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Abstract 

The theory of embedded random surfaces, equivalent to two- dimensional quan

tum gravity coupled to matter, is reviewed, further developed and partly generalized 

to four dimensions . It is shown that the action of the Liouville field theory that de

scribes random surfaces contains terms that have not been noticed previously. These 

terms are used to explain the phase diagram of the Sine-Gordon model coupled to 

gravity, in agreement with recent results from lattice computations. It is also demon

strated how the methods of two- dimensional quantum gravity can be applied to 

four- dimensional Euclidean gravity in the limit of infinite Weyl coupling. Critical 

exponents are predicted and an analog of the "c = 1 barrier" of two- dimensional 

gravity is derived. 
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Introduction 

Like random walks, random surfaces appear in many physical systems - in sta

t istical mechanics, in QCD, in string theory and in other fields. But while random 

walks embedded in any number of dimensions have long been well- understood, only 

in recent years has there been much progress on random surfaces. The most striking 

development has been the "matrix model" - a gedanken experiment that has yielded 

numerical values for critical coefficients and correlation functions. 

Unfortunately, this method is restricted to random surfaces embedded in D ~ 1 

dimensions. From the point of view of physics, the models with D ~ 1 are not 

interesting by themselves. The physically interesting models involve either higher 

embedding dimensions - D = 3 for the theory of phase transitions, D = 4 for QCD, 

D = 26 and D = 10 for string theory and superstring theory - or world-sheet 

dimension four instead of two, if one thinks of the theory of random geometries as 

quantum gravity. 

It is therefore necessary to develop a field theory of random surfaces that can 

be generalized to these cases. What makes the models with D ~ 1 interesting is 

their role as ideal laboratories for testing such a theory - ideal precisely because the 

answers are known from the matrix models. 

Although major progress in this direction has recently been made by David, 

Distler and Kawaii , this theory is still incomplete even for D ~ 1. Thus there are 

presently two challenges: on the one hand , our understanding of the matrix model 

results from the continuum approach must be completed. On the other hand, this 

continuum approach must be extended to the physically interesting cases mentioned 

above. 

This double challenge is reflected in this work. Part II fills a gap in the continuum 

theory of random surfaces in D ~ 1 dimensions , while part III begins generalizing 

this theory to four dimensions. 
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To provide the necessary background, previous developments in the theory of ran

dom surfaces are summarized in part I. Based on its formulation as two-dimensional 

quantum gravity coupled to matter, the theory is discussed in conformal gauge. The 

conformal anomaly, the Liouville action, the proposal of David, Distler and Kawai, 

the computation of critical coefficients and the spectrum of states are reviewed. A 

brief introduction to random lattices and matrix models is given in the appendix. 

In part II, it is shown that the act ion for two- dimensional quantum gravity cou

pled to interacting matler contains certain terms that have not been noticed previ

ously. They are crucial for understanding the renormalization group flow, and can be 

observed in recent matrix model results for the phase diagram of the Sine- Gordon 

model coupled to gravity. These terms ensure, order by order in the coupling constant 

of the interaction, that the theory is scale invariant. They are discussed up to second 

order. 

In part III, it is asked in how far the methods of two- dimensional quantum gravity 

can be applied to four-dimensional gravity. It is found that they can be applied to 

Weyl gravity at its ultraviolet fixed point of infinite Weyl coupling. There, the path 

integral over geometries reduces to integrals over the conformal factor and over the 

moduli space of conformally self-dual metrics. The conformal anomaly induces an 

analog of the Liouville action. The proposal of David, Distler and Kawai is generalized 

to four dimensions. Critical exponents are predicted and the analog of the c = 1 

barrier of two-dimensional gravity is derived. 
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PART I: REVIEW OF PREVIOUS WORK ON RANDOM SURFACES 

1. Random Surfaces and Random Walks 

1.1. The Problem 

The topic of Part I is the sum over embeddings of closed, compact, euclidean 

two- dimensional surfaces in D- dimensional space: 

S ,......, area + other geometrical quantities. (1.1) 

Here, O" - (O"l, 0"2) parametrizes the surface and the x' parametrize the embedding 

space. "Diff" in the denominator indicates that the sum is over embeddings mod

ulo diffeomorphisms; i.e., over "geometries". Since such geometries are the two

dimensional analogues of continuous random walks, they are called "random sur

faces". For random walks, O" in (1.1) would be a single parameter, and the leading 

term in the action S would be proportional to the length of the walk. 

Instead of summing over closed surfaces in (1.1), correspond ing to closed random 

walks, we could sum over surfaces with some boundary cycles that are fixed in the 

embedding space. This would be the analog of random walks going from some point 

A to some point B. Unfortunately, the theory of random surfaces with boundaries is 

presently not well- developed, so we will mostly concentrate on the sum over closed 

surfaces below. 

Unlike closed paths, closed surfaces can have different topologies. This is one 

of the difficulties one encounters when studying random surfaces - it is more like 

studying interacting random walks (see fig. 1). For the most part, we will concentrate 

on surfaces of spherical topology below, although some things will be said about the 

sum over topologies. 

* coordinate transformaLions on Lhe surface 
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1.2. The Motivation 

Why do we want to study the sum (1.1) in the first place? Like random walks, 

random surfaces have many interesting applications and a better understanding of 

them will benefit diverse areas of physics. Here are some examples of where random 

surfaces occur: 

They appear in the low-temperature expansion of three--dimensional statistical 

mechanical systems, like the Ising model, as boundaries between regions of different 

phases. Or, the perturbation expansion of large- N QCD can be summed in terms 

of surfaces of different topology. The theory of random surfaces embedded in D di

mensions is also equivalent to two-dimensional quantum gravity coupled to D bosons 

and thus provides a simple toy model for problems in quantum gravity. Surely there 

is little hope of understanding quantum gravity in four dimensions, whatever it may 

be, before one understands the much simpler two- dimensional case. 

Perhaps most interestingly, the theory of random surfaces is string theory in 

first- quantized formulation, just like the theory of interacting random walks is first

quantized q} theory (fig. 1). Summing random surfaces is equivalent to summing the 

string perturbation expansion and could even lead to nonperturbative predictions of 

string theory as a theory of the fundamental interactions including gravity. 

Fig. 1a: A closed path, or 

4- loop vacuum diagram of <jy4 theory 

Fig. 1 b: A closed surface, or 

4- loop vacuum diagram of string theory 
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1.3. Outline 

We begin with an outline of the following introduction, and of what makes random 

surfaces more difficult than random walks. There are two ways to perform the sum 

(1.1): Either one discretizes the random surfaces as random triangulations and tries 

to sum all distinct triangulations (fig. 2), or one attempts to do the path integral 

using field theory. 

Fig. 2a: A discretized random walk Fig. 2b: A discretized random surface 

The first way is actually the more powerful one. Amazingly, random triangu

lations can be summed with the help of the matrix model trick,(ll explained in the 

appendix: they are in one- to- one correspondence with the Feynman diagrams of a 

theory of N x N-matrices in the large N limit. For embedding dimensions D :::; 1 * 

this "matrix model" can be solved exactly, yielding critical exponents and correlation 

functions. In this way one can even sum over all possible topologies of the surfaces. 

However, while the matrix model yields results, it offers little understanding of 

how they arise, and it is restricted to unphysical embedding dimensions. One would 

like to have a field theory describing random surfaces, that can be generalized to the 

more physical cases in which no matrix models are available. These include surfaces 

* The meaning of noninteger or negative D will be explained below. 
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embedded in 3, 4 and 26 dimensions, super- surfaces, and four- dimensional "surfaces." 

For this reason the emphasis in this review will be on the continuum approach. The 

matrix model will be viewed as a numerical "experiment" whose results allow us to 

check the field theory description. 

To develop such a description, it is best to rewrite (1.1) as two-dimensional quan

tum gravity coupled to D scalar fields,(2l as will be explained in section 2. Likewise, 

the random walk can be interpreted as one-dimensional quantum gravity coupled to 

D scalar fields, but is much more trivial: one- dimensional geometries are labeled 

by only one diffeomorphism invariant parameter - their total length. They have no 

dynamics and the resulting theory is just D-dimensional quantum mechanics. 

Two-dimensional geometries are best parametrized in conformal gauge, by the 

conformal factor </>(a), some moduli parameters and the genus. This is also done in 

section 2 and leads to a theory of D + 1 two- dimensional fields, the x's and ¢>. As a 

field theory, it has features that have no analogy in the case of the random walk. The 

most important one is the conformal anomaly: one might think that two- dimensional 

gravity is also trivial, in the sense that the Hilbert- Einstein action is a topological 

invariant and the cosmological constant provides no dynamics for the geometries. But 

as will be seen in section 3, the conformal anomaly induces dynamics for </>, forcing 

us to study the Liouville action,l3l 

The reformulation of two- dimensional quantum gravity as an ordinary field theory 

involving the Liouville action was a big step forward, clue to David,l4l Distler and 

Kawail5l (DDK) and also reviewed in section 3. The most important feature of this 

theory is its background independence, reflecting general covariance of the original 

theory. However, since Liouville theory is notoriously difficult to deal with, this 

approach is not yet as powerful as the matrix model methods mentioned above. In 

particular, it is not known how to sum over topologies. Some aspects of Liouville 

theory are reviewed in section 4 and some results are extracted. 
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The continuum approach reveals a transition to a branched polymer phase when 

the embedding dimension exceeds 1. The interesting caseD = 1, a main topic of part 

II, is also briefly discussed in section 4. The review closes with a brief exposition of 

matrix model ideas in the appendix. 

1.4. Further Problems 

As emphasized, random surfaces embedded in D ::; 1 dimensions are not phys

ically interesting by themselves. Rather, these models should be used as testing 

grounds in which a continuum theory of random sufaces can be developed, checked 

with the help of the matrix model results and then generalized to the physical cases. 

For example, after understanding quantum gravity in one and two dimensions 

(random walks and random surfaces), one would like to go on and understand Eu

clidean quantum gravity in four dimensions. A first step towards this is taken in Part 

III. There, it is shown how to generalize the above methods to four dimensions in the 

limit of infinite Weyl coupling. 

Even the theory of random surfaces in D ::; 1 dimensions is not yet complete. 

For example, in DDK's approach, background independence has been imposed only 

to lowest order, in a sense that will be explained. Imposing it to next order also has 

important consequences, as will be seen in Part II. 

Another important gap in the present theory is that we do not know how to sum 

over topologies in the continuum approach. V.le know from the matrix models that 

the result is simple and beautiful, given by the KdV hierarchy. This might be a hint 

that there is a simple method to perform this sum. If such a method exists and 

can be generalized to the physically interesting cases, the consequences could be far

reaching: one might be able to do nonperLurbative string theory or nonperturbative 

QCD in the framework of first quantized random surfaces. Or one might be able to 

study more rigorously the effects of wormholes in four dimensions and their relevance, 

e.g., for the cosmological constant problem. Many other applications can be thought 

of. This must be left for future research. 
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2. 2D Gravity in Conformal Gauge 

2.1. Random Surfaces and 2D Gravity 

It is well-known that, instead of the integral (1.1), one may study the equivalent 

path integral for quantum gravity in two dimensions coupled to D scalar fields xi.l2l 

The partition function is 

Z = j Dgaf3 Vxi e-S[g,x] with 
Diff 

S = j d2t7Jg{J.l + 1R + gaf3 8axk8f3Xk +other covariant terms}. 

(2.1) 

Here, 9a(3 is the two-dimensional metric, "Diff" again indicates that we divide the 

diffeomorphism group out, R is the Ricci scalar, and J.l and 1 are the cosmological 

and inverse Newtonian constants. To see that (1.1) and (2.1) are equivalent is not 

trivial. One first considers the case J.l = 1 = 0 and notes that (1.1) and (2.1) are 

equivalent at the classical level: The equations of motion for 9a(3 are 

The solution is 

a .... a .... 1 !:l .... !:)Q ... 

aX · f3X = ?,9a(3 UaX · U X. 

is a saddle point of the action. 9af3 at the saddle point is the embedding space metric 

induced on the surface, since 

(2.3) 

so the saddle point action (2.2) is the area as in (1.1). It is known as the Nambu- Goto 

action. It can then be shown that quantum corrections are also of the form (2.2), 

so that integrating out g in (2.1) yields (1.1) . For fl =/=- 0, (2.1) has no saddle point. 

Nevertheless the equivalence of (2.1) and (1.1) can be seen to hold. We refer to ref. 

[2] for details. 
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The notjon of embedded random surfaces can now be generalized to nonintegcr 

embedding dimensions by coupling any conformally invariant matter theory to gravity, 

not only scalars xi. The natural definition of D is then the "central charge" c of the 

matter theory, which will be introduced below. It is 1 for each free scalar, 1/2 for 

each free fermion and can be negative for nonunitary theories . 

In (2 .1) we could include other renormalizable terms in the action, like 

with arbitrary analytic functions 9kz(x), T(x). The :first term corresponds to random 

surfaces embedded in curved space. But let us start with the terms written out in 

(2.1) and add interactions of x later~ 

The Hilbert- Einstein action in (2.1) is a topological invariant, the Euler charac

teristic x: 

1 J 2 X= - d O" JgR = 2- 2g, 
47r 

(2.4) 

where g is the genus, or number of handles, of the surface. Thus, the expanswn 

of (2.1) in terms of the "string coupling constant" ). = exp{47r!} is a topological 

expanswn: surfaces with g handles are weighted with a relative factor ).29. 

