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ABSTRACT

The main result of this thesis is a matching between an elliptic curve E over
F = Q(+/509) which has good reduction everywhere, and a normalized holomorphic
Hilbert modular eigenform f for F' of weight 2 and full level. The curve E is not
F-isogenous to its Galois conjugate £? and does not possess potential complex mul-
tiplication. The eigenform f has rational eigenvalues, does not come from the base
change of an elliptic modular form, and does not satisfy f = f ® ¢ for any quadratic
character € of F' associated to a degree 2 imaginary extension of F. We show that
a,(E) = ay(f) for a large set ¥ of ¢ invariant primes in F. This provides the first
known non-trivial example of the conjectural Langlands correspondence (see Section
1.1) in the everywhere unramified case.

The method we use exploits the isomorphism between the spaces of holomorphic
Hilbert modular cusp forms and quaternionic cusp forms. The construction of f
involves explicity constructing a maximal order O in the quaternion algebra B/F
which is ramified precisely at the infinite primes. We determine the type number T}
of B as well as the class number H; for O, which equals 77 in our case of interest.
We found that for Q(\/ﬁ), T, = Hy = 24. One sees that the space of weight 2 full

level cusp forms for F' has dimension 23.

The main tools are O-series attached to ideals and Brandt matrices B(¢) for an
order in B for quadratic fields Q(y/m) with class number 1 and whose fundamental
unit u has norm —1. (Q(+/509) is such a field.) The ©-series gives a way to obtain
representatives of left (J-ideal classes and hence representatives of maximal orders of
different type. The Hecke action on quaternionic cusp forms is given by the modified
Brandt matrices B’({), hence a set of simultaneous eigenvectors for these matrices
corresponds to the normalized eigenforms for F.

Applying these algorithms to Q(1/509), we prove that there are exactly three
normalized eigenforms which have rational eigenvalues for all the Hecke operators.
We show that for one of these eigenforms f, a,(f) # a,(f?) for certain primes p,
proving that f does not come from base change. We also note that there is another
elliptic curve E’/Q(+/509) which is isogenous to its Galois conjugate and hence not
isogenous to either £ or E?. We show that a,(E’') = a,(f') Vp € I, where f'
is the third normalized eigenform that we found above. This is compatible with
the expectation that all three non-isogenous elliptic curves correspond to normalized
eigenforms with rational eigenvalues.
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Chapter 1

Introduction

1.1 Langlands’ Conjecture

Let m > 1 be a squarefree integer and F' = Q(/m). Let

g, — Normalized holomorphic Hilbert modular eigenforms
& f, of weight 2 and full level, with coefficients in Q

and let
£ { Elliptic curves E/F, up to F-isogeny, }

with good reduction everywhere

Conjecture 1.1 (Langlands) There is a bijection:
Sy — &

which preserves L-series, that is, if f corresponds to E, then L(f,s) = L(FE,s). We

say that such an elliptic curve is modular.

The reader who is not familiar with the terms above can refer to the appendices
where these terms are defined. For an exposition of this conjecture, one can see

[Ram1], Section 6, and the references cited therein.

1
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The L-series of an elliptic curve uniquely determines it up to isogeny. In fact, a
theorem of Faltings states that two elliptic curves E; and FE; are isogenous if and only
if the local factors L,(Ey,s) and L,(E,, s) are equal outside a finite set of primes X
(see Corollary 2 in [Fal]). In fact, by the Cebotarev Density Theorem, it suffices to
take ¥ to be any set of Dirichlet density 0. Analogously, by the Strong Multiplicity
One Theorem, two normalized eigenforms f; and f; are equal if and only if the Fourier
coeflicients a,(f;) and a,(f;) are equal outside a finite set of primes £. By [Ram2], it

even suffices to take X to be any set of Dirichlet density less than 1/8.

Langlands’ conjecture is far from being proven, although there are some frag-
mentary results. Given f € S5, it is known how to obtain a corresponding E € &

when one of the following conditions is satisfied:

1. f is the “base change” of an elliptic modular form ([La]). In this case,

the corresponding F is F-isogenous to its Galois conjugate E°.

2. f = f ® ¢, where € is a quadratic character of F' corresponding to
a totally imaginary quadratic extension K of F. In this case, the

corresponding E has potential complex multiplication (CM).

Given E € &€ which has potential CM, it is also known how to obtain the corresponding
f € S;. When neither condition above is fulfilled, no examples are known of this
correspondence. However, when one considers the natural extension of Conjecture
1.1 to the case of elliptic curves £ and weight 2 eigenforms f of non-trivial conductor,
one knows how to associate F to f when f is sufficiently ramified at some prime p,

i.e., the local representation of G'Ly(F,) defined by f is supercuspidal or special (see

[Ca]).

We should note that for small m, methods of algebraic geometry can be used
to determine the dimension of the space of cusp forms, and construct a basis for

these (see [HvG]). However, it is difficult to explicitly construct a basis consisting of
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simultaneous eigenvectors for the Hecke operators using these methods, nor is it easy
to compute their eigenvalues. As we shall see, it will be necessary to choose a large m

in order to provide a non-trivial example of Langlands’ conjectural correspondence.

Our method (see below) exploits the correspondence between unramified eigen-
forms of weight 2 and suitable forms on a totally definite quaternion algebra, thereby

reducing the problem to calculations on certain finite sets.

1.2 An Approach Using Quaterion Algebras

Quaternion algebras were used in the following manner in order to study the set Sj:
Denote by R the ring of integers of F', p a prime ideal of R and F, the localization of
F with respect to p. Let B/F be the unique (up to isomorphism) quaternion algebra
which is ramified only at the infinite primes of F. This means that the localized
algebra B, = B ®p F, is isomorphic to the matrix algebra M,(F},) for all the finite
primes g, and over the infinite places oo;,¢ = 1,2 of F, B, is the unique division

quaternion algebra over R.

Let G = B*. We construct the double coset space:
X = Mg \ G(A}) / G(F),

where Ap is the ring of adeles of F, AL the subring of finite adeles, and
Mg = Tlpcoo GL2(Ry) is the maximal compact subgroup of

G(AL) = { (@p)p<coo|ap € GLy(F,) V p and oy, € GL3(R,,) for almost all p }.

X can be canonically identified with a natural set existing in the global algebra
B. First we give some definitions: An ideal I of B is an R-module in B for which
I ®r F = B. An element b € B is integral or is said to be an integer, if R[b] is an

R-lattice in B. An order in B is a ring O consisting of integers and containing R
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such that F'O = B. A left ideal for an order O is an ideal I for which O C I. Two
ideals I, and I, are said to be right equivalent if I, = I,b for some b € B*. Similarly,
two orders @, and O, are of the same type if ©O; = bO,b™! for some b € B*. The
number of right equivalence classes of left O-ideals is called the class number H, of
O and the number of type classes of maximal orders of B is called the type number

Ty of B. Both of these numbers are actually finite (for any order Q).

Fact: The set X is canonically identified with the right equivalence classes of

left O-ideals where @ is any maximal order of B. Denote by
S ={f: X — C}/{ constant functions on X }.

For convenience, we shall refer to the elements of S as quaternionic cusp forms, though
this term is not usually restricted to this special infinity type and ramification. For

details, one can look at the appendices and the references cited there.

S is also a Hecke module. The action of the Hecke operator T, on S, where
g < oo is given by the following: Let 7, be a uniformizer for R, and g, € G(Af;)

such that the gp-th component of g,, is [ 7:)" (1) ], and 1 otherwise. Since GL3(R,,) is

open and compact in G'Ly(F,), we can decompose as a finite disjoint union:

(11 o0 o (11 050) = 11 (11 2.

Denote by R, a complete set of inequivalent representatives of R,/m,. A classical

result states that we can choose the set {g;} to be

([T ]]eemtuils o ]}
Define, for f € S, h € G(AL) :
(To(f)) (R) = Zf gih

One sees that this descends to a well-defined action on 5.
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Let § be the C-vector space of holomorphic Hilbert modular cusp forms f
of weight 2 and full level. S is a multiplicity free direct sum of simultaneous 1-
dimensional Hecke eigenspaces. A similar decomposition holds for S. By Jacquet,
Langlands and Shimizu (see [GJ], Theorem 8.3), there is a Hecke-equivariant corre-

spondence:

S+— 8

Thus, we have reduced the problem to computations involving the elements of

the finite set X!

The exact manner in which & corresponds to S will be exploited in this thesis in
order to construct Brandt matrices B(£) and modified Brandt matrices B'(£), which
are families of rational matrices indexed by £ € Rss0, the totally positive elements
of R. (see Chapter 8). These are objects that were first defined over Q and later

used in order to construct cusp forms for congruence subgroups of SL,(Z).

Note that the construction of quaternionic cusp forms can be generalized to a
number field F of even degree n over Q, and B the quaternion algebra over 7 which

is the division algebra only at the infinite primes.



CHAPTER 1. INTRODUCTION 6

1.3 Results

Let F' = Q(+/509). The main result of this thesis is a matching
E«—f.

E is an elliptic curve over F' which has good reduction everywhere, is not F-isogenous
to its Galois conjugate and does not possess potential CM (see Chapter 2). f is a
weight 2, full level holomorphic eigenform with rational eigenvalues, does not come
from the base change of an elliptic modular form, and does not satisfy f = f @ € for
any quadratic character € of F' associated to a degree 2 imaginary extension of F (see
Chapter 3). (These properties are analogous to those of the elliptic curve F.) We
prove that
ap(E) = ay(f)

for a large set ¥ of o-invariant primes in F. This lends evidence to Conjecture
1.1. This also gives the first known non-trivial correspondence in the everywhere
unramified case. In the future, we plan to prove that the Euler factors of the L-series

for these two objects are equal for all primes of F.

By the results of [T], [Ca], and also of [BR], one knows that there exists an

irreducible, continuous representation:

o¢: Gal(Q/F) — GL2(Qy)

such that tr(o,(f)(Frob,)) = a,(f) for all p. For the equality of L-series, we need to
show that the traces of Frobenii on o4(f) coincide with those on o,(E), the Galois
representation on T¢(F) ®z, Q., where T;(F) is the Tate module of E. The existing
method of Faltings and Serre do not apply directly. See Section 10.5 for further

details.

Our construction of f involves explicity studying the object S of the previous

section. The key steps are as follows:
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We first find relations for the quaternion algebra B over Q(\/ﬁ) which is
ramified only at the infinite primes. We also construct a basis for a maximal order
in B which is actually valid for any F' = Q(1/m) for which m = 5 mod 8, such as
m = 509 (see Chapter 4).

We find an effectively computable formula for the type number 7 of B as well as
the class number H; for the maximal order O, which equals T} in our case of interest
(see Chapter 5). This general formula is applicable also for other real quadratic fields
when certain conditions are met. We find that for Q(+/509), Ty = H; = 24. Thus

one sees that the space of weight 2 cusp forms for F' of full level is of dimension 23.

We extend the definition of O-series attached to ideals in an algebra B defined
over a quadratic fields F' with A(F) = 1 and whose fundamental unit » has norm
—1, such as Q(v/509) (see Chapter 6). We develop algorithms to explicitly construct
this object, which first require us to find a complete set of representatives of right
equivalence classes of left O-ideals. (see Chapter 7). The ©O-series give us a way to
obtain such representatives. Once these are found, the right orders of these ideals are

automatically representatives of maximal orders belonging to different type classes.

For fields satisfying the properties in the previous paragraph, we also define
Brandt matrices B(£) and modified Brandt matrices B’(¢) for an order in B (see
Chapter 8). We show that the Hecke action on S is given by the B'({), hence a
set of simultaneous eigenvectors for these matrices corresponds to the normalized
eigenforms in S;. In other words, an eigenvector v corresponds to an eigenform f
such that the eigenvalue of v with respect to B’(7) equals the eigenvalue of f with
respect to the p-th Hecke operator, where p = (7) and 7 € R550. This completes
the algorithm to find f.

In Chapter 9, we apply these algorithms to F' = Q(+/509) in order to construct

quaternionic cusp forms for F. We show that there are exactly three one-dimensional

simultaneous eigenspaces < vy >, < vz > and < vz > which have rational eigenvalues
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for the modified Brandt matrices B'(£) for all { € F 5. In fact, the generators v;, 7 =
1...3, can be chosen to have integer entries. We also compute the corresponding

eigenvalues of these spaces for a large set ¥ of primes in F'.

In Chapter 10, we complete the proofs of our main result. We show that the
eigenform f corresponding to v, satisfies a,(f) # a,(f?) for certain primes p, where
o is the nontrivial automorphism of F. This proves that f is not the base change
of an elliptic modular form. In this regard, we note that there is another elliptic
curve E'/Q(+/509) which has good reduction everywhere, is isogenous to its Galois
conjugate and hence not isogenous to either E or E?. We found that a,(E’) = a,(f")
for the same set of primes X, where the eigenform f’ corresponds to vs. It is observed

that a,(f’) = a,(f). This is indeed as expected.

Notation. We shall denote by m a positive squarefree integer, F' = Q(/m),
and R the ring of integers of F. If m = 1 mod 4, we let 8 = lhz@, so R = Z[0).
For any number field F, we denote by h(F) the order of its ideal class group CI(F),
and h*(F) the order of the narrow class group CI*(F) (i.e., the group of fractional
ideals modulo the subgroup of principal ideals with a totally positive generator). We
shal] fix an algebraic closure Q which will contain all the number fields that we will

consider. Results which begin with a letter refer to a statement in the Appendix (i.e.,

Proposition D.4 is found in Appendix D).



Chapter 2

The Interesting Elliptic Curve

In this chapter, we show that there is at least one totally real quadratic field where we
can find an elliptic curve which does not fall in either of the two categories in Section
1.1. The following elliptic curve is in a table found in R.G.E. Pinch’s thesis ([Pin]),
among other curves which have good reduction everywhere over certain quadratic
fields. We show below that E is not F-isogenous to its Galois conjugate. This is
also noted (without proof) in [Cr]|, where one also finds a Weierstrass equation for
an elliptic curve E’ which is F-isogenous to its Galois conjugate. We shall see this

equation for E’ in the last chapter.

Theorem 2.1 Let F = Q(+/509) and 8 = hj@_ There exists an elliptic curve E
defined over F such that:

1. E has good reduction everywhere,
2. E is not isogenous over F' to its Galois conjugate, and

3. E does not possess potential complex multiplication.

A minimal Weierstrass equation for E is given by:

E:y*—ay—0y =2+ (2+20)z% + (162 + 30)z + 71 + 346

9
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Proof. We shall use the notation in Appendix B.2. Using the relation 6% = 8 + 127,

the associated values for F are:

b, = a?+4a;
= (=1)" +4(2+20)
= 9+84
by = 2a4+ ajas
= 2(162 + 30) + (—1)(—0)
= 324470
bge = ag + 4ag
= (—0)* +4(71 + 340)
= 0+ 127 + 284 + 1360
= 411+ 1378
bs = a2ae + 4azas — arazas + azai — a?
= (=1)*(71 + 340) + 4(2 + 20)(71 + 348) — (—1)(—0)(162 + 30) +
(2 +20)(—0)* — (162 + 30)?
= (71 + 340) + 4(142 + 2100 + 68(0 + 127)) — (1620 + 3(8 + 127)) +
(2 4 20)(0 + 127) — (26244 + 9720 + 9(0 + 127))
= (71 + 340) + 4(8778 + 2786) — (381 + 1650) +
(26 + 254 + 2540 + 26%) — (27387 + 9816)
= 7669 + 2560 + 2(0 + 127)
= 7923 + 2580
A = —b2bg — 8b3 — 273 + 9bybsbs
= —(9+4 86)%(7923 + 2580) — 8(324 + 70)® — 27(411 + 1376)?
+9(9 + 80)(324 + 70)(411 + 1370)
= —(81 + 1440 + 646%)(7923 + 2580)
—8(104976 + 45360 + 490%)(324 + 76)
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—27(168921 + 1126148 + 187696%)
+9(2916 + 630 + 25920 + 560%)(411 + 1376)
= —(8209 + 2080)(7923 + 2580) — 8(104976 + 45368 + 490 + 6223)(324 + 76)
—27(168921 + 1126140 + 187690 + 2383663)
+9(2916 + 26550 + 560 + 7112)(411 + 1376)
= —(65039907 + 16479840 + 21179226 + 536646°)
—8(111199 + 45850)(324 + 76) — 27(2552584 + 1313836)
+9(10028 + 27116)(411 + 1370)
= —(65039907 + 37659060 + 536640 + 6815328)
—8(36028476 + 14855408 + 7783930 + 320956%)
—27(2552584 + 1313836) + 9(412150813738360 + 11142218 + 3714076%)
= —(71855235 + 38195700) — 8(36028476 + 22639330 + 320956 + 4076065)
—27(2552584 + 1313830) + 9(4121508 + 248805760 + 3714076 + 47168689)
= —(71855235 + 38195700) — 8(40104541 + 22960286
—27(2552584 + 1313830) + 9(51290197 + 28594640)
= 442 + 4160

Here, A = u, the fundamental unit of F, with N(u) = —1. Thus, the equation
given for F is indeed minimal, and since the discriminant is a unit in R, £ has good

reduction everywhere.
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Next we show that E is not isogenous to F?. Suppose not. Then the local
factors of the L-series of £ and E? will be the same for all the primes (see Section
B.9). However, we will presently show that for either of the prime ideals g | (5),
the reductions £ and E° do not have the same number of points in the residue
field R/p = Z/5. This contradicts the equality of the local factors. Note that
509 = 4 = 22 mod 5, so we choose p = (5,2 + v/509) = (5,1 + 20). Now, by

Proposition E.5, 8 = 251(2 — 1) = 2 mod p, so we have:

a = —1 = 4 modp
az = —0 = -2 = 3
a, = 2420 = 2422 =1
agy = 162430 = 2+3-2 = 3
ag = 714340 = 14+4-2 = 4

hence the reduced curve is:

E/(Z]5): v +4zy+3y=2>+2*+ 3z +4

To find the number of affine points on the reduced curve, we simply let z = z, =
0...4 to obtain polynomials f(y) = y* + by + ¢ = 0. We compute the discriminant
disc(f) = b* + ¢ mod 5. The number of affine points with z-coordinate z, is two if
disc(f) is 1 or 4 (the squares of (Z/5)*), one if disc(f) is 0, and zero if disc(f) is 2

or 3. We tabulate these values below:

[ = [ fly [disc(f) [ # points (z,9) |
0 y?+3y+1 0 1
1 y2 + 2y +1 0 1
2 vy +y+3 4 2
3 y?+1 4 2
4 y?+4y+4 0 1

Hence there are 7 finite points in E/(Z/5).
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Similarly, for E°/(Z/5) we obtain the following coefficients:

ai = -1 = 4 modp
aj = =140 = 442 = 1
af = 4-—20 = 4-2:2 = 0
af = 1656—-30 = 2-2 = 4
af = 105—-340 = 1-2 = 2

hence the reduced curve is:
Ec)(Z)5):y* +4zy+y =2+ 4z +2

Applying the same procedure above to find the number of affine points on this curve,

we get:

L x| fly)  [disc(f) | # points (zo,y) |
0 v +y+3 4 2
i y 43 3 0
2 y2+4y +2 3 0
3 y:+3y+4 3 0
4 v +2y+3 2 0

Hence there are only 2 finite points in E?/(Z/5), and we conclude that E is not

isogenous to E7.

Though it is not needed in the proof of Theorem 2.1, we can use the same
method above in order to compute the number of points in the reduced curve for
various primes of F'. We include both inert primes and split primes. As expected, the
number of points on the reduced curves is the same for both £ and E? at inert primes,
since o gives a bijection of these points. For split primes p | (p), we counted points
on the reduced curves only for one of the primes p, and included the squareroot of m
modulo p in the indicated column. The entries in the column for £ and E? exchange

values for p?. Using a computer to do the calculations, we obtain the following table:
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Table 2.1. Cardinality of Reduced Curves for £ and E°

[L p l \/n—"'mOd P I #Ep(kp) i #Eg(kp)
3 13 13
5 2 2 T
7 59 55
11 5 8 13
13 168 168
17 4 20 15
19 373 373

23 7 22 27
29 4 29 19
31 979 979
37 18 40 30
41 1699 1699
43 6 47 42
47 2165 2165
53 2828 2828
59 3503 3503
61 3724 3724
67 24 59 74
T1 15 64 59
73 12 69 69
79 6273 6273
83 29 74 69
89 8 83 93
97 11 110 90
101 2 111 106
103 32 89 94
107 9 95 110
109 20 115 115
113 31 107 102
127 1 145 120
131 17079 17079
137 57 125 135
139 19563 19563
149 22343 22343

* this column is blank if p is inert in F'
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To finish the proof of Theorem 2.1, it remains to show that F does not possess
potential CM. We first remark that the k¥ (F) = 1. Our conclusion about E is now

a consequence of the following:

Proposition 2.2 Let F a totally real number field which satisfies h*(F) = 1. Let
E/F be an elliptic curve which has good reduction everywhere. Then E does not

possess any potential complex multiplication.

Proof. Suppose E(C) has CM defined over the field Q(1/n), where n < 0.
Consider the field K = F(4/n). Then E and its complex multiplications are defined
over K. Consider the ¢-adic representation defined by the Tate module of E/K:

Oy = Ug(E/I() cH — GLQ(Qf)

where H = Gal(Q/K). We construct another representation:

a{f’] : H — GLa(Qy)
T — oprp?)
where Aut(K/F) = {1, p}. Now, since F is actually defined over F, o, extends to a

representation

G¢: G — GL3(Qy)

where G = Gal(Q/F). However, we note that

Ge(prpt) = 60(p)5e(T)Ee(p) " = Gelp)oe(T)Te(p) ™

hence O‘EPI = o

Since E has CM over K, the representation o, is abelian (see [Si], p. 109),
so o7 = x¢ ® x4 for some Galois characters x¢, x; of H. It can easily be seen from
such a decomposition that, in the obvious notation, a,[:”] = Xgp] &) X'Elp] as well. Now,
xe corresponds to a weight 1 grossencharacter ¢ of K, and x, = Xgp !'if and only

if ¥(z) = ¥(z) for all z € K5, = C*. But ¢(z) = 27" and ¢(2) = 7', hence
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Y(z) # ¥(Z), 50 x¢ # XL”]. Thus x;, = x.[f], and so o, = xg@xgpl, hence &, = Indg(xf).

Since the degree of x, is 1, we get the formula for the conductor of &,:
cond(é¢) = NE (cond(x,)) | disc(K/F) |

(see [Mar]). Recall, though, that E has good reduction everywhere, so every &, is
unramified at all the finite primes. Since &, is ramified at all the primes which divide
cond(a¢), we see that disc(//F) must be the unit ideal. Thus K is a finite abelian
extension of F where every finite prime of F is unramified, so K has to be contained
in the Hilbert™ Class Field H* of 7. But H* has degree h*(F) = 1 over F, so F is
its own Hilbert* Class Field. This is impossible, since n < 0. |



Chapter 3

The Interesting Eigenform

In this chapter, we state the existence of a holomorphic Hilbert modular cusp form f
over F' of weight 2 and full level which has properties that are analogous to those of
the elliptic curve F that we found in the previous chapter. We shall show in a later
chapter that the eigenvalues a,(f) are equal to the coefficients a,(E) for that elliptic
curve, for a large set ¥ of finite primes p. This lends evidence to the expectation that

f is modular, and corresponds to £ under Langlands’ correspondence.

