull < K(IA(s)-A(s )] + [t]) [[u]]

Thus for s near So and t sufficiently small the only solution of (4.7)
is u = 0. From this we may state that for s sufficiently close to So»
the smallest eigenvalue of A(s) is a(s) with eigenfunction ¢(s).

One assumption of Lemma (4.1) is that A(so) is a Fredholm operator
of index zero. Since A(s) - «(s)I is near in norm to A(so) it also has
this property (Schecter PH] ). The previous lemmas show A(s)-a(s)I

has a simple zero eigenvalue. These conclusions allow us to decompose

B1 naturally as



where N](s) = N(A(s)-a(s)I)
X1(s) = R(A(s)-a(s)I)

It is the subspace X1 that ¢#(S) of (4.4) is meant to characterize.
This Tlinear functional is assumed known for the purpose of Lemma (4.1)
but in practice one really only knows w*(so). To implement the Temma
one could take w*(s) to be the smooth mapping w*(s) = W*. However
once the existence of (¢(s),o(s)) is guaranteed (and since A(s)-a(s)I

ke
is Fredholm) we have the existence of ¥ (s) satisfying

* ~k

AT(s)0T (s ) = als)y (s) (4.10)

This linear functional will be used in later sections and the ~ will
*
be dropped. For simplicity we normalize so that ¢ (s)¢(s) = 1. We

may now characterize X] as
*
X(s) ={XeBy|p (s)X = 0} (4.17)
Corresponding to these subspaces we define the projections

Q(s)By = N,

X (4.12)

0,(s)By = X,

Q(s)H+Q,(s) = I

These projectors will be used in later work to bound the growth of
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<7 N
| |A(s)" || as s S

(5) Calculation of a‘(so)

In this section we study the manner in which the small eigenvalue
a(s) approaches zero with -S4 This eigenvalue and the eigenfunction
#(s) possess the same differentiability properties as the operator
A(s). We assume the required smoothness of A(s).

Writing

A(s)d(s) = a(s)a(s) ‘ (5.1}

and differentiating with respect to s we have

A(s)o' (s)H+A'(s)e(s) = a'(s)d(s)+a(s)e'(s) (5:2)

We now apply the adjoint eigenfunction and evaluate at s = By

(s )A(s )0 (s )+ (5 )A" (5)b(s)=a (s )0 (s)8(s )+a(s " (s )" (s,)
(5.3)
Using a(so) =0 and w*(so)A(sO) =0

o' (s )" (sg)b(s,) = ¥ (s0)A " (s,)e(s,) (5.4)

*
This allows us to calculate u‘(so) provided ¥ (so)¢(so) #0, i.e., if

the eigenvalue is simple.

We now apply this result when A(s) is given by (2.4), i.e.
G,(u(s),A(s)) N, (u(s),A(s))

A(s) = (5.5)

No(u(s),A(s),8) N (u(s),A(s),5)
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Here we assume G(u,x) and N(u,A,s) are the operators defining the in-
flated system, but we do ﬁg;fassume (u(s),i(s)) is the soYﬁtion arc,
rather we presently assume they are smooth functions of s for which
(u(so),x(so)) & (uo,ko), the known solution point. This will prove
useful Tlater when they will only be the linear approximations to the
solution arc.

Now we have

du dx du d
Guua§'+ Gunds Gu)\ds Gxxds
At (s) = (5.6)
* du * dX * du dx
Nyuds + Vs Nxas * Nangs

We find that using the normalization defined by (2.8) forces

=N, =N, =0. To evaluate (5.4) we use ¢(so)=®,w*(s ) =¥

Nuu UA AA
the eigenfunctions defined by (3.17). Then

o

0
(o} du® Go dx

o du® c° dr° ar’
2 A (S Jae= (Guuds uxds )¢1 _—w1(guuds uAds)¢o
1 *.0du® | .odr°
", 0 (Bgs * Gxas ) (5.7)
: du® dr®
To evaluate further we need expressions for T ° a5
We now assume (u(s),r(s)) are such that
du® _
T~ o%o T 1%
(5.8)
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Where (56,51) is a solution of the one dimensional Algebraic Bifurca-

tion Equations,

- 2 2 _
Fr(Bgafq) = aqiy + 209985, + 6, = 0
(5.9)
£ (E_,Eq) = 2 armta] =0
2'70%71 1 o
We evaluate the Jacobian of (5.9) at (go,g]) and find
" 3(F,F,)
A= ATE
(£408;)
b= 285(ayyq8y * Ebyq) - EqlEgbyy + Ecy) et 181