2.2. Conformal Gauge 

The form (2.1) of the integral is much more convenient than the form (1.1), 

because the area expressed in terms of x, as in (2.2), is difficult to handle. Also 

dividing out the diffeomorphism group is difficult in (1.1). So we will simplify (2.1) in 

the next two sections. First, consider the sum over metrics modulo diffeomorphisms. 

It is most convenient to parametrize them in conformal gauge. To this end, let us 

recall the following well- known facts:[7l 

* We will not discuss the extrinsic curvaturel2l here. 
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1. The topology of a closed, oriented surface is completely specified by the genus 

gin (2.4). 

2. Two metrics are said to be in the same conformal equivalence class, if they 

differ only by a rescaling and a diffeomorphism. For given genus, there is a finite 

dimensional moduli space of conformal equivalence classes. Its dimension is zero for 

lhe sphere (g = 0), two for the torus (g = 1) (raLio of the radii of the torus and its 

twist) and 6g- 6 for g > 1. Denoting the moduli as mi and fixing a reference metric 

g(mi) in each class, any meLric can be written as 

9af3 = flap(mi) e<P o Diffeomorphism e. (2.5) 

3. The decomposition (2.5) is not umque. At genus 0 and 1 there are glob

ally well- defined diffeomorphisms that are equivalent to Weyl rescalings. They form 

a two-dimensional group for genus 1 (translations) and the six-dimensional group 

S L(2, C) for genus 0 ( LranslaLions, rotation, global scale transformation and two spe

cial conformal transformations). 

The sum over geometries can now be rewritten as 

00 6g-6 J 1Jg -t L J IT dmi J 1J<jJ J ve X Jacobian. 
g=O ~=1 

(2.6) 

A Jacobian anses because of the change of variables from 9af3 to </J, ~_[3] It will be 

discussed next. In (2.6), it is implied that we do not sum over the SL(2, C)- modes 

of <P mentioned above. Otherwise, (2.6) would be infinite. The integral over diffeo

morphisms e now cancels the volume of the diffeomorphism group in (2.1), provided 

that there is no graviLational anomaly, which means lhat the matter sector must not 

include self-dual spin-2 fields.l8l 
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2.3. The Jacobian 

When we make a linear change of variables yi -+ y'i = A~yi in finite-dimensional 

integrals, we pick up a Jacobian det A: 

A also appears in the norm in y space: 

\\8y\\ 2 = L)AioYi?· 
t 

Let us apply this to infinite- dimensional integrals. To find the J acobian in (2.6), 

consider the natural (covariant) definition of the measure, i.e., of the norm in the 

space of metrics:[3] 

\\8g\\ 2 = J d2aJggaf3g'Y88ga-yDg(38 

= j d2 ayige<I>[(8<P + f;rre-r )2 + (LOa-r(Le)a-r], 
(2.7) 

where infinitesimal deformations of the metric have been decomposed as 

The operator Lin (2.7) and its adjoint Lt are given by 

Lt acts on a traceless, symmetric tensor. ~a is the covariant derivative with respect 

to g. From the above, the J acobian in (2.6) is seen to be 
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This determinant is often represented with the help of anticommuting "Faddeev

Popov ghost fields"[7] ca, ba(J by the fermionic functional integral 

(2 .8) 

Here, ba(J is a traceless, symmetric tensor of conformal dimension 2 , and cp is a vector 

of dimension - 1. We can now write (2.1) as 

CXl 6g-6 

L >.<29-
2

) j IJ dmi j TJ¢ (det LtL)te<~> (det 6);J exp{-J-L j .J§e<l>}. (2.9) 
g=O 1=l 

The partition function for x has been written as the determinant of the laplacian. 

The subscripts ge<l> indicate that the determinants are to be evaluated in the curved 

background ge<l>( mi)· In the above, we have not discussed variations of the moduli 

mi. Since in general it is not known how to integrate over the moduli spaces and 

sum over topologies in the continuum theory, let us focus on the ¢- integral in the 

following. 

3. The Trace Anomaly and DDK 

3.1. The Conformal Anomaly 

The next step is to decouple <P from the determinants in (2.9). Classically, the 

free scalars xi in (2.1) and the ghosts in (2.8) are not coupled to the metric gerP at 

all: their actions are diffeomorphism invariant (of course) and conformally invariant, 

because the corresponding stress tensors are traceless:f7J 

ri~) = OaXOpX - ~9a/3f)'Y XO-yX 

rijc) = ~C 'Y\7 abf3-y + ~C 'Y \7 pba-y + (\7 aC 'Y)bp-y + (\7 (JC 'Y)ba-y 

1 
- 2,9ap(c'Y\7/3bf3-y + 2(\7f3c'Y)bp-y)· 
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Quantum mechanically however, the background metric enters the determinants 

through one- loop graphs like 

X 

--~----~- -~---- (3.1) 

As mentioned, there is no diffeomorphism anomaly, so the determinants are dif

feomorphism invariant. But Weyl invariance is spoiled by the conformal anomaly: 

generally, 

detXge<~> = detXg x exp{ -Serr(§, ¢)} (3.2) 

where X represents some conformally invariant operator. Seff can be obtained by first 

computing (3.1) in weak gravitational backgrounds, then using general covariance to 

determine from this the effective action and then writing it in conformal gauge.l21 But 

it is more straightforward to integrate the trace anomaly < T(; > of the stress tensors 

of the fields x, b and c, since 

hence 

8Serr[9, ¢] __ r;; ya 
8¢ - v9< a>· (3.3) 

In any dimension, < T(; > can be found using the Schwinger-de Witt method by 

expanding the Green's function of X in a curved background.l91 In two dimensions, 

things are much easier: first we regularize the determinants by introducing a short dis

tance cutoff a, for example by putting the theories on a lattice. Since X is conformally 

invariant, r:; is zero and < r:; > comes only from short distance quantum effects 

and is therefore local. It must also be generally covariant, and is thus a polynomial 
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in the curvature. Dimension counting then determines < r:; > up to a parameter c, 

the "central charge": 

1 c 2 
< r:; >= 1 X 0(2) + -8 R+ O(a ). 

a 4 1r 
(3.4) 

c can be read off from the most singular term in the operator product expansion of 

the stress tensor with itself:[lO,ll] 

c/2 
T(r)T(O)"' Fj4 + ... (3.5) 

Well-known results are c = 1 for each free scalar field, c = ~ for each free fermion 

and c = -26 for the ghosts b, c. The leading term in (3.4) is infinite, but this will 

only renormalize the cosmological constant, as will be seen. 

3.2. The Liouville Action 

We can now integrate (3 .3), using (3.4- 5). For d = 2, the curvature is JgR = 
..jg(R- 0¢). This yields the effective action[31 

(3.6) 

with induced cosmological constant 11'. S L is called the Liouville action. We see that 

the conformal anomaly induces a kinetic term for the conformal factor, even though 

the metric did not seem to be a dynamical variable in (2.1 ). This is in contrast with 

the random walk, where< r:; >"' 1 x 0(~) + O(a) by dimension counting, thus 

resulting only in a renormalization of the cosmological constant. In four- dimensional 

gravity, < r:; > and Seff will also include generally covariant fourth- order derivative 

terms,[91 leading to a unitarity problem in Minkowski space (but not in Euclidean 

space). See part III for further discussion. 
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Defining Cm as the combined conformal anomaly of the matter (i.e., if we include 

matter other than the scalar fields x ), the ¢>-integral in (2.9) becomes 

t l - Q J 26 - Cm [ ] ( 1) J 0_ ¢J} (det L L)§ (det 6.)9 
2 V <f> exp{ 

48
7r So g, </> - J.L + J.L y ge . (3.7) 

3.3. The Measure for </> 

(3. 7) is not yet a field theory as usual, because of the geometric meaning of </> 

as conformal factor. This shows up in the definition of the measure: the generally 

covariant definitions of the norm in the space of metrics and of the cutoff are (see 

(2.7); the term V ·{has been absorbed in a shift of</>): 

(3.8) 

If </> were just another field, we would have 

(3.9) 

The cutoff a can be introduced, e.g., by regularizing the sum over surfaces as a 

sum over random triangulations with triangle side length a (see appendix). We see 

that </> lives on a half- line:l6] for fixed OCT, 4> must be bounded from below to have 

etP (OCT )2 2:: a2. The bound is set by the smallest possible OCT (that is, OCT min between 

two neighboring lattice sites): 

(3.10) 

Unlike the measures discussed in subsection 2.3, the measures defined by (3.8) 

and (3.9) do not correspond to a linear change of variables that can be absorbed in a 

simple Jacobian. One way to circumvent the problem of the unusual measure for 4> is 

to write (3 .7) in light- cone gauge rather than conformal gauge, following Knizhnik, 

Polyakov and Zamolodchikov.l12] An SL(2, R) symmetry of the model can then be 

used to solve it with methods of conformal field theory. 
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3.4. DDK 

It is more convenient, though, to proceed in conformal gauge following David,[4] 

Distler and Kawai[5] (DDK): Their idea was to replace cjJ with an ordinary field, also 

called ¢, whose measure D9¢ is defined by (3.9). Their conjecture, later confirmed 

in [46], was that this change in the measure can be absorbed by replacing the action 

(3.6) for cjJ with the most general local renormalizable action. This is the Liouville 

action itself, but with modified coefficients Q, a, J.L: 

(3.11) 

Here cjJ has been normalized so that the kinetic term is standard. Quantum gravity 

is now described by three ordinary field theories, for b + c, x, and ¢. For this to be 

consistent, the combined theory must be scale invariant: scale invariance was part of 

the general covariance of the original theory. An arbitrary gauge choice corresponding 

to the background metric 9 has been made in (2.5) to parametrize metrics in confor

mal gauge. Now that cjJ is just a dummy integration variable, everything should be 

invariant under rescaling of 9. 

Scale invariance turns out to specify the action for cjJ completely. For J.L = 0, it 

means that the total conformal anomaly must vanish:* 

because (3.11) has C<f> = 1 + 3Q2
. This is derived as follows. Even for J.L = 0, (3.11) is 

not quite conformally invariant because of the term QR¢. Locally, we can write 

so V§A =- o~. 

* This can a lso be seen directly by studying Lhe original Lheory in (3.7), by simuiLaneously 
shifting g -+ geq, <P-+ <P- u: The <P theory behaves exactly like a conformal field Lheory with 
cenLral charge cq, = 26- Cm. 
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Then, 

So(§, <P)"' j d2 0"-/§{9af3a()l<Paf3<P + Q R<P} 

=- J d20"{<P D<P + Q~ D<P} =-J d2 0"(<P + ~ ~) D(<P + ~ ~)- ~
2 

So(8, ~) . 

Up to a shift of <P, the first term on the RHS describes an ordinary scalar field with 

c = 1. The second term is just the Liouville action for g = 8. Comparing with (3.6), 

we see that this term gives a "classical contribution" 3Q2 to the central charge. 

It follows from the above that 

Q = v25 ~ Cm . (3.12) 

When f-l is turned on in (3.11), scale invariance implies that the cosmological constant 

ea<P must be a marginal operator, i.e., of conformal dimension two (to cancel the two 

from y'g). To exploit this piece of information, we first shift <P by (Q/2)~, as above. 

Then the condition on the dimension becomes 

dim(eOttP) = 2 + Qa with action 

With this action, the propagator < <P(r)<P(O) > is - log(1·2 ).t The easiest way to com

pute the (classical plus anomalous) dimension of the operator ea</J, which is assumed 

to be normal ordered, is to consider the two- point function 

yielding the dimension -a2 . 

t It is sufficient to use the free field action to compute the dimension.[14l An infrared cutoff, 
which is required, is not shown. 
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1 
a= ;;)( -)25- Cm + V1- Cm)· 

2v3 

(3.13) 

(3.14) 

For a (and therefore the action) to be real, we need Cm s; 1. That is, the "matter" 
+ 

must be a "minimal model"+ or a single coordinate x. It is believed that the surfaces 

are in a branched polymer phase for Cm > 1. More about this c = 1 barrier will be 

said in the next section. 

When em= 25, the R¢- term in (3.11) vanishes and ¢is an ordinary scalar field . 

From (3.14), a is imaginary in this case; it can be made real by redefining ¢ ---+ i¢. 

Then ¢ becomes timelike and (3.11) is the usual world sheet action of the critical 

bosonic string, obtained by coupling 25 space coordinates xi and one time coordinate 

¢ to 2D gravity and ignoring the conformal anomaly. 

3.5. Gravitational Dressing 

So far, the xJ.t have been free fields m (2.1), but we can also add interactions 

m the form of scaling operators <Pi(x) with positive scaling dimensions, hi 2: 0, 

and small coupling constants ti. Scaling operators are operators of definite scaling 

dimensions. Their two-point functions are just powers of their distance. Examples 

in two dimensions are the normal ordered operator cos px, or the operator eaf/J of the 

last subsection. 

Before coupling to gravity, the perturbed matter action is 

(3.15) 

Here, summation on i is understood. After coupling to gravity and replacing the 

measure for ¢by (3.9), the interaction terms <Pi(X) will get "gravitationally dressed," 

t E.g., the Ising model with c = 1/2 
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that is, they will become mixed operators \%(x, ¢). So we make the ansatz 

S = j d2a.,j9{(8x)2 +(a¢?+ QR<P + ti f!i(x, ¢) + cosmol. canst.}. (3.16) 

Then scale invariance again determines the \%. It implies that the ti do not "run," 

that is, their beta functions must be zero. The beta functions are [l3] 

Here, 6.) is the dimension matrix of the operators \%, defined by 

(Lo + Lo)1~ = 6.)1%, 

where (Lo + Lo) is the generator of scale transformations . The c}k are the operator 

product coefficients in the short- distance expansion 

To lowest order in t, 6.~ must be 28}. From (3.14), this is obeyed by 

with 
1 

/i = 10 ( )25- Cm- -vh - Cm + 24hi) · 
2v3 

(3.18) 

In particular, the cosmological constant is the 'dressed' unit operator 1. If Cm is such 

that a in (3.14) is real, all the /i will be real, since the operators <I>i have dimensions 

hi 2:: 0. Therefore, the 1% will not lower the c = 1 barrier. 