Theorem 3.1 Let F = Q(+/509). There is a holomorphic Hilbert modular cusp form
f over F of weight 2 and full level such that:

1.  is an eigenvector for all the Hecke operators T,,, and all of its eigen-

values are rational,

2. f does not come from the base change of an elliptic modular form, and

8. f # f ® € for any quadratic character € of F' corresponding to some

quadratic tmaginary extension K of F.

Parts (1) and (2) of this Theorem will be proved in Section 10.3. Part (3) is a

consequence of the following:

17
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Proposition 3.2 Let f be a holomorphic newform of weight 2 and level N for F, a
totally real quadratic field. Suppose h*(F) = 1. Then f # f ® € for any quadratic

character € of F' corresponding to some quadratic imaginary extension K of F'.

Proof. Suppose that for some quadratic imaginary extension K of F' we have
f = f ® e. The holomorphic eigenform f corresponds to a vector f and a cuspidal
representation (7, V) of GLy(Ar) which is trivial at the infinite primes such that the

representation space V; of 7 =& Q) m, is:
V, =< 7(g9)f | g € GL2(AF) >

where < - > means “span of.” The condition f = f ® € means that 7 = 7 ® (e o det).

By a theorem of Labesse and Langlands ([LL]), we have an equality of L-series:
L(m,s) = L(x, )

for some grossencharacter y of the quadratic extension K. (Note that these two L-
series are defined over different fields. This equality means that for any place v of F,
the v-th Euler factor L(x,,s) equals [],}, L(Xw,$).) Moreover, it is known that the
conductor of 7 (cf. [Cas] and [Ge], pp. 73 and 89) in this case is given by:

cond(r) = [] cond(w,) = N (cond(x)) | disc(K/F) |

Recall that since f is of full level, 7 must be unramified at all the finite primes of F'.
Thus, cond(n) must be the unit ideal, hence, as in Theorem 2.1, we must have K
contained in the Hilbert* Class Field of F', which is impossible since h*(F) = 1 and
F is totally real. [ |



Chapter 4

The Algebra B and A Maximal
Order O

From this chapter to Chapter 8, we shall be concerned with developing the theoretical
background necessary in order to construct the eigenform f by using the function space

S defined in Chapter 1. This will enable us to perform the necessary calculations for

the field Q(+/509).

In this chapter, we obtain defining relations for B, the positive definite quater-
nion algebra which is unramified at all finite primes, over fields Q(y/m) with m #
1 mod 8, regardless of class number. We also find that in this same algebra, we can

find a basis for a maximal order O which is expressible in terms of # and the generators

i, j, and k = ¢j, when m = 5 mod 8. This includes Q(+/509).

By the Local-Global Correspondence in Appendix D, the set of left ideal classes
of O is in bijection with the set consisting of the OZ%;, where #; € X and X is the
finite set described in Chapter 1. Here, O%; means that ideal J of B such that
J, = Opzip, where &; = (Zip)p<co- The ideal J exists precisely because of the
Local-Global Correspondence. Thus, in principle, one can find a complete set of

representatives of left (J-ideal classes given a basis for O.

19
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4.1 The Algebra

Theorem 4.1 Let m # 1 mod 8 be a positive squarefree integer, F = Q(y/m). Then
B=(-1,-1)

is the unique quaternion algebra defined over F' with Ram(B) = {00y, 005}.

Proof. Recall that the notation B = (a,b) means that B has basis {1,4,7,7j} over F,
where i2 = a, j2 = b and ij = —ji. It is clear that B = (=1, —1) is positive definite.
We shall show that over every finite prime, B is locally the matrix algebra. Let B’
be the quaternion algebra over Q given by B’ = (—1,—1). Then B = B'®q F. The
isomorphism type of B, = B’'®q Q, is determined by the Hilbert symbol (—1,—1) in
the respective Q, (see Appendix D.4). But a simple calculation [Sel, Chapter II1.1.2]
shows that (—1,—1) = 1if p # 2 and (—1,—1) = —1 for p = 2. Since (—1,-1) is
clearly positive definite, we see that Ram(B’) = {o0,2}. Hence for any prime p of F
which does not divide 2,

BP:B®FFP:B;)®QPFP:MZ(QP)@)QPFP:MZ(F‘{J)'

Now, if m = 2 or 3 mod 4, 2 is ramified in F, and if m = 5mod 8, 2 is inert in
F. So if m # 1 mod 8, there is only one prime p lying over 2. Since Ram(B) has
even cardinality and already contains the two infinite primes, we see that B is also

unramified over the prime dividing 2. [ ]
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4.2 The Maximal Order

When m = 5 mod 8, the algebra B contains a canonical maximal order:

Theorem 4.2 Let m = 5mod 8, F, R and 0 as usual, B = (—1,—1). Let

l+i+j+k i+0j+(1+0)k

g=% 2 ; 2

i, k

Then O is a mazimal order of B (regardless of m!).

Proof. In the following computations, we let

l+itj+k

i+ 05+ (1+0)k
: :

2

51 ) 52=

First we prove that O is an order. Obviously O is a full lattice in B. Next, we show

that Hurwitz’s quaternions

sz[61: ia j7 k]

is a ring with Z C H C O. Easily, 1 =26, —i1— 3 — k € H, so Z C H. To show that
‘H C O, we only have to prove that ¢ € O:

i = i+(0—-60);+(1+0—-(1+0)k
2(z+0;+2(1+9)k)_9J__(1+3)k
= 26—-60j—(14+0)kec0O

We show that H is closed under multiplication. Since —1,4,7 and k are in H,

we just have to show that products involving é; are in H:



CHAPTER 4. THE ALGEBRA B AND A MAXIMAL ORDER O

81

01t

1oy

761

(L+i+j+k)(Q+i+5+k)/4
(L+i+j+k)+ @+ +ji+ ki) +
(G445 + 72+ ki) + (k+ ik + 5k + k%)) /4

(A 4+ +R) +G—1—k+)+G+k—1—i)+(k—j+i—1)/4

(—2+2e+2j+2k)/4=(-14+i+j+k)/2
1+itj+k

2
—-1+6€H

(1+z’+j+k)i
2

i+ 4ji+ki)/2=>G—-1—k+j)/2=(-1+i+j—k)/2

—1—-i—j—k
2

—6i+i+)eH

.(1+i+j+k)
: 2

G+i24ij+ik)/2=0G—-14+k—3)/2=(-14+i—j+k)/2
~1—i—j—k
2

b +i+keH
(1+i+j+k)j

~14

+itj

+itk

2
(GH+ij+i2+ki)2=0G+k-1-12)/2=(-1—i+j+k)/2
—f —f = F —

2
—61+7+keH

j(1+i+j+k)

2
G+ii+i2+ik)/2=0G—-k—1410)/2=(-1+i+j—k)/2
T Bk

2
—b61+i+7€EH

(1+i+j+k)k
2

(k4 ik +jk+k3)/2=(k—j+i—1)/2=(=1+i—j+k)/2

+i+]

22



CHAPTER 4. THE ALGEBRA B AND A MAXIMAL ORDER O 23

= -6 +i+keH

kS, — k (Hz;—ﬁk)

= (k+ki+hkj+k)/2=(k+j—i—1)/2=(-1—i+j+k)/2
= (=1—-i4+(-142)5j+(-1+2)k)2
_(—__1+i;j+k)+j+k
= —6+ji+k

Next we show that O is a ring, i.e., the product of é; and any basis element
is expressible as an R-linear combination of basis elements. The computations are
more confusing than that for H, so we show all the intermediate steps. The factor on
the right of the first product is always expanded first. The product is then brought
to the form t; + t9¢ + t37 + t4k. We often put all these under a common denominator
of either 1 or 2. We then bring it to a quaternion which is in ‘H or of the form

5161 + 5289 + 337 + s4k. To do the second, we must solve :

= 82

ta = $1/24 82/2

ts = $1/2+820/2+ 53

ts = $1/2+4 321 +8)/2+ 384

We have tried to show this in a natural manner by expanding the ¢i’s in terms of the
si’s. One notes that for some products, it is imperative that m = 5 mod 8 in order

for the final expression to have coefficients in R. The actual derivations now follow:

82 = —nr(s)
= —(14+6*+(1+0)*)/4
= —(14+6*+1+20+6%)/4
= —(1+0+6%/2
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6162 =

5251 e

1+60+6+ 2t
2

- (%)

(I+i+74+k)(E+05+(1+0)k)/4

(G++ji+ki)+00 +i5+5°+k5)+ (1 +0)(k+ik +jk+ k) /4

(G=1—k+)+0G+Ek-1-D)+Q+0)(k—j+i-1))/4

(-1—-0-1-0)+(1—-0+14+06)+
(1+0-1-0)j+(-14+0+1+0)k)/4

(—2(1 + ) + 2i + 20k))/4

(—(1+6)+1:+0k))/2

(—(14+0)+(—(1+0)+(2+0)) +

((1+9 (24+0)0+ ((1+6)—(2+0)8))5 +
—14+0)+(2+0(1+6)+(1+20—(24+0)(1+0)k)/2

i 2
) . .
_(1+9)(1+z+]+k) (2+0)(z—|—9]+2(1+9)k')+

T fllo= B 14890 —2—f =5 — f — =1
- S =)

2 2
—5 3
—(1+0)51+(2+9)52—(m—8—+0)j—(%H;)L

G+ +Q+DkE)1+e+5+k)
4
(G+07+Q+0)k+ (2 +6ji+ (1 +Oke) + (55 + 05° + (1 + 0)kj)

+(ik + 05k + (1 + 0)k?) /4
(40 +(1+0)k+(—1—0k+(1+0))+(k—0—(1+0))+
(5 +6i—(1+0)/4
((—2 — 20) + 207 + 2k)/4
(—(1+0) +6j + k)/2
(=1 +8) F (-1 +8)+ (1 +0))+
(—(140) + (1+6)8 — (=1 — 20+ (1 + 0)0)j +
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(—1+)+Q+60)(1+60)—((-2—-60)+ (1 +6)(1 +0))k)/2

= (148 (————1+i;j+k) +(1+6) (i+9j+2(1+9)’“) _

“1amgl) o (1e2 s ng
— k
()i (7

i = (i+9j+(1+8)k)j

2
= (7 +0i"+(1+0)kj)/2=(k—0—(1+6)i)/2=(-0+(—1-06)i+k)/2

= (—0+(—0—1)i+(—0—0+20)j+(—0—(1+0)+2+20)k)/2
_ _6(1+z'~+2—g+k)_(z+93+2(1+0)k)+0j+(1+0)k
= —06—62+05+(1+0)k
: .(i+9j+(1+0)k)
Jjoa = 3 9
= (Ji+072+ (1 +0)jk)/2=(—k—0+(1+0)i)/2=(—0+(1+0)i —k)/2

= (—0+(—0+1+20)i+ (—0+(1+20)0 —(—6+(1+20)0))5 +

(=0 + (1 +20)((1 +0) — (—8+ (1+20)(1+6) — 1)k)/2
] : + 67 1+ 60)k -0+ 6+ 267\ .
=_9M+(1+29) Z+]+(+) +{——— )7
2 2 2
—0+4+1+30+20%—1 k
- 2
= —06 + (1 +20)6;, + 0% — (0 + 6*)k
Sk = (z+8]+(1+0)k)k

2
= (ik+0ik+ (1 +0)k)/2=(—j+0i—(1+6)/2=(—(1+06)+6i—j)/2
= (140 +(-1+0)+1+20)i+

(—(1+0) + (1 +20)0 — (-0 + (1 +20)0)); +

(—(1+0)+ (1 +20)(1+60)+ ((L+0) —(1+20)(1+8)))k/2
— —(1+0) (li’—';’—ﬂ) +(1+20) (”"j +2(1+”)’“) 02— (04 67V
m —1

" _(1+e)5l+(1+20)52+(’1‘4;1—+0)j—( +20)
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kSy = k(H_a] +2(1+'9)k)

= (ki+0kj+(1+0)k*)/2=(—0i—(1+8))/2=(—(1+6)—0i+j)/2

= (-1 +9)+(-Q+)+1)i+(—(1+0)+0+2)j +

(—A+0)+(1+6)—(=(1+06)+(1+0)k)/2
- _(1+0) (1+zJ;J+k) 4 (z+9] +2(1+9)k) y
= —(14+68)6+6+7

Next, we show that every element of O is integral. Let

a = 16+ 16+ r3) +rek € O, that is, all r; € R. Then:
tr(a) = rtr(é)

= MmMeER

nr(a) = nr(f‘_21+r1-£—r2i+r1+0r22+27“3j+r1+(1 +29)r2+2r4k)

r_%_ 5 r2 4+ 2ryrg + 12 5 r? + 0%r2 + 4r2 + 20r 7y + 4Aryrs + 407973 i

4 4 4
r2 + (14 0)%r2 + 4r? + 2(1 4 0)ryrg + 4ryrg + 4(1 4 O)rary
4 4
4ri + (1 + 0% + (1 + 0)*)r3 +4r3 + 4r} N
4
(2420 + 2(1 + 0))rir2 + 4rirs + 4ryry + 40rors + 4(1 + O)rory

4
)r%+r§+r§+

_ 2+(1—|—02+1+26+6’2

= 7‘1 4
(1 -+ 9)7‘11‘2 -'|- r™ra + T1T4 + 01"27‘3 + (1 + 6)7‘27‘4

1+6+ 67
= rf+(~—+2+ )r§+r§+ri+

(1 4+ 0)ryrg + rirs + riry + Orarz + (1 + 0)rory € R, since

14046 14+0+2746 m+3

2 3 3 + 0, and m = 5 mod 8.

26
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27

Finally we show that O is maximal. From the products we have computed

above, we can easily compute the trace of the product of two basis elements. Thus:

—1 -14+6 -1 -1
— —_9f — (mt3 — -
disc(0) = R (1_-; ) 20 _g P ) _g (10+ )
=4 —(1+90) 0 —2
~1 —4d) I =
_ | —+0) 20— (=) -6 —(1+96)
- | —0 —3 0
0 0 1 ~1
— —(1+06) —3 —J
_ gl %9 ~20 — (=£2) —(1420) —(1+96)
—1 —0 — 0
0 0 0 —
1 1+6 2
= R|1+6 20+ (=) 1+20
1 0 2
1 146 0
= R|1+6 20+ (=£2) -1
1 0 0
B 1 146
=Rl ‘
= R

so @ is indeed a maximal order (see Section D.5)
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4.3 Discovering the Order

The order O was discovered using the following reasoning: It is well known that H is
a maximal order in B’ = (=1, —1) over Q, and disc(H) = 4Z. Now, H ®z R is still
an order in B = B’ ®q F, but it is no longer maximal, since its discriminant is 4R.
Suppose we assume that h(Q(y/m)) = 1. Then H is contained in a maximal order O

which has a basis, say O = R[ey,...,e4). Then the transition matrix A, where
[51 2 ] k]T = A[el €2 €3 64]T

must have determinant 2. Hence, modulo an element of GL4(R), A must be one of

the following matrices in Hermite normal form (see [N] for the definition):

2z y =z 1000 1000 1000
0100 02z y 0100 0100
oo010|"|loo1o0|”]oo02zz|[""]001o0
0001 000 1 000 1 000 2

Here, z,y,2z € {0,1,0,1 + 8}, a set of representatives for R/(2). The inverses of the
matrices above are the same as the matrices themselves, except the non-trivial row
is[L —Z — % _ 2] etc. The entries of A should ensure that the e; are integers in B
2 2 2 2 g )
i.e., their norms and traces are in R. This eliminates the first and last choices, since
18, + ... has trace 1/2, and {k has norm 1/4. The norm of ez for the third choice
is M, and this is never in R for any of the choices for # above. This leaves onl
; y y
the second choice, with {z,y} = {0,1 + 0} as possible solutions that would make e,
an integer when m = 5 mod 8. Theorem 4.2 shows that the choices for  and y that
we made makes this order always maximal, and in fact the initial assumption that

Q(y/m) has class group order 1 is unnecessary.



Chapter 5

Computing T and H

5.1 A Formula for T" and H

As the next step in finding a complete set of representatives of left O-ideal equivalence
classes in the quaternion algebra B = (—1,—1) over Q(+/509), we shall derive a
formula for the type number T' = T} and class number H = H;, which we shall
show to be equal to T in our case of interest. In our terminology, H is simply the
cardinality of the set X defined in Chapter 1. It turns out that aside from being able
to compute 7" and H over this field, we can do it for other values of m, when m and

F = Q(+/m) satisfy certain conditions.

The most important tool will be the main theorem in ([Pil]). In it, Selberg’s
Trace Formula is used to construct an algorithm that determines the type number

T,

w192 for an arbitrary algebra B over a number field when the product ¢,¢; is square-

free, i.e., the non-maximal localizations are of prime level (see Appendix D.6 for the
definition of these terms). Using this, it is possible to get a simple formula for the
type numbers when B is defined over Q. Unfortunately, the algorithm does not give
such an effectively computable formula for all quadratic fields, but we discovered that

under special conditions, such a formula can be derived from this theorem.

29



CHAPTER 5. COMPUTINGT AND H 30

Theorem 5.1 (Pizer) Let F be a totally real number field of degree n over Q, S
the ring of integers of F. Let B be a positive definite quaternion algebra over F. Let
q1 be the product of the finite primes of F which ramify in B and let q; be a finite
product of distinct finite primes of F such that (q1,q2) = 1. Then the type number
14,4, of Eichler orders of level q1q2 in B is

_ 1 1 h(S.)
qu?? . Zeh(}') (M+ 2 SGZE:C E¢11Q2(Sa)w(sa)) ’ whe're (5'1)

e 15 the number of primes dividing q,q,.

M is Fichler’s Mass and is given by

= 2h(F)(r(2)disc(F)3/?
(27)271

M IT(N(p) = 1) IT(N(p) + 1),

ela elgz

where (r is the zeta function of F.

h(S.) is the ideal class number of locally principal S,-fractional ideals
(see Note (1) below).

o w(S,) is the index of the group of units of S in the group of units of
Sy

Epne(S) =11 (1 - {%}) II (1 - {%}) (see Note (2) below)

ela elaz

e C is the collection of all orders defined by the following procedure:

1. let eq,...,e5 be a complete set of representatives of U mod U?,

where U are the units of S;

2. let dy,...,d; be a complete set of integral ideal representatives of
E -Fr(F)? mod (Pr(F)) where E is the subgroup of Fr(F) (the
divisor group of F) generated by all the p which divide ¢1q2, and
Pr(F) is the subgroup of principal divisors of Fr(F).

3. let ny,...,n, be a set of all elements of S such that
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(a) (n;) =dj for some j', 1 <j' <k
(b) (ni) # (nj) fori # 5

4. consider the collection of all polynomials over S of the form
Juor(@) =2 —712+n,e,, 1 <p<s, 1< u<t, where

(a) fuor(x) is irreducible over F.

(b) Flz)/frer(x) cannot be embedded in any Foo, i = 1,...,1n
(the real completions of F);

(c) for all p < co, p°¢ | T, where s, = Lﬁ'—gﬂﬁlJ, where |-] is the

floor or truncate function.
(d) if vo(n,) is odd, then p*e*1 |7

5. let a be a root of some f,,.(x) given above and for each f, ,.(x)
choose only one root. Then C = {S, | S, is an order of F(a)}
such that

(a) Sla] C S,

(b) if p < oo, then ax;’e € 8, where 8, = tu ]\2l'a J

Notes:

1. It will turn out that the S, are the ring of integers of the respective
F(a), so the term “ideal class number of locally principal S,-fractional
ideals” simply means “the class group order of F(a)” in this case, since

all fractional ideals are locally principal.

2. The symbol {%} is explicitly defined in [Pil], but since we shall see
that for the case we are interested in we have ¢; = g2 = 1, i.e., these

products are empty, we will not define this symbol.
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It is fortunate that Theorem 5.1, though stated in a complicated manner, can
be used to derive an effectively computable formula for the type number under special

conditions, which are satisfied by Q(+/509):

Theorem 5.2 Let m = 1 mod 4 be a positive squarefree integer, F' = Q(y/m), R the
ring of integer of F, U the units of R, u the fundamental unit of . Assume that
(P1) A(F)=1, and
(P2) N(u)=-
Let B be the totally definite quaternion algebra which is unramified at all the finite
primes of F'. Then the type number T of B is 1 if m = 5, and if m > 5, it is given

by:

I g S + GHQUY) + gh(Q( )

u

where x is the character mod m appearing in Proposition E.9.

Remark. Properties (P1) and (P2) of F' imply that every ideal of R is generated
by a totally positive element. We will also see in later chapters that this fact will enable
us to construct objects that will be useful in finding representatives of ideal and type

classes, as well as realize the action of the Hecke operators.

Proof of Theorem. Assume that m = 1 mod 4 is a positive squarefree integer and
that F' = Q(y/m) and u have the properties above. Proposition E.12 in the Appendix
shows that 3 does not divide m. This property will be used to study the biquadratic
field Q(v/m,+/=3), and to apply Proposition E.4 of the Appendix. We proceed to

determine the quantities in Theorem 5.1.

We have h(Q(+/m)) = 1. Since B is unramified for all finite primes, ¢; = 1,
and for maximal orders, g = 1. Thus e = 1. The two products in the definition of
Eichler’s Mass M are thus both empty. Since m = 1 mod 4, disc(F') = m, so

QCF(z)mSIQ B m3/2

M=o = 3

(r(2)
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We shall further simplify M by explicitly finding (#(2). Our method will be that
of [L], which uses generalized Bernoulli numbers. Define the nth Bernoulli number,

B, by

tet il
=2 By

t __
¢ n>0

For a character x mod f, define B, , by

f

> x(u)

u=1

tent o
et — 1 = ZBn,x_

— ]
30 n!

One sees easily that when x = 1, then B, , = B,. For F' = Q(y/m), m > 0, define:
Bn,F — HBn,xa
X

where the product runs through the characters mod d = |disc(F')| = m which cor-
respond to characters of Gal(#/Q). Hence this product involves only the trivial
character and the character x mod d discussed in Proposition E.9 of the Appendix

(used in the calculation of the class group order). Thus

Bn,F = Ban,x
In [L], it is shown that
_ (27!')2”’\/6—{.BHVF
Cr(n) = = G2

if n is a positive even integer. Thus we have, for n = 2 (knowing that B, = 1/6):

1
M = ‘4—8B2,X.

To explicitly find B, , we have to individually find the coefficient of t?/2 in the

Taylor series expansion of
teut

emt — 1

for u = 1...m. One can differentiate this expression twice and let ¢ approach 0,

but the answer is more obvious if we write the above expression as a quotient of two
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power series then perform the differentiations and set £ = 0. Using either method, we

=§:X(U) (Gu — 6mu +m )

] 6m

get:

However, we know that

i Mu)=0= i x(u)u.

u=] u=l1

The first equality follows because x is a non-trivial character, and the second because

X is an even character, so

i x(uw)u = i:l x(m—u)(m —u) = i x(u)(m—u)=— ilx(u)u

u=1

and the conclusion follows. Thus we are left with:

=— Z x(u)u?,

m =1

48m Z x(u)u’.