Now placing our expressions (5.8) into (5.7)

* * .0 0 1 %0 0
A (So)®=w1(Guu(go¢o+£1¢])+Gukgo)¢1+agw1(Guu(go¢o+gl¢1)+Guxgo)¢o

* ;0 0
% *uwl(eux(go¢o+£1¢]) i GAAEO)

“g

and thus

YAI(5 )8 = (Eqaqqq+E ba1) + ——(E1by1+E Co) (5.11)
0 17111 2o 11 Qo 17171 =071 ’
2 >
Now recalling from (3.16) that a, = - oo and that ¥ &= 1 we have
1

&' (o) = w*A'(so)c = 872 (5.12)

Hence we may state that if (EO,E]) is an isolated root of the Algebraic
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Bifurcation Equations (forcing A # 0) then o(s) goes to zero like

s-s_ provided Q&E-= E#0
0 as 0 o

This may be restated in the following manner. Suppose we have a
point G(uo,lo) = 0 for which GS is a Fredholm operator of index zero
with a simple zero eigenvalue. If the Algebraic Bifurcation Equations

at this point have an isolated solution (guaranteeing two distinct

0
branches through (uD,KO)) then along any solution arc for which %%‘¢0
the linearized operator A(s) of the inflated system (2.3) has an eigen-

0
value a(s) for which g%—-# 0. In this case a(s)a(s,) = 0 in the

same manner as A(s)+k(so). This is the case in Fig. (5.1)(a).

Figure (5.1) (a)
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The situation of Fig. (5.1)(b) is more complicated because A(so)
does not have zero as a simple eigenvalue. Thus fhe existence of
smoothly differentiable (a(s),$(s)) is not guaranteed and formula (5.4)
is not necessarily valid. However, we now show that jsolation of the
root (EO,E]) = (0,1) of case_(b) gives two simple eigenvalues ui(s)

which approach zero Tike Ms-so.

a'(s )=0

w

1l

w
o]

P e s e a—am——— -

o

Figure (5.1) (b)
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(6) Perturbation of Multiplicity Two Eigenvalue

In this section we shall study the case in which the inflated
Tinearized operator has a non-simple zero eigenvalue. This occurs at
a simple bifurcation point with EO = 0. We will find that in this
case the eigenvalue is of multiplicity two. To indicate the possible

behaviour to be expected we consider the very simple algebraic example

0 s
Als) = ( ) (6.1)
10 |

Here zero is a non-simple multiplicity two eigenvalue for s=0 but for
s#0 the eigenvalue splits into two simple eigenvalues #/s with cor-

responding eigenvectors
+/s
¢, = (6.2)

We see neither the eigenvalues nor eigenvectors are continuously dif-
ferentiable at s=0 and that the eigenvalues are not always real

for [s-sol<6. We will find that if the root (50,51)=(0,1) is isolated
then our inflated system will behave in this manner as well.

Recalling the work of Section (3) we can write A(so) for our

i G}?

u

A(s,) = (* ) (6.3)
¢1 0

case as

We see ®1=(¢0,1)T is the unique eigenvector (to within normalization)
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for the eigenvalue zero. However solving

ENINEN
4 0 o 1 )

we get a solution (unique up to a multiple of ¢1)
By F By
0

o] _ * _ : ; . xe
where Gu ¢2 = ¢0, ¢1¢2 = 0 (This has a solution since ¢]¢0 =0

making ¢ eR(G%)). However trying to solve
0 u

v
A(so) ( ) =9, (6.6)

o

we get Gﬂv + Gga = ¢y * 4, (6.7)

*
Acting on (6.7) by by we find no solution is possible. Hence the zero
eigenvalue has multiplicity u=2. (ChapterlI, Section (2)).
From Lemma II of Section (3) we know R(A(so)) has codimension 1.

Hence we may take.