While background invariance was imposed to first order in t by DDK, leading to 

(3 .18), the implications of (3 .17) at O(t2 ) have not previously been studied. This will 

be done in part II. We will see that this requires new terms of O(t2 ) in (3.16). 
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4. Applied Liouville Theory 

Here we use the formalism developed above to discuss briefly some critical expo

nents (in subsection 4.1) and the spectrum of the theory (in subsection 4.2) with its 

geometric interpretaLion (in subsection 4.3). We are resLricted to the case Cm :::; 1, 

where (3.11) is well- defined. The case c = 1 will be used as an example in subsection 

4.4. More aspecLs of Liouville theory and its gravitaLional interpretation are discussed 

in Lhe appendices of Part II. 

4.1. Correlation Functions and Critical Exponents 

Unfortunately, there is not yet a satisfactory way to compute correlation functions 

< IT q> i ( x) e 'Y• <P > 

in Liouville theory. The main obstacle is the exponential potential ea<P. In particular, 

</>- momentum is not conserved, as it would be in free field theory. The potential 

cannot be treated perturbaLively in J.L, starting from Lhe free Lheory with 1-l = 0, 

because Lhe cosmological constant diverges in the infrared ( a<f> -+ oo). Thus, it 

cannot be made small - rescaling 1-l just shifts it in ¢ - space. So it must be included 

in the path integral from the sLart and dealt with nonperturbatively. It is not yet 

clear how to do this integral in general (see however [15,16]). 

The area- dependence of the correlaLors can be extraded quite easily, though, and 

from this some criLical coefficienLs can be deduced. To Lhis end, consider the sum 

over surfaces of given area A. The fixed- area partition function is defined as 

( 4.1) 

where Zo is the partition function with action So, the free part of (3.11). Zo(A) can 

be found up to a proportionaliLy factor by shifting <f> by a constant:[4,5l 
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</> --+ </> + c =? So --+ So + 47rxc 

=? Zo(A eac) = Zo(A) ec(Q(l-g)-a) 

Zo(A) ex: AQ(l-g)/a-1 
(4.2) 

=? 

=? Z(A) ex: e-J.LA A1'-3 , 

with 1 = 2 + (1- g)~ = 2 + 
1 ~ g (d- 25- y'(25- d)(1- d)). (4.3) 

The coefficient 1 is called the string susceptibility, and this formula for 1 agrees with 

the matrix model results.l17l 

Similarly, one finds for the fixed- area correlation functions of the operators (3.18), 

up to a proportionality factor: 

< V1 ... Vn >A=< 1ll···Vn 8(1 d2 o- ..j§ea¢1 - A)> 

ex: e-J.LA A-y-3+L:i;/a. 

This can be integrated over A from some cutoff f. to ex:>, assuming (2g- 2) +I:: li > 0 

so that the integral converges. Due to the cutoff on </>, i.e., on A, cutoff-dependent 

terms will be added otherwise. (lS] The result for the {l- dependence of the correlators 

lS 

00 

A A J A A A < V1 ... Vn > 1t =: dA e-J.L < V1 ... Vn >A 

( 
( 4.4) 

This also agrees with the matrix model results.l17l The power of f.L is in general frac

tional. This confirms that we must treat the cosmological constant nonperturbatively, 

because perturbation theory in fL could have produced integer powers of fl only. 
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Another interesting coefficient is the Ilaussdorff dimension dH of random surfaces: 

This measures the mean extension < x 2 > of the surface in target space versus the 

intrinsic area A. The random walk is well-known to have dH = 2, independently of 

the dimension of the embedding space. For random surfaces, one can show with the 

above methods that:l19l 

24 
dn = --~~--~==~~==~~ 

1 - D + J(25- D)(1 -D) 
(4.5) 

This, too, agrees with the matrix model results. Note that dH depends on the em

bedding dimension. For D = 1, dii = oo, i.e., < x 2 >ex log A. 

The Ilaussdorff dimension is useful to investigate the relevance of interactions in 

the first- quantized formulation. E.g., <P4 theory can be viewed as a second-quantized 

self-interacting random walk. It becomes free in the renormalization group sense 

in D > 2dH = 4 embedding dimensions, because then two paths typically do not 

intersect and the interaction term is thus irrelevant. Unfortunately, the analogous 

statement for string theory can presently only be made for D ~ 1, where 2dH > D . 

The statement is that interactions of the D ~ 1 string are "relevant." 

4.2. States and Operators 

For further applications, it is important to know the eigenstates of the Hamil

tonian (if we think of one of the coordinates as time), or equivalently, to know the 

operators that create these states when acting on the vacuum. Those are the scaling 

operators (i.e., the operators of definite scaling dimension, like ea-<P) that can be con

structed in the theory. The reason is that, up to a constant, the Hamiltonian can be 

identified with the generator of scale transformations: 
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Consider inserting an operator at a point P of the surface ~ on which our theory 

lives (fig.3a). Deform the surface into a cylinder by a conformal transformation that 

maps P to infinity, as shown in fig. 3b. Translations along the axis of the cylinder, 

generated by the Hamiltonian 'H, correspond to scale transformations on ~' whose 

generator we call Lo + Lo as before. When the action of the fields that live on ~ 

is conformally invariant, 'H and Lo + Lo would be the same if it were not. for the 

conformal anomaly. Due to the latter, 'H and Lo + Lo actually differ, but only by a 

constant, which is proportional to the central charge c (see e.g., ref. [13]). 

Fig. 3a: A surface with an 

operator inserted at P 

~p 

Fig. 3b: The same surface, 

deformed to a cylinder 

As explained above, if we think of Liouville theory as quantum gravity, we should 

combine operators of the x and the <P sectors to obtain scaling operators of dimension 

two: as in (3.18). This will be done for the example of the c = 1 model in subsection 

( 4.4). We should also interpret <P as the conformal factor. This will be done in 

subsection ( 4.3). Here, let us forget about gravity and just study the spectrum of 

Liouville theory as a theory of its own. 

* More precisely, we should impose the Virasoro constraints. 
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What are the scaling operators in the theory? Ignoring for now the cosmological 

constant,t and considering only operators without derivatives, they are the exponen

tials 

exp{ up} with dimension de = -t( t + Q) = -( t + ~ )2 + ~
2

, ( 4 .6) 

as discussed above. For the dimension to be real, f3 _ t + Q /2 must be real or imagi

nary. For real (3, the dimensions are not bounded from below. Thus the Hamiltonian 

of the ¢ sector is not bounded from below, but this will be taken care of by the x 

part of the operators (3.18). For imaginary (3, the hermitean combinations of the 

operators are actually 

exp{- ~ ¢} sin(f3¢ + 8). (4.7) 

Next, what are the eigenstates of the Hamiltonian? To answer this, deform a 

Riemann surface with boundary to a half-open cylinder, insert all the background 

curvature (and possible handles) and an operator Oi in the far past as shown below 

(fig. 4a), and consider the wave function 1/;i(¢) on the boundary. Let us only consider 

the quantum mechanics problem of the constant mode <Pc( cr, T) = <Pc( T) ( cr is here the 

coordinate along the circle, and Tis " time"). From the corresponding minisuperspace 

action 

one derives the Schrodinger equation 

(4.8) 

The potential and the solutions(lS] arc shown in fig. 4b. 

t \,Yith cosmological constant, lhese operators will get modified at large negative .p.l61 
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Fig. 4a: Riemann surface with boundary, 

two handles and an operator insertion 

- E>O 

~---L.L.WL.!..LL.!--LJ....L._!-l...l....l-!~~¢o ~ ~c 

-=-=-~-=-=-=-==-:-_=-:.__ - - - - - - - - E<O 

Fig. 4b: Two types of wave functions 

of states withE> 0 and E < 0 

ForE> 0, there are oscillating states, behaving like sin(f3</>c + 0) for </>c--+ oo. If 

the range of </>c was [-oo, oo], there would be no ground state: for E = 0, the wave 

function diverges linearly for <l>c -t oo and would thus not be normalizable. But since 

there is an upper bound </>o on </>c, the state exists and its wave function is peaked at 

</>c = </>o. Likewise, all other states whose wave functions diverge as </>c --+ oo should 

be included in the spectrum.[IS] On the other hand, states that diverge at </>c --+ -oo 

do not exist. 

Third, how do the states correspond to the operators? Because of the background 

charge, the vacuum wave function behaves like e-(Q/2)</>c and the operator eft/> in ( 4.6), 

when acting on the vacuum, creates the state with 1/J( </>c) ex: e(f-Q/2 )</>c as </>c --+ -oo. 

Since no states exist for <:: < ~, one concludes that the operators ( 4.6) also exist only 

for <:: 2:: ~)18 •201 More precisely, one can argue that the operators with <:: < ~ cannot 

be renormalized (see ref. [20]). Finally, the oscillating states obviously correspond to 

the operators ( 4. 7). 
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4.3. Geometric Interpretation 

Interpreting </> as conformal factor means interpreting 

and l = f du e!f<P 

ar; 

as the area of the surface 'E and the length of its boundary o'E. From the previous 

discussion, the expectation value < l > is of the order of the cutoff (e(a-/2)<1>o) for 

the exponentially growing states~ They are Lhus called "microscopic."[17l < l > is 

finite for the operators ( 4.10) and their states, which are thus called "macroscopic." 

Although these operators are local in the background metric, they are not local in 

Lhe physical metric. Inserting them into the surface cuts a macroscopic hole into it: a 

closed line drawn around the insertion, no matter how closely, will always have some 

finite circumference< l >. 

This gives a geometric interpretation to the c = 1 - barrier of 2D gravity. Consider 

the cosmological constant operator e01¢ with a given by (3.14.). For c > 1, a acquires 

an imaginary part and the cosmological constant becomes a macroscopic operator 

like (4.7). While inserting it into the surface cuts a hole, adding it to Lhe action, i.e., 

inserting its exponential, destroys the surface)18l We thus expect a phase transition 

at c = 1. 

In the language of string theory, the barrier is related to the presence of target

space tachyons for embedding dimension c > 1. The condi Lion that the vertex oper

ator : ei#+f:¢ : be of dimension two yields the mass m of the lowest string state: 

-2 ( Q )2 Q
2 

2 p- c+- =--2=m. 
2 4. 

(4..9) 

m 2 is negative for Q2 < 8, i.e., c > 1. In this case there are plane waves with imaginary 

c (macroscopic operators) and negative m 2 (tachyons), one of them (p = 0) being the 

cosnwlogical constant . On the other hand, for unitary theories with c:::; 1 ( Q 2 ~ 8), 

all physical states are microscopic [IS] (real c) and there are no tachyons. 

* We see this from the minisuperspace approximation of the last subsection. From the matrix 
model results it is known that this approximation is exact. 
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4.4. 2D String Theory at c = 1 

The most physical case that can be disussed in the present framework is t.hat of 

gravity coupled to an ( uncompact.ified) scalar field x with c = 1. This is t.he theory 

of random surfaces embedded in one dimension. From (3.12), Q = 2v'2. (4.3) and 

(4.5) yield the critical coefficients 1 = 0 on genus zero and dH = oo. The action is 

( 4.10) 

Examples of matter scaling operators are eikx, sin kx, cos kx with dimensions hk = k2 . 

From (3.18), the dressed operators are 

( 4.11) 

What makes the c = 1 model particularly interesting is the fact that (4.10) can 

be viewed as the world-sheet action of a critical string theory in two target space 

dimensions x and ¢.l6l The dilaton background ~(x, 4>) = Q</> in ( 4.10) is responsible 

for lowering the critical dimension from 26 to 2. This is further discussed in part II, 

appendix A. 

From the analysis of the c = 1 matrix model, the correlation functions of (4 .10) 

are known to all orders in t.he string loop expansion, i.e., summed over all genera, 

and beyond. This makes 2D string theory an interesting toy model for more real

istic (26D) string theories. One might think t.hat it is a rather boring toy model, 

because there are no transverse directions in which t.he siring can oscillate. Thus the 

spect.rum can contain no target- space gravitons or higher excit.ed modes, only t.he 

"tachyons" corresponding to the operators (4.11). This is not quite so: the spectrum 

contains discrete remnants of the graviton and the higher string modes at special 

momental24•25l (see part II, section 2.3). For a review of the c = 1 model, see ref. [26]. 
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Appendix: Random Lattices and Matrix Models 

In the above we have often referred to numerical results obtained from the "matrix 

models ." For completeness, the basic idea of this approach is explained below. For a 

complete review, see e .g. , [1 7 ,26]. 

A.l. Random Triangulations 

The path integral over unembcdded (D = 0) two-dimensional Euclidean geome

tries can be regularized in a diffeomorphism invariant way as a sum over triangulations 

of a surface (figure 5a). The side length a of the triangles is held fixed while the num

ber of triangles joining at each vertex is allowed to vary. The sum runs over all 

distinct graphs, i.e. , all graphs that cannot be mapped onto each other. 