Now we proceed with the rest of the algorithm. The product defining F;(S,) =
E, 4,(S.) is also empty regardless of S,, so El(S ) =" Equation 5.1 then becomes:

Tzﬂ_M+ Z
25w )

We now follow the algorithm to find the collection C:

1. Since U = (—1){u) and U?* = (u?), we get s = 4, and a set of represen-
tatives for Y mod U? is given by

{1, -1, u, —u}
We note that when m = 5, the fundamental unit is u = § = 1%5, and
?=1+46.

2. Since ¢;q2 = 1 and Fr(F) = Pr(F), we have k =1, E = (1), and
{d} = {d1} = {1}

is a complete set of representatives of E - Fr(F)? mod (Pr(F))
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3. From (2), we can take t = 1 and
n=mn =1
4. We shall call the polynomials obtained in this step contributing poly-

nomials, and denote this set by ¥. Since u =1 =%t and n = n; = 1,

we shall abbreviate:
Falm) = -T2+ €s

Since v,(n) = 0 for any v, we have s, = 0 for every p < oo, so
condition (4.c) is always satisfied by any 7. Condition (4.d) is vacuous.
Now we look at condition (4.b). Since F is totally real, this condition

requires that the discriminant of f,,,
A(for) = 7% — de,,

be totally negative. But for any 7, A(f-1,,) and A(f_..) are always
positive, since v > 0. Hence we need only consider f;, and f,,. But
Ng(u) = u(u?) = —1 tells us that u? < 0, so for any 7, (77)*—4u" > 0.

So only e, = 1 remains. We further abbreviate:

f(z)=2*—1z+1
Our problem is therefore to find all 7 € R, say 7 = a + b4, a,b € Z
such that:

72 —4 < 0 and (79)% — 4 < 0, or equivalently
-2 < 7,77 < 2, 0r
-2 < a+bd,(at+b)—b0 < 2o0r
-2 < a+bl,—a—b+0b0 < 2

Adding these two inequalities, we see that necessarily:

—4<(20-1)b<4or
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—4 < /mb < 4

Hence if m > 16, then b6 = 0 is the only possible value. In this case,

T =a = 0,%1. Note that these three values yield a contributing f,.

So now assume that m < 16, i.e., m = 5,13. In both cases, 1 <
4/+/m < 2,50 b=0,%1 are the only possible values. We check which
yield contributing f,’s:

b= 0: As before, 7 = a =0, £1.

b =1: We must have

—2<a—|—1—+42@<2and —2<a+1——¥-@<2
= ——M; = <a<3—£—2mand —*JC_S"; = <a<‘°’—4£+2m
= i‘"*; i <a<453‘2’”

If m =5, only a =0 or —1 lies in this range, and 1 =0, -1+ 0 = —¢°
both yield contributing f.. If m = 13, there are no integers in the
range above, so b = 1 is not possible in this case.

b = —1: A similar analysis yields 33—';4@ <a< 54_2@ Hm =5,
only a = 0 or 1 lies in this range, and 7 = —6,1 — 8 = 8 both yield
contributing f;. If m = 13, there are again no integers in the range

above, so b = —1 is not possible in this case.

Clearly, condition (4.a), irreducibility, is satisfied by all the f, men-
tioned above, since the roots are imaginary. We summarize step 4 in

the following:

Lemma 5.3 Assume the hypotheses in Theorem 5.2 above.

(a) If m > 5, the only contributing polynomials in W are f,, where
r=0,+l1.

(b) If m = 5, the only contributing polynomials in W are f., where
r=0,+1,+6,+£6%.
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The roots of these polynomials and the fields that they generate over
Q(+/m) are shown below.

Table 5.1 Fields Generated by Roots of Contributing Polynomials f,

T Roots** a,,a! Of F(a,)
fr=a?—T1a+1
0 C-d)Cf Q(\ﬁ: C‘l)
1 CG-: CGS Q(\/E'J CG)
~1 Cgan Q(\/Ea CG)
d+a 00—«
0 2 ’ 9 Q(CS)
—0+a —0—a
o 0+p0 6°—p
o 9 ) 9 Q(C5)
o =67 + IB —07 — 46

**az'/—3+9, ﬂz\/—-2—6, (9=1$2/—§7 a;\/5—>—\/5

The only non-obvious part is proving the last four rows for F' = Q(+/5),
but it is easy to see that F(a) = F(8), since af = /5 € F.

We note that the irreducible polynomial of « over F' is z* — (=3 + 0),
while that of 8 is 22 — (—2 — ), and the irreducible polynomial of both
o and B is the product of these: z* + 5z + 5. We shall show that
F(a) is contained in Q({s). From the fifth cyclotomic polynomial and
Euler’s identity, we get

cos(2r /5) = i_;_\/__f)’ sin(2x/5) = e +8\/5

, hence

37
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and so F = Q(v/5) C Q((s). Also, the ring of integers S of Q((s) is
Z[(s). Next, one sees that v = (¢ — (2) € S satisfies y2 = -3 + 0, so

@ € Q(C) L
Similarly, we find that £(1 + 2¢s + ¢ + ¢2) are the square roots of

—2 — 0. Of course, it is easy to derive vy as a square root of —3 4 @ in
Q((s). Since ais an algebraic integer, we must find a .. .d € Z such that
v = a+b(s+c(Z+d(3. Since the real part of ¥ must be 0, we determine
that b = 2a, d = 2a — c¢. Equating ¥? with —3 +0 = -3 — (Z — (3, we
get:

4a?> —6ac+ c* =1 and 3a? — 2ac+ 2c* =2

from which a® + ¢ = 1. Since a,c € Z, we get a = 0,c = +1, and ~ is
determined as above.

Alternatively, one can also directly compute the ring of integers of F'(a)
and its discriminant, and use some facts about cyclotomic and abelian

extensions to conclude that this field is contained in Q((s).

. We proceed to the last step of the algorithm: finding the orders &,,.
Condition (5.a) says that R[a,] must be contained in S,. However, we

find that R[a,] is the maximal order of F(a.):

Lemma 5.4 Let m be as in Theorem 5.2, R the ring of integers of
Q(/m). Then:

(a) The ring of integers of Q(+/m,{s) is R[(4].
(b) The ring of integers of Q(/m,(s) is R[(e]-

(c) For m =5, the ring of integers of Q((s) is

+0 + « +6° + 8
R[] == [

Proof. Parts (a) and (b) are covered by Corollary E.2 of the Appendix.
Let S be the ring of integers of Q((s). Note that (}, generates S over
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Z, if k # 0 mod 5. To show (c), we have:

232 B
' 2 2
Similarly, we get

-0+« CGH+E+E -

2 2
= 452 = GlOa
—0°+B8 11— -G+1+26+E+¢
9 o 2
= CS = C1207
0+  1+C+E+1+2G+E+¢E
2 - 2

= GGG == =G

so all these generate S over R (in fact over Z). Hence the only possibility
for &,, is the ring of integers of the respective F(a,). |

Lemma 5.5 The set of orders C consists of the rings of integers S
of the extensions F(a,) where a, is a chosen root of a contrtbuting

polynomial f. as determined by Lemma 5.3.

Proof. Only condition (5.b) needs to be verified. Our computations show that all of
the roots a, of f; are roots of unity, so N;f(“’)(aT) =1, so s, = 0 for every p. Hence

a, € S,, . is always satisfied. |

Hence, equation 5.1 becomes:

1 R(S..)
T=Mi+s T Sl
2 SQTZ&_C w(S.,)

We first study the contributions in this sum from the biquadratic fields

(1) Q(/m,+/—1) and (2) Q(/m,+/—3), which will be valid for both m = 5 and
m > 5. We will apply Proposition E.9 of the Appendix to simplify the class numbers

of the biquadratic extensions above:
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1. Let my = —1,m; = —m,mp = m, K = Q(v/—1,+/—m). Hence hy = 1,
by hypothesis. It is well known that the class group order of Q(1/—1)
is 1, and the only roots of unity are powers of v/—1, i.e., by = 1,w; = 4.
Also, the only roots of unity in Q(v/—m),m # 1,3, are %1, i.e., w, = 2.
By Proposition E.3, w = 4 and uo = u. So we obtain h = Jh(y/—m).

2. Let my = =3, mz = —=3m,mo = Im, K = Q(v/—-3,v/—3m). Similarly,
it is know that the class group order of Q(1/—3) is 1, and the only
roots of unity are powers of (s, i.e.,, by = 1,w; = 6. By Proposition

E.4, w =6 and up = u. Again w, = 2 and we obtain k = $h(v/—3m).

Next, from Propositions E.3 and E.4, [§* : U] = 2 and 3, respectively, for

Q(v/m, v=1) and Q(vm, v3).

We can now finish proving Theorem 5.2 for m > 5. The field Q(1/m,/—3)

contributes twice in the sum (for 7 = 1, —1), so equation 5.1 becomes:

T - M+%(h(Q(\/n';\/—_1))+2h(Q(\/n;€,\/—_3)))

= M+ QU V) + QU V3))
= M+ h(Q(/=m) + Zh(Q(V/Fm)

For m = 5, the field Q((s) contributes 4 times in the sum, corresponding to
T =60,-0,0°,—0°. Let § be the integers of Q(({5). It is well known that §* =
(C10)(6), hence [S* : U] = 5. Keeping the simplifications we made for m > 5, we get:

T = M+ IHQUTE) + QTS + Sh(Q()

Eichler’s Mass number M for m =5 is (1 —4 — 9 + 16)/240 = 1/60.

The appendices of [BS] show that 2(Q(+/—5)) = h(Q(+v/—15)) = 2. The dis-
criminant of Q((s) is 125, so the Minkowski bound for Q((s) is

! 2
s (i) V125 < 2
T

44
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hence every ideal class has an ideal of norm 1. Thus Q(¢s) has class group order 1.

Equation 5.1 becomes

1
60
which finishes the proof for m = 5. |

T=—+-+7+

ol
W=
(S0 )
Il
[am—y

Following the proof of Theorem 5.1 in [Pil], we see that

1 1 h(S,)
T = (Hypg = 3 Epyo(Sa , where 5.2
ng 26’2(.7:) ( 91 ¢ 25,;72 qq( )w(sa)) ( )
Co=C—-Cr,and Ch, = {8, € C| (N(a)) =(1) }. That is, a is a root of f, ,,(z)

with (n,) = (1). From this, we have:

Proposition 5.6 Let m be a positive squarefree integer, F' = Q(y/m), with h(F) = 1,
and B the unique quaternion algebra with Ram(B) = {00y, 002}. Then H =T, i.e.,
the number of left-ideal classes of a maximal order equals the type number of mazimal
orders. Consequently, if I,...,Iy is a complete set of representatives of distinct
left O-ideal classes for a fized mazimal order O, then the corresponding right orders

O,(L),...,0,(Ig) form a complete set of distinct representatives of mazimal orders

of different types.

Proof. (The notion of a right order can be found in Appendix D.5.) We have A(F) =1,
¢1 = ¢q2=1,2° =1 and n, = ny = 1 in the algorithm to find C. Thus C; = 0.
Substitute these in (5.2) to get the result. |
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5.2 Langlands’ Conjecture for m =5

Our computations above show that H = T' = 1 for F = Q(+/5), hence the function
space S has only the zero function. Hence S has no eigenforms. In [Pin], we also
see that there are no elliptic curves over F' which have good reduction everywhere.

Hence £ = 0. Thus:

Theorem 5.7 Langlands’ Conjecture 1.1 is true for Q(v/5).

5.3 T for Various F'

It is surprising that there are 40 values of m in the range 16 < m < 510 that satisfy
the hypotheses of Theorem 5.2. The ideal class group orders may be computed using
the formulas in Proposition E.9 of the Appendix. These m and associated class group
orders, Eichler’s Mass, and type numbers are tabulated below. We note that with
the exception of m = 5 above, the character sum in the formula for M is divisible by
m. We also observe that all the values of m are prime. The condition N(u) = —1
tells us that m is a squarefree product of primes = 1 mod 4. The additional condition
h(F) = 1 seems to imply that m is actually prime. We therefore ask the question: If
m = 1 mod 4 such that Q(y/m) has class number 1 and R has a unit of norm —1, is

m a prime?
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Table 5.2 Type Number for B/Q(y/m) for Certain m

[ m [ rQW—m) [ r(QW=3m) [ M [ T ]
T
1 g
3 2 4 T 1
1
17 4 2 = 1
T
29 6 6 < 2
5
37 2 8 = 2
2
41 8 2 z 2
3
7
53 6 10 = 3
61 6 8 L 3
12
73 4 4 = 3
6
13
89 12 2 - 5
7
4 4 — 4
97 :
19
101 14 10 - 5
g
109 6 12 - 5
113 8 6 3 5
137 8 6 z 6
35
149 14 14 = 7
13
157 6 16 v 7
173 14 18 %5 8
1
181 10 12 —49 8
1
193 4 8 Fg 10
19
197 10 22 = 9
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Table 5.2 (continued) Type Number for B/Q(y/m) for Certain m

[ m [ MQV-m) | hQW=3m) | M | T |
233 12 10 % 12
241 12 4 % 14

83
4 s
269 22 1 = 12
103
277 6 28 = 14
281 20 6 % 16
85
293 18 22 = 13
313 8 8 ? 19
101
1 2 —
317 10 6 = 14
337 8 12 19 22
I51
349 14 16 = 17
353 16 6 16 19
161
1 32 —
373 0 = 20
151
22 —
389 22 = 19
57
397 6 24 = 19
409 16 4 ? 29
709
421 10 20 §) 22
433 12 8 1—23 30
51
449 20 6 = 29
457 8 12 30 33
61
461 30 18 - 22
215
509 30 14 = 24

12
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Chapter 6

©®-Series of an Ideal

The notion and construction of a ©-series for an ideal in a quaternion algebra is
discussed in several papers, including [Pi4], [Pi5], [Pi6] and [Gr]. In these papers, B’
is a positive definite quaternion algebra over Q, and L is a Z-ideal of B’. The O-series
of L catalogues in a certain sense the number of elements o of L that have a fixed
norm, for all possible nr(«). It is also useful in determining if two left ideals represent
different ideal classes. Qur objective in this chapter is to find conditions wherein we
can extend the definition of a O-series to quaternion algebras over a quadratic field,
prove analogous properties for them as those found in the papers above, and to find
ways to explicitly and effectively (i.e., in reasonable computational time) find the first
few terms of this (infinite) series. We shall often refer to L/Z, a lattice in an algebra

B’/Q, in order to compare our construction to those in the mentioned papers.

We assume henceforth that F' = Q(/m), m > 0, with (P1) h(F) =1 and (P2)
the fundamental unit v has norm —1. These properties assure us that every fractional
ideal can be generated by a totally positive element, and every totally positive unit is

a power of u%. As usual, R = Z[f] is the ring of integers of F, with 8 = 1—432&
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6.1 ©O-Series of an R-Ideal

We assume that B is a positive definite quaternion algebra over F. Thus the norm
of any 8 € B is totally positive, and every R-ideal J of B has a basis of 4 elements.
Denote by nr(J); a totally positive generator of nr(J). For any 8 € J, define:

N3(B) = nr(8)/nr(J)4

Thus the image of A is in R0, the totally positive elements of R. We can think

of Ny as a “scaled” norm. For L/Z, nr(L), is simply a positive generator of nr(L).
Now define the @-series of J:

O,(r) = >_exp(rN;(B))

peJ
= Z ce,j exp(t€), where

£ER>>0

ceg = #{BeJ| MyB)=¢}.

We will call ¢¢ s the representation number for £ in J. Because Ry is dense in R,
it is not at all clear that ¢, ; is always finite (for L/Z, we will see that this is clear).
We will prove later that c¢ ; is finite for every  and J, so the ©-series is well defined.

Ignoring this for now, we have:

Proposition 6.1 The definition of c¢ 5 for any R-ideal J is independent of the choice
of nr(J)4.

Proof. Any two choices for nr(J), differ by a totally positive unit w?”, for some
n € Z. Since nr(«™) = u*", multiplication by u™ € R gives a bijection between the

set of B € J of norm ¢ and those 8’ € J of norm u®*¢. |

Now we see that the O-geries can be used to determine if two ideals or orders

are in different classes. -
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Proposition 6.2 IfJ is an ideal and J' = y1Jy2, with both v € B, then ¢g.; = ce v
for all € R. Thus O (1) = 0,(7).

Proof. Suppose J' = v Jv, as above. Then we can choose nr(J’), to be
nr(v,)(nr(J);)nr(v;), since the nr(y;) are totally positive. Every ' € J' is of
the form B’ = 4,87, for some B € J. Thus

nr(f’) = nr(y)nr(B)nr(yz), so

Ny(8) = nr(f)/nr(J),
= nr(y)nr(8)nr(yz)/(nr(y)nr(J)inr(y;))
= N;(B),

so O;(7) = Op(7) as well. |

This tells us that if two left (resp. right) O-ideals have different O-series, then
they are not in the same left (resp. right) ideal class (use 44 = 1, resp. 7, = 1).
Two orders with different ©-series are not of the same type (use v; = ~3'). It is
still possible, though, for two ideals having the same ©-series to be in different ideal

classes.

6.2 Preliminaries on Quadratic Forms

As we shall see, to effectively compute the representation numbers for J, we will need
to know something about quadratic forms. Assume that F is an arbitrary field with
characteristic different from 2. We shall use multi-index notation: X = [z;...x,].
We will write a quadratic form f(X) in n-variables using a symmetric sum:
n
f(X) = 22 aijziz;
ij=1
with the a;; € F, not all a;; = 0 and a;; = a;;. The determinant of f is the
determinant of the matrix A = [a;;]. Two forms f(X) and f'(X’) with coefficients
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in F are F-congruent if under a substitution of variables (X")T = CX7T into f’, we
obtain the form f, and the matrix C is in GL,(F). Every f with coefficients in R is
uniquely R-congruent to a form a? + ...+ 2? —2?; — ... — 2. We call f positive

definite if 1 = n.

If the form f has non-zero determinant and f(X) = 0 for some X 3 0, we call f
a zero form. We say that f represents o in F if thereis an X = [ay...a,] € F" with
f(X) = a. For instance, the Hilbert symbol (,b) £ in F is 1 if and only if az® + by®

represents 1. Clearly, congruent forms represent the same elements of F.

We shall be mostly interested in forms over Q, with X assuming values only in
Z™. If f and f’ have coefficients in Q, we say the f is equivalent to f’, symbolically
f ~ f’, if there is a change of variables taking f to f’ with matrix C, as above, in
SL,(Z). If f ~ f', C gives a bijection between the set of X € Z" such that f(X) = «,
and the set of X’ € Z™ such that f'(X’) = «, for any a € Q.

6.3 Computing O;

Suppose that we are given an ideal J in terms of a basis over R. We show that we
can find an effective algorithm to find the c¢ ;. As a byproduct, we find that these

numbers are finite. First we explore the nature of Aj:

Proposition 6.3 Choose a basis [By,...,B4] for J, and write § € J as
5= (o + 21a0)8,
where X = [z1...2s) € Z8. If we write N;(8) as:
Ni(B) = ¥i(X) + Tx(X)0,

then ¥, and ¥, are quadratic forms with coefficients in Q and values in Z. Further-

more, U, is positive definite. These properties hold regardless of the chosen basis.
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Proof. We have remarked that A has values in Rsx0, so the ¥; are integer valued.
Represent 3 in the form above. It is easy to see that the coefficients of 1,7,5 and k
in § are R-linear combinations of the z, so the ¥; are indeed quadratic forms with
rational coefficients. Also, by Proposition E.5 of the Appendix, a necessary condition
for a + b0, a,b € Z, to be in R55¢ is that @ > 0. Thus ¥,(X \ {0}) C Zs,. This is
possible only if ¥, is positive definite. [

Corollary 6.4 For any £ € Ry and ideal J of B, the representation number c¢ j

is finile.

Proof. Let £ = a+ b8 € R. In the notation above, the set
{Xe2Z®| ¥, (X)<a}

is finite, since ¥, is positive definite and integer valued. Thus, ¢ ; is also finite. |

In the analogous construction for L/Z, N (8) = W(X) is itself a positive definite
integer valued quadratic form, hence we see immediately that ¢, 1 is finite for any

n e Z)O.

The properties above let us explicitly compute c¢ y for £ =a+b0 and a < M €
R. Choose a basis for J and write ¥,(X) = }a; ;z;z;, with a;; = a;;. Since ¥, is

positive definite, a;; > 0 for every :. Thus we can write

1
U, (X)=—I(a1pz14+---+ al.n$n)2 + ‘I’?),

a1
where \11&2) is again a positive definite form in z,,...,z,. Proceeding in this manner,
we write (changing notation)
1
\IJI(X) = E_(bl.lxl + ............ + b1,n$n)2
1,
1
+__(b2,2$2 s a o 1)2,71-’1‘:71.)‘2
ba,2 ;
+ e + (bn,nmn)2

bnn

(]
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with all the b;; > 0. Thus if we require ¥;(X) < M, then necessarily

M
bnn'

1

| zn <

Since f(X) = f(—X) for any quadratic form, we need to let z, run through only
0...|y/M/b, .|, and account separately for =, = 0 and z,, > 0. For every fixed z,, in
this range, we find that

bn-—l,n

M — b, .22

Tp-1+
bn——l,n—l

n

bn—l,'n.—-l

Thus z,-1 must be constrained to a certain range as well, depending on the chosen
Znn. Proceeding in this way, we see that this method of “completing the square”
gives us a way to find all X such that ¥,(X) < M, and for such X, we automatically
find ¥4(X) as well. Thus:

Proposition 6.5 There is a finite algorithm to find the representation numbers of
any ideal of B.

6.4 Rubens vs. El Greco

Unfortunately, the efficiency of this algorithm depends on the choice of basis for J.

Consider the following quadratic form:
flz,y) = 1012 — 1982y + 101y>.

Suppose we want to find all z,y € Z such that f(z,y) < 100. Whether we choose z

or y to begin the process above, we have a;; = 101. We get:

1 , 101,400
== = e =1
57 (1012 — 99y)? + oo (S5 w)* = 100

Thus we let y range through 0...5 = I_\/IOO x 101/400] and do our accounting.

Notice, though, from the graph on the next page, that every slice y = n contains at
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most one lattice point! On the other hand, a simple change of variables:

y <« z+y
which is in SLy(Z) tells us that
f~fM = 42?4+ 42y + 1012
Applying the same process above, choosing a;; = 4, we get

1 1
—(4z + 2y)? + —(1 2 —
4( T+ 2y)* + 100( 00y)? = 100,

so y only ranges through 0 and 1! So in fact, the slice ¥ = 0 contains almost all the

lattice points!