By = sple,} @ R(A(s,)) : | (6.8)
and if we define
R(A(s,)) = splo } + vg
(6.9)

o _
Yy = sp{®],¢2}
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then we may write
_ O 0
B] = Y1 @ Y2 (6.70)

and the operator A(so) maps Y, in a 1-1 fashion onto itself and hence
is non-singular on this subspace. We now define projections P?

and Pg whose ranges are these subspaces

0 _ yO (o] _ oy
(6.11)
0 o _
P] + P2 =1
We see that for xeB, that P?x = 0 is equivalent to
T _ . (6.12)
W1x = WZ X 0
where Yl = (w*,O), Yo - (0,1).
1 1 2
Now we may write
A(s ) 0 ) ®
0 ( 1)= Bo( ]) (6.13)
0 A(so) o, 2,
where
0 0
Y = (6.14)
1 0

We shall prove later in this Section that an equation of the form

(6.13) is satisfied for s near So° More precisely we have

A(s) O @1(3) @1(5)
= B(s) (6.15)
0 A(s)||2,ls) 0,(s)
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where all quantities depend continuously differentiably on s and

B(s,) = B°
(6.16)

Qi(so)z @i

For the present we will assume this result to be true. It then allows

the definition of smooth projections and invariant subspaces
Y](s) = Span{®1(s),@2(s)}

P](S)B1 = Y](s)
(6.17)
Y1(s) @ Y,(s) =B,

Py(s) + Py(s) = I

with  Py(s)) = P? , Yi(s,) = Y? i =1,2. It is the action of A(s)
on the two dimensional subspaces YT(s) which will allow a determina-
tion of lIA(s)'1|[ . To study this behaviour we wish to determine
the eigenvalues of A(s) when restricted to Y1(s). These are clearly
the eigenvalues of B(s). From the form of B(So) given by (6.14) it
is easy to see that the element b12(s) plays the most important role.
That is, if by,(s) = by, (s )(s=s,) + O((s-5.)?) with by, (s )#0

then the eigenvalues of B(s) are distinct and approach zero Tike
/§:§;. Assuming the expression (6.15) we now determine b;z(so).

Differentiating (6.15) we find
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A(s) O <I>1I(S) NACECRENOIN
0 A(s)f\ o,(s) 0 A'(s) @2(5)) i
@1(5) @i(s)
B'(s)( ) + B(s)
CDZ(S) @é(s)

Evaluating this at s=s, and acting upon the result with ??,(??A(so)so)

(6.18)

we find

k4 oq + b12(so)‘y1q’2 (6.19)

(6.20)
Hence

*A' _‘ * 0 + * _ _

E1A (Sg)2y = U46,,0100" Y1650y = byp = =B

where we have evaluated the Jacobian A given by (5.10) at the root

(Eg»E;) = (0,1).

Thus we see that if our root is isolated then
b]z(so) =-A#0 (6.21)
and so A(s) has two distinct eigenvalues approaching zero Tike

S=8 _ .
(o]
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This estimate was derived assuming the expression (6.15) and
we now proceed to justify this assumption. The proof is a modifica-
tjon of a technique employed by MclLeod and Sattinger [?5]'for a simple
double eigenvalue.

Without loss of generality we may take
®.(s) = d. + x.(s) 4 (6.22)
* - -
with Wixj(s) =0 i,j=1,2

and assuming A(s) is at least twice continuously differentiable with

respect to s we attempt to solve

A(so) 0 oyt Xq & fd. ) A'(so) 0 Sy +Xq
0 A(s,) 2y * Xy -

0 0 o, + X R1(s,8:,X5)
[( ) N (s—sO)B] 1 Y L7 iRy
1T 0O q’z + X2 RZ(S,‘I’i,Xi)
where Ri(s,éi,xi) - 0(|S-50[2)

We may consider (6.23) as an equation for the six quantities X5 and b}j
i,j = 1,2. We solve this by forcing both P? and Pg acting on (6.23)

to be zero. This results in the equations

A(so) 0 X1 ¢ (8. pgA'(so) 0 o5+ Xy _
0 Als )\ x, g 0 POA (s)|{2, * x,
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0 0\/x X PR, (s)
1 0/l % X P2R2(S)
and action by P?