Let us define F, E and V as the numbers of faces (triangles), edges and vertices of 

a graph like the one in figure 3. V- E + F is well known to be the Euler characteristic 

x = 2- 2g of the manifold, g being its genus. The area is ......- a 2 x F. The discretized 

partition function (2.1) (without x) is thus 

vll(>.o, Po) = L .\()(V -E+F) exp{ -poF}) 

graphs 

(A.1) 

with bare "string coupling constant" .\o = e41r-y and bare cosmological constant J-Lo. 

Let us first restrict ourselves to genus zero: V- E + F = 2. The sum over genera 

will be discussed in subsection A.3. It is known (and suggested by ( 4.2)) that the 

number of distinct triangulations with a fixed number of triangles grows to leading 

order like eJ.LcF p-r-3 as F---+ oo, with some coefficients J-Lc, I · By fine- tuning Po ......- ftc 

and simultaneously letting a go to zero, the continuum limit is reached where the sum 

(A.1) just starts to diverge.* Intuitively one expects that, in this limit and for genus 

zero, (A.1) becomes the partition function of two- dimensional quantum gravity on 

* Actually, for pure gravity 1- 3 = -~,so there is no continuum limit . This can be cured by 
either inserting operators or adding matter. 



29 

on the sphere, 

Z = ; 5 J ~~ exp{ -JL J d2
cr Jg} (A.2) 

with renormalized cosmological constant JL: 

(A.3) 

To establish the equivalence of (A.l) and (A.2) beyond the intuitive level, one has 

to show that in the continuum limit the measure for the discretized sum becomes the 

Polyakov measure (2.7). This has not been proven rigorously, but it can be expected 

on the grounds that the definition of the sum is diffeomorphism invariant (invariant 

under permutation of the vertices), and that (2. 7) is the only diffeomorphism invari

ant measure for 9a{3 that can be constructed. Further confirmation comes from the 

agreement of the results of the continuum approach and the matrix model approach. 

fig. 5a: fig 5b: 

A random triangulation Its dual 
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A.2. The Matrix Models 

The trick that makes it possible to actually perform the sum (A.1) is by now well

known:f1l Consider the partition function of a zero-dimensional <jJ3 theory, where <Pis 

a hermitean N x N matrix: 

(AA) 

The normalizations have been chosen for later convenience. 

There are two ways to compute TV(a:): (i), perturbatively by summing the con

nected Feynman diagrams, or (ii), by just doing the integral.l27·28l (ii) is much easier 

and therefore used to actually do the computation. We refer to the literature for 

this.l17l 

(i), on the other hand, serves to establish that (A.4) is equivalent to (A.1). One 

only has to note that the connected Feynman graphs of (A.4) and the triangulations 

of (A.1) are in one- to-one correspondence: they are dual to each other.* The dia

grams are gluon- diagrams as in fig. 5b. V is the number of loops, E the number of 

propagators and F the number of vertices in the Feynman graphs. With propagators 

1/N, each graph in the perturbation expansion of (A.4) is weighted by 

(A.5) 

where the factor NV comes from the N different flavors propagating in each loop. 

With a= e-tto and .Ao = 1/N, this yields precisely (A.1). In particular, as N---+ oo, 

only planar diagrams will survive, corresponding to a sum over triangulations of a 

genus zero surface. In the continuum limit J.Lo ---+ J.lc, where the gluon- nets become 

dense, this sum becomes the partition function (A.2) for quantum gravity on a sphere. 

* The dual graph of a triangulation is obtained by replacing each face by a vertex and each 
vertex by a face. 
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Correlation functions can also be represented m terms of matrix integrals.l17l 

Consider (AA) with insertions of tr </Jn: 

This corresponds to summing diagrams with external legs. One easily sees that their 

duals are triangulations with k holes of sizes n1 ·a, ... , nk ·a. In the continuum limit , 

these holes correspond to insertions of operators - of "microscopic operators," if nk 

is held fixed as a --+ 0, and of "macroscopic operators" if nk ·a is held fixed (compare 

with subsections 4.2, 4.3). 

The matrix model (A.4) can be generalized by modifying the potential in the 

exponential or by introducing more than one matrix. The resulting matrix integrals 

have been identified as partition functions and correlation functions of gravity coupled 

to matter with central charge c::; 1. The most interesting solvable matrix model is the 

one-dimensional one:[29l The matrix is a one-dimensional field ¢(t), and the partition 

function is 

(A.6) 

In the perturbation expansion, each diagram is now weighted by 

0 F N(V -E+F) J II dtk II e-mlt,-t1 1 

k <ij> 

(A.7) 

instead of (A.5). Here, < ij > are neighboring vertices in the Feynman diagrams, 

and e-mltljN is the propagator of (A.6). In the continuum limit, obtained by tuning 

a to its critical value, t turns into a scalar field on a two-dimensional surface. It 

is believed that in the continuum limit universality allows replacing the propagator 
2 

by e-mt / N. Then the Gaussian nearest-neighbor interadion becomes a standard 
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kinetic term fort. So the integral in (A.7) becomes 

This establishes that, in the continuum limit, W is the partition function of a free 

boson with c = 1, coupled to gravity. 

The beautiful nonperturbative calculation of integral (A.6), by interpreting it as 

the ground state energy of N free fermions[27l (the matrix eigenvalues), is not the 

topic of this review, so we just refer to the extensive literature, e.g., [26]. 

A.3. Sum over Topologies 

Matrix models can also be used to sum over all genera.(Jo) Consider agam the 

sum (A.l), but now with surfaces of arbitrary genus, V- E + F = 2- 2g. Then 

00 

W(.Xo, J.Lo) = L .\~9-2 vVg(J.Lo) . (A.8) 
g=O 

From (4.3- 4) we know how vV9 scales with J.l ex (J.Lo- J.lc) in the continuum limit: 

00 

=> TtV(Ao, J.Lo) = ltll(~>:) = L ~>:(2Y-2) w 9 with 
g=O 

.Xo (A.9) 
!); = --------,;-:-

(Ito - J.lc)'"Yo/2 ' 

with /0 = 5/2 for pure gravity* and some constants w 9 . In order to obtain a sensible 

continuum limit, one must therefore also take .Xo ---t 0, as J.lO - flc ---t 0. Recalling 

(A.3), one sees that the string coupling constant gets renormalized ** to 

* More generally, /o = -Qja for gravity with matter 
** Note, however, that from (4.3), n- = .A0 for c = 25. 
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In the matrix model, we had .Ao = 1 j N and J.Lo = -log a. The limit where 

N ---+ oo and simultaneously a ---+ ac = e-JLc so that "' is kept fixed is called the 

double-scaling limit. The matrix integral (A.4) in this limit is the partition function 

of quantum gravity with topological expansion parameter"'· Quantum gravity on the 

sphere is recovered for "' ---+ 0, that is, N ---+ oo for small but fixed a- ac. 

Integral (A.4) in the double- scaling limit can be evaluated.l30l It is found that 

W(t), defined by W(t) = vV("-) with t = ,--yo/2 ' obeys the Painleve equation 

- ? 1 :.: 
t = w~- -TV. 

3 

This result has yet to be obtained from the Liouville approach. 

(A.lO) 
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P A R T II: R U N N I NG C O UPLING C O N STANTS I N 2D GRAVITY* 

1. Intr oduction 

It was pointed out in subsection 3.5 of part I, that interactions in two- dimensional 

quantum gravity must be exactly marginal. As will be shown in this part of the thesis, 

this implies that new terms must be added to the action (3.16). They have not been 

considered previously, but are important for understanding the renormalization group 

flow and can be observed in recent matrix model results for the phase diagram of the 

Sine- Gordon model coupled to gravity. 

Let us recall the issue. Two- dimensional quantum gravity coupled to c < 1 

matter 'x' is described in conformal gaugel4 •5] in terms of fields propagating 1ll a 

fictitious background metric g01p. The action is the appropriate conformally invariant 

free action plus interaction terms which are usually assumed to be of the form 

Lint= cosmological constant+~ Ti j <f?i(x) e 01 •rf>, 
t 

(1.1) 

where <Pi are primary fields of the matter theory, the Ti are small coupling constants, </> 

is the Liouville mode and the ai are adjusted to make the dimensions of the operators 

equal to two. However, (1.1) cannot be the complete interaction, for at least two 

reasons: 

1. The operators m (1.1) are not exactly marginal.t They should be, because 

the Liouville theory must be background independent as a consequence of general 

covariance.l4•51 Therefore the beta functions of the theory must be zero to all orders 

in the couplings. Adjusting the ai in (1.1) makes them zero to first order, but the beta 

functions have quadratic pieces whenever there are nontrivial OPE's! as in formula 

(3.17) of part I. 

* based on a paper to be published in Nuclear Physics B 
t An operator is marginal if its dimension is two, and exactly marginal if its b eta function is 

zero to all orders. 
t See section 2 for the issue of renormalization schemes and fi eld redefinitions 
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2. The renormalization group :flow would be quite trivial with (1.1). As men

tioned, there should be no :flow with respect to the fictitious background scale vg. 
But, as explained in section 3, a constant shift of <P should be interpreted as a rescal

ing of the physical cutoff,[6•35•33l and should, in particular, result in a mixing (flow) 

between different operators. This does not happen in (1.1). 

It is shown in section 2 that the first problem can be solved by adding a term 

(1.2) 

to the interaction (1.1), where cfj are the operator product coefficients. This, in 

fact, also resolves the second problem: the modified interaction displays the expected 

operator mixing under shifts of <P by a constant. Requiring that there be no flow with 

respect to the background scale vg determines the flow with respect to the physical 

scale vgea<f>. For the case of the Sine- Gordon model coupled to gravity it will be seen 

that this :flow qualitatively agrees with recent matrix model results by Moore.l31l 

Equation (1.2) should be viewed as a second- order correction to the gravitational 

dressing of the <I>i(x ). We conjecture that further modifications of (1.1)+(1.2) can 

be made order by order in the ri, leading to an infinite dimensional space of exactly 

marginal perturbations. Our calculations serve to verify this conjecture to second 

order. This part of the thesis is organized as follows: 

In section 2, the second- order corrections (1.2) are discussed. First, it is shown 

in subsection 2.1 that the interaction (1.1) plus (1.2) is marginal up to second order. 

That the correction (1.2) is essentially unique is argued in appendix A by thinking of 

the marginality conditions as equations of motion of string theory. The c = 1 model 

coupled to gravity is discussed as an example. In subsection 2.2, the interaction term 

is taken to be the Sine- Gordon interaction near the Kosterlitz-Thouless momentum 

p = V2 and near p = !v'2. In subsection 2.3, the interaction terms are taken to 

be the "discrete operators." The elfects of including the cosmological constant are 

studied in appendix B. The conclusions of appendices A and B are summarized in 

subsection 2.4. 
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In section 3, running coupling constants are discussed. They are clcfmecl in sub

section 3.1 so that they absorb a constant shift of¢. In subsections 3.2 and 3.3 this is 

applied to the Sine-Gordon model and the resulting phase boundaries are compared 

with those found with the nonperturbative matrix model tecb.niques.l31l It is seen that 

the presence of the terms (1.2) is crucial even for qualitative agreement of the matrix 

model and the Liouville theory approaches. A more detailed comparison of both is 

left for future work. The one- loop beta functions for the discrete c = 1 operators are 

also obtained. 

In section 4, possible extensions of this work are pointed out, as well as impli

cations for black- hole hair and correlation functions. In particular, it is argued that 

the relation between correlation functions in the matrix model and in the Liouville 

approach is more complicated than often assumed. 

2. Exactly Marginal Operators 

2.1. The Terms of Order r 2 

In the approach of David, Distler and Kawaii (DDK), a conformal field theory 

with central charge c and Lagrangian Lm(x) coupled to 2D gravity is described by 

the actionl4•5l 

So= 8~ j d2ayfg{Lm(x) + (8¢)2 + QR¢ +cosmological constant+ ghosts} (2.1) 

with Q = .J(25- c)/3 and conformal factor ¢. The cosmological constant will be 

neglected at first, but included later. (See subsection 2.4..) 

\rVhen Lm(x) is perturbed by operators ti<I>i(x ), these operators get "dressed" 

upon coupling to gravity. As emphasized above, the dressed interact.ion must be an 

exactly marginal operator, not only an operator of dimension two. Exact marginality 

is needed, because in DDK's approach the background metric g corresponds to an 

arbitrary gauge choice that nothing physical should depend on. In particular, coupling 
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constants should not run with respect to g: all beta functions must be zero to all 

orders. 