Figure 6.1 Graphs of 10122 — 198zy + 101y? = 100
and 4z% + 4zy + 101y? = 100

T
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This is a truly great improvement if we can make such a change of variables in
SLg(Z). Among the SLg(Z) orbits of ¥, which form will make the process above

most efficient? It turns out that this optimal form is:

6.5 The Hermite Normal Form

The form equivalent to ¥; that we need can be obtained from a construction due to
Hermite. Before we derive it, we need the following well known result which can be

found in [N]:

Proposition 6.6 Let R be a unique factorization domain, and M, (R) the set of nxn
matrices over R. Ifa,...a, € R andi € {1...n}, then there is a matriz A € M,(R)

with column i equal to [a; .. .a,] and determinant ged(a, ... a,).

Sketch of Proof/Algorithm. Since we will need to do this explicitly in a future setting,
we shall sketch its construction for : = 1 (for simplicity) and use induction on n:

The proposition is trivial for n = 1. Now, suppose A,_; is a matrix in M,_;(R)

with [a; ...a,—1]T in the first column and determinant d,—; = ged(ay,...,a,_1). Let
d, = ged(ay, ... a,) = ged(dp-1,a,). Let z,y € R such that d,_1z + a,y = d,. Let:
- al -
dn—] ¥
as
dn—l g
An - An—l ?
An—1
dn—l t
|l a, 0 ... O z J
with the obvious adjustments when n = 2. Clearly A, has entries in R, and its first
column is @; ...a,. It is proven in [N] that det(A4,) = d,. [ |

In the statement of the proposition, we can of course say “row” instead of

“column.”
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Theorem 6.7 (Hermite) If f is a form in n variables with Q coefficients and non-
zero determinant d and if f is not a zero form, then f ~ f(1) = > a;jr;x; with the

following properties:

1. 0 <| a |S (4/3)(n—1)/2 \nfl d I,
2. |a1|22]a; |, if5>1,

3. (11’1f(1) — ((11’1{.!71 + B + al'na:n)z = f(?)

where £ is a form in n — 1 variables satisfying the same conditions imposed on f()

with n replaced by n — 1. The determinant of f*) is da}7?.

For a form f with rational coefficients, we shall call such an f() as in Theorem
6.7 to be a Hermite normal form (an HNF) for f. This is not necessarily unique. If

f can be its own HNF, we say f is in HNF.

Proof/Algorithm. The classical proof of Theorem 6.7 appearing in [Jo] gives
us a method to find an HNF for f which is easily implementable on a computer.
We shall mention the details which will be required in the algorithm. A form in 1
variable is clearly in HNF already, so we assume that we can find an HNF for a form
in k — 1 variables and from this construct an HNF for a form in k variables. That is,
we assume that for every form f in & — 1 variables, there is a change of variables in

SLi_1(Z) which produces an HNF for f.

Let a;; € QX be represented by f, and X = [¢;...¢;] a solution to f(X) = ay ;.
Furthermore, we can assume that ged(c;...¢x) = 1. By Proposition 6.6 we can find

C € SL(Z) with first column [e; ... ;). The transformation (X’)T = CX7 yields a
form fNX') = 3 a; ol
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Suppose that we transform f() once more using

zy = yit+cgyrt...+ iy
T, = c 2k
2 2,2Y2 + ...+ C2 Yk (6.1)
.’L’i = Ck,2Y2 +...+ Ck kYK
with ¢; ; € Z. We obtain a form f(%) = 2 alyiy; with af ; = aq,1. Now let
FPz. . 0) = ai i f™ — (ar091 + ay Y2 + ... +aq k)’ (6.2)

By induction, we can find an HNF for the form f(?), and since f(?) is independent of
the ¢, ;, we might as well assume that the transformation (6.1) yields an f as in

(6.2) which is in HNF. Thus condition (3) is satisfied by f(%,

Now, the only terms in f(%) involving y, will arise from the summand

2 I r_!
ay17 + 2&1,2.’131.'52 + 04 2(11’]5.’171.‘13,0

of f@. Under (6.1), this becomes

k k
ai,1y; + 2 (01,161,2 o Zal,jcj,z) Yita+ o at 2 (a1,1C1,k + Z al,jcj,k) Y1Yk,

3=2 §=2
i.e, a), = a0, + Zf:z ai jcjr- Thus we can choose every ¢; , independently to be
an integer such that

1 & 1
_Zal,jcj,r = 5

1
—— <sgn(ai11)ci, +
2 gn(ay)e 'a1.1|j=2

Thus condition (2) can be satisfied.

A sufficient condition for (1) to be satisfied would be that | aj, | is minimal
among the | a; . | (see [Jo]). If this is not satisfied, exchange z; and z, to minimize
| @i, |. Conditions (2) and (3) may no longer be satisfied, but if not, iterate once
more from the first step of the algorithm with this new a, ;. This process must stop
because there are only a finite number of rational numbers in (0, V) represented by

f when X € Z", for any N > 0. |
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This algorithm is even more explicit when f is positive definite (hence the result-
ing f® are, as well). In this case, the ay; in the final f() is necessarily the minimum
positive value that f can attain! Initially, we can choose a;; in the algorithm above
to be the value of the smallest a;; (just to make the process more efficient). Hence,
in fact, C = I, and the first step is unecessary, yielding f(!) = f. Thus the algorithm

can be implemented inductively as follows: Begin with f(1) = =1 B LT3,

1. Construct f® = a;,fM) — (a1121 + - - - + @1.2,).
2. Put f( in HNF (inductive step).
3. Determine a;,...,a, , to satisfy Axiom (2).

4. If ay,; 1s minimal among the a;;, then STOP, otherwise swap z; and z,

to minimize a, i, and return to Step 1.

Even if a chosen programming language does not support recursion, we see that
if n is known beforehand, this algorithm is still easily implemented via nested loops.
Also, when U, undergoes a change of variable, we must do the same with ¥,. Since
a change of variables in SLg(Z) corresponds to a change of R-basis for J, we can
even reconstruct this basis for J that gives us a ¥; in HNF. In our implementation,

though, we will not be interested in doing this.

In some sense, the HNF of an arbitrary positive definite quadratic form f with
Q-coefficients is that form f(!) ~ f which makes f()(X) = M “as narrow as possible”
in all dimensions except possibly one, in contrast to f(X) = M which may be “long
and stretched.” We see that a,, is as small as possible, forcing the determinant of
f® to be as large as possible. Proceeding thus, we see that b, , is as large as possible,
so &, is constrained to the smallest possible interval, if we set f(X) = M. Going
back, we see that for this b, ,, b,—1.-1 is as large as possible, so z,_q, for any fixed
z,, is constrained to the smallest possible interval. This was starkly seen in Figure

6.1.



Chapter 7

Finding Type and Ideal Class
Representatives

In this chapter, we assemble our constructions into a heuristic algorithm or strategy
to find representatives for ideal classes of the maximal order

l+i+j+k i+6;+(1+0)k

O=R 3 5 2 5

3, k

in B = (—1,—1), the objects we obtained in Chapter 4. Since H; = T3, a byproduct
of this process is also a set of representatives of type classes of maximal orders in B.
Our method is reminiscent of the bare-hands method to compute the ideal class group
of a number field. Although the algorithm will be used for these specific objects, it is
easy to see that it is also implementable for an arbitrary B = (a,b)/F and order O,
so long as F' has properties (P1) and (P2), one has an explicit basis for O, and one

knows the class number of O.

We reiterate the assumptions made so far: m = 5 mod 8, F = Q(y/m), R is the
ring of integers of F', and F possesses properties (P1) h(F) =1 and (P2) N(u) = —1
as in Theorem 5.2. The assumptions guarantee that any ideal of R can be generated

by a totally positive element, and every ideal of B has a basis over R.

56
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7.1 Ideals of the form J =01

Since our goal is to find ideal classes for a fixed maximal order, we would like to
be able first to find left ideals of an arbitrary order @. Fortunately, it is easy to
manufacture such ideals in industrial quantities when they are of a particular form.
Let « € B\F. Then K = F(a) is a quadratic field extension of F' contained in
B, and the non-trivial field automorphism ¢’ of K fixing F' can be thought of to be
the conjugation in B, i.e., al®) = @, so N¥ = nr|g. Let I be an ideal of S, the
ring of integers of K. Then J = OI is a left ideal of O, since O(OI) = OI. Also,
nr(J) = nr(I), since 1 € O. Clearly, if I' = Iy for some v € K, then J' = Jv, so J

and J’ are in the same left ¥-ideal class.

Proposition 7.1 Suppose we choose a« € O, a & R so that S = Rla]. Then J = OI
is an integral ideal for any ideal I of S, i.e., J C O. If I"! is the inverse of I in
Fr(K), then J' = I7'O and O,(J) = [71OI.

Proof. Since @ is aring and I C § = R[a] C O, we have J C O. By Proposition
D.3,

J' =J/ar(J) = (OI)/nr(I) =1 O/nx(I) =110,

recalling that conjugation is an anti-automorphism, and O = O, since tr(0) C R C
O. We also have:
JUIOI) = O(IT )OI = 0SSOI = J,

so I71OI C O,(J). But I7'OT has the same level as O and O,(J) by the local-global
correspondence, so we have IO = O,(J). [
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We will now see that it suffices to consider ideals of the form OI as in the

construction above, in order to find representatives of left O-ideal classes.

Theorem 7.2 FEvery left O-ideal class of a mazimal order O contains an ideal of the

form OI where I is an ideal in a field extension K = F(b) contained in B.

Proof. The left O-ideal classes are in bijection with
X = Mg \ G(A%) / G(F),

as stated in Chapter 1. Since this is a finite set, there is a finite set of primes S such

that
G(AL) = Mg B% G(F), where
©ES
Now,

is(B) := {(b,...,b) € Bs | b € B}
is dense in Bg, hence is(B*) is dense in B§. Since Mg is open in G(AL), we have,
by Strong Approximation (see [Vi])

G(A%) = Mg is(B*) G(F).

Thus, every B € G(AL) is of the form 8 = y is(b) b, for some p € Mg, b,b, € B*.
Thus, under the Local-Global correspondence, the left O-ideal O is in the same class
as Ois(b), where is(b) can be viewed as a fractional ideal in F(b). |
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7.2 The Algorithm

We now outline the algorithm for finding representatives for left @-ideal classes:

1. Determine the class number H.
2. Initialize the list of representatives of left O-ideal classes to L = {O}.

3. Find an element o € O, a € R, such that the ring of integers § of the
quartic field K = Fl[a] is exactly R[a].

4. Determine h = h(K) and S = {I;... I}, ideal representatives for the

class group of K,
OR,

Generate a large (but finite) list S = {I;} of prime ideals of K.
5. Now, for I; € S, do:

(a) Find a basis for J; = OI;.

(b) Determine if J; is in the same class as any of the ideals in L

obtained so far. If not, add J; to L, and keep a note of o and I;.

6. Stop if H representatives have been found, otherwise resume from Step

3.

The following sections will now explain in further detail the steps above, and

give suggestions in order to make the search more efficient.
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7.3 Choosing o

Although Theorem 7.2 says that some extensions F'(«) will yield class representatives,
we will content ourselves with first looking through biquadratic extensions of F' in B.
This is solely for practical (computational) reasons. It is easy to verify for such an
extension if R[a] = S, the integers of X = F(«). It would also be easier to find
generators for ideals (prime or otherwise) of R[a] by using methods similar to those

in Appendix A.

The main tool to find a’s so that R[a] = § will be a modification of the
algorithm to find representation numbers. The main idea goes as follows: Let n be a
squarefree integer relatively prime to m. We know that since m = 1 mod 4, the ring
of integers of Q(y/m,/n) is R[¢], where ¢ is in Corollary E.2. Thus we wish to find
some values for n such that o € O satisfies the quadratic polynomial that ¢ does.
This requires two variations on the same theme. If n = 2,3 mod 4, then « should
satisfy 22 — n = 0. Thus « is of the form rqés + ry7 + r3k, since its trace has to be
0. We thus modify the procedure to find the representation numbers of O to find all
a of the form above with norm less than some M. After this, of course, we have to
eliminate those @ whose norm is not squarefree or congruent to 1 mod 4. Similarly,
if » = 1 mod 4, & must satisfy 2% — z — 271 = 0. (Since O is a ring with 1, we could
also have chosen z? 4+ z — ”T'l) Thus « is of the form —&, + ry63 + r4j + 73k, since

its trace has to be —1.

By Proposition E.9, h(Q(y/m), Q(v/n)) is a multiple of h(Q(+/n)) so if the latter
number is large, so is the former. The algorithm is expected to be more efficient if

there are many classes in S to choose from, say at least H classes. Thus we are more

interested in the a for which A(Q(1/n)) is large.
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7.4 Choosing S = {I[;}

Since the object is to investigate ideals of the form OI, we are not really interested
in finding the ideal class group of K = F(a). Methods are available to determine the
ideal class group of arbitrary number fields (see, for instance, [PZ]), but the effort to
write a computer program to implement these is not worthwhile. If the ideal class
group is of small order (or prime order), then it would be possible to do it by hand.
In particular, if it is prime, any non-principal ideal will generate the class group, so

it suffices to find one such non-principal ideal.

In the general case, we may be content with just finding a large collection of
split prime ideals Q in K (since every g is principal, so is any inert prime in K). By
class field theory, every ideal class has an infinite number of prime ideals, so if we

have a large enough set of primes, we probably represent all the ideal classes.

7.5 Finding a Basis for an Ideal

We continue to assume that @ € O\R, K = F(a), such that R[a] = &, the integers
of K. The main problem with ideals of the form J = OI, I an ideal of S, is to find
a basis of 4 elements for J. We know that if I is a prime ideal of S, it is easy to find
two generators for I, knowing the minimal polynomial for . By induction, [PZ] (p.
400) show how to represent any ideal I in terms of two generators, so we assume that
it is easy enough to express I in the form (c1,¢2), ¢ € F(a) C O. In practice, we
will often choose I to be prime. Thus if @ = R[B, ... B4], then J is generated over
R by the 8 elements {8,c;}.

Now we show how to construct a basis of 4 elements from this set. We shall

follow the treatment in [Pi5].
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Let ¢t = 4(s — 1) + r. Write B,c, as a1y + a4 + as.j + aqqk, with a,; € F.
Let A be a greatest common Z-denominator of all the a,,, i.e., all b,; = a,;:A € R.
We construct the rank-4 matrix M = [by {]u=1,4;=1..8, Where each column represents

a generator of J.

Before we proceed, we would like to point out that it is easy to find G =
ged(a,b) € R for a,b € R, by looking at g = ged(N§(a), N§(b)) € Z, One simply
looks at the prime factors p of g and then determine which R-primes 7|p divide both
a and b and accdunting for multiplicities. In practice, we construct beforehand a list

of primes {7} where |N6(7r)| is less than some large number.

Going back to our task, any matrix obtained by multiplying M on the right with
a matrix C € SLg(R) (and then dividing by A) will again yield a set of generators
for J, that is, by regarding each column as a quaternion in the same way that M was
constructed. Thus, our goal is to find C such that M C' has four columns of zeroes. It
turns out that we can even find C so that M C is in lower triangular form. Naturally,
we do this in stages: Let b; = ged(b1,1,...,b1,8). Since R is a PID, we can express b,

as

by = mby1+ -+ nsbig (7.1)

with n; € R and gcd(m,...,ns) = 1. By Proposition 6.6, we can find C' € SLs(R)
with first column [n; ... 7s]T. Thus M) = MC = [b] ] has b] ; = b; and every b, is
divisible by b;. Let C = [¢; ;] € SLs(R) with ¢;; = —b1,+/b1, 1's on the diagonal, and
zeroes everywhere else. Thus we can again multiply M) on the right by C to obtain
M® | a matrix with all zeroes on the first row except for column 1, which has b;. We
can do the analogous process to M) the matrix obtained by deleting the first row
and column of M, Proceeding thus, we obtain a lower triangular matrix. Finally,
dividing all entries by A, we have J = R[é1,..., d4), where:

& = bia+baat+ bsag + bank

8, baot + baoj + baok

03 b3 3j + bssk
(54 - b4,4k'

Il



CHAPTER 7. FINDING TYPE AND IDEAL CLASS REPRESENTATIVES 63

This algorithm can be generalized to work on ideals in other forms. If I = p;p,,
for example, we can find a basis for J = OI by applying the above process to find a
basis for J; = Ogp,, then apply it once again to J; = Jyp,. Similarly, it is possible to

construct a basis for the order I='([ using this method.

7.6 Finding Solutions To ax + by = ged(a, b)

The only part of the above algorithm which needs to be made explicit is the process
of expressing b, as a R-linear combination of the b, ;. Since this is done by induction,
we illustrate the method for finding z,y € R such that az + by = 1, where a,b €
R, ged(a,b) = 1. Now, if ged(N§(a), N§(b)) = 1, then it is easy to use the Euclidean
algorithm to find z’,y’ € Z such that a:’NS(a) - y’NS(b) = 1, in which case we have
(z'a”)a + (y'b”)b = 1, and we are done.

Unfortunately, if we do not have gcd(NS(a), Ng(b)) = 1, we do not know of any
efficient method to find such z,y, except for a straightforward bounded search: Let
z =1 + 220, y = y; + y20, be a solution. Clearly we can restrict z;,z, to be within
| . ]N‘g(b)|, otherwise we can subtract an appropriate multiple of Ng(b) from z
and lump this amount into y. Thus if |N6(b)| is not too big, we can quickly find a
solution by letting z; and z2 go through this range and determining if y = (1 — az)/b

is in R. In any case, this method terminates.

Programming Note: In the inductive process of finding the n; as in (7.1), one
can note enough information in order to construct a matrix as in Proposition 6.6
with first colurﬁn 71 ...7%]7 and determinant 1. The main ingredient in (6.6) is
an expression for ged(n1,...,7:) as a R-linear combination of the n; for every ¢ €
1...k. To illustrate, suppose we had a,b,c € R. Let az + by = gcd(a,b) and
ged(a, b)t 4 cz = ged(a, b, ¢), so (az + by)t + cz = a(xt) + b(yt) + cz = ged(a, b, ). We
see that ged(zt,yt) =t and Tt + myt = t. Similarly, we find an expression

for 1 as a linear combination of zt,yt and z. We leave it to the reader to generalize
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this to k variables.

7.7 How to Tell Them Apart

We would like to know how to determine if two left (-ideals belong to different ideal
classes, which is Step 5b of the algorithm. In the previous chapter, we saw that the
O-series gives a necessary test for two ideals to be in the same class. Now we give a

necessary and sufficient condition for two ideals to be in the same class:

Proposition 7.3 Let I and J be left O-ideals for an Eichler order O. Then I and
J belong to the same ideal class if and only if there is an o« € M := JI such that
nr(a) = nr(nr(J), i.e., with Ny(a) = 1.

This is proven in [Pi5], with the computations valid for any quaternion algebra

over a number field. A consequence of the proof is that I = JS with 8 = a/nr(J).

To use this proposition, we will need to construct a basis for M = JI and
then its ©-series. Alternatively, we can compute the normalized norm form AN =
U, (X) + U,(X)0, where ¥, is in Hermite Normal Form, and see to it that the a;;
coefficient of ¥, is not 1. Since this is time consuming, it is often worthwhile to first
check if I and J have the same initial terms in their O-series, and if this is so, to try

again with another ideal.

This concludes the algorithm to find representatives for left O-ideal classes. We
will see in a later chapter how this heuristic was actually implemented for the fields
that we are interested in. Since we know in the case that we are interested in that

T = H, we can also find representatives for type classes of maximal orders.



Chapter 8

Brandt Matrices and Eigenforms

Brandt matrices were classically constructed from a complete set of representatives of
left O-ideal classes of an Eichler order O of B’, a definite quaternion algebra over Q
with Ram(B’) = {oco, p}. For such a B’, [Pi5] and [Pi6] show that terms appearing in
a so-called Brandt matrix series are actually modular forms (for Q) of a given weight

and level p.

Our goals for this chapter are as follows:

1. Extend the definition of Brandt matrices B(¢) (respectively, modified
Brandt matrices B’(£)) attached to an Eichler order O of a quaternion
algebra over certain quadratic fields F', where { = 0 or £ € R 5. These
are matrices in Mat(H x H, Q) (respectively, Mat((H—1)x(H—-1),Q))

where H = H;, the class number of O.
2. Describe an (equivalent) adelic construction for Brandt matrices.

3. Make explicit the adelic definition of Hecke operators on automorphic

functions over quaternion algebras in order to define cusp forms.

4. Show that this construction exactly corresponds to the adelic construc-

tion of the modified Brandt matrices, and thus

65
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5. Conclude that a basis of eigenvectors for all the modified Brandt ma-
trices corresponds to the set of (normalized) weight 2 eigenforms of full
level: such an eigenvector v corresponds to an eigenform f such that
the eigenvalue of v with respect to B’(m) is the eigenvalue of f with
respect to the p-th Hecke operator (where p = (7) and © € R5s0), for

every prime p < oo.

We shall continue assuming that F' = Q(y/m) has properties (P1) h(F) = 1 and (P2)
N(u) = —1 as in Theorem 5.2.

8.1 Definition of Brandt Matrices

There is a general notion of Brandt matrices found in [Pi5], in fact including a char-
acter, but we shall be content with defining it only in the sense that will be useful
to us. In the notation there, our construction will just be for By(¢, N), which will

correspond to cusp forms of weight 2.

Let @ be an Eichler order of level N = q1q2, H = Hy, and {I;,...,Ig} a
complete (ordered) set of representatives of distinct left O-ideal classes. As mentioned
in Proposition D.4, {I;'14, ..., I;* I} represent the left O, (I;)-ideal classes, for every
ke {1,...,H}. In the notation of Section 6.1, let

e; = e(;) = er0.(1)) (8.1)

which is simply the number of elements of nr 1 in the order O,(/;). Note that every
unit of O,(;) is such an element multiplied by an element of & = R*. Define:

b,',j(O) = 1/6:,'.

Now, for £ € Rs>o0, let
1
bi;(§) = e_jce,lj“lI.-
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which is 1/e; times the number of elements in the left O,(/;)-ideal I7'I; of norm

énr(I;)/nr(I;). Now define the é-th Brandt matriz for O, B(¢) = B(&,0):

B(¢, O) = (h,j(f))i,j:l...ﬂ-

Proposition 8.1 The construction of B(£,O) depends only on the ordering of the

ideal classes. Thus B(€,O) is well defined up to conjugation by a permutation matriz.

Proof. A calculation similar to the proof of Proposition 6.2 shows that ¢, P depends
only on the left ideal classes of I; and I;. Also, O,([;a) = a ' O,(I;)a where o € B*,
so e(I;) = e(I;e) (use nr(a™!'Ba) = nr(B)). Hence b;;(£) depends only on the
ordering Iy ...Iy. |

Proposition 8.2 If O and O’ are Eichler orders of level N, then there is a permu-
tation matriz M such that B((,0) = M~ 'B(&,O0')M for all £ € Rsso oré =0.