" A'(SO) 0 <151+)(.I ®1+X2 . R](S)
(s-so) Y5 -B, = (6.25)
0 A'(s ¢2+x2 ®2+X2

(6.24)

is equivalent to forcing

0]

Now evaluating (6.24) at $=s, forces

A(so)x] =0
(6.26)

A(SO)XZ = X]
Since xing the only solution of (6.26) is X]=X2=0- Placing this in
(6.25) and using

Tim Ri(s)(s—so)_] =0

(6.27)
s,
* = * _ * _ * _0
and ‘Fl t1>-|—0 ‘}’1492-1 5 ‘{’ZCI)]— 4 ‘!’ZCDZ-
we find:
* 1
Yoh (sJoq = byq
* ! '|
P.A(s)e, =D

e
N %
=
/‘-»-
w
Q_
-
N

1

o
~nNo
el

=
— %
p=]
ﬁ-
w
Q_
=y
nNo
i
o
[pS]
N
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Thus we can solve (6.26), (6.28) uniquely for Xy b:j and the Fréchet

derivative of these equations is given by

N

( As) 0 0 0 0 0
0 A(SO) 0 0 0 0
0 0 =1 0 0 0
(6.29)
0 0 0 -1 0 0
0 0 0 0 =1 0
0 0 0 0 0 -1
- /

which is non-singular as a mapping from Y%ngx IR4 into Ynggx IR4.

Hence the Implicit Function Theorem yields the desired results.
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(7) Convergence in the Neighborhood of a Bifurcation Point

In the previous sections we have collected the results needed to
allow a solution of the main problem. Suppose through some continua-
tion procedure or otherwise we have located a simple bifurcation point
(uo,ko). Can we devise an ‘iteration procedure, based on informa-
tion available at (uo,lo) which will converge tola point of the desired
branch emanating from,(uo,xo)? This procedure would allow continua-
tion of solution arcs through bifurcation points.

The procédure to be presented will be Newton's method applied to
the inflated problem, where the initial guess will be a point of the ray
tangent to (u(s),r(s)) at (uO,AO). Two basic results will be stated.
The first will show that assuming the existence of a smooth solution
branch x(s) through a simple bifurcation point x(so), then Newton's
method, started with a tangent approximation, will converge to this
branch for s sufficiently close to Soe This method may initia}]y only
converge geometrically. The second result, which uses a special pro-
perty of the initial guess to determine a refined bound on the dif-
ference between the first two iterates will prove quadratic convergence
of Newton's method. 1In addition the assumption of the existence of a
solution arc x(s) will be dropped. Hence this result will constitute
an explicit constructive proof for the existence of a bifurcating
branch through x(so).

To begin we assume a known solution to the following problem
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P(x(s,)ss,) = 0 (a) _
: ' (7.1)

P, (x(s,)s5.)%(s,) = r(s,) (b)

and we assume =S is a simple bifurcation point. That is GS is a

Fredholm operator of index zero with a simple zero eigenvalue (Section

(3)). Further the solution k(so) of (7.1)(b) is forced to satisfy the

Algebraic Bifurcation Equations. That is, i(so)=(ﬁ(so),i(so)T

" T
(Egoteq9728,)

2

. 2 -
AT D F TR M B L

f2(80,51)~2€0+€]—1 =0
We assume this root to be isolated and, therefore, A defined by (5.10)
is non-zero.

The initial guess to the solution point x(s) is defined by
x,(8)=x(s ) +(s-5 )% (s,) (7.3}
and we define the Tlinear operator

Ao(s)zA(x,(s)) = P (x (s),s) _ (7.4)

Now since A(so) is assumed assumed Fredholm of index zero, then so
is Ao(s) for s near Sy From the results of Sections (4)-(6) we see
the smallest eigenvalue of Ao(s) is non-zero and thus Ao(s) is non-

singular for sufficiently small |s—sol>0. We define
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1A, ()71 = m(s) (7.5)

and will find expressions for M(s) later in this section.