In prior work, this condition has been exploited only to first order.l4 •
5l Here it 

will be investigated in second order. Generally,l13l the beta functions for a perturbed 

conformally invariant theory (see sect. 3.5 of part I), 

S = So+ rt d~O" Vi, ·; ? * 

are (2.2) 

if the Vi are primary fields of dimension .6.i close to two . .6.~ is the dimension matrix 

computed with So. If the operators Vk on the RHS of the operator algebra t 

Vi(r)Vj(O) "' L JrJ-ll,-ll1 +lhct Vk(O) 
k 

also have dimension close to two, the coefficients cfj are universal constants, inde

pendent of the renormalization scheme used to compute them. Operators of other 

dimensions also appear on the RHS. For them, the c~k are scheme- dependent, that 

is, not invariant under coupling constant redefinitions. Let us ignore them here.t 

We now show that (3i = 0 + O(t3 ) for the perturbation (1.1) plus (1.2): § 

X - 1 .-li. ( ·) A.. D'k</J k = -Q ') 'l'k x cp e . + ~CXk 
(2.4) 

CXi is adj usted to make the dimension of 1% exactly two. Without the O(r) corrections 

* Here and below we omit powers of a length scale a, needed to make the ri dimensionless. 
t keeping only Lhe radial dependence on Lhe RIIS; Lhe resL drops out after inLegraLing over i-:. 
t Presumably Lhe scheme can be chosen so that Lhey vanish. 
§ The question of the uniqueness of (1.2) is deferred to subsection 4.4. 
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in Vi, we would thus have~~ = 28; and f3 = 0 + 0( 7 2 ) from (2.2). With them, 

Ai 2ci i k+0(2) U.j = Uj - 1fCkj7 7 , (2.5) 

hence (3 = 0 + 0( 7 3 ) in (2.2). (2.5) can be derived by writing 

defining the generator Lo + Lo of global scale transformations, and differentiating 

with respect to O'.k the dimension formula 

(Lo + Lo)ecrk¢ = -a~,;(ak + Q) ecrk¢, 

(Lo + Lo)Xk = 2Xk + vk 
- . . 2 

(Lo + Lo)Vk = 2Vk- 1rcjk71 1/i + 0(7 ). 

As a simple check of all this, one can consider rescaling '!/;--+ (1 +'A)'!/; in 

112 ') r,:; S toy model = S1r d a ( ( fJ'l/;)~ + I cos V 2'!/;) with 

This should keep the interacLion marginal at 0(1>..) and is equivalent to adding the 

terms 2>..( fJ'l/; )2 - V'i>..1'l/J sin V'iV; to the Lagrangian. Using the above method, one 

can check that the second term indeed arises as the correcLion to the first term.~ 

2.2. The Sine- Gordon model 

As an example, consider an uncompactified scalar field x coupled to gravity. Then 

c = 1 and Q = 2V'i. First, we perturb this model by the Sine-Gordon interaction, 

and determine the O(m2
) corrections (2.3). To find the coefficients c~, consider the 
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operator product expansion (OPE), using the propagator -log r 2 : 

As mentioned, we must look for nearly quadratic singularities, so that the cjk are 

universal constants. The second line in (2.7) has 17·1-2 singularities at the "discrete 

momenta" p E { . .. ,O,~v'2,v'2, ... }* and the third line at p E { ... ,O,~v'2.}.** Let us 

study the neighborhoods of p = !v'2 and p = v'2. There the induced operators are: 

at p = ~.J2 + 8 : Vi = e(2c-Vi)<P with c~m = ~ 
2 

atp=h+t: V2=(ox?e2
c¢> withc:;,m=-~· 

From (2.3) and (2.4), the leading order corrections to (2.6) are obtained: 

(2.8) 

This will be further discussed in section 3. Note the factor EJ- 1 in the first line. Note 

also that from the string theory point of view, (2.8) describes the backreaction of the 

tachyon onto itself and the graviton. 

* corresponding to the discrete tachyons ~i . ±i of the next subsection 
** However, for p < tv'2 the operators on the RIJS do not exist (see sect. 4.2 of part I). As a 

consequence, cos 2px terms are not induced and no phase transition occurs at those momenta, 
as argued in appendix B. 
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2.3. The Discrete c = 1 Operators 

As a second example, consider perturbing the c = 1 model with the nonrenor

malizable so-called (chiral) discrete primaries <l>jm(x),l34l 

(2.9) 

with dimension j 2 and SU(2) indices j, m, the SU(2) algebra being generated by 

H±"' f dz e±iVZx(z) = f dz <1> 1,±1(z), II3 "'f dz iv'2ox(z) = f dz <1>1 ,o(z). 

Here the integrations are along contours in the z plane that encircle the operators 

that IJ±,H3 act upon. If an interadion tim<.l>jm[x]~jm[x] is added to the matter 

Lagrangian, the dressed interaction is, to first order in the coupling constants, 

with CYj = (j -l)J2. The <I>jm can be rescaled such that the operator algebra of the 

1/jm has the w 00 structurel24•25l 

From (2.3) and (2.4) one obtains the second-order interadion term 

5£ = L <I>jm~jm cP eaJ¢> 

j,m 

"'\"""' ·I II ·II /) ? j 1m 1 j 11m 11 

L (J m - J m ~T T . (2.10) 

Lint + 5£ is marginal up to order ( T )
2 • Again, depending on the renormalization 

scheme, operators whose dimensions are not two may also appear in 5£. 



41 

2.4. Uniqueness and the Cosmological Constant 

Next, we must ask whether the modifications (1.2) of the operators (1.1) are 

the unique modifications that achieve marginality up to order (T)2 . The situation is 

greatly clarified by thinking of the marginality conditions as equations of motion of 

string theory, as in ref. [6] . One concludes the following (more details are given in 

appendix A): 

The marginality conditions are second- order differential equations in 4> and x. 

Their solutions are unique after two boundary conditions are imposed, namely: (i) : 

the modifications must vanish at 4> = 0, and (ii): the second, more negative of the 

two possible Liouville dressings (as e.g., in (A.5)) does not appear. 

Boundary condition (i) comes about because the Liouville mode 4> lives on a half 

line:l6l The sum over geometries can be covariantly regularized as a sum over random 

lattices. Then no two points can come closer to each other than the lattice spacing a: 

(2.11) 

(recall that a< 0.) After shifting 4> so that cf>o = 0, boundary condition (i) states that 

the action S(cf> = 0) at the cutoff scale is the bare action (see e.g., (A.4)).l6l Boundary 

condition (ii) arises because operators with the more negative Liouville dressing do 

not exist (see sect. 4.2 of part I) . 

The correction terms found above obey the boundary conditions (i) and (ii) and 

are therefore unique. Of course, there is always an ambiguity clue to fteld redefini

tions, that is, choosing different renormalization schemes when computing the beta 

functions. There is no problem as long as we stick to one scheme.* 

Another important question is how the cosmological constant modifies our results. 

The problem with the cosmological constant operator is that it cannot be made small 

in theIR (4>---+ -co). It can only be shifted in the 4> direction. Thus it cannot be 

* Actually, the scheme used in subsection 2.1 is not the same as the one used for the string 
equations of motion in appendix A , but this does not affect the above conclusions. 
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treated perturbatively, rather it should be included from the start in So of (2.1). In 

its presence the OPE's used above are modified. Applying the discussions in refs. 

(6,18,20], one tentatively concludes the following (more details are given in appendix 

B): 

1. The effects of the cosmological constant on gravitational dressings can be 

neglected in the ultraviolet (1>'"" 0), but not in the infrared (1> ---t-oo). 

2. In the Sine- Gordon model coupled to gravity, no unwanted terms with cos 2px 

are induced because the OPE's are "softer" than in free field theory (see (A.4-5)). 

These conclusions will be confirmed in section 3 by observing the agreement with 

matrix model results. 

3. Running Coupling Constants 

3.1. Renormalization Group Transformations 

In subsections 3.1 and 3.2, the cosmological term will be assumed to be fl e-../2¢> 

to simplify the discussion. This can be generalized to more complicated forms like 

T11.(r/>) in (B.2). 

Consider rescaling the cutoff a ---t aeP in the path integral of 2D gravity, 

J Dr/> Dx Db De e-S(¢i,x,b,c). 

¢>?:.<Po 

From (2.11) one sees that this induces a shift of the bound r/>o ---t r/>o +>.,in addition 

to an ordinary RG transformation. From (2.11), 

2 10 t >. = 1>o(aeP) - 1>o(a) = -p = -v2p. 
a 

(3.1) 

In fact, since ordinary RG transformations are irrelevant (since all beta functions 

are zero), only the shift of the bound remains. The constant shift of the bound is 

t More generally, p = t log~:~~? with cosmological constant TJJ as in (B.2) 
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equivalent to a constant shift of the Liouville mode, ¢ ---+ ¢ + >.. Let us absorb this 

shift in "running coupling constants" 7(>.), f'o _ 7(0), defined by: 

5(7(>.), x, ¢ + >.] = S(To, x, ¢] . (3 .2) 

+ 
After expressing >. in terms of p: one obtains the renormalization group flow 7(p). 

(For similar conclusions, see (35,36].) 

As mentioned above, the action (3.2) corresponds to a classical solution of string 

theory with two- dimensional target space (x, ¢). The equations of motion of classical 

string theory thus play the role of the Gell-1\Iann- Low equations in the presence of 

gravity.l35l They contain second- (and higher- ) order derivatives of¢, which we have 

just interpreted as "renormalization group time." It has been suggested that those are 

due to the contribution of pinched spheres in the functional integral over metrics.l37l 

3.2. Sine- Gordon Model near p = ..J2 

We now apply the preceding procedure to the examples worked out in section 

2, starting with the Sine- Gordon model. In flat space, at p = ..J2 the Kosterlitz

Thouless phase transition occurs. With gravity, at p = V2 +f. the action is to order 

(m, E) 2 (see (2.8); we ignore O({t)- corrections of the Sine-Gordon interaction): 

S = ;7r j d2u ytg{(ox)2 + (8¢)2 + 2V2R¢ +ghosts+ {l e-v'2<P} 

+ m j d2
u cos(J2 + E)x e(<P- 8~ m 2 j d2u ¢ (ox)2. 

(3.3) 

To 0( m, f. )2
, a shift ¢ ---+ ¢ + >. can be absorbed in the >.- dependent couplings 

In deriving E(A), the >.m2(ox)2 term has been absorbed in a redefinition of x and then 

t This is more complicated with Til, but to find phase boundaries, T'(>.) will be good enough. 
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in a shift of c. Defining 'prime' as 1>,, we get 

I m =-em+ ... , J-L' = V'iJ-L + ... 

Defining 'dot' as fP = -~f>. yields the beta functions 

(3.4) 

jJ, serves as a check: J-L decays in the UV according to its dimension (two). The coupling 

constant flow is qualitatively the same as in flat space and is given by the Kosterlitz

Thouless diagram (Figure 1). We see that the m2 <P (8x)2 correction in (3.3), which 

is an example of the corrections (1.2) to (1.1), plays a crucial role: ignoring it would 

be like forgetting about field renormalization in the ordinary Sine-Gordon model. 

m 

\\ ?I 
' / 

t ' / 

~ ' / "' ', '/// "' 
~ , / ', ~ 1 

£ 

/ ' / ' / ' 

!! ~\ 
fig.l: 

KT- transition with gravity at 0( c, m? (Arrows point towards infrared). 
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From (3.4), the phase boundary for p > V2 is linear, m ex: c. To this order, this 

agrees with the matrix model result [31] 

(3.5) 

With the normalization of m and 10 as in (3 .3), we obtain the slope V'i/1r for the phase 

boundary. After comparing the normalizations, this should also be checked with the 

matrix model. It will also be interesting to see if the logarithm in (3.5) follows from 

the modifications of higher order in m, needed to keep the interaction near p = V2 
marginal beyond O(m2). 

We can now interpret the phase diagram of [31] (figure 2) near m, t = 0: For 

10 < 0 (regions II and V of [31]) , m grows exponentially towards the IR. The model 

thus flows to (infinitely many copies of) the c = 0, pure gravity model.[36•38l 

For t > 0, but m greater than a critical value mc(t) (region VI of [31]), the flow 

goes again towards the c = 0 model in the IR. For m < me( t) (region III of [31]) 

the flow seems to go to the free c = 1 model. However, the domain of small ~:, m is 

now the IR domain. As noted in subsection 2.4, the cosmological constant cannot be 

neglected there and further investigation is needed. 

m 

IV 

I 

v 

n 
' ' ' ' ' ' ' 

fig.2: 

VI 

p 

Regions of the Sine- Gordon model with gravity at O(m2 ). 
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3.3. Sine-Gordon Model near p = ~.;2 

At p = ~y/2 + 8, the situation is less clear. From (2.8), instead of the (ox? term 

a "1" term is induced. That is, the cosmological constant is modified by the induced 

operator <P e-../24> . The latter becomes comparable with the background cosmological 

constant at 8 "' :
2

• Let us tentatively* write the action to leading order as: 

S = 8~ j d2 cr yfg{(8x) 2 + (8<P) 2 + 2-l'iR<P +ghosts} 

+ m J d2 () cos( ~v2 + 8)x e<-~ V2+o)<f> + ( ..!!..._ + m
2

7r) J d2cr <P e-../24>. 
2 871" 88 

(3.6) 
2 

With our normalizations, the effective cosmological constant is now J-L + T1r2 . For 

fixed J-L, it blows up as 181---+ 0. For 8 < 0 and m 2:: ~~'it is negative. Indeed, in 

the matrix model a singularity of the free energy has been found at 

8 < 0, rn ex ~e~hologo_ (3.7) 

2 
Let us therefore identify the region where fl + T1r2 is negative with region IV of [31]. 

We leave a further interpretation of the situation near p = ~.;2 for the future. 

3.4. The Discrete Operators 

We can also determine the one-loop beta function for the "discrete" interactions 

(2.9) of subsection 2.3. From (2.10), 

£ + 8£ = 2::::: q>jm<'I>jm e(j-l)v'2 4> { Tjm + </J 2~. 2::::: (j'm11 - j 11m1) 2Tj'm' Tj"m"}. 

J ,m J ;'+;"=;+J 
Tn1+m11 =m 

Constant shifts <P---+ <P +A are absorbed up to 0( T 2 ) in: 

" (·I 11 ·II ')2 j'm' j"1n"} -(j-l),fiA L_; J m - J m To To e . 