Proof. Let O and O’ be two orders of level N. Then there is an a € G(A};) such that
O =aOa™). If I ... Iy are a complete set of representatives of distinct left O-ideal
classes, then al;...aly is a complete set of representatives of distinct left ’-ideal
classes, and the corresponding right orders are still O,(I;). Thus e(I;) = e(al;),
and ¢ (a1;)-1(ali) = Ce (I lam1)(ak) = Ce I L Thus, again only the ordering of the I;

matters, and we obtain the desired conclusion. n

In view of this, we shall denote by B(¢) = B(¢, N) = B(£,O) “the” ¢-th Brandt

matrix of level N, for some Eichler order O of level N.

The following properties of the Brandt matrices are stated in [Pi5] and proven

there for quaternion algebras over Q. The proofs carry over to our new definitions

for F = Q(y/m) with F satisfying (P1) and (P2).
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Theorem 8.3 1. e;b;;(£) = eib;i(€)

2. Zf{:l b; ;(€) is independent of i. Denote this value by b(£). Then b(£) is
the number of integral left O; ideals of norm &, where O; = O,(I;). Thus
this number depends only on the level of O; and not on the particular

order.

3. The Brandt matrices generate a commutative semisimple ring.

8.2 Modified Brandt Matrices

Define the H x H matrix A by:

1 61/62 61/63 cew s 61/6H

1 -1 0 [ 0
A= 1 0 -1 0 ... 0

1 0 0 0 0 =1

Proposition 8.4 With A as above and £ € Ry50 or £ =0,

BE) 0 ... 0

0
AB((,N)A™' =
(& N) —

Again, this is proven in [Pi5] with the proof carrying over in our case. The
submatrix B'(£) = B'(£, N) will be referred to as the {-th modified Brandt matriz of
level N.
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8.3 The Adelic Construction

Shimizu [Sh] constructs a representation of the Hecke Algebra acting on the space
of automorphic forms, and [HPS] show that this can be used to provide another
construction of Brandt matrices. We follow the discussion in [HPS], and simplify it

for the case that we are interested in.

Let B = (—1,—1) over F = Q(y/m) as before, with all our assumptions on F,
O a maximal order in B, and B(A ) the adelization of B with respect to O:

B(Af) = {@ = (a,) € [[ By | ap € O,, for almost all p},
24

where the product includes the infinite primes. Every left O-ideal is of the form Oa,
where we interpret this product to mean that (global) lattice which is locally Ogza,,

for all the finite p. Let
U=UO) = {i = (uy) € B(AF) | u, € O] for all p < oo}.

Since ald&~! is commensurable with ¢/ for all & € B(Afr), we can define the usual

Hecke ring R(U,B(AF)) (see [Shi]). Put
UAFR) = {t = (up) € Ir) | u, € R} for all p < oo},

Denote also by nr the usual extension of nr to B(Ap). For £ € R0, denote by
T(£) the element of R(U,B(Ar)) which is the sum of all double cosets Z{alf such
that a, € O, for all p < co and nr(a) € U(AF).

Denote by M = M,(O) the complex vector space of all continuous C-valued
functions f(@) on B(AF), satisfying

f(uab) = f(a)

for all u € U,a € B(AFr), and b € BX. We define a representation of R(U/,B(Ar))
on M as follows: For Uyl € R(U,B(AF)), let Uyld = U;Uy; its decomposition into
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disjoint right cosets. Now, let:
pUyUd) f(a) = 3 _ f(yia)
and extend p to all of R(U,B(AF)) by linearity.

It is shown in [HPS] that the structure of My(Q) as a Hecke module is inde-

pendent of the chosen maximal order.
If H is the class number of O, we have:
AF) U Lla:AB"
A=1
Note that the I, = OZ, give a complete set of representatives of left (O-ideal classes.
The elements of M are determined by their values at the z). For f € M, let
fr = f(Z,). The map
F— Ghuse o 0m]) (8.2)

gives an isomorphism of M into C? = C, @ ... ® Cy, where each C; is just a copy
of C. We can use the isomorphism 8.2 to give a matrix representation for p. For
¢ € R(U,B(AF)), let

B(&) = [pii()li=1..0

where p; ; is the map from C; to C; which is the composition of the injection of C;

into C¥, the inverse of 8.2, p(¢), 8.2, and the projection of C¥ into C;.

Proposition 8.5 The definition of B(€) yields the same matriz as that in 8.1, as-
suming that we use the same mazimal order O and set of left O-ideal representatives

Ly

This is proven in [HPS].



CHAPTER 8. BRANDT MATRICES AND EIGENFORMS 71

8.4 Relationship with Cuspforms

We shall now make explicit the isomorphism as Hecke modules between the spaces
of Hilbert modular cusp forms and C-valued functions on the finite set X modulo
constant functions, which was alluded to in Chapter 1. We will follow the construction
of Hida ([Hi]), which is also discussed in [T]. As before, we shall be interested only

in the weight 2, full level case.

In Hida’s terminology, we let O be the maximal order which is locally M,(S,,)
for all finite p. Let

U= Mg= [] GL:(S,),

p<oo
an open subgroup and the finite part of the adelization of O, as in Chapter 1. Denote
by S(U) the space of C-valued functions on X. Note that S(U) is just My(O) in
the adelic construction of Brandt matrices. The Hecke action on S(U) is that given
in Chapter 1. Let inv(U) be the subspace of S(U) which are functions of the form

f onr, where nr is the (surjective) reduced norm map
nr: G(AL) - I

and f is a C-valued function on I} (the finite ideles of F'). However, this map, when
restricted to the image of B*, surjects into the totally positive elements of F' (this is
the Theorem of Norms in [Vi], p. 80). Since inv(U) is already a subspace of S(U),

we can view inv(U/) as functions of the form
GAL) 5T, — UR)\ I} | Foso — CIF(F) > C

where C1*(F) is the ray class group of F. It is well known (see [Mal], p. 178) that the
order h*(F) of this group is 2k(F') if the fundamental unit u of F' is totally positive
and k(F) otherwise. Thus, in our case, where we have assumed (P1) and (P2), we

see that ht(F) = 1, so inv(U) is nothing more than the space of constant functions

on X.
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The Hecke operators certainly fix inv(U). Thus, in order to examine the Hecke
action on the space of cusp forms, we must decompose S(U) into an orthogonal sum

of inv(U) and a space S;(U) which is preserved by the Hecke algebra.

Let us describe the Hecke action on inv(U). Let T, be the p-th Hecke operator,
and f the function which is 1 on all elements of X. In Chapter 1, we saw the

decomposition of

( I1 GLz(Sp)) 9o ( 11 GLz(Sp))

p<oo p<oo

into disjoint right cosets. Note, though, that in this decomposition, we also obtain
exactly the elements in B(A ) which yield, upon multiplying to the right of O, the
set of integral left O-ideals of norm m, where 7 is a uniformizer for p. Thus, T (f)

is the function with constant value equal to the number of such left ideals.

We have seen in Proposition 8.4 that the normalizing matrix A transforms the
Brandt matrices into two blocks consisting of a 1 x 1 cell containing &(¢) and the
modified Brandt matrix B’(£). Since we noted that b(7) is precisely the number of
integral left O-ideals of norm w, where 7 is a totally positive uniformizer for p, a
prime ideal of F', we see that B’(7) precisely gives the action of the Hecke operators

on the cusp forms! We summarize this as:

Proposition 8.6 Let {v;} be a basis for CH™ consisting of eigenvectors for all the
modified Brandt matrices. Then each v; corresponds to a (normalized) holomorphic
Hilbert modular eigenform f; of weight 2 and full level whose eigenvalue with respect
to the p-th Hecke operator is precisely the eigenvalue of v; with respect to B(w), where

7 is a totally positive generator for p.

Since we are interested in cusp forms which have rational eigenvalues, we will
be looking for eigenvectors for the B’({) which actually have coefficients in Z. In
particular, we shall be factoring the characteristic polynomials of these matrices over

Q to find rational roots.
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Calculations

We shall now show that the algorithm that we constructed is effective for the cases
that we are interested in. The routines in this algorithm were implemented in the
Maple V programming environment and were ran on IBM-PC 386 and 486 machines,
the SUN machines at Caltech and the CRAY Supercomputer at the Jet Propulsion
Laboratory.

9.1 An Appetizer

We begin with an easy example, where F' = Q(+/37). For this field, the fundamental
unit is 5 4+ 20 and the class and type numbers are both 2 . Thus there is an ideal
class distinct from that of @. Consider the field extension K = F[6,], where

14i+j+k

& 5

is the element in the basis for @ given in Section 4.2. Over F, 3 is a split prime, and

—3=(3+6)(4—9),

73
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hence (3 + 0)u is a totally positive generator for one of the prime over 3. Recall that

61 is a 6th root of unity, satisfying
2—2z+1=0.
But modulo 3, z? —z 41 = (z — 2)2, so the K ideal
p=(3+0,6 —2)

is the ramified prime dividing 3 + 0. Let J = Op. We computed the first few terms
of ©; and found that the smallest totally positive integer a + b8 represented in this

series is 2. Hence J and @ are in distinct ideal classes.

By looking at the ©-series for O, one sees that for this field, O has 24 elements
of nr 1. In fact, these elements are precisely the units of H C O (as in Chapter 4):

1 el 43
{:i:l,iz’,:l:j,:tk,i silis s }

2

The right order O’ of J has 6 elements of norm 1. Hence the normalizing matrix A is

=[5 4]

This example has the property that the modified Brandt matrices B’(£) are
already 1 x 1 matrices! Thus the lone entry of B'(7), when # is totally positive
uniformizer for p, is already the p-th eigenvalue of the unique eigenform in S;. We
assemble below these eigenvalues for £ = 1...10 4+ 20 (in the lexicographic ordering
in Proposition E.5) and the primes g = a + b8 of F' for 11 < @ < 30. For the reader’s
convenience, we have put the entries for £ and £7 in two consecutive rows without an

intervening line, when £ is prime.



CHAPTER 9. CALCULATIONS

Table 9.1 Hecke Eigenvalues for the Brandt Matrices for B/Q(+/37)

" §=a+ b I Elpe Z* | Eigenvalue

2 2 0
3 3 -1

440 11 -3

5440 -3
6—40 -3
6 0
6+ 0
6 + 20
7T—0
7
714+96 47
T+ 260
8 —20
8§—10 47
3
8+ 40
8 + 260
8 + 30 7
920
9-9
9

940
9+ 20
9+ 30
10 — 20
10 -4
10
10+ 0 101
10 + 26

OlWO|I—IOIN D DWW O DO | WO W]| O|W[O|wW

** _ this column is blank if £ is not a prime in F
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Table 9.1 (continued, for ¢ a prime)

Hecke Eigenvalues for the Brandt Matrices for B/Q(1/37)

[€=a+b0]|¢&]pe Z ] Eigenvalue |

11 — 30 7 3
11 -4 101 -3
11 + 26 107 —~12
13 — 20 107 —12
11 + 30 73 9
14 — 360 73 9
13 13 —1{)
13+ 90 173 —21
14 -4 173 —21
13 + 30 127 —7
16 — 30 127 —i7
14 + 36 157 3
17 — 30 157 3
14 + 56 41 -3
19— 5¢ 41 -3
16 + 6 263 9
17-90 263 9
16 + 30 223 19
19 — 30 223 19
17 17 30
17+ 50 149 15
22 — 50 149 15
17 + 60 67 —12
23 — 60 67 —]2
19 19 2
19 + 30 337 13
22 — 30 337 13
19 + 40 293 —6
23 — 40 293 —6
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Table 9.1 (continued, for £ a prime)

Hecke Eigenvalues for the Brandt Matrices for B/Q(+/37)

"f=a+b9|§|p€Z[Eigenvalue ”

19 + 60 151 -8
25 — 60 151 —8
19+ 76 53 9
26 — 70 53 9
20 + 30 379 15
23 -390 379 15
22+ 176 197 3
29 — 760 197 3
23 23 30
23 + 50 419 15
28 — 50 419 15
23 4 80 137 18
23 4 96 7 3
25+ 0 641 -33
26 — 0 641 —33
25 + 360 619 —-35
28 — 30 619 —35
254+ 70 359 —15
26 + 30 673 =21
29 — 30 673 —21
26 + 90 181 -3
28 + 30 787 23
28 + 96 307 -7
28 + 116 3 —1
29 29 42
29 + 20 863 24
29 4 50 761 —33
29 4 60 691 12
29 + 90 373 —21
29 4 118 71 -3
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The table of [Pin] also has an elliptic curve E over Q(+/37) which has good
reduction everywhere. For this curve, [Pin] shows that E is isogenous to E7. A

minimal Weierstrass equation for E is given by:
E/Q(V3T): y* +y =2 + 227 — (19 + 80)x + (28 + 116)

We computed a, = 1 + N(p) — #E,, for the p = (£) in the table above, and these
values matched exactly with the eigenvalues of B'(¢).

Since the dimension of S; is 1, there is a single normalized cusp form f. Thus
f =f ®¢, hence f is the base change of an elliptic modular form of weight 2. This is

consistent with F being isogenous to E°.

9.2 The Main Course

We now tackle the field that we are interested in, F' = Q(+/509). The fundamental
unit of F'is u = 442 + 4160 where 6 = m@, and the class number H is 24.

2

In the algorithm of Chapter 7, we first find suitable @. The « which eventually

led us to distinct ideal classes were 2 and:

1 .o 146 . 1
a; = §+52+—2—]+(1—§0)k
nr(c;) = 90
k = —359

h(Q(v—=359)) = 19

1 Lo .. 7490

= 6,4 (T —0)8 + (65— 30)j + (63 — 20)k
nr(az) = 96
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k = —383
h(Q(vV/=383)) = 17

From Appendix A, we know that R[v%k] has index 2 in the ring of integers of
K, for either value of k above. Thus it suffices to consider o) = 24 — 1, 7 = 1,2,
which satisfy 2 — k = 0, in order to generate prime ideals of K which do not divide
2, by Theorem 27 of [Ma]. We prefer o’ since it has integer coefficients, and z? — k
can easily be factored over residue fields R/gp. Since h(F') = 1, we will be interested
only in prime ideals of F' which split in K, as inert primes are principal. If z* — k

splits into two distinct factors (z — 81)(z — fB2) modulo p = (a + b6), then
p=(a+bd,a;— B)(a+bd,a; — f3)

and it suffices to consider only one of the ideals I on the right, as they belong to the
same K-ideal class. We have nr(Of) = a + bd.

Since the class number of O is rather large, we first used the @-series of OI for
various prime ideals I in extensions K = F'(a) above. We chose to let a be between
0 and 30, i.e., we looked at the O-series from 1 to 30 + 26. If the ©-series of this
@I is distinct from those already encoutered, then we know that this new left ideal
is in a different class. Using this method, we discovered that it was even sufficient
to consider the ©-series up to 16 + 8 to distinguish 23 of the 24 ideal classes. The
following ideals I yielded these classes. The reason for the numbering chosen will be

clear in Table 9.3, which shows the ©-series of J; = OI,.
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Table 9.2 Prime Ideals I; = (a; + b;0,+;), where J; = OI; have distinct ©-Series

L] K Jai+bd ] i | L|peZl]

I F |1

I, | F(ey) | 61 —234+460 — 100 — (1 + 0)7 + (=2 + 0)k 61
Is | Fay) | 45 + 40 81 —10: — (1+6)7 + (-2 + 0)k 173
I, | F(ey) | 149 45— 100 — (1 4+ 0)7 + (-2 + )k 149
Iy | F(ay) | 53 + 50 34—-10i — (1 +0)j + (-2 + 0)k 101
Is | F(oy) | 79 6—10i — (1 +0)j + (—2+0)k 79
I; | F(ey) | 53 —224+440 — 10 — (1 4+ 8)7 + (—2+ )k 53
Is | F(as) [ 23 +20 32+ (—8+0)i—4;5 — (T+0)k 67
Iy | F(a;) |9+6 14 —10c — (1 +6)5 + (=2 + 0)k 37
Io | Flay) [10+ 6 7—10i — (1 +60); + (=2 + 0)k 4
Iy | F(ay) | 184 + 176 22 -10i — (1+0)5 + (—-2+0)k 281
Iz | F(ay) | 107 4 108 33 —10: — (1 +80)7 + (=2 + 0)k 181
Lz | Fag) | 47 —18+360 4+ (—8+0): — 45 — (7T + 0)k 47
L | F(on) | 31 —1+20—10i — (1+0)j + (-2 + 0)k 31
6Lis | Flay) | 32 + 30 3—100 —(1+60)j +(—-2+0)k 23
L | F(a;) | 131 54 — 100 — (1 4+ 0)5 + (=2 + )k 131
Lz | F(ay) | 59 —144+280 —10i — (1 +0)5 + (-2 + )k 59
Iig | F(ay) | 61 —26 4520+ (—8 +0)i — 45 — (T + O)k 61
Lo | F(i) |31+36 34+ 89
I | F(ay) | 75+ 176 15—10: — (1 +6)j + (—2+ )k 3
Iy | F(ew) | 13 —34+60—10: —(14+80)7 + (=24 0)k 13
Is | F(i) 1146 2+ 5

The initial coefficients of the ©-series of the ideals J; are tabulated below. We

remark that since @ has 24 elements of nr 1, every coefficient in these O-series is a

multiple of 24. Although we computed these coefficients up to 30 + 20, we observed

that it was sufficient to consider the series up to 12 in order to uniquely determine a

series, except in seven cases. J; and Js were indistinguishable up to 16. Jg became

distinguished from J7 and Js at 13, and the latter two were distinguishable at 14.

Also, Ji3 and Jy4 were distinguishable at 13. As before, we use the lexicographic

ordering for ¢ in Proposition E.5. Rows between double lines have the same initial

coefficients in their ©-series, for the range indicated.
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Table 9.3 Beginning Coefficients ¢ j, of the ©@-Series of J; to Ja3

Ideal: £E=a+ b0

1] 2] 3] 4] 5] 6] 7] 8] 9] 10] 11|114+6]12—-6]12
J1 24 (24 196 (24 | 144 [ 96 | 192 | 24 | 312 | 144 | 288 0 0|96
Js 024 0|24 0196 0|24 0| 144 0 0 0196
Js 0] 0|24 O 0|24 0| 0| 96 0 0 0 0|24
Jy 0| 0| 0|24 0| 0 024 0 0 0 0 0196
Js 0] 0] 0|24 0] 0 01|24 0 0 0 0 0|96
Je 0| 0f Of O| 24| O 0( 0 0] 24 0 0 0| O
J7 0] 0} 0] 0} 24| O 0| 0 0] 24 0 0 0| O
Jg 0 O O O] 24| O 0] 0 0| 24 0 0 0] O
Jy 0 0 0| O 0|24 0| O 0 0] 24 0 0]24
Jio 0| 0] 0| O 01|24 0] 0 0 0 0 0 0|48
J1 0 0] 0 0 0 0] 24| O 0| 24 0 0 0|24
J12 0 0| 0| O 0f 0 24| 0 0| 24 0 0 0| O
J1a 0| 0] 0| O 0 0 24| 0 0 0| 48 0 0| 0
J1a 0| 0] 0| O 0 0 24| 0 0 0| 48 0 0| O
Jis 0| 0| 0| O 0| O 0(24| 24 0 0 0 0|48
Jis 0O 0 0 O 0] 0 0]24 0| 24| 24 0 0|24
Jiz 0| 0] 0| O 0 O 0|24 0| 24| 48 0 0] 0
Jis 0| 0] 0| O 0| O 0|24 0| 24 0 0 0| 0
Jig 0| 0] 0| O 0| O 0|48 0 0 0 0 0| 0
J20 0] 0] 0 O 0| O 0| 0| 24| 48| 48 0 0| 0
Jo1 0| 0 0| O 0 O 0| 0| 48| 24 0 0 0|24
Jaa 0| 0| Of O 0 O 0|.0| 48 0| 48 0 0] 0
J2s 0| 0| 0] O 0| O 0 0 0| 48 | 48 24 24 | 48

Table 9.3 continued, for ideals with the same coefficients in the ©-series above:

Ideal: E=a+ bl
1240[13—0[13[13+0[14—6[14[14+6[15—-6] 15]|15480
A 0 0] 0 0 0] 0 0 0 0 0
Js 0 0] 0 0 0] O 0 0| 0 0
Js 0 024 0 0] O 0 0] 96 0
Jr 0 0] O 0 024 0 0] 144 24
Js 0 0] 0 0 048 0 0] 96 0
Jis 0 0|48 0 024 43 48| 0 0
Jia 0 0] 24 24 24 | 48 0 0] 24 24
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Table 9.3 continued, for J; and Js.

Ideal: E=a+ bo

16—6[16|16+60 [17—0 [17[17+6[18—6 |18 [ 18+ 4
J4 0|24 0 0148 0 0|24 24
Js 0|48 0 0| O 0 0 0 0

After a lengthy search which did not yield another ideal with a distinct ©-series,
we switched to using the necessary and sufficient conditions of Proposition 7.3. Let
I be an ideal in S for some F[a] above. The O-series of OI is identical to that of
exactly one of the left ideals above, say J;,. We constructed a basis for I’ = I~1J,, and
computed Np(a) = ¥;(X) + U,(X)#, with ¥; in Hermite normal form. Proposition
7.3 then says that OI is actually in a different class as J, if and only if a;;, the
leading term of ¥, is greater than 1. (This is because 1+ b8 is totally positive if and
only if b = 0). Using this condition, we quickly determined that

is the 24th left ideal class, with first few terms of O-series identical to that of Jie.
Here, I, is a prime ideal in F[ey] dividing 829.