The sequence of Newton iterates for this problem is defined by

A,(s) =P (x,(s),s) oy
.6

and Av(s)(xv+](s)-xv(s)) = —P(xv(s),s)

To prove convergence we must show xo(s) is in an appropriate domain of
attraction to x(s) and that all the Av(s) are non-singular. Conditions

under which this occurs are stated in: (for the Chord method see [18])

Lemma (7.1) Let x(s) be a twice continuously differentiable arc of

solutions of

P(x(s),s) =0 for \s-sol<6, some §>0

Suppose we have a known solution of (7.1)-(7.2) and define the

initial iterate by (7.3). Then for }s—sol<6 we assume:

max | |X(t)]| < «(s)
SoSt<s
(7.7)
[ TA(yss)-A(x(s),s)||<K(s)]|y-x(s)]]

for ||y-x(s)||<r(s)

where P(S)E%(S-SO)ZK(S)

Then if
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2M(s)K(s)r(s)z0 (s )<y (7.8)

the Newton iterates defined by (7.6) converge at_Teast geometrically

with factor

0(s)
1-0(s) (7.9)
Proof: The proof proceeds by induction. First we note
l[XO(S)-X(S)IIS%K(S)(S-SO)2 = r(s). By definition
[1xg(8)=x(s) ] 1=] 1%, (5)-x(s)-A71s) (P(x,(5),5)-P(x(s),5))]]
=11A;‘(s)[A0<s)(xo(s)*x(s)>-(P(xo( $),5)-P(x(s s))] I
= 1azls) (A, (5)-Aly(s),8)) (x (s)-x(s)) |
where  y(s) = tx(s)+(1-t)x(s) for some te[0,1] and thus
[1xy(s)=x(s) < 1A ()T Tlxgx()T] 1A, (s)-Aly(s),5)] ]
Writing
[1A,(s)-A(y(s),s) <[ [A(x,(s))-A(x(s),s) | [+ |A(y(s),s)-A(x(s),s)]
and since  ||x (s)-x(s)|[<r(s),|ly(s)-x(s)]|<r(s) we have

ilx](S)-X(S)l|£?M(S)K(S)F(S)|[XO(S)-X(S)Il
§?1lx0(5)—X(S)I

We now suppose ||x q(s)-x(s)||< ﬁgg- [1x, (s)-x(s)]] and that
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Ak(s) is invertible for k=0,1,...v-1.

Now

A(s) = A (s)(I+A T (s) (A (5)-A_(5)))

and
[1ALs) (A, (5)-A ()] [<2K(sM(s)r(s) =

Thus by the Banach Lemma Av(s) is invertible and

[1a,(s)7] < s

But then
1507 (8)-x(5) =1 1%, (5)-x()-AT () (P(x, (5),5)-P(x(s),5))]
s_llA s T1x,(s)-x(s)[] [[A,(s)-A(y,s)]]

with y(s) = txv(s)+(1—t)x(s) for some te[0,1)
Thus

2M(]) (5)"'(5)||x\)(s)—x(5)|[

[1%,41(5)-x(5) | |<

]
=1 1x,(s)-x(s)[] .
This completes the induction and we see

13,6512 (5 ) % (5)-x()] .
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To apply this lemma it is necessary to determine the magnitude of
0=2M(s)K(s)r(s)

An immediate conflict is apparent. For most problems one would expect
K{s) and k(s) to be well behaved,so from (7.7) r(s) = O((s—so)z) which
can be made as small as desired by choosing s near Sq- However,

Ao(s) becomes singular as s approaéhes the bifurcation point and thus
M(s)+~. Hence, it is important to determine the rate at which M(s)
becomes unbounded.

First, we consider the case for which A(so)=PX(x(so),s ) has zero

0
as a simple eigenvalue. In this situation we recall the projections
Q1,02 and subspaces N1,X1 defined in Section (4). These quantities
were originally defined for A(s) = Px(x(s),s) but the corresponding

definitions for Ao(s) are immediate. We see

1A ) 1 1=11A T (s) g )1 |

(7.10)
gllAﬁ ()11 +1 1Az Ls),(5)] |
Since Q1(s)B1=sp{¢](s)} and Ao(s)¢(s)=ao(s)¢(s) it is clear we
may take
HA'T(S (s)ll< T—LgT (7.11)
0

where M1(s) is well behaved as SE
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Since

(Ao(s)-ao(s)I)X] = Xy

we see AO(S)X]=X]. Now Ao(s) has no null vector in X, because from
Section (4)ao(s) is the smallest eigenvalue of Ao(s) for s sufficiently

close to So° Hence Ao(s) is one-one and onto X] and so

[Asts)a ()l [Mp(s) (7.12)

where Mz(s) is bounded as $*s,.