* Here we use t/J e-...!2</> instead of the simple form e-.../2<1> for the cosmological constant (see refs. 
[18 ,20]). 
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From this we find the one-loop beta function (using (3.1)) : 

+jm = 2(j- 1) Tjm + ~ L (j'm"- j 11 m 1
)
2 Tj'm'Tj"m" 

J'+J"=J+l 
m1+rn"=m 

(3.8) 

Thus, turning on the operators <I>jmCI>j'm' with j' > 1 will in general induce an infinite 

sel of higher spin operalors <I>jm CI>jm al 0( T 2 ) , whose couplings were originally turned 

oiL This is what one expects from these nonrenormalizable operators, but it would 

not happen without the 0( T 2 ) modification 8£. 

4. Outlook 

4.1. Correlation Functions 

The modifications ( 1.2) are irnportant not only for understanding the renormal

ization group flow but also for computing correlation functions in Liouville theory. 

They imply the identification (the notation is as in (2.4)) : 

where < ... >c and < ... > L denote correlation functions computed in the matrix 

model (Gravity) and in Liouville theory, respectively, and "'I = 1rj(Q + 2a,) . Ti is 

related to the ti in some nontrivial way: Ti = ti + O((t)2 ).l211 

Geometrically, the extra terms on the RIIS can be interpreted as arising from 

pinched spheres in the sum over surfaces. ( 4.1) has consequences for the correspon

dence of matrix model and Liouville correlation functions. Expanding both sides and 

temporarily identifying t and T t yields e.g, for the two-point function: 

< j <Pi j <I>j >c = j d2 z j d2w < \li(z)fj(w) >L + 2Kzc~j j d2w < <P ~(w) >L. 

(4.2) 

In fact , the last term is necessary for background invariance: Inserting a covariant 

t The nontrivial relation between r and t noted in (21] corresponds to the appearance of oper
ators 11/ (instead of ¢11/) on the RIIS of (4.1). They are also present, but let us here focus on 
the new type of operators ¢ V1• 
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regulator like 8( vge.Piz- wl2 - a2 ) into the two-point function induces new back

ground dependence, coming from the integration region z ""' w.l131 By construction, 

the one-point functions added in ( 4.2) are precisely what is needed to cancel this 

dependence. 

Additional terms like the ones in ( 4.2) are also present in higher point functions. 

They can be determined by background invariance. It should be possible to see them 

in matrix model computations, e.g., of higher- point functions of tachyons at the 

"discrete" momenta. It then needs to be better understood why we can recover some 

of the matrix model correlators with the method of Goulian and Li from the Liouville 

correlators,[15•16•261 without the extra terms in ( 4.2). 

4.2. Black Hole Hair 

The conjecture that all the discrete operators, in particular the 'static' ones <I>j,o 

with zero x-momentum can be turned into exactly marginal ones implies that each 

<I>j,O adds a new dimension to the space of black hole solutions of classical 2D string 

theory, corresponding to higher spin (not only metric) hair. It will be very interesting 

to better understand how significant this is for the issue of information loss in black 

holes.l391 

4.3. Four Dimensions 

It would also be interesting to extend this work to four dimensions. Four

dimensional Euclidean quantum geometry is, at the least, an interesting statistical 

mechanical model. In part III, we show that at the ultraviolet fixed point of infi

nite Weyl coupling, where the theory is asymptotically free,(4.0] it can be solved with 

the methods of two- dimensional quantum gravity in conformal gauge.l411 Perturbing 

away from this limit is similar to adding perturbations to the free c = 1 theory. One 

might be able to find a phase diagram for Euclidean quantum gravity by generalizing 

the method suggested here. 
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4.4. Summary 

In the Liouville theory approach to 2D quantum gravity coupled to an interacting 

scalar field, new terms appear in the Lagrangian at higher orders in the coupling 

constants. They are required by background independence and cannot be eliminated 

by a field redefinition when the interaction is given by one of the discrete tachyons or 

higher-spin operators. 

The new terms are crucial for obtaining the correct phase diagram, as found with 

the nonperturbative matrix model techniques in the case of the Sine- Gordon model. 

V/e have partly interpreted this diagram, but the transition below p = ~ of the 

Kosterlitz- Thouless momentum must be clarified more. The cosmological constant 

must be treated more rigorously, and the cubic terms in the beta function (2.2), which 

are also universal, should be derived. The new terms have various other implications 

and should, in particular, be important for the correct computation of higher- point 

correlation functions. 

APPENDICES 

Appendix A: String Equations of 1Iotion and Boundary Conditions 

The question addressed here is whether (1.2) are the unique modifications that 

make the interaction (1.1) marginal up to order T 2 . It is useful to think of 2D quantum 

gravity as classical string theory.l6l Let us first discuss the example of the Sine- Gordon 

model. The discussion will be restricted to genus zero. 

His well known that, for genus zero, exactly marginal perturbations of the world

sheet action correspond to classical solutions of string theory. Some of them can be 
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found by expanding in powers of m the dilaton <I? , the graviton G1w and the tachyon 

T in the sigma model 

T(x, 4>) = m cos px e(p-.Ji),P + m 2T(1)(x, ¢) + .. 

<I?(x, 4>) = 2V'i¢ + m2 <I?(l)(x, ¢) + .. 

GJ.lv(x, 4>) = 51w + m 2 h1w(x, 4>) + .. 

. * 1n m: (A.l) 

(A.2) 

and by then solving the equations of motion derived from the low-energy effective 

action of two-dimensional sLring field Lheory,l7•421 

The corrections to G, <I? in (A.2) are of order m 2 because T appears in Lhe Hilbert

Einstein equations only in the tachyon stress tensor, which is quadratic in T. The T 3 

term is ambiguous,l42•43l but this will not be important here. It is useful to choose 

a gauge in which the dilaton is linear, i.e., <]?(I) = o.t To O(m2 ), the equations of 

motion are second-order differential equations: 

1 .... 2 
'Vt,\7 v<I?- 2G,w('V<I? + 2 D<l?- 8) = GJ.lv 

DT + V<I?VT + 2T- 2T2 = 0 
(A.3) 

with tachyon stress tensor 0 J.lV. 

To specify a solution, we need two boundary conditions. Following ref. [6], we will 

adopt boundary conditions given (i) in the ultraviolet by the bare action and (ii) in 

the infrared by the requiremenL of regularity. Let us for now assume the simple form 

e01tP for the cosmological constanL. ' Infrared' means 4> ~ -oo since a= -vf2 < 0. 

* The cosmological consLant will be included in Lhe tachyon in appendix B. 
Hs presence justifies Lhe expansion in m. 

t This is always possible aL least at order m 2 and m 3 . 



51 

(i) UV: As pointed out in (2.11), the Liouville coordinate is bounded: 

1 2 
¢ ~ <Po ,....., - log a . 

a 

This bound on ¢ does not modify the Einstein equations.:!: It just requires specifying 

the action at the cutoff, S( ¢ = <Po). As in [6], we identify it with the unperturbed 

action So plus the bare matter interaction ( .6. is the bare cosmological constant:) 

S( </> = <Po) = So+ 8~ j d2a (C. +mn cos px) <* { 
T( <Po) = .6. + ms cos px 

(A.4) 

(ii) IR: It has been pointed out[18•201 that operators that diverge faster than 

e-Q/2 <P as ¢ -+ -(X) do not exist in the Liouville theory (2.1). This provides the 

second boundary condition. Given one solution of (A.3) for y(l) and h1w, the other 

solutions are obtained by adding linear combinations of O(m2 ) of the on-shell tachyons 

and the two discrete gravitons 

(A.5) 

Boundary condition (ii) means essentially that the operators with the more negative 

Liouville dressing must be dropped. For a more precise statement, see appendix B. 

So far, the discussion has been restricted to the tachyon and the graviton. In

cluding the discrete operators of subsection 2.3 as interactions corresponds to turning 

on higher spin backgrounds in the sigma model, and the same arguments seem to 

apply. That two boundary conditions still suffice to specify a solution is suggested by 

the fact that there are only two possible Liouville dressings for each of the discrete 

operators of the c = 1 model. 

Setting the bound <Po = 0, we see that the operators found in section 2 already 

satisfy the boundary conditions (i) and (ii), and are thus the unique marginal perlur

bations. 

t The implicit assumption here is that the term logy'g in the definition of ¢ 0 is absorbed in 
the gravitational dressing of the operators. Otherwise ¢ 0 varies with g and we can no longer 
expect that the perturbations are (1,1), let alone exactly marginal. 
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Appendix B: The Cosmological Constant 

Gravitational dressings in the presence of a cosmological constant J.l can in prin

ciple be found as follows (see [6,20] for some details). One includes the cosmological 

constant in the tachyon of string theory, replacing e.g., for the Sine- Gordon model, 

the ansatz (A.2) by 

T(x,¢) = T1,(4>) + m cos px f 1,(p,¢) + m2T~1)(x,¢) + .. 

Ga(3(x,¢) = 8~13 (¢) + m2h~13(x,¢) + .. 
(B.l) 

where TI-L is the cosmological constant and j 11 , T1P) and hi-L are the modified dressings, 

exact in J.l order by order in m.§ Let us assume that m ~ J.l, but that both are small. 

First, one must find T1, and oi-L exactly. TI-L has the form of a kink centered at a 

free parameter ¢, related to J.l by J.l = eVZ¢ and to the bare cosmological constant 6. 

by 6. <X (/JeVzffi: [6] 

for 4>- -cx:> 

for 4>- cx:> 
(B.2) 

(B.2) satisfies the boundary conditions (i), T1,(0) = 6. (by definition of 6.) and (ii), Ttt 

does not diverge as 4>- -(X) (T- 1). ol' differs from o because of the backreaction 

of the tachyon TI-L on the metric. Like TI-L, this difference decays exponentially in the 

UV. 

Next, one must find the dressings f 1,, T1~1 ) and h1' by solving the string equations 

of motion (A.3) order by order in m . E.g., the tachyon equation of motion, linearized 

around the background T1,, determines ftt:[6] 

(B.3) 

Since TI-L and 81' are very small in the UV ( (jJ ~ 4> < 0), the equations of motion 

for fi-L, T2) and h1' are the same as for J.l = 0 in this regime and the only role of 

§ Although we cannot expand in p , for J.l > 0 we can expand in m. 
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the cosmological constant is to set the second boundary condition (ii) of appendix A. 

E.g., the solutions of (B.3) in the UV are[6] 

In the IR region <P ~ ~' where TJ.l. ,....., constant, the solution of (B.3) that is regular 

at <P ---+ -oo grows exponentially. The other, divergent solution does not exist as an 

operator. To match the solutions for <P < ~ and <P > ~' one needs roughly 0 ,....., p~. 

In the UV, <P- ~is large, of order lloga2 1. So unless pis close to zero, ftJ. is just 

e(1J--../2)¢> there. Boundary condition (ii) then simply means dropping the term with 

the second Liouville dressing, as without cosmological constant. At O(m2 ), the same 

arguments can be repeated for TtP) and ht'. 

Next, let us discuss OPE's in the presence of the cosmological constant. In free 

field theory, the OPE of two operators with Liouville momenta a, (3 would produce an 

operator with Liouville momentum a+ (3. But in Liouville theory momentum is not 

conserved because of the exponential potential. Also, if a+ (3 < -Q /2, the operator 

e(cr+/3)¢> does not exist. Instead, new primary fields Vu = e-Q/2 if>sin((T<P+ 0) will be 

produced, with some weight f( (T) and less singular coefficients:l20l 

CXl 

ecr<f>(r) ef3</>(0) ,....., J d(Tirl-2crf3+(cr+f3+Q/2?+u2 J((T) Vu 

0 
(B.4) 

instead of 

For the Sine- Gordon model, this modification of the OPE's seems to cure the problem 

of new lrl-2 singulari ties that would naively appear in (2.7) below p = ~.J2. They 

would give rise to unwanted counterterms like cos 2px at p = tv'2 and (ox ) 2 cos 2px 

at p = 0. The modified OPE of cos px e!</> with itself produces 

(B.5) 

Except for the (negligible) case p = (T = 0, all singularities are milder than quadratic. 
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PART III: A 4D ANALOG OF 2D GRAVITY* 

1. Introduction 

In parts I and II, a theory of two- dimensional quantum gravity in conformal 

gauge has been developed. It is natural to ask how much can be learned from this 

about four- dimensional quantum gravity. Here the following answer will be given: A 

natural analog of two- dimensional gravity is four-dimensional gravity with the action 

S = J d4 x Jg{,\ + 1R + ryR2 + pvV2
} 

M 

in the limit of infini te Vleyl coupling, 

p -t 00. 

(1.1) 

(1.2) 

Here, !vf is a manifold of fixed topology, ,\ and 1 are the cosmological and the inverse 

Newtonian constants, R is the Ricci-scalar, and HI is the \ iVeyl tensor, the traceless 

part of the Riemann tensor: 

It will be seen that in the limit (1.2) the path integral over the metric reduces to an 

integral over the conformal factor and a moduli space, as in two dimensions. As a con

sequence, most of the developments described in part I and II have four- dimensional 

analogs. In particular, the analog of the c = 1 barrier of two-dimensional gravity will 

be derived below, as well as scaling laws that can be compared with computer simula

tions. On the other h and, all the important features in four- dimensional gravity that 

go beyond those present in the limit p --+ oo do not seem to have two- dimensional 

analogs. 