It is also interesting to note that if the corresponding right orders of the left
ideals above are ;... (Oy4, then it turns out that these orders all have distinct O-
series, as shown below. Furthermore, if O; has basis {y1,...,7v4} it is easy to see that
O?, the order with basis {77,...,97} (where o acts on coefficients), is once again a
maximal order of B. Clearly, o permutes the order classes. Based on the O-series of

O°

T

we observed that o actually fixes all the order classes, except two, and it is no

surprise that these are O and Oaq.
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Table 9.4 ©-Series for Right Orders

83

Order: E=a+ b0

1] 2] 3] 4] 5] 6] 7] 8] 9] 10] 11]114+0[12—19
Or [24]24[96 (24144 (96 (192 | 24 [312 | 144 | 288 0 0
O, 6| 0[24[24] 36 0 48| 24| 78| 0] 72 0 0
O3 4] 4] 0 4| 24| 0| 32| 12| 48| 48| 72 0 0
O, 2| 0] 6] 6] 14| 8] 18] 8] 24| 12| 38 0 0
O;s 6| 0] 6[12] 36| 0 48] 36| 6| 0] 90 0 0
Os 2 0| 4] 8] 16| 8| 18| 8| 12| 16| 30 0 0
Oy 2] o 8] 4] 16| 2| 12| 22| 32| 20| 32 0 0
Os 41 4] 0] 4] 16|16 16| 36| 28| 40| 56 4 4
Os 2| 0| 4]10] 16| 4| 10| 12| 22| 26| 36 0 0
Ow | 2] 2| 4| 4| 14| 8| 14| 18] 26| 34| 32 0 0
On | 2] 4] 4] 8] 10]16] 14| 22| 30| 34| 34 0 0
O | 2] 6] 8[14] 12|24 16| 30| 26| 38| 34 0 0
O | 4] 4] 0]12] 24| 8] 16| 36| 20| 64 | 48 0 0
Ow | 2] 2] 8] 2] 12]10] 22| 10| 32| 28| 62 2 2
O | 2] 0] 4] 8] 18] 8] 10| 10| 16| 24| 30 0 0
Ow | 2] 0] 0] 2] 2|10 4| 20| 28| 32| 20 2 0
O | 2] 4] 0] 8] 12] 2] 20| 24| 22| 46| 50 0 0
O | 2] 0] 2]12] 16] 6] 20| 6] 10| 8| 34 0 0
O [12]36[12 ]84 ] 72|36 | 96180 | 12| 216 | 144 0 0
O | 4]12]16[28] 24[48] 4| 60| 52| 72| 48 0 0
On | 2] 4] 0] 6] 10| 8] 24| 14| 26| 36| 38 0 0
Oy | 4] 4] 0]12] 24| 8] 16| 36| 12| 80| 40 0 0
O, | 4] 4]16] 4] 4416 32| 4| 52| 44| 48 0 0
Oy | 2] 0] 0] 2] 2]10] 4] 20| 28] 32| 20 0 2
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Now that we have concrete representatives of left ideal classes, we were able
to explicitly construct the first few Brandt matrices B(£) and the modified Brandt
matrices B’(£), where we chose { to range up to 63 + 56. This involved computing
these coefficients for the ©-series of the 300 ideals J!J,,r > s, due to the symmetry
properties in Theorem 8.3. We also computed the characteristic polynomials of the
B'(¢) and factored them over the rationals. We found that the polynomial of B'(19+
#) had three distinct rational roots and an irreducible factor of degree 20. Hence,
although C?® has a basis of eigenvectors for all the B/(¢), only three eigenvectors
have eigenvalues which are all rational. The (transpose of the) three eigenvectors v;
corresponding to these eigenvalues are:

[0, 0,0,0,1,0, -2,-1,1,1,0,-2,0,0, -3,1, 0, 0, 0, —1, 2, 0, 2]
[0, 0,0,0,-1,0,2,1,-1,1,0,2,0,0, -2, -1,0,0,0, 1, =2, 0, 3]
[45, 45, 25, 60, 23, 40, 34, 27, 18, 28, 30, 19, 35, 20, 31, 28, 20, 15, 25, 37, 51, 40, 31]

The corresponding eigenvalues are shown in Table 9.5, below:
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Table 9.5 Eigenvalues for Simultaneous Rational Eigenvectors for B'(¢)

[§=a+t0]ElpeZ™]| vi| va] va

1 1 1 1
2 —-1] =1 =1
3 3 —4 | —4 1
4 -3 | —&| —3d
5 6| —6 4
6 4 4 -1
7 7 —6| —6 9
8 7 7 7
9 7 7| —8
10 6 6| —4
11 6| —6 4
1140 5 3| -2| -2
12 -6 b) =2 3|1 =2
12 12 12| -3
1246 29 0 10| -5
13 -0 29 10 0| =5
13 13 1 1 26
1340 4 9 4
14 -0 9 1 4
14 6 6| -9
14 + 0 83 14 9 14
15— 46 83 9 14 14
15 24 24 4
15+ 46 113 %] 6 11
16 — 0 113 6 11 11
16 4] ) d
16 + 4 30 0 10
17— ¢ 0 30 10
17 —6| —6 49
17+ 0 L79 0 25 10
18 — 6 179 25 0 10
18 -7 | =7 8
18 + 0 8 3 8
19 -0 3 8 8
19 19 —12 | —12 38
1940 3 8| —12

** _ this column is blank if £ is not a prime in F'.
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Table 9.5 (continued for ¢ a Prime)

Eigenvalues for Simultaneous Rational Eigenvectors

[é=a+bd|E|lpeZ]| vi| va| vs

2046 293 16 26 -9
21 -6 293 26 16 | -9
2240 379 —20 20 [ —10
23 -0 379 20 [ —20 | —10
23 4+ 26 67 = 8| -2
25 — 20 67 8| -7 -2
2540 523 36 11 36
26 — 0 523 11 36 36
25 4 26 167 22| -8 12
27 — 26 167 -8 22 12
29+ 0 743 44 | —36 14
30 —0 743 —36 44 14
31 31 —18 | —18 57
3240 929 40 10 30
33-—-0 929 10 40 30
33 + 20 647 18 43 | -2
35 —260 647 43 18| -2
34 +6 1063 4| -1 34
35—40 1063 -1 4 34
35+ 26 787 27 32 | —48
37— 26 87 32 27 | —48
37+ 0 1279 —20 25 | —40
38—10 1279 25 | —20 | —40
39+ 0 1433 =711 29 94
40 — 40 1433 29 | =T1 54
39 + 20 1091 60 0 0
41 — 26 1091 0 60 0
40 + 360 877 —27 33 3
43 — 30 57T 33 | =27 3
41 41 —18 | —18 82
41 + 36 661 —20 | —-10 | —25
44 — 30 661 —10 | =20 | —25
43 + 20 1427 63 | —52 | —62
45 — 20 1427 —52 63 | —62
45 + 20 1607 42 37 | —48
47 — 20 1607 37 42 [ —48
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Table 9.5 (continued for ¢ a Prime)

Eigenvalues for Simultaneous Rational Eigenvectors

[é=a+b0 | ¢|peZ]| vi| vao| vi

45 + 440 173 g =] | =11
49 — 40 173 ~] 9]-11
47 47 44 44 89
47+ 6 2129 30| =75 15
48 — 0 2129 —75 30 15
50 + 6 2423 —24 | —69 | —24
51 — 0 2423 —69 | —24 | —-24
51 + 46 773 —24 —4 | —-29
55 — 44 773 —4 | —24|-29
53 53 =189 | =19 26
54 4+ 0 2843 —6 | —61| —46
55 — 6 2843 —61 —6 | —46
54 + 50 13 —2 3| -2
59 — 50 11 3 -2 -2
55 + 6 2953 81 —99 6
56 — 0 2953 —59 81 6
55 + 40 1213 —46 34 | —41
59 — 40 1213 34 | —46 | —41
56 + 30 2161 —35| =55 | —85
59 — 30 2161 —55 | —35| =85
56 + 50 241 2 -8 2
61 — 50 241 —8 2 2
57 + 50 359 —6 9| —36
62 — 50 359 2 —6 | —36
58 + 50 479 —24 —4 | —4
63 — 50 479 —4 | —-24| —4
59 59 —22 | =22 38
59 + 0 3413 —106 | —11 | =51
60 — 0 3413 —11 | —106 | —51
60 + 0 3533 6| —84 66
61 -0 3533 —84 6 66
61 61 -3 -3 | 122
62+ 0 3779 30 0 90
63 — 0 3779 0 30 90




Chapter 10

The Main Result

10.1 Introduction

We are now in a position to complete the proof of our main result. Let F' = Q(\/@),
R the ring of integers of F' and 6 = b,f@. We recall that the curve E/F described in
Chapter 2 has good reduction everywhere, is not isogenous to its Galois conjugate £?,
and does not possess potential complex multiplication. We shall presently complete
the proof of Theorem 3.1, that is, show that there is a holomorphic Hilbert modular
eigenform f of weight 2 and full level over F', with rational eigenvalues, such that f
does not come from base change of a cusp form over Q. Recall that we have already
shown that f # f ® € for any quadratic character € of I’ corresponding to a degree 2
imaginary extension of F. We shall also show that the Euler factors in the L-series

of F and f are equal for all primes in ¥, where:

Y={r=a+b0 € Ryso|mis aprimeof F and 1 < a < 64}.

88
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10.2 The Eigenform

Recall that we have found that there are exactly three simultaneous eigenspaces
< v; >,1 =1...3, for all the Brandt matrices B'(£) of O, such that the v; can be
chosen to have entries in Z. By Proposition 8.6, v; corresponds to a holomorphic
Hilbert modular eigenform f of weight 2 and full level, whose eigenvalue with respect
to the p-th Hecke operator is the eigenvalue of v; with respect to B'(7), where p = ()
and 7 € Rsso.

10.3 Proof of Theorem 3.1

Now we conclude the proof of Theorem 3.1. Let f be as above. Since the entries of v,
are integral and all the B’(7) have rational entries, the eigenvalues of v; with respect
to all the B(w) are rational. Hence the eigenvalues of f with respect to all the Hecke

operators T, are also rational, for all primes p.

Next, if f came from the base change of a cusp form over Q, then

ap(f) = ape(f)

for all primes g. Thus to show that f does not come from base change, it suffices to
show that there is a prime g which does not satisfy the above equality. For a prime
m € Rss0, denote by a,(vi) the eigenvalue of v; with respect to B'(w). We observe
that

ar(v1) =3 # =2 = arpe(vy),

where m = 11 + #, and 7% = 12 — 8. Since
ay(f) = ax(v1) and ape(f) = are(vy),

we get our desired contradiction. This concludes the proof of Theorem 3.1.
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10.4 The Comparison Theorem
We now compare the curve E and the cusp form f corresponding to vy:

Theorem 10.1 For the elliptic curve E and the Hilbert modular eigenform f corre-

sponding to the eigenvector vy, we have

ap(E) = ay(f)

for all primes p = (7) and 7 € X.

The proof of this theorem is by direct computation. For the primes 7 as de-
scribed in the theorem which are split, we determine n such that (7) = (p,n + /m),
where p = N(x), and reduce E using Proposition E.7. We then compute

ag(E) =1+ p—#E,(Z/p)

as in Chapter 2. A similar procedure is done for the primes 77 = (p, —n + /m).
For inert primes p = (p), the coefficients are simply reduced mod p and similar

computations done to count points on the reduced curves. In all cases, a,(E) = a,(f).
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10.5 Concluding Remarks

The elliptic curve

E'/Q(\/509) : Yy 4+ (14 0)zy + (1 + )y
= %4 (—4051846 + 3439850)x + 4312534180 — 3660733000

found in Cremona’s paper [Cr] has a,(E’) equal to the eigenvalue of v with respect

to B'(«), with = € L.

This accounts for all three known elliptic curves over F' with good reduction ev-
erywhere and the only three normalized eigenvectors for the modified Brandt matrices

which have rational eigenvalues.

Finally, we note that to any holomorphic Hilbert modular eigenform f of weight
2, we can attach, as in [T] and [BR], a 2-dimensional ¢-adic Galois representation

(where £ is a prime in the field Q({a,(f)}) = Q):
O'g(f) : GHI(Q/F) — GL‘Z(Qf)

It is known that L(o.(f),s) = L(f,s). Our Theorem above shows that the local Euler
factors L. (o¢(f),s) and L.(o¢(E),s) are equal for a large number of primes p = (7)

of F.

A method of Faltings and Serre, as described in [Li], gives a way to determine
if two diadic representations of Gal(Q/K) are isomorphic. However, this method is
not applicable in our case, since it requires the traces of Frobenius a,, to be even. As
we can see from the tables, some of the traces are odd. In the future, we plan to try

to extend this method and remove this restriction.

To conclude, we make the following:

Conjecture 10.2 The Euler factors of L(E,s) and L(f,s) are equal at all primes.



Appendix A

Number Fields and Quadratic
Fields

The main sources of this Appendix are [Ma], [CF] and [BS].

A number field F = Q[a] is a finite-dimensional field extension of Q, for some
root a of an irreducible polynomial of Q[z] in some fixed algebraic closure Q. We
shall denote by N = N& and T'r = Tra the (absolute) norm and trace functions
from F to Q.

A.1 Ring of Integers

For any F, its ring of integers, &, is defined to be the set of elements of F which
satisfy a monic polynomial with integer coefficients. We shall refer to the elements of
S as algebraic integers or simply integers when the context is clear; we may also call
S a number ring. It is well know that this set in fact constitutes a ring, and it is also
a Dedekind domain with fraction field F. Its units are those elements of norm +£1.

The traces and norms of algebraic integers are rational integers.

Henceforth, F will denote an arbitrary number field, and & its ring of integers,
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unless otherwise specified.

Let F have degree n over Q. A module in F is a set M which consists of all
Z-linear combinations of a finite set of generators uy,...pux. A set of generators is
a basis for M if it is linearly independent over Z. Every module M has a basis, and
any basis for M has the same cardinality. A full module is one which has a basis of n
elements. An order of F is a full module which contains 1 and is a ring. The ring of
integers of F is the mazimal order of F, that is, every order of F is contained in S.
For this reason, some texts use the notation Of to denote &, but in this thesis, the

symbol O will denote an order in a different object.

Let {a1,...,a,} be an ordered basis for §. Any other basis for S is related to

this basis via a transformation in SL,(Z). Therefore the value
disc(F) = disc(S) = det(T'r(ega;)i j=1..n)
is independent of the basis, and we shall call this the discriminant of F or S.

We shall be particularly interested in quadratic fields F' = Q(y/m), where m
denotes a squarefree integer. We denote by o the (unique non-trivial) automorphism
of F which sends /m to —y/m. We shall use o’ to denote the image of o under o.
As usual, the square root of x > 0 will be taken to be positive, and that of z < 0 will

be «/—zxz.

It is known that for quadratic fields Q(1/m), its ring of integers R and discrim-

inant are given by :

R Z +Z\/m if m=2,3 mod4

Z +20, 0= if m=1 mod4
: 4m if m=2,3 mod4
diso(R) = {m if m=1 mod 4

1+/m

From now on, whenever we assume that m = 1 mod 4, we will let § = ==
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In this case
ifa=a+ b8, a,b € Q, we have
m—1

@’ =(a+b)—bd, N(a)=a®* +ab—b* (m4—), Tr(a)=2a+b

A.2 Ideal Class Group

For any F, the set of ideals of & form a free monoid under multiplication. The
ideals of § shall be called integral ideals. Two integral ideals I and J are equivalent,
symbolically I ~ J, if there exist principal integral ideals (a) and (8), i.e., o, 3 € S,
such that (a)I = (B)J. This is an equivalence relation, hence it is possible to define a
multiplication of equivalence classes of ideals. It is well-known but not obvious that
there are only a finite number of equivalence classes of ideals under this relation, and
that these classes from a finite group, Cl(F), called the ideal class group of F. Its
cardinality, which we denote by h(F) or A(S), will be called the class group order.
Most authors say ideal class number, but this term will be used differently in this
thesis. The principal ideals, C1(F)*, clearly form the identity class. The inverse of
the class of I is the class of any ideal J such that IJ is a principal integral ideal.
Hence & is a principal ideal domain (PID) if and only if A(F) = 1. It is also known
that S is a PID if and only if § is a unique factorization doman (UFD). Every ideal
can be generated over & by two elements, and in fact one of them can be chosen to

be a rational integer, or any fixed non-zero element of the ideal.

We call J a fractional ideal of F if J is a set of the form al, this time for some
o € F* and I a nonzero integral ideal. This generalizes the concept of an integral

ideal. Define J~1, the inverse of J, by:
Jl'={aeF| aJCS}

Then JJ~! = S, and the fractional ideals Fr(F) of F form a group under multiplica-
tion, with S as the identity. We also see that CI(F) is isomorphic to the the quotient
Fr(F)/Pr(F), where Pr(F) is the subgroup of principal fractional ideals.
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If I C J are ideals, then I~! D J~!. The fractional ideal
S*={aeF| Tr(aeS)CZ}
contains 8, so diff(§) = (§*)~! is an integral ideal, called the absolute different of F.

Since & is a Dedekind domain, every ideal I of & is uniquely expressible as a
product of prime ideals of §. Hence, every fractional ideal J can be expressed as a

finite product:
J=ples .. ot

where the gp; are distinct prime ideals and n; € Z. When J is an integral ideal, the

n; are non-negative.

Every integral prime ideal p appears in a factorization of the principal ideal
(p) = pS for some unique rational prime p. We say that g divides p, or equivalently
p O (p). We say that a rational prime p is inert if (p) is a prime ideal of S. The exact
power of g in the factorization of (p), denoted e := e(gp | p), is called the ramification
index of p over p. If e > 1 for some p dividing p, we say that p is ramified. The
primes p which are ramified are precisely those which divide disc(F). The residue
field S/p is a finite field extension of Z/p. The dimension of §/p over Z/p, denoted
f = f(p | p), is called the inertial degree of p over p. Define the norm of p by
N(p) = ¢ = p’, and extend this definition multiplicatively to any integral ideal.

If [F:Q] =n, p1...p, the primes dividing p € Z, e;...¢e, and f;... f, the
corresponding ramification indices and inertial degrees, then

T

> efi=n. (A.1)

i=1

The above formula implies that a prime ideal p of the ring of integers of a

quadratic field F' is one of three kinds:
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1. p = (p) (inert primes) ;
2. pp® = (p) (split primes) ;
3. p* = (p) (ramified primes) ;

A.3 Valuations, Metrics and Completions

We now consider discrete valuations and metrics on an arbitrary field . A map

v:F — Z Uoo is called a discrete valuation of F if:

1. v maps F* onto Z.
2. v{0) = e,

3. v(z 4+ y) > min(v(z), v(y)) with strict inequality if v(z) # v(y).
A map | |: F — R is called a metric of F if for all z,y € F:

l.|z|>20and |z |=0 < 2=0.
2. |ey|=l= ]yl

3. There is a constant C' € R such that |1+ z [< Cif |z |[< 1.

We shall say that two metrics | |;,| |2 on F are equivalent if they define the
same topology on F. This is so if and only if there is a ¢ > 0 such that for all
z € F, | 2 |1=| z |5. Every valuation is equivalent to one where we can take C = 2
in Axiom 3. This gives us the usual triangle inequality: |z +y | < |z |+ |y |
A metric is discrete if there is a § > 0 such that 1 — 6 < | # | < 1 4+ 6§ implies that

| z |= 1. A metric is non-archimedean if one can take ¢’ =1 in Axiom 3; this is so if

le+y| < max(|z ||y )
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Now we focus on a number field F. For a prime ideal p of S, one can consider

the p-adic valuation v, on F. Assume that N(p) = ¢ =p’. If @ € F*, we let
v,(a) = exact power of p in the factorization of (a).

Define v,,(0) = oo. This makes v, a discrete valuation. We can also define a p-adic
metric on F:

I 24 |p: q_vp(a)

This defines a discrete non-archimedean metric.

It is known that every field on which a metric is defined can be embedded in
its completion, which is a (unique) minimal field that is complete with respect to this
metric. Denote by F,, the p-adic completion of F with respect to the given p-adic
metric. The ring of integers of F,, denoted by S, is defined by

Se={a€F,| lal<1},

a set which is in fact a discrete valuation ring, with fraction field F,,. We shall denote
also by p the maximal ideal of S, which consists of those a € S, with absolute value

strictly less than 1.

F is a finite extension of Q,, the p-adic completion of Q under the usual p-adic
metric. We shall only be interested in local fields which are completions of a number

field, so we shall henceforth symbolize a (non-archimidean) local field by F,,.

We shall denote by 7, a uniformizer for S, that is, p = (7,) . The units of
S, are those elements with absolute value exactly 1. The residue field k, = S,/(7,,)
is an extension of Z/p of degree f. The canonical map S, — k, will be denoted by

y 1.e., 7 — T.

We can also consider field embeddings co; : F - C, i =1,...,n=[F: Q]

Each oo; defines an archimedean metric:

| @ loo; = | 20i(a) |
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where the | | on the right side above is defined by:

for z,y € R, | z |= max (z,—2), |z + iy | = /2% + y?

The completion of F that such a metric defines is isomorphic to either R or C.
We say that oo; is a real embedding if the completion it defines is R, and non-real
otherwise. Non-real embeddings come in complex conjugate pairs co; and 55; = cooo;,
where ¢ is complex conjugation. Thus if 7 is the number of real embeddings of F
and s is half the number of non-real embeddings, then n = r 4+ 2s. A number field
F is said to be totally real if every embedding oco; of F yields R as its completion.
We can also speak of totally positive elements of F or &, which are those « such that
ooi(a) > 0 for every embedding oo; : F — R. We denote these sets by Fs5o and

S>>o0. Similarly we can speak of totally negative elements of F or S.

We denote by Mr the set of inequivalent metrics on F. The non-archimedean
metrics will be denoted by MJ and the archimedean ones by M. It is known
that these two classes are in 1-1 correspondence with the distinct primes in § and
the distinct embeddings of F in C, respectively, the correspondence constructed as
above. Hence we shall also refer to them as the finite primes, symbolically g < oo,
and wnfinite primes, respectively. As usual, the phrase “for almost all p” means “for

all but finitely many p.”

We denote by A the ring of adeles of F. This consists of all vectors (a,)penms
where a, € F,, and a, € S, for almost all p. Addition and multiplication is defined
componentwise. We have Ar = AT X Afc, where A% are those adeles with 1 at the
finite primes, and A; those with 1 at the infinite primes. The units of A, denoted
by Ir, is called the idele group of F. F and F* are embedded diagonally in Ax and

Ir, respectively. These are called the principal adeles and ideles, respectively.

Dirichlet’s Unit Theorem states that for any number field F, the units, U, of
the ring of integers S is a finitely generated abelian group. The torsion part of I is
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the cyclic group of roots of unity in . The torsion-free part of I is generated by

r + s — 1 elements of .

The focus of this thesis is totally real quadratic fields. Henceforth, unless oth-
erwise specified, m will always be a positive squarefree rational integer, F' = Q(y/m)
and R the ring of integers of F', I/ its units. From the above, the torsion free part of
U is generated by a single element u > 1, which will be called the fundamental unit
of R. In other words, every unit is of the form +u* for some k € Z. We shall see in
Appendix E that u can be effectively computed, and analytic formulas are available

to effectively compute h(F), based only on m and wu.

A.4 Extensions

Let F'/F be a finite extension of number fields. We can define objects for this
extension analogous to some of those we saw above. To begin, &’ and g’ will denote
the corresponding integers and primes in F’. The relative discriminant, disc} will
be defined using the relative trace and a basis for &’ over &, which is unique up to a
square in . Every p' appears in the factorization of the ideal in &’ generated by a
unique p. We can define relative quantities e(p’ | p), f(p' | ). The norm N(p') = pf
is now an integral ideal in §. The sum in (A.1) will now equal the degree of F’ over
F. The relative different diff(S’/S) is the integral ideal which is the inverse of the

dual fractional ideal
8y ={aeF| Trf(aS)cCS}

More importantly, when F'/F is Galois, we can define certain subgroups of

G = Gal(F'/F). Let ¢’ | p. Define the decomposition group of p’ over p by

Dy =D(¢' |p)={oeCG| (¢) =¢}
Define the inertia group of p’ over p by

I.=1(¢ |p)={c€CG| a°=a mod p Vaes'}.