Hence we may write

-1 _ Mo(s)
IIAO (s)]] = M(s i—Ta;TETT' as s*s (7.13)

and Mo(s) is uniformly bounded for ]s-30|<6. Now we apply the results
of Section (5) on the approach to zero of ao(s). It was found that pro-

vided A(so) had a simple zero eigenvalue (forcing EO#O) then

' A

ao(o) = 5F (7.14)
>0
and from our assumed isolation A#0.
Hence
(simple) M(s) < %o for [s-s[<6 . (7.15)
$-S,

This bound will be shown to guarantee iterative convergence.
Now consider the case when Ao(so).has a non-simple eigenvalue.

Under the assumptions of Section (6) we recall the projections P1,P2
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and subspaces Y]’YZ’ Then
IIA_1(S)||<I|A—](S)P |1+IIA-](S)P | (7.16)
0 o 1 o} 2 :

Since A;] (s)P] restricts A;}s) to the two dimensional subspace Y,
we may take
IIA;1(S)P1||§_ fyks) . (7.17)
|a1ls§|
where a1(s) is either of the eigenvalues of Ao(s) which approach zero.
(Since our root (50,51) is isolated both these eigenvalues approach
zero at the same rate.) As before we find A;T(s) maps Y2 in a one-one

fashion onto itself and hence
-1
[1Ag (s)P,(s) <N, (s) (7.18)

Placing (7.17)-(7.18) into (7.16) we find
-1 No(s)
LA, (S)l\f;qz;;(§y|

where No(s) is bounded as s approaches So* In Section (6) it was found

that isolation determined the behaviour of a](s) near zero and we may

state:
-1 Ko '
(non-simple) [[Ao (s)| 1< —~———]§;- for Is—so[<6 (7.19)
S-S
0

These bounds now allow a guarantee of convergence for s sufficiently

close to Sy
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Theorem (7.1) Assume the hypotheses of Lemma (7.1).

Then we have the two cases:
(1) It A(so) has a simple zero eigenvalue, then 36<0 such that for

|s-s |<8
0
0 = 2M(s)K(s)r(s) < KK(she(s)|s=s | < % (7.20)
and the Newton iterates defined by (7.6) converge.

(1) Under the assumptions of Section (6) if A(s,) has zero as a multi-

plicity 2 eigenvalue then 36>0 such that for |s-s <8

3/2 <z (7.21)

8 E_KOK(S)K(S)IS—SOI
and the Newton iterates converge.

Proof Placing (7.15) and (7.19) into (7.8) of Lemma (7.1) the result

follows immediately.

The above result only guarantees geometric convergence, to force
the standard quadratic convergence of Newton's method we make use of

the following theorem.

Theorem (7.2) Let F(x) be a differentiable mapping from a Banach space

B into itself. Let xoeB be such that the Frechet derivative of F at

xO,DF(xo), is invertible and we have
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(1) [10F (x,)I<a
(11) [10F™ (x ) F(x )] [<b (7.22)

(i11) [|OF(x)-DF ()| [<c]|x-y!|
for  [|x-x |[<2b

[1y-y,|l<2b
Then if abc<% the Newton iterates
X = X —DF_1(x ) Ax_)
vt+] v v v
*
are defined and converge to a unique element x for which
*
F(x ) =0 | Ixg-% | ]<2b
and the error converges quadratically, i.e.,

*1_2b
BV R e
2

This result is a slight modification of Theorems in Isaacson and

Keller [11] or Kantorovich [14].

Before attempting to apply this result with our previous estimates

we assume a bound on the linear operator Px(y,s) near the solution arc

x(s).