* based on a paper published in Nuclear Physics B 390, 188 (1993) 
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Apart from the fact that the theory (1.1) in the limit p---+ ex::> can be studied with 

the methods of part I and II, is it of any interest otherwise? ( 1.1) is the most general 

local, renormalizable action of four-dimensional gravity, up to topological invariants. 

One interesting aspect of the limit (1.2), first pointed out by Fradkin and Tseytlin,l40l 

is that , at least for ry = 0, it is an ultraviolet fixed point of (1.1). It could thus be 

viewed as a "short-distance phase" of fourth- order derivative gravity. 

But of course there is a well-known ghost problem common to all fourth-order 

derivative actions like (1.1): we can rewrite them in terms of new fields with two 

derivatives only, but some of them will have the wrong sign in the kinetic term. With 

Minkowskian signature this leads to nonunitarity. For this reason, let us consider 

(1.1) only in Euclidean space, as a (still interesting) statistical mechanical model of 

quantum geometry, or "three-branes." In the future it will hopefully be possible to 

extract information about the physically interesting case in Minkowski space, p = 

TJ = 0, by means of a 1/ p-expansion. 

In section 2 we define (1.1) in the limit (1.2) rigorously by introducing a Lagrange 

multiplier p. That is, we begin by studying the path integral 

j Dg Dp exp{- J d4 xyg(>. + 1R + ryR2 + ipl¥+)}. (1.3) 

M 

In section 6 we show that this theory JS the limit (1.2) of (1.1). Here, W± Js the 

(anti-) self-dual part of the Weyl tensor 

The Lagrange multiplier pis a 4th rank self-dual tensor field which (like lV+) trans

forms as a (2,0) representation of the Euclideanized Lorentz group 50(4) "'SU(2) x 

SU(2), i.e. , like a spin 2 field. 

In section 2, (1.3) will be rewritten as an integral over a moduli space and over 

the conformal factor c/J, with a few determinants in this gravitational background. 
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The moduli space is that of conformally self- dual metrics and plays a role analogous 

to the moduli space of Riemann surfaces in two-dimensional gravity. 

As in two dimensions, the determinants can be decoupled from <P by introducing a 

4D analog of the Liouville action. Its form has recently been found in [45). It consists 

of a free 4th order derivative piece (essentially <P 0 2 ¢) plus pieces that renormalize 

>., 1 and TJ in (1.3) , as explained in section 3. The proposal of DDK, explained in 

part I, is generalized to four dimensions in section 4. The cosmological constant, the 

Hilbert-Einstein term and the R 2 term each become exactly marginal operators of 

the new theory, but so far I have explored this only to lowest order. 

In section 5 the fixed volume and fixed average curvature partition functions and 

the correlation functions of local operators in their dependence on the cosmological 

constant are derived, as has been done in two dimensions. It would be very interesting 

to explore whether the condition vV+ = 0 can be imposed in computer simulations 

of random triangulations, or whether - equivalently - the limit (1.2) can be taken. 

Then the predictions (5.11) could be compared with "experiment." The analog of the 

c = 1 barrier is also given, in (5.3). In contrast with two dimensions, it is not crossed 

by adding too much matter. 

In section 6, the theory, which we call "conformally self- dual gravity," is discussed 

as the limit (1.2) of (1.1). It is also suggested that conformally self-dual gravity is 

connected with four dimensional topological gravity,[23l as in the two dimensional 

case.l47l 

Part of our analysis is concerned with the four dimensional analog of the Liouville 

action and of DDK. In a different context the induced action for the conformal factor 

and its renormalization have also been studied recently by Antoniadis and Mottola.l45l 

I have used some of their calculations. However, when I discuss the four- dimensional 

analog of DDK's method of decoupling the conformal factor from its measure, my 

treatment and my conclusions will differ from those of [45]. I will state the main 

differences. 
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2. Conformal Gau ge 

The Lagrange multiplier pin (1.3) restricts the path integral over 9 to conformally 

self-dual metrics, i.e., metrics with w+ = 0. w+ has five independent components and 

the condition vV+ = 0 is Weyland diffeomorphism invariant. So, up to a finite number 

of moduli, the five surviving components of the metric are the conformal factor and 

the diffeomorphisms. Let mi parametrize the moduli space of conformally self-dual 

metrics modulo diffeomorphisms x--+ x+~ and \iVeyl transformations 9--+ getP. Let us 

fix a representative g(mi) via, say, the condition R = 0 and Lorentz gauge fY'9f..!v = 0, 

and let us pick a conformally self dual metric 

(2.1) 

where~ indicates the action of a diffeomorphism. At 90 we can split up a fluctuation 

of 9: 

The four 8~'s generate infinitesimal difTeomorphisms and the five h1w parametrize 

the space of metrics perpendicular to ~, <P and the moduli, i.e., perpendicular to 

the conformally self-dual ones. The measure for 9 is defined, in analogy to two 

dimensions[3l, by 

(2.2) 

with 

(2.3) 

Apart from restricting the path integral , integrating out p and h in (1.3) will con

tribute the determinant 

(2.4) 
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where ot is the linearized W+-term 

(2.5) 

0 is its adjoint and at 0 is a 4th order, conformally invariant, linear differential 

operator in the curved background go, acting on p of (1.3). 

Vve are left with an integral over the conformal equivalence class of each g. From 

(2.2) it is seen that changing variables from g to <P and ~ in this equivalence class 

leads to a Jacobian 

' l 
(det V L)J, 

where the zero modes of the operator L, defined in (2.3), have to be projected out. 

After dropping the integral over the diffeomorphism group D~ (since, in the absence 

of other gauge field backgrounds, gravitational anomalies can occur only in 4k + 2 

dimensionsl8l), the path integral (1.3) reduces to an integral over the moduli space of 

conformally self-dual metrics and ¢: 

]IT dmi D<P (detOtO)§e~ (detLtL)}e<P (det6)§et e-fd
4

xvf9(>.+-rR+71R
2

), (2.6) 
l 

where free, conformally invariant matter fields have been added to the theory for 

generality, and their partition function has been denoted by det(6)-t. Despite the 

notation, let us allow the matter to be fermions, Yang-Mills fields, etc., as well as 

conformally coupled scalars. 

The moduli space of conformally self-dual metrics is a very interesting subject 

by itself which will not be discussed here. On the four sphere its dimension is zero: 

all conformally self-dual metrics on S4 are conformally flat. On K 3 , its dimension 

is 57.l48l 
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3. Liouville in 4D 

Let us now decouple Lhe determinants in (2.6) from ¢. For conformally invariant 

differential operators X:* 

det Xge<P = det x 9e-S,[g,</>] (3 .1) 

where the induced action si is obtained by integrating the trace anomaly of the stress 

Lensor [9] 

where 

F = vV~ + lV~ 

is the square of the vVeyl tensor. (3 .2) has, apart from the divergent parameters >..' 

and 1', two finite parameters a, b. JgG is the Gauss-Bonnet densiLy, 

G - RJ£VCTTR - 4R1WR + R 2 
- ~VCTT ~V l 

whose inLegral over the manifold is proportional to the Euler characteristic. Following 

Antoniadis and Mottola,l451 (3.2) can easily be integrated by noting that with g = ge<P 

the combination 

2 0~ 0 ~ 2 ~ 
y/g( G- 3 DR) = v [;AI <P + v [;( G- 3 DR) 

is only linear in <P with the fourLh- order differential operator 

(3.3) 

JgF is independent of <P and vg DR is just the variat ion of the R2 action with respect 

to ¢ . So the four- dimensional analog of the Liouville action consists of a free part 

plus a cosmological constant term, a Hilbert-Einstein term and an R2 term: 

* i\Iore precisely, if X = Aft II!, 1\J has to transform as eP<P !II e9<P under g -+ ge<P. 



where 

60 

So[9, <P] = j d4 xV§[~<P111 <P + ( 6- ~ oR)<P] 

SI[g, <P] = j d4xV§P<P 

Sc.c = j d4xV§e2
<1> 

SR = j d4 xV§e<l>[_k- ~(~<P)2 - 3 D<P] 

J 4 0. A 3 A 2 A 2 
SR2 = d xy g[R- "2(\l<P) -3 D<P] . 

(3.5) 

b will turn out to be negative for 'normal' operators X. 1' , >..'and ;iir~ just renormalize 

/, >.. and 7J in (2.6). A <P-independent local term 

(3.6) 

has been omitted in (3.4) and will frequently be omitted in the following. If it is 

included, we see from (3.1) that for some action Sr 

(3 .7) 

3"2!2 So is the 4D analog of the 2D action 

c J 4 0. 1 A A SzD = -
8 

d xy g(;:;<P D<P- R<P). 
4 7r ~ 

If g = ge<l>o for any g, So can be written: 

J 4 ;;-1 - -
So[?;, <P] = d xy §2[( <P + <Po)llf ( <P +<Po) - <Pol\1 <Po]. (3.8) 

Adding up the anomaly coefficients in (3.2) for ( det ot O)-t, ( det Lt L )+t, ( det.6.)-t, 

Ao = ao + a L + a mat (3.9) 

(2.6) can now be rewritten as 
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J II dmi x(mi) J D</> e3~~2 So[g,¢]+3~~2 [g,¢]-711SR2-·)'ISR->.1Sc.c. 

t (3.10) 
1 1 I - t -2 t 2 -2 x(mi) = (detO O)g(m,) (detL L)9(m;) (det6)9(m;) 

x(mi) is now purely a function of the moduli mi, once we have fixed a representative 

g(mi) for each point in moduli space. 

The coefficients a and b in (3.2) are: [9 ,4.0,49,50] 

120 a -360 b 

conformally coupled scalars (6 rv 0- iR): 1 1 

spin ! (four component) fermions: 6 11 

massless gauge fields: 12 62 (3.11) 

(det oto)-112 (det LtL) 112 : 796 1566 

JI;J rv 2 o2 + .. of (3.3): - 8 - 28 

Note that the fourth order derivative induced action makes the theory power 

counting renormalizable, and also bounded if b < 0. The price is the existence 

of a ghost, the general problem of fourth order derivative actions mentioned in the 

introduction. It has been suggested in (45], where the theory was studied in Minkowski 

space, that the reparametrization constraints T1tv rv 0 eliminate these ghosts from the 

physical spectrum, as they do in two dimensions.l7l This would be very interesting to 

verify. 

4. DDK in 4D 

Let us now focus on the </> integral over the conformal equivalence class of g: 

( 4.1) 

where the dependence of Z on 7Jl, ··n and AI has been suppressed. In Dye<~> <I> it is 

indicated that the measure for </> depends on </> itself, namely in two ways: First, the 
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metric itself must be used to define a norm in the space of metrics: 

Second, in order to define a short distance cutoff one should also use the metric ge<P 

itself: lhe cutoff fluctuates with the field. Let us follow David, Distler and Kawai 

[4),(s] and assume that the ¢; dependence of the measure in ( 4.1) can be absorbed in a 

local renormalizable action: 

( 4.2) 

""here now on the right-hand side 

and the cutoff no longer fluctuates. 

What is Sroc? Although the ¢; dependence of the measure in ( 4.1) looks i nconve

nient, we do learn something important from ( 4.1): simultaneously changing 

<P ---+ <P- <Po 

does not change the measure or S R2, S R, Sc.c.. It does change the induced action. 

From (3.7) we see (reinstating the¢; independent terms (3.6) into (4.1)): 

Si[!J, </;] ---+ Si[!J, </;]- Si[!J, <Po]. 

We conclude that 

(4.3) 

and the ¢; theory behaves as if it were a conformal field theory with conformal anomaly 

(3.2) given by a= -Ao, b = -Eo. This is, of course, precisely what is needed in order 
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to insure that the background metric is really a fake: if we vary it, fhtv -+ g1tveif>o, 

the variation of the determinants in (3.10) is determined by their total conformal 

anomalies +Ao, +Bo, defined in (3.9), and that just cancels the -Ao, -Bo from the 

¢ theory. 

So let us replace ( 4.1) as m ( 4.2) by a four- dimensional conformal field theory 

with conformal anomaly given by 

a= -ao - aL - amat, b = - bo - b L - bmat. ( 4.4) 

I will propose - and justify in a moment - that, as in two dimensions, Stoc in ( 4.2) is 

again the induced action with modified coefficients A, B and modified interactions: 

( 4.5) 

where SR2, SR, and Sc.c. are marginal operators of the free theory given by So and S1 

and will be discussed below. 

The free theory (TJ2,/2,A2 = 0) of (4.5) has conformal anomaly 

a= -A+ au, b = -B + bM, (4.6) 

where 111 is the operator (3.3). This can be seen as follows: Setting 9ttv = flttveif>o we 

see from (3.8): 

j Dg ¢ e32~2So[fJ,¢>)+32~2Sl[fJ,¢>] 

= j Dg ¢ efd4 xvg{ 64~2 [(if>+t/lo)Af(q)+¢o)-¢o.i\f¢>o)+ 32~2 [F(¢+4>o)-F¢o]} (4.7) 

= e- 32~2So[§,q)o)- 32~2 SJ[g,if>o] J Dg ¢ efd4 x(J964~2¢>i'I¢>+~Fq)) 

by shifting ¢ -+ ¢ + <Po and using the fact that Jg/11 and JgF are conformally 

invariant. So -A, -B are the "classical" contributions* to ( 4.6) and aM, b111 are the 

* Here and below I will call these contributions "anomalies," although they actually arise from 
the fact that the action is classically not quite conformally invariant. 
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quantum contributions from 111. Therefore we see from ( 4.4) that the ansatz ( 4.5) is 

consistent if 

B = bo + b L + bmat + b M. (4.8) 

How do we know that aM, bu do not depend on the moduli mi? The only local 

scale invariant quantity they could depend on is J d4 xvgF, which is a topological 

invariant in the case of W + = 0. 