APPENDIX A. NUMBER FIELDS AND QUADRATIC FIELDS 100

These are subgroups of G with I, C Dg. Furthermore, the primes over p are
permuted by the elements of GG, and the quantities e and f are independent of the

prime over g.



Appendix B

Elliptic Curves

The main source of this Appendix is [Si].

B.1 Varieties and Morphisms

Let F be a perfect field. Denote affine n-space over F by A™[F] or just A™, defined
to be the set of n-tuples over F. The set of F-rational points of A™ are those with
coordinates in F. They are precesely those points all of whose coordinates are fixed

under the coordinatewise action of all & € Gal(F/F).

A subset Y of A" is an afline algebraic set if it is the set of common zeroes of
a set of polynomials T C F[X], X = (z;...z,); we write Y = V(T'). For any subset
Y of A", define
IY)={feA| f(P)=0VPeY},

the ideal of Y. Define F[Y] = F[X]/I(Y), the affine coordinate ring of Y. We say
that YV is defined over F, denoted Y/F, if I(Y) can be generated by polynomials in
F[X]. If so, let I(Y/F) = I(Y) N F[X], and F[Y] = FIX]/I(Y/F). Y is a variety if
I(Y) is a prime ideal in F[X]. For a variety V/F, the quotient field of the integral
domain F[V] is denoted F(V), and called the function field of V. The dimension of
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V is the transcendence degree of F(V) over F.
If fi...fn generate I(V), then V is smooth at P € V if the m X n matrix

(8fi/0z;(P))1gigm,1<ign

has rank n — dim(V'). V is smooth if it is smooth at every point P. Let
Mp={feFV]: f(P)=0}.

The local ring of V at P, F[V]p, is the localization of F[V] at Mp. The elements of
F[V]p are said to be regular or defined at P.

If f is an irreducible polynomial in F[X], we define the affine curve of f in A™
tobe Y =V(f)=V({f}). It is a variety with dimension n — 1.

Projective n-space over F will be denoted by P". It is the set of equivalence
classes of non-zero points (zg...z,) in A™" under (z¢...2,) ~ (Azg...Az,) for
some A\ € F . An ideal I of F[X] = Flzo...x,] is homogeneous if it is generated by

homogeneous polynomials. A projective algebraic set V is of the form:
V=V{U)={PeP"| f(P)=0V homogeneous f € I }

for a homogeneous ideal I. For such a set, its homogeneous ideal I(V') is the ideal in

F[X] generated by
{ f € F[X]| f is homogeneous and f(P) =0V P € V}

An algebraic set V is defined over F, denoted V/F, if I(V) can be generated by
homogeneous polynomials of F[X]. V is a projective variety if I(V') is a prime ideal

of F[X].

If V/F is a projective variety and we choose A" C P", then V N A" is an
affine variety. We define the coordinate ring, function field and dimension of V' to

be those of V N A™ when this set is non-empty. For a point P € V, choose A™ with
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P € A™ Cc P". We say that V is smoooth at P if V N A™ is smooth at P. Similarly,
the local ring of V' at P is that of V N A™ at P.

Let V;, V4, C P™ be varieties. A rational map from V; to V; is of the form

¢ : iV
¢ == [f07"'vfn]:

where fo,... f, are such that V P € V; where all f; are defined,
¢(P) = [fo(P), ..., fa(P)] € V2

Note that it is not necessary for ¢ to be defined at all the points of V;. We say that
$ is defined over F if there is a g € F(V;) such that gf; € F(Vi) V.

A rational map ¢, as above, is regular or definedat P € Vj if thereisa g € F(1})
such that:

1. gfi € F[Vilp Vi, and

2. for some i, (¢f;)(P) # 0.

A morphism is a rational map which is regular at every P. Two varieties V; and
V, are isomorphic if there are morphisms ¢ : V4 — V5 and ¢ : Vo, — V] such that
o ¢ =1idy, and ¢ o2 = idy,.
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B.2 Weierstrass Equations

Let F be a field with algebraic closure F. An elliptic curve E over F is a pair (E,O),
where F is a curve of genus 1 and O € E(F). The notion of the genus of a curve
can be found in [Si], but we will not need it here. For brevity, we shall sometimes
say curve to mean an elliptic curve. We refer to O as the basepoint, origin or identity
of the curve. Note that for any extension F'/F, E is again a curve over F'. Every

curve is given by a Weierstrass equation:

Theorem B.1 Let E be an elliptic curve defined over F.

1. There exist functions z,y € F(E) such that the map
¢ : E—P?
¢ = [z,3,1]

gives an isomorphism of E/F onto a curve given by a Weierstrass

equation
O:Y2+01XY+03Y=X3+(12X2+G.4X+0,6 (Bl)

with coefficients a,,...as € F; and such that ¢(0O) = [0,1,0]. We refer

to x and y as the Weierstrass coordinate functions of E.

2. Any two Weierstrass equations for E as in (B.1) are related by a linear

change of variables of the form
X=uX"4+r Y =&Y + su? X'+t (B.2)
with u,r,s,t € F,u # 0.

3. Conversely, every smooth cubic curve C' given by a Weierstrass equa-
tion as in (B.1) is an elliptic curve defined over F with basepoint

0 = [0,1,0].
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Note that [0,1,0] is the only point on the infinite line, and we may regard the

rest of E as lying in the affine plane 2z = 1. We define some other quantities for E:

bg af + 4&2

by = 2a4+ ajas
bs = ag + 4(16

2 2 2
bs = ajas + 4azas — ayazaq + azaz — ay

The quantity A is called the discriminant of E. We say that FE is non-singular if and
only if A # 0. Under a change of coordinates of the form (B.2), we get u'?A’ = A.

B.3 Galois Conjugate

Suppose that F'/F is a Galois extension with Galois group G and E is defined over
F' with a given Weierstrass equation. Then for ¢ € G, we can define the o-conjugate

of E as the curve:
E® 2 ¥ +ai XY +alY = X3+agX2+aZX—|—ag

This is a curve with discriminant A%, so it is nonsingular whenever E is.

B.4 Minimal Equations; Reduction Mod p

Let F, be a finite extension of Q,, and let S, be its ring of integers, 7, a uniformizer,
v, its normalized valuation. A Weierstrass equation for a curve E/F, is said to be
minimal if v,(A) is minimal subject to a;...a¢6 € Sp. A minimal equation always
exists, and is unique up to a change of coordinates of the form (B.2), this time with

r.s,t €8, ue 8. Ifa; €S and vy(A) < 12, then the equation is minimal.



APPENDIX B. ELLIPTIC CURVES 106

Given a minimal equation for E, one can reduce the coefficients modulo =, to

obtain an equation over the finite residue field k, :

E‘/kp sy + dizy + day = 2 + dax® + dyz + ds

The curve E’/k‘, will be called the reduction of E modulo =, or simply the
reduced curve at 7. It may or may not be singular. We emphasize that reduction is
defined only for a minimal equation. We say that E/F, has good or stable reduction
over F,, if the reduced curve E/ k, is non-singular. This definition is independent of

the choice of minimal equation.

Now let F be a number field with ring of integers §. For a curve E/F given
by a Weierstrass equation (B.1), we can identify a;...as as elements of F, for all

v, € M}_, so we obtain a minimal Weierstrass equation for E at every F, given by:
o] v ol _ .3 2
Ep/]:p o yp + al,pmpyp + a3,pyp - .'L‘p + a?,;oxp + a'4,p$(a + a6,p

with discriminant A,. The minimal discriminant of E/F, Dg/r, is the ideal of S
given by

DE/}' — H p”p(An).
vaM;.

It is clear that v,(A,) = 0 for almost all p. A global minimal Weierstrass equation for
E/F is a Weierstrass equation where a;...a¢ € S and A = Dg/r. Such an equation

is already minimal for all v, € M }; It exists only under certain conditions which we

shall now describe.

Suppose we have any equation for E given by a; ... ag with discriminant A. For
every v, € M. ;f_- let
z = uzwﬁo +7re Y= u‘;yp + spufoyp + 1,
be a change of coordinates giving the minimal equation for p. Again, the discriminants

are related by A = ul?A, so we can define a fractional ideal aa, given by:

aA — H p_vp(ufﬂ) N
UPGM;
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Hence Dg;r = (A)a}f. The ideal class of ap in F is independent of the Weierstrass

equation chosen for E, and we call the class @5y the Weierstrass class of E/F.

Proposition B.2 A global minimal Weierstrass equation for E|F ezists if and only

if aa = (1), i.e., aa is principal.

In particular, if A(F) = 1, a global minimal Weierstrass equation for any curve
E always exists. We shall be interested in finding the minimal equation of curves over
quadratic fields with class number 1 which have good reduction everywhere, that is,

for all p < co. These are precisely the curves having A € U.

B.5 Group Law

It is possible to define an addition law on the points of £ which will make F an
abelian group with identity O as follows: Let P,QQ € E. Let L be the line in P?
joining P and @ (or the tangent line to £ at P if P = Q). By Bezout’s Theorem, L
intersects F at exactly 3 points, counting multiplicities, since £ has degree 3. Let R
be the third point of intersection of L with E. Let L' be the line joining R and O.
Then P + @Q is the third point of intersection of L’ with E.

Note that under this addition law, R is the inverse of P+Q, i.e., (P4+Q)+R = O.
When the coefficients a; ...ag and some affine coordinates of P and @ are given,

explicit formulas for P + @) can be obtained.

B.6 Isogenies; Endomorphism Ring

Let (Ey1,0;) and (E,, O;) be curves. An isogeny between F;, and E, is a morphism

¢:E, — By
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satisfying ¢(01) = (O2). Wesay that E; and E, are F-isogenous if there is a nontrivial
isogeny ¢ : E; — F,, i.e., with ¢(FE;) # O,, and ¢ is defined over F. It is possible for
two curves not to be F-isogenous, but F'-isogenous for some extension F'/F. If E
and E’ are F-isogenous, then the number of points on the reduced curves E/p and

E'[p are the same for all primes p < oo of F.

Given a nontrivial isogeny ¢ : E; — E,, there is a notion of a unique nontrivial

dual isogen : B, — Ey, with certain properties. Any non-constant rational ma
q 2 1) P
between curves is surjective, so the composition of non-constant isogenies is a non-

constant isogeny. Hence, being “isogenous” is an equivalence relation.

Under the addition law, addition and negation define morphisms of the curve.

Hence, we can can also define, for two elliptic curves F; and E, :
Hom(E,, E;) = { isogenies ¢ : E; — F; }
which will be an abelian group under pointwise addition.

If E; = E, then isogenies can also be composed. Thus for a curve £ we can
define
End(£) = Hom(E, E)

which is a ring with addition as given above and multiplication given by composition.

B.7 Complex Multiplication

The addition law allows us to define or any integer n, multiplication by n:
[n]: E— E
defined as follows: If n > 0, then

[n](P)=P+P+...—i—P(n times)
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whereas if n < 0 then [»](P) = [—n](—P), and [0](P) = O.

Multiplication by n is an isogeny and is obviously a group homomorphism. Also,

[R]E # O if n # 0. Thus we can think of Z as contained in End(F). There are only
three possibilities for the structure of End(E):

1. End(F) = Z.
2. End(F) is an order in a quadratic imaginary extension of Q.

3. End(FE) is an order in a quaternion algebra over Q. However, this can

happen only if char(F) # 0.

For different reasons, we shall be interested in orders of a quaternion algebra, so
these terms will be defined in Section D. The curves which fall in the second and
third categories are said to posses complex multiplication, abbreviated as CM-curves.
We are interested in curves which fall in the first category; we shall call them non-
CM curves. We also say that E/F has potential complex multiplication if over some

extension of F'/F, E/F' has complex multiplication.

B.8 The Tate Module; Representation Theory

The kernel of [r] will be denoted by E[n]. As an abstract group it is isomorphic
to Z/n x Z/n. However, it is also acted on by the absolute Galois group of F,
G = Gal(F/F), since if [n](P) = O and o € G, then [n](P?) = ([n](P))” = O.

We now specialize to multiplication by £, where £ is a rational prime. We define

the £-adic Tate module of E to be the group

T,(E) = lim E[¢"],
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with the inverse limit being taken with respect to the maps [{]:
n+1 [(]
E[e**] = E[e).

By our remark above, we see that T;(F) is isomorphic to Z, x Z, as an abstract group.
However, since the action of G on each E[¢"] commutes with [¢] in the inverse limit
above, G also acts on T;(F), and this action is in fact continuous in the pro-finite

topology. We thus obtain a continuous ¢-adic representation of G on E:
pe: G — Aut(T,(E))

Observe that if we fix a Z, basis for T;(E), we get a 2-dimensional representation for

(G over a field of characteristic 0:
pe: G — GLay(Zy) = GL3(Qq)

We shall now define the usual L-series associated to a representation of a Galois
group. Let F'/F be a normal extension of number fields with Galois group G. Let
p: G — GL(V) be a representation into a vector space over a field of characteristic
0 with character x. For a prime p of F, let ' | p be a prime in F’. Let D
and Iy be the decomposition group and inertia group of g’, respectively. Then
Dy /1y = Gy, the Galois group of the residue extension k. /k,. Thus we can define
a Frobenius substitution Frob, for D /I, which corresponds under the isomorphism

to a generator of Gr. Let
Ve ={zeV| z°=zVoel,}.
We can now define

L(p,s) = Lx,s) = ] det (1= N(g)~*p(Froby)| .

p<oo

The determinant of the expression above is independent of the choices of p' over

p, and depends only on the isomorphism class of p. The product converges for all

Re(s) > 1.
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B.9 The L-Series of £

Let E/F be an elliptic curve defined over a number field. To simplify the definition
of the L-series of E, we shall assume for the rest of this section that £ has good
reduction everywhere. Let k, be the residue field at g, ¢, = #k,, the norm of p, and
Ep /k,, the reduced curve. The L-series of E/F is defined by the Euler product

Lesr(s)= [ Le(gz°)7", where
UWEM}f‘

L(T)=1-a,T +¢,T* € Z[T] and a,, = ¢, + 1 — #E,(k,)
This product converges and defines an analytic function for all s € C, Re(s) > 3.
Section B.6 tells us that the L-series of twe isogenous curves are equal. We warn
that “equality of L-series” means corresponding p-factors are equal, not just equality
of the entire product. For example, for any E/Q(y/m), we see that if p is inert or
ramified, then #E(k,) = E7(k,), but for p with pp? = (p), #E,(k,) = #E.(kee),
so the L-series for £ and E° are equal taken as a whole product. We shall see later

that it is not always true that #E,(k,) = #E7(k,) (look at the subscripts!).

Let us fix a rational prime £. It is known that for any prime g |4, the p-Euler
factor of the representation p, : G = Gal(F/F) — Aut(Ty(E)) obtained from the
{-adic Tate module is equal to the that of the L-series for E! This fact is independent
of the £ chosen.



Appendix C

Hilbert Modular Forms

The main source of this Appendix is [Ga].

C.1 The Hilbert Modular Group

Let GL} (R) be the set of elements of GLy(R) with positive determinant. The former
group acts on H, the upper half of the complex plane, via linear fractional transfor-

mations:
az + b
cz+d

ifgz[c d]EGLI(R), z€H, thengz=

Let F be a totally real number field of degree n over Q, with ring of integers
S and real embeddings o, ... o,, in some fixed ordering. Taken together, the o; give
us an embedding of GLy(F) into GLy(R)", and the image of GL,(S) is a discrete
subgroup. Let GL3(F) and GL(S) denote the elements of GLy(F) and GLy(S),
respectively, with totally positive determinant. Componentwise, GL3 (R)" acts on
‘H", so under the embedding of GL3(S) above, this group also acts on H". The
group GL}(S) is called the full Hilbert modular group of F.

Let n be a non-zero ideal of S. Define the principal congruence subgroup of level

112
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n by:
I'n)={~v€GL}(S)| y=1I, mod n }.

where I, is the 2 x 2 identity matrix. Denote by Z(S) the center of GLY(S). A
subgroup I' of GL} (F) such that I'((n) C Z(S)I' with finite index, for some n, is
called a congruence subgroup of GL$ (F).

C.2 Hilbert Modular Forms

For g = [ ‘Z 3 ] € GLI(R), z € H, we define the automorphy factor:

p(g,2) = det g7 *(cz + d).

Using standard multi-index notation, we extend this definition to ¢ = (g1...9.) €

GLI(R)*, 2= (z1...2,) E H", and k = (k; ... k,) € Z", via:

wg,2)* = TI wlgs2:)™.

j=1,...,m
For a function f: H™ — C, let

(f Ik g)(Z) — f(QZ),u(g, z)_kv
where g, z, and k are n-tuples as in the previous paragraph.
Let I be a congruence subgroup, k € Z". The space of weak holomorphic Hilbert
modular forms of weight k for I is:
Wim(T)={ f: H* — C| f is holomorphic, and f |y vy=f Vv €T }.

We shall say that f has weight k& and full level if f € Wim (S5 L,(S)).

Proposition C.1 Let I be a congruence subgroup, and A = {u € fH (1) 111 } el'}.
Then any f € Wimg(T') has a Fourier expansion:

Haz) = E ce exp(2miTr(€z)),

£EA”
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where Tr is the C-linear extension to C™ — C of the Galois trace F — Q, and A*
is the dual Z-module:
A={ueF| Tr(uA) CS}

The Fourier series is absolutely convergent, and uniformly convergent on compacta.

We say that f € Wfmg(T') is a holomorphic Hilbert modular form of weight k
for T if ¥V g € GLF(F), the Fourier expansion

(f e 9)(2) = 3 ceg) exp(2miTr(£z)),

£EA”

has c¢(g) = 0 unless £ = 0 or £ is totally positive. We shall often simply say “mod-
ular form” to mean Hilbert modular form. The C-vector space Mimy(I'), of Hilbert

modular forms is finite dimensional.

We define the set of holomorphic Hilbert modular cuspforms of weight & for T,
denoted Cfmg(T'), to consist of those f € Mfmy(I') such that V g € GLI(F), the

Fourier expansion of (f |« ¢)(z) above has ¢¢(g) = 0 unless ¢ is totally positive.

C.3 Hecke Operators

There is a general definition of Hecke operators acting on modular forms of arbitrary
level in the adelic language, but fortunately, a simple characterization is possible if
we define it only for I' = SL,(S) and assume that S is a PID and the totally positive
units are squares of units. As a consequence, every S-ideal has a totally positive
generator. These conditions will be fulfilled by the quadratic fields that we will be

considering.

Let n = (n) be an ideal of &, where 7 is totally positive. Let

d

a b a,b,c,d € S, and n~1det(8)
Aln) = {5 - [ ¢ ] € GL:(7) is a totally positive unit
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Define Ty, the n-th Hecke operator on Mfmy(I'), by
(Ta(N) = D (Flx6)(2).
5€TZ(S)\A(n)
where Z(S) is defined in Section C.1. The Hecke operators map cusp forms to cusp

forms, and

(Tu(f))(2) = > ctexp(2miTr(£z)), where

ges
ch =10 S e,
d

where d runs through the divisors of 7 (modulo ¢), such that {/d € §*.

The ring H generated by the Hecke operators form a commutative set of oper-
ators acting of Cfmi(I'). If m+ n = §, then Ty = Ty Th. For a prime ideal p,
T,Tyn = Tynts + N(p)Tyn-1. As a consequence of the commutativity of Hecke oper-
ators, there exists a basis of Cfmy(I") consisting of eigenforms of every Ty. Suppose
we further assume that f is normalized, i.e.,, ¢; = 1. Let Tn(f) = anf, say. Then
the field Q({an}) generated by the eigenvalues of f for all the Hecke operators is a
number field, denoted by F;.

C.4 L-series of an Eigenform

As with elliptic curves, we can attach an L-series to an eigenform f via:

7.0 = L (1= o) + N )

p<oo

where a,, is the eigenvalue of f with respect to Tj..

C.5 Galois Representations

We shall follow the treatment of Taylor’s Ph.D. thesis [T] to state the existence of a
representation of the absolute Galois group of F attached to f.
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Theorem C.2 Let [F : Q] be even, f a Hilbert modular cuspform of weight k, level
n, Sg, the ring of integers of Fy, p a prime ideal of Fy dividing p € Z. Then there
exists a representation

p: Gal(Q/F) — GLy(S7,,p)

which is unramified outside np such that if q is a prime of F, q |/np, then trp(Frob,) =
a,, and detp(Frob,) = S,(f)N(q).



Appendix D

Quaternion Algebras

The main source for this Appendix is [Vi].

D.1 Definitions

Let F be a field of any characterstic. A quaternion algebra B/F = (D, é) is a central
simple 4-dimensional algebra over F, where D is a 2-dimensional separable algebra
over F, and § € F*, such that B = D + Dv (a direct sum), where v € B satisfies
vZ = 6 and vd = dv for every d € D, where d — d is the unique non-trivial F-

automorphism of D.

We can define an involutive anti-automorphism of B, which we shall call the

conjugation, via

dy + dov = dy — dav.

This extends the definition of d to B. For b € B, we can therefore define the reduced

trace, tr(b), and reduced norm, nr(b), via

tr(b) = b +b, nr(b)=bb

which are F-valued functions. We shall often simply say trace and norm. The set

117
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B”* of invertible elements of B are precisely those elements with non-zero norm. If

b & F, then its minimal polynomial over F is

(z — b)(z — b) = z? — tr(b)z + nr(b).

When the characteristic of F is not 2, the above definition of a quaternion
algebra is equivalent to the more familiar classical one: (D, ) is equivalent to a pair
(a,b), where a,b € F* and there exist elements i, j € B such that {1,7, 4, k} is a basis

for B over F where k = i3, and

If b=2x+4+yt+ zj +tk € B, the functions we have defined above may be recast
as the more familiar:

b=x—yi—2zj—tk, tr(b)=2z, nr(b)=az—ay®—bz*+ abt’.

D.2  My(F)

The matrix algebra M,(F) is always a quaternion algebra for any F. In fact, when F

is separably closed, every quaternion algebra is isomorphic to M;(F). In the definition,

oo{[ 2] | maer)oee[d 2]

D is clearly a quadratic field extension of F, and § = v? = I, the identity matrix.

we can let:

Here,

t —z T

tr(b) =2 +t, nr(b) = det(b) =zt —yz

ifb:[j y]EMg(}"), thenB:[ : ‘y],

Note that in the classical definition, it is possible to let

RIS ER NS th
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D.3 Tensor Products

For extensions F'/F, the product F ® 7z B is a quaternion algebra over F', and
% 2 F (D, 8) = (F QF D, é)

In particular, if B is defined over a number field F, we can form the localizations
of B over the completions F,,, defined by B, = B @7 F,,. If char(F) # 2 and
B = (a,b), a,b € F C F,, then B has basis {1,¢,7, k} over F,.

D.4 Isomorphism Types

We may classify quaternion algebras over C, R, or finite extensions F,, of Q, up to
isomorphism. As usual, M(F) is always a quaternion algebra over F. For C, which
is separably closed, this is the only quaternion algebra. For R, the division algebra
H = (—1,-1) is the only other possibility. For F,, the division algebra (D.,,,w,)
is the only other possibility, where D,, is the unique two dimensional unramified

extension of F,, and 7, is a uniformizer for F,.