[P (y,s)I<L(s)  for  [ly-x(s)||zr(s) ... (7.23)

We now find expressions for the bounds a,b,c as applied to the v-th



-137-

Newton iterate. From Lemma (7.1)

: ” Ko 1
|1, (x (S),S)\‘__‘S_SOlY (1_9 (7.24)
- c<K(s)
where y=1 (simple) or y=k (non—simp]e);
Further
l]P;1(xv(S),s)P(x\,(S),S)llillP;](xv(s),S)[| [1P(x,(s),5)-P(x(s),s)]|
and
|IP(Xv(S),S)"P(X(S),S)IliJIL(S)IIXv(S)-X(S)I|
since []xv(s) - x(s)]]<r(s)
Hence
Ko 1 2
6 e (1_5” K($IL(s) | x (5)-x(5)]
But
v
[1,(8)-x(5) L=y 1xg(s)-x(s)1]
s (T%)v %K(S)(s—so)z
and so we find
CON(e o o é..[v
abc< ;jé§45§— (s—so) (Tté) (7.25)
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where under general smoothness assumptions on P(x,s) and x(s) the func-
tion N(s) is well behaved as s approaches'so.

If we consider (7.25) in the case where P(x(so),so) has a simple
zero eigenvalue, then ab¢<% cannot be guaranteed for v=0. However, a
point in the iteration will be reached for which quadratic convergence
can be assured. The situation when y=% is different and may be stated

as

Theorem:(7;3) Assume the requirements of Lemma (7.1). Under the

assumptions of Section (6) suppose Px(x(so),so) has zero as a multi-

plicity two eigenvalue . Thend6<0 such that for [s-s$<6
abc<N(s)|s-s |<l
— o! 2

and the Newton iterates (7.6) with initial gquess xo(s) defined by

(7.3) converge quadratically to the solution x(s) of

P(x(s),s) = 0

We now return to the case where A(so) has a simple zero eigenvalue
and show that quadratic convergence can be salvaged by determining a
finer estimate for l|x1—x0||. This calculation will rest strongly on
the fact that xo(s) is determined from a solution of the simple Algebraic
Bifurcation Equations. Moore and Spence [Zi]use a similar approach to
prove convergence of a finite dimensional difference approximation for

a two-point boundary value problem.
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Once again the required estimates result from a consideration of

the projections

Qy(s)By = ¢(s)

(7.26)
Qy(s)+Qy(s) = 1
where A,(s)e(s) = a (s)é(s) (7:27)
We write
|13 (83x, ()1 = 11A5N(s)PUxg (5),9)1)
<[5 ()0, (s)P(x O(s),s)l|+IIA'1(s)02(s)P(x (s),9)]]
<[ 1A ()] 1107(5)P(xo(),8) [ 1+] AT (8)0,() || 110,(5)P(x,(5),5)]

and so we wish to evaluate ||Qi(s)P(x0(s),s)|]. To do this we expand

about s=so to find
dx (s )

P(x,(5),5)=P(x,(5.),5 )*(s-s )[P (Xg(50) 55 —qetP s (%, (54)55,))
(s-s,) 2 (s ) dx _(s) 2
2 > [Px(xo(so)’S ) doz . xx(xo(so) 50! gs =
dx(s,) (7.28)
428 (% L5 Jus J—r——t P (% {5,).5,]

+ 0((s-5,))

However P(x(so),so) ; 0 and xo(s) = x(sé) + (s—so)i(so).

Hence
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1l

xo(so) x(so)

dx (s )
= = s,

n

d?x (s )
d
s2
From our definition of P(x,s) (Section (2)) we find

P =P = 0. Further

XS sS
P (x(5,)28,)%(s,) = -P_(x(s),s)
and so
(5‘50)2 . . 3
P(x,(s),s) = ———P  (x(s,),s.)x(s )x(s,) + O((s-s)7) (7.29)
In addition
BB Gy BHGHA |
Pxx(x(“;o)"50)).((50)= (7.30)
0 0 J
where i(so) = (d(so),i(so))T
Now since ¢*(s)¢(s) = ]
Q,(s)P(x,(s),s) = (w*(S)P(xo(S),S))¢(S) (7.31)

Evaluating this coefficient with u(so)=go¢0+g]¢], A(50)=50 and
* *
v (s,) = (¥q,0) we find
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¥ (S So)2 3
w.(s)P(x(so) ) (a]]]£1+2b]] 1867150 }—————— + R1(s)(s-so) (7.32)
Since (G,X)T satisfies the Algebraic Bifurcation Equations the term

quadratic in (s-so) is zero and hence

10,(s)P(x,(5),5) ] | =R; (5)] s-s | ° (7.33)