Why does the free part of Stoc 111 ( 4.2) have to be of the form of the free part 

of the induced action Si again? One can plausibly, though not rigorously, argue as 

follows: there are two ways to obtain the right effective action ( 4.3) via ( 4.2); (a) Stoc 

is classically conformally invariant and a, b come purely from the quantum anomaly or 

(b) the "classical" variation of Stoc is of the form of the induced action Si. In case (a) 

a and b would be just numbers that will in general not cancel the anomalies as needed 

in (4.4) (multiplying Stoc by a factor would then not change the conformal anomaly) . 

Only in case (b) there are parameters like A, B in a, b that can be adjusted to satisfy 

( 4.4). But the only local free action whose "classical" variation is the induced action 

is the induced action itself. 

Let us now turn to the operators SR2, SR and Sc.c. m (4.5). The consistency 

conditions of invariance under rescaling of the background metric (in particular that 

the theory is at a renormalization group fixed point) mean that the integrands of S R2, 

the "dressed" Hilbert-Einstein action S R, and the "dressed" cosmological constant 

Sc.c. must be locally scale invariant operators . Let us try the ansatz 

( 4.9) 

with a, (3, and " ... " determined so that the intcgrancls of ( 4.9) are scaling operators of 

conformal dimension 4, to cancel the -4 from vg. In the language of string theory, 
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they are vertex operators of our theory of noncritical three branes. All of them should 

be moduli deformations, if the background metric g is really fictit ious. So far I have 

verified this only for Sc.c.· The " ... " includes possible corrections of order Tt2, /2, >.2 

that may be needed in order to keep the other operators marginal as we move away 

from Tt2, /2, Tt2 = 0. Some calculations with S R2, S R and Sc.c. can also be found in [45] 

(however a = {3 there). 

To calculate the (classical plus anomalous) dimension of e20'¢> with action ( 4.5) 
¢> ~ ~ 2 

at T72, /2, >.2 = 0 one may go to conformally :Oat fl1w = e 0 DJ.tv where M = 2 0 and 

S1 = 0. Because of the shift ¢> + ¢>o -t ¢>in (4.7), the condition 

dim(e20'¢>) = 4 with action ,....., So (given in (3.5)) 

is equivalent to the condition 

( 4.10) 

Due to the quartic propagator, this four-dimensional theory is formally very similar 

to an ordinary free scalar field theory in two dimensions. In particular, : e20'¢> : will 

be a scaling operator. Its dimension in ( 4.10) is now purely anomalous. It is found 

from the two-point function 

where the propagator 

.6.(1·) = !logr with -
6
B? o2 .6.(r) = 8(r) B 1 ~~ 

of the free theory has been used. Thus, dim( e20 ¢>) = 4fJ2

, and ( 4 .10) becomes: 

4a2 

4-4a= -. 
B 

( 4.11) 

(4.12) 

This determines a once B is known. Sec section 5 for the numerical d iscussion. 

Similarly, f3 in S R = J vgeM(f:l¢>? + ... is determined by requiring eM to have 
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(32 
2-2/3 = - . 

B 
(4.13) 

a and f3 are independent of the moduli mi, for the same reason that aM, bM are. 

The result for the dimension of the operator eP¢> agrees with the result of ref. [45] 

(Q2 of [45] is -2B). Let me note two points of disagreement with ref. [45]. 

First, in [45] the theory of the conformal factor was studied as a 'minisuperspace' 

theory, rather than as gravity with a self-duality constraint. Further, it was suggested 

that this was the relevant description of gravity in theIR. But we will note below, fol

lowing ref. [40], that the theory is a UV-, not an IR- fixed point of \iVeyl gravity. This 

justifies the use of the minisuperspace approximation in the UV, but not in the IR. 

Second, we have found independent values of a and f3 in (4.9). In ref. [45] it was 

assumed that a had to be equal to (3, with the conclusion that the operators SR and 

Sc.c. could not both be present at the fixed point. This led to a suggestion about 

the cosmological constant problem, and it implies different critical coefficients and a 

different value of the analog of the 'c = 1 barrier' of two- dimensional gravity. 

As in two dimensions , if <Pi is a scaling operator of the matter theory with con

formal dimension ~i, the operator 

with /i determined analogously to (4.12) by 

( 4.14) 

is a marginal operator that can be added to the action, at least infinitesimally. 

Provided that truly marginal operators S R2, S R can also be found, we can now 
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rewrite (3.10) as 

jiT dmi (detoto);~ (detLtL)J j n9x n9<P e- 5=a•[fl ,x]-S[9,4>l, 

' 
-B -A 

S[g,<P] = 327r2 So[9,<P] + 327r 2 SI[9,<P] 
(4.15) 

+ 77SR2[g, <P] + 1SR[g, <P] + -ASc.c.[9, <P]. 

The subscripts on TJ,/, .A have been dropped. (4.15) describes free fields plus marginal 

interactions in a gravitational inst.anton background. A, B are given by (4.8) and 

(3.11) and So,SI,SR2,SR,Sc.c. by (3.5), (4.9), (4.12) and (4.13). 

5. Results* 

We can now make some numerical predictions: From (3.11) and ( 4.8), 

1 
A= ?O (No+ 6N!. + 12Nl + 788) , 

1~ 2 

where No, N.!., N1 are the number of conformally coupled scalars, spin t fermions and 
2 

massless gauge fields. (4.12), (4.13) and (4.14) become 

2a = - B - V B 2 + 4B, 

f3 = - B - V B 2 + 2B , 

'Yi = - B- VB 2 + (4- t:::.i)B. 

(5.2) 

Thus a will be real if B ~ 0 or B :::; -4. The second constraint is the relevant one 

since B is negative. The reality constraint. B :::; t::,.i - 4 on /i is weaker than the 

one for a in (5.2) as long as we allow only operators with positive dimension t:::.i. 

The signs in front of the square roots have been picked to give the correct results 

a= f3 = 1, /i = 2- t in the classical limit B ---t -oo. 

* The earlier version of this work did not contain numerical results since I did not know the 
conformal anomaly coefficients of the 0-L-dcterminant (fourth line in (3.11)). After it ap
peared it was pointed out in reference [50) that they had been computed in [40) and they were 
independently confirmed. Subsequently part of this section was added. 
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To compare with two dimensional gravity, define the anomaly coefficient c 
-360 bas in (3.11). B:::; -4 becomes 

Cmat + C£ + co + eM 2: 1440 ---+ Cmat 2: -98. (5.3) 

The analogous restriction in two dimensions is Cmat :::; 1, where Cmat 1s the matter 

central charge. If the cosmological constant term is absent, the barrier for c, rather 

than being - 98, is determined by the lowest dimension operator. We see that in 

pure gravity a is real. In contrast with two dimensions, the situation is improved by 

adding conventional matter like conformally coupled scalar fields, families of fermions 

or gauge fields. The c = -98 barrier would only be crossed by adding exotic matter 

with positive anomaly coefficient bin (3.2). 

Let us now derive scaling laws by studying the integral over the constant mode 

of c/J, as is clone in two climensions.l5•18l The fixed volume partition function at the 

critical point ry, /,.A"'"' 0 is defined as 

Z(V)- J IT dmi x(mi) J Dyc/J e32~2 So(f;,¢>)+32~2 S![g,¢>] o(j ..J§e20/¢>- V) (5.4) 
l 

with x(mi) as in (3.10). Under the constant shift c/J---+ c/J + c we see from (3.5): 

5So = c J d4xV"§G = 327r2cx 

8S1 = c J d4xV"§F = -487r2
cT, 

(5.5) 

where the topological invariants x and T are the Euler characteristic and signature of 

the manifold (T¥+ = 0 here):(Sl,9) 

and 

From this it follows that 

Z(V) = e( -20t+flx-~Ar)c Z( e-20tcV) 

---+ Z(V) ,...., v-I+.~ (2flt-3Ar). 
(5.6) 
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E.g., for the four sphere (x = 2, T = 0), 

(5.7) 

a is given in terms of B by ( 4.12). 

Inserting operators into (5.4) yields 

with /i determined by (4.14). For nonzero cosmological constant .A one finds from 

(5.8) 

the scaling behavior 

< 0 0 > ,...... , -
4

1
a (2Bx-3Ar+2 I: -y,) 

1··· n >. /\ , (5.9) 

provided the integral (5.8) converges, i.e. 4~ (2Bx- 3Ar + 2 2: !i) > 0. Otherwise 

there will be additional cutoff-dependent terms in (5.9). [lS) 

Replacing in (5.4) 

one obtains the partition function for fixed curvature per volume at ry, / , .A= 0: 

(5.10) 

Scaling laws (5.6), (5.8) and (5.9) are similar to the two- dimensional ones, formu

las ( 4.2), ( 4.3) and ( 4.4) of part I. A , B play the role of Q and the operators Oi were 

called 1% in part I. Using the values (5.1), we conclude that for conventional matter, 
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on the sphere and at the critical point, Z(V) always diverges (faster than v-1
) at 

small volumes and Z(R) at large curvature per volume. E.g, for pure gravity on the 

sphere, (5 .1), (5.2), (5.7) and (5.10) lead to the predictions: 

Z(V) ,...., y-3.675 .. Z(R) ,...., .R +3.194 .. (5.11) 

These quantities should be the easiest ones to check with computer simulations. 

6. Weyl Gravity at Short Distances 

6.1. Fixed Points Of Gravity With A Weyl Term 

It was claimed in the introduction that conformally self- dual gravity can also be 

understood as quantum gravity with the action 

in the limit 

j d4 xJg().. + 1R + 77R2 + pW.!) 
M 

p ~ 00. 

(6.1) 

(6.2) 

Here, J Hl 2 in (1.1) has been replaced by J 1V.!. They differ only by the topological 

invariant T of the previous section. 

In section 2, the metric was split into ¢, diffeomorphisms C moduli mi and five h 

components. (6.2) can be understood as the "classical limit" for the h components, 

in which only the linearized vV+ term oth, of (2.5) is important for the h integral. 

This Gaussian integral can be performed at each point go ( ¢, ~, mi), 

This leads again to the integral (2.6), our starting point, so the two theories are 

equivalent . (The extra factor p only renormalizcs the cosmological constant and docs 

not influence the anomaly coefficients of section 3.) 
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As pointed out in the introduction, the R2 and W~ terms would g1ve nse to 

negative norm states in Minkowski space. Note however that this need not necessarily 

bother us in the limit p---+ oo, because then thew~ term decouples and we can fine

tune away the R 2 term in the end. In any case, there is no unitarity problem in 

Euclidean space. 

One might worry that the renormalization group flow will take us from p"' oo to 

finite p so that the limit (6.2) does not make sense as an effective theory. However, 

since at p "' oo the five h components decouple from the other five components of the 

metric, p "' oo corresponds to a renormalization group fixed point. More precisely, 

defining E = -jp, rescaling l1 ---+ d1 and expanding the action in c, one obtains: 

(6.3) 

where Lo is the h-independent part, and Li are interaction terms of h with itself, <P 

and x, x representing matter fields that might be present. Thus the beta function 

for E "' p-t will receive contributions only from diagrams that couple h and <P, so it 

will be at least of order c: and vanish as c:---+ 0. If(~, ;y, i]) is a fixed point of Lo, then 

(~,;y,r;,p = oo) will be a fixed point of (6.1). 

It has been pointed out in ref. [40], thai for A = 1 = ry = 0, p = oo is an 

ultraviolet fixed point. Since the cosmological constant and the Hilbert- Einstein 

action are relevant operators, this fixed point is UV- stable in the A and 1 directions, 

but I presently do not know whether it is stable in the ry direction. If so, conformally 

self- dual gravity can be viewed a short- distance phase of Euclidean gravity. Of 

course, in this case "short distance" means "distance much shorter than the Planck 

length," a notion that might be meaningless in the real world (but not in statistical 

mechanics) . 

Hopefully the results found in section 5 will be the starting point for finding 

similar results for p finite or zero, by means of an expansion in 1/ p. It would be very 

interesting to investigate if the barrier in (5.3) then becomes positive. 
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6.2. Topological Gravity 

In two-dimensional quantum gravity the correlation functions of local operators 

are related to the correlation functions of topological gravity [471 which are intersection 

numbers of submanifolds on the moduli space of Riemann surfaces with punctures. 

Given the similarity of conformally self-dual quantum gravity to two-dimensional 

quantum gravity, it would be very interesting to see if there is a similar relation 

between it and four- dimensional topological gravity.l23l 

This is suggested by the fact that the moduli space of the latter theory seems to be 

precisely the moduli space of conformally self-dual metrics that arose here. One might 

be able to find a matter system, analoguous to the c = -2 system in two dimensions[22l 

that, coupled to gravity, reproduces the BRST multiplet of 4D topological gravity. 

In this sense, Euclidean quantum geometry might have a topological description at 

short distances. 

Conclusion of Part III 

Surprisingly enough, methods of two- dimensional quantum gravity can be applied 

to four- dimensional quantum gravity at least in the limit of infinite \Veyl coupling. 

The scaling predictions (5.11) can hopefully be compared with numerical simulations 

based on random triangulations. It will be interesting to investigate how the c = -98 

barrier moves, as pin (6.1) moves away from oo. 

Many other interesting questions could now be asked, but this will be left for 

future work. 
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