For a number field F, the classification goes as follows: Denote by

S = {oo1,...,00,} the set of real embeddings in M.

Theorem D.1 Every quaternion algebra B over F is determined up to isomorphism
by a finite set Ram(B) C S U M£ of even cardinality, such that:
B o~ the division algebra if p € Ram(B)
® 7 1 the matrix algebra if p & Ram(B)
Ram(B) is called the ramification set of B, and we say that B is ramified at the primes
in Ram(B) (respectively, B is split or unramified at the primes not in Ram(B)).
Furthermore, every subset of even cardinality of S U M}_ occurs as the ramification

set of some quaternion algebra B.
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For B = (a,b), the isomorphism type of B, over F,, is determined by the Hilbert
symbol (a,b)r, in the respective field:

Gt = 1 if az? + by? — 2% has a nontrivial solution in A3(F,)
*Fe T 1 =1 otherwise

B, is the matrix algebra if and only if (a,b)r, =1 in F,.

We call a quaternion algebra B defined over a number field F positive definite
if over every real embedding oo;, the localization of B over the completion of F with
respect to oo; is a division algebra. The above tells us that when F' is a totally real
quadratic field, there is a unique quaternion algebra, up to isomorphism, which is

positive definite and is a matrix algebra for every finite completion of F.

D.5 Ideals and Orders

We now define some more objects when the center of B is the fraction field of a
Dedekind domain. As stated before, this is the case when the center F is a number
field or a finite extension of Q,. Hence, to be consistent with our notation, we shall
use S to denote the Dedekind domain and F its quotient field, keeping in mind that

we can put a subscript of “p” on both.

Let V be a vector space over F (for example, V = B). An S-lattice of V is a
finitely generated S-module contained in V. A complete S-latlice of V is an S-lattice
L of V such that F @s £ = V. An ideal of B is a complete S-lattice of B.

We say that b € B is an integer, or is integral (in &) if S[b] is an S-lattice of
B. This is so if and only if both tr(b) and nr(b) are in §. We must warn that unlike
number fields, the integers of B do not always form a ring; they are in general not
closed under addition nor multiplication. This fact motivates an object which is of

great interest in this thesis:

An order O of B is:
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e an ideal which is a ring (or equivalently)

e a ring O consisting of integers and containing &, such that FO = B.

We shall mostly be interested in quaternion algebras over number fields with
class group order 1. In this case, every lattice is given by a basis of 4 elements. Let
O be an order given by a basis {u;...us}. We define an integral ideal called the

discriminant disc(O) as:
dlSC(O) = S(det(tr(uiuj)),-,jzl__‘;)

Some texts take the square root of the ideal on the right, which can be shown to be

a square ideal.

A mazimal order is an order which is not strictly contained in any order. Max-
imal orders always exist, and every order is contained in a maximal order. If the
finite primes in Ram(B) are ;... p,, then an order O is maximal if and only if
disc(O) = (p1..0-)%. Unlike the case in number fields where the maximal order is the

ring of integers, maximal orders in a quaternion algebra are far from unique.

For any ideal J of B, we have the following canonical orders:

OJ) = {beB|bJCJ}
O.(J) = {beB|JbcCJ}

which are respectively called the left order and right order of J, respectively. These
are, in fact, orders. In general, if J is an ideal and O is any order, we say that J
is a left O-ideal, respectively J is a right O-ideal, if OJ C J, respectively JO C J.
Hence, for example, J is a left O¢(J)-ideal.

We call J an integral ideal if J C O4(J) (or equivalently, J C O,(J)). We call
© an Eichler order if it is the intersection of two maximal orders. Hence maximal

orders are likewise Eichler orders.
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D.6 Local Orders

Let us characterize some orders concretely when the center of B is F,,, a finite exten-
sion of Q,. When B = M,(F,), the maximal orders are all of the form b™ M;(S,)b,

where b € B*, i.e,, all maximal orders are conjugate. Similarly, every Eichler order

S, &
0,=( %% %
(5’3 Sw)

for a unique non-negative integer n. In this case, we say that the order has level p"

is conjugate to

When B is the (unique) division algebra over F, then
O={a€B |nr(a) €S, }

is the unique maximal order of B. Hence this is also the unique Eichler order.

D.7 The Local-Global Correspondence

It is not surprising that there is a relationship between these objects in the algebra
B defined over a number field and those in the localizations B, for finite primes p.
For £ an ideal in B, define its localization L, = L @s S,,. We shall denote by B(Ar)
the adelization of B:

B(Ar) = { (ap)pems|a, € B, VY p € My and o, € O, for almost all p }

where O is any (fixed) order of B.

We say that a property of an ideal is local if any ideal £ has that property if

and only if £, has that property for every p < oco. The following properties are local:
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1. being an integral ideal.
2. being an order.
3. being an Eichler order.

4. being a maximal order.

The proofs of these facts make use of the following

Proposition D.2 Let X be a fized ideal of B. There is a bijection between the set
of ideals Y of B, and the following set of tuples of lattices indexed by Mj{:

{ (Yo)p<oo | Yy is a lattice of B, such that Y, = X, for almost all p }
This bijection is given by the following functions:

Y = (Yo)pcoos (Yploco =Y ={a€B| a€Y,Vp<oo}

Let ¢; be the product of the finite primes in Ram(B), and ¢, = pi* -+ - p? an
arbitrary product of primes not in Ram(B), with every n; > 0. We say that an Eichler
order O in B, has level ¢4, if locally, O, is the unique Eichler order for p | ¢;, an
Eichler order of level p;* if p = p; | q2, and M2(S,) if g |/g1¢2, p < oo.

If J is a left O-ideal, where O is an Eichler order, then the right order O,(J) is

an Eichler order of the same level as O.

For any ideal I, we define its inverse, conjugate, and norm, respectively, as:
I = {beB| IbICI}

I = {@a| ael}
nr(l) = {nr(a)| acl}
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Proposition D.3 Let I be an ideal, Oy(I) = Oy, and O.(I) = O,.

1. T is a left O,-ideal with O,(I) = Oy, and nr(T) = nr(I).

2. I7" is a left O,-ideal with O,(I7!) = O, and nr(I~!) = nr(1)1.
8 I =0 and I"' T =10..

4. IT = Omr(I) and 11 = O.nr(I).

5. I7' = T/nr(I). then nr(1J) = nr(I)nr(J).

6. The set consisting of all left and right ideals of all orders of a fized

level form a Brandt grouppoid. As a consequence, if J is an ideal with

O,(I) = O¢(J), then

t
I']:{erjrlzrelajrel]:tEZZO}

r=1

is an ideal with O, (1J) = O,(I), O,(1J) = O,, and nr(1J) = nr(I)nr(J).

For proof, one can see [Pi7] and [R], or use the local-global correspondence in

some items above.

D.8 Order and Ideal Classes

Two orders O; and O, are said to be of the same type if there is a b € B* such that
O; = b™'Osb, i.e., they are conjugate. Keeping the notation above, the number of
type classes of Eichler orders of level g;¢g, will be denoted T,,,,. This number is finite.
The type number T, of the algebra B is the number of equivalence classes of mazimal
orders of the same type. For B defined over a local field, all orders of a given level

are conjugate, i.e., the type number is 1.
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Two ideals J; and J, are right equivalent if and only if there is a b € B> such
that J, = J;b. The right-equivalence classes of left (-ideals of an order O are called
the left ideal classes of O. (It is important to use right equivalence on left O-ideals to
make this definition work!) Similarly, one can define left equivalence of right O-ideal

classes.

Both sets of left and right ideal classes of an order O are finite, and are of the
same cardinality, called the (ideal) class number of O. Also, the class number of any
two Eichler orders of the same level ¢,9, are the same, denoted H,,,,. Furthermore,
T419o < Hy,q,- For B defined over a local field, all left ideals of a given order O are

right equivalent to O, i.e., the class number of O is 1.

Proposition D.4 Let O be an FEichler order of level q1q2, and {I1,...,Ig}, H =
H,, be a complete set of representatives of distinct left O-ideal classes. Then
the corresponding right orders O.(1,), ... O.(Ig) represent, with possible redundancy,
all the type classes of Fichler orders of level q1q;. Fiz k € {1,...,H}. Then
{I;', ..., I Ig} represent the left O.(I;)-ideal classes.

We shall see that 7,, = H,, in the algebra B/Q(1/509), and we will be able
to find a basis for representatives of type classes as well as left ideal classes of all

maximal orders of B.



Appendix E

Calculations on Fields

In this Appendix we study the ring of integers and their units for various kinds of
number fields, particularly certain quadratic and biquadratic extension of Q. We

shall require the following proposition, which is an easy exercise in [Ma]:

Proposition E.1 The Ring of Integers of a Biquadratic Field. Let K = Q(\/m,+/n),
m # 1 # n distinct squarefree integers. Let k = mn/ gcd(m,n)?, S the integers of K.

1. Suppose m = 3,n =k =2 mod 4. Then an integral basis for § s
and disc(S) = 64mnk.
2. Suppose m =1,n=k =2 or 3 mod 4. Then an integral basis for § is
k
13 s \/sz \/H’ \/7_)‘ L \/_
2 2
and disc(8) = 16mnk.

3. Suppose m =n =k =1 mod 4. Then an integral basis for S is

{1 s () (757))

2 2
and disc(S) = mnk.

126
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Corollary E.2 Let m and n be squarefree integers, m =1 mod 4,gcd(m,n) = 1. Let
F =Q(y/m), 6 = mgﬁ, K = Q(y/m,/n), R the integers of F, S the integers of
K. Then § = R[¢], where

b= vn ifn=2,3 mod 4
-] X fn=1 mod 4

2

Proof. Let k = mn. Note that k£ has the same residue as n modulo 4.

1. If n = 2,3 mod 4, then by Proposition E.1 (2),

s=z[1, A ﬂ%@}ﬂ[l, 0, Vi, 0 1.

2. If n =1 mod 4, then by Proposition E.1 (3),
S—Z[l 1+vm 1+4+/n (1+\/ﬁ)(1+\/mn)]
- b 2 b ?

2 2 2

and the last basis element is:

1 4+ my/n+/m+ /mn
4

_ 1—m+m+m\/ﬁ+\/ﬁ+\/mn
4 4
_ 1—m+m+m\/ﬁ—1—\/ﬁ+1+\/ﬁ+\/ﬁ+,/mn
- 4 4
l1—m m

-1
= m -4 5 ¢ + 0¢, hence

S-:Z[lﬂ 03 ¢7 0¢]

because =™ and 251 are both in Z. |

In the following, we let ¢, = €?™/", and Z denote complex conjugation, viewed
as the non-trivial automorphism of a complex quadratic field. We shall use the
above proposition to study the fields Q(v/m, v/—1) = Q(v/m, (4) and Q(y/m,/—3) =
Q(v/m,¢s), when m =1 mod 4. As usual, let F' = Q(y/m), 8 = 532@, o the non-
trivial automorphism of F', R the integers of F' and ¥/ its unit group with fundamental

unit u.
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Proposition E.3 Let m =1 mod 4 be a positive squarefree integer, K = Q(1/m,(4),
S the ring of integers of K, R, u and 0 as before.

1. An integral basis for § is
{1: 9: C‘h 0C4}
2. disc(K/Q) = 16m?.

3. 8% = (Ca){u).

Proof. (1) follows directly from Corollary E.2 above, with n = —1,¢ = /=1 = (4,
and (2) from Proposition E.1 (2). For (3), let a,b,¢c,d € Z,a = a+b0+¢c(s+dO(, € S.
Then o € §* if and only if N§(a) = £1. But

NE(@) = (a+ b0+ cCs+ dbC)(a+ b0 + s + dbCs) x
(a + 007 + cly + d07 () (a + b0° + cCs + dB°Cy)
= [(a+ b0)® + (c+ d0)?[(a + b0°)? + (c + d6°)?]
= [(a+ b6)(a+ b60°))* + [(a + b6”)(c + dB)]* +
[(a+ 80)(c+ do°)]* + [(c+ db)(c + d67)]?
= N§@)? + (@§ws)? + (w15 + N§(wn)? (E.1)
where w; = a + b0, wy = ¢+ df are both in R. But Q(1/m) is a real field, so the form
on (E.1) is positive definite. Hence « is a unit if and only if N§(e) = 1. But the first

and last terms in (E.1) are non-negative integers which cannot simultaneously be 0

(otherwise o = 0), hence we must have either
(w1 = 0 and N§(w;) = £1) or (wp =0 and N§(wr) = £1)

But N§(w;) = £1 if and only if w; € 2. Hence the above conditions are equivalent
to
a==x(u"or tu",neZ

which proves (3). |
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Proposition E.4 Let m = 1 mod 4 be a positive squarefree integer, and suppose 3
does not divide m. Let K = Q(y/m,(s), S the ring of integers of K, F, R, u and 6

as usual. Then:

1. An integral basis of S is
{17 97 CG’ 0C6}

2. disc(K/Q) = 9m?.

3. 8% = ((6){(u), where u is the fundamental unit of R.

Proof. Again, (1) and (2) follow from Corollary E.2, with n = —3,¢ = =8 = ¢,
and Proposition E.1 (3). Now for (3). Let a,b,¢,d € Z,a = a+ b0 + c(s + dO{s € S.
Then a € §* if and only if N{_{ = #£1. Now,

N§(e) = (a+ b0+ cls+ dils)(a+ b + cls + df(s) x
(a+ b0° + (s + dO° (s)(a + bO° + cls + dO° (s)

_ [(2&2—}-c N (Zb;d) 9)2 .5 (cj;de)z} 5
(2a2+ ¢, (26; d) 9(,)2 L (c+2d0")2]  hees
16N§ (o) = [(2a+ c+ (2b+ d)8)* + 3(c + db)?] x
[(2a + ¢+ (2b + d)6°)? + 3(c + d6°)?]
= [(2a+c+ (2b+ d)8)(2a + ¢+ (2b+ d)8°)]* +
3[((c+ df)(2a + c+ (26 + d)8))* +
((c+ d87)(2a + c + (20 + d)67))*] +

9[(c+ db)(c + do°))?
= NG(w1)” + 3((wref)? + (wiws)?) + ING(w2)’ (E.2)

where we have
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wy = 2a+c+(2b+d)f € R,
w, = c+df € R, hence,
W) — Wy

a = “‘—2——+w2C6

The form on E.2 is positive definite, so & € §* if and only if N(g =1, if and only if
16 = J\/’(IS((.al)2 + 3((w1w?)? + (Wiws)?) + 9N5(w2)2.

We now analyze the possibilities for the terms on the right. The middle term is
thrice the trace of the totally positive algebraic integer (wyw3)?, so it is a positive
rational integer. Likewise, Ng (w;) is an algebraic integer for j = 1,2. Hence the only

possibilities for Ng(wg) are 0 and =+1.

If N§(w) =0, then w; = 0,50 c=0=d and @ = a + b0 € F. So in this case,

o 1s a unit if and only if @ € U.

If Né(wg) = =1, then the only possibilities for Ng(wl) are 0,£1 and +2. We
cannot have Ng(wl) = 0, otherwise we get 16 = 9. We cannot have NS(wl) = 3

either, for otherwise we would get:

+2 = N§(wi)
= (2a+0)7+(2a+c)(2a + d) — (2b+ d)? (1”—4“—1)
= c2+cd—d2(m—l)mod2
= N§(ws)
= 41

So the only possibility is Ng(wl) = 1. Since we are also assuming that Ng(wz) =
+1, we find that wy,wy € U, say w; = +u’,w; = *u’. Recall that +1 = N(u) =

u(u?), so u’ = +u~'. We obtain:

16 = 1+43((wiwd)? + (Wiwz)?)+9 &

2 = (wwl)?+ (Wiw)® &
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2 = o20=9) 4 ym20r-2) o
0 = u4(r-—s) _ 2u2(r-s) +1e
w0 = 1
r—s = 0&
r = 8

Thus, in this case, a is a unit if and only if

wp — W2
& = ———+wils

2

w1l +U.«‘2\/ -3

2
+u” + u"/—3

2
_ o (LSS
- 2
= u'(f, k€ {1,2,4,5)

Putting the two cases together give (3). |

We remark that if m = 1 mod 8, then it may still be possible to find an w € R
such that Ng(w) = 42, since 2 is a split prime. If m = 5 mod 8, then this would be
impossible since 2 is inert in /. Now we describe R 50, the totally positive elements

of R.

Proposition E.5 Let m = 1 mod 4 be a positive squarefree integer, F' = Q(y/m), 6,
R and Rvso as before. Then:

a,beZ, a>0and —E<b<_a_}

7;'f>>0={oz:a-1—b€ 0 1

Proof. Note that § —1 > 0. Suppose a = a+ bf € R with a,b € Z. Then « is totally
positive if and only if @ > 0 and o = a + b— bf > 0. Since §° < 0, we cannot have
a = 0. Suppose a < 0. Then a > 0 implies that 4§ > —a > 0,50 b > 0. But o >0
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implies that 6(¢ — 1) < a < 0, hence b < 0, a contradiction. Hence a > 0. The lower
bound for b follows from & > 0 and the upper bound from o > 0. |

This trivial property of the totally positive elements of R allows us to order
them lexicographically, first by @ then by b. This will be extremely useful when
considering a totally positive definite integral quadratic form on Z* (i.e., with values
in Rs>0) which arises from the norm form of an integral ideal in a positive definite
quaternion algebra over F. Now we look at a description of exactly how the primes

of Z split in Q(y/m) when m = 1 mod 4. The following is found in [Ma)].

Proposition E.6 Let m = 1 mod 4, R the integers of Q(1/m). Suppose that p is an
odd prime. Then

1+/m 1—y/m : —_
—_ (2,572 (2,2=£%) ifm=1mod8
prime if m =5 mod 8
R = (p,n + /m) (p,n — /m) if m =n*mod p
P = prime if n is not a square mod p

Next we show how to concretely give a ring homomorphism R — Z/p that

induces a field isomorphism R/p — Z/p when p is split.

Proposition E.7 Let m = 1 mod 4, F' = Q(y/m), R, the ring of integers of F', and
@ a split prime of R. Suppose p = (p,n + /m), where p € Z is an odd prime and
m = n?mod p. Then R/p is a finite field of p elements, {0...p —1} is a set of
representatives for R mod g, and the map

¢ : R — ZJp
a — a mod p ifaeZ
6 —s (%1) (n—1) mod p

defines a ring homomorphism which induces the isomorphism R/p = Z[p.

Proof. To prove that {0...p — 1} is a system of distinct representatives for R mod p,
we must show that if @ € p and @ € Z, then p divides a in Z. But we see that
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p | N§(a) = a® € pZ. Next we show that § = Z51(n — 1)(€ Z)(mod p). We have
a € p & 2a € p, since we can find r,s € Z, such that rp + 2s = 1. But

5 )=\/5—pn+n+p=p(1—n)+(n+\/ﬁ)Ep-

To show that ¢ is a homomorphism, we need check only that ¢(6%) = #(6)*. But

— —_— _— —_ —_— — 2—
41)52(;; 1)(n41)+m 152(19 L)n 41+n lmodp

p— 1 —1)
4

and the numerators are seen to be equivalent mod p. Also,

8(6") = 48+

and $(8)? = .

mod p

d(n+vm)=¢(n—1+20) =p(n—1) =0 mod p,

so g C ker(¢). Since the map is surjective onto a field, we must have p = ker(¢). |

Now we find an effective, albeit sometimes slow algorithm to compute the fun-

damental unit:

Proposition E.8 Let 0 <m =1 mod 4 be a squarefree integer. Let b be the smallest
positive integer such that mb®+4 = a® for some integer a. Then u = i‘%ﬂ = °—2‘—b+69
is the fundamental unit of Q(y/m).

Proof. Clearly, N(u) = £1. Note that since m is odd, a and b are of the same parity,
so u € R, hence u is a unit. The minimality of b, hence also of a, assures us that u

is the smallest unit in R which is greater than 1. H

We shall now give a formula for the order of the class group of a quadratic field,
which can be found in [Ma]. Let F = Q(y/m), m squarefree, d =| disc(Q(y/m)) |,
u the fundamental unit of F' if m > 0. We define y, the unique nontrivial multiplica-
tive character mod d, which corresponds to a character of Gal(F/Q) as follows. If
p | d, then x(p) = 0. If 2 > p does not divide d, then

_ 1 if d is a square mod p
x(p) = —1 otherwise



APPENDIX E. CALCULATIONS ON FIELDS 134
Finally, if d is odd, then

@[ 1 ild=1mods
X4)=13 21 ifd=5mod8

Proposition E.9 Let everything be as above. Then

( 1 kmr
k)1 in | — if m
s 4 log(u) ke(Z/a%‘,le/zX( )log (Sm ( d ))‘ A
h(Q(vm)) = 1

—_— k
2—x(2) lke(Z/%,kd/zX( )
L 1 ifm=-1,-3

ifm<0,m#—1,—3

The following is a tool often used to explicitly construct the ideal class group of

a number field. Let [F : Q] = n and s half the number of non-real embeddings of F.

Proposition E.10 (Minkowski) Fvery ideal class of S contains an ideal I with

NI < :—i (5;1) JTdise(S) |.

We will refer to the quantity on the right as the Minkowski bound of F. The
proposition states that if the Minkowski bound of F is less than 2, then A(F) = 1.

We shall now recall Hasse’s formula ([Ha]) for the class number of imaginary

biquadratic extensions:

Proposition E.11 (Hasse) Let mq, m2 be negative squarefree integers, mo = myma,
F; = Q(y/m;),w; the number of roots of unity in Fi, h; the class group order of
F;,1=0,1,2. Let K = Q(\/m1,/m3), h the class group order of K,w the number of
roots of unity in K,u the fundamental unit in K. Let ug be the fundamental unit of

Fo. Then:

e _w_hohlhzw
wiws, log(| v [)
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We end this Appendix with an observation about the prime factors of m when

certain properties are known.

Proposition E.12 Let m = 1 mod 4 be a posilive squarefree integer. If the funda-
mental unit u of the integers of Q(v/m) has norm —1, then m does not have a prime

factor congruent to 3 mod 4. In particular, 3 does not divide m.

Proof. Suppose that N(u) = —1 and that p; | m, py = 3 mod 4 a prime. Since
m = 1 mod 4 also, we find that there is a p, = 3 mod 4 which also divides m. Thus

m = 4pypk + p1p2 for some k € Z. Thus if u = a + bf, with a,b € Z, then

-1 = N(u)
= N(a+ b0)
— a2 + ab = (.n:_l) bz
= a’+ab p1p24— 4% mod p,

But if pypz =45 + 1, then j = —47! mod p,. So if we let 2t = 1 mod p;, we get

=1 = @®+ab+4120 mod py
= a®+ 2a(th) + (tb)?
= (a+tb)?

But —1 is a square mod p if and only if p =1 mod 4. H
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