Now unless Pxx(x(so),so)x(so)x(so)zo we will have

IIQZ(S)P(XO(S),S)I|=R2(S)(S-so)2 (7.34)

Placing (7.33)-(7.34) as well as the expressions (7.11)-(7.12), (7.15)
into the formula for the difference between the first two Newton

iterates we find
[1%7(8)=x5 ()T} ];;———[—Is ol HIy(5)R,(5) (s=50) %2R (5) (s-5,)%  (7.35)

Our previous estimate only allowed ||x1(s)—xo(s)!|=0(|s-sol).

This new estimate rests on the fact that the linear operator
Ao(s) becomes singular only on a one-dimensional subspace of B], and it
is precisely in this subspace that the initial guess xo(s) is a power
of As more accurate due to the satisfaction of tﬁe Algebraic Bifurca-
tion Equations. Our calculation above allows these two factors to

balance one another.

With this preparation we can state

Theorem (7.4) Let P(x,s) be three times continuously differentiable.

Assume a solution (x(so),k(so)) of (7.1) resulting from an isolated

root of the Algebraic Bifurcation Equations (7.2), and let A(so) have a
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simple zero eigenvalue. Define the initial guess as

xo(s) = x(so)+(s-so)i(so)

; (7.36)
Ay(s) = P (x,(s),s)
and the sequence of Newton iterates by
AL () (%41 (5)-x(5)) = -P(x (5),5) (7.37)

Suppose for some p>0 and all ls-sol<60,60>0

| |A(y,s)-A(z,s) | [<K(s)]]y-2]|
[y-x,(s)]]<20
[1z-x,(s) ][220

Then 3 6>0 such that for |s-so]<6 the Newton iterates (7.37) are all

*
well defined and converge quadratically to a solution x (s) of

P(x*(s),s) = [
This solution is unique in the ball [|x_(s)-x[[<2p.

Proof: We must satisfy the hypotheses of Theorem (7.2). First, from
(7.15)351>o for which

P2 (x (s),s) 1< Mo for 0<|s-s |<s
X U0 — Te=s o' 1
0

and from the previous work36,>0 for which

)2

=1 .
[P (x,(s),5)P(x (5),8)[<R (s)(s-s Is=s,]<8,
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2
Now3c53>o such that R _(s)(s-s )°<2p - for ]s—50|<53.

Taking 6=min(6],62,53) we find
L < ’Ko 2
abc —TS'-_SOIRO(S)(S-SO) K(S)
= KOK(s)RO(s)Is—SOI for |s-so|<6

and for § sufficiently small abc<l-guaranteeing convergence.
2

This iteration procedure allows the prescription of a method for
switching branches at simple bifurcation points. The procedure is
indicated schematically in Figure (7.1). Suppose we employ regular
Euler-Newton continuation to calculate a solution arc y(t) and suppose
we locate a bifurcation point y(to). At this point we solve the Alge-
braic Bifurcation Equations to find two distinct tangents (provided the
roots are isolated). Using the tangent associated with the second arc
x(s) we construct the initial guess xo(s) defined by (7.36). Theorem
(7.4) then guarantees that for |5-50| sufficiently small the Newton
iterates will converge to a point on the new solution arc. (The cones

indicate the region in which geometric contraction is guaranteed by

Lemma (7.1), i.e., 2M(s)K(s)r‘(s)i%.)
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Figure (7.1)

Theorem (7.4) does not assume the existence of a solution arc x(s)
through x(so). Hence, the guarantee of convergence constitutes a
constructive existence proof for a bifurcating solution arc. This
result is compatible with the work of Chapter II, since to obtain
i(so) we must solve the Algebraic Bifurcation Equations, and to get
the desired behaviour of ao(s) (and hence ]!A;](s)][) we required this
root to be isolated. It may be noted that the existence results of

Chapter II are in a sense constructive since their proofs rely on the
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Implicit Function Theorem and hence on a Contraction Mapping Theorem.

The above approach is, however, more explicit and yields quadratic

convergence; whereas an application of a contractive mapping technique

could only guarantee linear convergence.
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